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ABSTRACT

ORBIT STRUCTURES IN THE PLANAR CIRCULAR RESTRICTED
THREE-BODY PROBLEM AND ITS APPLICATIONS

KOPRUCU, SAHIN ULAS
M.S., Department of Physics
Supervisor: Prof. Dr. Bayram TEKIN

July 2023, [86| pages

In this thesis, orbit structures in the planar Circular Restricted Three-Body Problem
(CRTBP) are studied with a geometrical perspective. Unlike the two-body problem,
there is no general analytical solution for the three-body problem due to its chaotic na-
ture. Therefore, qualitative methods provide precious insights for the orbit structures

in CRTBP.

In this regard, stability analysis of the equilibrium points is performed and the local
orbit structures like periodic, transit and non-transit orbits around those points are
investigated. Then, the periodic orbits in the planar CRTBP, so called Lyapunov or-
bits, are studied in more detail in terms of their stability and global connections. The
global orbit structures like homoclinic and heteroclinic orbits are calculated by utiliz-
ing the invariant manifolds associated to Lyapunov orbits. In addition, the sensitive
dependence to the initial conditions of a Lyapunov orbit is investigated with the use

of the Lyapunov exponent which is one of the chaos indicators.

Lastly, the two possible applications of the CRTBP are demonstrated. The first ap-

plication is about constructing fuel efficient low-energy spacecraft trajectories from



Earth to Moon by using CRTBPs of the Sun-Earth-spacecraft and the Earth-Moon-
spacecraft. The second application is about the search for the undiscovered Planet
9 with sub-relativistic spacecrafts in the context of Sun-Planet 9-spacecraft CRTBP

to investigate whether considering the Sun yields new prospects for the detection of

Planet 9.

Keywords: Circular Restricted Three-Body Problem, Local and Global Orbit Struc-

tures, Low-energy Earth to Moon Transfer Trajectory, Search for Planet 9
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0z

DUZLEMSEL DAIRESEL KISITLI UC-CISIM PROBLEMINDEKI
YORUNGE YAPILARI VE UYGULAMALARI

KOPRUCU, SAHIN ULAS
Yiiksek Lisans, Fizik Boliimii

Tez Yoneticisi: Prof. Dr. Bayram TEKIN

Temmuz 2023 , 86| sayfa

Bu tezde diizlemsel Dairesel Kisitli Ug-Cisim Problemindeki (DKUCP) yériinge ya-
pilar1 geometrik bir bakis acisiyla incelenmistir. Ug-cisim probleminin kaotik dogasi
sebebiyle iki cisim problemindeki gibi genel bir analitik ¢6ziim bulunmamaktadir.
Bu sebeple nitel yontemler DKUCP’deki yoriinge yapilarini anlamak igin 6nem arz

etmektedir.

Bu baglamda, denge noktalarinin stabilite analizi gerceklestirilmis, ve bu noktalar
etrafindaki periyodik, transit ve transit olmayan yoriingeler gibi lokal yoriinge ya-
pilart arastirllmistir. Ardindan, Lyapunov yoriingeleri olarak adlandirilan diizlemsel
DKUCP’deki periyodik yoriingeler detayli bir sekilde incelenmis, bu periyodik yo-
riingelerin stabilitesi ve birbirleriyle global iligkileri ¢aligilmistir. Homoklinik ve he-
teroklinik yoriingeler gibi global yoriinge yapilari, Lyapunov yoriingelerinin degis-
mez manifoldlar1 kullanilarak hesaplanmistir. Ek olarak bir Lyapunov yoriingesinin
baslangic durumuna hassas bagimliligi, bir kaos gostergesi olan Lyapunov iissii ile

incelenmistir.
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Son olarak DKUCP’nin iki olas1 uygulamasi gosterilmistir. Bunlardan ilki, Giines-
Diinya-uzay arac1 ve Diinya-Ay-uzay aract DKUCP’lerini kullanarak Diinya’dan Ay’a
yakit tasarruflu diisiik enerjili uzay araci yoriingelerinin tasarlanmasidir. Ikincisi ise
heniiz kesfedilmemis 9. gezegenin alt-goreceli uzay araclar ile Giines-9. Gezegen-
uzay aract DKUCP baglaminda arastirilmas ve 9. Gezegenin bu yontemle tespitinde

Giines’in nasil bir etkisi oldugunun incelenmesidir.

Anahtar Kelimeler: Dairesel Kisitli Uc¢-Cisim Problemi, Lokal ve Global Yoriinge

Yapuilari, Diinya’dan Ay’a Diisiik Enerjili Yoriinge Transferi, 9. Gezegeni Arastirma
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CHAPTER 1

INTRODUCTION

1.1 Review of the Three-Body Problem

The three-body problem investigates the motion of three bodies under their mutual
gravitational attractions. Due to the chaotic nature of the problem and therefore sen-
sitive dependence to the initial conditions, there is no general analytical solution un-
like the two-body problem. This makes the three-body problem attractive to great
physicists and mathematicians over centuries. As an introduction of the thesis, a brief
summary of the three-body problem is given with the historical aspects. In this re-

view, [[1] is greatly benefited.

History of the problem dates back to Newton. He introduced the three-body prob-
lem to investigate motion of the Sun, Earth and Moon system but could not obtain
a closed form solution unlike the two-body problem ﬂ In 1767, Euler [3] found the
first periodic solution for a particular initial configuration in which the three masses
are initially placed on a line and separated from each other according to their mass
ratios. In addition, he also formulated the motion of three-bodies relative to the ro-
tating frame and introduced the context of Circular Restricted Three-Body Problem
(CRTBP). In 1772, just after Euler, Lagrange [4] found a new periodic solution for
the equilateral triangular configuration where the three masses are initially placed at
the vertices of a triangle. In both Euler’s and Lagrange’s solutions, the net force on
each mass is toward to their common center of mass during the motion, and they are

the only central configurations in the three-body problem.

! Newton told to Halley that the theory of Moon made his headache and ‘kept it awake so often, that he would
think of it no more”’ [2].



In the second half of nineteenth century, attempts for finding series solution were
performed because of the closed-form solution seemed to be unlikely. Delaunay [3],
Lindstedt [6]], Gyldén [7]] and later Sundman [8]] studied on obtaining a series solution
but covergence and complexity of the expressions were the issues making the series
solution impractical. Around the end of nineteenth century, Poincaré made great con-
tributions to the three-body problem with his monumental three-volume book which
was later translated as New Methods of Celestial Mechanics [9]. He proposed a quali-
tative approach with geometrical perspective for the solution of differential equations
and his approach led to find periodic orbits in the CRTBP. In addition, he also realized
the sensitive dependence to the initial conditions in the three-body problem which led
the foundation of the chaos theory. Further information about his contributions to the

three-body problem can be found in [10].

In the second half of twentieth century, Kolmogorov [11/], Moser [12] and Arnold [[13]
studied the stability of periodic orbits in the three-body problem against small pertur-
bations, and the results of their studies related to quasiperiodic motion are now called
as the KAM theorem. Apart from the analytical studies, numerical investigations to
find periodic orbits accelerated with the advents in computer technology. In 1970s,
Hénon [14]], Szebehely [15] and many other authors [[16], [[17] found the families of
periodic orbits in the three-body problem by using computer simulations. In 1993,
figure-eight shape periodic orbit was found numerically by Moore [[18] and later its
existence was proven by Chenciner and Montgomery [19]. In 2010s, many new pe-
riodic orbits were found numerically [20], [21], [22] and [23]. More recently, Stone
and Leigh [24] obtained a statistical solution by studying the distribution of outcome
trajectories. Besides, Breen et al. [25] used Artificial Neural Networks to obtain
fast and scalable simulations compared to numerical integrations. All those attempts
show that the centuries old three-body problem has not been completely solved and

is open to new discoveries.

1.1.1 Circular Restricted Three-Body Problem

Since the CRTBP is the subject of the thesis, it is reviewed in a bit more detail in this

section. In CRTBP, there are two primary bodies moving in circular orbits around

2



their common center of mass and the motion of the third body with negligible mass
is studied. Apart from the general three-body problem, the mass of third body is
restricted so that it does not affect the motion of the two primaries. As mentioned
previously, the CRTBP was first introduced by Euler. Then, Lagrange found five
equilibrium points and now they are referred as Lagrange points. In 1836, Jacobi
[26] obtained a constant of motion in the CRTBP and it was used by Hill [27] to
specify realms of motion. So, the allowable region for the motion of third body is
now also called as Hill’s region. Afterwards, Poincaré developed qualitative methods
with a geometrical perspective to obtain periodic orbits of the third body. His well-
known surface of section, so called Poincaré section, is a surface that transverses to
the motion and is used to analyze the stability of the periodic orbits. In speaking of
stability, Lyapunov’s studies [28]] should be also credited. He introduced the concept
of Lyapunov stability which is defined as if a trajectory starts near an equilibirum
point, it will stay nearby forever. In this regard, the planar periodic orbits around
the collinear equilibrium points in the CRTBP are now called as Lyapunov orbits. In
addition, he introduced the concept of the Lyapunov exponent which tells how the
trajectories obtained from two neighbourhood initial conditions evolve over time. It
is now used as a chaos indicator. Besides the collinear equilibrium points, it was
found that the triangular equilibrium points are stable for a certain range of mass
parameters of the primaries. Therefore, periodic orbits were found also around the
triangular equilibrium points, the so called Tadpole and Horseshoe orbits due to their

shapes.

In addition to the planar case, numerious periodic orbits were found for the spatial
CRTBP. For example, if the ratio of in-plane and out-plane frequencies is irrational,
the resulting trajectory is a quasi-periodic orbit which is commonly known as Lis-
sajous orbit as it is related to the Lissajous curve. In contrast, if their ratios are
rational, the resulting trajectory is a three dimensional periodic orbit, the so called
Halo orbit. The name Halo was first used by Farquhar [29] because the periodic orbit
of a spacecraft around a collinear equilibrium point is seen as a halo around the Moon
for the observer who looks from the Earth. Other types of periodic orbits in CRTBP
can be found in [30].

The CRTBP has many applications in celestial mechanics and space mission design.



For example, the existance of Trojan asteroids are well explained in the context of
Sun-Jupiter-Trojans CRTBP. The mass parameter of Sun-Jupiter system suggests the
stable mode for the triangular equilibrium points. In addition, the CRTBP can be also
considered as a suitable dynamical model for the following celestial systems [1]]; a
single star with giant and terrestial exoplanets, a single star with a giant exoplanet
and exomoon, binary stellar systems with a giant or terrestial exoplanet. Besides,
the CRTBP is a useful setting for the design of space missions. In 1970s, Farquhar
considered to utilize Halo orbits for the continous communication from Moon to Earth
during the Apollo missions. In 1990s, Belbruno and Miller [31] found fuel efficient
Earth to Moon transfer trajectories compared to traditional Hohmann transfer, the so
called Weak Stability Boundary (WSB) transfers. Later, Koon et. al [32] developed
the concept of patched three-body approximation by utilizing the qualitative methods
of CRTBP and the lagrange point dynamics. These transfers are now commonly

known as low-energy transfers.

1.2 Aims and Motivations

In this thesis, orbit structures in the planar CRTBP are investigated qualitatively with
a geometrical point of view. In this regard, aims and motivations of the thesis can be

described as follows;

e In many physical problems, particularly the chaotic ones, there is no analytical
solution. So, the first goal of the thesis is to learn qualitative methods for the
solution of differential equations. In this thesis, the interest is CRTBP but the
methods given here are generic and can be applied to different problems.

e The second goal of the thesis is to construct a theoretical background in CRTBP
for advanced research.

e The last goal of the thesis is to demonstrate possible applications of CRTBP.

1.3 The Outline of the Thesis

In this thesis, order of chapters and contents are highly aligned with [33]].

4



In Chapter 2, first the CRTBP is introduced and the equations of motion are given. To
reduce the number of parameters and obtain a simpler form of equations of motion,
nondimensionalization is applied. Then, three collinear and two triangular equilib-
rium points are found. Finally, Jacobi constant is given and the classes of motion are

classified based on the Jacobi constant.

In Chapter 3, stability of the equilibrium points are studied in detail. First, the equa-
tions of motion are linearized around the equilibrium points, then the local orbit struc-

tures are classified based on the solutions of linearized equations.

In Chapter 4, the planar periodic orbits around collinear equilibrium points, the so
called Lyapunov orbits, and their global connections are studied. First, the periodic
solution found from the linear approximation is improved by utilizing the differential
correction method in nonlinear equations of motion of CRTBP. Then, the family of
Lyapunov orbits are generated with numerical continuation. To analyze the stability
of the Lyapunov orbits, Poincaré map is utilized. Related with this stability analysis,
stable and unstable invariant manifolds associated to Lyapunov orbits are generated.
Then, the global connections between Lyapunov orbits, the so called Homoclinic
and Heteroclinic connections, are calculated by using these manifold structures. Fi-
nally, the chaotic nature and therefore sensitive dependence to the initial conditions

in CRTBP is studied with use of Lyapunov exponent.

