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ABSTRACT

RESOURCE ALLOCATION IN THE FINITE BLOCKLENGTH REGIME IN
5G

Kartal, Ozkan Tugberk
M.S., Department of Electrical and Electronics Engineering
Supervisor: Prof. Dr. Elif Uysal
Co-Supervisor: Prof. Dr. Onur Kaya

April 2023, 221] pages

With the enhancements in 5G Technology, URLLC (Ultra-reliable low-latency com-
munication) Systems have become more and more important. Related to URLLC
Systems with known packet arrival processes and channel conditions, many studies
have been done. The objective of this thesis is to present a formulation of allocating
resource blocks, modulation and coding rates to multiple short packet machine-type
information flows to provide age and delay violation guarantees. The scenario is
motivated by the scheduling of URLLC flows on the uplink of a 5G cellular base
station. The problem involves the selections of frequency allocation policy and mod-
ulation and coding scheme (MCS) under full CSI. Moreover, the sensitivity of the
information packet size on the choice of modulation and coding parameters as well
as the number of resource blocks and the choice of the number of pilot symbols is
demonstrated. The results of this formulation is compared with resource allocation

algorithms in the literature.



Keywords: 5G, Age of Information, Resource Allocation, Modulation and Coding

Scheme, Finite Blocklength
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0z

5G SISTEMLERINDE SONLU BLOK UZUNLUGU KULLANIMI
ESNASINDA KAYNAK TAHSISI

Kartal, Ozkan Tugberk
Yiiksek Lisans, Elektrik ve Elektronik Miihendisligi Boliimii
Tez Yoneticisi: Prof. Dr. Elif Uysal
Ortak Tez Yoneticisi: Prof. Dr. Onur Kaya

Nisan 2023 , 221] sayfa

5G Teknolojisindeki gelismelerle birlikte URLLC (Ultra Giivenilir ve Diisiik Gecik-
meli Iletisim) Sistemleri giderek daha 6nemli hale geldi. Bilinen paket varis siiregleri
ve kanal kosullar1 olan URLLC Sistemleri ile ilgili bir¢ok ¢alisma yapilmistir. Bu te-
zin amaci, yas ve gecikme ihlali garantileri saglamak amaciyla ¢ok sayida kisa paket
makine tipi bilgi akisina kaynak bloklari, modiilasyon ve kodlama oranlarini tahsis
eden bir formiilasyon sunmaktir. Senaryo, bir 5G hiicresel baz istasyonunun yer-uydu
baglantis tizerindeki URLLC akiglarinin programlanmasiyla motive edilir. Problem
tam CSI altinda frekans tahsis politikas1 ve modiilasyon ve kodlama semas1 (MCS)
secimlerini igerir. Ayrica, bilgi paketi boyutunun, modiilasyon ve kodlama parametre-
lerinin yani sira kaynak bloklarinin sayisi ve pilot sembollerin sayisinin se¢imi iizerin-
deki hassasiyeti gosterilmektedir. Bu formiilasyonun sonuclari, literatiirdeki kaynak

tahsisi algoritmalari ile karsilastirilmistir.
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Anahtar Kelimeler: 5G, Bilgi Yasi, Kaynak Tahsisi, Modiilasyon ve Kodlama Semast,
Sonlu Blok Uzunlugu
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CHAPTER 1

INTRODUCTION

1.1 Motivation and Problem Definition

With the enhancements in 5G Technology, URLLC Systems have become more and
more important. URLLC data transmission is important to real-time networked ap-

plications and is often characterized by quite stringent QoS requirements such as

99.999% reliability and 1 ms delay [9].

For applications such as remote tracking, monitoring and control, the freshness of
the most recently received information packet tends to be more directly relevant to
the performance of the application, than the delays experienced by individual packets
serving that application. Freshness or timeliness of information has been captured by
the metric Age of Information (Aol) [10} [11}, 12]. The Aol of a flow at time ¢ is de-
fined as A(t) = t —u(t), where u(t) is the time that the newest sample available at the
destination of the flow was sampled or generated at the source side. Metrics derived
from Aol, such as the average Aol, peak Aol (PAol) [10], or query Aol (QAol) try
to capture timeliness as it relates to remote monitoring or status update type flows,
more directly than it can be captured by latency experienced by individual packets
or the average latency of a flow. For one thing, a low delay in the MAC layer does
not guarantee end-to-end data freshness, as it ignores application layer queuing. Con-
versely, end-to-end connections over the Internet with fast transport connections may
be forced to reduce their rates below the bottleneck rate to avoid queuing at slower
RAN links [13]. Moreover, meeting an average latency requirement does not guaran-
tee a low Aol [14]]. Also, in certain cases a strict latency requirement is by itself not

necessary, and can lead to over-provisioning.



To satisfy the reliability, latency/age requirements in a shared access link, the resource
allocation needs to be optimized. The spectrum resource has been organized through
the numerology concept in 5G which offers ample flexibility for assigning resource
blocks (RBs) to information packets, and selecting a modulation and coding scheme
(MCS) for each RB. Increasing the number of RBs occupied by a URLLC flow can
increase rate and reliability, while stealing from resources that would otherwise be
available to non-URLLC services, i.e. eMBB. As for MCS selection, increasing the
modulation order helps reduce the transmission delay to within acceptable bounds,
while increasing the error probability. Too much of this can lead to even more delay
due to re-transmissions. This tradeoff must be carefully navigated, to satisfy to var-
ious degrees the performance objectives. In this thesis, parts of this tradeoff surface

are explored.

1.2 Related Work

There is already a quite rich literature on resource allocation in 5G systems. A re-
lated formulation is Outer Loop Link Adaptation (OLLA) [[15] for Block Error Rate
(BLER) optimization using Multi Armed Bandit (MAB) methods. System capacity
and spectrum efficiency optimization was achieved in [16] through three proposed al-
gorithms named mode allocation algorithm, neighbor graph establishment algorithm
and resource selection algorithm. Introducing Aol to resource allocation, several al-

location policies were considered in [17].

There have been studies of resource allocation in the finite blocklength regime. [18]
is a backbone paper serving achievability and converse bounds related to channel
coding. In [[19], transmit power minimization and energy-efficiency maximization
was addressed using the semidefinite programming (SDP) relaxation and successive
convex approximation (SCA). In [20], the throughput of a communication system uti-
lizing incremental redundancy hybrid automatic repeat request (HARQ) was analyzed
in the finite blocklength power limited regime. In [[7], the study on the minimization
of the age violation probability was conducted by adaptive blocklength and MCS se-
lection using dynamic programming and reinforcement learning. [8] mentioned about

the maximization of the metric named effective energy efficiency by proposing a joint



power and rate allocation which also considered outage and delay violation events.
In [21]], the analysis of PAol violation probability under LCFS-S and simple ARQ
transmission over a MIMO, spatially white, Rayleigh block-fading channel was con-
sidered. Moreover, the assumed transmission model in [21] is pilot-assisted QPSK
transmission involving ML channel estimation and nearest neighbor decoding. The
analysis in [21] aims to find the optimum physical layer parameters such as SNR,

pilot symbol count and number of RBs.

1.3 Contributions and Novelties

The contributions are as follows:

e In Chapter 3, the two hop multifiow communication model using finite block-
length and AMC scheme is developed. The resource allocation mechanism and
optimization problems basing on the minimizations of delay and RB count are

formulated. The theoretical solution is sought.

e In Chapter 4, a MATLAB Simulation basing on a numerical search is con-

ducted.

e In Chapter 4, the resource allocation mechanism formulated is compared with

resource allocation algorithms in the literature.

1.4 The Outline of the Thesis

The background information regarding concepts 5SG, URLLC, Modulation and Cod-
ing Schemes, and Age of Information and Derived Definitions are given in Chapter
2. Chapter 3 gives at first the system model for the resource allocation in the finite
blocklength regime under PAol and delay violation constraints and then the theoret-
ical solution for the posed problems. The simulation setup and the numerical study
of the problem by tables and plots are given in Chapter 4. Comparisons with re-
source allocation algorithms in the literature are also given in Chapter 4. The thesis

is concluded in Chapter 5.






CHAPTER 2

BACKGROUND INFORMATION REGARDING CONCEPTS

2.1 5G

5G (Fifth Generation) is a technology standard for cellular networks. It has been
defined by ITU (International Telecommunication Union) and standardized by 3GPP
(3rd Generation Partnership Project) in the late 2010s. Its worldwide use is envisioned
in the early 2020s with the requirements called as IMT-2020 [22]. 5G Communication
and Network Systems focuses on metrics such as system capacity, latency, connec-
tion density, energy efficiency, spectral efficiency, peak data rate and user experienced
data rate and for serving these metrics, 5G NR (New Radio) has been designed [23]].
5G Communication and Network Systems comprise of three categories aka use cases
which are eMBB (Enhanced Mobile Broadband Communication), URLLC (Ultra-
reliable and Low Latency Communication) and mMTC (Massive Machine Type Com-
munication) [3]]. Important metrics for eMBB systems include spectral efficiency and
data rate [24)]. For URLLC systems, reliability and latency are key metrics [9]]. For
mMTC systems, connection density and energy are the mainly considered metrics
[25]. In Figures [2.1] [2.2] and [2.3] the use cases and the importance of the key metrics

for these use cases which have been standardized in IMT-2020 can be seen.

For the 5G NR, numerology and resource block configuration are defined and can
be summarized in Figures [2.4] [2.5] [2.6] and Figures [2.4] and [2.5] demonstrate
that there are five Subcarrier Spacing (SCS) values available in 5G NR given by the
formula 2#- 15kHz and the numerology i € {0, 1,2,3,4}. In a lms subframe, there
exists 2# slots. In the 5G NR, both TDD and FDD exist and Figure @] shows the

resource grid pattern consisting of RBs. The parameters of RBs vary according to the
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numerology and Figure [2.7] points out the relation.

2.2 URLLC

URLLC (Ultra Reliable Low Latency Communication) data transmission is important
to real-time networked applications such as tactile internet [26], remote control [27],
autonomous vehicles [28], augmented reality [29] and industrial automation [30]. The
significant requirements for URLLC can be exemplified as (i) QoS, (ii) coexistence

with eMBB and mMTC, (iii) packet structure, and (iv) scheduling.

URLLC is often characterized by quite stringent QoS requirements which are 99.999%
reliability and 1 ms delay [9]]. In other words, error rate becomes below 107, More-
over, areas such as industrial automation requires error rate on the order of 10~ [31].
In all cases, the purpose is to have low latency and high reliability. For example, in
industrial automation, the automated car assembly line has low latency to catch up
with the moving tray and has high reliability to beware from damages during the as-
sembly [31]. When it is aimed to minimize the latency, short packet usage is required.
However, short packet usage causes a severe degradation in channel coding gain and
so severe degradation in reliability. On the other hand, when it is aimed to enhance
reliability, usage of more resources (e.g. parity, redundancy) is required and this situ-

ation simply increases the latency. So there is a trade-off between the objectives ultra
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Figure 2.4: 5G numerology and slot length [3]]
Slot configuration
Subcarrier
spacing (kHz) 15 30 60 120 240
Symbol duration 66.7 333 16.6 8.33 4.17
(ps)
CP duration (ps) 4.7 241 1.205 (normal CP), 0.6 0.3
4.13 (extended CP)
Nominal max. 50 100 100 (sub-6 GHz), 400 400
bandwidth (MHz) 200 (mmWAVE)
Max. FFT size 4096 4096 4096 4096 4096
Symbols per slot 14 14 14 (normal CP), 14 14
12 (extended CP)
Slots per subframe 1 2 4 8 16
Usage Outdoor Outdoor Indoor wideband Very Indoor
large cell small cell cell (5GHz) small cell very
(<3GHz)  (>3GHz)  gmallcell (>6CGHz) (28GHz) small cell

Figure 2.5: 5G NR numerology
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" 0 1 2 3 4
Subcarrier 15 30 60 120 240
spacing (kHz) (normal CP)
RB bandwidth 180 360 720 (60 % 12) 1440 2880
(kHz) (15x12) (30% 12) (120x 12) (240x 12)
RB duration (ms) 1 0.5 0.25 0.125 0.0625
Min. RBs 24 24 24 24 24
Max. RBs 275 275 275 275 138
Min. channel 432 8.64 17.28 34.56 69.12
BW (MHz)
Max. channel 49.5 99 198 396 397.44
BW (MHz)

Figure 2.7: 5G NR RB configuration [3]]



reliability and low latency.

Coming to the coexistence with eMBB and mMTC, the issue can be explained as
follows: Requesting for URLLC service leads base station to access the wireless
medium in order to transmit the URLLC packets instantly and this may happen in the
middle of another data transmission period [2]. This situation induces stopping the
transmission of eMBB and mMTC packets without any notice to transmit URLLC
packets and so a coexistence problem occurs [2]. In other words, due to not being
aware of URLLC packets, eMBB and mMTC packet error rates increase. To cope
with this coexistence problem, reactive and proactive strategies can be developed [2].
Reactive strategies are related to assigning high precedence to the URLLC transmis-
sion and are based on retransmission mechanisms that are for either transport block,
selected symbols or selected code blocks [2]. Proactive strategies are related to as-
suring the reliability of data channel by using additional resources such as parity bits

and proactive strategies involve robust channel coding or sharing [2].

Packet structure should be designed for decreasing latency in terms of packet pro-
cessing and transmission time [2]. Packet processing time is sum of five terms which
are packet acquirement, channel information access, control information extraction,
packet decoding for data and error checking [2]. For reducing transmission time,
packets consist of three parts which are pilot part used for channel estimation, control
part employing polar code and data part employing LDPC (Low Density Parity Check
code) [2].

There are three scheduling mechanisms for URLLC which are instant access (no
reservation), semi-static reservation and dynamic reservation [31]. Instant access
bases on transmitting generated URLLC packets which leads to the interrupt of the
ongoing data transmission and so throughput loss due to abrupt increase in the packet
error rate of stopped services [31]. In semi-static reservation, the frame structure con-
figuration (e.g. frequency, numerology, service time) is broadcasted infrequently by
the BS and this situation provides avoiding abrupt performance loss of the ongoing
data transmission [2]. In dynamic reservation, the frame structure configuration is
broadcasted frequently by the BS via using the control channel of scheduled user and

this approach has a drawback due to the wasted reserved resources if no URLLC data

10



is present to be sent [2].

2.3 Modulation and Coding Schemes

Not only 5G Communication and Network Systems, but each communication system
involves Modulation and Coding Schemes in its physical layer design. Brief informa-

tion about Modulation and Coding Schemes can be given as follows.

2.3.1 M-PAM

In M-PAM, b bit symbols are used to select M = 2° signal amplitudes [32]. When m
=1, 2, ..., M; the M-ary PAM signal s,,(t) is given by

Sm(t) = Anp(t) = (2m — 1 — M)Ap(t) (2.1)

where p(t) is the pulse signal of duration T and A,, is the signal amplitude and A is
an arbitrary scale factor [32]. Each signal can be given in a geometric representation
as

Sm=(2m —1—- M)A/, (2.2)

where Ve is the 2-norm of p(t) [32]]. Assuming that A\/@ = 1, the sample M-PAM

Constellation Diagram is given in Figure 2.§]

2.3.2 M-PSK

In M-PSK, M signal phases are selected and assuming that ¢,,, = 2mm/M is the
phase of the m* signal, m = 1, 2, ..., M, the geometric representation of the M-ary

PSK signal s,,(t), i.e. s,,, is given by
Sm = (VEscos2mm /M, \/essin 2rm /M) (2.3)

where ¢, is the energy in each signal [32]. Assuming that ¢, = 1, the sample M-PSK

Constellation Diagram is given in Figure [2.9]
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EPSK
90
120 5 60
150 1.5 30
180 0
210 330
240 300
270
B-PSK
90
120 5 B0
150 1.5 30
180 0
210 330
240 300
270

QPSK

90
120 5 60
150 1.5 30
0.5
180 0 0
210 330
240 300
270
16-PSK
90
120 5 B0
150 1.5 30
0.5
180 0 0
210 330
240 300
270

Figure 2.9: The M-PSK Constellation Diagram
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Figure 2.10: The M-QAM Constellation Diagram [4]]

233 M-QAM

M-QAM involves both pulse amplitude modulation and phase shift keying and the
sample M-QAM Constellation Diagram is given in Figure 2.10}

2.3.4 Modulation Constants

For QAM modulated signals, modulation constants can be defined in order to relate
the energy of the signal to its moments and powers. Assuming that ;, is the modu-
lation order, base 2 logarithm of the number of constellation points M (for b;, = 1,
i.e. for so called 2-QAM, it is assumed that the set of signal constellation points is
{1 +J,—1 — j}); modulation constants Cy, , Dy, , Fy, , Gy, , Jp, and Ry, can be
defined and some of their values can be seen on Tables[2.1] 2.2, 2.3] 2.4} [2.5] and [2.6]

respectively. As b, increases, Cbzk takes values around 1.4. Dbzk is always equal to

14



Table 2.1: Cj, values

b, | Bl E|.|" Cy, = ol
1 | 1(2-2)=2 12-4)=4 1

2 |i4-2)=2 l4-4)=4 1

3 | 5(4-2+4-10)=6| 5(4-4+4-100) =52 | £ =1.44

4 |10 132 1.32

5 120 524 1.31

6 |42 2436 2 =138

8 | 170 40324 M —14

10 | 682 650628 =14

12 | 2730 10431876 28 —14

zero except for the cases when b, = 1 and when b, = 3. As by, increases, F}, takes
values around 2.31. As b, increases, Gy, takes values around 4.2. J,, is always
equal to zero except for the cases when b, = 1 and when b, = 3. Ry, is always

equal to zero except for the cases when b;, = 1 and when b;, = 3.

2.3.5 MCS Index Tables

In order to select the modulation order for QAM and channel coding rate, there ex-
ist MCS Index Tables defined by 3GPP standards and these tables used in PDSCH
and PUSCH channels [5]. Figures2.11}, 2.12} 2.13] 2.14] and [2.15| demonstrate these
tables.

2.4 Age of Information and Derived Definitions

For applications such as remote tracking, monitoring and control, the freshness of
the most recently received information packet tends to be more directly relevant to
the performance of the application, than the delays experienced by individual packets
serving that application. Freshness or timeliness of information has been captured by

the metric Age of Information (Aol) [10} [11}, 12]. The Aol of a flow at time ¢ is de-
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Table 2.2: Dy, values

b, | B[P E[()? Dy, = 2
1| 3(2-2)=2 3(25 +25) =2j j

2 | 14-2)=2 12-2j+2-(—24) =010

§(2-2) +2-(=29)
3 | i(4-2+4-10)=6 +2- (8 +69) 2=0.67
+2-(8—65)) =4

4 |10 0 0

5 120 0 0

6 |42 0 0

8 | 170 0 0

10 | 682 0 0

12 | 2730 0 0

Table 2.3: Fy, values

b, | B[ E[|.] By, = s
1 1 1(2-2)=2 1(2-8)=38 1
2 |1(4-2)=2 14-8)=38 1
3 | 5(4-2+44-10)=6| 5(4-8+4-1000) =504 | £ =2.33
4 |10 1960 1.96
5 |20 15200 1.9
6 |42 164904 o =2.23
8 | 170 11261480 oo =2.29
10 | 682 732372520 28465 — 2.31
12 | 2730 47059320360 30106231 — 2.31

13042575
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Table 2.4: Gy, values

b, | [ E[|.]F G, = b
1 |12-2)=2 $(2-16) =16 1
2 | 14-2)=2 1(4-16) =8 1
3 | 2(4-2+44-10)=6| L(4-1644-10000) = 5008 | 23 = 3.86
4 |10 31248 3.1248
5 120 463952 2.8997
6 |42 12331536 =396
8 | 170 3500370448 12869009 = 4.19
10 | 682 919253576208 L0885 — 4.25
12 | 2730 236830349617680.2 4.26
Table 2.5: J,, values

b, | Bl E[(.)?]. I, = TaIA

1 |35(2-2)=2 5(47 +4j) = 4 j

2 | 1(4-2)=2 1(2-4j+2-(=44))=010

§(2-45+2- (=4))
3 |:(4-244-10)=6 +2 - (80 + 605) 2 =111
+2- (80 — 607)) = 40

4 |10 0 0

5 120 0 0

6 |42 0 0

8 | 170 0 0

10 | 682 0 0

12 | 2730 0 0
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Table 2.6: Ry, values

EI(. 2| |14

b, | Bl E[()?[4 Ry, = TP

1| 5(2-2)=2 1(8j +8j) = 8j j

2 |1(4-2)=2 2-8j+2-(=8j)=0 |0

§(2-8j+2-(=8))
3 %(4-2+4-10):6 +2 - (800 + 6007) ¥_1.85
+2 - (800 — 6005)) = 400

4 10 0 0

5) 20 0 0

6 42 0 0

8 170 0 0

10 | 682 0 0

12 | 2730 0 0

Hl:i::;de: Hodulalg:n Order Target code Rate R x [1024] ;g::;t;g;

0 2 120 0.2344
1 2 157 0.3066
2 2 193 0.3770
3 2 251 0.4902
4 2 308 0.6016
5 2 379 0.7402
6 2 449 0.8770
7 2 526 1.0273
8 2 602 1.1758
9 2 679 1.3262
10 4 340 1.3281
11 4 378 1.4766
12 4 434 1.6953
13 4 480 1.9141
14 4 553 2.1602
15 4 616 24063
16 4 658 2.65703
17 5] 438 2.5664
18 5] 466 2.7305
19 5] 517 3.0293
20 3] 567 3.3223
21 5] 616 3.6094
22 & 666 3.9023
23 5] 719 4.2129
24 5] 772 45234
25 5] 822 48164
26 li] 873 5.1152
27 5] 910 5.3320
28 & 048 5.6647
29 2 resenved
30 4 reserved
E g 5] reserved

