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Abstract: In this paper, we rigorously prove that unpredictable oscillations take place in the dynamics
of Hopfield-type neural networks (HNNs) when synaptic connections, rates and external inputs
are modulo periodic unpredictable. The synaptic connections, rates and inputs are synchronized to
obtain the convergence of outputs on the compact subsets of the real axis. The existence, uniqueness,
and exponential stability of such motions are discussed. The method of included intervals and
the contraction mapping principle are applied to attain the theoretical results. In addition to the
analysis, we have provided strong simulation arguments, considering that all the assumed conditions
are satisfied. It is shown how a new parameter, degree of periodicity, affects the dynamics of the
neural network.

Keywords: Hopfield-type neural networks; modulo periodic unpredictable synaptic connections;
rates and inputs; unpredictable solutions; exponential stability; numerical simulations

1. Introduction

It is well-known that HNNs [1,2] are widely used in the fields of signal and image
processing, pattern recognition, associative memory and optimization computation, among
others [3-8]. Hence, they have been the object of intensive analysis by numerous authors
in recent decades. With the increasing improvement in neural networks, the aforemen-
tioned systems are being modernized, and the dynamics of models with various types of
coefficients are being investigated [9-13]. Special attention is being paid to the problem of
the existence and stability of periodic and almost periodic solutions of HNNs [14-21], for
which appropriate coefficients and conditions are necessary.

A few years ago, the boundaries of the classical theory of dynamical systems, founded
by H. Poincare [22] and G. Birkhoff [23], were expanded by the concepts of unpredictable
points and unpredictable functions [24]. It was proven that the unpredictable point leads to
the existence of chaos in quasi-minimal sets. That is, the proof of the unpredictability simul-
taneously confirms Poincare chaos. Unpredictable functions were defined as unpredictable
points in the Bebutov dynamical system [25], where the topology of convergence on com-
pact sets of the real axis is used instead of the metric space. The use of such convergence
significantly simplifies the problem of proving the existence of unpredictable solutions for
differential equations and neural networks, and a new method of included intervals has
been introduced and developed in several papers [26-31].

Let us commence with the main definitions.

Definition 1 ([25]). A uniformly continuous and bounded function ¢ : R — R is unpredictable if
there exist positive numbers €y, 6 and sequences t,, sy, both of which diverge to infinity such that
|¢(t+t,) —(t)| — 0as n — oo uniformly on compact subsets of R and | (t +t,) — P(t)| > €
foreacht € [s, — 6,5y + 8] and n € N.
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In Definition 1, the sequences t,, s;, n = 1,2,... are said to be the convergence and
divergence sequences of the function 1 (t), respectively. We call the uniform convergence
on compact subsets of R the convergence property, and the existence of the sequence s, and
positive numbers €y, ¢ is called the separation property. It is known [32] that an unpredictable
function without separation property is said to be a Poisson stable function.

Let us introduce a new type of unpredictable functions, which are important objects
for investigation in the paper.

Definition 2. The sum ¢(t) + (t) is said to be a modulo periodic unpredictable function if
¢(t) is a continuous periodic function and (t) is an unpredictable function.

In this study, we focus on the Hopfield-type neural network with two-component
coefficients and inputs:

P
— (@i () +bi(1))xi(t) + ;(cfj(t) +dij (1) fi(xj(8)) +ui(t) +0i(t), i=1,2,...,p, @
j=

where x;(t) stands for the state vector of the ith unit at time t. The synaptic connections,
rates and external inputs are modulo periodic unpredictable; they consist of two compo-
nents such that a;(t), c;j(t), u;(t) are periodic and b;(t), d;;(t), v;(t) are unpredictable. c;;(t)
and d;;(t) denote components of the synaptic connection weights of the jth unit with the
ith unit at time ¢; the functions f;(x;(t)) denote the measures of activation to its incoming
potentials of the unit j at time ¢.

Consider the convergence sequence t, of the unpredictable function ¢(t). For fixed
real number w > 0, one can write that t, = 7,(mod w), where 0 < 1, < w foralln > 1.
The boundedness of the sequence 7, implies that there exists a subsequence 7, which
converges to a number 7, 0 < 7, < w. That is, there exists a subsequence t;, of the
convergence sequence t, and a number 7, such that t,, = 7, (mod w) as | — co. We called
the number 7, the Poisson shift for the convergence sequence ¢, with respect to the w [33].
Denote by T, the set of all Poisson shifts. The number «,, = inf T, 0 < x,, < w, is said
to be the Poisson number for the convergence sequence t,. If x,, = 0, then we say that the
sequence t, satisfies the kappa property.

