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ABSTRACT

FAST AND ACCURATE ANALYSIS OF PHASED ARRAY ANTENNAS
USING A HYBRID DISCONTINUOUS GALERKIN FINITE ELEMENT
DOMAIN DECOMPOSITION SCHEME

Dogan, Doganay
Doctor of Philosophy, Electrical and Electronics Engineering
Supervisor : Prof. Dr. Mustafa Kuzuoglu

August 2023, 152 pages

A method to accurately analyze large phased arrays is developed after investigating
some basic discontinuous Galerkin schemes for FEM in 1D and 2D cases. The
technique is formulated with a 3D discontinuous Galerkin scheme at the element-
element interfaces but with a continuous Galerkin scheme inside each element’s sub-
domain. A single element, isolated sub-domain is solved and the field information
inside element sub-domains is discarded while keeping the information at the
interfaces to achieve high memory and time efficiency. The replicated sub-domains
are then connected with each other in an iteration-less manner through the kept
information at the boundaries. A further, optional speed-up is achieved through
employing a form of characteristic basis functions approach with a trade-off in
accuracy. The proposed method’s accuracy and computational efficiency are

compared with commercial EM solvers through some sample numerical solutions.

Keywords: Phased Arrays, Discontinuous Galerkin, FEM, Domain Decomposition,

Characteristic Basis Functions



0z

FAZLI DiZi ANTENLERIN HiBRIT BiR SUREKSiZ GALERKIN SONLU
ELEMAN HACIM AYRISTIRMA YONTEMI iLE HIZLI VE ISABETLI
ANALIZI

Dogan, Doganay
Doktora, Elektrik ve Elektronik Miihendisligi
Tez Yoneticisi: Prof. Dr. Mustafa Kuzuoglu

Agustos 2023, 152 sayfa

1 boyutlu ve 2 boyutlu uzaylarda FEM i¢in bazi temel siireksiz Galerkin yaklagimlari
arastirildiktan sonra biiyiik fazli dizileri dogru bir sekilde analiz etmek igin bir
yontem gelistirilmistir. Teknik, eleman-eleman arayizlerinde bir 3 boyutlu siireksiz
Galerkin semasiyla, her bir elemanin alt alaninda ise strekli bir Galerkin
yaklagimiyla formiile edilmistir. Tek bir elemanin izole edilmis alt uzay1 ¢6ztilmekte
ve yiiksek bellek ve zaman verimliligi elde etmek i¢in araytizlerdeki bilgi tutulurken
eleman alt uzaylarinin igindeki alan bilgisi atilmaktadir. Klonlanan alt uzaylar daha
sonra simirlarda tutulan bilgiler araciligiyla iterasyonsuz bir sekilde birbirine
baglanmaktadir. Bir bagka istege bagli hizlanma, ¢6ziim dogrulugundan kontrollii bir
taviz vermek sureti ile bir tiir karakteristik temel fonksiyonlar yaklagimi kullanilarak
elde edilmektedir. Onerilen yontemin dogrulugu ve hesaplama verimliligi, baz1

ornek sayisal ¢oziimler araciligiyla ticari EM c¢oziiciilerle karsilastirilmistir.

Anahtar Kelimeler: Fazli Diziler, Siireksiz Galerkin, FEM, Uzay Ayristirma,

Karakteristik Temel Fonksiyonlar
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CHAPTER 1

INTRODUCTION

Antennas play a key role in the modern world as they are now used in almost every
electronic everyday item. They have been the cornerstone of telecommunications,
wireless access, and many types of sensors for several tens of years. Antennas are

also the main enablers for almost all kinds of electronic warfare.

A class of antenna which is getting widespread use relatively recently although its
roots are not that new, is the phased array antenna. Phased arrays are basically
antenna arrays with electronic phase control at each element of the array. With
individual phasing of the elements, it is possible to alter the beam properties
dynamically. The most important dynamical aspect of phased arrays is the ability to

electronically alter the direction of stare of the array beams.

As phased arrays get larger and larger, it becomes much harder to numerically model
the electromagnetic properties of entire array structures with generalized full wave
techniques due to the insufficiency of the computational resources with practical
computing hardware. Specialized methods play a key role in solving such periodic
structures with acceptable computational efficiency. Periodic boundaries [1]-[4],
periodic Green’s functions [5], [6], and domain decomposition methods [7], [8] are
such techniques. Nevertheless, to the author’s knowledge, there is no perfect
technique in the literature to solve a very large array (several thousands of elements)
efficiently for all the possible excitations of the array by taking into account all the
finite array effects like the edge effects.

In this work, a novel numerical technique is developed to overcome the shortcomings
of the existing numerical methods when it comes to solving very large periodic
antenna array structures. The proposed method’s theoretical foundation is

established rigorously, computer implementation is performed by exploiting GPU



hardware and its efficiency and accuracy is demonstrated via sample solutions

compared with golden standard solvers.
The work is organized as follows:

As an introduction, some core information is given on phased arrays emphasizing
the most significant parameters especially from an antenna designer’s perspective.
Then, an introduction to numerical methods is presented mostly based on the

classification criteria for different methods.

The second chapter focuses on showing different aspects of finite element methods
when applied for solving Maxwell’s equations. Almost all the formulation used to
solve both the time domain and frequency domain Maxwell finite element problems

are presented.

The third chapter is mainly based on the basic implementation of a 2D, time domain,
modal discontinuous Galerkin finite element method together with a novel domain
decomposition technique exploiting the discontinuous and decoupled nature of the

solutions. Numerical solutions are also presented.

The fourth chapter switches to a 3D, single field, frequency domain, interior penalty
discontinuous Galerkin finite element method hybridized with the classical
continuous Galerkin scheme in order to propose a novel iteration-free domain
decomposition technique. The technique’s accuracy is verified though numerical

results.

The fifth chapter further advances the technique proposed in Chapter Four through
the use of characteristic basis functions (CBF) concept in order to greatly increase
the computational efficiency when solving very large arrays. A new approach to
obtain the CBFs in a FEM environment is presented. The accuracy and efficiency of

the method is proved through numerical results.

The final chapter is reserved for discussions on all the obtained results and possible
future work to further advance the proposed method.



1.1  Phased Array Antenna Basics

Phased array antennas are generally either planar or linear antenna array structures
with elements arranged according to a regular lattice. Although they can also be
arranged on curved surfaces like spheres, this work will be focusing on planar array
structures with a regular rectangular lattice. A sample illustration for such an array
can be seen in Figure 1.1. Assuming the array is placed on the xy plane with the
lattice axes oriented according to the x and y axes, dx and dy are the element spacing

parameters in the x and y directions respectively.

Figure 1.1. Sample planar phased array geometry

111 Phased Array Antenna Parameters

Phased array antennas have various performance parameters, most of which are
common for all the antenna types. In addition to radiation pattern characteristics,
directivity and gain, phased array antenna active return loss is a very important
dynamic performance metric which takes different values for each synthesized

unique pattern.



1.1.1.1  Phased Array Antenna Radiation Pattern

Since phased arrays are, first of all, antenna arrays, their patterns are primarily
expressed with the product of an array factor with an element pattern neglecting non-
idealities of the array. The radiation pattern expression for the aforementioned array

geometry is given in as:

F(6,0) = f.(6, (p)iia eJk(m=1)dy sin 6 cos ¢ 5 jk(n-1)dy sin 0 sin ¢ (1.1)
p=1q=1

Here, 6, ¢ are the standard observation angles defined in the spherical coordinates

according to the 1SO convention, f.(8, ) is the vector element pattern, a,, is the

complex excitation coefficient of the element with index pg and k is the wavenumber.

This expression of the array pattern is an expectation rather than the reality due to

the effects of mutual coupling between the antenna elements.

An exact expression for the array radiation pattern can be formulated using the
element embedded radiation pattern approach via the principle of superposition.
Embedded radiation pattern of an antenna element is defined as the radiation pattern
of the whole array when only the associated element is excited with a unit excitation,
with all the other elements terminated with their proper source or load impedances,
for transmit and receive cases respectively. The total radiation pattern of the antenna
array is, thus, given as a linear combination of all the embedded element patterns as

follows:

Q
F(6,¢) = z 2 nEmn (6,9) (12)
=¥

Here, E,,,,,(6, @) is the embedded element pattern of the element with index mn. This
expression does not provide any information in itself without the measurement or

simulation of the embedded element patterns. However, it can be deduced that once



the embedded element patterns are known, any pattern can be synthesized with

perfect accuracy using the associated excitation matrix entries a,,,.

1.1.1.2  Phased Array Antenna Directivity and Gain

The directivity and gain of phased array antennas can be calculated as is done for all
the other antennas. Either of the patterns (1.1) or (1.2) can be used for gain
calculation. Although (1.2) is exact, for directivity and gain calculation, previous
experience shows that (1.1) also gives a very good accuracy when the array

dimensions are electrically large.

A special case for directivity calculation of planar phased arrays occurs when a
uniform phase or linear progressive phase excitation is used together with an element

spacing less than A/2. In that case, the directivity becomes:
D =nrAcosf, (1.3)

Here, n; is the array taper efficiency due to excitation magnitudes, A is the array

physical area, 6, is the direction of scan due to the progressive phase.

1.1.1.3  Phased Array Antenna Return Loss

Return loss of a microwave system is defined as the ratio of the incident power P; to
the reflected power Pr. Then, the return loss of a phased array antenna can be

expressed as:

()8

n=1

N 2

(1.4)

Here, a,, and a, are the excitation coefficients of the m™ and n" elements,
respectively. S,,, is the scattering parameter matrix entry associated with the
elements n and m. The numerator of (1.4) is the incident power with the assumption

of unity impedance without loss of generality. The denominator is the reflected



power under the same impedance assumption. This expression is quite different from
a standard return loss expression as it involves the excitation coefficients of the array
elements making (1.4) an active return loss expression. It is then obvious that the
return loss of a phased array is a dynamic function of excitation coefficients.

One can also define the active reflected power wave and active return loss of a single

element as follows:

N
P = Z AmSnm (1.5)
m=1
N
RL, = an/(Z amSnm> (1.6)
m=1

1.1.2 Design Criteria for Phased Arrays

The dynamical properties of the phased arrays should be considered when defining
the design criteria of phased arrays. Although a single antenna or non-phased array
can be designed for a single use case, phased arrays should be designed so that they
can successfully be used for all the possible excitation vectors that the user desires.
The most important design criteria for a phased array are the radiation pattern
characteristics, directivity, ohmic efficiency, return loss and polarization.

A phased array is virtually a reconfigurable pattern antenna because the radiation
pattern characteristics are basically controlled by the excitation vector. In that regard,
the radiation pattern is not directly related to the antenna element design for the
phased array. However, the radiation pattern characteristics are greatly influenced

by the inter-element spacing of the array.

The general practice is to have the array occupying as much area as possible with as
few elements as possible in order to maximize gain and to prevent grating lobes in
the radiation pattern. This approach also minimizes the cost of the array. For most of

the planar arrays with rectangular lattice, the inter-element spacing is generally



chosen as d = 1/2 at the highest frequency of operation if a very wide (£70°) scan

region is required to ensure grating lobe free patterns.

The gain of a phased array is greatly limited by its area as given in section 1.1.1.2.
Therefore, after fixing the inter-element spacing and the number of elements of the

array, an upper bound for the directivity and gain is obtained.

After fixing the inter-element spacing and the number of elements, the remaining
design criteria are for the antenna element itself: ohmic efficiency, return loss and
polarization. All these parameters greatly depend on the physical geometry and
materials of the antenna elements. The designer should keep in mind that all these
parameters are functions of the array excitation coefficients. Therefore, the designer
should have the knowledge of all the possible excitation vectors to be used with the
phased array before designing the element. Otherwise, the array has the risk of

performing poorly for at least a subset of the set of all the possible excitations.

1.2 Computational Electromagnetics

Numerical methods play a key role in almost every engineering problem in
electromagnetics. This is mostly related to the geometrical complexity of the
physical objects that are used to manipulate and control the electromagnetic fields.
As complexity gets higher, more powerful computational capability is needed. As
computational capabilities get more powerful, more complex designs evolve. To
maintain this self-supporting evolutionary loop, continuous and never-ending

progress in the field of computational electromagnetics is required.

Computational electromagnetics (CE) is an area of electromagnetics focusing on the
modelling of physical systems such that the model accurately predicts the behavior
of the electromagnetic (EM) fields inside the physical system. In other words, CE is

the study of numerical EM field solutions for electromagnetic problems.

EM problems where CE is used have a vast diversity including:



- Antenna design

- Radar cross section calculations

- Propagation effects estimation

- Active / passive microwave device design
- Automotive radar performance estimation

- Ground penetrating radar performance estimation

Although the laws of electromagnetics are the same for all types of problems, a huge
diversity of computational methods is required to suit all types of EM problems.

Since there are many methods, classification is a must to keep track of all of them.

1.2.1 Classification of Computational Methods for Electromagnetics

At the very top level, computational methods can be classified according to more

than one parameter. The following classification parameters are generally used:

- The domain of the field solution.
- The way of expressing the fields.

- The type of equations to be solved.

For every classification criterion, different classes are suitable for different problems.
Also, different classes can be more suitable for different computational resources.
One class can benefit more from a higher amount of memory whereas another class
can benefit more from a faster microprocessor. Therefore, the analyzing person
should carefully weigh the problem parameters, the requirements of the solution and

the available computational resources before deciding on a computational method.

