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In this study, the strong coupling constants of the unobserved heavy axial tensor mesons to the
heavy vector and pseudoscalar π and K mesons, D2D�π, Ds2D�K, B2B�π, Bs2B�K as well as a heavy
axial tensor to axial vector and light pseudoscalar π and K-mesons, D2D1π, Ds2D1K, B2B1π, Bs2B1K
vertices have been investigated within the light cone QCD sum rules method. Having obtained the
strong coupling constants, we estimate the corresponding decay widths that will hopefully be verified in
future experiments.
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I. INTRODUCTION

The conventional quark model has been very successful
in the classification of the hadrons so far. Within this theory,
the states are represented by JPC quantum numbers in which
P ¼ ð−1ÞLþ1 and C ¼ ð−1ÞLþS, where L and S represent
the orbital angular momentum and total spin of the
state, respectively. Hence, the model predicts the existence
of hadrons with JPC ¼ 0þþ; 0−þ; 1þ−; 1−−; 1þþ; 2þþ;
2−þ; 2−− and so on. Many of these states have already
been discovered [1]. For instance, mesonic light nonets hq̄qi
with JPC ¼ 0−þ (pseudoscalar), 1−− (vector), 1þþ (axial
vector) are all well established. Moreover, the light tensor
states with JPC ¼ 2þþ and the nonets of pseudotensor
mesons with JPC ¼ 2−þ are also well known. However,
except K2ð1820Þ meson [2], the nonet of axial tensor
mesons with JPC ¼ 2−− have not been observed yet.
A similar situation is present in the heavy sector as well.

For example, the masses and the widths of the heavymesons
with JP ¼ 2þ; such as D2ð2420Þ, Ds2ð2573Þ, B2ð5747Þ,
and Bs2ð5840Þ are observed via their strong decays such as
D2ð2420Þ→ Dþ�π−, Dþπ−, D0πþ, Dþs2ð2573Þ→ D0Kþ,
B2ð5747Þ→ Bþ�π−, Bþπ−, Bþs2ð5840Þ→ BþK− [1]. These
observations have triggered theoretical researches in study-
ing the properties of the tensor mesons. Within the three-
point QCD sum rules method, the decay constants of the

D2ð2420Þ andDþs2ð2573Þmesons [3] andD2ð2420Þ → Dπ,
B2ð5747Þ→ Bπ, Ds2ð2573Þ→ DK, and Bs2ð5840Þ→ BK
transitions are analyzed [4,5]. The light cone sum rules
(LCSR) are also used to calculate the strong decay constants
of these decays [6].
However, the states with JP ¼ 2− have still not been

discovered except D2ð2740Þ [7]. Hence, investigating the
properties of these hadrons anticipated by the quark model
via analyzing their strong decays has vital importance.
The decays of axial tensor mesons (T) into a vector (V)

and pseudoscalar ðPÞ (T − V − P) as well as axial vector
(A) and pseudoscalar pairs (T − A − P) are promising
strong decay modes. In this paper, the strong decays of
the axial tensor mesons, T − V − P (D2D�π, Ds2D�K,
B2B�π, Bs2B�K) and T − A − P (D2D1π,Ds2D1K, B2B1π,
Bs2B1K) are investigated within the context of the light
cone sum rules.
The paper is organized as follows: In Sec. II, the light

cone QCD sum rules are derived for the transitions of the
axial tensor mesons to the heavy vector and light pseu-
doscalar (π or K) and to the heavy axial vector and light
pseudoscalar mesons. Then, in Sec. III, we present the
numerical analysis for the determination of the strong
decay constants. The final section contains our concluding
remarks. The expressions of distribution amplitudes and
correlation functions are presented in the Appendixes
for brevity.

II. LIGHT CONE QCD SUM RULES
FOR THE STRONG COUPLING CONSTANTS
OF THE HEAVY AXIAL TENSOR MESONS

In this section, we calculate the axial tensor-heavy vector-
light pseudoscalar and axial tensor-heavy axial vector-light
pseudoscalar vertices. For this purpose, we start by con-
sidering the following correlation function:
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Παβτðp; qÞ ¼ i
Z

d4xeipxhPðqÞjTfJαβðxÞJ†VðAÞτ ð0Þgj0i;

ð1Þ

where Jαβ and JVðAÞτ are the interpolating currents of the
heavy axial tensor meson and the heavy vector (axial)
mesons, respectively,

JαβðxÞ ¼
1

2
½q̄ðxÞγαγ5D

↔

βQðxÞ þ q̄ðxÞγβγ5D
↔

αQðxÞ�;

JVðAÞτ ¼ q̄γτðγ5ÞQ: ð2Þ

The covariant derivative D
↔

α is defined as

D
↔

α ¼
1

2
ðD⃗α − D⃖αÞ;

D⃗α ¼ ∂
!