2. Methods

Due to the development of neural networks and their applications, classical types of
functions such as periodic and almost periodic are no longer sufficient to study their dy-
namics. This is especially seen in analysis of the chaotic behavior of the systems. Therefore,
in order to meet requirements of progress, many more functions are needed. To satisfy the
demands, we have combined periodic and unpredictable components in rates and inputs.
If the periodicity is inserted to serve for stability, the unpredictability guarantees chaotic
dynamics. According to Definition 1, verification of the convergence and separation proper-
ties is necessary to prove the existence of unpredictable solutions. To provide constructive
conditions for the existence of unpredictable solutions, we have determined the special
kappa property of the convergence sequence t,, with respect to the period w.

The method of included intervals, which was introduced in paper [26] and has been
developed in [27-29,33], is a powerful instrument for verifying convergence properties.
This technique has been applied in the study of continuous unpredictable solutions of
Hopfield-type neural networks with delayed and advanced arguments [30] and in the
study of discontinuous unpredictable solutions of impulsive neural networks with Hop-
field structures [31]. All the previous models in [30,31] are considered with constant rates,
while in the present research, the rates are variable, and we have designed the new model
of Hopfield-type neural networks with modulo periodic unpredictable rates a;(t) + b;(t),
connection weights c;;(t) + d;;() and external inputs u;(t) + v;(t). The periodic compo-
nents, a;(t), serve the stability of the model, while the unpredictable components b;(t) and
v;(t) cause chaotic outputs.
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3. Main Results

Throughout the paper, we will use the norm ||v|| = max |v;|, where || is the absolute
<i<p

value, v = (vy,...,vp) and v; € R,i =1,2,...,p.
Following the results in [34], it can be shown that the function y () = (y1(t), y2(f), ..., yp(t))
is a solution of (1) if and only if it satisfies the following integral equation:

pl) = - [ e Simtwin(_y, +zc1] ) () f(w(5)) + () + 0i(s) ) ds, @

foralli=1,...,p.

Denote by S the set of vector-functions ¢ = (¢1, ¢2, ..., (pp), where ¢;,i =1,2,...,p,
satisfy the convergence property with the common convergence sequence t,. Moreover,
lpil| <H,i=1,2,...,p, where H is a positive number. In the set, S determines the norm

llo(t)llo = max; [@i(t)].
Define on 8 the operator T such that T$(t) = (Ti¢(t), Togp(t), ..., Tp¢p(t)), where:

¢ p
Tip(t) =~ [ e i po)pi(s) + YL((5)+ () (91(5)) + i) + vi(s) ) s, ®)
. L

foreachi =1,2,..., p. We will need the following conditions:

(C1) The functions 4;(t), c;;(t) and u;(t) are continuous w—periodic, and Jo ai(u)du >0
foreachi,j=1,...,p;

(C2) The functions b;(t), d;;(t) and v;(t),i,j = 1,2,..., p, are unpredictable with the same
convergence and dlvergence sequences t,, s,. Moreover, |v;(t+ t,) — v;(t)| > €y for
allt € [s, —d;s, +9],i=1,2,...,p, and positive numbers J, €y;

(C3) The convergence sequence t, satisfies the kappa property with respect to the period
w;

(C4) There exists a positive number ¢ such that sup | [f(s)| = my;

(C5) There exists a positive number L such that the function f(s) satisfies the inequality
|f(s1) = f(s2)| < L[s1 —s2|if [s1] < H, |s2| < H.

According the condition (C1), foralli =1,..., p, the numbers K; < 1 and A; > 0 exist,
such that

e Je ai(u)du < Kje Milt=s), (4)
For convenience, we introduce the following notations:

m{ = sup |a;(t)], m? = sup [b;(t)], m = sup |u(t)],
teR teR teR

m = sup oi(8), iy = sup ley(1)], ] = sup d; (1),
te

teR teR

foreachi=1,2,...,p.
The following conditions are required:

K: P
C6) ———— + < H;
( )Ai—Kim?(];(m +om jhmp ) <

|4
(C7) Ki(m? + Z(m; +mi)L) < A
]
(C8) Hm —I—Z:m Mg <
forallz,]—l,...,p.

