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Abstract
For Erdés space, €, let us define a topology, Teiopen, Which is gener-
ated by clopen subsets of €. A. V. Arhangel’skii and J. Van Mill asked
whether the topology Tcjopen is compatible with the group structure on
€. In this paper, we give a negative answer for this question.

Keywords: Erdés space, topological groups, Sequence spaces.

MSC: 22A99, 22A45, 46A45

1 Introduction and Terminology

We let Q, R and R* denote the sets of rational numbers, real numbers and
positive real numbers, respectively. Nt denotes the set of positive natural
numbers, i.e., Nt = {1,2,3,...}. Let us consider the Banach space ¢, C RN".
This space consists of all sequences x = (1, x9,23,...) € RN" such that the
series >, |zx|? is convergent. The topology on /s is generated by the norm
l|lz|] = /2 pey |zk|>. The Erdds space € is a subspace of {5 such that €&
consists of the all sequences, the all components of which are rational, i.e.,
¢ = Q" N ¢,. The topology 7 on € is the subspace topology inherited from
EQ.

In this paper our main space is (&, 7). What we mean with an open ball
B(z,r) is the set B(z,r) ={y € € : ||z —y|| < r} where r > 0. If we say "O
is an open set", we mean that O C € and O € 7. Let O be a subset of €.
We denote the interior of O by int(O), i.e., int(O) ={x € O : 3V, € 7(x €
v, CO)}.

We need the following basic facts. These can be found in any proper
book.
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Theorem 1.1. ([I] Theorem 1.3.12) Let G be a topological group and e the
wdentity element of G. If U is an open subset of G and e € U, there is an
open subset V' of G such thate € V and V +V CU.

Theorem 1.2. ([3] p. 17, [2] p. 220) The only bounded clopen subset of
(&, 1) is the emptyset.

2 The solution of the problem

Let (&, 7) be the topological space as in the above. Let B be the set of all
clopen subsets of &, ie., B={U € 7: & —-U € 7}. Take B as the base
for a new topology Teopen 0 €. Is the topology Teepen compatible with the
group structure on € 7 In [2], Question 8.9, A. V. Arhangel’skii and J. Van
Mill asked this question. The following theorem states that the answer of
the question is negative.

Theorem 2.1. The topology Teepen ts not compatible with the group structure
on €.

Proof. (Outline of this proof: First we define a clopen subset A, 3 and using
this set we define a clopen subset O of € with 0 € O. After that, we show
that V + V ¢ O for any clopen subset V of € with 0 € V)
Fix any a € RT and 8 € RT with the condition that o? ¢ Q and 3 ¢ Q.
Take any x = (z1,29,23,...) € € If {m € Nt : /37" |ag]? > a} #

(0, then let us say that m,, ewxists and define m,, = min{m € N* :

Vo ekl > a}. It {m e Nt (/3" |zg|? > a} = 0, then let us

say that m, . does not exist.
Now, define
¢, = {z € €:m,, does not exist}

and define
Aop ={x = (21,29,...) € € : My, exists and |z;| < [ for all | > m, ,}UE,.

Claim 1. The open ball B(0,«) is a subset of A,z. (Here, 0 =
(0,0,0,...) is the identity element of the topological group (€&, 7)).

Proof of Claim 1. Take any z = (z1,%2,3,...) € B(0,a). Then,
for all m € N*, />0 |zx]? < ||z|| < @. Thus, m,, does not exist. So,
T € Qfa - Aa,ﬁ- O

Claim 2. A, is a closed subset of &, ie., € — A, 3 € 7.

Proof of Claim 2.

To see € — A, 3 is open, take and fix any z = (21, 29, 23,...) € €—=0. So,

Mo exists, a < /Y o1 |2k]? and there exists an lp > m,, with |z,| > 3

2



because z ¢ A, 5. Then, |z,| > 8, because z, € Q and 8 ¢ Q. Thus, we can
define ro = min{|z;,| — 8, \/D_1oi" |2e]> — @} and take the open ball B(z, 7).
Take any y = (y1,y2, s, - - ) € B(Z 7o)

Vit TPV et Tyl < VTR Ta — el S VS e — P =
2 —yll < < VIl — a0 So, VITE [kl — VI lnl? <
Voot k]2 — e Thus, o < D707 |yel®.

So, my o exists and because of the definition of my o, My 0 < M, 4.