α − i
g
2
λaGa

α;

D⃖α ¼ ∂
 

α þ i
g
2
λaGa

α; ð3Þ

in which λa are the Gell-Mann matrices, g is the coupling
constant, and Ga

α is the external gluon field.
To derive the LCSR for the relevant strong coupling

constants, the correlation function is calculated both in
terms of the hadrons and in terms of the quarks and gluons.
Then, by matching the coefficients of the corresponding
Lorentz structures, the desired LCSR can be obtained.
The hadronic representation of the correlation function

can be obtained by inserting a complete set of intermediate
hadrons having the same quantum numbers with the
interpolating current into the correlation function. And
isolating the ground state contributions from the axial
tensor and heavy vector (axial) mesons, we obtain the
correlation function as follows:

Παβτ ¼
hPðqÞTðpÞjVðAÞih0jJαβjTihVðAÞjJ†VðAÞτ j0i

ðp2 −mT
2Þðp02 −m2

VðAÞÞ
þ � � � :

ð4Þ

The matrix elements in Eq. (4) are defined as

h0jJαβjTðpÞi ¼ fTmT
3εαβðpÞ;

h0jJVðAÞτ jVðAÞi ¼ fVðAÞmVðAÞε
VðAÞ
τ ðp0Þ;

hPðqÞTðpÞjVi ¼ gTVPερσqρεVσ ;

hPðqÞTðpÞjAi ¼ gTAPερσηλpρεσφqφp0ηεAλ ðp0Þ; ð5Þ

where εαβ, εVðAÞ are the polarizations and fT , fVðAÞ are the
decay constants of the tensor and vector (axial) mesons,
respectively, and qα is the momentum of the pseudoscalar
mesons. gTVP and gTAP are the strong coupling constants
of the corresponding interactions.
Summation over the polarization of the tensor and

vector (axial) mesons is performed in accordance with
the following formulas:

X
spins

εαβðpÞε�ρσðpÞ ¼
1

2
½g̃αρg̃βσ þ g̃ασ g̃βρ� −

1

3
g̃αβg̃ρσ;

X
spins

εαðp0Þε�βðp0Þ ¼ g̃αβðp0Þ; ð6Þ

where g̃αβðpÞ ¼ gαβ −
pαpβ

p2 .

Using the definitions of the matrix elements given in
Eq. (5) and performing summation over the polarizations
of the tensor and vector (axial) mesons via Eq. (6), we
obtain the following expressions of the correlation func-
tions from the hadronic side:

ΠA
αβτ ¼

fTmT
3fAmAgTAP

2ðp2 −mT
2Þðp02 −m2

AÞ
ϵαλρτ

�
pλqρqβ −

mT
2 −m2

A þ q2

2mT
2

pλqρpβ

�
þ ðα ↔ βÞ; ð7Þ

ΠV
αβτ ¼

fTmT
3fVmVgTVP

2ðp2 −mT
2Þðp02 −m2

VÞ
�
mT

2 −m2
V þ q2

2mT
2

ðpαgβτ þ pβgατÞ þ
m4

V − ðmT
2 − q2Þ2

6mT
2m2

V
pτgαβ − ðqαgβτ þ qβgατÞ

þ ðmT
2 þm2

V − q2Þ2
6mT

2m2
V

qτgαβ −
mT

4 −m4
V þ q2ð4mT

2 þ q2Þ
3mT

4m2
V

pαpβpτ þ
2

m2
V
qαqβqτ

−
mT

2 −m2
V þ q2

mT
2m2

V
ðpαqβqτ þ pβqαqτÞ −

2

m2
V
pτqαqβ þ

mT
4 þ ðm2

V − q2Þ2 − 4mT
2ðm2

V − q2Þ
3mT

4m2
V

pαpβqτ

þmT
2 þ q2

mT
2m2

V
ðpαpτqβ þ pβpτqαÞ

�
: ð8Þ

As a next step, we calculate the correlation function from the QCD side. After contracting the heavy quark fields using
Wick’s theorem, the correlation function can be written as
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Παβτ ¼ −
1

2

Z
d4xeipxhPðqÞjq̄ðxÞðγαγ5ÞD

↔

βðxÞSQðxÞγτðγβγ5Þqð0Þ þ ðα ↔ βÞj0i; ð9Þ

where SQðxÞ is the heavy quark propagator whose expression in the coordinate representation is given as

