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ABSTRACT

TRIGONOMETRIC SERIES SOLUTION FOR ANALYSIS OF
COMPOSITE LAMINATED PLATES

K o,Samet
Master of SciengéMechanical Engineering
SupervisorProf. DrSer kan Daj

January 2023142 pages

In this study static bending and free vibrations of symmetgctangular laminated
composite plates are examined by using a new trigonometric series expansion
technique and finite element analysis. Kirchh@fassical Laminated Platg)ate

theory is applied in the analytical formulation of both bending and fig@tion
problems. Midplane displacement is expanded into a series of trigonometric shape
functions, which allow exact satisfaction of the boundary conditions. In the case of
static bending, application of the RayleiBitz method leads to a linear systém

the coefficients of the trigopnometric series. For free vibrations, minimization of the
energy functional in conjunction with the RayleiBitz approach results in an
eigenvalue problem. Finite element models for both bending and free vibrations are
corstructed by means of plate elements that incorporatefidst shear deformation
theory. Numerical results are generated for sirgplgported and fullglamped
composite plates as well as for a composite plate with a single free and three clamped
edges.The trigonometric series technique developed is verified by comparisons to
the outcomes of the finite element analyses. Presented numerical results illustrate the

effects of geometrical parameters, boundary conditions, and composite plate



stacking sequenaen deflectiontransversestressesnatural frequenciesand mode
shaps. The proposed method leads to rapid convergence, possesses computational
efficiency, and could be useful in design and optimization studies involving

laminated composite structures.

Keywords:RayleighRitz Method, Symmetrically Laminated Composite, Bending,

Free Vibration
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KOMPOZKT LAMKNE LEVHALARIN ANALKZK K¢KN
SERKSK ¢¥Z'!M

Ko -, Samet

Y¢ ksek,Maiks samras Mg hendi sl i i
Tez Y°nePiaf siDr. Serkan Daj

Ocak 2023 142 sayfa

Bu -al ékmada, simetrik dikde°rtgen | amine
serbest titrekimleri yeni bir trigonomet |
anal i zir akkulilnacnegllean mi kKt i r . Kirchhoff ( KI a
hem ejilme hem de serbest titrekim prol
uygul anmaktader . Orta d¢gzlem yer dej i Kt

karkél anmaséna igzoinmhmeereéhk kKieki di Zionksiy
Stati k b¢kme duvRiutmang@ant Rmiynien gaygul anma
serilerin katsayélaré i-in dojrusal bir
RayleighRi t z yakl|l aké mey| afonksygnélismniingnizasyoou, ar a k
bir °zdejer problemiyle sonu-Ilanér. Hem ¢
el eman model l eri, birinci dereceden kes

el emanl ar vasétaséeyla ol uktumumulkurkompagil

pl akal arén yané séra tek serbest ve ¢- Kk
sayésal sonu-1ar cretilir. Gel i ktirilen
analizlerinin sonu-1|laréyla kar keédsaxlt ér ma
sonu-1|ar, geometri k parametrelerin, séne
sérasénén sapma, d¢gzlem 0 - geril mel er,

et kil erini g°stermektedir. ¥nerilen yo°ni
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verim i | iJine sahiptir ve katmanl é kompozit ya

-al éekxkmal arénda faydal é ol abilir.

Anahtar Keli mel er: Rayl eigh Ritz Metodu, Si

Serbest Ti trekim
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CHAPTER 1

INTRODUCTION

In recent years, strength and cost requirements have pushed engineers and
researchers to design lighter and more dursiblectures. Such design requirements

led to investigations involving stronger and lighter components. Composites are
alternative advanced materials that possess low weight and high strength.
Composites have been used with increasing interest in matel@hcesc
manufacturing technology, and theoretical analysis since they were considered
structural materialsThe term "composite" is used for structures formed by
combining different materials, but in modern materials engineering, this term usually
refers toa matrix material reinforced with fibers. These materials are called fiber
reinforced compositesStructures made of fibeeinforced composites are used in
many engineering projects, like eiafts machines, ships, and buildingige to their
higher strengtiweight ratiosand more lightweightproperties Fiberreinforced
composite structures provide designers with the convenience of adjusting the fiber
orientation and stacking sequence so that desggcan make structures with the
desired strength. A composite structure consists of many layers bonded to one
another to form a higbtrength fibemreinforced laminated plate. Each lamina has a
fiber-reinforced along a single direction. Adjacent layexgally have different fiber
orientationsln order to accurately predict the static and dynamic behavidvest
reinforced platesmathematical models should be established, and these models
should be solved by analytical and computational techniquesaloiatethe main
variables. It is essential to choose the appropriate theories for the analysis and design
studies.Different types of plate theories have been developed to predict these

structures' static and dynamic behavior accurately.



Free or forcedvibrations of composite plates are important under certain
circumstances. Afiber-reinfoced plate's geometrical dimensions, material, and
boundary conditions affect its natural frequency. The plate will vibrate with large
deflections if the excitation fregncy is equal to one of its natural frequencies.
Knowledge of the natural frequencies ofilaer-reinforcedplate under different
boundary conditions might help engineers avoid such problems while designing
structures. In addition, th&ber-reinforcedplate must be able to withstand the
intended structural load without cracking, so computation of deflection and stresses
is also important. Mathematical techniques are needed to be developed to accurately
describe their static and dynamic characteristices&€lconcepts atmsedon plate
theories. Since most of the timaates have a small thickness compared to other
dimensionsthey can be modeled as 2D (thin) objects instead of 3D objects. There
are a number of plate theories proposed, each of whichshas/m computational

efficiency.

In this study, a trigonometric series based approach is proposed to analyze the static
and dynamic characteristics of laminated composite plates. The methods put forward
are computationally efficient and shown to lead wuhes of high accuracy. Finite
element analysis techniques are also used in modélivey proposed approach in
compared with different approximation method given in the literafire.methods
presented in thithesiscould be useful in design and analysis studies involving-fiber

reinforced composite plates.

1.1 Review of Composite Materials

A material that is formed by combining at least two materials with different
properties is called a composite material. The differeaterials that are brought
together to form a composite structure may not possess the desired properties on their
own. However, a structure that meets the desired performance criteria can be
fabricated when they are brought together. The ability to bigroes according to

engineering requirements has made composites useful in different engineering fields.



Secondary structures in the aviation sector have long ineeleusing composite
materials. However, as techniques for producing and maintaining coagpbaite
advanced, composites have been employed as primary structures in the aviation
sector. They are also used in the automotive industry because they can be recycled,
could be more effective in crashes, and arewmight. Composites are employed in
structural parts of marine vehicles due to their corrosion resistance, in electrical
panels due to their dielectric property, and in construction areas due to their

lightweight and durability.

Composite materials can be classified and characterized by distingg between
fibrous and particulate composite materials. Materials that are made of fibers and a
matrix are called fibrous composites. The matrix holds the fibers together and
prevents them from getting damaged. It also transfers the load from oneofibe
another. Particulate composite materials are made of small particles of material that
are placed together by a tough matrix, such as powders or small pieces of material in
a ceramic matrix. Different fibereinforced laminas are bonded together tai@ea
fiber-reinforced laminated composite plate. Composite plies have orthotropic
material properties due to the existence of fibers. Composite materials have
improved mechanical properties compared to isotropic materials due to

reinforcement.

In this stuy, fiberreinforced composite materials will be examined since they are
the main part of a rectangular laminated plate structure. These structures consist of
layers or plies made from fibeeinforced material. Most of the time, the layers will

be orientd in different directions to give the laminate specific strengths and
stiffnesses. So, the strength and stiffness of the laminateddiipéorced composite

plate can be changed to meet the structural element's design requirements. When
designing a compde material, it is necessary to determine static and dynamic
responses under different loadings. These responses depend on the fiber orientation,
thickness, dimensions, and boundary conditions. It could be possible to
experimentally evaluate the respomddaminated composite plates under external

loadings. Still, they may not always be practical due to the high cost of conducting



experiments. As described in this paper, numerical methods based on plate theories

could be useful in this respect.

1.2  Literature Survey

Due to the increasing strength propertiedilwér-reinforcedcompositeplates,they

have been frequently used in engineering fields in recent years. The orthotropic
properties ofiber-reinforcedcompositelates have allowed them to be used in more
specific areas than isotropic materials. It has become challenging to understand the
static and dynamic responses of lamindieer-reinforcedcompositeplates due to

the different material properties of eaclyda Applying advanced mathematical
models to understand these responses has become imperative. For this reason, many
researchers develop other mathematical models and apply these models to different

problems to analyziber-reinforcedplates.

To understind the static and dynamic behavior of laminditeet-reinforcedplates,

two different approaches are evaluated based on the-dimemsional or twe
dimensional properties of the plates. These approaches can be called Equivalent
Single Layer (ESL) and lyerwise theory(LW). ESL is displacemesiiased, and

LW is a mixed formulatiorbased theory. Carrera [1], Reddy [2], Liew et al. [3], and
Kreja [4] has explained these theories. In thi@ienensional approaches,
displacement and stresses at each layereaett as unknowns. There are different
studies on thredimensional methods, Srinivas and Rao [5] have explained the
bending, vibration, and buckling behavior of simply supported rectangular plates.
Exact solutions of laminated-directional composite ples and shells have been
investigated by Pagano [6]. Ye and Soldatos [7] hawiexdon thefree vibrationof

the symmetrical and unsymmetrical laminated cylindrical plates and cylinders in a
threedimensional approach. Static and dynamic response dhitle laminated
plates analyzed by Fan and Ye [8]. Vel and Batra [9,10,11] have researched thick
laminated piezoelectric composite plates with different boundary conditions. But

these threglimensional analytical solutions can only work for simple geoewetri



and boundary conditions. They are also more complicated to calculate than 2D

theories.

Researchers improved twiimensional theories since3D theories are
computationallyexpensive. In ESL theories, all variables are the same, so the
number of variabke does not depend on how many layers there are. In two
dimensional theories, there are different plate theories which are classical laminated
plate theory (CLPT), firsbrder shear deformation theory (FSDT), and higireler

shear deformation theory (HSDT)Yhere is plenty of research on laminated
composite plates with CLPT. Equivalent single layer (ESL) theory can be used with
CLPT for thin laminated composite plates and shells [12, 13]. For dimear
geometric analysis of laminated composite plates,&wl Chin [14] introduced the

v on K 8yper@ AT model. Bending analysis of symmetrically laminated two
orthotropic plies with CLPT has been researched by Reissner and Stavsky [15].
Because it does not consider transwatsear deformation, the CLPT foulation is

not very good at predicting how composites will behave elastically. An improved
lamination theory that accounts for transverse shear deformation is required to
eliminate this constraint. Whitney & Pagano [16] offered an extension of the First
Order Shear Deformation (FSDT) model for anisotropic composite plates, while
Dong & Tso [17] introduced the FSDT model for composite shells. Also, static
analysis of cylindrical shells was conducted by Chandrashe&hdRavan Ku [18]

with both CLPT and FST. In the higheforder shear deformation theory (HSDT),
classic displacement equations of FSDT are put into the hayber terms of the
equation. This can significantly improve the results of thick laminated composite
plates. A typical method is expandithe displacement and strains with power series
concerning thickness coordinates. This formula can get a shear deformation model
of any order. Assuming a cubic description of the displacements for the thickness
coordinate, Reddy [19] proposed a Third @rdiransverse Shear Deformation
(TOSD) theory for laminated plates in 1984. Also, Khdeir et al. [20] TOSD theory
has been revised for | aminated rectangu

solution and statspace approach. From all these theoriesntmaunderstood that



due to the high processing cost of thdd®mensional studies, plate theories based on
simplified kinematic assumptions have been developed even though plate geometry
is threedimensional. Transverse shear deformations, normal defemsatand
rotating inertia are neglected by the classical (Kirchhoff) laminated plate theory
(CLPT). The @PT vyields appropriate solutions for plates with a thickness/side
length "X less tharmst pand for plates witf¥wbetweerrgdt pand st v

The finite element method (FENhd Ritz methodan solve initial boundary value
problemsRitz method useshape (approximating) functions that satisfy the essential
boundary conditions to solve the problem. The Ritz methaetjseeof freedom is

fewer than the FEM [21, 22]. Linear combination of shape functions is put into the
displacement equation in the Ritz method. Choosing shape functions is the most
critical part of the Ritz method because the precision and speed of convergence of
the problem vary aording to these functions. Until now, many shape functions have
been used in problems solved by the Ritz method. The most widely used of these are
polynomial shape functions because these functions are simple to use and have fast
convergence propertiesokever, due to numerical instability and poor conditioning
problems in higkorder polynomials [23, 24], researchers have also turned to other
shape functions. These problems are avoided by using orthogonal polynomials. Bhat
[25] developed a new techniqug bsing the orthogonal polynomial shape functions
that meet the boundary conditions with Gr&ehmidtorthogonalizatioriechnique.

In this approach, the initial term of the orthogonal polynomial shape function fulfills
the boundary conditions. After findjrthese orthogonal polynomial shape functions,
Bhat [26, 27, 28] solved different plate problems. Free vibration problems in
laminated composite plates with the Ritz method have been solved by many
researchers using different shape functions. Leissa [#9¢& the free vibration
problem of rectangular composite plates with two opposite sides is simply supported
by using hyperbolic functions. Later, Narita and Leissa [30] used a double sine
trigonometric shape function to solve symmetrically laminated csitgplates in

1989. Liew and Lam [31] also used the Grakaommidt operation to calculate

isotropic and anisotropic laminated composite trapezium plates with orthogonal



approximation functions. Chow et al. [32] showed free vibration and mode shapes
with orthogonal approximating functions for rectangular laminated plates.
Composite plates with different forms of free vibration results have been investigated
by Geannakakes [33]. Different boundapnditionsof symmetric and unsymmetric
plates have been sted by Chai [34] with sine shape functions. Wang [35] analyzed
the free vibration of an obliquely laminated composite plate with small thickness,
including coupling terms into the governing equations. This study shows that it is
essential to strengthen cposite plates. Also, Cheung and Zhou [36, 37] researched
the reinforcement of composite plates with using point support and line support. Free
vibration results have been examined with beam shape functions for different edge
conditions. Another study ofreingthening the laminated composite plates with plies

|l ayered obliquely (skew) is reviewed by /
supported conditions were analyzed with orthogonal polynomials in this research.
Some composite plates have elastic eclgaditions. Amirahmadi and Ansari [39]
have shown buckling and vibration responses of symmetrically laminated plates with
two distinct types of shape functions: polynomial and beam. Functionally graded
composite plates can be analyzed by using the RayRitghmethod. Chakraverty

and Pradhan [40] studied this type of composite plate for examining free vibration
results under different boundary conditions. Free vibration of plates with too small
in-plane dimensions, which are nanoplates, has also beerd amugg the Ritz
method. Chakraverty and Behera [41] studied this problem using polynomial
approximating functions. Deghboud;j et al. [42] reviewed a epbsthin laminated
composite plate utilizing the polynomial and trigonometric sine functions as shape
functions and compared them with FEM resuligjuyen et al. [43] developed
approximating functions as a trigonometric series to solve buckling and free
vibration characteristic of laminated beams with utilizing Ritz metHsigtic
bending comparison witREM results of symmetrically laminated composite plate
has been studied by Carrol and Gutiefkéiravete [44]. This study has been done
when all boundary conditions of plate simply supported and under uniformly

distributed loadingLarita and Leissa [45]esearched on buckling of symmetric



laminatecomposite plate with edges are all simply supported. Five different loading
has been applied on a composite plate and approximating double sine series has been
used in Ritz method.

1.3  Motivation and Scope

This studyaims to accurately obtain static bending and free vibration responses of
symmetrically laminated fibereinforced composite plates by a trigonometric series
approach. Kirchhoff plate theory is used in the formulation of the problems. Mid
plane transverseleformation of laminated composite plate is developed using
trigonometric shape functions that satisfy the essential boundary conditions. The
RayleighRitz method was applied to solve the static bendinglamdreevibration
problems. The deformation ohd midplane is expressed in terms of the new
trigonometric shape functions. Solution of a linear system is required to find the
unknown coefficientd2]. The RayleighRitz method was applied to the energy
function in the solution of the free vibration ptem[30], [32], [42]. An eigenvalue
problem is obtained, and natural frequencies and mode shapes are calculated by
solving the eigenvalue problem. A finite element model is used in the verification of
the developed techniques. Numerical results are autdor simplysupported and
clamped composite plates as well as those with one free edge and three clamped
edges. Parametric analyses are carried out to observe how the results are affected by
different parameters like thicknesslength ratio, laminatiorscheme, and aspect

ratio.

This study presents a new method for bending and free vibrations efdib&arced
symmetrically laminated composite plates. The method is computationally efficient

and provided insight into the behavior of compositactures.



CHAPTER 2

GOVERNING EQUATIONS

2.1 The Classical Laminated Plate Theory

The classical laminated plate theory is a type of classical plate theory that uses
laminated composites. So, this theory applies to the-fddaforced laminated plates
seen in Figure 4. It is assumd that the Kirchhoff hypothesis holds in classical

laminated plate theorf2]:

1 Straight lines perpendicular to the nsdrface remained straight after the
deformation.
There is no elongation experienced by the transverse normals.

1 After deformation, the transverse normals rotatgtay perpendicular to the

mid surface.

The transverse displacement is independent of the transverse coordinate, and the
normal transverse strain is assumed to be zero by the first two assumptions. There

are no transverse shesrains- h  as a result of the third assumption.