Thus, lp > Mz > My, and |Zlo| - |yl0| < |Zl0 - ylo| =V |Zlo _ylo|2 <
VEZ o= P = o —yll < 7 < |2~ B. S0, [21,] ~ ste] < |2 — 6. Thus,
g < ‘ylo|'

Because my , exists and there exists ly > m, , such that 8 < |y, y ¢
A, 3. Therefore z € B(z,ry) C € — A, 3. Hence, A, 3 is a closed subset of
¢. d

Claim 3. A, s is an open subset of &, ie., A,3 € T.

Proof of Claim 3. Take and fix any © = (21,22, x3,...) € Aap. There
are two cases: m, , does not exist or m, , exists.

Case 1: m, , does not exist.

Then, {m € Nt : \/> /" |zx|? > a} = 0. So, /> o, |zx]? < « for all
m € N*t. For this case either ||z|| = /> ;o |zx]? < a or ||z]| = .

If ||z|| < @, then from Claim 1, z € B(0,a) C A, .

Now, suppose ||z|| = a. Say 1 = \/a? + 2 — a. Then, to see the open
ball B(x,r;) is a subset of A, g, take any y = (y1,42,93,...) € B(x,r1).
If my, does not exist, then y € &, C A,pz. If my, exists, then aiming
for a contradiction, suppose there exists an [ > m,, and |y;| > 3. Then,

Iyl < fly—al[+]]z]| < r+llz]] < /a?+ 2—ata = \/a? + 52 Therefore,

lyll < Va?+ B2 So, a® + 2 > ||y||* = Zk el = ul® + Zmy“ lyel® >

% + a?. Thus, we get the contradiction a? + 3% > (% + o?. From the

contradiction, we get |y;| < 5. Becuse |y| € Q, 5 ¢ Q and l > My o 1S

arbitrary, |y,| < g for all [ > m, . Hence, y € A, 3. Thus, x € int(Ayp).
Case 2: m, , exists.

Because ||7|| = />_p, [71]2 < 0o, for e = £ there exists an [y € N* such
that /> 02, |zk]? <e= 5. Thus,

D lanf? < (1)

k=lp

5.

Subclaim 1. For any y = (y1,4s,...) € € if ||y — z|| < £, then |y| < 8
for all [ > .



Proof of Subclaim 1.

T P 3 [el? < S k= e < /R T — P
=z —y|| < g So, —\/ZZO:IO |zk)? + \/ZZOZZO lye]? < g Thus, from (),

e [l < 5 4/ Xhey, [ekl? = 8. Therefore, |y < /300, lukl? < 8
where [ > ly. So, |y;| < p forall [ > ly. The proof of Subclaim 1 is completed.

Now, say
he = min{|8 — |z;]| 1 i < lo}
and
W da— 21:“’1"_1 |22 g > 1
.=
1 fMp o =1

(We don’t need to case a, = 1. To get a well defined r, we write it. Note that
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if my o > 1, then a — pnt T xg]? > 0, because /> |ak]? <« so,

e Mag2 < a? Because a2 ¢ Qand >} Ykl ¢ Q, ST a2 <

a?. Thus, \/ Do M2 < o)
Now, define

Mz,

r = min{ Z |xk|2—a b hy,ag}.

To see the open ball B(z, ) is a subset of A, g, take any y = (y1,¥2,¥s,...) €
B(z,
vEZ”f* [ = /2 Tyl < VD ke =yl < VS ke — e
= |lz —yll <7 < /D25 [aw]? — o Thus, /3500 [2al? — /300 [l <
Sopsak]? — a and so, /D05 lyk]? > a. Therefore, m,, exists and
My o < My o
Now, we will see that m, o = mg . If my o = 1, then m, o, = m, , because

My < Myq. I my, > 1, take any n < my,. Then, —\/> ,_ |zx|? +
Vil < Vi e =l < VT -l = e -yl < <
ap < a— /30 )

Yorer el + /2 uk]? < o — m”_l |zk|?.  Therefore

Voo el < a+ Dy xk]? — e ! |a:k|2 Because n < my, — 1,
Vo P/ o T 2] < 0. Thus, \/Zk k] <a < o™ k)2

So, n < my . Hence, n < my, for all n < mg,. Therefore, my, > my,.
S0, My o = My.q-



Fix any arbitrary | > my o = myo. We will see |y| < 8. If [ > [y, then
because ||z —y|| < r < g, from Subclaim 1, |y;| < 8. If lo > 1> my 0 = Mya
where ly > my.q, then —|z| + |y| < |z — | < |lo —y|| <r < |8~ |z][. On
the other hand, |z;| < 8 because € A, g, My, exists and [ > m, . Thus,
—|za| + lyl < |8 = ||| = B — |2]. Hence, || < 8.

