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ABSTRACT

MIDDLE SCHOOL MATHEMATICS TEACHERS’ KNOWLEDGE OF EIGHTH-
GRADE STUDENTS’ ALGEBRAIC THINKING

YILMAZ TIGLI, Nurbanu
Ph.D., The Department of Elementary Education
Supervisor: Prof. Dr. Erding CAKIROGLU

February 2023, 311 pages

The first purpose of this study is to investigate middle school mathematics teachers’
knowledge of students’ algebraic thinking. This purpose also includes the prerequisite
knowledge needed to learn algebra. The second purpose of the study is to examine
middle school mathematics teachers’ anticipations and interpretations regarding their
students’ performances in algebra. The last purpose of the study is to discover the
causal attributions of middle school mathematics teachers regarding their students’
difficulties in algebra. To that end, the data were collected from five middle school
mathematics teachers in the spring semester of the 2018-2019 and the fall semester of
the 2019-2020 academic years. The data sources are a teacher questionnaire, audio
recordings of the semi-structured interviews, and field notes. The findings presented
that middle school mathematics teachers could possess limited information regarding
the prerequisite knowledge students should have prior to learning algebra. Middle
school mathematics teachers could anticipate students’ possible solutions and
performances in simple translations from verbal statements to symbolic expressions
and solving equations. However, their anticipations were not aligned with students’

performances in the tasks that required a relational understanding of equivalence,
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conceptual understanding of the notion of variable, and functional thinking. Although
teachers could identify students’ difficulties in corresponding items, they could not
precisely express the underlying reasons for their difficulties. Lastly, teachers mainly
attributed students’ difficulties to external, stable, and uncontrollable factors. They
consider that students' difficulties are mainly related to the students themselves, such

as their cognitive processes, effort, or motivation.

Keywords: Middle School Mathematics Teachers, Algebraic Thinking, Variable,

Functional Thinking, Causal attributions
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ORTAOKUL MATEMATIK OGRETMENLERININ SEKiZINCi SINIF
OGRENCILERININ CEBIRSEL DUSUNMELERI ILE ILGILI BILGILERI

YILMAZ TIGLI, Nurbanu
Doktora, Tlkdgretim Boliimii
Tez Yoneticisi: Prof. Dr. Erding CAKIROGLU

Subat 2023, 311 sayfa

Bu ¢alismanin ilk amaci, ortaokul matematik 6gretmenlerinin 6grencilerinin cebirsel
diistinmeleri hakkindaki bilgilerini incelemektir. Bu ama¢ ayn1 zamanda dgrencilerin
cebir 6grenmeden Once sahip olmasi gereken Onkosul bilgilerini de igermektedir.
Arastirmanin ikinci amaci, ortaokul matematik Ogretmenlerinin Ogrencilerinin
performanslarina iligkin beklenti ve yorumlarini esitlik, cebirsel ifadeler ve denklem,
genellestirilmis aritmetik, degisken ve fonksiyonel diisiinme baglaminda incelemektir.
Calismanin son amaci, ortaokul matematik 6gretmenlerinin 6grencilerinin, cebirdeki
giicliiklerine iliskin nedensel yiiklemelerini kesfetmektir. Bu amagla 2018-2019 bahar
yartyili ve 2019-2020 giiz yariyilinda bes ortaokul matematik dgretmeninden veri
toplanmistir. Veri kaynaklar1 anket, yar1 yapilandirilmis goriismelerin ses kayitlart ve
arastirmact gozlem notlaridir. Bulgular, ortaokul matematik 6gretmenlerinin,
ogrencilerin cebir 6grenmeden once sahip olmasi gereken Onkosul bilgilerle ilgili
sinirlt bilgi saglayabildiklerini ortaya koymustur. Ortaokul matematik 6gretmenleri,
sozlii ifadelerden sembolik ifadelere basit doniistimler ve denklem ¢6zme konusunda
ogrencilerin olas1 ¢oziimlerini ve performanslarini tahmin edebilmislerdir. Ortaokul

matematik 6gretmenlerinin beklentilerinin, esitligin kavramsal olarak anlagilmasi,
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degisken kavramimin kavramsal olarak anlagilmasi ve fonksiyonel diisiinmeyi
gerektiren  durumlarda  ogrencilerin  performanslariyla  uyumlu  olmadigi
gozlemlenmistir. Ogretmenler, ilgili maddelerde &grencilerin  zorluklarini
belirleyebilmelerine ragmen, zorluklarin altinda yatan nedenleri tam olarak ifade
edememiglerdir. Son olarak, 6gretmenler, 6grencilerin zorluklarini1 gogunlukla digsal,
degismez ve kontrol edilemeyen faktorlere baglanslar. Ogretmenler, 6grencilerinin
zorluklarinin; 6grencilerin biligsel siirecleri, ¢abalar1 veya motivasyonlar1 gibi dis

faktorlere bagli oldugunu diisiinmiiglerdir.

Anahtar Kelimeler: Ortaokul Matematik Ogretmenleri, Cebirsel Diisiinme,

Degisken, Fonksiyonel Diisiinme, Nedensel Yiikleme
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CHAPTER 1

INTRODUCTION

1.1.Background of the Study

Algebra is described as a gatekeeper in school mathematics as it provides attainment
to the following levels of education (Donovan et al., 2022). Several studies have
agreed on the significance of algebraic thinking in mathematics and mathematics
education (Asquith et al., 2007; Cai & Moyer, 2008; Hodgen et al., 2018; Kieran,
2004). In response to researchers’ enthusiasm about students’ inadequate
comprehension of algebra, the algebra curriculum and teaching of algebra have
become focal points for accomplishing recent reforms in mathematics education
(Bednarz et al., 1996; Lacampagne et al., 1995; NCTM, 2000). Kaput (1998) clarified
that the “key to algebra reform is integrating algebraic reasoning across all grades and
all topics—to ‘algebrafy’ school mathematics” (p. 1). As Stephens (2008) proposed,
“algebra” in K-12 is “a term that should be used to describe a way of thinking as
opposed to simply something we do (e.g., collect like terms, isolate the variable,
change signs when we change sides)” (p. 35). Kaput (2008) stated that school algebra
mainly focused on symbol manipulation worldwide. Based on a widely accepted view,
the emphasis should not be on comprehending rules to manipulate symbols and use
algebraic procedures excellently but on developing algebraic thinking. There were two
main central themes at the core of algebraic thinking: “making generalizations” and
“using symbols to represent mathematical ideas and to represent and solve problems”

(Carpenter & Levi, 2000, p. 5).

Kaput (1998) specifically described the thinking practices of algebraic reasoning as
making generalizations, formalizations of symbol systems, and reasoning with

symbolic forms. He argued that these thinking practices could be observed across three
1



content strands: “algebra as the study of structures and systems abstracted from
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computations and relations,” “algebra as the study of functions, relations, and joint
variation,” and “algebra as a cluster of (a) modeling and (b) phenomena-controlling
languages” (p. 3). Kaput added that the two thinking practices underlined all three
content strands. Similarly, Carpenter and Levi (2000) also described two central
aspects of algebraic reasoning: making generalizations and using symbols to show
mathematical ideas and solve problems. Carpenter et al. (2003) and Jacobs et al. (2007)
referred to these ideas as relational thinking. It is crucial to engage students in
relational thinking to improve their computational fluency (Koehler, 2004) and to
promote their perceptions of algebraic expressions and equations as objects (Stephens,

2008).

Researchers indicated that algebraic thinking should be constructed in corporation
with arithmetic thinking beginning in early grades (Blanton & Kaput, 2011; Blanton
et al., 2015; Carpenter et al., 2003; Ryan & Williams, 2007). It is noted that perceiving
arithmetic and algebra as separate areas and concentrating on symbol manipulation
while learning algebra might prevent students’ algebraic thinking. In contrast to some
researchers who proposed that arithmetic and algebra were separate areas and a
transition existed between them, Carraher et al. (2006) perceived algebra as a
generalized arithmetic in which the notion of function has a major role. They argued
that arithmetic is a part of algebra and that the ‘“algebraic character” of arithmetic

should be emphasized in elementary mathematics instruction.

The difficulties students experienced while learning algebra resulted in students being
isolated from mathematics and giving up learning mathematics early in high school
(Kaput, 2002). Hence, U.S. educators and researchers call for nationwide movements,
algebra for all, to make algebra attainable for all students (Chazan, 1996; Moses,
1995; Moses & Cobb, 2001). In response to the movement of ‘algebra for all,” the
National Council of Teachers of Mathematics (NCTM) suggested that instructional
programs should enable students “to understand patterns, relations, and functions,” “to
represent and analyze mathematical situations and structures using algebraic
symbols,” “to use mathematical models to represent and understand quantitative

relationships,” and “to analyze the change in various contexts” (NCTM, 2000, p. 37).
2



Identifying students' conceptions, difficulties, and errors in algebra could be a good
start to determining these standards.

1.2.Students’ Conceptions, Difficulties, and Misconceptions in Algebra

Algebra is one of the crucial branches of mathematics, and it provides a gateway from
arithmetic reasoning in elementary school to advanced and deeper mathematics in
higher grades (Blanton & Kaput, 2005; Knuth et al., 2005). Blanton et al. (2011)
described algebra as a “mathematical language that combines operations, variables,
and numbers to express mathematical structure and relationships in succinct forms”
(Blanton et al., 2011, p. 67). Erbas (2005) asserted that “the road to algebra is never as
smooth as one may wish,” which is common everywhere (p. 26). Thus, algebraic
reasoning should be expanded across the curricula of all grades to get the late, isolated,
and superficial algebra courses to become more coherent, profound, and powerful
(Kaput, 1998). Several studies have documented students' difficulties and
misconceptions in algebra (Alibali et al., 2007; Carraher & Schliemann, 2007; Kieran,
1992; Kilpatrick et al., 2001; Knuth et al., 2005; Knuth et al., 2006; Sfard, 1991). For
example, Carraher and Schliemann (2007) asserted that most difficulties students
faced in algebra were related to the operational view of the equal sign (Kieran, 1981),
an emphasis on particular guantities in answers instead of generalized statements
(Booth, 1984), a lack of knowledge related to fundamental properties of number and
operation in arithmetic (MacGregor, 1996), and a lack of understanding of variable

notation that demonstrated the relationship between quantities (Bednarz, 2001).

As Booth (1989) emphasized, “we first understand the structural properties of
mathematical operations and relations which distinguish allowable transformations
from those that are not” to accurately conduct algebraic transformations, which were
a crucial part of middle and secondary school grades (p. 72). Booth (1988) stated that
the difficulties that students experience in algebra could be related to their inadequate
understanding of arithmetic or problems in arithmetic that were not corrected in the
past instead of algebra itself. Filloy and Rojano (1989) defined it as a “cut-point
separating one kind of thought from the other” based on the evolution from concrete

arithmetic processes to abstract algebraic thinking (p. 19). Similarly, Herscovics and
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Linchevski (1994) described the presence of a cognitive gap between arithmetic and
algebra by mentioning “the students’ inability to operate spontaneously with or on the

unknown” (p. 59).

Understanding the notion of variable is another core issue while doing algebra, as it is
at the center of the connection between arithmetic and algebra (Blanton et al., 2015;
Stephens, 2005; Usiskin, 1988). Many studies showed that students struggle to use
variable notation to demonstrate quantities and the relationships of those quantities
(Bednarz, 2001; McNeil et al., 2010; Stephens, 2005; Vergnaud, 1985). Jupri et al.
(2020) highlighted that one of the indicators of students’ algebraic proficiency is
having the symbol sense (Bokhove & Drijvers, 2010; Jupri et al., 2020; Van Stiphout
et al., 2013), which indicates a relational understanding of symbols (Skemp, 1976).
Arcavi (2005) described it as an analogy to number sense as the ability to capture the
meaning and be aware of the essential structures of symbols and algebraic expressions.
Elementary-grade students had typically introduced to the variable as a constant,
unknown quantity (Blanton et al., 2011; Lloyd et al., 2011). Researchers proposed that
additional roles of the variable should also be emphasized in a comprehensive
approach, such as becoming a varying quantity, a generalized number, and a parameter
(Blanton et al., 2015; Usiskin, 1988).

Many students were alienated from mathematics and did not continue to learn it before
they came to high school because of the difficulties they had faced while traditionally
learning algebra (Kaput, 2002). Based on the study of Kenney and Silver (1997), even
twelfth-grade students had difficulty solving simple algebraic equations, transitioning
from verbal to symbolic representations, and sharing and justifying their reasoning for
their solutions. Sfard (2000) proposed that a student should manipulate a concept to
understand it, but she asked how a student can use something without understanding
it. She defined this dichotomy as a circularity that determines the process of learning.
However, students usually focus on the procedures related to symbol manipulation
instead of considering the underlying meaning in traditional algebra classrooms
(Chazan, 2000). To illustrate, the students might spend too much time learning how to
construct an equation of a line; however, they may not explain why the procedure

worked while writing the equation and why they were constructing such an equation.
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As Kieran (1992) argued, to overcome the lack of understanding, students mostly
“resort to memorizing rules and procedures and...eventually come to believe that this

activity represents the essence of algebra” (p. 390).

In Third International Mathematics and Science Study (TIMMS) examinations, real-
world problems were asked students to get them to use algebraic models and explain
the relationships, including algebraic procedures such as determining one of two
quantities when one of them was given in a formula. Also, they were asked to solve
problems, including linear equations and functions, to observe the change in the value
of one variable when the value of the other variable changes (Mullis et al., 2020).
Algebra items constitute 30% of the mathematics test in the TIMMS examination,
including two dimensions; expressions, operations, and equations (20%) and
relationships and functions (10%). Although Turkish -eighth-grade students
demonstrated a gradually increasing performance in algebra scores from year to year
(MoNE, 2014; MoNE, 2016; MoNE, 2020), analysis of eight grade students’ responses
to algebra items in TIMMS 2019 showed that Turkish eighth-grade students’ algebra
scores were below the average mathematics score (MoNE, 2020). In addition to the
research studies, the results of international examinations showed that Turkish eighth-
grade students might be supported to improve their algebra performance. Knuth et al.
(2005) defined middle school grades as the period in which students’ arithmetic and
early algebraic reasoning are linked to complex, abstract, algebraic reasoning. Thus, it
is crucial to examine eighth-grade students’ conceptions, difficulties, and errors to

improve their performance in algebra.

Algebra reform should be considered a continuous strand for K-12 mathematics
instead of fixing algebra to a “traditional ninth-grade course” (Asquith et al., 2007, p.
250). “By viewing algebra as a strand in the curriculum from prekindergarten on,
teachers can help students build a solid foundation of understanding and experience as
a preparation for more sophisticated work in algebra in the middle grades and high
school” (NCTM, 2000, p. 37). To accomplish this purpose, the reconceptualization of
algebra has been encountered more in elementary grades as algebraic ideas were
integrated into early grades in recent studies (Blanton et al., 2015, 2019; Carraher et

al., 2006; Kaput et al., 2007). This reconceptualization across K-12 implies that
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algebraic reasoning is more than doing manipulations with symbols (Asquith et al.,
2007; Carpenter&Levi, 2000; Schifter, 1999). Blanton et al. (2015) pointed out that
typical elementary mathematics curricula and traditional instruction might not provide
a significant transition for students from the “concrete, arithmetic reasoning of
elementary school” to the increasingly “complex, abstract algebraic reasoning required
for middle school and beyond” (Blanton et al., 2015, p. 76). The requirement to
improve students’ algebra learning was expressed in policy documents, such as the
report of the RAND Mathematics Study Panel (2003) and the National Mathematics
Advisory Panel (NMAP, 2008).

Researchers indicated that students’ frequent exposure to algebraic ideas from
kindergarten to eighth grade got them to make the transition from arithmetic to algebra
more smoothly as they have already understood such necessary notions, operation
sense, equality, and generalization (Asquith et al., 2005; Carpenter et al., 2003; Kaput,
1998). For this reason, they have called for reforms in teaching and learning
mathematics, requiring mathematics teachers to recognize the occasions to encourage
students’ algebraic thinking. Thus, it requires the development of an extended
curriculum and the enrichment of teacher knowledge to strengthen the connection
between arithmetic and algebraic reasoning, especially in middle grades, when the
connection between those two forms of reasoning is presumably the most salient
(Asquith et al., 2007). There is a strong connection between teacher knowledge and
students’ learning (Carpenter et al., 1988; Carpenter et al., 1989; Franke et al., 1998;
Hill et al., 2005). In their seminal works, Carpenter and colleagues also found a strong
relationship between students’ achievement and teachers’ knowledge of students’
thinking (Carpenter et al., 1988; Carpenter et al., 1989; Franke et al., 1998). These
experimental studies presented that the students perform better whose teachers
participate in professional development programs focusing on research-based
information of teachers’ knowledge of students’ thinking. Carpenter et al. (1989)
argued that teachers must be more familiar with students’ thinking. Their Cognitively
Guided Instruction program showed that teachers’ instructional practices might be
changed by serving them well-organized information regarding children’s actual
thinking and using strategies in solving simple arithmetic story problems. Thus,

teacher knowledge constitutes an essential characteristic of their classroom practices
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(Borko & Putnam, 1996). As Shulman (1986) defined Pedagogical Content
Knowledge (PCK), the knowledge “which goes beyond knowledge of subject matter
per se to the dimension of subject matter knowledge for teaching” (p. 9), teachers’
knowledge of students’ thinking is an essential component of PCK (Ball & Cohen,
1999; Kazemi & Franke, 2004). Hence, teachers’ knowledge of students’ algebraic
thinking deserves much more attention in middle grades, the period where a significant
transition occurs from concrete, arithmetic reasoning of elementary grades to the more
complex, abstract algebraic reasoning necessary for high school mathematics and
beyond (Asquith et al., 2007; MoNE, 2018).

1.3.Teachers’ Knowledge related to Students’ Conceptions, Difficulties, and

Misconceptions in Algebra

Algebra has been described as a subject that was both hard to learn and hard to teach
(Stacey et al., 2004; Watson, 2009). Stump and Bishop (2002) asserted, “one of the
greatest challenges for mathematics teacher educators committed to reforming and
improving mathematics education is to help preservice elementary and middle school
teachers develop an appreciation for algebraic reasoning” (p. 1903). Researchers
explained it as the cornerstone of mathematics reform, and teachers are one of the most
crucial factors in developing students’ algebraic reasoning (Blanton & Kaput, 2005;
Kaput, 1998). Research studies demonstrated that the change in practice should be
conducted in collaboration with teachers as they were professional partners in the

algebra teaching process.

Nathan and Koedinger (2000b) expressed that mathematics teachers’ interpretation
and implementation of the curricula are mainly influenced by their knowledge and
beliefs regarding instruction (Ball, 1988; Borko et al., 1992; Clark & Peterson, 1986;
Raymond, 1997; Thompson, 1984), student learning (Ball, 1988; Carpenter et al.,
1989; Fennema et al., 1992; Romberg & Carpenter, 1986), and mathematics (Cooney,
1985; Raymond, 1997). As Kaiser et al. (2017) noted, the cognitive perspective of
teacher professionalism has been dominantly studied, especially with large-scale
studies, concentrating on the knowledge facets of mathematics teachers in the last few

years (Ball & Bass, 2000; Blomeke et al., 2014; Bruckmaier et al., 2016; Kunter et al.,
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2013). Shulman (1986) suggested two types of understanding of subject matter
teachers need, knowing that and knowing why. These two types of knowledge are
crucial while investigating teachers’ knowledge regarding students’ ways of thinking
(Even & Tirosh, 1995). They described knowing that as a research-based or
experienced-based knowledge of students’ ways of thinking and common conceptions
regarding a subject matter and knowing why as the common knowledge about the
potential sources of underlying conceptions. Thus, both dimensions are crucial for

teachers to recognize and interpret their thinking.

In recent years, researchers have also focused on teachers’ noticing as the starting point
while studying teacher professionalism (Kersting et al., 2012; Kersting et al., 2016;
Santagata & Guarino, 2011; Santagata & Yeh, 2016). Kaiser et al. (2017) asserted that
the relationship between these two perspectives, teachers’ knowledge and noticing,
related to teachers’ competencies and professionalism has remained ambiguous.
Researchers called for studies examining teachers’ knowledge of students’ algebraic
thinking in elementary school mathematics (Asquith et al., 2007; Blanton & Kaput,
2003; Carpenter et al., 2003; Kaput et al., 2007; Stephens, 2006). While examining
teachers’ knowledge of students’ algebraic thinking, teachers’ perceptions of algebraic
thinking also have a crucial role (Asquith et al., 2014). Based on Van Dooren et al.
(2002), pre-service mathematics teachers tended to evaluate the students’ solution
strategies to arithmetic and algebra problems in parallel with their own solution
preferences. Therefore, teachers’ evaluations of students’ solutions might be a
precursor for their own arithmetic and algebra perceptions. Stephens (2008) asserted
that teachers would avoid engaging students in activities requiring generalization and
algebraic reasoning if they lacked the appropriate conceptions about mathematics. She
stated that it is impossible for students to successfully comprehend algebraic ideas
unless they perceive arithmetic as something that makes sense. Thus, it would be
difficult for students if they learned mathematics as a set of rule-based or procedural

operations instead of using sense-making abilities.

In response to the recent calls for algebra reform, researchers have moved toward the
studies investigating primary teachers’ knowledge of students’ algebraic reasoning in

elementary grades to integrate algebraic reasoning throughout the K-8 strand (Blanton
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etal., 2015, 2019; Blanton & Kaput, 2011; Carpenter et al., 2003; Carraher et al., 2006;
Kaput et al., 2007). However, further studies are still needed to focus on the knowledge
of MSMTs (MSMTSs) on students’ thinking regarding algebraic ideas in middle school
grades, which refers to “a period that marks a significant transition from the concrete,
arithmetic reasoning of elementary school mathematics to the increasingly complex,
abstract algebraic reasoning required for high school mathematics and beyond”
(Asquith et al., 2007, p. 251). Although there have been studies investigating MSMTSs’
knowledge of students’ thinking in algebra (Asquith et al., 2007; Bas et al., 2011; Li,
2007; Tanish & Kose, 2013; Putnam et al., 1992; Stephens, 2006), this topic deserves
much more attention as teachers’ knowledge was a crucial determinant of their

classroom practices (Asquith et al., 2007; Borko & Putnam, 1996).

Shulman (1986) suggested that the potential sources of underlying conceptions of
students, knowing why, is as crucial as the knowledge of students’ algebraic thinking,
knowing what. Teachers were found to express the knowledge of students’ difficulties
and errors related to knowing what (e.g., Stump, 2001), but they failed to present
particular sources of those difficulties and errors, which was related to knowing why
aspect of teachers’ professional knowledge (Erbas, 2004). Thus, it would be beneficial
to draw a picture of underlying reasons, potential sources, depicted by teachers

regarding their students’ performances in algebra.

1.4. Teachers’ Causal Attributions for Students’ Success and Difficulties

Some teachers have persistent myths regarding the learning of mathematics, which
implies that “success in mathematics depends more on innate ability than on hard
work™ (National Research Council [NRC], 1991, p. 10). Weiner (1985, 2000, 2010)
defined causal attribution as an individual's perception regarding the cause of success
and failure, which subsequently affects his/her emotion, decision-making, and
performance. Fritz Heider, the founder of attribution theory, established his work
around the causality of individuals’ behaviors internal to themselves and external to
the environment (Stage et al., 1998). Attribution theory suggests that individuals
attribute their failure and success to either internal or external factors (Dweck, 1986;

Weiner, 1974). As Wang and Hall (2018) suggested, the attribution theory (Weiner,
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1985, 2000, 2010) provides a comprehensive theoretical framework to examine how
individuals perceive the causes behind their performances and others and the
influences of these attributions on individuals’ emotions, cognitions, and behaviors in
an educational context. Integrating both interpersonal and intrapersonal perspectives,
this theory also explains how teachers perceive students’ difficulties and occupational
stressors and how their attributions affect their teaching behaviors, interactions with

students, and emotional well-being (Wang & Hall, 2018).

Some researchers attributed students’ difficulties with algebra to developmental
constraints or inadequate cognitive development of students (Collis, 1975; Filloy &
Rojano, 1989; Herscovics & Linchevski, 1994; Kuchemann, 1981; MacGregor, 2001).
Filloy and Rojano (1989) argued that there exists a “cut-point separating one kind of
thought from the other,” which was called “a break in the development of operations
on the unknown” (p. 19). They noted that concrete arithmetical thinking very slowly
turned into more abstract algebraic thinking. Apart from the difficulties attributed to
the intrapersonal factors (e.g., students' cognitive process, motivation, and math skills),
interpersonal factors might also be attributed to students’ success or difficulties, such
as instructional quality, luck, or environmental circumstances. Wang and Hall (2018)
reviewed seventy-nine attribution studies. They found that teachers generally attribute
students’ failure to the factors related to students themselves, although there exist
some studies suggesting that teachers explain students’ performance based on external
and uncontrollable factors, such as prior learning experiences and previous teachers
(Rolison & Medway, 1985; Hall et al., 1989; Bertrand & Marsh, 2015). For example,
according to their studies on the early algebra approach, Carraher and Schliemann
(2007) noted that students' difficulties are attributed to the shortcomings related to how

arithmetic, generally elementary mathematics, is introduced to students.

Researchers suggested that attributions have a crucial role in teachers’ expectations
regarding students’ future performance (Clarkson & Leder, 1984; Peterson & Barger,
1985). Shores and Smith (2010) reviewed the attribution studies from 1974 to 2008 in
mathematics education and highlighted the continuing studies on attribution. They
emphasized the need for future studies to examine attributions from teachers’

perspectives and, subsequently impacts of teachers’ attributions on students’
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mathematics learning. Based on the attribution theory of Weiner (2000, 2010), the way
teachers anticipate the causes of their students' performance can influence their
emotions, which in turn predict their behaviors in teaching. Therefore, it might be
helpful to investigate MSMTs’ causal attributions for students’ performance to have
information about their thinking on students’ performance and predict their classroom
behaviors. Moreover, Bastiirk (2016) asserted that there was still a need to provide
practical information for mathematics teachers. Such studies might yield crucial
results for pre-service and in-service MSMTs to recognize their attributions and
observe how these attributions affect their instruction (Shores & Smith, 2010) and
which dimension of causal attributions (e.g., causality, controllability, and stability)
outweighs which might provide information about teachers' decision-making
processes while teaching algebra (Weiner, 2010). Examining MSMTs’ causal
attributions for students’ difficulties might provide a picture of what MSMTs think
about the sources of students’ performance and what they know about students’

algebraic thinking.

1.5.Purpose of the Study and Research Questions

There were multifaceted purposes of the current study. The first purpose of this study
was to analyze eighth-grade students’ conceptions, difficulties, and errors in algebra
tasks related to in four big ideas in algebra, equivalence, expressions, equations, and
inequalities, generalized arithmetic, variable, and functional thinking. The second
purpose of the study is to examine MSMTs’ knowledge related to students’
conceptions, difficulties, and errors in learning algebra. This purpose also includes the
prerequisite knowledge students should have to learn algebraic concepts. The third
purpose of the study is to investigate MSMTS’ anticipations and interpretations related
to their students’ performances in four big ideas in algebra, equivalence, expressions,
equations, and inequalities, generalized arithmetic, variable, and functional thinking.
The last purpose of the study is to depict the causes of students’ difficulties and errors
that MSMTs express in the tasks related to in four big ideas in algebra, equivalence,
expressions, equations, and inequalities, generalized arithmetic, variable, and

functional thinking. The research questions are constructed to address these purposes.
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All in all, considering the purposes mentioned above, the following research questions

will be addressed in the current study:

1. What is the nature of MSMTSs’ pedagogical content knowledge about students’
understanding related to four big ideas?
1.1.What is the prerequisite knowledge that MSMTs consider necessary to

begin learning algebra?
1.2.What do in-service MSMTs know about common conceptions and
difficulties held by eighth-grade students related to four big ideas?
1.3.What do in-service MSMTs know about the possible sources of difficulties
and errors held by eighth-grade students related to four big ideas?
1.4.What strategies do in-service MSMTs consider overcoming the difficulties
held by eighth-grade students related to four big ideas?
2. To what extent MSMTs’ knowledge aligned with the conceptions and
difficulties of eighth-grade students in the algebra diagnostic test (ADT)?
2.1.What are MSMTS’ predictions related to the conceptions and difficulties of
eighth-grade students in ADT?

2.2.How do MSMTSs’ predictions compare to students’ performance on
algebraic thinking tasks in ADT?

2.3.How does MSMTs’ knowledge of students’ learning influence their
interpretations of common conceptions and difficulties of eighth-grade
students in ADT?

3. How do teachers attribute the factors that impact students’ performance in

algebra?

1.6.Significance of the Study

Students’ inadequate understanding and difficulties in algebra and the role of algebra
as a gatekeeper in future opportunities in education and employment (Asquith et al.,
2007; Ladson-Billings, 1998; Moses & Cobb, 2001; National Research Council
[NRC], 1998) directed mathematics education community to call for an algebra reform
(Kaput, 1995, 1998; Olive et al., 2002; Stacey & Mac Gregor, 2001). There is an

agreement among researchers that the reconceptualization of school algebra is needed
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to make algebra a continuous subject in the K-12 strand (Asquith et al., 2007). With
the help of the inclusion of algebraic reasoning in elementary grades, algebra has been
perceived to be a subject accessible to students across all grades more than mastering
symbolic manipulations (Asquith et al., 2007; Carpenter&Levi, 2000; Schifter, 1999).
The expansion of algebraic ideas from the earlier grades might conclude with the need
for some revisions, especially at the middle school level, where the transition between
arithmetic and algebra is more apparent. Hence, devising an appropriate curriculum
and supporting and extending teacher knowledge and practice to strengthen the
connections between arithmetic and algebraic reasoning are needed (Asquith et al.,
2007).

Also, Ball et al. (2001) suggested “sizing up students’ ideas and responding” (p. 453)
and emphasized the importance of using particular knowledge related to students’
understanding as an effective tool to cope with sophisticated classroom settings. As
Asquith et al. (2007) expressed, there have been limited studies on MSMTs’
knowledge of students’ algebraic thinking. Various stakeholders have emphasized the
importance of what teachers are required to know, such as mathematicians (Askey,
1999; Milgram, 2005; Wu, 1999), mathematics education researchers (Carrillo-Yafiez
et al., 2018; Hill et al., 2007; Shulman, 1987), and organizations (Conference Board
of the Mathematical Sciences [CBMS], 2012), NCTM, 2000; National Mathematics
Advisory Panel [NMAP], 2008). Thus, unpacking teachers’ knowledge related to
students’ algebraic thinking might also provide clues regarding their own algebraic
knowledge for teaching middle graders (Ball et al., 2008). Hence, to improve students’
performance in algebra and extend their algebraic reasoning, the investigation of
MSMTs’ knowledge of students’ algebraic thinking might be a logical next step.
Hence, this study could contribute to the teacher knowledge literature based on
MSMTs’knowledge of students’ algebraic thinking and students’ difficulties and

errors in algebra.

The inadequacy of research on teachers’ knowledge and practice was one of the
significant obstacles to enhancing the teaching of algebra (Doerr, 2004; Stein et al.,
2011). As Doerr (2004) stated, there was a severe need for theory-building to explain

what teachers need to know to teach algebra. Stephens (2008) pointed out that a few
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studies investigated the knowledge and beliefs of mathematics teachers in algebra.
Teachers are expected to be able to analyze students’ thinking and solution strategies
in particular tasks and students’ understanding in the lectures and subsequently to
constitute mathematics instruction regarding their inferences (MoNE, 2017).
Therefore, teachers should concentrate on each student’s mathematical understanding
in the classroom (Jacobs et al., 2010). That is, teachers are required to have adequate
knowledge to predict, analyze, and interpret students’ thinking and solutions for
particular tasks and improve their understanding (Asquith et al., 2007; Ball et al., 2008;
Carrillo-Yanez et al., 2018; Doerr, 2004; Stephens, 2006), which is a crucial
competency for teachers (Bromme, 1997; Kaiser et al., 2017; MoNE, 2017; Weinert,
2001).

“Effective mathematics teaching requires understanding what students know and need
to learn and then challenging and supporting them to learn it well” (NCTM, 2000, p.
16). Researchers emphasized that even MSMTs “have little experience with the rich
and connected aspects of algebraic reasoning” (Blanton & Kaput, 2005, p. 414).
Studies showed that pre-service and in-service MSMTs have deficiencies in
identifying students’ conceptions and anticipating the underlying reasons for students’
difficulties and misconceptions in algebra (Alapala, 2018; Asquith et al., 2007; Dede
& Peker, 2007; Didig-Kabar & Amag, 2017; Gokkurt et al., 2016; Li, 2007; Stephens,
2004, 2006; Li, 2007; Sen-Zeytun et al., 2010; Tanmisli & Kose, 2013; Tirosh et al.,
1998). Literature review showed that there had been limited research concentrated on
the knowledge of in-service MSMTs’ knowledge of students’ algebraic reasoning and
the underlying reasons for their difficulties and misconceptions (Asquith et al., 2007;
Sen-Zeytun et al., 2010; Tirosh et al., 1998). As Blanton et al. (2011) asserted, teaching
algebraic thinking requires a special knowledge that goes “beyond what most teachers
experience in standard preservice mathematics courses” similar to other core topics in
mathematics (NCTM, 2000, p. 17). The present study could yield findings related to
how MSMTs anticipate and interpret students’ algebraic thinking, difficulties, and
errors, in what points they struggle to anticipate and interpret students’ thinking, and
what inferences they attained based on their students’ performances in algebraic
thinking tasks. Based on the findings of this study, crucial information and

implications might be proposed to MSMTs, teacher educators, and mathematics
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education researchers regarding MSMTs’ knowledge of students’ algebraic thinking.
Thus, the findings of the current study could provide insights into future professional

development programs for MSMTs to extend their professional knowledge.

Students' written work is a genuine activity to interpret and intervene in students’
conceptions and difficulties in mathematics (Grosman et al., 2009; Jacobs & Philipp,
2004). Erbas (1999) noted that students’ way of thinking in dealing with equations and
solving problems needed to be investigated by gathering information from both
students and teachers. Moreover, Doerr (2004) highlighted that how teachers learned
to teach algebra and understood their own practice were the issues that should be
further investigated in their own cultural contexts. However, there are limited studies
in which the data were collected from teachers via their own students’ written work
(Asquith et al., 2007; Stephens, 2004, 2006; Tirosh et al., 1998). Therefore, collecting
data through students’ own responses to the variable, equation, and functional thinking
tasks would be significant. Thus, instead of using already prepared samples for
students’ solutions to particular tasks, the Algebra Diagnostic Test (ADT) was
developed to investigate eighth-grade students' algebraic thinking and, subsequently,
MSMTs’ knowledge regarding students’ algebraic thinking in their own cultural
context. ADT included algebra tasks that required algebraic reasoning, as Kaput
(2008) proposed. This study allows MSMTs to get feedback based on their eighth-
grade students via algebraic reasoning tasks. Therefore, they could compare their
predictions with their students' actual ADT performances. Thus, they might have the
chance to criticize themselves about how they should anticipate and interpret students’
solutions and at which points students’ algebraic thinking and difficulties differed from
the predictions of MSMTs. Moreover, they might have an opportunity to recognize
their students’ conceptions, difficulties, and errors that they had not noticed before.
They could consider possible reasons for students’ conceptions, difficulties, and errors
in the tasks. After observing their students' ADT performance, they might recognize
the issues that need more attention in learning algebra, such as consideration of the big
ideas while preparing lesson plans and the emphasis on some concepts (e.g., the notion
of variable, the meaning of the equality sign, and covariation) in algebra classes.
Hence, they might perceive the findings of the study as feedback to be aware of their

students' conceptions, possible difficulties, and errors in the big ideas of variable,
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equivalence and equations, generalized arithmetic, and functional thinking in their
future algebra classes.

As we have learned more about middle school students’ algebraic thinking (Blanton
et al., 2015; Herscovics & Linchevski, 1994; Jupri & Drijvers, 2014; Kieran, 1992;
MacGregor & Stacey, 1997, Warren, 2003), unpacking the knowledge of MSMTs’
knowledge of students’ algebraic thinking could be a logical enterprise for the next
step (Asquith et al., 2007). Considering all these perspectives, this study aimed to
investigate MSMTs’ knowledge of eighth-grade students’ conceptions, difficulties,
and errors in the big ideas of variable, equivalence and equations, generalized

arithmetic, and functional thinking.

1.7.Definition of Important Terms

In this section, the operational definitions of the key terms presented in this study were
given to provide a clear portrait of the study and increase the intelligibility of the

following chapters.

Algebra

In this study, algebra refers to “mathematical language that combines operations,
variables, and numbers to express mathematical structure and relationships in succinct
forms” (Blanton et al., 2011, p. 67). In addition, it represents relations between
quantities and mathematical structures and includes the procedures to operate with
those structures (Kieran, 1992; Usiskin, 1988, 1997). Also, it was considered a
generalized arithmetic which includes using symbols to replace unknown quantities
and to generalize arithmetic operations (Blanton et al., 2015; Kieran, 1992; Usiskin,
1988, 1997).

Algebraic thinking

Kriegler (2004) described that algebraic thinking integrates two crucial components,

algebraic ideas (e.g., patterns, variables, and functions) and mathematical thinking
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tools (e.g., representation, problem-solving, and reasoning). In other words, algebraic
thinking takes place in any activity which combines one of the big ideas with
mathematical thinking tools, such as representing mathematical statements using
variables and analyzing the change. Thus, in this study, algebraic thinking refers to the

integration of two components, algebraic ideas and mathematical thinking tools.

Big ideas in algebra

Big ideas are the content strands of algebra developed in terms of Kaput's study (2008).
This study investigates big ideas under five strands: equivalence, expressions,
equations, and inequalities, generalized arithmetic, functional thinking, and variable
(Blanton et al., 2015; Blanton et al., 2019).

Difficulty

In the present study, difficulty refers to the struggles or problems of students while
doing mathematics. While investigating teachers’ causal attributions, difficulty also
means becoming unsuccessful. Thus, “difficulty” was used instead of “failure” when

students were unsuccessful in particular situations.

Middle school mathematics teachers

Middle school mathematics teachers are the individuals who teach middle-grade
students from fifth to eighth grade. The teachers working as MSMTSs in a public school

in Zonguldak were selected using purposeful sampling.

Teachers’ knowledge of students’ thinking

Carrillo-Yanez et al. (2018) explained teachers’ knowledge of students’ thinking as
the teachers' understanding of how students think about and learn mathematical
concepts. It focuses on students’ reasoning, proceeding, difficulties, and
misconceptions in mathematical content instead of the learner. In this study, teachers’

knowledge of students’ thinking is employed as the integration of “theories of
17



mathematical learning, strengths and weaknesses in learning mathematics, ways pupils
interact with mathematical content, and emotional aspects of learning mathematics”
(Carrillo-Yanez et al., 2018, p. 247).

Causal attribution

Weiner (1985, 2000, 2010) defined causal attributions as individuals’ perceptions of

the causes of behaviors. In this study, causal attribution refers to underlying reasons

depicted by MSMTs for their students’ difficulty in algebraic thinking.
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CHAPTER 2

LITERATURE REVIEW

This study aimed to investigate in-service MSMTs’ knowledge regarding their
student’s learning in algebra. In this context, the study’s first aim was to examine in-
service MSMTs’ knowledge of students’ conceptions and which type of difficulties
and errors they faced while learning algebra. Also, the researcher prepared an
investigation of teachers’ knowledge related to typical solutions students would give
and difficulties and errors they might have in Algebra Diagnostic Test (ADT). The
study’s second goal was to analyze middle school students’ performances in ADT.
After ADT was conducted on students and the results were analyzed, the teachers were
asked to give their interpretations concerning the results of the analyses based on
students’ performances in algebra. Therefore, the last goal of the study was to get an
image of mathematics teachers’ interpretations of their students’ performances in
ADT. This chapter reviewed the literature on students’ learning of algebra and
mathematics teachers’ knowledge of students’ learning of algebra. Regarding the
research questions, the literature review has been categorized into four sections:
middle school students’ learning in algebra, mathematics teachers’ competencies,
mathematics teacher knowledge, and mathematics teachers’ knowledge of students’

learning in algebra.

2.1.Knowledge of Mathematics Teachers

Mathematics teachers have a significant role while preparing K-12 students for
mathematics (An, Kulm, & Wu, 2004; Blomeke & Delaney, 2012). Therefore, the
quality of teachers has become a critical concern for policymakers and educators for
several years. Elbaz (1983) defined the knowledge of teachers as “the single factor

which seems to have the greatest power to carry forward our understanding of the
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teacher’s role” (p. 45). There is an interaction between teacher knowledge and student
performance in mathematics (Baumert et al., 2009). Therefore, teacher knowledge has
been controversial for researchers, teacher educators, and policymakers. The results of
long-scale studies, such as TEDS-M and TIMMS, illustrated that the professional
knowledge of mathematics teachers should be improved to enhance students’
mathematics performance (Blomeke & Delaney, 2012; Schoenfeld, 2010). Shulman
(1987) described teachers’ professional knowledge by considering seven domains:
general pedagogical knowledge, content knowledge, pedagogical content knowledge,
curricular knowledge, knowledge of educational contexts, knowledge of learners and
their characteristics, knowledge of values, purposes, educational ends, and their
philosophical and historical grounds. Researchers investigated mathematics teachers’
knowledge under two main categories, subject matter, and pedagogical content
knowledge, in recent years (Ball et al., 2008; Carrillo-Yaez et al., 2018; Magnusson
et al., 1999; Shulman, 1986). First, teachers’ subject matter knowledge will be briefly

described in the following part.

2.1.1.Subject Matter Knowledge for Teaching Mathematics

Researchers declared that teacher knowledge is a crucial element for effective
teaching. ‘“What teachers should know’ and ‘what they are required to know’ have
been frequently discussed issues for many years in teacher education (Ball et al., 2008;
Hill et al., 2007). Shulman (1986) proposed that teachers should conceptually
understand and express why a particular proposition works. Furthermore, they should
understand and express that the proposition does work. Teachers should be able to
explain why a specific proposition worked, why it was worth knowing, and how it
could be integrated with other disciplines instead of superficial knowledge of facts and
concepts. As National Mathematics Advisory Panel suggested:

...teachers must know in detail and from a more advanced perspective the
mathematical content they are responsible for teaching . . . both prior to and
beyond the level they are assigned to teach (National Mathematics Advisory
Panel, 2008, p. 37).

20



Having solid subject matter knowledge gets a teacher to integrate the subject area with
other areas, pose students challenging questions, and feel free to use any other sources
outside the textbook (NCTM, 2000). Subject matter knowledge was defined by
Shulman (1986) as the “amount or organization of knowledge per se in the mind of
the teacher” (p. 9). Ball (1991) described subject matter knowledge as an integration
of knowledge, feelings, and beliefs about mathematics, and she considered
mathematical knowledge under two dimensions: knowledge of mathematics and
knowledge about mathematics. As she identified, knowledge of mathematics referred
to “understandings of particular topics (e.g., fractions and trigonometry), procedures
(e.g., long division and factoring quadratic equations), and concepts (e.g.,
quadrilaterals and infinity), and the relationships among these topics, procedures, and
concepts” (p. 6). They defined knowledge about mathematics as “understandings
about the nature of knowledge in the discipline--where it comes from, how it changes,
and how truth is established” (p. 6).

Ball, Thames, and Phelps (2008) proposed a model for teachers’ mathematics
knowledge (MKT) that demonstrated the unity of SMK and PCK as two halves of an
elliptic model. The left side of the oval was SMK comprising three components;
common content knowledge (CCK), and horizon content knowledge (HCK),

specialized content knowledge (SCK) (See Figure 2.1).

SUBJECT MATTER KNOWLEDGE PEDAGOGICAL CONTENT KNOWLEDGE
(c::r:? en:‘?n Knowledge of
knowled contentand
ge students (KCS)
(CCK) Specialized Knowledge

content of content
knowledge (SCK) and
Horizon curriculum
content
knowledge

Knowledge of
content and
teaching (KCT)

\_\\___—//
Figure 2. 1. Domains of Mathematical Knowledge for Teaching (Ball et al., 2008, p.
403)
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Common content knowledge (CCK) refers to making simple calculations and solving
problems in mathematics, the knowledge and skills required in other areas. The
researchers highlighted that CCK did not refer to knowledge that everyone has.
Instead, they pointed out that this dimension of knowledge was mathematical
knowledge but not unique to teaching. CCK was similar to Shulman’s SMK, but SCK
is a new dimension (Hill et al., 2008). In contrast to CCK, SCK is mathematical
knowledge required and ‘necessary’ for teaching. SCK is conceptual, including the
knowledge of the effective use of mathematical language, appropriate use and
construction of mathematical representations, and identification of the reasoning
behind mathematical procedures. SCK is the conceptual knowledge of mathematical
facts, such as correctly explaining the reasoning behind the procedure of inverting and
multiplying while dividing fractions. Conversely, CCK is the mathematical knowledge
to perform the invert and multiply process in procedural ways (Borko et al., 1992). As
it is considered for all the dimensions of teacher knowledge, it is vague where CCK
ends, and SCK begins since their boundaries are not sharply established (Baumert et
al., 2009; Carrillo et al., 2013). The last dimension of SMK is horizon content
knowledge (HCK), which refers to teachers’ mathematical knowledge regarding the
relationship of mathematical topics. With the help of this knowledge, teachers might
get their students to connect the new knowledge with the already existing knowledge

in mathematics.

Some Spanish researchers studied and revised the teacher knowledge model, called
mathematics teachers’ specialized knowledge (MTSK), comprising six facets of
teacher knowledge and beliefs of teachers on mathematics and teaching and learning
of mathematics at the core of the model (Aguilar-Gonzalez et al., 2019, Carrefio et al.,
2013; Carrillo et al., 2013; Carrillo-Yanez et al., 2018). The model provides the
differentiation suggested by Shulman (1986) and proposed by Ball et al. (2008) in two
dimensions of teacher knowledge, namely mathematical knowledge (MK) and
pedagogical content knowledge (PCK). The researchers identify sub-categories of MK
as the knowledge of topics (KoT), the knowledge of the structure of mathematics
(KSM), and the knowledge of practices of mathematics (KPM) for the dimension of

subject matter knowledge (See Figure 2.2).
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Figure 2. 2. A framework for mathematical knowledge for teaching (Carrillo-Yafiez
etal., 2018, p. 241)

KoT is a well-founded theoretical knowledge of mathematical calculation methods,
procedures, and concepts. In other words, knowledge of the properties and their bases
is attributable to mathematical content (Aguilar-Gonzalez et al., 2019). To illustrate,
the derivative concept can be illustrated as the gradient of a curve or maintained by the
limit of finite increments. The researchers defined KSM as the knowledge of
connections between the initial and subsequent mathematical concepts, which is a
mathematical relation instead of being curricular (Montes et al., 2013). For example,
although there is a mathematical relation between geometry and matrix algebra, they
do not have to be consecutive in the curriculum. The last subdomain of SMK is The
Knowledge of Practices in Mathematics (KPM), defined as “Knowing about
demonstrating, justifying, defining, making deductions and inductions, giving
examples, and understanding the role of counterexamples” (Carrillo-Yaiez et al.,
2018, p. 244).
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This knowledge gets teachers to know a mathematical definition and its critical
characteristics precisely and conceptualize how this knowledge is established in
mathematics. KPM has some common points with syntactic knowledge of
mathematics (Shulman, 1986), which means creation or exploration in mathematics
(Carrillo et al., 2013). Researchers concluded that SMK not only refers to memorized
facts and procedures in mathematics but also describes mathematics teachers’
knowledge of whys and hows in mathematics (Ball et al., 2008; Shulman, 1986).
Kahan et al. (2003) declared that having solid mathematics knowledge might provide
“recognizing and seizing teachable moments” (p. 245), but it might not ensure
students’ conceptual learning of mathematics. Various studies proponent that SMK is
a necessary prerequisite but not adequate for effective teaching (Krauss et al., 2008).
As it has been included in various teacher knowledge models, PCK is also required to
combine the knowledge of mathematics and the knowledge of teaching and learning
(Aguilar-Gonzalez et al., 2019; Ball et al., 2001; Ball et al., 2008; Shulman, 1986).

2.1.2.Pedagogical Content Knowledge of Mathematics Teachers

Shulman (1985) stated that teachers require extensive and highly organized knowledge
to teach mathematics effectively. He described pedagogical content knowledge (PCK)
as a “special amalgam of content and pedagogy that is uniquely the province of
teachers, their own special form of professional understanding” (Shulman, 1987, p. 8).
Shulman also defined PCK as the ‘capacity’ of teachers to express their content
knowledge to students through pedagogically powerful and adaptive ways concerning
their ages, abilities, and backgrounds. Magnusson et al. (1999) identified PCK as the
understanding of teachers regarding students’ understanding of a particular subject
based on their interests and abilities. Moreover, Niess (2005) said that PCK is “the
intersection of knowledge of the subject with knowledge of teaching and learning” (p.
510). Similar to the different definitions of PCK, various PCK models exist in the
literature (Aguilar-Gonzalez et al., 2019; Ball et al., 2008; Magnusson et al., 2009,
Shulman, 1987). Kind (2009) studied several PCK models and concluded that
representations and instructional strategies in subject matter and subject-specific
learning difficulties of students were common components of different models of

PCK. Shulman (1986, 1987) described PCK as the unity of two dimensions. He
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explained instructional strategies as “the most useful forms of representation of those
ideas, the most powerful analogies, illustrations, examples, explanations, and
demonstrations” (p. 9). Furthermore, he identifies students’ subject-specific learning
difficulties by considering the knowledge of misconceptions or naive ideas that came

from previous learning and potential obstacles while learning the content.

Ball et al. (2008) constructed SMK and PCK as two main dimensions of teacher
knowledge in their teacher knowledge model. As they suggested, PCK is comprised
of three subdimensions, knowledge of content and students (KCS), knowledge of
content and teaching (KCT), and knowledge of curriculum (See Figure 2.1). In the
model, KCS refers to teachers’ knowledge of students’ thinking and learning, such as
considering which decimals are challenging for students. Hill et al. (2008) highlighted
that KCS contributes a crucial foundation to PCK by focusing on the thinking and
learning of students in mathematics. Secondly, KCT is related to teaching
mathematics, such as knowing how to react to students’ difficulties in mathematical
concepts. The last dimension of the model is knowledge of curriculum, which is
structured on teachers’ knowledge about how the content should be shared with the

students.

Similar to the teacher knowledge model of Ball et al. (2008), Carrillo-Yarfiez et al.
(2018) specified three sub-domains of PCK regarding teaching and learning, which
are called Knowledge of Mathematics Teaching (KMT) and Knowledge of Features
of Learning Mathematics (KFLM), respectively (See Figure 2.2). Based on the third
sub-dimension, Knowledge of Mathematics Learning Standards (KMLS), they had
common points with Ball et al. (2008) by considering the requirement of teachers to
be knowledgeable about the curriculum at any particular level. However, the
researchers thought teachers’ knowledge should not be limited to curriculum
knowledge only. This sub-domain should “enable the teacher to be critical and
reflective in considering what the student should learn, and what focus should be taken,
at any particular level, or period of development” (Carrillo-Yariez et al., 2018, p. 246).
Rather than becoming an intersection of mathematics and pedagogical knowledge,

they construed PCK as the pedagogical knowledge derived from mathematics.
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The first sub-domain of PCK is knowledge of mathematics teaching (KMT),
theoretical knowledge of teaching mathematics. KMT includes “awareness of the
potential of activities, strategies, and techniques for teaching specific mathematical
content, along with any potential limitations and obstacles which might arise”
(Carrillo-Yanez et al., 2018, p. 247). Moreover, it involves the knowledge of teaching
materials and resources such as manipulatives and technological devices. Beyond the
use of those tools, as the researchers suggested, KMT provides a critical evaluation of
how these materials enhance the teaching of mathematics and their limitations. For
example, a balance scale can be used to teach addition and subtraction in equality.
However, it may not be used when the terms include negative numbers. In addition,
there are several types of representations for a specific mathematical concept, such as
metaphors, explanations, and situations. KMT also includes this type of knowledge.
The researchers summarized sub-categories of KMT as “theories of mathematics
teaching, teaching resources (physical and digital), and strategies, techniques, tasks,

and examples” (Carrillo-Yanez et al., 2018, p. 248).

Secondly, KFLM is related to the understanding of the teachers regarding how students
think about and learn mathematical concepts. In this sub-domain, teacher knowledge
focuses on mathematical content rather than the learner. It also focused on students’
reasoning, proceeding, difficulties, and misconceptions in mathematics (Carrillo-
Yanez et al., 2018). KFLM dominantly refers to how students learn mathematics and
the effects of teachers’ mathematics background on students’ learning of mathematics.
It also comprises the knowledge of mathematics procedures, strategies students use,
and different types of terminology students prefer to interact with the mathematical
subject matter. KFLM also includes an emotional aspect regarding the learning of
mathematics (Hannula, 2006). That is, awareness of math anxiety (Maloney et al.,
2013) and factors affecting students’ motivation while learning mathematics. The
researchers summarized the categories of KFLM as “theories of mathematical
learning, strengths, and weaknesses in learning mathematics, ways pupils interact with
mathematical content, and emotional aspects of learning mathematics” (Carrillo-
Yariez et al., 2018, p. 247).
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Lastly, KCMLS refers to “any instrument designed to measure students’ level of
ability in understanding, constructing and using mathematics, and which can be
applied at any specific stage of schooling” (Carrillo-Yanez et al., 2018, p. 248).
Researchers declared that this knowledge could be constructed based on various
sources such as teachers’ experiences with different sources, curriculum
specifications, research literature, and documents outside the curriculum, such as
NCTM (2000) or curriculum specifications of different countries. Also, this
knowledge involves the sequence of topics. That is, a teacher should be knowledgeable
on the required knowledge and skills of students both retrospectively, the knowledge
of students’ previous learning about mathematical concepts, and prospectively, the
knowledge which will be required in students’ learning of upcoming topics. As the
researchers stated, multiplication is the number of times in grades 1 and 2, whereas it
is taught as an abbreviated addition in grades 3 and 4 in Spain. Therefore,
discrimination of such procedural and conceptual levels in multiplication or sequence
of topics might be examples of the required knowledge of teachers for this category.
The researchers summarized the sub-categories of KCMLS as “expected learning
outcomes, the expected level of conceptual or procedural development, and
sequencing of topics” (Carrillo-Yariez et al., 2018, p. 248).

Moreover, the Mathematics Teacher’s Specialised Knowledge (MTSK) model
(Carrillo-Yanez et al., 2018) was constructed to specify the required and crucial
knowledge categories for mathematics teachers, and it was a current teacher
knowledge model which was built on well-known examples of teacher knowledge
models in the literature (Ball et al., 2008; Shulman, 1987). The researchers gave
special attention to and detailed explanations for teachers’ knowledge of how to cope
with particular situations while teaching algebra, how students think and learn in
particular algebra topics, and which aspects of curriculum and standards are needed
by mathematics teachers to improve students’ algebraic thinking. The knowledge of
in-service MSMTSs was investigated considering the MTSK model of Carrillo-Yaiez
et al. (2018) in the current study. Since the KFLM dimension focused on the teachers’
understanding of how students think and learn mathematical concepts, mathematics
teachers’ knowledge of students’ conceptions, difficulties, and errors were

investigated regarding the KFLM dimension of the MTSK model.
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In this study, teachers’ interpretations of students’ performances were also examined
regarding the potential causes of students’ difficulties and errors and teachers’
inferences based on students’ struggles. Causal attributions may affect individuals’
expectations for future success, behaviors, and emotions (Graham & Williams, 2009;
Weiner, 1992, 2000). Therefore, the causes of students’ difficulties and errors
expressed by teachers might be a precursor of teachers’ perceived competencies and
instructional decisions. Wang and Hall (2018) stated that causal attribution theory
helps examine how teachers perceive challenges and occupational stressors of students
and how teachers’ attributions affect teacher-student interactions, instructional
behaviors, and teachers’ emotional well-being. Attribution theory examines how
individuals interpret and explain the causes of individuals’ behaviors or facts (Weiner,
1985, 1992, 2000, 2004). Therefore, the current study also investigated teachers’
causal attributions for students’ failures. In the following part, causal attribution theory

will be described in detail.

2.2.Causal Attribution Theory

Attribution theory investigates how individuals make judgments and attempt to
explain how they consider the causes of their own and others’ behaviors (Weiner,
1985, 2010). Attributes might influence beliefs, emotions, and behaviors. As a result,
attribution theory has significantly contributed to the research on motivation (Graham
& Williams, 2009; Zimmerman & Schunk, 2008). Researchers stated that attributions
significantly affect teachers’ expectations regarding students’ future academic
performances (Clarkson & Leder, 1984; Peterson & Barger, 1985). Several studies
have been conducted on attribution and mathematics (Bandura, 1981; Cobb et al.,
1992; Fennema, 1980; Shores & Shannon, 2007; Weiner, 1974). Shores and Smith
(2010) expressed that the most dangerous and persistent myth regarding mathematics
education was that “success in mathematics depends more on innate ability than on
hard work” (National Research Council [NRC], 1991, p. 10). Therefore, they
concluded that the causes of students’ difficulties in mathematics should be
investigated carefully to improve students’ success in mathematics, especially for low

achievers. For this purpose, the initial phase might be investigating the attributions
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regarding the success or failure and teachers’ consideration of real success (Bastiirk,
2016). As Shores and Smith (2010) pointed out, it is crucial to get teachers to notice
their own attributions and to understand how particular attributions affect their

mathematics teaching.

As presented in Figure 2.3, researchers identified three main dimensions for the causal
attributions: locus of causality, stability, and controllability (Weiner, 2010). The first
dimension, the locus of causality, is related to the occurrence of outcomes of behaviors
dependently or independently, in other words becoming internal or external. To
illustrate, an individual’s effort or ability refers to an internal locus of causality,
whereas environmental circumstances or luck implies external factors. As Shores and
Smith (2010) stated, if students were aware of their roles in their own success or
failure, they would be more motivated in mathematics tasks and demonstrate more
effort compared to those who did not accept the effects of their behaviors on the
outcomes. The second dimension of causal attribution is stability, stable or unstable,
which means an attribution may vary by time or not. For example, an individual’s
effort or luck may vary over time. However, task difficulty and low ability are stable
issues as the characteristics of the task always remain the same. The third dimension
IS an attribution’s controllability, whether controllable or uncontrollable. To illustrate,
students’ effort is a controllable attribution, whereas illness is an uncontrollable
attribution. Students frequently use the ability, effort, task difficulty, and luck to
explain their successes and failures in achievement settings. Although these are not the
only attributions used by students, they are the most common. (Schunk, 2012; Weiner
etal., 1971).

Shores and Smith (2010) reviewed attribution studies conducted between 1974 and
2008. The researchers concluded that it is crucial for teachers, especially in
mathematics, to identify whether students attribute success or failure to effort, ability,
luck, and task difficulty. So that teachers can understand students’ behaviors when
success and failure are attributed to an internal or external cause. The research on
attribution and mathematics showed that when students attribute their success to

external factors, they experience lower achievement than when they relate success to
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internal factors. Moreover, students typically linked success to effort and ability,
whereas they attributed failure to luck and task difficulty.

Causal Locus

Internal External
Stable Ability Task Difficulty
Causal Stability » Expectancy
Unstable Effort Luck
v
Value (Pride)

Figure 2. 3. Representation of the four main causes of behavior, their dimensional
properties (locus and stability), and linkages to affect and expectancy (Weiner, 2010,
p. 32)

Wang and Hall (2018) investigated teachers’ causal attributions in seventy-nine
published research studies since the 1970s based on the causal attributional theory of
Weiner (2010) to observe how prevalent the particular attributional styles in teachers
and the consequences of particular attributional styles on teachers and their students.
The studies were analyzed based on causal attributions for students’ performance,
misbehavior, and occupational stress. The researchers examined how teachers’
explanations for classroom stressors affect their instruction and student development.
Based on the study, Medway (1979) observed that teachers attributed students’
learning difficulties and behavioral challenges to ability-related factors, whereas they
attributed behavioral problems to peer and family factors. Moreover, Georgiou (2008)
suggested that experienced teachers tend to determine more controllable attributions
related to students’ failure and misbehavior, whereas novice teachers might have
unrealistic thoughts about their ability to effectively improve students’ academic
performance (Pirrone, 2012). The review of the studies indicated that teachers’ causal
attributions might influence their emotions and instructional behaviors that
significantly affect students’ academic performance, behavior, and motivation. The
researchers suggested that the literature lacks studies examining teachers’ attributions’

impact on students by examining actual student and teacher data.
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Bagtiirk (2016) investigated pre-service mathematics teachers’ causal attributions
regarding success and failure in mathematics. Twenty-eight pre-service MSMTs
participated in the study at a public university in Turkey. The researcher conducted a
questionnaire that included an open-ended question related to the causes of students’
success and failure in mathematics. The researcher found that pre-service teachers
attributed students’ failure in mathematics to four causes: “causes originating from
students, causes originating from teaching and learning methods, causes originating
due to the nature of mathematics itself, and physical causes” (Bastiirk, 2010, p. 365).
In this study, pre-service teachers most frequently mentioned the cause, the innate
math talent, which is an internal, stable, and uncontrollable factor. Glasgow et al.
(1997) showed that students who attributed their failures to a lack of ability, an
uncontrollable factor, demonstrated lower performance in the classroom. Therefore, it
might be inferred that if the teacher connects students’ failure and their lack of innate
talent, their students also probably think that way. Lastly, teachers who believe in
innate math talent to be successful in mathematics may not perform much effort into
the untalented students. He noted that math background, as an external, stable, and
uncontrollable factor, is also one of the most frequently mentioned attributions for pre-
service primary school teachers and pre-service MSMTs (Bastiirk, 2012, 2016).
Moreover, he found that teachers attributed the success or failure of students to loving
and being interested in mathematics and noted that not loving math was seen as a
barrier by pre-service teachers regarding students’ learning of mathematics. In the
study of Bastiirk (2016), some pre-service teachers cited a lack of knowledge about
how to study mathematics, the abstractness of math and little liaison with everyday
life, and the abundance and sophistication of math topics as reasons for students’

success or failure.

Bozkurt and Yetkin-Ozdemir (2018) conducted research to describe reflection
activities through a lesson study. The participants were three MSMTs with 8, 11, and
9 years of teaching experience. The researchers observed teachers’ collaborative
lesson study practices for five months and investigated teachers’ reflection activities
based on teacher self-regulation. Teachers’reflection activities were examined based

on the themes, evaluation, causal attribution, and inference. Regarding causal
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attribution, the causes of successful and unsuccessful cases were coded based on
controllability, becoming controllable or uncontrollable, in teachers’ reflection
activities. The results presented that the teachers tended to mention attributions for
failure. The teachers mainly made controllable attributions, such as “determining
excessive lesson content, inadequate planning on concrete materials, and not planning
potential situations in detail” (p. 386). They considered that their failures were related
to the factors under their control. Also, they provided uncontrollable attributions, such
as “uncontrolled time losses-limited time, camera-observer effect, and lack of prior
knowledge of students” (p. 386). Lastly, results indicated that the teachers attributed
the failures to themselves more when they were engaged in lesson study activities since
lesson study gets teachers to design their own instruction collaboratively and evaluate

their instruction as a group.

Shores and Smith (2010) stated that attributions are crucial for teachers to understand
why students are unsuccessful and what makes them fall behind academically.
Therefore, new studies were needed to examine teachers’ attributions for students’
success and failure to observe how these factors impact the teachers’ teaching and
students’ learning. To observe teachers’ knowledge of students’ algebraic thinking,
difficulties, and misconceptions and teachers’ attributions on students’ success/failure,
determining students’ algebraic thinking, difficulties, and misconceptions might be
helpful. The next part will review the studies on students’ algebraic thinking,
difficulties, and misconceptions.

2.3.Middle School Students’ Algebraic Thinking, Difficulties, and

Misconceptions

Algebra is a core topic that has been widely accepted as one of the most challenging
topics in the mathematics curriculum, resulting in difficulties and misconceptions
while students learn it (Blanton et al., 2015; Herscovics & Linchevski 1994; Jupri &
Drijvers, 2014; Kieran 1992; Warren, 2003). Researchers suggested that students
should be introduced to algebraic thinking in elementary grades beyond doing practice

with manipulations in equations (Carpenter & Levi, 2000; Schifter, 1999).
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Prerequisite Knowledge of Students Required for Learning Algebra. Research
suggests that students should have some prerequisite knowledge before learning
algebra. First, Miller and Smith (1994) proposed prerequisite vocabularies for
teaching algebra, and they created 60 items list. Due to the researchers, students should
know specific terms before learning algebra. Furthermore, some researchers focused
on knowing numbers (Gallardo, 2002; Kieran, 1988; Watson, 1990; Wu, 2001). As
Watson (1990) stated, a concrete understanding of numbers made students properly
handle algebraic operations. Gallardo (2002) also noted that students’ knowledge of
negative numbers was essential to comprehending algebra. Therefore, students should
have a solid understanding of integers while transitioning from arithmetic to algebra
to solve equations and algebraic word problems correctly. Similarly, Kieran (1988)
stressed the importance of the comprehension of integers by addressing students’
difficulties with the division of integers by implying the lack of understanding of
fractions. In addition, Wu (2001) highlighted the importance of teaching fractions for
transforming from doing arithmetic calculations to comprehension of algebra. The

prerequisite knowledge for students learning algebra is summarized in Table 2.1.