1 Classical plate theory utilizes the plane stress assumghianis, the out of
plane stress is zero since the plate is thin
1 This is areasonableassumption for thin plateas these stresses do not

develop sigiiicantly over small thickne&s.
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Figure2-1. Configuration of fiberreinforcedlaminatedplate

2.2  Displacemensand Strains

Assume that a plate with orthotropic layers and a total thicknesshohas the
principal material coordinates of ththlamina aligned at an angleto the laminate
coordinatex as seen irrigure 21. It is advantageous, but not necessary, to locate
the undeformed miglane of the laminate in the problemisplane. Thez-axis is
taken positively downward from the mpdane. Thekth layer lies between the

positions and in the thickness directi@eeFigure 22).

hi = zk-1 — 2k

Figure2-2.Stacking sequence numbering diteer-reinforcediaminated plat¢2]
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It is possible to develop specific assumptions or set limitations when developing the

theory[2], asgivenhere:

There is a perfect bond between the layers (assumption).

The material of each layer is linearly elastic and symmetric in three planes.
(limitation)

There is uniform thickness for each laylemn{tation)

There are small displacement astdhins [imitation)

There is noshear stressesn the top and bottom surfaces of the laminate

(limitation)

A material point at coordinate@ftdty) in the undeformed laminate shifts to
coordinates(® oho O 0) in the deformed laminate, wheféfvh) ) are
components of the total displacement vectatong the(aitdty) axes, as predicted

by the Kirchhoff hypotheses.
I 0U VAU O (2-1)

Where QHiHHpare unit vectors along tiiefud) directions. No differentiation is

made between the material coordinates and the spatial coordinates, between the finite
Greenstrain tensor and infinitesimal strain tensor, and between the second Piola
Kirchhoff stress tensor and Cauchy stress tensor due to the small strain and small

displacement assumptions.

The displacement&®h) ), according to the Kirchhoff hypothesis, must be such
that:

A - 10 2-2
0 ohulu 0 olw Q(T—d) (2-2)
i N . 2.
0 o 0 ww qT—d) (2:3)
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O a0 (2-4)

Under some assumptionsf  Ki r ¢ h h o f, thé Imearhsiyraguisplatement s
relations are used to calculate the strains associated with displac&éheifihear

straindisplacement relation can be written as:

r

T% TClL} TUFi K TortT v
e Twe Td Y fefe
T o1 o ToOT o
R mard Y rare (25
Kirchhoffds hypot hedsplacemert lationgply tleanttee f or st r a

transverse shear strains i and transverse normal strain are zeroin the
equation (25). Substitute equation {2) -(2-4) into the equation ¢8), it can be
obtairedstraindisplacement relatiors classicalaminated platéheory:

- - a - (2-6)
r [ i
v T_O v v T_ 'y ltl’ T v Iil’
: I’p :Ir'_(tl)o AN TT_‘(*) I'p ’l’l’ TT Wy
F p T O o T w o P T 1
cEOT W B O T O T 0y
M ool @ U DT Wy CT RIS (2-7)
- - , - are the membrane strains and |, - , - areflexural
strains[2].
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2.3 Lamina Constitutive Law

The transverse strain components- ,- are zero with classical laminated plate
theory assumptiong thin plate with plane stress assumption is used in formulations

since the thickness is small perplane dimensions.

Strainstress relationship for plane stress (redudgedjven by

p 0 .
- I I
o o T,
) 11 [‘) p Y
- | Iy P —~ T o»
r 1 IO O Il T
11 n il’l
y o U (29
P 0 ,
-— N Il
o o ',
v 1y p I
o o
11 n T il’l
u ouU (2-9)

Stressstrain relationship can be determined from invergibequation (28):

.06 m -
" U 0 T - (2-10)
T nm m ¢0 [ 7g
0 Y (2-11)
: Y 0 (2-12)
YY Y p 00U
. Y 0 _
. ) (2-13)
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. % b O (2-14)

% p . ( 2_15)

‘O andO are theYoungmodulus inw andw directions.’O is the shear modulus
and0 and0 are the Poisson ratiod. are the reduced stiffnesseskdf lamina
with plane stressissumptions and, h are stresses and strains components,
respectively. These stresses and strains are in material coordid@df .

Figure 23 shows the material and global coordinates of the-filieforced phte.

~
A
A
\J

x3 =Z x2

Figure2-3. Representation of material and global coordinate system of fiber
reinforced laminated plate

The constitutive equations must be translated to global coordinates since
orthotropic layers aresedin laminates with the material axis orientated with those
coordinatesTo find transformed constitutive equation, equaticd@Ris multiplied

by transformation matrix [T. In transformation matrix

4 ¢ iardé  § "QE Fibers are aligned at an angle-ab the global coordinate

as shown in Figure-3.
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Transformationof constitutive equations to the global coordinate system can be

expresseasfollows:

n a g ch € " ”
” ‘8 d Cd é ” "Y ”
f 6t ag & & T f (216
- "Y -
[ f (2-17)
» 0 0 Tt -
Y o 0 0 m Y -
T m 1 qO I (2-18)
» YOO Y -
T - (2-19
. ¢ & cat O 0 om
ae ae a 3 m 1 QU
a € ch € }
€ a cae -~
ae ae a € - (2-20)
Finally, transformed constitutive equations tewritten as:
, o 0 0 -
» o 0 0 -
S (2-21)
In equation (221), reduced stiffnessease given by
0 0 wéi cO 0 | Qe 0 i Q& (2-22)
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v 0 v 0 | QDE— 0 | Q& D¢ (2-23

V) U i Q& qvu 0 | QE+— 0 0é +— (2-29)

0 0 0 ¢0 i Qbé&i— 0O O (2-25)
O | QeE0eEi —

0 0 0 O i Qehéei & 0 ( 2-26)
O i Q&&+—

0 0 0 0 [ Qehéi & 0 (2-27)
O i Q&+

0 are the planstressransformededuced stiffnesses.

2.4 Force and Moment Resultants

The equilibrium of the differential elemecain be considereshown in the Figure-2
4. Since the stresses are functions of spatial coordinates, a first order Taylor series

expansion is used to consider variations in term.

do,
Y
ay + 2 Ay

ot
VX
I Tyx + ay Ay

»
>

3
o, — —> o + 7 Ax

0T,
Y
b Tyy + ax Ax

Figure2-4. Small element of linear elastiody
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Equilibrium requires that

0 (2-28)
T Yo Veva
" R - (2-29)

Equation (229) reduces to the followingquation

Lo (230

Tw T w

Equilibrium equations in 3D are written:as

T T R (2-31)
T Tw Ta
T T To - (2-32
Tw Tw T a
.o, T, (2-33)

Tow Two 1a
Integrating theequlibrium equations (28B1), (2-32), and (2-33) through the

thickness, the force\]) resultants can be fouras follows:

I'PT r Mo T QTP
7 "FT o T w Ta rp
- T D Qa4 T

P! o T w T a v -

CF . T T, v 1P

vt o T o 1T a %o (2-:34)

7 7 2-3

T_‘ . ,Q(’l] T_' ., 'Q(:x , 77 T ( 5)
T w T T w T
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roor 7 , 7 (2-36)

— . Qo — . Qa T

7 7 2-3
T " eal ", o4, R | (237
T w 4 T w g

Force resultants can be written from equationr35)2zand(2-36):

0 T
0 » Qa
0O y G (2-38)

Since the plate is multayered withe -plies, the integral can be-veritten as follows
l’j ”
0 . Qa
0 . (2-39

Considering the moments about thandwaxis respectivelyit canbewritten as:

I A A
. q” Q d .’ dﬂ Q d . dn Q d n
o g o g ra 5 ( 2-40)
I 7 T 7 | 7
T_(.b (XH 'Q d T_d) dﬂ 'Q d T_d dn 'Q d n
7 7 <7 (2-41)

Moment resultants can be written from these integral equatie) @hd (241).

i:) 7 ”
0 - aQ4
0 T, (2-42

Since the plate is multayered withe -plies, the integral can be-veritten as follows
0 i} (2-43
Equations (239) and (243) shows the force and moment resultants of fiber

reinforced plate as seen in the Figuig. 2
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Figure2-5. Force and momemésultants of fibereinforced laminated plaf{é 3]
2.5 Equations of Motion

There are many possible configurations in a mechanical system. These
configurations satisfy the geometric constraints of the system. Only one of these
possible configurations matchedet actual configuration, and from this
configuration, the equilibrium equations or motion of the system can be found. These
configurations are derived from infinitesimal variations of the actual configuration.
Virtual displacement occurs when a mechangyastem changes its configuration.
While usingthe virtual displacement and forcés,operator is used. It is called a
variational operatoj2].7 operator shows a change in the given displacement. This
operator is beneficial in obtaining governing equadi from the virtual work

principle. Equation (244) shows the first variation ¢f with using operator2].

w1 0 T 0 (2-44)
) OT—g) 0 ﬁj (0]
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Functionals are integral expressions of dependent variables. Thus, a functional

transforms dependent variahl¢o real numbel(u).

For exampleconsider functional(u) expressed in intervgh, b)and obtaining the

maximum or minimum of thifunctional[2]:

(2-45
(@) O wh w Qw 0w Oh Oow

In order to have minimum or maximum of the functional, the first variation of

functional equation (245) should be zero:
1 Omn (2-46)

To calculate governing equations of equilibrium configuration, mechanical system
is subjected to virtual displacementsh o & 1Q Ofrom its actual configuration.
These virtual displacements arentinuousfunctions and satisfy the geometric

boundary conditions of the mechanical system.

In this study, the principle of virtual displacements are used to obtain equations of
motion of the fibemreinforced platewith using equations (24) i (2-46). If the
mechanical system is gguilibrium,work of external and internal forces done over
virtual displacements is zerdhe principle of virtual displacements can be expressed

as follows[2]:
T 7Y kY (2-47)

In equation (247),] ™dnd “Mepresentsariationstrain energy andariationkinetic
energy of fibeireinforced plate. Externally applied forces the fibesreinforced

platecause virtual work

Virtual strain energy of the systemiytual work done by the appliefdrces, and

virtual work done by the inertia for@e ccan be expressed B§:

(2-48)

~
g

1Y , 1- QU
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(2-49)

1 n1 0 Qi
. , T o R I VS (2-50)
7 "Y T—o(] L Qo T_‘OT_‘OQU

WhereQ us volume Q iis surface, antl is the mass densityf thefiber-reinforced

plate r) is the applied force on the fibeginforced plate.

Equation (247) is known as principle of virtualisplacementEquations of motion
of laminated fibetreinforced plate can be found using the virtual work principle or

known as (iaciple[R]lt on b s

Integrate the equation-@7) with respect to timéeadstotheHa mi | t ondés prin

[2]:

Tt 1 Y1 ] QO
(2-51)

Virtual strain energy “¢an be writterfor fiber-reinforced laminated plats[2]:

. 7 . (252
(.I lY ” (.I - ” (.I - C” (.| = ‘Qq ‘Q(.l)‘Q(.l)
T
Virtual work done by externally applied foficedfor fiber-reinforced laminated plate
can be written ag2]:

: RV (2-53
7 W Nawilov dw QwQw

Virtual kinetic energy “1or fiber-reinforced laminated platsan be writteras[2]:
: T e e (254)
1Y " 070 U0JLU UVIULVL QaQWQw
T
N ofwo is thepressure distribution ciop of the fiberreinforced plate.

Substituting equations {22) -(2-54) into the equation (51) and integrating through
thicknessit can beobtained?2]:
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n 61-  01-  B1-  07-

o 17 O 17 n 10
‘0616 010 010 QOQMO (2-59)
‘Ois the masger unit areaf the fiberreinforced laminated plafe].

T 2-56
0 " Qa (2-56)
T
Virtual strainscan be represented in terms of virtual displacemeataation (27)

realstrain in terms ofealdisplacemenf2].

- "6 107110 (2-57)
Tw T ol o
: "m0 TO 17 0 (2-58
T® T O o
" T 6 17 0 T 0710 1017 0 ( 2-59)
Tw T Tolo ! ol
110 ( 2-60)
e T®
T1 0 (2-61)
b T®
110 (2-62)
1T CTor o
1- - -  arethevirtual membrane strains and 1 - 7 -

are the virtuaflexural strains
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Substituting equation ¢37) -(2-62) into the equation (B5), it is found[2]:

@170 0 ¢ fg OF N
Q] VQOQRO (2-63)

Setting thé 6h 0, and 0 coefficients of equation (83) zero separately, gives

the equation of motion of fibeeinforced laminated plaf2].

, 16 10 Ld10 (2-64)
od— 7% 97%

.10 TO T 10 (2-65)
"War—— 7o °7o

, 10 gb T o e o100 (2-66)
W Torote N9 053

2.6 Laminate Stress ResultantStrain Relationship

Substituteforce resultant equation-@) into theconstitutive lawequation (221),
force resultant relation with straiase obtained

0 55 b - :
i 55 0 - @ - Qe
6 5 0 b ¢ r (267
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Y 0 0 0 - 0 o 0 -
0§ 6 8 & & 8 8 (2-68)
o 0 a «a (2-69)
o . (2-70)
0 - 0 a a
C

0 areextensional stiffnegsandd arebending extensional couplirsgiffnesses
These stiffnesses are in terms of the plsiness transformed reduced stiffnesses

Substitute moment resultant equatiord® into the constitutive law equation-(2
21), it is obtairedmoment resultant relation with strains.

0 6 0 0 -
L o 0 0 & -
v 6 0 0 r
a - Qd
(2-71)
[
0 b 0 0 -
[‘) o ol o p , ) _
0 0 O ce
v 0 0 0 r
p :
— g q -
o (2-72
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Finally, moment resultants are written as:

U 0 0 0 - O ©O (@) -

U 0 0 o} - O © (@) -

0 6 o6 06 ' O 0 0O (273
, p - , ,
o 5 v @ «q (2-79)

O are bending stiffnesses. These stiffnesses are in terms of thesplks®e
transformed reduced stiffnesses.

2.7  Governing Equations fora Fiber-Reinforced Symmetrically Laminated
Plate

Substitution of strairequation (27) into the force resultant equation-¢8) and
moment resultant equation-{3) leads to force and moment resultants in terms of

displacements.

v T_O v g T v rv
. D - W
0 6 8 o rr TS" g 6 & LY TT' Cp
0 o] 0 o n 0 0 o] To ¢
i 5 o6 o '! Y T R R U
P 0 T Oy cF T 0y

VIRRA R v ST olen (275
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O & & & U TT':’ Cp
U o) 0 o T o
0 0 0 6 F AF
P T Wy
VARNA) b
CI
1v T Uy
s o -
O O O ¥ Tc(, Uy
(@] (@) O i
9) 0 O ¥ T(J,Lf W3 (276)
e TS0y

Substituing equation(2-75) and(2-76) into the equation of motion of fiber

reinforced laminated plate &) -(2-66), leads to the governing equations

5 10 5 1O 51O g0 5 5 LU
o P rard To o T ol
L B L S L
T o Tol @ RS
5 T 9 OT ‘1‘0 (2-77)
Tw To
s 10 10 410 10 o o 16
o Pt d To T ® Y
oT—0 oTU fe]o) ro o) o] ro
& ) T o O T w
s 1O (279
Tw T0
ro 10 1 1o
o o 9% % tore it e
T’OTO
T wd



° 1o Crare O e % To
'Y
o
5 6 1Y g IV 5TV
O ot e ® ok T
. (2-79
T I
n 1o

Simplifications for @verningequationsof a symmetric fibereinforced laminate

1 For symmetrically laminated platabge coupling stiffnesses are equal to
zera The governing equation is simplifiedy removing the bending
extension coupling.

1 The governing equatios for in-plane deformation(2-77), (2-78) and
governingequation forbending of symmetric laminates can be decoupled
when the strantisplacement equations are linear.

1 If there are no irplane forces or displacements, theplanestrain is zero,

and the only equation to solve is the bending(@r£9).

Under thesasimplificationsthe governing equationare simplified as follow§2]:

o Y o o 1% olY 10
To © Tol® ) Tol o
~ 10 o 10
TO'ITI n aw o (2-80)

Presence ofhie bendingwisting coupling stiffnesse s prevent o obtain
exactNavier solutionssothe solution of the governing equationesjuirel to apply
the Ritz or finite element approadh the following sections, Ritz method will be

appliedto bending and free vibration problems.
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CHAPTER 3

TRIGONOMETRIC SERIES SOLUTION OF FIBER -REINFORCED
LAMINATED PLATES

3.1.1 Rayleigh Ritz Approach

The virtual displacements concept provides the equilibrium equations as- Euler
Lagrange equations. These governing equations are differential equations, which can
sometimes be challenging to solveadytically. These differential equations can be
resolved usingapproximation techniques. Ritf47] proposed amethod for
approximating the results. The Ritz method uses weak forgoadrning equation

and minmum total potential energprinciple as well as variable expressions that

are identical to the fundamental differential equations, as natural boundary

conditions.

The basic ideas of the Ritz approach are described here using virtual displacements
or minimum total potential energy principe In the Ritz approach, the dependent

unknown of a given problem is estimated using a finite linear combination af the

2].

(3-1)
o Y we

o will be determined that the principal of virtual displacement provide for the
approximate solution which minimize thminimum total potential energwith

respect tap.

In the d&ove equation is the undetermined parameters, ands approximating

(shape) function which was selected to satisfygg@metridooundary conditions.
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3.2  Static Bending and Stress of FibeReinforced Laminated Plates with
Rayleigh-Ritz Method

In static equilibriumthetotal forces acting on tHéer-reinforced laminated plate is

zero according to Newtonosiessantdinternall a w.

and external works is zefor conservative systenin other words, the total virtual
work donedue tovirtual displacement for a fibeeinforced plate in equilibrium is
zero. The idea behind this argument is called the theory of virtual displacement.