For Case 2, because m, , exists and |y,| < § for all | > my,, y € A,p.
Therefore, B(z,r) C A, 3 and so, x € int(A, ).

Therefore, A, g is an open subset of €. [J

Let (o) be a strictly increasing sequence of positive real numbers (o <
ay < az < ...)such that (a,) — oo and o2 ¢ Q for all n € NT. And let (3,)
be a strictly decreasing sequence of positive real numbers such that (5,) — 0
and (3, ¢ Q for all n € NT. Then, we can give the following claim.

Claim 4. Let O = (,,cn+ Aan,3,- Then, the identity element 0 € O and
O is a clopen subset of €, ie., O € Tand €—0 € 7.

Proof of Claim 4. From Claim 1, 0 € A,, s, for all n € N*. Thus,
0eO.

From Claim 2, each A,, g, is closed. Thus, O =, cy+ Aan,8, is a closed
in (&, 7).

To see O is open in (€, 7), take and fix any = € O. Because («a,) — o0,
there is an ng € NT such that ||z]| < ay,. Thus, € B(0,ay,). Define
W = (MNp<ng Aan,8.) N (B(0, g ). So, clearly W is open, and z € W because
r € B(0,ay,) and x € [, oyt Aan,s,- Now, fix any m € N*. We will see
that W C A,,, 5, If m <mng, then W C ), _, Aa, s, € Aa,, ., Suppose
m > ng. Because () is strictly increasing sequence, «,, > «,,. Then,
W C B(0,ay,) € B(0,a,,). Thus, W C B(0,a,,) C A, s, because we
know that B(0, ay,) € Ag,, 8, from Claim 1. Thus, W C O = (), o+ Aan,8n
because m is an arbitrary element of N*. Hence, z € W C O and W is open.
Therefore, O is an open subset of €. [

Claim 5. If V' is any open unbounded subset of (&, 7) such that 0 =
(0,0,0,...) €V, then V+V € O.

Proof of Claim 5. Fix any open unbounded subset V' of & such that
the identity element 0 € V. Then, there exists an r* > 0 such that the
open ball B(0,7*) is a subset of V. We can find an n* € N* such that
0 < & <r*. Because (o) — 0o and (8,) — 0, there exist my, my € N¥ such
that 0 < G, < ni and n* < q,,. Say m* = max{m;, ms}. Then, f,« < ni
and n* < a,,~. Because V is unbounded, there exists an x € V such that
Q> < ||z||. Thus, there exists an m € NT such that ay,« < /> |zk/>
Therefore, m,, . exists. Now, fix any I* > m,, . and a rational number
g such that ﬁ < q<r*. Let e = (e, eg,...) € € such that e+ = 1 and
er = 0 where k # [*.

Case 1: z;- > 0.



Say y = q.el*. So, y = q and yr = 0 for all & # [* where y =
(y17y27y37"')' Then7 ) € B(O,T*) because ||y - O|| == ||y|| =q < r*, SO,

y € V. Now, define z = x +y. Thus, 2 € V + V. Also /3 ™" |z]2 =

m. % . .
A Dt ™ Jxk]? > aume. So, m., . exists and from definition of m., .,

mz,am* S mm@m* S l* Thus, ‘Zl*| = |~Tl* —+ q‘ = I _|_q > L_ S()’

2 ¢ Aq, .p,. Therefore, 2 ¢ O. Hence z € V+V and z ¢ O. o

Case 2: x;- < 0.

Say y = —q.e!”". Define z = x4y, in a similar manner to Case 1, z € V+V
and z ¢ O.

Therefore V+V ¢ O. O

From Claim 4 and Claim 5, there is a clopen subset O of (&, 7) with 0 € O
such that V+V ¢ O if V is any open unbounded subset of (&, 7) with 0 € V.
From Theorem [[2] if V' is any clopen subset of (&, 7) with 0 € V, then V is
unbounded. Therefore, O € Tuopen, with 0 € O such that V +V ¢ O for any
V' € Teopen With 0 € V. Hence, from Theorem [I1], the topology Tuepen is not
compatible with the group structure on €.

U

In Claim 5 which is in the proof above, for the clopen set O, actually we
showed that if K is unbounded subset of €, then K + B(0,e) € O for any
e > 0.
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