Figure 2.11: MCS index table 1 for PDSCH [J5]
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MC?MLr;dex Madulatg;n Order Target code Rate R x [1024] ;;:-::;2;
0 2 120 0.2344
1 2 143 0.3770
2 2 308 0.60186
3 2 449 0.8770
4 2 602 1.1758
5 4 378 1.4766
B 4 434 1.6853
7 4 490 1.9141
8 4 553 21602
9 4 616 2 4063
10 4 658 25703
11 5] 466 2.7305
12 B 517 3.0293
13 [ 567 33223
14 B 616 36084
15 5] BE6 3.9023
16 B 719 42129
17 (5] 772 4.5234
18 [ 822 4 8164
19 (5] 873 51152
20 8 6825 5.3320
21 [ 711 5.5547
22 8 TE4 5 8906
23 8 787 62266
24 8 841 6.5703
25 8 8B5S 6.9141
26 8 9165 71602
27 8 948 7.4063
28 2 reserved
29 4 reserved
30 [ reserved
H 8 reserved

Figure 2.12: MCS index table 2 for PDSCH [5]]
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HC?":;dax Hodulatgr Order Target code Rate R x [1024] 3'-::-:;!;2;
0 2 a0 0.0586
1 2 40 0.0781
2 2 50 0.0977
3 2 64 0.1250
4 2 78 0.1523
5 2 99 0.1934
6 2 120 0.2344
7 2 157 0.3066
8 2 193 0.3770
9 2 251 0.4902
10 2 308 0.6016
11 2 379 0.7402
12 2 449 0.8770
13 2 526 1.0273
14 2 B02 1.1758
15 4 340 1.3281
16 4 ars 1.4766
17 4 434 1.6953
18 4 480 1911
19 4 553 21602
20 4 616 2.4063
21 5] 438 2.5664
22 5] 466 2.7305
23 5] 517 3.0203
24 5] 567 3.3223
25 6 616 3.6004
26 6 666 3.9023
27 5] 719 42129
28 5] 772 45234
29 2 reserved
30 4 reserved
<1 6 reserved

Figure 2.13: MCS index table 3 for PDSCH [35]
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MCS Index | Modulation Order | Target code Rate R x 1024 Spectral
lucs Qe efficiency
0 q 240/ g 0.2344
1 q 314/ q 03066
2 2 193 0.3770
3 2 251 0.4902
4 2 308 0.6016
5 2 3179 0.7402
6 2 449 0.8770
T 2 526 1.0273
8 2 612 1.1758
9 2 679 1.3262
10 4 340 1.3281
11 4 378 1.4766
12 4 434 1.6953
13 4 490 1.9141
14 4 553 21602
15 4 616 2.4063
16 4 658 2.5703
17 [ 466 2.7305
18 [ 517 3.0293
19 [ 567 3.3223
20 [ 616 3.6094
21 ] 666 3.9023
22 [ 719 4.2129
23 [ 772 4.5234
24 [ §22 48164
25 [ 873 5.1152
26 [ a10 5.3320
27 [ 948 5.5547
28 q reserved
29 2 reserved
30 4 resernved
kLl [i] resernved

Figure 2.14: MCS index table for PUSCH with transform precoding and 64QAM [5]]
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MCS Index | Modulation Order | Target code Rate R x 1024 Spectral
Iucs Qm efficiency
0 q 6/ 0.0586
1 q R0ig 0.0781
2 q 100/g 0.0977
3 q 128/g 0.1250
4 q 156/g 0.1523
5 q 198/g 0.1934
6 2 120 0.2344
7 2 157 0.3066
8 2 193 0.3770
9 2 251 0.4902
10 2 308 0.6016
11 2 379 0.7402
12 2 449 0.8770
13 2 526 1.0273
14 2 602 1.1758
15 2 679 1.3262
16 4 378 1.4766
17 4 434 1.6953
18 4 490 1.9141
19 4 553 2.1602
20 4 616 2.4063
21 1 H58 2.5703
22 4 699 2.7305
23 1 772 3.0156
24 [ 567 3.3223
25 [ 616 3.6094
26 6 b6 3.9023
27 3 772 4.5234
28 q reserved
29 2 reserved
30 4 reserved
3 5] reserved

Figure 2.15: MCS index table 2 for PUSCH with transform precoding and 64QAM
(5]
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Figure 2.16: Age Evolution [6]

fined as A(t) = t—wu(t), where u(t) is the time that the newest sample available at the
destination of the flow was sampled or generated at the source side. Metrics derived
from Aol, such as the average Aol, peak Aol (PAol) [10], or query Aol (QAol) try
to capture timeliness as it relates to remote monitoring or status update type flows,
more directly than it can be captured by latency experienced by individual packets
or the average latency of a flow. For one thing, a low delay in the MAC layer does
not guarantee end-to-end data freshness, as it ignores application layer queuing. Con-
versely, end-to-end connections over the Internet with fast transport connections may
be forced to reduce their rates below the bottleneck rate to avoid queuing at slower
RAN links [[13]]. Moreover, meeting an average latency requirement does not guaran-
tee a low Aol [14]. Also, in certain cases a strict latency requirement is by itself not

necessary, and can lead to over-provisioning. An age evolution example can be given

in Figure

The time average Aol is defined as

1 T
Ap=— / A(t)dt (2.4)
0
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and the ensemble average age is defined as
T—00
where T is the length of the time interval [6]].
For the i*h packet to be serviced, PAol is defined as (see Figure [2.16)
A=Y+ T,

where Y; is the interarrival time and 7 is the system time [6].

The time average PAol is defined as

(2.5)

(2.6)

2.7)

where N(T) is the number of packets whose services are completed by time T [6].
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CHAPTER 3

RESOURCE ALLOCATION IN THE FINITE BLOCKLENGTH REGIME
UNDER PAOI AND DELAY VIOLATION CONSTRAINTS

3.1 System Model

Itis assumed that there are K independent transmitter receiver pairs, connected through
a base station. The kth pair is assigned an information flow k, transmitted over two
hops, i.e., from 7°X}, to BS and BS to RXy, where 1 < k < K. The focus is on
the transmission of a finite number of information bits, By, by flow & over these two
hops. The transmission of this data block over each hop will take a frame duration,
A, if there are no errors, but if there is a decoding error (block error), the transmis-
sion will be repeated through a simple ARQ mechanism. Two optimization problems
with different objectives will be posed. In the first, it is desired that the transmission
over the two hops takes no more than 3A, with high probability, i.e., it is aimed to
minimize the number of used resource blocks while satisfying a delay violation prob-
ability constraint. In the second, a per flow RB minimization, which will also serve
as a stepping stone to solve the first problem, is carried out with the aim of satisfying

a Peak Age Violation probability constraint.

The problem is to assign a number of resource blocks to flow k in every uplink frame,
and a number of resource blocks on the downlink frame, as well as modulation orders
in each of the allocated resource blocks (RBs). Let the numbers of RBs allocated to
flow £ in the uplink and downlink be L,(Cl), and L,(f), respectively. Without loss of
generality, let the resource blocks Z\" £ {¢&,, ... aka,ﬂ,”} be assigned to flow & in
the uplink frame, and E,(f) £ {ka;(f)H’ . ,§kL§€1)+LI(€2>} be assigned to flow & in the

downlink frame.
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Each resource block consists of n, = ng4+n, symbols, n, for transmitting data and n,,
for transmitting pilot symbols. The total number of coded bits used for sending the By,

) = L{"n, in the uplink, and n{”) = L{P'n, in the

information bits of flow £ is thus n
downlink, thereby yielding the rates R,(Cl) = B/ n,(:) and R,(f) = B/ n,(f) respectively.
Let the modulation order for each resource block [;, be chosen (adaptively) from a set
of possible modulation orders b;, € {1,..., b4} bits per symbol. For the system
model, the selected modulation type is QAM. For b;, = 1, i.e. for so called 2-QAM,

it is assumed that the set of signal constellation points is {1 + j, —1 — j}.

The transmitters and the receivers are all assumed to have N() = N antennas, and the
BS is assumed to have N = N antennas. For a given resource block [y, transmitter
k selects each of the n; symbols independently from an M/, -ary constellation with
the same prior probability p;, = Mle where M, = 2bu:; each of n, pilot symbols
from a deterministic sequence, initially drawn from the same constellation as the
data and fixed throughout; and forms the codeword X z(,j)- Each symbol in the uplink

(downlink) has energy & ]G—QB) per antenna (as precoding is ignored) where p; (p2) 1s

the SNR value in the uplink (downlink). For any symbol xl(z),

Elz{’1=0
Ellaf)]?] = 2= 1,2
Ellaf) '] = (355)"Coy, i = 1,2
El(@)?] = ~¢i5 Doy i = 1,2 N
BlJa{?1] = (225)7Fy, i = 1.2 oy
Ellaf) ] = (F5) G i = 1,2
El(ef) kel ] = (5r5) i = 1,2
Bl(afy) It '] = (577) R = 1,2

where Cy, , Dy, , Fy, , Gy, , Jy, and Ry, are constants depending on the modulation
order and some of their values can be seen on Tables 2.1} 2.2} 2.3] 2.4] 2.5] and
[2.6] respectively. These modulation constants appear in theoretical solutions given in

Appendix.

The entries of the codeword X z(,:) and the entries of codewords X (Z:) and X l(j), j #k,

Uk
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are i.i.d.. The received signal at the base station is given by

YW =X+ wl (32)

= H,
where H z(kl) € CVe#N ig the channel gain matrix on resource block [, in the uplink,

X l(kl) € ON#ne is the codeword transmitted and I/Vl(kl) € CNsome js noise matrix. The

received signal at the receivers, on the other hand, is given by

Y =g?x? +w (3.3)

Uk

where H. l(f) € CN*NB ig the channel gain matrix on resource block [;, in the downlink,
X l(kz) € CNs#ne s the codeword transmitted and I/Vlf) € CN@ne s the noise matrix.

The (N)ACKSs are per RB per hop. Deducing that

E[X" =0

Uk

Bl X)) = pil,, G4

Uk
i i Pi

The matrices H, l(kl), VVlS), H z(,f) and VVlEf) are all assumed to follow circularly symmet-

ric complex standard Gaussian distribution. In other words,

Re{H{'} | Al

Im{H"} 0|
mr(Re{Hlﬂ?}) cov(Re{Hl(:) 1, Jm{Hg)})
cov(Im{H,"}, Re{H"}) var(Im{H,"})
, (3.5)
Re{W;} 0
o~ N ’
Im{W,"”} 0
var(Re{W"}) cov(Re{ W'}, Im{W"})
covo(Im{W."}, Re{w,"}) var(Im{W,"})
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E[H"] =0
EW] =0
E[(Hz(,:))HHl(Z)] = N v
BH, (H))"] = NV Iye -

(W)W, = NOI,, 56
EWO WDV = nIyes o '

E(HO)THY] = 0
EHO(HYT) = 0
El(W,))'W =0
EW, (W) =0
Let h,, be an entry of any matrices H,", W,", H* and W*). Then, it can be said
that [33} Exercise 3.24]
El|hul') = 3(E[(Re{hu})*])* + 3(E[(Im{h.})*])?
+2E[(Re{hu})’ 1 E[(Im{hw})] + 4(B[Re{hu  Tm{h, }])°
= 3(E[(Re{hu})?])* + 3(1 — E[(Re{hw})*))’ @3.7)
+2E((Re{h.})’)(1 = E[(Re{hu})?]) + 4(E[Re{hw - m{h,}])?
= A(E[(Re{hu})’])* — 4E[(Re{hw})?] + 3 + 4(E[Re{hw } Im{h.}])*

Assuming that Re{h,,} and Im{h,,} arei.i.d, then
E[h,['] = A E[(Re{hy})’])? — AB[(Re{h,})*] +3 (3.8)
Assuming also that E[(Re{h,})?] = 3, then
Elhy|'] =2 (3.9)

The channel estimation is performed as follows. For each RB per hop, the transmitted

and received symbols can be decomposed into dedicated pilot and data components
as,

X(l) _ [Xl(kl’p)X(l’d)]

I I

2 2, 2.d
Xl(k) — [ Xl(k p) Xl(k )]

1 1, 1,d

Uk

(3.10)

2 2, 2,d

Uk
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Deducing that
B[X;"" =0

BI(X)IX) = pl,
i, i, Pi
E[X( P)(X( p))H] _ npN( )IN()

Uk Uk

. (3.11)
EX =0
i,d i,d
E[(Xl(k ))HX( )] - pi[nd
i,d i,d
E[Xz(k )(Xz(k ))H] = ndN(Z Iy
The estimated channel gain matrices from the pilot symbols are therefore given by
(0 NO 1, 1, N L, 1,
Hl(k) — Yli P) [Xl(k P)]H — Yli p) [Xl(k P)]H
P1TYp P1TYp
— NO Nb o eom) (3.12)
2 2, 2, 2, 2,
Hl(k) — YEI(c D) [Xl(k p)]H — Yik P [Xlk P ]H
P2nip P21y

At this point, it should be pointed out that several variants of the resource allocation
problem, based on different assumptions on CSI knowledge, estimation and use can
be solved. Once the channel state is estimated, it can be used to instantaneously
adapt the number of RBs needed, as well as the modulation orders assigned to them.
However, this is rarely done in practice due to the complexity involved, particularly
considering the short packet scenario. In this thesis, the use of the estimated CSI will
be limited to decoding only, and the resource blocks will be allocated with respect to
the average channel SNR. The CSI will be estimated from pilots, and the decoding
of data will be done based on these estimates, by employing mismatched decoding.
By using random coding union bounds from finite blocklength literature [18, 21], the

following problem statement can be obtained:

K
Jmin o >+ L) (3.13)
Ep 8 by, k=1
S.t. Z blk > Bk
ez
L (3.14)
Z by, > By
lkE“ (2)
PO < Blexp(—[( 3 LX) —log(2% — 1)) = &) < ¢
e
(2) @) (2) @ (3.15)
P < Elexp(=[( Y 1.(X,), V7)) —log2* = 1)]")] =" < e
lkEEg)
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where R,(; , © = 1,2 is the coding rate in ¢th hop and kth flow, P(,z, 1 = 1,2 is the
packet error probability in 7th hop, ¢; is the bound on packet error probability, i.e. the
mismatched decoding error bound, 7, (X (kl) Y( )) and I, (X, (2) Y( )) are the gener-
alized information densities defined in terms of the corresponding nearest-neighbor
decoding metrics as in [21]. The threshold on packet error probability ¢;, which is
stated as an external parameter here, will later be tied to one of two constraints: de-
lay violation probability and Peak Aol violation probability, and will be determined

accordingly.
The generalized information densities I, (X, l(kl), YZS)) and 1, (X l(:), Yf)) are

q(X(l) Y(l))a

1) (1 ARy
Io(X;), YY) = log <0 50
EXl(kl)[Q(Xlk ,sz )a]
o o q(Xl(z) Yl(z))a (3.16)
[a(Xlk 7Y2k )ZIOg kwk )

where X (resp (2)) has the same distribution with X z(kl) (resp. Xl(kz)) and is
1ndependent from X l( ) and Y (resp X! ) and Y ) and

1 1
g(x Vv = Hexp |yt — D2 D)
nq

2 2 2d /\
a(X2, 7 ?) = []exp(~lly>? — HPz>|1?)

c=1

(3.17)

(Ld) - (1,d) .(2.d

given that ) "', y, ., 1), (1d) y(1d) 5 (2.d)

) and y'*? are the ™ column of X , and
I I I I

Yz,(f d), respectively.

Assuming that resource block allocation is done at the beginning of the transmission,
is not a function of the instantaneous fading, and the total number of available re-
source blocks large enough so that it can practically be considered unbounded, the
problem of minimizing the number of total resource blocks to satisfy a certain delay
violation probability threshold reduces to minimizing the number of resource blocks
assigned to each flow in each hop separately, under block error probability constraints.

The corresponding single hop problem, Vk is

min Ll(f) (3.18)

= (1)
= b,
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st. ' =nL” > B, (3.19)

P < Elexp(—[( Y L(X,Y?) —log@® — 1)]")] =& <& (3.20)

lkez(i)

“k

Now, it is time to the characterize additional constraints on packet error probability
thresholds ¢; to optimize the number of resource blocks for (i) a given delay violation

probability threshold and (i1) a given peak age violation probability threshold.

For the delay violation case, let’s assume that only one retransmission is allowed in
at most one of the hops, i.e., the total transmission time can be at most 3A. Then, the

delay violation probability threshold, dy, is related to ¢;, through

Pri{m + T2 <3A} = Pr{m1 = A, 7o = A} + Pr{m1 = 2A, 7,0 = A}
+Pr{m1 = A, 1.0 = 2A}
=(1-gh-a))+a’1-au-a?) + (14"’ (1 -a?)
=1—dy
(3.21)
which need to be jointly solved with Equations (3.13)-(3.15). Here, 7y ; is the trans-
mission time in ith hop. For the Peak Aol violation case, a LCFS with preemption
queueing model as in [21] is assumed, and using [21, Theorem 2] to compute the

peak age violation probability Pa(z) L),

P(@') a0 >

av,k

(a) = Pr 5

+
| .
1| =& L(k) ] =a” < (3.22)
ny,

where a is the age threshold in terms of number of symbols, and GV ~ Geom/(1 —
éj’). Incorporating these additional constraints into Equations (3.13))-(3.15)) to couple
Peak Aol violation probability and packet error probability, will yield the optimum

resource allocation under prescribed PAol violation constraints.
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3.2 Theoretical Solution Approach

The single hop problem given by Equations (3.18)-(3.20) can be solved. The expec-
tation term in Equation (3.20) can be dealt.

&) = Elexp(~[( Y L(X”,v,\")) —log(2" — 1)]")]
Izl

q(X(i) Y(i))a

=0 EXu)[Q(X() Y()) ]

Iy 0

) = log(2" — 1)]7)]

q
= Elexp(—[log( ] )~ log(2% — 1))
le=(® E;?[Q(Xlk Y, 7)e

X(l) Y(Z)
= Elexp(— max{0, log( H X, i

=5 o) s =D
lkEEg) E;?[Q(Xlk ’}/;k )Oé]

() v()ya
q(X;,, Y, )"

= Elexp(min{0, log(25* — 1) — log( H 5 o0
1= Ew[q(sz ?Yik )e]
==k Xlk

(D) v (e
_ (X, Y,")
= Emin{1, 2% - 1)( [ Eol-—H—m-D)
G Q(sz Y, )

lke_k

(Z D\a
(i) _ : k R (X 7Y2k )
= § = E[min{1, (25 — 1)(l g[mE X0 [W])}] (3.23)

The terms related to q function can be expanded. The first one can be calculated as

follows:

nq

i i i,d i,d
a(X" ) =TT exo(~|y? — H ) 2 I?)
c=1
zd ,d d
—Hexp—HH“xlkc W — HO 00|12

=TT e lGHD — HD) + )
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Let 7" = H,” — H{", then

nd
a(X0, Y, =TT exp(~ 1T a0 + w|]?)
c=1

7, R i,d i, i,d
—Hexp [ TP TP ) 4 O [P )

i,d i, i,d i,d i,d
+[w5k DT 2y + Tl )

= exp(= S (AT TN 1 o)
c=1
Huy 1T )+l ) i)
AKX, Y0) = exp(= 3 (e EPATED )
c=1
ey VD g+ g 1T e+ Lo 1wy )
The second one can be calculated as follows:
(X0, v, Hexp () — HO2T|P)
—Hexp (NHP 2D 1 ufd — BDZE|P)

) i) (i,d i,d i i,d
—Hexp gV [V H D 2D+ [0 () Tl

i,d 7 7 i,d i,d i,d i,d i,d i,d % i,d

o H, )]HH() D 4 ff D HD o0 4 o D) — z(kc)]HH() o ?
i,d i,d) i,d i i,d i,d

D B 2 — O EO D ¢ @SN HO HO D)

nq
i,d 7 7 i,d i,d 1 i,d
= exp(— Y _ ([ I H B 2l + [ O HP )

c=1
i,d i,d i,d i,d i,d (i) (i,d
el DD + [l D HD D + )l — [l H D
i,d i i,d i,d 7 i,d i,d )
el — O e+ WD D)
ng
i 7 i,d % i,d
= (X V) = exp(= ([l 1 HO HD 2D + (1l D) H
c=1
i,d i i i,d i,d i,d i,d i,d % i,d
eI BOTD 4+ [0l O 2 + [l [wfkc)]HH” 4
i,d i,d) (3,d i i,d i,d /\
R V7T L3 P ) L P O ) L PP KPR )
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So the ratio of the terms related to q function can be calculated as follows:

(1) y(9) ng
a(X;,. Y,") » , ) i
—— e = exp(Y ([ I T
q<Xlk 7}/216 ) c=1
i ) i,d ) i,d i,d
R Rl B L T B L b e Tt T

i,d i i i,d i,d i,d i i i,d
el — (O e+ D

I lg,c lk c

_[ (ld)]HH(l) (i,d) [ (Zd)] (Zd)+[ (%d)]HH() _(Gid)

wy, Ly, e Wiel Wy e Wi, e Ly e

i,d i i) (i,d i,d /\z i,d i,d i) (i, d
—l—[x( )]H[Hl(k)]HHl(k)x( ) + [xl(k, )]H[H( )]Hw( ) [xl(k, )] [H( )]HH() (i,d) )))

lg,c lg,c M lg,c lk c
ng
i,d 7, %, 7 7 i,d
= exp(y ([T T — [HO T )
c=1
i,d i, ) i,d i, i i,d
Ha (T — OV w4 o (T — H )

k
_i_[x(zvd)]H[H( ]HH(l)Il(k,c) _|_[ (4, d)]HH(”L) (7, d)

lk c lk,

el H HOPHE HO 20D 4 1D O D — [ [H< ]HH( 26D

Uk lk,c lk,c Ly
uri — — —
i,d i i i ) i
_ eXp(Z([Il(k,c)]H([H( )]HH( ) [Hl(k)]HHl(k) [H( )]HH( )) l(k c)
i,d /\z i,d (,d) (3,d
LI HD Pl — (w0 H Dol

—|—[:E(i’d)]H[H( ]HH( )xl(zfi +[ (4, d)]HH(%) (id)

lg,c lk c lk:

i,d /\z 7 i,d i, i i,d i,d i i i,d
+[x( )]H[Hl(k)]HHl(k)x( ) + [x( ,c)]H[H( )]Hw( ) [x( )] [H( )]HH() _(id) )))

lk,C lk,C lk lk lk,c lk,c lk (&
uri —_ — — —
i,d 4 4 i i 7 i i,d
= exp(Y_ (i, V(M HY — () — (D)
c=1
) i,d) i,d
“2Re{ (w1 HD 2 ) + 2Re{wf V) HO 2 T)
i,d) i i i,d i,d i,d
+2Re{[x§ o) [H< W HDO2Y — WO D) D))
—Zexp( ([ 1 ((H) H = [(HVH

(1))~ 2Re {[wlkc] A2} + 2Re (w0 B 2 D)

lkc lkc lkc

—

+23€{[m§“ﬁ] [H(’)]HH’) Zd)} [lkc] [H( ]HH() (zd)))

lkc
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ng — —_— —

(i . id i i i i

& = Blmin{1, 2% - 1)( [] Egleed (" (B HY - [H)7" H)
ez " e=1

/\i i i,d i,d) 7 i,d) i,d
(1 H D))~ 2Re {[ DY 4 2RO Y 2D
(3,d i,d) i i) (¢ d
VRRe{af D HD ) e DD AT
(3.24)
and Jensen’s inequality for the concave minimum function can be used, i.e.

ng — — —

7 . i,d % 7 7 7

o) = Blmin{1, @% = ) [T Frlexpla () (11 1) = () )
e " e=1

[H N0 ”>—2Re{[w§,ii]HH“ D} + 2Re{[w]" V)" H 2Dy

lkc lkc lkc
i,d 0 (3,d i,d) o i,d
2Rl HO) BODY — ST HOP BT
ng —_ — —_
. id i i i i
<min{1, B2 - 1) ] <Ew[exp<az<[x§k21 (B =Y — [H) H
s L e=1
(3,d i,d) i) i,d) i,d)
[HO) >lk2—2Re{[w§H]HH< 7£DY} + 2Re{[wf 17 HO7f D)
i,d i (3,d i,d) o i,d
saRef(af D H 3l — WD HD D D)D)
Let’s define
nd — — —
—( id i i i i
o) = Ble™ ~ 1) [T (Bgolesola > () (11" 1) - (1) 1)
lkEH(” k c=1

7 zd /\z zd i,d
— [P H Y2 —2Re{[w§kc1HH£>x< }+2Re{[wlkc1 H" 2Dy

lkC lkc

2RI O HO 50) — DO HO D))

lkc

(3.25)

3.2.1 Applying Jensen’s Inequality

So after applying Jensen’s Inequality and thereby loosing the expectation bound,

nq

i i,d /\Z /\Z i /\Z
e’z(g) = B[(2% —1) H (EXz(i) [exp(aZ([xl(k c)] ([Hl(k)]HHl(k) - [Hl(k)]HHl(k)
lkEE( 9 g e=1

—[HP HO)D — 2Re{ [ HP 20} + 2Re{ (w1 B2}

lkc lkc

F2Re{ [P (HO HO 20Dy D) O D0

lkc lkc
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nq

=@ =) ] BBl (w "BV HY — [H) 1 H)

/\i i,d 7 i,d) i,d i,d
CHOHHD )0 — 2Re{[wf 1 HP {0} + 2Re{ w1 HP D)
(3,d ) i) (i,d i,d )
+2Re{ [N HO) HO 200} — [T O D D))

ng — — —

i,d 7 7 7 7

= (28 — 1)( EX}“ X0 50 0 lexp(a Z([Iz(k c)]H([ Hl(k)]H Hl(k) — Hl(k)]H Hl(k)

[ I =1

/\i i (,d) i,d i i,d) (3,d i,d
HOP DD~ 2Re([uw )P BO 2D 1 2Re([uw ) BO 2Ty

‘rlk c lk c lk c

2R HDP HD 2Dy — OO EO D))y

lk c lk c
) = 1 )V 7 O 700
= € = (QBk - 1)(EXz(i)7F,Hz(i)7Wz(i) [exp(a Z([% c] ([Hlk ]HHlk
kT T =1
7 /\z /\z i,d 7 i,d
— [ H — [T H )2l — 2Re{ [w) ]HH< Ei (3.26)
i,d i) (3,d 1,d) ) (3,d
+QR€{[wzk c)]HH ) Ly, c)} + ZRG{[wl(k c ] [Hl( )] Ly, c)}

[xl(l ?]H[H( )]HH( i) (i.d) d)))])Lk

lk c
3.2.2 Preparation for Taylor Expansion

Let’s examine the terms in the summation in Equation (3.26). The first one can be

calculated as follows:

HOP O = [Ny ey o) X( 2 [y, H )
Pillp Pillp
N( R [ 7 7 7 7
X( p) [H( )X( D) + VVZ( ,p)]HHl( )
Pznp k K
N ) e H OV E ), 5 ) [y G H )
— XX + X W)
iTlp

The second one can be calculated as follows:

. W NO
[H(l)]HH(Z) — [ Y(va) I:Xl(lvp)]H]H }/E(lzp) I:X(lzp)]H

Ui Ui pimy Ui k piny * Uk
NG i)y e Hy00) 5 00)
= o)
NO b i o o
:(pn )QX( p)[H()X( p)‘i‘VVli’p)]H(H()X \p) +W p)[Xl(k,p)]H
iTlp
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N® i i i i) (i i i) v (i
— (pn )2Xl(k7p)([Xl(k@)]H[Hl(k)]HHl(k)Xl(kup) + [I/Vl(k Vp)]HHl(k)Xl(k’p)
iTlp
+[Xl(;7p)]H[H ]HVVZ(ZP [W/liz,p)]HM/lE:,p))[Xl(kz,p)]H
N® i i i i) (i i
— ( . )2<Xl(k \p) [Xl(k 7p)]H[Hl(k)]HHl(k)Xl(k D) [Xl(k J’)]H

Pillp

_|_Xl(:,p) m/liup)]HHl(Z)Xl(:,p) [Xl(:,p)]H + Xl(:p) [Xl(:p)]H[H ]HW i,p) [Xl;: P)]H

+X(i’p) [W(i,P)]HW(i,P) [X(iyp)]H)

Let’s calculate the expectations of these terms with respect to H and W . The first

one can be calculated as follows:

N i i i i
By wio L1 HY) = oo KLV B 1 )

XV BT )
i ) 7 7
— NGB Xl(k p) [ Xl(k 7p)]H
Pilyp

The second one can be calculated as follows:

(] 1 N() 1, 1, i i i i
EH< L [[H()]HH()] (pmp> (X( p)[X( p)]HEHH( )]HHl(k)]Xz(kyp)[Xz(kyp)]H
—I—XZ(Z’p)E[[I/VZE:”’)]H]E[Hl(:)]xl(:p) [Xl(:p)]H

+Xl(:,p)[X(i,p)]HEHHl ] ]E[W(lp)][Xlk )]H

Uk
X B W (X
N®@ ; . ) i i
pmp)2<Xz(k’p) [PH X [P X )

Let’s calculate the expectation of the overall term with respect to H

— N(S*i)(
and W( in the

summation in Equation (3.26)).

P X ) = By Wmnx% JJ (Y H) = () = [H )
i,d (3,d i zd
—2Re{[w"1"H, lkc>}+2R {[w] ]HH< o)+

i,d) i,d i,d i i) (i,d
2Re{[2\"D]H [H”]HH” Gy _ (D H g OH g0 )

i,d 7 i ) i i i,d

= [z} 21HE[<[H< >1HH< [H;;JHH; - [Hf N H D
i,d) ) ) i,d )
L2Re{[ D BIHP B2 — 100 EE O EO D

— B HP)D — oRe{ o) B[HP) B2y

‘le c

7 7 i,d i i i,
+2Re{[z)! ]HEHH“]HH(HH’} ") E[[Hfg]HHli)]xa,J
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Let’s calculate Ele F[M(X z(,:)» X l(:))]].
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In Equation (3.26), it can be deduced that

ng — — —

i,d i i i i ) i i,d
B o5 o wolo D (i 1 () — (D — ) H )
k k7

lk,C
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3.2.3 Second Order Taylor Expansion

Using the Second Order Taylor Expansion

(ot + 2apmdN(3_i))2)
2

exp(at) ~ g~ 2opinaN G (1+ at + 2ap;ngNB™ +
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— g 20pingNCY (1+ 20ping NG~ + 202 (plndN )

2
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Equation (3.26) becomes
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3.2.4 Expectation of the Second Order Term
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ng
B 0 yolS (M HO HO 2l — 2Re ([l 01 HO) BP0
XZ(Z) ’Xl(” ’Hl(z) ’Wl(l) li,c kC lg,c l lk c
R )

-QRdW@C]H' ”@+2Rdh%JHH@(”@

lkc lkC

—_—

i,d ) i) (i,d i,d
-ﬂRdh%ﬂ[HﬁﬁHﬁﬂ)}—h‘ﬂﬂH”WH”()»ﬂ

lg,c lg,c lkc
Sh e (t,d)1H () () (i,d)
) )T H 7 7
=22 By 0 o o (21 () H
c=1 e=1

—2R€{[$lk . ] [H(i)]HH(i)x(Z d) } - 236{[1012 i)]HH(z) (4, d)}

lksc lkc

2Re{ [T HO DY 4 R [P [HO B 20

lk Cc lk c
i,d d 1 ,d
—u&ﬂHuﬂﬁﬂﬂ“§whmﬁ2Juﬂ1HH”§;’

2Re{ e (H) H 20 - 23{[ NPT

lk,e lke

+2Re{[w (”‘]HH 20D} 4 2Re {2 D)H [H“]HH“) (1D

lke lke

—[:L’(Z’d)]H[H ]HH 16)Gd) )]

e lk e

41



Ng Mg

i,d 7 /\z i,d i,d ) i) (i,d
=22 By 30 0 Wm[[xl(kzl HO B (12 (B0 D ol

c=1 e=1
_oRe{[a P D) BO2f0) — [ HO D o)
2R} [E(\)]HH":c},i?}([:cf,i’,‘?]H[H“)]HH(” o
2R (HOH HO LDy — [ [H( ]HH” 29
—oRe{[u{"¥)" B §;i}<—2Re{[ O Y 2Dy

2Re{ [ ) 2D ) (2Re{fu! 1HH” 4}

lkc lke

L2Re{ [P (HO T B 20D} 2Re{ [P )H (HO HO £

lke

—

—[x(i’d)]H[H( ]HH(Z) (ld)<[ (ld)] [H( )]HH() (3,d)

lg,c lkc lke lke
7 7 i,d i,d ) i,d
—2Re{[z}"?)] [H< N2 Y — [ ’1HH‘ )

Ng Nqg

(i) H [ 770 H 7700) UL (i) H [ 77V H 77(0) UL
= § § EXZ(“ X 5 Wl(i)[[xzk,c] [H ] H Ly, e (2[I1k,e] [H( ] H Ly e
P I

c=1 e=1

i,d 7 7 i,d
—4R6{[1’l( e)] [Hl()]HHl() (7)}_2[( )] [H()]HH() (id) ))

lke

—oRe{[a M) D) B2 0} (- 2Re{[xl DA B0 H Ol

lkc lke

’ i) i,d) 7 i,d
o[-0 [H“]HH%?M)+SRe{[wlw] ! }Re{[wlke]ﬂﬂo (i)

lkc lke

“ARe{[of D)1 H ) xlkc}Re{[ “"J H, ]HH” “‘“}]

lk,e lk e
ng Ng
i,d i i zd zd i i zd
c=1 e=1

i,d i i) (i,d
2[:c§ 21H[H< >]HHlk £ Re{ o) [HO B 210

lke

[xl(zti)] [H(%)]HH(Z) (4, )[I(%d)] [H(z)]HH(Z) (id)

lkc lg,e lke

12Re{ 1Y) (HO BO 2Dy Re{ o) [HO HD 20}

lke

+2R€{[$l C] [H(Z)]HH(Z) (l,d)}[xl(;i)]H[H()]HH() (id)

lke

AR HO 2Dy Re{ [ ()

lke

+2Re {[xl(“i)] [H()]HH(Z zd}R {[ ] [H( ]HH 0 (Zd)}]

lke

42



Ng N4

() <> <> (i, > <zd) Fr 1 H 770) . (ixd)

c=1 e=1

i,d i i i,d
[xl(kc)]H[H()]HH() (4, )[xl(ke)] [H()]HH() _(id)

lkc lke

i,d 7 7 7 i,d
2[:@2,)1 [H”]HH xlkﬁRe{[ 1 [H“]HH“ < >}

lke

lk c lg,e lk e
i,d ) ) i i i,d
+2Ref[a); 21 ) >]HH< vy YRe{ [y " [H) >]HH< a7}
(3,d i i i,d) i i) (i,d
2Re{[e D] (1) >]HH< oY Re{[ef D) (D)7 HO 2 )
i,d (3,d (3,d) i,d)
+ARe{wy ) HY ) J}R (w1 HD 2y
ng —
% i,d i,d i i i,d
c=1

—[x(i’d)]H[H()]HH() (4, )[x(hd)] [H(l)]HH(l) _(id)

lk,C lk c lk Cc lk C

LD H e Re([af ) ) 2

lg,C lk c lk c

i,d ) i) (i,d i,d i,d
+2Re{lall O HY J}mk RECRTRR

(i,d i i i,d) i) (3,d
F2Re{ [P D) BO2f 0} Re{ [ [HO HO 209}

(i.d i i i,d) i) (i,d
2Rz} [H“]HH( xlkc}Re{[wic] HOY HO2{)

(3,d i,d i,d
+4Re{[wlk 09 1000 Re{fuf ) H )]
i i,d
+Z Z >X<z) H(z) w(’ [ZRG{[IZ c] [H( ]HH() z(k c)}
c=1 e=1l,e#c
Re{lo V7 [ B2 )

43



_ - (o) H [ 77O H 770)  (0d) [ () H | 17 G)1H 17(), (5xd)
_2(2(EXL(?le(,i)’Hl(;)le(]z)[[:Blk’ ] [sz] H :Elkc[xlkc] [sz] szw ]

l,c

i,d i i i,d i,d 7 7 i,d
Z[[x( )] [H()]HH() ( )[‘Il(kc)] [H()]HH() (id) )]

X(Z) X( >’Hl(1) W( ) lk C lk [
k
2 ) (Z) H 170 (% d) (Z d) ( )1H (i d)
19F . - . ) Re x(ld H(l) HH 1) ld) Q} )HH() _ (ixd)
Xl(k)7Xl(k)7Hl(k)7Wl(k) [ {[ lk C ] [ ] }[ lk C ] [ ] lk c ]

i,d 7 7 7 7 i,d
128 o~ 0 ol Rellel O HO BOEO Re{[al V14 (HO1 H 2]
k k

lkc

T2E ) 5T p0 ) [Re{[xl(i’,c)] [H, l)]HH Dt} Re {[ ] [H(Z ]HH (id)y)

lk c lk c
U 7l 7 0 T
+H4E [Re{[w“ D DD} Ref w01 HD 2 0Y)
X('b) X(z),H( )7 lk C lk; Cc lk, [ lk c
492 Z Z [Re{[x(l ,d) ] [H(z)]HH(l) (4, d)}
X(l) X(Z) H(’) W(l) lk C lk C
c=1 e=1l,e#c
Re{[a{ )" [H 2 )
So Equation (3.29) becomes

— (:?/,(j) = (2B — 1)6_2api”dN(3_i)L’“(1 — 2a2(pindN(3_i))2+

ivd Zd ’L,d
QZ(Z(EXPWH;Z‘)W;i)[[xl(k,c)] [H< ]HH() (1) (b T [H()]HH() (i)
R ™

lk c Wi,c lk c
c=1

(i) H 77 (D1 H 770 LD [ G H G 70 o)
_EX};'),X“H@W@Hmlkc] [H ] H lkc[xzkc] [H ] Hi, lkc]

_ S 2 ) ( N 770) (Z d) (Z d) ( NH (i d)

—_

i,d) i i) (i, d i,d i,d
[Re{[xl(kc] [H()]HH() ( )}[x( )]H[H()]HH() (i,d) )]

lk c lg,c lk c

F2E ) 2@ ) i)
X0 x50 1w

i,d i i /\z % i,d
V2B o~ o o Bl O DV H 2 0) Re [V D) H 2]

lk,c
R R M
i, i 1) (i,d) 7 % i,d
28 oo Rl 1 a0 Re o0 (1) a0
B T T
ng ng
i,d (3,d (3,d) i,d
B < o o Re(lof O H el Oy Reffuf P BO 2 0Y) 423 Y
Xy Xy Hy Wy c=1 e=l,e#c
_ N 26D T H 77(0) 2DV L
EX}?,X}?,H}?,W})[Re{[xl c] [Hy, |"H lkc}R {[ ] [H, )7 Hy e 1))
(3.30)

Each of these eight expectation terms in Equation (3.30) are calculated in Appendix

[Al i.e. equations (A.37), (A.38), (A.39), (A.40), (A.41), (A.42), (A.43) and (A.44)

44



can be substituted into Equation (3.30) and

e < min{1, ¢} (3.31)

45



46



CHAPTER 4

SIMULATION SETUP AND NUMERICALLY OPTIMIZED PARAMETERS

In this section, the simulation setup is provided, and the numerically optimized pa-
rameter sets which achieve target violation probabilities are presented. A symmetric
system, with each user being subject to fading taking values from the same distribu-
tion, and same violation thresholds are assumed. Therefore, the numerical optimiza-
tion of the parameters is only done for user 1, hop 1; the same look up tables can be

used for all flows in both hops.

The simulation parameters take the values from Tabled.1] It must be emphasized that

the cases n, > ngl) / Lgl) are ignored.

During this simulation, the expression [3.3T|found in Section[3.2]isn’t used and Monte
Carlo approach is used due to two reasons: (i) Jensen’s Inequality and (ii) Second Or-
der Taylor Expansion. Using Jensen’s Inequality causes the fact that the probability
of the expression being less than or equal to 1 isn’t calculated and omitted thus, for
low SNR values, the expression [3.3T|becomes equal to 1 (see Figure @.1]for the illus-
tration). In Second Order Taylor Expansion of the expression, the second moment is
larger than the mean and this situation leads to the pre-assumption that higher order
moment terms have larger values and so cannot be ignored during the calculation of
Second Order Taylor Expansion, however, in this thesis, mean and second moment
are only calculated and higher order terms aren’t calculated due to being challeng-
ing and thus, for high SNR values, the expression [3.3T| becomes rapidly too small
(see Figure {.1] for the illustration). As a result of these two reasons, Monte Carlo

approach is used.

During this simulation, MATLAB is used and bound on average packet error prob-

47



Table 4.1: Parameters used in the simulation.

B, 32, 64
nY 64, 128, 256
by, 2 (4QAM), 4 (16QAM) 6 (64QAM)
I 1,2,4, 8,16, 32
Ny 1, 3,7, 15, 31, 63, 127, 255
N 1
Np 1
p1indB | -10, -6, -2, 2, 6, 10
« 0.4
a (age) 64, 128, 192, 256, 384, 512, 768
B,:32,n!): 1‘28 L“ tngi
T 0.4, N0 1, NG 1, b 12
B,: 64,n0: 128, L“ Tongi
T 0.4, N0 1, NG 1, by 2
B,:64,n!): 64, L" 101
0:0.4,NO: 1 NC-D: 4, b :2
B,: 64, n{): 256, L“ tngi
T 0 0.4,NO: 1, NG ) b 12
B,:64,n{): 256, L0: 1, ny:
0.4, NO: 1, NG, blk:4l
B,:64,n: 256, L0: 1, ng:1
a:0.4,N%:1,NC D1, -6
-10 -8 -6 -4 -2 0 2
p. (dB)

Figure 4.1: The expression

Table @

3.31|using parameters from the simulation setup given by
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ability values, peak age of information violation probability values and delay vio-

lation probability values are calculated and thresholds are applied to these values.

Numerically optimized parameters are found to satisfy these thresholds based on an

exhaustive search as follows:

il.

iil.

1v.

Vi.

Vii.

viii.

iX.

X1.

Xii.

Xiii.

Xiv.

XV.