The concept of minimum total potential energy is a specific case of the principle of
virtual displacemesstthat applies to both linear and nonlinear elastic b¢#je3he

first variation of strain energy “dndvariationalwork is done by externally applied
force] «of fiber reinforced laminated plate expressed in equatiofiR)(2and (2

53).

The pringple of minimum total potential energy of the fibrinforced plate can be

expressed d2]:
U1 Y o m (3-2)
Substitute equatia(2-52) and (253) into equation (), it is found [2]:
T 07 - 01 - 09 - 01 -

(33
O 971 O 971 nawl vt QOQ®

Substitute equation {37) -(2-62) into the equation €3), it is obtaired minimum

potential energy principle with virtual displacements expresgijns

T Op O F7 06 0 5 0Ofr7 0 0 j
3 (3-4)
¢ 5 0 Naw | 0 QWA
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Under assumptions ofjoverning equation of theymmetrically laminated fiber
reinforcedplate equation (34) can be snplified as:

. . . A €< o)
T 0 p ¢ [ U § nNaw | VL QWA

Substitute equation {27) into the equation €5), it can be obtainel@]:

T , , T 0 1o

o 9% Ciere °Ta

I o ~ 10
T , TO0O ———

Tw! o T ob

Recallthat weak form or virtual displacement form of partial differential equation

O

10

Nl 0 QWQAG (36)

can be expressed as:

ro .. . 148710, (3-7)
—] 0QW ——Qw
! (»)6| T d
The weakor principle of virtual displacement forntf the equation (36) of the
symmetrically laminatediber-reinforcedplate can bevritten with using principle

of equation (37) as followdq?2]:

T 01710 , T OTJ10 T OT710
m Ot T ° To e To Ta
S I VI R T 0190
O o Te CrarTaer o
0 T OTI70 T U170
T o T Tw 1T O 0
C,OTl')TGIU T 0T 70
T o T Tw T o 0
nNaol 0 Qo Q® (3-8)

Static bending problems for different boundary conditions can be solved by using

the Ritz method. The Ritz approach is based on variational statements, often called
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the weak form, that igquivalent to the governing differential equations and the

natural boundary conditions, such as those provided by the principle of virtual
displacements or the minimum total potential energy.

Linear combinationof displacement variable of symmetrically laated fiber
reinforcedplatecan be expressed as:

T (3-9)
U Wy Ww Wron i
'QpTQp
« ¢hw denotes the approximating or shape function of the-fibiaforced plate

and can be represented as:
) AR AR AR A (3-10
@ @ and® w are the approximating (shape) functievtich satisfythe geometric

boundary conditions x andy direction Substititing equation (29) and (310)into
the weak form of the static bending governing equged), it can befound [2]:

LQOQw . Q.. Qw
Wi W — QW

0 20, 00 ohovah o
L% Y Qmdoeao

o MWRG . 06 W @D

U amdm P ™ Pown0o

o DI VO

* ade @

. QO X Ty

Y owae 9H®

(3-11)
NaodOQOQ®
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forny phefB A) andfp  phchB R . M andN are the order of Ritz series expansion

of the admissible functions toandwdirections

Equation(3-11)can be used to solve bending problems when using appropriate shape
functions which simulate the essentigeometric)boundary conditionsEquation

(3-11) can be expressed as matrix form:
0 ® 0 (3-12)

In order to solvethe undetermined parameget , inverse of 'O matrix is

multiplied with 0  matrix as:

@ 0 0 (313
In this study, three different boundary conditions have been used to obtain static
bending and stress resultsthé fiber-reinforced laminated plate. These boundary
conditions are simphgupported, clamped, and one free and three clamped edges.
While obtaining these results, shape functions are used with the Ritz metbiwter
to use shaptinctions forboundary coditions, it is necessary to know the behavior
of boundary conditionglable 31 shows the behaviaf differenttypes ofboundary
conditions ofthe fiber-reinforced plateln this tabley ,0 , andd denotes the
bending moment idandcdirection and twisting moment, respectivaly. and0
represents the shear fosc-plane dimensions of fibeeinforced plate aréand

®in wandwdirection.

33



Table3-1. Conditions of edges of the laminafdgker-reinforcedplate B1] [37]

BCs Edges Boundary Equations
W T 0 Mw m Ogymw T
W O 0 Gw m Oydw T
Simply-Supported _ .
W T O aiim 1™ OVgWmm T
; . OV 116
W M O Mw ™M ———— 7
Qw
© o e w2 YR
Qo
Clamped ——
. . . QO
W T 0 odm ™ ——— ™
Qw
DG o . ow
w 0 dbw ™ ——— T
Qw
-, . Dyt
@ n Voo T —ag— Yo T
e, O A S
w w U(b(d'b) Tth T U(l) U
Free — —~
o Q) Tt L
w T Ud)(A.hT[ Tth T Ud) Tt
x - . D
© Vot T ——aa— Vo T

New trigonometric shape functions have been developed in accordance with the
behavior of the boundary conditions given in Table Bhese functions are used in
trigonometric series expansion Ritz solution for different boundary conditions to
solve the bending problems. The shape functions to be used are provided inTable 3
2. In this table, S5SS, GC-C-C, and GF-C-C represents sinip-supported,

clamped, and single frethree clamped plate.
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Table3-2. New Trigonometric shape functions used in bending problems

Shape Boundary Conditions
Function SSSS C-C-C-C C-F-C-C
. . "’Q 13 d)”Q 13 . ,H Ad), "’Q 13 d)’ll A(i) ,'Q“ . ,CIQ p “ | '“ . (h ";'Q “
e ww OBEH-OBEk OELOEL-OELOEH p Al 6&———w OB OE+H
W w W W W W 44 W w

These trigonometric shape functions aubstitutel into the Ritz series expansion
equation(3-9). Then, this series expansion equatiamsisd in conjunction wittveak
form of the bending governing equatirsolve & . After finding these parameters,
transverse deflectio Ghw can becalculated This procedure is integrated into
the math package MATLAB.

Equation (221) is used when calculating theansversestresse®f the kth layer of
fiber-reinforced plates. Substitute stralisplacement relation equation TRinto the
equation (221) and reglect the implane deformationecause ofymmetrically
laminated fibemreinforced assumptions,is obtaired

I'PT v 'y
v % v > T (b >
» 0 0 0 I R i {
¥ ¥ ¥ T v
' @V v v PT o Iy
. VR R (3-14)
crT0
v’ olttw

In order to calculatéransversestresses of fibereinforced plate witlRitz method
substitute equation {8) into the equation ¢34), transversestresses with shape

functions are given by:

v rp
0 0 0 ’r I v
” - - - T ° 5
) @v o vov To i 31
, 5 6 0 - : (3-19
quT * Iy
vl oltw
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Finally, normal and shear stresses of ptiasbe calculate sincec aredetermined
for different boundary conditions pteviouspart.,, ,, , and, of kth layer

can beexpressed as:

o e . . . e (3-16)
” “@vTe Y Te Y STt ®

. . To . To . To . (3-17)
" “re Y T Y Srar @

. T L ote 1. (319
” «@voTs Y Te “STor &

Substituting the undetermined parametersind shape functions which is taken

from Table 32, transversestresses arcalculated. This procedure is integrated into
the math package MATLAB.

3.3  Free Vibration of Fiber-Reinforced Plates with RayleighRitz

Eigenvalue Formulation

A thin, symmetricallylaminated rectangulaiber-reinforcedplate made of fiber
composite that is in they plane and is limitedt @ andm @ Qis shown

in Fig.3-1. Plies are orthotropithat are bonded to one another by a matrix material
to give it thicknes$ in thez direction. The number of plies is, according to Fig3-

1, thebaselingplaned Tis the mid-plane The angle—denotes the fiber direction
within a layer.O andO are theYoung modulusfor layers that arg@arallel and

perpendicular to the fibers.
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Figure3-1. Representation ohminatediber-reinforcedplate

In this problem, the layers are set up in a way that creates-plame symmetry.
This techniquesliminates transverse bending andptane stretchingas mentioned
before The natural frequencies and mode shapes of these problems can béyolved
using the RayleighRitz method andapproximate trigonometric series shape
functiors. Minimization of energy functio (T) which is defined as total vibration
energyis used to calculate natural frequencies and mode shapes afelifierced
plate[30] [32] [42].

Energy function of fibereinforced plate can be expressed as follp2$

~

Ty (3-19)

WhereY is the maximumstrain energy of fibereinforced plate due to the
bending andY is themaximumkinetic energyas a result othe mass offiber-

reinforced plate

Strain energy of th&ber-reinforced plate can be written by simplifying tigual
potential energy equation (36) by removing the external worland virtual
displacement terrf86] [37]:
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Kinetic energy of the fibereinforced plate can be writtdny simplifying the virtual

kinetic energy equation {20) by removing virtual displacement teams followg[2]:

v B .lige L lip, (@
C To q T O O

Here,” is the mass per unit volume of the fibeinforced plate and denotes the
displacement term in the free vibration problemsplacement function can be

expressed as:

0 oichr 0 wQ (3-22

Substitute the equation {22) into the equation ¢21) and integrate through the

thickness of the fibereinforced plate, we obta|B6]:

YR 0 WdnQeQ® (323

Wherg denotes the natural frequenafyfiber-reinforcedplate.

In order to solve the free vibration problem of the fibginforced plate, an
eigenvalue equation will be developed using equatiek®)3To write the eigenvalue
equation, irplane dimensions ohe platecanbe normalizedFor normalization of
in plane dimensions, letting  &fdand — «f& So,the linear combination of
displacement variable of symmetrically laminated fiteinforced plate can be

expressed with using equationgBas[36]:

O (=B B ®+ K (3-24)
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Where® is the undetermined coefficier¥) and N are the order of Ritz series
expansion of the admissible functionssdandwdirections « ¢y denotes the

approximating or shape functidhat represent boundary conditioh the fiber

reinforced plate and can be represented as:

~

e h ®, ©- (3-25
In trigonometric series solution, Ritz series deformation exparegjoation (322)

is substitutednto the maximum strain energgguation (320) and maximum kinetic

energy equatio(B-23), we findY and’Y as follows:

~

Y

p O 1 B B ©% ,h
C ) T,

~ ~ ~

0O ' B B @w% ., 1 B B @% ,h
T w
AYA) T, T—
O ' B B ®% ,h
@ -
TO 1 B B ®% ., 1 B B 0% ,h
5 W
AYA) T, 1=
O ' B B W% , ' B B @% ,h
T w
W T - T.,1 -
O ' B B ©% ,h o0 o
Y T, = T (3-26)
. P, ¥ .
Y E Q we* ,h Q Q- (3-27)
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To minimize the energy function® Y “Y  equation (319) with respect

to undetermined coefficied , we write[36]:
—(Y Y = (3-28)

which leads to the eigenvalaguation:

~

0 0 O om (3-29)

The matrix 0 denotes theymmetricstiffness matrixwhile the matrix 0

indicatesthe diagonalmass matrixThe unknown coefficient® are used to define

a set ofQ "thomogeneous linear equations that can be solved simultaneously. These
equations are called eigenvalue equatidhg. determinant of the coefficient matrix

of equation (29) is set to zeran order to solve the eigenvalue problefhere are

"Q "(values of_that satisfy the eigenvalue equation.

0 stiffness and 0 mass matrices in equation-29) can be written as
follows [36]:
o0 5 i i (3-30
0 TO 0 0
|
O] 0 0
O 0 0 0 0
¢cO 0 0 0 0
|
¢O| 0 O 0 0 y(®
0 0 O (3-31)
‘W phgholB M
@& phcholB )

_is thenondimensionatigenfrequency parametand t can be written as:
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1 O FO (3-32
O and| are parametes used to develop the eigenvalue equation.is called
bending stiffness parameter arepresents wit o u n g 6 s OmandRid iusss o n 0 s
ratios 0 andv .| is a ratio of inplane dimensionef fiber-reinforced plate.O

and| are expressed as follows:

00 (3-33
pPcp L U
I (A (3-34)

The form of unknowncoefficients used in the eigenvalue solution of the equation (3

29) is written as:

@ w o Bo o o B b D B (3-35
When the eigenvaluesare substituted back into the equatior2€3, the eigenvector
componentso corresponding to eigenvalues are calculated. Then, suinstituese

eigenvectors into the equation-28) gives mode shapes dhe fiber-reinforced

laminated plate.

0 and 0 in equations (B0) and (331) have integrakxpressions with

shape functionf36]. These integrals can be expressed as fol[B6}

. Q006 (3-36)
Q Q
- [OXAYORAN (3-37)
V) KF Q-

i riphg
& and® are the components of |, - in x andy direction.e , h- is the shape

function that satisfies the boundary conditions. These functions are used in Ritz

solution for different boundary conditions this study new trigonometric shape
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functions are developed for solving the free vibration problems of the fiber

reinforced plateThese trigonometric shape functions are provided in TaBle 3

Table3-3. New Trigonometric shape functions used in free vibration problems

Shape Boundary Conditions
Function SSSS C-C-C-C C-F-C-C
o . A . R . A . A . A . R L . "Q 13 . A B —
. k- OEG*OEG: OF] 0BG OEFLOEd: p Al ecc—p, OETOEas

Trigonometric shape functions ambstitutedinto the Ritz series expansion
equation. Then, this series expansion equationsed in conjunction withthe
minimization ofthe energy functionwhich leads tdhe eigenvalue equatiomfter
finding theeigenvalues and eigenvectors of this equati@matural frequencies and
mode shapes dhe fiber-reinforced plate can be calculatethis procedure is

integrated into the math package MATLAB.
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CHAPTER 4

NUMERICAL RESULTS

41 Finite Element Model with ANSYS

The finite element method is uséd validate numerical results obtained from the
analytical solution using the new trigonometric series shape funcadSYS is

utilized to perform finite element analysis

The ANSYS program's ACP (Pre) modugeused to setthe analysis modehs

seen in Figure4. This module is a component system used for composites. In this
module, the properties of the composite material used in the prabdéinst defined

in the engineering data tab. Then, the problem’'s geoiselrswn to perform a two
dimensional analysis. The dimensions of the problem geometry are defined. The

ACP setup is used to construct the lamination scheme and problem coordinates.

Project Schematic

- A - B - C

-— e
. T §7 s . T
2 & engineeringData v/ 4 - 2 @ Model v g2 @ Model v 4
3 B Geometry v 4 3 |§@ setwp v 4 3 @ setp Vv
4 @ Model v’ 4 N’j Solution v 4 4 ij Solution " 4
5 [ setuwp v 5 @ Results v 4 5 @ Resus v

ACP (Pre) Static Structural Modal

Figure4-1. ANSYS projectschema of static bending and free vibration prolaém
fiber-reinforced plate

The mesh structure required for a numerical solusarefined in ANSYS. While
defining this mesh structure, the element order andasezehosen to be linear and
vl T byul I.The SHELL181 element is used for the mesh elementaypeen
in Figure 42. This element type is suitable for analyzing thin composite plates

element has four nodes, and these nodes hadegire®f freedomtranslation and
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rotation around thg, y, andzaxes. The SHELL181 element is suitable for linear and
large rotation applications. Used in the analysis of composite shells or sandwich
structures, the accuracy of this element is governed by theofdst shear
deformation theorykrigure 43 shows thanesh modebf the analysis model. There

arep @ tTelements ang@ ¢ ynpdes in the FEM model.

™~

Figure4-2. SHELL181 elemengeometry

X
0,00 100,00 200,00 {rrn) L]
]
50,00 150,00

ki

Figure4-3. Mesh model of fibereinforced plate in ANSYS

Later, static structural and modal softw@éedded to the ACP (Pre) to solve the
static bending and free vibration problems. To solve these problemguhdany
conditions of the composite platee defined. These boundary conditions seen in
Figure 44 aredefined as simply supported, clamped, and three edges clamped with

one edge free, respectively, by the problem definition.
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B: Static Structural
Fixed Support
Time: 0, 5
19.01.2023 12:01

[ Fixed Support

b
0,00 100,00 200,00 (rrn) ®
_—20
50,00 150,00

hs

Figure4-4. Example of clamped boundary condison ANSYS

The Figure 45 shows the distributed pressure given in the problem description

applied to the composite plate.

B: Static Structural
Pressure 2

Time: 0, 5
19.01.2023 12:02

I Pressure 2 -1,6-002 MPa

K

000 100,00 200,00 (rrn) £
50,00 150,00

Figure4-5. Distributed pressure of composite plate in ANSYS

After all the necessary definitions for the numerical solution were made, the static

bending and free vibration solutions were solved using the ANSYS.

4.2  Static Bending Analysis

In this section,the static analysis of fibereinforced laminated plate fideen
determined using trigonometric series solutfd®S)for three different boundary
conditions. For these boundary conditions, lyedeveloped trigonometric shape

functions ae used. Firstly, the deformation values of fibeinforced laminated

plates with three different boundary conditions are found under uniformly distributed

load. Then, théransversestress values of each layer of thgdates are obtained
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under this loadThe results calculated lipe trigonometric series solution method

are verified by the finite element method described in the previous section.

Material and geometric properties of fibeinforced laminated plate are given in

Table 41 and Table € while validating thestatic bendingnalytical solutios.