Table 2. 1. The prerequisite knowledge required to learn algebra in the literature

Prerequisite knowledge for learning  Research studies

algebra
o Vocabularies (arithmetic or e (Miller & Smith, 1994)
algebraic terms)
e Numbers ¢ (Gallardo, 2002; Kieran, 1988; Watson,
1990; Wu, 2001)
e Proportionality ¢ (Blanton et al., 2015; Post et al., 1988)
Computations e (Booth, 1984)
o Equality o (Falkner et al., 1999; Herscovics & Kieran,
1980; Kieran, 1981)
e Symbolism e (Behretal., 1976, 1980; Booth, 1986;

Kieran, 1992; Kiichemann, 1981;
Macgregor & Stacey, 1997; Watson, 1990)
e Equation writing e (Clement et al., 1981; Wollman, 1983)
o Representation of functions with (Bottoms, 2003; Brenner et al., 1995;
graphics and symbolic expressions Markovits et al., 1988)

Post et al. (1988) draw attention to the extent of proportionality since it connects joint
manipulations with numbers and patterns to algebra, a more abstract world. Since
proportional reasoning requires a concrete understanding of rational numbers, the

relationship of a unit and its parts, and comprehension of ratios, it contributes to
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students’ algebraic reasoning development. In addition to the numbers, students should
also understand the rules behind the computations among the numbers, such as
commutativity, associativity, distributivity, inverse operations, and the order of
operations (Booth, 1984). Researchers also studied students’ understanding of the
meaning of equality (Falkner et al., 1999; Herscovics & Kieran, 1980; Kieran, 1981).
Carpenter, Levi, and Farnsworth (2000) stated that the correct interpretation of equal
sign is one of the most important precursors for concrete algebraic reasoning since it
allows students to comprehend the equality of both sides and use the equal sign

properly to express generalizations.

Symbolism was also essential before learning algebra (Booth, 1986; Kieran, 1992;
Kiichemann, 1981). As researchers stated, using signs such as equality and plus sign
might be interpreted by students in a typical way, as computations to be performed
(Behr et al., 1976, 1980). Based on the literature, students might be confused about

using some symbols in algebra. To illustrate, somebody could conjoin two and a half
as 2 % in arithmetic; however, it would not be correct to write 4a instead of 4+a in

algebra (Booth, 1986; Kieran, 1988). In addition to using symbols, students confuse
letters while transitioning from arithmetic to algebra (Macgregor & Stacey, 1997). As
Watson (1990) stated, the introduction of variables is crucial at this point. Students
should initially learn to find the pattern and then write it in words. After that, students
should use variables to express the rule of a pattern. Studies show that there are
common misconceptions that students have related to the meaning of letters in algebra.
To illustrate, misinterpretation of letters as if they are representing objects or words,
associating letters with their positions in the alphabet, and viewing letters as always
representing a specific unknown are some examples of misconceptions that students
had (Booth, 1986; Kieran, 1988; Macgregor & Stacey, 1997; Watson, 1990). Equation
writing is one of the terms that should be investigated while considering the
prerequisite knowledge for algebra. Transitioning algebraic expressions from verbal
to algebraic form is one of the difficulties students might face while doing algebra
(Clement, Narode, & Rosnick, 1981; Wollman, 1983). Also, students must understand
the representation of functions graphically and algebraically before learning algebra
(Bottoms, 2003; Markovits, Eylon, & Bruckheimer, 1988). Brenner et al. (1995) also
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stated that it is crucial to understand the functional relationship between variables and
represent those relationships to succeed in algebraic reasoning.

The teachers should have adequate knowledge of students’ thinking, difficulties, and
misconceptions in algebra. There are several studies suggesting that students struggle
with the concept of variable (Asquith et al., 2007; Blanton & Kaput, 2011; Blanton et
al., 2017), equivalence, and equation (Blanton et al., 2015; Carpenter & Levi, 2000;
Kieran 1992; McNeil & Alibali, 2005), and functional thinking (Blanton & Kaput,
2011; Carlson et al., 2002; Kaput, 1992, 1994; Rasmussen, 2001) in algebra.
Therefore, the following section will present national and international studies
conducted by researchers about students’ algebraic thinking, difficulties, and

misconceptions in algebra.

Middle School Students’ Algebraic Thinking. Carpenter and Levi (2000) stated that
the focus of algebra should not be manipulating the symbols. Instead, the goal should
be developing algebraic thinking instead of using algebraic procedures. This part
summarized studies showing students’ algebraic thinking under equivalence,

equations, and functional thinking.

Big ideas of algebra. Blanton et al. (2015) described five big ideas considering the
content strands explained in the study of Kaput (2008) and the study of Shin et al.
(2009). The researchers identified the five big ideas as “(a) equivalence, expressions,
equations, and inequalities (EEEI); (b) generalized arithmetic; (c) functional thinking;
(d) variable; and (e) proportional reasoning,” which offers core algebraic thinking
practices of “generalizing, representing, justifying, and reasoning with mathematical
relationships” (Blanton et al., 2015, p. 43). The researchers’ more recent study
(Blanton et al., 2019) examined big ideas under three topics: EEEI; generalized
arithmetic; and functional thinking in terms of algebraic thinking practices, generalize,
represent, justify, and reason with. In their recent study, the researchers presented
learning goals regarding algebraic thinking practices and three big ideas (Blanton et
al., 2019).
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Blanton et al. (2015) explained that the big idea of equivalence, expressions,
equations, and inequalities (EEEI) consisted of “developing a relational understanding
of the equal sign, representing and reasoning with expressions and equations in their
symbolic form, and describing relationships between and among generalized
quantities that may or may not be equivalent” (p. 43). The big idea of variable is
described as the symbolic notation representing mathematical ideas and playing
different roles in different mathematical contexts (Blanton et al., 2015). The
researchers noted that the big idea of variable could be observed in other big ideas,
such as a “varying, unknown quantity in the study of functional relationships and as a
generalized number when examining the fundamental properties” (Blanton et al.,
2015, p. 43). For this reason, the big idea of the variable was integrated throughout
three big ideas, EEEI, generalized arithmetic, and functional thinking, in the revised
Early Algebra Learning Progression (EALP) (Blanton et al., 2019). The researchers
included recognizing and using the variable in problem situations and representations
in EEEI in addition to the relational understanding of the equal sign and the properties
of equality. Moreover, they described learning goals related to the representation and
interpretation of algebraic expressions or equations in the big idea of EEEI. Next, the
researchers emphasized the learning goals related to understanding different meanings
of variables (i.e., a fixed quantity or a varying quantity), interpretations of equations
with different formats, and reasoning in open-number sentences using structural
relationships (Blanton et al., 2015; Blanton et al., 2019).

Knuth et al. (2005) emphasized that equivalence and variable were two of the most
critical algebraic ideas to achieve algebraic reasoning. As researchers suggested,
students should be able to perceive the equal sign as a precursor of equivalence, such
as an interrelation between two quantities, instead of a command for the result of an
arithmetic operation (Falkner et al., 1999; Kieran, 1981; Knuth et al., 2005; Rittle-
Johnson & Alibali 1999). Knuth et al. (2005) stressed the importance of students’
relational view of the equal sign referring to being “the same as” instead of the
operational view, referring to “do something” (p. 69). Since students typically
encounter the equations in the form of a + b = [ in elementary school, it might be
problematic when confronted with the equations of ax + b = cx + d. At this point, the

relational view of the equal sign became essential since students should understand
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that the equivalence relation was conserved throughout the transformations while
solving the equation. Gallardo (2001) described this particular problem as the
existence of a didactic cut that was anticipated in historical algebra textbooks between
arithmetic and algebra related to “a resistance to operating on the unknown” (p. 127).
As he noted, beginning algebra students’ obstacles in problem-solving approaches
might be analogues with the pupils in history. This didactic cut was later determined
on 12 and 13 years old students who experienced the transition from arithmetic to
algebra (Filloy & Rojano, 1985, 1989; Herscovies & Linchevski, 1991; Rojano, 1985).
Blanton et al. (2015) identified generalized arithmetic to explain the generalization of
arithmetic relationships involving fundamental properties of numbers and operations
and reasoning related to the structure of arithmetic expressions instead of their
computational value. The researchers extended the description of generalized
arithmetic by interpolating the use of words and/or variables to represent the
generalization (i.e., examining the meaning of variable(s) in a representation or
equation) (Blanton et al., 2019). Moreover, justifying the conjectures’ validity by
exploring different arguments, identifying particular values to make the conjecture
correct, and specifying the characteristics that make the conjecture valid for all values
in a given domain were included in the big idea of generalized arithmetic. Lastly,
identifying the generalization and using it to examine the validity of the new

conjectures were accepted as learning goals for the big idea of generalized arithmetic.

Functional thinking refers to generalizing the relationships between covarying
quantities and demonstrating and reasoning with those relationships using verbal
representations, symbolic notations, tables, and graphs (Blanton et al., 2015). The
researchers included identifying a recursive pattern, covariational relationship, and
functional relationship in Blanton et al. (2019). They also emphasized the
representation of variable quantities and different variables in verbal and symbolic
notation, the representation of the recursive pattern, covariational relationship, and
functional relationship, and the construction of coordinate graphs to represent a
functional relationship of discrete data. Lastly, they included the justification of how
the function rule demonstrated the problem situation and reasoning with how the
function rule gives far function values, how we can interpret the behavior of the

function, and how we determine the value of dependent or independent variables based
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on a function table or function rule. Carraher et al. (2006) stated that generalization
was at the center of algebraic reasoning, and addressing the concept of function in the
elementary mathematics curriculum facilitates the integration of algebra in the
mathematics curriculum. Therefore, they described algebra as ‘“a generalized
arithmetic of numbers and quantities” in which function concept played a significant
role (Carraher et al., 2006, p. 88). Various researchers emphasized the importance of
functions in middle and high school curricula (Dubinsky & Harel, 1992; Yerushalmy
& Schwartz, 1993). Tanish (2011) noted that functional thinking, understanding the
relationship between varying quantities, was one of the essential components of
algebraic thinking. Finally, the big idea of proportional reasoning was described as
algebraic reasoning related to two generalized quantities whose ratios were invariant
(Blanton et al., 2015).

Studies regarding students’ understanding of equivalence and equations. A concrete
understanding of the equal sign and its use in equations is critical for both having a
deep conceptualization of arithmetic and learning algebra (Carpenter et al., 2003).
However, many students lack a solid comprehension of the equal sign and frequently
struggle with solving, transforming, and interpreting equations. Some of the studies
related to students’ understanding of equivalence and equations were presented in the

following session.

Stephens et al. (2013) investigated the understanding of two hundred and ninety-third,
fourth, and fifth-grade students regarding the meaning of the equal sign and equation
structure before any algebraic instruction intervention was given. The researchers
described three conceptions of the equal sign, operational, relational-computational,
and relational-structural. Operational means that students perceive the equal sign as a
command for doing something, such as computation, instead of a symbol that
expresses a relationship. For example, based on the results, some students thought that
the blank should be 8 in an open number sentence “5 +3=__ + 3” since “5 +3 =8”
(p. 176). The relational-computational refers to the understanding that the equal sign
demonstrates an equivalence relationship between two sides of the equation, and this
equivalence is confirmed with computation. To illustrate, if a student expressed that

six should be substituted in the blank in the open number sentence “7 +3 = +4”
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since the summation of each side would be ten separately (p. 176). The relational-
structural view presents a more profound understanding that an equal sign is a symbol
that expresses an equivalence relation between two expressions instead of two
calculations. For example, in an open number sentence, “7 +3 = +4”, if a student
considered that six should be put in the blank as four was one more than three, the
student’s response was coded as structural (p. 176). Researchers observed that most
students had an operational conception of the equal sign and experienced difficulty
recognizing the underlying structure of equalities. Lastly, the researchers suggested
that students should be challenged and directed to focus on relational thinking using

true/false questions and open-number sentences.

Kiziltoprak and Kdose (2017) investigated the development of students’ relational
thinking skills with a teaching experiment method. The data was collected from six
5'-grade students using teaching episodes and pre and post-clinical interviews before
and after the teaching sessions. Eight teaching sessions were prepared and conducted
on students to observe how relational understanding of equal sign was established and
developed in students’ minds. Results showed that students were successful at the end
of the teaching sessions. Moreover, researchers observed a relationship between the
development of basic arithmetic concepts and relational thinking such as minuend,
subtrahend, and difference. Lastly, the students comprehended that the equal sign is
not just for finding the result of an operation; instead, it can be used to present a relation

between numbers, operations, and expressions.

Studies regarding students’ functional thinking. The following studies (Blanton and
Kaput, 2004; Ng, 2018; Tanigl, 2011) present students’ ways of functional thinking

and how students’ functional thinking develops.

Blanton and Kaput (2004) studied Pre-K — 5™-grade elementary students to observe
how they construct and express functions. The study was a 6-year teacher professional
development project in an urban school district to get teachers to identify their
instructional resources and teaching practices to develop students’ algebraic reasoning.
Therefore, interviews were conducted with teachers. The data were investigated based

on the forms of students’ representations, the progression of students’ mathematical
39



language, the operations they used, and how they expressed the variation between
quantities. The students were asked to respond to a task: “If there was one dog, how
many eyes would there be? What if there were two dogs? Three dogs? 100 dogs? Do
you see a relationship between the number of dogs and the total number of eyes? How
would you describe this relationship? How do you know this works?” (p. 136).
Moreover, they asked:

Suppose you wanted to find out how many eyes and tails there were all
together. How many eyes and tails are there for one dog? Two dogs? Three
dogs? 100 dogs? How would you describe the relationship between the
number of dogs and the total number of eyes and tails? How do you know
this works? (p. 136)

Results illustrated that the pre-kindergarten students could use a t-chart to organize the
data with their teachers’ guidance. Therefore, they could express that one dog had two
eyes and one tail, or a total of three, and two dogs had four eyes and two tails, or six
in total. The researchers pointed out that students could find far function values by
counting visible objects rather than making predictions. They noted two important
mathematical events for this group; they developed an understanding between
numerals and objects and were introduced to a t-chart (function table) to organize
covarying quantities. In kindergarten, children drew a dot for each eye and a long shape
for each tail. They also focused on the pattern by drawing a t-chart. 1st-grade students
could draw the t-chart without the teacher’s guidance and recognize the recursive
pattern. Students noticed that they should count by 2s to find the number of eyes and
by 3s to find the total number of eyes and tails. 2nd-grade students could determine
the multiplicative relationship that the number of eyes equals double the number of
dogs. Moreover, they predicted the number of eyes for 100 dogs by using this
multiplicative relationship. 3rd-grade students could use t-charts fluently and express
the rule multiplicatively both in words and symbols. Also, they could anticipate the
number of eyes or the total number of eyes and tails for 100 dogs using the rule by
writing “n x 2” or “2 X n” (p. 138). Based on the number of eyes, students could
express, “It doesn’t matter how many dogs you have, you can just multiply it by 2” (p.
138). The 4" and 5™ graders could also work similarly with 3rd graders. They could

develop functions with fewer data in comparison to lower graders. Results indicated
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that very young learners were successful at functional thinking, and this study showed
how their thinking might progress, to what extent they could study with patterns and
relations, and how they could use the symbols to represent the relationships throughout
Pre-K to 5" grade.

Tanigli (2011) studied with four 5th graders to examine students’ functional thinking
through linear function tables. She conducted task-based interviews to collect the data,
including 16 items about linear function tasks. Since students do not use letters for the
variables based on the 5th-grade in Turkish middle school mathematics curriculum,
the researcher demonstrated the dependent and independent variables using “the
number triangle” and “the number of square.” She analyzed the results under two main
themes: “realizing a pattern and ways of functional thinking” (p. 210). She observed
that students looked for a recursive pattern either in the dependent or independent
variable instead of observing the relationship of individual variables when they first
introduced a function table. She concluded that students must first comprehend two
things: “to focus on corresponding changes in the individual variables and to find the
relation between corresponding pairs of variables” (p. 221). The study found that
students could explore the correspondence relationship and think covariationally
regardless of students’ achievement level. Results also showed that the students could
find and generalize the correspondence relationship using additive and multiplicative
relationships. The researcher expressed that students successfully explained the
correspondence relationship using the semi-symbolic rules, although 5th-grade
students were unfamiliar with using algebraic symbols. The results suggested that 5th-
grade students were successful while thinking covariationally, exploring
correspondence relationships, and generalizing the relationship between variables.
Lastly, the study illustrated that students do not use just one way of thinking while
making a generalization and determining the relationships. Therefore, teachers and

researchers should be conscious of the alternative thinking ways of students.

Ng (2018) investigated how students make generalizations in function-related tasks.
Ten students participated in the study, and two different levels of interviews were
done. The interview group consisted of first to third graders, and the other interview

group included fourth to sixth graders. The interviews were conducted regarding
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function-machine tasks, which concentrated on input and output numbers, setting up a
rule to find the output using the input, and finding a general rule. The interview tasks
had an increasing structural complexity, beginning from a single operation and
progressing to writing a functional rule with a letter. The researcher believed that
students should recognize the relationship between input and output and be able to find
the general rule in different tasks. The researcher observed that lower primary graders
use semi-symbolic rules to express the rule of functions since they could not use
algebraic letters at this level. The researcher found that the participant students could
notice a relationship and make generalizations when a task with increasing difficulty
was presented to them, even though they did not have an intervention.

Kieran (1992) found that students could not conceptualize structural aspects of algebra
in general and noted that they ‘“resort to memorizing rules and procedures
and...eventually come to believe that this activity represents the essence of algebra”
(p. 390). As Booth (1986) identified, the main goal of algebra is to learn how general
relationships and procedures are represented so that various types of problems can be
solved and new relationships can be constructed. However, students often consider
algebra a collection of arbitrary manipulations. Therefore, as presented in the
following part, they have difficulties learning algebra, as various research studies

concluded with similar results.

Elementary and middle school students’ difficulties in algebra. Algebra is considered
hard to learn and teach (Stacey et al. 2004; Watson 2009). Students' difficulties in
algebra were summarized based on the literature in Table 2.2. The following part

explains students’ difficulties while learning algebra.

Students’ difficulties with arithmetic. Various studies have presented that middle
school students often struggle while adding or subtracting algebraic terms related to
arithmetic operations (Herscovics & Linchevski, 1994; Linchevski & Herscovics,
1996). In addition, as studies have shown, middle school students misuse commutative
and associative properties, especially when performing subtraction or division. They
fail to use the distributive property of multiplication over addition (Booth, 1988; Pillay

et al., 1998). Jupri et al. (2014) interpreted that these difficulties resulted from
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students’ restricted mastery of priority rules in arithmetic operations such as addition,

subtraction, division, multiplication, and properties related to numerical operations.

Table 2. 2. Preview of studies related to students’ difficulties, and misconceptions in

algebra
Categories Areas where students have Research studies
difficulties and
misconceptions
¢ Doing operations with o (Herscovics & Linchevski,
algebraic expressions 1994; Linchevski &
Arithmetic Herscovics, 1996)
o Properties of arithmetic ¢ (Booth, 1988; Pillay et al.,
operations 1998)
¢ Understanding the concept e (Asquith et al., 2007; Blanton
Variable of variable & Kaput, 2011; Blanton et al.,
2017)
e Understanding the meaning e (Falkner et al., 1999; Kieran,
Equal sign of the equal sign 1989; Rittle-Johnson &
Alibali, 1999)
¢ Interpreting symbolic o (Stephens, 2003)
=  expressions
§ 5
§ g e Translating from verbal to o (Clement, 1982; Jupri et al.,
= T  symbolic representations 2014; Kenney & Silver, 1997,
= MacGregor & Stacey, 1997),
=
S T o (Erbas, 1999; Herscovics &
£ e Solving algebraic equations Linchevski, 1994; Jupri et al.,
S 2014)
e Covariational relationship
Eunctional ¢ (Blanton & Kaput, 2011;
L Carlson et al., 2002; Kaput,
thinking

1992, 1994; Rasmussen, 2001)

Students’ difficulties with variable. Moreover, middle school students also have
difficulties discriminating between different forms of literal symbols such as
“placeholder, unknown, generalized number, and varying quantity” (Jupri et al., 2014,
p. 686). A placeholder, a literal symbol, is viewed as an empty ‘container’ in which a
numerical value can be preserved. An unknown means a literal symbol that might be
used in problem-solving to solve an equation. A literal symbol serves as a pattern
generalizer as a generalized number, representing equivalence such as 3x + 6x = 9x.

A varying quantity implies a literal symbol used in a functional relationship as either
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an input expression or as the value of the output function. Therefore, the variable is
considered a separate area since the different interpretations of the variable might
cause difficulty in grasping the concept of the variable. Usiskin (1988) also clarified
that the term variable has various meanings, such as a formula, an equation, an identity,
a property, and a function. To illustrate, all of the following equations represent the

product of two numbers; however, we usually call each of them differently:

A=LW

40 = 5x

sin X = cos X . tan x
1=n.(lin)

y = kx

o~ v D

Figure 2. 4. Different forms of equations (Usiskin, 1988, p. 9)

Figure 2.4 shows that we generally refer to a formula in the first algebraic expression.
The symbols A, L, and W refer to the quantities of area, length, and width, which have
the sense of knowns. We usually call the second algebraic expression an equation in
the second one and perceive x as an unknown. In the third equation, we commonly see
an identity in which x is an argument of the function. In the fourth equation, becoming
a property attracts attention, and n refers to a specific value of an arithmetic pattern.
Lastly, we observe an equation of a function that shows a direct variation in the fifth
equation, and ultimately we perceive the variability of x. Therefore, students might be
confused when confronted with various types of a variable, as Usiskin (1988)
highlighted. Kiichemann (1978) also noted that students might perceive variables as
labels and abbreviations instead of letters that refer to quantities, substitute values with
letters regarding their position in the alphabet, and have difficulty doing operations

with varying values as they are familiar with specific values.

Studies showed that students have struggled to interpret the variable (Asquith et al.,
2007; Dede et al., 2002). As Usiskin (1988) described various meanings of a variable,
students might have difficulty with these different meanings. As Kiichemann (1978)
noted, ignoring the letters is one type of student thinking based on variables. Dede et
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al. (2002) conducted a study with 8th-grade students to investigate whether they
ignored the letter in an algebraic expression with variables. The results showed that
60% of the students responded incorrectly to the task “2 + 5x = ?”” and some responded
as ““7”, ignoring “x” in the algebraic expression. Moreover, some students tried to solve
the algebraic expression by making it equal to a quantity related to the lack of closure
obstacle (Tall & Thomas, 1991). MacGregor and Stacey (1997) found that students
substitute quantities for the letters based on their order in the alphabet. For example,
as the researchers observed, they typically accepted that a equals 1 and b equals 2 in
an algebraic expression. Similarly, Ryan and Williams (2007) observed that students
were prone to assign a particular value to the unknown such as a=1, b=2, and c=3.
Also, they noted that students might read 5x as ‘5 times’ since they confused the x in

arithmetics and the multiplication symbol.

Soylu (2008) investigated 7th-grade students’ interpretations related to the variable.
The participants were fifty students and were asked to answer eight open-ended items
regarding variables. Similar to the studies of MacGregor and Stacey (1997) and Ryan
and Williams (2007), the researcher observed that students were prone to substitute a
specific value instead of a variable in an algebraic expression. To illustrate, students
typically found a numerical result by substituting a random number instead of using n
in all the tasks. Moreover, the researcher observed that students ignored the variables,
as Kiichemann (1978) stated. For example, students considered that the result should
be 5x or 5 in an algebraic expression of “2x+3=?". Moreover, the researcher found that
students typically prefer to use x in their algebraic solutions, although they were given

different symbolizations such as h, m, n, or y in the tasks.

Students’ difficulties with the equal sign. The third category of students’ algebraic
difficulty is understanding the meaning of the equal sign. Researchers stated that
equality was also one of the issues that students commonly had misunderstandings
(Falkner et al., 1999; Kieran, 1989). Researchers suggested that a relational
understanding of the equal sign is essential for performing the transformations to solve
an equation and preserving the equivalence relation (Asquith et al., 2007; Kieran,
1992; Knuth et al., 2006). In arithmetic, students tend to see the equal sign as a

procedure ‘to do something’ or ‘give the answer’ whereas, in algebra, it typically
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means ‘is algebraically equivalent to’ (Blanton et al., 2015; Herscovics & Linchevski,
1994; Jupri et al., 2014; Kieran, 1981, Pillay et al., 1998). In arithmetics, students may
interpret 4+7 as adding 4 and 7 to get the answer 11 and may not consider 4+7 = 7+4;
5+6 = 6+5, or 11 = 4+7 as the alternative solutions for this task. However, the latter
insight is required to understand equivalence, such as when rewriting x+2 = 3x+4 as x
= 3x+2. However, they need to conceptually understand those equivalences while
rewriting the expression x+5 = 4x+11 as x = 4x+6. Clement et al. (1981) found that
even high school students had misconceptions regarding the meaning of the equal sign.
Numerous studies on elementary and middle school students’ understanding of the
equal sign have concluded that students could not have a relational understanding of
the equal sign in general. Instead, they interpret it as the result or outcome of an
arithmetic operation (Falkner et al., 1999; Kieran, 1981; Rittle-Johnson & Alibali,
1999).

Students’ difficulties with mathematization. Lastly, Jupri et al. (2014) described
mathematization, a central idea in the realistic mathematics education (RME) approach
(Freudenthal, 1991; Treffers, 1987), as one of the difficulties students might face in
algebra. Mathematization includes translating a mathematical situation to the symbolic
world of mathematics back and forth and moving with reorganizations and
reconstructions in the symbolic world of mathematics (Treffers, 1987; Van den
Heuvel-Panhuizen, 2003). As Jupri and Drijvers (2016) declared, mathematization has
a cyclic structure that includes the separate phases of “understanding the problem,
formulating a mathematical model from the problem, solving the problem expressed
in the model, and interpreting the solution in terms of the original problem” (p. 2482).
The cycle of mathematization is given by Jupri and Drijvers (2016), which was drawn
based on the study of De Lange (2006).
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Figure 2. 5. The mathematization cycle (Jupri & Drijvers, 2016, p. 2485)

Based on Figure 2.5, a learner initially understands the problem and determines
relevant mathematical information in the problem (1). Then, the real-world situation
is converted into a mathematical problem by removing the irrelevant elements (2).
After that, a mathematical model written based on the problem is solved by the learner
(3). Lastly, the learner interprets the solution based on the realistic situation (4).
Mathematization includes two aspects, horizontal and vertical mathematization.
Horizontal mathematization is related to the transformation between the verbal
conditions in mathematics to the symbolic world of algebra and vice versa, which is
incredibly demanding for middle school students (MacGregor & Stacey, 1998;
Treffers, 1987; Van den Heuvel-Panhuizen, 2003; Warren, 2003; Watson, 2009).
Figure 2.6 presents the phases of mathematization, namely formulating a problem in a
novel way, discovering relationships, and converting a real-world problem into a

mathematical problem are examples of horizontal mathematization (De Lange, 1987).

Network  of
mathematical
relations

mathematization

vertical

v e . mathematical
experientially
«— | model
real context

horizontal
mathematization

Figure 2. 6. Horizontal and vertical mathematization (Jupri & Drijvers, 2016, p.
2484)
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Those activities might be corresponded with two steps of Polya’s (1973) problem-
solving heuristics, understanding the problem and devising a plan (See Figure 2.6).
Vertical mathematization includes reorganizing the structure of mathematical objects
(Treffers, 1987; Van den Heuvel-Panhuizen, 2003). Freudenthal (1991) declared that
vertical mathematics was the process in which “symbols are shaped, reshaped, and
manipulated mechanically, comprehendingly, reflectingly; this is vertical
mathematization.” (Freudenthal, 1991, p. 41-42). To illustrate, doing manipulations in
algebraic expressions, combining different algebraic models while solving equations,
and making generalizations and proofs are examples of activities in vertical
mathematization (Treffers, 1987; Van den Heuvel-Panhuizen, 2000). Different
obstacles related to vertical mathematization in algebra might be explained, such as
the process-product duality (obstacle), parsing obstacle, the expected answer obstacle,
and lack of closure obstacle. The process-product duality (obstacle) refers to the
inability to discriminate between the view of the process and the product of this
process, the object (Sfard, 1991; Tall & Thomas, 1991). For example, x+5 refers to
both a process of addition and an algebraic object (Drijvers, 2003; Van Amerom,
2003). As Tall and Thomas (1991) highlighted, if a student perceives algebraic
expressions as algebraic processes, they consider that 4(x + y) and 4x + 4y are quite
different expressions as the first one implies the addition of x and y before the
multiplication of (x + y) with 4. In contrast, the second refers to the summation of the
terms 4x and 4y after x and y are multiplied by four separately. The researchers
suggested that teachers should get students to realize that the two expressions are the
same since they always result in the same product. As the researchers declared,
students should notice that 4a + 5 always represents the same product of any process
in which one takes a value, multiplies it by 4, and add 5 to the result. The researchers
asserted that conceptualization of this procedure requires “the encapsulation of the
process as an object so that one can talk about it without the need to carry out the
process with particular values for the variable” (Tall & Thomas, 1991, p. 126). When
encapsulation occurs, learners can regard two encapsulated objects as the ‘same’ if

they always result in the same product.

Tall and Thomas (1991) also focused on the cognitive conflict between understanding

natural language and algebra’s symbolic world. They stated that natural language and
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algebra are written and read from left to right in most civilizations. However, this rule
might be problematic in some situations in algebra. For example, students often read
and process 2x+5 from left to right. However, 5+2x is read from left to right as ‘five
plus two x’ but computed from right to left by calculating the multiplication 2x’
before the summation with 5. Tall and Thomas (1991) called this difficulty as parsing
obstacle, which refers to the changeable sequence of algebraic processes in contrast to
the sequence of natural language. The researchers also mentioned other aspects of the
parsing obstacle, such as considering ab and a+b equal since they might read both as
a and b by students. Moreover, students might read 4 + 5x as 4 + 5, resulting in 9, and
conclude that the expression equals 9x. Tall and Thomas (1991) also explained an
issue resulting from the similarity of the terms ‘and’ and ‘plus.” In other words,
students might confuse these terms as ab and a+b refer to the same meaning in

students’ natural language.

Kieran (1981) argued that, before the introduction of algebra, children got used to
mathematical situations where they could always obtain a numerical answer.
Therefore, the same expectation continues for algebraic expressions. An arithmetic
expression such as 4 + 5 can be considered a request to calculate the answer as 9.
However, the outcome of the algebraic expression 4 + 5x could not be found if the
value of x was not known. Tall and Thomas (1991) called this incorrect expectation,
resulting in a numerical answer at the end of an algebraic expression, the expected
answer obstacle. This obstacle also causes another difficulty called the lack of closure
obstacle, by which students feel uncomfortable with an algebraic expression
representing an algebraic process they cannot carry out. For example, students might
consider that 5 + 7x = 12 since they thought the result should be a single term rather

than an algebraic expression.

Based on the literature, students’ difficulties and misconceptions in algebra might be
summarized under four topics: operations and rules in arithmetics, the concept of
variable, understanding of the meaning of the equal sign, and difficulties related to
mathematization and functional thinking (Erbas, 1999; Falkner et al., 1999; Jupri et
al., 2014; Kieran, 1989; Kiichemann, 1978; Tall & Thomas, 1991; Treffers, 1987,

Usiskin, 1988; Van den Heuvel-Panhuizen, 2003). Teachers’ recognition of students’
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conceptions and misconceptions improves their abilities to make effective
instructional decisions to contribute to students’ thinking in algebra (Carpenter et al.,
2003; Falkner et al., 1999; Stephens, 2006). Those issues regarding students’
difficulties in algebra show that algebra teachers should be aware of students’ learning
goals and needs, make appropriate instructional decisions, and establish a classroom
environment that improves students’ mathematical thinking and sharing of their ideas.
It depends on teachers’ knowledge and beliefs about mathematics, their students, and
teaching and learning to get teachers efficiently meet these demands (Stephens, 2004).
The next part will investigate the studies regarding teachers’ knowledge of students’

algebraic thinking, difficulties, and misconceptions.

2.4. Teachers’ Pedagogical Content Knowledge of Students’ Algebraic Thinking,

Difficulties, and Misconceptions

Shulman defined PCK as the knowledge “which goes beyond knowledge of subject
matter per se to the dimension of subject matter knowledge for teaching” (Shulman,
1986, p. 9). Teachers’ knowledge of teaching mathematics is one of the essential
components of effective teaching (Borko et al., 1996) as it provides significant
implications for students’ mathematics learning (Hill et al., 2005). Asquith et al.
(2007) declared that there had been little research on MSMTSs’ knowledge of students’
algebraic reasoning. Researchers concentrated on teachers’ knowledge of students’
understandings, conceptions, misconceptions, and errors as teacher knowledge models
employed in various studies (Ball et al., 2008; Carrillo-Yanez et al., 2018; Kazemi &
Franke, 2004). Introducing algebra to students in early grades might cause some
requirements for teachers, especially in middle grades, as the transition between
arithmetic and algebra is more explicit. Those requirements include developing
students’ algebraic reasoning and highly structured teacher knowledge and practice to
construct the connections between arithmetic and algebra. The following part presents
the national and international studies which addressed mathematics teachers’

knowledge of students’ algebraic thinking and difficulties.

Several studies have investigated the relationship between teachers’ knowledge of

students’ thinking and achievement in algebra (Asquith et al., 2007; Bas et al., 2011;
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Even & Tirosh, 1995; McCrory et al., 2012; Stephens, 2006; Sen-Zeytun et al., 2010;
Tanigh & Kose, 2013; Tirosh et al., 1998). Even and Tirosh (1995) proposed that
teachers should not only express the knowledge of particular misconceptions that
students might have but also why such misconceptions occur. With the help of this
knowledge, they argued that teachers could anticipate an operational view of the equal
sign in students’ minds. Moreover, they might know why students have an operational

view of the equal sign as their experiences conclude with an operational view.

Tirosh et al. (1998) studied the awareness of teachers on students’ tendency to “finish”
or “conjoin” open expressions. Four seventh-grade teachers participated in the study.
Data were collected through lesson plans, lesson observations, and post-lesson
interviews. Results showed that novice teachers were unaware of students’
misconceptions, while experienced teachers were anticipating those students’
tendencies. As the results suggested, novice teachers used the approach of ‘collecting
like terms’ or applied rules and used ‘fruit salad’ analogies. In contrast, experienced
teachers focused on identifying like terms before directly continuing to collect like
terms. Also, they might use such strategies doing a substitution, considering the order
of operations, and going back to get students’ thoughts conflict and make students
solve the task again. The researchers remarked on the requirement for unpacking
teachers’ knowledge of students’ difficulties, errors, and misconceptions regarding
their conceptions of different approaches and knowledge of the pros and cons of those

approaches in future studies.

Stephens (2006) conducted a study on pre-service elementary teachers to examine their
awareness of students’ possible misconceptions and opportunities offered by the tasks
related to equivalence and relational thinking. Thirty elementary pre-service teachers
participated in the study at the beginning of the third semester in a five-semester
elementary certification program. To observe the pre-service teachers’ readiness, the
study was implemented at the beginning of the course, which was related to teaching
mathematics. Semi-structured interviews were conducted with the participants,
including five tasks related to equivalence and relational thinking. The researcher
clarified that teachers’ knowledge of student thinking comprised teachers’ awareness

of several approaches students might employ while solving the tasks, from the
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approach of ‘the answer comes next’ to relational thinking of equal sign. Findings
suggested that most pre-service teachers were aware of the purposes of tasks related
to equivalence and relational thinking. Results showed that pre-service teachers tend
to express computational strategies although they anticipated relational thinking
solutions for some tasks. The researcher also found that pre-service teachers did not
encourage strategies like relational thinking. She interpreted that the reason might be
related to pre-service teachers’ viewing relational thinking as a “method” to solve a
problem instead of a “way of thinking” in algebra to perceive expressions as objects
and conceptualize arithmetic and algebraic expressions at an abstract level. To
investigate pre-service teachers’ knowledge of students’ algebraic thinking, the
researcher asked them about possible student solutions for particular tasks. Findings
suggested that pre-service teachers successfully identified students’ strategies used in
their solutions. The last research question was related to pre-service teachers’
knowledge of students’ misconceptions about the meaning of the equal sign. Based on
the results, only 6 participants among 30 participants anticipated students’
misconceptions of operational thinking of equal sign, although it was one of the most
typical misconceptions of students. Then, the researcher got pre-service teachers to

analyze a student’s solution with an operational understanding of the equal sign.

Results showed that 26 participants could state that students could not understand the
meaning of the equal sign, while the remaining participants associated it with students’
lack of attention. In another task, students were asked to answer, “16 + 15 = 31 is true.
IS 16+15—-9=31—-9 true or false? Explain your answer.” A student responded, “False,
if you minus 9 it won’t still equal 31.” (Stephens, 2006, p. 270). When teachers
examine students’ answers, they cannot successfully explain the students’
misconceptions. The researcher found that only 7 participants attributed this error to
students’ equal sign conception. 17 participants declared that the student “‘didn’t see”’
or ‘‘didn’t notice’’ the subtraction of 9 from both sides (p. 269). The researcher
inferred that pre-service teachers accepted that students could use relational thinking,
and they could notice such thinking in students’ work. However, she concluded that
pre-service teachers were unfamiliar with the idea that students might have some
misconceptions about the meaning of the equal sign. Moreover, the researcher noted

that if pre-service teachers did not accept mathematical equivalence as a critical area
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that needs particular focus, they would not use problem-solving strategies which

enhance such understanding.

Asquith et al. (2007) studied middle school students’ performance on the tasks in equal
sign and variable and also MSMTSs’ knowledge of students’ understanding of these
core concepts. The researchers interviewed 20 MSMTs to collect data about their
predictions of students’ performances in the tasks about the equal sign and variable.
Moreover, they conducted algebra tasks on approximately 373 students regarding
equal sign and variable. Therefore, they asked the teachers to identify how many of
their students could correctly answer the tasks and to predict which strategies they
might use while doing the tasks. They observed that teachers’ predictions for students’
responses to the items related to the variable substantially aligned with students” actual
responses. However, teachers’ predictions of students’ performances for the tasks
related to the equal sign did not correspond with students’ actual performances.
Researchers also asserted that teachers could rarely specify students’ misconceptions
regarding the equal sign and variable as an obstacle while solving problems. Although
teachers were aware of students’ misconceptions about the equal sign, they considered
that their students did not hold such misconceptions as they had been exposed to it for

many years.

Nathan and Koedinger (2000a, 2000b) investigated how teachers’ beliefs about
student thinking influence their instructional practices. Nathan and Koedinger (2000a)
examined the views and beliefs of mathematics teachers who were teaching from 7th-
grade to 12th-grade students and mathematics education researchers based on the
difficulty levels of a set of algebra problems. In contrast to teachers’ anticipations,
students had less difficulty in solving algebra word and story problems than symbolic-
equation problems. Nathan and Koedinger (2000a) found that high school teachers
dominantly had a symbol-precedence view of student mathematical development. In
other words, “arithmetic reasoning strictly precedes algebraic reasoning, and symbolic
problem solving develops prior to verbal reasoning” (p. 209). According to Nathan
and Koedinger, an alignment existed between teachers’ views and the structure and

content of algebra textbooks.
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Nathan and Koedinger (2000b) conducted a similar study with the participation of
elementary, middle, and high school teachers. The study concentrated on the accuracy
of teachers’ beliefs regarding students’ performances while solving different algebra
problems and possible influences that might affect teachers’ instructional decisions
and judgments. They concluded that teachers employ a symbol-precedence view
related to students’ mathematical development in which arithmetic reasoning occurs
before algebraic reasoning and symbolic problem-solving precedes verbal reasoning.
Peterson et al. (1989) attributed the inconsistency between teachers’ beliefs and
students’ performance to inadequate PCK. Similarly, Nathan and Koedinger (2000b)
took into account two dimensions: the professional and curricular standards for
teaching mathematics and the content and structure of mathematics textbooks.
Although most participant teachers held reform-based views regarding learning and
teaching mathematics, they were not guided by those beliefs while making judgments
on students’ performance in arithmetic and algebra problems. Instead, the teachers
possessed a symbol-precedence view of mathematical development far from their
views on students’ reasoning. Teachers aligned arithmetic problems as more complex
than paired algebra problems. Nathan and Koedinger also observed that middle school
teachers were most accurate in predicting students’ performance in problem-solving
in contrast to the view expressed by several high school teachers that symbolically
presented problems were more straightforward to solve than verbally presented
problems. The researchers concluded that high school teachers were least aware of

their students’ difficulties and were at least aligned with reform-based views.

Sen-Zeytun et al. (2010) examined the covariational reasoning abilities of mathematics
teachers and their predictions regarding their students’ performances. Researchers
pointed out that students’ covariational reasoning abilities were critical to construct
and interpreting continuously changing events (Carlson et al., 2002; Kaput, 1994;
Monk, 1992; Rasmussen, 2001). They investigated five mathematics teachers’
covariational reasoning abilities through a model-eliciting activity, teachers’
predictions about students’ possible solutions for problems, and teachers’ predictions
of students’ possible mistakes and misconceptions. Researchers used the covariation
framework constructed by Carlson (1998) and Carlson et al. (2002) to describe

students’covariational reasoning abilities. The results of in-service teachers” SMK
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showed that teachers performed poor covariational reasoning abilities and difficulties
while representing and interpreting the graphs involving covariation. The results also
presented that teachers viewed functions as correspondence rather than covariation.
Consequently, teachers’ predictions about students’ reasoning abilities were also
limited as their predictions were not beyond their own thoughts based on the problem.
Researchers suggested that modeling activities, “though-revealing” in nature, would
get teachers to develop PCK, especially for the knowledge of students’ ways of
thinking.

In another study, Bas et al. (2011) also investigated teachers’ knowledge regarding
their students’ algebraic thinking and identified to what extent this knowledge reflects
students’ actual algebraic thinking. They conducted an activity for 49 ninth-grade
students through a figural pattern generalization activity. Then, they unpacked the
knowledge of three high school mathematics teachers by taking their predictions and
expectations based on their students’ algebraic thinking through interviews. Moreover,
researchers observed how teachers’ understanding of students’ algebraic thinking
changed after examining the students’ worksheets. They concluded a considerable
difference between teachers’ expectations and students’ algebraic thinking. As the
results suggested, two teachers could predict various strategies students might use,
whereas one could not foresee any strategy. Moreover, these two teachers thought their
students were prone to use a variable as an unknown in a problem-solving context
instead of a variable in a functional context. Conversely, the teacher who could not
make accurate predictions based on students’ preference for algebraic strategies
considered that students could use the variable in a functional context. Researchers
realized that teachers could understand students’ ways of thinking after carefully
examining students’ worksheets. However, teachers could not notice some of the
strategies students prefer while doing the task, such as the arithmetic sequence strategy
that students most widely used in the study and the arithmetical thinking behind this
strategy. Researchers inferred that these results might be related to teachers’ lack of

SMK and their tendency to interpret students’ algebraic thinking from their aspects.

Similar to the study of Stephens (2006), Tanishh and Kdse (2013) investigated pre-

service MSMTSs’ knowledge of students’ algebraic thinking processes, difficulties, and
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misconceptions about the concepts of variable, equality, and equation. One hundred
thirty fourth-year pre-service MSMTSs from two different state universities participated
in the study. Researchers preferred to choose the fourth-year students since they
required the participants who had completed Mathematics Teaching | and Il courses
and got detailed instruction related to the PCK in elementary mathematics education.
Researchers used a questionnaire with open-ended questions and clinical interviews to
analyze pre-service teachers’ knowledge of students’ algebraic thinking processes, the
ability to pose questions for detecting students’ errors, and the ability of teachers to
anticipate students’ incorrect responses. In the questionnaire, one of the questions was,
“Ayse is 4 cm. taller than Seda. If Seda is n cm. tall, how tall is Ayse?” (p. 5), and one
of the 6th-grade students stated that “Ayse’s height is 4n” (p. 5). When the researchers
asked pre-service teachers what kind of questions they would ask this student, they
concluded that a small number of participants’ questions were competent enough, such
as “What does 4 cm more mean? What does 4 times more mean? Does 4 more than
Ayse’s height equal to 4 times Ayse’s height?” (p. 9). Rather, pre-service teachers
mainly oriented leading questions such as “If Seda’s height is n, and Ayse is 4 cm.
taller than Seda, aren’t we required to add 4 to Seda’s height?” or concept teaching
questions such as “Assume that Seda’s height 101 cm. How tall is Ayse?” (p. 8). The
results suggested that pre-service teachers often asked instructional questions referring
to directive questions to teach the concept instead of guiding students to recognize
their errors on their own. Moreover, another item asked, “In the expression 4n+7, what
does the symbol n represent?” to investigate the pre-service teachers’ knowledge of
students’ thinking processes. A student responded to the question as “n does not mean
anything here because there is no symbol “=" in the expression. For example, in an
expression such as 4n+7 =11, n = 1.” (p. 5). Results showed that although 62% of the
pre-service teachers understood students’ thinking processes, only 37% could state the
reasons for students’ erroneous thinking. Moreover, almost 40% of the pre-service
teachers could not interpret students’ thinking processes or could not explain them.
Participants who could understand the student’s thinking explained the student’s
response with statements such as “Without knowing the meaning of ‘n,” he is focused
on solving equations in the expressions of 4n+7 and 4n+7=11" and participants who
could understand and explain the student’s thinking gave statements such as “they

couldn’t completely understand the concept of variable” or “they didn’t understand
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that n can represent more than one number” (p. 10). Moreover, the participants who
could not understand students’ thinking expressed statements such as “Since the
expression 4n+7 equals nothing, there is no value of n.” or “Omer might be right. He
might have considered n as a natural number.”(p. 10). Researchers concluded that the
pre-service teachers required an improvement in students’ understanding of algebraic
concepts, which presented the relationship between pre-service teachers’ knowledge
of students and their SMK and misconceptions. Furthermore, pre-service teachers need
development in their SMK and misconceptions, preventing them from determining

and explaining students’ thinking processes and misconceptions.

2.5.Summary of the Literature Review

In the literature review part, theoretical frameworks were explained, and how they
were used in the current study was briefly described. At first, different teacher
knowledge models were reviewed based on their historical development process. The
teacher knowledge model of Carrillo-Yariez et al. (2018) was employed in the current
study, which was constructed based on the MKT framework of Ball et al. (2008). The
focus of the study was the KFLM dimension of the mathematics teacher knowledge
model of Carrillo-Yariez et al. (2018), as MSMTs’ knowledge of students’ algebraic

thinking was investigated.

Next, the causal attribution theory of Weiner (1974, 1985) was reviewed since the
attributions teachers made for students’ difficulties in algebra were investigated. Also,
the studies based on causal attributions and the studies investigating teachers’ causal
attributions for students’ success and failure were reviewed. After that, the studies
based on students’ algebraic thinking and students’ difficulties and misconceptions in
algebra were included. The study by Wang and Hall (2018) presented that teachers’
causal attributions may influence instructional behaviors that significantly affect
students’ academic performance, behavior, and motivation. Bastiirk (2016) indicated
that pre-service MSMTSs frequently attributed students’ success or failures to internal,
stable, and uncontrollable factors such as innate math talent or motivation. Also,
Bozkurt and Yetkin-Ozdemir (2018) found that MSMTSs tended to mention attributions
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for failure, and they mainly made controllable attributions based on the instructional
decisions since they organize all the instructional processes in a lesson study.

Based on the algebraic thinking of students, firstly, the prerequisite knowledge
required by students for learning algebra was examined. The prerequisite knowledge
needed by students can be summarized as knowledge of arithmetic or algebraic terms
(Miller & Smith, 1994), numbers (Gallardo, 2002; Kieran, 1988; Watson, 1990; Wu,
2001), proportionality (Blanton et al., 2015; Post, Behr, & Lesh, 1988), computations
(Booth, 1984), equality (Falkner et al., 1999; Herscovics & Kieran, 1980; Kieran,
1981), symbolism (Behr et al., 1976, 1980; Booth, 1986; Kieran, 1992; Kiichemann,
1981; Macgregor & Stacey, 1997; Watson, 1990), equation writing (Clement, Narode,
& Rosnick, 1981; Wollman, 1983), representation of functions with graphics and
symbolic expressions (Bottoms, 2003; Brenner et al., 1995; Markovits, Eylon, &
Bruckheimer, 1988).

Elementary and middle school students’ difficulties in algebra were investigated under
the topics of arithmetic (Herscovics & Linchevski, 1994; Booth, 1988; Pillay et al.,
1998), variable (Asquith et al., 2007; Blanton & Kaput, 2011; Blanton et al., 2017),
the meaning of the equal sign (Falkner et al., 1999; Kieran, 1989; Rittle-Johnson &
Alibali, 1999), mathematization (Clement, 1982; MacGregor & Stacey, 1997; Kieran,
1992; Sfard, 1991), and functional thinking (Blanton & Kaput, 2011; Carlson et al.,
2002; Kaput, 1992, 1994; Rasmussen, 2001). Studies showed that most students had
the conception of “finding the answer” or “doing the operation” when they were
confronted with the equal sign (Blanton et al., 2011; McNeil & Alibali, 2005). Based
on the concept of variable, students had several difficulties such as “letter ignored”
(Kiichemann, 1978, p. 25), lack of closure obstacle (Tall & Thomas, 1990),
substitution (Ryan & Williams, 2007; MacGregor & Stacey, 1997), and using x as a
multiplication symbol in arithmetic (Ryan & Williams, 2007).

Then, the studies examining teachers’ and pre-service mathematics teachers’ PCK,
especially the knowledge of students’ learning, difficulties, and misconceptions, were
reviewed. A review of the studies showed that teachers’ knowledge was limited in

describing students’ difficulties and misconceptions adequately in the concept of
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variable (Asquith et al., 2007; Tanisli & Kdse, 2013), equivalence (Asquith et al.,
2007; Stephens, 2007; Tanish & Kose, 2013), relational thinking (Stephens, 2007),
and covariational reasoning ability (Sen-Zeytun et al., 2010). Also, some studies
suggested that pre-service and in-service teachers required an improvement in
students’ algebraic thinking, which might be related to teachers’ knowledge of
students’ learning of algebra and their SMK (Bas et al., 2010; Tanish & Kdse, 2013).
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CHAPTER 3

METHODOLOGY

This study aimed to investigate the MSMTSs’ knowledge of eighth-grade students'
algebraic thinking, difficulties, and errors. This chapter addresses an overview of the
major design issues of the study, the characteristics of participants, research
instruments, data collection and data analysis procedures, and reliability and validity
issues. This chapter covers the research design and all details of the implementation of
the study. In this perspective, it presents the details of the research questions, the
research design of the study, the participants of the study, the context in which the
study was conducted, and data collection tools and data analysis techniques used in
the study. In addition, the issues of trustworthiness, the role of the researcher, and
ethics issues were addressed at the end of the chapter.

3.1.Research Questions

The following research questions were investigated in this qualitative case study.
1. What is the nature of MSMTs’ pedagogical content knowledge about students’

understanding related to four big ideas?

1.1.What is the prerequisite knowledge that MSMTs consider necessary to
begin learning algebra?

1.2.What do in-service MSMTs know about common conceptions and
difficulties held by eighth-grade students related to four big ideas?

1.3.What do in-service MSMTs know about the possible sources of difficulties
and errors held by eighth-grade students related to four big ideas?

1.4.What strategies do in-service MSMTs consider overcoming the difficulties

held by eighth-grade students related to four big ideas?
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2. To what extent MSMTs’ knowledge aligned with the conceptions and
difficulties of eighth-grade students in the algebra diagnostic test (ADT)?
2.1.What are MSMTs’ predictions related to the conceptions and difficulties of
eighth-grade students in ADT?

2.2.How do MSMTSs’ predictions compare to students’ performance on
algebraic thinking tasks in ADT?

2.3.How does MSMTs’ knowledge of students’ learning influence their
interpretations of common conceptions and difficulties of eighth-grade
students in ADT?

3. How do teachers attribute the factors that impact students’ performance in

algebra?

3.2.Research Design

A qualitative research methodology was used in the current study to explore MSMTs’
knowledge of students' understanding concerning the issues of four big ideas in
algebra, EEEI, generalized arithmetic, variable, and functional thinking. “Qualitative
researchers study things in their natural settings, attempting to make sense of, or
interpret, phenomena in terms of the meanings people bring to them.” (Denzin &
Lincoln, 2005. p. 3). Brantlinger et al. (2005) expressed that “qualitative research is a
systematic approach to understanding qualities, or the essential nature, of a
phenomenon within a particular context” (p. 195). Therefore, it illustrated that there
are multiple realities. Still, similar forms of reality shared across different groups of
individuals, the qualitative research design was preferred for the current study to

interpret the world using various ways (Guba & Lincoln, 1994).

In some qualitative studies, researchers may focus on some particular concepts (Corbin
& Strauss, 2008) by asking “how” and “why”” questions (Frankel & Wallen, 2006). At
this point, interviews and observations are data collection tools that provide the
researcher with vast data related to the phenomena. In this study, to explore the
conceptions and difficulties of students and knowledge of teachers in terms of their
student's performance based on four big ideas in algebra, the use of structured

interviews, observations, and collecting and examining data through a diagnostic test
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would provide comprehensive and detailed information about the phenomena and the
context (Yin, 2011). In this respect, a qualitative case study approach was employed
to get extensive data in the natural setting of the research site. Therefore, students'
conceptions and difficulties and teachers' knowledge based on their students’ algebraic
thinking was portrayed by employing different data collection tools. A brief
explanation of the case study and its use in the current study was discussed under the

following topic.

3.2.1.Case Study Research

Creswell (2007) stated that case study research is one of the types of qualitative
research which aims to provide an in-depth description and analysis of a bounded
system (a case) or multiple bounded systems (cases) over time. Moreover, an event, a
program, an activity, or more than one individual may represent the unit of analysis by
using multiple sources of information, such as observations, interviews, documents,
and artifacts. Case study design provides answers to the challenging “how” and “why”
questions, which may not be answered quickly by the use of empirical evidence (Stake,
1995; Yin, 2013). Also, case study design “confirm, challenge, or extend the theory”
(Yin, 2009. p. 47) by stating particular cases in their natural settings and providing
detailed descriptions of contexts. As Merriam (1998) identified, “The interest is in the
process rather than outcomes, in the context rather than a specific variable, in
discovery rather than confirmation.” (p. 19). Therefore, it might be inferred that the
process itself is as important as the results of a study in case study research. Also, Yin
(1994) added that “A case study is an empirical inquiry that investigates a
contemporary phenomenon within its real-life context, especially when the boundaries
between phenomenon and context are not clearly evident.” (p. 13). As shown in Figure
3.1, dotted lines between the phenomenon and the context indicate that the boundaries
between the case and the context may not be sharply figured out. That is, the
phenomenon cannot be considered apart from the context of the study. Influenced by
the categorization of Stake (1995), Creswell (2007) identified the types of case studies
in three forms: single instrumental case study, collective/multiple case study, and
intrinsic case study. A researcher focuses on an issue or concern in a single

instrumental case study and chooses a bounded system to illustrate the issue. An issue
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or problem is selected in a collective case study (or multiple case studies), but more
than one single is used to demonstrate the issue. As Creswell stated, choosing the
collective case study may get the inquirer to illustrate different perspectives on the
issue by selecting more than one case. One of the differences between single case and
multiple case studies is that multiple cases were employed to investigate the
differences and similarities between cases (Stake, 1995). Moreover, the other
difference is data analysis within and between different cases (Yin, 2003). Lastly, the
researcher focuses on the issue in an intrinsic case study since it is unusual or unique.

The intrinsic case study is preferred when the case is the focus of interest.

Merriam (1998) also categorized the case study under three topics: descriptive,
interpretive, and evaluative. In a descriptive case study, the purpose is to present basic
information about the phenomenon. In an interpretive case study, a substantial
description is made to produce conceptual categories or strengthen the theoretical
assumptions based on the phenomenon. Lastly, the evaluative case study provides a
description, evaluation, and judgment of the phenomenon. The case study design was
employed within the current study since the purpose was to investigate in-service
MSMTs’ knowledge of their 8th-grade students’ algebraic thinking, difficulties, and
errors in four big ideas in algebra. Since the current study aims to gain an in-depth
understanding of the issue based on the selected case, it is characterized by the case
study definitions of Creswell (2007) and Merriam (1998). Based on the categorization
of Creswell (2007) and Merriam (1998), this study can be identified as a collective and
interpretive case study since it includes two cases, 8th-grade students and their teachers
in a public school, and since the primary purpose of the study is producing theoretical

assumptions based on the judgments on the findings of the current study.

Yin (2003) also categorized case studies under four topics: single-case holistic,
multiple-case holistic designs, single-case embedded, and multiple-case embedded
designs. Whether a study is a single-case or multiple-case study is indicated by the
number of cases in the research, and whether it is an embedded or holistic study is
identified by the number of units of analysis. The model for the single-case embedded

design is presented in Figure 3.1.
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Figure 3. 1. Single-case embedded (multiple units of analysis) design (Yin, 2003, p.
63)

In the current study, a single-case embedded design was employed (Yin, 2003). The
units of analysis were in-service MSMTs and 8™-grade students in a public school.
The unit of analysis was MSMTSs' knowledge based on 8™-grade students' algebraic

thinking, difficulties, and errors (See Figure 3.2).

Unit of analysis: 8th-
grade students
algebraic thinking,
difficulties, and errors

Unit of analysis:
MTSMs’ knowledge of
8th-grade students’
algebraic thinking,
difficulties, and errors

Figure 3. 2. Single-case embedded design of the study

3.2.2.Context of the Study

Baxter and Jack (2008) highlighted the importance of defining the context of the study
in a case study. As the main focus of the current research is MSMTSs, providing brief
information about the school where the teachers work will help capture the setting of
the study. The study was conducted in a public middle school known as the most
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successful middle school in the district, which was from the Western Black Sea Region
in Turkey. There are approximately two thousand and five hundred students in the
middle school, and six hundred and twenty of them are 8th-grade students. There are
sixteen sections for 8th graders, and each classroom includes 40 or 41 students. That
is, classrooms were very crowded in comparison to the classrooms of other schools in
that district. Since the school is known as the most successful school in the city, parents
are willing to get their students to be graduated from that school. However, this
school's mathematics teachers said its success might be related to its crowdedness.
Since there are more students, there are more successful students compared to the other
schools. Moreover, the student's success in national examinations was very crucial for
the school administrators. For this reason, several school-wide tests were conducted
on 8th-grade students to rank and make them see how successful they are. In addition,
there was a measurement and assessment center in the school, and the school's teachers
prepared the school-wide examinations. The school administrators were helpful and

cooperative with the educational research studies in that school.

3.2.3.Selection of the Participants

In the selection process of participants, the purpose of the study has a crucial role. If
the goal is to generalize based on the gathered data, the appropriate sampling method
would be probability sampling. Conversely, if a researcher's purpose is not to
generalize the data, non-probabilistic sampling would be an appropriate sampling
method (Merriam, 1998). Since the purpose of the current study is the investigation of
8th-grade students’ algebraic thinking, difficulties, and errors and MSMTSs’
knowledge regarding students’ conceptions and difficulties related to the big ideas in
algebra, instead of making generalizations based on the results, a non-probabilistic
sampling method will be conducted. Merriam (1998) expressed that criteria are
essential when choosing study participants. Since the variable concept and functions
were initially taught in the middle grades based on the middle school mathematics
curriculum (MoNE, 2018), middle grades constituted a transition from arithmetic
reasoning in elementary grades to complex algebraic reasoning in high school. Thus,
middle-grade students were preferred for the study. 8th-grade students were selected

for the study to have an image of the students’ algebraic thinking and difficulties who
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are about to complete the middle school algebra instruction and continue with the high
school algebra.

Since the researcher tried to get the data richer and wanted easy access to the school,
the purposive sampling method was employed for the study. There were many students
and teachers in the selected school compared to other public middle schools in the city.
Therefore, it was chosen to get a considerable amount of data to discuss the problem
in a broader context. Since there were several classroom observations and interviews
throughout the study's data collection process, a central public middle school close to
the city center was preferred for the study. Moreover, criterion sampling was preferred
within purposive sampling to select participant MSMTSs in the public school. As the
study would investigate MSMTs’ knowledge of 8th-grade students’ algebraic
thinking, only the MSMTs who teach 8th graders were invited to the study. After
MSMTs had agreed to participate in the study, all 8th-grade students of participant
MSMTs were invited to the study. Therefore, the study was conducted in a large,

crowded public middle school in Western Black Sea Region in Turkey.

Table 3. 1. Summary of participant MSMTs’ key qualifications

Mr. Giirsoy Ms. Burcu  Mr. Yiice Mr. Oner Mr. Ferhan
Level of Bachelor’s  Bachelor’s Bachelor’s Bachelor’s  Bachelor’s
education degree degree degree degree degree
Graduated Elementary = Mathematics Mathematics Elementary  Elementary
program mathematics mathematics mathematics
education education education
Teacher v v
certification
program
Professional 7 years 19 years 25 years 18 years 11 years
teaching
experience

As a result, five MSMTs and 620 eighth-grade students participated in the study in a
public middle school in the Western Black Sea Region in Turkey. Lastly, pilot studies
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were conducted in two of the other public schools in the district. To overcome threats
to validity, the school where the main research was conducted was different from the
schools in which pilot studies were conducted. The participant eighth-grade students
and MSMTs were introduced in the next part (See Table 3.1).

3.2.3.1. Mr. Giirsoy

Mr. Giirsoy has been teaching as an MSMT for seven years. He has a bachelor’s degree
in the department of elementary mathematics education from a faculty of education.
He has been teaching eighth graders for several years. He is interested in the higher-
level thinking skills of high-achiever students. In semi-structured interviews, he noted
that he usually performed his teaching based on developing higher-level thinking skills
of high-achiever students. Informal classroom observations conducted by the
researcher showed that he often uses questions and problems requiring reasoning and
analysis skills in his algebra classes. For this reason, I thought his courses addressed
high-achiever students rather than students from all performance levels. In addition,
he has strong acting and rhetoric skills in the classroom while teaching mathematics
and uses his voice professionally. He defined algebra as mathematical operations
including at least one unknown. As he stated, he first emphasized the meaning of the
unknown to his students repeatedly; then explained what algebra is in his algebra

classes.

3.2.3.2. Ms. Burcu

Ms. Burcu has taught as a middle school mathematics teacher for 19 years. She has a
bachelor’s degree in mathematics from the faculty of arts and sciences. She has been
teaching eighth graders for several years. In semi-structured interviews, she said she
loves struggling with advanced-level mathematical questions from high school or
beyond. However, she had taught middle school students since she was appointed to
middle schools when she began her career. During the informal observations, she
highlighted the importance of conceptual learning of the concepts rather than rote
learning of the rules in mathematics. She focused on doing more practice in her algebra

classes. She defined algebra as identifying information using unknown and identifying
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a statement using unknown, addition, subtraction, multiplication, and division. She

also described algebra as ‘expressions with unknowns.’

3.2.3.3. Mr. Yiice

Mr. Yiice has been teaching as a middle school mathematics teacher for 25 years. He
has a bachelor’s degree in mathematics from a faculty of arts and sciences. He also
took some educational courses for teacher certification during his university years. He
has been teaching eighth graders for several years. He thinks daily life examples
should be included in mathematics education to make concepts more concrete and
meaningful. He also highlights the importance of using manipulatives while teaching
mathematics. Moreover, he likes to use his gestures and mimics while teaching
particular mathematical concepts, which gets all students to participate actively in the
classroom. During the observation process, he prepared his algebra classes based on
the content and examples in the mathematics curriculum. He defined algebra by using
the definition of the mathematics textbooks: algebraic expressions including a letter
and operations (addition, subtraction, multiplication, and division). Also, he
emphasized that he tries to make algebra more concrete for students (e.g., explaining

the meaning of x + 2 by saying that x + 2 is a box always giving two more than x).

3.2.3.4. Mr. Oner

Mr. Oner has been a middle school mathematics teacher for 18 years. He has a
bachelor’s degree in the department of mathematics education from a faculty of
education. He is a vice-principle in the school; therefore, he is busy with administrative
tasks. He has taught eighth-graders for several years. For this reason, he teaches
mathematics in just one class in the school. Based on informal classroom observations,
it might be inferred that he prepared his algebra classes based on the content and
examples in the mathematics curriculum. He first explains the topic to the students and
practices on the smartboard by using the textbook used in that school. He defined
algebra as the transition from concrete to abstract (concepts) and interpreting tangible

things by our comprehension. He underlined beginning to teach algebra by using
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concrete objects (e.g., apple, orange) and making a transition among a concrete object,

a box, and a letter, respectively, to represent a quantity.

3.2.3.5. Ms. Ferhan

Ms. Ferhan has taught as a middle school mathematics teacher for 11 years. She has a
bachelor’s degree in the department of elementary mathematics education from a
faculty of education, and she plans to have a master’s degree in mathematics education
in the future. She has taught seventh and eighth graders for several years. In the
interview, she stated that she was interested in students' peer learning and conducting
mathematical activities in the classroom. Although she preferred mainly doing
mathematical activities while teaching topics, she talked about not being able to do it
anymore as there was an examination system and various issues they should have
completed. She also attached great importance to making definitions in her classes.
She defined algebra as “understanding the relationship between numbers, making the
reasoning, and solving problems.” She expressed that all sciences need algebra. She

emphasized teaching algebra with the help of mathematics in nature (e.g., fractals).