In Chapter 5, two applications of CRTBP are demonstrated. As a first application,
Earth to Moon low-energy trajectory of a spacecraft is studied. In this regard, CRTBP
of Sun-Earth-spacecraft and Earth-Moon-spacecraft are considered. Then, the trajec-
tory design methodology is described and the resulting low-energy transfer is com-
pared with traditional Hohmann transfer. As a second application, a search for Planet
9 with sub-relativistic spacecrafts is studied. Here, CRTBP of Sun-Planet 9-spacecraft
is considered and it is searched for whether considering the Sun yields new prospects

for the detection of Planet 9.

In Chapter 6, results of the thesis are summarized.






CHAPTER 2

THE CIRCULAR RESTRICTED THREE-BODY PROBLEM

2.1 Introduction

The CRTBP investigates the motion of a point particle with a negligible mass in the
gravitational field of two massive bodies moving in a circular orbit. There are some
assumptions which make differences from the general three-body problem. Those

are;

e The mass of third body is too small, in another words "restricted", such that it

does not effect the motion of other two massive bodies.

e The two massive bodies are moving in a "circular” orbit around their common

center of mass.

Reference frame of the CRTBP is given in Fig. Origin, G, is the center of mass
of two massive bodies, the x-axis is in the direction from G to ms and the z-axis is
perpendicular to the plane of circular motion. Since the z-axis rotates with the motion
of m; and ms, this is a non-inertial reference frame. The reason for the choice of a
rotating frame will be understood better in the upcoming chapters, but for now it can
be said that investigating the motion relative to rotating frame yields more insight for

understanding the orbit structures by utilizing the equilibrium point dynamics.

2.2 Equations of Motion

The detailed derivation of the equations of motion of CRTBP can be found in Section

2.12 in [34]]. The equations of motion of the third body relative to rotating frame

7



™~ _ Comoving xyz frame (%2, 0, 0)
Lot A )
e My X

Tia

Figure 2.1: Configuration of the CRTBP [34], the mass m is considered to be much

smaller than m, and m..

given in Fig. 2.1 are written as;

& —2Qy — Q%z = —% (x + mor12) — % (x — mria), (2.1a)
1 2
i+ 200 — %y = 11y B2 (2.1b)
T Ty
zZ= —M—éz — u—gz, (2.1¢)
1 T

where ) is the angular velocity of the rotating frame, j; and puo are the gravitational

parameters of m; and m respectively, 715 is the distance between m; and mo, lastly

mi
mi+mg

m2

are the mass ratios.
mi+mg

and my =

™ =

The terms in the right-hand side are the accelerations due to gravitational field of
my and ms. In the left-hand side, the second and the third terms are Coriolis and
centrifugal accelerations, respectively, which arise from the rotation of the reference
frame. Since the z-axis is the axis of rotation, there is no contribution coming from

the rotation.

The Eqns. (2.1)) are second order, nonlinear, ordinary differential equations. There is
no general analytical solution of these equations due to sensitive dependence on initial
conditions. Although, it is possible to obtain numerical solutions by using numerical

integration methods like Runge-Kutta [335]].



2.2.1 Nondimensionalization

Nondimensionalization is applied in order to reduce the number of parameters, avoid
the large numbers and obtain simpler form of equations of motion. The following
substitutions are used to obtain nondimensional quantities;

X Y z 1 T2 mo
X:_v Y:_a Z:_7 R1:_7 R2:_7 = TZQt?

12 T12 12 12 12 my + my

(2.2)

so that 1 unit distance is equal to 75, 1 unit time is equal to 1/€2 and 1 unit mass is

equal to m; + mo. Then, the nondimensional form of the equations of motion are

written as;
X—zY—X:—“;—SW(XJFM)—%(X—Q—M)), (2.3a)
1 2
V4oX -y = —(1};%’“‘)1/— R%Y, (2.3b)
7= (1}%“)2 — P%Z, (2.3¢)

oA v Y o dZ C ex o @Y 5 @7
where X = &Y = <, 7 = ZCand X = 5,Y = 95, Z = 5. Then, the

problem is basically defined with p which depends on m, and m.

2.3 Equilibrium Points

The equilibrium points are the locations where the third body is at rest relative to
rotating frame. There are no accelerations and velocities. So, the positions of the
equilibrium points can be found by setting X=Y=Z=0and X =Y = 0inthe

equations of motion;

1 —
0=X—(RS“)(Xw)—%(X—(l—u)), (2.42)
1 2
(1—p) f
0=Y — Y — Y, 2.4b
Iz RI (2.4b)
(I—p) p
0=— Z— =7, (2.4¢)
Ry R
Since Z = 0, equilibrium points should lie on z-y plane. Then, the Eqn. (2.4b) can
be written as;
(I—p) p
0=Y(1- - = 2.5
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sothat Y = 0 or (1 “) R3 = 1. When Y # 0, the Eqn. (2.4a) turns into form of;

0— (% _ 1) 2.6)

Since p # 0, B3 = 1. Putting R3 = 1 into 5 ( ) - 7 = 1yields R? = 1. Then;

21, (2.7a)

]3/2

R} = [(X +p)* +Y?]

RE=[(X-(1-p)’+Y} " =1 (2.7b)

There are two equations with two unknowns, so it is solvable;

X:%—u, Y:i—?. (2.8)

Since Ry = Ry = r15 = 1, these two points are called as equilateral triangular equi-
librium points, commonly known as L, and L5 where L is referred to as a Lagrange

point.

Next, we look for the equilibrium points when Y = 0. So, Ri{’ and Rg would be;

=X +pl, (2.92)
=[X-(1-pnf (2.9b)

Then, the Eqn. (2.4a) is written in the functional form of;

(1—p)
| X+ pf?

1

Fl X0 = X—(=pF

(X +p) +

(X —(1—p)—X =0. (2.10)

The roots of the function f for a chosen p give the positions of equilibrium points
along the z-axis. The plot of X values with respect to i values for the function f is
given in Fig. [2.2] It is seen that the Eqn. (2.10) has three real roots for the chosen
i value. They are called as collinear equilibrium points, commonly known as L,
Ly and L3. Quantatively, the roots can be calculated by using numerical root finding

methods like Bisection or Newton-Raphson [35]].

As a result, there are five equilibrium points in the CRTBP of which the locations
depend on the value of i. The gravitational and centrifugal forces balance each other
at those points so that the third body is at rest relative to rotating frame. Geometry of

the equilibrium points is given in Fig. [2.3]
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Figure 2.2: Plot of f(u, X).
Ls L, -

Ls

Figure 2.3: Geometry of the Lagrange points.

2.4 The Jacobi Constant

There is a constant of motion in CRTBP, commonly known as Jacobi constant, which

can be obtained by multiplying Eqns. (2.3a), (2.3b) and (2.3c) with X, Y and Z,

respectively. The derivation is rather straightforward, so it is not given here explicitly.

One may look Section 2.12 in [34] for the detailed derivation. Jacobi constant, ', is
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given as;

czl(X2+Y2+Z'2> R N B U

2 2 Ry Ry
The first term is the kinetic energy per unit mass of the third body, the second term is
the potential energy per unit mass due to centrifugal force and the last terms are the
gravitational potential energies due to two massive bodies. Since the Coriolis force
is perpendicular to the velocity direction, it does not do work. Jacobi constant can be

considered as the total energy of the third body relative to rotating frame.

2.4.1 Possible Classes of Motion

In order to understand the various possibilities of motion qualitatively, it is useful to
study the effective potential which is given with the sum of the centrifugal and the

gravitational potentials;

1 (1—p) p
= ——(X?2+Y?) - - 2.12
Ueff 2 ( + ) R, R ( )

Then, the Jacobi constant is written as;
C:T—i-Ueff, (2.13)

where 7' is the kinetic energy per unit mass. Since the kinetic energy cannot be

negative, the allowed region for the motion of the third body is defined with;
C — Uy > 0. (2.14)

To understand the possible motions better, a plot of the effective potential with respect
to X and Y for ;o = 0.2 is given in Fig. 2.4] Take a horizontal surface corresponding
to a Jacobi constant, then the allowed region for the motion would be C' > U,y;.
Since F = —VU,yy, the location of the equilibrium points X, Yy and Z, can be
interpreted as;

VUerf|xo.v0,20=0- (2.15)

Next, we look for the Jacobi constant of the equilibrium points and the corresponding
realms of motion. The boundary between the allowed and the forbidden regions is

represented with the zero velocity curve which is defined as;
C =U.y. (2.16)
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Figure 2.4: Plot of U, s¢ with respect to X and Y for ;1 = 0.2.

The zero velocity curves for the Jacobi constants of equilibrium points and corre-
sponding realms of motion are given in Fig. [2.5 The realms of motion are some-
times called as Hill’s Region. In Fig. [2.5] those regions are shown with white
color so that shaded regions are forbidden for the motion. From the Fig. [2.3 it
is clearly seen that the Jacobi constants of the equilibrium points are ordered as
Cr1 < Cry < Cr3 < Crg = Crs. Then, the realms of motion can be classified

as follows;

e (' < Cp1: A particle near my or my is enclosed by the zero velocity curve so
there is no transition between m; and m, realms. Also, a particle in the exterior
realm which is outside the zero velocity curve cannot pass to the interior realm

of my and ms.

e U1 < C < CpLs: A neck is opened around L, so the particle can travel
between m; and ms realms. However, there is no transition between the interior

and the exterior realms.

o (s < C < Cpr3: A neck is opened around Lo, so the particle can travel
between the interior and the exterior realms via this neck. It is possible to

escape from the interior realm with a Jacobi constant slightly larger than C'5.

13



e (13 < (C < (Cpy = Cps: Aneckis opened around L3, so the particle can travel

between the interior and the exterior realms via the necks around L, or Ls.

o (14 = Cps < C: All the regions on the z-y plane are accesible.

Jacobi constant of L1 Jacobi constant of L2
oF T . . - 9p T T T =

> 0r 8 > 0 2 B
sifps 4 'k J
-2k . . . ful -2k . . . a

-2 -1 0 1 2 -2 -1 0 1 2
X X
Jacobi constant of L3 Jacobi constant of L4 and L5
2F 4 2F g
r ) i L4 ]

> 0r L3 mi L1 m2 L2 8 > 0r L3 m1 L1 m2 L2 E
1 | 4l L5 1
-2t ! -2k

-2 -1 0 1 2 -2 -1 0 1 2
X X

Figure 2.5: Realms of motion for the Jacobi constants of equilibrium points with

w=0.2.
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CHAPTER 3

STABILITY OF THE EQUILIBRIUM POINTS

3.1 Linearization

In order to understand the local orbit structures, motion in the vicinity of the equilib-

rium points is investigated via linear stability analysis.

The equations of motion of CRTBP can be written with use of effective potential;

) S
X —ov=——2t, (3.1a)
. - aUeff
VX ==, (3.1b)
. 8(]6”
7 =22l 1
57 (3.1c)

Then, small perturbations, 7, v, ¢ are applied to the equilibrium point, X, Yy, Zo;

X, =Xo+mn, (3.2a)
Y, =Yy +7, (3.2b)
Zy = Zy+C. (3.2¢)

So, motion of a particle near the equilibrium point can be obtained by putting X, Y),,

Z, to the equations of motion in Eqns. (3.1));

. . OUcs¢
— 2y = — 33
n 7 aX Xp7yp’Zp7 ( a)
. ) OUes¢
42 =— , (3.3b)
Y Xp.Yp Zp
: 8Ueff
(=— 57 mep’Zp. (3.3¢)
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Next, the right hand side of Eqns. (3.3)) is linearized by using first order multivariable

Taylor series expansion around the equilibrium point;

8Ueff _ 8Ueff n82U€ff +,yi (8Ueff)
X Xp,Yp:Zp 0X Xo,Y0,Z0 X2 Xo,Y0,Z0 oY X X0,Y0,Z0
Jré"i e + O (7,7, ¢ v, ¢, 7¢) (3.4a)
aZ aX X07YO7ZO ) ) ) ) ) ) M
% —_ % ‘f‘??i (aUeff) +782Ueff
oY Xp.Yy, Zp oy Xo,Y0,%0 0X oy X0.,Y0,Z0 Y2 Xo,Y0,%0
9 8Ueff 2 2 2
— [ —== 4
+Caz( oy ) XO,YO’ZOJFO(??»%C,n%nC,vC), (3.4b)
OUcs¢ _ OUes¢ +77£ (@Ueff) —|—’yi (5Ueff>
o0z Xy Y7 oz Xo.Yo.Zo 0X oz Xo.Yo.Zo 15)4 oz Xo.Yo.Zo
0%U,
+¢ aZfo + 0O (7,7, .G ¢ - (3.4¢)
X0,Y0,Z0

Since 7, ~, ¢ are the small perturbations, higher order terms are neglected in the
expansion. Recall that VU.;; = 0 at the equilibrium points, so first terms in the
expansions vanish. Also, all the equilibrium points lie on the z-y plane, so Z;, = 0.