Table4-1.Material properties ot 300934 carbon/epoxfor static bending analysis
[49]

Name Material Property Value Unit
Longitudinal Young Modulus 0O PpT Yp T i
Transverse Young Modulus 0 wupv pmm A
In-planeShear Modulus 0 v pmn A
In-planePoisson Ratio ' & T -
Thickness of Lamina t ] pTI m

Table4-2. Geometric propertigg9]

Name Geometric Paramete Value Unit
X axis Dimension a 0.2 m
Y axis Dimension b 0.2 m
Uniform Load q 10000 (|
Number of Plies n 16 -

Using the material and geometric properties of the diberforced plate given in
Table 41 and Table €, a stacking sequence is built to compare it with the finite
element method. This stacking sequenceati¥ 1 vft vfwrt . The number of

plies arep @in this lamination schemand plies are laminated symmetrically in the
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mid-plane of the fibereinforced plate. The problem geometry used in validation is

given in Figure 4.

v

Q
~

i :
y } \

X3

N

Figure4-6. Bendingproblem geometry of fibereinforced m 7 1 vt uvlwrt
laminated plate

42.1 Analysis for a Simply-Supported Plate

Deformations othefiber-reinforcedlaminated platewhose material and geometric
properties are taken from Tableldand Table 4, under unifornty distributed
lateralload havebeendeterminedoy trigonometric series shape funct®mn the
trigonometric series solutigfTSS) a convergence studyperformedfor a simply-
supported platby increasing th& andN orders otthe Ritz solution.The results of
the convergence study using the trigopnometric seokgionare shown in Table-4

3, along with the maximum static bending of the simply supported pl4ten all
edges are simply supporteédetrigonometric hape functionO E+w OE+w , is

used intheRayleighRitz method solution. Validation has been done utie@nite
elementnalysigorogram ANSY Sandthetrigonometric series approach wih=12
andN=12given in Table 4.
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Table4-3. Convergence study of maximum deflectiond@imply-supportediber-
reinforced T 1T uft vfwit  laminatedplate with 1 T8t p 0 AGHQO p,

TH TP g G andw  GIC using trigonometric serieslution

Number of Series Maximum Deflection(mm)
0 0 0 GIghg
¢ ¢ 0.41473
T 1 0.41596
o O 0.41607
¢ oy 0.41609
pT pT 0.41610
PC PC 0.41611

Table4-4.Maximum deflectiorof fiber-reinforced simply supportegulatewith i
i@ 0 O p, O TEIp @w IC WE Q GFC using trigonometric
seriessolutionwith M=12andN=12and ANSYS

Solution Type Maximum Deflection (mm)  Difference%
0 GG
TSS 0.416l1
0.24
ANSYS 0.41783

Figure 47 shows the distribution of deformation results of the simply supported plate
using trigonometric seriesolution While obtaining the distribution of deformation,

order of trigonometric seriedd andN aretaken 12 in Figure 4.
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Deformation Distribution of the Simply-Supported Plate x 10

%104

Figure 4-7. Distribution of deformation ofthe simply supportediber-reinforced
¥ T uft vfut laminatedplatewithny m&tp 0 AF® p,"J0 18Ip @

usingthetrigonometric seriesolutionwith M=12 andN=12

The deformation distribution of the simply supported plate modeled with the finite
element program is given in Figure84in this figure, the ACP module of ANSYS

is used. The edges of the fibreinforced plat@remodeled as simply supported. The
number of &ments is 1600The SHELL181 elemenis used in the model.
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B: Static Structural
Total Deformation
Type: Total Deforrnation
Unit: mm

Time: 1

711202210026

0,41783 Max
037146

032508

02787

023233

018595

013957

0,023197

0,04652
0,00044387 Min

Figure 4-8. Distribution of deformation of the simply supported fivemforced
nT T uft vt laminatedplatewithy T8t p 0 AF¥GO p, XD T8Lp @
using ANSYS

Validation ofa simply supported fibereinforced plate haalsobeen done ab
oXc and alonghe x axis with usingthe trigonometric seriesolutionand ANSYS.
Using the results seen in Figake7 and4-8, the deformation comparison plot along

with thex axis is given in Figure-8. The results areery close to each other.
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Deformation Comparison Plot
%107 Simply Supported Fiber-Reinforced Plate

T

wo(x,b/Z) (m)

1 1 1 L 1 1 L 1 1
0 0.02 0.04 006 008 01 012 0.14 0.16 0.18 0.2

Figure 4-9. Deformation comparisoplot of the fiberreinforced m ¥ 1 vit LY
wit  laminated simplysupported plateithy T8tp 0 Ao p," T 18Ip @
between results of trigopnometric series solution and ANSYS at along miik and
© W

4.2.2 Analysis for a Clamped Plate

The same loading conditipmaterial and geometric properti@eused for a fiber
reinforced laminated plate given in the previoudise. Still the analysis is done by
changing the boundary conditioAgigonometric series solution and finite element
analysisare used to obtain deformation resultsthe trigonometric series solution
(TSS), a convergence studyperformed fora clanped plate by increasing thv

andN orders of the Ritz solutiorThe results of the convergence study using the
trigonometric series solution are shown in Tabk 4long with the maximum static
bending of theelampedplate. When all edges actamped the trigonometric shape
function OEF+ W OE+wOE+®WOE}® ,is used in the RayleigRitz method
solution. Validation has been done using the finite element analysis program ANSYS

and the trigonometric serisslutionwith M=12andN=12 given in Table 46.
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Table 4-5. Convergence study of maximum deflection for a fitenforced
¥ t uft vt laminated clamped platewith i T8t p 0 AGHO p,

O TP @t I andw G using trigonometric series solution

Number of Series Maximum Deflection (mm)
0 0 0 GIghg
¢ G 0.12377
T 1 0.11535
o O 0.11741
TRRT 0.11884
pT pT 0.11939
PG PG 0.11942

Table4-6. Maximum deflection of fibereinforced m ¥ t uvft vfwt laminated
clamped platewith B T8t p 0 ASHO p, FH m™WIp @t ® g and ®
GY¢ using trigonometric series solution withe 12 andN=12and ANSYS

Solution Type Maximum Deflection (mm)  Difference%
0 GWChiIg
TSS 0.11942
1.28
ANSYS 0.12097

The distribution of deformation result§ the clamped plate using trigonometric
series solutions given in Figure 41.0. Order of trigonometric seried andN are

taken 12 irobtaining the distribution of deformation
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Deformation Distribution of the Clamped Plate %10

x10™

10.8

10.6

w,(xy) (m)

Figure 4-10. Distribution of deformation of the fibeeinforced m ¥ 1t vZt LY
it laminatedclampedplatewith B T8t p 0 AT p, X&H 18T p gsing

the trigopnometric series solution with=12 andN=12

The deformatiordistribution of the clamped plate modeled with the finite element
program is given in Figure-#1. In this figure, the ACP module of ANSYS is used.

The edges of the fibeeinforced plate are modeled@damped
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B: Static Structural
Total Deformation
Type: Tatal Deformation
Unit: mrn

Time: 1

6.11.2022 1256

0,12097 Max
010753
0,094025
0,080644
0067203
0053763
0040322
0026831
0,013441

0 Min

Figure 4-11. Distribution of deformation of the fibeeinforced m 7 1 vIt LY
ot laminatedclampedplatewithp 18t p 0 A¥® p, "X T8t p @sing
ANSYS

Deformations othe clamped fiberreinforced platatc @f¢ and alonghe x axis
are compareith usingthetrigopnometric series approach and ANS¥S seen in

Figure 412. Thetrigonometric series solutioragecloseresultsasFEM.
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Deformation Comparison Plot

14 %1074 Clamped Fiber-Reinforced Plate

TSS

1.2

0.8 -

wo(x,b/2) (m)

1 1 1 1 1 1 1 1 1
0 0.02 0.04 006 008 01 012 0.14 0.16 0.18 0.2
x (m)

Figure4-12. Deformation comparison plot of the fibeginforced Tt ¥ 1 vit LY
it laminated clamped platavith B T&tp 0 AdH® p, ‘T m8Ip @
between results of trigonometric series solution and ANSYS at along aiik and
w I

4.2.3 Analysis for aSingle FreeEdgeand Three ClampedEdges

Deformations of the fibereinforced plate under the same load condjtroaterial
and geometric propertiess in the previous two parts have been calculated for a
single free and three clamped boundary conditions with the trgetric series
solution and finite element analysis. In the trigonometric series solution (TSS), a
convergence studys performed for a single free and thhelamped plate by
increasing thé/l andN orders of the Ritz solution. The results of tevergence
study using the trigonometric series solution are shown in TaBledhen a fiber
reinforced plate has these boundary conditions, the trigonometric shape function
p Al 6—w OEF+WOE+w, is used in the RayleigRitz mehod
solution. Validation has been done using the finite element analysis program ANSYS

and the trigonometric series solution witlx 12 andN=12 given in Table 48.

55



Table 4-7. Convergence study of maximum deflection for a filenforced
¥ 1t uft vfut  laminatedsingle free and three clamped plate with

mip 0 AXO p,’Fd m8Ip @ew ®andw IG using trigonometric series

solution
Number of Series Maximum Deflection (mm)
o 0 0 G
¢ ¢ 0.58733
T T 0.60105
® O 0.61220
TR 0.61334
pTT P 0.61527
PC PG 0.61579

Table4-8. Maximum deflection of fibereinforced m ¥ 1 vft vfwt laminated
single free and three clamped plate with T8t p 0 AF®O p, FH T8 p gt
® ®andw I¢ using trigonometric series solution wilt=12 andN=12 and
ANSYS

Solution Type Maximum Deflection (mm)  Difference%
0 GG

Trigonometric SerieSolution 0.61579

ANSYS 0.62736 L84

Figure 413 expresses the distribution of deformation results of the single free and
three clamped plate using trigonometric series solution. While obtaining the
distribution of deformation, order of trigonometric sef¢sandN are takerp ¢in
Figure 413.
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Deformation Distribution of
the Single Free and Three Clamped Plate <107

0.1
0.05
y (m) 0 o x (m)

Figure 4-13. Distribution of deformation of the fibeeinforced m ¥ 1 vZt LY
wit  laminatedsingle free and three clamped plate with T8t p 0 A  p,
"o 18t p gsing the trigonometric series solution witlkr 12 andN=12

The deformation distribution of thengle free and threlamped plate determined
with ANSYSiis given in Figure 414. In this figure, the ACP module of ANSYS is
used. The edges of the fibainforced plate are modeled simgle free and three

clamped
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B: Static Structural
Total Deformation
Type: Total Deformation
Unit: rarm

Tirrne: 1

6.11.2022 20:12

0,62736 Max
055765
046795
041824
0,34953
027963
020912
01394
0.069707

0 Min

Figure 4-14. Distribution of deformation of the fibeeinforced T 7 1 vIt LY
wrt  laminatedsingle free and three clamped plate with T8t p 0 A¥G  p,
‘& 18t p @sing ANSYS

ANSYS and a trigonometric series solutiare used to validate aingle free and
three clampeféiber-reinforced plate. Thisomparison isnadeat® o¥¢ and along
thex axis. Figure 415 shows the deformation comparison plot along withxtaeis

based on the results shown in Figures34and 414.
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Deformation Comparison Plot
; «108ingle Free and Three Clamped Fiber-Reinforced Plate

TSS
O FEM D

W (x,b/2) (m)

1 1 1 1 1 1 1 1 1
0 0.02 0.04 006 008 01 012 0.14 0.16 0.18 0.2
x (m)

Figure4-15. Deformation comparison plot of the fibeginforced Tt ¥ 1 vft LY
wrt  laminated single free and three clamped pléitan T8t p 0 A¥® p,
‘J& 18t p petween results of trigonometric series solution and ANSYS at along

with x axis andw ¢

4.2.4 Transverse Stressedor a Simply Supported Plate

Transversestresses ofeach ply ofthe fiber-reinforced laminated platender
uniformly distributed lateral load are calculated witie trigopnometric series
solution(TSS) Materialand geometriproperties of fibereinforced plate are taken
in Table4-1 and Table €. The Bmination scheme dle simply-supported plate is
n ¥ t uft vfut . To calculate, , , ,and, of thekth layera of the
simply-supported plate, equations-18), (3-17), and (318) are used with

OE+wOE+ trigonometric shape functioffransversestresses are validated

with the finite element analysis program ANSY&rmal stressesnd shear stresses

arevalidated athe mid-point of the fibefreinforced simplysupported plate
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Figure 416 shows the validation gf of thekth layer of fiberreinforced simply
supported plateMid-point stresssaredetermined using ANSYS, and trigopnometric
series solution (TSS) witll andN are taken 1ZThere are lies inthelaminated
plate.The \ertical axis represents the thickness coordinates of each layerthéhile

horizontal axis indicates values ofthese plies.

Normal Stress Distribution in x Direction
Through Thickness of Simply Supported Plate

0.5
04k —O—TsS

= %= :ANSYS

z/h

.—30 -20 -10 0 10 20 30
o, (@/2,b/2,2)(Mpa)

Figure 4-16. Comparison of, distribution with TSS and ANSYSthrough
thicknessof fiber-reinforced 7 1 vft vfwt  laminatedsimply supported
platewithy m8tp 0 Adw p, IO T8Ip @

When Figure 416 is examined, it is understood that in the fpa@nt,  distribution
through the thickness, tlid\orienedfibers are exposed to tHegherstress, and the
w Aoriented fibersare exposed to thewerstress. It is understood that thaj and

1 doriented fiberhave moderate stress values.

Figure 417 indicates the validation gf of thekthlayer of fiberreinforced simply
supported plateMid-point stresf each layelis determined using ANSYS, and

trigonometric series solution (TSS) withandN are takerp ¢
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Normal Stress Distribution in y Direction
Through Thickness of Simply Supported Plate
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Figure 4-17. Comparison of,  distribution with TSS and ANSYS through
thickness of fibereinforced 7 1 vft vfwt  laminated simply supported
plate with T8tp 0 A¥®D p,"FH T8IP @

In Figure 417,,  distributiors through the thickness at the npdintare shown.
w A oriented fibersare expected to undergo more significant stress sincg-the
direction is in the direction of the plies that are layerad #t Still, thew Aoriented
fibersare subjected to less deformation as they are laminated in th@ani of the
fiber-reinforced plate. This causes thed and Tt éoriented fibersto be more
stresedthan thew Aoriented fiberslt is seen that theAoriented fibersire exposed

to less stress in thgdirection.

Figure 418 represents the validation gf of the kth layer of fiberreinforced
simply-supported plateThe mid-point stressof each layeris determined using
ANSYS, and trigonometric series solution (TSS) witlandN are takerp ¢
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Shear Stresses Distribution
Through Thickness of Simply Supported Plate

0.5
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Figure 4-18 Comparison of,  distribution with TSS and ANSYS through

thickness of fibereinforced 7 1 vft vfwt  laminated simply supported
plate with m8tp 0 A¥®D p, " FH T8Ip @

When the shear stress graph, Figw#84s examined, it is seen that thed and
T Wayers are exposed to the highest stress, as expaémtiw ARoriented fibers

are exposed tlow shear stress.
Distribution of d, .in Layers:

There ardour different fiber angles in the fiberreinforced lamination schemé&he
lamination scheme ismt ¥ 1 vAt vfwt in the calculation of normal stress
distribution of simplysupported plateln the following parts,,  distribution of

different fiberangle plies will be examined.

Figure 419 shows the, distributionthat is determined b using trigonometric
series solution (TS)f MAply ata  p#®i [ . Due to lateral load and edges are

simply-supported, maximum stress occurrethaimid-point of the ply.
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Normal Stress O x (MPa)
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Figure4-19. , distributiondetermined by trigonometric series solutigith M,

N=12ata p&Ii | of mply infiber-reinforced laminatedimply supporteglate

, distribution that is determined by using trigonometric series solution (TSS) of
T dply atd p&I [ is indicated in Figure 20. Maximum stress occurred
longitudinal direction of the ply.
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Figure4-20. ,, distributiondetermined by trigonometric series solutigith M,

N=12atd p&i | of 1 dply in fiberreinforced laminatedimply supported
plate

Figure 421 indicatesthe,  distributionwhich is obtainedy using trigopnometric
series solution (TSS) af éply atd @i I .
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Normal Stress Tx (MPa)
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Figure4-21. , distributiondetermined by trigonometric series solutiwith M,

N=12atd m@i | oft dply in fiberreinforced laminatedimply supporteglate

, distribution that is determined by using trigonometric series solution (TSS) of
wAplyata 1@ | is givenin Figure £2. w Aorientedf i ber 6 s strength is

in the wdirection as expected.
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Figure4-22., distributiondetermined by trigonometric series solutieith M,

N=12atad 1@ | | of w Pply in fiberreinforced laminatedimply supporteglate
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Distribution of Q, .in Layers:

While obtaining the  distribution ofthe kth layer ofthe fiber-reinforced simply

supported platest ¥ 1T vft vfwit lamination scheme is used. In this lamination
schemefour different fiber orientatiosare used. To understatite normal stress
distribution of layersin the w direction at different thickness coordinatéke

trigonometric series solutioff SS)method is used, distribution of these plies

will be determined in the following parts.