3.3.Data collection

The study aimed to investigate the knowledge of in-service MSMTs based on 8th-
grade students’ algebraic thinking and difficulties related to four big ideas in algebra.
The first part of the study was searching for the performance of 8th-grade students on
particular algebra tasks. The second part investigated MSMTs’ knowledge based on
students’ performances and difficulties with four big ideas in algebra. Therefore, the
data collection procedure was divided into two phases: investigating students’
algebraic thinking and difficulties and investigating MSMTs' knowledge based on
students’ algebraic thinking and difficulties with four big ideas in algebra. The
following data collection tools were used to achieve the study's purpose: classroom
observation, semi-structured interview, algebra diagnostic test (ADT), and a teacher
questionnaire based on ADT.
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3.3.1.Informal Classroom Observations

Merriam (1998) stated, “observational data represents a firsthand encounter with the
phenomenon of interest rather than a secondhand account of the world obtained in the
interview” (p. 94). That is, observations allow researchers to observe the phenomena
in their natural settings. Therefore, the information gathered from the observations
makes the picture more explicit and complete. For this reason, observations are one of
the most critical data sources of qualitative studies. At the beginning of the study, the
researcher made observations in algebra classes of three MSMTs to observe students’
algebraic thinking and difficulties throughout the algebra topics in three 7th-grade
classrooms. After the test was developed, the researcher observed each MSMTSs’
algebra classes at the beginning of the main study to have general information about
how MSMTs taught algebraic concepts. Thus, the observations before the ADT were
conducted to identify the main characteristics of participant MSMTSs. Since there were
several informal observations in the data collection procedure, it was impossible to
follow the course schedules of several classrooms. Therefore, three classes were
selected since each class had seven mathematics courses weekly, and there would be
overlaps in the number of courses for more than three classrooms. Therefore, three
classrooms were selected based on convenient sampling for informal classroom
observations. A different teacher taught each classroom; therefore, informal
observations of the sessions of the three teachers were done. Also, the classes of the

remaining two teachers were observed outside of these three classes’ schedules.

3.3.2.Teacher Questionnaire based on ADT

A questionnaire was prepared based on Algebra Diagnostic Test (ADT) to investigate
the conceptions of MSMTSs. There were two or three sub-questions for each item in
Algebra diagnostic test for teachers. The questionnaire aimed to examine MSMTS'
knowledge of typical correct answers to students’ algebraic thinking and probable
difficulties and errors. Moreover, teachers' predictions based on students' actual
performances were also examined in the questionnaire. One of the aims of collecting
data through the questionnaire was to give the participant teachers more time to think

about the items of ADT and the probable answers of students. With the help of the
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questionnaire, it was considered that the interviews would provide more effective and

generous data. The Turkish version of the questionnaire can be seen in Appendix D.

3.3.3.Semi-structured Interviews with Teachers

Interviews are one of the most critical data sources in case study research (Yin, 2003).
Questionnaires are valuable tools for collecting data; however, interviews provide
more detailed and deeper data for a researcher. Moreover, although observations
provide generous information, interviews might give information that may not be
observed, such as thoughts, intentions, and feelings (Merriam, 1998). Interviews are
categorized by Merriam (1998) under three topics, namely highly structured, semi-
structured, and unstructured. In highly-structured interviews, predetermined items are
posed in a structured order. In semi-structured interviews, there are predetermined
items, including “how” and “why” questions. Moreover, those questions can be
completed using follow-up questions in an unstructured order. In an unstructured
interview, the researcher uses questions to collect data about an issue without making
a plan and may use the data for subsequent interviews. The interview questions before
the ADT was conducted were presented in Table 3.2.

Table 3. 2. Interview questions before the ADT was conducted

1. Please identify the prerequisite knowledge that students should have prior to
learning algebra.
o Do you think your students have adequate knowledge of these subjects before
moving on to algebra?
2. What resources do you use when explaining the subject of algebra? How do you
use these resources?
3. At which points do students have difficulty in algebra based on your experiences?
e How do you identify the points where students have difficulty?
e Isthere any method you use to overcome these difficulties in lecturing and

problem-solving?
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Table 3.2 (continued)

4. Based on your experiences, what errors do students usually make in algebra?
Is there a method you use to identify the misconceptions that students may have and the
errors that students might make?
5. What would be a typical example given by students for each question in the test?
6. What questions do you think your students will answer correctly or unusually?
(Please indicate the percentage of students who can answer correctly for each
guestion.)
7. Are there any questions in this test that your students might find difficult or give
incorrect answers to?

e If your answer is yes, which questions in the test and which parts of these
guestions might be difficult for your students?

e  Why do you think that your students might have difficulty?

e At which points can your students make errors in the items? (Please
indicate the percentage of students who can answer the questions
incorrectly for each question.)

8. What might be the causes of these errors? Please explain each item.

*The Turkish version of the interview form is given in Appendix E.

The semi-structured interview was preferred in the current study since it allows a
researcher to collect the data by asking follow-up questions if required. The questions
in the semi-structured interview were prepared based on the literature (Ball et al., 2008;
Carrillo-Yanez et al., 2018; Magnusson et al., 1999) to examine the knowledge of five
MSMTs on 8th-grade students’ algebraic thinking and difficulties based on four big
ideas. The interviews were conducted with five MSMTs before and after the ADT was
conducted. Table 3.3. presented the questions included in the interview, conducted
after the main ADT was conducted on students.

Table 3. 3. Interview questions after the ADT was conducted

1. The results of the content analysis of the responses given by the students to the items
in ADT are as follows (analysis results are shown to the MSMTS).

e What do you think about these results?
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Table 3.3 (continued)

o What might be the reasons for these errors presented in the analysis results of
ADT? (Specific questions can also be asked, such as showing the results of the
3rd question. About ... percent of the students correctly responded to Item 3;
what might be the reason for their struggle?)
e What might be the origin of these errors? Please explain
2. Is there a question you think most students will answer correctly but that results in
the opposite?
If yes, contrary to your opinion, what might be the reason for the majority of incorrect
answers given by the students to this item?
3. Do you have any suggestions to eliminate these difficulties and errors observed in
the students' responses? If so, what are they? Please explain each item.
e Do you observe these difficulties and errors in your algebra classes?
4. If yes, do you have any suggestions to overcome these difficulties and errors?
5. Can you apply the suggestions you have stated in your class when you need them?
e If yes, please describe how you implemented these recommendations.
If not, please explain your reasons for not being able to apply.

*The Turkish version of the interview form is given in Appendix F.

The interviews’ total duration for each participant was between 40 minutes to 60
minutes. The Turkish version of the semi-structured interview forms can be found in

Appendix E and F.

3.3.4.Algebra Diagnostic Test (ADT)

The researcher prepared an Algebra Diagnostic Test (ADT) to explore 8th-grade
students’ algebraic thinking, difficulties, and errors in EEEI, generalized arithmetic,
variable, and functional thinking tasks (See Appendix C). The the preparation process

for the test is presented in the following section.

3.3.4.1. Informal Classroom Observations for Preparation of ADT

At the beginning of the first pilot study, the researcher did informal classroom

observations during the algebra classes. While making observations, the researcher
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took notes concerning the course content, the questions posed by students and by
teachers to students, and the teaching of mathematics teachers. Informal observations
lasted for a month throughout the algebra topics in three classrooms in a public middle
school throughout December 2017. These observations got the researcher to
investigate students’ algebraic thinking, what type of difficulties students had, and
which methods teachers used to teach algebra. Although informal observations could
not answer those questions totally, the literature review and informal observation of
an actual classroom environment gave the researcher some clues about the points that

should be focused on in this study, especially for the development of the ADT.

3.3.4.2. Construction of ADT

A diagnostic test was developed to see what students knew and which type of
difficulties they had based on the algebraic topics. The initial step was the

identification of the test specifications while preparing ADT.

3.3.4.3. Preparation of Test Specifications

To draw the boundaries of the test, specific criteria were investigated. First, the
researcher researched broad literature to decide which topics should be studied in
middle school algebra. As the studies in the literature suggested, there were highly
discrete topics for learners, namely the notions of unknown, variable, equality, and
functional thinking. Moreover, classroom observations were done throughout the
topic, and unstructured interviews with in-service MSMTs were done to identify the
content of the test. As the classroom observations and unstructured interviews
suggested, students struggled to solve problems by using equations, drawing the
graphics of linear equations, transforming equations and graphs back and forth, and
constructing the algebraic expression of a linear relationship. The observations and
interviews suggested that middle school students struggled with specific topics in
algebra. Therefore, the focus of the study was chosen to investigate students’ algebraic
thinking and difficulties with the notions of four big ideas in algebra. Moreover, the
meaning of the equal sign and the notions of equivalence and equation were also

considered since a concrete understanding of those concepts constitutes the structure
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of algebraic thinking (English & Sharry, 1996; Sfard & Linchevski, 1994. Stacey &
Macgregor, 2000). Therefore, the study has been shaped around four big ideas in

algebra.

3.3.4.4. Development of ADT

One of the aims of this study was to investigate 8""-grade students’ algebraic thinking
and difficulties with particular concepts in algebra. For this reason, a diagnostic test
was required to investigate students' difficulties in detail. During the test construction
procedure, the studies of Blanton et al. (2015) and Kaput (2008) were considered. In
the study of Blanton et al. (2015), five big ideas were identified based on the content
strands of Kaput (2008) and literature on early algebra (Blanton et al., 2011; Carraher
& Schliemann, 2007). Those five big ideas are EEEI; generalized arithmetic;
functional thinking; and variable; and proportional reasoning (See Table 3.4). This
study focused on the first four big ideas, EEEI, generalized arithmetic, functional
thinking, and variable. Since proportional thinking has enormous scope in
mathematics education, this study mainly focused on the first four big ideas. While
preparing the ADT, items from each big idea were tried to be included in the test.
Therefore, the researcher prepared the test considering the four big ideas: EEEI,

generalized arithmetic; functional thinking; and variable.

The primary purpose of ADT was to diagnose students’ algebraic thinking and
difficulties with particular concepts instead of measuring students' knowledge of
algebra throughout the middle school algebra curriculum. Therefore, the items did not
include all the algebra objectives in the middle school mathematics curriculum. A
summary of algebra objectives addressed for 6th, 7th, and 8th grade in the middle
school mathematics curriculum is given in Table 3.5 (MoNE, 2017, p. 65-77).
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Table 3. 4. Brief explanations of big ideas integrated in ADT (Blanton et al., 2015, p.

43)
Big Idea Description of the big idea
e Equivalence, Includes developing a relational understanding of the equal sign,
expressions, representing and reasoning with expressions and equations in their
equations, and symbolic form, and describing relationships between and among
inequalities generalized quantities that may or may not be equivalent.
(EEEI)
o Generalized Involves generalizing arithmetic relationships, including
arithmetic fundamental properties of number and operation (e.g., the
commutative property of addition), and reasoning about the
structure of arithmetic expressions rather than their computational
value.
e Functional Involves generalizing relationships between covarying quantities
thinking and representing and reasoning with those relationships through
natural language, algebraic (symbolic) notation, tables, and graphs
e Variable Refers to symbolic notation as a linguistic tool for representing

mathematical ideas in succinct ways and includes the different

roles variable plays in different mathematical contexts.

Some topics were not included in the test, such as inequality, identities, and slope.
Since these topics were beyond the focus of the study, they were not included in the
test. As inequality was not included in the study, this study investigated the first big
idea, equivalence, expressions, and equations. There were no algebra objectives in the
5th-grade mathematics curriculum. Thus, the algebra objectives from the 6th, 7th, and
8th-grade mathematics curriculum are illustrated in Table 3.5. After deciding on the
test's specifications, the ADT was developed in four steps. The first step was preparing
an item pool for the test. Then, the second step was preparing the draft version of the
pilot ADT and conducting it on students to do possible revisions. The third step was
making required revisions on the pilot ADT after analyses of the data and conducting
it on students again. The final phase of the test development was conducting analyses
of the data, making required revisions to the pilot ADT, and acquiring the final version
of the ADT.
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Therefore, the steps can be summarized as follows:

1) Item development and preparation of an item pool
2) Development of pilot ADT

3) Conducting the pilot ADT on students

4) Analyses of data collected through pilot ADT

Table 3. 5. A summary of algebra objectives addressed for 6th, 7th, and 8th grade in

the middle school mathematics curriculum (MoNE, 2017, p. 65-77)

6th arade

M.6.2.1.Algebraic expressions

M. 6.2.1.1. Students will be able to write the algebraic expression for given verbal
statements, and students will be able to write the verbal statements for given algebraic
expressions.

M. 6.2.1.3. Students will be able to explain the meaning of simple algebraic

expressions.

7th arade

M.7.2.1.Algebraic expressions

M. 7.2.1.1. Students will be able to do addition and subtraction with algebraic
expressions.

M. 7.2.1.2. Students will be able to multiply a natural number with an algebraic
expression.

M. 7.2.1.3. Students will be able to identify the rule of number patterns with symbols;
they will be able to identify the term of the pattern whose rule is given with a symbol.

M.7.2.2.Equality and equation
M.7.2.2.1. Students will be able to understand the conservation of equality in
equations.

M.7.2.2.2. Students will be able to identify the first-degree equations and write first-
degree equations for real-world situations.

M.7.2.2.3. Students will be able to solve first-degree equations with one unknown.
M.7.2.2.4. Students will be able to solve the problems which require writing first-

degree equations with one unknown.
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Table 3.5. (continued)
M.8.2.2. Linear Equations

M.8.2.2.1. Students will be able to solve first-degree equations with one unknown.
M.8.2.2.2. Students will be able to recognize the characteristics of the coordinate axis
and show ordered pairs.

M.8.2.2.3. Students will be able to identify how two variables with a linear relationship
covariate by table, graphic, and equation.

M.8.2.2.4. Students will be able to construct the graphics of linear equations.
M.8.2.2.5. Students will be able to construct equations, tables, and graphics for real-

world situations, including linear relationships.

In the item pool preparation process, a broad research literature was done to develop
appropriate items for the test (A¢il, 2015; Asquith et al., 2007; Benneth, 2015; Blanton
etal., 2015; Brown et al., 1984; Clement, 1982; Falkner et al., 1999; Fujii & Stephens,
2008; Kendal& Stacey, 2004; Mullis et al., 2004; Stacey & MacGregor, 2000; Wagner
& Parker, 1993; Yaman, 2004). With the help of the literature research, informal
classroom observations, and unstructured interviews with the teachers, an item pool
including 30 items was prepared. The items in the pool were in the form of open-
ended, multiple-choice, and true-false items. Since the study focused on investigating
students' conceptions and difficulties in certain algebraic concepts, open-ended
questions were preferred for the study to get detailed information from students.
Therefore, the number of items should not be so much because of the consideration of
the time issue. Thus, the researcher and three mathematics education professionals
conducted an item selection process. In this process, the purpose, the content, and the
structure of the items in the pool were considered. At the end of this process, ten open-
ended items were included in the draft version of the ADT (See Appendix E).

The development of the pilot ADT was comprised of four phases. Firstly, each
item in the pool was investigated based on objectives within the middle school
mathematics curriculum (MoNE, 2017, p. 65-77) and big ideas (Blanton et al., 2015),
namely EEEI, generalized arithmetic, functional thinking, and variable (Blanton et al.,
2015). Therefore, the aim was to balance the distribution of items concerning these
two perspectives, namely big ideas and curriculum objectives (See Table 3.6).
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Table 3. 6. Categorization of an item in the item pool based on objectives and big ideas

[The item was adapted from Agil (2015)]

Objective M. 6.2.1.1 Students will be able to write the algebraic expression for given

verbal statements, and students will be able to write the verbal statements for

given algebraic expressions.
M. 6.2.1.3 Students will be able to explain the meaning of simple algebraic

expressions.

Big Idea EEEI

What is the algebraic expression of the statement “The time remaining after x minutes in a

50 minutes examination”?

Some questions were removed from the test since similar items measured the same

objectives and big ideas. One of the items excluded from the test was the following

item related to the big idea of functional thinking (See Table 3.7).

Table 3. 7. An item removed from the item pool (Stacey & MacGregor, 2000, p. 143)

M. 7.2.1.3 Students will be able to identify the rule of number
patterns with symbols; they will be able to identify the term of
the pattern whose rule is given with a symbol.

M.8.2.2.3. Students will be able to identify how two variables
with a linear relationship are changing concerning each other by
table, graphic, and equation.

Functional thinking, proportional reasoning

a) The results of an experiment that measured two quantities, L and Q, were:

Objective

Big Idea
L
3
5
9
21

Q
9

15
27
63

b) What would you expect Q to be when L is 30?
¢) What would L be when Q is 99?

d) Describe how you would find Q if you were told what L is.

e) Use algebra to write a rule connecting L and Q.
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Therefore, there were ten items in the draft version of Pilot Test 1 after the items were
removed. Then, a mathematician, three mathematics education professionals, and four
MSMTs evaluated the draft version of the pilot test. Lastly, the final version of Pilot
Test 1 was constructed by making some revisions to the expression of the items and

the use of terms and symbols in some questions.
3.4.Implementation of the Study
There were six main phases of this study. The summary of the test administration

processes is given in Table 3.8. The first phase was the development of the algebra

diagnostic test. Then, the second phase was pilot testing I and I1.

Table 3. 8. The summary of the study’s administration process

Round Time Interval  Participants Purpose Instruments
Pilot Test | March 2018 140 seventh- Pilot testing Ten item-
grade students  (Revision) version of the
pilot test
Pilot Test Il May 2018 136 seventh- Pilot testing Eleven item-
grade students  (Revision) version of the
revised pilot
test
Questionnaire February 2019  Five Surveying on A survey based
mathematics ADT on ADT
teachers
Interviews February 2019  Five Doing pre- Semistructured
before ADT mathematics interview interview
teachers before ADT
Main Field March 2019 620 eight-grade  Final testing Seventeen
Testing (ADT) students item-version of
ADT
Interviews after  September Five Doing post- Semistructured
ADT 2019-March mathematics interview interview after
2020 teachers ADT
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the third phase was conducting interviews with teachers before the main field testing,
the fourth one was the administration of the main ADT, the last phase was conducting

interviews with teachers after the field testing.

3.4.1. Administration of the Pilot Test I

Pilot Test I was conducted on 140 seventh-grade students in a public middle school in
the Western Black Sea Region in the spring semester of the 2017-2018 academic year.
Students from five classrooms took the test and had 40 minutes (a class hour) to answer
the items. They were given additional time (10 minutes) at the end of 40 minutes if
they required more time. The test could not be conducted on all seventh graders
simultaneously because half of the seventh graders went to school in the morning and
the other in the afternoon. Therefore, two sections were taken on the test before, and
the remaining three were taken in sequential two days on March 22-23, 2018. During
the test, the researcher walked around the students and asked whether the items were
understood. If they asked the researcher to explain the items, the researcher tried to

explain what the question was asking.

Could you illustrate the truthiness of the following equality without
calculating the results of the multiplications 7 x 22 ve 14 x 11? Please give
a brief explanation by stating the reasons.

7x22=14x%x11

Figure 3. 3. Item 1 in Pilot Test | [Adapted from Benneth (2015)]

Moreover, the researcher tried to make the same explanations in each classroom to
prevent potential differences that might have occurred. | realized that the first question
was not understood by most of the students (See Figure 3.3). For this reason, | explain
what is required for the solution of this item in each classroom. After the test was
conducted on students, the researcher made some revisions, such as removing some of
the items that did not work efficiently and revising the statements of the items to
improve students’ understanding. The revision process of Pilot Test I is described in

the following part.
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3.4.2.Revision of Pilot Test |

Content analysis was used to analyze students' answers to ADT to investigate which
type of solutions students gave and explore the codes created from students’ responses.
Therefore, students' responses were analyzed, and codes for each question were listed
with frequency and ratio information for each code, as given in Table 3.9 for the first

question.

Table 3. 9. Content analysis of Item 1 in Pilot Test |

Response F* R(%0)*
“They are multiple of each other” or “we can
do factorization” responses 15 10.71
We can show the “One of them becomes double while the
equivalence other becomes half.” 14 10
“22 is double of 11; 14 is double of 7” 49 35
Inadequate explanations 10 7.14
Total 88 62.85
We cannot show the “We should do the calculation.” 7 5
equivalence Just the response “no” 10 7.14
Total 17 13.14
Unspecified Missing answer 21 15
responses Incomprehensible and erroneous answers 8 10
Total 35 25
General Total 140 100

*F: Frequency, R: Ratio

The analysis results related to Item 10 in Pilot Test 1 showed that the number of correct
responses given by students was low. Thus, Item 10 was revised by decreasing the
number of sub-questions within the item. Since there were six sub-categories in ltem
10, it was long-chained. It was realized that most students did not answer the last sub-
questions in the item, which might be caused by its taking too much time. Therefore,
three sub-categories (c, e, and f) of Item 10 were eliminated since most students did
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not answer. The results of the analysis of Item 10a in Pilot Test | can be seen in Table
3.10.

Table 3. 10. Content analysis of Item 10a in Pilot Test |

10) A group of friends decided to join an organized trip from Zonguldak to Mugla,
and they drove the 800 km road at a constant speed of 100 km per hour.

a) Fill inthe below table showing the distance traveled at the end of each hour
during the journey.

Time elapsed (hour) | Distanee (km)

Code Frequency Ratio (%)
Correct 85 60.71
Partially correct (incomplete correct responses) 18 12.86
Incorrect 18 12.86
Missing 19 13.57
Total 140 100

In Item 10b, students were asked to draw a graphic based on the information in the
table given in Item 10a (See Table 3.11).
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Table 3. 11. Content analysis of Item 10b in Pilot Test |

b) According to the information in the table above, draw the graph on the coordinate
plane below, with the x-axis showing the elapsed time (hours) and the y-axis

showing the distance traveled (km).

A
r

Code Frequency Ratio (%)
Correct responses 52 37.14
Partially correct responses 33 23.57
Showing with bar graph

) J Jrap 8 571

(incorrect response)

Incorrect responses 9 6.42
Missing responses 38 27.14
Total 140 100

Item 10c was related to making students reasoning for drawing the graphic, as

presented in Table 3.12.

Table 3. 12. Content analysis of Item 10c in Pilot Test |

c) s it correct to connect the points on the graph on the same line? Why?

Code Frequency Ratio (%)
Correct responses 30 21.43
Partially correct responses 38 27.14
Incorrect responses 17 12.14
Just “yes” responses 25 17.86
Unspecified responses 2 1.43
Missing responses 28 20
Total 140 100
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As illustrated in Table 3.13, Item 10d was related to writing the general rule based on
the given problem in which x represented the distance and t represented the time.

Table 3. 13. Content analysis of Item 10d in Pilot Test |

d) Write the general rule allowing you to find the x values based on the t values.

Code Frequency Ratio (%)
Correct responses 17 12.14
Partially correct responses 13 9.29
Incorrect responses 44 31.42
Unspecified responses 7 5
Missing responses 59 42.14
Total 140 100

As presented in Table 3.14, Item 10e was related to constructing the general
rule based on the given problem by changing the symbols so that t represented the

distance and x represented the time.

Table 3. 14. Content analysis of Item 10e in Pilot Test |

e) Write the general rule allowing you to find the t values based on the x values.

Code Frequency Ratio (%)
Correct responses 13 9.29
Partially correct responses 3 2.14
Incorrect responses 50 35.71
x=100t instead of t=100x 8 571
Missing responses 66 47.14
Total 140 100

In Item 10f, the distance traveled for a particular instant was asked, as shown in Table
3.15. As the frequency of the missing responses dramatically increased in Item 10d,
10e, and 10f, those three sub-questions were removed from Item 10. The remaining
items were also revised with minor changes in their statements to make them more
explicit and comprehensive. Analysis of students’ responses in Pilot Test I was
presented in Appendix A. The preparation procedure for Pilot Test Il was explained
briefly in the following section.
85



Table 3. 15. Content analysis of Item 10f in Pilot Test |

f) Find the distance traveled in % hours using the equation you wrote.

Code Frequency Ratio (%)
Correct responses 24 17.14
Correct but incomprehensible responses 3 2.13
Partially correct responses 2 1.43
Incorrect responses 027 19.29
Missing responses 84 60
Total 140 100

3.4.3.Administration of the Pilot Test Il

One hundred thirty-six seventh-grade students participated in the administration
process of Pilot Test Il in another public middle school in the same district in the spring
semester of the 2017-2018 academic year. Students from 5 classrooms took the test
and had 40 minutes (a class hour) to answer the items. They were given additional
time (10 minutes) at the end of 40 minutes if they required more time. The test was
conducted on the students simultaneously in contrast to the application of Pilot Test |.
The students took the test on May 24, 2018. During the test, the researcher walked
around the students and asked whether the items were understood. The students posed
fewer questions compared to the administration process of Pilot Test I. The researcher
tried to make the same explanations in each classroom to prevent potential differences
that might have occurred because of the explanations. | realized that the first question
was still not understood by some of the students (See Figure 3.4). Thus, I again
explained what is required to solve this item in each classroom. | thought Item 1 was
a non-routine question for them; therefore, they might have struggled to understand it.
Pilot Test 1l was given in Appendix B. The analysis of students’ responses to some of

the items in Pilot Test Il is described in the next part in detail.
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3.4.4.1tem Analysis on Pilot Test 11

The students' responses in Pilot Test Il were analyzed, and scores for each student were
produced to analyze the items in Pilot Test II. Therefore, students’ responses were
labeled as 1 if correct and O if incorrect to get a total score for each student. As a result,
the results of item analysis for 136 students were given in Table 3.16 (M = 5.05. SD
= 4.68). Based on the analysis, it could be concluded that Item 3, Item 4b, and Item 5
were the most difficult items in the test. Moreover, since the item discrimination values
of all items were above 0.25, and most of them were above 0.40, it can be concluded
that all items provided the criterion for item discrimination. Using the scores of
students in algebra examinations in school showed a statistically significant correlation
between their scores in algebra tests in the school and the Pilot Test Il (r(134) = .68,
p = 0.05). Since the coefficient value was between 0.6 and 0.8, it could be inferred
that there is a positive and high correlation between those two scores. Also, it might

be assumed that the reliability of Pilot Test Il was also high.

Table 3. 16. The results of item analysis in Pilot Test Il

Maximum
Item No points for the  Item Difficulty ) I-te-m )

) Discrimination

items
Item 1 1 0.39 0.51
Item 2 1 0.62 0.56
Item 3 1 0.09 0.45
Item 4 (sub-category a) 1 0.39 0.66
Item 4 (sub-category b) 1 0.18 0.67
ltem 5 1 0.18 0.46
Iltem 6 1 0.35 0.53
Item 7 (sub-category a) 1 0.47 0.64
Item 7 (sub-category b) 1 0.42 0.66
Item 8 (sub-category a) 1 0.22 0.56
Item 8 (sub-category b) 1 0.67 0.45
Item 9 (sub-category a) 1 0.34 0.68
Item 9 (sub-category b) 1 0.40 0.73
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Table 3.16 (continued)

Item 10 (sub-category a) 1 0.55 0.27
Item 10 (sub-category b) 1 0.41 0.34
Item 10 (sub-category c) 1 0.21 0.63
Item 11 (sub-category a) 1 0.41 0.47
Item 11 (sub-category b) 1 0.30 0.55
Item 11 (sub-category c) 1 0.32 0.66
Maximum Total Score 19

3.4.5.Revision of Pilot Test 11

Students’ responses to Pilot Test II were analyzed using content analysis to explore
which type of solutions students gave and to create the codes. The students’ responses
were analyzed, and codes for each question were listed with frequency and percent
information, as shown in Table 3.17 for Item 7. Since most students gave incorrect
responses or left Item 7 blank, an alternative item similar to Item 7 was included in the
revised version of Pilot Test Il to observe whether students were making the same error
in similar tasks. The first step referred to adding —3 on both sides of the equation, and

the second step referred to dividing both sides by —2 in the codes.

Table 3. 17. Content analysis of Item 7 in Pilot Test Il

7) Solve — 3 —2x = -9 by showing the solution steps.
Frequency  Ratio (%0)

Correct response with the accurate first and

Correct  second step 43 31.62
Finding x by doing substitution 2 1.47
The erroneous first step and an accurate
second step 7 5.15
Incorrect Erroneous second step 17 12,5
Both steps are erroneous 17 12,5
Unspecified (e.g., 2+3x=5x) 18 13.24
Missing 32 23.53
Total 136 100
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Similarly, most students responded incorrectly to Item 11, which requires functional

thinking (see Figure 3.4).

11) In the figure below, there are square tables (gray colored) and chairs (white colored)
next to each other. The figure below shows the distribution of the number of chairs on the

attached squared tables.

1 masa 2 masa 3 masa

a) Find the total number of chairs placed on the tables when 10 tables are brought
together.

b) Write the rule (equation) of the pattern formed between the variables x and y, including
x as the number of tables brought together and y as the number of chairs placed on the
tables.

c) Find the number of tables combined if the number of chairs placed on the tables is 152

when some tables are brought side by side.

Figure 3. 4. Item 11 in Pilot Test Il [Adapted from Stephens et al. (2017)]

Moreover, the figures representing the tables and chairs were revised to eliminate
potential misunderstandings among students. Since students might have given no
answers to the items with sub-categories, most of the sub-categories were changed to
separate items in the final ADT. Therefore, students would perceive those items as
separate rather than sequential sub-categories of the same question. As a result, Items
8and 9, Items 10 and 11, Items 12, 13, and 14, and Items 15, 16, and 17 were converted
into separate items from Item 9, Item 8, Item 11, and Item 10, respectively. The
analyses of the responses provided by students for Item 11 were given in Table 3.18,
Table 3.19, and Table 3.20. Since most students answered the sub-categories of the

item incorrectly, some minor revisions were also made.
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Table 3. 18. Content Analysis of Item 11a in Pilot Test Il

Response Frequency Ratio (%)
Correct responses 29 21.32
Just 22 response 24 17.65
Incorrect/Unspecified responses 59 43.38
Missing response 24 17.65
Total 136 100

Based on the results in Item 11a, most students could not express the correct answer
or show their work (See Table 3.18). Approximately half of the students gave missing

responses.

Table 3. 19. Content Analysis of Item 11b in Pilot Test Il

Response Frequency Ratio (%0)
Correct responses (e.g., 2n + 2 =y) 18 13.24
Partially correct (e.g., 2n + 2) 6 441
Incorrect/Unspecified 56 41.18
Missing response 56 41.18
Total 136 100

Table 3.19 presented that a few students could give the algebraic equation 2n + 2 = y;
some wrote the algebraic expression 2n + 2 instead of an equation. As students were
asked to write the relationship symbolically, the number of correct responses

decreased in Item 11b compared to Item 11a and Item 11b.

Table 3. 20. Content Analysis of Item 11c in Pilot Test Il

Response Frequency Ratio (%)
Correct responses (75) 28 20.59
Just 75 response 2 1.47
Incorrect/Unspecified responses 62 45.59
Missing response 44 32.35
Total 136 100
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Although there was a decrease in Item 11b, the number of students’ correct responses
increased in Item 11c, as presented in Table 3.20. The analysis results of each item in
Pilot Test Il can be reviewed in Appendix B. The final test (ADT) data collection

process was explained in detail in the next part.

3.4.6.Data Collection Process of the Final ADT

Six hundred twenty students participated in the final administration process of ADT
in a public middle school. Some of the objectives in the 7th-grade middle school
mathematics curriculum were transferred into the 8th-grade middle school
mathematics curriculum at the beginning of the 2018-2019 academic year because of
the revision of the middle school mathematics curriculum. Thus, the participants of
the current study were changed to 8th-grade students since some of the items in ADT
included the objectives of the 8th-grade mathematics curriculum. The participants
were 8th-grade students in a public middle school in the Western Black Sea Region in
Turkey. Six hundred twenty students who graduated from different primary schools
participated in the test. At the beginning of the semester, the students are distributed
to sections without any ability grouping. Therefore, there are students from all
achievement levels in each classroom in the school. Students had 50 minutes to solve
the questions in the final ADT (See Appendix C). The test was simultaneously
conducted in sixteen classrooms on April 2, 2019, each one including approximately
35 students. The middle school teachers helped to conduct the test, and the researcher
tried to answer the students' questions in each classroom. Since there were several
sections, two researchers also helped the researcher to administer the test and make
the necessary explanations. Therefore, the test was conducted on 620 eighth-grade

students with the help of three educational researchers and 16 teachers.

3.5.Data Analysis of the Final Test (ADT)

After Pilot Test | and Il, the final version of ADT was generated. The distribution of
the big ideas (Blanton et al., 2015) in ADT is summarized in Table 3.21. The ADT
analyses were based on already constructed codes in Pilot Test | and I1l. When the

codes obtained by the researcher reached saturation and started to repeat, the remaining
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tests were excluded from the data analysis process to save time. Thus, the tests of 267
students were analyzed by choosing two classes of each MSMT. Moreover, additional

codes were included in the analysis of the ADT results.

Table 3. 21. The distribution of four big ideas in ADT

Item no Big ideas

Item 1 Equivalence & generalized arithmetic
Item 2 Expressions

Item 3 Variable

Item 4a Equations

Item 4b Variable

Iltem 5 Equations

Item 6 Functional thinking

Item 7a Equations

Item 7b Equations & generalized arithmetic
Item 8 Functional thinking

Iltem 9 Functional thinking

Item 10 Functional thinking

Item 11 Functional thinking

Item 12 Functional thinking

Item 13 Functional thinking

Item 14 Functional thinking

Item 15 Functional thinking

Item 16 Functional thinking

Item 17 Functional thinking

The students' responses were coded as ‘relational-structural’ if they provided the
process of operations demonstrating equality instead of multiplying the values on both
sides. Students’ responses were coded as ‘relational-computational’ if they considered
that the equivalence could not be presented without multiplying the values on both
sides. Since the category of ‘operational’ was not applicable to Item 1, it was not
included in the coding process. Item 1 was an equality task that asked students to show
the equality of the results of two different multiplications. Unspecified and missed
responses were evaluated outside these two categories (See Table 3.22).
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Table 3. 22. Analysis of students’ responses to Item 1 [Adapted from Benneth (2015)]

Item 1: Equality task

Big ideas: Equivalence, generalized arithmetic

Could you illustrate the truthiness of the following equality without calculating the results of

the multiplications 7 x 22 ve 14 x 11?7 Please give a brief explanation by stating the reasons.

7x22=14x11

Codes

Frequency Ratio (%0)

22 equals the multiplication of 11 and 2; 14 equals the

multiplication of 7 and 2. representing it using 2 0.75
different values 6 - 4 =3 - 8.
Showing with “7 -22=7-2-11or7-2-11=14"
9 3.37
11”
Showing equality by saying they are multiple of each
other/ We can divide both sides by the common 35 13.11
— divisor.
o
g One is multiplied by 2 when the other is divided by 2. 16 5.99
; Just the response of “we can illustrate it.” 6 2.25
Té Both numbers are doubled. 5 1.87
'% One is twice the other. 3 1.12
4 They are equal when prime factorization is done on 3 11
both sides. '
Algebraic demonstration (Let 7 is x and 14 is 2x; 11 is 5 075
y and 22 is 2y. Then, x - 2y = 2x - y) '
We can illustrate it by constructing an equation. 2 0.75
22=11-14:7;22=11-2;22=22or
1 0.37
7(20+2)=(10+4)- 11 140+14=110+ 44
Total 84 31.45
= 22equals the multiplication of 11 and 2; 14 equals the
c e 67 25,09
.2 multiplication of 7 and 2.
(1]
§_ We cannot illustrate it. 40 14,98
g We should do multiplication. 18 7,74
(@]
§ We cannot illustrate it since there is no unknown. 1 0,37
'% | would multiply 22 and 11. and also 7 and 14. 1 0,37
¢ Total 127 48.55
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Table 3.22 (continued)

Unspecified responses 26 9.74
Missed responses 30 11.24
Total 56 20.98
General total 267 100

The second item in ADT was related to the translation from the real-world context to
the symbolic world of algebra. The coding scheme, frequencies, and percentages of
students’ responses are given in Table 3.23. Most students gave correct responses for
Item 2, which asked about the symbolic expression of a mathematical problem. Based
on the results, approximately 68% of the students could answer 50 — x. The remaining
students (32%) gave incorrect responses (e.g., X —50, x +50, 50 - x = X, etc.) or left
the item blank. Students' incorrect answers showed that some struggled to use

algebraic symbols to express a verbal statement in symbolic form.

Table 3. 23. Analysis of students’ responses to Item 2

Item 2: Translating the verbal statement to symbolic expression
Big idea: Expressions
Write the algebraic expression of the statement “the remaining time after x minutes

during a 50 minutes long examination.

Codes Frequency Ratio (%)

50 — x 106 39.70
Correct

50-x=y 75 28.09
responses

Total 181 67.79

X —50 8 3.00

X +50 6 2.25

50 - x 6 2.25
Incorrect

50 =x 4 1.50
responses .

Unspecified responses (e.g. 50-x=x, 50x-

34 12.73

x=y, X — 50y, 50x = X)

Total 58 21.72

Missing responses 28 10.49
General total 267 100.00
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The coding scheme of the responses given to Item 3 is shown in Table 3.24. Students'
responses were categorized based on the correctness of the responses and the reasoning
behind the answer, such as considering a variable or substituting one or more values.
The students' answers were coded as ‘variable’ if they explained their reasoning based
on the changeability of n. They stated they could not determine which was larger as
the variable could take multiple values. If students justified their answers by
substituting a value for n and drew a conclusion, their responses would be coded as

single-value explanations.

Moreover, if they provided their answers substituting different values for n, their
responses were coded as multiple-value explanations. 13.84% of students
demonstrated their reasoning by substituting one or more value(s) for n. Moreover, the
answers to which students gave operational but wrong reasons were coded as
operational explanations. Approximately 25% of students correctly answered Item 3,
explaining why we could not express which algebraic term was greater, as it changes
based on the value of n. Also, 17.23% of the students provided partially correct
answers, such as describing the situations of 3n > n + 6 or n + 6 > 3n without
mentioning 3n = n + 6 and substituting one or more values to n to decide which one
was greater, namely single-value or multiple-value explanations. 40% of the students
gave incorrect or unspecified responses to Item 3, and 16.85% provided incorrect
operational answers by using wrong reasoning related to the structure of algebraic

expressions.

It is confounding that 11.24% of the students expressed that ‘multiplication always
gives greater results than addition.” This information might show that students had
erroneous thoughts about basic arithmetic operations, multiplication, and addition,
considering that one of them was always greater, instead of thinking about the
changeability of the results of those operations. Moreover, students had wrong ideas
based on the meaning of algebraic expressions such as 3n, n + 6, and 6n. Some students
thought 6n and n + 6 were equal and compared the expressions 3n and n + 6 based on
such incorrect arguments. The results of the analysis of Item 3 are summarized in Table
3.24.
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Table 3. 24. Analysis of students’ responses for Item 3 (Asquith et al., 2007, p. 255)

Item 3: Which is larger task
Big idea: Variable

Let n be an integer. Could you tell which is the larger, 3n or n+6? Please explain your

answer.

Codes

Frequency Ratio (%0)

It varies based on the value of n.
Explanation of different cases of n<3.
n=3. and n>3 by expressing that we
cannot say.

3n>nt6; 2n>6; n=4.5.6....
3n=n+6;2n=6;n=3

3n<n+6; 2n<6; n=2.1

Total

n + 6 is greater when n<3; 3n is larger

Correct
Variable

when n>3.
n + 6 is greater up to a particular value,

and 3n is greater after this specific value.

Variable

We cannot determine.

n + 6 is greater since 3n is smaller for all
negative numbers.

Justifying that 3n >n+6.3n=n+6o0rn+

6 > 3n by substituting a single value for n.

Partially correct

For example; let n=1; therefore, n + 6 >
3n.
Justifying that 3n >n + 6 or n + 6 > 3n by

Single-value
explanations

substituting multiple values for n. For

example; let n=2 therefore n + 6 > 3n and

Multiple-
values
explanations

let n=5 therefore 3n > n+6.
Total

32

12

23

67

11

16

21

46

11.98

4.49

8.61

25.09

2.25

0.75

412

0.75

5.98

7.86

17.23
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Table 3.24 (continued)

3n since multiplication always gives

- 10 30 11.24
= greater results than addition.
§ «» N+ 6 because 6 is greater than 3. 6 6 2.25
< S
= S S n+ 6 because there is an addition of a
2 g 17 5 1.87
'S ¢ 8 numberandn.
a &£ -
2 = &  n+ 6 because 6n > 3n (Claiming that n +
S 8 2 3 1.12
3 £ 6 and 6n are equal terms.)
% 3n since the gquotient of n is greater. 23 1 0.37
§ S @ Unspecified responses 5 26 9.74
c
% -% Erroneous responses by doing substitution 14 6 2.25
8§ Justsaying 3n 3 25 9.36
cC Q
D & Justsayingn+6 12 5 1.87
Total 107 40.07
Missing Answer M 47 17.60
General Total 267 100.00

The analysis of students’ responses for Item 4a is given in Table 3.25. Results showed
that 37.83% of the students could correctly construct the equation based on the given
problem. It was observed that some students tend to write 3x = 84 without specifying
the extended version of the equation as X — 1 + X + X + 1 = 84. The responses are
written correctly but not constructed as an equation (x + X + 1 + x + 2) and were coded
as partially correct. Approximately half of the students (50.94%) responded to the item
incorrectly constructing incorrect equations. Several students (17.60%) translated the
problem into symbolic form as x + y + z = 84. It was not wrong mathematically but
not in the form we expected as we asked them to write the equation of adding three
consecutive numbers. As this equation did not demonstrate the relationship among the
expressions of consecutive numbers, it was accepted as an incorrect response.
Moreover, there were other incorrect answers, suchas X + X + X =84, X + X +2 + X +
4 = 84, and x + 2x + 3x = 84. Those answers might show that students struggled to
write different entities based on the same variable in a mathematical problem. These
examples might also show that students had difficulty relating two or more algebraic

expressions using a particular variable.
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Table 3. 25. Analysis of students’ responses for Item 4a [Adapted from Mullis et al.
(2004)]

Item 4a: Writing the algebraic expression of a verbal statement and identifying the

unknown
Big ideas: Equations, expressions, generalized arithmetic
“The summation of 3 consecutive natural numbers is §4.”

4a) Please write the equation of the statement above.

Code Freque Ratio

Codes
no ncy (%)
Writing the equation (x+x+1+x+2=84 or x-
1 91 34.08
1+x+x+1=84)
Correct Writing just 3x=84 (without specifying x-
9] ( pecifying 9 10 3.75
1+x+x+1=84)
Total 101 37.83
Partially
X+X+1+X+2 8 2 0.75
correct
Total 2 0.75
X+y+z=84 4 47 17.60
X+X+x=84 2 14 5.24
X+X+2+X+4=84 7 9 3.37
Incorrect
X+2X+3x=84 6 8 3.00
3x+84 5 8 3.00
Unspecified responses 3 40 14.98
Total 136 50.94
General Total 267  100.00

In the second part of Item 4, students were asked to identify the meaning of the
unknown they used to construct the equation in Item 4b. The analysis of students’
responses showed that only 19.48% of the students could correctly identify the
meaning of the unknown as the smallest of the consecutive numbers or the first number
in Item 4b. Moreover, some students (5.99%) just wrote the numerical value of the
unknown, such as x = 27, by solving the equation in Item 4a. More than half of the
students could not express the meaning of the unknown. 37.83% of the students could
write the equation in Item 4a (see Table 3.25), and 19.48% of the students could
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explain the meaning of the unknown (See Table 3.26). In other words, some students
could not identify the meaning of x, although they could write the equation based on

the problem.

Table 3. 26. Analysis of students’ responses for Item 4b

Codes Frequency Ratio (%)

The verbal
. The smallest of the consecutive
meaning of the 52 19.48
number or the first number

unknown
Total 52 19.48
Specific number N ) )
Writing x=27, solving the equation 15 5.62
Just writing x=27 1 0.37
Total 16 5.99
Incorrect answers  Not being able to write what the
141 52.81
unknown refers to
Total 141 52.81
Missing responses 58 21.72
General total 267 100

The analysis of students’ responses to Item 5 was summarized in Table 3.27. The
purpose of Item 5 was to investigate students’ understanding of negative and rational
numbers. Results showed that half of the students could express that the argument of
that student was incorrect. 17.60% of the students clarified that the result could be two
if eight is added with a negative number. Moreover, some responses declared that ‘the
unknown might be a negative rational number’ (7.12%), ‘the unknown might be a real
or rational number’ (1.49%), or ‘the number may not be positive and an integer.’
(1.12%). Also, some students explained their reasoning by stating that ‘they can find
the value of ¢ by solving the equation’ (11.61%). Some students (31.09%) argued that

the consideration of the student was correct.
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Table 3. 27. Analysis of students’ responses to Item 5

Item 5: Awareness of negative numbers and rational numbers

Big idea: Equation

The teacher writes the equation 8 + 9¢ = 2 on the blackboard and wants students to solve
it in an algebra class. Then, a student states that the equation is incorrect since the
summation of 8 and a number never equals 2. Do you think that the argument of that

student is correct? Please give a brief explanation.

Frequ Ratio
Codes ency (%)
If 8 is added with a negative number, the result can be 2. 49 18.35
f I can find the value of ¢ by solving the equation. 31 11.61
é E The unknown might be a negative rational number. 19 7.12
§> E Just ‘it is incorrect’ response 12 4.49
_; = The unknown might be a real or rational number. 4 1.49
- The number may not be positive and an integer. 3 1.12
Unspecified responses 18 6.74
Total 137 5131
The summation of 8 and a number cannot equal 2. 23 8.61
- The summation of 8 and any multiple of 9 (even if
2 _ 11 4.12
g negative) cannot equal 2.
Z c= %9 is not equal to 2. 9 3.37
é The equation of g = _Tgc cannot be solved. 7 2.62
>
§ Finding the equation and just saying that ¢ = _?2 6 2.25
é The answer is 6 when we transfer 8 to the other side of the 1 0.37
equation.
Unspecified responses 25 9.36
Total 83 31.09
Missing responses 47 17.60
General total 267 100

As it was predicted, they did not take into consideration the negative numbers or
rational numbers. For example, some students thought that ‘summation of 8 and a
number could not equal 2’ (8.61%) or ‘summation of 8 and any multiple of 9. even if

it is a negative number, cannot be equal to 2’ (4.12%). Moreover, some students solved
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the equation erroneously and concluded that ¢ = _?9 is not equal to 2 (3.37%). Or some

of them thought that the equation of g = _Tgc could not be solved as they might have

difficulty with rational numbers and could not continue the procedure (2.62%).
Moreover, unspecified responses (9.36%) were invalid and not within the scope of
possible answers to Item 5. The detailed analysis of students' responses to Item 5 is

presented in Table 3.27.

Based on the analysis of Item 6, 30.71% of the students correctly answered the item.
Just 19.85% of the students responded by considering algebraic manipulations done
on a = 3b + 4 as being aware that the variable can take multiple values. The remaining
10.86% of the students substituted single or multiple values to b to observe the change
in the value of a. Therefore, they substituted a value or more to b and found the
difference between the last and first values of a when b is increased by 2. Also, there
were partially correct responses (35.21%) that stated ‘a increases the same as the
increase of b’ and just the answer of ‘it increases by 6.” 24.69% of the students gave
incorrect responses to Item 6. such as just the answer of ‘It increases by 2 as a changes
similar to the change of b’, ‘the equation becomes a = 5b + 4’, and ‘the value of a
doubles.” Moreover, students gave unspecified responses to Item 6, as summarized in

Table 3.28.

Table 3. 28. Analysis of students’ responses to Item 6

Item 6: The relationship between two variables
Big idea: Functional thinking
Let a = 3b + 4. How does the value of a changes as b is increased by 2? Please give a

brief explanation.

Frequ Ratio
Codes ency (%)
a increases by 6 since b is multiplied by 3, is 3-2
6 18 6.74

Variable

a=3(b+2)+4=23b+6 + 4, therefore, a
) 8 3.00
increases by 6
Total 53 19.85
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Table 3.28 (continued)

Substituting a single value for b in equation a =

13 4.87
] 3b + 4.
Single or o )
] Substituting more than one value for b in
multiple . 14 5.24
equationa=3b + 4.
value(s) . L
It increases by 6, and it might be found by 5 075
substitution. '
Total 29 10.86
Increases as b increases. 52 19.48
Partially .
It increases by 6. 42 15.73
correct
Total 94 35.21
It increases by 2 as a changes similar to the
27 10.11
change of b.
Incorrect  The equation becomesa=5b +4 14 5.24
responses  The value of ‘a’ doubles 10 3.75
Decreases 5 1.87
Unspecified responses 10 3.75
Total 66 24.69
Missing responses 52 19.48
General total 267 100

The analysis of Item 7 showed that approximately half of the students correctly
responded to two parts of the item (See Table 3.28). In Item 7a, adding both sides 3
was coded as the first step, and dividing both sides by -2 was coded as the second step
to analyze students’ responses. In Item 7a, students frequently made an error in

dividing both sides with -2. Students generally divided both sides by 2 instead of -2,

showing they had difficulty operating with negative numbers (See Table 3.29).

Table 3. 29. Analysis of students’ responses for Item 7a

Item 7a: Solving equations

Big idea: Equation

Please solve the equations by showing your work.

-3-2x=-9
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Table 3.29 (continued)

Ratio
Frequency

Codes (%)

x = 3. the first and second steps are correct. 143 53.56
Correct

Rather than writing x = 3. just 3. 10 3.75

Total 153 57.30

The first step is erroneous. 13 4.87

The second step is erroneous. 35 13.11
Incorrect .

The first and second steps are erroneous. 11 4.12

Unspecified 11 4.12

Total 70 26.22
Missing responses 44 16.48
General Total 267 100

In the second part of Item 7, half of the students could solve the equation. The incorrect
responses showed that the distribution of the quotient into the parenthesis and adding
both sides to the same value were the most frequently observed errors while solving
the equation. The results also suggested that students had more difficulty in Item 7b
compared to Item 7a. There were two reasons for students’ struggle. Firstly, there was
a parenthesis in Item 7b, and students were required to use the distributive property in
arithmetics. Secondly, including unknowns on both sides might confuse students,
compared to the equations with an unknown on one side of the equality. The analysis

of Item 7b was summarized in Table 3.30.

Table 3. 30. Analysis of students’ responses for Item 7b

Item 7b: Solving equations

Big idea: Equation, generalized arithmetic

Please solve the equations by showing your work.
3x +2=-7(x—6)
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Table 3.30 (continued)

Codes Frequency  Ratio (%)
x = 4, the first and second steps are
Correct 133 49.81
correct.
Total 133 49.81
The first step is erroneous 14 5.24
The second step is erroneous 11 4,12
The third step is erroneous 6 2.25
Incorrect The second and third steps are
2 0.75
erroneous
All steps are erroneous 32 11.99
Unspecified responses 11 4,12
Total 76 28.46
Missing responses 58 21.72
General Total 267 100

In Item 8, students were asked to write the algebraic equation based on a real-world
problem and then find the information based on a particular instant in the second part
of the item (See Table 3.31).

Table 3. 31. Analysis of students’ responses to Item 8 [Adapted from Agil (2015]

Please answer Items 8 and 9 based on the graphics below.
Item 8: Finding the rule of function
Big idea: Functional thinking, equation

The graphic below shows the amount of elongation by months of a sapling growing
equally every month.

Length {cm)
r
60
5T
50
45 1
40
35 4
30
25 1
20 F
15
10 4+

s

0 » Time (months)
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Table 3.31 (continued)

The x-axis in the graph represents the elapsed time (months), and the y-axis

represents the sapling's height (cm). Write an equation showing the relationship

between this sapling's length and time elapsed.

Codes Frequency  Ratio (%)

y=20+10x 102 38.20
Correct

The length of sapling = 20+10 - time

1 0.37

elapsed

Total 103 38.57
Partially

20+10x 9 3.37
correct

Unspecified 100 37.45
Incorrect y=x+20/y=10x 7 2.62

x=20+10y 2 0.75

Total 109 40.82
Missing responses 46 17.23
General total 267 100

In Item 8, 38.57% of the students could correctly write the equation based on the given
situation, and 3.37% wrote the algebraic expression 20+10x instead of constructing
the equation using equality. Students’ responses showed several invalid equations
(40.82%), such as y = x + 20 and x = 20 + 10y. The ratio of incorrect responses might
present that students struggled to construct equations based on real-life situations.
Students performed better in Item 9 than in Item 8, as they were asked to find the

length of the sapling at a specific time instead of constructing an equation.

Table 3. 32. Analysis of students’ responses to Item 9

Item 9: Finding the value of the function for a specific instant

Big idea: Functional thinking

According to the graphic, what will be the length of this sapling eight months after

planting? Please show your work, including the equation-solving steps.

105



Table 3.32 (continued)

Codes Frequency Ratio (%)
y=20+8x  20+10-8=100 75 28.09
.. By counting 46 17.23
§ 20+10.8=100 (by arithmetic) 23 8.61
S Counting on the graphics 3 1.12
Total 148 55.43
¢y Just 100 15 5.62
[a
Unspecified 57 21.35
Calculation of the direct proportion without
g considering the sapling's initial height o >0z
§ Incorrect result because of an erroneous equation 8 3.00
Incorrect results by counting 5 1.87
Total 84 31.46
Missing responses 20 7.49
General Total 267 100.00

*PC: Partially correct

55.43% of the students could correctly answer the item using different methods, such
as substituting 8 to x (28.09%), counting (18.35%), or calculating the length using
arithmetics (8.61%). The results presented that some students did not prefer to use the
equation, although they could write it correctly in Item 8. Students' errors generally
were related to not considering the sapling's initial length, incorrect equations based
on the problem, and unspecified responses (See Table 3.31 & Table 3.32). The analysis
of students’ responses for Item 10 showed that students struggled to write the equation
of the real-life situation in the problem (See Table 3.33). As results suggested, fewer
students (25.47%) could write the equation correctly compared to Item 8. which
showed that they struggled to write the equation in this item more. Students’ difficulty
might be related to writing (x-1) in the equation as they struggled at the same point in
Item 4 while writing x, x+1. and x+2 for the consecutive three numbers. It might be
inferred that students had difficulty writing interconnected algebraic expressions.
Approximately half of the students gave incorrect equations for the algebraic problem,

some of which were closer to the correct answer but erroneous (52.43%).
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Table 3. 33. Analysis of students’ responses to Item 10

Please answer Items 10 and 11 based on the following problem.

Item 10: Finding the rule of function

Big idea: Functional thinking

In a cafe, the fee for breakfast is 20 TL. Customers who order breakfast at this cafe
are not charged for the first tea they drink. For each subsequent tea order, an additional
fee of 3 TL is charged.

10)Write the equation demonstrating the relationship between the variables x and vy,
where the number of teas consumed by a person who orders breakfast is x cups, and
the total price paidisy TL.

Codes Frequenc Ratio (%)
y

y =20 + 3(x-1) 52 24.34
Correct y=17+3X 3 112

Total 55 25.47

20x+3y / 1x+3x=20 / 20=x+3 / 20=3x-3

[20+3(x1)=y / 3x+20x / y=3x / x+20=y 66

120+2x=2y /x+20=y-3 24.72
Incorrect 3x+20 / x-1-3+20 / y=3x-3 / y= (20+x)-3 /

y=3x/x+20=y / y=3x-1+20 / 20+(x-1)=y / 51

y=3X-X 19.10

Unspecified responses 23 8.61

Total 140 52.43
Missing responses 59 22.10
General total 267 100

The results of Item 11 illustrated that 65.54% of the students correctly calculated the
total payment the customer should pay. Similar to the responses to Item 10, students
preferred calculating the price using arithmetic instead of the equation. Although
25.47% of the students could write the equation, 15.73% used the equation to find the
price the customer should pay. 9.74% of the students did not consider the first tea,
which was free, and calculated that 5 - 3=15 and 20+15=35 TL. The responses of
students for Item 11 are represented in Table 3.34.
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Table 3. 34. Analysis of students’ responses to Item 11

Item 11: Finding the value of the function for a specific instant
Big idea: Functional thinking
11)A customer ordered breakfast at this cafe and drank 5 cups of tea. How much TL

should she pay in total?

Code Frequency Ratio (%)
4.3=12 TL 20+12=32TL 119 44.57
§ Finding 32 using the equation 42 15.73
(% Just the answer of 32 14 5.24
Total 175 65.54
5-3=15 20+15=35TL 24 8.99
y=20+3x y=20+15 y=35 2 0.75
4.3=12 14 5.24
& Just the answer of 22 10 3.75
% Just the answer of 15 or 3-5=15 10 3.75
§ Unspecified 10 3.75
Erroneous answers using the equation 7 2.62
Just the answer of 35 2 0.75
Total 79 29.59
Missing responses 13 4.87
General total 267 100

Similar to the results of previous items, in which students were asked to find a specific
instant in a problem rather than constructing the equation, students performed highly
in Item 12. The results presented that 64.79% of the students correctly did the task
using different ways, such as using equations, arithmetics, or modeling. The students
who gave correct responses frequently used modeling or counting the chairs,
constructing a pattern. 10.11% of the students preferred using the equation, which
belongs to the relationship between the number of tables and chairs. Some students
(16.85%) merely wrote the number of chairs without further explanation about their
solution; therefore, such responses were coded as partially correct. 15.36% of the
students gave incorrect answers because of erroneous operations, wrong direct
proportion, and inaccurate calculations while counting the number of chairs, as shown
in Table 3.35.
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Table 3. 35. Analysis of students’ responses to Item 12 [Adapted from Stephens et
al. (2017)]

Please answer Items 12, 13, and 14 based on the following problem.

Item 12: Finding the value of the function for a specific instant

Big idea: Functional thinking

In the figure below, there are square tables and chairs placed around these tables. The
figure below shows the number of tables attached and the distribution of the number of
chairs placed on that tables.

e

1 table 2 tables 3 tables
12)Find the total number of chairs placed on the tables when ten tables are brought
together.

Code F R(%)
Finding the result with the equation 27 10.11
Using arithmetic (10-2=20 20+2=22 or x=4-10=40 40-
5 18222 27 1011
Lg) Drawing the progressive steps 58 21.72
By counting 59 22.10
Total 171 64.04
Just the response of 22 43 16.10
¢y Correct result but an incomprehensible explanation 2 0.75
* Total 45 16.85
Unspecified 36 13.48
8 104=40 3 112
g Calculating the total number of chairs until the 10%" step 2 0.75
Total 41 15.36
Missing responses 9 3.37
General total 267 100

*PC: Partially correct

Item 13 aimed to make students construct the algebraic equation based on the given
problem in Item 12. Like in the previous items, which get students to write the
algebraic relationship symbolically, students’ performance was low in Item 13 as
37.08% correctly constructed the equation. Students’ incorrect answers included

erroneous equations that did not accurately reflect the algebraic relationship. Only
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2.25% of the students confused the symbols of x and y and wrote the equations as
x=2y+2 incorrectly. The results are summarized in Table 3.36.

Table 3. 36. Analysis of students’ responses for Item 13

Item 13: Finding the rule of function

Big idea: Functional thinking

13)Write the rule (equation) of the pattern formed between the variables x and y,
including x as the number of tables brought together and y as the number of chairs
placed on the tables.

Code Frequency Ratio
(%)
Correct 2X+2=y 92 34.46
2X+2 7 2.62
Total 99 37.08
Unspecified 100 37.44
X=2y+2 6 2.25
Incorrect
y=4+2X 3 1.12
xX+2=y 2 0.75
Total 111 41.57
Missing responses 57 21.35
General total 267 100

The results of Item 14 presented that 46.82% of the students could correctly find the
number of tables required when 152 chairs were placed. 25.09% of the students
preferred to use the equation to solve the number of tables, and the remaining chose to
use arithmetic by using operations. Moreover, some students drew the figure for the
75th step to calculate the number of chairs. Incorrect answers showed that students
made erroneous calculations using arithmetics or used direct proportions inaccurately
(See Table 3.37). Results suggested that students struggled in Item 14 more compared
to Item 12. The reason might be related to the item's structure as it was asked for

reversed.
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Table 3. 37. Analysis of students’ responses for Item 14

Item 14: Finding the value of the function for a specific instant
Big idea: Functional thinking
14)Find the number of tables combined if the number of chairs placed on the tables is

152 when some tables are brought side by side.

Code Frequency Ratio (%)
Correct answers through y=2x+2 67 25.09
152—2=150 150:2=750r
152 - 6=146 146:22=73 73+2=75 2 1573
§ Drawing the figure and using arithmetic 7 2.62
e
S 152-6=146 146:2=73 73+2=75 3 1.12
Bu counting one by one 3 1.12
152:2=76 76-1=75 3 1.12
Total 125 46.82
Unspecified responses 64 23.97
Just 75 response 10 3.75
Incorrect results through direct proportion (152:4
o xo %) 9 3.37
5 Just 76 response 6 2.25
s 152:2=76 5 1.87
§ 152:2=76 76-2=74 4 1.50
Correct results through an erroneous equation 3 1o
(x=2y+2)
Incorrect results through an erroneous equation 2 0.75
Total 103 38.58
Missing responses 39 14.61
General total 267 100

In Item 15. students were asked to show the relationship between the time elapsed and
the total distance using different representations. Results showed that most students
(83.52%) correctly filled the table. Some students (6.37%) wrote the total distance as
100, 100, 100, ... for each time interval, and some confused the symbols' places in the

equation. The results are illustrated in Table 3.38.
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Table 3. 38. Analysis of students’ responses for Item 15

Please answer Items 15, 16, and 17 based on the following problem.

Item 15: Showing functional relationship on the table

Big idea: Functional thinking

A group of friends decided to join an organized trip from Zonguldak to Canakkale,

and they drove the 600 km road at a constant speed of 100 km per hour.

15)Fill in the below table showing the total distance traveled from the start to the

end of each hour during the journey.

Time ¢lapsed (hour) The total distance (km)

At the end of the first hour

100km

Code Code Freq Ratio

no uency (%)
Correct Filling the table correctly 1 223  83.52
Writing the values as 100.100.100.... 3 17 6.37

Incorre  Erroneous x or y values 2 6 2.25
ct Missing information in the table 4 1 0.37
Total 24 8.99

Missing responses M 20 7.49
General total 267 100

The analysis of students’ responses for Item 16 presented that 59.93% of the students
could draw the graphic of the algebraic relationship expressed in the problem. 28.09%
of the students depicted the graphic erroneously or with missing information (See
Table 3. 39). For example, they filled in the values on x and y-axes but did not draw
the line showing the relationship, wrote the values of x and y erroneously, did not start

the line from zero, and so on. Results showed that students had difficulty constructing

the graphic compared to creating the table in Item 15.
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Table 3. 39. Analysis of students’ responses for Item 16

Item 16: Showing functional relationship on graphic
Big idea: Functional thinking

16)According to the information given in the text, draw the graph showing the

relationship between the distance traveled and the elapsed time on the coordinate plane

below, with the x-axis showing the elapsed time (hours) and the y-axis showing the

distance traveled (km).

ol (km) |
A
» Gecen si,'!re:
| | (saat) |
Frequ Ratio
Code
ency (%)
Drawing the graph correctly 160 59.93
Correct
Total 160 59.93
Showing the relationship but not drawing the line 29 10.86
x veya y degerlerinin yanlis olarak yazilmasi 21 7.87
Those who do not start the line from 0 11 412
Incorrect Drawing the line incorrectly 7 2.62
Incorrect data and incorrect graphic 6 2.25
Just the line showing the relationship 1 0.37
Total 75 28.09
Missing responses 32 11.99
General total 267 100.00

In Item 17, 30.34% of the students could accurately write the algebraic relationship

between x and y. Although high proportions of students could do the tasks in Item 15

and Item 16. there was a sharp decrease in students’ achievement in Item 17 as they

were asked to construct the equation based on the given problem. Some students

(12.36%) responded that the equation is t = m - 100 confusing the places of t and m in

the equation. Also, students wrote other erroneous equations, such as m=100+t,
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100x+x, 2x=200m, and m=900+t. The analysis of Item 17 is summarized in Table
3.40. It might be inferred that students struggled with the items required to write an
equation based on a real-life verbal statement. In contrast, they could easily find the

values when asked for a particular instant in a problem situation.

Table 3. 40. Analysis of students’ responses for Item 17

Item 17: Finding the value of the function for a specific instant
Big idea: Functional thinking
17)Let the time is represented as t, and the total distance is represented as m during the

journey. Write the equation showing the relationship between the distance traveled and the

time elapsed.

Code Frequency Ratio (%)
Correct m=100-t 81 30.34

Total 81 30.34
Partially Showing the algebraic relationship correctly . 262
correct using different letters (y=100x)

Total 7 2.62
Incorrect Unspecified responses (1x=100 / 100x+x /

2x=200m /m=900+t /m=10t) o 22.85

t=m-100 33 12.36

m=100+t 5 1.87

m+100=t+1 3 1.12

Incorrect using different letters 2 0.75

Total 104 38.95
Missing responses 75 28.09
General total 267 100

3.6.Data Analysis

Qualitative data analysis is the process that starts with the introduction of researchers
and the participants to the end of the study to answer the research questions by
reducing the data into meaningful parts (Merriam, 2009; Yin, 2003). Merriam (2009)
proposed that a researcher should read, prepare and organize the data before starting

the data analysis. Therefore, after transcription of the data gathered from teachers
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through the semi-structured interviews, a preliminary analysis was done by reading
the transcriptions and taking margin notes. This study used content analysis to analyze
the data collected from mathematics teachers. Krippendorff (1980) described content
analysis as a research method to get replicable and valid inferences to provide a picture
of the facts, a detailed description and categories of the phenomenon, and new insights.
Hsieh and Shannon (2005) also defined qualitative content analysis as “a research
method for subjective interpretation of the content of text data through the systematic
classification process of coding and identifying themes or patterns” (p. 1278). Grbich
(2013) stated that it is possible to examine qualitative data by quantifying and
qualitatively investigating. In content analysis, a descriptive approach considers
determining the frequencies of codes and the interpretation of the data coding (Downe-
Wamboldt, 1992; Morgan, 1993). In contrast, the thematic analysis serves as a detailed

qualitative account of data (Braun & Clarke, 2006).