SQðxÞ ¼
m2

Q

4π2

�
K1ðmQ

ffiffiffiffiffiffiffiffi
−x2
p

Þffiffiffiffiffiffiffiffi
−x2
p þ =x

ð
ffiffiffiffiffiffiffiffi
−x2
p

Þ2
K2ðmQ

ffiffiffiffiffiffiffiffi
−x2

p
Þ
�

−
igsmQ

16π2

Z
1

0

duGμνðuxÞ
�
σμνK0ðmQ

ffiffiffiffiffiffiffiffi
−x2

p
Þ þ ðuσμν=xþ ū=xσμνÞK1ðmQ

ffiffiffiffiffiffiffiffi
−x2
p

Þffiffiffiffiffiffiffiffi
−x2
p

�
; ð10Þ

where K1 and K2 are the modified Bessel function of the
first and second kind and ū ¼ 1 − u. It should be noted that
we neglect the contributions of the four-particle operators
such as q̄G2q and q̄qq̄q in our calculations since we
anticipate that they will be small (see, for example, [8]).
The theoretical part of the correlation function is

calculated by using the operator product expansion
(OPE) in the deep-Euclidean region p2 → −∞. It follows
from Eq. (1) that it is necessary to know the matrix
elements hPðqÞjq̄ðxÞΓq0ð0Þj0i of the nonlocal operators
between the vacuum and the light pseudoscalar mesons,
where Γ is one of the members of the full-set of the Dirac
matrices. These matrix elements are represented in terms of
the distribution amplitudes (DAs) of the pseudoscalar
mesons [9,10] and presented in Appendix A for complete-
ness. With these DAs, the theoretical part of the correlation
functions can be calculated.
Having obtained the correlation function from both the

hadronic and theoretical sides, by matching the coefficients
of the corresponding Lorentz structures, and performing the
Borel transformation over the variables −p2 and −p02,
which suppresses the higher states and continuum contri-
butions of the desired sum rules, we obtain the sum rules
for the strong decay constants of the heavy axial tensor
mesons to vector (axial) and pseudoscalar meson transi-
tions as follows:

gTAPe−mT
2=M2

1
−m2

A=M
2
2Ai ¼ ΠA

i

gTVPe−mT
2=M2

1
−m2

V=M
2
2Bi ¼ ΠV

i ; ð11Þ

where Ai and Bi are the relevant coefficients of the
structures present in the T − A − P ðT − V − PÞ transitions
[see Eqs. (7) and (8)]. The explicit expressions of ΠA

i , ΠV
i ,

and Ai, Bi are presented in Appendix B.

III. NUMERICAL ANALYSIS

In this section, we calculate the strong coupling con-
stants of the axial tensor mesons with heavy vector (axial)
and light pseudoscalar mesons using the LCSR results
derived in the previous section.
The values of the input parameters used in the numerical

calculations are shown in Table I. For the mass of the axial
tensor mesons except for the observed D2 meson, we used
the sum rule predictions obtained in [11]. For the mass of
the heavy quarks in MS scheme, we take the lattice QCD
results at μ ¼ 2 GeV scale [12]. The distribution ampli-
tudes are the major input parameters for the light cone sum
rules. In our case, we require the DAs of pseudoscalar π and
K mesons. For the sake of completeness, we include these
definitions in Appendix C, which are provided in [9,10].
Note that the DAs of pseudoscalar mesons involve the

first and second momenta aP1 and aP2 , respectively.
However, there is 30% uncertainty in these parameters’
determination in QCD sum rules [14]. As a result, the
choice of these moments has a significant impact on the
determination of the coupling constants [6]. Numerous
research have been conducted recently [15–19] to compute
these parameters inside lattice QCD, and they have now
been more precisely defined [20] as shown in Table II. The

TABLE I. The values of the input parameters needed for the numerical calculations are presented.

Meson mass (GeV)Quark mass
ðμ ¼ 2 GeVÞ
(GeV) [12] T [11] V [1] A [1] P [1]

Decay constant
(GeV) [13]

mc ¼ 1.09 mD2
¼ 2.74 [1] mD� ¼ 2.01 mD1

¼ 2.42 mπ ¼ 0.140 fD� ¼ ð0.263� 0.021Þ
mb ¼ 4.99 mDs2

¼ ð3.01� 0.21Þ mB� ¼ 5.32 mB1
¼ 5.72 mK ¼ 0.494 fD1

¼ ð0.332� 0.018Þ
mB2
¼ ð5.66� 0.33Þ fB� ¼ ð0.213� 0.018Þ

mBs2
¼ ð6.40� 0.25Þ fB1

¼ ð0.335� 0.018Þ
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uncertainties caused by these factors are taken into con-
sideration in our calculations. [See Fig. 1 (color online)].
The sum rules also include two auxiliary parameters, i.e.,

the continuum threshold s0 and the Borel mass parameters
M2

1 and M2
2. Note that the results would be independent of

the Borel mass parameters if it were possible to calculate
the correlation function exactly. Here, we employ the
following approach for the Borel mass parameters. Due
to the fact that the two momenta p2 and p02, and therefore,
the corresponding two Borel parameters M2