Figure 423 shows the, distribution that is determined by usiadrigonometric

series solution (TSS) afAply atad  p&i | . When the fiber orientation ®Ain

the ply,, is small compared to @diber orientation.
Normal Stress o (MPa)
20 yy
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4 0.4
2 0.2
0 0
0 5 10 15 20
Figure4-23., distributiondetermined by trigopnometric series solutwith M,

N=12ata p&i | of ply in fiberreinforced laminatedimply supporteglate

,  distribution that is obtained by using trigopnometric series solution (TSS) of

T Aply atad p& 1 [ is indicated in Figure 24. Maximum stress occurred

longitudinal direction of the ply.
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Normal Stress %y (MPa)
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Figure4-24. , distribution determined by trigonometric series solutiath M,
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N=12 ata p& i | of Tt dply in fiber-reinforced laminategimply supported
plate

Figure 425 expressethe,  distribution which is obtained by using trigopnometric

series solution (TSS) af dply atd @i 1.
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Figure4-25. ,  distribution determined by trigonometric series solutiath M,
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N=12ata Tm@i | oft dply in fiberreinforced laminatedimply supporteglate
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, distributionwhichis calculatedoy using trigopnometric series solution (TSS) of
wrhply ata 1@ [ is given in Figure €6. Strengthof w Aoriented fiberis

strongin thewdirectioncompared tatdoriented fibey as expected.
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Figure4-26., distribution determined by trigonometric sergdution withM,
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N=12atad 18 | | of w Pply in fiberreinforced laminatedimply supporteglate

Distribution of d, ,in Layers:

While determining the reear stress distribution irthe w udirection at different
thickness coordinateshe trigonometric series solution method is used in the

previous two sections, distribution of these plies will be determined in the

following parts.

Figure 427 showsthe,  distribution that is determined tausing trigonometric

series solution (TSS) afidply at & p#&i [ . Maximum stresss occur atthe

intersectiorof theboundarie®of the ply.
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Shear Stress o, (MPa)
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Figure4-27., distribution determined by trigonometric series solutiath M,

N=12atd p&i | of m'ply in fiber-reinforced laminatedimply supporteglate

, distribution that is determined by using trigonometric sesgdgtion (TSS) of

T dply atd  p& [ [ is expressed in Figure2B. Maximumshearstress occurred

int Jor Tt Jfiber oriented plies
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Figure4-28., distribution determined by trigonometric series solutigth M,
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N=12atd p& i | of 1 dply in fiberreinforced laminatedimply supported
plate
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Figure 429 givesthe,  distributionthatis obtained by using trigopnometric series

solution (TSS) of éply atg el 1.
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Figure4-29., distribution determined by trigonometric series solutiath M,
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N=12atd m@i | oft dply in fiberreinforced laminatedimply supporteglate

»  distribution which is calculated by using trigopnometric series solution (TSS) of

whplyatd 1@ [ [ is given in Figure 480.
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Figure4-30.,, distribution determined by trigonometric series solutiath M,

N=12atad 1@ | | of w Pply in fiberreinforced laminatedimply supporteglate

69



4.2.5 TransverseStressedor a ClampedPlate

As in the previous parthe transversestresses of each ply of the fibeinforced
laminated plate unddghe samedoad are calculated with the trigonometric series
solution (TSS). Material and geometric properties of fileénforced plate aralso
takenin Table 41 and Table €. The lamination scheme dhe clampedplate is

¥ t uft vfurt  as mentioned before , , ,and, of thekthlayer a of
theclamped platare obtained with usingguations (3L6), (3-17), and (318). Shape
function SOE+WOE+wOE+wOE + for clamped plate itrigonometric
series solutionValidations of transversestresses are also dométh the finite

element analysis program ANSYS. Normal stressesshear stressaee validated
at the midpoint of the fibefreinforcedclampedplate.

Figure 431 shows the validation gf of thekth layer of fiberreinforcedclamped
plate.Mid-point stres®f each layers determined using ANSYS, and trigonometric

series solution (TSS) witkl andN are taken 12.

Normal Stress Distribution in x Direction
05 Through Thickness of Clamped Plate
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Figure 4-31. Comparison of,  distribution with TSS and ANSYS through

thickness of fibereinforced m 7 t vft vfwrt laminated clamped plate with

n mdip 0AIL p,FH T8LP @
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Figure 431 shows that theiAfiber oriented layers are subjected to the most stress in
clamped fiber-reinforced platesIn contrast, thew # fiber orientedlayers are

subjected to the least stress.

Figure 432 indicates the validation of of the kth layer of fiberreinforced

clampedplate. Mid-point stressof each layens determined using ANSYS, and
trigonometric series solution (TSS) withandN are taken 12.
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Figure 4-32. Comparison of,  distribution with TSS and ANSYS through
thickness of fibereinforced m 7 t vft vfwrt  laminated clamped plate with
R T8ip 0 AN p,do 18BIp @

At the midpoint of the,  through the thickness, the Afiber oriented layers are
less deformedsathey are placed in the mpllane of the composite plate. This causes
thet dand 1 éfiber oriented layers to be more stressed thamotidayers.It is

seen that thaAfiber oriented layers are exposed to less stress i direction.

Figure 433 represents the validation gf of the kth layer of fiberreinforced

clamped plateThe mid-point stress of each layer is determined using ANSYS, and
trigonometric series solution (TSS) withandN are taken 12.
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Shear Stresses Distribution
Through Thickness of Clamped Plate
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Figure 4-33. Comparison of,  distribution with TSS and ANSYS through

thickness of fibereinforced m 7 1t vft vfwrt  laminated clamped plate with
n ™ip 0ANO p,"dd m8ip @

When Figure 43 is examined, it is seen that theJand 1 éfiber oriented layers

are exposed to tHaghest stress as expected.

The stress distributions in the middle of clamped composite plates are less than those
of composite plates simply supported. This is becausgeglieesf freedom are
limited at the boundary conditions of the clamakes. Therefore, the boundary
conditions are more stressed than the midpoints. This situation can be understood

from the general stress distribution figures of the plates.
Distribution of Q, .in Layers:

The lamination scheme ist 7 1 vt vfwt inthe calculation of normal stress
distribution ofclampedplate.As seen irthelamination scheme, four different fiber
anglesarepresent in this platén the following parts,, distribution of different

fibre orientedplies will be examined.

Figure4-34 shows the, distribution that is determined by usiadrigonometric

series solution (TSS) afAply atd p&l | . Due toall degreesof freedom is
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limited at the boundariesnaximum stress occurredthe edges. These edges are at
the longitudinal directionf TAfiber.
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Figure4-34. , distribution determined by trigonometric series solution With

N=12ata p&Ii | of mply in fiberreinforced laminatedlampedplate

., distribution that is obtained by using trigonometric series solution (TS$) éf

plyatd p& 1 [ isindicated in Figure-85. Maximum stress occurrdmundaries

of the ply.
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Figure4-35., distribution determined by trigonometric series solution With

N=12ata p& I | of 1 dplyinfiber-reinforced laminatedlampedplate
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Figure 436 indicates the distribution which igleterminedy using trigopnometric
series solution (TSS) af éply atd @i I .
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Figure4-36., distribution determined by trigonometric series solution With

N=12atd @i | of t dplyin fiberreinforced laminatedlampedplate

, distribution that is determined by usitriggonometric series solutionf w Aply
atd 1@ I [ isgiven in Figure 487. Strength of fibers that is orientexfis weak
in thewdirection, as expected.
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Figure4-37., distribution determined by trigonometric series solution With

N=12atad 1@ [ | of w Pply in fiber-reinforced laminatedlampedplate
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Distribution of Q, .in Layers:

distribution ofkth layer of the fiber-reinforced clamped plate is obtained for

¥ 1t uft vfwt lamination scheme. In this lamination schefoer different

fiber orientatios are used. Toanderstandhe normal stress distribution ¢dyers in

the wdirection at different thicknessoordinatesthe trigonometric series solution

(TSS) method is used, distribution of these plies will be determined in the

following parts.

Figure 438 shows the, distribution that is determined by usiadrigonometric

series solution (TSS)YatAply atad  p&i | . When the fiber orientation ®Ain

the ply,, is small compared to @diber orientation.
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Figure4-38., distribution determined by trigonometric series solution With

N=12atd p&i [ of ply in fiber-reinforced laminated clamped plate

distribution that is obtained by using trigonometric series solution (TSS) of

T dplyatad  p& I | isindicated in Figure-89. Maximum stress occurrediges

of the ply.
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Normal Stress %y (MPa)
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Figure4-39., distribution determined by trigonometric series solution With

N=12atd p& i | of 1 Oplyin fiberreinforced laminated clamped plate

Figure 440 expresses the distribution which is obtained by using trigopnometric

series solution (TSS) af éply atd Tl | .
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Figure4-40., distribution determined by trigonometric series solution With

N=12ata 1@l | of T dplyin fiber-reinforced laminated clamped plate

, distributionthatis obtainedby using trigonometric series solution (TSSyof

ply atd 18 I | is given in Figure 41. Strengthof w Aoriented fiberis strong

in thewdirection compared toAoriented fiber, as expected.
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Normal Stress %y (MPa)
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Figure4-41. , distribution determined by trigonometric series solution With

N=12atd 1@ I | of w Pply in fiberreinforced laminated clamped plate
Distribution of d, (in Layers:

Shear stress distributiontine® @irection at different thickness coordinates is found
by the trigonometric series solution (TSS) method, as in the previous segtions.

distribution of these plies will be detemeid in the following parts.

Figure 442 shows the, distributionwhichis determined by using trigopnometric

series solution (TSS) afAply atd  p&i [ . Maximum stressetmke placeatthe
cornersof the ply.
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Shear Stress %y (MPa)
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Figure4-42. , distribution determined by trigonometric series solution With

N=12atd p&i [ of ply in fiber-reinforced laminated clamped plate

, distribution that is obtained by using trigonometric series soluti&®Sybf-t &

ply at & p& i | is shown in Figure 43. Maximum shear stresis at the
longitudinal direction of fibes:
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Figure4-43., distribution determined by trigonometric series solution With

N=12atd p& I | of 1 dplyin fiberreinforced laminated clamped plate

Figure 444 gives the, distribution that isdeterminedby using trigonometric

series solution (TSS) af éply atd @l | .
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Shear Stress %y (MPa)
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Figure4-44. , distribution determined by trigonometric series solution With

N=12atd @i | of t dplyin fiberreinforced laminated clamped plate

»  distribution which is calculated by using trigopnometric series solution (TSS) of

wrhply atad t@ 1 [ is given in Figure #45. Maximum stresses are also in the
corner of the ply.
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Figure4-45. , distribution determined by trigonometric series solution With

N=12ata 1@ i | of w Pply in fiber-reinforced laminated clamped plate
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4.2.6 TransverseStressedor a Single Free and Three ClampedPlate

Transversestresses of each ply of the fibminforced laminated plate under
uniformly distributed lateral load are calculated with the trigonometricese
solution (TSS)The material and geometric properties of fieinforced plate are
taken intheTable 41 and Table € as in previous two sections. Lamination scheme
of single free and three clamppldte is T ¥ 1t uvZtT vXwt . In order tocalculae

. »» ,and, ofthekthlayer a ofthefiber-reinforcedplate, equations (36),
(3-17), and (318) are used with p Al 6—w OEF+wWOE}wW,
trigonometric shape functionlransversestresses are validated with the finite
element analysis program ANSY& fiber-reinforced single free and three clamped

plate Normal stresseand shear stressage validated at the miploint of the fiber

reinforced plate.

Figure 446 shows the validabn of, of the kth layer of fiberreinforcedsingle
free and three clampeglate. Mid-point stressof each plyis determined using
ANSYS, and trigonometric series solution (TSS) vitlandN are taken 12.
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Normal Stress Distribution in x Direction
5 Through Thickness of Single Free and Three Clamped Plate
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Figure 4-46. Comparison of,  distribution with TSS and ANSYS through
thickness of fibereinforced T ¥ 1 vft vfwt laminated single free and three
clamped plate withf ™8t p 0 A¥O p, TFH T8IP @

It is known that in the midpoint normal stress distribution through the thickmess
the x-direction, as in simply supported and clamped composite platesAfiiger
oriented layers are the most stressed. On the other hand, the layedsfiber

oriented are the least stressasl shown in Figure-46.

Figure 447 indicates the validation qf of thekthlayer of fiberreinforcedsingle

free and three clampegualate. Md-point stress of each layer is determined using
ANSYS, and trigonometric series solution (TSS) viitlandN are taken 12.
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Normal Stress Distribution in y Direction
Through Thickness of Single Free and Three Clamped Plate
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Figure 4-47. Comparison of,  distribution with TSS and ANSYS through

thickness of fibereinforced T ¥ 1 vft vfwt laminated single free and three
clamped plate withf, ™8t p 0 A¥®O p, FH T8Ip @

When Figuret-47 is examined, they Afiber oriented layers are in the middle of the
composite plate, so they are less deformed compadsiiend 1 éfiber oriented
layers. This makes the layersatd and 1 dmore stressed than the 7 fiber

oriented layers ithe wdirection.

Figure 448 represents the validation gf of the kth layer of fiberreinforced

clamped plateThe mid-point stress of each layer is determined using ANSYS, and

trigonometric series solution (TSS) withandN are taken 12.
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Shear Stresses Distribution
5 Through Thickness of Single Free and Three Clamped Plate
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Figure 4-48. Comparison of,  distribution with TSS and ANSYS through
thickness of fibereinforced T ¥ 1 vft vfwt laminated single free and three
clamped plate withf ™8t p 0 A¥O p, FH T8IP @

When the Figure 48 of the maximum shear stress is looked at, it is clear hieat t

T dand 1 éfiber oriented layers have the most stress as expected.

The mid-point,,  distributions ofsingle free and three clamped fikreinforced

plate are greater than those of simplypported and clampéditber-reinforcedplates
becauseof free boundary conditiorthat unlimited the degreesof freedomin all
directions and rotationg hereforethe mid-point of the fiberreinforcedsingle free

and three clamped plate ameore stressed. In other words, this stress spreads to
different places on the plate since not much stress accumulates at the boundary
condition.Sincethe free corner is in thedirection, the miepoint,,  on the simply
supported composite plate creates slightly more dfsamgle free and thredamped

fiber-reinforcedplate.
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Distribution of d, .in Layers:

, distributions of the fibereinforced single free and three clamped? t v¥

T vfwt  plate are determined. As seen in the lamination scheme, four different
fiber angles are present in this plate.the following parts,,  distribution of
different fibre oriented plies will be examined.

Figure 449 shows the, distributionwhichis determined by using trigopnometric
series solution (TSS) afAply atd p&i | . Due toclampedboundariesn x
directions maximum stress occurred #tese edges. These edges are at the
longitudinal direction oftAfiber. The sngle free edgeisab ¢ 1@ [, so this edge

is under compressive because of the lateral load.
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Figure4-49. , distribution determined by trigonometric series solution With

N=12ata p@i | of 1ply in fiber-reinforced laminated single free and three

clamped plate

., distribution that is obtained by using trigononeseries solution (TSS) ef &
ply atd p& [ [ is indicated in Figure -$0. Maximum stress occurred clamped

boundaries of the ply.
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Normal Stress O x (MPa)

25
20
15
10
5
0
5
' -10
15 20

0 5 10
x(mm)
Figure4-50., distribution determined by trigonometric series solution With
N=12atad p& i | of 1 dplyin fiberreinforced laminated single free and three

clamped plate

Figure 451 indicates the distribution which is determined by using trigonometric
series solution (TSS) af éply atd @i I .
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Figure4-51., distribution determined by trigonometric series solution With

N=12atd t@i | of t dply in fiber-reinforced laminated single free and three

clamped plate
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., distribution that is determined by using trigonometric series solutionvply

ata 1@ | [ isgivenin Figure 62. Strength of fibers that is orientexifis weak
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20

Figure4-52. ,  distribution determined by trigonometric series solution With

in thewdirection, as expected.

Normal Stress T x (MPa)

N=12atd 1@ I | of w Pply in fiber-reinforced laminated single free and three

clamped plate

Distribution of Q, .in Layers:

, distribution ofkth layer of fiberreinforcedsingle free and three clamppthte

is obtained formt ¥ 1 uvft vIwt lamination scheme. In this lamination scheme
4 different fiber orientations are used. To understand normal stress distribution of
layers inwdirection at diferent thickness coordinates, trigopnometric series solution

(TSS) method is used. distribution of these plies will be determined in the

following parts.

Figure 453 shows the, distribution that is determined by using trigonometric

series solution (TSS) afAply atad  p@&i | . When the fiber orientation ®Ain

the ply,, is small compared to @Giber orientationMaximum stresses occur at

clamped boundaries.
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Figure4-53., distribution determined by trigonometric series solution With

N=12ata p&i | of 1ply in fiber-reinforced laminated single free and three
clamped plate

,  distribution that is obtained by using trigopnometric series solution (TSS) of

T dply atd p& I | is indicated in Figure-84. Maximum stress occurresh
clampededges excegor free one of the ply.
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N=12atad p& i | of 1 dplyin fiberreinforced laminated single free and three
clamped plate
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Figure 455 expresses the distribution which is obtained by using trigopnometric

series solution (TSS) af éply atd Tl | .
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Figure4-55.,  distribution determined by trigonometric series solution With

N=12atd 7@l | of t dply in fiberreinforced laminated single free and three

clamped plate

,  distribution that is obtained by using trigonometric series solution (TSS yof

plyatd 1@ [ is given in Figure 66. Maximum stresss at one clamped edge

in y direction of the fiberreinforced plateince the other one is free.
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Figure4-56. , distribution determined by trigonometric series solution With

N=12atd 18 | of w Pply in fiberreinforced laminated single free and three
clamped plate
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Distribution of d, .in Layers:

, distribution at different thickness coordinates is found by trigonometric series
solution (TSS) method, as in the previous sectipns.distribution of these plies

will be determined in the following parts.