Content analysis might be conducted either with a deductive or inductive approach
(Cho & Lee, 2014; Moretti et al., 2011). Both have three main phases: “preparation,
organizing, and reporting” (Elo & Kyngis, 2008, p. 109). In content analyses, the
primary purpose is to classify the data into smaller content categories (Weber, 1990;
Burnard, 1996). Therefore, there is no specific rule for data analysis (Elo & Kyngis,
2008). As Elo and Kyngis (2008) declared, the inductive approach can be used when
there is no adequate information about the phenomenon studied in the literature, and
there is a requirement to derive the codes from the data. Conversely, deductive content
analysis is employed when the structure of the analysis is established based on
previous studies. It is helpful if the purpose of the study is “to test a previous theory in
a different situation or to compare categories at different time periods” (Elo & Kyngids,
2008, p.107). It might examine concepts, categories, models, and hypotheses
(Marshall & Rossman 1995). If a deductive content analysis is preferred, the next step
should be to create a categorization matrix and categorize the data. Depending on the
purpose of the study, a structured or unconstrained matrix of analysis might be used to
test previous models, theories, mind maps, and literature reviews in deductive cintent
analysis (Kyngds & Vanhanen, 1999; Polit & Beck, 2004; Hsieh & Shannon, 2005).
After creating a categorization matrix, the data is reviewed for content and coded based

on the identified categories (Polit & Beck, 2004). Following the principles of inductive
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content analysis, different classes might be produced within the bounds of an
unconstrained matrix. In contrast, in a structured matrix, only aspects that fit the
analysis matrix are selected from the data (Patton, 1990). However, if the data does
not match the categories, the principles of inductive content analysis might be

employed in a structured matrix (Elo & Kyngis, 2008).

Both inductive and deductive approaches are used in the current study to analyze the
data as there are not adequate sources to analyze the data collected, and additional
codes might be observed during the present study. If an inductive approach is
employed, the next step should be organizing the qualitative data, which includes the
stages of “open coding, creating categories, and abstraction” (Elo & Kyngis, 2008,
p.109) are initially followed. Open coding refers to taking margin notes and headings
through reading the text and reading the material, again and again, to increase the
number of headers until they describe all the aspects of the data (Hsieh & Shannon,
2005). Creating categories refers to collecting the codes into groups of headings and
generating the categories from them independently (Downe-Wamboldt, 1992;
Burnard, 1991). Lastly, abstraction is developing a general description of a research
topic by generating categories (Burnard, 1996; Polit & Beck, 2004). In this study, both
the inductive content analysis approach and the unconstraint matrix of the deductive
content analysis approach were preferred since they were suitable for the aim of the

study.

As researchers suggested, data analysis starts with the preparation phase selecting the
unit of analysis that might be a word or theme (Cavanagh, 1997; Guthrie et al., 2004;
Polit & Beck, 2004). As Cavanagh (1997) declared, before deciding on the unit of
analysis, it is critical to determine what to analyze in detail and consider sampling.
Creswell (2009) also described the qualitative content analysis procedure in six steps,
arranging and organizing the data for analysis, reading the data, coding the data,
producing the themes or the descriptions gathered from the data, interrelating the
themes or the descriptions, and interpreting the meaning of the themes or the
descriptions. Therefore, in this study, these data analysis steps were taken into

consideration by initially analyzing the data and rearranging the analyzed data based
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on the coding structure of related studies in the literature. The data analysis process of
the first research question is explained in the following section.

3.6.1.Data Analysis of the First Research Question

The data based on the first research question was related to teachers’ knowledge of
fundamental issues on students’ understanding and difficulties while learning algebra.
To this end, teachers’ knowledge of the prerequisite knowledge required to begin
learning algebra, students’ conceptions and difficulties in algebra, and the strategies
teachers used to overcome these difficulties were investigated to get a general image
of teachers’ knowledge of students’ learning of algebra. Firstly, the researcher
transcribed and read the interview data to analyze the teachers’ understanding of the
prerequisite knowledge required to begin learning algebra. Then, the researcher pre-
analyzed the data by taking margin notes on the document to identify the codes, as an
inductive analysis was done. After pre-analysis, the researcher constructed a table that
included the teachers’ names and categories to observe the codes regarding teachers
and related categories in the second analysis phase. The codes were represented with
different colors to make each more visible if the frequency and the distribution of the
codes needed to observe. After completing the coding process, the researcher repeated
the coding process to ensure the consistency of the analysis and to remove the
unnecessary data from the document. Next, the codes were summarized in another

document to get an overview.

The second sub-research question explored teachers’ knowledge of students’
conceptions and difficulties in algebra. Before ADT conducted on students, MSMTs
were asked to answer the questions related to their students’ learning in algebra.
Moreover, they were asked to anticipate their eighth-grade students performances in
each item in ADT. Firstly, an inductive content analysis was established to investigate
the data gathered from semi-structured interviews. After the codes were obtained,
some categories were observed, including related codes. After the data analysis was
completed, the researcher conducted a deductive content analysis process (Elo &
Kyngis, 2008) on the same data since the categories of the codes regarding the

difficulties of students in algebra that teachers expressed were very similar to the
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results of the study of Jupri et al. (2014). Therefore, the data were analyzed based on
the categories of students’ difficulties as given in Jupri et al. (2014) again. After the
coding procedure was completed, the codes were labeled in different colors, and
categories of the codes were presented in a 5x5 matrix table showing each teacher’s
statements separately. Lastly, the strategies teachers proposed to overcome students'
difficulties in algebra were investigated. Similar to the previous analyses, an inductive
content analysis approach was employed. After the researcher analyzed the data and
determined the codes, the same procedure was repeated to get the consistency of
analysis and produce the categories of codes effectively. The following section will
explain the data analysis process of the second research question.

3.6.2.Data Analysis of the Second Research Question

This section presents the data analysis process regarding the data collected through the
second research question. Since the second research question includes four sub-
questions, the data analysis was conducted based on each sub-question. Before ADT
was conducted on students, teachers’ predictions about students’ performance in ADT
were observed through a questionnaire and semi-structured interviews. In the
questionnaire, teachers expressed the percentage of students’ possible correct and
incorrect responses and typical correct and incorrect answers students might give for
each task. After the questionnaire, semi-structured interviews were established. In
these interviews, they examine their students performances by investigating the
analysis of data in ADT. They also asked to interpret students’ conceptions, solution
paths, difficulties, and errors in each item. In these interviews, MSMTs evaluated the
results of analysis of ADT and investigate sample student papers including different
types of solution paths and difficulties of students.The data gathered from the
questionnaire and semi-structured interviews were analyzed with an inductive content
analysis approach. After ADT was conducted on students and the researcher analyzed
the test results, semi-structured interviews were done with teachers again to learn their
thinking about students’ performances in ADT. These interviews were also analyzed
using an inductive content analysis approach. In all the analyses, the researcher
analyzed the data two times. First, the codes were identified. Secondly, the data

analysis procedure was repeated to see whether related codes could be included in
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particular categories and whether they were compatible with specific categories. After
the data analysis process of teachers’ predictions and thinking on students’
performances in ADT was completed, the data were summarized in a matrix format

and compared by the researcher to observe possible similarities and differences.

3.6.3.Data Analysis of the Third Research Question

The teachers’ statements on potential sources of students’ difficulties were analyzed
based on causal attribution theory by using a deductive content analysis approach
(Bastiirk, 2016; Wang & Hall, 2018; Weiner, 2010). The codes determined in the study
of Bastiirk (2016) provided a basis for the current research to determine the structure
of the coding process, as it was a similar study conducted on pre-service teachers.
Moreover, the researcher compared teachers' knowledge about students’
understanding and difficulties with their interpretations of students’ performances in
ADT to see how this knowledge influences their interpretations of students’
understanding and difficulties. A 5x3 matrix table was used to know each teacher’s
statements separately for prerequisite knowledge, predictions, and interpretations of
students' ADT performances.

After the researcher completed the analysis, a second coder, who had a Ph.D. in
mathematics education, examined the data collected from teachers to determine the
interrater agreement. Before she started to analyze the data, the researcher introduced
the coding frameworks for the data investigated through a deductive approach and the
data examined through an inductive approach. Then, two researchers coded a small
portion of the data together to get the second researcher to understand the coding
process in more detail. After she completed the coding process, the results of both
researchers’ analyses were compared to observe at least 80% agreement to ensure
inter-coder agreement (Miles & Huberman, 1994). The researchers discussed the

disagreement points regarding the analysis until they reached a deal of at least 80%.
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3.7. Trustworthiness

Validity and reliability are essential requirements for a qualitative study, including
data collection and analysis, presentation, and interpretation of the results (Merriam,
2009; Patton, 2002). However, validity and reliability may not be adequate and
feasible for a qualitative study since interpretive conceptions are required (Golafshani,
2003; Seale, 1999). For this reason, researchers offered the terms of credibility
corresponding to the positivist concept of internal validity; dependability referring to
reliability, and transferability, which might be considered external validity; and
confirmability, which was an issue of presentation (Creswell, 2009; Gunavan, 2015;
Seale, 1999).

Credibility is defined as the “internal validity deals with the question of how research
findings match reality. How congruent are the findings with reality?” (Merriam, 2009.
p.213). To establish credibility, Merriam (2009) proposed the processes of adequate
participation in data collection, triangulation, the position of the researcher, and peer
examination of the data. Adequate participation in the data collection, triangulation,
and peer review of the data were utilized in this study. Regarding adequate
involvement in the data collection, the researcher collected data for one year in the
same school with the same teachers. Therefore, the researcher participated in several
hours of courses with the participant teachers before and after ADT was done and did
semi-structured interviews with each of them for at least one hour. Moreover, different
data sources were employed in the study to improve credibility, such as observation
field notes, questionnaires, semi-structured interviews, and algebra diagnostic test
(Creswell, 2012). Lastly, a second coder who was an expert in mathematics education
participated in the data analysis process to establish peer examination of the data. The
second issue is transferability in qualitative research, which is slightly different from
external validity in quantitative research (Lincoln & Guba, 1985). In qualitative
research, the purpose of the studies is to enhance the transferability (Merriam, 2009),
whereas, in quantitative studies, the primary goal is to generalize based on the study's
results (Lincoln & Guba, 1985; Merriam, 2009). Therefore, the methodology,
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including the context, participants, data collection process, and data analysis, were
described in detail to enhance transferability.

The third issue is ensuring dependability in qualitative research instead of using the
term reliability (Lincoln & Guba, 1985). Researchers suggested that all study
processes be explained in detail to enable other researchers to repeat the procedures in
future studies (Elo & Kyngis, 2008; Shenton, 2009). As Merriam (2009) suggested,
the position of the investigator, peer examination, and triangulation might be
employed to improve dependability. In this study, findings were negotiated with a
Ph.D. student in mathematics education, and the researcher rearranged the analysis if
required. Finally, the term confirmability was proposed by Lincoln and Guba (1985)
instead of objectivity in quantitative research. As Shenton (2004) asserted,
triangulation, a detailed description of the methodology, and the researcher’s
assumptions were some of the factors ensuring the confirmability of a study.
Triangulation and a detailed description of the methodology were employed in the

current study to increase the confirmability of the study.

3.8.Role of the Researcher

Identifying the researcher’s role is crucial in qualitative research (Creswell, 2007;
Merriam, 2009). In this study, I collected data from the main study in a public middle
school I had never been to. Therefore, | worked with each participant for the first time.
I conducted informal observations in the courses, semi-structured interviews with
teachers, and did ADT on students for approximately two years. For this reason, we
became pretty familiar with the participants, and sometimes I felt that | was working
as a middle school mathematics teacher in that school towards the end of the data
collection process. We established a good relationship with participant teachers, so |
could talk to the teachers whenever | wanted throughout the study. Post-interviews
were conducted with teachers after one month of classroom observation of each
teacher’s classes and pre-interviews. Therefore, | felt they were comfortable
responding to the interview questions as we had known each other for approximately
one year. Although they felt comfortable, they might give their desired responses

instead of their actual opinions, which might be referred to as respondent bias
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(Creswell, 2007). I observed teachers’ algebra teaching for one month to eliminate this
threat. They shared their views honestly regarding the teaching and learning process

of algebra. That is, their opinions were in line with their actions.

3.9.Ethical Considerations

Official permissions were obtained before the administration of the study from the
Applied Ethics Research Center at Middle East Technical University (METU). The
approval form of the Human Subjects Ethics Committee is given in Appendix G.
Before conducting ADT in the pilot and main studies, | distributed an informed
consent form to all participant students. Therefore, they reported their voluntariness
before participating in ADT. Moreover, | meet with each teacher separately to inform
the study's details and processes. That is, teachers were informed about the study's
main purpose, the data collection procedure, and the expectations of the researcher
from the participants, became free to discontinue the study at any time they wanted,

and the confidentiality of participants’ information in the study.

Mertens (2012) declared that researchers should be sensitive while presenting the
characteristics of participants while including the study's findings. To eliminate the
risk of identifiability, unnecessary information about participants, such as gender and
age, should not be shared in the study. Moreover, pseudonyms were preferred in the
study to label the teachers instead of their real names. In the next chapter, the study's

findings will be explained in detail regarding the research questions.
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CHAPTER 4

FINDINGS

This chapter covered the findings in three main sections to address the research
questions. The first section presented the conclusions associated with the nature of in-
service MSMTSs’ pedagogical content knowledge regarding common conceptions and
difficulties held by students, possible sources of difficulties and errors of students, and
the strategies used by in-service teachers to overcome the difficulties and errors of
students related to four big ideas in algebra. In-service MSMTS’ predictions for
students’ ADT performance were investigated in the second section. In the last part,
the comparison and inferences regarding teachers’ predictions of students’
performances and students’ actual performances, conceptions, and difficulties in ADT
were explored in detail. The analysis results for the first research question were

summarized in the next part.

4.1. Mathematics Teachers’ Knowledge based on Learning of Algebra

This study investigates MSMTs’ comprehension of students’ conceptions and
difficulties related to four big ideas in algebra. In this section, | examined MSMTs’
knowledge about students’ prerequisite knowledge for learning algebra, preferences
for the sources of algebra tasks, ways of reviewing students’ conceptions and
difficulties, understanding of students’ conceptions, difficulties, and errors, and also
strategies to overcome the difficulties of students related to four big ideas. Analysis of
in-service MSMTs’ knowledge started with investigating mathematics MSMTs’

knowledge of the students’ prerequisite knowledge required for learning algebra.
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4.1.1. MSMTs’ Knowledge of The Prerequisite Knowledge required by Students
to Begin Learning Algebra

One of the purposes of this study was to explore MSMTs’ knowledge based on the
prerequisite knowledge for learning algebra. Therefore, | asked in-service MSMTSs to
identify the prerequisite knowledge required to learn algebra. As Welder (2007) stated,
what students need to know before entering an algebra classroom should be detailed
to get students to perform better in algebra. Therefore, identification of the content is
helpful before teaching. Based on the analysis of the MSMTs’ statements, they
expressed the requirements that students need before learning algebra, namely
understanding algebraic key terms, using various forms of numbers, having the
capability of doing computation (addition, subtraction, multiplication, and division)
with different forms of numbers, the notions of negative and positive, the ability to use
graphics, understanding algebraic expressions and knowing the rules while solving

algebraic equations, and what is x? (See Table 4.1).

Table 4. 1. The terms indicated by MSMTs related to prerequisite knowledge for
learning algebra

Prerequisite knowledge for learning algebra

o Key terms related to algebra

¢ Integers

o The notions of negative and positive
e The capability of doing computations
e Interpreting graphics

e Using algebraic expressions

¢ Rules for solving equations

o What is x?

e Change on the x and y-axis (covariation)
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First, Ms. Burcu expressed the requirement to comprehend algebra-related key terms
as a prerequisite knowledge. However, the participants had no other expression related
to the keywords that should be learned for algebra. She stated that “Of course,
operations. The meaning of (the terms) multiple, more than, less than, and half of
something or one-third.” Secondly, Mr. Giirsoy stated the need to learn integers and
the terms positive and negative before learning algebra. However, other MSMTs did
not express any idea related to the comprehension of numbers, decimals, fractions, etc.
Third, MSMTs thought that the most general knowledge for teaching algebra was
comprehending different forms of numbers and doing arithmetic operations, as all
MSMTs mentioned this necessity. Mr. Giirsoy indicated the need for a concrete

understanding of computations with integers and positive and negative terms.

Students’ math skills for doing operations should be well developed. The
ability to do operations with integers should be highly well-developed. Of
course, operations. If the student has problems with operations and the
concepts of positivity and negativity, it is impossible to continue with algebra.

As Mr. Yiicel said, “Addition, subtraction, multiplication, and division. Students also
should have to know conducting operations with rational numbers”. Ms. Burcu also
talked about the capability of doing operations with fractions and rational numbers. As
she stated, "students should know operations with fractions and rational numbers to
express those terms in words.” MSMTs generally did not share any knowledge
requirements about various forms of integers, rational numbers, exponential numbers,
decimals, fractions, etc. We might interpret MSMTs’ statements that they heavily
concentrated on making computations with numbers instead of their different forms

and meaning, similar to what Ms. Ferhan said:

First, students should not have any problems with operations. We enter
algebra in 5™ grade, but we should get students to comprehend problem-
solving. We may teach students algebra earlier. What can | say? (She is
considering.) Students should know operations, express themselves, and
understand what they read. If students can understand the text and do
procedures, | could say that we construct a sufficient background. After
understanding the problem, if students could understand what they read and
do operations, they already conceptualize algebra.
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The fourth precondition for learning algebra was the interpretation of graphics. Only
one MSMT, Mr. Oner, stated the importance of graphics interpretation and how vital

it was for learning algebra:

Indeed, they should have to make interpretations of graphics very, very
effectively, which we prepare the background of students in 6th grade and
teach in 7th grade. The graphical interpretations are crucial for us during
operations with algebraic expressions. If students cannot interpret graphics,
there will be nothing to do with their excellent comprehension level of
equations.

Mr. Oner also clarified that students should effectively interpret the change in graphics
since understanding the meaning of the changes on axes is so crucial by stating, "They
should have a deep conceptualization of how the changes on the x-axis and y-axis
occur and the meanings of the x-axis and y-axis? Since there are two variables, they
should know which unknown represents the y-axis and which is the x-axis.” The other
prerequisite knowledge suggested by MSMTs was based on the construction and
manipulation of algebraic expressions and equations. Only one MSMT, Mr. Oner,
indicated that the priority rules were critical while doing operations. Moreover, he
expressed that the regulations were essential for accurately conducting the procedures
while solving algebraic operations. Mr. Oner declared that “Priority rules while doing
operations...Solving equations is very, very crucial. Knowns are collected on one side,
and unknowns are on the other. They should know how to transfer an unknown to the
other side very well.” Although he highlighted the importance of comprehending the
manipulations in algebraic expressions and equations, he described an operation with
an unknown as transferring it to the other side rather than making the same operation
on both sides. Furthermore, Mr. Giirsoy also highlighted the significance of writing

equations based on mathematical problems:

It is related to the importance we gave to equations in 7" grade...Since I
realized it long ago, equations have been crucial for me, transitioning from
mathematical problems to algebraic equations. At the end of the fall semester,
I must complete the equations and continue with the rate and ratio topic at the
beginning of the spring semester. However, | do not care whether I get behind
on the new topic. | can make it somehow but cannot ignore algebraic equation
problems.
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MSMTs shared no additional statements related to the properties of algebraic
expressions and rules for solving algebraic equations. The last prerequisite knowledge
suggested by MSMTSs was based on understanding and representing functions. Merely
Mr. Oner expressed the need to comprehend the variable and provide the need for the
transition among words or sentences, abbreviations, and symbols. Moreover, only Mr.
Oner identified the importance of understanding what x is and what unknown is, which
is crucial for transitioning from arithmetic to algebra. Besides the knowledge before
learning algebra, Ms. Ferhan also discussed the necessity of developing students’ self-
expression skills and understanding a text or problem. There were no statements from
other participants based on the development of such skills before learning algebra. The
findings showed that MSMTs expressed various prerequisite knowledge types
required for learning algebra. MSMTs’ statements mainly focus on the computations

with numbers and the properties and rules to perform algebraic operations correctly.

All MSMTs specified arithmetic operations as the primary concern for learning
algebra. Moreover, two MSMTs highlighted the comprehension of different forms of
numbers as prior knowledge of algebra. However, other MSMTs did not discuss
various forms of numbers, such as integers, rational numbers, exponential numbers,
decimals, and fractions. Instead, they heavily concentrated on just doing computations
with numbers in mathematics. Only one MSMT discussed negative and positive
integers as prerequisite knowledge for learning algebra. Also, only one MSMT pointed
out the importance of understanding the question of ‘what is x?” and the process of the
transition of verbal, abbreviation, and symbolic notions of algebra, respectively.
Besides the knowledge before learning algebra, Ms. Ferhan also discussed the
necessity of developing students’ self-expression skills and understanding a text or
problem. There were no other statements from participants based on the development
of such skills before learning algebra. Findings showed that MSMTSs expressed various
prerequisite knowledge types required for learning algebra. However, MSMTs’
statements mainly focused on the computations with numbers and the properties and
rules to perform algebraic operations correctly. Based on the results, it might be
inferred that MSMTs provided poor information about students' prerequisite
knowledge as a basis for learning algebra. They rarely expressed their concerns about

students’ understanding of negative numbers, rational numbers, the notion of variable,
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and equivalence. The following section describes MSMTs’ knowledge of eighth-grade

students’ difficulties and errors in algebra.

4.1.2.Mathematics MSMTs’ Knowledge of Students’ Difficulties and Errors in
Algebra

This section investigated MSMTs’ knowledge of students’ difficulties and errors
related to four big ideas in algebra. Some researchers preferred to use the word
“difficulties” (e.g., Herscovics & Linchevski, 1994; Jupri et al., 2014; Warren, 2003)
or “conceptual difficulties” (e.g., Thomas & Tall, 1991), whereas others called it
“errors” (e.g., Booth, 1988) for struggles or problems of the students in algebra. |
expressed the struggles or problems of students by the term “difficulties” in the current
study. Similar to the study of Jupri et al. (2014), I examined MSMTs’ knowledge
regarding students’ difficulties in algebra under five categories, applying arithmetic
operations, understanding the notion of variable, mathematization, understanding
algebraic expressions, and functional thinking, The first category for students’
difficulties and errors was applying arithmetic operations. Related to this difficulty,

Mr. Yiicel mentioned students’ struggles while doing operations with integers:

We have difficulty at most when they first introduced with addition and
subtraction of integers. They encounter the concept of negative for the first
time. They divide -2x with 2 rather than -2, although we divide both sides
with the same number while solving equations.

Based on this difficulty (dividing -2x with 2 rather than -2), he indicated that they
should prepare students for the examination. Therefore, they should use a practical

way of solution:

In fact, we initially used the balance scale model. Rather than transition to the
other side of the equation, we teach it by subtracting the same number from
both sides of the equation. However, since our education system is focused
on examination, we cannot use this model for each item. Rather than using a
balance scale model for each item, we expressed that the number is
transformed into the other side of the equation, or we say that we divide both
sides by the quotient of x.
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Ms. Ferhan also declared a similar error caused by students’ insufficient knowledge of
numbers and properties of operations. Likewise, as Ms. Ferhan highlighted, students
have difficulty getting similar terms together on the same side, especially when there

are unknowns on both sides of the equation:

Here, we can also talk about some of the errors in operations. They have
difficulties, they tend to use operations, but some students also have many
errors in operations. Especially when there are unknowns on both sides of the
equation and gathering them on the same side. Some students may transform
the (quotient of) 3x as the division on the other side; however, they have

difficulty converting (the quotient of) g as the multiplication on the other side.

Rather than multiplication, for example, they convert (the quotient) 3 of 3x
as -3 to the other side (she is laughing). They do not realize that it is a
coefficient. We may experience such difficulties in operations, or they may
forget distributive property. Without making the distribution, let us say x + 5
is in the parentheses of 3; they pass the 3 as -3, although they have to
distribute it or convert it as a division. There might be such errors, especially
when there are unknowns on both sides (of the equation).

Students’ struggles in the situations that Ms. Ferhan stated might be caused by the
inadequate knowledge of equality and properties of arithmetic operations. For 3(x +
5) =y, the MSMT noted that some students convert 3 on the other side of the equality
as -3. We might infer that those students may not understand that 3 is a quotient and
that the left-hand side of the equation includes the multiplication of 3 and (x + 5).
Alternatively, they may not conceptualize equality; that is why we should divide both
sides by three. She noted that they tend to see the equal sign as a symbol that requires
“doing something” or separates an answer from the problem rather than being an
indicator of equivalence. Although students might misunderstand equality, no MSMT
expressed their difficulties on this issue as they did not state its significance and

necessity for learning algebra.

Students might also have deficiencies based on the priority rules in algebraic
operations or properties of numerical procedures, which refer to commutative,
distributive, associative, and inverse properties. The MSMTs also argued about

students’ difficulties and errors on the distributive property. Mr. Giirsoy stated that:
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The most widespread error is adding a minus sign to the first term of the
second algebraic expression only while subtracting two algebraic
expressions. That is one of the things | am focusing on, principally, the most
widespread error. For example, they distribute but say x-2-x-3 while
subtracting x-3 from x-2. The most pervasive error is not distributing the
minus sign to the second term while subtracting two algebraic expressions.

Mr. Yiicel also mentioned that students have difficulties while doing operations with
decimal numbers, although they are successful with other numbers like integers,

natural numbers, and so on:

We are struggling with those concepts. Mainly multiplication and division
with decimal numbers related to algebra. Why? They do not use it daily, and
it remains in the classroom. | think they have difficulty for this reason. They
can do it in school and compute each other to make multiplication and
division with decimal numbers. However, the number of students who can do
those operations decreases to half the following week. You do not see it in
other types of numbers; you do not encounter this while doing operations with
natural numbers in word problems. The ratio of students who can do those
operations decreases to half; even the number of successful students
decreases in decimal numbers.

Mr. Yiicel advocated that one of the sources of students’ struggles in algebra was their
inadequate knowledge of fractions and decimal numbers. He justified that students did
not use such numbers daily; therefore, they have difficulty encountering them in word

problems:

| think they are unsuccessful since they do not use it daily. All our questions
are related to daily life, but students do not use them this way. Students rarely
use fractions and decimal numbers. We had been in Finland, and all students
used calculators there. I am considering why; what is the reason? We always
give students examples with integers. For instance, we say that the length of
one side of a table is 2 meters, but they say 2 meters and 10 centimeters, that
is 2,1 cm. They conduct operations with the exact dimensions. They measure
and calculate the precise area by using calculators.

Thus, he pointed out the importance of rational numbers while doing algebra. The
second category for students' difficulties was understanding the notion of variable, a

critical concern for learning algebra. Mr. Oner noted that students generally have
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difficulty understanding what x is and how they construct, use, and interpret the
variables and algebraic expressions when confronted with an algebra word problem:

Students have difficulty conceptualizing the meaning of x and y and the
meaning of a when given based on a and b in equation solving. For example,
in a word problem, you plant a tree, and there is an initial length of the tree
and its length changes by month. Students have difficulty understanding
which symbol, y or a-b, represents the length and which shows the month.
They make errors at this point at the most. When | write y = 40+3x on the
blackboard, they can see that 40 refers to the initial length of the tree, and 3x
refers to getting taller by 3 for each month. They can also multiply 6 with 3
and add 40 when they are asked to find the length of the tree six months later.
However, they may have difficulty substituting the corresponding values in
the equation since they do not conceptualize which one refers to the length or
the time as they do not conceptualize or comprehend it.

As Mr. Oner indicated, students could do arithmetic operations when asked to find a
specific value in an algebraic equation. However, they might have difficulty
substituting the corresponding value in the algebraic expression. We may infer that
students experience difficulty transitioning between the problem situation and the
symbolic world. Ms. Ferhan also indicated a similar concern related to distinguishing

what is the unknown in a word problem:

They have difficulty with constructing equations at most. I mean, which
object do we call x? Because they do not distinguish which object is unknown
to them. They may say x for an object and let us multiply with 3 when they
see three; however, what is unknown? At first glance, they have difficulty
deciding which object they say x and, therefore, finding how many times of
something or how much less than something. Indeed, they struggle to decide
on the variable at most.

Students generally had difficulty identifying and operating with the variable, as Ms.
Ferhan stated. Moreover, Mr. Oner indicated that students tend to use algebraic
symbols based on their coordinate axes in the graphics. If a variable was represented
on the x-axis, they strictly considered using x as the symbol in the algebraic equation
and vice versa. Moreover, as Mr. Oner stated, they had strict beliefs about using
symbols for variables. Although they were required to use other characters rather than

x and y, they persisted in using x and y since they were accustomed to using them:
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Generally, we label the y-axis as the length and the x-axis as the time.
Students try to memorize, and when we exchange the label of the axes, they
are confused. They supposed that this is strict and labels of the axes cannot
change, the y-axis represent the length, and the x-axis represents the time. For
example, if we asked students the algebraic expression of the problem, there
is 40 It gasoline in a car, and the car takes 5 It gasoline per 100 km, students
ask where | can substitute the gas and the time in the equation. Students
believe gasoline should be represented on the y-axis and time on the x-axis.
Therefore, the equation should be in the form of y equals something.
However, as the problem states, the remaining amount of gasoline is
represented with symbol a, and time is represented with symbol b. When
students are confronted with such a situation, they usually consider
representing the y-axis by y and the x-axis by x.

Moreover, Mr. Oner also declared that students’ success level identified their
comprehension based on the changeability of the symbols. Therefore, he noted that
this praxis was based on students’ success level rather than other factors such as
instruction, textbooks, etc. The MSMT said they generally label the y-axis as the
length and the x-axis as the time in the lectures. He stated, “In examinations, we accept
such answers as correct since students see them as strict forms. The difference between
successful students from other students emerged at this point since successful students

conceptualized the difference and broke the mold.”

The third category for students’ difficulties and errors was horizontal and vertical
mathematization. Horizontal mathematization involves transitioning between the
problem context and the symbolic mathematics back and forth. It consists of
schematization, formulation, and visualization of a problem in different forms,
converting real-world problems into acquainted mathematical models. On the other
hand, the difficulties in vertical mathematization include the processes related to
making reconstructions in the mathematical system and working in a symbolic world
(Treffers, 1987; Van den Heuvel-Panhuizen, 2000). The activities in vertical
mathematics consist of making a combination, formulation, manipulation, proof, and
generalization with algebraic models (De Lange, 1987; Treffers, 1987; Van den
Heuvel-Panhuizen, 2000). As Ms. Ferhan and Mr. Oner clarified, students also had

difficulty with horizontal mathematization while transitioning between problem
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situations and mathematical symbols since they could not use symbols effectively to
represent and operate values of real-world situations. MSMTs also mentioned that one
of the main reasons students struggle is the abstract nature of algebra which might be
categorized under the categories of understanding the notion of variable and horizontal
mathematization. Mr. Yiicel expressed the abstract thinking level, which students
could not reach before a particular grade level:

Algebra, x, and unknown are abstract concepts. Students’ self-confidence
decreases immediately, and negative concerns are raised when introduced to
those concepts. Some of the algebra topics were transformed from 6th grade
to 7th grade. It was well done since students did not move to the abstract
thinking level. We were trying to teach students abstract concepts.
Fortunately, most of them were taken into the 7th grade, and some topics were
brought into the 8th grade. Students were struggling in algebra in the past.
We solved word problems with arithmetic operations, performed inverse
operations, and drew boxes. However, some teachers justified giving students
equations in 6th grade. | stated that this was absolutely wrong since they did
not reach abstract thinking yet; they were at the concrete thinking level.

As Ms. Burcu shared, some students just wrote +4 instead of x+4 for an algebraic

expression indicating four more than a number:

Some students write +4 when it is asked to write four more than a number.
+4 is a constant, so it does not mean four more than something; when it is
said that more, less, or multiple, it is essential to be able to write the
mathematical expression.

In this example, students failed while formulating a word problem into an algebraic
expression. Therefore, students’ erroneous formulation might be related to the
difficulty with horizontal mathematization. Moreover, students’ difficulty might be
caused by the inability to understand the notion of a variable since they struggled to
write the variable in the algebraic expression. However, they could write the constant
correctly. Mr. Oner highlighted that students had difficulty understanding the meaning
of x. Moreover, he indicated that students struggled, especially while interpreting
graphics and solving equations, since students could not establish the sense of x

conceptually. He also mentioned graphics and separated them from algebra and noted
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that students were successful at graphics, but when it was integrated with algebra, it
became difficult for students:

They struggle to interpret the graphics and solve equations. If we could not
conceptualize the meaning of x, an abstract concept, in the spring semester of
the 7" grade, students already give up at 8th grade in equation solving.
Typically, graphics are easy, and everybody attends the lesson willingly in 7%
grade. However, some students have difficulties interpreting graphics when
integrated with algebra in 8th grade. In brief, that is the truth. Interpreting the
graphics and solving equations are the two points students have difficulty
with most.

Although graphics were one of the representation forms in algebra, he described it as
a separate topic. He might indicate that students successfully represent constants in
graphics; however, they failed to interpret the graphics’ covariation since it required
constructing relationships between variables. | categorized this difficulty as functional
thinking since it was related to “how two quantities vary simultaneously” (Blanton &
Kaput, 2011). Although functional thinking is an essential dimension for learning
algebra (Blanton et al., 2015, Blanton et al., 2019), MSMTs gave no additional
statements related to students’ difficulties based on functional thinking. The other
difficulty that students might face is called understanding algebraic expressions. Ms.
Burcu described a difficulty students experienced based on this issue: “When you say
three times something, some children try to write x times three and continue trading
with it after a while. 3x, the coefficient is written to the left, although you keep saying

it all the time, which is straightforward.”

We might infer that students could not realize the equality of x-3 and 3-x. To
understand that these two expressions are equal, they need “the encapsulation of the
process as an object” without observing the process for particular variable values (Tall
& Thomas, 1991, p. 126). Therefore, they could realize that encapsulated objects were
the same. | called the difficulty Ms. Burcu indicated a process-product obstacle, as Tall
and Thomas (1991) suggested. Thomas and Tall (1991) identified the process-product
obstacle as the inability to transition between the process and the product. One could
see the process as a product by encapsulating the process as an object. We can accept
two encapsulated things as the same if they always give the same product. Therefore,
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there is no need to follow the process for particular values since the object encapsulates
the process. As Ms. Burcu stated, students keep writing x-3 rather than 3x to write 3
multiple of x, although 3x also equals x-3. We might explain this by the deficiency of
the understanding that 3x and x-3 were identical products. Students do not use 3x
instead of x-3 since they may not realize they are the same products. Therefore, we
may infer that students may have the process-product obstacle as they could not

encapsulate multiplying x with 3 in different forms.

Moreover, as Ms. Burcu expressed, an additional difficulty that students mostly faced
while writing two or more dependent algebraic expressions in terms of a particular

variable:

For example, one (expression) is four more than twice the other. OK, they
write 2x + 4, but the other is x. You would not be able to write it unless you
said x for the other. How did you write that if you did not say X to the other?
So, the child gave up there. They equated 2x + 4 to 60 without saying x to the
other (expression). They forgot the x, the small one. Alternatively, somebody
solved 100 questions (for each day) in a couple of days and 150 questions in
the remaining days of the same week. One week consists of 7 days. If we
wrote X for the days we solved 100 questions, and the remaining days should
be 7-x. They could not give the expression of 7-x. When they gave the
expression of 7-x, we moved to the number of items solved on particular days.
For example, if he solved 100 (questions) in a day, 200 in 2 days, 300 in 3
days...What should 1 do? Multiplication, students also expressed
multiplication in the classroom at that moment. Then, we multiply x by 100.
OK, those are the days when he solved 100 questions. However, they
struggled to say 7-x for the days he solved 150 questions.

This difficulty was also investigated under horizontal mathematization since it requires
transitioning from a word problem to a symbolic world. Mr. Giirsoy also gave a similar
student struggle as Ms. Burcu did. He noted that students could find the result of the
question when they were asked for a specific value. However, they had trouble when

they were required to use symbols:

We have problems with linear equation problems with one unknown. For
example, let the sum of Ali’s and Veli’s ages be 30. When I describe students
as x to Ali’s age and 30-x for the other, since (linear) equations with two
unknowns were removed from the curriculum, students begin to struggle so
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much. The children have great difficulty solving this problem with a (linear)
equation with one unknown. However, in a situation in which the sum is given
as thirty, if you say that one of them is ten years old, they can easily express
that the other is twenty years old. Nevertheless, when this returns to x, the
problem begins.

Furthermore, he provided a similar example for this difficulty at the next meeting:

If one of the two quantities that add up to 45 is X, they struggle to write 45-x
for the other. For example, they say y immediately (rather than 45-x).
Therefore, they are trying to call it with another variable right away. They
also have difficulty writing algebraically in examples such as calculating the
feet of chickens and cows.

When I asked Ms. Burcu the reason for students’ struggle, she confirmed that students

most probably did not conceptualize it:

I guess they think that there cannot be a day like 7-x. The most significant
problems are the ones they already had at the beginning. It continues in this
way since they begin to do memorization to understand. For example, we
create a table. If he solved 150 (questions) in one day, then (we can say that)
he solved 100 in (each) 6 days. If he solved 150 (questions) in (each)
remaining 2 days, then (we can say that) he solved 100 in (each) remaining 5
days. How do we find the five here? Sounds come out of the classroom (by
subtracting it from seven). If this is x, here is 7-x. OK, we solved it there.
When you move to another example, they become quiet again.

Rather than making a specific inference based on students’ cognitive processes or the
instructional process of algebra, she indicated some reasons for students’ becoming
unsuccessful in such instances, which were all related to students themselves, such as

becoming lazy or having low-level reading comprehension.

| do not know why they could not continue in the same way in other instances.
Children also do not want to use their brains anymore. | guess they are so
used to learning from others. Since they reach everything very quickly
through their families and the school, they want everything to be solved on
the board and written down in their notebooks. So they are going in this way.
It is doubtful how many students you can reach out of forty students in the
classroom.
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Moreover, Ms. Burcu attached an aspect related to students’ difficulties. She asserted
that they experience difficulty if their reading comprehension is low by stating, “They
have difficulty putting this into a mathematical sentence. Here is where reading
comprehension comes into play. Turkish is at work again. How much difficulty they

experience in Turkish is reflected in mathematics.”

In Figure 4.1, the summary of students’ difficulties and errors indicated by their
MSMTs was given. To summarize, the MSMTSs identified students’ typical problems
and errors related to applying arithmetic operations, solving equations, and horizontal
mathematization. They rarely expressed students’ difficulties with negative numbers
or different forms of numbers such as rational numbers, decimal numbers, etc.
Moreover, they did not share their ideas about students’ difficulties regarding the
concept of variables and the changeability of the symbols. Furthermore, they rarely
expressed the errors students made while making operations with algebraic

expressions, such as process-product obstacle, lack of closure obstacle, etc.

Difficulties and errors of
students

Applylngar!thmetlc Understanding the Mathematization Understanding algebraic

3 » < Functional thinking
operations notion of variable expressions

Associativity, What is x? Horizontal Vertical

commutativity, etc. mathematization G e e T Process-product obstacle Covariational thinking

Operations with
integers, decimals, Changeability of the
rational numbers, symbol
fractions, etc.

Construction of an
algebraic expression of a Solving equations
word problem

Construction of two or
more algebraic
expressions dependent
to a particular variable

Being abstract

Interpretation of
graphics

Figure 4. 1. The summary of students’ difficulties and errors indicated by MSMTSs

Lastly, MSMTs did not share their opinions based on students’ difficulties with
functional thinking while considering the difficulties students might face in algebra.

This section presented in-service MSMTs’ knowledge of students’ difficulties and
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errors based on four big ideas in algebra. The next part describes MSMTs’ strategies

for preventing students’ difficulties and errors in learning algebra.

4.1.3.The Strategies Suggested by Mathematics MSMTs to Overcome the
Difficulties and Errors of Students

This section investigated in-service MSMTs’ strategies to overcome students’
difficulties and errors. The data analysis results indicated the strategies suggested by
the participant MSMTs: increasing the amount of drill and practice, using concrete
examples from daily life, using the tone of voice to emphasize the crucial points,
explaining the concept repeatedly, and using activities and materials, making students
active participants in learning, and taking into account the individual differences of
students. In consideration of teaching methodologies, increasing drill and practice was
one of the strategies provided by Ms. Ferhan.

Some of them need a little more time only. In other words, we may increase
concrete examples from daily life. It all passes with time. We might increase
the number of practices. Moreover, we may ask about their ideas about
solving everyday life problems at school, get them to talk, consider, and help
them understand what they read.

Mr. Giirsoy also highlighted the importance of drills and practice. Furthermore, he
emphasized using concrete examples to overcome students’ difficulties and errors.

Similarly, Mr. Yiicel also mentioned the use of concrete examples:

The more we make it concrete, include daily life examples, and create
questions, the more we can transcend (the difficulties). Addition and
subtraction of integers are not difficult for eighth-grade (students). However,
almost a quarter of students still cannot do it. | still explain the addition of -3
and 2 by stating that you are on the third floor; which floor would you go to
if you went up two floors to make it more concrete and related to daily life?
You try to explain with examples like this, associating it with everyday life
by embodying where you will come when you go up 2 floors. However, this
process needs to be finished at the 8th-grade level. Therefore, -3 plus 2 equals
-1 should be said, and I should have passed there. Unfortunately, we are trying
to overcome such difficulties with concrete examples since | feel such
missing students.
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Moreover, Mr. Yiicel highlighted the importance of doing activities with students
while teaching algebra. He prepared instructional materials for fifth and sixth-grade
students, for example, using algebra tiles while teaching algebra. Mr. Oner also
mentioned another way to transcend students’ difficulties and misconceptions. He
explained the topic repeatedly if students asked the MSMT the points they had trouble
with. Ms. Ferhan also added that she got students to devise a plan while solving an
algebraic problem. Therefore, they could easily recognize the given and asked
information about the situation. Consequently, they could construct an effective
solution path for the problem. Ms. Ferhan also mentioned that they might use open-
ended items rather than multiple-choice items:

The child makes operations such as multiplication or division with the
numbers (in the multiple-choice item). If she finds one of the choices by doing
such operations, she thinks it is OK without considering the item’s purpose
or reasoning. Furthermore, we should get students to explain the solution path
rather than the calculation result. If we focus on the operations of students
rather than the correctness of the result, it might be better. Students consider
reaching the correct answer among four choices since they always cope with
multiple-choice items. Therefore, their primary goal is to find the result
instead of concentrating on the problem. For this reason, they miss
understanding the problem since they try to answer impetuously. Also, we
need to reduce using multiple-choice test items. Instead, we might
concentrate on only one problem in a lesson if necessary and talk about it
together. We need to change our curriculum completely.

Ms. Burcu also suggested a solution for students’ problems while doing algebraic

operations, considering as if they were solving an arithmetical word problem:

Students have difficulty finding the minuend, subtrahend, and difference
while subtracting with algebraic terms. I suggest students think as if they are
doing subtraction with natural numbers. For example, | propose that they
subtract 2 from 10, which results in 8. | always say students never do
memorization; find your solution method yourself.

As Ms. Ferhan stated, students gave up thinking about the problem and making rapid
calculations to reach the correct answer faster by using four alternatives in the items.
As a result, they usually concentrate on the operational process instead of the problem
situations. Ms. Burcu also declared that always using multiple-choice items might be

one of the reasons for students’ failure:
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We conducted a test on seventh-grade students, including open-ended items.
Although we explained the content of the test and where the items would be
included, they performed low success in the examination. They could guess
the correct answer by examining four alternatives, or they could do cheating
on their friends on a test including multiple-choice items, but they could not
do the same in open-ended items. | wish all examinations would include open-
ended items.

Ms. Burcu also noted another aspect related to students’ difficulties in mathematics,
namely the change of mathematics MSMTs annually for almost every classroom. As
she stated, they previously taught in the same classroom throughout the middle school
process. Therefore, they knew the characteristics and needs of each student while
teaching mathematics. Nevertheless, now, students are mixed and assigned to new
classrooms annually. For this reason, MSMTs could not have enough time to observe
and identify the students they teach. As Ms. Burcu indicated, the tests, including open-
ended items, might help examine students’ knowledge, difficulties, and errors;
however, they could not conduct such tests anymore. They have run the tests, including
multiple-choice items, and students might choose one of the alternatives randomly or
by looking at their friends. As a result, such tests could not help them investigate
students’ knowledge, difficulties, and errors. Mr. Giirsoy mentioned another aspect to
get students to learn the points they have difficulty with, using the tone of voice to
emphasize the critical issues:

| watched a video related to rhetoric. In that video, it was said that people
concentrate on you if you suddenly begin to talk with a lower voice while
talking at a higher volume. I realized that | had done quite the opposite of this.
Therefore, | have increased my tone or spoke in a quieter voice than usual
when talking about something important. Also, | slow down where | see it as
necessary. In problem-solving, | try to explain to students how to read a
problem.

Lastly, Mrs. Ferhan indicated, "we might form a peer group among students and get
them to help each other.” Her strategy might be evaluated as learning from peers. Mrs.
Ferhan also mentioned the strategies concerning psychological constructs, including
making students active participants in education and paying attention to individual

differences. As she clarified, “we might recognize all students and get them to think

140



and talk. Also, we might have them write a simple problem themselves and get their
opinion regarding daily life problems.” However, she mentioned some obstacles, such
as time limitations, the examination system, and crowded classrooms. For this reason,
she stated they did not have the opportunity to do such activities. Lastly, she said they
should pay attention to students’ individual differences. However, as she advocated,
they missed medium-level students since they prepared higher-level students for LGS.

The strategies proposed by MSMTs are outlined in Figure 4.2.

Increasing drill and practice (Ms. Ferhan, Mr. Giirsoy)

Explaining the concept repeatedly (Mr. Oner)

Using activities and materials (Mr. Yiicel)

Using concrete examples from daily life (Ms. Ferhan, Mr. Yiicel, Mr.
Oner)

Learning from peers (Ms. Ferhan)

of students

Using the tone of voice to emphasize the crucial points (Mr. Gilirsoy)

Using open-ended items rather than multiple-choice items (Ms. Ferhan)

Devising a plan while solving problems (Ms. Ferhan)

Strategies to overcome difficulties and errors

Paying attention to individual differences (Ms. Ferhan)

Making students active participants in education (Ms. Ferhan)

Figure 4. 2. The strategies of MSMTSs to overcome the difficulties and errors of

students in algebra

We might infer that MSMTSs generally provided such methods in which MSMTSs were
active, and students were passive participants in learning. Their strategies were mainly
related to what MSMTs should do while teaching algebra with direct instruction.
Moreover, MSMTs described general pedagogical techniques to overcome students’

difficulties and errors instead of sharing specific strategies to improve students’
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algebra learning. In the next part, the findings of the analysis of MSMTs’ predictions
for their eighth-grade students’ performances in ADT will be presented.

4.2. MSMTs’ Predictions of Students’ Performances in ADT

In this section, | investigated MSMTSs’ predictions of students’ performances in ADT
before the test was conducted on students. At first, a questionnaire was conducted on
mathematics teachers to get them more familiar with the items by considering the items
in ADT, which would be reviewed in pre-interviews, and to learn their predictions for
students’ performances and preferences for the solution strategies. Next, semi-
structured pre-interviews were done with MSMTs to discuss their predictions for
students’ understanding, difficulties, and errors related to variables and functions in
ADT. The results of the analyses of MSMTs’ predictions before ADT was conducted

were given in the following part.

4.2.1.MSMTs’ Predictions about Students’ Understanding, Difficulties, and
Errorsin ADT

A questionnaire was conducted on MSMTSs, and a pre-interview was conducted to
learn MSMTs’ anticipations of students’ conceptions, difficulties, and errors in ADT.
In the questionnaire, MSMTs were asked how many of their students would answer
each item correctly if those items were given to 100 eighth-grade students and what
strategies they might prefer to find solutions. The first item was related to equality,
and students were asked whether they could show equality without doing
multiplication. Mr. Giirsoy, Ms. Burcu, and Ms. Ferhan expressed that most students

would correctly answer the first item.

Table 4. 2. Predictions of MSMTs for correct answers of students in Item 1

MSMT Predictions of MSMTs for the ratio of correct answers
Mr. Giirsoy 0.60
Ms. Burcu 0.80
Ms. Ferhan 0.70
Mr. Yicel 0.10-0.20
Mr. Oner 0.10

*Ratio of correct student responses is 0.50 in ADT.
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Conversely, Mr. Yiicel and Mr. Oner asserted that 10-20% of students could correctly
answer the item, as shown in Table 4.2. Mr. Oner also stated that even 10% was a high
ratio for correct responses given by students. Ms. Ferhan and Ms. Burcu stated that
students could factorize or divide both sides with the same number to show that the
left and right-hand sides were equal, as presented in Table 4.2. Ms. Ferhan pointed out
that students should have a concrete understanding of factorization, which was the
initial point they focused on in eighth grade. MSMTs also asserted that students might
show equality by doing multiplication on both sides if they could not realize to make
factorization. As Mr. Giirsoy identified, students preferred to use the easy and secure
way. Even high-achiever students would do multiplication if they were not asked to
solve the item without doing multiplication. Mr. Yiicel argued that students might also

provide a solution shown in Figure 4.3.

Ms. Ferhan Ms. Burcu Mr. Yiicel
7-22=14-11
7-22=14-11 7-22=14-11
14-11=14-11
1=1 7-:22=14-10+1-14
or 7:2:11=7-2-11

Figure 4. 3. Possible student solutions given by MSMTs for Item 1

He Yiicel stated that he could not understand the item’s purpose and the expectation
from students until | explained the item in detail. Moreover, he noted that most
students would answer it by multiplication since the numbers were one or two digits.
Like Mr. Giirsoy, Mr. Oner indicated that students answered the item without
multiplication if you asked for an expression including symbols; however, they did not
prefer factorization since multiplication was more straightforward. The second item
was related to writing an algebraic expression based on a verbal expression. MSMTs
generally stated that more than half of the students would correctly identify the
algebraic expression of the given statement as 50 - x (See Table 4.3). Only Mr. Giirsoy

argued that 30% of the students could answer the item precisely.
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Table 4. 3. Predictions of MSMTs for correct answers of students in Item 2 (writing
algebraic expression)

MSMT Predictions of MSMTSs for the ratio of correct answers
Ms. Ferhan 0.60
Ms. Burcu 0.60
Mr. Giirsoy 0.30
Mr. Yiicel 0.60
Mr. Oner 0.60

*The ratio of correct student responses is 0.68 in ADT.

Four MSMTs identified x-50 as the incorrect answer that students might give, and they
mentioned no other solution that students might provide. Mr. Giirsoy asserted that
students struggle when they try to write an algebraic expression based on another
algebraic expression by stating that “they had difficulty writing 30-x for an algebraic
expression if the other is X. They can state that the age of somebody is 10 and the
other’s is 20 if the addition of them is 30. However, they cannot identify it when we
ask them to write it using x.” Mr. Giirsoy criticized their teaching process by stating
that they could not provide a solid background for students and described themselves
as self-seekers since they conducted the examination-referenced teaching and did not
give the rationale behind algebraic expressions. For this reason, as he declared, they
lost 25% of students when they began algebraic expressions. In addition, Mr. Yiicel
added that he highlighted the importance of understanding the problem to overcome
students’ difficulties. Students were expected to compare two algebraic expressions in
the third item and interpret them. In pre-interviews, MSMTs expected higher

performance for students in Item 3, as seen in Table 4.4.

Table 4. 4. MSMTs’ predictions for students’ correct answers in item 3 (Which is

larger task?)

MSMT Predictions of MSMTs for the ratio of correct answers
Ms. Ferhan 0.70
Ms. Burcu 0.30
Mr. Giirsoy more than 0.50
Mr. Yiicel 0.70
Mr. Oner 0.50

*The ratio of correct student responses is 0.17 in ADT.
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As Ms. Ferhan pointed out, students had difficulty with the third item since there were
unknowns on both sides. She stated that students struggle more when unknowns exist
on both sides rather than just one side of an equation. Ms. Ferhan also mentioned

students’ difficulties with negative numbers and rational numbers. As she stated:

Students always want to cope with positive numbers and find the result a positive
number. They also do not want to see the result as a rational number. In addition,
some students comprehend that only positive numbers are integers. Although we
try to overcome this situation, they struggle to consider that the result might also
be negative. If we say n is an integer, they automatically claim n is positive.
Unfortunately, most of them think in that way. They have worked with positive
numbers for many years and introduced negative numbers in the seventh and
eighth grades. For this reason, some points may not be understood and thought
of by students.

Ms. Ferhan predicted that the students who correctly answered the item could state,
"We cannot say whether n is positive or negative and whether it is bigger or smaller
than 3.” However, the students who expressed invalid answers said that the answer
was 3n and did not think in detail. Similarly, Ms. Burcu predicted that 70% of students
who gave incorrect responses would express that 3n was greater than n+6. As she
claimed, students might think that multiplication was bigger than addition. Also,
students might consider that n + 6 was larger than 3n because six was greater than
three. Like Ms. Ferhan, Ms. Burcu noted that students struggled with negative and
rational numbers. As she pointed out, 30% of the students would state that we could
not say which of them was larger. She said students could not interpret this task since
they did not study such a particular point and asked if anybody could do it. Ms. Burcu
noted that they have a title called the numerical value of algebraic expressions. Under
this title, she said that they explain to the child what to do for a specific value of n, and
he substitutes it. Such a task exists, but they did not handle such a comparison. Also,
Ms. Burcu added that almost half of the students had difficulty with reasoning. Instead,

they preferred randomly choosing an alternative to answer an item.

As Mr. Giirsoy stated, more than half of the students could express that they could not
compare since it changed based on the values. Also, some students might substitute
values into n, which were less or greater than three or equal to three. Then, they might

explain that one of them was greater for values less or greater than three, and they were
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identical for n equals 3. Like Ms. Ferhan, Mr. Gilirsoy expressed that students might
say n + 6 since six was greater than three, and they might choose 3n since there was
more n in this expression. In addition, as Mr. Giirsoy noted, most students might
substitute numbers, such as 5, 10, and 20, concluding that 3n was greater than n+6.
Mr. Yiicel predicted that 70% of the students would correctly answer this item.
However, he stated that he did not know if anyone who correctly answered that item
could equate two expressions and presented that one was less or greater for a particular
value of n. He was not sure if anyone could write that much detail. He thought they
could not; they rarely answer it in this way.” Like Ms. Ferhan and Mr. Giirsoy, Mr.
Yiicel predicted that ‘n + 6 was the greater’ response for students’ answers since they
made an addition. As Mr. Yiicel and Mr. Oner noted, students usually substitute two
different values for n to say which one was greater. Similarly, Mr. Oner stated that
students did not use inequality and chose 3n because of the quotient 3, or n + 6 because
it means six more than something. Also, he claimed that only 10% of students could

express three situations based on the value of n.

Table 4. 5. Predictions of MSMTs for correct answers of students in Item 4 (functional
thinking)

Predictions of MSMTs for the ratio of correct answers

MSMT Item 4a Item 4b
Ms. Ferhan 0.70-0.80 0.60
Ms. Burcu 0.60 most of the students
Mr. Giirsoy 0.40 0.40
Mr. Yicel 0.70 0.70
Mr. Oner 0.40 0.40

*Ratio of correct student responses is 0.34% for item 4a, and the ratio of correct student
responses is 0.19 for item 4b in ADT.

The findings related to Item 4 are presented in Table 4.5. MSMTs claimed that item
4a was familiar to students since they often worked with such tasks in the lectures. Ms.
Ferhan added that if you asked to find the smallest number in this item, most students
could write it. However, they might have difficulty when asked about the algebraic
expression of the verbal statement. MSMTSs stated that most students could generate
the equation as x+x+1+x+2=84. As Ms. Burcu pointed out, the main reasons for
students’ difficulty with constructing equations were that they could not concentrate

on the verbal algebraic expression and could not read it accurately.
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Furthermore, as Mr. Giirsoy and Mr. Oner argued, some students might answer the
item by dividing eighty-four by three. Based on their explanation, the average of three
consecutive numbers gave the median by indicating the terms x-1, x, and x+1. Mr.
Oner identified that they teach students to get the mean of consecutive numbers when
asked to find the median. However, as Mr. Giirsoy pointed out, students could rarely
give such responses to answer such a task. He added that some students might provide
a logically incorrect answer, such as x+y+z=84. It might be correct, but this was not
the exact answer we expected since it was not written based on a particular variable.
MSMTs generally stated that students correctly answered item 4b. Ms. Burcu, Mr.
Giirsoy, Mr. Yiicel, and Mr. Oner claimed that the students who constructed the
equation in item 4a could also identify what x stands for. Mr. Oner noted that 60% of
the students answered item 4b by calculating the middle number as 84:3=28. Mr.
Ferhan thought, "If students could not construct the equation, they would not have
explained the meaning of the unknown. If they were asked to find the smallest number
in this question, most students would be able to find the number.” Like Ms. Ferhan,
Mr. Yiicel considered, "If you ask students, “What is the meaning of the number you
find or what does this x mean?”” I am sure that there would be some students who could
not answer it correctly.” Mr. Yiicel explained this difficulty as students could not
understand the logic of this issue and could not be motivated enough to solve the item.
As he stated:

I do not know what other reasons it might be originated. We are doing our
best. Why are they struggling? However, we tell them to substitute the result
they found in its place, verify it, and see whether we did it right. If the children
comprehend this point, | do not think they will give the wrong answer
anymore. The number | found here is x.

As Mr. Yiicel noted, he considered that the best way of teaching the meaning of x was
to substitute it in its place and observe whether it concluded with the correct result. As
he stated, even the students who answered item 4a correctly might give incorrect
responses for item 4b. Mr. Giirsoy also asserted that they have no problem-solving
linear equations with one unknown. However, they had difficulties understanding the

meaning of the terms X, unknown, letter, or symbol. Based on the interviews, MSMTs
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expected that most students would correctly answer Item 5 (See Table 4.6). The item

aimed to investigate students’ knowledge of rational numbers and equations.

Table 4. 6. Predictions of MSMTs for correct answers of students in Item 5 (rational
numbers

MSMT Predictions of MSMTSs for the ratio of correct answers
Ms. Ferhan 0.80
Ms. Burcu 0.70-0.80
Mr. Giirsoy most of the students
Mr. Yiicel more than 0.70
Mr. Oner 0.80

* Ratio of correct student responses is 0.40 in ADT.

As MSMTs’ statements illustrated, the difficulties and errors that students might face
could be examined under two categories: challenges related to the solution of the
equation and the structure of the algebraic expression and problems with rational
numbers. Ms. Ferhan, Ms. Burcu, and Mrs. Giirsoy stated that students might make
operational errors while solving algebraic equations, such as adding two and eight
rather than subtracting eight from two or incorrectly dividing both sides of the
equation. Ms. Ferhan declared that most students struggled to divide both sides of 9c
= -6 with a correct number; should they divide both sides with minus six or nine? She
asserted that if their purpose was to make the unknown isolated at one side of the
equation, they should eliminate nine. Therefore, they should divide both sides by nine.
As she mentioned, the reason might be related to students’ problems with
comprehension and making no repetition. Based on the MSMT’s statements, she has
never discussed understanding equality and equation. Also, she mentioned that
students had difficulty with rational numbers since they were familiar with merely
natural numbers since primary school. Therefore, they struggled while coping with
such tasks. Similarly, Mr. Giirsoy declared that students do not think of negative

numbers since they only consider positive numbers while solving questions.

Ms. Ferhan noted that they rarely made such interpretations and added that:

How can the result equal 2 when you add something to 8? Students have
difficulty in these tasks even if there is no unknown in the expression.
Moreover, changing the algebraic expression (from 8+x=2) to 8-x=10 might
do nothing. (Students have difficulty in understanding) How can the result
equal 10 when we subtract something from 8?
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Ms. Ferhan drew attention to operations with negative numbers and explained the
reasons for incorrect answers as students’ inadequate comprehension. As he said, there
were several eighth-grade students with insufficient knowledge related to the topics of
sixth grade. Therefore, they could not learn anything in seventh and eighth grades
since subjects continued as a chain. She stated that even using distinct letters might
affect students’ performance. For example, using c rather than x might decrease their

performance in this task since they were more familiar with x.

Mr. Yiicel also asserted that writing the algebraic equations as 9x + 8 = 2 and 8 + 9x
= 2 were entirely different situations for students. As he stated, students might have
difficulty with the second one. In 9x + 8 =2, they quickly wrote 9x =2 — 8; however,
they could not do the same operation with 8 + 9x = 2 since the unknown term came
after the number. As he stated, they transferred 9x next to 2 and wrote 8 =2 — 9x to
solve the equation. Then, they considered how | could subtract 9x from 2 and
ultimately gave up doing the task. As he noted, students thought the unknown term
must be at the beginning of the algebraic expression. He considered that students’
difficulty might be resulted from doing similar tasks in the classroom. Therefore, he
suggested that MSMTs solve different examples by changing the placement of
unknown terms. In addition, he argued that the number of students would increase if
the right-hand side of the equation were greater than nine, and consequently, in which
x would be a positive number, such as 9x + 2 = 15. He was surprised when | mentioned
another difficulty students might face: interchanging the right and left-hand sides of
the equation, such as 8 + 9x = 2 and 2 = 8 + 9x. He stated that this was the same as
becoming at two opposite points of a bridge and claimed that primary school teachers
were responsible for this problem. As Mr. Oner suggested, students would quickly
answer Item 5 by solving the equation if they understood equations in the seventh
grade. Like Mr. Yiicel, Mr. Oner stated that students with low comprehension levels
would not perform well in this task; however, he did not identify the comprehension
level needed to succeed. Students who did not understand negative numbers may also
consider the item erroneous. Based on the investigation of MSMTSs’ predictions, only

Mr. Giirsoy expressed that students would perform poorly. In contrast, other
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MSMTs stated that more than 40% of students would answer Item 6 correctly as
presented in Table 4.7. Ms. Ferhan and Mr. Giirsoy argued that students might answer
the item by substituting a value into the variable. Ms. Burcu also asserted that it was
not something they were unfamiliar with but struggled with. Students were confronted
with similar tasks, such as when the side of the square increased by two, how much

did its area increase, or how much did its circumference increase?

Table 4. 7. Predictions of MSMTs for correct answers of students in item 6 (functional

thinking)
MSMT Predictions of MSMTSs for the ratio of correct answers
Ms. Ferhan 0.50
Ms. Burcu 0.40
Mr. Giirsoy 0.15-0.20
Mr. Yiicel more than 0.80
Mr. Oner 0.70

* Ratio of correct student responses is 0.20 in ADT.

However, she noted that students had difficulty doing such tasks. She also stated that
students might distribute the quotient into the parenthesis and find the increment as
six. Mr. Gilirsoy declared that he was pessimistic about this issue and expressed that
15-20% of students could answer the item correctly. As he stated, incorrect answers
might be related to students’ misinterpretation of linear equations, such as if the left-
hand side increases by two, the right-hand side should also increase by two. Like Mr.
Giirsoy, Mr. Yiicel mentioned the same errors students might make. He predicted that
more than 80% of the students would answer it correctly. However, as he stated, we
should ask the item specifying whether an increased or decreased when b increased by
two in the algebraic expression a = 3b + 4 since students may not understand what you
asked when you said how a ‘changed’ when b increased by two. As he clarified, their
alternatives would be diminished when we asked the item by specifying ‘whether it
increased or decreased.’ Therefore, there would be just two choices for students, either
increased or decreased. Mr. Oner also asserted that most students would answer Item
6 correctly. He thought students who gave wrong answers would probably consider
that the increment occurred four by four arithmetically since we summed up 3x with
4. Rather than considering the multiplication of 3 and x, they might focus on the
summation of 3x with 4 in the algebraic expression. MSMTSs concentrated on general

operational errors that students might make in Item 6.
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MSMTs’ previews showed that more than half of the students would correctly solve
equations (See Table 4.8). All MSMTs expressed that students might make operational
errors, either erroneously transferring minus three to the other side or dividing both
sides with two rather than minus two. The most frequently identified error was the first
one, adding both sides three, in Item 7a.

Table 4. 8. Predictions of MSMTs for correct answers of students in Item 7 (solving

equations)
Predictions of MSMTs for the ratio of correct answers
MSMT

Item 7a Item 7b

Ms. Ferhan 0.60 0.60

Ms. Burcu 0.60 0.60
Mr. Giirsoy 0.60-0.70 0.60-0.70

Mr. Yiicel 0.50 0.50

Mr. Oner 0.60 0.60

*Ratio of correct student responses is 0.54 for item 7a, and the ratio of correct student
responses is 0.50 for item 7b in ADT.

MSMTs provided similar predictions in Item 7b by stating that students might
erroneously transfer the knowns and unknowns to different sides of the equality.
MSMTs presented no opinion on students’ use of parenthesis; however, 20% of
students were unsuccessful while distributing the quotient within the terms in the

parenthesis.

The MSMTSs' predictions for Items 8 and 9 were presented in Table 4.9, two

consecutive parts of the same problem of extending a tree by time.

Table 4. 9. Predictions of MSMTs for correct answers of students in Items 8 and 9

Predictions of MSMTs for the ratio of correct answers

MSMT Item 8 Item 9
Ms. Ferhan 0.50 0.50
Ms. Burcu 0.70 0.70
Mr. Giirsoy 0.30 0.27
Mr. Yiicel 0.60 0.60
Mr. Oner 0.82 0.40

*Ratio of correct student responses is 0.42 for item 8, and the ratio of correct student
responses is 0.55 for item 9 in ADT.
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Ms. Ferhan and Ms. Burcu stated that students generally could give correct answers
by constructing algebraic equations based on the situation. Also, Ms. Burcu expressed
that students might count as 20, 30, 40, 50, etc., to get the length of the tree in the
eighth month rather than using the algebraic equation. As she noted, students had
difficulty in abstract thinking, and predicting students’ performance in linear equations

was challenging.