1 and M2
2 are

independent variables, we account for the mass difference
between heavy axial tensor and heavy vector (axial)
mesons. By setting the Borel parameters to a fixed value,
the sum rule can be enhanced to some extent,

M2
1

M2
2

¼ m2
T

m2
VðAÞ

: ð12Þ

With this equation and using the definition 1
M2

1

þ 1
M2

2

¼ 1
M2,

we get

m2
T

M2
1

þ
m2

VðAÞ
M2

2

→
μ2

M2
; ð13Þ

where μ2 ¼ 2m2
Tm

2
VðAÞ

m2
Tþm2

VðAÞ
. Hence, instead of two, we can work

with one Borel mass parameter, i.e.,M2, and Eq. (11) takes
the following form:

gTAPe−μ
2=M2

Ai ¼ ΠA
i

gTVPe−μ
2=M2

Bi ¼ ΠV
i : ð14Þ

By imposing the requirement that the contributions result-
ing from higher states continuum should account for less
than 30% of the final result, the operational region of the
Borel mass parameter is established. The lower bound for
M2 can be obtained by ensuring that the highest twist term’s
contribution is 15% smaller than the contributions from
the leading twist term. These two conditions allow us to
determine the working region of M2. Besides, the working
region of s0 is determined from the analysis of two-point
sum rules [11]. We present the working regions of M2 and
s0 in Table III. Obviously, physical quantities should almost
be independent of the variation of these auxiliary param-
eters in their working regions. In Fig. 1, we exhibit the
dependency of strong coupling constants for the considered
vertices with respect to the variation of M2 for the chosen
Lorentz structure at the fixed values of continuum threshold
s0. The plots show the weak dependency on the variation
of the parameters and verify the goodness of the chosen
working region.
Having determined the domains of M2 and s0, we are

ready to calculate the relevant strong coupling constants
of the T − V − P and T − A − P interactions. The numeri-
cal results of the strong coupling constants for all possible
Lorentz structures are presented in Tables IV and V. The
uncertainties due to the first and second momenta of
pseudoscalar meson DAs as well as errors coming
from input parameters and variation of s0 and M2 are
taken into account. Our findings show that the strong
coupling constants depend heavily on the choice of
Lorentz structures, and the numerical values vary through
a wide range between 0.2 and 100.0. A similar outcome
was observed for the strong coupling constants of the
heavy tensor mesons with vector and pseudoscalar
heavy mesons in participation of the light pseudoscalar
mesons [6].
Our numerical analysis shows that the best convergence

of OPE is achieved for the pβpτqα (pαpτqβ) structure.
Besides, once we consider the heavy quark and chiral
symmetry then the coupling constants for D2D�π, Ds2D

�K
and B2B�π, Bs2B

�K vertices are expected to be close to
each other. We see from Tables IV that this condition is
satisfied with good accuracy for the pαpτqβ (pβpτqα)
structure. And notice that the reason for large difference
between B2B1π and Bs2B1K couplings is due to the factor
m2

T−m
2
Aþm2

P

2m2
T

in Eq. (7). Hence, for further analysis, we will use

the coupling constants corresponding to the Lorentz struc-
tures pαpτqβ for T−V−P and ϵαλρτpλqρpβ for T − A − P
interactions. For brevity, these values are also collected
in Table VI.

TABLE II. The values of the parameters of the wave function in
DAs obtained within lattice QCD calculations [20] (at the
renormalization scale μ ¼ 2 GeV).

π K

aP1 0 0.0525þ31−33
aP2 0.116þ19−20 0.106þ15−16

TABLE III. Working regions of the Borel mass parameter M2

and the continuum threshold s0 for the considered vertices.

M2ðGeV2Þ s0ðGeV2Þ
gD2D�π 4–5 9–10
gD2D1π 4–5 9–10
gDs2

D�K 4–5 10–11
gDs2

D1K 4–5 10–11
gB2B�π 11–14 37–37.5
gB2B1π 12–14 37–37.5
gBs2

B�K 11–14 40–42.5
gBs2

B1K 13–16 40–42.5
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Using Eqs. (5), the widths for the decays under consid-
eration can be calculated straightforwardly for TVP and
TAP, respectively, as follows:

ΓTVP¼
g2TVPλðm2

T;m
2
V;m

2
PÞ3=2ðλðm2

T;m
2
V;m

2
PÞþ10m2

Tm
2
VÞ

1920πm7
Tm

2
V

;

ΓTAP¼
g2TAPλðm2

T;m
2
A;m

2
PÞ5=2

1280πm5
T

; ð15Þ

where λða; b; cÞ ¼ a2 þ b2 þ c2 − 2ab − 2ac − 2bc.
With the obtained strong coupling constants, the corre-

sponding decay widths are calculated, and the results are
presented in Table VI. Recall that B2 → B1π decay is not
kinematically not allowed.
Our predictions demonstrate that even though the heavy

axial tensor states anticipated by the quark model have
huge decay widths, they may still be seen in existing and
future planned experiments. We hope that these results will

help to comprehend the nature of the prospective axial
tensor mesons.