Then, the other terms are given as follows;

PUgs| (30w 1) (30?1
OX | v R} R3 R? R}’
(3.52)
O*U.s <3Y02 1 ) 3Yg 1
—a (G- mamn (B w) e
N2 |y g R R} Ry R
ateff ( 1 ) ( 1 )
072 |y yome R3 R
82U€ff _ 62Ueff _ 3(X0_(1_M))YE] _(1_ )M
VX ~ OXOY | ysn R; TR
(3.5d)
OPUcsy _ O°Uers _ PUess _ PUsyy _o (3.5¢)
020X ~ 0X0Z ~ 9Z0Y  OYOZ|y v s '

/

where Ry = [(Xo + p)* + Y] 2 and Ry = [(Xo— (1 —p)*+YE] "2 The linear

approximation of the equations of motion in the vicinity of an equilibrium point is
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written as;

PUesy O?Uesy

n—2y=-n - ; (3.6a)
0X? X0,Y0,20 IYOX X0,Y0,%20
C o PUesy Uesy
Y+ 2= N5y Ay ; (3.6b)
0XoY Xo.Yo.Zo 0Y?2 Xo.Yo.Zo
: Uesy
{=—¢ . (3.6¢)
02° X0,Y0,%0

. 92U,
Since —=LL

5 ‘ XoYoZo > 0, perturbation along the z-axis yields simple harmonic mo-

tion. So, the system is stable against the perturbation in the out-of plane direction. In
fact, this expected because m, and ms move in the x-y plane and force the particle

to be on the this plane. In order to solve Eqns. (3.6a) and (3.6b), they are reduced to

first order ordinary differential equations by using the following auxiliary variables;

Yi="mn, Y2=7 Y3=1, Ys=71. 3.7

Then, the set of first order ordinary differential equations can be written as;

Y1 = Y3, (3.82)
Y2 = Ya, (3.8b)
62 Ueff 8 Ueff
Us = =1 + 2yq, (3.8¢)
0X?2 Xo.Yo.Zo 8Y8X Xo.Yo.Zo
. 82Ueff 0? Ueff
Ys = — — Y2 — 2y3. (3.8d)
0XoY Xo.Yo.Zo Y2 Xo.Yo.Zo
The matrix form of Eqns. (3.8) would be;
— 0 0 1 0] ¢ -
. 0 0 o 1] |”
7 sl o |V 09
Ys X0,Y0,%0 X0,Y0,%0 Ys
y 92U,y 92U,
| Y4 - axag - ayg ! —2 0| LYl
L X0,Y0,%0 X0,Y0,%0 A
The ansatz for the solution of 3] = My in Eqn. || 1;
7 = e, (3.10)
Then, the general solution of Eqn. (3.9) is given as;
y= i €M + Colloe™T + cyilze™ + cytie™T, (3.11)
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where ci, co, c3, ¢4 are arbitrary coefficients determined by the initial conditions,
A1, A2, A3, A4 are the eigenvalues of the matrix M and , s, U3, Uy are the corre-
sponding eigenvectors. The stability and the flow near the equilibrium points can be

investigated by using the eigenvalues and the eigenvectors.

3.2 Stability of the Triangular Equilibrium Points

Recall that the positions of the triangular equilibrium points are;

1 3
Xo=5 -t Yozi\/?_, Zo = 0. (3.12)

Then, the elements of the matrix M would be;

0*U, 3
—= = -2, (3.13a)
0X? | x, Yo.zo 4
82Ueff 9
— (3.13b)
Y2 Xo.Yo.Zo 4
U 0y 3V3
= =+—2u—1). 3.13
XY ~ OVOX |y, T4 Y G139
Therefore, the matrix M is;
[ 0 0 1 0
M = 0 0 01 (3.14)
3 £33 (1 —2) 0 2 '
|5 (1 - 2u) 3 =2 0]
The characteristic equation, det(M — AI,,) = 0, of matrix M is;
27 2712
Nz 2R, (3.15)
4 4
So, the eigenvalues are;
27u? — 27 1-1
Am:i\ <\/ p 2‘” ) (3.16a)
—\/27u? — 27 1-1
)\374:i\ < V2 ) ks ) (3.16b)

To understand the possible eigenvalue cases better, a plot of p(u) = 27u? — 27u + 1
is given in Fig.
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Figure 3.1: Plot of p(u).

The roots of p(u) are;

1 /69
— 4+ —— ~0.96148. 1
5 + 13 0.96148 (3.17)

1
2

= ~0.03852 and =

—_
2%
Ne

The smaller root is also known as Routh’s or Gascheau’s value, 1, [36]. Eigenvalues

are purely imaginary for the p values of;
O<p<peg and 1—pe<p<l. (3.18)

Since the purely imaginary eigenvalues yield sine and cosine terms in Eqn. (3.T1),
there are periodic orbits around the triangular equilibrium points for the ;4 values
satisfying the Eqn. (3.18)). In fact, this type of equilibrium points are called as center
in the terminology of stability.

The periodic orbits in the vicinity of triangular equilibrium points are called as Tad-

pole orbits due to their shapes. In our solar system, for example;

Sun-Earth System: pgp ~ 3.004 x 107°, (3.19a)
Sun-Jupiter System: 1157 ~ 9.538 x 1074, (3.19b)
Earth-Moon System: pgy ~ 0.01215. (3.19¢)

Since they are less than ji, the triangular equilibrium points exist in the stable region
for those systems. The small celestial bodies placed near L, or L5 are known as
Trojans, so there are Earth Trojans for the Sun-Earth system and the Jupiter Trojans

for the Sun-Jupiter system.
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Initial conditions of the Tadpole orbits can be obtained by calculating the matrix
M for a given p, then putting the eigenvalues and corresponding eigenvectors of
matrix M to the Eqn. (3.11) and finally equating 7 = 0. In Fig. [3.2] the Tad-
pole orbits are generated by considering the coefficients c; = ¢35 = ¢4 = 0 and
¢; = [0.001,0.002,0.003,0.004,0.005] and solving the nonlinear equations of mo-
tion of CRTBP for the chosen initial conditions by using the MATLAB ode45 solver

with absolute and relative tolerances of 10713,

0.869 |
0.868 \
0.867 |
> 0.866
0.865 |
0.864 | \
0.863 |

0. 484 0. 485 0. 486 0. 487 0. 488 0. 489 0.49 0. 491 0.492
X

-0.863 - !
-0.864 -
-0.865 -
> -0.866 -
-0.867

-0.868 f\

-0.869

0484 0.485 0486 0487 0488 0489 049 0491 0.492
X

Figure 3.2: Example of the Tadpole orbits for the Earth-Moon system.
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Since the initial conditions of the Tadpole orbits are obtained with linear approxima-
tion near the equilibrium point, nonlinear effects disturb the periodicity as the initial

condition is getting away from the equilibrium point.

In the interval of g < p < 1 — g, eigenvalues are complex numbers with nonzero
real parts such that two of them have positive and other two have negative real parts.

Therefore, triangular equilibrium points are linearly unstable for those p values.

3.3 Stability of the Collinear Equilibrium Points

The collinear equilibrium points lie on the x-axis, so Yy = 0 and Z; = 0. Then the

elements of the matrix M would be;

Uess 24 2(1—p)
- _1_ — , (3.20a)
0Xx? Xo,Y0,Z0 ‘XO - (1 - H) |3 |X0 + M|3
O?Uesy p (1—p)
=1+ + , (3.20b)
Y Xo,Yo,%Z0 Xo— (A= [*  [Xo+pul?
82U€ff
XY (3.20¢)
Therefore, the matrix M is;
[0 0 0]
0 0 0 1
M = , (3.21)
14+ 2a 0 0 2
i 0 l—a -2 0_
where o = | Xo—(li—u)P + )({10;’2)‘5 The characteristic equation, det(M — AI,,) = 0, of
matrix M is;
M4+ (2—-a) N+ (1+2a)(1—a)=0. (3.22)
Let 3 = A2, then;
p(B)=p*+2—a)B+(14+2a) (1l —a)=0. (3.23)

Since jiﬁ’; > 0, p(p) is concave up. Then, we look for the sign of the last term,
(1 4+ 2a) (1 — «), to identify the roots. The effective potential plots given in Fig.

are used to decide signs.
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Figure 3.3: Effective potential plots around collinear equilibrium points for 1 = 0.2.

Remember that;

2
1+20 = —aLgff , (3.24a)

X Xo0,Y0,Z0

0*U,

1—a=——t . (3.24b)

oY X0,Y0,20
According to Fi it can be said that Uy ‘ < 0and PUecss ! >0
g g- 23 0X2 | Xo,Yo, %0 Y2 1X0,Y0,20 )

Then;

14+ 2a >0, (3.25a)
1—a<0. (3.25b)

Since p (3) is concave up and (1 + 2a) (1 — a) < 0, p (5) should have two real roots

with one positive and one negative. Therefore, the roots of p (3) are;

a—2—|—\/9a2—8a>0

b= 5 (3.26a)
—2—4902 -8
By =2 : 0% . (3.26b)
Then, the eigenvalues are;
)\172 = :|:\/ 51 = :i:X, (3273)
)\3’4 =4+ ﬁz = :l:iV, (327b)

where x = /1 > 0 and v = \/—f35 > 0. To obtain the motion near the equilibrium

points, corresponding eigenvectors are calculated as follows;

1 1 1 1
. —0 . o B —iK| K
Uy = , Ug = , Ug = , Ug = ) (328)
X —X w —iv
| —X0 | | —X0 | | VK | | VK |
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2 . . .
where o = >0and Kk = — (M> < 0. The conventions given in

2x
x2—(1—a) 2v
[33]] are used for representing the eigenvectors. Then, the equations of motion around

collinear equilibrium points can be obtained by putting Eqn. (3.28) and Eqn. (3.27)
to the Eqn. (3.T1);

N = c1eX" + coe X7 4 c3e™T + cpe 7, (3.29a)

v = —c10eX + cooe X — c3(ik)e™T + cq(in)e . (3.29b)
By expanding e™7, e "7 and rearranging the terms, final form would be;
(1) = c1eX” + coe™ X + ez cos(vT) + ey sin(vT), (3.30a)
V(1) = —c10eX + cooe™ X — cyk cos(vT) + c3ksin(vT). (3.30b)
There are different types of motion depending on the initial condition. First, we look

for the unstable manifold, v = —o7), and the stable manifold, v = o7, in Fig. 3.4]to

understand the flow direction in the vicinity of collinear equilibrium points.

14
y=—om y=om

transit|orbit region
Cq <0 Cy >0

non-transit orbit region
Cq1 < 0, Cy <0

non-transit orbit region
C1 > 0, Cy >0

Cq1 >0 Cy <0
transit|orbit region

Figure 3.4: Flow directions and regions of possible motion in the vicinity of collinear

equilibrium points.

In generating the examples of possible trajectories around the collinear equilibrium
point, MATLAB ode45 solver is used with absolute and relative tolerances of 1073,

The possible motions can be classified as follows;

23



e ¢; = ¢y = 0: The periodic motion, commonly known as the Lyapunov orbit,
occurs. The initial condition for the Lyapunov orbit can be obtained from Eqn.
(3-30) by using the sine and cosine terms. Examples of the Lyapunov orbits
around L, for the Earth-Moon system are given in Fig. [3.5|by setting the coef-
ficients ¢; = ¢ = ¢4 = 0 and c3 = [107°,107%]. In Fig. it is seen that the
linear approximation is valid as long as the initial condition is sufficiently close
to the fixed point. As the initial condition is getting away, linear approximation
does not hold and nonlinearities alter the periodicity. In order to obtain periodic
orbits accurately, a numerical method called as differential correction is used.

This method will be discussed detailed in the next chapter.

e ;¢ = (0: Asymptotic orbits to the Lyapunov orbit occur. If ¢; = 0 and ¢3 # 0,
asymptotic orbits are stable so the particle moves towards to the Lyapunov orbit.
If ¢; # 0 and ¢, = 0, asymptotic orbits are unstable so particle moves away
from the Lyapunov orbit. In fact, asymptotic orbits are the invariant manifold
structures associated to the Lyapunov orbit. The systematic construction of
those structures will be discussed in the next chapter. Examples of the stable
and the unstable asymptotic orbits to the L; Lyapunov orbit of the Earth-Moon
system are given in Fig. by setting the coefficients ¢; = ¢4 = 0 and |¢p| =
|c3| = 107° for the stable orbits, c; = ¢4 = 0 and |¢;| = |c3] = 107° for the

unstable orbits.

e cicy > 0: Non-transit orbits occur. If ¢; > 0 and co > 0, 7 is in the positive
region and if ¢; < 0 and ¢ < 0, 7 is in the negative region. In both cases,
v is in between the lines v = —on and v = o7 so that particle cannot pass
to different realms through the equilibrium point. Examples of the non-transit
orbits around the Earth-Moon L; are given in Fig. [3.7|by setting the coefficients

c3 =cy = 0and |¢;| = |ca] = 1075,

e cicy < 0: Transit orbits occur. If ¢; < 0 and ¢ > 0, 7y is in the positive region
and if ¢; > 0 and ¢y < 0, 7 is in the negative region. In both cases, 7 is in
between the lines v = —on and v = o7 so that particle can pass through the
equilibrium point. Examples of the transit orbits around the Earth-Moon L, are

given in Fig. [3.8] by setting the coefficients c; = ¢4 = 0 and |¢;] = |co| = 107°.