The first count of information bits value is selected.
The first blocklength value is selected.

index =1 is selected.

The age value is selected as index times blocklength.
The first smallest possible SNR in dB value is obtained.
The smallest possible RB count is obtained.

The smallest pilot symbol count is obtained.

The modulation(s) satisfying the thresholds are reached.

The modulation with whom the smallest peak age of information violation prob-

ability value is reached can finally be selected.

If there are remaining smallest possible SNR in dB values, the next one is selected

and it is made to go to step (vi); else it is made to go to the next step.
index is incremented by 1.
If index < 4, it is made to go to step (iv); else it is made to go to the next step.

If there are remaining blocklengths, the next one is selected and it is made to go

to step (ii1); else it is made to go to the next step.

If there are remaining count of information bits values, the next one is selected

and it is made to go to step (ii).

If there is no remaining count of information bits value, numerically optimized

parameters are finally reached.
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Table 4.2: Numerically Optimized Parameters When —5; = 2

1

By | n” | mod |l |n,|pindB| &V al!

321256 | 4QAM |1 |1 |6 9.4E-02 | 9.4E-02
32|64 |4QAM |1 |1 |10 9.2E-02 | 9.2E-02
64 | 128 | 4QAM |1 |15 10 6.1E-02 | 6.1E-02
64 | 256 | 4QAM |1 |1 |10 5.5B-02 | 5.5E-02
64 | 64 |4QAM |2 |1 |10 5.3B-02 | 5.3E-02
32 | 128 | 4QAM |1 [ 15|10 3.4E-02 | 3.4E-02
64 | 256 | 4QAM |32 |3 |2 1.4E-04 | 1.4E-04
64 | 256 | 4QAM |4 |3 |6 9.4E-06 | 9.4E-06
32 | 128 | 16QAM |8 |3 |6 3.9E-06 | 3.9E-06

To keep the simulation results concise, numerically optimized parameters for target
peak age of information violation probabilities in selected regions, i.e., [1072,1071),

[1074,1072), [1076,1075), are only reported.

In Tables[d.2]and[.3] numerically optimized parameters corresponding to unique (B,
n(ll), a) triplets are given. In other words, not all of numerically optimized parameters
but the selected ones minimizing RB counts and probability values are tabulated. In
Table 4.2} the age violation threshold is twice the blocklength, in Table[4.3] it is three

times the blocklength, allowing more retransmissions.

Figures4.2)and 4.3|plot the bounds on average packet error and PAol Violation proba-
bility in a single flow/single hop setting. Fig. 4.4]plots the delay violation probability
in a single flow/two hops setting. As expected, increasing the number of informa-
tion bits within a fixed blocklength increases the error and violation probabilities. In
Figures @ @] and it is observed that for fixed information content, increasing
the blocklength improves the error and violation performance. Note that the im-
provement through increased blocklength may be more modest in practice, in a time
varying channel where the CSI may get stale during the block. The bounds were ob-
tained assuming that the channel remained constant through the block, regardless of

the duration of the block.
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Table 4.3: Numerically Optimized Parameters When 47 = 3

1

By ngl) mod. li | ny | p1indB é” dgl)

32 1256 | 4QAM |1 |3 | -2 2.6E-01 | 6.5E-02
64 [ 256 | 16QAM |1 |3 |2 2E-01 3.8E-02
64 | 128 | 4QAM |1 |1 |6 1.8E-01 | 3.1E-02
64 |64 [4QAM |1 |1 |10 1.5E-01 | 2.1E-02
32 164 |[16QAM |1 |1 |10 1.3E-01 | 1.7E-02
32 1128 |4QAM |1 |1 |6 1.3E-01 | 1.7E-02
64 | 128 | 4QAM |4 |1 |6 2.7E-02 | 7.5E-04
32 1128 | 4QAM |4 |7 |2 2.7E-02 | 7.3E-04
32 1256 | 4QAM |1 |31 |6 2.7E-02 | 7.1E-04
32 164 |[4QAM |2 |1 |10 2.3E-02 | 5.4E-04
64 |64 [4QAM |4 |1 |10 2.2E-02 | 4.9E-04
64 | 128 | 4QAM |8 |3 |6 2.7E-03 | 7.3E-06
64 | 256 | 16QAM |16 |3 |2 2E-03 | 4.1E-06
32 164 |4QAM |8 |1 |10 1E-03 1E-06
32 1256 | 64QAM |4 | 15| 6 1E-03 1E-06
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10° | |

®
—B, =32,n\" = 128, 4QAM
107 |8, =64,n{" = 128, 4QAM -
-10 5 0 5 10
p, (dB)

Figure 4.2: The bound on Average Packet Error Probability vs. SNR for two values
of the number of information bits B;, fixed codeword size ngl), modulation, /;, n,

and a.

Figures [4.8] [4.9]and .10 depict the block error probability, PAol violation probability
and delay violation probability as a function of the modulation technique being used.
While a higher order modulation technique yields a higher error probability, PAol
violation probability and delay violation probability in general, as expected since the
constellation points come closer to each other, for low SNR values it is interestingly
observed that 16 and 64 QAM perform nearly identically for both metrics. So in
this case, it is better to choose 64 QAM in order to get higher bit rate to bandwidth
ratio and for bandlimited channels, it is better to choose higher order modulation [32,

Section 9.7 Comparison of Modulation Methods].

In Figure 4.1} the number of resource blocks needed on average to satisfy the corre-
sponding Peak Aol Violation probabilities are plotted. To provide a general intuition
regarding the required number of RBs, the average number of RBs under different
PAol intervals are plotted. Therefore, it is possible to read these curves as achievabil-
ity results: any RB on or above the curves are feasible; as there exists at least one
resource allocation scheme which will outperform the average for a given SNR. As
expected, it is needed to spread out information bits onto more resource blocks, as it

is aimed for lower violation probabilities.
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B, =32, n'" = 128, 4QAM

—_ e~~~

-2 |
107 1-8B, = 64,n{V = 128, 4QAM
10 5 0 5 10
p, (dB)

Figure 4.3: PAol Violation Probability vs. SNR for two values of the number of

information bits By, fixed codeword size ngl), modulation, /;, n, and a.

10”2

f—B1 = 32,n{") = 128, 4QAM
|8, =64, ng” = 128, 4QAM
1 -2 ;i ) I
910 5 0 5 10

py (dB)

Figure 4.4: Delay Violation Probability vs. SNR for two values of the number of

information bits B, fixed codeword size ngl), modulation, /;, n, and a.
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1077

© |-B,=64,n" =64, 40AM
|8, =64,n{" =128, 40AM
0 B, =64, n{ = 256, 40AM
-10 5 0 5 10

p,y (dB)

Figure 4.5: Bound On Average Packet Error Probability vs. SNR with respect to

codeword length ntV (B,, modulation, /1, n, and a are fixed)
1 P

e 8, =64, nﬁ” = 64, 4QAM
10° 1B, =64,n{" = 128, 40AM
| . =64, ni!) = 256, 4QAM
107 - 0 5 10
p, (dB)

Figure 4.6: Peak Age of Information Violation Probability vs. SNR with respect to

codeword length ntV (B, modulation, {{, n, and a are fixed)
1 P
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10°

) 10" (1)
-8, =64,nl" =64, 4QAM
|8, =64, ng” = 128, 4QAM
2’ B, = 64, ng” = 256, 4QAM
107" ‘ ‘ ‘ :
10 5 0 5 10
p, (dB)

Figure 4.7: Delay Violation Probability vs. SNR with respect to codeword length ngl)

(B1, modulation, [, n,, and a are fixed)

S B, =64,n{) = 256, 40AM

—_ o~~~

. |-B,=64,n )~ 256, 16QAM
107§
B,=64,n ) _ 256, 64QAM
10 5 0 5 10

py (dB)

Figure 4.8: Bound On Average Packet Error Probability vs. SNR with respect to

modulation (B, ngl), l1, n, and a are fixed
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) — 256, 4QAM
) — 256, 16QAM
1) = 256, 64QAM

S B, =64,n
}-B,=64,n
|-B,=64,n

—_ A~ ek~ o~

-10 -5 0 5 10
p, (dB)

Figure 4.9: Peak Age of Information Violation Probability vs. SNR with changing

modulation type (B, ngl), l1, n, and a are fixed)

) — 256, 4QAM
) — 256, 16QAM
) = 256, 64QAM

E—B1=64,n

ﬁ—B1 =64,n
' B, =64,n

—_ T~ ek A~~~

1072
10 5 0 5 10

b,y (dB)

Figure 4.10: Delay Violation Probability vs. SNR with changing modulation type

(B, ngl), l1, n, and a are fixed)
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Figure 4.11: Number of resource blocks used vs. SNR
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24 - When PAolVP < [10°8, 107)
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_1_
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O

—_

Figure 4.12: Number of resource blocks used vs. modulation order

Figure [4.12] demonstrates the interplay between modulation order and number of re-
source blocks needed. It is observed that, going from 4QAM to 64QAM, the resource

block count does not change drastically.

Finally, it is time to return to the main problem of minimizing the number of resource
blocks used under delay violation constraints. The solution to the two hop problem
stated in (3.13)-(3.15)), (3.21) can be numerically obtained by using the single hop
optimal parameters tabulated in Tables 4.2] and #.3] For the sake of an example,

suppose that the uplink average SNR is 2dB, and downlink average SNR is 10dB,
and the number of information bits is 32. From Tables4.2]and4.3] it is found out that
the only feasible parameter set is ngl) = 128 symbols, lgl) = 4 blocks and nl(ol) =7
pilot symbols, under 4-QAM modulation. This set yields a packet error probability
of 2.7E-02. For the downlink, however, there are 5 options; with B; = 32 and
p1 = 10dB. Since the goal is to use the minimal amount of resources, the parameter
set ngl) = 64 symbols, lgl) = 1 blocks and n,(gl) = 1 under 4-QAM is chosen as

the most resource efficient option, with a packet error probability of 9.2E-02. Now,
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Table 4.4: Parameters used in the simulation to make comparison with VI-ABM and

QL-ABM.

B, 100

ngl) 100, 125, 150, 175, 200, 225, 250, 275, 300

by, 2 (4QAM), 4 (16QAM) 6 (64QAM)

Iy 1,5,25

ny 1,3, 15,31

N 1,2

Np 1,2

p1indB | -10, -8, -6,-4,-2,0,2,4,6, 8, 10

o 0.4

a (age) | 400, 450, 500, 550, 600, 650, 700, 750, 800, 850, 900

using Equation (3.21)), the delay violation probability is computed as 1.14E-02. If
this value is within the acceptable limits, then the resource allocation is optimally
found. If the target delay violation probability is lower, then a parameter set with
a lower packet error probability in the downlink should be adopted, at the expense
of increased resource block usage. The safest choice in terms of the delay violation
probability is ngl) = 64 symbols, 15” = 9 blocks and n,(f) = 1 under 4-QAM, with a
packet error probability of 1E-03. This yields a delay violation probability of 7.6E-04.

4.0.1 Comparison with Resource Allocation Algorithms in the Literature

The simulation results can be compared with the resource allocation algorithms re-

garding peak age of information and delay violation probabilities.

In [7], adaptive blocklength selection was taken in order to minimize age viola-
tion probability and two algorithms were proposed: Value Iteration Based Adap-
tive Blocklength Selection (VI-ABM) [[7, Table 3.1] and Q-Learning Based Adaptive
Blocklength Selection (QL-ABM) [7, Table 3.2]. A new simulation with the setup
given in Table {.4]is conducted in order to make comparison with VI-ABM and QL-
ABM.
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Figure 4.13: Comparing Peak Age of Information Violation Probability vs. SNR
Values with VI-ABM and QL-ABM in [7]]

Figures and demonstrate the peak age of information violation probability
values for each RB count values vs. SNR and age, respectively, (other parameters
kept fixed) and both figures include VI-ABM and QL-ABM related results [7, Figure
3.9 and Figure 3.11]. By looking at[4.13] it can be said that using only one RB leads
to worse performance than VI-ABM and QL-ABM, on the other hand, increasing RB
count and SNR give better performance than VI-ABM and QL-ABM. By looking at
M.14] it can be said that using only one RB leads to worse performance than VI-ABM
and QL-ABM; using five RBs, similar performance with VI-ABM and QL-ABM is
obtained; increasing RB count further, much better performance than VI-ABM and

QL-ABM is obtained for each age.

In [8]], the metric named effective energy efficiency was maximized by proposing a
joint power and rate allocation which also considers the delay violation probability.
A new simulation with the setup given in Table [4.5]is conducted in order to make

comparison with joint power and rate allocation.

Figure [4.15] demonstrates the delay violation probability values for each modulation
order values vs. blocklength (other parameters kept fixed) and includes joint power
and rate allocation related results [8| Fig. 8.(a)]. By looking at|.T5] it can be said that

for each modulation order, using larger blocklength values gives better performance
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Figure 4.14: Comparing Peak Age of Information Violation Probability vs. Age Val-
ues with VI-ABM and QL-ABM in [7]

Table 4.5: Parameters used in the simulation to make comparison with joint power

and rate allocation.

Code Rate | 0.3

ngl) 100, 200, 300, 400, 500, 600, 700, 800, 900, 1000
by, 2 (4QAM), 4 (16QAM) 6 (64QAM)

ly 1,5,10

Ny 7

N 1,2

Ng 1,2

p1in dB 10

o} 0.4
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Figure 4.15: Comparing Delay Violation Probability vs. Blocklength Values with

Joint Power and Rate Allocation in [8]]

than joint power and rate allocation.
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CHAPTER 5

CONCLUSION AND FUTURE WORK

In this thesis, two problem formulations for determining the number of resource
blocks and modulation order needed to satisfy packet error probability, PAol and
delay violation probability requirements are explored. Numerical results indicate that
the choices of modulation order and the number of resource blocks are significantly
influenced by the number of information bits per packet, for the small blocklengths
of interest. Numerical examples of selecting transmission parameters in the two-hop

problem are provided. To sum up,

e In Chapter 3, the two hop multifiow communication model using finite block-
length and AMC scheme was developed. The resource allocation mechanism
and optimization problems basing on the minimizations of delay and RB count

were formulated. The theoretical solution was sought.

e In Chapter 4, a MATLAB Simulation basing on a numerical search was con-

ducted.

e In Chapter 4, the resource allocation mechanism formulated was compared with

algorithms in the literature.

As a further direction, the theoretical solution might be improved by (i) calculating
the probability of the expression being less than or equal to 1 by consulting numerical
methods if required and (ii) calculating the mean of the exponential function of the
expression involving fading, codewords and noise by using the PDF of each three of

them and consulting numerical methods if required.
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Appendix A

CALCULATION OF EIGHT EXPECTATIONS

—_—

Let a:l(’ B) a:l(; ), l(z’fcl’r), hl(,?,?’ wl(; P7) and hz(,i? be the entries in the r*" row and the

¢ column of X z(,:’p )X I(Z’d), X l(]: 9 o l(k)’ V[/l(lj’p ) and H l(}j), respectively. Before making

calculations, let’s expand H, z(,j) term.

Piltp Pillp
NG (A.1)
(4) v (4:p) ( (4,p)
So
o np N@
B = 2 (S0 S g e +Zwl’”) 2 (A2

Pilp 7 W21
Throughout the following whole calculations, the equations (3.1), (3.5), (3.6) and
(3.8) and statistical independences between fading, codewords and noise variables
will be benefitted without mentioning explicitly. In addition, without mentioning ex-
plicitly, summation terms involving permutations with repetition will be faced and
the expectations of all such permutations with repetition will be able to be calcu-
lated. The reader should look at the tables in Appendix |B|in order to understand how

permutations are produced during the following derivations.

It is recommended to the reader that (s)he reads the Sections from [A.2]to [A.9] firstly
and then reads Section[A. ]

/\

A.1 Expectations Involving h ‘ g)

/\

Related to hll ?c , let’s derive some expectations whose results will be used during the

calculation of eight expectations. It is highly recommended to the reader that (s)he
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utilises the following reading order for subsections: [A. 1.7, [A. 1.5/ [A.T.6,[A. 1.8 [A.1.3]
A T4 [A T Tand[A.1.2] Following this reading order will facilitate the understanding

of the derivations.

A.1.1 For the 1 Term

The 1% term will consist of four subterms.

Subterm I The 1" subterm can be calculated as follows (derivations will be long

and challenging):

(z, H (09) (7 (09) H/\

TLpN

_ E 7p7 7pf)]H
- X()X(Z)H)W(> lku lkt lkt

n
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Subterm II The 2"? subterm can be calculated as follows (derivations will be long

and challenging):
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Subterm IV The 4! subterm can be calculated as follows (derivations will be long
and challenging):

S V91 H /\) (z,g

np N@ np NGO np, NGO n, NGO

ZZZZZZZ 2.

t=1 u=1 t/'=1w'=1¢"=1u'=1t""=1u"=1

R H Hy (.9
EXZ(;) ’Xl(]i) ’Hl(]i) ’Wl<,:) [[h ] h [h ] h ”’]

I ,u I u' Ll

(z7p)u’) H (7’7p7m) (i7p)u/) (i7p1f) H (Z‘7p’u”) H (7’7p7m) (7:7p)u///
Exl(">,xf”,H<i>,w<i>H“”lk,t A o I o N e A R
k

Lo 1]
N() Np N() Np N(Z Np

ZZZ Z Z Z X0 0,10, o l[h} 79)]Hh’lku]

Uk,
t=1 u=1 t'=1u'=1t'=1t"=1

() H, (ipm) (ipu')r (6o f)1H, (Gpm)p (ip,f)1H
EXl(i)7Xl(i>7Hl(i)7Wl<i)[[ I, t ] Lyt Typ [951 + ] Ly, [ lk,t’”] ]
k k k k

B g0 300,00 o [0 1027

np N@O np, np np N(l

ZZZ Z Z Z X0 X010 Wm[[h Lo hzk o]

I u
t 1 u= 1 tlf t/lf tlllfl ulllf

(o) H, (ip,m)p, (G, f)1H, (Gpm)  (Gpu™)r (60, f)1H
XO xD [0 Wl(i)[[xlk,t ] Lyt [xlk,t’ ] Ly Ly g [zk,w] ]
BTl T 0 U

EX(Z) X(l) H(l) W(l)[

np np N@O np NGO np

pmp Z Z Z Z Z Z X( 0 X@ H( 5 W(’> ([w (i 7p,9)]Hw(i,p,g/)]

Wyt Lot
t=1 /=1 /=1 t"=1u"=1"=1

(pom), (pu’) g (Gp, )V H, (Gpu” ) H  (p,m) 1 (1, f)1H
Ex(’) X(’L) H(Z) W(Z) [xlk,t xlk 4 [‘rlk t’ ] [Ilk "’ ] xlk t [xlk t' ] }
L
(4.9) 17, (69" ) H
b k b b

np MNp Np N(l) Ny N(l)

422 Z Z Z Z X(” X(z) H“) W(n[[wl(:[t) g)]le(k’i’,g)]

t= 1 tlfl tllfl ullfl t"l*l ,u/lllf

. 4 . o
B _ ' [m(l,p,m) [x(z,p,f)] [x( Dy )]H (l,p,m)x(%,p,u )
(1) 3 () 77(3) (@) 1M1t g, t! It g, t"’ It

XX i k ks k k

[ (i,p,f)]H]

lk 7t///

EX(“,W,H(”,W(") thk uu]Hh b9 /)//]

Ny MNp Np

(4,p,9) (@p.9)7,, (:p.9") (.p.9")
pmpA‘ZZZZ X(>X<>H<>W(>H pg]lek;;g [wl }Z//g }Hw ]

lk7 lk”t///
t= 1t/ 1¢'=1¢t"=

(Gpm) 1 (6o, H  (Gp,m) 1 (6p, /)1 H
EXa) <@ g® @ [o, [y ! Ty [, t’”] ]
I Mg g iy,

141



np N®& np, np

ZZZZZ O XD <>[[h“’g)] B9 [P o)

t=1 u=1t'=1¢"=1t"=

(i,p,u) H (,P m) (,P u) (7':17 f) (7'717’ ) H ('va’ ) (7'717’ ) (i,p,f) H
EXl(i),X(”,H(i),W(i)H Uiyt ] Lyt xlkvtl [:Blk t ] [xlk 14 ] Ly~ Ly, e [xlk,t’”] ]
k
np N@® np np NG np
(4,9) 7, (4,9")
§ § , § § E E X(z) xO W(z)[[hlku] Py, u”] h u”]
t=1 u=1t/=1t"=1u"=1u"#ut"=1

(ipu) H , (Gpsm)  (Gpy) g, (6o, £)1H , (pu ) H (Gpm) | (Gpa)r (60, f)1H
EX(i)7X(i),H(i)7W(i)[[xlk,t ] Lyt Ly v [xlk t ] [%k o] Ly v Ly g [xlk t”’] ]
np N® np NG

ZZZ > ZZ >X<1)H@>W(z>nh< R () o)

g ,u I, u/ Ul u g u!
t=1 u=1 t'=1vw'=1u'Zut"=1¢"=1
(Gpu) H , (1p,m)  (ipu')r (Lo, ) HT, (o) H, (3,pm) (ipu’)p, (6.0, f)1H
EX(i)7X(i)’H(i)7W(i)Hxlk,t ] Lyt Ly v [xlk,t’ ] [xlk,t” ] Ly Ly [ U t!" 7]
np N® np N (@)
2:2:2: }: 2:2: ,g) lQ)H ,g
t=1 u=1 t'=1vw'=1u'#ut"=1t"=1