IV. CONCLUSION

In this study, using the light cone sum rules approach, we
analyzed the strong couplings of the potential heavy axial
tensor mesons to vector (axial) and pseudoscalar π and K
mesons. Specifically, we studied D2D�π, Ds2D�K, B2B�π,
Bs2B�K ðT − V − PÞ, and D2D1π, Ds2D1K B2B1π,
Bs2B1K TAP vertices. The results heavily depend on
the distribution amplitudes of pseudoscalar mesons, espe-
cially to the parameters of the first and second momenta.
However, recent progress on determining the first and
second momenta of distribution amplitudes of pseudoscalar
mesons within lattice QCD computations enables more
precise calculations. The recent values with corresponding
uncertainties are taken into account for DAs in this study.
We find that the couplings vary widely depending on the
Lorentz structures we choose. However, symmetry argu-
ments enable us to choose consistent structures. With the
obtained coupling constants, we also estimated the decay
widths of the anticipated decays. Even though the decay
widths are large, we hope that our findings will be useful
for the studies in understanding the nature of heavy axial
tensor mesons.

APPENDIX A: MATRIX ELEMENTS
OF NONLOCAL OPERATORS IN TERMS OF DAS

In this section, we present the matrix elements of the
nonlocal operators between the vacuum and one-particle
light pseudoscalar meson states in terms of the distribution
amplitudes [9,10],

TABLE IV. The values of strong coupling constants for T − V − P vertices.

Structures B2B�π Bs2B
�K D2D�π Ds2D

�K

gβτpα ¼ gατpβ 27.11� 1.14 9.73� 1.41 3.21� 0.92 3.74� 0.82
gαβpτ −0.38� 0.01 −0.44� 0.02 −0.62� 0.01 −0.88� 0.01
gβτqα ¼ gατqβ 0.31� 0.01 0.48� 0.12 0.54� 0.17 0.54� 0.19
gαβqτ −3.24� 0.15 −4.43� 0.15 −4.24� 0.16 −5.22� 0.25
pαpβpτ −1.02� 0.04 −1.24� 0.12 −0.87� 0.05 −1.11� 0.06
qαqβqτ −4.95� 0.24 −6.28� 0.40 −2.23� 0.05 −2.70� 0.04
pαqβqτ ¼ pβqαqτ 98.89� 5.20 44.56� 2.81 9.25� 0.21 9.51� 0.16
pτqαqβ 6.34� 0.27 6.87� 0.46 1.92� 0.05 2.20� 0.03
pαpβqτ 19.07� 1.27 29.60� 1.85 16.89� 0.42 28.24� 0.64
pβpτqα ¼ pαpτqβ −11.87� 0.51 −11.45� 0.77 −2.79� 0.06 −2.99� 0.04

TABLE V. The values of strong coupling constants (in units of GeV2) for T − A − P vertices.

Structures D2D1π Ds2D1K B2B1π Bs2B1K

ϵαλρτpλqρpβ ¼ ϵλρβτpλqρpα −4.60� 0.21 −3.97� 0.13 26.19� 1.19 −2.66� 0.19
ϵαλρτpλqρqβ ¼ ϵλρβτpλqρqα 0.38� 0.02 0.46� 0.02 0.14� 0.01 0.15� 0.01

TABLE VI. Strong coupling constants and decay widths Γ of
heavy axial tensor mesons.

Decays gTVP Γ (GeV)

B2 → B�π −11.87� 0.51 ð1.51� 0.13Þ × 10−3

Bs2 → B�K −11.45� 0.77 ð2.90� 0.40Þ × 10−2

D2 → D�π −2.79� 0.06 ð3.46� 0.15Þ × 10−3

Ds2 → D�K −2.99� 0.04 ð5.23� 0.14Þ × 10−3

Decays gTAPðGeV2Þ ΓðGeVÞ
D2 → D1π −4.60� 0.21 ð2.37� 0.22Þ × 10−4

Ds2 → D1K −3.97� 0.13 ð2.44� 0.16Þ × 10−4

B2 → B1π 26.19� 1.19 …
Bs2 → B1K −2.66� 0.19 ð8.70� 1.20Þ × 10−4
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FIG. 1. The variation of the T − V − P and T − A − P vertices on the Borel mass parameter at the fixed values of s0 is shown for the
considered Lorentz structures. The shaded regions show uncertainty due to the first and second momenta of DAs of pseudoscalar mesons.
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hPðpÞjq̄1ðxÞγμγ5q1ð0Þj0i ¼ −ifPqμ
Z