Lemma 1. The set S is a complete space.
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Tig(t)]

IN

. 4
/ o= Ji ai(u)du [_ Z cij(s) +dij(s)) fi(@i(s)) + ui(s) + vi(s)] ds

Proof. Consider a Cauchy sequence ¢*(t) in S, which converges to a limit function ¢(t) on
R. Fix a closed and bounded interval I C R. We obtain:

(¢t +ta) = GV < Nlp(t + tu) = @5t + tu) |+ 19F(E + t) — ()] + [9F(1) = p(B)]. (5)

One can choose sufficiently large n and k, such that each term on the right side of (5) is
smaller than % for an arbitrary € > 0 and t € I. Thus, we conclude that the sequence
¢(t + t,) is uniformly converging to ¢(t) on I. That is, the set S is complete. [

Lemma 2. The operator T is invariant in S.

Proof. For a function ¢(t) € S and fixedi =1,2,..., p, we have that

t
/KieA"(ts)[ i ; (leij(s)] + |dij(s )|)|fj(§"j(5))|+ui(5|+|vi(5)|]ds

K( bH+Zm +m mf—i-m +m>

The last inequality and condition (C6) imply that || T¢||, < H.

Next, applying the method of included intervals, we will show that Te(t + t,) —
To(t) as n — oo uniformly on compact subsets of R.

Let us fix an arbitrary € > 0 and a section [, f], —00 < & < B < oo. There exist
numbers v, ¢ such that v < a and ¢ > 0, which satisfy the following inequalities:

Ki j-ritw—) (b <<
)\ie ( H+ = Zm +m J(LH +mg) +m} +m) Y (6)
K:
SE (B 1 bH+Zm +mf)mg+mf +mP) < Z, @)
1
and p
K
A;?(m?+H+E (m§; +mf)L+2pmy +2) < Z, ®)
1

=
foralli=1,2,...,p.

Since the functions b;(t), d;;(t) and v;(t), i,j = 1,2,...,p, are unpredictable, ¢(t)
belongs to S, and the convergence sequence, t;, is common to all of them and satisfies the
kappa property. Then, the following inequalities are true: |b;(t +t,) — b;(t)| < ¢, |d;;(t +
) — (D) < & loi(t + 1) — 03(0)] < &, |@i(t + ) — pi(1)] < & for £ € [y, B). Moreover,
applying condition (C3), one can attain that [a;(t +t,) — a;(t)| < &, [c;j(t +tn) — c;j(t)| <&,
and |u;(s +ty) —u;(s)| < ffort € R,i,j=1,2,..., p. We have that:
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I Tigp(t + tn) — Tig(t |<‘/ Jeaitukinn (— (s + ty)gils + ta) +

P
D (eii(s -+ ) + dig(s + ) (955 1) + s+ t) +i(5 + ) ) ds —

—.
—_

t

—

o~ Kt (_y, —|—ch] )+ dif())fi(3(5)) + wi(s) +vi(s) ) ds| <

—00

|e_ fstai(u+tn)du _ e—fs a;(u du|

—bi(s+ tn)goij(s +ty) +

—00

n\

Z(cu(s + tn) + dij(s + ta)) fi(@j(s + tn)) + ui(s + tn) +vi(s + tu)

ds +

-
—_

e e nidn) _ b5t t)gi(s +£,) + bi(s)pis) +

—

p—oo
Z; (CZ](S + tn) + dl](s + tn))(fj(q)j(s + t")) - f](QDJ(S))) +
j=
P
Z% (Cl']‘(S +ty) — Cl‘]‘(S) + dl‘]‘(S +tn) — dlj(s))f](cp](s)) +ui(s+ty) +0i(s+ tn) — u;(s) — vi(s)|ds,
=

foralli = 1,2,...,p. Consider the terms in the last inequality separately on intervals
(—o0,7] and (1, t]. By using inequalities (6)—(8), we obtain:

Il:/"r |€ sa(qutn —e f du| _
—0o0

bi(s + tn) @ij(s + tn) +

=

(cij(s +tn) +dij(s +tn)) fi(@j(s +tn)) + ui(s + tn) +vi(s + tn) |ds +

—.
I
—

o JLaiuw)du| _ bi(s + tp)@i(s +tp) + bi(s)@i(s) +

—
2

;oo

21 (cij(s + tn) +dij(s + ta)) (fi(@j(s + ta)) — fi(@j(s))) +

j=

i (cij(s + tn) — cij(s) +dij(s + tn) — dij(s)) f(9j(s)) + ui(s + tn) +0i(s + tn) — ui(s) —vi(s) |ds <
j=1