24



3 F

0.8365 0.8366 0.8367 0.8368 0.8369 0.837 0.8371 0.8372 0.8373
X

Figure 3.5: Lyapunov orbits around L, for the Earth-Moon system.

x1074
T T T T T T T
Stable
Unstable
1r —
> 0r

0.83675 0.8368 0.83685 0.8369 0.83695 0.837 0.83705
X

Figure 3.6: Asymptotic orbits to the L; Lyapunov orbit for the Earth-Moon system.
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1

Cq1 < 0,C2< 0

/'

*1

Cq1 > 0,C2> 0

~I

1 1 1 1 1 1 1

0.83675 0.8368 0.83685 0.8369 0.83695 0.837 0.83705 0.8371

X

Figure 3.7: Non-transit orbits around L, for the Earth-Moon system.

x10° | | | | | | |
1r i
\ c1<0,c,>0 /
> 0f *1 .
/ c1>0,c,<0 \
Ak i
0.8\’3'675 0.81368 0.83IB85 0.81’369 0.83I695 0.8:37 0.8?:705 0.8;371

X

Figure 3.8: Transit orbits around L; for the Earth-Moon system.
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CHAPTER 4

LYAPUNOV ORBITS AND THEIR GLOBAL CONNECTIONS

4.1 Differential Correction

In the previous chapter, it was seen that the linear approximation gives a rough initial
condition to generate periodic orbits, particularly if the initial condition is away from
the fixed point. In order to improve the initial condition and obtain periodic orbits in
nonlinear equations, a method called as differential correction is used. In this method,
some desired values and design variables are specified. Then, the design variables are

corrected to achieve desired values in an iterative manner.

Consider;
f(r0), 7) = y(7), (4.1)

where f represents the dynamics of the system including the equations of motion
. . .qT
implicitly, and ¥ = |X,Y,Z, X,Y,Z| . Then, small perturbations ¢.,+(7) and

Tpert are applied;

f(?j(TO) + gpert(TO)a T + Tpert) - g(T) + gpert(7)7 (42)

where ¥pe+(7) is the perturbed state at time 7. The Taylor series expansion of f is

given as;

0f (1), 7)

0’7' Tpert .

4.3)

F )+ et (70)s T Tpent) = F(iH(r0), ﬂ+%gpm<w

It is a first order linear approximation where higher order terms are neglected. By
using Eqn. (4.1)) and Eqn. (.2), it is possible to rearrange Eqn. (4.3) as;

. ., oyt
ypert(T) = (I)(T7 TO)ypert<TO) + %Tp&“t? 4.4)
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where ®(7,79) = % is the State Transition Matrix (STM). Also, Upert(7) =

gdesired<7) - gpropagated<7—)’ gpert(TO) = ij'+1 (7—0) - 3];(7—0) and Tpert = Ti+1 — Ti- The

STM can be computed by using the following differential equation;

~ oy(r)  0y(r) dj(r)
O(1,70) = 255 = 55 ) (4.5a)
(7:70) = D5ty — 83i(r) D3m)
Cb(T, 1) = A(T)® (T, 70), (4.5b)
where A(T) is;
[ 0 0 0 1 0 0
0 0 0 0 1 0
Alr) = ay(r) | 0 0 0 0 01 “6)
Y o 82U, 82U, 82U, ) :
6y(7’) - ang _ayag(f _azag(f 0 20
92U, 82U, 82U,
- axa@f - ay2f Lo— aza{ff -2 00
_82Ueff _32Ueff _82Ueff O 0 O
| T Bxoz Yoz 972 |

with the initial condition of ® (79, 79) = Is.

To generate the Lyapunov orbits by using the differential correction method, first the
desired conditions for the existence of periodic orbits are investigated. Notice that
the substitutions 7 — —7 and Y — —Y does not change the equations of motion of
CRTBP. So, the motion is symmetric with respect to the x-axis in the context of time
reversibility. Suppose, a particle is initially placed on the z-axis and its velocity is
perpendicular to the z-axis. Propagate the trajectory of this particle from the initial
point forward in time until the next z-axis crossing and suppose the crossing occurs
perpendicularly. Then, propagate the trajectory of the same particle from the initial
point backward in time until the z-axis crossing, and here also it should cross the
x-axis perpendicularly due to the symmetry. As a result, combination of each half of
the trajectories yields a periodic orbit. Then, the desired conditions to have a periodic

orbit can be given with the use of perpendicular x-axis crossing;
Ydesired<7—) =0 and Xdesired<7—> =0. (47)

Also, the initial condition used for the differential correction method is given as;

. T
7(m) = [X(7),0,0,0,¥(m),0] . (48)
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The initial guesses X (7) and Y(To) are coming from the linear approximation given
in Chapter The Y (75) and 7 are chosen as design variables so that they are corrected

to achieve desired values. So, ¥,,+(7o) in Eqn. (4.4) would be;
— y T
et (70) = 0,0,0,0, Ypers(70), 0] (4.9)

and Eqn. (#.4) is written explicitly as;

[ X s (7)] o0 ] [xe)]
Yoert (1) 0 Y(T)
ipert ((:)) = Dgy(7, 70) g + )Z(((:i Tpert- (4.10)
Ypm(T) Ypert(TO) Y(T)

| Zpert(7) | 0 | [Zn)]

Since the targeted variables are only Yegieq(7) and Xdesired(T), Eqn. (4.10) can be

reduced to;
Yoert(T) | _ | ®2(ms70) Y (1) | ¥oers(mo) |- @.11)
Xpert (T) (I)4,5 (7—7 TO) X(T) Tpert
Then, taking the inverse yields;
. . -1
Y;?ert (T(]) _ ®2,5<T7 TO) Y<T> }‘/ZDGTt (T) 7 (4'12)
Tpert <I>4,5 (7-7 7—0) X (7—) Xpert (7—)

where Y;)ert(T) = Ydesired(T) - Y;)ropagated(7_>, Xpert(T) = Xdesired(T) - Xpropagated(T)
and }'/pert(To) = YiH(TO) — Yi(TO), Tpert = Ti+1 — T;. Therefore, the design variables
Y (1) and 7 are calculated based on Eqn. (4.12) iteratively until the difference be-

tween desired and propagated values falls below the termination criteria.

Here and also in rest of the chapter, MATLAB ode45 solver is used with absolute and
relative tolerances of 10~!3 for the numerical integration. Examples of the differential
correction process and the resulting Lyapunov orbit are given in Fig. 4.T|and Fig. 4.2}
In this example, an L, Lyapunov orbit of the Earth-Moon system is constructed. The
initial conditions that will be improved with differential correction is taken from the

linearized equations of motion by considering c; = ¢, = ¢4 = 0 and ¢35 = 0.001.
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Figure 4.1: Differential correction process for the L; Lyapunov orbit of the Earth-

Moon system.

0.833 0.834 0.835 0.836 0.837 0.838 0.839 0.84 0.841
X

Figure 4.2: L, Lyapunov orbit of the Earth-Moon system obtained from the differen-

tial correction.
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4.2 Continuation

In order to generate a family of Lyapunov orbits, continuation method is used. Each
orbit in the family can be identified with certain parameters such as position or veloc-
ity at the perpendicular crossing point and also with Jacobi constant [37]]. Continua-
tion method is particularly useful to obtain the Lyapunov orbit corresponding to the

desired Jacobi constant.

The initial Lyapunov orbit found from the differential correction is the starting point
of the continuation method. A small perturbation is applied to the X, component of

the initial condition as;

XO,pe’rtuTbed = XO + AX; (413)

at the perpendicular crossing point. Then, the differential correction is used with
the perturbed X position, X perturbed> and the initial guesses of YO and 75. Those
initial guesses belong to the starting Lyapunov orbit. The outcome of the differential
correction would be the updated YE) and 7y of the X perturvea- Therefore, another
Lyapunov orbit is obtained corresponding to the perturbed position, X perturpeqd- This
process is repeated for each newly obtained Lyapunov orbit to reach a family of orbits.
Here, the important point is the order of perturbation AX. This has to be small in
order to make the continuation method more reliable by preventing the convergence

of the differential correction method to a different family [37].

The family of L, Lyapunov orbits for the Earth-Moon system is given in Fig. {.3]
In addition, Jacobi constant of each orbit in the family and the corresponding ini-
tial conditions with the periods are given in Fig. [4.4] and Fig. §.5] respectively. In
order to calculate a Lyapunov orbit of a desired Jacobi constant, first the X, value
corresponding to the desired Jacobi constant is extracted from Fig. .4l Then, the
extracted X value is used to find Y; and period of the corresponding Lyapunov orbit
from Fig. {.5] Since the initial conditions and period are known, Lyapunov orbit of
the desired Jacobi constant is generated. The family of L, and L3 Lyapunov orbits

can be calculated with the same manner.
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Figure 4.3: The family of L; Lyapunov orbits for the Earth-Moon system.
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Figure 4.4: Jacobi constants of L; Lyapunov orbits family for the Earth-Moon system.
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Figure 4.5: Initial conditions and periods of L; Lyapunov orbits family for the Earth-

Moon system.

4.3 Poincaré Map

Poincaré Map is a useful tool to analyze the stability of the periodic orbits. Consider
a surface that is transverse to the flow direction as given with S in Fig. #.6] Then, the
Poincaré Map, P, is defined by mapping from one intersection with surface .S to the

next. So;

P(%)) = @y (4.14)

Notice that P(z*) = #* in Fig. which means a periodic orbit can be considered
as a fixed point in the mapping. This is particularly useful because investigating the

stability of a periodic orbit becomes dealing with stability of a fixed point.

The following calculations are highly aligned with [38]]. To analyze the stability, first

a small perturbation j is applied to the fixed point;

P(&* + @) = & + 1. (4.15)



Figure 4.6: Illustration of the Poincaré Map [38]].

Then, P(Z* 4 ) is expanded around Z* by using Taylor series expansion;
P(&" + 1) = P(2") + [DP(&")] %o + O(|[%]|*)- (4.16)
After putting Eqn. (4.15)) and P(Z*) = #* to the expansion, one reaches at;
Uy = [DP(Z")] 0. 4.17)
Consider the following eigenvalue equation;
[DP(z*)| u; = A\juj, (4.18)

where ); are the eigenvalues of [DP(z*)] and ; are the corresponding eigenvectors.

Then, multiplication of Eqn. (4.17) with «; yields;
U1t = AUyl (4.19)
By rearranging the Eqn. (#.19), one can get;
(U1 — A\jtp) 4 = 0. (4.20)

Since ; # 0, then;
U1 = A;0p. (4.21)
The eigenvalues \; are also called as Characteristic or Floquet multipliers. They are

used to assess the stability of the periodic orbits. The possible eigenvalue cases can

be classified as follows;
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e |\;| > 1: The given perturbation grows in the corresponding eigenvector direc-

tion, so the periodic orbit would be unstable.

e |\;| < 1: The given perturbation decays in the corresponding eigenvector di-

rection, so the periodic orbit would be stable.

e |\;| = 1: The given perturbation does not grow or decay, so the periodic orbit

would be neutrally stable.

4.3.1 Monodromy Matrix

In CRTBP, P(#*) is the propagation of the initial state, *, by using the equations
of motion of CRTBP during one period. Therefore, [DP(z*)] is in fact the STM,
O(T, 19), from 7y to period 7. The matrix ¢(7, 7p) is also called as the Monodromy
matrix. So, eigenvalues of the Monodromy matrix are crucial to understand the sta-

bility of the Lyapunov orbits.