1.2.1.1 Domain of the Field Solution

The solution fields for a CE problem are solved and expressed in either time domain
(TD) of frequency domain (FD). Time domain methods are based on the time domain

Maxwell equations whereas frequency domain solutions are based on the frequency



domain Maxwell equations. The time and frequency domain Maxwell equations are
given in Table 1.1. Frequency domain equations are by definition the Fourier

transform of the time domain equations.

Table 1.1 Maxwell Equations

Time Domain Equations Frequency Domain Equations
0B
VXE=—— VXE=—-jwB
ot J
aD ,
VXH:E-F] V><H=]wD+]
V-D=p V:-D=p
V-B=0 V-B=0

The time domain solutions are usually transient solutions where finite duration
waveforms are used to excite the problem. The output fields are again expressed as
other finite length waveforms. On the other hand, the frequency domain solutions
are time-harmonic solutions. For each solution frequency, the excitation is a
continuous wave (CW) monochromatic sine wave. For such solutions, the

excitations and outputs are expressed as phasors instead of waveforms.

The main difference between TD and FD solution philosophy is the handling of time.
For TD, transient solutions are usually obtained using either explicit or implicit
incremental time stepping techniques, whereas for FD, a steady-state phaser solution

is obtained without any time stepping.

1.2.1.2  The Way of Expressing the Fields

Computational fields are almost always expanded in terms of some known basis
functions. Some methods have all the basis functions defined on the entirety of the
solution domain (called “entire domain basis functions”), whereas others have local
basis functions which are non-zero only at a sub-domain of the solution domain

(called “sub-domain basis functions”).



The methods using sub-domain basis functions usually require a tessellation of the
solution domain called a mesh and each basis function is locally defined on usually
one or two neighboring elements of this mesh. The methods using entire domain
basis functions can be either meshless or can still benefit from a mesh.

Sub-domain methods are usually more generally applicable whereas entire domain
methods are tailored for specific geometries and problem types. Throughout this
work, only sub-domain methods are used.

1.2.1.3  Type of The Equation to Be Solved

Although the equations to be solved numerically for any CE problem always arise
from Maxwell equations, the final equations to be solved can be either in differential

form, integral form, or integro-differential form.

The form of the equation to be numerically solved greatly affects the characteristics
of the final matrix equations and how they are solved. Integral forms usually require
working with smaller full matrices whereas differential forms usually require
working with very sparse and very large matrices. Some problems are better suited
for integral equation methods, and some are solved more efficiently with differential
equation methods. As an accepted rule, differential equation methods tend to be more

suitable for a wider class of problems although they are not always the best to use.
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CHAPTER 2

FINITE ELEMENTS

Finite element method (FEM) is a class of sub-domain methods for numerically
solving partial or ordinary differential equations. The defining and differentiating

aspects of finite elements compared to other methods are:

- The solution domain is tessellated with a regular or non-regular grid.

- The unknowns are expanded in terms of sub-domain basis functions.

- An error function is defined based on the differential form of the equations
using the expanded form of the unknowns.

- The solution is the set of unknowns minimizing the defined error function.

Many aspects of the classical FEM for electromagnetics and application details of
FEM can be found in [9]-[12]. Depending on the types of basis functions used and
the definition of the error function, many sub-forms of FEM arise. While the initial
part of this work is based on a modal time domain approach with standard
polynomial bases, the final and main parts are based on a frequency domain approach
with Nédélec vector basis functions [12]-[14]. Therefore, this introductory chapter

on FEM focuses on both time domain and frequency domain approaches.

2.1  Finite Element Space and Weak Formulation for Maxwell Equations

Maxwell’s curl equations are used for a mixed field finite element formulation:

VXE = B
T

2.1

VxH—aD+ o
T ot J
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Assume that a finite element solution is desired in the domain Q with a tessellation

T given by:

K
T = {Qk: Uﬂk ~0,0 N0, €dT,(kkn) EN*n+kk<Kn<KkK (2.2)
k=1
The tessellation consists of K non-overlapping sub-domain volumetric elements
whose union is almost equal to Q. dT is the set containing all the internal and external
faces of the tessellation T. This union can be defined as Q. Perfect equality is not
required to enable an approximate tessellation of a curved boundary domain using
non-curved boundary elements, the illustration of which is given in Figure 2.1. The
first objective is to express the electromagnetic fields as an element of a finite

element space associated with the tessellation T.

Figure 2.1. Sample tessellation of a 2D curved boundary domain using non-curved
boundary triangular elements.

The most general vector finite element space is then defined as:

Mg

Ve=lv:v|se Z s s m: Vs m € CPsm € 2P, VSET)  (23)

m=1
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The finite element space is spanned by predefined vector sub-domain basis functions
Psm. Atotal of Mg basis functions are defined for each finite element S in T and m
is the index of the basis function. The only restriction on the basis functions is square
integrability as stated by (2.3) [10]. This finite element space is based on the one
used in [15] with the difference being the replacement of polynomial bases with
general ones. At its current form, (2.3) describes a broken finite element space with

no continuity enforcement across element interfaces.

Assuming there is a total of M basis functions associated with the tessellation T, the

EM fields inside the computational domain are then expanded as:

N

E, = Z AnPn

n=1

(2.4)
H), = Z Bn¥n

Inserting (2.4) into (2.1), assuming source free, lossless, frequency independent and

non-bianisotropic media, the residuals are defined as per [11]:

n = wianwn +%<uiﬁn¢n)

n=1 n=1
(2.5)
N a N
r, =VX Zﬁnlpn _E(EZ an¢n)
n=1 n=1

The approach in FEM is to force the residuals to be orthogonal to a predetermined
function space called the test function space [18]. The test function space is

expressed as Sy: Qp — €3 and can be defined as:

M

ST = Z Km‘pm'v’cm €C, Pm € [LZ(QT)]3 (26)

m=1
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The functions ¢,,, are called the test functions and they are chosen according to the
analysis needs. There is a total of M test functions and they form a complete basis

for the space Sy, according to the definition in (2.6).

To make r; and r, orthogonal to Sy, r; and r, are projected to S and projections are
set equal to 0. The projections are performed with proper inner products. The vector

dot product and inner products are defined as follows:

u-v=vlu (2.7)
(u,v)g = fu-vdV (2.8)

H is the Hermitian transpose (conjugate transpose) operator. Assuming real valued

test functions, one has for all m < My:

j (V X ZN: anlpn) PmdV + f (uzN: ﬁn¢n> "PmdV =0

o n=1 n=1 29)
| (v x Z ﬁn¢n> omdv = | §t< i an¢n> PV = 0
Qr Qr n=1

Note that the test functions are always real valued and are not affected by the
conjugation imposed by (2.7). After rearranging and using integration by parts

together with some vector algebra identities, the final forms of the equations are

given as:
N N
dic B
P @dV | + A | Yo VX @pdV =
" nh D (2.10)
- #(n X Ep)" - @pmdA
a0
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N a N
a
zE: '?ﬂ? J~£n¢Hl'qnndV' _'zz:ﬁ% j~¢Hl'V'X PmdV =
n=1 Dy

n=1 Dy

(2.11)

#(n X Hp)* - qndA

QT
In (2.10) and (2.11), Dy, is the tessellation element, which, the basis function ¥, is
associated with. Q- is the set of all the internal and external element boundaries of
the tessellation T (each internal element boundary is included twice in dQ1: once for
each element sharing the boundary). The expression (n x A)* gives the value of the
function n x A evaluated on the integral boundary with n being the outward pointing
surface normal. If the value of A is uniquely defined on the integral boundary, it can
be said that (n X A)* = n X A. More is discussed on that in the following sections.
Also note that the Dirichlet type boundary conditions associated with the external
boundaries to the computational domain should be handled using the RHS of (2.10)
and (2.11) as dQr includes the external faces too [19]. These boundary conditions
also include any form of excitation for the computational domain. The equations
(2.10) and (2.11) are called the semi-discrete weak form of the finite element

formulation for the Maxwell equations.

2.2 Galerkin Method

In the previous section, an FEM formulation is derived without choosing a test
function space. One of the most obvious choices for the test function space in the
literature is the finite element space itself given in (2.3). The method associated with

this choice of the test function space is called the Galerkin method.

In the open literature, Galerkin method is used extensively with huge success in both
FEM and many other numerical methods. After all, it is natural to desire the error to
be orthogonal to the FEM space as the errors in (2.5) contain linear combinations of

the fields and their curls. Due to the nature of the Maxwell’s curl equations, the finite

15



element space is already being used to represent the fields and their curls when the

same functions are used to expand both the E field and H field.

The semi-discrete weak form, after assuming a Galerkin test, becomes:

e (2.12)
- # (X Ep)" - YA
3Dk
i day fen‘pn-lllde _iﬁ" f‘/’n'VXIIdeVz
- S (2.13)
#(n X Hp)* - ,,dA
3Dy

This time D, is the tessellation element, which, the test/basis function ¥, is

associated with. The equation (2.12) and (2.13) can be written in matrix form as:

[—1(;4,1 M ] atle [ ] [h] ] (2.14)

The vectors and matrices in (2.14) are defined as follows:

h=1[p, B2 - ﬂN]T (2.15)

e=[a; a, - ay]” (2.16)

M’“‘(mn) = fﬂnwn “PmdV (2.17)
Dy

Me(mny = f Entn YmdV (2.18)
Dy

K(mn) = j‘l’n -V X ,,dV (2.19)

bE(m) = #(n XEp)" - PmdA (2.20)
3Dy
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by = #(n X Hp)" » PpdA (2.21)
oDy,

The equation (2.14) is the final semi-discrete form for the finite element time domain

method (FETDM) using Galerkin test procedure. A frequency domain fully discrete

form can also be obtained by taking the Fourier transform of (2.14). After some

manipulations one gets:

[ K| ) - 2] -

-K M.|lEl " |By
The capitalized letters indicate the Fourier transforms of the originals (phasors). The
matrices in both (2.14) and (2.22) are easy to fill because the inverted matrices are
in block diagonal form if the indexing of the basis functions is made such that all the
basis functions in the same mesh element have consecutive indices. Different
elements are completely decoupled from each other in the current form of the
equations. These very sparse block diagonal matrices can be inverted in a very
inexpensive way and the inverse has approximately the same sparsity as the main

matrix.

The unknown field vector in (2.14) is generally solved for, using either an implicit
or explicit time stepping scheme, whereas the unknowns in (2.22) are solved for
using either an iterative solver or a forward-backward substitution approach
following an LU decomposition. LU decomposition is possible thanks to the sparse
nature of the FEM matrix. In any case, (2.22) is almost never used in practice because
a single field wave equation-based approach based on curl-curl form is much more
efficient when a frequency domain solution is desired. Therefore, (2.22) is out of
scope of this work. A suitable approach for the frequency domain will be examined

in Section 2.4.
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2.3 Continuous and Discontinuous Galerkin FEM for Maxwell’s Equations

2.3.1 Continuous Galerkin Approach

Continuous Galerkin (CG) methods assume that the integrands in the surface
integrals of equation (2.12) and (2.13) are continuous across the element-element

interfaces. The new finite element space for CG is defined as:

Ve ={v:v|s € Bg,VS €T, (VXv) € [L*2(K)]?}

Ms

BS = Z aS,mII)S,m: VaS,m € (C' 1IJS,m € [LZ (K)]3

m=1

(2.23)

The statement in (2.23) forces the components of the field v which are tangential to
the surface at the element-element interface, to be continuous when crossing the
surface. Thus, n X v becomes continuous. This continuity is forced through a special

choice of the basis functions.

First of all, each basis function should have non-zero contribution to the surface
integral’s integrand term on only one face of its associated mesh element. This
practically means that each basis function has tangential components on only a single
face of its associated mesh element. Additionally, each basis function has an
accompanying basis function in a neighboring element such that they have the exact
non-zero tangential distribution on the same face except for the boundary faces. With
such a choice of basis functions, forcing the same expansion coefficient for the basis
functions having the same tangential distribution across the same tessellation face

guarantees the continuity of surface integral’s integrands in (2.12) and (2.13).

Forcing the same coefficient for 2 different basis functions virtually creates a single
basis function out of the two. The joining of the basis functions is valid both for the
field expansions and for the set of test functions. To apply this joining for the

expansion functions, first, the RHS vector entries containing the surface integrals are
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removed from (2.14) except for the surfaces where Dirichlet boundary conditions of

the following form exist:

nxE=g onrl

(2.24)
nxXH=p onl’
The surfaces where boundary conditions are defined, are named as external surfaces,
and expressed as I". These are the combination of element faces for each of which,
there is tangential contribution from basis functions of a single element. The other
surface integral terms are removed because the 2 surface integrals for the same field
type and same face associated with different mesh elements have the opposite signs

(due to opposite surface normals) and they cancel out.