() H,(ip,m) _ (Gpu')r (6o f)1H, (6w W H, (Gp,m) | (Gpau)r (60, f)1H
EXl(i)7Xl<i)7Hl(i) Wl(i)[[xlk,t ] Lyt Lyop [xlk t ] [mzk ] Ly, g Ly g [%C Iz ] ]
k k Bk

np N@O np, mnp

ZZZ Z X X(z) A W<1>Hh(i’g] hy ’g)]

Ik, u lg,u
t 1 u= 1 tlf tllf

(tpuH , (ipm)  (Gpu)r, (6p.f)1H
EXZ(Z)’Xl(;)7Hl(:’Wl(Z)Hxlk’t ] Liop o Lyv [$zk,t/ ]

I, 9 7"7 7f
Hog b oy 2]

(ip.9'NH , ,(i:0.9")
EX(U’X(@ H Wlu)[[wzk o wy
e

np N@ np nyp

, .,
§ :E :E :E :E H (Z,g)]Hh(z,g )]
(Z) (4) 1579 I u lg,u
X H W k> k>
pznp t=1 u=1 /=1 /" =1
(o H, (Gpm)r (6o, H , (i,p,m)  (ipu)r (40, f)1H
EXf,?sz(,?»Hz(,i)sz(,i)Hxl’“t ] Ll t [xlk ¢ J P A [xzk 1 1]
(&,p,9) 1, (409 )1 H
EX{”,X}“,H}”,W(“ [wzk v [wlk,t/ J7]
k k

np np NGO np

422 Z Z X0 X0, W(z)[[ (7p’g)]sz(k’}t)g )

Lot
t=1 t'=1uw/'=1t"=1

(tp,m) 1 (6p, ) H , (pu' ) (G, 1H T, (&pu' ) H |, (i,p,m)
EXa) @ @ ) o0 [y, ! N ! [ﬂfzk e Lot? )
U "l 7 T g
- (4, g) (h,9' ) H

142



EX}“,X}”,H{“,W}“H L t
k k k k

E

E

X, Xl(i)7Hl(i)7Wl(i)[[ Lot
k k k k

xO XD 5O W [,
k k k k

np NG ny

pmp ZZ Z Z X0 x H()W<z)[[wz(,iﬁ’g)]le(Z?g)]

t=1 t'=1u'=11"=

(ip;m) 1, (i,p, f) (Gpuw' ) H , (ip,m)  (4pu’)r (6, f)1H
EXl(i>’Xl<i)?Hl(i>7Wl(i) [%k,t [ﬂflkt ] [xlk,t“ ] Ly Ly g [xz t”’] ]
k k k k

_ Hy (i)
EXz(i)aXl(i)sz(Ule(i) thk u”] h ]
k k k k
. n
N@® d

4 o (ip 9 H,, (&pg)r, (6pg' N H ) (4p,9")
+<Pmp) ;EXI(;)?XZ(;)7HZ(;)’Wl<,:)leht [ (U R i A

(ispym)p (6, )1 H, (6pm) 1, (6,0,0)1H
EXu) X(i) H“’) W(”[ z,i,’im [xl,:,lt) ] xl;fzm [951,15 17
bl b b k

Z Z EX()X )1 W(z)“ l(k:pg)]le(}::pg)[wl(th’;lg)]Hw(%p,g)]

lk,t//
t= 1 tll_ tll#t

(t,p,m) 1 (6p, )1 H  (6p,m) 1 (6,p,f)1H
EX“),X(”,H“),W“)[ It [Ilkt ] Ly, 4 [xlk,t” 17
np

(6p, g H, (6p,9) 1, (409" ) H, (i:p.9")
Z Z EX(Z> X< H(Z) W(Z) H lk,t ] wlk 4 [wlk t ] wlk 4 ]
t=1 t/=1,t'#t

N@

(t,p,m) 1 (4,p, )1 H , (ip;m) 1 (4,p,f)1H
EX”),X(“,H‘“,W}“[ ot @ ey 1]
k
n
N() d .
4} : 2 : (4,p,9)1H (,pg) (7pg) H (l,pg)
t=1 ¢/=1,t'£t

E . — [x(ivp»m) [x(i,p,f)] L (iPm) [x(hp,f)]H]
@ OO LA L A ot LTt
Xl; ’Xl(,z)’Hl; 7Wl,z k> k> k>

N np N@& np, np
)'(1+dlg — ] TYYYY
pin t=1 u=1 /=1 "=1"=1

(tpu) H ,(Gpm)  (Gpa)r (6o, ) H, (4pu) H  (p,m)  (ipu)r (4,0, f)1H
z ] a:lkt xlkt’ [xlkt’ ] [xlkt”] xlkt” xlkt”’ [a:l R

=

np N@& np, np N (@)
t=1 u=1t'=1t"=1u"=1u"#ut"=1

:L.(ivpvu):lHx(ivpvm)x(i7pvu) [l.(ivpvf)]H[l,(i7p7u )]H (i,p,m) (ivpvu”

kst lgt’ Uyt Uit

)
L, t" I 0" [:Blk N

np NG@ np N®@) np

( 459 DD D ZZ

t=1 u=1t/'=1uvw'=1u/#ut'=1t"=1

(LpunH (ipm)  (Gpu')r (p. 1 H (bpu' )1 H  (Gp,m)  (Gpu)r (6p,f)1H
z ] xlk t :L‘lk t/ [xlk t! ] [mlk t ] Ilk t" xlk t'" ['rlk t'"

143

]

(ivpvf):lH:I

1]



np N® np np

DI

n
'0@ P t=1 u=1 ¢'=1t"=1

“%%Hﬁﬁmbxﬁﬁﬁﬁﬁr%xﬁ>ugwﬁ]

i ) g t
)(;k)’)(;; ’1752)’14/51) ks

np N@ np

< 459 D NWY

t= 1 u= lt/_ t”/_

(1) () (@) 1) LIVt l t l t’ I, t! L 07 L2 0 7
Xlk 7Xlk ’Hlk 7Wlk k k> ks ks ks k

np np NGO np

Ay YT

nyp
Pi t=1 /=1 u/=1¢t"=1

(ipm) 1 (p )1 H . (pou’) 1 (60, f)1H 7, (Gpu' ) H | (6,p,m)
EXZ(Z)7Xl(Z)’Hl(Z)7Wl(;)[ et @] Ty Ly 1 [xlk v )y ]

np np NGO ny

SDIDIDIS

t= 1 t/l_l ull_l t///_

pznp

(,pm)1 (4o, f)1H |, (Gpu” )1 H  (6p,m)  (4pu” )1 (6,p,f)1H

EX;:’;?’H;;\W;;)[sz,iﬁm[371It; ] [xlkzt)” ] xlzi’,,m lz,% [;Z,@’m] ]

(N2 Dy, |?
piny

(1+dlg—4d])

np Np Np

R S S 3D

pznp t=1 /=1 t'=1 t""=1

or Dl D 1 e D e L )

E

xO XD 5O [z,
k k k k

(é,p,m) (i,p,m)
EX<i)7X(i>7H<i>7W<¢>[mzk, Lot ]

np np Np

HwaggZZZZ

pl t=1 t'=1t"'=1#"=1

E

H (vavm)]H (vavm) (Zzpum)[ (7p7 )]H (7p7 ) (vavm)]
<O %@ g o W
1, N M W

xlk t xlk t’ xlk " xlk " xlk t'

(1pf)] [(Jaf)] ]

EXu) X( 0l W(z)[[xzk ¢ Lyt
N N(l) Np Np
o)+l =g DOND YD S )Y
Piltp t=1 u=lu#fu#m t'=1t"=1t""=1

E

R AR R A
I 7 g 0y

lk7tl lkvt” lkvt”l

E

(i,p,m) _(i,p,m)
x® %@ @ @) [l’lk,t Lt |E
lk’ lk’ lk’ lk

(&p ) H 1. (60, ) H
X0 X(” A W<1>szk§/ [ g ']

xl t/ll

144



np Mp TNp

D))

t=1 t/=1¢t"'=1¢t"=1

ol g g )
k

(lvpv )[ (ivpvm):lH (7pm) (i7pvm):|

Ex(l) X(l) H(") W( )[:I:lk, lk,t” xlk t lk,t”/
U Mg g
Np MNp Np
plnp t 1 t/_l tl/_l u//_l ull#f u”#m t///_
E o ‘ [[ (i,nf)] x( ) [I(%,p f)] [x(z,p f)] ]
(1) 3 (3) (i) 17,(3) gt It It Lt
Xlk 7Xlk sz 7Wl k ko k>

(4,p,m) (i,p,m) (i,p,u")1H , (4,p,u")
EXUX(z) HO WD [xlkt Lt ]EX“),X(”,H(”,W(“Hxlk A

np np Ny
pznp t=1 t/=1 ¢'=1t""=1

(i.pm)H , (i,pm)  (i,p,m)  (i,p,m)
gt ] xlk t xlk t/ xlk "’ ]

X0 X0, 10wl
(o, ) H [, (6o ) H (6pf) 1, (6, )1 H
EX(¢> <@ g W(i)[[ Lt/ 1" [z, v 1" Ty’ 17, t’”] ]
be 7l e g
np Np N®@

n
pz p t=1 ¢/=1¢"'=1uw'=1u"£fu'"#£mt"=1

[[ (iapvm)]H$(iap7m)x(iﬂp7m) (ivp’m)]
X<Z) X(’L) H<Z) W('b) It gt g, t! Ly t"
U N Wiy,

(z,pvf)]H[ (wv,f)]H]E 1(2’5/’7‘ )]H Z(Z:I;;}/L )]

ot/ I O X0 0 ol
k k Xy X, Hy W

N(@) np Np
4 (,p,u) H, (i,p,u)
pn E: E: E:E:E: X(>X<>H<>W<>H ot V)
VP =1 u=1lut futm =1 =1 1"=1
E ) ; ) ) (7‘7p7m).,L.( 7p7m)
Xl(;) VXZ(1)7Hl(l)7Wl(Z)|: lk,t lk t ]
(&p, N Hy, .6, H (6. f) [, (60 1 H
EXu) X(“ H(” W(Z)Hxlk t ] [xlk ! ] Ly, i1 [xz 1 ] ]
N(@® np np
(t,p,u)1H . (i,pu)
§ § E § § X(z) H( i) W(z)[['rlk,t ] U t! ]

t=1 u=1u#fustm t'=1 t''=1¢"=1
(imﬂn)[ (i,pym)]H (i,p,m) (i,p,m)]

E X X(z) DO Wi ol " Lt Tl e
(ip, N H 1,060, )1 H
E Ut/ ] [Izk,t'" 7]

xO X0 5O w I
k k k k

145



N np

o) SO YD 3 S S 3

t=1 u=1lu#fu#m t'=1t"=1v'"=1u"#uu"#fu"#mt'"=1

E

(t.pu)H (1P,
O @ @ W(i)[[wzziu] Zpu)]E
U Mg g M,

Ut

(4,p,m) _ (i,p,m)
O @ g@ @) [,y ]
U 7l T T

E (4,p, f)] [ (Lp,f)]H]E

i,p,u’’ . p,u’
() (@) () (i)[[ajl v L 4171 (i,p )]H (4,p,u )]
XX HY T W, k> ks
Ly Mg My 0l

XO.x0 a0 i ([, Lyt

HEERIEH D IS

t= 1 t/_ t”_ t///_

7;7 7f . f (2 ,
o T b1 Lo )

E o —= o
Xf”,X}”,H“’,Wl(”H lyest
k k k k

E (7p7 ) (7p7 )[ (va7m):|H (va7m):|

X X“H“) Wi [y g e T

np Np N

< 459 DD ZZ

t=1 t/=1u'=1uw#fu'#mt’'=1t"=1

ip,f 0. f i, i,p,
MR AT

E

X0 X010 W [z,
k k

E

( 7p7m) (va7m) E
xO X0 g ) (21,4 )
k k k k

et 1o X o W<>[ (W) [ b1 H]
’ ’ T

Ilk t’ mlk t

N() np Np Np

A IRVI)3) 33D

t=1 tl_ t” t///_

Hx(iﬁp,m)]H (4,p,m) (Lp,m)x(i,p,m)]
O X0 5 o Ut ot Ligpr Ty pm
R P LA

@, f) 1, IV H 1, (G, IV H [, (60, f )1 H
Ele X0, H“W(” [% t! [ I t! ] [%k,w ] [%k,w] ]
™
NZ- np Np N®@)
4
O =91 >, ) Z Z
t=1 ¢/=1 w=1u/#£fu'#mt""=1t""=1
(i,p;m)1H , (i,p,m) (i,p,m) (i,p,m)
Exl(;),xf“,Hf“,Wf“Hxlk,t Plan e ay wyon]

E

o (@pu), (i,pu' ) H
Xl(,z)7Xl(;)’Hl(,i)7Wl(;>[Ilk t/ [ 1"1E

b (%Pf)] [(%Pf)] ]

(z> <) (z) ()[[Ilkt/ Ly, 11
x9 x D =Y w

N() np

LR S S ) 3D S

t=1 u=lu#fuzmt/=1t"=1t""=1

+(

E

()1 H . (6p,u)) o
Xl(l)7Xl(Z)’Hl(l)7Wl(Z) [[ lk,t ] ]
k k k k

lk 7t///

_ _ ' [x(i,p,m) (i,p,m)]
X0 X010 wo Pt L

E

9. f Z? f Z? 9.
RO N el ol ol R A
U 7™l 7 T

Lyt P Y A

146



N()

SEE TSI S 3933

t=1 u=1u#futm t'=1t"'=11"=1

E

(i,pu)1H  (4,p,u)
@ %@ g W(i>[[ z,i,’Z“] l'(zpu]
U N g o,

lk,t”/

(i,p,m)_(i,p,m); (i,p,m)1H  (i,p,m)
')[xlk,t Ly, 40 [lk,t” ] Ut ]

E

'7 7f '7 7f
X0 x® 1o W(i)[[xz(z,?/ )]H[x(lp )]H]
k 2 k bl K

lk,t”/

N(®) N

%ggZ > X Y Yy

t=1 u=1l,u#fu#zm t'=1 v =1u' #uu/'Zfu'#mt'=1t""=1

E

- (&:pu)1H . (4p,u)
X;,:%x;;%H;;%w;ﬂ““"lkvt] .

(i,p,m) _(i,p,m)
xlk r ]

PROBRONORMO! [, @y,
R N

E (7pu)[ (7’7177 )]H]

pf P
X<>X<z) H(>W(z>[$zk v Ly e o )} [ e )] ]

X X( 0 0wl ([, Ly e

np mnp Np

WTZZZ

t 1 t/_l t”_
(o, PVH , (6, £) 1, (60, )1 H T, (60, )1 H
EXm x@ g W<i>[[$zz,€ ] l’zkzt)/ [z,i,z; ] [xz,iz;/] ]
PR PR PR A P

(é,p,m)  (i,p,m)
EX;”,X;”,H;”,W;”[Ilkvt lot” )
k

np MNp Np

MTZZZ

t=1 tl t”_

E

H (i,p,m)]H (i,p;m) _(i,p,m) (%p,m)]
i) (i i) i) It
Xl(; 1Xl,z>le(,z ’Wz(,z ks

a:lk, xlk t xlk ¢!

(o, f)1H .60, f )1 H
EXu) X("> Hu) Wlu)[[xz;,lt)' 17 ZZ,It)” 17

N® np

pmp Z Z ZZ X XD 1 W()H z(,ilt)u)] :)sl(kf,“)]

t=1 u=l,u#fu#m t'=1t"=

(i,pm) _ (i,p,m) (6p )1 H 7. (60, /) H
EX< ) X(z) HO W olze xlk?' ] x® xO g Wlm[[@"zk}; ! [, 1]
R Y

t=1 t/=1"=1
(i,p7f)]H[$(i7p7f)] (,pf)[x(i,zhf)]H]

U t! xlk " U "

X\ x 0 1O wY [l
k k k k

R I::L,(’L7p7m) (va7m)]
x@ x @ @) @O 10t It
U 7l 7 0 e

147



Piltp t=1 t/=1t"=1

E

PROBRON0 W“)H L.t ot it L
L

E X XD 10 w0 I

459 Ny E: >y

t=1 u=1ufutm t'=1 t"'=1

9. f Z'7 7f
zy I D)

(Z,p,U)]H ('L,p, )]

i i © i It Iy B
x0x1 a0 Wi ks
E - , [x(iyp,m) (’i,pvm)]E [ HI( D, f)]
i i q i It It i i 7 i 1t/
X0 X0, 10w, o X0 x0,m wo W,

N@ (i.pm)
+(— )6lg — 4] Z Z Z E X0 5@ [z,
IO’LnP t=1 t'=1t"=1 Uk g b 77 g

(o, H L Gp, )1 Gp 1 H . Gp )1 H
EXl(i) x5 Wl(w[[ lkIt) ] xl;z;/ [xlkl; ] [xlklt)” ]
I

t=1 t'=1¢"=1

E

O @ g0 W(“[ ot Lt T 1 Ty
b 7l 7 T

(iyp,f)] [ (7pf)] ]

Xl(;)’Xl(;)7H(l)’Wl(l) [[ lk,t lk,t/
np np N@®
SLTRYI> 9> SIED DI O
(p n lg—9 X(z) X<z) H(z) W(z>[
P t=1 t/'=1v/=1uw'#fu'#mt'=1

(&p, N H [, (60, /)1 H
Exl“) X0 i) W(“H ot ! [, ! ]EX< ) X( 0 a0 oz
k: bl ) ’

np  Np

pznp t=1 t/'=1 "=

(i,pvf) (&.p, N H .60 ) 1,,.(6:p.f)
EXz(i)yXl(i)yHL(i),WmH Ut ] [xlk 2 ] Ly o [zlk,t"' ]
ke g
np Mp

DY

pznp t=1 ¢/=1¢"=1

E

X0 X( 01w [, [y, o

xlk t// lk t///

E

(Gp. S H (60, /)1 H
X0 x0 1O Wlu)[[xz,i,lt) [ ']
k7 k) ? k

xlk t///

np Ny N@®

t= 1 t//fl u/l:1 u//#f u/lim tlllf

Xl<1) 7)(l(1> ,Hl(l) ,Wl(l) [[ l]mt
k k k k

(iupvf)]H[ (z’pvf)]H]E

U, " O T 5@ o T !
k Xy Xy Hy Wy

148

(i,p,u

(i7p7m)]H (ivpvm)l,(i?pvm) (ivpvm)]

[ (,pf)] ]

Ilk t“/

(4,p,m)
Ty ]

]

(i,p,m) (i,p,m )[ (Z,mn)] (,mn)]

x( psm) _ (i,p,m)
gt lg t"

( ,pu)[ (er7 )]H]

Ly

N() (ipm) _ (ispm)
ZZ Z XOXP H()Wm[xzk’? x|

“]

(Z7p7 ) [ (Z7p7m)]H (Z7p7m) (Z7p7m)]

4 [ (Zzp’m)x( Py )]
X“) X0, HO W Tt Ty

//)]H (i,p,u”)]

lk 7t/ll

]



(J\f@)QIDb,,CIQ(1 slg— o)
ping I

N(z) np Np Np
=2(——)'(1+dlg =g D > D Ref
Pilty t=1 t'=1¢""=1

(i, H 1, (6, S H G, f) 1, (o, f)1H (50, f)
EX{?,X}?,H{?,W;;)Ha:lk,t [ o Al i T

[x(z’pvf)]H]

lkHtl//

N (i,p,m) (i,Pﬁm)]}
XZ(Z)’XZ<Z)7HZ(Z)’WZ(1) lkﬂf lkﬂf
k k k k

NG oo MR
) +dlg—gDY. D D
Pillp t=1 u=1u#fu#tm t'=1

(&pu)1H . (Gpsu)p, (Gpu) H , (4,p,u)
Xf“,Xl“),Hl‘“,Wl(“Ha:lk’t ] Ly, 4 [$lk,t ] Ly 0 ]
k k k k

(i,p,m) (i,p,m)

_ (G, ) H 1, (40, ) H
Xl(;)’Xz(,z)le(;)le(,:)[:Blk’t Ly, t ! 17

] X ;(;) HO W [, Lyt
O, " T
+2(— ) (1 +6lg—gD DD
Piltp t=1 =1
'7 7f 47 7f '7 7f '7 7f
RAE o 50, o o [t o o) 7))
B T T g

(6pym) 1, (4,p,m)1H ) (i,p,m)  (i,p,m)
O X @ ) W(i)[xlk,t A T
e 7l e T g

I}
N

Topasl- gy Y Y e

t=1 t'=1,t'#t t'=1

‘7 ’f '7 7f '7 ’f .7 ?
2N Ak R R
ke e T

+2(

(i,p,m) 1 (i,p,m)1H  (i,p,m) (3,p,m)
Exf” X\ H" W;i)[%,t o R
U Tl

N(z) np np N®
T R TR 35 DI DR
Piltp t=1 t/=1u"=1u"#fu'"#m

‘7 7f '7 7f '7 7f .7 ?
B 5 o ol 1 i e ) 1)
k7R T T

(i,p;m) _(i,p,m)
E %@ 4o W A
b 7l 7 T

('7 , l/) H (‘7 , /l)
] Xz(,i)vfi)’Hl(;)’Wz(;)H A A

N(i) NG NG

oyl - /)Y )3

t=1 u=1u#fu#mu’'=1u"#uu" #fu"#m

- [[ (i,p,U)]Hx(i,p,u
lk ) lk: ’ lk ) lk

+(

) (i,p,m)  (i,p,m)
] xO X0 g® K
k k k k

(‘? 7f) '7 7f ‘7 9 " '7 b "
@ x@ g0 W(i)[[ zz,]: ]H[%(z]: )]H] x® x@ g W(i)[[xl(zﬁu )]chz(,i]:u )]
U 7™l 7 T U 7™l 7 7