To identify the eigenvalues, first it is shown that Monodromy matrix is a symplectic
matrix. Let U(7) is;

U(r) = ®(1,70) T K 1®(1, 70), (4.22)

where K is a nonsingular, skew-symmetric matrix [39];

(0 0 0 1 0 0

0O 0 0 0 10

0O 0 0 0 01
K= (4.23)

1 0 0 0 20

0 -1 0 -2 0 0

0 0 -1 0 00

Next, take the time derivate of U(7);

Ur) = &(1, 70) "KL ®(7, 1) + O(7, 70) T K1 (7, 70). (4.24)

Recall &(7,79) = A(7)®(7, 70) from Eqn. (4.5b)), and put it into Eqn. (4.24);
U(r) = ®(r,70)"A(") "K' ®(7,70) + (1, 70) " K TA(T)®(7, 7). (4.25)
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By rearranging Eqn. (4.25)), one can get;
U(r) = &(r,70)" [A(T)' K™ + K A(7)] (1, 79). (4.26)
Since A(T)TK~' + K—'A(7) = 0, then U(7) = 0. Also notice that U (7y) is;
U(ro) = ®(10,70) K '®(70,70) = K1, (4.27)

where ® (79, 79) is the identity matrix. So, U(7) = K. Then the STM, ®(7, 79),

satisfies the symplectic condition;
(7, 70)  K'®(1,70) = K. (4.28)

Therefore, the Monodromy matrix, M = ®(T, 1), is a symplectic matrix. In order to

find eigenvalues, characteristic polynomial of M is written as;
p(A) = det(M — AI,). (4.29)

It is possible to write M = K (M7T) ~' K1 by using the symplectic property of M,
50;

p(\) = det (K (MT) " K™ = AL, (4.30)

Inside the determinant can be rearranged as follows;
p(N) = det (K (M7) " = AL ) K1), (4.31)
Since det (K) = det (K1) = 1and (MT) ™" = (M~")", then;
p(A) = det (M~ = AL)") = det (M™* = AL). (4.32)
It can be rearranged as;
p(\) =det (M~ (I, = AM)) = det (M ") det (I, — AM). (4.33)

Since M is a symplectic matrix, det (M ') = (det(M))™" = 1, then;

p(V) = det (I, — AM) = det <—/\ <M - %10) | (4.34)
Finally, one finds;
1
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Since A # 0, the characteristic polynomial should satisfy;

p(A)=0, p G) =0, (4.36)

which means if )\ is an eigenvalue of M, so is 1

1. Hence, eigenvalues of the Mon-

odromy matrix arise as reciprocal pairs.

In addition, perturbation along the periodic orbit does not grow or decay. So, accord-
ing to the Eqn. (4.21), there should be an eigenvalue which is equal to one for the
periodic orbits and the corresponding eigenvector is tangent to the orbit. As a result,
possible eigenvalues of the Monodromy matrix belonging to the planar Lyapunov

orbits can be given as follows;
1
=5

So, there are stable, unstable and neutrally stable modes.

)\1, )\2 )\3 - )\4 =1. (437)

4.4 Stable and Unstable Invariant Manifolds

According to the eigenvalues of the Monodromy matrix, there are stable and unstable
invariant manifolds associated to the Lyapunov orbit. The definitions given in [40]

are used for introducing the manifolds;

e Stable Manifold (W°): It is the set of initial conditions such that the trajectory
of a particle starting at those initial conditions approaches to the periodic orbit
as 7 — oo. The proper set can be obtained from the eigenvector corresponding
to [\ < 1.

e Unstable Manifold (WY): It is the set of initial conditions such that the tra-
jectory of a particle starting at those initial conditions moves away from the
periodic orbit as 7 — oo. The proper set can be obtained from the eigenvector

corresponding to |A| > 1.

The initial guesses to generate stable and unstable manifolds can be given respectively

as follows;

[
U}l
—~
=1
N

(4.38a)
(4.38b)

M
S
)
—~
=1
N



where g, 1y are the normalized stable and unstable eigenvectors, 7, is an initial
state on the periodic orbit and € is a small perturbation applied to that initial state. It
is mentioned in [33] and [37] that the order of perturbation should be small enough
to make the linear approximation valid, and also it should not be too small to require
a large amount of time to depart from the periodic orbit. The positive and negative

perturbations refer to the construction of manifolds in different realms.

The stable and unstable manifolds are generated by backward and forward propaga-
tion of the initial states ys(yy) and i (o), respectively. Examples of the stable and
unstable manifolds associated to the L; Lyapunov orbit of the Earth-Moon system

with Jacobi constant of C' = —1.58 are given in Fig.

01 5 = T T T T T T T —
Stable
Unstable

01 .

0.05

-0.05

-0.15 & I 1 1 | I I 1 E|
0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

X

Figure 4.7: Stable and unstable manifolds associated to .; Lyapunov orbit of the

Earth-Moon system with Jacobi constant of C' = —1.58.

It is possible to generate sets of manifolds by using various points along the periodic
orbit. This can be done by calculating the eigenvalues and corresponding eigenvectors
of the monodromy matrix at each of those points. However, this method is compu-

tationally inefficient. There is an alternative way which includes the propagation of
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eigenvectors by using STM;

(4.39a)
(4.39b)

Since the STM does not conserve the norm of a vector, the eigenvectors should be

normalized in order to apply perturbations appropriately. Then, the initial guesses of

the stable and unstable manifolds belonging to the various points along the periodic

orbit can be given as;

(4.40a)

(4.40b)

The resulting manifold sets form a tube-like structure as given in Fig. .8] The tra-

jectories inside and outside the tubes yield transit and non-transit orbits, respectively.

So, the invariant manifolds act as separatrices such that they separate the regions of

two types of motion.
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Figure 4.8: Stable and unstable invariant manifold tubes associated to L; Lyapunov

orbit of the Earth-Moon system with Jacobi constant of C' = —1.58.
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4.5 Homoclinic Orbits

A homoclinic orbit connects the Lyapunov orbit with itself. In other words, it is an or-
bit that departs from and returns back to the same Lyapunov orbit via its unstable and
stable manifolds. The intersection of manifolds on an appropriate Poincaré surface
is the key point for the construction of homoclinic orbits. For the sake of simplicity
of the calculation, Poincaré surface is chosen as the plane of X X atY = 0and
represented with I'|y_,. First, the homoclinic orbits in the interior realm are investi-
gated. The interior realm is the region of trajectories which cannot pass beyond L.
In order to obtain the intersection of unstable and stable manifolds on the Poincaré
surface, energy of the Lyapunov orbit is increased. The unstable and stable manifolds
associated to L; Lyapunov orbit of Earth-Moon system with C' = —1.57 and the cor-

responding Poincaré surfaces, PZ’;W”"WYZO and Fg’fnte”w|y:0, are given in Fig.

and Fig.
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Figure 4.9: Stable and unstable manifolds associated to L; Lyapunov orbit in the

interior realm of the Earth-Moon system with C' = —1.57.
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Figure 4.10: Poincaré surfaces of the stable and unstable manifolds given in Fig.

Figure 4.11: Homoclinic orbit in the interior realm of the Earth-Moon system.
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s o . _
pYrinterior) . and I3™™7"|,_ intersect at four points and two of them are on the
1 1

line of X = 0. The intersections with X = 0 give the transversal homoclinic orbits
which are discussed detailed in [41]. The initial conditions for the homoclinic orbits
are obtained by using the intersections on Poincaré surface and the equation of the
Jacobi constant. An example of the transverse homoclinic orbit in the interior realm

is given in Fig. 4.11] for one of the intersections.

Next, we look for the homoclinic orbits in the exterior realm which is beyond L.
The methodology is same as with the interior. The unstable and stable manifolds
associated to the Ly Lyapunov orbit of Earth-Moon system with C' = —1.55 and the

: o Ueateri S,exteri R
corresponding Poincaré surfaces, I'; """ |y_g and I',""*”"|y_, are given in Fig.

AT2and Fig. fiT3

3 T T
Stable
Unstable
2 _ -
1 - -
> 0r a
A+ i
2+ 4
-3

Figure 4.12: Stable and unstable manifolds associated to L, Lyapunov orbit in the

exterior realm of the Earth-Moon system with C' = —1.55.
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Figure 4.13: Poincaré surfaces of the stable and unstable manifolds given in Fig.
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4.12,

Figure 4.14: Homoclinic orbit in the exterior realm of the Earth-Moon system.
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|y —o intersect at four points and two of them are on the

U,exterior
FL2 ’y:() and

S,exterior
Iy

line of X = 0. So, there are transverse homoclinic orbits in the exterior realm. The
initial conditions can be found with the same manner as for the interior realm. An
example of the transverse homoclinic orbit in the exterior realm is given in Fig. {.14]

for one of the intersections.

4.6 Heteroclinic Orbits

A heteroclinic orbit connects the Lyapunov orbit of different equilibrium points with
each other. So, it is an orbit that departs from, say ,; Lyapunov orbit, via its unstable
manifold and arrives to, say Lo Lyapunov orbit, via its stable manifold. Here again,
the intersection of the manifolds on an appropriate Poincaré surface is the key point
for the construction of heteroclinic orbits. The Poincaré surface is chosen as the
plane of Y-Y at X = 1 — y and represented with I'|x=1—,. In order to find the
heteroclinic orbits from L to Lo, the unstable manifolds of L; Lyapunov orbit and
the stable manifold of Lo Lyapunov orbit are calculated for the Earth-Moon system

with C' = —1.57 in Fig. and the corresponding Poincaré surfaces, I'Y|x—1_,
and I'7,| x—1_,, are given in Fig.

Note that the two Lyapunov orbits have the same Jacobi constant. I'Y;|x—;_, and
F€2| Xx=1—, Intersect at two points. Then, the initial conditions for the heteroclinic
orbits can be found from the intersections of Poincaré surfaces and the equation of
Jacobi constant. An example of the heteroclinic orbit goes from L; to L, is given in

Fig. for one of the intersections. Since there is a symmetry given with [33];

s (X,V,X,Y 1) = (X,-Y,—-X,Y, —1). (4.41)

The reverse of the trajectory, namely the heteroclinic orbit goes from L, to L, can be

obtained by using the stated symmetry on initial conditions. The resulting trajectory
is given in Fig.
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of the Earth-Moon system with C' = —1.57.
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Figure 4.17: Heteroclinic orbit goes from L, to L, for the Earth-Moon system.
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Figure 4.18: Heteroclinic orbit goes from L to L, for the Earth-Moon system.
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4.7 Chaos in the CRTBP

Lastly, the chaotic nature in the CRTBP is investigated by using the sensitive depen-
dence on initial conditions. There is not a generally accepted definition of chaos, so

here the definition given in Strogatz is used [38]];

"Chaos is aperiodic long-term behavior in a deterministic system that exhibits sensi-

tive dependence on initial conditions."

The deterministic system refers to that same initial conditions generate the same tra-
jectory, and hence the system does not have any random disturbance. The irregular
behaviour arises due to the nonlinear dynamics in the system. The crucial point in
the definition is the sensitive dependence on initial conditions. It means small dif-
ferences in the initial conditions yield the trajectories that diverge exponentialy fast.
To analyze the sensitive dependence on initial conditions, the Lyapunov exponent is

generally used.

4.7.1 Lyapunov Exponent

In this section, the lecture given in [42] is greatly benefited. Recall the Eqn. (4.4) by

excluding the 7¢;
ijert(T) = (I)(T, TO)gpert<7—0>7 (442)

which tells how the small variation on the initial condition evolves over time. It is

possible to write Eqn. (4.42)) as follows;
[Goert ()P = [@(7, 70)Gpert (10)] " [(7, 70)Fpers (T0)] (4.43)
By rearranging the Eqn. (4.43)), one can obtain;
[Goert (1) = (@(7,70)" (7, 70)) [Fpers (70)|” (4.44)

The term ® (7, 79)T® (7, 79) is called as Cauchy-Green deformation tensor (A). The

largest eigenvalue of A gives the maximum stretching occurs at 7. Then,

max [Foert(7)|* = Az (D) |Fpert (701, (4.45)
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where A\, (A) represents the largest eigenvalue of A. Next, take the square root of
Eaqn. (@23):
max |pert (7)| = v/ Amaz (A)|Fpert (70)] - (4.46)

Assume that;

max |Ypert(7)| = el |Upert (T0)|- (4.47)

Then;
eI = \/Anaa (D). (4.48)

Finally, the formal definition of Lyapunov exponent is given by rearranging the Eqn.
(4.48) and taking the limit as;
) 1
lim ¢ = — In ( )\max(A)> . (4.49)
T—00 7|
If o is calculated within a finite time interval, then it is called as Finite Time Lyapunov
Exponent (FTLE). In CRTBP, it is not possible to integrate the equations of motion to
infinity. Therefore, FTLE is used to analyze sensitive depence on initial condition. If

o > 0, the initial variation grows exponentially and indicates the existence of chaos.