As the next step, the associated column pairs of (2.14) are added together to form a
single column for each pair of linked basis functions. Finally, the joining for the test
functions is applied through summing the associated rows with each other. The final

forms for the continuous Galerkin time domain equations in semi-discrete form are

given by:

- 2.25

[ 0 MCl at ec] [KC ] [ ] (2:29)
Mip 0]o_To K, _[d 2.26

fo=e c l Mgl’s_[KC o]’d_[dﬂ (229

]
M~ fc=Sfc+d (2.27)
%fc =M'(Sfc+d) (2.28)

d is the vector containing the surface integrals from (2.12) and (2.13) associated with
the Dirichlet boundary conditions in (2.24). Its entries associated with non-boundary
element faces are 0. The superscript C indicates that the associated matrix in (2.14)
has been modified with the row and column additions and reductions mentioned
above. The subscript C applied on vectors indicates they are now reduced due to the

merging of the basis function pairs. Note that the matrices Mﬁ and M¢ are not in
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block diagonal form as opposed to M, and M. The decoupled nature of the mesh
element blocks in M), and M, is no more due to the row and column additions and
reductions applied in Mﬁ and M&. This makes it practically impossible to calculate

M~1whenitis large, due to its non-sparse nature caused by the loss of block diagonal
forms. However, one can use a frontal [16] or a multifrontal [17] sparse solver to
calculate M~1Sf . without inverting M, during explicit time integration for each time
step. The LU decomposition of M will be done only once as it is constant during
time iterations. Therefore, only the forward-backward substitution phases of the
frontal solvers will be repeated from time step to time step. This can still be
computationally expensive though, especially when there are many RHS vectors to

solve for.

A frequency domain scheme can be obtained by taking the Fourier transform of

(2.27) and manipulating it as:

MjwF = SF¢ + D

(joM — S)F¢ =D (2:29)

Again, the frequency domain scheme can be solved for F. using a frontal or

multifrontal sparse solver.

For CG-FEM formulations, it can be concluded that frequency domain solutions are
computationally more efficient than time domain solutions. This is due to the
computational effort required for each time step during iterations in time domain
FEM being similar to the effort required to solve a single frequency using frequency
domain formulation. In practice, the number of frequencies to solve for a given
problem is almost always much smaller than the number of time steps required for a

time domain solution.
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2.3.2 Discontinuous Galerkin Approach

Instead of enforcing field continuity at the element interfaces of the tessellation T,
one can revert to the broken finite element space given in (2.3). In that case, the
surface integrals given in (2.12) and (2.13) should be evaluated for each element face
in the tessellation T. The parts of the integrands marked with asterisk for these
surface integrals are called the flux terms and their choice is neither unique nor
straightforward due to the discontinuity of the solution at these surfaces. The choice
of the flux terms greatly affects almost all the properties of the DGFEM scheme

including its consistency, stability, dispersion, and dissipation.

2.3.2.1 Flux Terms

For a finite element solution, the value taken by the unknown on an element-element
interface can be expressed in 2 different manners: either using the basis functions of
one element or using the basis functions of the other. There is no special issue if the
continuity of the integrands in (2.20) and (2.21) is somehow forced. However, there

may be some advantages in allowing discontinuities in these integrands.

If one allows discontinuities of the integrands of (2.20) and (2.21), these integrals
should still be somehow evaluated to get a finite element solution. In case of such a
discontinuity, one uses flux terms instead of the unique field terms on the interfaces.
The asterisk symbol used in previous equations and throughout this work, is the
general notation for the flux term and is equal to the unique field term if no

discontinuity exists.

Before proceeding to establishing the fluxes, first, two operators are defined related

to boundary values of vectors:
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ul + uR

{u} =nx — on F;

(2.30)
{u} =u, on F,
[[u]]'r =n; Xu;+ngXupg, on Fi (231)
[ul; = nxu, on F,

The superscripts L and R represent the values coming from the left element and right
element, respectively. The choice of left and right for the elements is completely
arbitrary. F; is the set of all the internal faces in the tessellation T, and F), is the set

of all the boundary faces of T.

The most intuitive choice for the flux terms is the mean of the field expressions from
both sides. This is called the central flux and is given by:
(n X Ep)* = n X {Ep}

(2.32)
(nx Hp)* =n x {H,}
The central flux is consistent and stable. It is also non-dissipative in the sense that it
conserves energy in the computational domain [18]. However, due to this flux being
non-dissipative for the spurious modes too, the central flux can cause pollution of
the solutions with non-physical spurious modes [18], [20]. A general form for a
penalized flux pair is [20]:

R
a
(nx Ep)* =ny X Ej, — m[[Eh]]T —yryyR™ X [Hpl7
(2.33)
ZR a
(nx Hy)" = ny x Hf — m[[Hh]]T o R X [ExD7

Here, it is assumed that the fluxes are evaluated on the left element’s face without
the loss of generality. Z and Y are the intrinsic impedance and admittance of the
superscripted elements, respectively. « is a penalty parameter such that 0 < a < 1.
This is called penalized flux because the tangential jumps at the interfaces are
penalized through the parameter a. Higher @ means higher contribution to the

residuals in (2.5) from the discontinuities in the tangential fields. When full
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penalization is used, the flux is named as upwind flux [18]. When one compares the
upwind flux to the central flux, the upwind flux has better convergence rate but is
dissipative [18]. The dissipation also allows the suppression of the spurious modes
even when using general purpose polynomial bases instead of special vector basis
functions [18]. The main drawback of dissipation is the accumulation of the
dissipated energy loss when the simulation time is long [16]. Therefore, the penalty
parameter should be modified for partial penalization instead of upwinding for long

simulations to control the dissipation while still maintaining a spurious-free solution.

2.3.2.2 DG-FETD Semi-Discrete Scheme

For DG case, the general form in (2.14) should be used instead of (2.25) as the semi-
discrete scheme due to the non-zero surface integrals. Therefore, the final form of
the semi-discrete DG-FETD scheme is:

M, 079
0" wlslil =[x S+ [, (234)
F=[gl# =[_1<;4” ;4’]5 = [k ISJ””[Zf,] (235)
M%fzsf“’ (2.36)
%f= M™(Sf +b) (2.37)

This time, M is in block diagonal form with each block being associated with a single
mesh element. Therefore, M~1 is very easy to calculate and it also has the same
sparsity as M. This enables explicit time iterations without the use of a multifrontal

solver but through simple matrix vector multiplications.

A frequency domain scheme can again be obtained by taking the Fourier transform
of (2.36). However, before taking the Fourier transform, flux vector b is decomposed
into two parts: the part associated with f and the part associated with Dirichlet

boundary conditions:
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b=Gf+d (2.38)

G is the sparse matrix transforming the unknown field coefficients f, to flux
integrals. d is vector containing the integrals associated with the Dirichlet boundary

conditions. Substituting (2.38) into (2.36) and taking the Fourier transform:
(joM —S—G)F =D (2.39)

Although (2.39) can be solved using a sparse solver, it does not present apparent
advantages when compared with (2.29). Also, it brings the disadvantage that F is
considerably larger and potentially denser than F. making (2.39) computationally
inefficient. Therefore, considering together with the results of Section 2.3.1, it can
be concluded that CGFEM methods are more suitable for time-harmonic solutions
of Maxwell equations, whereas DGFEM methods are more suitable for transient
solutions of them.

2.4  Galerkin Methods for Curl-Curl Time Harmonic Equation

The focus up to this section was on the first order Maxwell system given by (2.1).
Schemes based on this system express both the E-field and H-field using the sub-
domain basis functions. For transient solutions, this is a preferred approach as time
marching becomes straightforward, efficient, and accurate with a first order time
derivative. However, this 2-field approach creates larger and denser matrices
compared to a possible single field scheme when a time-harmonic system is
considered. It is therefore common practice to use a single-field second order

equation in frequency domain solutions [10].

24.1 Galerkin Test of Curl-Curl Equation

From this point on in this section, all the variables will be the ones for the frequency
domain. Consider the time-harmonic Maxwell equations in general anisotropic

biaxial media:
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VXE =—jouH (2.40)
VXH=jweE+] (2.41)
Assuming a source-free domain, taking the curl of (2.40) and substituting (2.41) one

gets the time harmonic curl-curl form of the source-free Maxwell equations together

with the Dirichlet boundary conditions:

VX u'VxE=w?E (2.42)
nxE=g onl (2.43)
In order to obtain the weak form of (2.42), it is possible to directly perform the
Galerkin test. However, for a consistent and stable DG formulation, it is better to
express this equation as a system of two first order equations as in [21]-[24]. The
system of equations with the auxiliary variable becomes:

VX ulqg=w?cE (2.44)
q=VXE (2.45)

Proceeding with the Galerkin test:

f(V X ﬂ_1Q) P, dV = w? f eE -y, dV (2.46)
Dy Dy
Dy Dy

Note that the subscript h is dropped from the fields and operators for clarity. It is
assumed that all curls are operated elementwise and field expressions are a member

of the finite element space.
The following vector identity is needed to proceed [25]:
(VXA B=V-(AxB)+A-(VxB) (2.48)

The identity (2.48) holds when the dot product is defined without conjugation.
However, the conjugation defined in (2.7) is not used anyway because the test

functions ¢,, are real-valued. Applying (2.48) to (2.46) and (2.47), one gets:
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f V- (g X ) + u7'q - (VX Ppp)]dV = 0? f eE - P, dV (2.49)

Dy Dy

[ a-wmdv= [19-Ex )+ E- @ xpplav (250)
Dy

Dg
Divergence theorem is applied on both equations and (2.50) is expanded further
again using (2.48) to get:
§ ey x g mad+ [ua- @xwdr =07 [ 2B pudv (o5

dDy, Dy Dy

fq-l[)de= f(E*xwm)-ndA+ f[(VxE)-rpm—V'(Exll)m)]dV(z.sz)

Dy D

Note the introduction of flux terms due to the surface integrals. Divergence theorem

is applied again to (2.52), this time without introducing flux terms as in [21]:

f q-P,dV = j;((E* —E) X)) ndA+ f(v X E) - ,,dV (2.53)
Dy Dy

9Dy,
Finally, the following triple product identity is needed [25]:
(AxB)-C=(CxA).B (2.54)

If (2.54) is applied to the surface integrals in (2.51) and (2.53), one gets:

f”—lq (VX P, )dV — w? ng P dV + f(n W' P, dAd=0 ;55

Dy Dy 0Dy
Dy Dy 0Dy
2.4.2 The Primal Formulation

Although equations (2.55) and (2.56) present a suitable system for a FEM scheme,

they contain 2 sets of unknowns, namely, E and q. The primal formulation which will
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be reached at the end of this section will combine these equations to get a single equation

for E only. One proceeds as in [21] by exploiting the following identity:

Z f (n X ) vdA = f{[u]} [w].ds + f[[u]]T w)da +
PKeT aDk (2.57)
f(nxu)-vdA ,2UEVEvEVE

The identity is slightly modified as it does not hold for complex valued vectors in its
original form in [21] when the proper dot product definition is used. V is the finite
element space given in (2.3). F; is the set of all the internal faces of tessellation T
and F,, is the set of all boundary faces of T. F; can also be defined as the union of F;

and F,, all the faces of the tessellation T.

(2.55) and (2.56) are in local form. Global form can be obtained if all the equations
for all the test functions on all the tessellation elements are summed. Combining
these global forms with (2.57):

f w7l (VX p)dV — o f EE - PdV — f (@)} [l rdA +

Or

(2.58)
j [ )Ty - (WmbdA + f X (") YdA = 0

fq PmdV = f(v X E) - PpdV — f{[(E* —E)} - [¥n]rdA +
o (2.59)

f [E" — E)]7 - (m)dA + f (n % (E° — E)) - A
Fi Fp

In order to remove q from the equations, 2 lifting operators will be defined as in [21].
The first lift is mapping square integrable functions defined on internal faces of
tessellation T to the finite element space V. L: [L?(F;)]3 — V. The second lift is
mapping the square integrable functions defined on all the faces of tessellation T to

the space V. R: [L2(F;)]3 — V. The lifts are defined as follows:
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(L), v)o, = J.u- [vl;dA, VveVg (2.60)

F;

(R(W), VYo, = f u-fvldd, VveV; (2.61)

Fr

If (2.59) is considered together with (2.60) and (2.61), the following result for q can

be obtained:
q=VXE—-L{E"—E}) + R([E* — E]r) (2.62)

Substituting (2.62) in (2.58):

f WV XE) - (VX )dV — f LUE — ED - IV X Pr)dV +

or Or
f R(E* — Ely) - 5V X )dV — o f £E - PV —
Or

Qr

(2.63)
f W q)" - [PmlrdA + f [ q) Ty - (WrbdA +
F; F;

j X (") YdA = 0

Some ™1 terms are conjugated in (2.63) as they are sent out to the other side of the
dot products in order for the equations to have similar forms as (2.60) and (2.61).

The final formulation becomes:

f(ﬂ_lv XE) (VX¢,)dV — w? f eE -, dV —
Or Or

] (E* — E} - [IE3(V x )] dA + j [E° — Elr - (B XV x h)bdA—  (2.64)

f (@)} [¥mlrdd + f [ ) Ty - (WmbdA +
F; F;
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[x @ - B) @ xplda - [ @) - @xppda =0
Fp Fp

Equation (2.64) is the primal formulation for the time-harmonic, general
discontinuous Galerkin scheme for the source-free, Maxwell curl-curl equation. The
flux terms, E* and (u1q)* are yet to be chosen and their choice plays a very

important role in how the overall scheme behaves.