Figure 457 shows the, distribution that is determined by using trigonometric

series solution (TSS) ofAply atad  p&i | . Maximumtension and compression

stresgs symmetric about migoint of the free edge.
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Figure4-57., distribution determined by trigonometric series solution With

N=12atd p#&i | of mply in fiberreinforced laminated single free and three
clamped plate

., distribution that is obtained by using trigonometric series solution (TS8) éf

ply atd p&i [ is shown in Figure %8. Maximum shear stress is fiee

boundary of the plate sintlke longitudinal direction of fibersross this boundary.
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Shear Stress %y (MPa)
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Figure4-58., distribution determined by trigonometric series solution With
N=12ata p& i [ of 1t dplyin fiberreinforced laminated single free and three

clamped plate

Figure 459 gives the, distribution that is determined by using trigonometric

series solution (TSS) af dply atd @i 1.
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Figure4-59., distribution determined by trigonometric series solution With

N=12at@ 1@l | of t dply in fiber-reinforced laminated single free and three
clamped plate
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, distribution which is calculated by using trigopnometric series solution (TSS) of

wrhply ata m& i [ is given in Figure 460. Maximum stresses are alabout

free edge of thely.
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Figure4-60., distribution determined by trigonometric series solution Wth

N=12atd 1@ I | of w Pply in fiberreinforced laminated single free and three

clamped plate

4.3  Free Vibration Analysis

Free vibrationanalysis of fibereinforced laminated plate sideenobtainedby
usingthetrigonometric series solutidif SS)for three different boundary conditions.

For these boundary conditions, new trigonometric shape functions are used. Firstly,
thefirst four natural frequencyalues of fibetreinforced laminated plates are found.
Then, thefour mode shape®f these platesare determinedfor their natural
frequenciesThe results calculated lilge trigonometric series solution method are

verified by the finite element method described infits section.

Material and geometric properties of fibeinforced laminated pla are given in

Table 49 and Table 4.0 while validating the free vibration solutions.
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Table4-9. Material properties of T30934 carbon/epoxy for free vibrati@malysis
[49]

Name Material Property Value Unit
Longitudinal Young Modulus 0 ptypm A
Transverse Young Modulus O apuv pmt . A
Longitudinal Shear Modulus O @uvpm A
Longitudinal Poisson Ratio ’ & T -
Density ” p® pm EW@
Thickness of Lamina t ™ pT m

Table4-10. Geometric properties [49]

Name Geometric Paramete Value Unit
X axis Dimension a 0.2 m
Y axis Dimension b 0.2 m
Number of Plies n 16 -

A stacking sequence is constructed st 1 vt vfwt  using material and
geometric properties of the fibeginforced plate from Tables@and 410. The
number of plies arg @ in this lamination squenceand plies are laminated
symmetrically in the migblane of the fibereinforced plate. The problem geometry

used in validation is given in Figure64.

92



Figure4-61. Free vibration problem geometry of fibeinforced T 7 1 vlt LY

wt laminated plate

43.1 Analysis for a Simply-Supported Plate

The ratural frequencies of the fibeeinforced laminated plate, whose material and
geometric properties are taken from Tabi@ dnd Table 4.0, have been obtained
with an analytical solution using trigonometric series shape functi@msination
sequence of simplgupported plate ist ¥ T vft vfwt . In the trigonometric
series solution (TSS), a convergence study is performedsiomply-supprted plate

by increasing th&! andN orders of the Ritz solution. The results of the convergence
study using the trigonometric series solution are shown in Talhle vith the
frequency parameter of the simply supported plate. When all edges are gimpl
supported, the trigonometric shape functienE Q* Q EQ* ~is used in the
RayleighRitz method solution. Validation has been dérahefirst four mode of
natural frequencyusing the finite element analysis program ANSYS and the
trigonometic series approach witki=12 andN=12 given in Table 412.
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Table4-11. Convergence study of frequency parameter] ¢ &3 ‘YO for first
four mode othefiber-reinforced m ¥ 1t uvAt vFwit laminatedsimply-supported
platewith ¢ p, XH T8I p @

Number of Model Mode2 Mode3 Mode4
Series (M 0 _ _ - -

¢ ¢ 12.39 24.90 37.37 49.87

T T 12.38 24.70 37.27 44.59

¢ @ 12.37 24.67 37.25 44.54

TR, 12.36 24.65 37.24 44.52

PTT PT 12.36 24.65 37.24 44.51

PC PG 13.36 24.64 37.24 44.50

Table4-12. First four modenatural frequenciesf fiber-reinforced T ¥ t vt vf
wt  laminated simplhsupportedplate with @ p, "Fd T8 p Qsing
trigonometric series solution (TSS) with=12 andN=12 and ANSYS

Model Mode?2 Mode3 Mode4

Solution Type Frequency Frequency Frequency Frequency
(Hz) (Hz) (Hz) (Hz)
TSS 452.7 902.4 1363.6 1629.8
ANSYS 445.3 885.8 1341.3 1601.4
Difference% 1.66 1.87 1.66 1.77

Figure 462 shows the first mode shape of the simglpported plate using
trigonometric series solution (TSS). While obtaining the first mode, ordéreof

trigonometric serieM andN are taken 12 in Figure-@2.
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Nat. freq. mode: 1 fn=452.7239Hz
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Figure 4-62. First mode shape of the fibeginforced m7¥ 1 vft LFWT
laminated simply supportedplate with & p, "X& T8t p qusing the

trigonometric series solution witt=12 andN=12

Second mode shape of the filwsemforced m 7 1 vAT vFwt laminated simply
supported plate is given in Figures8. Trigonometric series solution (TSS)used
to obtain this mode shape with ordéts 12 andN=12.

Nat. freq. mode: 2 f =902.4234Hz
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Figure 4-63. Secondmode shape of the fibeeinforced m7¥ 1 vFt LFwiT
laminated simply supportedplate with @ p, "X& T8t p qusing the
trigonometric series solution witt=12 andN=12
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Figure 464 and Figure 465 indicates the thircand fourthmode shape of fiber
reinforced T ¥ T LAT LTWT laminated simphsupported plate using
trigonometric series solution (TSS) with ordbts 12 andN=12.
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Figure 4-64. Third mode shape of the fibeeinforced M7 1 vt LFWT

laminated simply supported plate with ¢¥o p, "X 18 p qusing the
trigonometric series solution wittl=12 andN=12
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Figure 4-65. Fourth mode shape of the fibeminforced m7¥ 1 vt LFwiT

laminated simply supported plate with ¢¥o p, "X 18t p qusing the
trigonometric series solution wittt=12 andN=12
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Figure 466 shows the first mode shape of fibeinforced m7 1 vft VTwT

laminated simplysupported plate using ANSYS.
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Figure 4-66. First mode shape of the fibeginforced m 7 1 vFt vFwt

laminatedsimply supporteglatewith ¢¥® p, X T8t p gsing ANSYS

Second mode shape of fibeinforced ¥ 1 vft vfwt  laminated simply
supported plate is given in Figurés4. ANSYS s used to obtaisecondnode shape
corresponding to second natural frequency.
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144,44 Max
128,42

12,4

06,382

80,362

64,342
48322

32,301

16,281
0,26099 Min

Figure 4-67. Second mode shape of the fisemforced m ¥ 1 vIT LTWT

laminatedsimply supporteglatewith ¢¥® p, ¥ 18T p gsing ANSYS
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Figure 468 and Figure 469 shows the third and fourth mode shape of fiber

reinforced T ¥ 1 uvAT vfwt laminated simplysupported plate using ANSYS.

C: Modal

Total Deformation 7
Type: Total Deformation
Frequency: 1341,3 Hz
Unit: mrn

TA1.2022 1602

144,57 Max o

12854 AN

12,5 LR,
05,468 .;“:\\‘::\\\\“ i\\:\‘t\:\ Min
£0,433 3 é\{.\}‘" R
64,307 O P

48,362 A

32,326

16,201

0,25499 Min

Figure 4-68. Third moce shape of the fibeeinforced m7 1 vFt LTLT
laminatedsimply supporteglatewith ¢¥® p, X T8t p gsing ANSYS

C: Modal

Total Deformation 8
Type: Tatal Defarmation
Frequency: 1601,4 Hz
Unit: rmm

TA1.2002 16803

156,58 Max
139,23
121,88
104,53
87,176
60,624
52,472
35,121
17,760
0,41749 Min

Figure 4-69. Fourth mode shape of the fibeinforced m7 1 vft LTLT

laminatedsimply supporteghlatewith ¢ p, ¥& 18t p gsing ANSYS

As seen in Table-42 and Figure 462-4-69, first four natural frequencies and mode
shapes determined by TSSsihply-supported plate are verified with ANSYS.
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4.3.2 Analysis for a Clamped Plate

The same material and geometric properties are used for-adibfarced laminated
platedescribedn the previous sectioBoundary conditionaremodifiedto clamp
Lamination sequence of clamped plate B ¥ 1 uvAt vfwt . Trigonometric
series solution and finite element analysis are used to dh&imatural frequencies
and mode shapes of the fibeinforced clamped platén the trigonometric series
solution (TSS), a carergence studgf thefrequency parameter is performed for
theclamped plate by increasing theandN orders of the Ritz solution. The results
of the convergence study are shown in TablE4Whenedges arelamped, the
trigonometric shape functioQ EQ* QET ,0EN* ©ET —, is used in the
RayleighRitz method solution. Validation Bebeen donéor thefirst four mods 0
natural frequeries and mode shapgeusing the finite element analysis program
ANSYS and the trigonometric series solution Witk 12 andN=12in Table 414.

Table 4-13. Convergence study of frequency parameter] ¢ &3 ‘O for first
four mode of fiberreinforced T 7 1 vAt vfwt  laminatedclampedplate with
WO p, D T8IP @

Number of Model Mode2 Mode3 Mode4
Series (M 0 _ _ - -

¢ C 23.99 39.09 58.15 62.56

T T 23.45 37.82 56.61 62.07

o O 23.34 37.54 56.26 61.01

g Y 23.30 37.44 56.14 60.67

pTIT pm 23.29 37.39 56.08 60.54

PC pPC 23.28 37.37 56.05 60.47
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Table4-14. First four mode natural frequencies of fibeinforced T ¥ t vt vf
Wt laminatedclampedplate with <o p, "X 18T p @sing trigonometric
series solution (TSS) withl=12andN=12and ANSYS

Model Mode2 Mode3 Mode4

Solution Type Frequency Frequency Frequency Frequency
(Hz) (Hz) (Hz) (Hz)
TSS 8522 1367.5 2051.1 2211.0
ANSYS 838.5 1341.3 1987.8 2161.9
Difference% 1.63 1.95 3.1 2.27

Figure 470 presents the first mode shape of the clamped plate usiag

trigonometric series solution witheorder of the serielsl andN areselected 12.

Nat. freq. mode: 1 fn=852.8457Hz

Figure 4-70. First mode shape of the fibeginforced m 7 1 vFt vFwt
laminatecclampedplatewith ¢ p, X T8t p gsing the trigonometric series
solution withM=12 andN=12

Second mode shape of the fisemforced m ¥ 1 vft vfwimt  laminated
clampedplate is expressed in Figure74. Trigonometric series solution (TSS) is
used to obtain this mode shape with ordérsl2 andN=12.
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Nat. freq. mode: 2 fn=1369.3648Hz

D /
|

>
0.15 02 M
i 0.15
0.05 01 P
: 0.05

Y<m) 0 0 x(m)

N N A o = N W

(=]

Figure 4-71. Second mode shape of the fisemforced m 7 1 vFt LTLIT
laminatedclampedplatewith ¢ p, "> T8t p gsing the trigonometric series
solution withM=12 andN=12

The third and fourth mode shape of fisemforced m7¥ 1 vft LTwT
laminated clamped plate using trigonometric series solution (TSS) with Mdéi3
andN=12is given in Figure 42 and 473.
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Nat. freq. mode: 3 fn=2053.5659Hz

.
) e

Figure 4-72. Third mode shape of the fibeginforced 7 1 vFt vTwn

laminatectlampedplatewith ¢ p, X& T8t p @sing the trigonometric series
solution withM=12 andN=12

Nat. freq. mode: 4 fn=2216.7808Hz

‘ )
0

)
-

Figure 4-73. Fourth mode shape of the fibeinforced m7¥ 1 vt LFwiT

laminatectlampedplatewith ¢ p, X& 18T p @sing the trigonometric series
solution withM=12 andN=12

Figure 474 shows the first mode shapleat found by ANSY Sf fiber-reinforced

mF 1 ult vfwt laminatedclampedplate.
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C: Modal
Total Deformation 2
Type: Total Deformation
Frequency: 838,53 Hz
Unit: mm
F11.2022 1703

176,91 Max
157,25
1376
117,94 / e

08,282
78,626
58,969
38,313
18,656
0 Min

o

Figure 4-74. First mode shape of the fibeginforced m ¥ 1 vft LFWT
laminatedclampedplatewith ¢ p, ‘> 18t p qusing ANSYS

Second mode shape of fibeinforced m ¥ 1 vAt vfwt laminated clamped
plate is given in Figure-45. ANSYS is used taleterminesecond mode shape

corresponding to second natural frequency.

C: Modal
Total Deformation 3
Type: Total Deformation
Frequency: 1341,3 Hz
Unit: mim
712022 1708

167,77 Max
149,13
13048
111,34
93,208
74,563
55,002
37,281
18,641
0 Min

Figure 4-75. Secondmode shape of the fibeeinforced m ¥ 1 vIT LTWT
laminatedclampedplatewith (¥ p, X& 181 p gsing ANSYS

The third and fourth mode shape of fisemforced ¥ 1 vFt vFut

laminated clamped plate using ANS¥Sshown inFigure 476 and Figure 477.
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C: Modal
Total Deformation 4
Type: Total Deformation
Frequency: 19878 Hz
Unit: mim
7.11.2022 1700

163,77 Max
145,58
127,38
109,18
90,96
72,799
54,591
36,39
15197
0 Min e Ty

Figure 4-76. Third mode shape of the fibeeinforced M7 1 vt LFWIT
laminatedclampedplatewith ¢ p, X 18t p @sing ANSYS

C: Modal
Total Deformation 3
Type: Total Deformation
Frequency: 2161,9Hz
Unit: rrrn
112022 1R00

171,41 Max
152,36
133,32
114,27
95,226
76,181
57,136
38,091
19,045
0 Min

Figure 4-77. Fourth mode shape of the fibeeinforced ¥ 1 vIT LTWT
laminatedclampedplatewith ¢  p, 'y 18t p qusing ANSYS

Verification of naturalfrequencies and mode shapes of fitenforced clamped

platehas beemlone as seen in Tablel®8 and Figure 40-4-77.
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4.3.3 Analysis for a Single Free and Three ClampedPlate

Natural frequencies and mode shapes of fibarforced single free and three
clamped plate are determined by the trigonometric series solution @&Sfinite
element analysig he material and geometric properties of fireinforced plate are
taken in Table 9 and Table 4.0 as inthe previous two sections. Lamation
sequenceof single free and three clamped plate is¥ 1 vft vfuwt . In the
trigonometric series solution (TSS), a convergence study of frequency parameter
is done for a single free and threlamped plate by increasing theandN orders of

the Ritz solution. Ta results of the convergence study using the trigonometric series

solution are shown in Tablei45. The trigonometric shape functionp
AT 6—, OET ©EfT —,isusedinthe RayleigRitz method solution for

this boundaryconditions. Validation has begerformedfor the first four natural
frequenciesising the finite element analysis program ANS the trigonometric
series solution wittM=12andN=12 given in Table 416.

Table 4-15. Convergence study of frequency parameter] & &3 ‘YO for first
four mode of fiberreinforced T ¥ T vt vfwt laminatedsingle free and three
clampedplatewith ¢¥& p, " FH T8I P @

Number of Model Mode2 Mode3 Mode4

Series (M 0 _ _ _ _
¢ ¢ 11.16 26.88 30.00 47.65
T T 10.94 25.16 28.12 42.47
® @ 10.90 24.99 27.87 41.98
TR, 10.88 24.94 27.78 41.82
PTTPT 10.87 24.92 27.74 41.75
PC PG 10.86 2491 27.72 41.72
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Table4-16. First four mode natural frequencies of fiseinforced T ¥ t vt vf
wrt  laminated single free and three clamped pleita ¢ p, T T8I P @
using trigonometric series solution (TSS) wilk-12 andN=12and ANSYS

Model Mode2 Mode3 Mode4

Solution Type Frequency Frequency Frequency Frequency
(Hz) (Hz) (Hz) (Hz)
TSS 3974 911.6 1013.6 15%.7
ANSYS 392.8 897.6 998.1 1493.0
Difference% 1.17 155 155 219

Figure 478 shows the first mode shape of tiagle free and three clampptiate
using trigonometric series solution (TSS). While obtaining the first mode, order of

the trigonometric seriegl andN are taken 12

Nat. freq. mode: 1 fn=397.4111Hz

Figure 4-78. First mode shape of the fibeginforced m ¥ 1 LIt LTWIT
laminatedsingle free and three clampplatewith ¢y p, "X 18T p gsing the

trigonometric series solution witt=12 andN=12
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Second mode shape of the fisemforced m ¥ t vft vfwrt laminated single

free and three clamped plate is given in Figui®4Trigonometric series solution

(TSS) is used tdeterminesecondmode shape with ordekM=12 andN=12.