Figure 4.19: In ( )\max(A)> versus integration time of the L; Lyapunov orbit in the
Earth-Moon system with C' = —1.59.
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We investigated the sensitive dependence on the initial condition of the L; Lyapunov
orbit with C' = —1.59. The In ( )\max(A)) versus integration time is given in Fig.
4.19] and analysis interval is one period. Slope of the plot at an arbitrary 7 gives
the corresponding FTLE. Since the slope is positive at any 7, a small variation on
the initial condition grows exponentially. So, there is sensitive dependence on initial

condition which indicates chaos.
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CHAPTER 5

APPLICATIONS

5.1 Earth to Moon Low-Energy Transfer

5.1.1 Introduction

The most conventional method to design the orbit of a spacecraft that attains the
Moon is patched conic approximation. In this method, motion of the spacecraft is
investigated with Earth-spacecraft and Moon-spacecraft two-body problems, there-
fore the possible orbits are conic sections. The trajectory design is considered within
the Earth-spacecraft two-body problem until the spacecraft enters the Moon’s Sphere
of Influence (SOI). The Moon’s SOI is a region where the gravitational attraction of
Moon becomes more dominant compared to Earth. Once the spacecraft enters the
Moon’s SOI, motion is investigated within the Moon-spacecraft two-body problem.

Ilustration of the patch conic approximation is given in Fig. [5.1]

Spacecraft gets into the geocentric departure trajectory by applying a maneuver near
the Earth. The trajectory is studied with the Earth-spacecraft two-body problem un-
til the patch point where the spacecraft intercepts the Moon’s SOI. After the patch
point, spacecraft follows a hyperbolic trajectory with respect to the Moon and applies
a braking maneuver at the periapsis of hyperbola to get into a closed orbit around the
Moon. The overall transfer duration is approximately 5 days. However, this method
has some drawbacks. Firstly, the spacecraft approaches to the Moon with high relative
velocity so the required maneuver to get captured by the Moon is large. Large maneu-
ver means more propellant and more propellant means cost. Secondly, this method

constitutes a risk such that if the spacecraft misses the maneuver due to the thruster
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engine fail or another problem, it will not be captured by the Moon and therefore will

exit the SOL.
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Figure 5.1: Patched conic approximation for the Earth to Moon transfer trajectory

[34].

In order to eliminate the drawbacks of the patched conic approximation, Belbruno
[43]] discovered a new way for the Lunar transfer and later it was called as Weak
Stability Boundary (WSB) transfer [31} 44]]. He introduced the concept of ballistic
capture which refers that spacecraft is captured by the Moon without any maneuver.
However, the captured orbit is unstable, therefore a maneuver is required to obtain
a stable orbit around the Moon. But still the amount of maneuver is smaller than
the patched conic approximation. In other words, less energy is required to attain
the Lunar orbit compared to traditional method. For this reason, WSB method is
also called as low-energy transfer. The drawback of this method is the long transfer
duration, about order of months. The low-energy transfer becomes possible by taking
the advantage of the gravity of Sun. So, the trajectory is designed by considering
the Earth-Moon-Sun-spacecraft four body interactions. After the Belbruno’s work,
Koon et al. [32] investigated the WSB method with the approach of coupled three-
body model by using the Lagrange point dynamics of Sun-Earth-spacecraft and Earth-
Moon-spacecraft systems. They provided a more systematic way for the construction

of low-energy transfer.

In 1990, WSB method was demonstrated for the first time in Japanese Lunar mission,
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Hiten spacecraft. Since then, it has been used in space missions such as GRAIL
mission of National Aeronautics and Space Administration and more recently KPLO

mission of Korean Aerospace Research Institute.

5.1.1.1 Reference Frames and Transformations

Since the trajectory is initially designed with the patched three-body approximation,
it is useful to introduce Sun and Earth-Moon barycenter (Sun-EM) rotating frame
and Earth-Moon rotating frame. In Fig. X — Y is the Sun-EM rotating frame,
X’ —Y" is the Earth-Moon rotating frame, X — Y is an arbitrary inertial frame, 6,
is the angular displacement of Moon relative to X axis, and lastly C'M represents the

center of mass of the relevant frame.

Y Y M
Ss/Cc CMgym
.

>

as

CMs_gu

Figure 5.2: Illustration of the coordinate frames.

The arrival trajectory to the Moon is initially constructed with use of the Earth-Moon
rotating frame and the departure trajectory from Earth is initially constructed with
use of Sun-EM rotating frame. Therefore, the frame transformations are necessary to

design overall transfer.

Earth-Moon Rotating Frame to Sun-EM Rotating Frame: In order to transform the po-

sition vector of spacecraft from Earth-Moon rotating frame to Sun-EM rotating frame,

following transformation is applied;

il

N ’ - a
S/CZFEM—FC[QM(T )}TS/Cﬁ. (5.1)
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Here, 7 s/c and 7 are the position vectors of spacecraft and Earth-Moon barycenter
relative to Sun-EM rotating frame respectively, g /c 18 the position vector of space-
craft relative to Earth-Moon rotating frame, the coefficient ‘Zl—fg stands for the transfor-
mation of nondimensional distance between the two frames and lastly C' [05/(7")] is
the rotation matrix of;

cos Oy (") —siny(77)

Clom(r)] = | ; (5.2)
sinfy(7')  cos Oy (7))

where 0,,(7’) is written as;

Q
QM(T,) :QM,O‘{' (1——5) ’7'/. (53)
Qe

Here 0y is the initial phase angle of the Moon, (g and 2;; are the angular ve-

locities of the Sun-EM and Earth-Moon rotating frames, respectively, lastly 7’ is the

nondimensional time of Earth-Moon rotating frame.

Then, to transform the velocity vector of spacecraft from the Earth-Moon rotating
frame to the Sun-EM rotating frame, Eqn. (5.1)) is differentiated with respect to 7’ as

follows;
- apr QM

Gsjc = (€ s (N Py + Clow()] s ) (5.4

as Q_S
and C' [0 (7")] is;

C[0n ()] =

: —sinfy(7') —cosbp (1) (1 QS) 5.5)

cos Oy (7')  —sinby(17)

In Eqn. 1} the coefficient %—JS” comes from the transformation of nondimensional

time between the two frames which is 7 = 8—;{7'/ .

Sun-EM Rotating Frame to Earth-Moon Rotating Frame: In order to transform the po-

sition vector of spacecraft from Sun-EM rotating frame to Earth-Moon rotating frame,

following transformation is applied;

- - - a
r'sjc = ct 00 (7)] (7:5/0 - fEM) ﬁ, (5.6)

where 0,,(7) is written as;
Q
001 (7) = Oaro + (—M — 1) 7. (5.7)
Qs
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Then, to transform the velocity vector of spacecraft from Sun-EM rotating frame to

Earth-Moon rotating frame, Eqn. (5.6) is differentiated with respect to 7 as follows;

- ac O . . . .
Vo= — o (OT 00:(7)] (Fsyc — Fear) + CF (00 (7)) fs/c> . (5.8)
ay

5.1.2 Trajectory Design Methodology

There has been numerious studies on the design of low-energy transfer since it was
first proposed by Belbruno. In [31]], the trajectory is designed with use of WSB where
the gravitational influence of the bodies tend to balance and may be considered as the
SOI region. In the WSB method, first the initial condition is acquired from the WSB
of Earth-Moon system, then it is propagated backwards in the context of four-body
problem of Sun-Earth-Moon-spacecraft until the WSB of Sun-Earth system. At this
position, a velocity change is applied so that spacecraft reaches the near Earth dis-
tance after the backward propagation. The resulting Earth to Moon trajectory yields
ballistic capture at the Moon. Later, the low-energy trajectory design is investigated
more systematically in [32]] by using Lagrange point dynamics of the restricted three-
body problem. The capture trajectory to the Moon is analyzed in the Earth-Moon
system and the departure trajectory from Earth is analyzed in the Sun-Earth system.
So, this method is also called as patched three-body approximation. In this method,
the intersections of manifold structures associated to Lagrange point orbits for the
Earth-Moon and Sun-Earth systems on a suitable chosen Poincaré section is utilized
in the trajectory design. In addition to the WSB and patched three-body methods, the
trajectory design is also studied by using Lagrange Coherent Structures [45]] and peri-
apse maps [46]]. Lastly, most of the low-energy transfer is designed by using L; or Lo
of the Sun-Earth system. In [47], the low-energy transfer is constructed by using 14

of the Earth-Moon system but the transfer duration is longer than the other methods.

In this thesis, the design of low-energy transfers are studied first by using patched
three-body approximation to obtain an initial condition. Then, this initial condition
is used to construct Earth to Moon trajectory in the Bicircular Restricted Four-Body

Problem (BRFBP) by utilizing targeting algorithm.
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5.1.2.1 Patched-Three Body Approximation

In the patched three-body approximation, the capture trajectory to the Moon and the
departure trajectory from the Earth are investigated in Earth-Moon and Sun-EM sys-
tems, respectively. The trajectory design is started with the construction of capture
orbit. To design the capture orbit, first Ly Lyapunov orbit of the Earth-Moon system
is generated for a particular Jacobi constant. Since the Jacobi constant corresponding
to Ly is Cpo =~ —1.586, a slightly larger Jacobi constant C'zy; = —1.580 is chosen
so that a neck is opened around L, and the spacecraft is able to pass from exterior
realm to the interior realm of Moon. Then, the unstable manifolds of L, Lyapunov
orbit for the Moon realm is generated until the Poincaré section of I'y,—;_,,,. This
Poincaré section is chosen to simplify the calculations. The unstable manifolds and
the Poincaré surface are given in Fig. [5.3] and Fig. [5.4] respectively. In the nu-
merical analysis, MATLAB built-in ode45 solver is used with absolute and relative
tolerances of 107'3, and the mass parameter for the Earth-Moon system is taken as

fiar = 0.01215.

0.08
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0.02

Yl

-0.02
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-0.06 |

Il Il 1 1 Il Il
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1 1

Figure 5.3: Unstable manifolds associated to Lo Lyapunov orbit of the Earth-Moon
system with C'gp; = —1.580.
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Figure 5.4: Poincaré surface at X' = 1 — ugyy.
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Figure 5.5: Polygon and grids to obtain points inside the curve.
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The initial conditions inside the red closed curve in Fig. [5.4] yield the transit orbits
through the L, neck. So, they provide the transition from the exterior realm to the
Moon realm. Although, it is not straightforward to obtain points in the closed curve.

To do this, first a polygon is constructed inside the curve, then it is divided into grids

as given in Fig. [5.5]

Once the points inside the curve are obtained, they are used to construct low-energy
transfers. In calculating the capture trajectories, points are propagated forward in the
Earth-Moon system. Since the ballistic capture is desired, trajectories are filtered ac-
cording to have at least one revolution around the Moon. In addition, the minimum
distance to the Moon, the so called perilune, is recorded for the filtered capture trajec-
tories. In calculating the departure trajectories, points are propagated backward in the
Earth-Moon system until the Poincaré section of I'y_;_, ., where pg = 3.041 X 1076
is the mass parameter of the Sun-EM system. This section is chosen because of the
geometrical insight coming from [32]. Then, the trajectories are propagated back-
ward in the Sun-EM system. Here, Earth-Moon to Sun-EM frame transformation is
necessary, so the initial Moon phase angle, 6,0, is required. This angle is chosen
as Oy = 140° with trial and error such that the backward propagated trajectories
in the Sun-EM frame able to reach near Earth altitudes. In the frame transforma-
tion, the relevant parameters are taken as a,, = 384400 km, a, = 1496 x 10° km,
Qyr = 2.665 x 107 rad/s and Qg = 1.991 x 1077 rad/s. Finally, the resulting de-
parture trajectories are filtered such that the minimum distance to the Earth, the so
called perigee, would be equal to Low Earth Orbit (LEO) altitudes, lower than the
2000 km altitude. In this manner, first the perigee versus perilune plot is drawn for all
the filtered trajectories in Fig. [5.6] Each point on the plot corresponds to a particular
trajectory, and they all are drawn in the Sun-EM frame in Fig. To look at the
capture part in detail, capture trajectories are drawn in the Earth-Moon frame in Fig.
They approach to the Moon realm via the transit region through the L, Lyapunov

orbit and have at least one revolution around the Moon. So, the capture is ballistic.
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Figure 5.6: The minimum distance to the Earth, perigee, versus the minimum distance
to the Moon, perilune, for the filtered trajectories in the patched three-body approxi-

mation.
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Figure 5.7: Earth to Moon low-energy transfers in Sun-EM frame for the patched

three-body approximation.
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Figure 5.8: Ballistic capture trajectories in the Earth-Moon frame for the patched

three-body approximation.