24.3 Interlude: Continuous Galerkin Formulation

The CGFEM formulation for Maxwell curl-curl equation can be obtained with
relative ease by just Galerkin testing (2.42) and integrating by parts [26]. However,
CG case is also a special case of DG case for which the general primal formulation
is already obtained. Considering (2.64), assume E is continuous at the element
interfaces by forcing E € V¢ of (2.23). Assume that E* = E and (u 1q)* =
11V x E due to continuity. In that case, all the surface integrals in (2.64) except the

last boundary integral sum up to 0. The CGFEM formulation thus becomes:

j(u‘lv X E)-(VX,)dV — w? f €E -, dV —
Or

Or

(2.65)
j(u‘lv XE)-(nxXY,,)dA=0

The final boundary integral is used for application of Neumann boundary conditions

and excitations. If the electric field expansion of (2.4) are substituted in (2.65):

i an [ WV X ) - (O x ) - 2 i an | et pmd? +
Or Or

n=1 n=1

(2.66)

N

Zanu_l J(nxwan)-tpmdA=0

n=1 Fp

29



Here it is assumed that the permeabilities at the Neumann boundary condition
locations are isotropic and the term u~1 could be taken out of the cross product and

the integral. Through (2.66), a global matrix equation can be assembled:

(S—w*M -—B)a =0 (2.67)
M(mn) = fgn‘l}n “YPmdV (2.68)
Or
Sty = | 0 x ) - (0 x ) (2.69)
Or
By = tt [ (X V%8, -t (2.70)
Fp

Here, &, and u,, are respectively the permittivity and permeability associated with
the n basis function’s tessellation element. (2.67) will only permit the trivial
solution if it is well posed. This is because of the lack of boundary conditions. The
E-field Dirichlet boundary condition given in (2.24) can be enforced strongly in the
sense that the solution will exactly satisfy it. This requires the boundary fields to be
exactly expressible with a function in V. Otherwise, they can be satisfied in a least

squares sense by projecting the boundary fields to V.

Satisfying the Dirichlet boundary conditions fixes some of the unknowns in a,
namely, the unknowns with tangential components at the boundaries. Assuming M
unknowns are fixed out of N total unknowns. The final system therefore should have
N-M unknowns to solve for. The following new, reduced matrices can be defined:
My, Sp. These 2 matrices have their rows and columns associated with the boundary
condition bases removed, making them (N — M) x (N — M). Also, 3 other matrices
are defined: Mg, Sg, Bg. These are (N — M) x M matrices and they are the reduced
versions of M, S, B, respectively, with only the rows associated with the boundary
bases and columns associated with non-boundary bases. Reduced versions of a are
also defined as a, which is (N — M) x 1 with only non-boundary bases and ap
which is M x 1 with only boundary bases. The problem is basically decomposed in

known and unknown parts as described in [12]:
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(SR - (UZMR)aR = (_SR + O)ZMR + BB)(ZB (271)

Now the RHS is completely known using Dirichlet boundary conditions and ag can

be solved for with a multifrontal solver.

24.4 Flux Terms for DG

If one goes back to (2.64), there are 2 different flux terms appearing in 5 different
places. There is a plethora of fluxes in the CGFEM literature to choose from. A
detailed analysis and comparison of them can be found in [22]. It would be better to
select a consistent and stable flux to have guaranteed and optimal convergence. To
the author’s knowledge, out of the 5 major consistent and stable fluxes, interior
penalty (IP) flux appears to be the most widely used when Maxwell equations are
considered. The method is thoroughly studied and well established [15], [21], [28]-
[33].

The IP flux terms are defined as follows [21]:

E*={E}, (0 'q@)" = {u 'V E} - ar[Elr, on F; (2.72)

nxE' =g, (Wlq)*=uw'VXE—ar(nxE)—apg, onk, (2.73)

Here, ar is a penalty parameter and should be chosen properly for the stability of the
method. If these are plugged into the primal form (2.64) one gets the following after

some simplifications:
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J.(u‘lv X E) - (VX,,)dV — w? feE “PdV —
Or

Or

f [ELy - {3V X )}V — f (W' X E} - [yl ydA +

Fr

(2.74)
| arlu 1 - [lda =

Fr

- fg (VX P)dA + f app™'g - (M X Pp)dA
Fp

Fp

(2.74) is the final form of the interior penalty discontinuous Galerkin finite element
scheme for the source free Maxwell curl-curl E-field equation with Dirichlet

boundary conditions.
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CHAPTER 3

A DOMAIN DECOMPOSITION SCHEME IN 2D

The main aspects of the work are developed in a custom built 2D simulation
environment based on a modal DGFETD method. Such an environment is selected
based on its implementation simplicity with a structured mesh. The results obtained
in this section are also published in [34]. The success of this chapter’s work is then

carried on to the final scheme for a more complicated implementation.

3.1 A Modal DGFETD Scheme

The 2D FETD scheme is based on (2.34)-(2.37) with a fully penalized upwind flux
described in (2.33). The mesh is composed of uniform rectangular elements. The
basis functions are modal based as described in [18]. No mode to node conversion is
performed. Each cartesian component of both E-field and H-field are separately and
independently expanded in terms of orthogonal polynomials inside each rectangular
element. Before implementing the 2D scheme, a basic 1D DGFETD scheme is
realized and proven that it works properly.

3.1.1 1D Upwind DGFETD Scheme

The aim of the 1D scheme is to obtain the building blocks of the upwind DGFETD
scheme and test the author’s understanding of the general implementation of a time

domain numerical solver.

The implementation is performed on MATLAB and the tool has the following

features:

e Modal basis functions in each sub-domain based on Legendre polynomials.
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e Ability to define the order of Legendre polynomials.
e Ability to alter the spatial discretization step.

e Ability to alter the time step.

e Wide-band, short duration excitation pulse

e Radiation and PEC boundaries

e 4" order Runge-Kutta (RK4) explicit time marching algorithm

3.1.11 Boundaries and Excitations

The excitation, radiation boundary and PEC boundary are all implemented through
flux terms of (2.33) in a straightforward manner as given in [19]. Assuming one is
looking at the left element of a boundary, the following boundary implementation

rules apply when upwind flux is used:

[Ep]l+ = 2n x EE, [Hylr =0 for PEC boundary (3.2)
[Ex]; = n x EL, [H,]; = nx H: for radiation boundary (3.2)
[Ex]lr = n x Ek —n x Ei*c 3
. 3.3
[Hylr =nx Hy —n x H, for absorbtive excitation
This physically means assigning the would-be-reflected field of the boundary to the
right element’s contribution to left element, if the left element’s field was incident
upon that boundary. Therefore, for PEC, one gets the negative of the incident E-field
but, H-field is the same and positive. For radiation boundary, the right element
contributes 0, and for absorptive excitation boundary, the right element contributes
the incident field. One can even combine excitation with PEC boundaries as follows:
[Ex]r = 2n x Ef, — n x Ei*¢ »
; )
[Hplr = —n X< HY*, for PEC backed excitation
When an excitation is PEC backed, it emits the incident fields into the computational

domain but when waves are incident to it, it acts as a PEC boundary.
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The power of time domain simulations mainly comes from the ability to obtain
solutions for a very wide bandwidth simultaneously. To accomplish this, wide
bandwidth excitations should be designed with finite duration and finite bandwidth.
A base-band Gaussian shaped pulse excitation is used to solve the problems at hand.

The construction of a time domain Gaussian pulse can be done straightforwardly.
One starts from a frequency domain response for the pulse. It is evident that the
Fourier transform of a time domain Gaussian pulse is again a Gaussian pulse in

frequency domain.

Assuming a time-step of h, the maximum unaliased frequency becomes 1/2h, from
the Nyquist sampling theorem. First, a maximum frequency for the pulse is selected,
fmax < 1/(2h). The baseband span of a signal with bandwidth £, 1S 2 fnax due
to the negative frequencies. This span is then mapped to an arbitrary number of
points, P. A discrete Gaussian pulse of P points is then created with a desired
standard deviation. Since the ideal Gaussian pulse is infinite in length, the pulse has
to be truncated at some level when it is very close to 0. The MATLAB function
“gausswin”, can be used for that purpose as it creates a truncated Gaussian pulse of
arbitrary number of points with an arbitrary standard deviation. One can also use the
“Window Designer ” application on MATLAB to visualize the design in real time.
A sample design is seen in Figure 3.1 where a 101-point Gaussian window is design
with standard deviation of 0.25. The parameter “alpha” is the inverse of standard
deviation. The naming on the plots is deceiving because a frequency domain window
is designed instead of a time domain. MATLAB’s convention is that the design is
always made in the time domain. Therefore, what is seen as the time domain plot is

in fact the frequency domain and vice versa.

The standard deviation is chosen as 0.25 to have low side-lobes at the time domain.
MATLAB reports the sidelobe level as -89dB in Figure 3.1. Selecting a high standard
deviation also causes the time pulse to get wider for a given bandwidth which is not
desired as it will take a longer time for the pulse to exit the computational domain

which will cause longer simulations.
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Figure 3.1. MATLAB interface for Gaussian window design.

The Gaussian pulse is then zero padded so that it fits the entire spectrum of 1/2h. The
padded signal should be of length L = P/2hf,,,, rounded to the closest integer, as
an exact waveform is not required but a general pulse with a desired approximate
bandwidth. It is important that the signal is shifted appropriately so that the peak of
the Gaussian sits at the 0 frequency (DC). Taking the inverse FFT of this signal
creates the time domain signal. The created time domain pulse and its spectrum can
be seen in Figure 3.2 and Figure 3.3, respectively. It is seen that a 2.5ns long

Gaussian pulse is created with a bandwidth of almost 2 GHz.
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Figure 3.2. Sample time domain Gaussian excitation pulse
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Figure 3.3. Spectrum of the sample time domain Gaussian excitation pulse

3.1.1.2  Scheme Implementation

The implemented scheme is defined by (2.17)-(2.21) and (2.34)-(2.37). Since the

mass and stiffness matrices are all in block diagonal form as mentioned previously,
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there is no need to form global matrices. All the computations in (2.34) are done

using local matrices and the flux terms from neighboring elements, with a for loop.

Since the element geometry is a line in this case, the integrations and differentiations
in (2.17)-(2.19) are done analytically using the polynomial coefficients of the basis
functions up to a scale factor coming from the length of the elements. When
everything is calculated for every element, the data is arranged to form a single vector
including the coefficients for E and H fields.

3.1.1.3  Time Stepping

The choice of explicit RK4 algorithm is due to its widespread use for high order DG
schemes [18] thanks to its very good error characteristics compared to Euler’s
method which is a 1% order method. The local time-stepping error for RK4 scales as
O(h%) and accumulated error scales as O (h*) where h is the time step [35]. This is
especially beneficial when high order polynomials are used as basis functions with
large elements enabling large time-steps for better efficiency. Also, a low
accumulated error is especially good for long duration simulations.

The general vector PDE semi-discrete scheme with 1% order time derivative is
described as below:

duh

W = Lh(uh, t) (35)

This is the exact same form as in (2.37). To solve (3.5) with an explicit time march,
RK4 has 4 sub-stages at each time step as described in [18]:
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ki = Lp(up,t™)

1 1
k2 = Lh (u‘;: + EAtkl, t" + _At)

2
1 1
ks = L, (uz + EAtkz, t" + EAt) (3.6)

ky = Ly (up + Atks, t™ + At)

1
ultl = ul + gAt(kl + 2ky + 2ks + ky)

Here At is the time step and the superscript n and n + 1 signifies the value of the
associated variables for the n** and (n + 1)* time steps, respectively. When (3.6)
is applied to the case at hand, the RHS of (2.37) is evaluated a total of 4 times for

different f values.

3.1.14 Numerical Results

To verify the implementation, several problems are created and simulated. The
results are observed both in time domain and frequency domain using Fourier

transform.

The first simulation involves a 10m long 1D space with the first 5m filled with air
and the last 5m filled with a dielectric material of relative epsilon 5. There is a
linearly polarized plane wave excitation at the first end of the domain backed by PEC
and there is another excitation at the other end of the domain backed by absorbing
boundary. The 2 excitations are exactly the same and simultaneous. 4" order
Legendre polynomials are used in each sub-domain and sub-domain length is chosen
as 15.15cm, which is A0/2 at 1GHz. If the medium with relative permittivity 5 is
considered, sub-domain length is 1.124. The solutions are desired to be accurate from
DC to 1GHz, hence, element length is chosen according to 1GHz. For this problem,
only a time domain observation is performed to get a heuristic verification of the
proper wave behavior like proper propagation speeds, reflection, absorption etc. The

space-time plot of the simulated E-field is seen in Figure 3.4.
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As it is clearly observed, the 2 pulses are travelling at different speeds due to their
differing media and clear reflection is observed, together with transmission and
velocity change at the material change interface at Om. The waves reaching -5m
position are completely reflected whereas the waves reaching 5m position are

completely absorbed.

Position (m)
o

0 20 40 60 80 100 120 140 160 180 200
Time (ns)

Figure 3.4. Space-time plot of the E-field in the sample problem in dB.

To clarify the wave behavior better, especially to observe the signal polarity at the
reflections, different time snapshots are included in Figure 3.5. It is evident that the
signal changes polarity when reflected from the PEC boundary. Also, the absorbing
boundary perfectly absorbs the incoming pulse at the end. Amplitude increases in
the pulse when transitioning from a high permittivity medium to a low permittivity
one, are also observed due to the change in the intrinsic impedance of the medium.

The stability of a time domain solution can also be checked through observing the
time-energy plot of the computational domain. An unstable solution’s total energy
should rapidly fluctuate or should go to infinity. The instantaneous total energy in

the domain is expressed as the sum of instantaneous electric and magnetic energies:
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1 1
W=Eng-EdV+§qu'HdV (3.7)

SS1 0

SS2 0

SS3 0

S84 0

S§S5 0

SS6 0

SS7 0

SS8 0

SS9 0

§S10 0

Ss11 0
ss12 off

§S13 0

C 1 1 1 1 1 1 1 1 1 I

Position (m)
Figure 3.5. Snapshots of the sample simulation with signal amplitudes as (V/m).