As Ms. Ferhan argued, students may not prefer to use equations although they actually

could do it:

Even the best students answer that there is no need to write the equation since
they can already do this (without writing the equation). Most students who
say this can write it. When you say, let us write the equation anyway, we see
that they can write it. However, many have trouble writing equations because
they can do their operations without comprehension.

Like Ms. Ferhan, Mr. Yiiksel mentioned that some students could not understand the
logic and might do memorization. Therefore, they forgot how to construct equations,
although they could do it well when they had just learned it. As he stated, they
repeatedly did several practices and got feedback from most students about writing
equations in the lectures; however, they were unsuccessful. He predicted that most of
the students could find the length of the tree; however, students might have difficulty
with writing the equation. He argued that students might respondtoy =x +20ory =
20x since they could not understand the problem, and he stated that there was no reason
apart from that. Mr. Oner claimed that none of the students solved it by writing the
equation if you do not say to construct it. Unlike Mr. Yiiksel, he asserted that students
did not write equations since solving without equations was easier or did not care about
it. He declared that none would use equations if they were not indicated to solve with
the equation. They might prefer to calculate it from their minds rather than equations,
even in open-ended examinations and LGS. Moreover, some students might miss the

initial length of the tree based on his statements.

MSMTs’ predictions for the rate of students’ correct responses in Items 10 and 11 were

presented in Table 4.10. All MSMTs stated that students prefer solving problems
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without equations since they could solve them using alternative solutions. They argued
that the incorrect answer that students might give would be y = 20 + 3x. They might

forget to subtract 1 from x and calculate the amount as y =20 +5 - 3 =20 + 15.

Table 4. 10. Predictions of MSMTs for correct answers of students in Items 10 and
11

Predictions of MSMTs for the ratio of correct answers

MSMT

Item 10 Item 11
Ms. Ferhan 0.70 0.70
Ms. Burcu 0.40 0.40
Mr. Giirsoy 0.20-0.30 more than 0.20-0.30
Mr. Yiicel 0.60 0.60
Mr. Oner 0.10 0.40

*Ratio of correct student responses is 0.25 for item 10, and the ratio of correct student
responses is 0.66 for item 11 in ADT.

MSMTs generally expressed three main reasons for students’ preference for other
methods rather than equations: alternative ways were more straightforward and more
familiar, students struggled to cope with equations with more than one variable, and
students had difficulty using different symbols in algebraic equations. As Ms. Ferhan

stated:

They learn to solve these questions earlier by doing reverse operations. We
solve problems without using equations in the sixth grade. When we ask them
to solve a problem, they refuse to solve it using equations, although they are
very successful at equations. They say we have to do it with equations because
we can already solve without them.

Similarly, Mr. Giirsoy, Mr. Yiicel, and Mr. Oner declared that students would not
construct the equation to solve the problem since they could solve it without using
equations, which was more straightforward. Mr. Yiiksel identified the reason as
students’ preference for an easier way, using arithmetics. As Mr. Oner claimed,
students did not want to use equations, although they successfully used them. Instead,
they would substitute values with unknowns or other methods to solve the problems.
Ms. Burcu stated that students could not construct the equation and added that they
struggled with equations even with one variable; therefore, they could not do the

equations with two variables. Conversely, Mr. Giirsoy declared that one of the most
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challenging things for students was writing two or more algebraic expressions based

on just one variable. As he noted:

This is always problematic for students. For example, if the summation of
two terms is 45, they will have difficulty writing 45 — x for one of them when
the other is x. The most frequent problem | have ever seen is writing an
algebraic expression based on an unknown used to write the other (algebraic
expression) in a problem. I do not know how we can overcome this problem.
Difficulties arise when writing two algebraic expressions (based on an
unknown) in a word problem. They had not had that much trouble explaining
the equation with two unknowns (before the curriculum was changed at this
level). They could quickly say x and y to write X +y = 45. Nevertheless, now,
they can write the algebraic expressions if we give them hints, namely x and
45 —x.

As he stated, students could figure out algebraic terms based on different symbols;
however, they had trouble using the same letter to write dependent variables in a word
problem. He could not state the reason for this situation and give a solution to
overcome this problem. He identified the students’ problem as the difficulty of the
transition of variables. Students’ problems might be described as the difficulty of
writing two or more dependent algebraic terms based on a particular symbol in a
problem situation. Mr. Oner also mentioned another aspect that students could not

understand the changeability of the symbols in algebraic expressions:

They do not like using even x and y. Therefore, if we add a, b, and c, it
becomes more complex. Also, they do not understand that the symbols
representing the variables can change. They still use x and y even though we
ask them to set up equations with other letters, such as a and t. In addition,
they memorize the graphics axes, such as the x-axis always presents the time,
and the y-axis presents the length. Although we exchange the x and y-axes in
a graphic, they continue to solve the problem without considering which axes
represent the time and the length.

MSMTs’ predictions for students’ performances in Items 12, 13, and 14 were
presented in Table 4.11. MSMTs generally expected a higher success in Item 12, and
they supposed that the rate of students' correct responses would be similar in Items 13
and 14. Mr. Giirsoy noted that an average student could also solve Item 12 without
constructing the equation. As he stated, if a student could write the equation in Item

13, he could also solve Item 14. To build the equation, they would know the table’s
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two points, the left and right ends. Therefore, they could already solve Item 13 if they
could solve Item 12. Mr. Yiicel also noted that students might have difficulty finding
the general rule of the relationship between tables’ and chairs’ numbers. MSMTs gave
examples of students’ incorrect answers, such as ignoring the chairs at the left and
right end, students’ making a wrong ratio for the numbers of chairs, or incorrectly
exchanging x and y while substituting the number of tables and chairs. Mr. Oner and
Mr. Yiicel also stated that students might calculate the result by enumerating the

number of tables and chairs.

Table 4. 11. Predictions of MSMTs for correct answers of students in Items 12, 13,
and 14

Predictions of MSMTs for the rate of correct answers

MSMT Item 12 Item 13 Item 14
Ms. Ferhan 0.80 0.70 0.70
Ms. Burcu 0.40-0.50 0.40-0.50 0.40-0.50
Mr. Giirsoy more than 0.29 0.29 0.29
Mr. Yiicel more than 0.40 0.40 less than 0.40
Mr. Oner more than 0.30 0.30 0.30

*Ratio of correct student responses is 0.65 for Item 12, the ratio of correct student responses
is 0.37 for Item 13, and the ratio of correct student responses is 0.47 for Item 14 in ADT.

MSMTs usually stated that students could fill in the table and draw the graphics
correctly. Only Ms. Ferhan talked about an incorrect response that students might give,
such as mismarking the line in the graphics beginning from 100 km rather than 0 km.
Although some MSMTs noted similar predictions for each item in the questionnaire,
as seen in Table 4.12, they all indicated that students would have difficulty

constructing the equation in Item 17.

Table 4. 12. Predictions of MSMTs for correct answers of students in Items 15, 16,
and 17

Predictions of MSMTs for the rate of correct answers

MSMT Item 15 Item 16 Item 17
Ms. Ferhan 0.90 0.70 0.60
Ms. Burcu 0.80 0.80 0.80
Mr. Giirsoy 0.60 0.60 0.60
Mr. Yiicel 0.40 0.40 0.40
Mr. Oner more than 0.80 0.40 0.05

*Ratio of correct student responses is 0.84 for Item 15, the ratio of correct student responses
is 0.60 for Item 16, and the ratio of correct student responses is 0.33 for Item 17 in ADT.
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MSMTs expressed possible erroneous responses of students, such as t = 100m, x =
100y, and m = 100 + t. Mr. Giirsoy explained students’ difficulties and errors as
students’ fatigue. When I asked him for an example of an incorrect response from

students, he could not give such an example and stated that:

Incorrect answer? | do not know. Not incorrect, but they cannot do it. I do not
see what erroneous response they can give...The substructure is critical for
this topic. Their difficulty in constructing equations is their abstract nature (of
equations). It is abstract, and they give up when confronted with x and y. If
you told them to use x and y in parenthesis (rather than the letters; m and t),
it would also be different for them.

He asserted that using different letters also struggled with students. It might be easier
for students to use the letters x and y since they are more familiar with them. Mr. Yiicel
also mentioned that students preferred to solve without finding the general rule,
although we gave them problems with large numbers. He predicted they could not find
the general rule and answer Item 17. As he stated, they did not like algebra and forgot
what they had learned (constructing equations) after two or three months. Like Mr.
Yiicel, Mr. Oner also noted that most students could answer Items 15 and 16 correctly;

however, they could not answer Item 17 since they did not like constructing equations.

4.3.MSMTs’ Knowledge of Students’ Algebraic Thinking in ADT

In this section, in-service MSMTSs’ knowledge of students' understanding, difficulties,
and errors was investigated by comparing their conceptions regarding students’
learning of algebra. Then, MSMTs’ knowledge of students’ algebraic thinking was
compared with their predictions for students' performances in ADT and their
interpretations of the students’ performances in ADT after the analyses were

completed.
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4.3.1.Comparison of MSMTs’ Knowledge of Students’ Conceptions, Difficulties,
and Errors with Their Predictions for Students’ Performances before ADT and

Interpretations of Students’ Performances after ADT

MSMTs’ responses to the questions in the interviews provided information about their
knowledge of students’ understanding of algebra. MSMTSs' predictions and
interpretations of students' responses were investigated based on four big ideas in
algebra (Blanton et al., 2015), namely EEEI, generalized arithmetics, variable, and
functional thinking (See Table 4.13).

Table 4. 13. Big ideas for learning algebra (Blanton et al., 2015)

Big ideas

1. Equivalence, expressions, equations, and inequalities (EEEI)
2. Generalized arithmetics
3. Variable
4

Functional thinking

4.3.1.1.MSMTSs’ predictions and interpretations based on EEEI and generalized

arithmetic

As presented at the beginning of this chapter, MSMTs provided limited information
about the prerequisite knowledge students should have prior to learning algebra in the
interviews conducted before ADT. It might be beneficial to investigate MSMTSs’
interpretations regarding students’ performances in ADT on behalf of the prerequisite
knowledge MSMTs possess and their anticipations for students’ performance
regarding particular items in ADT. Thus, valuable conclusions could be drawn
regarding MSMTs’ knowledge of students’ learning in algebra. Concerning the first
big idea, EEEI, none of the participant MSMTs mentioned the role and importance of
equality and the meaning of the equality symbol in algebra as a prerequisite
knowledge. In the case of Ms. Ferhan, she just mentioned the capability of doing
operations (addition, subtraction, multiplication, and division) as a prerequisite
knowledge for learning algebra. She expressed that students had inadequate

knowledge about properties of operations, such as commutative, distributive, and
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associative properties. Although she pointed out the difficulties of students based on
manipulating numerical or algebraic terms in equations, she did not state the need for
further knowledge of various forms of numbers (e.g., integers, rational numbers,
irrational numbers) and students’ comprehension of the term ‘equality.” She also noted
that some students might transfer a term on the other side of the equation, such as
writing the equation 3(x + 5) =y as (x + 5) = y — 3. Such an error might be explained
by the inadequate comprehension of dividing both sides by the same number, which
requires students to understand ‘equality.” However, she described this error as an
arithmetic error rather than an insufficient conceptual understanding of ‘equality.’
Based on the results of Item 5, she argued that students did not consider numbers other
than integers and may not think of negative numbers. In Item 7, students were
expected to do algebraic manipulations to find the value of x in given equations. Ms.
Ferhan appreciated the results in Item 7, stating that 54% was a good indicator of
students’ success since the negative sign often confused them about how to do the
manipulations. Before ADT, she said students did not want to find the result as a
rational number, and they assumed that integers were just comprised of positive
integers. Therefore, they had trouble when the result was a negative number. She
asserted that students had been dealing with positive numbers for long years. However,
they were introduced with negative numbers in 7th grade. She thought this issue might
be one of the reasons for students’ struggle. After Ms. Ferhan analyzed students’
performance in ADT, she shared her explanation of doing manipulations with negative

numbers:

We always explain to them to distribute (the quotient) within the parenthesis
if there exists a minus (sign) or a quotient. Furthermore, directly skip the
parenthesis if there is nothing in front of the parenthesis. Although we stated,
again and again, they make the same errors as if we had not taught them. 1 do
not know what the reason is.

While talking about her way of teaching algebraic manipulations with negative
numbers, she skipped some words or used phrases such as ‘skip the parenthesis if there
were nothing,” which students might learn erroneously. Using such an expression,
students may be confused about the meaning of ‘nothing’ when there is a plus sign or

a positive number as a quotient in front of the parenthesis. She added:
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Students could not conceptualize whether the minus (sign) belongs to the
operation or this (the quotient). They have difficulty understanding that these
two are interchangeable things. I think this has its source in the objective of
addition and subtraction with integers in the 7 grade. Whether it belongs to
7 or the subtraction operation (in Item 7b)? That is when students begin to
lose interest in math. Students stop or continue learning mathematics after the
operations with integers and rational numbers. | guess they cannot make
embodied. They cannot understand it, and | do not know why. What kind of
a path should we follow?

As she stated, they teach students negative numbers and operations with negative
numbers by using daily life examples at the beginning of the topic, such as an elevator
or weather forecast problem. However, she noted that they continued with many
algebraic manipulations and overwhelmed students with too many algebraic
operations. She inferred that they might make each operation more concrete (by using
daily life examples). She also stated that students often struggled to construct equations
in algebra word problems. They could not learn linear equations in the 8th grade since

they could not conceptually understand equations in the 7th grade.

Other MSMTs also frequently mentioned the significance of operations and numbers
for learning algebra. Ms. Burcu noted that students should be able to do operations,
addition, subtraction, multiplication, and division. Moreover, she highlighted that
students should conduct those operations with fractions and rational numbers. They
should also be able to use algebra-related key terms such as multiple, more than, less
than, and half of something or one-third as prerequisite knowledge. She frequently
stated that students had difficulty transitioning from verbal statements to algebraic
expressions, especially when trying to construct two dependent algebraic expressions.
To illustrate, as she said, while setting up the algebraic expression of the statement
‘four more than twice the other’, students could write 2x + 4, but they could not specify
the other as x. As she noted, if somebody solved 100 questions (for each day) in a
couple of days and 150 questions in the remaining days in the same week, students
may have difficulty writing x for the days they solved 100 questions and (7-x) for the
days solved 150 questions. Although she focused on such an essential point about
algebraic expressions, she could not provide a concrete explanation for students’

difficulties in those situations. She also said that students could quickly identify the
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number of girls if there were 10 boys in a classroom of 40 students. However, they
could not express the number of girls as 40-x if there were x boys in a school of 40.
Students could do the tasks with numbers but could not do them when they should use
algebraic expressions. She noted that describing the remaining term was fundamental
to algebra. In Item 2, Ms. Burcu predicted that 60% of the students correctly responded
to the item resulting in 68% in ADT. After ADT, she appreciated the results of Item 2
and stated that some students might also give x-50 erroneously for such tasks. She
attributed students’ difficulties and erroneous responses in such tasks to an inadequate
understanding of arithmetic operations, addition, subtraction, multiplication, and

division.

Moreover, she mentioned that the classes were so crowded, and it was challenging to
care for each student while teaching mathematics. Based on Item 7, she stated that
students often made errors while using negative numbers, as she emphasized in the
interviews before ADT. She generally focused on using the negative sign in the
interview before ADT. Moreover, she stated that ‘they might transfer the term to the
other side without changing the sign.” Like other MSMTS, she often uses this term,
transferring the term to the opposite side rather than making the same operation on
both sides of equality. After | said that students gave incorrect answers while
distributing the quotient through the terms in the parenthesis, she was disappointed.
They did not show all manipulations about doing the same operation on both sides of
the equation as they did in their courses to get students quicker while doing the tasks.
MSMTs typically present the solution path of the students for Item 7, as shown in
Figure 4.4.

In the case of Mr. Giirsoy, he pointed out the importance of doing operations as prior
knowledge for algebra. Moreover, he expressed that students should conceptualize
integers and ‘positive’ and ‘negative’ terms. Like Ms. Burcu, he identified students'
difficulties constructing two dependent algebraic expressions in an algebra word
problem. For example, as he stated, they typically struggled to write (45 — x) if the
other expression was X in a problem situation. Also, they had difficulty calculating the

number of feet on a farm, including chickens and cows.
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Item 7a Item 7b
-3-2x=-9 3x+2=-7(x—6)
—2x=-9+3 3x+2=-Tx+42

—2x_ -6 3Ix+7x=42-2

-2 -2

x=3 10x = 40

x=4

Figure 4. 4. Typical solution paths of students for Item 7a and 7b written by teachers

in the questionnaire before ADT

In such a problem, they directly tried to label the dependent algebraic expression as 'y
and the independent variable as x since it was easier for them rather than writing both
dependent and independent expressions based on x. He identified the causes of other
errors and difficulties of students as ‘they do not know’ rather than a detailed
description. Mr. Yiicel also highlighted the importance of the capability of doing
operations (addition, subtraction, multiplication, and division) as a prerequisite
knowledge for learning algebra. Also, he noted that students should conduct those
operations with rational numbers. As he stated, students struggled with the addition
and subtraction of integers. He also mentioned errors students typically make while
dividing both sides of the equation with the same number. For example, he noted that
some students divide -2x to 2 rather than -2 while dividing both sides of the equation
with -2. He explained the reason by stating that students forgot the things they had

learned since they did not repeat them and drill at home.

Mr. Giirsoy and Mr. Yiicel also expressed students' difficulties with negative signs
while answering Item 7. Mr. Yiicel described the mistake of students while doing the
distribution through the parenthesis as a lack of attention. Although he stated the same
term ‘transferring the term to the opposite side,” he noted that students might also have

difficulty dividing both sides of the equality with the same number:

First, we say that we subtract the same number from both sides of the
equation. Then we say -3 passes to the other side as plus 3 to be quicker while
doing practice. We state that the transfer of one term to the other originates
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from doing the same operation on both sides of the equation. However, it is
forgotten, and everyone remembers that —3 passes to the other side as +3.
Students made more mistakes while dividing both sides of the equation. The
reason is that even teachers solve the task 2x = 6 by just writing x = 3 rather
than presenting the division with two on both sides of the equation.

As he added, in such a task, students prefer to answer the question, twice of which
number makes 6? If x was a rational number like - g , they would have more difficulty.

Similarly, Mr. Oner noted that students might substitute a value to find x rather than
solve the equation. Mr. Yiicel also attributed that students forgot such manipulations
because they could not associate them with daily life. Like other MSMTs, Mr. Oner
also focused on operations and priority rules in those operations. Additionally, he
expressed that students should know the statement that ‘the known terms were at one
side of the equation and the unknowns were at the other.” Apart from other MSMTS,
he also concentrated on understanding the meaning of x and unknown and the
transition among words or sentences, abbreviations, and symbols in algebra. Mr. Oner
also noted that students should effectively interpret graphics, understand the meaning

of the interchange between the x-axis and y-axis, and how this change occurred.

Ms. Ferhan and Mr. Oner declared that Item 7b was more difficult since there was X
on both sides of the equation, making students struggle more. The most frequent error
MSMTs reflected on was using the minus sign while doing operations and solving
equations before ADT. MSMTs expressed similar interpretations in the interviews
after ADT by stating that the only thing students had difficulty with was rational and
negative numbers. MSMTs did not utter other ideas, such as a conceptual

understanding of equality and distributive property (See Table 4.14).

MSMTs’ statements for Item 1 were investigated considering the big idea of
equivalence, expressions, equations, inequalities (EEEI), and generalized arithmetics.
Ms. Ferhan stated that 70% of the students could correctly show equality using
(algebraic) simplification. Also, as she expressed, students could do this task if they
had no gaps related to the factors and multipliers. After examining the results, she
appreciated students’ performance in Item 1 and expressed that students performed

well in this item, although 56% of the students could correctly respond.
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Table 4. 14. Summary of MSMTSs’ statements for Item 7a and 7b

Prerequisite knowledge

Predictions before ADT

Interpretations after
ADT

Ms. Burcu Ms. Ferhan

Mr. Giirsoy

Mr. Yiiksel

Mr. Oner

e Operations (addition,
subtraction,
multiplication, and
division)

¢ They might have
difficulty with the
negative sign.

e Inadequate understanding
of the use of parenthesis

e Inadequate conceptual
understanding of negative
sign

¢ Operations (addition,
subtraction,
multiplication, and
division)

o Operations with
fractions and rational
numbers

o Knowledge of arithmetic
terms (e.g., multiple,
more than)

e They might have
difficulty with the
properties of the
negative sign and
operations with the
negative sign

e They always make errors
with a negative sign while
doing algebraic
manipulations

o Operations (addition,
subtraction,
multiplication, and
division)

e Integers

o The terms negative and
positive

e They might have
difficulty with the
negative sign.

o All students can solve
equations.

¢ They often make errors
while doing operations
with a negative sign.

o Operations (addition,
subtraction,
multiplication, and
division)

¢ Operations with rational
numbers

e They might have
difficulty dividing both
sides with the same
number.

¢ They might have
difficulty transitioning
a term to the other side
of equality.

e Students have more
difficulty with dividing
both sides with a number

o If one of the quotients
were a rational number,
they would have more
problems.

o Operations (addition,
subtraction,
multiplication, and
division)

e Priority in operations

e They might make errors
while doing the
transition between
knowns and unknowns

e They might substitute a
value to solve the
equation.

¢ 7b is more difficult for
them since students might
have difficulty when
there are unknowns on
both sides of the
equation.

o They might have
difficulty using the
distributive property for
negative numbers

She provided no further explanation based on students’ difficulties and errors for Item

1 (See Table 4.15). Similarly, Ms. Burcu predicted that 80% of the students could

correctly answer Item 1 and added that most of the students gave such responses, 14 -

11=14-11or7-2-11 =7 -2 - 11. After seeing the results for Item 1, she was

163



disappointed and attributed this result directly to students, such as not studying
adequately and not doing practice. She expressed, “I do not know whether they learned
equality in primary school, but they were taught it in the 5 grade. It is the equality in

multiplication that was taught since 5" grade.”

Those statements might indicate Ms. Burcu’s knowledge based on the prerequisite
knowledge and conceptual understanding of equality required for students to learn
algebra. She could not express when equality was first introduced to students in
mathematics. She stated that equality in multiplication is crucial for all students rather
than highlighting the ‘equality’ itself. As she described, she did not give students such

tasks as interpreting equality. Instead, they asked students how to factorize a number:

We are talking about the equality of the left-hand and right-hand sides, but
we do not focus on such an interpretation. We rarely do. Nevertheless, for
example, halving 22 and doubling 7 is the logic of inverse proportionality in
7" grade. So, if one factor is doubled, the other is divided by two. I use it, in
general, to get children to use equality rather than (arithmetic) operations. It
is my typical example: 250 multiplied by 4 is 1000. | make the first one 500.
the other 2 again 1000. If you give the logic of inverse proportion so that the
result remains constant, the factors are always inversely proportional. One is
doubled while the other is halved. | mention it in the lectures. Nevertheless, |
am talking about inverse proportion rather than equality.

Based on the expressions of Ms. Burcu, she also gave her students such tasks in the
lectures. However, she explained the covariation of 7 and 22 by focusing on the inverse
relationship rather than highlighting the equality between two multiplications. Her
statement ‘250 multiplied by 4 is 1000’ presented that she reflected the equality as “the
answer or result of an arithmetic operation” rather than stating that ‘250 multiplied by
4 equals 1000’ as “an equivalence relation between two quantities” (Asquith et al.,
2007, p. 253). She also mentioned a similar relationship in decimal numbers, such as
multiplication or division of a decimal number with 10 moves the comma right or left,
respectively. That is, there was always an inverse relationship between multipliers.
She stated, “In equality, we mostly focus on multiplying and dividing both sides by 2.
Moreover, adding to and substructing from 2 on either side. Nevertheless, we mostly

use such interpretations in inverse relationship rather than equality.” When I asked her
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whether it would be beneficial for students to be reminded about equality, she said she

would include reminding students’ minds about equality in her algebra courses from

now on. | deduced that she learned from the results of this item to use in her future

algebra classes.

Table 4. 15. Summary of MSMTs’ statements for Item 1

Prerequisite

Predictions before ADT

Interpretations after

knowledge ADT
- e Operations ¢ 70% of the students could e The performance of
8 (addition, do factorization. students (56%) is so
S subtraction, e They might multiply the good.

L multiplication, and numbers if they think it
S division) cannot be shown without
multiplication.
e Operations ¢ 80% of the students could e Their performance
(addition, do factorization. (56%) is a
= subtraction, ¢ They might multiply the disappointment.
g multiplication, and numbers if they think it ¢ The knowledge
m division) cannot be shown without required for the item is
g e Knowledge of multiplication. similar to the inverse
arithmetic terms relationship.
(multiple, more
than, etc.)

e Operations ¢ 60% of the students could e Their performance
< (addition, find the solution without (56%) is acceptable.
£z subtraction, multiplication.

'5 multiplication, and e Even high achiever students

v division) would conclude the result

= by multiplication if they
were not told not to use it.

¢ Operations ¢ 10-20% of the students ¢ | thought about the
= (addition, could find the solution successful students
% subtraction, without multiplication. while identifying 10-
P multiplication, and e Most students find the result ~ 20% of the students
= division) by multiplication since the before ADT.
= numbers are one or two

digits.

e Operations o At most, 10% of the e Student performance
. (addition, students could find the exceeded my
2 subtraction, solution without expectations.

O multiplication, and multiplication. e | thought that they
E division) ¢ No students use preferred to use the

e Priority in factorization. easier way.

operations

Based on Item 1, Mr. Giirsoy stated that even high achievers would have found it by

multiplying if you did not ask them to solve without multiplication before ADT. He
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noted that the test results were similar to his predictions for Item 1. He also expressed
that one of the most frequently encountered errors in students’ responses was misusing
the parenthesis. For example, they wrote the expression as x-2-x-3 while subtracting
x-3 from x-2, distributing the negative sign to only the first term of the expression. Mr.
Yiicel also noted that most students would find it by multiplication since they were
one or two-digit numbers, and just 10-20 % of them could show it without
multiplication before ADT. He also said that he could not understand what was
expected from students in Item 1. After | explained to him, he noted that some students
might give such an answer: “First,  multiply 14 with 10. then add 14.” After ADT was
done, he asserted that he might think that only high achiever students could do the
task. He did not provide any further explanation based on Item 1. Mr. Oner provided
a similar argument to Mr. Yiicel by stating that students do the task without
multiplication if you give them multiplication of algebraic expressions with
unknowns. However, they would not use other solution paths if you gave
multiplication of numbers since doing multiplication was more straightforward. He
added that he did not think anyone would use factorization such as 7-2-11=14-11. After
analyzing ADT results, he appreciated the results since he considered that students
would perform an underachievement in Item 1 (See Table 4.15).

To sum up, MSMTs provided narrow information based on the prerequisite knowledge
students should have to learn algebraic expressions and equations. To illustrate, none
of the MSMTs advocated that students should conceptualize equality as prior
knowledge for learning algebra. Therefore, they did not have any interpretation based
on students’ difficulties and errors related to the inadequacy of knowledge in terms of
equality. MSMTs only expressed the need to learn arithmetical operations (addition,
subtraction, multiplication, and division) to write and manipulate algebraic
expressions and equations. Although they thought students were required to learn
operations before algebra topics, they did not express any interpretations related to
operations when they observed students’ difficulties and errors in setting up algebraic
expressions and equations. MSMTs who identified the knowledge of different types
of numbers as a prerequisite for learning equations interpreted students’ difficulties
and errors based on the inadequate knowledge of numbers such as negative numbers

and rational numbers. Rather than specific notions related to learning algebra, MSMTs
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often mentioned other factors unrelated to students’ difficulties and errors. The
following section will investigate MSMTs’ predictions and interpretations of students’

performance on variables.

4.3.1.2.MSMTSs’ predictions and interpretations based on variable

The third big idea was variable, which refers to “symbolic notation as a linguistic tool
for representing mathematical ideas in succinct ways and includes the different roles
variable plays in different mathematical contexts” (Blanton et al., 2015). The analysis
of students' responses to Items 3 and 4 was examined based on the big idea of variable.
Ms. Ferhan mentioned a crucial point in learning algebra: distinguishing what is the
unknown in a word problem. As she stated, students had difficulty discriminating
which object was labeled x and solving the problem using accurate manipulations
using X. Instead, as she declared, students did random manipulations with the numbers
they saw in the problem. Therefore, she stressed that students struggle with the variable
at most. Although she highlighted the difficulties students faced with conceptualizing
variables, she did not provide an opinion about students' difficulties in understanding
variables while making predictions about students’ performance in Item 3. Similarly,
she did not offer such a statement while considering the students' responses in Item 3
after ADT was performed. Instead, she inferred that “The disparity (between correct
and incorrect answers) is huge in Item 3. They could not conceptualize being smaller
or greater in an algebraic expression. Also, the transfer of one side of the equation to
the other side as negative is not well understood.” Moreover, she added, "I guess
students could not understand the difference and relationship between an inequality
and an equation although we thought they understood.” Based on her statements, it
might be inferred that she attributed students’ difficulties and errors to other factors
rather than conceptualizing variables in the 3rd item. Before ADT was conducted, she
just predicted that students only said 3n was greater, and they did not give further
detail. After ADT was implemented, she was surprised when she heard the number of
students giving different erroneous answers, such as perceiving n + 6 as 6n and
concluding that n + 6 was greater than 3n. Rather than making the same operation on
both sides of the operation, she frequently used the phrase ‘transmission of one

term/side to the other side.” Therefore, this phrase might also be one reason for
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students’ misunderstandings related to equations. She interpreted that students might
have difficulty in Item 3 since there were unknowns on both sides of the equation,

making them confused about how to solve the equation.

As she declared, they often had difficulty transitioning a verbal statement to an
algebraic expression which was an obstacle for them while solving problems. Finally,
she concluded that they should focus on the relationship between different algebraic
expressions since students could not understand them. In Item 4, she stated that
students were familiar with this task but may have difficulty writing the terms x, x +
1, and x + 2. After the test was conducted on students, she explained the sources of
errors students made in ADT. For example, she noted that the students who responded
as x +y +z =84 could not remark on the relationship between the terms in the equation
in Item 4a. Also, for the students who responded with x + 2x + 3x = 84, she interpreted
that they might have confused the terms ‘consecutive’ and ‘multiple.” Indeed, students
might have struggled to write the algebraic (symbolic) notation of consecutive
numbers rather than being confused about ‘consecutive’ and ‘multiple.” It might be
said that they did not know how to write it in the symbolic form. She specified some
sources of students’ errors; however, her explanations for students' difficulties were
narrow. After seeing the results of Item 4a, she stated that students could not correctly
respond to Item 4b if they had trouble with Item 4a. She also added that students’
performance would be better if they were directly asked the value of the small number
rather than the meaning of the unknown. As she inferred, MSMTs should solve more
examples for students in the classroom. She also criticized asking students to find the
value of x rather than the algebraic expression or the meaning of the unknown.
Moreover, as she noted, students did not like doing extended operations using their
pencils and did not prefer using algebraic expressions. Instead, they use arithmetic
solution paths they learned in primary schools, such as inverse operations. Therefore,

as she stated, those might be the reasons for their incorrect responses to Item 4.

Ms. Burcu did not offer any prerequisite knowledge that students had related to the
concept of variable and any idea on students’ difficulties concerning variable in the
interview before ADT. She just stated that students should know the meaning of the

terms such as ‘multiple, more than, less than, and one-third.” She declared that 30% of
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the students could respond that ‘it cannot be told’ before ADT was conducted. She
stated that they had not discussed these types of tasks in the lectures. For this reason,
it was impossible to interpret it for students since they did not go into that detail too
much. Ms. Burcu predicted that 70% of the students would give the answer 3n>n + 6
since they often thought that multiplication was greater. Moreover, they would not
consider negative numbers, proper fractions, or numbers other than natural numbers.
She concluded that at most half of the students could make reasoning on such tasks.
After ADT, Ms. Burcu said that she was hopeless when she said 30% before ADT, but
she should have been even more desperate after observing students' results in ADT.
She stated that:

We are not doing such tasks in algebra classes. Maybe, | can give students
such tasks while teaching algebraic expressions. They cannot answer this item
since we are not focusing on that point. There is a topic called the numerical
value of algebraic expressions. In this topic, we tell the students what to do
when they are given a value to substitute for x, and they substitute it.
However, there is no such comparison in algebra classes.

After she examined the responses given by students for Item 3, such as 3n >n + 6
since 3n was a multiplication, she expressed that students talked nonsense. However,
she mentioned the same error in the interviews before ADT by stating that students
might consider 3n > n + 6 since they were prone to think multiplication was greater
than addition. Based on another erroneous response, n + 6 > 3n, since 6 was more
significant than 3, she thought those were the students from the mediocre classroom
level. She offered no other idea concerning misunderstandings among students. After
she observed the students' responses in Item 4a, she argued that students should have
been able to write this (the algebraic expression). As she stated, students' difficulty
might stem from their previous learning of dividing 84 by 3 to find the median, and
some students tried to solve it without constructing an equation, but they should set it
up. When | asked the reason why students had difficulty in writing the equation,
although they could find the numerical value of an unknown, she considered quite a

long time and stated that:

They have no trouble finding the numerical value, but they may struggle with
comparison because they have never compared two algebraic expressions
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before (she laughs and considers). | suddenly have many ideas in my head. |
will prepare and pose such questions to my future students so that they can
think about such tasks.

She interpreted both Item 3 and Item 4 and stated that their students successfully found
the value of an unknown in an equation; however, they were not good at comparing
two algebraic expressions. Therefore, the ratio of the students who could give the
correct responses was satisfactory since their students could not complete such a task.
As she declared, students began memorizing algebraic processes when they did not
understand. Based on Item 4b, she noted that they frequently get students to label the
asked expression x in an algebra word problem. To illustrate, if the small number were
asked, the small number would be called x; if the medium number were asked, the

medium number would be called x.

Although they often specified the solution path for the students and did not get them
to use different solutions for the tasks, she complained that students’ creativity was
weak in constructing such symbolic expressions. As she expressed, students wrote +6
when required to register x+6 since they could not create it in their minds. She also
identified mathematics itself as a factor in students' difficulty since it was more
difficult than other courses. Based on Ms. Burcu’s statements, it might be concluded
that she provided weak information depending on students’ prerequisite knowledge to
learn variable. Moreover, she did not explain students’ difficulties and errors in solving

items based on the variable.

Like Ms. Burcu, Mr. G6khan and Mr. Yiicel also offered no prerequisite knowledge
for students concerning variable while learning algebra (See Table 4.16). Mr. Gokhan
did not mention any difficulties students faced related to the variable. Mr. Yiicel only
stated that algebra, x, and unknown were all abstract concepts. In Item 3, Mr. Giirsoy
predicted that more than 50% of the students could express that ‘it changes based on
the value (of the unknown).” He stated that students might give responses that
represented it could not be determined since the variable could refer to multiple values.
Moreover, he provided an additional answer that students might give in such a way

that they tested a single value for n.
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Table 4. 16. Summary of MSMTs’ statements for Item 3

Prerequisite

Predictions before

Interpretations after ADT

knowledge ADT
¢ Operations ¢ 70% of the students ¢ The knowledge of the transition of
(addition, can answer that n one term to the other side (of
subtraction, might be smaller, equality)is inadequate.
multiplication, equal, or greater than e They could not understand being
5__% and division) 3. smaller or greater in algebraic
5 e Some students might expressions
L say 3n was greater ¢ They could not understand the
S without further difference and relationship between
explanation. equation and equality.
¢ They had difficulty since there
were unknowns on both sides of the
equality
¢ Operations ¢ 30% of the students ¢ We can get students to do such
(addition, can say that it cannot tasks similar to Item 3.
subtraction, be displayed. ¢ Those students who gave incorrect
multiplication, eIt is impossible for responses are mediocre-level
- anddivision) them to state the three students.
g ¢ Knowledge of situations for n < 3, ¢ We do not work on comparing
m arithmetic n=3,and n > 3. different algebraic terms; instead,
éi terms (e.g., o 70% of the students we usually substitute a value for the
multiple, more identified 3n>n + 6 unknown.
than) since 3nis a
multiplication.
e Students cannot make
a reasoning.
¢ Operations ¢ More than 50% of the e | thought that they could identify it
(addition, students can say they based on the value of n.
subtraction, cannot determine. ¢ \We have never mentioned the
multiplication, e Some students can change in the term based on the
and division) identify the situations variability of the unknown.
. forn<3,n=3,andn e We have never focused on the
2 > 3. comparison of algebraic terms;
= e They might say that n instead, we have focused on the
w, + 6 was greater since 6  sequence of various forms of
g > 3, or 3n was greater numbers

since there are more n
in 3n.

e Most of the values that
students might
substitute get 3n to
become greater.

o Multiplication usually gives greater
results for the values they
substitute; therefore, they might say
that 3n is larger.

e Students cannot make
interpretations in algebra.
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Table 4.16 (continued)

o Operations

e 70% of the students

e | thought they could make the

(addition, can respond correctly.  comparison since they had
subtraction, e They often substitute learned to transition between
_ multiplication, two values for n to verbal and algebraic expressions.
z and division) determine which one e The only missing point of
= is greater. students was that they could not
E see that one was greater up to a
s value and the other was greater
beyond this value.
¢ \We should teach students again
after observing their thinking for
such tasks.

e Operations ¢ 50% of the students e How many of them respond to it by
(addition, can respond substitution? (he asked several times)
subtraction, correctly. e | expected that most students would
multiplication, e 10% of the students answer the task by substituting
and division) can determine three different values.

situations forn < 3, ¢ The reason might be a poor conceptual
n=3,and n > 3. understanding of sixth and seventh-
e Students express that grade topics.
3n is greater since its e The other reason might be a lack of
= quotientis3orn+6 motivation to do those tasks.
& since it is 6 more e There is no problem regarding the
» than n. conception of variable here.
= e Students substitute e | am sure they know the variable and

different values for n
to decide which one
is greater.

could state the relationship between
these two terms since they learned
inequalities.

¢ There is no such objective in the
curriculum, such as a comparison of
algebraic terms; instead, we only ask
students to specify the values of n if
one algebraic term is greater than the
other.

Therefore, they might conclude that one of them was greater if n > 3 or n < 3, and they

might interpret that they were equal if n = 3. In other words, students' conclusions may

vary based on the value they tested. He added that most of the values students

substituted made 3n greater since they typically tested values like 5,10. and 20. Mr.

Giirsoy also remarked that students might answer as n + 6 was greater since 6 > 3, or

they might answer as 3n since there were more n in 3n. After he observed that 16%

percent of the students could state that ‘it cannot be determined since it changes based

on the value of n,” he was disappointed. He concluded that they taught students to

compare, for instance, rational numbers and squared numbers. However, MSMTs did
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not mention such an order in algebraic expressions or that n varies according to the
value of the unknown. Also, students could not interpret since they did not do such
tasks in algebra classes. Therefore, they might answer by substituting a value to n

randomly or think that 3n > n + 6 since multiplication always gives larger results.

Moreover, Mr. Giirsoy stated that students were prone to take greater values such as
10. 11, and 12 while substituting. As a result, they inferred that multiplication was
greater since it gave greater results for large numbers. He also pointed out that he was
surprised and disappointed since only forty-four students could respond to the item
correctly. However, ninety students could pass the examination of science high
schools. He concluded that students did not conceptually understand this point and
struggled with algebraic expressions and unknowns. Mr. Giirsoy pointed out that they
did not give students such tasks and defined themselves as self-seekers since they
focused on the points they were responsible for in national examinations. He also noted
that students might have difficulty even describing the meaning of 3n and n + 6 as

three times something and six more than something. He expressed that:

The only point | mentioned on this (variability) is when describing the
constant term. | ask my students why it is constant. To illustrate, for 3n+8,
why does the +8 constant instead of 3n? Only three or four students could
respond that it depends on the value of n in 3n, but 8 was always 8. | am trying
to touch it, but I do not know if | can do it.

As he declared, he explained to students the meaning of being constant. But, he was
unsure whether he adequately taught the importance of the variable. Moreover, he
mentioned the restrictions depending on the curriculum while teaching algebra to the

students:

Actually, 1 may not be focusing too much on this subject. It is also about
objectives in the curriculum, and we must follow them. The first objective is
the addition and subtraction of algebraic expressions. Therefore, | explain it
to the students by doing plenty of practice. Also, | have them find the area of
a rectangle with a short side n + 6 and a long side 3n-5. So, what is the
algebraic expression that gives the perimeter? | continue with such examples
based on daily life. But you are right; | have not got them to consider such
comparisons.
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He continued that he did not know whether there was such an objective related to
comparing algebraic expressions in the 6th grade. He expressed that algebraic
expressions were the most crucial topic he focused on in the curriculum since students
were faced with algebraic expressions in most of the topics they were introduced to in
the future. After observing the results for Item 4, he said he would expect higher
student performance. He noted that he typically tried to explain these tasks to students
by connecting them with arithmetic mean. However, he considered that his way of
teaching was not adequate. He was surprised since Item 4 was familiar to students, and
even moderate students could answer it correctly. He expressed the answer of
X+x+x=84 as interesting. He also focused on the response of 3x = 84 that students
typically gave for Item 4a since his solution path could also find this equation: the
mean of the smallest and greatest number gave the median. Therefore, multiplying the
median by three equaled 84. It might be inferred that MSMTSs also get students to solve
algebraic problems using methods other than algebraic processes. He noted that it was
interesting since they knew what x was while solving the equation; however, they
could not express the meaning of x after solving it. He could not see the reason for
students’ underachievement in this task. After I asked him whether it might be related
to an inadequate conceptual understanding of the variable, he remarked that it was
related to the variable as in Item 3. As he declared, if | conducted ADT on students
two weeks after learning the equation problems, they would perform better in the items
depending on the variable. Therefore, he implied that students’ difficulty in Item 4
might occur since students forgot the subject. He said that he would focus on the
meaning of x after that time and stated that if he had not seen these results, he would
not have cared much about this issue since students get used to the subjects after a
while. He inferred that the problem was at this point, and the subsequent issues were

always about the unknown.

Mr. Yiicel predicted that 70% of the students could correctly answer Item 3 and stated
that it varied based on the value of n. Although he considered that 70% of the students
could correctly answer Item 3, he said they could seldom give such an answer by
identifying the reference number 3 and concluding that one was greater if n > 3 and
the other was greater if n < 3. He added that they might say n + 6 is greater because 6

was greater than 3. When there was an increment, they said it was greater. After | told
174



him one of the students' erroneous thoughts, multiplication always gave greater results
than addition; he was surprised because he had not realized it before in his algebra
classes. He predicted that students typically substituted two different values to n and
decided which one was greater, such as 3n was bigger when n=10 and n + 6 was bigger
when n=2. After observing the results, he expressed that this confused him since he
thought that students could determine the outcomes based on different values of n if
they could translate from verbal statements to symbolic expressions, as in Item 2. He
suggested that interviews might be done with students to investigate their way of
thinking behind the responses they gave on the test. After examining students’
responses, such as n + 6 was greater since 6 > 3, and 3n was greater since multiplication
always gave larger results, he concluded that students tried to make the connection. As
he described, the only shortcoming of students was that they could not notice that one
was greater for particular values of n and the other was greater for the remaining values
of n. Based on the answer of n + 6 > 3n as 6n > 3n, he specified that he could not notice
such an error in his classes. He just thought that students might consider n + 6 was
bigger since 6 > 3. Finally, he interpreted that they should teach students algebra after
observing the results of the analysis in ADT by being aware of the mathematical
processes in the inner world of children and the situations where they can make
mistakes. Therefore, they could explain it effectively since they know students'

shortcomings.

In Item 4, Mr. Yiicel was surprised when he saw the results since he thought that
students were familiar with such tasks as they did similar practices like box (1), box
plus 1 ((0+1), and box plus 2 (J+2) in the fifth grade and constructed the symbolic
expression of it with x in the sixth grade. He also mentioned multiple-choice items
given to students as one of the reasons for their underachievement. Since students were
given the alternatives in the item, they got used to solving the item by substituting the
values into the equation rather than doing the required algebraic procedures as the
items asked for, such as the smallest number or medium number. He highlighted that
students had been familiar with such tasks since the fourth grade; therefore, he would
expect higher performance from students. One of the other erroneous responses that
students gave was x+y+z=84 for Item 4a in ADT. He interpreted that students could

not identify the relationship between terms in x+y+z=84. Moreover, he was surprised
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since students wrote the third variable, z, while constructing the algebraic equation,
although they knew algebraic equations with two unknowns at most, namely x and y.
He stated that motivation also influenced students’ success in mathematics tasks. After
examining the students' responses in Item 4b, he inferred that students might not
understand the question. If students thought they could not do the task, they skipped it
without trying to answer it. He felt that students could do Item 4b if they understood
the item. However, he expressed no concern about students’ understanding of Item 4b
in the interviews before ADT was conducted on students. Moreover, MSMTs’
statements showed that they split the classes into three groups, 30% were low-level,
40% were mediocre-level, and 30% were high-level students. They made their
interpretations depending on those categories. To illustrate, Mr. Yiicel pointed out that
mediocre and high-level students should do Item 4 correctly since they did similar
tasks in the lectures, including the transformation of verbal statements to symbolic
expressions. However, the low-level students could not already do Item 4 because they
were unsuccessful. Nevertheless, as he stated, the mediocre and the high-level students

could not do it.

Conversely, Mr. Oner highlighted such prerequisite knowledge, what is the unknown,
what does x mean, and what does X refer to before learning algebra? He also identified
that students should know the rule of transition of the unknowns on one side and
knowns to the other, in other words, how an unknown should be passed to the other
side. After analyzing the results for Item 3, he was disappointed since he expected that
half of the students could do the task by doing a substitution. He reiterated this
statement many times that students most probably found the answer by substitution.
As he stated, their underachievement resulted from inadequate conceptualization of
topics in the 7" grade. He argued that more than 50% of the students already
understood the concept of variable. He said that students might give only one value
for n rather than substituting two or more values. For this reason, they gave incorrect
responses. As Mr. Oner noted, their underachievement in this task was not related to
their lack of understanding of the concept of variable. Although he stated that there
were no objectives in the algebra curriculum depending on comparing two algebraic
expressions, he was sure that students knew the relationship between two algebraic

expressions; however, they did not want to cope with this task. Based on Mr. Oner,
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this was the only reason for students’ low performance in Item 3. As he expressed,
students were not responsible for such tasks, comparing algebraic expressions. Instead,
students were typically asked to find the possible values of the unknown by
transferring the knowns and unknowns at opposite sides in an inequality. He concluded
that there was no such comparison in the algebra curriculum. If there were such an
objective related to comparing different algebraic expressions, they would explain it
to the students. However, in the first interview, Mr. Oner clarified that the
conceptualization of variable is essential for learning algebra. He did not identify the
students' difficulties and could not provide a detailed explanation related to their errors

in ltem 3.

Based on Item 4, Mr. Oner offered detailed information concerning prerequisite
knowledge to do the task and possible difficulties students faced. In the interviews
before ADT, he predicted that 40% of the students constructed the equation and 60%
of them found the median to respond to the item. The actual ratio of correct responses
was 34% for Item 4a. He stated that the results were as expected since approximately
50% of the students could understand the abstract concepts taught in algebra, such as
using x to label the unknown. The remaining might not yet understand them, even in
the eighth grade. Like Mr. Yiicel, Mr. Oner also identified the students who comprised
30% of the class and could not understand anything about mathematics as they were
not motivated to learn it. He argued that Item 4a was one of the algebra's most practical
tasks to transition between concrete operations and abstract procedures. Furthermore,
as he stated, they used such tasks frequently when they moved to abstract topics in the
seventh grade. He mentioned that the current algebra curriculum was well modified as
the previous one was so intensive, especially for the sixth and seventh grades. He
highlighted the importance of integers for learning algebra by stating that the transition
of some objectives concerning integers to sixth grade was beneficial for students. Also,
he appreciated moving equations to seventh grade in the mathematics curriculum.
After observing the results of Item 4b, he said he would expect them to respond
correctly to this item. He concluded that students could construct the equation but did
not know the meaning of the unknown they used since they did memorization. As he
noted, only in this way could it be explained. After | asked him whether students'

difficulty might be related to the conceptual understanding of variables, he expressed
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that they focused on the meaning of variables in the seventh grade by stating what x is

and why we call it x.

Nevertheless, they did not express the sense of x in the eighth grade since there was
no objective concerning the meaning of x in the eighth grade. Also, as he stated,
students were result-oriented while doing the tasks. For this reason, he considered that
students could not answer Item 4 correctly and might focus on just doing the job with
a shortcut solution. Based on the results, MSMTSs provided restricted explanations for
students' difficulties and errors in Item 3 and Item 4. Ms. Ferhan, Ms. Burcu, and Mr.
Giirsoy declared that they would focus on the meaning of x in their future classes. In
contrast, Mr. Yiicel and Mr. Oner clarified that students’ difficulties and errors might
be related to their lack of understanding of the task or forgetting the topic rather than

their inadequate understanding of the concept.

In summary, MSMTs identified limited information related to the prerequisite
knowledge for learning the concept of variable. MSMTSs expressed that they would not
expect such a high disparity between correct and incorrect answers in Items 3 and 4 as
they thought that students were familiar with these items. After observing the results,
they noted that they frequently asked students about the numerical result of an
algebraic process rather than asking about the variable's meaning, or they asked
students to solve an inequality instead of comparing different algebraic expressions.
In addition, they noted that students had difficulty transitioning from verbal to
symbolic expressions, especially for situations in which at least two related variables
were included. However, they could not provide prior knowledge for students and an
interpretation of the reasons for students’ difficulties. None of the MSMTSs expressed
the meaning of variable as a crucial factor for learning algebra. Therefore, they did not
mention that the lack of knowledge of variable might be one of the reasons for
students’ difficulties experienced in ADT. At the end of the study, MSMTSs inferred
that they should be careful and spend more time getting students to conceptualize
variables before teaching algebra. The progressive part examined MSMTs’ predictions
and interpretations based on functional thinking.
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4.3.1.3.MSMTSs’ predictions and interpretations based on functional thinking

The last big idea was functional thinking which refers to covariational relationships of
quantities and reasoning about those relationships through verbal statements, algebraic
notation, tables, and graphs (Blanton et al., 2015). Students' responses for Item 6, Item
8-9, Item 10-11, Item 12-13-14, and Item 15-16-17 in ADT were investigated based
on the big idea of functional thinking. In Item 6, Ms. Ferhan predicted that half of the
students could answer the item correctly, and students responded to the task by
substituting a value for the unknown. To illustrate, they stated that let b =2, then 3 - 2
=6 and let b =4, then 3 - 4 = 12. Since 12 — 6 = 6, they answered as 6. In the pre-
interview, she stated that students might respond as ‘It increases two times.' She

explained the reasoning behind this prediction as follows:

Children often focus on numbers instead of understanding what they read.
When they see 2 in the problem, they say if b increases by 2, a will increase
by two times. | thought they might make this mistake because they frequently
tried to answer immediately with the numbers they saw without
understanding. So, they focus on the numbers they see and state that it
increases by two times.

As she highlighted the importance of reading comprehension in the first interview, she
remarked on additional explanations based on students’ low performance depending
on their inadequate reading comprehension skills. After observing the students’
responses, she inferred that students could not conceptually understand, although they
could do the required operations in algebra. She noted that they could perform the
operations but could not explain how they changed. She concluded that the main
reason was their motivation to learn mathematics and prejudice towards mathematics.
Since they did not know why they learned algebra, they began memorization rather
than doing interpretation, functional thinking, and reasoning. As she pointed out, they
just memorized it until they passed the exam. Based on students’ answers who found
the result by substitution, she stated that students usually want to make it concrete
while doing the tasks. After I asked her whether this might be related to students’
inadequate understanding of linear equations and their presentation with graphics, she

asserted that they might have been late to teach students the representations of linear
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equations as they gave this topic to students in the spring semester of the eighth grade.
She added that MSMTs might introduce students to algebraic expressions earlier. As
she noted, students did not prefer to use algebraic expressions while solving algebra
problems since they already did it with the methods they had already learned in
primary school. Based on Item 6, Ms. Ferhan expressed that students could do
algebraic operations but could not interpret such an interchange since they memorized

and did not conceptually understand.

Based on Items 8 and 9, Ms. Ferhan predicted that half of the students could give the
correct answer to Items 8 and 9, but they might not prefer to use equations since they
could solve the problem by already known methods. She noted that students typically
could give y =20 + 10x and y = 20 + 10 - 8 = 100 as the correct answers to Items 8
and 9. After ADT, she appreciated students' performance, with 41% correct responses.
However, she stated that the number of correct answers would be lower if | conducted
the test after one month; they learned linear equations. As she asserted, students often
forgot the topics they learned in mathematics, but she did not know the reason.
Moreover, she argued that their abstract thinking skills, which might develop at
different times for different students, were also crucial for their learning. She
suggested that minor changes might be made in the curriculum considering the levels
of students' abstract thinking skills. She criticized the mathematics curriculum by
stating that the spiral structure of the curriculum might be ineffective in some
situations. As she said, they gradually taught various subjects to the students.

In contrast to Mr. Oner, she suggested that students should be taught the topics more
intensively when introduced to them first rather than given them in pieces. She also
asserted that students preferred the solution they were familiar with rather than the
new one. Changing their habits would have become problematic if they had adopted a
method. Different solution paths might be shown to them simultaneously while
teaching algebra, and MSMTs might get students to choose which one they prefer. For
this reason, she claimed that students reject using algebraic expressions and equations
while solving problems since they were familiar with arithmetic solution paths from
primary school. She stated that they were late in teaching equations and offered that

algebra might be taught to students much earlier in primary school; therefore, they
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were getting used to it in middle school. She also added that they must move fast
because they have a large number of objectives they have to do. To illustrate, she stated
that she wanted to spend a lot more time on equation problems, but there was not
enough time to do that. As she said, they learned many new things and forgot when
they did not repeat the previous ones. As she suggested, subject repetitions could be
made in the curriculum occasionally. In Items 10 and 11, Ms. Ferhan predicted that
70% of the students correctly responded to the items. Also, she provided a typical

solution that students might give, as shown in Table 4.17.

Table 4. 17. Students’ typical correct and incorrect answers given by Ms. Ferhan

Typical correct answers Typical incorrect answers
Item 10 y=20+3(x—1) y =20+ 3X
Item 11 y=20+3(5-1) y=20+5-3
=20+3-4=32 y=20+15

Like Items 8 and 9, she stated that students might prefer to use the solution paths taught
in the sixth grade rather than an equation since they rejected using equations as they
already could solve the problems with the methods they learned. In contrast to the
prediction of Ms. Ferhan, only 26% of the students could write the equation; however,
65% of them could find the bill that must be paid if five glasses of tea were drunk. She
said there was a significant difference here, which might be related to their inadequacy
in conceptual understanding of the meaning of x. Also, she stated that students might
be asked the given and requested information in the problem while solving problems.
So that students became aware of the result they got at the end of the algebraic
manipulations. After observing the results, Ms. Ferhan discussed the need for self-
criticism in their teaching. As she noted, students tried to do the algebraic
manipulations quickly by writing fewer numbers and operations and memorizing the
procedures, which might be concluded with the entrance of technology into our

worlds.

In Item 12, she offered similar views to Items 10 and 11. She predicted that 80% of
the students could respond to Item 12 and 70% could correctly answer Items 13 and
14 before ADT. However, results suggested that 65% of the students could answer
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Item 12, and 37% and 47% could correctly respond to Items 13 and 14, respectively
(See Table 4.18).

Table 4. 18. Students’ typical correct and incorrect answers given by Ms. Ferhan

Typical correct answers Typical incorrect answers
Item 12 2n+2=2-10+2=22 2n=2-10=20
Item 13 y=2x+2 y = 2X
Item 14 152=2n+2 152 =2n
150=2n n=75 n=76

Based on the students' difficulty writing the equation in Item 13, she expressed that
students had trouble with reading comprehension. If they understood what they read,
they would be more successful writing the equation depending on an algebra problem.
In Item 14, she stated that students had difficulty reasoning as they should think of the
situation in reverse. She suggested that patterns and equations might be switched in
the curriculum since students must know the equation to write the rule of patterns. She
argued that students were prejudiced about equations, and most did not use them for

this reason.

Ms. Ferhan predicted that 90% of the students could answer Item 15, 70% of the
students could answer Item 16, and 60% of the students could answer Item 17
correctly, while the results of ADT were as follows 84% for Item 15, 60% for Item 16,
and 30% for Item 17, respectively. Although Ms. Ferhan made a close prediction of
the results of Item 15 and Item 16, there was a significant difference between her
predictions and the actual test results in Item 17. Students’ typical correct and incorrect
responses given by Ms. Ferhan were represented in Table 4.19. After observing the
results, she stated that they should concentrate on the topic of equations more. She
claimed that students were familiar with graphics but just learning to make a table. She
concluded that they should give algebra to the students much earlier and make it more

concrete by identifying the meaning of variables in each task.
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Table 4. 19. Students’ typical correct and incorrect answers given by Ms. Ferhan

Typical correct answers Typical incorrect answers
Item 15 They could correctly fill the table. They may write 600 km for
the first hour.
Item 16 They could correctly draw the graph. They may start the line
showing the linear relationship
on the graph at 100 km.
Item 17 y = 100x x =100y

Based on the analysis of interviews with Ms. Burcu, she predicted that 40% of the
students could respond to Item 6 correctly. She also declared that students were

familiar with such tasks:

We ask such questions to students. It is not something they are unfamiliar
with but have difficulty with. For example, it is asked, if the side of the square
increases by 2, how much does its area increase, or how much does its
circumference increase?

As she offered, students typically answered the task as a = 3(b + 2) + 4, distributed the
quotientsasa=3b + 6 + 4, and found a = 3b + 10. She estimated they have no difficulty
finding the numerical value but may have trouble making comparisons because they
had never compared the two algebraic expressions. She noted that they should know
this was a linear equation and respond using this knowledge. In the post-interview, she
offered that students could solve such tasks in algebra classes, such as finding the
change of the perimeter when the short side decreased by two, and the long side
increased by four in a rectangle, by substitution than by doing the required algebraic
manipulations. She also stated that the most challenging point for students was
correctly writing two sides of an equation with the same units. She illustrated with an

example:

Let the length of one side of a square is 3x + 4, and the area of the square is
25. Students struggle to write the equation as (3x + 4)2 = 25. Instead, they
might get the length of one side equal to the area, although they should write
it in the form of area equals area (rather than the length of one side equals
area). Also, they might erroneously write an equation in which the left side
represents the number of students while the right side presents the number of
tables.
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Although this comment highlighted the importance of understanding equality and
constructing equations, she focused on the capability of writing equality with the same
units in general. Ms. Burcu also mentioned another difficulty for students: they may
not build the equations in an algebra word problem; however, they might solve the

problem quickly if the same problem is given with numbers rather than unknowns.

Lets we have 50 and 100 cents in a money box. If we have twenty-four coins,
we should write that x + y = 24 and 50x + 100y =5000. Although I tried to
explain them by saying that if there is one 50 cent, there are twenty-three 100
cents, if there are two 50 cents, there are twenty-three 100 cents, etc. This
issue is always about primary school. When you put five instead of x in the
problem, they can multiply it by 50. However, when it turns out x, they cannot
consider multiplying it by 50.

In Items 8 and 9, Ms. Burcu predicted that 70% of the students could give the correct
answer; however, 42% of the students in Item 8 and 55% in Item 9 could correctly
solve the items in ADT. In the pre-interview, she noted that students had abstract
thinking problems. Furthermore, she added that their predictions might not hold in
linear equation problems. Students’ typical correct and incorrect answers given by Ms.
Burcu were illustrated in Table 4.20. After investigating the results, she stated that
students had problems with abstract thinking and lacked the motivation to learn
mathematics. She inferred that she should do such tasks in the classroom while
teaching algebra. She offered no further explanation based on the results of Items 8
and 9.

Table 4. 20. Students’ typical correct and incorrect answers given by Ms. Burcu

Typical correct answers Typical incorrect answers
Item 8 y =20 + 10x y =20+ 5x or
Item 9 x=8 y=20+10-8=100 Incorrect solutions based on
or the wrong equations

20.30.40.50....,100
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In Item 10, she predicted that 40% of the students could do the task, and they did not
write the equation of the given situation in Item 10 . She stated that students had
difficulty even in equations with one unknown, so they had more problems in
equations with two unknowns. Moreover, she asserted that students might have trouble
in those tasks since they were familiar with such expressions while solving equation
systems, such as the sum of two values and twice Ayse’s age is equal to triple Ali’s
age. Students’ typical correct and incorrect answers in ltems 10 and 11 given by Ms.

Burcu was presented in Table 4.21.

Table 4. 21. Students’ typical correct and incorrect answers given by Ms. Burcu

Typical correct answers Typical incorrect answers
Item 10 y=20+3(x—1) y =20 + 3x
Item 11 y=20+3(5-1) y=20+3-5
=20+3-4=32 y=20+15=35

She predicted that 40-50% of the students correctly responded to Items 12, 13, and 14.
Similar to previous items concerning functional thinking, students performed lower in
Item 13, which required the construction of the equation based on the algebra word
problem. In ltem 12, 65% of the students could respond to the item correctly. As Ms.
Burcu explained, students were successful in Item 12 since they did not need to use an
unknown while solving the problem. She stated, “When the letter is involved, they
think they cannot do it; they cannot overcome this obstacle. They do not realize that if
they can do Item 12, they can also do Item 13.” She implied that students often wanted
to cope with memorized formulas or rules so that they could do memorized operations
rather than constructing equations or finding the relationship. As she noted, it was
impossible for a student who wrote +6 for the expression six more than a number to
set up this equation. She expressed that students had trouble comprehending algebraic
operations, such as substituting 5 to a to find the perimeter of a square whose
circumference was represented as 4-a and the length of whose one side was 5 cm. Also,
as she identified, students had difficulty understanding different forms of numbers,
such as negative numbers, squared numbers, and exponential numbers. She noted that
students had trouble comprehending that the minus sign belonged to the number while
doing operations with negative numbers. Like Ms. Ferhan, she concluded that students
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had trouble using equations while solving problems since they were familiar with the
methods they had learned previously, such as reverse operations in primary school.
Students’ typical correct and incorrect answers in Items 12, 13, and 14 given by Ms.

Burcu was presented in Table 4.22.

Table 4. 22. Students’ typical correct and incorrect answers given by Ms. Burcu

Typical correct answers Typical incorrect answers
Item 12
Item 13 y=2x+2 y=3xory=2x
Item 14 152 =2x+2 y=2-152+2
150=2x x=75 y = 306

Ms. Burcu stated that 80% of the students could correctly answer Items 15, 16, and 17.
Also, she noted that students typically would give m=100t as the correct answer and
might give m=100+t as an incorrect answer. After investigating the results of Items
15, 16, and 17, she interpreted that their predictions came true since they expected that
one-fourth or one-fifth of the classroom could conceptually understand such tasks.
Moreover, she made some inferences based on the students' responses to ADT. Firstly,
she noted that she noticed students’ trouble comprehending x with the help of the
results of ADT. Also, she expressed that ADT tasks were not similar to those from
textbooks or students' examinations. Furthermore, students were familiar with the
multiple-choice rather than open-ended items as in ADT. Therefore, as she said, they

might be surprised when they see the items in ADT. She pointed out that:

Let the sum of three consecutive even natural numbers is 84. If you had asked
what the smallest number is, most students could solve it. However, they were
unfamiliar with such questions in ADT. Students are interested in the result
rather than the solution path. If they cannot write the equation, they can find
the result by substituting the choices given in a multiple-choice item but
cannot do it in those items.

As she expressed, she noticed that they should teach some points in algebra differently.
To illustrate, students should comprehend the manipulations done in Item 1, and she
clearly stated that students should consider such tasks while doing algebra. As she said,

if students were asked to express whether 7 - 22 and 14 - 11 were equal, they could
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directly state that they were equal. However, if they were asked why two terms were
equal, they could not explain it. That is, the way the question was asked was also
crucial at this point. She usually explained the problems to the students using natural
numbers to cope with this difficulty. To illustrate, if there were a rational number, an
exponential number, a squared number, or an unknown in a problem, she changed the
value or unknown with a natural number to make students understand the problem at
first. However, as she reported, this way of explaining the situation did not work as
the results of ADT illustrated. As she noted, one reason for students’

underachievement was not doing sufficient practice after learning the topic.

Mr. Giirsoy guessed that 15-20% of the students could respond to Item 6 correctly,
and he stated that he was disappointed depending on the students’ performances. As
he predicted, some students could see that ‘a’ would increase by six if ‘b’ increased by
two, or they might substitute a value to answer the task. Based on the incorrect
answers, as he expressed, they might state that ‘a’ would increase by two if ‘b’
increased by two since if one side was increased by two, then the other side also

increased by two as it was equality. As he stated:

There is a variation in this item. If you asked the value of a when b equals 2,
| would say that the ratio of correct answers is 70%. They might think that let
b=1, then b=3, and let b=5, then b=7. However, those values are different;
therefore, students might have confused.