Nat. freq. mode: 2 fn=911.6196Hz

0.4
0.3

0.4 0.2
: 0.1
e 0.1
e 0.2
- 0.3
. 0.4

: : 0.5

‘ _ ) -0.6

Figure 4-79. Second mode shapd the fiberreinforced m7¥ 1 vt LFWIT
laminatedsingle free and three clampplétewith 6w p, ¥ 18T p gsing the
trigonometric series solution witt=12 andN=12

o

Figure 480 and Figure 41 indicates the third and fourth mode shape of fiber
reinforced ¥ 1 vft vfwt laminatedsingle free and three clampgudate

using trigonometric series solution (TSS) with orddrs12 andN=12.
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Nat. freq. mode: 3 fn=1013.6165Hz

0.5

Figure 4-80. Third mode shape of théiber-reinforced m7 1 vft LTWIT
laminatedsingle free and three clampplatewith ¢fo  p, "X 18T p gsing the

trigonometric series solution witt=12 andN=12

Nat. freq. mode: 4 fn=1 525.7336Hz

Figure 4-81. Fourth mode shape of the fibeinforced m7¥ 1 vt LFwiT
laminatedsingle free and three clampplétewith ¢t  p, ¥ 18t p gsing the

trigonometric series solution wittl=12 andN=12

Figure 482 shows the first mode shape of filreinforced m ¥ 1 vFt vFwit

laminated single free and three clamped plate using ANSYS.
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C: Modal

Total Deformation
Type: Total Deformation
Frequency: 392,87 Hz
Unit: rrm

T.2022 1820

219,08 Max
194,74
170,39
146,05
121,71
97,368
73,026
49,654
24,342

0 Min

Figure 4-82. First mode shape of the fibeginforced m 7 1 vFt vFwn

laminatedsingle free and three clampethte with ¢ p, " T8t p @sing
ANSYS

Second mode shape of fibeinforced T ¥ 1 vft vfwt laminated single fre

and three clamped plate is given in Figur834 ANSYS is used to obtain second
mode shapef this plate

C: Modal

Total Deformation 3
Type: Total Deformation
Frequency: 897,61 Hz
Unit: mm

711.2022 17:58

239,98 Max
213,31
196,65
153,98
133,32
106,66
79,907
53,328
26,664
0 Min

Figure 4-83. Second mode shape of the fisemforced m7¥ 1 vFt LFwT

laminatedsingle free and three clampetate with (& p, ‘X 18T p @sing
ANSYS
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Figure 484 and Figure 45 shows the third and fourth mode shape of fiber

reinforced T ¥ T vft vfwt laminatedsingle free and three clampgudate
using ANSYS.

C: Modal
Total Defarmation 4
Type: Total Deforrmation

Frequency: 998,05 Hz
Unit: ram
71,2022 17:58

255,89 Max

Figure 4-84. Third mode shape of the fibeeinforced M7 1 vt LFWT

laminatedsingle free and three clampethte with ¢(¥& p, ‘T 18T p @sing
ANSYS

C: Modal

Total Deformation 5
Type: Total Deformation
Frequency: 1493, Hz
Unit: rim

7112022 1R5E

240,3 Max
213,6
186,9
180,2
133,5
106,8
20,101
53,401
26,7

0 Min

Figure 4-85. Fourth mode shape of the fibeminforced m7¥ 1 vFt LFwt

laminatedsingle free and three clampetate with (& p, "X 18T p @sing
ANSYS
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4.4  Parametric Study

Changing the parameters of a fiwsemforced laminated plate affects the static
bending and free vibration results. Classical lamination plate theory assumes that a
fiber-reinforced plate is thinlf thickness is increased too much then results will
deviae from reality Also, the orientation of the fiber angle in the lamina affects the
static bending and free vibration results of the problem. Different fiber angles have
been laminated so that the strength and natural frequency of different laminated fiber
angles can be understood. Finally, the aspect ratio of therélrdorced laminated

plate has been analyzed to understand its effects on the static bending and free

vibration results.

4.4.1  Effects of Thickness to Length Ratio f$ on Static Bending
Results

The theory used in analytical solutions assumes the plate is thin. The thitkness
length ratio is investigated fone fiber-reinforced plate to understand its effects on
the maximum deflectionThe trigonometric series solution (TSS) atite finite
element methodre utilized to determine the effects of thickness to length ratio on
bending results. The materiand geometric propertiesf the fiber-reinforced
laminated plate used theanalysis are taken frofifable 41 and Table £ [49]. The
boundary conditions othe fiber-reinforced plate are simplyupported, clamped,
single free and three clampefrstly, thep | a tagebthicknesso, is taken as
& | |, and then increased b@t U | at each step, up twd | | and analyzed.
Thus the total thickness of the plai@is increased froro® | | toyl | ,as given

in Table 417. The lamination sequence of the fikeinforced laminated plate is
¥ 1t uft vfut . Table 418 shows the validatidior the maximum deflection

of fiber-reinforced plate with different thicknesses using the finite element analysis
program ANSY Sand the trigonometric series solution witlr12 andN=12.
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Table4-17. Thickness to length ratid¥w of the fiberreinforced m ¥ 1 vft uv¥

wt laminated plate

§O (& "(mm) o (mm) @(mm)
0.016 3.2 0.20 200
0.020 4.0 0.25 200
0.024 4.8 0.30 200
0.028 5.6 0.35 200
0.032 6.4 0.40 200
0.036 7.2 0.45 200
0.040 8.0 0.50 200

Table4-18. Effects of QYoratio onthe maximum deflection ofhe fiber-reinforced
¥ t uft vfut  laminated simply-supported (SSSS), clamped (CCCC),
single free and three clamped (CFCC) plate wjth T8t p 0 AGF®  p, using
trigonometric series solution (TSS) with=12 andN=12 and ANSYS

Maximum Deflection (rm)

T SSSPlate CCCCPlate CFCCPlate

0 Wchoirg 0 GWchoirg 0 ¢hore

TSS FEM TSS FEM TSS FEM
0.016 0.4161 0.4089 0.1169 0.1204 0.6096 0.6267
0.020 0.2130 0.2101 0.0598 0.0626 0.3121 0.3234
0.024 0.1233 0.1222 0.0346 0.0368 0.1806  0.1887
0.028 0.0776 0.0773 0.0218 0.0237 0.1137 0.1201
0.032 0.0520 0.0521 0.0146 0.0163 0.0762 0.0813
0.036 0.0365 0.0368 0.0103 0.0117 0.0535 0.0577
0.040 0.0266 0.0271 0.0075 0.0087 0.0390 0.0426
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The numerical results from Tablel® are plotted. Effects dhicknessto-length
ratio on the bending results of the filkeinforced laminated plate with different
boundary conditions are given in Figur88lusing ANSY'S and trigonometric series
solution (TSS).

. «107 Static Bending Comparison of h/a Ratio

TSS (SSSS)
TSS (CCCC)
TSS (CFCC) | ]
O FEM (SSSS)
O  FEM (CCCC)
5r O FEM (CFCC) | ]|

Wo 1o y) (m)

O 1 1 1
0.016 0.02 0.024 0.028 0.032 0.036 0.04

h/a
Figure4-86. Effects of QYewratio onthe maximum deflectiorof the fiberreinforced
¥ t uft vfut laminatedsimply supported, clamped, and single free three
clampedplate with B T8t p 0 AGWw p using trigonometric series solution
(TSS) withM=12andN=12and ANSYS

Figure 486 shows that if the ply thickness increases, maximum deformation
decreases as tlséiffness of plate increaseAlso, there is a region where maximum
deflection decreases shar. There is an optimum range ‘©¥&betweenngt p gnd

18t ¢for achieving bending results correctly simulated thin laminated composite

plates.
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4.4.2  Effects of Thickness to Length Ratio i on Free Vibration

Results

The thicknesdo-length ratio is stuéd for fiberreinforced plates to learn more
about how it affects the fundamental natural frequency. The trigonometric series
solution (TSS) and the finite element method are used in the different thidkness
length ratio analyse§he material and geometric properties of the fitménforced
laminated plate are taken from Tablel 4and Table 42 [49]. The boundary
conditions of the fibereinforced plate aresimply supported (SSSS), clamped
(CCCC), and single free three clamped (CHCT hethicknessvariationof plies is
shownin Table 417, given inthe previous sectionThe lamination sequence of the
fiber-reinforced laminated plate ist # 1 vAt vfwt . Table 419 expressethe
verification for the fundamental natural frequen®f fiber-reinforced plate with
different thickness to length ratising the finite element analysis prograhSYS
and the trigonometric series solution wittderM=12 andN=12.

Table 4-19. Effects of (Y& ratio onthe natural frequency ofhe fiber-reinforced
mx 1 uft vfwt  laminated simply-supported (SSSS), clamped (CCCC),
single free and three clamped (CFCC) plate wiifiio p, using trigonometric
seilies solution (TSS) wittM=12andN=12and ANSYS

Natural FrequengyQ (Hz)
§O.(&\ SSSPlate CCCCPlate CFCCPlate
TSS FEM TSS FEM TSS FEM

0.016 452.73 450.60 825.76  840.40 398.08 393.09
0.020 565.2 562.05 1032.2 1042.12 497.60 489.42
0.024 679.QL 672.73 1238.6 1238.40 597.12 584.62
0.028 792.28 782.48 1445.08 1429.16 696.64 678.54
0.032 905.46 891.17 1651.53 1612.00 796.17 771.03
0.036 1018.65 998.67 1857.97 1789.01 895.69 861.97
0.040 1131.83 1104.90 2064.41 1960.02 995.21 951.26
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The theory used in analytical solutions assumes the plate is thin. The thittkkness

length ratio is investigated for three boundary conditions to understand its effects on
fundamental natural frequency. Thus, its effect on the natural frequency can be

exanined as the plate thickness increases. Figi@eshows the effects of thickness

to-length ratioon free vibration results.
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Free Vibration Comparison of h/a Ratio
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Figure 4-87. Effects of "(Yw ratio on the fundamental frequency of the fiber

reinforced m ¥ 1 vIt LIWT

laminatedsimply supported, clamped, and single

free three clampeglate with ¢¥& p using trigonometric series solution (TSS)
with M=12andN=12and ANSYS

The trigonometric er i e s

approach

used

Ki

rchhoff

plate assumption. Figure8¥ shows that the fundamental frequency increases when

the thicknesdo-length ratio risesThis situation occurs because of the increase in
pl at ehestheghicknés$ of thesptate increases

t he
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4.4.3 Effects of Lamination Angles on Static Bending Results

The different fiber orientation angles of the filvemforced plate are studied to
understand their effects on the maximum deflection. Trigpnometric series
solution (TSS) and the finite element method are used to determine how the
lamination angle affects the static bending results. The material properties of the
fiber-reinforced laminated plate are taken from Tablé 9], except for he
thickness of the plyThe gy thicknessg, is selected as® | | , so the total thickness

of the fiber-reinforced plateQis t1 | . The geometric properties of the fiber
reinforced plate in the different lamination angle problem are showabte 420.

Eight plies are symmetrically laminated in the fibeinforced plate. To understand

the effects of fiber orientation, plies with different fiber orientation angles are
laminated symmetrically with their minus angles, as seen in Taldg. 4 he
boundary conditions of the fibeeinforced plate are simply support€gSSS)
clamped(CCCC) andsinglefree threeclamped(CFCC) Table 422 presents the
validation for the maximum deflection difie fiber-reinforced plate with different
lamination angle using the finite element analysis program ANS¥G8d the

trigonometric series solution witt=12 andN=12.

Table 4-20. Geometric properties of fibeeinforced platdor different lamination

angle problem

Name Geometric Paramete Value Unit
X axis Dimension a 0.2 m
Y axis Dimension b 0.2 m
Uniform Load q 10000 (|
Number ofPlies n 8 -
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Table 4-21. Lamination type of the fibereinforced plate in different lamination

angle problenior maximum deflection

Lamination Type Lamination Sequence Ply Thickness Plate Thickness
No. —F FF — 0 (mm) "Q(mm)
1 ™ ™ T 0.5 4.0
2 pT pUpd pu 0.5 4.0
3 Ok oo o™ 0.5 4.0
4 T tdtdtvu 0.5 4.0
5 Ok o & @ 0.5 4.0
6 XW xXdIXxd xv 0.5 4.0
7 W WAV E wTt 0.5 4.0

Table 4-22. Effects oflamination angleon the maximum deflectiorof the fiber-

reinforced simplysupported (SSSS), clamped (CCCC), single free and three
clamped (CFCC) plate withy m8tp 0 RGN m8t¢ o p, using
trigonometric series solution (TSS) with=12 andN=12and ANSYS

Lamination Maximum Deflection (mm)
Type No. SSSS Plate CCCC Plate CFCC Plate
0 GWchoig 0 GFchorg 0 g
TSS FEM TSS FEM TSS FEM
1 0.2738 0.2623 0.0548 0.058 0.7542 0.75909
2 0.2352 0.2279 0.0573 0.0611 0.6352 0.6215
3 0.1818 0.1789 0.0622 0.062 0.3806  0.3829
4 0.1619 0.1613 0.0637 0.064 0.1913 0.2011
5 0.1778 0.1789 0.0598 0.062 0.1012 0.1085
6 0.2241 0.2279 0.0537 0.0622 0.06224 0.07219
7 0.2569 0.2623 0.0508 0.05® 0.05011 0.05749
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Figure 488 shows the effects of fiber orientation angles in lamina on the maximum
deflection of fibefreinforced simply supported (SSSS), clamped (CCCC), and single
free three clamped (CFCC) plate. Numerical results are taken from FaBle 4

«10% Static Bending Maximum Deformation Results

% *  TSS (SSSS)
7L + Tss(ccce) | |
x  TSS (CFCC)
X O FEM (SSSS)
6 O  FEM (CCCC) |1
O  FEM (CFCC)
g 5 :
>
x L i
5 4 =
E»
o
z 3] ]
o3 $
) & 5 ¢
% 3 ¢
1 ! A
® ® @ ® & B o
0 1 1 1 1 1
1 2 3 4 5 6 7

Lamination Type No

Figure 4-88. Effects of lamination angle on the maximum deflection of the fiber
reinforcedaminatedsimply supported, clamped, and single free three clapia¢el
with B T8tp OWQG 18t ¢ GHw p, using trigonometric series solution
(TSS) withM=12andN=12and ANSYS

Figure 488 shows that the fiber orientation angles of layers react differently. The
strongest fiber orientation layer is#, and the weakest i 1 and A for simply
supported boundaries. When edges are clamped, all lamination angles give almost
the same result because dégreesof freedom are fixed when boundaries are
clamped. The strongest fiber orientation angle in the singleafrdéhreeclamped

edeges isw A and the weakest fiber orientation anglebecause one edge is free

in thewdirection.
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4.4.4 Effects of Lamination Angles on Free Vibration Results

The effects of the different fiber orientation angles on the fundamental natural
frequency are raployed for the fibereinforced plate.The trigonometric series
solution (TSS) and the finite element method are used in the different lamination
angle analyses. The material and geometric properties of therdibérced
laminated plate used in thisgilem are taken from Table14[49] and Table 40.

The gy thickness,0, is selected as@ | | , so the total thickness dhe fiber-
reinforced plat€Qiso& | | . The boundary conditions of the fibeginforced plate

are simply supported (SSSS), clamped (CCCC), and single free three clamped
(CFCC).In order to understand the effects of lamination angles on the fundamental
natural frequency, seven different laminatisequences given in Table23 are
used. In this table, the thicknessesh&ply and plate are algarovided As seen in
Table 423, eight plies are laminated symmetricalljable 424 indicates the
verifying natural frequency of the fibeeinforced plate with different lamination
angles using the finite element analysis program ANSYS and the trigonometric

series solution witthM=12 andN=12.

Table 4-23. Lamination type of the fibereinforced plate in different lamination

angle problem for fundamental natural frequency

Lamination Type Lamination Sequence Ply Thickness Plate Thickness

No. — FF — 0 (mm) "(mm)
1 ™ TUTd T 0.4 3.2
2 pT pUp T pu 0.4 3.2
3 o oo om 0.4 3.2
4 T tdtdtTu 0.4 3.2
5 OFK QA& @ 0.4 3.2
6 X XUXT xv 0.4 3.2
7 WK AWK wT 0.4 3.2
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Table4-24. Effects of lamination angle dhefundamental natural frequency tbie
fiber-reinforced simplysupported (SSSS), clamped (CCCC), single free and three
clamped (CFCC) plate withy m8tp O WO m8t¢ FO p, using
trigonometric series solution (TS&)th M=12andN=12and ANSYS

Lamination Natural FrequencyQ (Hz)

Type No. SSSS Plate CCCC Plate CFCC Plate
TSS FEM TSS FEM TSS FEM
400.24 398.86 864.60 848.94 262.49 261.97
430.85 429.76 852.79 849.87 284.14 287.90
488.60 487.13 830.80 827.98 363.01 365.13
517.25 513.71 826.40 823.76 503.93 499.30
49420 487.13 847.56 84198 669.72 666.44
441.51 439.76 880.16 879.87 804.49 791.15
413.20 410.87 895.38 888.99 856.78 848.97

N O O A W N|

Natural frequencies of thBber-reinforced plate with different fiber orientation
layers are determined by the trigonometric series solution (TSS) and the finite
element analysis program, ANSYS, as seen in Taldé. & he results are close to
each other. The effects of laminatiamgées on the fundamental natural frequencies

are shown in Figure-89.
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900 Free Vibration Fundamental Frequency Results
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Figure4-89. Effects of lamination angle on the fundamental natural frequency of the
fiber-reinforcedaminatedsimply supported, clamped, and single free three clamped
plate with"(¥é) 18t ¢ GF® p, using trigonometric series solution (TSS) with
M=12andN=12and ANS'S

The results of three different boundary conditions are shown in Fig8®e Phese
boundary conditions have different critical fundamental frequencies depending on
the lamination angle. The critical fiberientation angles are @ and A when
boundarie are simply supported. However dof fiber orientation is more crucial

to the free vibration problem if the edges are clamped. Lasti|amination angle

is important when boundaries are sinfflee and threelamped since the free edge

is in thewdirection.
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4.45  Effects of Aspect Ratio £{ on Static Bending Results

In the analysis mada previous sections, the -plane dimensions adthe fiber-
reinforced platavereequal. In order to understand the effectshefaspect 6o

ratio on the maximum deflection tifefiber-reinforced plate, the analysis of various
aspect ratisof the plate is made by the trigopnometric series solution (TSS) and finite
element method. The materaid geometriproperties of the fibereinforced plate

are taken from Table-2[49] and Table 5. The boundary conditions of the fiber
reinforced phte are simphsupported, clamped, single free and three clamped.
Firstly, thep | a aspelitgatipéi, is taken ap , then increaselly T® at each
step, up tas. Thus, theransverselimensionof plate®is decreasedrom ¢ Tt i

to @ X | , asgiven in Table £5. The lamination sequence of the fiber
reinforced laminated plate ist ¥ t vft vfwrt . Ply thicknesspis selected as
@ | | so the total thickness of fibeeinforced plate'Qis o& | | . Table 426
shows the validation for the maximum deflection of fibeinforced plate with
different aspect ratis using the finite element analysis program ANS2& the

trigonometric series solution witt=12 andN=12.