5.1.2.2 Bicircular Restricted Four-Body Problem

In the previous section, trajectories were obtained by using patched three-body ap-
proximation. This approach provides an initial guess for the actual four-body prob-
lem where the Sun, Earth and Moon are considered simultaneously. In calculating
the four-body trajectories, BRFBP is used as the underlying dynamical model, and
setting of the BRFBP is given in Fig. [5.2] The model includes some assumptions to
simplify the problem. First, it assumes that the orbits of Earth around the Sun and
Moon around the Earth are circular. In fact, they move in elliptical orbits but the
eccentricity of the ellipse is relatively small, e = 0.0549 [48]] for the orbit of Moon
and e = 0.0167 [49]] for the orbit of Earth. Second, the BRFBP assumes that Sun,
Earth and Moon move in the same plane. But in fact, the orbital planes of Sun-Earth
and Earth-Moon systems are different. Earth-Moon orbital plane has inclination of
1 = 5.1450° [48] to the ecliptic plane. But still the assumptions are reasonable and

also useful to capture the transfer dynamics in a more simple model. The equations
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of motion for the BRFBP is written relative to Sun-EM rotating frame, namely X-Y

frame, and given as;

- M (X - Xu), (5.92)

- MMy ), (5.9b)

where 7g, 7 and 7y are the position vectors of Sun, Earth and Moon in the Sun-EM

frame;

Fo = —pgX, (5.10a)

E = ((1 — lts) — C;_,UM cos Oy (T )) f( (——uM sin 0y, (7 )) }Q/, (5.10b)

=3

A

n
?M:<(1—us)+—s(1—/w ) cos Oy (7 )X ( (1 — par) sin Oy (7 ))Y.

(5.10¢c)

First, points crossing the Poincaré section of I'g_;_,,, in the patched three-body ap-
proximation are recorded. Then, those points are propagated forward and backward
by using Eqns. (5.9) in order to construct the four-body trajectories. The resulting
four-body trajectories are filtered such that the perigee radius would be equal to LEO
altitudes. In Fig. [5.9] perigee versus perilune plot is drawn for these filtered trajec-
tories. Each point in the plot corresponds to a particular trajectory in BRFBP. The
resulting four-body trajectories are given in Fig.

Since the patched three-body trajectories deviate in BRFBP, the number of solutions
dramatically decreases compared to Fig. [5.6] In this study, it is aimed to construct
LEO to Low Lunar Orbit (LLO) low-energy transfer. In Fig. [5.9] all the three points
have LEQ altitudes but the perilune distances are higher than LLO. In order to achieve

LLO, targeting algorithm is applied.
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Figure 5.9: The minimum distance to the Earth, perigee, versus the minimum distance

to the Moon, perilune, for the filtered trajectories in BRFBP.
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Figure 5.10: Earth to Moon low-energy transfers for the filtered trajectories in

BRFBP.
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5.1.2.3 Targeting Algorithm

The idea of the targeting algorithm is similar to the differential correction mentioned
in Chapter 4] Some design variables are specified, then they are corrected to achieve
the desired parameters. In this study, the algorithm described in [S0] is implemented,

and also used to explain targeting method.

Consider the following nonlinear equation;
F(@) —ga=0, (5.11)

where 7 represents the design variables and g, are the desired parameters. Solution of
the Eqn. (5.11)) gives the design variables corresponding to the desired parameters. In
this sense, targeting algorithm is in fact a root finding problem. So, the roots of Eqn.

(5.11) can be found by using numerical root finding methods like Newton-Raphson.

For the multi-variable problems, the Newton-Raphson method is given as;
Tt = 7 — o~ (@) — ) (5.12)

where J is the Jacobian matrix. When generating the periodic orbits with differential
correction, elements of the Jacobian can be given with the analytical expressions. But
generally, it may not be possible to calculate the partial derivatives in the Jacobian an-
alytically. So, elements of the Jacobian is calculated by using the following numerical

differentiation;

g = L (f(f+*@)— *(f)). (5.13)

Targeting algorithm starts with an initial guess and improves it in an iterative manner

to achieve the desired parameters.

In this study, initial guess is taken from the pathed three-body approximation. To be
more specific, targeting algorithm starts with the initial condition on the Poincaré sur-
face of I'y_;_,, .. The reason for this choice is that the perigee and perilune altitudes
can be targeted starting from that initial condition. In the algorithm, components of
the velocity vector at a fixed position are the design variables, and they are changed
to achieve the desired parameters. For the departure trajectory from Earth, perigee

altitude of 400 km, for the arrival trajectory to the Moon, perilune altitude of 100 km,
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are targeted. So, there are two different initial conditions that are used to generate

Earth and Moon legs of the transfer. The initial condition;

7 = (XP,YP,)%E ?E), (5.14)
is propagated backward to obtain departure trajectory, and the initial condition;

#M = (Xp,z, L;Y,fg%), (5.15)

is propagated forward to obtain the arrival trajectory. Propagation is performed by us-
ing the equations of motion of BRFBP. Note that the both initial conditions have the
same position, that is sometimes called as patch point, but different velocity. There-
fore a velocity change or in other words a maneuver is required at the patch point.
The low-energy transfer trajectory resulted from the targeting algorithm and also the

ballistic capture part at the Moon are given in Fig. and Fig.

-3 Avp
3 x10 | | .
Ballistic capture
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X

Figure 5.11: LEO to LLO low-energy transfer in BRFBP.
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Figure 5.12: Ballistic capture at the Moon in BRFBP.

Initially, spacecraft is placed at a 400 km altitude circular LEO by a launcher. Then,
the Earth escape maneuver, Avg, is applied for the injection to the low-energy trans-
fer. After about 85 days from escape maneuver, spacecraft reaches the patch point
where it applies a maneuver, Avp, to target 100 km perilune altitude. It takes about
3 days from patch point to perilune. Finally, the capture maneuver, Av,,, is applied
at perilune in retrograde fashion to acquire 100 km circular LLO. If the capture ma-
neuver is not applied somehow, spacecraft still has one revolution around the Moon
so the capture is ballistic. In fact, this is one of the advantages of low-energy transfer
against the Hohmann transfer. The other advantage is to have a lower amount of cap-
ture maneuver which will be adressed in the maneuver table. All the maneuvers are
calculated in the inertial frame, so the relevant rotating frame to inertial frame trans-
formations are considered in the calculation. The resulting maneuver magnitudes and

its comparison with Hohmann transfer are given in Tab.

Magnitude of the Earth escape maneuver is similar in both methods. But the cap-

ture maneuver is about 200 m/s smaller for the low-energy transfer, and it is another

65



advantage of this method. In overall, low-energy transfer requires 117 m/s less Av

compared to Hohmann transfer, but the transfer duration is about 3 months. There-

fore, low-energy transfer is suitable for the unmanned lunar missions.

Table 5.1: Comparison with Hohmann and Low-energy transfers

Transfer method | Avg (km/s) | Avp (km/s) | Avy, (km/s) | Avyp (km/s) | Duration (days)
Hohmann [45]] 3.141 - 0.838 3.979 5
Low-energy 3.148 0.075 0.639 3.862 88

In fact, it is possible to reduce Av further in low-energy transfer. Because the solution
coming from the targeting algorithm may not be the optimum one. It just gives a
solution satisfying the desired conditions. So, one may look [S1] for the optimization

of low-energy transfers.

5.2 Search for Planet 9 with Sub-Relativistic Spacecrafts

A possibility of a planet in the outer solar system, commonly known as Planet 9, is
proposed to explain unexpected clustering of the Kuiper Belt Objects [52],[53]]. Tele-
scope searches are still ongoing, although a detection has not yet been achieved [54]].
Since the telescope searches have been inconclusive so far, it is also proposed that
this object might be a primordial black hole [55]. To detect Planet 9, alternative ways
have been suggested such as sending a cluster of small sub-relativistic spacecrafts
and measuring the deflection of their trajectories due to gravity of Planet 9 [56], aim-
ing to measure the Hawking radiation spreading from the primordial black hole with
a sub-relativistic spacecraft although it is mentioned that capturing the weak signal
would be challenging [57]]. In addition, the Zwicky Transient Facility public archive
shows no candidate [58]. More recently, a candidate location of Planet 9 is proposed
in [S9]] by tracing the trajectory of an interstellar meteoroid backwards and looking

its coincidence with the maximum probability region of Planet 9.

In this thesis, we focus on the method based on measuring the deflection due to grav-

ity of Planet 9 in the trajectory of a spacecraft attaining sub-relativistic speed with
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use of advanced technologies like solar sail [60] or laser propulsion [61]. In [S6], the
deflection is studied in terms of time delay in the signal sending from the spacecraft to
Earth with sufficiently accurate timekeeping requirement. To avoid this requirement,
measurement of the transverse displacement is proposed by using Very Long Base-
line Interferometry (VLBI) [62]]. In addition, effects of the drag and electromagnetic
forces exerted by the interstellar medium on spacecraft’s trajectory is also discussed
in [63], including parameter space of the spacecraft to distinguish gravity of Planet 9

from other perturbations.

Firstly, the Planet 9 and spacecraft two-body problem is investigated with the pertur-
bative approach used in [S6] for the current orbital parameters of Planet 9, and the
analytical expression of transverse displacement given in [62] is derived. Secondly,
the effect of Sun is examined in the context of Sun-Planet 9-spacecraft CRTBP un-
der some assumptions. Then, the two-body and three-body results are compared to
assess effect of Sun. Lastly, the perturbations due to drag and magnetic forces are
analyzed to discuss that whether the gravity of Planet 9 can be distinguishable from

those perturbations.

5.2.1 Planet 9 and Spacecraft Two-Body Problem

First, the deflection in the trajectory of a sub-relativistic spacecraft is investigated
in the context of Planet 9 and spacecraft two-body problem with the perturbative
approach used in [56]. To understand how strong the gravitational effect of Planet
9 is on the spacecraft, kinetic energy per unit mass, v?/2, and gravitational potential

energy of Planet 9, —1pg/p, are compared in the vicinity of Planet 9.

The current estimates on the mass and orbit of Planet 9 given in [64] suggest that
the gravitational parameter is ppy ~ 6.2 where up = 398600 km?/s? and semi-
major axis is apg ~ 380 AU. Then, the smallest impact parameter for the half sky
search with 1000 spacecrafts is calculated p ~ 30 AU as given in [56]. Let the sub-
relativistic speed of the spacecrafts to be v = 0.001c where ¢ = 2.99792458 x 10°
km/s is the speed of light. This sub-relativistic speed is chosen to make the mission
duration reasonable. If the relevant parameters are put into the equations of kinetic

and potential energies, one obtain that kinetic energy is eight order larger than the
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gravitational energy. So, the gravity of Planet 9 can be considered as a perturba-
tive effect on a straight line trajectory. The reference frame and configuration of the
two-body problem are given in Fig. [5.13] The black straight line is the unperturbed
trajectory in the absence of Planet 9, and blue trajectory is the perturbed one. Finally,

p is the minimum distance to the Planet 9 along the unperturbed trajectory.

Q-

Planet 9 P

Figure 5.13: Configuration of the Planet 9 and spacecraft two-body problem.

The position vector of the spacecraft in the vicinity of Planet 9 would take the form;
F(t) = voti + pj + 7 (1), (5.16)
where 7 (t) = xli + ylj is the deviation from the straight line trajectory. For the un-
perturbed trajectory, position at t = 0 corresponds to the minimum distance between
Planet 9 and spacecraft. Then, the velocity and acceleration vectors become;
7(t) = (vo + #1) 1 + 917, (5.17a)
(t) = dri + §irJ. (5.17b)

1

<

The relative position vector of the spacecraft with respect to Planet 9 satisfies;

et (5.18)
r
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/

where 7 = [(vot + 21)% + (p + 1)%""?. Then, the components of the equations of

motion are;
- i)
Ty = — (Uot + Il) s (5198.)
(312 + 2votar + a3 + o + 2py1 + y3)*?
.. KHpy
i =— (p+uy1). (5.19b)
(0312 + 2utay + a3 + p? + 2oy + y3)*?

Since Planet 9 has a perturbative effect, the deviations would be small so that;

n

o« Tt (5.20)

’Uot

Then, the equations of motion take the following form;

. HpP9

¥ = —————=t, (5.21a)
(32 + p2)?

. HpP9

T R — (5.21b)
(w3t + p2)*?

From the integration, perturbative velocities can be found as;

. P9
G=— BP9 L (5.22a)
' vor/ Va2 + p?
EDS  tte, (5.22b)

R
PNVt + p?

where ¢, and ¢, are the integration constants to be found from the boundary condi-
tions. Attt — —oo, there should not be any gravitational effect of Planet 9 on the

spacecraft, so the velocity should be;

lim 7(t) = voi. (5.23)

t——o00

Thus, the proper boundary condition would be;

lim 7 (t) = 0. (5.24)

t——o00

After applying the boundary conditions, final form of the perturbative velocity vector,

71, becomes;

. Py

o = _ (5.252)
' vor/Vat? + p?

g = Py 4 BP9 (5.25b)

_,0 vi2 4 p% po
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Finally, the magnitude of the transverse velocity change can be found as;

2
_ ZHpo. (5.26)

PYo

lim 11)1
t—o00

Aw =i - In v

In thesis, we focus on the measurement of transverse displacement instead of time
delay in the signal to relax accurate timekeeping requirement. So, the maximum
angular displacement is given as [62];

Awv,

By putting Eqn. (5.26)) into the Eqn. (5.27), one can obtain the following;

2
o= /“;9 ~ 1 x 10 8 radians. (5.28)

P

In [62], it is mentioned that the angular displacement can be measured precisely with

use of VLBL But it has a detection threshold of order 10~ radians for high frequency
sources. The Eqn. (5.28) is already above the threshold. To further improve the

detectability, impact parameter may be decreased or spacecraft may be slowed down.