1

0

dueiūqx
�
φPðuÞ þ

1

16
m2

Px
2AðuÞ

�
−
i
2
fPm2

P

xμ
qx

Z
1

0

dueiūqxBðuÞ;

hPðpÞjq̄1ðxÞiγ5q2ð0Þj0i ¼ μP

Z
1

0

dueiūqxϕPðuÞ;

hPðpÞjq̄1ðxÞσαβγ5q2ð0Þj0i ¼
i
6
μPð1 − μ̃2PÞðqαxβ − qβxαÞ

Z
1

0

dueiūqxϕσðuÞ;

hPðpÞjq̄1ðxÞσμνγ5gsGαβðvxÞq2ð0Þj0i ¼ iμP

�
qαqμ

�
gνβ −

1

qx
ðqνxβ þ qβxνÞ

�

− qαqν

�
gμβ −

1

qx
ðqμxβ þ qβxμÞ

�
− qβqμ

�
gνα −

1

qx
ðqνxα þ qαxνÞ

�

þ qβqν

�
gμα −

1

qx
ðqμxα þ qαxμÞ

��Z
Dαeiðαq̄þvαgÞqxT ðαiÞ;

hPðpÞjq̄1ðxÞγμγ5gsGαβðvxÞq2ð0Þj0i ¼ qμðqαxβ − qβxαÞ
1

qx
fPm2

P

Z
Dαeiðαq̄þvαgÞqxAkðαiÞ

þ
�
qβ

�
gμα −

1

qx
ðqμxα þ qαxμÞ

�
− qα

�
gμβ −

1

qx
ðqμxβ þ qβxμÞ

��
fPm2

P

×
Z

Dαeiðαq̄þvαgÞqxA⊥ðαiÞ;

hPðpÞjq̄1ðxÞγμigsGαβðvxÞq2ð0Þj0i ¼ qμðqαxβ − qβxαÞ
1

qx
fPm2

P

Z
Dαeiðαq̄þvαgÞqxVkðαiÞ

þ
�
qβ

�
gμα −

1

qx
ðqμxα þ qαxμÞ

�
− qα

�
gμβ −

1

qx
ðqμxβ þ qβxμÞ

��
fPm2

P

×
Z

Dαeiðαq̄þvαgÞqxV⊥ðαiÞ;

where

μP ¼ fP
m2

P

mq1 þmq2

; μ̃P ¼
mq1 þmq2

mP
;

and q1 and q2 are the quarks forming the pseudoscalar
meson P, Dα ¼ dαq̄dαqdαgδð1 − αq̄ − αq − αgÞ. Here,
φPðuÞ is the leading twist two, ϕPðuÞ, ϕσðuÞ, T ðαiÞ are
the twist three, and AðuÞ, BðuÞ, A⊥ðαiÞ, AkðαiÞ, V⊥ðαiÞ,
and VkðαiÞ are the twist four DAs, respectively, whose
explicit expressions are given in Appendix C.

APPENDIX B: CORRELATION FUNCTIONS

In this section, we present the expressions of the
theoretical part of the correlation functions ΠAðBÞ

i and

ΠVðBÞ
i as well as the coefficients Ai and Bi given in Eq. (11).

1. Expressions of the coefficients Ai in
phenomenological and theoretical parts

of the correlation function
for T → A+P transition

a. Coefficients of the ϵαλρτpλqρpβ
and ϵβλρτpλqρpα structures

ΠA
1 ¼ ΠA

2 ¼ e−m
2
Q=M

2

�
1

48M2
fPm2

Pm
2
QAðu0Þ

−
1

12
fPM2ρPðu0Þ þ

1

72
½3fPm2

PAðu0Þ

− 2ð1 − μ̃2PÞmQμPϕσðu0Þ�
�
;

A1 ¼ A2 ¼ −
fAfTmAmTðmT

2 −m2
A þm2

PÞ
4

:

Here, μ2 ¼ 2m2
Tm

2
VðAÞ

m2
Tþm2

VðAÞ
and u0 ¼ M2

1

M2
1
þM2

2

.
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b. Coefficients of the ϵαλρτpλqρqβ
and ϵβλρτpλqρqα structures