/ 2Ke*/\ (= S)( bH—f—Zm —|—m mf—l—m +m)ds+

/ Kiehilt=s (ZmbH+Zm +m LH+22m + mj )mf+2m +2m? )dsg
=
2Ki i b
Azl ( H—l—Zm + mé mf+m —i—m)—i—
&efm(af'y)@thJrZ (m; + m )(LH+2m) 2mé +2
by ? )+ 2m; + mj ) <
; 4
=
%e_/\i(a

T ( hH—i— Zm +m )(LH + my) 4 m} +m)

<€
2/

and
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/ ‘e J; ai(u+ty)d _e,fsta,-(u)du‘ _bi(5+tn)(l)ij(5+tn)+
p

Y (cii(s + br) g5+ Ea)) (55 + b)) + 105 + ) + 01(5 + )| s —

~.
—_

e Juidn) _ bt ) gi(s +£,) + bi(s)pis) +

\\W

™=

(cij(s + tn) +dij(s + ta)) (fj (@i (s + tn)) — fi(@j(s))) +

-
Il
—_

=

(cij(s +tu) = cij(s) +dij(s + tn) — dij(s)) fj(@i(s)) + ui(s + tn) + vi(s + tn) — ui(s) — vi(s)|ds

T
I\

t
§/ Kie_Ai(t_S)(eg(ﬁ_“’)—1)(mf’H+Z m; + mf )mf+m + m; )ds+
Ll j=1

/tKie—Af“‘S)((m%H)HZ (m; + m)LE +28pmg +28 ) ds <
N .

%(35(5_7) bH+Zm +mymp +mi +mf) +

K; P €
o (m] + H)E + ) (mfy + ] ')LG +25pmy +28) < < +1 5
1 ]:1

for each i = 1,2,...,p. This is why, for all t € [, f] and i = 1,2,...,p, we have that
|Tip(t+t,) — Tip(t)| < I + I < €. So, the function T¢(t + t,) uniformly convergences to
T¢(t) on compact subsets of R, and it is true that T: S — S. O

Lemma 3. The operator T is contractive in S, provided that the conditions (C1)—(C7) are valid.

Proof. For two functions ¢, € S, and fixedi =1,2,...,p, itis true that

Togt) ~ Top(0)] < [ e Fu0 (by(5) lgi(s) - |+Zq]Lﬁ% ) fiy(s))lds +

M'c

j@mww»—m%wwﬂﬁsf%@wmwwmn+;mwm@w¢mn+
i j=

N
w

)\

™=
S

TLlgj(s) — i(s)|)ds < m+ (s + L)l = ¢

]:

The last inequality yields || T¢(t) — Ty(t)]|o < max ( mb + Z ms; —I—m >||(p( )—
1

P(t)|lo- Hence, in accordance with condition (C7), the operator T is contrachve inS. O

Theorem 1. The neural network (1) admits a unique exponentially stable unpredictable solution
provided that conditions (C1)—(C8) are fulfilled.

Proof. By Lemma 1, the set S is complete; by Lemma 2, the the operator T is invariant in
S; and by Lemma 3, the operator T is contractive in S. Applying the contraction mapping
theorem, we obtain that there exists a fixed point w € & of the operator T, which is a
solution of the neural network (1) and satisfies the convergence property.

Next, we show that the solution w(t) of (1) satisfies the separation property.
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Applying the relations

wj(t) :wi(sn)—/S:ai(s)wi(s)ds—/s bi(s)wi(s ds—i—/SHZCZJ )fi(wj(s))ds +

/szdll )fi(w;(s) ds+/ ds—l—/ v;(s

Tl]

and

¢ ¢
wi(t+ty) = wi(sy +ty) —/ ul(s+tn)wi(s+tn)ds—/ bi(s+ ty)wi(s + ty)ds +
Sn S

n

t t
/ ch] s+ tn) fi(wi(s + tn) ds+/ Zdlj(s+tn)fj(wj(s))ds+/ ui(s+tn)ds+/ vi(s + ty)ds

"= "=

we obtain:
wi(t+ty) — wi(t) = wi(sy + tn) — wi(sy) /t ai(s + tn) (wi(s + ty) — wi(s))ds —
/stwi<s><ai<s+tn>— <>>ds—/ {5+ ) (@i(5 + 1) — i(s)) s —