He concluded that they were not good at abstract concepts, such as identifying the
relationship between algebraic expressions and understanding the meaning of x. As
teaching just the eighth-graders, he stated that he did not explain the relationship of
algebraic expressions since he expected that students should learn in the seventh grade.
The other dimension regarding the underachievement of students in this issue was the
crowdedness of the classrooms. Since his classrooms were too crowded, with
approximately forty students in each classroom, he pointed out that it was difficult to
control each student’s learning conceptually. He suggested that an objective might be
included in the curriculum, such as ‘students will be able to understand the meaning
of the variable. If he explained the solution of Item 6, he would offer a daily life

example from the classroom as he stated:
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If I explained the change of the value of ‘a’ in the equation of a =3b + 4, |
would get fifteen students in three groups of five. Then, | would get four more
students outside of these groups. Afterward, | would add two students to each
group except for the group of four. Next, | would present the operations (3-5)
+ 4 and (3-7) + 4, respectively. Moreover, I would ask them how did it
change? However, | believe that there were more important points that |
should teach my students.

Based on Item 6, specifically functional thinking, he noted that this part was
undoubtedly crucial. Still, he was unsure if he would mention it because he believed
more critical points should be taught to students, such as the meaning of x and
unknown, the concept of the term, and the remaining parts of algebra that were more
crucial for him. He concluded he would definitely focus on the concept of variable in
his algebra classes; however, he would not mention the covariation between variables.
He said no one had taught him the interchange of variables, but he had learned it over
time. Therefore, as he claimed, students could also understand it over time. For
example, if you ask Item 6 to a high school student, each student could respond
correctly. As he declared, some concepts became more reasonable after a while. For

this reason, he was not planning to teach the interchange between two variables:

To be honest, 1 will not explain it (covariation between variables). | will
concentrate on the concept of variables in 71" grade right now. I just wrote in
my mind that | would focus on the interpretation of the variable. I will focus
on reasoning while solving equations, but I may not consider that. The item
might also be essential, but | have some priorities, and this is not one of them.
If there were no examinations, | would teach everything.

After | asked him whether the development of functional thinking might be helpful
while solving linear equations to understand the interchange between two variables,
he stated that when you asked in this way, it makes sense; the change in the result
when the variable increased was also significant. That is, he changed his mind and said
it could be better if we explained the covariation between two variables and the
meaning of the variable. He also mentioned the crowdedness of the classrooms and
the assignment of the students to the MSMTs randomly for each year as the factors

negatively affecting their teaching process.
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Based on Items 8 and 9, Mr. Giirsoy foresaw that 30% of the students correctly
responded to Item 8, and 90% of the students, who correctly responded to Item 8, could
find the length in the eighth month. He claimed that students might answer as 80 cm
for incorrect answers, omitting the initial size. Also, he predicted that everyone who
could write the equation Item 8 could correctly answer Item 9. After examining
students’ results in ADT, he was satisfied with the results since the students performed
better than his expectation. Like other MSMTSs, he asserted that students do not prefer
using equations while solving algebra problems. He was surprised when we talked
about the students who did not prefer using equations while solving the problem for a

particular value, although they could set up the equation.

In Items 10 and 11, Mr. Giirsoy predicted that 20-30% of the students could correctly
respond. Furthermore, he considered that the ratio of students who could correctly
answer would be higher in Item 11 since it could be solved without an equation. When
we talked with him after ADT, he noted that he would say 10% for his current 8th-
grade students since he was becoming increasingly despaired. He stated that students
could find x but did not know what they found. Similarly, he clarified that they
encountered such cases in the greatest common divisor and least common multiple
tasks. For example, they could find the greatest common divisor of 50 and 60 as 10 in
a mathematical word problem. After that, when | asked them what 10 referred to, they
just said the greatest common divisor rather than expressing its meaning as the length
of one of the equal parts of two blocks of 50 cm and 60 cm. Like other MSMTSs, he
argued that 30% of the students were prejudiced toward mathematics. For this reason,
they could not understand, although MSMTs did their best. Moreover, he believed that
mathematical skills and background were also required to be successful in
mathematics. He asserted that if a student could not understand mathematical concepts
efficiently in elementary school's second and seventh grades, it would be challenging

to succeed in future mathematics topics.

Mr. Giirsoy predicted that approximately 29% of the students could accurately answer
the task in Items 12, 13, and 14, and he stated that they practiced this type of task in

algebra classes. He considered that students could solve this item by using the
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equation, and students who could write the equation could find the number of tables
in the last part. Since students should be aware of the chairs at the left and right ends,
he expected that students could calculate the number of tables by subtracting two if
they could write the equation correctly. As he noted, students use a direct relationship
as four chairs for one table and eight for two tables if they give incorrect answers.
When he examined the results of ADT, he appreciated it and said that the results were
better than expected. Since this question was above average in terms of difficulty, he
stated that the results were excellent. When | asked why the students might not have
preferred to solve using equations, he did not express a reason but noted that the
solution path they used was more complicated than solving with equations.

Mr. Giirsoy presumed that 60% of the students could correctly answer Items 15, 16,
and 17. He noted that the abstract nature of algebra caused students’ difficulties as they
gave up learning when confronted with x and y. He added that the symbols used in the
tasks also affected their performance. For example, their success would increase if x
and y were used rather than m and t as they were more familiar with x and y. When |
asked him about the incorrect answers students might give, he could not give a specific
example but stated that they would give wrong answers. He also stated that students’
lack of motivation was a critical concern for students’ struggle in these tasks.
Moreover, he mentioned students' backgrounds as a factor in learning algebra. After
observing the results, he interpreted that students’ performance was directly related to
the importance and time MSMTSs gave to equations in the seventh grade. He repeatedly
mentioned the importance of examples of transition between algebra word problems
and algebraic equations. Based on the results, he noticed that he should spend more
time on algebra topics and not hurry up to continue with the new topic. He asserted
that students memorized the solution paths and were unaware of the results they found
at the end of the solution process. When he asked students, “what did you find with
that result?” he noticed that students did not consider the meaning of the result.
Moreover, he criticized himself in terms of such students who solve the tasks by
randomly doing arithmetic operations without understanding and considering the
problem. He expressed that he did not ask these students how they found that result
and did not revise such incorrect results. He advocated that the classrooms were so

crowded and it was difficult to care about such students among forty students. He noted
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that his focus was on the successful students, and he cared about these students in
general. Mr. Yiicel argued that 80% of the students could respond to Item 6 correctly.
As he stated:

Students cannot understand...the variation (he considers) when you asked
that how does it change? If you wondered whether ‘a’ would increase or
decrease, they would see that it was related to mathematics and respond that
it would increase. When the item asks whether the value of ‘a’ increases or
decreases rather than how it changes, the students’ choices decrease, and their
job becomes easier. There will be two options: increase or decrease, and if
‘b’ has increased, it is more likely that ‘a’ will increase.

This comment presented that his students might be unfamiliar with such tasks that
required making interpretations of algebraic expressions and equations since he
advocated that students should be directed rather than allowed to interpret in such
situations. Like other MSMTs, he forecasted that students might say “a was also
increased by two” as an incorrect answer. After observing the correct responses of
students, he identified the solutions of students done with algebraic manipulation, such
asa=3(b+2) + 4 =3b + 6 + 4, as high-level thinking, and with substitution, such as
substituting 1 and 3 for b respectively, as a reasonable and concrete approach. Based
on the answers of “a increases since b increases,” he stated that students thought
superficially, and it would be worse if they said that “a increases proportionally with
b.” He interpreted that it was interesting regarding the incorrect response of students,
namely, “a would be equal to 5b + 4 if b increased by two”. He provided no further
explanation concerning such students’ erroneous responses. He stated that students
were knowledgeable about the topic, but it was lacking. He also asked the researcher,
"If you were teaching the lesson, where do you think I should pay attention the most
while teaching?” He stated that the solution of Item 6 might be explained to students
from easy to complex, such as students might be asked to respond the change of a for
a = 3b without +4. After substituting a particular value for b to see the change on a,
students could be asked to answer the change of a when b increased by two ina = 3b
+ 4. He offered that they could teach students the meaning of x by showing that it
varied. To illustrate, in a consecutive number problem, the terms might be written as
X, X=1, and x-2, in which x refers to the smallest number. Then, the terms can be

written as X—1, X, and x+1, in which x refers to the middle number. However, as Mr.
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Yiicel identified, they had limited time and many objectives they should teach
students. For this reason, explaining the concepts to students in such detail was not

easy.

Based on Items 8 and 9, Mr. Yiicel noted that 60% of the students could correctly do
the tasks. He declared that students might have difficulty writing the equation. He
expressed its reasons as students’ lack of understanding of constructing an equation
and forgetting the concepts they learned. As he predicted, students could find the
length of the sapling for a specific month but might have difficulty constructing the
equation. After observing the results, he said that students avoid using equations since
they do not like algebra and equations. He expressed that students preferred doing
arithmetic operations to equations since they were more concrete, whereas algebraic
operations were abstract. Moreover, as he said, students tried to solve the items quickly

since the current examination system makes them think and solve them faster.

In Items 10 and 11, Mr. Yiicel estimated that 60% of the students could correctly
answer the item and would answer using arithmetic since it was easier than setting up
equations. Moreover, he noted that students might answer 20+3.5=35 if they forgot
the first tea, which was free. After observing the ADT results, he focused on the
difference in students’ performance in Item 10 (25%) and Item 11 (65%). He noted
that this was an important issue we should have considered and explained it by stating
that students did not like equations. However, MSMTs explained equations effectively
to students by pursuing all steps. He noted that very few students would solve this by
setting up equations. He also pointed out that they need more time to teach algebra
with activities in the classroom. As he said, students forget the concepts they learned

since they cannot do activities in mathematics classes.

Mr. Yiicel anticipated that approximately 40% of the students could correctly answer
Items 12, 13, and 14. He presumed there would be more accurate results in Item 12
than in 13. Moreover, as he asserted, students performed better in Item 13 compared
to Item 14. He guessed that students might struggle to write the algebraic rule given in
the problem. Moreover, they use the pattern to find a specific value rather than setting

up the equation in Item 14. When he analyzed the results in Items 12, 13, and 14, he
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said that the frequency of the correct responses was so high. He saw the decline in
students’ correct answers when he investigated the results for Item 13, which asked
about the equation. After that, he asked my opinions on the decrease in students’
responses rather than interpreting the issue. Mr. Yiicel asked me what to do at this

point:

What should we do? Now that they answered this question, they can solve it
and understand it logically. They can answer it correctly. However, | want
them to be able to do that using the equation as well, but here we fail.
Nevertheless, they have solved the question: How should I evaluate it? Is it
missing or not? So how should we look?

He suggested that a further study might examine students’ preferences for solution
paths while solving algebra word problems. Students might be observed to investigate
whether they use equation or arithmetic operations while solving a problem. He
wondered if students needed to learn equations as they had already solved problems
with arithmetics. Also, he argued that solving with arithmetic operations was more
straightforward for students; therefore, they preferred solving with this path. Mr. Yiicel
noted that the seventh grade in algebra was the most critical level since more abstract
concepts were beginning to be taught. He mentioned that since the time given for
algebra topics was insufficient, he has increased the hours allocated to algebra topics.
Therefore, like Mr. Giirsoy, he was late for the next subject. For this reason, he stated
that curriculum experts should increase the time given to algebra topics in the

curriculum.

In Items 15, 16, and 17, Mr. Yiicel guessed that 40% of the students could correctly
respond to the tasks. He predicted that students could accurately fill the table and draw
the graphic but would struggle to set up the equation based on the problem. He noted
that students did not like algebra. He said they would not use the general rule if 1 used
huge numbers in the problem. He asserted that students probably said they could not
do Item 15. After examining the results of ADT, he interpreted that students’ could do
the tasks with visual images; however, their performance decreased when x and y were
included in the tasks. He said that the only explanation for this result was the abstract
nature of algebra. Lastly, he observed that students could write 100 km for 1 hour and
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200 km for two hours as they saw visually on the table. However, students felt tortured
when they must write the relationship as y = ax + b. After he analyzed the results, he
inferred that they should spend more time teaching students to construct equations as
students could correctly do the tasks, including tables and graphics, but they were
unsuccessful in doing the tasks which required writing the equation in an algebra word
problem. Finally, he concluded that these interviews contributed to him and changed

his point of view positively related to teaching algebra.

Mr. Oner predicted that 70% of the students could correctly answer Item 6 by stating
that ‘a’ increased by two. Based on the incorrect answers, he presumed they might
answer as four since there was a term +4 in the equation. For this reason, students
might think that ‘a’ increased four by four and, therefore, could say that the answer
was 4. After observing the results and responses of students, he stated that his
predictions did not come true. He expected students to solve the item by substituting a
value for b since they should do it this way. He added that students might have
difficulty since there were two unknowns in the equation. If the item included only
one unknown, such as 8 = 3b + 4, they should subtract 8 — 4 = 3b by transforming 4 to
the other side at first and then divide 4 by 3 to find the value of the unknown. However,
as he inferred, they might confuse which unknown they should substitute a value to
observe the change. All MSMTs concluded that students had difficulty creating the
algebraic expression of a relationship and preferred arithmetic solution paths rather
than using algebraic expressions. In the next section, hypothetical reasons for students'
difficulties and errors in algebra were investigated based on MSMTs' statements
regarding their students.

In Items 8 and 9, Mr. Oner predicted that 60% of the students solved the item using
the equation, and 40% of the students who inaccurately responded did not use the
equation. He also noted that students prefer doing calculations or doing them mentally
instead of setting up the equation. He added that they did not like setting up equations
since solving problems without equations was more straightforward. Also, they do not
want to solve items with equations even in the examinations. For incorrect answers,
he just stated that students might not consider the initial length of the sapling. After
observing the results, he interpreted that students could do this task since students

could see the image of the problem situation as a concrete object. After he saw that
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approximately 28% of the students solved the item using the equation, he asserted that
he expected such an outcome since students mostly preferred calculating the result by

using the ratio on the graphic.

In Items 10 and 11, Mr. Oner predicted that 40% of the students could correctly
respond to the task. He asserted that students who would solve the task with equation
correctly would not be more than 10%. Moreover, more than half of the students could
not set up the equation. In Item 11, he noted that several students would respond as 5
- 3 + 20 since they forgot the first glass of tea. He asserted that students did not like
setting up equations since solving with arithmetics was more straightforward. As he
clarified, students always asked such questions: “Why do we learn equations when
there is a shorter way?” and “How do we use it in the future?” He stated that he
responds to students' questions as “how do you answer such an item in the examination
if they ask you the equation rather than the result?” That is, it might be inferred that
he could not provide students with a strong reason other than examinations for the
requirement of learning equations. He also mentioned another difficulty that he
observed in students, the difficulty of understanding the changeability of the symbols
in algebraic expressions. For example, he wants to get students to write an equation in
an algebra problem and ask students to write the linear equation using the symbols of
a and t. He observed that students continued to use y and x to write the equation rather
than the specified characters as they were used to them. He noted that they were not
aware of the changeability of algebraic symbols. Also, as he added, they did not prefer
even using x and y. Therefore, everything would get mixed up if they included a, b,
and c. when he observed his own statements, he was surprised when he read that
“students who would solve the task with equation correctly would not be more than
10%.” and asked, “Is this my statement?” Then, he declared that nobody would
struggle with equations if there were a more concrete solution path. He added that they
specified when they asked students to set up the equation in an algebra problem. If not,
nobody would use the difficult way (constructing an equation) when there is an easier
solution path (using arithmetic). Although he expressed that students did not prefer
equations while solving algebra problems several times, he could not provide a

concrete reason for students’ preferences.
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In Items 12, 13, and 14, Mr. Oner presumed that more than 30% of the students could
correctly respond to ltem 12, and 30% accurately answered Items 13 and 14. He
guessed that several students would calculate the number of chairs by counting.
Moreover, as he noted, students might struggle to write the equation presenting the
relationship between the numbers of tables and chairs. Also, students might write
erroneous equations since they did not consider the sides where tables came together.
After examining the results, he advocated that if students could quickly solve the
problem without establishing the equation, they would most likely not establish the
equation if it was not specified in the question. He argued that such students continued
with their concrete knowledge and did not accept the abstract information for the
responses in which students found the result by counting the chairs or tables or drawing
the figure for progressive steps. He appreciated that 25% of students used the equations
while solving the problem, as he presumed that students did not use equations if they
were not asked to do it. His statements showed that he perceived equations as an
entirely abstract phenomenon, whereas he considered arithmetic operations concrete
procedures. Therefore, he interpreted that students could solve the problem using
arithmetic operations since it was concrete and students had been familiar with them
since primary school. However, students could not solve it using equations since they

were abstract, and students rejected abstract knowledge.

Mr. Oner anticipated that more than 80% of the students could correctly fill the table
in Item 15, 40% could draw the table in Item 16, and 5% could write the equation in
Item 17. He inferred that finding the result on the graphic was easier for students.
However, as he said, students could not learn to construct equations since equations
were abstract. Moreover, he highlighted that students usually asked where they would

use equations in the future and why they must learn them. As Mr. Oner remarked;

Students ask why we use x when there is an alternative way to do it. For
example, in Item 13, why do we set up an equation when there is an
alternative way (arithmetic operations), subtracting 6 from 152, dividing by
2, and then adding 2? They always ask what will happen if we find out (using
arithmetic). Does it not work if we solve it normally? Is it better when we set
up an equation?
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As he expressed, he motivated his students by stating that they would use x in modern
mathematics in high school. If students did not know what x would do in their future
life, they did not want to learn. Lastly, he concluded that he agreed with the students.
In other words, not everyone has to learn algebra if they would not continue with
mathematics-related professions. Like Mr. Giirsoy and Mr. Yiicel, he just stated the
reason for students’ difficulty in constructing equations as the abstract nature of
algebra. He did not provide a further reason for students’ struggle in functional

thinking.

In conclusion, MSMTs noticed students were not good at writing an algebraic
expression of a given situation in algebra word problems. However, MSMTs gave
limited information based on students’ prerequisite knowledge and performances on
different algebraic representations such as tables, graphics, and equations. Moreover,
before and after ADT, MSMTs did not express any information related to the
covariation of the variables, which was crucial for learning functional thinking. After
they investigated the results of ADT, they noticed that students had difficulty
constructing equations, whereas they could solve the problems using arithmetic
operations. They noticed students’ low performance in setting up equations; however,
they could not express the reasons for students' difficulties. They just inferred that they

should spend more time on this topic and make students practice more.

This section compares MSMTs’ predictions and interpretations of students’
performances in ADT. The results showed that MSMTs allocated students’ difficulties
and errors with some factors that were not mainly related to students’ cognitive
processes in learning algebra. In addition to factors related to students’ algebra
learning, MSMTs expressed such factors for students’ difficulty in algebra: students-
related, instructional process-related, task-related, and social environment-related.
Therefore, the following part will further investigate the factors MSMTs expressed

based on students’ difficulties and errors in ADT.
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4.4 MSMTs' Causal Attributions for Students' Difficulties in ADT

Based on post-interviews with mathematics MSMTSs, | analyzed MSMTs' hypothetical
reasons for students' difficulties and errors in algebra tasks. | investigated the causes
of students’ difficulties based on MSMTSs’ causal attributions (Wang & Hall, 2018;
Weiner, 2010). The findings revealed that mathematics MSMTs most frequently
related students' difficulties and errors with student-related factors, including effort,
learning, understanding, innate math skills, and motivation. MSMTs often thought that
students' difficulties were related to student-related factors if they felt they had already
completed similar tasks at school. Because the students were already familiar with the
tasks, they interpreted that their failure could be attributed to the students themselves.
MSMTs typically link students’ difficulties and errors to students’ cognitive processes,
effort, and motivation. Apart from student-related factors, MSMTSs also described
instructional process-related factors related to the teaching process, curriculum, and
tasks. The last attribution was task-related factors, such as task difficulty and item
structure (See Table 4.15). Firstly, the codes were created based on MSMTS'
comments about the causes of students’ difficulties and errors in algebra tasks. Then,

the codes were assigned to particular themes.

The statements of MSMTSs related to student-related factors were investigated in four
dimensions, namely, students’ cognitive processes, students’ effort, students’ math
skills, and students’ motivation. The most frequently observed code was students’
cognitive processes. Students’ cognitive processes refer to MSMTs’ quotes about
students' learning, the conceptualization of the topics, and difficulties and obstacles in
learning algebra. MSMTs typically pointed out the reasons for failure in students’
cognitive processes in Items 3, 4, 5, and 6 in ADT, which required algebraic reasoning.
Moreover, they often expressed difficulties in students’ cognitive processes in Items
10-11, Items 12-13-14, and Items 15-16-17, which included the transition from verbal
to algebraic expressions in algebra word problems. Based on Item 3, Ms. Ferhan stated,
“They can write the expression, but it means that they have not fully grasped the

comparison and relationship, so we need to dwell on this issue a little more.” Table
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4.23 presents the distribution of each participant’s attributions for students’
difficulties.

Table 4. 23. The distribution of mathematics MSMTs’ causal attributions for students’
difficulties in algebra

Causal attribution of Ms. Ms. Mr. Mr. Mr. Total

MSMTs Ferhan Burcu Giirsoy Yiice Oner

Student-related factors 86

o Students’ cognitive v Y v v v 40
processes

e Students’ effort v Vv N4 N4 Vv 22

e Students’ math skills V4 v v v 6

e Students’ motivation v v N4 v v 18

Instructional process- 32

related factors

eRelated to the teaching v v v v 15
process

oReIa}ted to the v v v v v 14
curriculum

eRelated to the high- v v v 3
stakes tests

Task-related factors 15

e Task difficulty v v v v v 11

e Structure of the item v J V4 J 4

Family and classroom

environment-related v v v v 6

factors

Thus, it was accepted as one if one MSMT expressed one or more statements related
to a particular causal attribution. The analyses of the items based on MSMTs’ causal
attributions for students’ difficulties were summarized in Figure 4.5. Each MSMT’s

statements regarding each causal attribution were accepted as one.
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Ms. Burcu and Mr. Oner mentioned students’ inadequate understanding of algebraic
expressions and memorization. Ms. Burcu declared, “The children memorize when
they do not understand anymore. Somehow they memorize identities, like finding the
square of the sum of two terms, so that is not the point.” Mr. Oner also noted, “This
means that the children have memorized the equation in this manner, that they
understand how to set up the equation but have no idea about x. (He considers.) Yes,
but we can explain it in this way.” Mr. Giirsoy also stated that students' concerns
stemmed from a lack of understanding of the unknown concept since all future topics
would be built around it. MSMTs frequently said that students learned to solve
problems with arithmetics in primary school. Since they were used to employing
arithmetics, they did not prefer algebraic expressions and equations while solving
problems. Similarly, Ms. Ferhan declared, “It is difficult to change a child's habits
once they have become accustomed to them. If they associate it with those methods in
primary school, they do not want to do it with the new knowledge in secondary school.
It is challenging for us to change their habits.” As Ms. Ferhan explained, students were
resistant to learning a new method rather than the method they were accustomed to.
All MSMTs stated similar concerns about students’ use of procedures other than
algebra while solving problems. Ms. Burcu also noted a similar example related to
students' preferences for the solution in Item 4: "Students frequently answer this
question like this (dividing 84 to 3). Because, based on their prior knowledge, they
know that dividing 84 by 3 will yield the middle number."

Moreover, she thought that students' abstract thinking might not develop in the same
way in all students. Students might need even a couple of months since their ages were
also essential in learning algebra. Ms. Ferhan also stated, "I am not sure why they
forget so much. Indeed, it is something that should not be forgotten after learning. We
want it to be that way, but I cannot see it in my students.” As she noted, students’
forgetting the things they learned was one factor related to their cognitive processes.
Lastly, MSMTs’ statements expressed that students' difficulties were also associated
with the inadequate conceptualization of negative and positive numbers. Mr. Giirsoy
and Ms. Ferhan asserted that students could not conceptualize the meaning of the
minus sign, whether it was a negative sign or a subtraction symbol. As Ms. Ferhan

noted, students could not understand that they might be used interchangeably.
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Similarly, Ms. Burcu pointed out, "When you asked for six more than a number, they
wrote +6. What is +6? Six more of what? They are unable to develop it in their minds.”
Therefore, it might be inferred that students could not create algebraic expressions in

their minds, even though MSMTs thought they were so simple.

The second most frequently encountered causal attribution was students’ effort.
MSMTs proposed that students made little effort to understand the subject. Ms. Burcu
pointed out, “We believe that most students understand it in class, but they do not
support it at home, do not repeat, and do not practice.” Moreover, as Mr. Oner noted,
“50% of the students know that n is variable. I keep 30% of the students apart. I do not
think they care after telling them what it is several times.” That is, he despaired from
these students who were from that 30% part. MSMTSs also stated that students did not
like performing detailed operations with a pencil. They preferred to make operations
mentally and in a straightforward manner. As a result, when solving an algebra word
problem, they construct short solutions without writing an equation. Based on Item 1,
Mr. Oner declared, "Children generally prefer the easy way because multiplication is
simpler in this process. | believe multiplying these two numbers would make it much
easier to demonstrate equality.” Like Mr. Oner, Ms. Ferhan noted, "They answered, ‘I
do not like using the pencil. Mentally, | can do it. So, why should | create the

equation?” when we ask students to solve a problem using equations.”

Moreover, MSMTs asserted that students did not cope with algebraic expressions if
they could do the tasks using already-known methods. As Ms. Ferhan stated, they did
not prefer to use equations when a more practical and familiar way can be used to solve

a problem:

Students have preconceived notions about how to solve problems. They do
not want to solve a problem using a new one if they have previously learned
it well. They also do not want to solve by writing with paper and pencil. Many
of my students think of it in this manner. For example, if you pose a problem,
brilliant students will be able to solve it. However, you can see that they do
not use equations because they do not use their pencils. They cannot use
equations; however, they can solve the problem by applying their arithmetic
knowledge, such as performing an inverse operation, which they learned in
primary school. They do not prefer to use equations when solving a problem
because they can solve it more practically.
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Like Ms. Ferhan, Mr. Oner clarified, "Nobody uses an equation when there is a more
concrete solution. If students can do it easily without establishing an equation in such
questions, they almost certainly do not write the equation, as it is not stated in the
question.” Mr. Oner also said that students were result-oriented and did not like
lengthy, detailed operations. All they wanted to do was solve the problem quickly and
complete it. MSMTs also stated that students had prejudices toward mathematics.
They wondered why they had to learn algebraic expressions as they could already
manage the tasks with known solution paths. Therefore, such statements related to
MSMTs' causal attributions for students’ difficulty in algebra were investigated under
the code students’ motivation. Mr. Yiicel emphasized that students lacked the self-

confidence to learn mathematics:

Some students are now completely isolated (from mathematics). Even if the
question is simple, they are biased. They say we cannot do it and either leave
it blank or say something random. | observed the following: they simply
wrote the numbers in the question and left it blank. They could also make a
random addition using the numbers in the problem. They are scribbling
something because some students have entirely lost their self-esteem.

Like Mr. Yiicel, Ms. Ferhan stated that students were more isolated from mathematics
if they arrived at secondary school with preconceived notions about mathematics. She
stated, “If a student came to secondary school with prejudice, it is difficult to break it.
If students could not do it in primary school, they became convinced that they could
not do it in secondary school either.” She also mentioned a similar concern related to
students' prejudice using equations by saying, “The equation itself creates prejudice in
many students. While solving equations, we cannot break this prejudice for
mathematics in many students. For this reason, even those who can do it do not want

to (use equations).”

MSMTs also stated that students did not like using equations and, according to
students, equations were unnecessary while solving algebra word problems. As Ms.
Ferhan and Mr. Yiicel expressed, students did not prefer to use equations since they
did not like them. Instead, they would like to use alternative solution paths in more

familiar ways. Ms. Ferhan implied that students asked such questions: “Why are they
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forcing us to use equations, and why do we have to deal with them?” Since it was
meaningless to them, they did not want to understand it. Mr. Yiicel and Mr. Oner also
supported this view by stating that students did not prefer to use equations, although

they could understand and manipulate algebraic expressions and equations:

They do not want to cope with abstract (concepts). When | explain abstract
topics to my students, they ask why we use x while there are other solution
paths. For example, in Item 12, why do we create an equation when we can
simply subtract 6 from 152, divide by 2, and add 2? They frequently ask,
‘Where will we use it? What will happen if we find out x? Isn’t it all right to
solve it normally? Is it better to set up an equation and find it there?’ in
algebra.

As Mr. Oner’s quotes illustrated, students were generally subject to using algebraic
expressions and equations while solving algebra word problems. Instead, they usually
preferred solving problems by using typical solutions they had been familiar with since
primary school. As a result, MSMTs attributed their students' algebra difficulties to
their prejudice toward mathematics and lack of self-confidence in using algebraic
expressions and equations. One of the other student-related attributions was students’
math skills. Students’ creativity, functional and abstract thinking, and reasoning skills
were investigated under students’ math skills. MSMTSs stated that some students had
more potential or were more talented to do mathematics. Therefore, they were more
successful than others. Such statements were investigated under students’ math skills.
Also, Ms. Burcu proposed that students’ creativity and imagination were inadequate
and continued to decrease in mathematics. Moreover, Ms. Ferhan stated, “making
interpretation, functional thinking, analyzing in children (were insufficient). Children
are far from interpreting and do not want to do this.” She declared that students were
deprived of such math skills and had difficulty learning algebra. In addition, as all
MSMTs implied, students struggled with abstract thinking, and it was more convenient

for them when the concepts and tasks became more concrete.

Secondly, MSMTs also attributed students’ failures to instructional process-related
factors. MSMTSs' causal attributions to the instructional process were investigated
under the topics of the teaching process, objectives (curriculum), tasks, and high-

stakes tests. MSMTs frequently mentioned teaching process-related factors related to
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students’ difficulties and errors. Those factors were called as teaching process. Ms.
Ferhan and Mr. Giirsoy admitted that they should focus more on the meaning of
algebraic expressions based on the teaching process as they realized they did not do so

adequately after examining students' results in ADT. Mr. Giirsoy declared that:

| have only mentioned it when | explain the constant term. Why do we say it
is constant? For example, | write 3n+8. Why does +8 constant instead of 3n?
| am trying to touch it too, but I do not know if I can do it adequately. | may
not be able to study effectively on it. | solve examples from everyday life but
do not create (such a comparison).

He added, "We usually teach the order in rational and square root numbers. However,
we have not mentioned such an order in an algebraic expression or that n varies
depending on (the value of) the unknown.” As he said, they did not give students such
tasks to compare different algebraic expressions. Moreover, he noted that his students
generally could not perform well in such tasks that required interpreting the
comparison of two algebraic expressions. Instead, they would try to find the answer
by making a guess or substituting a value for the unknown. Additionally, based on
Item 4, Mr. Giirsoy mentioned that he taught students to find the arithmetic mean when
asked to find the middle number in a problem with even or odd consecutive numbers.
He stated that “It is typical. While solving equations with even and odd consecutive
numbers, | also try to explain the arithmetic mean to students. I tried to make a point

about it, but I guess it was insufficient.”

Instead of subtracting two from x and adding two to X, he highlighted this solution:
finding the arithmetic mean. His intention could be to solve the problem quickly with
a shortcut solution. As a result, he might get students to focus on calculating the mean
rather than constructing the algebraic expression based on the situation. Except for
Item 4b, MSMTs believed that students were familiar with such tasks. However, as
they all admitted, they had not asked students what an unknown refers to in an

algebraic equation meant. Related to Item 4b, Mr. Oner stated that:

We teach it in the seventh grade, but we do not repeat it in eighth grade, such
as thinking about ‘what is x” and ‘why do we call it x’? We always explain
that we call the smallest number x. The children understand how to write
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equations. They do not need to think about such questions in eighth grade
because they have already conceptualized and understood them.

He believed they did not need to ask students the meaning of the unknown in an
algebraic expression. They did not need to repeat it in the eighth grade because they
already knew it. Furthermore, he stated that he always has students call the smallest
number as x to find the value of x, as other MSMTs did, which may result in
memorization while solving problems. Ms. Burcu talked about a similar solution path

that she suggested for students:

We work on similar problems. The equation is sometimes asked directly
rather than the smallest, middle, or greatest number. If a problem asks for the
middle number, we teach students to label it as x. If they are asked to find one
of the values rather than the equation, we tell them to use the label x to
represent any value they want. Then, they can subtract 2 from x and add 2 to
x to form the remaining algebraic terms. However, if the problem asks for the
middle number, we say the middle one should be labeled as x. Alternatively,
if the problem asks for the greatest number, the greatest value should be
labeled as x.

Ms. Burcu's quote could provide insight into her teaching while completing such a task
in the classroom. Although she stated that students could use x to find the result for
any value, she directed them to use the prompted solution path. If the problem asked
for the median, students should label it as x, and if asked for the greatest one, students
should mark it as x, and so on. Students might be influenced by such a statement to
use only one solution path and memorize the solution. Although Ms. Burcu directed
students on how to label the unknown in an algebra word problem, she expressed her
concerns about memorization of algebraic expressions and their relationships rather
than conceptualizing the meaning of algebraic expressions. Ms. Burcu noted, "When
the children are unable to understand, they begin to memorize. Memorize the identity,
find the square of adding two terms, and remember it. That is not correct. The children

are beginning to memorize, and after that, they will be unable to learn anything.”

As she stated, rather than doing memorization in algebra, students should conceptually
understand what they did. As a general rule, they should not memorize a solution path.
Instead, they could develop their own solutions while solving an algebraic problem.

206



Although MSMTs have complained about their students' memorization, MSMTs may
also force students to remember such solution paths. Lastly, Mr. Giirsoy charged
themselves with teaching mathematics with an examination-based approach. They
taught the topics, did the tasks, and asked questions based on the ones covered in the
national examination. For this reason, he considered that they could not provide
effective mathematics instruction for their students since they were self-seekers to
make students perform better in the examination. Therefore, he criticized their way of

teaching from this perspective.

Curriculum-related attributions were also one of the instructional process-related
causal attributions claimed by MSMTs. According to MSMTSs, the elementary school
mathematics curriculum lacked objectives related to algebra. Ms. Ferhan declared, “In
primary school, we do not use algebraic expressions. As a result, they do not want to
solve the problem with an algebraic expression by establishing an equation because
they can do it by using the reverse operation and other methods.” She claimed that
students should be taught algebraic expressions earlier because they are likelier to use
strategies learned in elementary school. She proposed to introduce students to algebra

much earlier:

This is something we are unable to provide for children. What should we do?
| believe we are a little behind schedule in delivering algebraic expressions. |
am not sure if starting it in 5" grade is possible. We might use a box to
represent the unknown in 4" grade. Because the students associate it with
those approaches in primary school, they do not want to do the same thing
with new knowledge in secondary school.

MSMTs also noted that the middle school curriculum lacked questions like "what is
x?", "Why do we employ x?”, and "What is the significance of x?" Ms. Burcu stated,
“We would focus on such issues if such objectives were included in the curriculum.”
She contended that such subjects should not be taught to students because they were
not included in the curriculum. MSMTs also mentioned that the curriculum's time
restriction was another factor while teaching algebra. As Mr. Yiicel and Ms. Burcu
stated, there was not enough time to teach algebra adequately since they required more
time to make students practice more and conduct activities in algebra. Ms. Burcu

pointed out, “We are going too fast because we need to catch up on the syllabus. The
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curriculum might be more flexible. For example, this month, we have to finish this
topic before moving on to the next one.” All MSMTSs stated that they spent more time
on algebra than written in the curriculum. Therefore, they suggested increasing the

hours allocated for algebra in the curriculum.

MSMTs’ some of the attributions were related to the tasks in ADT conducted on
students. Therefore, those statements were coded as task-related attributions, which
were investigated under two topics, task difficulty and structure of the item. MSMTs
mentioned that students had difficulties since algebraic expressions were abstract and
unfamiliar to students based on task-related failures. Also, students did not like doing
operations with rational numbers and algebraic expressions. Such challenges were
investigated under the sub-category of task difficulty. All participant MSMTSs asserted
that students did not like algebra as much because of its abstract nature. Moreover,
they were unfamiliar with such letters until middle school. Ms. Burcu declared,
“Students think they cannot overcome the obstacle when letters are involved. Algebra
is one of the most enjoyable subjects, but it is too abstract for them. We are always

dealing with x's and y's in algebra.”

Other MSMTs also commented on the abstract nature of algebra and students’
unfamiliarity with algebraic symbols. Another notion that MSMTs mentioned
frequently was the term ‘unknown’ and the use of unknown to construct an algebraic
expression. MSMTs stated that students successfully understood and solved a problem
using proportional thinking, doing operations, and substituting a value for the
unknown. However, they were not good at making transitions from verbal statements
to algebraic expressions, even in moderate tasks. Ms. Burcu pointed out, “Students
struggle to construct an equation with even one unknown. Therefore, they are

struggling with two unknowns much more.” Similarly, Mr. Yiiksel confirmed that:

Students could do arithmetic operations but struggled when x’s and y’s
became involved in the processes. Writing y = ax + b feels like torture to the
child. Here, the student can see and write that 100 kilometers for the first
hour, 200 kilometers for the second hour, and 500 kilometers for the third
hour. The child struggles to write the same relationship with an equation.
They have not gotten used to it.
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Therefore, it might be inferred that conceptualizing the term ‘unknown’ and
transitioning between different forms of algebra were complex tasks for students, as
MSMTs noted. MSMTs also mentioned that students struggled when the task included
rational, irrational, or exponential numbers. As Mr. Yiicel said, “The incorrect answers
would be more if the quotient of x were -%5 (in an equation) since dividing both sides
by the coefficient of x disappears in this situation (when the quotient is not an

integer).”

Ms. Burcu also gave a similar example about students' difficulty with numbers other
than natural numbers. She stated that students would have more problems if the task
included exponential or square root numbers. She also expressed that students were
unfamiliar with ADT tasks since they were not the same as those they encountered in
the textbooks, quizzes, and examinations. Therefore, students were confused. As she

continued:

If you asked the value of the small number, most students would give the
correct answer. The question was asked differently from what they used to.
They are interested in finding a value (at the end of the solution). It is not
critical for them to use equations to find the answer.

Another task-related attribution observed in MSMTs’ statements was related to the
structure of the item. This attribution included the factors about the construct of the

items. Firstly, Mr. Yiicel criticized the education system by stating:

Everything has recently begun to be measured on multiple-choice tests. The
children become wholly accustomed to the testing system. There are usually
options in those questions, and they choose one. It asks for the median, the
largest, or the smallest number. Students begin by assuming that one of them
is the small number, then proceed to find the correct answer by substituting
the others in order.

Mr. Oner expressed similar concerns about high-stakes tests, including multiple-
choice items. He added that he did not like it, but they had to use it because of the
educational system. According to Mr. Oner, it might be necessary to abolish the
examination system entirely and replace it with teaching just focusing on objectives.

In conclusion, MSMTs' causal attributions for students' difficulties were analyzed

209



under three main categories, student-related, instructional process-related, and task-

related causal attributions, as summarized in Figure 4.6.

Causal
attributions of
teachers for
students' failures

Student- Instructional Task-related
related process-related )

Students' Students'

Structure

Al Students | Students' . High- Task fth
cognitive effort motivation math Teaching | cyrriculum stakes difficulty e

processes | | skills process tests

Figure 4. 6. MSMTSs' causal attributions for students' difficulties

This section analyzed MSMTs’ causal attributions: student-related, instructional
process-related, and task-related attributions. Analysis of MSMTs’ statements
presented that student-related attributions were the most commonly encountered
attributions for students’ difficulties and errors in algebra. Especially the causes
regarding students’ cognitive processes and effort were the most frequently observed
attributions MSMTs expressed. The second most typical causal attribution was
instructional process-related causal attributions, mainly the teaching process and
curriculum. Based on MSMTs’ statements, students’ cognitive processes were not just
one factor affecting their performance as there were various factors such as students’
effort, motivation, teaching process, and curriculum. In the following part, the results

are discussed in more detail in light of the studies from the literature.
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CHAPTER 5

CONCLUSIONS AND DISCUSSION

The purpose of this study can be explained fourfold. The first purpose of this study
was to examine MSMTs’ knowledge regarding their students’ conceptions,
difficulties, and misconceptions in algebra. The second purpose of the study was to
observe how MSMTs anticipate their students’ performance in particular tasks related
to algebraic thinking. The third purpose of the study was to investigate how MSMTs
interpret students’ conceptions and difficulties by examining their results in particular
algebra tasks. The last purpose of the study was to unpack MSMTSs’ causal attributions
for students’ difficulties in particular algebra tasks. This chapter included three
sections, each discussing the findings of the study and concluding the results. The first
section explained MSMTs’ knowledge of the prerequisite knowledge required by
students prior to learning algebra and students’ difficulties and errors in algebra
classes. The second section discussed the findings related to MSMTs’ predictions and
interpretations regarding students’ performances in ADT. Subsequently, the third
section presented MSMTs’ causal attributions for students’ difficulties in ADT and
algebra in general. The implications and assumptions of the study and
recommendations for further research studies follow these sections.

5.1.MSMTs’ Knowledge of Students’ Conceptions, Difficulties, and Errors

This section will present some conclusions regarding the MSMTs’ knowledge of
eighth-grade students’ conceptions, difficulties, and errors in algebra classes and the
ADT. Findings showed that MSMTs could provide limited information regarding the
prerequisite knowledge students should have prior to learning algebra. Most of the
MSMTs expressed that constructing and solving equations, solving algebra problems,
and factorization and identities were examples of the most challenging tasks in

mathematics. The MSMTs identified operations and negative numbers as prerequisite
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knowledge before learning algebra. However, they provided rare or no information
associated with such notions of equivalence, variable, and covariational thinking.
MSMTs could analyze students’ algebraic thinking in their algebra classes and the
tasks in ADT; however, they could not explain the underlying reasons for students’

difficulties in particular notions.

MSMTs were initially asked to identify the prerequisite knowledge for algebraic
thinking of eighth-grade students. They expressed that students should know
operations prior to learning algebra. Two MSMTs mentioned rational numbers, and
only one mentioned the importance of the comprehension of integers for learning
algebra. Gallardo (2001) emphasized that extending students’ comprehension from
natural numbers to integers was crucial to achieving algebraic competence to solve
equations and problems. Although MSMTs refer to operations with numbers, none
talk about the number sense, which is also critical for algebraic reasoning (Asquith et
al., 2007). Schifter (1999) noted that “to think through what multiplication does, why
18 - 12 is equivalent to 18 - 10 + 18 - 2 [then when that student] enters an algebra class,
having had such an opportunity...he will understand why (a + b)(c + d) does not equal
ac +bd” (p. 75). Asquith et al. (2007) clarified that students should practice, apart from

memorizing the procedures and rules in algebra.

Although the MSMTs pointed out students’ memorization in algebra, they did not
mention the requirement for such a transition from numeric operations to algebraic
expressions. Only one MSMT mentioned the need to transition from verbal
expressions to the symbolic notation of algebraic representations, which was
expressed as the rhetorical stage (use of words or sentences to represent algebraic
statements), syncopated stage (use of abbreviations to represent algebraic statements),
and symbolic stage (use of symbols to express quantities, operations, and relationships
and doing manipulations using those symbols based on well-understood rules) in the
study of Katz (2007). None of the MSMTs mentioned the relational understanding of
the equal sign for algebraic reasoning (Stephens et al., 2013). When they were asked
about whether their middle school students were ready to learn the topics related to

algebra, two MSMTs stated that they were ready, two MSMTSs noted that some of them
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were ready, but some others did not, and one MSMT specified that his students are not
ready to learn algebraic topics.

MSMTs also talked about students’ difficulties in algebra classes. Ms. Burcu described
students’ repeated errors and tendency to write the quotients in explicit multiplication
instead of writing as an implicit multiplication, such as using x-3 rather than 3x. We
might infer that students could not realize the equality of x-3 and 3X. To understand
that these two expressions are equal, they need “the encapsulation of the process as an
object” without observing the process for particular variable values (Tall & Thomas,
1991, p. 126). Therefore, they could realize that encapsulated objects were the same.
For this reason, the difficulty Ms. Burcu indicated might be called a process-product
obstacle, as Tall and Thomas (1991) suggested. The researchers identified the process-
product obstacle as the inability to transition between the process and the product.
They noted that one could see the process as a product by encapsulating it as an object.
Two encapsulated things could be perceived as the same if they always give the same
product. Therefore, there is no need to follow the process for particular values since
the object encapsulates the process. As Ms. Burcu stated, students keep writing x-3
rather than 3x to write three multiple x. We might explain this by students’ deficiency
of the understanding that 3x and x-3 were identical products. Therefore, we may infer
that students may have the process-product obstacle as they could not encapsulate
multiplying x with 3 in different forms. Ms. Burcu expressed it as a simple operational
process that students should already understand since she may not be aware of such an
obstacle students might face. Erbas (1999) found that students had non-mastery skills
in operations with literal expressions, including parentheses. He added that students
had difficulties with cross multiplication and multiplication over parentheses in
solving equations. In this study, 20% of students were unsuccessful at using
parentheses while solving algebraic equations. However, MSMTs shared no idea about

students' difficulties using parentheses in algebra.

As Mr. Glirsoy and Ms. Burcu explained, students had difficulty expressing the addend
x as one of the addends, although they could determine (45 — x) in a problem of “the
summation of two numbers is 45.” Mr. Giirsoy said this was the most common

challenge he faced with his students. He explained that the problem was related to the
213



difficulty of writing two algebraic expressions in terms of the same unknown. Ms.
Burcu also mentioned this issue by stating that students had difficulty writing the
expression “the sum of two numbers is sixty, one of which is four more than twice the
other.” using symbols. As she stated, students especially struggled to identify the
addend x, although they could determine the other addend as 2x + 4. She highlighted
that students could not realize that x was one of the addends, although they could write
the addend 2x + 4. Therefore, students incorrectly wrote the expression as 2x + 4 = 60.
She also provided a similar example: if a student read 100 pages for some days of the
week and read 150 pages for the remaining days, they had difficulty calling the number
of days in which he read 100 pages as x, and he read 150 pages as (7 — x). As Ms.
Burcu added, they could not write the expressions 100x and 150(7 — x) since they
could not realize that they should do multiplication. This issue might also be related to
students’ inadequate understanding of the multiplicative relationship (Blanton &
Kaput, 2004).

Blanton and Kaput (2004) studied to improve early graders’ capacity for functional
thinking, and they used the example of finding the relationship between the number of
dogs and their eyes. They observed that second-grade students could see the
multiplicative relationship by stating that “If you double the number of dogs, you get
the number of eyes,” which indicated that students could express how quantities
corresponded as they could use the term “double” (Blanton & Kaput, 2004, p. 140-
141). It means that the number of dogs should be ‘doubled’ to acquire the number of
eyes. The researchers also described t-charts as the most common path to organize and
track the data. Ms. Burcu also explained that she got students to construct a t-chart to
identify such a problem: if Ayse read 150 pages in one day, she read 100 pages in Six
days; if Ayse read 150 pages in two days, she read 100 in five days, and so on.
Therefore, she expressed that, by generalizing, she showed students they should do
subtraction to find (7 — x) if the number of the remaining days was x. Students’ these
difficulties might be related to the inadequate understanding of how the covariation of
two quantities occurred and how their relationship could be represented symbolically
as a functional correspondence, such as finding the number of eyes of n dogs by writing
“the number of eyes = 2n” (Blanton & Kaput, 2004, p. 141).
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Consequently, as Blanton and Kaput (2004) proposed, students’ difficulty might be
caused by an inadequate understanding of recursive patterns, such as counting by
threes, and multiplicative relationships, such as finding double or triple a quantity. Ms.
Burcu stated that although students understood it, they could not do the same
procedures in another task. She claimed that this might be related to students’
memorization, lack of effort, and lack of motivation. Despite the MSMTs identifying
students’ problems with writing two algebraic expressions in the same unknown, they
could not explicitly express the underlying reasons for these difficulties. In general,
MSMTs’statements presented that they could identify the difficulties that students
might have in algebra, but they could not explicitly express the reasons for their
difficulties and errors. MSMTs’ anticipations for students’ performance in ADT and

their interpretations of students’ results will be discussed in the next section.

5.2.MSMTs’ Predictions and Interpretations based on Students’ Algebraic
Thinking, Difficulties, and Errors in ADT

This section will present the conclusions regarding the findings of MSMTSs’
predictions and interpretations of students’ performances in ADT. Based on the
findings, MSMTs acquired varying degrees of success when they tried to predict how
students would solve the tasks in ADT. They could anticipate students’ possible
solutions and how many students could do the tasks in the items, which included doing
simple translations from verbal statements to algebraic expressions, solving equations,
and demonstrating given data on the table or graphic. However, MSMTs could not
predict students’ responses in the tasks related to EEEI, variable, and functional
thinking.

Variable. MSMTs’ predictions of students’ algebraic thinking regarding the concept
of variable were not mainly aligned with students’ actual responses to the task in
contrast to the study of Asquith et al. (2007). Asquith et al. noted that students’ most
prevalent misconception shared by MSMTs was that multiplication always ends up
with larger results compared to addition. Similarly, three MSMTSs anticipated the same
misconception in the pre-interviews, whereas one of the MSMTSs was surprised when

he heard about this misconception in the current study. Like the study of Asquith et
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al., three MSMTs predicted that students test various values for n and observe which
one is larger. None of the MSMTs considered students’ inadequate comprehension of
the letters as variables that referred to an obstacle to solving the task, as few MSMTs
mentioned this obstacle in Asquith et al. (2007). Only one MSMT predicted that some
students could use the strategy to determine which expression was larger when n was
less than 3, n was equivalent to 3, and n was greater than 3. Approximately 15% of the
students could do the task using this strategy, in contrast to the study of Asquith et al.
(2007). Ms. Ferhan noted that most students would say that 3n was larger since they
perceived that all the numbers should be positive, and they did not consider numbers
other than positive integers, such as rational numbers. Asquith et al. (2007) found that
sixty-seven percent of the 3n responses were not justified or clarified explicitly, and
forty-four percent of the n + 6 responses explained that six was greater than three. The
researchers indicated that students tended to concentrate on the numbers included in
the task instead of the operations if they had difficulty understanding algebraic
expressions. In the current study, students performed similarly to Asquith et al. (2007).
A substantial number of students responded that 3n was larger as multiplication gave
greater results, and some responded that n + 6 was larger since 6 > 3. Apart from the
study of Asquith et al., a significant number of students who used substitution with a
single value or more responded that one of the terms was larger. This result might
correspond with their MSMTs’ tendency to use substitution to solve such tasks as they
typically offered substitution of different values to n as a common solution path of
students for this task. MSMTs’ explanations presented that they heavily concentrated
on substituting single or multiple values to n to determine which one was greater. Also,
they mentioned students’ incorrect thinking related to the comparison of 3n and n+6,
such as 3n since multiplication always gives greater results or n+6 since 6 is greater
than 3. Asquith et al. (2007) found more discrepancies when they compared the MSMT
predictions with student performance in “which is larger task” than “the literal symbol
interpretation task” (p. 259). In this study, the discrepancies between MSMTs’

predictions and students’ performances were significant in Item 3.

EEEI and generalized arithmetic. Based on the pre-interview results for Item 1
(equivalence task) in ADT, three MSMTs anticipated that most students could show

equivalence without multiplication with a relational-structural conception (Stephens
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et al., 2013). Moreover, two MSMTs predicted that few students could do it without
multiplication, and most students adopted a relational-computational conception
(Stephens et al., 2013). MSMTs noted that multiplication was easier for students than
relational-structural strategies such as factorizing the numbers. As the ADT results
showed that approximately 30% of the students adopted a relational-structural strategy
(e.g,“7-22=7-2-1lor7-2-11=14"- 11" or “One is multiplied by 2 when the
other is divided by 2.”) and half of the students used a relational-computational
strategy (e.g., “22 equals the multiplication of 11 and 2; 14 equals the multiplication
of 7 and 2.”), MSMTs’ estimations were not aligned with students’ performance in the
equivalence task generally. Stephens et al. (2013) found that most third, fourth, and
fifth-grade students had an operational conception of the equal sign, which stimulated
students to “do something” such as computing or calculating, and students struggled
to recognize the underlying structure of equality (p. 174). In this study, MSMTs’
expressions indicated that all MSMTs concentrated on the multiplication operation or
factoring the numbers accurately instead of conservation of equivalence. Like their
students, MSMTs mainly presented relational-computational arguments related to the
solution of Item 1, such as “They should directly consider 16 multiplied with 3 when
they see 48” or “Some students may multiply 14 with 10, then add 14 to the result”.
Moreover, Mr. Oner stated that “Students would find it without multiplication if you
asked them the same task including unknown terms. However, nobody solves it with
factorization since multiplication is more straightforward with numbers.” Although
the item asked students to show the equivalence, Mr. Oner used the word ‘find’ (e.g.,
the result) rather than ‘show’ or ‘present’ (e.g., the equality) while explaining the
solution paths of students. His preference for this word might be interpreted as he
might focus on students’ finding a result instead of showing the equivalence in the
task. Therefore, it might be inferred that the MSMTs also have a relational-
computational conception while teaching the equal sign. Researchers found that most
pre-service teachers were unaware of students’ misconceptions about the operational
thinking of the equal sign (Alapala, 2018; Isler & Knuth, 2013; Stephens et al., 2013).
Also, pre-service teachers concentrated more on computational than structural
thinking (Stephens, 2006). Similar to those studies, the results of this study suggested
that participant MSMTs could not anticipate students’ conceptions and difficulties

regarding the equivalence and the relational understanding of the equal sign.
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Although there were such student responses using substitution in Item 3, they were not
observed as frequently as MSMTs predicted. One of the MSMTSs noted that most of
the values students substituted make 3n larger since students tend to substitute positive
numbers such as 5, 10, and 20. Ms. Burcu noted that there were unknowns on both
sides of the equation; therefore, students had more difficulty. Based on this issue,
Gallardo (2001) stated that a didactic cut occurred when doing a transition from the
expression Ax + B = C to Ax + B = Cx + D. Although it was enough “to invert” or
“undo” the underlying operations for Ax + B = C, it was inadequate “to invert” the
operation in Ax + B = Cx + D (Gallardo, 2001, p. 127). Instead, it was required to
operate with the unknown. There were two similar tasks regarding these equations in
Item 7 in ADT, -3 — 2x =-9 and 3x + 7 =—7 (x — 6). Students demonstrated similar
performances in two tasks, respectively; 54% and 50% of the students responded
correctly. The most typical error MSMTs mentioned was the use of the minus sign.
MSMTs mainly stated that students might forget to change the minus sign while
transferring the term to the other side (of the equal sign). Ms. Ferhan noted that
students had difficulty understanding whether the minus sign referred to the operation
or belonged to the number. She noted that students struggle to realize that these two
are interchangeable things, and this was one of the most common difficulties of
students. She argued that this was a crucial point for students that they either stop or
continue learning mathematics. Based on students’ solutions, Mr. Giirsoy also clarified
that students would typically consider transferring —3 to the other side instead of
adding +3 to both sides while solving the task —3 — 2x = —9. Moreover, as Mr. Yiicel
said, students had more difficulty with the division since MSMTs directly wrote x = 3
for 2x = 6 without showing the division of both sides by 6. MSMTs’ anticipations
showed that they mainly concentrated on students’ errors related to using the minus
sign correctly and transforming the terms correctly to solve the algebraic equations in

Item 7.

Based on the algebraic expressions, including operations on both sides of the equal
sign (e.g., 4x — 5 = 3x + 7), Knuth et al. (2005) emphasized the importance of the
relational view of the equal sign when students have to deal with algebraic equations.

The researchers noted that a relational view of the equal sign got students to understand
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that the equivalence relation was conserved through the transformation process while
solving the equation. They clarified that this was one of the most complex ideas that
several students had difficulty with, and it was not a focal point of typical instruction.
Steinberg et al. (1990) also found that several eighth and ninth-grade students did not
comprehend equivalent equations. The researchers found that many students
understood how to do transformations while solving equations but could not determine
the equivalence of two equations. As Knuth et al. (2005) inferred, the problem might
be associated with an inadequate understanding of mathematical equivalence. This
study showed no remarkable difference in students’ performances for the two tasks in
Item 7. Although the researchers suggest that students might have more difficulty
conserving equivalence while coping with algebraic equations, including unknowns
on both sides, MSMTs attributed students’ difficulties and errors to their inadequate
knowledge of negative numbers and how to operate with the quotient of the variable.
In contrast to Asquith et al. (2007), MSMTs’ predictions of students’ performance
related to understanding the variable were not aligned with students’ actual responses
in ADT. MSMTs rarely figured out students’ misconceptions about variable as an
obstacle to doing algebra tasks like Item 3 and Item 4, similar to Asquith et al.’s study.
MSMTs noted that Item 4a was a familiar but challenging task for students. They
considered that most students could write the expressionas x + x + 1 + x + 2 =84, and
some students might answer 3x = 84, which might be incorrect for x + x + x = 84,
MSMTs identified limited examples of students’ incorrect answers and could not
express particular ideas for the underlying reasons behind these inaccurate answers,
such as the inadequate conception of the variable. For example, Ms. Burcu noted that
students might make such errors since they could not understand the problem instead
of providing a more specific explanation for their errors. Also, Mr. Oner clarified that
students might not solve this task since they had no motivation to learn mathematics.
As Mr. Giirsoy anticipated, many students wrote x + y + z = 84 for the algebraic
expression, which was not algebraically incorrect but unexpected as students were

expected to write the expression using one variable.

Based on the results of Item 4b, as Mr. Giirsoy and Mr. Oner said, they taught students
to calculate the average to find the median value in an algebra problem. They noted

that students should divide 84 by 3 to find the median value. To illustrate, Mr. Oner
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asserted that most students could correctly write the algebraic expression X + x + 1 +
X + 2 = 84; however, they mostly found the solution by dividing 84 by 3 in the pre-
interview. These statements might show that some MSMTSs directed students to use
arithmetic instead of algebraic expressions for solving such tasks. Moreover, Ms.
Ferhan highlighted that students would find the result if they were asked to find the
value of the small number. As she noted, they were unsuccessful since they were asked
to express the meaning of the unknown. MSMTs anticipated that most students could
express what the unknown refers to in Item 4b. Although Mr. Yiice predicted that some
students might not express what the result or x stands for, he could not explain their
struggle explicitly. He asserted that he taught students to substitute the result for the
variable to ensure they correctly solved the task, and students would become

successful if they understood substitution.

MSMTs’ predictions could not accurately mirror students’ performance in Item 5,
related to using rational numbers in algebraic equations. Although MSMTs anticipated
that most students would respond to the item correctly, 40% of MSMTs could explain
why the student’s thinking was not correct. MSMTs noted that students would solve
the equation to explain their thinking. Ms. Burcu stated that students struggle with
such tasks although there was no unknown in the expression, such as 8§ + ... = 2. As
she expressed, if the expression became 8 — ... = 10. it would be more difficult for
them to understand how the result could increase when we subtract a value from the
minuend. MSMTs attributed students’ difficulty to inadequate comprehension of the
procedures while solving an equation, such as transfer of the addend to the opposite

side or dividing both sides of the equation by the quotient.

Moreover, they expressed inadequate knowledge of negative numbers. Ms. Burcu
noted that students had difficulties since they forgot or did not repeat the topics they
had learned enough. In addition, she thought students could not conceptualize rational
numbers and only recognize integers. Ms. Burcu and Mr. Yiicel highlighted that even
using distinct letters might affect students’ performance, such as using c instead of x
might decrease their performance as they were more familiar with x. Mr. Yiicel said
that students’ performance would increase when 9x + 8 = 2 was changed to 9x + 8 =

12 or 9x + 8 = 24 since x became a positive number. Although he identified this
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example, he could not explain the underlying difficulty of students. Mr. Yiicel also
argued that 8 + 9x = 2 and 9x + 8 = 2 were quite different for students. He clarified
that students struggled when the addend with an unknown was written after the
numerical addend since students tend to transfer the second addend to the opposite
side of the equal sign. As he expressed, students memorized to transfer the second
addend to the other side of the equal sign, such as they would write 8 =2 — 9x to solve
the equation 8 + 9x = 2. They considered that the unknown addend should always be
on the left in an algebraic expression. Tall and Thomas (1991) mentioned a similar
concern related to the cognitive conflict between the natural language and algebra’s
symbolic world. As they stated, natural language and algebra were written and read
from left to right in most civilizations, which might be problematic in algebra. To
illustrate, students often read 2x + 5 from left to right, but they read 5 + 2x from left
to right as ‘five plus two x,” which was computed from right to left to calculate ‘2x’
before adding with 5. This difficulty was called a parsing obstacle, the changeable
sequence of algebraic processes in contrast to the natural language (Tall & Thomas,
1991). Therefore, the difficulty of students mentioned by Mr. Yiicel might be
associated with the parcing obstacle, which originated from the contradiction between
the natural language and the symbolic world of algebra. Mr. Yiicel noted that students’
difficulty might be caused by inadequate practice with different forms of equations.
That is, MSMTs might get students to practice reversing the places of unknown terms
in algebraic equations. During the conversation, Mr. Yiicel was surprised when he
heard about students’ difficulty in understanding that 9x + 8 = 2 and 2 = 9x + 8 were
the same equations. Instead of focusing on equivalence, he explained it with a
metaphor, becoming at two ends of a bridge, and noted that waiting on the reverse
sides of the bridge would not change the situation. He expressed that primary school

teachers were responsible for this difficulty.

Functional thinking. MSMTs anticipated that students would perform more in
functional thinking tasks, although students demonstrated lower performance than
their predictions in ADT. Based on MSMTSs’ predictions in Item 6, students would
mainly think that, as an equation, an increased by two since b was increased by two.
Ms. Burcu expressed that this task was not something they were unfamiliar with but

struggled with. As she noted, students coped with similar tasks in algebra classes but
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had difficulty, such as when the side of the square increased by two, how much did its
area increase, or how much did its circumference increase? Mr. Yiice argued that
students should be asked whether it would decrease or increase instead of asking how
it would change since they might have difficulty talking about variation. Mr. Oner also
noted that students might consider increment four because of the added four in the
equation instead of focusing on the variables. Based on the results, only Mr. Giirsoy
could anticipate students’ performance accurately by stating that approximately 20%

of the students could correctly respond to Item 6.

MSMTs noted that students would not prefer solving the task using the function rule
even if they could construct it. As they mentioned, students considered that using the
function rule to solve algebra questions was useless since there were more practical
ways that they were used to employ. Mr. Oner said, “students did not solve the items
with equations unless you told students to use them because they did not care about it,
and arithmetic solution paths were more straightforward than equations.” For this
reason, MSMTs often anticipated that students would succeed in the items that could
be solved with arithmetic solution paths. Nevertheless, as they stated, students might
be unsuccessful in some items that required writing the function rule. Based on
students’ results in functional thinking tasks, there was a sharp decrease in students’
performance in writing the rules compared to solving the problem for a specific

instance.

MSMTs often expressed that students had problems with abstract thinking; therefore,
they might have some problems while doing these tasks. They provided superficial
explanations for students’ difficulties in finding the rule of the function as students’
loss of motivation, doing memorization, and not enjoying algebra. In addition, MSMTs
could provide examples of students’ incorrect answers; however, they could not
explicitly describe their reasons. For example, Mr. Yiice asserted that students might
incorrectly give the responses of y = 20x or y = 20 + x in Item 8. He described the
reasons for these incorrect responses as students’ not understanding the topic
efficiently or memorizing. As he noted, although they did several practices in the
classroom, they forgot it after a while. In Item 9, MSMTs predicted that students might

give incorrect answers: y = 30x, y = 20 + 5%, y = 20x, and y = 20 + x. Only Ms. Ferhan
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mentioned the incorrect answer y = 20 + 10x = 30x, which might be associated with
the parsing obstacle explained by Tall and Thomas (1991). Therefore, students might
read 20 + 10x as 20+10, which results in 30, and they concluded that y equals 30x. Mr.
Oner and Mr. Giirsoy mentioned another difficulty for students in writing algebraic
equations using symbols other than x and y. For example, when Mr. Oner asked
students an algebra problem and asked them to write the equation using the letters a
for the length and t for the time, students usually wrote the equation as y = 3x + 50
instead of a = 3t + 50. As Kiichemann (1978) presented that students preferred to use
x instead of prescribed symbols such as a, b, and t in the tasks, Mr. Oner noted that
students could not understand the changeability of the letters, which showed the
variables. As he stated, while they did not even prefer to use x and y, it got complicated
when MSMTs added letters such as a, b, and c.

MSMTs did not mention the covariation between variables crucial for learning
functional thinking. In their study, Sen-Zeytun et al. (2010) observed that teachers
perceived functions as correspondence relationships instead of covariational
structures. They also concluded that teachers’ anticipations of students’ reasoning
abilities were limited since their anticipations could not go beyond their own thoughts
related to the problem. In pre-interviews, Mr. Gilirsoy argued that he had more
important things to teach than the task in Item 6, which examined the covariation of
two variables. As he expressed, the notions of “term” and “variable” in algebraic
expressions were more crucial. As a result, he was not planning to teach such
covariance between variables to students. He advocated that no one taught him the
covariance of variables in the past; therefore, students could learn it independently as
time progressed. Asquith et al. (2007) suggested that ‘exposure’ and ‘understanding’
were two different things experts should consider. Although the students were exposed
to tasks often related to covariational thinking, they might not understand it well even
if they were exposed several times. After Mr. Giirsoy observed students’ results in
ADT, he said that he would definitely concentrate on the concept of variable more in
his algebra classes, but he may not focus on the covariation of variables in a functional
relationship. In addition, he added that this task was not unimportant, but he should
teach more critical topics that would be included in the national examination. He

argued that the covariation of variables was not included in the objectives of the
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mathematics curriculum. Blanton et al. (2011) said functions were crucial in
developing algebraic thinking. As they stated, functions improved students’
meaningful understanding of symbolic notation by making students consider the
relationship between quantities. Blanton and Kaput (2004) highlighted that the
emphasis on finding patterns in single variable data sets might hinder the emphasis on
functional thinking in the following elementary school years. It might be inferred that
such thoughts may limit his teaching in improving students’ functional thinking. Like
his predictions of students’ performance, he provided narrow interpretations for
students’ actual results in functional thinking tasks in ADT and gave limited examples
of students’ incorrect responses to the tasks. Although his anticipations were close to
the students’ actual performances, he could not explicitly describe why students
struggled to write the equations in functional thinking tasks. He just provided
superficial explanations like the abstract nature of algebra and students’ prejudice
towards x and y.