ΠA
3 ¼ ΠA

4 ¼ e−m
2
Q=M

2

�
1

96M2
fPm2

Pm
2
QAðu0Þ

−
1

24
fPM2ρPðu0Þ þ

1

144
½3fPm2

PAðu0Þ

− 2ð1 − μ̃2PÞmQμPϕσðu0Þ�
�
;

A3 ¼ A4 ¼
fAfTmAmT

3

2
:

2. Expressions of the coefficients Bi in
phenomenological and theoretical parts of the
correlation function for T → V +P transition

a. Coefficients of the pαgβτ and pβgατ structures

ΠV
1 ¼ ΠV

2 ¼ e−m
2
Q=M

2

�
−

1

48M2
fPm4

Pm
2
QAðu0Þ

−
fPm2

P

96
f4m2

PAðu0Þ þm2
Q½8j̃ðBÞ −A0ðu0Þ�g

þM2

48
f4mQμPϕσðu0Þ þ fPm2

P½4φPðu0Þ

þ A0ðu0Þ�g −
1

24
½fPM4φ0Pðu0Þ�

�
;

B1 ¼ B2 ¼
fTfVmTmVðmT

2 −m2
V þm2

PÞ
4

:

b. Coefficient of the pτgαβ structure

ΠV
3 ¼ e−m

2
Q=M

2

�
1

4
fPm2

PM
2j̃ðBÞ

�
;

B3 ¼
fTfVmT ½m4

V − ðmT
2 −m2

PÞ2Þ�
12mV

:

c. Coefficients of the qαgβτ and qβgατ structures

ΠV
4 ¼ ΠV

5 ¼ e−m
2
Q=M

2

�
−

1

96M2
fPm4

Pm
2
QAðu0Þ

−
1

192
fPm2

Pf½2ð2m2
P −m2

QÞAðu0Þ�

þm2
Q½8j̃ðBÞ −A0ðu0Þ�g þ

1

288
M2f4mQμP½3ϕσðu0Þ

− ð1 − μ̃2PÞϕσðu0Þ� þ 3fPm2
P½2Aðu0Þ þ 4φPðu0Þ

þ A0ðu0Þ�g −
1

48
fPM4½2φPðu0Þ þ φ0Pðu0Þ�

�
;

B4 ¼ B5 ¼ −
fTfVmT

3mV

2
:

d. Coefficients of the qτgαβ and qβgατ structures

ΠV
6 ¼ e−m

2
Q=M

2

�
1

24
fPm2

Pm
2
QAðu0Þ −

1

6
fPM4φPðu0Þ

þ 1

144
M2f9fPm2

P ½Aðu0Þ þ 2j̃ðBÞ�

þ 4ð1 − μ̃2PÞmQμPϕσðu0Þg
�
;

B6 ¼
fTfVmTðmT

2 þm2
V −m2

PÞ2
12mV

:

e. Coefficient of the pαpβpτ structure

ΠV
7 ¼ e−m

2
Q=M

2

�
1

3
fPm2

P j̃ðBÞ
�
;

B7 ¼ −
fTfV ½mT

4 −m4
V þm2

Pð4mT
2 þm2

PÞ�
6mTmV

:

f. Coefficient of the qαqβqτ structure

ΠV
8 ¼ e−m

2
Q=M

2

�
1

48M2
fPm2

Pm
2
QAðu0Þ

þ 1

24
fPm2

P½Aðu0Þ þ j̃ðBÞ� − 1

12
fPM2φPðu0Þ

�
;

B8 ¼
fTfVmT

3

mV
:

g. Coefficients of the pαqβqτ and pβqαqτ structures

ΠV
9 ¼ ΠV

10 ¼ e−m
2
Q=M

2

�
1

32M2
fPm2

Pm
2
QAðu0Þ

−
1

8
fPM2φPðu0Þ þ

1

144
f3fPm2

P½3Aðu0Þ þ 4j̃ðBÞ�

þ 2ð1 − μ̃2PÞmQμPϕσðu0Þg
�
;

B9 ¼ B10 ¼ −
fTfVmTðmT

2 −m2
V þm2

PÞ
2mV

:
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h. Coefficient of the pτqαqβ structure

ΠV
11 ¼ e−m

2
Q=M

2

�
1

48M2
fPm2

Pm
2
QAðu0Þ −

1

12
fPM2φPðu0Þ

þ 1

72
f3fPm2

P ½Aðu0Þ þ 2j̃ðBÞ�

− 2ð1 − μ̃2PÞmQμPϕσðu0Þg
�
;

B11 ¼ −
fTfVmT

3

mV
:

i. Coefficient of the pαpβqτ structure

ΠV
12 ¼ e−m

2
Q=M

2

�
1

24M2
fPm2

Pm
2
QAðu0Þ −

1

6
fPM2φPðu0Þ

þ 1

36
f3fPm2

P ½Aðu0Þ þ 2j̃ðBÞ�

þ 2ð1 − μ̃2PÞmQμPϕσðu0Þg
�
;