The time-energy plot of the sample solution is shown in Figure 3.6. The energy is
quickly rising as expected at the start with the Gaussian pulse injections. It stays
constant for a while and starts to drop in a staircase manner with each pulse leaving
through the radiation boundary. This plot is exactly as expected and shows the
stability of the scheme.
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Figure 3.6. Time-energy plot of the sample solution showing stability.

To show the accuracy of the method more rigorously, another simulation is
performed whose results are compared to the analytical solution of the same
problem. Geometry is a line of length 60cm, with the first 40cm as air and the last
20cm as a material with relative permittivity 4. The material is then terminated with
PEC boundary. A simulation is performed again with the same Gaussian pulse as
before sent though the edge touching the air part. This time, scattered fields are
extracted in time domain and a Fourier analysis is performed to obtain the reflection
coefficient of the structure. The calculated reflection coefficient represents the
reflection coefficient of any TEM structure including transmission lines with the

same material fillings and lengths as described above.

In order to extract the scattered field, the total field at the excitation side is recorded
during the simulation and the incident field’s time signal is subtracted from it. To
obtain the reflection coefficient of the structure, the spectrum of scattered field is
divided by the spectrum of the incident field:

E.lslca =E, — Einc (3.8)
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_ T{Ef}w -} (3.9)
T{Emc . p}

p is the selected unit polarization vector, to obtain the reflection coefficient for. The

I'w)

simulated reflection coefficient magnitude is given in Figure 3.7 and the phase is
given in Figure 3.8 together with the analytical solution of the problem using
transmission line theory. As observed, there is a very good agreement at least up to
1 GHz, which is the upper frequency the problem and the excitation are set up for.

01 T T T T T T T T T

Simulation
0.08 Analytical | 7]

-0.02 | \ .
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Figure 3.7. Reflection coefficient magnitude for the sample transmission line
problem.
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Figure 3.8. Reflection coefficient phase for the sample transmission line problem.
3.1.2 2D Upwind DGFETD Scheme

The developed 2D scheme is a basic extension of the 1D scheme to 2D. The
tessellation is performed using uniform rectangular elements. The fields are
expanded as 2D polynomials. Boundary and source implementations are all
completely similar to the 1D case. The time-stepping algorithm is also the same, with
the only difference being in the choice of time step to have a stable time marching.

This is due to the effect of discretizations in both dimensions.

3.1.21 2D Basis Functions

For a N™ order polynomial representation in 2D, the total number of polynomial
bases is given by [18]:

(N DIV +2)

P ) (3.10)
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The general form of a N* order 2D polynomial is:

N
Py(x,y) = Z Ymn XY™ (3.11)

To obtain a set of orthonormal 2D polynomials, the set of all N, monomials in (3.11)
are fed to the Gram-Schmidt orthogonalization process and a set of N,, orthonormal

polynomials is obtained. Some sample 2D polynomial plots are given in Figure 3.9.

Sb N 4 o 4 N o
VR,

200

0 o

Figure 3.9. Some sample 2D polynomial plots.

3.1.2.2 Results

The numerical performance of the 2D implementation is verified by solving simple
problems and by comparing them to Ansys HFSS solutions. They are found to be in
perfect agreement with each other. The detailed numerical results for the 2D
implementation with a domain decomposition algorithm will be presented later in

this chapter.

3.2  Domain Decomposition in Time Domain

This section describes the founding ideas and principal mechanisms behind the main
contribution of this work. To the best of author’s knowledge, there is no literature

source about these principles at the time of the writing of this work except the
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author’s paper [34]. In that respect, the author tries to explain the mostly abstract

ideas in this section as best as he can, which will later lead to the final scheme.

3.2.1 Problem Setting

As it has been shown in Section 2.3.2.2 and demonstrated in Section 3.1.1, the only
source of information flow while an explicit DGFETD solution is performed, is via
fluxes. The rest of the equation’s blocks are uncoupled. Therefore, it can be said that
if the computational domain is partitioned as non-overlapping sub-domains, the

information flow between sub-domains will be via fluxes.

For the sake of simplicity, assume that the 2D planar computational domain is

divided into 2 parts as £2, and 2,:

U0, =07 2,00, =1, fd5=0 (3.12)
Is

I is the boundary line between the domains 2; and 2,. A visual for the partitioning
is in Figure 3.10. One can hypothesize that if the response of domain 2, to every
possible flux contribution of £, on I is known, it is possible to find the solution in
the domain £2; if the flux contribution of 2, is known a-priori. The reciprocal version

of this can also be hypothesized, interchanging 2, and (2,.

Flux interface between {24

and (2, (no overlap)

Figure 3.10. Partitioned computational domain.
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If the a-priori knowledge of flux contributions is put aside for now, is it possible to
know a sub-domain’s response to every possible flux contribution from the other

sub-domain?

3.2.2 Fluxes as Excitations

The fluxes in the computational domain have field contributions from 2 neighboring
tessellation elements as defined by (2.33). If a single sub-domain is considered,
namely (2,, the neighboring elements on the line I are no more. Removing these
components basically implements a 1% order radiation boundary for (2, as stated in
(3.2). What if a temporally and spatially arbitrary excitation on the line I§ is defined
for the removed components instead of completely removing them? The answer is
one would get 2, ’s response to the removed fluxes, if these fluxes would be known

a-priori as the excitation waveform.

This can be repeated for all the possible fluxes at I due to the removal of £2,. The
same can also be performed on £2,. However, there should be a limit to the number
of simulations to perform in order to have a practical solution. At that point,
dimensionality, and linear systems theory come into play together with

electromagnetic superposition principle.

3.2.2.1  Spatial Dimensionality

Assume there are Mg tessellation elements in 2, touching I5. Each element has Ny
basis functions defined on them. The same holds true for 2, with the exact same
numbers. Therefore, there are MgN, flux components for each of the E-field and H-
field. If a single field type is considered, all the M¢Np basis functions are linearly
independent. They are orthogonal even. This gives a total spatial dimensionality of
2MgNp considering both field types. Since (2.36) describes a linear system, having

a dimensionality of 2M¢Np at the system’s input means that if the solution of 2MsNp
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linearly independent inputs are obtained, it is possible to derive the solution for any

possible input. This assumes that all the inputs are using the same time waveform.

The most obvious choice for the linearly independent set of flux excitations is the
excitation of a single flux term at a time. However, when solving for a single flux
component, what will happen to the rest of the removed fluxes? Will they remain
removed? If the superposition principle is considered, removing all the other external
flux components when solving for a single one will work because a Maxwell

equation system is linear for all of its inputs and the superposition principle will hold.

3.2.2.2  Temporal Variations

As stated previously, the aim is to obtain a sub-domain’s response to every possible
external flux combination. Although a problem is excited with given waveforms
through some defined sources, fields and fluxes rarely have the same waveform as
the excitations due to inherent dispersive and distortive properties of almost all the
physical media and geometry combinations. If one would obtain the impulse
responses of the system for all the fluxes, the problem would be solved using linear
system theory principles as a linear time invariant (LTI) system is completely

characterized by its impulse responses for each of its inputs.

Although a discrete impulse response can be obtained by setting the excitation
accordingly, such an approach should be carefully investigated in terms of stability
due to the spatial and temporal discretization being set for a waveform of much lower
spectral content than an impulse. Nevertheless, the full spectrum impulse response
is not really needed because the excitations are always band-limited for given
problems. Therefore, it should be enough to get the spectral part of the impulse
response which contains all the frequencies of interest. This can be done in exactly
the same way as in Section 3.1.1.1. The spectral response extraction can be
performed as it is done in Section 3.1.1.4 using Fourier analysis.
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3.2.3 Time Domain Perspective of Domain Decomposition

3.23.1 Flux Transfer

Assume that 2, and 2, are solved for 2MsN, orthogonal external flux excitations
each, where each orthogonal component is selected as an excitation through a single
external basis function’s flux contribution as described in 3.2.2.1. In addition to that,
assume the sub-domains are solved for their internal excitations too. Assume the
input signal for every solution is a vectorized discrete time sequence s,. y! is the 3D
observation array for all the basis function coefficients in 2, for the all the
excitations. y1’s dimensions are 2N, X 2M;Np X (2MsNp + M%), where N, is the
total number of time steps of s,, M3 is the number of internal excitations of £2,, and
M, is the total number of tessellation elements in £2,. Also, y,l,q is defined as the p*"
observation vector out of 2M, N, for the g excitation out of (2MsNp + ME) total
excitations for the sub-domain ;. It is a time vector of length 2N,. The transfer

vectors of (2, f},q are defined as:

1 _ 1
Yoa = {S¢ * Foal,y, (3.13)
f3q is alength 2N, time vector and it is the transfer vector from the ' excitation to

the p" observation vector for the sub-domain (2. {st*t},q}m is the circular
t

convolution of s, and f},q [36], after they are both zero-padded to 2N, entries (f,l,q

already has 2N, entries). This gives a 2N, point convolution. Extracting f, out of

these two requires deconvolution.

Deconvolution can be performed using Fourier analysis. Taking the discrete Fourier
transform (DFT) of (3.13) gives:

F(vpa) = F ({se* Frals,) (3.14)

F(¥pq) = Fon,(s0) o F(fq) (3.15)
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Fn, is the 2N, point DFT operator which zero-pads its input to 2N, point before

taking DFT. The operator "o " is the Hadamard product operator, meaning an

element-wise multiplication of 2 arrays.

Extracting fq:

fa=F 1 (F(¥he) @ Fan,(s0)) (3.16)

" @ " is the Hadamard division operator meaning an entry-wise division of its inputs.
If N, is chosen large enough, f},q will contain the true time domain response and will
end with zeros. If N; is chosen smaller than required, f,},q will not include the true

time response due to the effects of circular convolution.

If the same is performed for £2,, ff,q can be obtained in the same fashion.

3.2.3.2 Flux Iterations

Assume the sub-domain 2, is excited from its p™ input which is a true input of the
sub-domain other than the external fluxes. The solution is given by (3.13) as a single
vector of length 2M, N, for each time instant. Now assume that the second dimension
of the array f1 is partitioned so that its entries are ordered to have the flux inputs at
the sub-domain boundary I as first entries, followed by the flux inputs at its true
excitation locations (ports). Also, assume that the entries of the third dimension of
f1 are ordered such that the flux outputs at the sub-domain boundary come first,
followed by flux outputs at the ports and finally the fields at all the other places. The
partitioned form of this snapshot of the 3D array as a matrix is:
fir fre
fUtl = |fbr fhp (3.17)

1 1
fRF fRP
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The sub-indices F, P and R stand for flux, port and rest, respectively. For the sake of
simplicity, assume that there is only a single port in the sub-domain, making the right

side of the partitioning in (3.17) a vector.

Assuming an excitation with the waveform s, from the sub-domain port only, the

isolated solution with 0 external fluxes is according to (3.13) given by:
= {s¢* fll’e}zzvt’ e =2MsNp +1 (3.18)

Here, e is the index of the port in f1. y,l,'1 stands for the output flux matrix of 2, for
iteration no:1 with observation basis index g and excitation index e. Now it is

11,

possible to excite 2, with y,’s associated external flux outputs:

2MgsNp

11
D, Ui+ Fhaly, (19)
q=1

yf,'l signifies the 1% iteration of the 2" domain solution for observation basis p. It is
a matrix with one of its dimensions giving the observation vectors and the other one
giving time. (3.19) is an application of (3.13) together with a superposition of all flux
sources. As noted from the sub-indices in (3.19), one domain’s source index is equal

to the other one’s observation index due to connection.

The next solution is:

2MgsNp

Z {y * f5q} (3.20)

The basic idea is getting the fluxes back and forth between the 2 sub-domains using
both of the domains’ flux transfer matrices as explained. If the scheme is defined
recursively for the fluxes at an arbitrary iteration number assuming the initial

excitation is coming from the single port inside £2;:
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)’;1;'1 = {5, * fll’e}ZNt' e =2MsNp +1

2MgsNp
2n _ 1,
ypn _ Z {yq" " f%q o, n=1 (3.21)

2MgNp

1n _ 2n—-1 1
Yo = Z {va *qu}ZNt' nz2
q=1

These fields are not normally observable as they are the components of the final
fields for the associated port excitation. The total fields for both of the subdomains

are obtained by using the superposition principle as:
(3.22)

Although the summations have infinite number of terms, due to the loss mechanisms

1

like radiation boundaries inside the domains, the fields y,,

™ y2™ both decay towards
0 with every iteration. A basic convergence check is done after every iteration to
decide to stop. Using (3.22), S-parameters, radiation fields or some other parameters
for the domain can be calculated as desired as they are the full wave solutions for the

connected domains.
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3.3  Frequency Domain Approach to Domain Decomposition

Although the techniques of Section 3.2.3 work, they can get costly when the number
of iterations in (3.21) should increase due to convergence criteria. However, when
they are calculated, the response for a very large bandwidth is obtained at once.