MSMTs could accurately predict students’ performances in the tasks, including
solving simple equations and algebra problems with arithmetic. Conversely, MSMTs’
predictions were not aligned with students’ responses in the tasks related to a relational
understanding of equivalence, understanding the meaning of variable, and functional
thinking. Erbas (2005) found that although teachers were aware of students’ thinking
and difficulties ‘knowing that,” their knowledge was narrow and sometimes
problematic regarding ‘knowing why’ and ‘knowing how’ as they could not express
the reasons behind students’ thinking and difficulties. Although MSMTs could
identify students’ difficulties regarding corresponding items, they expressed the
underlying reasons for students’ difficulties superficially. The next part will discuss
the reasons given by MSMTs for eight grade students’ difficulties in algebraic thinking

based on causal attributions.

5.3.MSMTs’ Causal Attributions for Students’ Difficulties in Algebraic Thinking

This part will demonstrate the conclusions and discussions regarding MSMTs’ causal
attributions for students’ difficulties in ADT. MSMTs expressed potential reasons for

students’ difficulties while learning algebra in the current study. Wang and Hall (2018)
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highlighted that teachers’ causal attributions might influence their instructional
behaviors that significantly impact students’ academic performance, behavior, and
motivation. Therefore, the reasons offered by MSMTs for students’ failure were
investigated based on the causal attribution theory of Weiner (1985, 2010). Like the
study of Bozkurt and Yetkin-Ozdemir (2018), this study found that teachers usually
tended to identify attributions for failure. For this reason, teachers’ causal attributions
for students’ difficulties were investigated in the current study. Similar to the results
of previous studies (Bastiirk, 2012; Medway, 1979; Wang & Hall, 2018), it was
observed that MSMTs frequently attributed students’ difficulties to student-related
factors, including their cognitive processes, effort, innate math skills, and motivation.
This study showed that MSMTSs typically associated students’ difficulties in algebraic
thinking with students’ cognitive processes, which was an external, stable, and
uncontrollable factor for MSMTs (Wang & Hall, 2018; Weiner, 2010). MSMTs
advocated that students’ failures were mainly related to students since they were
already familiar with the tasks. They might have considered that studying a subject in
algebra classes was adequate for students, as their statements presented. Other
attributions MSMTs mainly talked about were students’ effort, an internal, unstable,
and controllable factor, and students’ motivation, an internal, unstable, and

uncontrollable factor (Wang & Hall, 2018; Weiner, 2010).

Medway (1979) and Bastiirk (2012) found that pre-service teachers most frequently
attributed students’ difficulty or success to the innate math talent, which was an
external, stable, and uncontrollable factor for teachers (Wang & Hall, 2018; Weiner,
2010). In contrast to the results of these studies, the least observed student-related
attribution mentioned by MSMTs was the students’ math skills. Glasgow et al. (1997)
observed that students who attributed their failures to uncontrollable factors
demonstrated lower classroom engagement. As the researcher noted, if teachers
associated students’ failure with factors such as a lack of innate talent, their students
might consider it the same way. He added that if teachers believe in such
uncontrollable factors as a barrier to success in mathematics, they may not perform
much effort for the untalented students. In this study, MSMTs frequently expressed
cognitive process-related attributions, which was also an uncontrollable factor. During

the interviews, MSMTs frequently described one-third of the students in the classroom
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as unsuccessful students while talking about their performances for almost all items.
Moreover, they noted there was nothing to do for these students as they were already
unsuccessful and could not learn mathematics. MSMTs’ those statements for
unsuccessful students could also be interpreted as uncontrollable factors. It might be
inferred that MSMTs would do nothing to improve these students’ performances as
they thought they had no control over them. For example, Mrs. Giirsoy stated that he
was interested in improving the performance of high-achiever students in the
classroom, and his sole purpose was to take them further. These statements might
mirror his view about the students who were not among these students. He might
consider that only successful students could learn mathematics and go beyond, and he
could do nothing for the remaining students since he had no control over low achievers

and there was nothing to do with them.

MSMTs also attributed students’ difficulties to instructional process-related factors.
Teaching process-related attributions were the most repeatedly observed attributions,
similar to the study of Bozkurt and Yetkin-Ozdemir (2018), which were often internal,
unstable, and controllable factors for teachers, such as inadequate lesson content and
lack of addressing key points. Therefore, it might be inferred that teachers considered
some points were under their control while teaching algebra, such as focusing on
critical concepts (e.g., understanding the concepts of variable and relational
understanding of the equal sign, solving daily life examples, and improving students’
functional thinking by focusing on covariation). MSMTs’ second most frequent
instructional process-related causal attribution was related to objectives (curriculum)
which might be identified as external, stable, and uncontrollable factors for teachers.
For example, MSMTs advocated that the curriculum did not comprise the objectives
related to identifying the notion of the variable in an algebraic expression or comparing
the magnitude of two different algebraic expressions with the same unknown, such as
n + 3 and 6n. Also, as they asserted, students do not use algebraic symbols in the
primary school mathematics curriculum. Bozkurt and Yetkin-Ozdemir (2018) showed
that teachers attributed the failures to themselves more as their study was a lesson
study and teachers designed their instruction themselves collaboratively. Conversely,
based on the current study results, MSMTs attributed students’ failures to student-

related factors more. Lastly, teachers seldomly attributed students’ failures to the high-
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stakes tests, which was an external, stable, and uncontrollable factor for MSMTSs. Ms.
Burcu noted that the examination system stressed them, and they could not teach math
as they wanted, such as focusing on just a few questions or rarely doing activities in

algebra classes.

Moreover, MSMTs advocated that students might have difficulty in algebra since the
tasks were complex and the items were open-ended in ADT, something they were not
used to until that time. Therefore, the third attribution MSMTs made was task-related
attribution, which was an external, unstable, and uncontrollable factor for MSMTs,
including task difficulty and structure of the item. For example, Ms. Burcu said, “In
Item 4a, if you asked what is the smallest number when the summation of three
numbers equals 84, most would respond correctly. Nevertheless, item 4a was not a
task they were familiar with.” Lastly, MSMTSs rarely expressed attributions related to
family and social environment, which were external, unstable, and uncontrollable

factors for them, such as the crowdedness of the classes or the students' nutrition.

Results showed that MSMTs associated students’ difficulties with external factors
more. It can be argued that MSMTs mostly considered the reason for students’
difficulties is because of students themselves. Furthermore, MSMTs mainly attributed
students’ difficulties to stable and uncontrollable factors. It might be inferred that
MSMTs dominantly considered that they had no control over the factors that make
students unsuccessful, such as students’ cognitive processes, lack of motivation,
inadequate math skills, and content of the objectives in the curriculum. As researchers
stated, attributions significantly affect teachers’ expectations for students’ future
academic performances (Clarkson & Leder, 1984; Peterson & Barger, 1985). Also, as
Wang and Hall (2018) asserted, teachers’ causal attributions might influence their
instructional behaviors that significantly impact students’ academic performance and
motivation. MSMTs stated that they would be more attentive based on particular
points, such as the concept of the variable or covariational thinking. However, their
attributions might indicate that students’ low performance was mainly related to
factors other than their teaching in general. Therefore, they might continue to teach
algebra similarly, as most of the factors that cause students' difficulties are beyond the

responsibilities of teachers.
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5.4.Implications of the Study

The current study contributes to the literature on pre-service mathematics teachers, in-
service mathematics teachers, teacher educators, and policymakers related to teachers’
knowledge of students’ algebraic thinking in the variable concept, equivalence and
equations, and functional thinking. Findings suggested that all MSMTs mainly
highlighted the significance of having the capability of doing computation (addition,
subtraction, multiplication, and division) with different forms of numbers as a
prerequisite for success in algebra. Moreover, some mentioned understanding
algebraic key terms, using various forms of numbers, the ability to use graphics,
understanding algebraic expressions, and knowing the rules while solving algebraic
equations. Based on the findings and conclusions, none of the MSMTs talked about
the relational understanding of the equal sign, understanding the notion of variable,
proportional reasoning, and covariational thinking prior to higher-level algebra topics.
Although the main purpose of algebra was to represent a general relationship or
procedure, to solve a wide range of problems using those representations, and to
produce new representations based on the known ones (Booth, 1986), it might be
inferred that the participants of this study perceived algebra as doing manipulations
with symbols and solving equations to solve the problem in general. Teachers’
knowledge regarding the prerequisite knowledge to learn algebra might be a precursor
related to their algebra perceptions. Similar to the results of Tanigh and Kése (2013)
and Stephens (2006) on pre-service mathematics teachers, it might be inferred that
participant MSMTs required improvement related to their SMK of equivalence and
the relational understanding of the equal sign. The deficiency of their knowledge in
SMK' might prevent teachers from determining students’ difficulties, errors, and
misconceptions, as reported by Boz (2004). Therefore, they might improve their PCK
regarding students’ thinking in equivalence and the relational understanding of the

equal sign.

An important implication of this study was that MSMTs failed to analyze the students’
algebraic thinking at some points, similar to the study of Tanisli and Kdose (2013).
MSMTs could explain students’ algebraic thinking processes related to the big ideas
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of equations and generalized arithmetic. However, they provided limited explanations
for the causes of students’ erroneous thinking and difficulties in the big ideas of
variable, equivalence, and functional thinking. However, they could not discuss
students’ thoughts in a detailed manner. They usually focused on students’ algebraic
practices of doing operations, using numbers, doing a substitution, and solving
equations. To illustrate, teachers focused on students’ capability of doing factorization.
Next, they interpreted that students’ difficulties and errors were caused by inadequate
knowledge of negative numbers or deficiency in equation-solving procedures.
Although these factors also some of the causes of students’ difficulties, the relational
understanding of equal sign and equivalent equations was crucial in dealing with
equations as students could observe the conservation of equivalence relations
throughout the transformation process (Knuth et al., 2005; Steinberg et al., 1990).
Based on the findings of this study, it might be claimed that a teacher development
program might help improve MSMTs’ SMK and PCK to have teachers notice the
importance of the meaning of equal sign and comprehension of equivalence to be

successful at constructing and solving equations.

Moreover, teachers sometimes provided irrelevant explanations when they could not
understand or express students’ thoughts. For example, they stated that students
preferred memorization of the rules or were not working hard instead of providing the
underlying reasons for students’ difficulties and errors in particular concepts. Those
results might be associated with teachers’ inadequate knowledge of students’ algebraic
thinking. In this study, the inadequacy in MSMTs’ knowledge of students’ algebraic
thinking might be attributed to the deficiency of previous instruction given to teachers
focusing on students’ algebraic thinking. Based on the findings and conclusions of this
study, it might be suggested that professional development programs for mathematics
teachers might be conducted to improve teachers’ knowledge regarding the big ideas of
algebra and middle-grade students’ difficulties, errors, and misconceptions in algebra
reported by the literature studies. Since pre-service teachers were future teachers, similar
revisions might be helpful for their improvement regarding the algebraic thinking of
students. Based on The Council of Higher Education (CoHE, 2018), teacher education
programs were revised, and “Teaching Algebra” was assigned as a must-course for one

semester for pre-service elementary mathematics teachers as it was included as a part of
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“Methods of Teaching Mathematics” course in the previous mathematics teacher
education programs. Including “Teaching Algebra” as a must-course in teacher education
programs was an excellent start to enrich teachers’ knowledge of students’ thinking in
algebra. As pre-service teachers are future teachers, they might have similar
conceptions and needs to MSMTs in this study. Tanisli and Kose (2013) proposed that
teacher education programs might offer elective courses for pre-service teachers to
improve their PCK, especially the knowledge of students’ learning of mathematics and
students’ misconceptions. Pre-service teachers could also experience various algebra
tasks and particular solutions for students to broaden their knowledge about students’
algebraic thinking, difficulties, and misconceptions in “Teaching Algebra” courses
and additional elective courses in elementary mathematics teacher education

programs.

The literature review showed the scarcity of studies examining MSMTs’ causal
attributions in algebra (Shores & Smith, 2010; Wang & Hall, 2018). Regarding causal
attributions, this study might serve the related literature on two aspects, student-related
attributions and instructional process-related attributions of MSMTs. Findings
suggested that teachers associated students’ difficulties more with external and
uncontrollable factors. MSMTs mainly attributed students’ failure in algebraic
thinking to student-related factors, primarily cognitive process-related factors such as
inadequacy of students’ understanding, lack of motivation, and inadequate math skills.
Researchers argued that attributions significantly affect teachers’ expectations for
students’ future academic performances (Clarkson & Leder, 1984; Peterson & Barger,
1985). As Glasgow et al. (1997) asserted, if teachers attributed students’ failures to
such uncontrollable factors, they might not perform much effort into the untalented
students since they thought they had no control over them. According to those findings,
further studies might be conducted to observe causal attributions of MSMTs regarding
student-related factors involving MSMTs and their middle-grade students as
participants in the study. Moreover, different types of data collection tools, such as
interviews and classroom observations, might be utilized to collect detailed data from
both middle school students and their MSMTs to test the validity of MSMTs’
arguments regarding external and uncontrollable factors for students’ failures in
algebra.
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Based on MSMTs’ attributions, the second factor for students’ difficulties in algebraic
thinking was instructional process-related factors, including teaching process-related,
curriculum-related, and examination system-related factors. One of the most
frequently observed instructional process-related attributions was curriculum-related
attributions which were external, stable, and uncontrollable factors such as the duration
of the courses and objectives in the mathematics curriculum. MSMTs argued that there
was no emphasis on such notions of variable, equivalence, and covariational thinking.
Moreover, as they stated, they were not expected to do such tasks, considering the
meaning of a variable in an algebraic expression, comparing two algebraic expressions
with the same unknown, and observing the covariation between the quantity of two
variables in a function. These findings proposed that future studies which investigate
the content of the current middle school mathematics curriculum (MoNE, 2018) in
terms of big ideas of algebra (Blanton et al., 2015; Blanton et al., 2019) might provide

helpful information for MSMTSs, researchers, and curriculum developers.

5.5.Recommendations for the Further Research

In this section, the implications related to the present study will be given. This study
concentrated on in-service MSMTs’ knowledge of middle school students’
conceptions and difficulties in algebra. This study focused on the knowledge of
features of learning mathematics dimension of mathematical knowledge for teaching
model (Carrillo-Yariez et al., 2018). During the administration process of the study, |
observed that it was difficult to discriminate the two dimensions of PCK: the
knowledge of features of learning mathematics and knowledge of mathematics
teaching, as their borders have not been determined yet (Hill et al., 2007). In further
studies, it might be recommended that researchers might focus on both dimensions to

observe teachers’ knowledge of students’ algebraic thinking.

Based on teachers’ statements about students’ understanding of the equal sign,
MSMTs could not anticipate students’ difficulties regarding the meaning of the equal
sign. Alapala (2018) illustrated that pre-service MSMTSs improve their capability of

anticipating students’ misconceptions regarding the operational thinking of the equal
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sign after having instruction on this issue. Results also suggested that MSMTs’
predictions were aligned with students’ performance in the tasks which required
simple algebraic procedures, solving a problem using arithmetics, and solving an
equation. However, they often failed to predict students’ task performance, including
understanding the variable, comparing different algebraic expressions, and functional
thinking. In addition, they could not explicitly express the reasons for students’
difficulties. For in-service MSMTs, teacher training programs including students’
correct and incorrect solution paths might be a good point to improve students’
algebraic thinking, as presented in the studies of Tirosh (2000), Tanisli and Kose
(2013), Alapala (2018), and Didis-Kabar and Amag (2018). Therefore, professional
development programs might be offered for in-service MSMTs to broaden their
knowledge and awareness of crucial points in students’ algebraic thinking, such as
relational understanding of equivalence, understanding of variable, and different types
of functional thinking (Blanton et al., 2015; Blanton et al., 2019; Blanton & Kaput,
2004; Stephens et al., 2013).

It was observed that MSMTs’ thoughts were changed in the post-interviews compared
to the pre-interviews. For example, they were unaware of students’ needs to
understand the concept of variable. After they observed the students’ low success in
the tasks related to the big idea of the variable in ADT, they expressed that they should
focus on the variable more in their algebra classes. They stated that they would have
continued not to dwell on this issue if they had not seen these results. Moreover,
although a participant teacher stated that there was no need to focus on the covariation
of variables in functions, he changed his mind and expressed that he would concentrate
on the covariation of variables in functions from that time after he investigated the
students’ performance in ADT. Although there was no intervention in this study, some
changes in MSMTs minds were observed after the interviews. In further case studies,
using observations, teachers’ thoughts and behaviors might be investigated to see the
possible changes before and after the interviews. As teachers’ conceptions are
reluctant to change (Thompson, 1992), intervention studies might also be conducted
on teachers to observe how their thoughts and behaviors change by using particular
tasks and corresponding correct and incorrect student solutions regarding students’

algebraic thinking.
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5.6.Assumptions and Limitations of the Study

It might be stated that MSMTs and 1, as the researcher, had developed a trusting
relationship as we had known each other for approximately one year during the
interviews and informal observations. Therefore, it might be assumed that MSMTSs
confidently shared their ideas with the researcher throughout the study. The Algebra
Diagnostic Test (ADT) was conducted to eighth-grade students at the end of the
algebra topic, and it was assumed that all students from the public school had similar
instructions regarding algebra. Also, all the students were conjectured to take all the
algebra courses they should have completed. Furthermore, the ADT was applied to
students at two different times because of the administrative issues in Pilot Testing |
and I1. Thus, it was assumed that none of the students who saw the items earlier shared
them with those who had not taken the test yet. Considering this issue, the final ADT
was applied to all eight grade students simultaneously. Therefore, the possibility of

students sharing the items with other students was eliminated.

In addition to the assumptions, some points might be accepted as the study’s limitations
were presented as follows. The first issue that might be considered a limitation was that
the data was gathered from five MSMTs in a public middle school in Zonguldak. The
study’s findings might have been different if other MSMTSs had participated from different
schools or schools from other cities. The participant MSMTs were mainly teaching eighth-
grade students throughout the study. If other MSMTs were selected for the study whose
students were distributed differently regarding grade levels, different findings might have
been observed at the end of the study since the participant MSMTSs usually tend to consider
eighth-grade students as they were teaching eighth graders for several years. Since the
participant MSMTs were selected for the study by purposeful sampling, they might not
represent other MSMTs. For this reason, the findings might be presumed less
generalizable to different situations. However, as the study had a qualitative nature,

generalization of the findings was not the goal of the study.

Another issue was related to data collection regarding students’ performances in ADT.

The data gathered from students was collected at once and limited to one data collection

tool, the ADT, including big ideas of equivalence and equation, variable, generalized
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arithmetic, and functional thinking. Therefore, the findings of this study regarding
students’ algebraic thinking were limited to the big ideas of algebra included in ADT. The
final part of this chapter presented some recommendations for further research in the next

section.
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APPENDICES

A.PILOT TEST |

Sevgili 6grenciler,

Bu test cebir konularini kapsayan 14 sorudan olugmaktadir. Teste verdiginiz cevaplar,

bilimsel bir ¢alisma kapsaminda 7. simif Ogrencilerinin cebir 6grenme alanindaki

bilgilerini degerlendirmek amaciyla kullanilacaktir. Testin siiresi 40 dakikadir.

Basarilar©

Ogrencinin adi ve soyadi:

1)

2)

3)

4)

5)

6)

Asagidaki esitligin dogrulugu, 7 x 22 ve 14 x 11 ¢arpma islemlerinin sonucu
bulunmadan gosterilebilir mi? Nedenleriyle aciklayiniz.

7x22=14x11
750 dakikalik bir sinavda, sinav basladiktan x dakika sonra kalan siire”

ifadesinin cebirsel olarak yazimi nasildir?

n bir rasyonel say1 olmak {izere, 3n ve n+6 ifadelerinden hangisinin daha biiyiik

oldugunu soyleyebilir misiniz? Cevabinizi kisaca agiklayiniz.

“Ardisik 3 ¢ift dogal sayimin toplami 84 tiir.” ifadesine karsilik gelen denklemi

yaziniz. Bu denklemdeki bilinmeyenin neyi ifade ettigini agiklayiniz.

a=3b + 4 olduguna gore, b’nin degeri 2 arttirilirsa a’nin degeri nasil degisir?

Ogretmen, siifta 8 + 9¢ =2 seklindeki bir denklemi ¢6zmek i¢in tahtaya yazmistir.
Bu sirada, siniftaki 6grencilerden biri denklemin hatali oldugunu, 8 ile bir saymin
toplaminin 2’ye esit olamayacagini sOylemistir. Sizce bu 6grencinin diisiincesi

dogru mudur? Nedenleriyle agiklayiniz.
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7) —3-—2x = -9 denklemini islem adimlarini sirayla gostererek ¢oziiniiz.

8) Bir kafede, kahvalti licreti 20 TL olarak belirlenmistir. Bu kafede kahvalt1 siparis
eden miisterilerinden, ictikleri ilk ¢ay i¢in iicret alinmamakta; sonraki her bir ¢ay

siparisi i¢in ise 3 TL ticret alinmaktadir.

a) Buna gore, bu kafede kahvalt1 siparis eden bir kisinin igtigi ¢ay ve ddedigi

toplam ticret arasindaki iligkiyi gdsteren denklemi yaziniz.

b) Bu kafede toplam 5 bardak cay igen bir miisteri toplamda ne kadar {icret
O0demistir?

Boy (cm)
60 — cemmmmnemaasesnseane s 2
39T -~
LT IR— o
45 — i
0 | /--/
35 — ~
30 "
5~ - |
0"
15 = : '
10 —
5 T H ]
0 : . ' . Gegcen siire (Ay)
1ay 2ay 3 ay 4 ay

9) Yukaridaki dogrusal grafik bahgeye dikilen bir fidanin aylara gére uzama
miktarini gostermektedir. Grafige gore; her ay esit miktarda biiyliyen bu fidanin
dikildikten 8 ay sonraki uzunlugu ka¢ cm olur? Bu sorunun ¢oziimiindeki iglem

adimlarini sirayla gosteriniz.

10) Bir arkadas grubu Zonguldak’tan Mugla’ya diizenlenecek olan bir geziye
katilmaya karar vermis ve 800 kilometrelik yolu saatte 100 km sabit hizla
gitmislerdir.

a) Gidilen yolu x (km), zamani t (saat) ile gosterecek sekilde her bir saat

sonunda gidilen yolun tablosunu olusturunuz.
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d)

b) Tablodaki verilerin grafigini x-ekseni zamani, y-ekseni gidilen yolu

gosterecek sekilde asagidaki koordinat diizlemi lizerinde ¢iziniz.

N

v

Grafik lizerindeki noktalar1 ayn1 dogru lizerinde birlestirmek dogru olur mu?
Neden?

Verilen t degerlerinden yola ¢ikarak x degerlerini bulmanizi saglayacak olan
genel kurali sozel olarak ifade ediniz.

Verilen t degerlerinden yola ¢ikarak x degerlerini bulmanizi saglayacak olan

genel kurali ifade eden denklemi yaziniz.

Yazdiginiz denklemi kullanarak, % saatte gidilen yolu bulunuz.
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B. PILOT TEST II

Sevgili 6grenciler, bu test cebir konularint kapsayan 11 sorudan olusmaktadir. Teste
verdiginiz cevaplar, 7. simf Ogrencilerinin cebir 6grenme alanindaki bilgilerini
degerlendirmek amaciyla kullanilacaktir. Testin siiresi 40 dakikadir. Basarilar©

Ogrencinin ad1 ve soyadi:

1) Asagidaki esitligin dogrulugu, 7 x 22 ve 14 x 11 ¢arpma islemlerinin sonucu
bulunmadan gosterilebilir mi? Nedenleriyle aciklayiniz.

7Tx22=14x11

2) 50 dakikalik bir sinavda, sinav basladiktan x dakika sonra kalan siire”

ifadesinin cebirsel olarak yazimi nasildir?

3) n bir rasyonel say1 olmak iizere, 3n ve n+6 ifadelerinden hangisinin daha biiyiik

oldugunu séyleyebilir misiniz? Cevabinizi kisaca aciklayimiz.

4) “Ardistk 3 dogal saymin toplami 84 'tiir.” ifadesine karsilik gelen denklemi

yaziniz. Bu denklemdeki bilinmeyenin neyi ifade ettigini agiklaymiz.

5) a = 3b + 4 olduguna gore, b’nin degeri 2 arttirtlirsa a’nin degeri nasil degisir?

Liitfen cevabinizi nedenleriyle agiklayiniz.

6) Ogretmen, 8 + 9¢c =2 denklemini tahtaya yazar ve dgrencilerin ¢dzmesini ister. Bu
sirada, smiftaki ogrencilerden biri denklemin hatali oldugunu, 8 ile bir saymnin
toplaminin 2’ye esit olamayacagini sdyler. Sizce bu 6grencinin diislincesi dogru

mudur? Nedenleriyle agiklayniz.

7) —3-2x = -9 denklemini, islem adimlarinizi sirasiyla gostererek ¢oziiniiz.
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8)

Bir kafede, kahvalt1 {icreti 20 TL olarak belirlenmistir. Bu kafede kahvalt1 siparisi
veren miisterilerden, ictikleri ilk ¢ay i¢in iicret alinmamakta; sonraki her bir ¢ay

siparisi i¢in ise 3 TL iicret alinmaktadir.

a) Buna gore, bu kafede kahvalti siparisi vermis olan bir kisinin igtigi ¢ay ve

0dedigi toplam iicret arasindaki iliskiyi gosteren denklemi yaziniz.

b) Bu kafede kahvalt1 siparisi vermis ve 5 bardak ¢ay i¢mis olan bir miisteri

toplamda ne kadar tlicret 6demistir?

9)

Boy (cm)

60 4

55 T
50 4.
a5 <
40 _|
35 -+
30 |

4L ~
20 4~

15 1
10 <+
= 0

0

» Gegen stire (Ay)
1ay 2 ay 3 ay 4ay

Yukaridaki dogrusal grafik bahceye dikilen bir fidanin aylara gére uzama miktarimi

gostermektedir.

a)

b)

10)

Grafikte x-ekseni gegen siireyi (ay), y ekseni de fidanin boyunu (cm) gostermek
lizere; her ay esit miktarda biiyliyen bu fidanin boyu ile gegen zaman arasindaki

iligskiyi gosteren denklemi yaziniz.
Grafige gore; her ay esit miktarda biiyliyen bu fidanin dikildikten 8 ay sonraki
uzunlugu ka¢ cm olur? Bu sorunun ¢oziimiindeki islem adimlarini sirayla

gosteriniz.

Bir arkadas grubu Zonguldak’tan Mugla’ya diizenlenecek olan bir geziye

katilmaya karar vermis ve 800 kilometrelik yolu saatte 100 km sabit hizla gitmislerdir.

e) Yolculuk boyunca her bir saat sonunda gidilen toplam yolun tablosunu

olusturunuz.
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Zaman
(saat)

Yol
(km)

f) a sikkinda olusturdugunuz tablodaki verilerin grafigini x-ekseni zamani

(saat), y-ekseni gidilen yolu (km) gosterecek sekilde asagidaki koordinat diizlemi

lizerinde ¢iziniz.

re
it

g) Yolculuk boyunca gegen zamana t, gidilen yola da m denilirse, gidilen yolun

zamana gore degisimini ifade eden denklemi yaziniz.

11) Asagidaki sekilde, yan yana getirilen kare masalar (gri renkli) ve sandalyeler

(beyaz renkli) bulunmaktadir. Yan yana getirilen kare masalara yerlestirilen

sandalye sayilarinin, masa sayilaria gore dagilimi asagidaki gibidir. Buna gore,

1 masa 2 masa

3 masa

a) 10 tane masa yan yana getirildiginde, o masaya yerlestirilen toplam sandalye

sayisini bulunuz.

n tane masa ile o masaya yerlestirilen sandalye sayist arasinda olusturulan

Oriintiiniin kuralin1 (denklemini) yaziniz.

€) Bir miktar masa yan yana getirildiginde, o masaya toplam 152 tane sandalye

yerlestirildigine gore, birlestirilen masa sayisini bulunuz.
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C. ALGEBRA DIAGNOSTIC TEST

Sevgili 6grenciler, bu test cebir konularint kapsayan 17 sorudan olusmaktadir. Teste
verdiginiz cevaplar, 8. sif Ogrencilerinin cebir 6grenme alanindaki bilgilerini
degerlendirmek amaciyla kullanilacaktir. Testin siiresi 50 dakikadir. Basarilar©
Ogrencinin adi-soyada:

Sube: 8/...

1) Asagidaki esitligin dogrulugu, 7 - 22 ve 14 - 11 garpma islemlerinin sonucu
bulunmadan gosterilebilir mi? Nedenleriyle a¢iklayiniz.

7-22=14-11

2) 50 dakikalik bir sinavda, sinav basladiktan x dakika sonra kalan siire” ifadesinin

cebirsel olarak yazimi nasildir?

3) n bir tam say1r olmak {izere, 3n ve n+6 ifadelerinden hangisinin daha biyiik

oldugunu soyleyebilir misiniz? Liitfen cevabinizi kisaca agiklayiniz.

4) “Ardisik 3 dogal sayinin toplami 84 'tiir.”
a) Yukaridaki ifadeye karsilik gelen denklemi yaziniz.

b) Yazdigimiz denklemde, harfle ifade ettiginiz bilinmeyenin neyi belirttigini

aciklaymiz.

5) Bir 6gretmen derste 8 + 9¢ = 2 denklemini tahtaya yazar ve dgrencilerin denklemi
¢Ozmesini ister. Bu sirada, bir 6grenci denklemin hatali oldugunu, 8 ile bir sayinin
toplamiin hicbir zaman 2’ye esit olamayacagini soyler. Sizce bu 6grencinin

diisiincesi dogru mudur? Liitfen cevabinizi nedenleriyle agiklayiniz.
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6) a = 3b + 4 olduguna gore, b degeri 2 arttirilirsa a degeri nasil degisir? Liitfen

cevabinizi nedenleriyle aciklayiniz.

7) Asagida a ve b siklarinda verilen denklemleri, islem adimlarinizi sirasiyla

gostererek ¢oziiniiz.

a) -3-2x= -9 b) 3x +2 =—7(x - 6)

8. ve 9. sorular asagidaki grafige gore cevaplayiniz.
Asagidaki grafik bir bahgeye dikilen ve her ay esit miktarda uzayan bir fidanin aylara

gore uzama miktarini gostermektedir.

Boy {cm)
rF 3

60
551
50
a5 4
40
s 4
30
54
20 4
154
104

s

0

T

. Gegen siire
1 P 3 4 (ay)

8) Grafikte x-ekseni gecen siireyi (ay), y-ekseni de fidanin boyunu (cm) gostermek
tizere; bu fidanin boyu ile gegen siire arasindaki iligkiyi gosteren denklemi

yaziniz.

9) Grafige gore; bu fidanin dikildikten 8 ay sonraki uzunlugu kag¢ cm olur? Bu

sorunun ¢ozlimiindeki islem adimlarini sirasiyla gosteriniz.

10. ve 11. sorular1 asagidaki metne gore cevaplaymiz.

“Bir kafede, kahvalti iicreti 20 TL olarak belirlenmistir. Bu kafede kahvalti siparisi

veren miisterilerden, ictikleri ilk ¢ay icin ticret alinmamakta; sonraki her bir ¢ay

siparisi i¢in ise 3 TL ek ticret alinmaktadur. “

10)  Bu kafede kahvalti siparisi vermis olan bir kisinin igtigi ¢ay sayisi x bardak,
0dedigi toplam ticret ise y TL olmak {izere, x ve y degiskenleri arasindaki iliskiyi

gosteren denklemi yaziniz.
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11)  Bu kafede kahvalti siparisi vermis ve toplam 5 bardak ¢ay i¢gmis olan bir

miisterinin toplamda kag¢ TL ticret 6demesi gerekmektedir?

12., 13. ve 14. sorular asagidaki metne gore cevaplayiniz.
Asagidaki sekilde, yan yana getirilerek birlestirilen kare bi¢cimindeki masalar ve bu
masalarin ¢evresine yerlestirilen sandalyeler bulunmaktadir. Masalara yerlestirilen

sandalye sayilarinin, masa sayilarina gore dagilimimin goriiniimii asagidaki sekilde

1 masa

verilmistir.

2 masa varsa 3 masa varsa
varsa

12) 10 tane masa yan yana getirilerek birlestirildiginde, masalara yerlestirilen

toplam sandalye sayisini bulunuz.

13) Yan yana getirilerek birlestirilen masa sayisi x, masalara yerlestirilen sandalye
sayist da y olmak iizere, x ve y degiskenleri arasinda olusan Oriintiiniin kuralini

(denklemini) yaziniz.

14) Bir miktar masa yan yana getirilerek birlestirildiginde, masalara yerlestirilen

sandalye sayis1 152 olduguna gore, birlestirilen masa sayisin1 bulunuz.
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15., 16. ve 17. sorular1 asagidaki metne gore cevaplayiniz.

“Bir arkadas grubu Zonguldak’tan Canakkale’ye diizenlenecek olan bir geziye
katilmaya karar vermis ve 600 kilometrelik yolu araglariyla saatte 100 km sabit hizla
gitmiglerdir.”

15)  Yolculuk boyunca, her bir saatin sonunda yolculugun basindan itibaren

gidilen toplam yolun tablosunu olusturunuz.
Gegen siire (saat) Gidilen toplam
yol (km)

1. saatin sonunda 100 km

16) Metinde verilen bilgilere gore, X-ekseni gegen siireyi (saat), y-ekseni gidilen yolu
(km) gostermek tizere, gidilen yol ve gecen siire arasindaki iligkiyi gosteren grafigi

asagidaki koordinat diizlemi {izerinde ¢iziniz.

Yol (km) | |

............ Gecen siire
(saat)| |

17) Yolculuk boyunca gegen siire t, gidilen toplam yol m ile gosterilmek tizere, gidilen

yol ile gegen siire arasindaki iligkiyi gdsteren denklemi yaziniz.
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D.A QUESTIONNAIRE FOR TEACHERS BASED ON ALGEBRA
DIAGNOSTIC TEST

Ogretmenin adi ve soyadi:

Sevgili 6gretmenler, bu anket 6., 7. ve 8. stnif cebir konularinin bir kismin1 kapsayan
ve 8. smif 6grencilerine uygulanacak olan 8. Sinif Kavramsal Cebir Testi’ne yonelik
diisiincelerinizi 6grenmeyi amaclayan sorulardan olusmaktadir. 8. Smif Kavramsal
Cebir Testi’nde, 8. siif Ogrencilerinin cebir 6grenme alanindaki esitlik, degisken,
denklem ve dogrusal denklemler konulan ile ilgili kavrayislar1 ve zorluklarini
incelemek amaciyla kullanilacak olan sorular bulunmaktadir. Testteki sorularin
cevaplanmasi i¢in Ogrencilere 60 dakika siire verilecektir. Liitfen sorular1 yalnizca
dersine girdiginiz 8. siif dgrencilerini diisiinerek cevaplayiniz. Katiliminiz i¢in ¢ok
tesekkiir ederim.

Nurbanu Yilmaz

Soru 1) Asagidaki esitligin dogrulugu, 7 - 22 ve 14 - 11 ¢arpma islemlerinin
sonucu bulunmadan gosterilebilir mi? Nedenleriyle agiklayiniz.

7-22=14-11

a) Yukaridaki soru igin dgrencileriniz tarafindan verilebilecek olan dogru veya
yanlis cevaplar neler olabilir? Sizce dogru veya yanlis cevap veren
Ogrencileriniz, bu sorunun ¢oziimii i¢in hangi ¢oziim yollarimi kullanmig

olabilirler?

b) Yukaridaki sorunun okulunuzda 8. sinifta 6grenim goren (her basari
seviyesinden Ogrencinin i¢inde bulundugu) 100 Ogrenciye soruldugunu
diisiiniiniiz. Soruyu dogru veya yanlis olarak cevaplamis olan 6grenciler i¢in,

belirttiginiz her bir ¢6ziim yolunun kullanilma ytlizdelerini belirtebilir misiniz?
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Soru 2) ’50 dakikalik bir sinavda, sinav basladiktan x dakika sonra kalan siire”

ifadesinin cebirsel olarak yazimi nasildwr?

a) Yukaridaki soru i¢in dgrencileriniz tarafindan verilebilecek olan dogru veya
yanlig cevaplar neler olabilir?

b) Yukaridaki sorunun okulunuzda 8. sinifta 6grenim goren (her basari
seviyesinden Ogrencinin i¢inde bulundugu) 100 O6grenciye soruldugunu
diisiiniiniiz. Soruyu dogru veya yanlis olarak cevaplamis olan 6grenciler i¢in,

belirttiginiz her bir ¢6ziim yolunun kullanilma yiizdelerini belirtebilir misiniz?

Soru 3) n bir rasyonel sayt olmak tizere, 3n ve n + 6 ifadelerinden hangisinin daha
biiyiik oldugunu séyleyebilir misiniz? Liitfen cevabinizi kisaca agiklaymniz.

a) Yukaridaki soru igin 6grencileriniz tarafindan verilebilecek olan tipik dogru
veya yanlis cevaplar neler olabilir? Sizce dogru veya yanlis cevap veren
Ogrencileriniz bu sorunun ¢éziimii i¢in hangi yontemleri kullanmis olabilirler?

b) Yukaridaki sorunun okulunuzda 8. sinifta 6grenim goéren (her basari
seviyesinden ogrencinin iginde bulundugu) 100 ogrenciye soruldugunu
diisiiniiniiz. Soruyu dogru veya yanlis olarak cevaplamis olan dgrenciler igin,
belirttiginiz her bir ¢éziim yolunun kullanilma yiizdelerini belirtebilir misiniz?

Soru 4) “Ardisik 3 dogal saywn toplami 84 tiir.”
a) Yukaridaki ifadeye karsilik gelen denklemi yaziniz.

)) Yazdigimiz denklemde harfle ifade ettiginiz bilinmeyenin neyi belirttigini

acgiklayiniz.

a) Ogrencilerinizin yukaridaki sorudaki a sikki icin verebilecegi dogru
veya yanlis tipik cevap 6rnekleri neler olabilir? Liitfen 6rneklendirerek
aciklaymiz.

b) Sizce 6grencileriniz b sikkinda sorulmus olan bilinmeyenin neyi ifade

ettigini agiklayabilirler mi?
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€) Yukaridaki sorunun okulunuzda 8. simifta 6grenim goren (her basari
seviyesinden 6grencinin i¢inde bulundugu) 100 6grenciye soruldugunu
diislinliniiz. Soruyu dogru veya yanlis olarak cevaplamis olan
Ogrenciler i¢in, belirttiginiz her bir ¢6ziim yolunun kullanilma

yiizdelerini belirtebilir misiniz?

Soru 5) Ogretmen, c bir rasyonel sayi olmak iizere, 8 + 9c = 2 denklemini
tahtaya yazar ve égrencilerin denklemi ¢ézmesini ister. Bu sirada, siniftaki
ogrencilerden biri denklemin hatali oldugunu, 8 ile bir sayinin toplaminin 2’ye
esit olamayacagint soyler. Sizce bu dgrencinin diisiincesi dogru mudur?

Nedenleriyle aciklayiniz.

a) Ogrencilerinizin yukaridaki soru icin verebilecegi dogru veya yanlis tipik
cevap oOrnekleri neler olabilir?

b) Yukaridaki sorunun okulunuzda 8. sinifta 6grenim goren (her basari
seviyesinden Ogrencinin i¢inde bulundugu) 100 6grenciye soruldugunu
diisiiniiniiz. Soruyu dogru veya yanlis olarak cevaplamis olan ogrenciler
i¢in, belirttiginiz her bir ¢6ziim yolunun kullanilma ytizdelerini belirtebilir

misiniz?

Soru 6) a = 3b + 4 olduguna gore, b’nin degeri 2 arttirtlirsa a’nin degeri nasil

degisir? Liitfen cevabinizi nedenleriyle agiklayiniz.

a) Ogrencilerinizin yukaridaki soru igin verebilecegi dogru veya yanlis tipik
cevap ornekleri neler olabilir?

b) Yukaridaki sorunun okulunuzda 8. sinifta 6grenim goéren (her basari
seviyesinden oOgrencinin i¢inde bulundugu) 100 Ogrenciye soruldugunu
diistiniinliz. Soruyu dogru veya yanlis olarak cevaplamis olan 6grenciler i¢in,

belirttiginiz her bir ¢ézliim yolunun kullanilma yiizdelerini belirtebilir misiniz?
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Soru 7) Asagidaki denklemleri, islem adimlarinizi sirasiyla gostererek ¢oziiniiz.

-3-2x=-9 3X+2=-7(x-16)

a) Ogrencilerinizin yukaridaki soru igin verebilecegi dogru veya yanlis tipik
cevap ornekleri neler olabilir?

b) Yukaridaki sorunun okulunuzda 8. smifta 6grenim goren (her basari
seviyesinden Ogrencinin icinde bulundugu) 100 O6grenciye soruldugunu
diistinliniiz. Soruyu dogru veya yanlis olarak cevaplamis olan 6grenciler igin,

belirttiginiz her bir ¢6ziim yolunun kullanilma yiizdelerini belirtebilir misiniz?

Asagidaki grafik bir bahceye dikilen fidanin aylara gore uzama miktarini
gostermektedir. 8. ve 9. sorulart asagidaki grafige gore cevaplayiniz.

Boy (cm)

[0 i — ’_/"
55T
50 4 {
45 4 /./’ :
EL N /_,—’ '
35 4 e

30 | -

25
20
15T
10+
s T H

° - : P Gegen siire (Ay)

1ay 2ay 3 ay 4ay

Soru 8) Grafikte x-ekseni gecen siireyi (ay), y ekseni de fidanin boyunu (cm)
gostermek {izere; her ay esit miktarda biiyliyen bu fidanin boyu ile gecen zaman

arasindaki iliskiyi gosteren denklemi yaziniz.

Soru 9) Grafige gore; her ay esit miktarda biiyiiyen bu fidanin dikildikten 8 ay
sonraki uzunlugu ka¢ cm olur? Bu sorunun ¢éziimiindeki islem adimlarini sirasiyla

gosteriniz.

a) Ogrencilerinizin yukaridaki 8. ve 9. sorular i¢in verebilecegi dogru veya yanlis
tipik cevap ornekleri neler olabilir?

b) Yukaridaki 8. ve 9. sorularin okulunuzda 8. sinifta 6grenim goren (her basari
seviyesinden Ogrencinin i¢inde bulundugu) 100 o6grenciye soruldugunu
diisiiniiniiz. Soruyu dogru veya yanlis olarak cevaplamis olan 6grenciler igin,

belirttiginiz her bir ¢oziim yolunun kullanilma yiizdelerini belirtebilir misiniz?
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10. ve 11. sorular asagidaki metne gore cevaplayimiz.
“Bir kafede, kahvalti iicreti 20 TL olarak belirlenmistir. Bu kafede kahvalti siparisi
veren miisterilerden, ictikleri ilk ¢ay icin iicret alinmamakta, sonraki her bir ¢ay
siparisi icin ise 3 TL iicret alinmaktadr. “
Soru 10) Bu kafede kahvalti siparisi vermis olan bir kisinin igtigi ¢ay sayisi X,
0dedigi toplam {icret ise y olmak iizere, x ve y degiskenleri arasindaki iliskiyi
gosteren denklemi yaziniz.
Soru 11) Bu kafede kahvalt1 siparisi vermis ve 5 bardak ¢ay igmis olan bir miisteri
toplamda ne kadar {icret 6demistir?
a) Ogrencilerinizin yukaridaki 10. ve 11. sorular igin verebilecegi dogru veya
yanlis tipik cevap Ornekleri neler olabilir?
b) Yukaridaki 10. ve 11. sorularin okulunuzda 8. sinifta 6grenim géren (her basari
seviyesinden oOgrencinin i¢inde bulundugu) 100 Ogrenciye soruldugunu
diisiiniiniiz. Soruyu dogru veya yanlis olarak cevaplamis olan 6grenciler igin,

belirttiginiz her bir ¢6ziim yolunun kullanilma yiizdelerini belirtebilir misiniz?

13., 14., 15. ve 16. sorular1 asagidaki metne gore cevaplayiniz.

Asagidaki sekilde, yan yana getirilerek birlestirilen kare masalar (gri renkli) ve bu
masalarin gevresine yerlestirilen sandalyeler (beyaz renkli) bulunmaktadir. Yan
yana getirilerek birlestirilen kare masalara yerlestirilen sandalye sayilarinin, masa

sayilarina gore dagilimi asagidaki gibidir. Buna gore,

DN I

l.adim 2.admm 3. adim
Soru 13) Yan yana getirilerek birlestirilen masa sayisi ve her bir adimdaki sandalye

sayis1 arasindaki iliskiyi gosteren agsagidaki tabloyu doldurunuz.

Adim siras1  Her bir adimdaki  Her bir adimdaki

masa sayisi sandalye sayis1
1. adim 1 masa 4 sandalye
2. adim
3. adim
4. adim
5. adim
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Soru 14) 10 tane masa yan yana getirilerek birlestirildiginde, o masaya
yerlestirilen toplam sandalye sayisin1 bulunuz.

Soru 15) Yan yana getirilerek birlestirilen masa sayisi X, o masaya yerlestirilen
sandalye sayisi da y ile gosterilirse, X ve y degiskenleri arasinda olusan Oriintiiniin
kuralini (denklemini) yaziniz.

Soru 16)Bir miktar masa yan yana getirilerek birlestirildiginde, o masaya toplam

152 tane sandalye yerlestirildigine gore, birlestirilen masa sayisini bulunuz.

a) Ogrencilerinizin yukaridaki 13., 14., 15. ve 16. sorular i¢in verebilecegi dogru
veya yanlis tipik cevap ornekleri neler olabilir?

b) Yukaridaki 14., 15. ve 16. sorularin okulunuzda 8. smifta 6grenim goren (her
basar1 seviyesinden Ogrencinin i¢inde bulundugu) 100 6grenciye soruldugunu
diisiiniiniiz. Soruyu dogru veya yanlis olarak cevaplamis olan 6grenciler igin,

belirttiginiz her bir ¢6ziim yolunun kullanilma yiizdelerini belirtebilir misiniz?

17., 18. ve 19. sorulari asagida verilen metne gore cevaplayiniz.

“Bir arkadas grubu Zonguldak’tan Canakkale’ye diizenlenecek olan bir geziye
katilmaya karar vermis ve 600 kilometrelik yolu saatte 100 km sabit hizla
gitmislerdir.”

Soru 17) Yolculuk boyunca her bir saat sonunda gidilen toplam yolun tablosunu
olusturunuz.

Soru 18) Metinde verilen bilgilere gore, X-ekseni gegen siireyi (saat), y-ekseni
gidilen yolu (km) gosterecek sekilde, gidilen yol ve gegen siire arasindaki iligkiyi
gosteren grafigi asagidaki koordinat diizlemi iizerinde ¢iziniz.

Yol (km)
[

- ;- Gecen sure (saat)

277



Soru 19) Yolculuk boyunca gegen siire t, gidilen toplam yol m ile ifade edilirse,

gidilen yolun zamana gore degisimini gosteren denklemi yaziniz.

Gegen siire (saat) Fidilen toplam vol (k)
1. saatin sonunda 100 km

a) Ogrencilerinizin yukaridaki 17., 18. ve 19. sorular i¢in verebilecegi dogru veya
yanlis tipik cevap Ornekleri neler olabilir?

b) Yukaridaki 17., 18. ve 19. sorularin okulunuzda 8. smifta 6grenim goren (her
basar1 seviyesinden Ogrencinin i¢inde bulundugu) 100 6grenciye soruldugunu
diisiiniinliz. Soruyu dogru veya yanlis olarak cevaplamis olan dgrenciler igin,

belirttiginiz her bir ¢dziim yolunun kullanilma yiizdelerini belirtebilir misiniz?
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1)

2)

3)

4)

5)

E.SEMI-STRUCTURED INTERVIEW QUESTIONS (BEFORE ALGEBRA
DIAGNOSTIC TEST)

Sizce, cebir 6grenimine baglamadan once 6grencilerin hangi konular1 iyi derecede
bilmeleri gerekmektedir?

e Cebir konusuna gegcmeden dnce dgrencilerinizin bu konu(lar)da yeterli bilgiye
sahip oldugunu diisiiniiyor musunuz?

Cebir konusunu anlatirken hangi kaynaklardan yararlaniyorsunuz? Bu kaynaklari
nasil kullaniyorsunuz?

Bugiine kadar elde ettiginiz deneyimlere dayanarak, sizce 6grenciler cebir 6grenme
alanindaki hangi noktalarda zorlaniyorlar?

e Ogrencilerin zorlandiklar1 noktalar1 nasil belirliyorsunuz?

e Konu anlatiminda ve problem ¢6ziimiinde bu zorluklar1 gidermek amaciyla
kullandiginiz herhangi bir yontem var m1?

Daha onceki deneyimlerinize gore, 68renciler cebir konusunda genellikle ne tiir
hatalar yapiyorlar?

e Ogrencilerde bulunabilecek olan kavram yanilgilar1 ve 6grencilerin
yapabilecekleri hatalar belirlemeye yonelik kullandiginiz bir yontem var midir?

8. Simif Kavramsal Cebir Testi ile ilgili olan asagidaki sorulari, liitfen her bir test

sorusu i¢in sirastyla cevaplayniz.

e Testteki her bir soru i¢in, 6grenciler tarafindan verilebilecek olan tipik bir cevap
Ornegi sizce nasil olur?

e Ogrencilerinizin hangi sorular1 dogru veya sira dis1 bir sekilde cevaplayacagimi
diistinliyorsunuz? (Liitfen dogru cevaplayabilecek olan 6grencilerin yiizdesini
her bir soru i¢in belirtiniz.)

e Bu testte, 6grencilerinizin zorlanacagi veya hatali cevaplar verebilecegi sorular

var midir?
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Cevabiniz evet ise, 0grencilerin testteki hangi sorularda ve bu sorularin
hangi kisimlarinda zorluk yasayacagini diistiniiyorsunuz?

Neden, 6grencilerin zorluk yasayabileceklerini diisiindiiniiz?

Sizce 6grencilerinizin sorularda hata yapabilecegi noktalar neler
olabilir? (Liitfen sorulart hatali cevaplayabilecek olan 6grencilerin
viizdesini her bir soru igin belirtiniz.)

Bu hatalarin sebepleri neler olabilir? Liitfen, sirasiyla her bir soru i¢in

aciklayiniz.
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F. SEMI-STRUCTURED INTERVIEW QUESTIONS (AFTER ALGEBRA
DIAGNOSTIC TEST)

1) Ogrencilere uygulanan 8. Sinif Kavramsal Cebir Testi ‘ndeki sorulara
Ogrenciler tarafindan verilen cevaplarin icerik analizi sonuglari su sekildedir
(6gretmene, ogrencilere ait cevaplarin tiimiiniin analiz sonuglari gosterilir).
. Bu sonugclar hakkinda ne diisiiniiyorsunuz?
o Sizce, 6grenci cevaplariin analizlerinde goriilen bu hatalarin
sebepleri ne(ler) olabilir? (3. sorunun sonu¢larint géstermek gibi spesifik
sorular da sorulabilir. Ogrencilerin yiizde ... kadari séyle yapmus, sizce
neden?)

o Bu hatalar nereden kaynaklaniyor olabilir? Liitfen aciklayiniz.

2) Ogrencilerin ¢cogu tarafindan dogru olarak cevaplanacagim diisiindiigiiniiz,
fakat aksi sekilde sonug elde edilen bir soru var m1?
o Eger varsa, sizin diisiincenizin aksine, 6grenciler tarafindan bu
soruya/sorulara verilen hatali cevaplarinin ¢gogunlukta olmasinin sebebi
sizce ne olabilir?
3) Ogrencilerin cevaplarinda gézlenmis olan bu zorluklar1 ve hatalart
gidermeye yonelik bir 6neriniz var midir? Varsa nelerdir? Liitfen, sirastyla her bir
soru i¢in agiklaymiz.
o Ogrencilerin sahip olabilecegi bu zorluk ve hatalar1 sinifimzda da
gozlemlediginiz oluyor mu?
* Cevabiniz evet ise, bu zorluk ve hatalar1 gidermeye yonelik
onerileriniz var midir?
. Belirttiginiz 6nerileri gerekli gordiiglinliz durumlarda sinifinizda
uygulayabiliyor musunuz?
+ Evet ise, bu Onerileri nasil uyguladiginiz liitfen agiklayiniz.

+* Hayir ise, uygulayamama sebeplerinizi liitfen aciklayiniz.
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|. TURKISH SUMMARY / TURKCE OZET

ORTAOKUL MATEMATIK OGRETMENLERININ SEKiZiNCi SINIF
OGRENCILERININ CEBIiRSEL DUSUNMELERI iLE iLGILi BILGILERi

1. Giris

Cebir, okul matematiginde Onemli bir geg¢is noktasi olarak tanimlanmaktadir
(Donovan vd., 2022). Blanton vd. (2011) cebiri "matematiksel yapiy1 ve iligkileri 6zli
bicimlerde ifade etmek icin islemleri, degiskenleri ve sayilari birlestiren matematiksel
bir dil" olarak tanimlamistir (Blanton vd., 2011, s. 67). Arastirmacilar cebirsel
diisiinmenin matematik egitiminde ¢ok Onemli bir yere sahip oldugunu dile
getirmektedir. Sembolleri manipiile etmek ve cebirsel prosediirleri hatasiz bir sekilde
kullanmak i¢in kurallar1 6grenmeye degil, cebirsel diistinmeyi gelistirmeye vurgu
yapilmaktadir (Asquith vd., 2007; Cai ve Moyer, 2008; Hodgen vd., 2018; Kieran,
2004). Cebirsel diistinmenin 6ziinde iki ana tema vardir: “genelleme yapmak™ ve
“matematiksel fikirleri temsil etmek, problemleri temsil etmek ve ¢dzmek igin
sembolleri kullanmak” (Carpenter ve Levi, 2000, s. 5). Ogrencilerin cebir dgrenirken
yasadiklar1 zorluklar, 6grencilerin matematikten soyutlanmalarina ve erken yaslarda
matematik 6grenmekten vazgegmelerine neden olmustur (Kaput, 2002). Ogrencilerin
cebirdeki zorluklarini ve kavram yanilgilarin1 gdsteren pek ¢ok ¢calisma bulunmaktadir
(Alibali vd., 2007; Carraher ve Schliemann, 2007; Kieran, 1992; Kilpatrick vd., 2001,
Knuth vd., 2005; Knuth vd., 2006; Sfard, 1991). Ogrencilerin cebirde karsilastiklari
giicliikler: esittir isaretinin islemsel anlami (Kieran, 1981), genellestirilmis ifadeler
yerine cevaplarda belirli niceliklere vurgu yapilmasi (Booth, 1984), aritmetikte say1
ve islemin temel 6zellikleri ile ilgili bilgi eksikligi (MacGregor, 1996) ve nicelikler
arasindaki iligkiyi gosteren degisken gdsterimini anlama eksikligi (Bednarz, 2001) bu

calismalarda bahsedilen zorluk ve hatalardan bazi 6rneklerdir.
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Booth (1988), dgrencilerin cebirde yasadiklar1 zorluklarin, 6grencilerin aritmetigi
yeterince anlayamamasindan veya gecmiste aritmetik ile ilgili eksikliklerin
giderilmemis olmasindan kaynaklanabilecegini belirtmistir. Filloy ve Rojano (1989),
bunu daha somut olan aritmetik siireglerden daha soyut olan cebirsel diisiinmeye dogru
evrime dayal1 olarak “bir tiir diisiinceyi digerinden ayiran bir doniim noktas1” olarak
tanimlamistir (s. 19). Benzer sekilde, Herscovics ve Linchevski (1994) aritmetik ve
cebir arasindaki bilissel boslugun varligimi Ogrencilerin  bilinmeyenle veya
bilinmeyenle ilgili islem yapamamalarindan s6z ederek tanimlamistir. Cebir icin
onemli olan bir diger konu ise degisken kavramini anlamaktir (Blanton vd., 2015;
Stephens, 2005; Usiskin, 1988). Arastirmacilar degiskenin degisen bir nicelik,
genellestirilmis bir say1 ve bir parametre olmasi gibi anlamlarinin kapsamli bir
yaklasimla ele alinmasi gerektigini vurgulamislardir (Blanton vd., 2015; Usiskin,
1988). Ayrica, Jupri vd. (2020), 6grencilerin cebirsel yeterlik gostergelerinden birinin
de sembollerin kavramsal bir sekilde anlagilmasi oldugunun altin1 ¢izmistir ( Bokhove
& Drijvers, 2010; Jupri vd., 2020; Skemp, 1976; Bokhove & Drijvers, 2010; Jupri vd.,
2020). Pek ¢ok calisma, Ogrencilerin nicelikleri ve bu niceliklerin iligkilerini
gostermek igin degisken gosterimini kullanmakta zorlandiklarini gostermistir
(Bednarz, 2001; McNeil vd., 2010; Stephens, 2005; Vergnaud, 1985). Ogrencilerin
zorluk yasadiklar1 diger noktalar denklem ¢6ziimii ve sdzel bir ifadeyi sembolik bir
ifadeye dontstiirmektir. Kenney ve Silver'm (1997) ¢aligmasina gore, on ikinci sinif
Ogrencileri basit cebirsel denklemleri ¢6zmekte, sozelden sembolik temsillere
gecmekte ve coziimleri i¢in akil yiirlitmelerini paylagsmakta ve gerek¢elendirmede
zorluk yasamiglardir. Kieran'in (1992) 6grencilerin anlama eksikliginin iistesinden
gelebilmek icin ¢gogunlukla kurallar1 ve prosediirleri ezberlemeye bagvurduklarini ve

bu durumun onlar i¢in cebirin temeli oldugunu sdylemistir.

Ogrencilerin cebir konusundaki zorluklarmi gidermek ve cebiri tiim yas gruplari igin
kavramsal olarak anlasilir bir hale getirmek i¢in arastirmacilar bir cebir reformu
cagrisinda bulunmuslardir. Cebir reformu, cebiri geleneksel bir lise dersi olmaktan
cikarip, okul dncesi donemden lise matematigine kadar uzanan siirekli bir yol olarak
diisiinmektedir (Asquith vd., 2007). Blanton ve ark. (2015), tipik ilk6gretim matematik
miifredatinin ve geleneksel 6gretimin, 6grenciler i¢in “ilkokulun somut, aritmetik

muhakemesi” nden “ortaokul ve sonrasi i¢in gerekli olan karmasik, soyut cebirsel
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muhakeme”ye olan gecisi yeterince gergeklestiremeyecegine dikkat cekmistir
(Blanton vd., 2015, s.76). Bu nedenle, arastirmacilar matematik 6gretmenlerinin
Ogrencilerin cebirsel diisiinmelerini tesvik edecek durumlari tanimasini zorunlu
kilarak, matematik Ogrenimi ve Ogretiminde reformlar yapilmasi cagrisinda
bulunmuslardir (Asquith vd., 2005; Carpenter vd., 2003; Kaput, 1998). Aritmetik ve
cebirsel muhakeme arasindaki baglantiyr giiclendirmek i¢in genisletilmis bir
miifredatin gelistirilmesi ve Ogretmen bilgisinin zenginlestirilmesi gerekmektedir

(Asquith vd., 2007).

Ogretmen bilgisi ile Ogrencilerin 6grenmesi arasinda giiglii bir baglanti vardir
(Carpenter vd., 1988; Carpenter vd., 1989; Franke vd., 1998; Hill vd., 2005). Bu
nedenle, 6gretmen bilgisi, sinif uygulamalarinin temel bir 6zelligini olusturur (Borko
ve Putnam, 1996). Shulman'in (1986) Pedagojik icerik Bilgisini (PAB) tanimladig1
gibi, “konu bilgisinin 6tesine gegerek dgretim i¢in konu bilgisi boyutuna giden” (s. 9),
bilgi olan dgretmenlerin 6grencilerin diisiincelerine iligkin bilgisi, bir PAB'nin temel
bilesenidir (Ball ve Cohen, 1999; Kazemi ve Franke, 2004). Bu nedenle, 6gretmenlerin
Ogrencilerin cebirsel diistinmesine iligskin bilgisi, ilkokul siniflarinin somut, aritmetik
akil ylirtitmesinden lise matematigi ve ilerisi ig¢in gerekli olan daha karmasik, soyut
cebirsel akil yiirlitmeye Onemli bir gecisin oldugu orta siniflarda ¢ok daha

derinlemesine ¢alisilmasi gerekmektedir (Asquith vd., 2007; MEB, 2018).

Cebir hem 6gretimi hem de 6grenimi zor bir konu olarak tanimlanmistir (Stacey vd.,
2004; Watson 2009). Stump ve Bishop (2002), "matematik egitimini reforme etmeye
ve gelistirmeye kendini adamis matematik Ogretmen egitimcileri i¢in en biiyiik
zorluklardan birinin, smif dgretmeni ve ortaokul matematik 6gretmen adaylarimin
cebirsel muhakeme i¢in bir takdir gelistirmelerini saglamak" (s. 1903) olarak ifade
etmistir. Aragtirmacilar bunu matematik reformunun temel tas1 olarak agiklamislar ve
Ogretmenlerin  dgrencilerin  cebirsel muhakemelerini gelistirmede en Onemli

faktorlerden biri oldugunu vurgulamislardir (Blanton ve Kaput, 2005; Kaput, 1998).

Nathan ve Koedinger (2000b) matematik 6gretmenlerinin miifredat1 yorumlama ve
uygulamalarinin temel olarak dgretimle ilgili bilgi ve inan¢larindan (Ball, 1988; Borko

vd., 1992; Clark ve Peterson, 1986; Raymond, 1997; Thompson, 1984), d6grencilerin
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o0grenmesinden (Ball, 1988; Carpenter ve digerleri, 1989; Fennema vd., 1992;
Romberg & Carpenter, 1986) ve matematikten (Cooney, 1985; Raymond, 1997)
etkilendigini ifade etmistir. Kaiser vd. (2017) 6zellikle son birka¢ yilda matematik
O0gretmenlerinin bilgisine odaklanan pek c¢ok biiyiik 6lgekli aragtirma oldugundan
bahsetmistir (Ball ve Bass, 2000; Blomeke vd., 2014; Bruckmaier ve digerleri, 2016;
Kunter vd., 2013). Shulman (1986), bir konuyu anlamayle ilgili 6gretmenlerin ihtiyag
duyacagi bilgiyi, “bir seyi bilmek” ve “nedenini bilmek™ olmak {izere iki baglik altinda
ifade etmistir. Bu iki tiir bilgi, 6gretmenlerin 6grencilerin diisiinme bi¢imlerine iliskin
bilgilerini aragtirirken ¢ok Onemlidir (Even ve Tirosh, 1995). ‘Bir seyi bilmek’
Ogrencilerin bir konu hakkindaki diisiinme bigimlerine ve ortak kavramlarima iliskin
arastirmaya dayali veya deneyime dayali bilgi olarak tanimlanabilir. ‘Nedenini
bilmek’ ise altta yatan kavramlarin potansiyel nedenleri hakkindaki bilgi olarak
tanimlanmistir. Bu nedenle, her iki boyut da 6gretmenlerin diigiincelerini tanimasi ve

yorumlamast i¢in ¢ok onemlidir.

“lIkokul matematiginin somut, aritmetik akil yiiriitmesinden lise matematigi ve dtesi
icin gerekli olan, giderek daha karmasik, soyut cebirsel akil yiiriitmeye 6nemli bir
gecise isaret eden bir donem” olan ortaokul seviyesindeki Ogrencilerin cebirsel
diistinmelerine iliskin ortaokul matematik dgretmenlerinin bilgisiyle ilgili daha fazla
aragtirmaya ihtiya¢ duyulmaktadir.” (Asquith vd., 2007, s. 251). Ortaokul matematik
O0gretmenlerinin 6grencilerin cebirdeki diisiincelerine iliskin bilgilerini arastiran
caligmalar olmasina ragmen (Asquith vd., 2007; Bas vd., 2011; Li, 2007; Tanisl ve
Kose, 2013; Putnam vd., 1992; Stephens, 2006), bu konu hakkinda yapilacak olan yeni
caligmalara halen ihtiya¢ duyulmaktadir (Asquith vd., 2007; Borko ve Putnam, 1996).