B12 ¼
fTfV ½mT

4 þ ðm2
V −m2

PÞ2 − 4mT
2ðm2

V −m2
PÞ�

6mTmV
:

j. Coefficients of the pαpτqβ and pβpτqα structures

ΠV
13 ¼ ΠV

14 ¼ e−m
2
Q=M

2

�
1

24M2
fPm2

Pm
2
QAðu0Þ

−
1

6
fPM2φPðu0Þ þ

1

36
f3fPm2

P½Aðu0Þ þ 4j̃ðBÞ�

þ 2ð1 − μ̃2PÞmQμPϕσðu0Þg
�
;

B13 ¼ A14 ¼
fTfVmTðmT

2 þm2
PÞ

2mV
:

The function j̃ðfðuÞÞ is defined as

j̃ðfðuÞÞ ¼
Z

1

u0

dufðuÞ: ðB1Þ

Note that the continuum subtraction is taken into account

via M2 → M2ð1 − e−ðs0−m
2
QÞ=M2Þ and M4 → M4ð1þ m2

Q

M2 −
ð1þ s0

M2ÞÞe−ðs0−m2
QÞ=M2

.

APPENDIX C: EXPRESSIONS OF DISTRIBUTION
AMPLITUDES FOR PSEUDOSCALAR MESONS

In this section, we present the correlation functions of the
pseudoscalar mesons in terms of DAs,

φPðuÞ ¼ 6uū½1þ aP1 C1ð2u − 1Þ þ aP2 C
3=2
2 ð2u − 1Þ�;

T ðαiÞ ¼ 360η3αq̄αqα
2
g

�
1þ w3

1

2
ð7αg − 3Þ

�
;

ϕPðuÞ ¼ 1þ
�
30η3 −

5

2

1

μ2P

�
C1=2
2 ð2u − 1Þ þ

�
−3η3w3 −

27

20

1

μ2P
−
81

10

1

μ2P
aP2

�
C1=2
4 ð2u − 1Þ;

ϕσðuÞ ¼ 6uū

�
1þ

�
5η3 −

1

2
η3w3 −

7

20
μ2P −

3

5
μ2Pa

P
2

�
C3=2
2 ð2u − 1Þ

�
;

VkðαiÞ ¼ 120αqαq̄αgðv00 þ v10ð3αg − 1ÞÞ;

AkðαiÞ ¼ 120αqαq̄αgð0þ a10ðαq − αq̄ÞÞ;

V⊥ðαiÞ ¼ −30α2g
�
h00ð1 − αgÞ þ h01ðαgð1 − αgÞ − 6αqαq̄Þ þ h10

�
αgð1 − αgÞ −

3

2
ðα2q̄ þ α2qÞ

��
;

A⊥ðαiÞ ¼ 30α2gðαq̄ − αqÞ
�
h00 þ h01αg þ

1

2
h10ð5αg − 3Þ

�
;

BðuÞ ¼ gPðuÞ − φPðuÞ;
gPðuÞ ¼ g0C

1=2
0 ð2u − 1Þ þ g2C

1=2
2 ð2u − 1Þ þ g4C

1=2
4 ð2u − 1Þ;

AðuÞ ¼ 6uū

�
16

15
þ 24

35
aP2 þ 20η3 þ

20

9
η4 þ

�
−

1

15
þ 1

16
−

7

27
η3w3 −

10

27
η4

�
C3=2
2 ð2u − 1Þ

þ
�
−

11

210
aP2 −

4

135
η3w3

�
C3=2
4 ð2u − 1Þ

�
;

þ
�
−
18

5
aP2 þ 21η4w4

�
½2u3ð10 − 15uþ 6u2Þ ln uþ 2ū3ð10 − 15ūþ 6ū2Þ ln ūþ uūð2þ 13uūÞ�;
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where Ck
nðxÞ are the Gegenbauer polynomials, and

h00 ¼ v00 ¼ −
1

3
η4; a10 ¼

21

8
η4w4 −

9

20
aP2 ; v10 ¼

21

8
η4w4; h01 ¼

7

4
η4w4 −

3

20
aP2 ;

h10 ¼
7

4
η4w4 þ

3

20
aP2 ; g0 ¼ 1; g2 ¼ 1þ 18

7
aP2 þ 60η3 þ

20

3
η4; g4 ¼ −

9

28
aP2 − 6η3w3;

η3 ¼ 0.015; η4 ¼ 10; w3 ¼ −3; w4 ¼ 0.1:
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