149



N@ e
() (1 +3lg = ) Y D Re
Piltp t=1 t'=1
(7;7 7f i? 7f i’ 7f 7;7 7f
B o5 o ol 1 o gt 1)
Y I P

(i,p,m) _ (i,p,m)
EXu) PONTORIHO) Eranial:
U "l 7 T

N@@)

Tp
)(1+6lg—g') Z Z EX“) 2T 5 Hxl(}zc:;;,u)]Hxl(Z:;Z,u)]
t=1 U:Luif,u#m U 7l 7 0 e

N®@

+2(
Pilyp

XZ(Z)’XZ(1)7HI(Z)7WZ<Z) [[ lk,t
k k k k

(i,p,m) _(i,p,m)
EX(i),Xl(i),H;i),Wl(i) ['rlk,t Lyt |E
k k k

I
(N@D)?|Dy, |2

2,3
pinp

(Z7p7f)]H [xl(:f;’f)]H]

(1+dlg—4d])

(N(Z‘))g, Np Np Np

=21+ 0lg— gD D3 Re{Dy,

Piltp t=1 t'=1t"=1
(@ H o ) H  Gp, ) G OV H  (6p, )1, (6p, T H
EXZ“) X@ g Wl(i)[[xlk,t ] [xlk,t ] Lyt [xlk,t’ ] Ly, 41 [%k,t'”] I}
R A

(N©)2|Dy, |? NO

+T(1+5[Q—g'])i > Y

t=1 u=1lu#fu#m t'=1

(i,p,u)]H (i,p,’u)[ (i,p,u)]H (i,p,u)]

EX;;),;(;')’H;;),W;;) szk,t A Lyt
(N©)2 e

2 (Lt dlg—g) > Re{ldy, )"
P t=1 t""=1

(épym) 1, (4,p,m)1H  (i,p,m)  (i,p,m)
EXlu) x@ 5 Wlu)[l’zk,t e R e |
k7 T T

(ND)2(n, —1 L
M = s ) ST Ref(Dy, 1
Piltp t=1 t/'=1
(¢, p,m) 1 _(i,p,m) 7,p,1m 1,p,1M
EXL(”:@HL(“:WZ(")[xl"’]i [ lk,}Z” ]H z(kfiu) z(k}t7 )]}
k k k k
(N2 max{N® —2 0} A
+4 R (L+0lg— gD ) Re{D,
tp t=1 t'=1
i’ 7f Z‘? 7f) i7 7f i7 7f
E_ 5w o ol el D D 011y
U 7 g 0y
| Dy, |?max{N® — 2 0}(N@ — 3)
+—* 3 (1+0lg—4d)
(N(i))g Np  Mp
+4 i (L+6lg—gDD .Y Re{D,,
P t=1 ¢'=1
(o, ) H (60, f) 1.6, f i,p,f
B o5 oo o lmied Va0 e 71
k kT

150



NDIDy, [P max{N® — 2,0}

2 1 —J
+ i3 (1+6[g—4d)
(N2 Dy, 7 )
+ng—n3l(1 +4d[g —4])

(N@)3
=2 —(1+6[g — 4] ZR&{DZ,Z
pznp t=1

1,0, f 1,0, f 7,0, f 1, , 1,p,
wr Pl P P e V1)

E o —= o
X0 XD m (0w D [t
k k

(]pV >(1+5g q'] Z Z Re{Dy,

t= 1 tl// 1 tl//#t

J. f 3. f 2. f 7’7 f I f Z7 f
B0 300,00 o Lot 1 etV Pl D [ )1
BT

(N )(1+5g q] Z Z Re{Dy,

t=1 t/=1,t/#t
(&p, 1 HT, (4.0, f &0, f)1,.(6p, f 40, f)r,.(6p, f
B 1o X019 W(zmx,ki L g D L P D L Py
(N@)? AR
+2-—— (1+6lg—gDD. >  Re{D,
vp t=1 t/=1,t'#t

(‘7 ’f) (7 f) ?. f .7 ’f ). f '7 ?f
e L A MRV R

“ﬁ Dbty g Z Z Z Re(Dy,

ni
p t 1 t/ 1t/§£ttl" 1t”l¢t t"lft/

(e, N H (6N H .G, f) 1, (6, )1 H (6, S) 1,6, /)1 H
Bypo 0 o ol 1 e ) >[x,k€/ g ey 11}
N2 D D, 2 N®

'Oi p t=1 u=1,u#f,u#m
(7 ) ) (7 7u Rl gl bl
EX(w) X(z) H(z) W(z)[[xlklt) ]H:Clk? )[xl(k}lz )]Hxl(klt) )]
©)
(N”HDbF o
CO vy, Y
pin =1 u—1,ut fusm t—1 ¢/t
E X0 40 Hxl(:,};’w]Hxl(:i;u) [HSEZ’Z“)]H%(:?“)]
g N g oy
N ()2 "p
20l dly— o) Y Redln, )"
P t=1

E

(i,p;m), (i,pm) H , (i,p,m)  (i,p,m)
Xl(1)7Xl(l)’Hl(Z)7WZ(Z)[ lk,t [ ] }}
k k k k

It I t Ut

151



(N@)2 R "
+2 (L+6lg—gDD_ > Re{lh,]
PiTlp t=1 t/'=1t"#t
(i,p,m)[ (i,p,m)]H (i,p,m) (i,p,m)]}

E PRONORT 0] [xlk,t % Ly Lyt
k) lk bl lk b lk

Y2 (.
O =D s o) S Re{(Dy, )

4
Piltp t=1

I:x.(ivpﬂn) [ (l?p7m):|H (i»Pﬂm) (lapzm)]}
’Xl(i)’Hl(“’Wl(i) It It lg,t gt
k k k

Aol g)S. S Re{(Dy )"

t=1 t/"=1,t"#t

b X
k

(N®)2(n, — 1)

+2
piny

(ip,m) 1, (i.p,m)1H  (i,p,m)  (i,p,m)
[ Ly, t" ] gt gt ]}

E PR Xk) HO W ks L.t
(NO)2max{N® — 2 0} 2
i (1+6lg —g'1)>_ Re{Dy,
v t=1

o woo s 1 D1
g Ty

+4

E . —
Xl(Z)“Xl(Z)
k k

NO2max{N® — 2.0 e
oA e h1+ﬂg—gb§: > Re{D,

2,4
T
Piltp t=1 t/=1,t/#t

(ivpvf)]H (ivpvf)[ (’vaaf)]H[ (lvpvf)]H]}

E 5@ 4o W(i)[[xlk,t AT Ll
T T

x{
N |Dbzk 2> max{N® — 2 0}(N® — 3)

i (1+6lg —g)

(VO

34
pinp

p
(L+6[g—g1)>_ Re{Dy,

t=1
_ (@, H .G f) 1, Gops )1 H, Gop )1 H
sz(,?:Hz(,?’Wz(,j)Hxl’“t ] Ly, ¢ [xlk,t ] [-73zk,t 171}

)\3 np np
(ﬁzfﬂ+ﬂw—g®§: > Re{D,

(i
n
Piltp t=1 t/=1,t/#t

E .
X"
k

+4
Xl(;) ’Xl(]z) ’Hl(;) ’Wl(kl) H gt
NO|Dy, [*max{N® — 2,0}
ng

(N®2|D

2.3
pinp

+2 (1+6[g—4d])

152



2R6{Dbzk [szk]H}
n
192 ’Dbzk ‘2Cbzk (np - 1)

3
p

Re{Dblk [Jbzk]H}(np - 1)
@

ol Pl = 11, =2

np

(1+dlg—g])+38 (1+6[g—4d])

(1+dlg—4d]) (1+dlg—4d])

’Db ‘201, maX{N(l) - 2, O}
e (1+d[g—g')
p

|Dy, |*(n, — 1) max{N® — 2 0} .
- (1+0lg —g')
P

T, | Dy, |*(n, — 1)?
| T, | (1+5[g_g,]>+2| b, |°(np — 1)

= (1+9[g—4)
(3 b b H max (&) — s
+4R{Dku%]} W 20%1+ﬂ9—db

Dy, |*(n, — 1) max{N® — 2.0
D, Py — 1) ma{ b st o)

N | Dy, ? max{N® — 2 0}(N® — 3)

3
"y

(1+dlg—4d1)

N®|Dy, [*(n, — 1)
k 1+6lg—g
o3 (14d[g—4)

(N@)2| Dy, |*

2,3
pinp

N(i)Re{Dbzk [Jblk]H}
ng
N(i)|Dblk > max{N® — 2 0}

Pi nf;

+4

(1+dlg—4g]) +4

+2 (1+d[g—g])+ (1+dlg—4d1)

_1+4[g—4]
iy

+4Re{ Dy, [y, 1"} (2n, — 2+ max{ N — 2,0})

(p?(2R€{Dbzk [szk]H}

+2[Jy, * + 2Dy, [*(Cy, + 21, — 3)(n, — 1)
+|Dy,, |2(Cblk + (| Dy, 2+ 4)(n, — 1) + N — 3)ymax{N® — 2 0})
+20;NY (2Re{ Dy, [Jy, 1"} + | Dy, [*(2n, — 2+ max{N® —2,0}))
+(NDY[Dy, )

153



So the 4" subterm is given by
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A.1.2 For the 2" Term

The 2"¢ term can be calculated easily by using the corresponding Equations (A3]) and

(A.4) as follows:
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A.1.3 For the 3% Term

The 37 term will consist of eight subterms.
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Subterm I The 1% subterm can be calculated as follows:
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n. pin,

175



Dy, [J, 1" , IDbzk|2(np_ 1) /
= T (14 3[g—g]) + = (1+6lg—41)

)2, |1 np
WP sg— g S

3
pi np t=1

(i,p,m) _(i,p,m)_(i,p,m)1H _(3,p,m)
7;?%(;)7%(;) [wzkﬁ’ zk,’Z [ l,ﬁ ] z,ﬁ ]
(N(z)>2[Db ]H np np
L - S S
i'p

t=1 t//=1,t" £t

E
Xl(l)
k

EX{’WW,H}"’,W}“ [ ) ) [ ()|
k k k k
|Dy, |? max{N® — 2 0} / NO|Dy, |? /
+—= 5 (1+0lg—d])+ —5—1+6g—d1)
p Pilty
Dy, [Jy, 1" |Dy, [*(n, — 1)
= —l’“ngl’“ (1+d[g —g']) + —= = (1+d[g —g¢'])
p p
[Dy, 17, | Dy, [*(n, — 1)
e (14 8[g — ¢]) + ———— (1 + d[g — ¢'])
np np
|Dy, [?max{N® —2 0} , N®|Dy, |? ,
+— 5 (1+6lg—g])+—7—(1+65g—4g])
ny, piny
1+6[g—d]
= pi—ng@piRe{Dblk [Jo, 1"} + 2pi| Dy, (0 — 1)

+pi| Dy, [P max{N® — 2,0} + N|D,, |*)

So the 7" subterm is given by

T T T )
- EX;;{X:,H;;)’W;;)[[hzk,il]thkﬂ [y )1 1y %)) (m # )
1+9[g — 4
= pi—n%(QPiRe{Dblk [Jbzk]H} + 2pi’Dblk 2(n, — 1) (A.14)

+pi| Dy, |” max{N® — 2,0} + N¥|D,, |*)

Subterm VIII The 8 subterm can be easily calculated as follows:

—_—

h(i7g)]Hh(i’g) [h(i’gl)]Hh(i’g/)](m £f)=[E

EXL(“’Xl(i)’Hl(i)’WL(i) [[ lk,m lk,f lk,m lk,f Xl“)’Xl(Z)’Hl(Z)’Wl(Z)
k k k k k k k k

/\H —_——
hicn hiy a5 ) = (BT

lk,m
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So the 8 subterm is given by

— —

— E iy g1 b )om # f) = BT (A15)

XD XD 1) )
k k k k
A.1.4 For the 4" Term

The 4" term will consist of two subterms.

Subterm I The 1% subterm can be calculated easily by using the corresponding

Equations (A.8) and (A.10)) as follows:

—_

Hh(i’g)]Hh(i’g) [h(i,g’)]Hh(i,g’)] _ (A.16)

I, f U f Uk, f! I, f’
(A.10), f'#f

XZ(Z) ,Xl(l) ’Hl(Z) ,Wl(l)
k k k k

Subterm II The 2" subterm can be easily calculated as follows:

—_

Hh(i’g)]Hh(i’g) [W]HW] = [E

E i) (1) (i i / / 0) (1) G i

X0 X010 w O Wt 1P Mg R g Xz(k)szl)’Hz(k)sz(k)[
G0) (0.0) 7 (0] (59

09 9) 1, (b9 N H 1, (b9 ))TH _
hlk,f hlk,f [hlk:f/] hlk,f’“ = (A.16)
So the 2"? subterm is given by

— B [[h(i’g)]Hh/(;;) [h(i79’)]Hh(i,g’)] = (&.16) (A.17)
Xl(7'> 7Xl<l) ,Hl(i> ,Wl(i) lk7f lk 7f lk ’f/ lk’f/ o ’
k k k k

A.1.5 For the 5" Term

The 5" term will consist of twelve subterms.

Subterm I The 1°¢ subterm can be calculated as follows:

—_— —_—
(4,9)1H 1, (5,9) 17 (8,9')1H 7, (6:9")) _
EXm X0 g0 W(i)thk,f] M e e 5 = EX@ X0 g W“)[
U Mg P [ A

—H —
(1,9) 13,691 H 1, (6:9) 1 (i,9")
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np N

N© (i) (pa) (0P
=L o X0 H”W@H (E D e )
b Pilty 21 =

np NG@®

(%) )
Z? 7‘7 f N Z7 7‘7 7ul Z7 9
+§:w§k,” o I —— (3TN R O

in
Pillp 421 w1

S A

=1
. n ()
NGO 28 (o) H o)
= ( " )? EX<>X<>H(>W<> ZZ lk, lk’? ] xlk’,p
Pi P t=1 u=1
+Z[wl(k,zt)g)]Hxl(z,’pf))
t=1
Np NG
). u i’ 7f
ZZ lku z,ft)/ )}Hxl(k,}t)/)
t'=1u'=1
(4 D) 7, (,9) 7, (6,97
"‘Zwlk?'g xlki’ g he iy ]
=1
N®@

=

2E o =
) (1) () gr(2) (i)[
Piltp Xlk ’Xlk ’Hlk ’Wlk

np N@ n, NGO

’)HZ 7) (’7) ()f) (’7)H(7':f)
ZZZ lku lki hlk?hlk? [xlgt) ] xlk,p [xlk]:’ ] xl,ﬁ/

t=1 u=1t'=1u'=1

np Np

(z,pg (@pg' NH ,.(4p.f), (G0, f) 1 (3,9) 1, (3,97)

+Zzwlkt wlkt’ 17 Ty T hlkfhlk,f]
t=1 t'=1

np N@ np N(z)

A, (i) H (-0 (19) (o0

n
plp t=1 u=1 t'=1 /=1

U 2. f Rl il 2 f
EX< ) X(>H( 0w >Hw§£“)]H:v§,ii )[Jfl(ki' )]sz(,iff )]

np  Np

(ip. g Hy, (60,9 )N H (@:p.f) (6, f)
+tz121 X()X()H()W(’)H bt ] [wlk,ft)’g] ]EXUX()H()WM[%C]Z z ]
t/

(1,9) 1) (.9")
EX}”, le,Hl(i),W;i)[ b s |

Np  Np

(i.9)1H ( )1H 7,(6:9) )

plp t=1 ¢'=1

(tp, 1 H ,@pf) 1, Gp )1 H (@0, f)
X9 xO 5o, W(z)[[xz,if ] xlkzt) [szki)f ] %ft)/ ]
U T
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np N@O  ny
(4, )H (z "N H 1,(4,9) 1, (i,9")
pz p t=1 u=1u#f t'=1
(Z’ ) ) (7 f) 1’ u (Z7 7f)
EX;;),)((l) H(’L) W<7')[|: 7]; ] xl]“p I:xl(kil )] xlk,ZzZ’ ]
N( np np
=P +dlg-gDY_ D,
Piltp t=1 ¢/'=1
(6. )1 H (, ) (, JShH (G, f
U, N Py 0y,
N® P
= (— ) +dlg—9gD >
pinp —1
(o) H , Gp,f) 1, (Gp f)1H (4.0, f)
EX;;)WH@) Wu)[[l’zk,}; ] xlk}; [xlkzt) ] 'rlk,p ]
N®
+H(—)*(1+d[g — ¢ Z Z
Piltp t=1 ¢/=1,t' £t

(p. SN H (60, f) 1, (e, )1 H (0, f)
EX}” X Wl<i)[[xlk,t " R E i
I’ k) k ? k

by,

—(1+dlg—gN+ npn_ 1(1+5[g—g’])

Cy, +n,—1 ,
=t~ (1+dg—d)
p

So the 1% subterm is given by

Cblk +ny, — 1

Tp

== LI

O X @ g0 W(z‘)[[hz(:if]Hh D4R =
L

iof g 1 ey (1+[g—4)

(A.18)

Subterm IT The 2"? subterm can be calculated as follows:

( ) H (Z,g) (Z,g) H (27 ")
T)HT‘\') )
Z?g Z7g 7g H Z?g
n (©)
N@ LS
=F

9. J. f
Zzhzku%ﬁu xl,fZ )]

X(l) X(U H(l) W('L)
pmp t=1 u=1

np N

P P f ‘ P P
+Z%” N TS S il

n
plpt’lu’l

i, ) ,f) i,
Zwlkf/g AR NI L

t'=1
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np N

N® (2P )
= ( )EX< X(>H W(z ZZ lku zk]Z ] xzki

Piltp t=1 u=1
np np N@®
+Z[wl(kfg xlkef) Zzhlku 7p7U) JZ”f)]H
t=1 t'=1w'=1
_I_Zwlwy) xl 71;’f)] )[hl(k’ic)]thZif]
=1
N (@) )
= ( , ) EXmWH(i) W(z‘)[
Piltp e 7l T T
np N@O n, NGO
DD D m s Vb D )
t=1 u=1t/=1u'=1
Tp  Np
2. ). 2. f 9. f 9,
+ 20 Y w1 )
t=1 t/=1

np NGO np, NO

PYYSY

n
plp t=1 u=1 t/=1 uw'=1

(4,9)1H 7, (3,9") ,9')1H 3, (4,
E o< 0 ol ) () i)
Xlk’ Iy’ lk Wlk
u (7’7 f z7 b (7’7 f
EXm X0 W(”H z(klz )]Hmzﬁ %f? )[%ﬁ' )] ]

np  Np

(&m0 H )
ZZ X<z) X(z) H“) W<)H l,ii’g)] wl(;;;g ]

n
p’p t=1 t'=1

(&, )1, (6, 1 H
EX@ Xx@ g@ @ [xlk,t [%k,t/ 7]
lk7 lk7 lk7 lk

(4.9')1H 1, (4,9)
EXl(i>7Xl<i)7Hl(i>’Wl(i> [[ I, f ] hlk?f:l
k k k k

np Np

N® ()1 H 7 ()7 (g )\ H 1
=(—) ZZEX;:,XQ,H;:,W (1 hi s e 1 b )

n
pPiltp t=1 ¢/=1

H (ivp’f)]H‘,L.(i’pvf)x(i)pvf) [x(l’pvf)]H]

Ukt Ukt lg,t gt

EXa) X010 Wi

np N@ Ny

Z Z Z P H<>W<z>[[hzk7i]thk’Z [hz(:g}] h,k"})]

n
pzp t=1 u=1lu#f t'=1

(i,p,u)] (i,p,f) (Jw)[ (4, f)] ]

EXz(i)vxzm:Hz(i)vVVz(”H P B P P
k k k k
- n
N 4 .
25[ / (6,0, 9)1H , (4,0,9")
)*0lg — gl E E @) 2@ 110 o W, ¢ ] w7
PiNyp Py Xlk ’Xlk ’Hlk ’Wl ks ks

S (@, ) 1. (6P, )T H
EXU) PO (OR 20) [0 [ 7]
U 7Tl e T g
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np  Np

(%)
— Al - g

Piltp t=1 /=1
i7 7f i? 7f i’ 7f i? 7f
EXu)WH(i) W(i)[[xz(ki )]H%(k,lz )%(kﬁf )[%(k,]; )]H]
P PR PR
. n ()
NG o N
=) lg-g1d] D
Piltp t=1 u=1,usf
(i’ 7u) H (’L? 7f) (7;7 ’u i’ 7f
EX@WH@) W(i)[[“"zk,lt) ] xlk,]; Ilki )[xl(k,lt) )]H]
U g g M,
N@
+——0[g — 4]
pinp
N® P
= (— ) +dlg—9gN >
pinp i—1
i f i f)  (ip, i.p,
B (i,p )]Hxl(k,]t) )ﬂfz(kfif)[%(k,’;f)]H]

PRORMONTORMO H“”zk,t
U 7l 7l 0 T

(i) o
RSN DY

n
Piltp t=1 t/=1,t'#t

E o5@ 40 w® [,
R R M

N® _1q N®

+——0lg—g]+

Ny Pilp

(vayf)]Hxl(zzzzvf)xl(zﬁ;f) [xl(:’zz;f)]H]

Cbk ! n, — 1 /
= —L(1+6lg—g))+L—(1+6lg—g])
p Tp
N® _1q . N@)
+ ]y — g+
Ty Pilp

~ piCy, + piny = pi + (piCly, + pinp + (pi + HN® —2p)6[g — ¢']

Pilyp

So the 2"? subterm is given by

1, oy, oWy ‘ (A.19)
_ picblk +pinp — pi+ (:Oicblk + piny + (pi + N® —2p,)8g — ¢/ .