Shulman (1986), 6grencilerin kavrayislarinin altinda yatan potansiyel sebeplerin
nedenini bilmenin, 6grencilerin cebirsel diistinmelerinin nasil oldugunu bilmek kadar
onemli oldugunu ifade etmistir. Ogretmenlerin, 6grencilerin zorluklar1 ve hatalarinin
neler oldugunu ifade edebildikleri (6rn., Stump, 2001), ancak, 6gretmenlerin mesleki
bilgisinin bir seyin nedenini bilme yoniiyle ilgili olarak, bu zorluk ve hatalarin
nedenlerini ifade etme konusunda ise basarisiz olmuslardir (Erbas, 2004). Bu nedenle,
ogretmenlerin 6grencilerinin cebirdeki performanslarinin altinda yatan nedenler, olasi

kaynaklar, konusundaki bilgilerinin detayl bir incelemesini yapmak faydali olabilir.
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Nedensel yiikleme teorisi (Weiner, 1985, 2000, 2010), bireylerin kendi
performanslarin1 ve baskalarinin performanslarini nasil algiladigr ve bu nedensel
yiiklemelerin bireylerin duygularini, biliglerini ve davraniglarini egitim baglaminda
nasil etkiledigi ile ilgili kapsamli bir teorik ¢erceve sunar (Wang ve Hall, 2018). Bu
teori ayni zamanda, Ogretmenlerin Ogrencilerin zorluklarim1 ve mesleki stres
faktorlerini ve nedensel yiiklemelerinin Ogretim davraniglarini, 6grencilerle
etkilesimlerini ve duygusal iyi oluslarini nasil etkiledigini agiklar (Wang ve Hall,
2018). Baz1 arastirmacilar 6grencilerin cebirdeki zorluklarini 6grencilerin gelisimsel
eksikliklere veya yetersiz bilissel gelisimine baglamaktadir (Collis, 1975; Filloy &
Rojano, 1989; Herscovics & Linchevski, 1994; Kuchemann, 1981; MacGregor, 2001).
Kisilerin kendisine bagh faktoérlere atfedilen zorluklarin disinda (6rnegin, 6grencilerin
biligsel siireci, motivasyonu ve matematik becerileri), 0gretim kalitesi, sans veya
cevresel kosullar gibi kisilerarasi faktorler de 6grencilerin basarisina veya zorluklarina
atfedilebilir. Wang ve Hall (2018), yetmis dokuz iligkilendirme ¢alismasini incelemis
ve dgretmenlerin 6grencilerin performansini dnceki 6grenme deneyimleri ve onceki
ogretmenler gibi dis ve kontrol edilemeyen faktorlere dayali olarak agikladigini 6ne
sliren bazi ¢aligmalar olmasina ragmen, Ogretmenlerin genellikle 6grencilerin
basarisizligin1 6grencilerin kendileriyle ilgili faktorlere bagladiklarini bulmuglardir
(Rolison ve Medway, 1985). ; Hall vd., 1989; Bertrand ve Marsh, 2015). Ornegin,
erken cebir yaklagimi iizerine yaptiklar1 ¢calismalara gore, Carraher ve Schliemann
(2007) ogrencilerin yasadigi zorluklarin aritmetigin, genellikle temel matematigin

ogrencilere nasil tanitildigina iliskin eksikliklere atfedildigini belirtmislerdir.

Arastirmacilar, nedensel yiiklemelerin Ogretmenlerin Ogrencilerin gelecekteki
performanslarina iliskin beklentilerinde ¢ok 6nemli bir rolii oldugunu 6ne siirmektedir
(Clarkson ve Leder, 1984; Peterson ve Barger, 1985). Weiner'in (2000, 2010) nedensel
yiikleme teorisine dayanarak, Ogretmenlerin Ogrencilerinin performansinin
nedenlerini tahmin etme bigimleri, onlarin duygularin etkileyebilir ve bu da onlarin
ogretimdeki davraniglarini tahmin edebilir. Bu nedenle, 6gretmenlerin dgrencilerinin
performansi hakkindaki diisiinceleri hakkinda bilgi sahibi olmak ve sinif davraniglarin
tahmin etmek i¢in ortaokul matematik 6gretmenlerinin 6grencilerin performansina

yonelik nedensel yiiklemelerini arastirmak yararli olabilir. Ortaokul matematik
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ogretmenlerinin 6grencilerin zorluklar ile ilgili nedensel yiliklemelerini incelemek,
Ogretmenlerin 6grencilerin performanslari hakkindaki diislinceleri ve 6grencilerin
cebirsel diisiinmeleri hakkinda ne bildikleri hakkinda fayfali bilgiler saglayabilir. Bu
baglamda, calismada ortaokul matematik Ogretmenlerinin sekizinci  smif
Ogrencilerinin cebir Ogrenme alanindaki kavrayislari, zorluklart ve hatalar
konusundaki bilgileri ve 6gretmenlerin 6grencilerin cebir konusundaki zorluklar ile

ilgili nedensel yiiklemeleri incelenmistir.

1.1. Calismanin Amaclari ve Arastirma Sorulari

Calismanin ilk amaci, ortaokul matematik Ogretmenlerinin 6grencilerin cebir
ogrenmedeki kavrayislari, zorluklar1 ve hatalariyla ilgili bilgilerini incelemektir.
Calismanin ikinci amaci, ortaokul matematik 6gretmenlerinin, 6grencilerin esitlik ve
denklem, genellestirilmis aritmetik, degisken ve fonksiyonel diisiinme alanlarindaki
performanslarina iligkin tahminlerini ve yorumlarini incelemektir. Calismanin son
amaci, matematik O6gretmenleri tarafindan dile getirilen, Ogrencilerin esitlik ve
denklem, genellestirilmis aritmetik, degisken ve fonksiyonel diistinme alanlarindaki
zorluklarinin ve hatalarin nedenlerini incelemektir. Sonu¢ olarak, bu amaclar goz

onilinde bulundurularak calismada asagidaki arastirma sorulari ele alinacaktir:

1. Ortaokul matematik Ogretmenlerinin 6grencilerin dort bliylik fikir ile 1lgili
kavrayislar1 hakkindaki pedagojik alan bilgisinin dogas1 nasildir?
1.1. Ortaokul matematik 6gretmenlerinin cebir 6grenmeye baslamak icin gerekli
gordiigii 6n kosul bilgiler nelerdir?
1.2. Ortaokul matematik 6gretmenlerinin, 8. simif 6grencilerinin dort biiyiik fikir
ile ilgili kavrayislart ve zorluk yasadiklari noktalar hakkindaki bilgileri nasildir?
1.3. Ortaokul matematik dgretmenleri, 8. sinif 6grencilerinin dort biiytik fikir ile
ilgili yasadiklar1 zorluklarin {stesinden gelebilmek i¢in hangi stratejileri

kullanmaktadir?

2. Ortaokul matematik 6gretmenlerinin 6grencilerin cebir 6grenmesi ile ilgili bilgisi,
cebir tanilama testindeki 8. smif 6grencilerinin kavrayislar1 ve zorluklariyla hangi

ol¢iide uyumludur?
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2.1. Ortaokul matematik &gretmenlerinin 8. smif dgrencilerinin cebir tanilayici
testindeki kavrayislari ve zorluklariyla ilgili tahminleri nelerdir?
2.2. Ortaokul matematik 6gretmenlerinin tahminleri, 6grencilerin cebir tanilayici
testindeki dort biiytik fikir ile ilgili performansiyla karsilastirildiginda nasil bir
sonug ortaya ¢cikmaktadir?
2.3. Ortaokul matematik Ogretmenlerinin 6grencilerin cebiri 6grenme bilgisine
iliskin bilgisi, tanilayic1 cebir testindeki 8. sinif 6grencilerinin kavrayislar ve
zorluklariyla ilgili yorumlarini nasil etkilemektedir?

3. Ortaokul matematik Ogretmenleri Ggrencilerin cebir performansini etkileyen

faktorleri nelere dayandirmaktadir?

1.2. Calismanin Onemi

Ogrencilerin cebir 6grenme konusunda yasadiklar giicliikler ve cebirin egitim ve
istihdamda gelecekteki firsatlar konusunda bir Onciil olmast (Asquith vd., 2007;
Ladson-Billings, 1998; Moses ve Cobb, 2001; National Research Council [NRC],
1998) matematik egitimi arastirmacilarini bir cebir reformu c¢agris1 yapmaya
yonlendirmistir (Kaput, 1995, 1998; Olive vd., 2002; Stacey ve Mac Gregor, 2001).
Arastirmacilar, cebiri okul 6ncesi donemden lise diizeyine kadar uzanan bir konu
haline getirmek i¢in okul cebirinin yeniden kavramsallastirilmasinin gerektigini ifade
etmislerdir (Asquith vd., 2007). Ilkdgretim siniflarinda cebirsel akil yiiriitmenin dahil
edilmesi sayesinde cebir, sembolik islemlerde i1yi bir diizeyde yapmaktan ¢ok, okul
oncesinden liseye tiim oOgrenciler icin erigilebilir bir konu olarak algilanmaya

baslamistir (Asquith vd., 2007; Carpenter ve Levi, 2000; Schifter, 1999).

Third International Mathematics and Science Study (TIMMS) sinavlarinda,
ogrencilerden cebirsel modelleri kullanmalar1 ve iliskileri agiklamalari, iki nicelikten
biri formiilde verildiginde digerini belirleme gibi cebirsel islemleri agiklamalarini
isteyen gercek yasam problemlerini ¢ozmeleri istenmistir. Ayrica, bir degiskenin
degeri degistiginde diger degiskenin degerindeki degisimi gézlemlemek i¢in dogrusal
denklemler ve fonksiyonlari iceren problemleri ¢ézmeleri istenmistir (Mullis vd.,
2020). Tirkiye’deki sekizinci smif Ogrencilerinin cebir puanlarinda yildan yila

kademeli olarak artan bir performans gozlemlense de (MEB, 2014; MEB, 2016; MEB,
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2020), sekizinci sinif 6grencilerinin TIMMS 2019'daki cebir sorularina verdigi
yanitlarin analizi, Tirkiye’deki sekizinci sinif 6grencilerinin cebir puanlarmin
ortalama matematik puanlarinin altinda oldugunu goéstermistir (MEB, 2020). Bu
nedenle, uluslararasi sinavlarin sonuglari, Tiirkiye’deki sekizinci sinif 6grencilerinin

cebir performanslarini gelistirmeleri i¢in desteklenebilecegini gostermistir.

Carpenter ve meslektaslar1 caligmalarinda 6grencilerin basaris1 ile 6gretmenlerin
ogrencilerin cebirsel diisiinmelerine iligkin bilgileri arasinda gii¢lii bir iliski oldugunu
gostermislerdir (Carpenter vd., 1988; Carpenter vd., 1989; Franke vd., 1998).
Carpenter vd. (1989), 6gretmenlerin 6grencilerin cebirsel diisiinmelerine daha asina
olmas1 gerektigini savunmustur. Bu deneysel calismalar, 6gretmenlerin 6grencilerin
cebirsel diisiinmelerine odaklanan mesleki gelisim programlarmna katilan
Ogretmenlerin Ogrencilerinin daha iyi performans gdsterdigini ortaya koymustur.
Asquith vd. (2007), ortaokul matematik Ogretmenlerinin S&grencilerin cebirsel
diisiinmeleri ile ilgili bilgilerine iligskin sinirli sayida ¢alisma oldugunu ifade etmistir.
Ayrica, Ogretmenlerin 6grencilerin cebirsel diisiinmesiyle ilgili bilgilerini ortaya
cikarmak, 6gretmenlerin kendi cebirsel bilgilerine iliskin ipuclar1 saglayabilir (Ball
vd., 2008). Bu nedenle, 6grencilerin cebir 6grenme alanindaki performansini artirmak
ve cebirsel muhakemelerini genisletmek icin ortaokul matematik O6gretmenlerinin
ogrencilerin cebirsel diisiinmesine iliskin bilgilerinin arastirilmasi faydal bir adim
olabilir. Bu nedenle, bu ¢alisma, ortaokul matematik 6gretmenlerinin 6grencilerin
cebirsel distinmeleri ile ilgili bilgisine ve 6grencilerin cebirdeki zorluk ve hatalarina

dayali 6gretmen bilgisi literatiiriine katkida bulunabilir.

“Etkili matematik 6gretimi, 6grencilerin ne bildiklerini ve neye ihtiya¢ duyduklarini
anlamay1 ve bu noktalar1 iyi bir sekilde Ogrenmeleri i¢in onlar1 zorlamay1 ve
desteklemeyi gerektirir” (NCTM, 2000, s. 16). Arastirmacilar, ortaokul matematik
ogretmenlerinin de "cebirsel akil yiiriitmenin zengin ve baglantili yonleri konusunda
cok az deneyime sahip olduklarint" vurgulamaktadir (Blanton ve Kaput, 2005, s. 414).
Aragtirmalar, ortaokul matematik Ogretmenlerinin ve matematik G6gretmeni
adaylarinin, 6grencilerin cebir 08renme alanindaki kavrayiglarini belirleme ve
ogrencilerin cebirdeki giicliiklerinin ve kavram yanilgilarinin altinda yatan nedenleri

ongorme konusunda eksiklikleri oldugunu gostermistir (Alapala, 2018; Asquith vd.,
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2007; Dede ve Peker, 2007; Didis -Kabar ve Amag, 2017; Gokkurt vd., 2016; Li, 2007,
Stephens, 2004, 2006; Li, 2007; Sen-Zeytun vd., 2010; Tanish ve Kose, 2013; Tirosh
vd., 1998). Ortaokul matematik 6gretmenlerinin, 6grencilerin cebirsel akil yiiriitme
bilgileri ile bu 6grenme alanindaki giicliiklerinin ve kavram yanilgilarinin altinda

yatan nedenlere odaklanan sinirli sayida ¢alisma bulunmaktadir (Asquith vd., 2007;

Sen-Zeytun vd., 2010; Tirosh vd., 1998).

Blanton vd. (2011), cebirsel diisiinmenin 6gretiminin, matematikteki diger temel
konularla benzer sekilde ¢ogu 6gretmen adaymin {iniversitedeki standart matematik
egitimi derslerinde deneyimlediklerinin 6tesine gecen 6zel bir bilgi gerektirdigini 6ne
stirmiistiir (NCTM, 2000, s. 17). Bu calisma, ortaokul matematik 6gretmenlerinin
Ogrencilerin cebirsel diisiinmelerini, zorluklarin1 ve hatalarin1 nasil tahmin edip
yorumladiklarina, 6grencilerin diistinmelerini tahmin etmek ve yorumlamak i¢in hangi
noktalara onem verdiklerine ve 6grencilerin cebirsel diisiinmedeki performanslarina
dayali olarak hangi c¢ikarimlarda bulunduklarina iliskin bilgiler saglayabilir. Bu
calismanin bulgularina dayanarak, ortaokul matematik 6gretmenlerinin dgrencilerin
cebirsel diisiinme bilgilerine iliskin ortaokul matematik 0gretmenlerine, 6gretmen
egitimcilerine ve matematik egitimi arastirmacilarina yonelik faydali bilgiler ve

¢ikarimlar onerilebilir.

Ogrencilerin yazili ¢alismalar;, Ogrencilerin  matematikteki kavrayislarmi ve
zorluklarimi yorumlamak ve bu zorluklara miidahale etmek icin etkili bir aragtir
(Grosman vd., 2009; Jacobs ve Philipp, 2004). Doerr (2004), 6gretmenlerin cebir
Ogretmeyi nasil 6grendiklerinin ve kendi uygulamalarin1 nasil anladiklarinin, kendi
kiiltiirel baglamlarinda arastirilmasi gerektigini ifade etmistir. Ancak, verilerin
ogretmenlerden kendi 6grencilerinin yazili ¢aligmalari yoluyla toplandig: sinirli sayida
calisma bulunmaktadir (Asquith vd., 2007; Stephens, 2004, 2006; Tirosh vd., 1998).
Bu nedenle, dgrencilerin esitlik ve denklem, genellestirilmis aritmetik, degisken, ve
fonksiyonel diisiinme sorularina verdikleri yanitlar1 kullanarak veri toplamak faydali
olabilir. Bu nedenle, 6grencilerin belirli sorulara yonelik ¢oziimleri i¢in Onceden
hazirlanmig Ornekleri kullanmak yerine, sekizinci smif Ogrencilerinin cebirsel
diistinmelerini ve ardindan ortaokul matematik 6gretmenlerinin kendi kiiltiirel

ortamlarinda 6grencilerin cebirsel diisiinmelerine iliskin bilgilerini aragtirmak igin
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tanilayict1  cebir testi gelistirilmistir. Bu ¢aligmanin, ortaokul matematik
Ogretmenlerinin cebirsel akil yiiriitme sorular1 araciligryla sekizinci siif 6grencilerine
dayali olarak geri bildirim almalarmi saglayacag diisiiniilmektedir. Bu sekilde
Ogretmenler, tahminlerini 6grencilerinin gergek performanslariyla karsilagtirabilirler.
Boylece, 6grencilerin ¢dzlimlerini nasil tahmin etmeleri ve yorumlamalar gerektigi ve
Ogrencilerin  cebirsel diisiinmelerinin  ve cebirde yasadiklar1 zorluklarinin
O0gretmenlerin tahminlerinden hangi noktalarda farklilastigi konusunda gozlem yapma
sansina sahip olabilirler. Ayrica, Ogretmenler, Ogrencilerinin daha once fark
etmedikleri kavrayislarini, zorluklarimi ve hatalarin1 fark etme firsatina sahip

olabilirler.

2. Alanyazin Taramasi

Ball vd. (2008), 6gretmen bilgisi modellerinde alan bilgisi ve pedagojik alan bilgisini
Ogretmen bilgisinin iki ana boyutu olarak yapilandirmistir. Pedagojik alan bilgisi {i¢
alt boyuttan olusur: igcerik ve 6grenci bilgisi, icerik ve 0gretim bilgisi ve miifredat
bilgisi. Modelde icerik ve &grenci bilgisi, 6grenciler icin hangi ondalik sayilarin
zorlayict oldugunu diistinmek gibi, 6grencilerin diisiinmesi ve 08renmesi hakkinda
Ogretmenlerin bilgisini ifade eder. Hill vd. (2008), icerik ve ogrenci bilgisinin
matematikte 6grencilerin diisiinmesine ve 6grenmesine odaklanarak pedagojik alan
bilgisine ¢ok énemli bir temele katkida bulundugunu vurgulamistir. Ikinci olarak,
icerik ve Ogretim bilgisi, O0grencilerin matematiksel kavramlardaki giicliiklerine
Ogretmenlerin nasil tepki vermesi gerektigini bilme ile ilgili boyuttur. Modelin son
boyutu, icerigin O6grencilerle nasil paylasilmasi gerektigine iliskin 6gretmenlerin

bilgisi lizerine yapilanan miifredat bilgisidir.

Carrillo-Yafez vd. (2018), Ball ve arkadaslarinin 6gretmen bilgisi modelinden yola
cikarak 6gretme ve 6grenmeye iliskin pedagojik alan bilgisinin sirasiyla matematik
Ogretimi bilgisi, matematik 6grenmenin O6zellikleri bilgisi ve matematik 6grenme
standartlar1 bilgisi olarak adlandirilan ii¢ alt alan1 belirlemistir. Matematik 6grenmenin
ozellikleri bilgisi, Ogrencilerin matematik prosediirlerini, 6grencilerin kullandigi
stratejileri ve farkli terminoloji tiirlerine iliskin bilgileri igerir. Ayrica bu bilgi boyutu,

matematik 6grenimine iliskin duygusal bir yonii de igerir (Hannula, 2006). Yani,
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matematik kaygisinin farkindaligi (Maloney vd., 2013) ve matematik O0grenirken
Ogrencilerin motivasyonunu etkileyen faktdrler bu boyut altinda incelenir.
Aragtirmacilar bu boyutu “matematiksel 6grenme teorileri, matematik 6grenmedeki
giclii ve zayif yonler, Ogrencilerin matematiksel icerikle etkilesim yollar1 ve
matematik 6grenmenin duygusal yonleri” olarak 6zetlemektedir (Carrillo-Yafiez ve
digerleri, 2018, s. 247). Bu nedenle, bu ¢alismada Carrillo-Yafiez vd.’nin (2018)
O0gretmen bilgisi modelinin matematik 6grenmenin 6zellikleri bilgisi alt boyutuna

odaklanilmistir.

Caligmada, 6gretmenlerin 0grencilerin performanslarin1 yorumlamalari, 68rencilerin
giicliiklerinin ve hatalarmin olas1 nedenlerine ve Ogrencilerin zorluk yasadiklari
noktalara dayali olarak Ogretmenlerin yorumlar1 ve ¢ikarimlart incelenmistir.
Nedensel yiiklemeler, bireylerin gelecekteki basar1 beklentilerini, davranislarini ve
duygularin1 etkileyebilir (Graham ve Williams, 2009; Weiner, 1992, 2000). Bu
nedenle, 6gretmenlerin dile getirdigi 6grencilerin zorluk ve hatalarinin nedenleri,
ogretmenlerin algilanan yeterliklerinin ve 6gretimsel kararlarinin habercisi olabilir.
Wang ve Hall (2018), nedensel yiikleme teorisinin, Ogretmenlerin &grencilerin
zorluklarmi1 ve mesleki stres faktorlerini nasil algiladiklarint ve 6gretmenlerin
atiflarinin 6gretmen-6grenci etkilesimlerini ve 6gretim davraniglarini nasil etkiledigini
incelemeye yardimci oldugunu belirtmistir. Bu nedenle, bu ¢alismada 6gretmenlerin

Ogrencilerin basarisizliklarina iliskin nedensel yiliklemeleri de arastirilmistir.

Blanton vd. (2015), Kaput'un (2008) ve Shin vd.” nin (2009) c¢alismalarindan yola
cikarak cebir 6grenme alaninda bes biiyiik fikir tamimlamistir. Arastirmacilar bes
biiylik fikri “(a) denklik, ifadeler, denklemler ve esitsizlikler; (b) genellestirilmis
aritmetik; (c) fonksiyonel diistinme; (d) degisken; ve (e) akil yiiriitme (Blanton ve
digerleri, 2015, s. 43). Literatiirdeki calismalar Ogrencilerin cebirde aritmetik,
degisken kavrami, esittir isaretinin kavramsal anlami ve fonksiyonel diisiinme gibi
konularda zorluklar yasadigin1 gostermistir (Asquith vd., 2007; Blanton ve Kaput,
2011; Blanton vd., 2017; Herscovics ve Linchevski, 1994; Linchevski ve Herscovics,
1996; Stephens, 2003). Ogretmenlerin 6grencilerin diisiinme bilgileri ile cebirdeki
basarilar1 arasindaki iligkiyi arastiran bir¢ok c¢alisma bulunmaktadir (Asquith vd.,

2007; Bag vd., 2011; Even ve Tirosh, 1995; McCrory vd., 2012; Stephens, 2006; Sen-
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Zeytun vd., 2010; Tanigh ve Kose, 2013; Tirosh vd., 1998). Even ve Tirosh (1995),
Ogretmenlerin sadece 6grencilerin sahip olabilecegi belirli kavram yanilgilarina iligkin
bilgileri degil, ayn1 zamanda bu tiir kavram yanilgilarinin neden ortaya ¢iktigini da

ifade edebilmeleri gerektigini ifade etmistir.

Literatiirdeki arastirmalar incelendiginde, Ogretmenlerin Ogrencilerin degisken
(Asquith vd., 2007; Tanmisl ve Kose, 2013), esitlik (Asquith vd., 2007; Stephens, 2007;
Tanish ve Kose, 2013), iliskisel diisiinme (Stephens, 2007) ve kovaryasyonel
muhakeme yetenegi (Sen-Zeytun vd., 2010) konularinda zorluklarin1 ve kavram

yanilgilarini belirleme konusundaki bilgilerinin sinirli oldugu sonucu ortaya ¢ikmuistir.

3. Yontem

3.1. Arastirma deseni

Bu calismada ortaokul matematik dgretmenlerinin, 6grencilerin esitlik ve denklem,
genellestirilmis aritmetik, degisken ve fonksiyonel diisiinme konularina iliskin
kavrayislarina iliskin bilgilerini kesfetmek oldugu icin nitel bir aragtirma metodolojisi
olan durum c¢alismasi arastirma deseni olarak kullanilmistir. Bu calismada i¢ ige
geemis tek durum deseni kullanilmistir (Yin, 2003). Analiz birimleri ortaokul
matematik 6gretmenlerinin bilgisi ve bu dgretmenlerin 8. siifta 6grenim goérmekte

olan 6grencilerinin cebirsel diisiinmeleridir.

3.2. Calismanin Baglam ve Katihmcilar

Bu ¢alismanin katilimcilar bir devlet okulunda gorev yapmakta olan bes ortaokul
matematik O6gretmenidir. Bu oOgretmenlerin 8. smifta 6grenim gormekte olan
ogrencilerinden elde edilen veriler, 6gretmenlerin dgrencilerin cebirsel diisiinmeleri
konusundaki bilgilerini incelemek amaciyla kullanilmistir. Calisma, Tiirkiye'de Bati
Karadeniz Bolgesi'nde bulunan bir devlet ortaokulunda gergeklestirilmistir. Okulda
yaklagik iki bin bes yliz 6grenci dgrenim gormektedir ve bu 6grencilerin 620°si
sekizinci sinif 6grencileridir. Degisken kavrami ve fonksiyonlar ilk olarak ortaokul

matematik miifredatina dayali olarak ortaokulda oOgretildigi i¢in (MEB, 2018),
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ortaokul, ilkokuldaki aritmetik akil yiiriitmeden lisedeki karmasik cebirsel akil
yirlitmeye gecisi saglayan bir donemdir. Bu nedenle aragtirma igin ortaokul
Ogrencileri tercih edilmistir. Sekizinci sinif 6grencileri, ortaokul cebir 6greniminin
son doneminde olduklari i¢in, 8. sinif 6grencileri, 6grencilerin cebirsel diisiinme ve

giicliikleri hakkinda inceleme yapabilmek amaciyla ¢alismaya secilmislerdir.

Aragtirmaci verileri zenginlestirebilmesi ve verilerin toplanacagi okulun kolay
ulasilabilir olmasi i¢in arastirmada amacl Ornekleme yontemi kullanilmastir.
Sehirdeki diger devlet ortaokullarina kiyasla segilen okulda ¢ok sayida 6grenci ve
O0gretmen bulunmaktadir. Aragtirmanin veri toplama siirecinde ¢ok sayida siif ici
gozlem ve gorlisme yapildigi igin il merkezine yakin bir devlet ortaokulu tercih
edilmistir. Ayrica, devlet okulundaki katilimci 6gretmenleri se¢gmek icin de amacl
ornekleme i¢inde Olgilit drnekleme yontemi tercih edilmistir. Calisma, ortaokul
matematik Ogretmenlerinin 8. sinif Ogrencilerinin cebirsel diisiinme konusundaki
bilgilerini arastiracagindan, calismaya sadece 8. smiflara ders veren ortaokul
matematik 6gretmenleri davet edilmistir. Ortaokul matematik 6gretmenleri ¢caligmaya
katilmay1 kabul ettikten sonra, katilimci 6gretmenlerin tim 8. sinif 6grencileri
calismaya davet edilmistir. Sonug olarak, Tiirkiye'de Bat1 Karadeniz Bolgesi'ndeki bir
devlet ortaokulunda bes ortaokul matematik 6gretmeni ve 620 sekizinci sinif 6grencisi
calismaya katilmigtir. Son olarak ilgedeki diger iki devlet ortaokulunda pilot
caligmalar yapilmistir. Gegerlik ve gilivenirlige yonelik tehditleri ortadan
kaldirabilmek i¢in, ana arastirma, pilot ¢aligmalarin yapildigi okullardan farkli bir

okulda gerceklestirilmistir.

3.3. Veri Toplama Siireci

Calismanin ilk kismi, 8. smif 6grencilerinin cebirsel diisiinmelerini incelemek ve
cebir dgrenme alaninda yasadiklari zorluklari arastirmaktadir. Ikinci bélim ise,
ortaokul matematik Ogretmenlerinin Ogrencilerinin cebir ile ilgili sorulardaki
performanslarina ve yasadiklari zorluklara dayali bilgilerini arastirmaktir. Bu
nedenle, veri toplama prosediirii iki asamaya ayrilmistir: 6grencilerin cebirsel
diisiinmelerini ve zorluklarini aragtirmak ve Ogrencilerin cebirsel diigiinmeleri ile

ilgili ortaokul matematik 6gretmenlerinin bilgilerini incelemektir. Bu dogrultuda;
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siif gozlemi, yar1 yapilandirilmig goriigmeler, tanilayici cebir testi ve 6gretmenler
icin tanilayict cebir testine dayali bir anket veri toplama araci olarak kullanilmistir.
Ogrencilerin cebirsel diisiinmelerini incelemek ve zorlandiklar1 noktalar1 belirlemek
amaciyla hazirlanan testi gelistirmek i¢in, siif gozlemi, Ogretmenlerle yari

yapilandirilmis goriismeler ve ilgili literatiirden faydalanilmistir.

Test olusturma prosediirii sirasinda, Blanton vd. (2015) ve Kaput (2008)’un
caligmalar1 dikkate alinmistir. Blanton vd. (2015), Kaput'un (2008) igerik dizilerine
ve erken cebire iligkin literatiire (Blanton vd., 2011; Carraher ve Schliemann, 2007)
dayali olarak bes biiyiik fikir belirlenmistir. Bu bes biiyiik fikir, esitlik, cebirsel
ifadeler, denklemler, esitsizlikler; genellestirilmis aritmetik; fonksiyonel diisiinme;
degisken; ve orantisal muhakemedir. Bu ¢alisma ilk dort biiyiik fikir olan esitlik,
cebirsel ifadeler, denklemler, esitsizlikler; genellestirilmis aritmetik; fonksiyonel
diisiinme tizerine odaklanmistir. Orantisal diisiinme matematik egitiminde ¢ok genis
bir alana sahip oldugundan, bu ¢alisma esas olarak ilk dort biiyiik fikre odaklanmistir.
Tanilayici cebir testi hazirlanirken her bir biiyiik fikir ile ilgili maddeler teste dahil

edilmeye ¢aligilmistir.

Ogrencilere tanilayict cebir testini uygulamadan once katilimci 6gretmenlerle
ogrencilerinin cebirsel diisiinmeleri ve tanilayic1 cebir testinde Ogrencilerinin
performanslarini tahmin etmeleri lizerine yari-yapilandirilmis goriismeler yapilmastir.
Tanilayici cebir testinin 6grencilere uygulanmasi ve 6grenci cevaplarinin incelenerek
analiz edilmesinden sonra katilimci Ogretmenlerle Ogrencilerinin  testteki
performanslarin1 degerlendirmeleri lizerine tekrar yari-yapilandirilmis goriismeler

yapilmugtir.

3.4. Veri Analizi

Bu ¢aligmada, matematik 6gretmenlerinden toplanan verileri analiz etmek i¢in igerik
analizi yontemi kullanmistir. Merriam (2009), bir arastirmacinin veri analizine
baslamadan oOnce verileri okumasi, hazirlamasi ve diizenlemesi gerektigini ifade
etmistir. Bu nedenle yari-yapilandirilmis goriismeler yoluyla 6gretmenlerden elde

edilen veriler yaziya dokiildiikten sonra, yazilar okunarak ve kenar notlar1 alinarak bir
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On analiz yapilmistir. Bu ¢alismada verileri analiz etmek i¢in hem tiimevarim hem de
timdengelim yaklagimlar1 kullanilmistir. Bu ¢alismada hem tiimevarimsal igerik
analizi yaklasimi hem de tiimdengelimli igerik analizi yaklasiminin kisitsiz matrisi
caligmanin amacina uygun oldugu igin tercih edilmistir. Arastirmacilarin 6nerdigi
gibi, veri analizi, bir kelime veya tema olabilecek analiz biriminin seg¢ilmesiyle
hazirlik agamastyla baslar (Cavanagh, 1997; Guthrie vd., 2004; Polit ve Beck, 2004).
Creswell (2009) ayrica nitel igerik analizi prosediiriinii, analiz i¢in verileri diizenleme
ve organize etme, verileri okuma, verileri kodlama, verilerden toplanan temalar1 veya
betimlemeleri iiretme, temalar1 veya betimlemeleri birbiriyle iliskilendirme ve
temalarin veya agiklamalarin anlamlarinin yorumlanmasi. Bu nedenle bu ¢alismada
oncelikle verilerin analizi yapilarak ve analiz edilen veriler literatiirdeki ilgili
calismalarin kodlama yapisina gore yeniden diizenlenerek bu veri analiz adimlart

dikkate alinmistir.

3.4.1. Birinci Arastirma Sorusunun Veri Analiz Siireci

[k arastirma sorusuna dayali veriler, 6grencilerin cebir dgrenirken karsilastiklari
giicliikler ve anlamalari ile ilgili temel konularda 6gretmenlerin bilgileri ile ilgilidir.
Bu amagcla, 6gretmenlerin cebir 6grenmeye baslamak icin gerekli olan 6n kosul
bilgisine, dgrencilerin cebirdeki kavramlarina ve zorluklarna ve bu zorluklarin
istesinden gelebilmek icin 6gretmenlerin kullandiklar1 stratejilere iliskin bilgileri
arastinlmustir. Ik olarak, arastirmaci, goriisme verilerini yaziya dokmiis ve
okumustur. Tiimevarimsal bir analiz yapildigindan, kodlar1 belirlemek i¢in belge
iizerinde kenar notlar1 alarak veriler dnceden analiz edilmistir. On analizin ardindan
arastirmaci, ikinci analiz agamasinda 6gretmenlere ve ilgili kategorilere iliskin kodlart
gozlemlemek i¢in Ogretmenlerin adlarim1 ve kategorilerini igeren bir tablo
olusturmustur. Kodlarin her birinin daha goriiniir olmasi i¢in farkl renklerle temsil
edilmistir. Arastirmaci, kodlama islemini tamamladiktan sonra, analizin tutarliligini
saglamak ve gereksiz verileri belgeden ¢ikarmak i¢in kodlama igslemini tekrarlamistir.

Daha sonra, genel bir bakis elde etmek icin kodlar bagka bir belgede 6zetlenmistir.

Ikinci alt aragtirma sorusu, dgretmenlerin cebirdeki dgrencilerin kavramlarina ve

zorluklarina iliskin bilgilerini arastirmaktadir. Ilk olarak yar1 yapilandirilmis
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goriigmelerden elde edilen verileri incelemek igin tiimevarimsal igerik analizi
yapilmistir. Kodlar elde edildikten sonra ilgili kodlar da dahil olmak tiizere bazi
kategoriler gozlenmistir. Verilerin analizi tamamlandiktan sonra, Ogretmenlerin
cebirde 6grencilerin giicliiklerine iligskin kodlarin kategorileri bagka bir aragtirmanin
(Jupri vd., 2014) sonuglarina ¢cok benzer oldugu i¢in arastirmaci ayni veriler iizerinde
tiimdengelimli bir igerik analizi siireci (Elo ve Kyngés, 2008) gerceklestirmistir. Bu
nedenle veriler, Jupri vd.’nin (2014) calismasinda verilen 6grencilerin zorluk
kategorilerine gore tekrar analiz edilmistir. Kodlama islemi tamamlandiktan sonra
kodlar farkli renklerde etiketlenmis ve kodlarin kategorileri her 6gretmenin ifadesini
ayrt ayr1 gosteren 5x5 matris tablosunda sunulmustur. Son olarak, dgrencilerin
cebirdeki zorluklarin1 asmak i¢in Ogretmenlerin Onerdigi stratejiler incelenmistir.
Onceki analizlere benzer sekilde, tiimevarimsal bir igerik analizi yaklasimi
kullanilmistir. Arastirmaci verileri analiz edip kodlar1 belirledikten sonra, analiz
tutarliligini saglamak ve kod kategorilerini etkin bir sekilde olusturmak icin ayni

islem tekrarlanmastir.

3.4.2. ikinci Arastirma Sorusunun Veri Analiz Siireci

Bu boliimde, ikinci aragtirma sorusu araciligiyla toplanan verilere iliskin veri analiz
siireci sunulmaktadir. ikinci arastirma sorusu iic alt soru icerdiginden, veri analizi her
bir alt soru iizerinden yapilmistir. Tanilayici cebir testi 6grencilere uygulanmadan
once, 0gretmenlerin 6grencilerin testeki performansina iliskin tahminlerine yonelik
veriler bir anket ve yar1 yapilandirilmig goriismeler yoluyla toplanmistir. Ankette
ogretmenler, 6grencilerin olasi dogru ve yanlis yanitlarinin yiizdesini ve 6grencilerin
her bir soru i¢in verebilecekleri tipik dogru ve yanlis yanitlarin ylizdesini ifade
etmislerdir. Anketin ardindan yar1 yapilandirilmis goriigmeler yapilmistir. Anket ve
yar1 yapilandirilmis goriismelerden elde edilen veriler, timevarimsal igerik analizi
yaklasimiyla analiz edilmistir. Tanilayic1 cebir testi 0grencilere uygulandiktan ve
aragtirmact test sonucglarmi analiz ettikten sonra, Ogrencilerin Tanilayic1 cebir
testindeki performanslar1 hakkindaki diisiincelerini 6grenmek icin &gretmenlerle
tekrar yar1 yapilandirilmig goériismeler yapilmistir. Bu goriismeler timevarimsal igerik
analizi yaklagimi kullanilarak analiz edilmistir. Ikinci olarak, ilgili kodlarin belirli

kategorilere dahil edilip edilemeyecegini ve belirli kategorilerle uyumlu olup
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olmadigii gdrmek igin veri analiz prosediirii tekrarlanmistir. Ogretmenlerin
tanilayic1 cebir testindeki Ogrencilerin performanslari hakkindaki tahminleri ve
diistincelerine iliskin veri analizi siireci tamamlandiktan sonra, veriler bir matris
formatinda 6zetlenmis ve olas1 benzerlik ve farkliliklar1 gézlemlemek i¢in arastirmaci

tarafindan karsilastirilmistir.

3.4.3. Uciincii Arastirma Sorusunun Veri Analiz Siireci

Ogretmenlerin 6grencilerin karsilastiklar giicliiklerin potansiyel nedenlerine iliskin
ifadeleri, timdengelim igerik analizi yaklagimi kullanilarak nedensel yiikleme
kuramina dayali olarak analiz edilmistir (Bastiirk, 2016; Wang ve Hall, 2018; Weiner,
2010). Bastiirk'iin (2016) ¢alismasinda belirlenen kodlar, 6gretmen adaylar1 {izerinde
yapilan benzer bir ¢alisma olmasi nedeniyle kodlama siirecinin yapisini belirlemeye
yonelik mevcut arastirmaya temel olusturmustur. Ayrica arastirmaci, 6gretmenlerin
kavramsal yiiklemelerinin, 6grencilerin anlama ve giicliiklerine iliskin yorumlarini
nasil etkiledigini gormek i¢in, 6gretmenlerin 6grencilerin kavrayislari ve giicliiklerine
iliskin bilgilerini 6grencilerin tanilayict cebir testindeki performanslarina iliskin
yorumlartyla karsilastirmistir. On kosul bilgisi, tahminler ve dgrencilerin tanilayici
cebir testi performanslarinin yorumlanmasi i¢in her dgretmenin ifadesini ayr1 ayri

gorebilmek amaciyla 5%3 matris tablosu kullanilmistir.

Arastirmacinin analizi tamamlamasinin ardindan, matematik egitiminde doktorasini
yapmus olan ikinci bir arastirmaci, 6gretmenlerden toplanan verilerin tiimiinii analiz
etmistir. Arastirmaci, bahsedilen arastirmacinin verileri analiz etmeye baslamasindan
once, tiimdengelim yaklasimiyla incelenen veriler ve tlimevarim yaklagimiyla
incelenen verilerle ilgili kodlama c¢ergevelerini tanitmistir. Ardindan, ikinci
arastirmacinin kodlama siirecini daha ayrintili olarak anlamasi i¢in iki arastirmaci
verilerin kiigiik bir boliimiinii birlikte kodlamistir. Daha sonra ikinci arastirmaci
verilerin kodlanmasinin tamamlanmasindan sonra, kodlayicilar aras1 uyumu
saglamak i¢in her iki arastirmacinin analizlerinin sonuglar1 en az %80 uyum
gozlemlemek icin karsilastirilmis ve aragtirmacilar arast uyumun %90 oldugu sonucu

elde edilmistir (Miles ve Huberman, 1994). iki arastirmaci tarafindan farkli sekillerde
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kodlanan kisimlar iki arastirmacinin uzlasacagi bir sekilde tekrar kodlanarak, veri

analizi siireci tamamlanmustir.

4. Bulgular ve Tartisma

Bu béliimde, ¢alismadan elde edilen bulgular, birinci arastirma sorusu gergevesinde,
O0gretmenlerin; 0grencilerin cebir 6grenmeden once sahip olmasi gereken 6n kosul
bilgiler, cebiri kavrayislar1 ve cebirde yasadiklar1 zorluklar gore, ve bu zorluklarin
nasil giderilebilecegi seklinde 6zetlenmistir. kinci arastirma sorusuna yonelik elde
edilen veriler, Ogretmenlerin  Ogrencilerinin  tanilayict  cebir  testindeki
performanslarina iligkin tahminleri ve 6gretmenlerin 6grencilerinin cebir kavrayislari
ile ilgili bilgisinin, bu teste yonelik tahminleri ve test sonucundaki yorumlarinin
karsilastirilmast seklinde siniflandirilmistir. Son olarak, {i¢iincii arastirma sorusu
cergevesinde, 6gretmenlerin 6grencilerinin tanilayici cebir testinde zorluk yasadiklari

noktalara iliskin nedensel yliklemelerine iliskin analizler yapilmis ve sunulmustur.

Ortaokul matematik Ggretmenlerinin  Ggrencilerin cebir 6grenmeden once sahip
olmas1 gereken On kosul bilgisine iliskin sinirli miktarda bilgi saglayabildigi
gozlemlenmistir. Biitiin 6gretmenler, cebir 6grenmeden once dort islemin iyi bir
sekilde ogrenilmesi gerektigini ifade etmistir. Ayrica, 6gretmenler negatif sayilar
cebiri 6grenmenin bir 6n kosul bilgisi olarak tanimlamistir. Bununla birlikte, esittir
isaretinin kavramsal anlami, degisken kavrami ve kovaryasyonel diisiinme
kavramlarindan ¢ok az miktarda bahsetmislerdir. Ortaokul matematik dgretmenleri
ogrencilerin cebir derslerindeki cebirsel diigiincelerini ve tanilayici cebir testindeki
yanitlarin1 analiz edebilmis; ancak ogrencilerin belirli kavramlarda yasadiklar
giicliiklerin altinda yatan nedenleri agiklayamamislardir. Ogretmenler &grencilerin
cebiri 6grenirken ezber yapmaya yatkin olduklarindan bahsetmis, fakat sayisal
islemlerden cebirsel ifadelere gecisin Ooneminden bahsetmemislerdir. Sadece bir
ogretmen sozel ifadelerden cebirsel temsillerin sembolik notasyonuna gegisi Katz'in
(2007) calismasinda bahsedilen retorik asama (cebirsel ifadeleri temsil etmek i¢in
kelimelerin veya climlelerin kullanilmasi), aksak (syncopated) asama (cebirsel
ifadeleri temsil etmek i¢in kisaltmalarin kullanilmasi) ve sembolik asama (miktarlari,

islemleri ve iliskileri ifade etmek icin sembollerin kullanilmasi ve bu sembolleri
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kullanarak iyi anlasilmis kurallara dayali manipiilasyonlar yapilmasi) seklinde ifade
etmistir. Ogretmenlerin higbiri cebirsel muhakeme igin esittir isaretinin kavramsal
olarak anlasilmasi gerektiginden bahsetmemistir (Stephens vd., 2013). Ortaokul
Ogrencilerinin cebir ile ilgili konular1 6grenmeye hazir olup olmadigi soruldugunda iki
ogretmen hazir olduklarini, iki 6gretmen bazilarimin hazir oldugunu, bazilarinin

olmadigini, bir 6gretmen ise hazir olmadiklarini belirtmistir.

Giirsoy, Ogrencilerinin  “Iki saymin toplami 45'tir.” ifadesinde (45—x)’i
bulabilmelerine ragmen x'i toplanan terimlerden biri olarak ifade etmekte
zorlanmiglarin1 dile getirmis ve Ogrencilerinde en sik karsilastigt zorlugun bu
oldugunu sdylemistir. Buradaki sorunun iki cebirsel ifadeyi aymi bilinmeyen
cinsinden yazmanm zorlugu olarak aciklamistir. Burcu da 6grencilerin “Iki saymin
toplam1 60’tir, bu sayilardan biri digerinin iki katindan dort fazladir.” ifadesini
sembolik olarak yazmakta zorlandiklarini belirterek bu konuya deginmistir. Belirttigi
gibi Ogrenciler Ozellikle x’1 bulmakta zorlanirken, diger ifade olan (2x + 4)’i
belirleyebilmislerdir. Ogretmenler, dgrencilerin iki cebirsel ifadeyi aym bilinmeyen
cinsinden yazma problemlerini tespit edebilmelerine ragmen, bu zorluklarin altinda
yatan nedenleri agikc¢a ifade edememislerdir. Genel olarak 6gretmenlerin ifadeleri,
Ogrencilerin cebirde karsilasabilecekleri giicliikleri belirleyebileceklerini, ancak
Ogrencilerin giigliiklerinin ve hatalarinin nedenlerini agik¢a ifade edemediklerini

ortaya koymustur.

Bulgulara dayanarak, 6gretmenler, 6grencilerin tanilayici cebir testindeki sorulari
nasil c¢ozeceklerini degisen derecelerde dogru sekilde tahmin etmislerdir.
Ogretmenler, dgrencilerin sozel ifadelerden cebirsel ifadelere basit ceviriler yapma,
denklemleri ¢ozme ve verilen verileri tablo veya grafik {izerinde gdstermeyi iceren
sorular i¢in dgrencilerin olasi ¢dziimlerini ve bu sorular1 ka¢ 6grencinin yapabilecegi
konusundaki tahminleri ger¢ek Ogrenci cevaplarmma yakin niteliktedir. Ancak,
ogretmenlerin esitlik, degisken ve fonksiyonel diisiinme ile ilgili sorulara 6grencilerin
verebilecegi yanitlar konusundaki tahminleri gergek Ogrenci cevaplarindan farkli
niteliktedir. Tanilayic1 cebir testindeki esitlikle ilgili 1. soruda , li¢ 6gretmen ¢ogu
ogrencinin iliskisel-yapisal bir anlayisla ¢arpma olmadan esitligi gosterebilecegini

Oongormistiir (Stephens vd., 2013). Ayrica, iki 6gretmen, ¢ok az 6grencinin soruyu
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carpmayt kullanmadan yapabilecegini diisiinmiis ve c¢ogu Ogrencinin iligkisel-
hesaplamali bir anlayist benimsedigini ifade etmistir (Stephens vd., 2013).
Ogretmenler, carpma islemini yapmanin &grenciler igin sayilar1 ¢arpanlara ayirmak
gibi iligkisel-yapisal stratejilerden daha kolay oldugunu belirtmislerdir. ADT
sonuglari, 6grencilerin yaklasik %30'unun iliskisel-yapisal bir strateji benimsedigini
gostermistir (0rn. “Biri 2 ile carpilirken digeri 2'ye boliiniir.””). Ayrica, dgrencilerin
yarist iliskisel-hesaplamali bir strateji kullanmistir (6rn. “22 esittir 11 ve 2'nin
carpimi; 14 esittir 7 ve 2'nin ¢arpimidir.”). Bu nedenle, 6gretmenlerin tahminlerinin
ogrencilerin esitlik ile ilgili ger¢ek performanslariyla uyumlu olmadigi sonucuna
ulagilmistir. Arastirmacilar, ¢ogu Ogretmen adayinin, 6grencilerin esittir isaretine
iligkin iglemsel diisinme konusundaki yanilgilarindan habersiz oldugunu
bulmuslardir (Alapala, 2018; Isler ve Knuth, 2013; Stephens vd., 2013). Ayrica,
Ogretmen adaylar1 yapisal diisiinmeden daha ¢ok sayisal diisiinmeye odaklanmislardir
(Stephens, 2006). Bu calismalara benzer sekilde, bu ¢alismanin sonuglari, katilimct
matematik Ogretmenlerinin 6grencilerin esitlik ve esittir isaretinin iligkisel olarak
anlamlandirilmasma iligskin kavrayislarini ve zorluklarmmi tahmin edemedikleri

gozlenmistir.

3n ve n+6 cebirsel ifadelerinin karsilastirildigi tiglincii soru ile ilgili 6n goriisme
verilerinin analizi, Ogretmenlerin Ogrencilerinin  degisken kavramina iligkin
kavrayislarinin, Asquith vd.’nin (2007) digerlerinin ¢alismasinin aksine, 6grencilerin
testteki gercek sonucglartyla uyumlu olmadigini  gdstermistir. Ogretmenlerin
aciklamalari, iki cebirsel ifadeden hangisinin daha biiyiik oldugunu belirlemek i¢in n
yerine tekli veya c¢oklu degerler koymaya odaklandiklarin1 géstermistir. Asquith
vd.’nin (2007) aksine, Ogretmenlerin Ogrencilerin degisken kavramini anlama
performansina iligkin tahminleri, 6grencilerin tanilayicit cebir testindeki gercek
yanitlariyla uyumlu ¢ikmamistir. Tanilayici cebir testindeki dordiincii sorunun a sikka
ile ilgili olarak, 0gretmenler, sorunun ogrenciler i¢in tanidik ama zorlayict bir soru
oldugunu belirtmislerdir. Asquith vd.’nin ¢aligmasina benzer sekilde, 6grencilerin
ticlincli ve dordiincii sorularda zorlanmalarinin sebebini degisken kavramiyla ilgili
olabilecegine nadiren deginmislerdir. Ogretmenler, 6grencilerin tanilayici cebir
testindeki fonksiyonel diisiinme sorularinda yiiksek bir performans sergileyecegini

diistinmiistiir. Fakat, 6grencilerin performanst dgretmenlerin tahminlerinden diisiik
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olmustur. Fonksiyonel diisiinme sorularinda égretmenler, 6grencilerin bir soruyu
cevaplandirabilseler bile fonksiyon kuralini  kullanarak ¢dzmeyi tercih
etmeyeceklerini belirtmislerdir. Ogretmenler 6grencilerin teste verdikleri cevaplar
inceledikten sonra, 6grencilerin cebir sorularin1 ¢ézmek icin fonksiyon kuralini
kullanmanin gereksiz oldugunu diisiindiigiinii ve kullandiklar1 diger yontemlerin
onlar i¢in ¢ok daha pratik oldugunu dile getirmislerdir. Bu nedenle, fonksiyonun
kuralin1 bulabiliyor olsalar bile kullanmayi tercih etmediklerini dile getirmislerdir.
Ogretmenler, 6grencilerin soyut diisiinmede sorun yasadiklarmi siklikla dile
getirmistir. Ogrencilerin fonksiyonun kuralim bulmada yasadiklari giigliiklere,
Ogrencilerin motivasyonlarinin kaybolmasi, ezber yapmalari ve cebirden zevk
almamalar1 gibi aciklamalar getirmislerdir. Ek olarak, 6gretmenler 6grencilerin yanlis
cevaplarina ornekler verebilmis; ancak bu yanlis cevaplarin nedenlerini detayli bir
sekilde agiklayamamislardir. Ogretmenler, fonksiyonel diisiinmeyi 6grenmek igin cok
onemli olan degiskenler arasindaki kovaryasyondan ise bahsetmemislerdir. Sen-
Zeytun vd. (2010), oOgretmenlerin fonksiyonlari, kovaryasyonel yapilar yerine
birbirine karsilik gelen iligkiler olarak algiladiklarin1 gozlemlemistir. Ayrica
Ogretmenlerin, oOgrencilerin muhakeme yeteneklerine iliskin beklentilerinin,
problemle ilgili kendi diisiincelerinin 6tesine gegemedigi i¢in sinirli oldugu sonucuna

varmiglardir.

Blanton vd. (2011), cebirsel diistinmenin gelistirilmesinde fonksiyonlarin ¢ok 6nemli
oldugunu ifade etmistir. Belirttikleri gibi, fonksiyonlar, 6grencilerin nicelikler
arasindaki iliskiyi diistinmelerini saglayarak 6grencilerin sembolik gosterimi anlaml
bir sekilde 6grenmelerine katki saglar. Blanton ve Kaput (2004), tek degiskenli veri
setlerinde Orlintii bulmaya yapilan vurgunun, sonraki ilkokul yillarinda fonksiyonel
diisinmeye vurgu yapilmasma engel olabilecegini vurgulamistir. Ogretmenler,
ogrencilerin performansiyla ilgili tahminleri gibi, O6grencilerin tanilayict cebir
testindeki fonksiyonel diisiinme sorularindaki ger¢ek sonuglari igin yeterli
aciklamalar yapamamislardir. Ogretmenlerin beklentilerinin grencilerin gergek
performanslarina yakin olmasina ragmen, 6grencilerin neden fonksiyonel diisiinme
sorularinda fonksiyonun kuralini yazmakta zorlandiklarin1 agik bir gsekilde
aciklayamamislardir. Genellikle, bu durumu cebirin soyut olmasina ve dgrencilerin x

ve y'ye karsi onyargilarinin olmasina baglamuslardir. Ogretmenler, dgrencilerin
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aritmetik islemleri yapabilmesi, basit denklemlere ve cebir problemlerine iliskin
cozlimleri ile ilgili performanslarin1 dogru bir sekilde tahmin etmistir. Fakat,
O0gretmenlerin tahminleri, esittir isaretinin anlami, degiskenin anlami1 ve fonksiyonel
diisiinme ile ilgili sorularda dgrencilerin yanitlariyla uyumlu degildir. Ogretmenler
ogrencilerin ilgili maddelere iliskin zorluklarin1 belirleyebilmelerine ragmen,
ogrencilerin yasadiklari zorluklarin altinda yatan nedenleri yeterli diizeyde ifade

edememislerdir.

Wang ve Hall (2018), 6gretmenlerin nedensel yliklemelerinin, 6grencilerin akademik
performansini, davranislarini ve motivasyonunu onemli dlgiide etkileyen, 6gretim
davranislar lizerinde etkili olabilecegini dile getirmistir. Bu nedenle, 6gretmenlerin
ogrencilerin basarisizligi ile ilgili sunduklart nedenler, Weiner'in (1985, 2010)
nedensel yiikleme teorisine dayanarak arastirilmistir. Bozkurt ve Yetkin-Ozdemir'in
(2018) calismasiyla benzer sekilde, bu calisma da Ogretmenlerin genellikle
basarisizliklara yonelik nedensel yiiklemeler yapma egiliminde olduklarini ortaya
koymustur. Bu nedenle, bu c¢alismada Ogretmenlerin Ggrencilerin  cebirde
deneyimledikleri zorluklara yonelik nedensel yiiklemeleri incelenmistir. Literatiirdeki
caligmalarin sonuglarina benzer sekilde (Bastiirk, 2012; Medway, 1979; Wang ve
Hall, 2018), 6gretmenlerin 6grencilerin zorluklarini siklikla 6grencilerin biligsel
siireglerine, ¢abalarina, dogustan gelen matematik becerilerine, ve motivasyonlarina
bagladiklar1 sonucuna ulagilmistir. Bu calisma, 6gretmenlerin 68rencilerin cebirsel
diistinmedeki zorluklarini cogunlukla, 6gretmenlerin disinda olan, istikrarli ve kontrol
edilemez bir faktor olan Ogrencilerin biligsel siiregleriyle iliskilendirdigini
gbstermistir (Wang ve Hall, 2018; Weiner, 2010). Ogretmenler, dgrencilerin bu
tanilayici cebir testindeki sorulara asina olduklari i¢in 68rencilerin basarisizliklarinin
esas nedeninin 6grencilerin kendisi ile ilgili oldugunu savunmustur. Ogretmenlerin
agirlikli olarak bahsettigi diger nitelikler, igsel, istikrarsiz ve kontrol edilebilir bir
faktor olan 6grencilerin ¢abasi ve igsel, istikrarsiz ve kontrol edilemeyen bir faktor
olan ogrencilerin motivasyonudur (Wang ve Hall, 2018; Weiner, 2010). Medway
(1979) ve Bastiirk (2012), 6gretmen adaylarinin 6grencilerin zorluklarini veya
basarilarini en sik, 6gretmenler i¢in digsal, istikrarli ve kontrol edilemez bir faktor
olan dogustan gelen matematik yetenegine bagladiklari bilgisine ulagsmislardir (Wang

ve Hall, 2018; Weiner, 2010). Literatiirdeki ¢alismalarin sonuglarinin aksine, bu
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calismada Ogretmenler tarafindan bahsedilen 6grenci ile ilgili en az gozlemlenen

nitelik, 6grencilerin matematik becerileridir.

Sonuglar, 6gretmenlerin O0grencilerin cebirde yasadiklar1 zorluklar1 dis etkenlerle
daha fazla iliskilendirdigini gostermistir. Ogretmenlerin, dgrencilerin yasadiklar:
giicliklerin ¢ogunlukla 6grencilerin kendilerinden kaynaklandigini diisiindiikleri
sOylenebilir. Ayrica 6gretmenler, 6grencilerin zorluklarini ¢ogunlukla sabit ve kontrol
edilemeyen faktorlere baglamistir. Ogretmenlerin agirlikli olarak dgrencilerin bilissel
stirecleri, motivasyon eksikligi, yetersiz matematik becerileri, programdaki
kazanimlarin igeriginin yetersiz olmasi gibi, 6grencileri basarisiz kilan faktorler
tizerinde kontrollerinin olmadigint diisiindiikleri sdylenebilir. Arastirmacilarin
belirttigi gibi, nedensel yiiklemeler 6gretmenlerin 6grencilerin gelecekteki akademik
performanslarindan beklentilerini 6nemli 6lgiide etkiler (Clarkson ve Leder, 1984;
Peterson ve Barger, 1985). Ayrica, Wang ve Hall'un (2018) iddia ettigi gibi,
Ogretmenlerin nedensel yiiklemeleri, Ogrencilerin akademik performansin1 ve
motivasyonunu onemli Olgiide etkileyen Ogretim davranislarii etkileyebilir. Bu
calismada, 6gretmenler, degisken kavrami veya kovaryasyonel diisiinme gibi belirli
noktalara dayali olarak daha dikkatli olacaklarin1 belirtmislerdir. Bununla birlikte,
ogretmenlerin nedensel yiiklemeleri, 6grencilerin diigiik performansinin genel olarak
ogretim disindaki faktorlerle ilgili oldugunu gosterebilir. Bu nedenle, 6grencilerin
zorlanmasina neden olan faktorlerin cogu 6gretmenlerin sorumluluklarinin disinda
oldugundan, 6gretmenlerin cebiri benzer sekilde 6gretmeye devam edecegi sonucu

c¢ikarilabilir.

Bu caligmanin, 6gretmenlerin 6grencilerin esitlik, ifadeleri denklem, genellestirilmis
aritmetik, deg8isken ve fonksiyonel diistinme biiyiik fikirlerine yonelik cebirsel
diistinmeleri ile ilgili bilgilerine iliskin matematik 6gretmen adaylari, matematik
ogretmenleri, 6gretmen egitimcilerine yonelik literatiire katkida bulunabilir. Bu
calismada, 6gretmenlerin hi¢biri daha iist diizey cebir konular1 i¢in gerekli olabilecek
esittir isaretinin kavramsal bir sekilde anlagilmasi, degisken kavraminin anlagilmasi,
orantisal diisinme ve kovaryasyonel diisiinme hakkinda diisiincelerini dile
getirmemislerdir. Tanigh ve Kdse (2013) ve Stephens'in (2006) matematik 6gretmeni

adaylar1 ile yiriittiikleri c¢alismalarin sonuglariyla benzer sekilde, katilimet
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Ogretmenlerin esittir isareti ile ilgili alan bilgileri ve esittir isaretini kavramsal
anlamayla ilgili iyilestirmeye ihtiya¢ duyduklar1 sonucuna varilabilir. Boz'un (2004)
da belirttigi gibi alan bilgisi konusundaki bilgilerinin eksikligi, 6gretmenlerin
Ogrencilerin  zorluklarini, hatalarimm1 ve kavram yanilgilarimi belirlemelerini
engelleyebilmektedir. Bu nedenle, Ogretmenler, O&grencilerin esittir isareti
konusundaki diisiinceleri ve esittir isaretinin 6grenciler tarafindan kavramsal olarak

anlasilmasina iliskin pedagojik alan bilgilerini gelistirebilirler.

Bu ¢alismanin 6énemli bir ¢ikarimi, Tanigli ve Kose'nin (2013) calismasina benzer
sekilde, O0gretmenlerin Ogrencilerin cebirsel diisiinmesini bazi noktalarda analiz
edememesidir. Ogretmenler, dgrencilerin genellestirilmis aritmetik, cebirsel ifadeler
ve denklemler ile ilgili cebirsel diisiinme siireclerini agiklayabilmektedir. Ancak,
Ogretmenler, 6grencilerin hatali diistinmelerinin nedenlerine ve esitlik, ifadeler,
denklem ve fonksiyonel diistinme gibi biiyiik fikirlerde yasadiklar1 zorluklara iliskin
smirli miktarda agiklamalar sunabilmislerdir. Ogretmenler, genellikle dgrencilerin
islem yapma, sayilar1 kullanma, yerine koyma ve denklem c¢ozme gibi cebirsel
uygulamalarina odaklanmislardir. Bu konular ayni zamanda o6grencilerin zorluk
yasadiklar1 faktorlerden bazilar1 olsa da, esittir isareti ve esdeger denklemlerin
iliskisel olarak anlasilmasi denklemleri ¢oziimiindeki en 6nemli noktalardan biridir
(Knuth vd., 2005; Steinberg vd., 1990). Bu ¢alismanin bulgularina dayanarak, bir
O0gretmen gelistirme programinin, 6gretmenlerin denklem kurma ve ¢ozmede basaril
olmak i¢in esittir isaretinin anlaminin ve denkligi kavramanin 6nemini fark etmelerini
saglamak i¢in Ogretmenlerin alan bilgileri ve pedagojik alan bilgilerini gelistirmeye

yardimci olabilecegi diisiiniilmiistiir.

Literatiirde, Ogretmenlerin cebirdeki nedensel atiflarin1 inceleyen c¢aligmalarin
yetersiz oldugu ifade edilmistir (Shores ve Smith, 2010; Wang ve Hall, 2018). Bu
calisma, nedensel yiiklemelerle ilgili olarak, matematik dgretmenlerinin 6grenciyle
ilgili yiiklemeler ve 6gretim siireciyle ilgili yliklemeler olmak tizere iki yoniiyle ilgili
literatlire katki saglayabilir. Bulgular, 6gretmenlerin 6grencilerin zorluklarini daha
cok digsal ve kontrol edilemeyen faktorlerle iligkilendirdigini gostermistir.
Ogretmenler, Ogrencilerin cebirsel diisiinmedeki basarisizliklarini temel olarak

ogrenciyle ilgili faktorlere, dncelikle 6grencilerin anlama yetersizligi, motivasyon
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eksikligi ve yetersiz matematik becerileri gibi biligsel siirecle ilgili faktorlere
baglamigtir. Arastirmacilar, nedensel yiiklemelerin O6gretmenlerin &grencilerin
gelecekteki akademik performanslarina iliskin beklentilerini 6nemli Olgilide
etkiledigini savunmustur (Clarkson ve Leder, 1984; Peterson ve Barger, 1985).
Glasgow vd. (1997), 6gretmenlerin, 0grencilerin basarisizliklarin1 bu tiir kontrol
edilemeyen faktorlere baglamalart halinde, yeteneksiz Ogrenciler iizerinde
kontrollerinin olmadigimi diisiindiikleri i¢in yeterince ¢aba gosteremeyebileceklerini
ileri stirmiistiir. Bu bulgulara gére, 6gretmenlerin, 6grencilerle ilgili faktorlere iliskin
nedensel atiflarim1  goézlemlemek i¢in matematik Ogretmenlerinin ve ortaokul
ogrencilerinin dahil oldugu yeni arastirmalar yiritiilebilir. Ayrica, 6gretmenlerin,
Ogrencilerin cebirdeki basarisizliklari i¢in dis ve kontrol edilemeyen faktorlere iliskin
arglimanlarinin gegerliligini test etmek i¢cin hem ortaokul 6grencilerinden hem de bu
Ogrencilerin 6gretmenlerinden ayrintili veri toplamak amaciyla goriismeler ve sinif

gozlemleri gibi farkli veri toplama araglar1 kullanilabilir.

Ogretmenlerlerin 6grencilerin cebirdeki xorluklari ile ilgili nedensel yiiklemelerinden
bir digeri ise 6gretim siireci, miifredat ve smav sistemiyle ilgili faktorlerdir. Ogretim
stireciyle ilgili en sik gozlemlenen yiliklemelerden biri, matematik miifredatindaki
derslerin siiresi ve kazanimlar gibi digsal, sabit ve kontrol edilemeyen faktorler olan
miifredatla ilgili yiiklemelerdir. Ogretmenler, goriismeler sirasinda ortaokul
matematik miifredatinda degisken, esitlik ve kovaryasyonel diisiinme kavramlara
vurgu yapilmadigini savunmustur. Ayrica cebirsel bir ifadede degiskenin anlamini goz
onilinde bulundurarak, iki cebirsel ifadeyi ayni bilinmeyenle karsilagtirarak ve bir
fonksiyonda iki degiskenin niceligi arasindaki kovaryasyonu goézlemlemek gibi
etkinliklerin miifredatta olmadigini belirtmislerdir. Bu bulgular, mevcut ortaokul
matematik miifredatinin (MEB, 2018) icerigini cebirdeki biiyiik fikirlere (Blanton vd.,
2015; Blanton vd., 2019) gore inceleyen ¢alismalar i¢in yol gosterici olabilir. Ayrica,
gelecekte yliriitiilebilecek olan bu tiir calismalarin, 6gretmenlere, matematik egitimi
aragtirmacilarina ve miifredati gelistiren uzmanlara yonelik yararli bilgiler

saglayabilecegi diisiiniilmektedir.
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