5.2.2 Sun-Planet 9-Spacecraft Three-Body Problem

In this section, the angular displacement is studied in the context Sun-Planet 9-spacecraft
three-body problem to understand whether the three-body context provides new prospects
for the detection. To have an idea on the effect of Sun, the ratio of gravitational accel-
eration due to Planet 9 and Sun are calculated by taking the gravitational parameter

of Sun as pg = 132712 x 10° km? /s?;

Hs Hpry\
() ()=

which motives to consider the effect of Sun. The tidal acceleration due to Sun and

Planet 9 on the spacecraft have the ratio;

Hs Hpry\
() ()=

So, the tidal force of the Sun is still larger than the Planet 9.

Motion of the spacecraft in the presence of the Sun and the Planet 9 is investigated
by considering the CRTBP as the underlying dynamical model. In using the CRTBP,

following assumptions are used;
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e Sun and Planet 9 are moving in a circular orbit around their barycenter. In
fact, the orbit of Planet 9 is estimated as elliptic (e ~ 0.2 — 0.5) [S3], but it
is considered that the simple circular model may still provide insight about the

effect of Sun.

e The orbit of Planet 9 is estimated as moderately inclined (¢ ~ 15° — 25°) [S3]].
Although, it is assumed that Sun, Planet 9 and spacecraft are moving in the

same plane to reduce dimension of the problem.

e Mass of the spacecraft is negligible such that it does not effect the motion of

Sun and Planet 9.

The equations of motion of CRTBP are solved with numerical integration for the par-
ticular initial conditions. In the numerical integration, MATLAB built-in ode45 solver
is used with absolute and relative tolerances of 10~'3. It is important to note that the
transverse displacement should be calculated relative to the inertial frame, although
the motion is obtained in the rotating frame of CRTBP. Therefore, the frame trans-
formations are necessary between rotating and inertial frames. About the integration
duration, it is assumed that the measurements start when the spacecraft reaches sub-
relativistic speed and continue until ¢t ~ 2(apy — Zg) /vy is achieved. So, symmetric

time interval is considered to calculate the transverse displacement.

In order to decide the proper initial conditions, escape trajectories from the solar
system are examined. In [65] and [66], interstellar mission trajectories with the use
of solar sails are studied. Due to the reduction of solar flux and so its propulsive effect,
it is considered in [66] to separate solar sail at approximately 5 AU. Example of an
interstellar escape trajectory with solar sail is given Fig. [5.14] In this analysis, it is
assumed that spacecraft reaches the sub-relativistic speed at the solar sail separation
distance, so the initial position for the numerical integration is chosen by considering

this assumption. The two possible initial configurations are considered which are

given in Fig. and Fig.
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Figure 5.14: Example of an interstellar escape trajectory with solar sail aiming to

reach 1000 AU in 20 years [66].

Planet 9 x

. ;‘ : X
vy
€ - .
O_. — . ‘ )
U ey :
VO {
U

Figure 5.16: Second initial configuration (case B).
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In the presence of the Sun, unperturbed or nominal trajectory of the spacecraft is de-
fined as the trajectory obtained from the Sun-spacecraft two-body problem. Then,
the perturbation due to Planet 9 is calculated as the difference between Sun-Planet
9-spacecraft three-body trajectory and Sun-spacecraft two-body trajectory. The re-

sults of the both initial configurations are obtained for different velocities and impact

parameters in Fig. and Fig. [5.18]

The two-body results correspond to the perturbation of Planet 9 on a straight line tra-
jectory and they are obtained from the Eqn. The three-body results correspond
to the perturbation of Planet 9 on a trajectory that is defined by Sun and spacecraft
two-body problem. The two-body and three-body results are compared to assess
whether considering the Sun yields significant effect on the detection of Planet 9. Be-
sides, different velocities and impact parameters are also considered since the angular
displacement depends on those parameters. Velocities are decreased until 0.0004¢

because further reduction results in a longer mission duration.

3-Body (Case A)
T T

30 AU

Angular Displacement (r:

Threshold
O T I T T I

4 5 6 7 8 9 10

Figure 5.17: Angular displacement of two-body and three-body trajectories for the
Case A.
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In Fig. results for the initial configuration of case A are given. The angular
displacement due to Planet 9 is larger in the two-body context for all the impact
parameters and velocities. In CRTBP, Planet 9 and Sun are moving in circular orbits
unlike the two-body setting which considers the Planet 9 as stationary. Due to the
movement of Planet 9, the distance between Planet 9 and spacecraft is larger at the
flyby for the three-body trajectory. So, less angular displacement is obtained. As
the velocity decreases, kinetic energy becomes comparible with the potential energy
due to Sun and Planet 9. Therefore, their effects get visible and larger displacement
occurs. As the impact parameter increases, spacecraft flybys with Planet 9 in a larger
distance. So, its gravitational effect decreases and less displacement occurs. Lastly,

all the angular displacements are above the detection threshold.

%1078 ———— 2-Body 3-Body (Case B)

30 AU

Angular Displacement (rad)

Threshold

4 5 6 7 8 9 10

vic %107
Figure 5.18: Angular displacement of two-body and three-body trajectories for the
Case B.

In Fig. [5.18] results for the initial configuration of case B are given. Unlike the
case A, angular displacement due to Planet 9 is larger in the three-body context for
all the impact parameters and velocities. Due to the movement of Planet 9 in the

CRTBP, the distance between Planet 9 and spacecraft is smaller at the flyby. So,
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the angular displacement due to Planet 9 is larger. The behaviour for the different
impact parameters and velocities are similar with case A. Here again, all the angular

displacements are above the detection threshold.

Besides the perturbation due Planet 9, spacecraft is in the effect of non-gravitational
perturbations like drag and magnetic forces. Therefore, it necessary to investigate
whether the perturbation due to Planet 9 can be distinguishable from the other per-
turbations. In fact, this is investigated in [63] without considering the Sun and the
directions of perturbations. In this thesis, comparison of perturbations is performed
with considering the directions as well in the presence of Sun by solving the equa-
tions of motion numerically. Since the angular displacement due to Planet 9 is larger
for the three-body trajectory in case B, rest of the analysis is performed considering

the Case B.

5.2.3 Drag Force on the Spacecraft Trajectory

Due to the interstellar gas particles and dust, spacecraft is in the effect of drag force

that is given by [63l];

Firag = Ldngmpyv®A,,, (5.31)

where n is the proton number density and taken as ny = 1 cm ™2 which is a standard
parameter for the interstellar medium [63], my is the proton mass, v is the sub-
relativistic speed and A, is the drag area. The direction is taken as the opposite

velocity direction.

The perturbative effect of drag force is investigated as the difference between Sun-
Drag-spacecraft trajectory and Sun-spacecraft two-body trajectory. It is assumed that
drag force effects the spacecraft when it reaches sub-relativistic speeds to the end of
the analysis. In calculating the drag force, parameters are taken with the same as in
[63] for the comparison. Those are A, = 0.5 cm? and My, = 1 gram. The resulting

angular displacement versus velocity plot is given in Fig.

75



1.26

1.255

1.25

1.245

1.24

Angular Displacement (rad)

1.235

.123 1 1 1 1 1

Figure 5.19: Angular displacement due to drag force.

The drag force slows down the spacecraft, so it travels less transverse distance com-
pared to Sun-spacecraft trajectory. As the velocity increases, it is expected to have
increasing trend in the displacement due to larger drag force but just the opposite hap-
pens in Fig. [5.19] The reason is that spacecraft travels same distance for all velocities,
in other words traveled distance is constant. This is due to assumptions of the prob-
lem. So, the spacecraft with high velocity travels the same distance in smaller amount
of time which is resulted with shorter interaction time with drag force. Although, the
spacecraft with low velocity is in the effect of drag force in a longer time interval, so

drag causes more angular displacement for the low velocities.

The more promising result about Fig. [5.19]is that the angular displacement due to
drag force is about one order smaller than the Planet 9. In fact, the displacement due
to drag force is in the limit of detection threshold and it may not be even detectable.
So, it is found that gravity of Planet 9 can be distinguishable from the drag force for

the parameters used in the analysis.
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5.2.4 Magnetic Force on the Spacecraft Trajectory

During the cruise, spacecraft gets charged due to collisions of interstellar particles
and also due to photoelectric effects from solar and interstellar photons [63]]. Then,
the interstellar magnetic field exerts magnetic force to the charged spacecraft which

curves the trajectory. The magnetic force due to interstellar medium is given as [63]];
Frag = €ZypvB) /e, (5.32)

in Gaussian units. Here, e is the elementary charge, v is the sub-relativistic speed, B |
is the magnetic field component perpendicular to the motion, c¢ is the speed of light

and Z,), is the maximum charge of the spacecraft that is given as [63];
Zyp = mev® (Mg, /p)'? /€2, (5.33)

where m, is the electron mass, My, is the spacecraft mass and p is the density of

spacecraft. One can look at [67] for detailed discussion about the calculation of Z,.

In calculating the magnetic force, parameters are taken with the same as in [63] for the
comparison. Those are M, = 1 gram, p = 3 gram cm™* and B, 5uG. It is important
to note that direction of the magnetic field is unknown. Therefore, direction is taken
such that the maximum displacement occurs to consider the worst case in terms of
distinguishability. Then, the perturbative effect of magnetic force is investigated as
the difference between Sun-Magnetic Force-spacecraft trajectory and Sun-spacecraft

two-body trajectory. The resulting angular displacement versus velocity plot is given
Fig. [5.20]

As the velocity increases, magnetic force also increases and curves the trajectory.
Therefore, larger angular displacement is obtained for the high velocities. There is
cubic dependence on velocity for the magnetic force, and this makes the effect of
velocity more dominant compared to drag force. But the resulting angular displace-
ment is below the detection threshold and the effect of magnetic force is not even
detectable. So, it is found that gravity of Planet 9 can be distinguishable from the

magnetic force for the parameters used in the analysis.
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Figure 5.20: Angular displacement due to magnetic force.
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CHAPTER 6

CONCLUSIONS

In this thesis, orbit structures in the planar CRTBP are investigated and its two appli-
cations are demonstrated. First, the local orbit structures such as transit, non-transit
and periodic orbits around the equilibrium points are obtained by linearizing the equa-
tions of motion. Then, the periodic orbits around collinear equilibrium points, so
called Lyapunov orbits, are investigated in detail. In this regard, initial condition of
the Lyapunov orbit coming from the linear approximation is improved by utilizing
differential correction and the family of Lyapunov orbits is generated with continua-
tion method. Then, the stability of Lyapunov orbits are analyzed with the use of the
Poincaré map. From this stability analysis, stable and unstable invariant manifolds are
obtained and they are used to construct global orbit structures, namely homoclinic or-
bit which connects a Lyapunov orbit with itself and heteroclinic orbit which connects
different Lyapunov orbits. To have an idea on the chaotic nature in CRTBP, sensitive
dependence to the initial conditions of a Lyapunov orbit is also investigated with use

of Lyapunov exponent.

Lastly, the two applications of CRTBP are demonstrated. First, Earth to Moon low-
energy spacecraft trajectories are calculated by utilizing patched three-body approx-
imation of Sun-Earth-spacecraft and Earth-Moon-spacecraft CRTBPs. The resulting
trajectory constitutes less risk and requires less fuel compared to traditional Hohmann
transfer. Second, search for Planet 9 with sub-relativistic spacecrafts is performed by
considering CRTBP of Sun-Planet 9-spacecraft. To investigate the effect of Sun in the
detection of Planet 9, three-body trajectory and Planet 9-spacecraft two-body trajec-
tory are compared. In the numerical analysis, two possible initial conditions are used

with different impact parameters and spacecraft velocities. One of the configuration
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yields larger and the other one yields smaller angular displacement compared to two-
body problem. It is found that the effect of Sun is not directly seen in the detection but
the presence of Sun causes the motion of Planet 9 and this yields larger or smaller an-
gular displacements depending on the initial condition. In presence of Sun, it is also
looked for whether the perturbation due to gravity of Planet 9 can be distinguishable
from the other non-gravitational perturbations such as drag and magnetic forces. The
analysis is performed with numerical integration by considering those perturbations
in the equations of motion. It is found that the angular displacements due to drag and
magnetic forces are below the detection threshold and they are not even detectable for
the parameters used in the analysis. As a future work, the orbits of Trans-Neptunian
Objects (TNOs) can be investigated in the context of Sun-Planet 9-TNO Elliptic Re-
stricted Three-Body Problem (ERTBP). If the observed orbits of TNOs fit to the orbit
structures in ERTBP, like how the orbits of Trojan asteroids in our solar system are
better understood with CRTBP, then this may be a strong evidence for the existence

of Planet 9.
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