/'twl( )(bils + ) — bi(s))ds + Zc,]s+tn (Fi(wi(s + tn)) — fi(wi(s)))ds +

Sn]

p
[ X (eils + ta) — o)) flen(s))ds + 2d1j<s+tn><ﬁ<wi<s+tn>>—fi<wi<s>>>ds+

nj=1 S)l]

t P t
[} Lttt =y ftante)ds + [ (ute-+ )~ a)ds + [ (ws+ ) = 0is))ds

nj=1

There exist positive numbers §; and integers /, k such that, foreachi =1,2,..., p, the
following inequalities are satisfied:

1 2
la; (t+s) — a;(s)| <€O(T+E)’ teR, (10)

1 2
|Cif(t+5)_cij(s)| <€0(7+E)' teR, (11)

1 2
ui(t+5) — u;(s)] <€O(T+E)’ teR, (12)

a b 1 1
(mi—i-H—l—mi-l-Zm +mL+1)(;+7) < g 13)
j=1

lwi(t+35) —wi(t)] < €0m1n(k 41) teR,|s| < d. (14)

Let the numbers J1,! and k, as well as numbersn € N,and i =1, ..., p, be fixed. Consider
the following two alternatives: (i) |w;(ty + su) — wi(sn)| < €o/l; (i) |wi(ty + sn) —
wi(sn)| > €o/l.

(i) Using (14), one can show that
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lwi(t+tn) —wi(tn)| < |wi(t+tn) — wilsn +tn)| + |wi(sn + tn) — wi(sn)| + |wi(sn) — wi(t)]

€, € € _ 1,2 1,
<T+?+?7e0(l+k),171’2’ /pr (15)

ift € [sy,sn + 61]. Therefore, the condition (C8) and inequalities (9)—(15) imply that
t t
wilt+tn) = wi()] = [ foils + ta) = ou(s)lds = [ wi(o)][bils + b) = bi(s)ds -

p
[ s+ ) = il — [ lals+ ) an(s + ) — co(s) s~

Sn ]:1

[ leno)lants + ) = a(s)lds = [ bt + s + 1) - r(s)lds

/ZICz]SHnHﬁ(wl(SHn)) fi(wi(s))lds — Zlcij(5+tn)*Cij(S)Ilfi(wi(S))Idsf

Sn j= Sn j=

/ 2|dq s ) Liwi(s ) — filerDlds = [ Tals + ) = (5)|d5 — [ewr(sn ) — i) 2

"=

1 2
— 51”1?60(7 + %)

P 1 2 1 2
5160 — 2(51Hm? — 251 2 mf]mf — 51m?€0(7 + E) — (51H€0(7 + E)
j=1

P 1 2 P 1 2 1 2. €
¢ il W d A T4yt _
51]; mijLe()(l + k> Jljgml]Le()(l + k) 5160(1 + k> 1
b P a R P d 1 2 € _ €0
o1 (60 — ZHTYZZ- -2 Z%ml]mf — (ml- +H+ m; + Z;(ml] + ml-]-)L + 1)60(7 + %)> — T j
= j=

fOl‘ t S [Sn,Sn + 51].
(i) If |w;(tn + sn) — wi(sn)| > €o/1, it is not difficult to find that (14) implies:

|wit+tn) — wi(t)] = |wi(tn 4 sn) — wilsn)| = |wi(sn) — wi(t)] — [wi(t + tn) — wi(tn + sn)]
€0 €0 €0 _ @ F_
>T E E—zl,l 1,2,...,p, (16)

ift € [sy — 01,54 + 61] and n € N. Thus, it can be concluded that w(t) is an unpredictable
solution with sequences t;, s, and positive numbers %1, %

Next, we will prove the stability of the solution w(t). It is true that

wi(t) = e Ty 1) —/te*fs’“f(”ﬂ (bi(s)wi(s) + 2 Gij(s) + i (5)) fj(0j(5)) + ui(s) + vi(s) ) ds,

to =

foralli=1,...,p.
Lety(t) = (y1(£),y2(t), ..., yp(t)), be another solution of system (1). Then,

yi(t) = e_ftto ui(u)duyi(to) B /t€7 i (u)du ( )+ 2 Cz] —|—d1] )f,(y]( s)) +ui(s) + vi(s))ds,

fo

foralli=1,...,p.
Making use of the relation:
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(1) —aos(t) = ¢ o O 1) — o)) - / RO (b 51y (5) — i) (5) +

|4

fo

> ciifi(y;(s)) — Z cijfj(w;(s)) + Z dijfi(yj(s Z dijfj(w )

j=1

=

we obtain that:

t P
9:(8) = @i(B)] < Kie My (b0) — wy () |+ [ Kie M) (mf + Y 4+ L) lyi(s) — con(s) s,
0 j=1

foralli=1,2,...,p.
Applying the Gronwall-Belman Lemma, one can obtain:

() — wi(B)] < Ks | (ko) — wi(to) e KB im))=h) (ko) - q7)

foreachi=1,2,...,p.So, (C7) implies that w(t) = (w1 (t),wa(t),..., wp(t)) is an exponen-
tially stable unpredictable solution of the neural network (1). The theorem is proven. [

4. Numerical Examples

Let ¢;,i € Z, be a solution of the logistic discrete equation:
Aip1 = pAi(1 = Aq), (18)

with g = 3.91.
In the paper [25], an example was constructed of the unpredictable function ©(t). The

t
function O(t) = / e 35 ()(s)ds, where Q)(t) is a piecewise constant function defined

on the real axis through the equation O)(t) = ¢; for t € [i,i+1),i € Z.

In what follows, we will define the piecewise constant function, Q)(t), for t € [hi, h(i +
1)), where i € Z and h is a positive real number. The number # is said to be the length of
step of the functions Q)(t) and ©(t). We call the ratio of the period and the length of step,
V = w/h the degree of periodicity.

Below, using numerical simulations, we will show how the degree of periodicity
affects the dynamics of a neural network.

Example 1. Let us consider the following Hopfield-type neural network:
/ 3
xj(t) = —(ai(t) + it Z cij(£) +dij(£)) fj(x; (1)) +ui(t) + i), (19)

wherei =1,2,3, f(x(t)) = 0.2tanh(x(t)). The functions a;(t), c;;(t) and u;(t) are 7t /2—periodic
such that ay (t) = 2 +sin?(2t), ax(t) = 3 + cos(4t), az(t) = 4+ cos>(2t), c11(t) = 0.1 cos(4t),
Clz(t) =03 Sil’l(zt), 613(f) =0.1 COS(St), C21 (t) =02 Sil’l(St), sz( ) = 0.05 COS(4t) C23( )

0.4sin(2t), c31(t) = 0.3cos(2t), c32(t) = 0.5sin(4t), c33(t) = 0.1sin(8¢), u1(t) = sin(8t),
up(t) = sin(4t), uz(t) = cos(4t). The unpredictable functions b;(t), d;j(t) and v;(t) such that
bi(t) = 0.20(t), ba(t) = 0.60(t), bs(t) = 0.40(t), d11(t) = 0.020(t), d12(t) = 0.050(¢),
d13(t) = 0.03@(f), d21(t) = 0.04®(t), dzz(t) = 0.01®(t), dzg(t) = 0.06®(f), d31(t) =
0.060(t), dsp(t) = 0.060(t), dsz(t) = 0.050(t), v1(t) = 30(t), va2(t) = 50(t), v3(t) =

t
40(t), where O(t) = / e 25=5)0)(s)ds with the length of step h = 47t. Condition (C1) is

valid, and K; = 1,1 =1,2,3, A\ = 51n/4, Ay = 61t/4, A3 = 971t/4. Since the elements of the
convergence sequence are multiples of h = 41, and the period w is equal to 7t /2, condition (C3)
is valid. The degree of periodicity is equal to 1/8. Conditions (C4)—(C8) are satisfied with H =1,
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mp =02, L =02 m} =008 m) =024, m} = 0.16, m§; = 0.1, m§, = 0.3, m{; = 0.1,
myy = 0.2, mS, = 0.05, mSy = 0.4, m§; = 0.3, m§, = 0.5, mSy = 0.1, m4, = 0.008, m4, = 0.02,
miy = 0.012, m; = 0.016, m3, = 0.004, m3; = 0.024, m%, = 0.024, m%, = 0.024, m%; = 0.02,
my{ =my =my =1, my =12, my =2, m§ = 1.6. According Theorem 1, the neural network
(19) admits a unique asymptotically stable, unpredictable solution w(t) = (w1 (t), wa(t), ws(t)).
In Figures 1 and 2, the coordinates and the trajectory of the neural network are shown (19), which
asymptotically convergence to the coordinates and trajectory of the unpredictable solution w(t).
Moreover, utilizing (17), we have that:

(O) |e—3.62(f—f0) < 26_3'62(t_t0),

ﬁ
=
AN
=
R
~~
=
S~—
|
g
S

|x1(t) — i (
x2(£) — ws (1) < |x2(0) — w(0) e 426(t10) < 9p=426(t—t0),
|x3(f) — ws(t)| < |x3(0) — w3(0)|e*6~72(f*to) < 2e672(t—to).