If the Fourier transform of the flux transfer matrices is taken, a multi-input multi-
output frequency response is obtained. With these frequency responses, a coupled
equation system is obtained for each frequency as:

Y'(w) = Fl(w) [YZ (Iu)

F
E (3.23)

_ Yi(w) '
Y2 () _FZ(w)[ e ]

Y'(w), F"(w), Yi(w), E; stand for frequency domain external flux vector, the
frequency domain transfer matrix, external flux part of frequency domain flux vector
and excitation coefficient of domain £,, respectively. In that system, both F"(w)
look like scattering parameters of 2 networks partially connected with each other
having some arbitrary excitations at some other ports. The solution to this type of
problem is described in detail in Section 4.3. For now, it is sufficient to know that

(3.23) gives the exact same results as the time domain solution.
3.4 Numerical Results

34.1 2 Sub-Domains Radiation Problem

For testing the domain decomposition scheme, a sample problem geometry is
constructed to solve with the 2D DGFETD scheme. The domain consists of a parallel
plate waveguide section excited at its end and then getting to a grounded open space
after some travel distance. The open space is then terminated using absorbing
boundary conditions. The problem geometry is seen in Figure 3.11. This is the same

problem as the one in the author’s paper of [34].
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Figure 3.11. Sample problem geometry including 2 sub-domains.

The 2 sub-domains are identical to each other, so a single sub-domain solution is
sufficient to obtain all the necessary data. The sub-domain is spatially discretized
using a uniform square grid with a step size of A/4 at 15 GHz suitable for a 3" order
polynomial solution. The Gaussian excitation pulse is set to cover the frequencies
from 1 GHz to 15 GHz.

The sub-domain is excited through its waveguide port and its boundary fluxes at the
left and right sides to cover both sub-domains of Figure 3.11. The domain connection

is performed for all the frequencies and S-parameters are extracted.

The same problem is also set up in Ansys HFSS by modeling both of the sub-
domains without using any domain decomposition. Perfect Magnetic Conductor
(PMC) boundary conditions are used to implement the 2D environment in HFSS as
it is a 3D only solver. Having PMC boundaries at the surfaces perpendicular to the
Z-axis is equivalent to having an infinitely long structure along the z-axis when an
x-polarized TEM excitation is considered. The spatial distribution of the TEM
excitation at the waveguide port is uniform as it can be shown analytically. The S-
parameter results of the proposed algorithm are compared to the results from HFSS
in Figure 3.12. As can be seen, there is near perfect agreement for both the return

term and the coupling term for all the frequencies.
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Figure 3.12. Comparison of the Proposed DDM algorithm’s solution to HFSS
solution of a sample problem.

3.4.2 Periodic Radiation Problem

Periodic boundary conditions are an elegant option for the application of the
proposed method. By connecting the computational domain with itself, any phase
shift between boundaries can be applied as a post processing step. Therefore, a single
simulation is sufficient to get results for any scan angle. Also, the technique enables
one to avoid modifying the DGFETD scheme to solve the causality problems with

time domain periodic boundary conditions as depicted in [37].

The same parallel plate waveguide radiation problem is used for testing the periodic
boundary implementation. In HFSS, a single sub-domain is modeled, and the side

radiation boundaries of Figure 3.11 are replaced with periodic boundaries.

In order to connect the domain solved with DGFETD with itself, a non-reciprocal

auxiliary transmission matrix is defined in block diagonal form as follows:
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je
b= [e"?"’l ’ 0 I] (3:24)
This is the matrix to be connected to the sub-domain which is solved. ¢ is the phase
difference for the periodic boundary condition. The identity matrices are MgNp by
MgNp. The matrix P just transfers its first M¢Np ports to the last MgNp ports with a
phase shift ¢ and its last MgNp ports to the first MgNp ports with a phase shift —¢.
Thus, connecting P’s first MgN, ports to the left fluxes of the computational domain
(which are also MgNp in numbers) and connecting P’s last N/2 ports to the right
fluxes of the domain realizes the periodic boundary conditions. By varying ¢, one

can create different scan conditions with an extremely fast post processing step.

The results obtained for 0° and 120° phase difference between periodic boundaries
are given in Figure 3.13. The results include the active reflection coefficient of an
array element when it is in an infinite array environment. Again, the results are in

perfect agreement with HFSS.

-10 1

Amplitude [dB]

-15 1

e ACtIVE S11 DGFEM-DCM 0° phase shift

O  active 8§, HFSS 0° phase shift

e 3 CtiVE S1 1 DGFEM-DCM 120° phase shift
o active S11 HFSS 120° phase shift

-20

-25

2 4 6 8 10 12 14
Frequency [GHZ]

Figure 3.13. Comparison of the periodic boundary results obtained with the proposed
method to the HFSS results.
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CHAPTER 4

DOMAIN DECOMPOSITION IN 3D VECTOR HYBRID IP-DGFEM

The implementations up to this point were based on time domain solutions of small
computational domains. However, for the final domain decomposition algorithm, it
appeared best to move to a frequency domain solver due to various reasons which
will be mentioned in the next section. The principal concepts and results of this
Chapter are also submitted for publication in [77].

4.1  Problems With the Implemented DGFETD Scheme

41.1 Time Domain

The first problem with the previous algorithms is the handling of time. It is shown in
Chapter 3 that switching to frequency domain for connecting the sub-domains is the
best option. In that case, the only advantage of time domain remains as the ultra wide

band solution in a single simulation.

Although the solution is inherently wide band in time domain, the time iterations are
repeated for every external flux term. It is expected that there will be hundreds of
flux terms when 3D problems are handled and each iteration will take a longer time
due to the problem getting larger. Still, this problem does not scale with the array
size getting larger because array size does not affect the sub-domain solution.

In short, although a time domain sub-domain solution is still viable due to non-
scaling nature of the sub-domain solution, it appears a frequency domain solver will

consume less time when a solution is desired for a single frequency.
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4.1.2 2-Fields

2-field implementations are the preferred approach for solving EM problems in time
domain. However, this creates double the number of fluxes when the sub-domain
boundaries are considered. Since the number of boundary fluxes greatly affect the
scaling of the problem, a single field implementation is more desirable when

considering time and memory.

4.1.3 Increased Degree of Freedom

A fully discontinuous Galerkin scheme has the disadvantage of increased degree of
freedom when compared to a continuous Galerkin scheme, because when the finite
element space is continuous, basis functions spanning the finite element space are

forced to be combined with each other to enforce continuity.

To enforce tangential continuity, each basis function in a tessellation element should
have a matching basis function at the neighboring element, whether it’s a face
neighbor or an edge neighbor as described in Section 2.3.1. These bases should have
the same tangential components on the shared edges and/or faces and they should be
represented in the solution with a single common coefficient. This greatly decreases
the degree of freedom for many common types of basis functions. A sample
illustration is seen in Figure 4.1 where 2 triangular elements are sharing an edge, and
each has a vector basis function matching the other one’s tangential fields. These 2
basis functions will act as one while solving a CG problem, both for the field
expansions and for testing. This reduction of test functions is implemented while
combining the equations coming from different neighboring elements as described
in [12] and Section 2.3.1.
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X

Figure 4.1. Vector basis functions for triangular elements showing tangential
continuity at the shared edge.

Since the proposed algorithm exploits the discontinuity of the DGFEM, decreasing
the degree of freedom at the sub-domain boundaries is not possible by reverting to
CGFEM. However, as it will be seen in the next sections, it is possible to have a CG
formulation inside sub-domains, whereas a DG formulation at the sub-domain

boundaries.

41.4 Tessellation

Up to now, a rectangular tessellation of the model geometry has been used for ease
of implementation. However, a rectangular tessellation is rarely optimal for arbitrary
geometries even if sub-gridding techniques are used. In order to have a tessellation
more suitable to a much wider class of geometries, triangular elements in 2D cases
and tetrahedral elements in 3D cases are much better. Almost all of the commercial
FEM solver software for EM also uses tetrahedral elements. Ansys HFSS and

Simulia CST Studio Suite are prime examples.
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415 Basis Functions

For previous implementations, independent polynomial basis functions are used for
each of the field’s Cartesian components. Although this works for DGFETD, it is
not optimal in terms of total degrees of freedom. Completely independent field
components do not reflect the physics of Maxwell equations as the field components
never behave independently. This creates redundant degrees of freedom without
increasing accuracy. Additionally, for CG cases, having such independent basis
functions for each Cartesian component creates spurious responses in the solutions,
which is never a good thing. DGFETD handles this phenomenon thanks to the
upwind flux [18].

The increased degrees of freedom also cause increased number of fluxes at the sub-
domain interfaces as it was the case with 2 field formulation and DG formulation.
To get rid of these sub-optimal conditions, A switch to vector basis functions for the

final implementation is made.

4.2 A Hybrid CG/DG FEM scheme

If a summary of what will be done to improve the algorithm is made:

- Switching to frequency domain

- Switching to single field formulation

- CG/DG Hybridization to minimize boundary fluxes.
- Switching to tetrahedral elements

- Switching to vector basis functions

What will be done for switching to frequency domain and single field formulation is
described in Section 2.4. A switch to a curl-curl formulation of time harmonic
Maxwell equations is made. The first focus is the tetrahedral elements and vector

basis functions.
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The hybridization of DG schemes to reduce the number of globally coupled
unknowns is a popular field mostly pioneered by Cockburn et al. in many different
disciplines with the naming of hybridizable discontinuous Galerkin (HDG) methods
[45]-[52]. The work in [51] is about hybridization of the Maxwell system. He and
his team have a great amount of follow-up work on these foundations, getting many
citations from researchers around the world. The main principle behind hybridization
is solving each tessellation element separately in terms of some new variables
defined on the faces of the elements and obtain the globally coupled system in terms
of these new variables. Based on the number of new variables, one can get a much

smaller and sparser equation system.
In this work, a similar path is followed with some main differences:

- No element level hybridization is performed.
- No auxiliary variables defined.
- Flux terms are defined on sub-domain boundaries only instead of every

element.

This way, it is aimed to keep the number of fluxes between sub-domains low by
exploiting the continuity between the elements of the same sub-domain even when

they are touching the sub-domain boundary.

First, the foundations for the method like the new finite element space will be
established and then the method will be formally defined in the following sub-

sections.

4.2.1 Vector Basis Functions for Tetrahedral Elements

Although all the formulation in this work represents the basis functions as vectors, a
true vector basis function (VBF) means a sub-domain vector valued function whose
direction is changing with position. The most popular choice for VBFs, if one
considers Maxwell’s equations, is Nédélec basis functions described in [13], [38].
They are also called Whitney functions as it appeared much later, Whitney had
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proposed such functions for other purposes than FEM for more than 60 years ago
[39]. Edge elements is another name for them. According to [12], these functions
revolutionized the field of computational electromagnetics as they offer a cure for
almost all the problems which plagued EM field computations for years, including
the infamous spurious modes. They are studied extensively after their proposal by
Nédelec and their use in FEM is well established [12], [14], [40]. Another form of
VBFs is proposed in [41] for use in integral equation solvers for the first time, at
around the same times as Nédélec’s proposal. These functions are the famous Rao-
Wilton-Glisson (RWG) basis functions.

4.2.1.1  Curl Conforming Function Spaces

One of the most important properties of the edge elements is their curl conforming
nature; meaning the curl of the functions in a CG finite element space is square
integrable even at the element interfaces, without enforcing normal continuity. This
is very important in the sense that Maxwell system does not enforce normal
continuity, but the curl of the field is as important as the field itself. This is due to
the symmetric nature of the Maxwell system when E and H fields are considered,
and curl of the field should be properly represented by well behaving functions.
Therefore, curl conforming basis functions are said to approximate the physical

fields optimally for a given total number of basis functions per element.

The general curl conforming function space over the tessellated computational

domain 2 is defined as [21]:
H(curl; 27) = {u € [L2(2p)PIV x u € [L2(27)]°} (4.1)

Although (4.1) represents a very large function space, the VBFs can still be
constructed using polynomials as it is originally proposed by Nedélec [13]. He even
proposes the high order versions of the standard edge elements. Even a hierarchal
high order construction is possible for hp-adaptivity [42]. The curl conforming

polynomial space in a tetrahedral element Q2 is defined as [21]:
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Qp _ {u c [Pp(_QK)]3: uTlsi = [Pp(Si)]z,u . l]-|ej (S Pp(e])} (42)

Here, P,({2) is the space of polynomials of degree at most p = 1 on the element
Ni € T. ur is the tangential part of u. s; are the different tetrahedral faces, i =
1,2,3,4. I; are the directed tangential vectors along the edges e;, j = 1,2,3,4,5, 6.
This basically dictates the tangential fields of the functions to be expressed as
polynomials on their respective faces and edges, bringing a constraint on the @, such

that:

Q, < [P,20]’ 0, # [R,(20)] (4.3)

Assuming a polynomial representation for the basis functions, the curl conforming

CG finite element space of (2.23) becomes:
Vi, ={v:vls€Q,VSeT (Vxv) e [L*(K)]} (4.4)
The DG version of this space is then:

Vhe={v:vls€Q,VvSeT} (4.5)

4.2.2 LT/QN Basis Functions

The original 6 edge elements defined on tetrahedra are mixed order basis functions
with constant tangential components and linearly varying normal components on
their respective edges [43]. They are named as CT/LN standing for “constant
tangential / linear normal”. The next order is linear tangential and quadratic normal
(LT/QN). This gives a total of 20 basis functions for a tetrahedron, 2 for each edge
and 2 for each face [43]. One can also have quadratic tangential and cubic normal
(QT/CuN) with 45 basis functions for a tetrahedron. At the moment, considering
various commercial solvers, LT/QN basis functions appears to be the industry
standard when no hp-adaptivity is used. For hp-adaptivity, CT/LN and QT/CuN also

comes into play. Throughout the rest of this work, LT/QN basis functions will be
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used which are considered a high order VBF set. The selection of high order VBFs
is due to increased computational efficiency provided by them [43]. The results can
be extended to other degrees of functions even to mixed order hp-adaptive schemes.
This is out of the scope of this work though.