Pilyp
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Subterm III The 3"¢ subterm can be easily calculated as follows:
E i) < (3) 7 i h(i7g) Hh(i’g) h(i’g/) Hh(i’g,) = E i) (i) i i
X0 X0 HO WD I lk,f] le.f [ le.f ] le.f =1 ka)’Xz(k)qu(k)sz(k)[

—H —
(i9) 3 (6,9) 13, (i,9") (i,9")

So the 3" subterm is given by

(1,901 H 1 (09) 17, (bg ) H 7 (:9)] _
= Ele X g® Wl(z‘)[[hlz,i”] hzi,? [hzZ? ] hlzzi‘ J=(@AI8)
BT Tl 7

Subterm IV  The 4% subterm can be calculated as follows:

o

eV 0 iV R # ) = B

XZ(Z) 7Xl(l) ’Hl(l) 7Wl(l)
k k k k

—_— H —_—
h(i,g) [h(i,g/)]Hh(@g)h(i,g’)]

e, f e, f’ I, f Pl f!
. ny, N@)
NG@ P i . ,
_ :9), (Gpu)r, (60, f)1H
—EXu) <@ g® W(i)[[ ‘n (E : h’lk,uxlk,t [xlk,t ]
L My T 0Tl pz P t—1 u—=1
np N

XD xO g [
k k k k

- i i N® i,9")  (i,p,u’ ip,f’
w0 Y e e
t=1

n
Piltp t'=1u'=1

Tp
D wy b LT )
t'=1
np NG n, NGO

N (4,9)71H 17, (629" ) 1 H 7. (4,9) 7 (i,9")
= ( )2 ZZZ Z EX(’L)VZZ)’HZ(:’WZ(Z)[[hlki] [hzki/] hlk,i” hlkif’]

;T
Piltp t=1 u=1 t/'=1u'=1 'k

(i’pvu)]H (ivpvf)[ (i’p7u/)]H (i,p,f’)]

Exf"),xf”,Hl‘“,Wl“’Hxlmt Tit T 1 Ty
k k k k
. n. n
N® L . o,
2 (&pgnHy, (0.9 )1H
+( ) E,E :E O 5@ 50 o Wit 1wy 17
) kot Uiyt
L XXy Hy Wy

(4,p,.f) (@0, ")

— (i,9) 1, (,9")
EX}“,X}“,H{”,W}") [y, hyp ]
k k k k

] Xl(i)7Xl(i)7Hl(i)’Wl(i)[ oo f "l f
k k k k

Tp  Np

N® (i,9)1 H 11, (69" )1 H 1,(6,9) 1, (3,9")
_< )2ZZEXZ(:’;?’H;;)’WZ(;)thk,g}] [hzk,i”] hzkf}hlkﬁf/]

in
Piltp =1

(@, )1 H G, ) 1, (Gps f ) H (30, f)
EXZ(Z),Xl(;),Hl(;),WZ(;)Hxlk’t ] Ly, [xlk,t’ ] Lyt ]
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np  Np

(3, ) H (z )1H 7, (i59) 1 (i,9")
pl p t=1 t'=1

N()2

(ivpvf )] ( D, f) [I(ivpvf)]Hl.(i7p7f/)]

E o0 X@ 4o Hffzk,t A lot!
U My, 1, o
N® N (o H o) (D H (i)
=1+ (pmp) 6lg — 4] — EX1(2>7;?7H1(;)7W1(]:)Hxlk’t ] Lyt [xlk,t ] Lyt ]
_np+0lg— 4]
T

So the 4" subterm is given by

o) H 1 (1) [ (00D 1H  (1:6)7( 1 _np+dlg—4]
B EXZ(;)7XZ(;>7HI(,:)7WZ<,:)[[hlk7f] hzk f [hzk f/] hzk f’](f #f)= n,
(A.21)
Subterm V  The 5" subterm can be calculated as follows:
4,9)1H 1. (4, (4,9")1H 7, (4, )
EXl(i),Xl(i) HZ(Z) WZ(Z) thkgf] h’lkgf [hlk ‘3“/] hlk gf’](f # f) X(Z) X(l) H(l) W(l)[
k BT

o) g G iy’
hl(:;.’}) hl(k::gf/) hl(k:gf) I:hl(k:‘.,}/)] H]

np N

Z
- X(') X(l) H(l) W(l) : : : : lk u lk t lk t

n
pzptlul
np N®

i,p,9) ,pf 2 : § : (19" _.(i,pu’) (%p,f’) H
+ Z wlk llm h'lk,u’ g, t! lk t ]

n
prt’ Lu'=1

+Xﬂﬁg%71»%%%%]
t'=1
np NO n, NGO

9H ) (i)
ZZZwawwmﬁ%mmmW1

n
p’p t=1 u=1 t/=1 uw'=1

E

A
X( i) Xl(Z)7 l( i) W(l) [[ lgt
k k
np  Np

N“ (i) H, (ip,9")
ZZEX@)X H(z) W(z)[[ zkfg] wlkzt)’g]

n
plp t=1 ¢'=1

(@, f) 1, (6p,f ) H (4,9) 1, (09" )1 H
o [%iz;/ ] ] Xl(,?v@ﬂf,?vwf,:)[ z,z,if[ z,i,!}/] )]

(a8

i D @) @ gt
Xl(k) 7Xl(k) ’Hlk) ’Wlk> k>

np  Np

(4,9)1H 3, (5:9') 7, (6:9) 17, (4,9 )1 H
ZZEX()X()H()W()thk,i‘] hz i“ Py 317

n
p@p t=1 ¢'=1

E

H (i,p,f)] (1,0, f) (7pf)[ (,pf)] ]
O X@ g 0 W
P R M

PR ST (0
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”p Np

(l H (z, (4.9) 17 (1.9' )1 H

n
plp tlt’l

(o)1=, Gp,f) (p, )1, G, f)1H
EX{Q,X}?,H{;),W;;)Hxlk,t [Py

=14+0=1

So the 5" subterm is given by

19 X010 SRR IR (f £ =1 (A22)

Subterm VI The 6 subterm can be easily calculated as follows:

i ) i i
XX m w

B0 X0 0 nh,(:?]ffhl(: Dl 9T = (B21)

(RGN RED [hw]f’hl;if?ﬂf 1) =]

So the 6 subterm is given by

(1) 3 (@& ) 3170
Xl; ,Xl; ,Hl; ,Wl;

[[h?;,icJth;?[hl‘;%,]th:%(f #f)=@2) (A23)

Subterm VII The 7" subterm can be calculated as follows:

/(\ /(\
9)1H 1 (2, i,9')1H 1 (4,
BT T T

h(zvg) I:h(Z7g )]thkv..gf h;;:fzn]

lg,m U, f
np N

N(Z
_ i,p,u (%p,m)
= EXm Xm 1 W<” E , E :hzk uxlkt % o

n
plptlul

np NG

N(Z
SIS Y M )

n
prt’lu’l

n Z w9 [y H ) (09
t'=1

np N@® np NGO

N@ Z Z
S IN) B9 39 90 e L

n
Piltp t=1 u=1 t'=1u'=1

(100) 3 (6pm)  G) H .1)

Xlk» lk7t lk)t, lkvt/
np Np
(t,p,9)1H 1, (6,p,9" )1 H (6pm) _ (6,0,f) 7 (4,9) 7 (4,9)
+§ E :[wlk,t ] [wlkt’ Py e by ]
t=1 t'=1
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np  Np

N“ (o)) [ 690 1 69) )

plp t=1 ¢/=1

(&.p, N H ,.(Gpm) 1, (Gp,m) H ) (4p.f)
EXU)FH@ W(“H lZ,]Z ] xl;’z;m [xzzifm] z:fi' ]

np Ny
Hh(z,g) (4,9

N(Z (i,9) (z )

n
plp t=1 ¢'=1

EX;;') 7;?71{52),%(: H It ’rlk ¢ xlk " xlk 1
_ (N(i) )2 Zp E Hx(w f)] 2 (P [l,(w m)]Hx(%P f)] +3[g— ¢
pinp — X(7'> X('L) H(Z> W( i) lk t lk t lk t lk t
]‘ A
= —+0lg—¢]
np
_ L4+ nydlg — 4]
p
So the 7! subterm is given by
- (Z,g) Hy (4.9) (179) Hy (i,9") 1+ ny0lg — 4]
= EX;;)7X1(2>7HI<;)7W ) S Ry T g 0 1 (me £ f) = ",
(A.24)
Subterm VIII The 8 subterm can be calculated as follows:
? Hy (4, ( H?

B X9 xO g
k k k k

—H ——
(h.9) 3 (ig ) (w (4,9")
np N@
(i,p,u (%p,m)
t=1 u=1
np N

§ :§ : i,p,u’) (zp,m)H
hlk u’ xlk 4 lk t’ ]

Z 9.
+ w pg)x pm
Uk Lot pn
VP p=1 /=1

Yl ) >>h§:§ [y 1]

t'=1

= E

z'

np N@® n, NG

N® (i) 1) 69) 0 1

nm
pi p t=1 u=1 t/=1u'=1
(t,p,u) i, (,pym)  (ipu)r (6p,m) H np (.9 H,, (1,p.9")
Xt T Ty [xlkt' |7 +Z = 1[wlkt |7 wy 'y

ay ™ g ) by 51
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,g)]Hh 1,9’ hl(:f})[hl(;:gc] ]

np N@ Np NG
g u!

ZZZZﬂWWWmM

plnp t=1 u=1 t/=1u'=1
(i,pu)1H , (ip,m)  (i,p,u’) 1 (4,p,m)1H
EXm X(z‘) H(z‘) W(i)[[ Uit ] Lo Ly oy [xlkt/ ] ]
np  Np
(i,p,9)1H ,, (i,p,9")
,u)lk7 ] wlk,t/ ]

: : : : X(l) X(l) H('L) W(Z)[[
Pmp t=1 ¢'=1

(ipm)y, (i,p,m
xlk,t ['xlk t/

_ m)1H _ (%g (i,9' )\ H
Wh@”%%w@ﬁﬁ]

np np
h(’L:g
e, f

EZEZ ﬂ>ﬂ>m>wuu%f

'0 VP =1 ¢=1
(6o, )1 H . (ipm) (6,0, f) 1. (4,0,
It 1 Ty [y

m)]H]

EX@) WHW,W“)H
'n,p N( ) np
SARUNATA NG

EZ > Do s o ool

n
'0’ P g=1 u=1u#f t'=1

o Va a

X;;) 7Xl(;) ’Hl(;) 7Wl(,z) [[

NGO " .

+ Sla — o ZE R (i:p,9)1H (:9:9")
(pmp) [9—4] £ Xz(;sz(k)sz(k)sz(k)H It ] Ut ]

(i,p,m)
[xlklz [ lgt

E
X(Z> X< i) H(Z) W(Z)
Tp

(@)
A2 ol —gn Y

pinp —1

(’ f) H (7 ? ) (7 f) (’ ’ ) H
EX(n X(z) Y W(z)[[xlkzt) Py ey a1

N p Tp
+H(—)%lg— g1 Z >
pn t=1 u=1u#f t'=1
(}pym)]H]

2,p,m 7,D,U 7
H . (i;pm)  (ip )[xl "
ks

(4,p,u)
] Uit Uit

X;") 7Xl(Z) 7Hl(l) ’Wl(l) [[ lk,t
k k k
N®

Pillp

S )

P
np  Np

NG -
o[
(pmp lg — g;;

(t,p,m)H , (i,p,m) (i,p,m)
lg ,t ] xlk, xlk,t/ [x

olg — 4]

_|_

N

Xl(l) ,Xl(l) ’Hl(l) ,Wl(z) [[
k k k k
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(i) oo NO O
G D D Y

Piltp t=1 u=1,uzfutm t'=1
_ (t,p,u1H , (ispm), (4,pu)r, (,p,m)1H
EXz(li)sz(;)sz(:sz(:H It ] Lt Ll [ L, 17
N®
+——3[g — 4]
Pillp
=—(1+6lg—4
np( +0[g —g'])
N® P
+(—)%lg— ¢
Piltp t=1
E. o 5m A R AR AR A

x® X0 g® o
k k k k

(4) np np
Ay - Y Y

in
PiTtp t=1 t/=1,t/#t

E L — . . (ivpvm) Hx(i,p,m)w(i,p,m) x(i7p7m) H
XZ(I:)VXl<;)7Hl(;)7Wl(]z) [[ lk,t ] lk,t lk,t/ [ lk,t/ ] ]

i1
Piltp t=1 u=1u#f,u#m

(Z7p’u) H (Z7p’m) (Z7p’u) (l’p7m) H
EXZ(;)’Xl(;)’Hl(]i)’WZ(;) [[xlk,t ] xlk,t xlk,t [xlkﬂf ] ]

N

+——3d[g — 4]

Pillp

1 - noony—1 ,
= —(1+6[g—g)) +—25[g— g+ ——6[g — ¢
np Ny np

max{N® — 2.0 NG ,
4t 55 dlg — ¢l

lg— 9]+
np PiMlp
~ pi+(piCy + piny + pymax{N® —2,0} + ND)j[g — ¢']
Pillp

So the 8" subterm is given by

/(in (4,9) 7, (4.9") Hﬁ
= EXz(,?vF:sz(,?aWz(;)th’“i”] hzk,if [hzk,if ] h’lk,gn](m # f)
) , A.25
pi + (piCy, + piny + p; max{N® —2 0} + N)§[g — ¢ ( )
Pilyp
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Subterm IX The 9" subterm can be easily calculated as follows:

/\
EX(n X g @ th(k’im]thﬁ [hz(,ig} ]thk,gn]( # )= [EXm O g @
I g g 0, P PR PR

—H

i B 7 1R = B2

So the 9" subterm is given by

- (1,9)1H 1 (1:9) (,g)H/; _
- EXI(;),XZ(:,H;;),W;;)thk’ ] hlk f [hlk,f ] hzk m](m #f)=@A2) (A26)

Subterm X The 10" subterm can be calculated as follows:
( 9)1H 3, (4 (z, NH 7, (3,

h(lg) [h(%g )]Hh 2,9 h(Zg ]

lg,m lg,m U, f "l f

t=1 u=1
7p9) i,pm)1H
+Zwlk xlim ] n
p’ P p=1u=1

(%)
u%N
_ E N x 7p7 .,L.(Zap7m)]
- () () () (1) Z :Z : L u gt lg,t
X X H W plnp k> k> k>
np NG
§ :E : (4.9'),.(ipu’ (iypvm) H
hlk u’ xlk t! xlk,t’ ]
+ (vag) apz )]H))]Hh 7g h 4,9 )]
Wy Ly U, f e, f
t'=1

_ 1,91 H 1 (,9) 1, (1,9")
4ﬁﬂ%wwm2222uumﬂhﬁ,

t=1 u=1t/'=1u'=1

(i,p,u) / (i7p,m)[x(i7p7u’)]H (4,p,m)

Xlkv lk,t lk»t, lkvt/
np MNp
,pg (i,p,9")1H , (i,p,m) (Z,p,m) (,9) 1. (4,9")
+§ E wlkt wl P R TR g T Y Vi
t=1 t/=1

np N@ n, NGO

MZZZZZ () [ G911 60)
i'lp

t=1 u=1t'=1u'=1

(ipu)H , (Gpsm) [, (ispu’)1H | (4,0,m)
EX("%F,Z%H;(,?’W};)H z,i,fu] z,ism[ l:,]:’u ] xz,iﬁ/m]
n n
PSS By o e [0 021
pznp = = X X H W kot k>

E (7p7 ) (i7p7m)]E

[z (i.9) (i,g’)]
X(Z) X( ) H(l) W( i) lk t lk,t/ f

xO XO 5O W [, 7
k k k k
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np  Np

N“ (1,907 H {7, (i (1,0) 1 (i-9")
ZZZ X X( 7wl thkf]H[hzkif ]thk‘(}hzk? ]

plp t=1 ¢/=1

(7 f)H (77 ) ('7 7f)H (‘77 )
EX“)FH“),W(“H lk,p ] wz,i,pm [lefZ, ] lz,];m]

np NGO  ny

(4,9) (l ") i.9) 1 (i,9")

pmp t=1 u=1,u#f t'=1
(&:pu)H , (Gpm) 1 (6pu)1H ) (4,p,m)
EXZ(?’;?’H;?’WZ(Z)[[%ﬁ ] xlkz; [951,6[::" ] Il,ﬂ/ ]
N e NS B (105118 L (6p) [ (6 (ipa)
_(p-np)< +4[g—d]) X“),W,HZ?,W,(:H Uit ] Lyt [%kt 17 Ty, ¢ ]
¢ t=1
np

So the 10" subterm is given by
2
——(1+dlg—4)
(A.27)

| 1=y 1

_ L (i9) 1H  (129) 7 (1:9) 1 H  (i29)
= EX;;)’X;;),H;;)’W[(;)thk, ] hlkf[hlkm] 3 l(m # f) =

Subterm XI The 11%" subterm can be calculated as follows:

E o — . . h(lg) Hh(lg)h(lg)Hh(Zg Y o — i
Xz(;sz(k)sz(k)sz;)H ol T ey ) g3 1 (me# ) Xz(k)sz(Qsz(k)sz(k)[
a6
i, i i, i,
hz,jn hlkif hzkif [h’lkin] ]
np N®@)

1p7 (va)m)]H
lk u lk t lk t

=F
<1) (Z> ()
Ky Xy, pznptlul

N npy NGO
i,0,9)[,.(i,p,m i,9 ) (i,p,u ,p,f) H
+ Z wlk lk, p np Z Z hlk u’ lk t! kst ]
v t'=1u'=1
+ Z wi b )R g

t'=1

_ }:2:2:2: i, (Z, (l) (i)
iTlp

t=1 u=1 t/=1u'=1

(tpu) g, (i,p,m) (7p,u)[ (7pf)]

2 L P M C
np Np
,pg (i,p,g") , (Gpm) 1 (6p,f)1H 3. (6,9) 17, (89" )1H
"‘E :E :wlkt wlk7t’ " [ hl,m [y 1]
t=1 /=1
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np N@ np, NO

NGO () H 1 (o) 1. (1:0) 17, (10 )1
= ( ) ZZZZEX;;),;(:,H;;),WZ(;)thkv“] hlk,u/ hlk,f [hlk,m] ]

i
Piltp t=1 u=1 t/=1v'=1

(ipu)tH  (ipm) | (ipau’)r (ip, )1 H
} 'le,t xlk,t’ [xlk,t/ } ]

E o 0ol
(i ) It
Xl(;) ’Xlk> ’Hl(;) ’Wl(kl k>

np  Np

N ® i i,9") 7 (i i,9'
= (YD B xw o ol 1 B g o]
Pilyp =1 v—1 I g g g

(lkpaf)]H (4,p,m) (i,p,m)[ (i,p,f)]H]

EX;;)v;?vH;;)le?[[ It S P P ST
. n n
pinp — = Xl(;)7Xl(;)’Hl(;)7Wl<]:) lk,m lk,f lk,f lk,m
(‘1 k) ) H (‘1 k) ) (‘7 7f) ('7 )f) H
EXZZ)’;(;)’HZ(;)?WI(;)H l;:,lt)m] l;:,lt)m l;,zt)’ [ ZZ,It)/ ] ]
NO & o f I (ipam) (i) (ip.f)
2 l’p7 H 'L,p,m Z’p7m Z7p? H
<,0inp) ; X;;)’Xl<;>7Hl<;)7Wl<;>Hl'lk,t ] Tyt Lt [ Iy, t 17
_ |Dblk|2
p
So the 11" subterm is given by
— — 2
— F ' Hh(i’g)]Hh(i’g) [h(i’gl)]Hh(i’g/)](m 7& f) _ |Dblk| (A.28)
Xl(]z)7Xl(;)7Hl(;)7Wl(]z) lg,m I, f l,m U, f np :

Subterm XII The 12 subterm can be easily calculated as follows:

— —

(i,9)1H 1, (ix9) 11, (1,9")1H 3 (i,97) _
E 5@ 5o W(i)[[hz,ii@] hy 5 g ) ey 1 (m £ f) = [EXm <@ g o
U N g 0y, lpg 7l 7 g 0

/\H —_—
hicon iy a5 ) = &2T)

lk,m lk,m

So the 12" subterm is given by

—

PR 0 £ )~ BT a9

Xl(l) ’Xl(l) 7Hl(l) ’Wl(l) H lk,m
k k k k

A.1.6 For the 6" Term

The 6" term will consist of three subterms.
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Subterm I The 1% subterm can be calculated easily by using the corresponding

Equations (A.T8) and (A.27) as follows:
) by i) i)

l,m li,f U'¥,m

L x® X0 g®
k k k k

&S, m—f (A.30)
A2, m#f

Subterm II The 2" subterm can be calculated easily by using the corresponding

Equations (A.19) and (A.23)) as follows:

/z\H 7, 1, H/(Za\)
E 5 o ol b a1 hfee)]
lk’ lk’ lk7 lk

&I, m—f (A31)
(A.25), m#f

Subterm III The 3" subterm can be easily calculated as follows:

/\
- (zg H1 (ig) (,g H (Lg _ o
be 7l 7 7 be 7l 7 T

——H /\
) 1, (00) (101
B i i o 1R = (R30)

So the 3" subterm is given by

- i,9)1H (4,9’ H .
= EXI(;)’XL(:’Hl(;)’Wlt)thk m hlk f [hlk m] hzk f )] = @B30) (A.32)

A.1.7 For the 7" Term

The 7" term can be calculated as follows:
(i.9) 17 (b9) HT _ (19)1H 1. (4:9)
Ele WHu) W(z’) [hlk,f [hlk,f] I = X(z’) W}H(i)’w(i)[[ U, f ] hzk f]

np N@

ZZ lkuxl;f;u i7 +Zwlng) xl;ﬁf) ))]

n
prtlul

= E

np N®

2 :2 : (up, ,pf } : (upg ,pf
p n hlk u’ lk t! + wlk 4 xl ;b ))]
VP p=1 =1 t'=1

191



N(,L) np N(l) Np N

= (pi_np>2EX“) X0, ZZ Z Z l;g th(zgi)/

t=1 u=1t/=1u'=1

xiyy M D O g I e Y ol 7 g a7 e )

N(l np NG n, NGO

pznp Z Z Z Z X“) X(l) H( RS ( )th(k’,g ]thk u! ]

t=1 u=1t'=1u'=1

(i) H  (6p.f)  (ipu') (60, )1 H
EXm X(z) e Wm[[xlk?u] e T 1]
Tp  Np
(i.p.9)1H,  (i,p,9) (00, )1, (60 f N H
,Omp ZZZ X9 X(z) a0 W(z)[[wlzltjg] wlk?g]EXu) X(z) Y W(l)[leZ [, 1]
t=1 t'=
np NG@ np
(4,9)1H 1, (4,9)
pz P t=1 u=1 t'=1
(i.pu)H o (ip.f)  (ipu) g (60, f) 1 H
Ex(l) X(l) H(l) W(l)[[q:lklz ] xl;f; xlkzt)/u [xlkzt)' ] ]
NO < Gpa)H, (i09) o) (o
2 P9 H, (i, i, :
+(—) ZEX@)WHW W(i)[[wzkzt)g] wlk,pg]EXm X(’) A W(z)[l'lklz [zt 1]
Pillp =1 U g g
A, b D] 6D )i Dy
bl bl . 7’7 .

np N p

2 (&pu) H (60, f) ) (6psu) 7 (60, /)1 H
pn E , E E X()Xm H<)W(>H bt ] fl?lk,p T 1]
illp

t=1 u=1lu#f t'=1

N®@
+
pinp
pinp 1 Xl(;) ’Xl(,z) ’Hl(,z) ’Wl(kl) lk, lk t Ut Ut

§ : § : (6o, H ,Gop.f) , Gp, )1, (Gp )1 H
i i i o LT X Xy T g
pznp X(k)’Xl(k)’Hl(k)’Wl(k) [[ lg,t ] g t It [ It ] ]

t=1 t/=1,t'#t
np N@)
(Epu) H o (60.f) o (pw) 1 (60 )1 H
pn Z Z EX<>X<2> H()W()H zk,}Z ] xzk,p z,ﬁ [ﬂfzkﬁ 7]
PP =1 u=1utf
N®@
+
Pilyp
Ch, mn,—1 NO_-1 NO
= + + +
n, ny Ny Pilyp
piCh, + piny + (pi + YN —2p;
Pilyp
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So the 7" term is given by

oo PG, +ping + (pi + HN® —2p;
= E o 5w 40 ol 17 = '
P PR P M Pilyp

(A.33)

A.1.8 For the 8" Term

The 8t term will consist of three subterms.

Subterm I The 1% subterm can be calculated easily by using the corresponding
Equations (A.18) and (A.21]) as follows:

(g) H 1, (1:9) 7 (19) | H 1, (1:9')
Ele Xl(i) Hlm W}“thk’f] hlk,f [hlk,f'] hlk,f’]
BT Tl 0 g

&TS), = f (A.34)
A2D), f#f

Subterm II The 2" subterm can be calculated easily by using the corresponding

Equations (A.19) and (A.22)) as follows:

Gog)VH 1 (1:9) [ (19 H . (09))
s LR W)
g T 0

ET9), = f (A.35)
A2, f#f

E .
X"
k

Subterm III The 3"¢ subterm can be easily calculated as follows:

Hh(i,g)]Hh(i,g) [h(i,g )]Hh(i’g/)] =[FE 0

EXz(i)vai)sz(i)Wz(i) B T S B N 7Xl(i)’Hl(i)7Wl(i)[
k k k k k k k k

— H —
(i9) 1, (69) 17 (g )\ H p (b9 )M H _
W9 HEYRERE T — 3

So the 3" subterm is given by

= B30 o o (1 S s = B30 (A30)
BT T T
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A.2 Expectation of the 15 Term

The expectation of the 1% term can be calculated as follows:
i,d /\’L /\’L i,d i,d i i,d
E;m;mﬂmﬂwﬂu;ﬂHuéﬂHHPm;Ju;ﬂHuﬂWHHP 27,

N(l) NB—i) n(4)

zdm) (z,g) H ,g) zdf)

f 1 g=1 m=1
NG NGB=1) n(i) o

SN S [ R ) 0]

f/_l g/_ m/:

. c C
R R
H AL )
U 7l g lk
NG@ NB—i) N(3—1i)
i d, d, d, d,
- E o [l 2D ) )

XD xD 7w
k k k

(ig H
EX(“,W,H”),W”)H}L%?] hzk f [hzk f ] hzk f ]

NG@) N(B—i) N(B—1)

(4,d,f)1H . (4,d,f) 1, .(6,d, f ) H (3, f)
+Z Z Z Z X(1>X<1)H(1>W<>H lp,c ] . [%C,c ] Ly e ]

I=1 g=1 f=1Lf'"#f g'=1

Xl(l) 7Xl(2) 7Hl(l) 7Wl(l>
k k k k

(i,d,m) H (i’dvf) (i,d,f) H (z’,d,m)
+ Z Z Z Z (’L> X( i) H(1> W( i) [[:Elk,c ] xlk,c [‘le,c ] xlk,C ]

Hhﬁ?] h%f[h 1Hh%f4

_ (Z,g
U 7l 7 T e
NG@) N(B—i) N (@) N(B=1)

() H (o f) . (iom) H (5, f)
"‘Z Z Z Z (1)X(1)H(2)W(Z)Hxlkc [ [, ]szk, ]

f=1 g=1 m=1lm#f g'=1

/\/\/\/‘\

i, ; ( ;
I "M 7 0 g
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ZN( - NZH Ni . - (i9) ) (7 (g H 1 (129)
9)VH 19 i,9')1H 1. (4,9")
N(z Ch, X<z> X@ NIRRT [ 7 1 g T 1
f=1 g=1 g¢g'=1
N N(B—i) N NB—1) /\ /\
i \2 (i.9)1H 1 (1:9) 17 (1:9)7 H 7. (1:9")
) Z Z Z Z EX(i) x @ g W(i)[[hlk f] hlk f [hlk f’] hlk,f’]
f=1 g=1 pr=1,fr#f g=1 k7T
NGO NGB NO NG T T )

f=1 g=1 m=1m#f ¢g'=1

NGO NB=)  N@E NGB

SO ID DD DY

f=1 g=1 m=1m#f g¢g'=1

(A1 Ry (1o 1T 4]

XZ(Z) 7Xl(l) 7Hl(2) ,Wl(z)
k k k k

So the expectation of the 1% term is given by
(i, H ()H ()() (i,d)1H ()H ()(d)
= EX;;'),;(;%H;;)’W;;)H lkc] [H ] H Ly e [ml;,c] [H ] H lZc]
N@) NB—i) N(3—i) /\ /\
( 9 H (4,91 H 3 (4,
N(Z 2 bzk Z Z Z X(z) X(z) H(z) W(w)[[hlk?] hzz?[hz,f} ] hzz,g} ]
=1 g=1 g'=1
N( i) N(3—1) N@) N(B=1) /\ /\ /\
H i,9') H (,
=1 g=1 f'=1f#f ¢'=1
N@ N(B—i) N (@) N(B—1)

Pi \2 /(17 H /(z\g 19\ H/(%?
+(N(i)) Z Z Z X(’> X< H(;>,Wl(;) [[hlk m] Py s [hlk f ] h, m]
g

S

(
f=1 g=1 =1m#f g¢'=1
NG N(B=i) N N(B=1)

Pi o 2
O XA D DD DS
f=1 g=1 m=1m#f g¢g'=1
EX(i) WH(Z‘) w® [[ l(k,g)]th(ki‘ [hl(k Zn)]thk,i“ ]
U 7l 7 0T g

(A.37)
and equations (A.J3)), (A.4), (A.3) and (A.6)) are substituted.
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A.3 Expectation of the 2" Term

The expectation of the 2" term can be calculated as follows:

i,d /\’L /\’L i,d i,d i i,d
E;m;mwnwmmﬁngﬁﬂHH“ﬁwwaJWH#WHH“§Mﬁ

NG@ NB—i) n(4)
Z z: 2: zdm) (z,g) H ,g) de)
k f=1 g=1 m=1
NG@ NyG=) N() /\ ( Y0
zdm H i,d
E E E xlkc lk m’] hlk f’ Ly e ]
/=1 ¢'=1 m'=1
NG NyGB=i) n@E) NG NyEB—i) N(G)

_ (4,d;m)1H  (3,d,f)
= E (z> X“) H(z> W(z)szk,c ] Ll e ]
f:l g:1 m=1 flzl g/:1 / =1
T (i9) 1H (g 1H lg)
Uy, zk
(¢, dym/ ) H _(i,d,f")
EX(i) RONTO W(’)H e 1T
lk ’ lk ’ lk ’

NG NGB—i) n() N(B—1)
_ (Zvdvf) H (7'7d7f)
= E , E EXl(i>7Xl<i)7Hl(i)7Wl(i)Hxlk’c Fag ]
k k k k

f=1 g=1 f'=1 ¢g'=1

E hz(,i?c] hlk f [hzk Iz ]thk f’]

X0 X0 1wl [l
k k k

(isd, f)) H (6, f7)
EX{?,F}?,H{:,W;: [ z,i, ] 551,17,; ]
N@ NG—) N@ NG—)
o Pi 2 L (%,g H (w)

So the expectation of the 2"¢ term is given by

— F

L) H [ 77O H 770) . (1d) [ (i.d)
5 o Y 2 2y 10 ) )

lk,C lk,c lk (&
NG NB=i) nN() N(B—1)
( 9.
ZZZZMwwmmwmm%m

f=1 g=1 f'=1 g'=1
(A.38)

and the equation (A.”/) is substituted.

196



A.4 Expectation of the 37! Term

The expectation of the 3" term can be calculated as follows:

i,d i (3,d /\z % i,d
B o~ o o [ P HD BO ) Ref a1 HO B 2l
L
1
- §EX<1> X( 0 Hm Wm[[
i,d i 7 i,d i,d i i i,d
+[( )] [Hl(k)]HHl(k) ( )[xl(kc)] [H()]HH() ( )]

wlk c lk c lk c

1,d /\z i,d 1) (i,d
TR R L R et

1 NG NB=i) N() /\
_ E: } : E: (de (b.9)1H (%,g de)
f=1 g=1 m=1
NG NB—i) (i)
de 79)]Hh )g) (de)
lIm lkm oo f! Llc
f'=1 ¢’'=1 m’'=1
NG NyGB=i) (@)
“im) (%,g)H ,g) (4,d.f)
"‘E: E: E:xlkc Hhy ) hlkf losc
f=1 g=1 m=1
NG NGB—i) N
de) (i.9'1H (z,g (4,d,f")
Z Z Z Ly e hlk, ] hlkf/ lk,c ]

=1 ¢'=1 m/=1

1 NG& NB=i) N NG@E) NB—i) N()
=5 ZZ > 2
=1 g=1 m=1f'=1 g=1 m/=1
(,dm)hH (Gd.f)r, (Gdm' )1 H  (i.d.f)
EXu) [ONTI0 W(“H Ip,c ] T [%k,c ] Ly e ]
N
/(\ 7\ G
79 H 179 179 H 79
B Tl 0

—

(o) i i o) 1)

TE 6 <@ g0 50
1, H W

N()N(3 i) N(3—1%)
flgl g'=1

(,d, f)1H , (6d, f)r, (Gd, ) H , (i.d,f)
Xl<i)’Xl(i>7Hl<i)?Wl<i)Hxl}wc ] Ly e [l'zk,c ] Ly c ]
k k k k

(0917 R [hﬁf} i)

E

E
( X( )7x( i) H(Z) W<Z)

0 300 0 RG RED R RG]
k
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NG@) N(B—i) N (@) N(B—1)

1
EPIDIRDIEDY
f=1 g=1 =LA g=1
(G f)1H () () H )

l,c lg,C lg,C

I My M g
T) H/(',\) /(\’) Hy (i,9")
(B o 5 o o IR B L AECE)
(90 H 1 (09) 17, (529 ) H 1 (i59))
o 57 o IV B R

+E X¢

NG N(B—i) NG) N(B—1)

BEYY Y Y

f=1 g=1 m=1m#f ¢g'=1

E

47d? '7d7f '7d7f '7d7
x @ x @ @) W(i)[[ l(]z,cm)]Hxl(Z,c )[xl(z,c )]Hxl(z,cm)]
U N Wy
()1 H 7 (09) (7 (9 H p, (i29")
(EXl(,i)’Xl(,z)7Hl(,i)’Wl(,:) th:,gn] hl:i‘ [hlzi‘ ] hl;i,gn]

Xl(Z) 7Xl(i) ,H;i) 7Wl(i) [[ lk,m
k k k k
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So the expectation of the 3¢ term is given by
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substituted.
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A.5 Expectation of the 4" Term

The expectation of the 4" term can be calculated as follows:
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So the expectation of the 4*" term is given by
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and equations (A.16) and (A.17) are substituted.

A.6 Expectation of the 5" Term

The expectation of the 5t term can be calculated as follows:
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So the expectation of the 5" term is given by
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207



A.7 Expectation of the 6" Term

The expectation of the 6" term can be calculated as follows:
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So the expectation of the 6" term is given by
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and equations (A.30), (A.31) and (A.32) are substituted.
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A.8 Expectation of the 7" Term

The expectation of the 7" term can be calculated as follows:
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and the equation (A.33)) is substituted.
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A.9 Expectation of the 8" Term

The expectation of the 8 term can be calculated as follows:
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So the expectation of the 8" term is given by

—

i) H 1 27(0) i) (id id P i) (id
Re{[a" N [H T HD 20Dy Re{ [P [HO B 270

Xl(7'> ’Xl<1) 7Hl(l) 7VVZ(Z) [
k k k k

NG@ NB=i) N() N(B3—1) o

L pi o (001 1 (59) [ (o9 H (1)
= Z(N(i)) Z Z Z Z (EXz(;)vffaHz(;)sz(,?th’“’f] hlk,f [h’lk,f’] hlk,f’]

f:l g:l f’:l g’:l

9 H 1 (5:9) [ (10 H 1 (19))

+2EX(i) x® g® yw thkif] hlki” [hlk;‘;/] hlkf.]f/]
U, N Py 0y,

w21 R g G v )

Ik

and equations (A.34)), (A.33) and (A.36) are substituted.
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Appendix B

PERMUTATION TABLES

Table B.1: Some permutations of the 4 units length sequence f m f* m’ used in the

derivations
f m|f | m
Flr1r|r
FlLrrr
flml|f|m
f|m f

Table B.2: Some permutations of the 4 units length sequence t t’ t” t”” used in the

derivations
t t/ t// t//l
tit |t |t
t t t,/ t”
t|t )t |t
t| ot
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Table B.3: Some permutations of the 4 units length sequence u u” u” u”” used in the

derivations

Table B.4: Some permutations of the 4 units length sequence f u u’ u” used in the

derivations
flu/u| v
Flr7
Flfu |
flulf
flulu

Table B.5: Some permutations of the 4 units length sequence t t t’ £ used in the
derivations

t t t/ t///

tlt)t |t

tlt |t |t

Table B.6: Some permutations of the 4 units length sequence t t” t”” £ used in the

derivations
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Table B.7: Some permutations of the 4 units length sequence t’ t” t” t” used in the

derivations
t/ t// t// tl
vt |t t/
(A0 A A
t/ tl/ t” t/

Table B.8: Some permutations of the 6 units length sequence t tt’ t’ t” t” used in the

derivations
t|t|t |t |t ]t
t|t|t |t |t |T
t|t|t |t ||t
t|lt|t |ttt |t
tlt |t |t |t |t
tyt|t |ttt

Table B.9: Some permutations of the 6

the derivations

units length sequence t tt’ t’ t

t|t |t |t |t |t"
t|t|t |t |t t
tlt|t |t ||t
tlt |t |t ]|t t
tlt |t |¢ |t |t
(20 2 2 I A I A I
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Table B.10: Some permutations of the 6 units length sequence fu’ f u’ f* f” used in

the derivations

flu|f|w|f|f
FlLrjrr i rr
FlLrirrirr
flu [ [ 1 F

Table B.11: Some permutations of the 6 units length sequence f f u” f* u” f* used in

the derivations

flf | |t
RN arEE:
AAEArarar:
FLslw ey

Table B.12: Some permutations of the 6 units length sequence u fu f f” f* used in the

derivations
f f |t |f
flfrirrprr
A e ey
u | flu | ]S

Table B.13: Some permutations of the 6 units length sequence u f f f* u f” used in the

derivations
f|f|f |u |l
fAfrrfr e rlr
foArrrprprr
u | fLf]f | S
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Table B.14: Some permutations of the 8 units length sequence ttt’ t’ 7 t” ¢ t

in the derivations

tt |ttt
t |t |t |t |T t

t ot |t |t |t
tjt |ttt t
vttt |t |t t
LA O A I A I A B A O
L2 N A AL O A B A I
LA B A I N I A A O
(A I A I t
topt |t et
LA B A I I A B A B
vttt t
L2 B A I A I A B A B
LA O A I AL I A B A O
LA O A AL I A B A I
L2 B A I AL I A B A B 2

999

used

Table B.15: Some permutations of the 8 units length sequence u fu” fu’ fu f used in

the derivations

==

==

==

S N [ e
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Table B.16: Some permutations of the 8 units length sequence u fu fu” f u” f used in

the derivations

f f |l u|f|u|f
f f u// f " f
wl flulf f f
U f U f u// f u// f

Table B.17: Some permutations of the 8 units length sequence u fu fu f” uf’ used in

the derivations

f f f [u|f
FArlrrrrirr
e rryr
u [ flu [ flu [ [ lu | f

Table B.18: Some permutations of the 8 units length sequence u fu fu” f* u” f* used

in the derivations

f flu |t ||t
FAf Ve r)rr
FAr e i)
A ey
RN R R
w | flu | f frrr
u |\ flu | fI
w | flu | flud | fld | f
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Table B.19: Some permutations of the 8 units length sequence u fu’ fu’ f” u f’ used

in the derivations

f o |f|u|f |u]f
Frryrrrrrirgy
flryd | fyd | frr)y
VLV r s ey
Frofpd | fyd ey
w | fLf ]S frlu | f
wu |\ fLSVP S | S
w | flu | flu | fu | f

Table B.20: Some permutations of the 8 units length sequence u m u f u m u f used in

the derivations

u | m|u|f|lu| mju|f
foAm i ffyfim|f|f
mim|m/|f|lm|m|m]|f
u | |miu | flu |m|lu|f

Table B.21: Some permutations of the 8 units length sequence u m u fu” f u” m used

in the derivations

u mju |[f|ud|f|u | m
fim flf|lm | f|m|m
foim /| f I flu | fld|m
mim|m/|f|f | f|f |m
mi{m|m/|fld | fld |m
u lmiluw [ fIf I fIf |m
u |milu | f|lm/|f|m|m
u [milu | fld ] fld |m
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Table B.22: Some permutations of the 8 units length sequence u m u” f u’ f u m used

in the derivations

u m|u|f|d|f|u|m
folm|m| fim]|f|[f|m
fimiu [ fld | fIf |m
m|m | f I fIf | f|m|m
m|m | | fld | f|m|m
u | m | f I flf |1 flu|m
u | lmim|fim|flu|m
u |m|u | fld | flu |m

Table B.23: Some permutations of the 8 units length sequence um u f u” m u” f used

in the derivations

u m|u |f|u | m|u|f
fim i flfim|m|m|f
foim | [ flu |m | u" |f
m|m | m|f|f |m|f |f
m|im | m|flu |m|lu |f
w |mu | f|f |m|f |f
u | milu [ flm | |m|m/|f
u |lmlu [ flu |m|u |f
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Table B.24: Some permutations of the 8 units length sequence u m u” f u” m u f used

in the derivations

u m|u|f|ud m|u|f
foimimi| fim|m|f |f
foim | | flu |m|f|f
m | m | [ f|f |m]|m]|f
m|m |u | flu |m|m]|f
u | m /| f I flf|Imlul|f
u|lmim|fim|mi|lu]|f
u |mu | flu |mlu|f
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