Table4-25. Geometric properties of fibeeinforced platdor differentaspect ratio

problem
Aspect Ratio Longitudinal Transverse Uniform Load
Dimension Dimension
(R ¢ (mm) w(mm) R (MPa)
1 200 200 0.01
15 200 133.34 0.01
2 200 100 0.01
2.5 200 80 0.01
3 200 66.67 0.01
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Table4-26. Effects ofaspect rati@mnthemaximum deflection athefiber-reinforced
X 1 uft vfwt  laminated simply-supported (SSSS), clamped (CCCC),
single free and three clamped (CFCC) plate with, T8t p 0 AGYSH 181 p @
using trigonometric series solution (TSS) witk-12 andN=12and ANSYS

Aspect Ratio Maximum Deflection (mm)
SSSS Plate CCCC Plate CFCC Plate
(A 0 cIchre 0 CIchoire VA8 (4
TSS FEM TSS FEM TSS FEM
1 0.4161 0.4089 0.1169 0.1204 0.6096 0.6268
1.5 0.2077 0.2064 0.0626 0.0648 0.1311 0.1373
2 0.1040 0.1031 0.0291 0.0304 0.0410 0.0430
2.5 0.0548 0.0538 0.0138 0.0146 0.0167 0.01®
3 0.0307 0.0291 0.0700 0.004 0.0800 0.00&%

The composite plate may not always be square; it may have different dimensions in
the w and w directions. To understand the effects of aspect ratidherfiber-
reinforcedplate, static bending analysis is made ftifferent aspect ratios. Three
different boundary conditionsreused in these calculatioriBhe rumerical results
aretaken from Tal® 426 and plotted for better examaion Figure 490 shows the
effects of aspect ratio dhe static bending resultsf thefiber-reinforced plate.
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«10™ Static Bending Comparison of a/b Ratio

TSS (SSSS)
TSS (CCCC)
TSS(CFCC)
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Figure4-90. Effects of¢¥®ratio on the maximum deflection of the fibeinforced
¥ t uft vfurt laminatedsimply supported, clamped, and single free three
clampedplate withy 18t p 0 A 18t p gsing trigonometric series solution
(TSS) withM=12andN=12and ANSYS

Aspect ratio effects behave similarly on the fibeinforced plate for three boundary
conditions. If the aspect ratio of the fierinforced plate increases, the maximum
deflection decreasesince stiffness of plate increasas seen in Figer490. When

the plate boundaries are clamped, maximum deflection falls slower because all
degreesf freedom are fixed. However, while a composite plate has free boundary

conditions, maximum deformation decreases sharply.
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4.4.6  Effects of Aspect Ratio £F{ on Free Vibration Results

In the previous section, the effects of aspect mtidhemaximum static bending

were examined. The aspect ratio also has certain effects on the fundamental natural
frequency of the fibereinforced plateln order to underand these effectshe
trigonometric series solution (TSS) and finite element method are used for different
aspects ratio of the plat&he material and geometric properties of the fiber
reinforced laminated plate are taken from Table[49] and Table 45, as inthe
previous sectionThe boundary conditions of the fibezinforced plate are simply
supported, clamped, single free and three clamped. The ciaageect ratio is

given in Table 4£5. The lamination sequence of the filsemforced laminated plate

is T¥ T uft vTwt . Ply thicknessdis selected as® | | so the total thickness
of fiber-reinforced plat€Qisog | [ . Table 427 demonstrates the validation for the
fundamental natural frequency of fibeinforced plate with different aspect ratios
using the finite element analysis program ANS¥& the trigonometric series
solution withM=12 andN=12.

Table4-27. Effects of aspect ratio on the fundamental natural frequency of the fiber
reinforced M7 1 vft vFWIT
(CCCCQC), single free and three clamped (CFCC) plate wiftp 18t p @sing
trigonometric series solution (TSS) with=12andN=12and ANSYS

laminated simply-supported (SSSS), clamped

Aspect Ratio Natural FrequencyQ (Hz)

SSSS Plate CCCC Plate CFCC Plate

(R TSS FEM TSS FEM TSS FEM
1 452.65 450.15 838.71 840.44 391.39 393.09
15 640.28 636.71 1155.51 1154.30 805.29 805.92
2 904.65 898.12 1680.99 1672.02 1394.31 1389.20
2.5 1246.19 1235.70 2405.21 2378.40 2155.74 2134.91
3 1664.84 1654.8 3316.29 3257.61 3088.65 3038.52
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Figure 491 shows the effects of aspect rati@fco on the fundamental natural

frequency of the fibereinforced plate using numerical results from the Takl& 4

Free Vibration Comparison of a/b Ratio
3500 T T T

TSS (SSSS)
TSS (CCCC)
3000 - TSS (CFCC)
& FEM (SSSS)
O  FEM (CCCC)
2500 - O FEM (CFCC)

2000

[Hz]

f

c
1500

1000

O 1 1 1
1 1.5 2 2.5 3

a/b
Figure 4-91. Effects of G¥o ratio on the fundamental frequency of the fiber
reinforced m ¥ 1 uvft vfwt laminatedsimply supported, clamped, and single
free three clampeglate with " T8t p @sing trigonometric series solution
(TSS) withM=12andN=12and ANSYS

When the Figurd-91 is examined, it can be understood that when the aspect ratio
increases with decreasing transverse dimension, natural frequencies of different
boundaries increase since the stiffness of plate incred##esn boundaries are
clamped, or a single free édthree clamped, fundamental frequency increases more
than when all edges are simply supported. The reason for this situation can be
explained as follows: if there is a clamped boundary condition on arébdorced

plate, alldegree®f freedom are linted.
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4.5 Comparisonwith Different Approximation Method

In this section, the new developed trigonometric series solution (TSS) method is
compared with a study in the literature. Deflection and free vibration of
symmetrically laminatedguastisotropic, thin rectangular plates for different
boundary conditions were studied by Altunsaray and Bayer in 2013 [49]. This study
examines the maximum deflection and the natural frequency of thin rectangular
plates that are simply supported and @achfrom four edges. The effects of changes

in aspect ratio and orientation angle on the results of static bending and free vibration
problems according to the Classical Lamination Plate Theory are parametrically
calculated using the Galerkin Method. THetaoned results are compared with the
software package ANSYS, which conducts analyses using the Finite Elements
Method (FEM). While making the comparison, the methods in the article [49] are
compared with the trigonometric series solution method with MNateken as 12.

The stacking sequences used in the comparison are given in T2hli&aterial and
geometric properties of the fibezinforced plate are taken from Table% 4nd 42.

The comparison of the maximum deflections of the fiténforced simpy
supported and clamped plate according to different aspect ratios are given in Tables
4-29 and 430.

Table4-28. Different lamination types for comparison of TSS with the literature
[49]

Lamination Type Lamination Sequence¢ Ply Thickness Plate Thickness

No. 0 (mm) "(mm)
1 ¥ 1T ult vFur 0.2 3.2
2 T ufTt 7t VWt 0.2 3.2
3 T T T ufm Fart 02 3.2
4 wt ¥ T uft v 02 3.2
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Table4-29. Effects of aspect ratiand stacking sequenoa the maximum deflection
of the fiberreinforcedlaminatedsimply-supported (SSSS) platg, 18t p 0 A
"o T8 p ysing trigonometric series solution (TSS) witk-12 andN=12 and

Altunsaray and Bayer [49] results

Lamination Scheme Type No.

O Method 0 GICRG (mm)
1 2 3 4
Altunsaray and
0.401 0.347 0.318 0.407
L Bayer [49]
Present 0.416 0.376 0.330 0.404
FEM 0.416 0.392 0.339 0.416
Altunsaray and
0.891 0.691 0.600 0.507
14 Bayer [49]
' Present 0.919 0.748 0.618 0.569
FEM 0.923 0.778 0.625 0.568
Altunsaray and
1.623 1.178 0.996 0.729
’0 Bayer [49]
' Present 1.665 1.267 1.020 0.701
FEM 1.655 1.287 1.006 0.680

Different approximation methods, Galerkin and Ritz, are given and validated with
ANSYS in Table 429 for maximum deflection of simply supported plafiehese
results show that the proposed trigonometric series solution (M&8pd has better

accuracy than the Galerkin method, which is given in the literature study [49].
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Table4-30. Effects of aspect rat@nd stacking sequenoa the maximum deflection
of the fiberreinforcedlaminatedclamped (CCCCplate,; 18t p 0 AGH
T8t p @ising trigonometric series solution (TSS) with=12 and N=12 and

Altunsaray and

Lamination Scheme Type No.

I Method 0 GIChir (mm)
1 2 3 4
Altunsaray and
0.116 0.119 0.121 0.116
L Bayer [49]
Present 0.119 0.127 0.125 0.114
FEM 0.121 0.130 0.127 0.120
Altunsaray and
0.276 0.237 0.216 0.142
14 Bayer [49]
' Present 0.283 0.255 0.222 0.140
FEM 0.284 0.257 0.224 0.145
Altunsaray and
0.463 0.350 0.300 0.149
’0 Bayer [49]
' Present 0.475 0.371 0.306 0.148
FEM 0.473 0.370 0.306 0.149

The maximum deformation of fibeeinforced clamped plate according to the
different aspect ratios are given in Tabl80@ with trigonometric series solution
(TSS) method and literature example [49] aesllts arevalidated using FEMThe
results show thahe developed methodvgs better results than tHgeraturestudy
[49].

The natural frequency of the fibeginforced simplysupported and clamped plates
according to different aspect ratios are compared in TaBleahd Table 82. The
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resultsare obtainedising the trigonometric series solution (TSS) method and are

compared with the literature [49] that used Galerkin method and FEM.

Table4-31. Effects of aspect ratiand stacking sequenoa thenatural freqencyof
the fiberreinforcedlaminatedsimply-supported (SSSS) plat&¥o 18t p ysing
trigonometric series solution (TSS) with=12 andN=12 andAltunsaray and Bayer
[49] results

Lamination Scheme Type No.

1% () Method Natural FrequencyQ (Hz)
1 2 3 4
Altunsaray and
4547 483.6 510.9 4547
L Bayer [49]
Present 452.6 471.6 507.4 459.2
FEM 447 .6 461.2 494 .9 447 .6
Altunsaray and
306.1 343.5 373.3 380.6
14 Bayer [49]
' Present 304.4 334.1 370.8 387.4
FEM 301.2 327.4 363.3 376.7
Altunsaray and
227.4 263.6 290.5 341.1
’0 Bayer [49]
' Present 226.2 257.1 288.9 349.4
FEM 224.3 253.3 284.7 339.2
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Table4-32. Effects of aspect ratiand stacking sequenoa thenaturalfrequencyof
the fiberreinforced laminated clamped(CCCQ plate,"@® T8t p qusing
trigonometric series solution (TSS) with=12andN=12 andAltunsaray and Bayer
[49] results

Lamination Scheme Type No.

%) (8) Method Natural FrequencyQ (Hz)
1 2 3 4
Altunsaray and
856.3 849.1 844.3 856.3
L Bayer [49]
Present 852.8 827.8 836.8 860.6
FEM 842.5 815.8 823.3 842.5
Altunsaray and
560.5 602.8 629.3 759.6
14 Bayer [49]
' Present 557.9 585.7 623.8 776.9
FEM 553.7 579.9 616.8 748.8
Altunsaray and
429.3 490.3 527.0 719.3
’0 Bayer [49]
' Present 427.3 478.5 522.7 737.9
FEM 425.2 475.4 518.9 710.1

As can be seen from the natural frequency results for simply supportetharmd
fiber-reinforced plates given in thélable 4-31 and 432, the newly developed
trigonometric series solutiofT SS) gave results closer to the results calculated by
the finite element method.
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CHAPTER 5

CONCLUSION

This study developed a new trigonometric series expansion method to obtain the
static bending and free vibration behaviors of symmetrically lamin&kesl-
reinforced plates. Kirchhaif §Classical Laminated Plate) theory is applied in the
analytical formulation of both bending and free vibration problems. Governing
partial differential equations is derived by employing Hamilton's principle. The
effectsof boundary conditions on static bending and free vibration problems are
investigated. The boundary conditions are satisfied by expandingplamd
displacement into a series of trigonometric shape functions. When the ReRigh
method is used to obtaapproximating static bending results, the coefficients of the
trigonometric series form a linear systeRor the free vibration problems, the
eigenvalue equation is obtained by solving the minimization of the energy theory of
the fiberreinforced plate wh the RayleigkRitz method. Natural frequencies and
mode shapes of the fibeginforced plate are determined by solving this equation.
Using plate elements that incorporate fostier shear deformation theory, finite
element models for both bending ainée vibrations are constructéy ANSYS
Numerical results are obtained for simply supported and clamped composite plates
as well asghosefor a plate withsinglefree and three clamped edg&éke developed
trigonometric series approach is validated byparing the results of finite element
studiesand a study in the literature [4@omparisons of h i s ®dults tbyhose

of finite element analysiand literatureshow the accuracy tietrigonometric series
solution method used in thistudy Further results illustrate the influences of
geometric and material parameters upon the sbaindingand the free vibration

responses dhe fiberreinforced plate
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The following outcomes were made from the results obtaméending problems

1 The mnimum deformation ocawed in the fiberreinforced clamped plate
because alllegreeof freedomare limited alonghe boundaes
1 The maximum deformation occurred due to the free boundary condition in

the plate with singléree andhreeclamped.

A few inferences have also been made frontrdmesversetress resultSransverse
stresses were examined separately for each layer. Since each layer was laminated at
a different angle, it was observed in which directions more stress occurred on these

layers.

1 The highestnormal stress in the and w directiors was determinedn the
layersthathaveOAand 9@\of fiber-orientation respectivelydue to the fact
that the orientations of the fibers are parallel tostlaedwaxes

1 The highest shear stress was calculated in layers with a fiber orientation of
T Jor 1 ébecause these fiber orientations are laminated along the shear

direction of the plies.

The stresses of each of the plies along the thickness of the laminate are also

compared

 Forthe, ,itis observed thatthe maximum stressoccubs/at f i ber ori ent e
layers as expected.

 Forthe, ,the maximum stress occursdab A -&asnAl f i ber oriented |
Normally, 90A fiber or ihigheststkessbuwaser s ar e
they are at midplane of the laminate, they are subjected to less deformation
t han 4465\A alTaly causes these fibers have higher stresstrai\
fiber oriented layers

1 Forthe, ,the maximum stressoccursdab A -46M\d f i ber oriented |

which is expected.
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Modal analysis is also performed in this study for three different boundary

conditions.

1 The lowest first natural frequency of the symmetrically laminat#aker-
reinforced plate was found insinglefree and threelamped boundary
conditiors which is a result of having a free edge

1 The highest value wasbtainedon the clampedplate since all degrees of
freedom are limited along the boundaries in this.case

The effects of some geometric parameters on the ressaitsvestigated as well

1 Firstly, the thicknes$o-length ratio was examinet.is observed that as the
thickness increasge maximum deflection decreases and natural frequency
increases since thdfftess of the plate increases.

1 Secondparametric study was carried out to understand howfibies-
orientationangles of the layers behave in static bending and free vibration
problems Strongest fibeorientation layer is 4&in simply-supported plate.
When all edges are clamped, all lamination angles give almost the same result
because all degree of freedoms are limited along boundaries. Forfseagle
and three clamped plate, strongest lamination angledidé&fyees since the
free edge is imdiredion. For natural frequencies, critical lamination angle
is 0OAand 9@for simply supported plate. For clamped platédftfer oriented
layers are critical. Since the free edge isvidirection, GAfibers are most
critical for single free and three claed plate.

1 Finally, a parametric study is carried dotunderstand how the aspect ratio
affects the resultdt is seen thawvhile the transverse dimension decreases,
stiffness of the plate increases. It is also observed that as the aspect ratio

increasesmaximum deflection decreases while natural frequency increases.

Another comparison is made for bending and free vibration analysis for simply
supported and clamped plate between the study carried out in this thesis and a

differentapproximation method existing in the literat{48].
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1 It is seen that the accuracy of the proposed method in this study, leads to

results with higher accuracy than the method employed in the literature study.

The developednethodin this study can be usextcurately for static bending and
free vibration analysis of a fibeeinforced laminated plate with different types of
boundary conditionsThe proposed method leads to rapid convergence, possesses
computational efficiency, and could be useful in desigd aptimization studies
involving laminatedfiber-reinforcedstructuresin the future, this method may be
used with unsymmetrical fibeeinforcedplates andsolving this method under

thermal loads may be an exciting area of study.
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