Thus, if t > ﬁ(S In10 +In2) ~ 3.38, then ||x(t) — w(t)|lo < 107°. In other words, what is

seen in Figures 1 and 2 for sufficiently large time can be accepted as parts of the graph and trajectory
of the unpredictable solution.

0 20 40 60 80 100 120 140 160 180 200

Figure 1. The time series of the coordinates x1(t), x () and x3(t) of the solution of system (19) with
the initial conditions x1(0) = 0.5, x2(0) = 0.7, x3(0) = 0.3 and V = 1/8.

Figure 2. The trajectory of the neural network (19).

Example 2. Let us show the simulation results for the following Hopfield-type neural network:

3

yi(t) = —(ai(t) + bi())yi(t) + Y (cij(£) +dij (1)) fi(y; (1) + wi(t) + 0i(8), (20)

j=1
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wherei =1,2,3, f(y(t)) = 0.5arctg(y(t)).

The functions a;(t), c;j(t) and u;(t) are periodic with common period w = 1, and ay(t)
5+ cos(27t), ap(t) = 4 + sin®(7tt), a3(t) = 6 + 0.5sin(27rt), c11(t) = 0.4 cos(27t), c1p(t) =
0.2sin(47t), c13(f) = 0.1cos(87tt), ca1(t) = 0.1cos(47t), con(t) = 0.4 cos(27t), co3(t)
0.4sin(47t), c31(t) = 0.3sin(27t), c32(t) = 0.5cos(4rt), ca3(t) = 0.2cos(2mt), u1(t) =
cos(27tt), up(t) = 0.5sin(47mt), uz(t) = sin(27t). The functions b;(t), d;j(t) and v;(t) are
unpredictable such that by (t) = 0.50(t), by(f) = 0.30(t), b3(f) = 0.70(t), d11(t) = 0.30(¢),
dlz(t) = 0.6®(t), d13(t) = 0.2®(t), d21(t) = 0.3®(t), dzz(t) = 0.5®(t), dzg,(t) = 0.3®(t),
dsz1(t) = 0.10(t), dnp(t) = 0.20(t), dszg(t) = 0.50(t), v1(t) = 60(t), va(t) = 80O(t),

t
v3(t) = 70(t), where O(t) = / e 3300 (s)ds with the length of step h = 1. Condition

(C1) isvalid, and K; = 1,i = 1,2, oo, A =5, Ay =45, A5 = 6. Conditions (C2) and (C3) are
satisfied since the elements of the convergence sequence are multiples of h = 1 and the period w is
equal to 1. The degree of periodicity equals to 1. Conditions (C4)—(C8) are satisfied with H = 1,
mg = m/4, L =05m) =1/6,m) =1/10, m} = 7/30, m§; = 0.4, m§, = 0.2, m§5 = 0.1,
myy, = 0.1, m§, = 0.4, mS; = 0.4, m§; = 0.3, m§, = 0.5, m§; = 0.2, m§; = 0.1, m4, = 0.2,
miy = 0.07, md, = 0.1, md, = 0.17, m4, = 0.1, m%; = 0.34, m3, = 0.07, m4; = 0.17, m} =1,
m4 = 0.5, m§ =1, m{ =2, m§ = 8/3, m§ = 7/3. Figures 3 and 4 demonstrate the coordinates
and the trajectory of the solution y(t) = (y1(¢),y2(t,y3(t))), of the neural network (20), with
initial values y1(0) = 0.2, y2(0) = 0.4, y3(0) = 0.6. The solution y(t) = (y1(t),y2(t, y3(t)))
asymptotically converges to the unpredictable solution w(t). By estimation (17), one can obtain that
ly(t) —w(t)]o < 1078 for t > 1= (6In10 4 In2) ~ 3.48.

Figure 3. The time series of the coordinates y1 (¢), y2(¢) and y3(¢) of the solution of system (20) with
the initial conditions i1 (0) = 0.5, y2(0) = 0.7, y3(0) = 0.3,and V = 1.