For a tetrahedral tessellation, each tetrahedron is different from the rest when their
size and general shape are considered. Still, any tetrahedron can be mapped to
another tetrahedron through an affine map [18]. When constructing basis functions

for each tetrahedron, this affine map will be used on a master tetrahedron.

4.2.2.1  Barycentric Coordinates for Tetrahedra

Assume the coordinate vectors for a tetrahedron’s vertices are 14,7,73,74. It can
be shown that each point’s coordinate vector in that tetrahedron can be expressed as
[18]:

r= 111”1 + 121”2 + 131'3 + 141'4_, Al + AZ + A3 + A4 = 1: ln € R+ (46)

The vector A = [, A,, A5, A,]7 is the barycentric coordinates of the point r. The
mapping from r to A is bijective. It can be said that for different tetrahedra, points
with the same barycentric coordinates are mapped to each other and this defines the

affine mapping between tetrahedra.

If the basis functions can be defined in terms of barycentric coordinates instead of
the regular Cartesian coordinates, while still being curl conforming, it will be
straightforward to define the functions in arbitrary tetrahedra. Luckily, this is the

case as presented by [43].

4.2.2.2  Vector Basis Functions in Terms of Barycentric Coordinates

The LT/QN VBFs are defined as [43]:
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The first 2 basis types are associated with an edge. i and j are the node indexes from
1 to 6 of the associated edge. The last 2 basis types are associated with a face with i,
j and k being the node indexes of the associated face. There are a total of 6 basis
functions for first type, 6 for second, 4 for third and 4 for the fourth totaling to 20
basis functions. Edge functions have non-zero tangential components on their
associated edge only and 0 tangential component on the other edges. Face functions
have non-zero tangential components on their associated face only and 0 tangential

component on the other faces.

To have a consistent ordering and naming convention for the edges and faces from
tetrahedron to tetrahedron, the conventions defined in [43] are adopted as illustrated

in Figure 4.2.

r2

Figure 4.2. Naming convention for the edges and faces. f1 is the face with vertices
rl, r2, and r3.

The main computational and mathematical effort related to the basis functions

involves the computation of the associated integrals primarily defined by (2.68) and
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(2.69). These integrals can be calculated using Gauss quadrature which is exact for
a given order of polynomial functions [44]. However, for LT/QN functions,
analytical integral expressions are available in [43] which can be used directly.
Although constitutive tensors are missing in these expressions, it is a very trivial task

to insert them into the expressions.

There are also similar integrals defined for faces, exclusive for the DG case as given
by (2.74). Although these integrals can potentially be evaluated analytically too, a 6-
point Gauss quadrature integration is performed for them, again due to the quadrature
integration being exact. 6-point Gauss quadrature for triangles gives exact results for
polynomial expressions up to order 4 [44]. Since there are quadratic expressions in
the basis functions and the integrands involve dot products of them and their

derivatives, it is obvious that the integrands will be polynomials of order < 4.

4.2.3 CG/DG Hybrid Finite Element Space

Now that the basis functions are established, a hybrid finite element space spanned

by these basis functions can be defined.

Assume the tessellated computational domain is divided into M, simply connected,
non-overlapping sub-domains. Each sub-domain is composed of a plurality of

tetrahedra. The following p'" order semi-broken finite element space can be defined:

M
v = iv € U H(curl; 2y) :v|x €Qp, VK ET (4.12)

m=1

This space enforces a curl-conforming expression inside each sub-domain, whereas
there is no tangential continuity requirement at the inter sub-domain boundaries.
Since LT/QN basis functions are used, the solutions obtained in this work will be

residing in V%.
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424 Hybridized FEM Equation

Since it is assumed that the solution will reside in V%, the IP-DGFEM equation (2.74)
can be modified by dropping the surface integrals at the element faces inside the sub-
domains but keeping the integrals at the sub-domain boundaries. It is also possible
to divide each of the face integrals at LHS into 4 as each integrand has a summation
of 2 field components in various forms, dot multiplied with a summation of 2 test
functions in various forms. As a final modification, the boundary integrals at RHS

are replaced with the boundary integrals from the CG case given by (2.65).

After rearranging so that the integrals involving the external fields to sub-domains
remain at RHS, the final form of the hybridized equation looks like the following:

M
; ﬂfr(u—lvxE).(vxnpgl)dV_wz jeE'll)fndV—

o

1 S 1
> f (nxEg ) - p~1(VXxyph)dV — > f (LW VXE, ) (nXxyh)dA+
00," an,”

ar j (nxE,. ) (nxyh)dA| - z J(IflV X E) - (nxyp)dS (4.12)

00, r=1fr

M

1 -

|3 | @x B EE gy +
r=1 a_()r*

1
- ] Hox™ 'V X EL - (X Yl dA + ar f (n X EL,) - (n x $T,)dA

2 * *

00, 00y
Here, (2, is the r" sub-domain, 8.2," is the sub-domain boundaries with other sub-
domains excluding the fixed boundaries, E,_are the fields expanded using the basis
functions from 1,., E%, are the fields at the sub-domain boundaries of (2,. expanded
using the basis functions from the other sub-domains, w7, is the m™ basis function

of sub-domain .., F}, is the fixed boundaries of the sub-domain 0,. (4.12) shows
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that the internal fields of a sub-domain can be calculated if the external flux
components at the RHS are known, because the external flux terms are the only

things which couples the sub-domains with each other.
4.3  Hybrid Domain Decomposition

43.1 Flux Transfer Matrix

Assume the fluxes input to £2,. from all the other sub-domains are gathered in a vector
f%.. This vector contains the coefficients of the external basis functions interacting
with £2,.. Also assume that the coefficients of all the basis functions in £2,. are gathered

in a vector e,.. Using (4.12), a transfer matrix relating these 2 vectors can be obtained:
e, =Tf" (4.13)

T" is called a flux transfer matrix because it transfers incoming external fluxes to
sub-domain basis function coefficients. Obtaining T" is straightforward after
preparing a proper RHS for (4.12). For each dimension of f*., a unit input vector is

created, and all of these inputs are expressed in matrix form as:

1 -
Ving = -5 ] (n x Il)zx’r) cu” (VX yr)adv +
20,"
(4.14)

1 -
3 j (Be™) "V XY (n X Ph)dA + ay j (n X Y™ - (n X Ph)dA

20," 20,"

Each vector constituting y", is called a unit input because the coefficient of the

ex,r
q

ex,r

2T is the g

associated external basis function, ¥, is taken as equal to 1. ¥

ex,r

external basis function interacting with the sub-domain £2,.. pg™ is the permeability

ex,r

of the external element to (2, associated with the basis ¥,

The exact form of the equations that a solution is sought for with the RHS as y" is

given by:
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20," 20,"
a,,? are the basis function coefficients of the domain £2,. for the g™ external unit flux
excitation which, a solution is sought for. It is assumed that any external excitation
is turned off when solving (4.15). N, is the total number of unknown basis
coefficients inside sub-domain 2,.. (4.15) is the fully discrete form of the equation
whose solution gives Tg, the " vector of T™. Such solutions are usually obtained
using multifrontal solvers as previously mentioned. Since the LHS of (4.15) does not
change for different g indices, LU decomposition of the LHS can be performed once
and can be used for all the different RHS solutions to fill T" completely.
Additionally, assume that T™ is augmented from right side with the solution of (4.15)
such that RHS of (4.15) is set as zero but the internal excitations are turned on one

by one as different RHS’s using the boundary integral in (4.15).

T, may be a large matrix depending on the total size of the sub-domain £,.. Its size
is N, X (Q, + B.), where @, is the total number of external flux terms input to (2,

and B. is the total number of independent modal excitations in domain (2.
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4.3.2 Domain Decomposition via Flux Transfer Matrices

If the flux transfer matrices are obtained for each of the sub-domains, it is possible
to obtain a domain decomposition scheme based on these matrices as it will be shown
in the following sections.

Before getting into details of how to perform the domain decomposition, it is best to
first optimize the flux transfer matrices for an efficient computation in the following

sections.

4321 Reduced Flux Transfer Matrices

T™ stores all the field information for the sub-domain £,.. However, all the field
information inside sub-domains is rarely needed for EM simulations. The designers
and analyzers are most of the time interested in the S-parameters and/or far field
radiation characteristics of structures, especially when antenna arrays are considered.
To that end, it is possible to reduce T" by getting rid of unnecessary field

components.

To begin with, the coefficients of the basis functions at the input ports inside the sub-
domains can be reduced to a single coefficient for each modal excitation. The extra
degrees of freedom are redundant due to the already solved modal representation at
the waveports. One is just interested in the scattered mode coefficients and the basis
coefficients are no longer independent due to the modal expansion. To take
advantage of this, the redundant data can be dropped. This can be done by just
projecting the total field at the associated port elements to the eigenvector obtained
from the port solver. Also, it is best to replace the total field coefficient of the port
with the scattered field coefficient obtained by just subtracting the incident field from
the total field.

The next step is completely dropping the fields inside the computational domain

which are not located on the radiation surfaces as they are most of the time useless.
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The final step is optional. It is possible to drop the radiation surface fields if the only
aim is to perform a network analysis on the structure and there is no interest for the

radiated fields. If radiated fields are of interest, these components will be kept.

To perform all these reductions, first it will be assumed that T" is partitioned as

follows:

r+ TEp

TT = [ ;‘F+ T;'P
| Tre+  Tre |

l T;F+ ;P

(4.16)

The sub index of each partition signifies the observation location and the excitation
location. The first letter is the observation, and second letter is source. F stands for
flux bases, | stands for internal bases, R stands for radiation surfaces and P stands
for ports. The superscripts + and — signify outward and inward fluxes respectively.
Obviously, the observed fluxes in £2,. are outward and the input one is inward. This
partitioning can be easily forced by properly ordering all the basis functions of 0,

and all the RHS’s to solve for while obtaining T".

To reduce the ports partitions, the associated partitions are projected to the port
eigenvectors after Tpp partition is transformed to scattered fields by subtracting the

incident port fields from them:
p=Vp'[Tppr Tpp—Vp] (4.17)

Here, V" is the matrix containing orthonormal port eigenvectors which are used for
excitation. For single port, single mode sub-domains, its second dimension has size
of 1. The operator (.) is the complex transpose. If unnormalized excitations are
performed, required normalizations on (4.17) should be performed to make the

subtraction and projections valid.
Dropping the inside fields is easy as the terms T} .+ and T7p are just dropped out.

The reduced flux transfer matrix becomes:
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T T
FF* Tp-p
TV =| Tkgr RP (4.18)
VPHT;F+ Ve (Thp — Vp)

As mentioned previously, Tgr and Tgp are optional and can be dropped if needed.

4.3.2.2  Reordering of Flux Terms

Assume 2 sub-domains are required to be connected with each other. To facilitate
the connection, the rows and columns of T for each of the sub-domains should be

properly ordered in a dependent form.

One important point is, when a sub-domain is connected with another one, it can still
have unconnected flux inputs and outputs because in a DDM scheme, one sub-
domain can be connected to multiple sub-domains. In fact, this is almost always the
case for large scale DDM techniques composed of a large number of sub-domains.
Building on this, the first step is to separate the flux terms which will be connected,
and which will not. Moving on further with (4.18), the new partitioning is:

T TT T
FZFf FZF} F¢P
TT_ + TT'_ + r_
FLF FLF FpP
T/ __ ntc nfn
T r r r (4.19)
RF¥ RF3} RP

Vp'Tops Vp'Thps Vo' (Thp — V)
The subscripts ¢ and n signify connected and not connected fluxes, respectively.

The final step is to size match the 2 sub-domain matrices, namely, TV and T?'.
Without loss of generality, assume that 2, has more outward fluxes than inward
fluxes if only the connected fluxes are considered. This also means 2, has fewer
outward fluxes than inward fluxes as by definition, the number of inward connected
fluxes of 2, equals the number of outward connected fluxes of 2,. The transfer

matrix of 2, is modified as:
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- 1 1 1 1
Tp-pr  Zi;n Tpopy Trzp
1 1 1 1
Teirr  Zrsn Trppg Trzp
1 1 1 1
TRF;_-F ZRA TRF+ TRP

_VPHTIIJF;r Zps VPHTIIJF; Ve (Thp — V)]

T = (4.20)

The Z matrices are plain zero matrices. They have a dimensionality of A for the
second dimension which is the difference of connected flux values of 2, and ,.
The rest of the indices indicate the dimensionality of the first dimension. They

basically match the entries next to them to make the partitioning of (4.20) possible.

The transfer matrix of {2, is modified as:

T%;sz TIZ’EFI Ttzp
Zry Zyry Z3r;
T?" = T%‘;F;f TIZ?,;F; TIZ‘T.P (4.21)
Trrs Tary Tke
_VPHTI%F; VPHTI%F;; Vp (T3p — Vp),

Same things are valid for Z matrices here too, with the only difference being the
interchange of dimensions. When the top left 1 x 2 partitions of T and top left
2x 1 partitions of T?" are considered, they both are square matrices with the same

dimensionality.

This concludes the modification of flux terms.

43.2.3 Domain Connections

When the connected parts of T and T?" are considered, they are square matrices
relating some outputs to an equal number of inputs. They are complete analogues of
microwave scattering matrices (S-matrix) which do exactly the same. To connect the
sub-domains, the same principles of connecting microwave networks can be used.
The technique in [53] can be used to connect two different sub-domains. Although

T™' are not square like S matrices when radiation fields are also included, the same
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technique still works. They can be made square anyway if one desires, by zero

padding inside the matrices.