0.5

0.2
0.1

Y

Figure 4. The trajectory of the neural network (20).
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Example 3. Finally, we will show how the degree of periodicity, V > 1, effects the dynamics of the
Hopfield-type neural network:

3
zj(t) = —(a;(t) + b;(t))zi(t) + Z;(Cij(t) +dij (1)) fi(zj(t)) + ui(t) +vi(t), (21)

j=
wherei =1,2,3, f(z(t)) = 0.25arctg(z(t)). The functions a;(t), c;;(t) and u;(t) are periodic with
common period w = 107, and aq (t) = 5+ sin(2t), ax(t) = 6 + cos(4t), az(t) = 4+ 0.5sin(2t),
c11(t) = 0.01sin(2t), c12(t) = 0.04cos(4t), c13(t) = 0.02sin(8t), cx1(t) = 0.05cos(4t),
cx(t) = 0.03sin(2t), cp3(t) = 0.03cos(8t), c31(t) = 0.02sin(4t), c3p(t) = 0.05cos(2t),
c33(t) = 0.01cos(4t), ui(t) = sin(0.4t), up(t) = cos(0.4t), us(t) 0s(0.2t). The un-

predictable functions b;(t), d;j(t) and v;(t) are such that by (t ) 0.8 (:) by(t) = 0.30(¢),
by(t) = 040(t), duy(t) = 0.040(r), dia(t) = 0.050(F), dys(t) = 0.020(t), dn(t) =
0.05®(f), dzz(f) = 001@( ), d23( ) = 0.06®(t), d31( ) = 1@( ) d32( ) = 0.06®(t),
ds3(t) = 0.030(t), v1(t) = 1.60(t), v2(t) = 1.40(t), v (t) = 1.80(t), where O(t) =

t
/ e~ 25003 (s)ds with the length of step h = 0.171. All conditions (C1)~(C8) are valid with

Ki=1,i=1,2,3, A& =507, Ay =407, A3 = 607, H =1, my = 7/4,L = 0.25, mb =04,
mb = 0.15, m§ = 0.2, m§; = 0.01, m§, = 0.04, ms, = 0.02, mg, = 0.05, ms, = 0.03, mg, =
0.03, mg; = 0.02, m32 = 0.05, m33 =0.01, m11 =0.02, ml2 = 0.025, m{; = 0.01, m4, = 0.025,
m22 = 0.005, m4, = 0.03, m4; = 0.005, m, = 0.03, md; = 0.015, m¥ = m} = m§ =1,
mj = 0.8, m§ = 0.7, m§ = 0.9. The degree of periodicity is equal to 100. In Figures 5 and 6,
we depict the coordinates and the trajectory of the solution z(t) = (zq(t),z2(t),z3(t)) of the
neural network (21), with initial values z1(0) = 0.8, z2(0) = 0.2, z3(0) = 0.5. The solution z(t)
asymptotically converges to the unpredictable solution w(t).

\/\/”\/“\/ \/\/\/\/\/\/\/\/\

0 80 100 120 140 160 180 200

80 100 120 200
t

0.4 B
T odt W/M\
2f
0 20 40 60 80 100 120 140 160 180 200
t

Z1
S ooo
I\)Ol\)bcﬁ

Figure 5. The coordinates z1 (), zo(t) and z3 () of the solution of system (21) with the initial conditions
21(0) = 0.8, 2(0) = 0.2, 23(0) = 0.5 and V = 100.

0.2

Z9 . -0.2 21

Figure 6. The trajectory of the neural network (21).
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Observing the graphs in Figures 1 and 3, if V < 1, we see that the unpredictability
prevails. More preciously, periodicity appears only locally on separated intervals if V < 1,
and is not seen at all for V = 1. Oppositely, if V > 1, one can see in Figure 5 that the
solution admits clear periodic shape, which is enveloped by the unpredictability.

5. Conclusions

In this paper, we consider HNNs with variable two-component connection matrix,
rates and external inputs. Sufficient conditions are obtained to ensure the existence of
exponentially stable unpredictable solutions for HNNs. We introduced and utilized the
quantitative characteristic, the degree of periodicity, which differentiates contribution of
components, that is, the periodicity and the unpredictability, in the outputs of the model.
The obtained results make it possible to find effects of periodicity in chaotic oscillations,
which is very important for synchronization, stabilization and control of chaos.
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