The matrices are partitioned as follows:

[ [TIITEFEL ZIl’EA] [T;;F; T}";P]
T — Tzlr,—le ZII?,;A [ Tzlr,;F,t Tllf,—,P B lT}, T};l 4.22)
TlleF;” lem Tllep;; TllzP T% Tzl) '
i VPHTllvF;f Zp, _VPHT}:F; Ve (The — V)]
TIZ?;F;f _T??;F,t T%‘;P
Zipg | Zipg Zﬁpc— 72 T2
" 2 2
T? [ TF,;F;r ] [ TF;F; T%‘;P ] = T;l TZBl (4-23)
2 2 ¢ b
Tgrt Trry Tip
| VPHTIZJF;_!' VPHTf:p;; Ve (T3p — Vo)l
Following [53], the final matrix can be obtained using:
T2 — lTE Tgl
T¢ Tp
T2 = TAT2(1 — T3T2) TS + T
-1 4.24
T8 = TIT(1 - TAT3) 'T4T + T3 429
-1
12 = T2(1 - T473) '}
-1
T8 = T3(1 — TAT3) 'T4T + T3

The final connected matrix T can then be connected with other sub-domains to

continue expanding to the whole computational domain.

4.3.24  Special Case of Phased Arrays

For phased arrays, there is a single sub-domain for the antenna elements, and as per

(4.22)-(4.24), its indexes should be switched accordingly depending on the
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connecting faces at each connection iteration. For that, a base form for the sub-

domain transfer matrix is formed:

- z z z z z
1 1 1 1 1
Tesrt Tezrs Trsrs Trsr Trze
z z z z z
1 1 1 1 1
Trrrt Trrrt T rs Teip; Tr:p
z z z z z
1 1 1 1 1
_ TF;F{ TF;F; TF;F; TFZFI TF;P
7= z z z z ;|42
F3Ff F3F3 F3F% F3F} F3P
z z z z z
1 1 1 1 1
Trsrt Trsr Trors Teorp; Trzp
Hpl Hpl Hopl Hpl H(p1l _
Ve TPF{ Ve TPF§r Ve TPF; Ve TPFI Vp (TPP VP)

Here, the superscripts Z signify the correct zero padding of (4.22) and (4.23)

embedded inside the associated matrix blocks. T}I Fp @S an example, represents the

flux transfer matrix relating the inward fluxes at face 3 to outward fluxes at face 4.
The 5" face is the field observation face, although it may not be a true face.
Nonetheless, these fluxes can be grouped into a virtual 5" face. It is assumed that the
1% face is connected to the 2nd face and the 3' face is connected to the 4th face. By
this assumption, the inward fluxes at face 1 are always the outward fluxes of face 2
and vice versa. The same can be said about faces 3 and 4. Given this assumption, the
ordering in (4.25) makes it easy to switch the indices of " according to the faces to

be connected each time.

4.4  Hybrid Domain Decomposition for Phased Arrays

The DDM proposed in Section 4.3 is general in the sense that it is applicable to any
EM problem. However, the technique’s real impact comes from its application in

periodic structures.
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44.1 DDM Strategy for Phased Arrays

FEM DDM’s suitability for phased arrays mainly comes from the very small number
of unique sub-domains present in the geometry due to the same geometry keeping
repeating itself [54],[55]. Also, all the sub-domains are very small compared to the

whole problem. Extreme memory savings are reported in [54] thanks to this fact.

4411 Domain Partitioning for Phased Arrays

The domain partitioning in Figure 4.3 is proposed for phased arrays. Although there
appears to be 5 types of sub-domains in Figure 4.3, there are in fact more of them
due to the same type of sub-domain being connected to different sets of other sub-
domains. In (4.15), it is seen that the flux transfer matrix of a sub-domain is affected
by the material permeabilities of the neighboring sub-domains situated at the RHS.
For simplicity, it is assumed that only non-magnetic materials are present in the

antenna sub-domains. However, it is straightforward to extend the sub-domain set to

include the magnetic antenna structures.

Figure 4.3. Domain partitioning for phased arrays. A and V stand for antenna element
and vacuum, respectively. PY, PZ, PYZ stand for PML-Y, PML-Z and PML-YZ,
respectively.
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44.1.2  Sub-domain Descriptions

The material composition of the different sub-domains are as follows:

Antenna Element: Ground plane at the bottom, with potential feed / waveguide
structure under the ground plane, with various dielectric materials on top of the
ground plane and with vacuum on top part at the radiation surface, terminated by
PML-X.

Vacuum Element: Completely vacuum from the bottom ground plane to the top

radiation surface terminated by PML-X.

PML-Y Element: Completely PML-Y material from the ground plane to the

radiation surface, terminated by PML-XY material on top.

PML-Z Element: Completely PML-Z material from the ground plane to the radiation

surface, terminated by PML-XZ material on top.

PML-YZ Element: Completely PML-YZ material from the ground plane to the

radiation surface, terminated by PML-XYZ material on top.
An illustration of the sub-domain descriptions can be found in Figure 4.4.

The sub-domains located et at the edges are terminated using PEC boundary
conditions. These PEC boundaries are implemented weakly through the use of
fluxes, by setting the external flux terms to 0. In that case, the assumed external
material properties at the PEC side do not matter.

Considering all the different PML objects having different material properties and
considering all of them being magnetic materials, there appears to be a total of 16
distinct sub-domain types when external fluxes are also considered. All the types

together with their bounding sub-domains are found in Table 4.1.
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PML-Y PML-Z PML-YZ
Diel. PML-Y PML-Z PML-YZ
&
s
(a) (b) (©) (d) (e)

Figure 4.4. Vertical stack-ups of array sub-domain types: (a) Antenna element, (b)
vacuum element, (c) PML-Y element, (d) PML-Z element, () PML-YZ element.

Table 4.1 Different sub-domain types with their connected sub-domain material

properties

Index | Sub Domain Name North South East West
1 |Antenna Vac./Ant. | Vac./Ant. | Vac./Ant. | Vac./Ant.
2 | Vacuum top left PML-Z Vac. Vac. PML-Y
3 | Vacuum top PML-Z Ant. Vac. Vac.
4 | Vacuum top right PML-Z Vac. PML-Y Vac.
5 |Vacuum right Vac. Vac. PML-Y Ant.
6 | Vacuum bottom right Vac. PML-Z | PML-Y Vac.
7 | Vacuum bottom Ant. PML-Z Vac. Vac.
8 | Vacuum bottom left Vac. PML-Z Vac. PML-Y
9 | Vacuum left Vac. Vac. Ant. PML-Y
10 |PML-YZ corner PML-Y PML-Y PML-Z | PML-Z
11 |PML-Y below corner | PML-YZ | PML-Y Vac. Vac.
12 |PML-Y left-right PML-Y | PML-Y Vac. Vac.
13 |PML-Y above corner PML-Y | PML-YZ Vac. Vac.
14 |PML-Z right of corner Vac. Vac. PML-Z | PML-YZ
15 |PML-Z top-bottom Vac. Vac. PML-Z | PML-Z
16 |PML-Z left of corner Vac. Vac. PML-YZ | PML-Z
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The partitioning of Figure 4.3 can be refined using the indexes from Table 4.1 to get

the detailed partitioning in Figure 4.5.

Figure 4.5. Detailed partitioning of the phased array model using the indexes from
Table 4.1.

4413 Connection Order for Sub-Domains

The best strategy while connecting the sub domains appears to be starting from either
top or bottom of the geometry in Figure 4.5 and add sub-domains 1-by-1 and going
up or down row by row. This technique minimizes the connection front of the
geometry to minimize the storage requirements for the global domain as it grows.
The minimization is due to the storage of only relevant fields and the fluxes to be
connected. Having a minimum number of open fluxes which are going to be
connected is better as it can be seen in Figure 4.6. In (a), the connection strategy is
not row-by-row, and it has 16 open sub-domain boundaries which will be connected.
In (b), a row-by-row connection is being made and it has 10 open sub-domain
boundaries with a clear efficiency advantage.
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(@) (b)

Figure 4.6. Two different connection strategies showing the connection front with
yellow line. (b) has a smaller connection front.

45  Computational Scaling of Hybrid Domain Decomposition

For computational scaling, a 3-parameter analysis is performed. The first parameter
is N and it stands for the size of a single dimension of a single flux matrix used in
DDM. The second parameter is M, and it stands for the size of the array giving the
number of elements. The third and final parameter is F, and it stands for the number

of observed field components required per sub-domain.

45.1 Memory Scaling

During the domain connection procedure, the flux matrix related to the connection
front as given in Figure 4.6-b is considered together with the required field
information and port information stored for all the sub-domains. The connection
front size is O(NVM + M). This gives one dimension of the global flux matrix.
When the other dimension of the global flux matrix is considered together with the

field observation points, it is O(NvVM + M + MF). Considering both dimensions,
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the total storage requirement is O(N?M + M? + NM*> + NM*SF + M?F). One
can say that for extremely large problems with M — oo, the ports dominate, and
storage scaling becomes O(M? + M?F). However, since there are generally 1 or 2
ports per element, the scaling due to ports is relatively slow when the number of

elements increases.

Additionally, having no observation fluxes makes F = 0. In that case for very large
arrays, the memory scaling becomes O(M?). For many practical problems though,
N2M > M? is very probable. Assuming a single port per sub-domain solution, for
M = 10000, M? = 108 and assuming a connection front of 300 fluxes per sub-
domain, one gets N2M = 9 x 108, clearly showing the domination of the flux terms
instead of ports even for a problem with 10000 antenna elements. For the term
NM'>, one gets NM'> =3 x 108. It is thus clear that for almost all practical

solutions, the memory scaling would be O (N2M) when there is no field observation.

For field observation cases, the storage scaling is O (M?F) if one cannot find a way
to have a low value for F as, M2F >» M? is a very expected relation. The methods
for lowering the field storage memory requirements will be discussed in the next
chapter.

45.2 Time Scaling

Connecting all sub-domains require O(M) connection processes. When the

connection of a single-sub-domain to the global matrix is considered, the operation
is dominated by a matrix-matrix multiplication of a size O(N\/M+ M+ MF) X
O(N) matrix with a size O(N) x O(N) matrix as stated by (4.22)-(4.24). This
requires O(N\/M + M + MF)O(N)O(N) multiply and accumulate operations. This
results in a time scaling of O(N3vVM + N2M + MFN?). Since this kind of operation
is done O (M) times, the total time scaling is O(N3M*> + N2M? + N2M?F). As per
the reasoning of the previous sub-section, one can say that the scaling is O(N3 M%)

for small to medium sized problems but O (N2M?F) for large problems. If no field
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observation is required, the scaling is O (N3M*-5) even for practical large problems.

However, it is O(N2M?) for extremely large problems.

4.6 Implementation

Implementation is composed of mesh, flux, source, boundary, radiation / PML and

solver parts. All of them are explained in the following sub-sections.

4.6.1 Mesh

A conformal, tetrahedral mesh structure is used for the entire computational domain.
This means each internal triangular face is shared entirely by 2 tetrahedra and there
is no hanging node in any triangular face of the tetrahedra. To construct such a mesh
with sub-domains, a periodic mesh structure should be used with the same mesh in
each sub-domain. Also, the sub-domain mesh’s opposing faces should have the same
triangular faces on them. Such a mesh is generated to solve unit cells with periodic
boundary conditions in commercial FEM solvers like Ansys HFSS. In fact, it is
possible to use the mesh data in HFSS 2019 R3 as it is output as an ASCI| file which
is easy to interpret.

4.6.1.1  Adaptive Meshing

In HFSS and many other commercial solvers, one can also do adaptive meshing to
guarantee the convergence of the numerical solution to the physical solution. The
adaptation process involves repeated solutions of the same problem with a more
refined mesh at each successive step. The mesh is refined at each step based on the
error estimates of the solution. Detailed explanations on mesh refinement can be
found in [44].

For this work, the mesh adaptation is performed with HFSS on a periodic unit cell

as it best fits large phased array environment and also it produces a matched mesh at
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the opposing boundary faces. Matching mesh at the opposing boundaries is critical
for straightforward handling of the domain decomposition algorithm and working
with non-matching meshes at connected boundaries has no apparent advantages
when phased array problems are considered.

Adaptive meshing in HFSS is performed by controlling the variation of the S-
parameters and adaptation stops when it is decided that the parameters have
converged. The convergence decision is given by checking the parameter delta-S

expressed as:
AS, = ISn — Sn-ll (4.26)

The adaptation process usually stops when AS,, < AS,,.4x at least 1 time. This way,
it is possible to start with a very coarse mesh and refine only the relevant parts using
a proper adaptation algorithm. This is a crucial technique for the efficiency of the
proposed method because mesh refinement is most needed at locations including the
fine geometrical details and these details are almost always not at the edges of the
unit-cell domain. This way, one can have a converged solution with a very coarse
mesh at the sub-domain outer faces. Having a coarse mesh at the sub-domain
boundaries reduces the size of the flux transfer matrices and increases both time and
memory efficiency of the method. A sample, adaptively converged geometry of a
unit-cell can be seen in Figure 4.7 with some parts of the mesh showing. The size
difference of the mesh elements inside the domain and at the boundaries is evident.
Also, the triangles at the opposing domain boundaries are completely matched as

shown.
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Figure 4.7. A sample, adapted unit-cell mesh.
4.6.1.2  Boundary Matching

In order for the domain decomposition to work, the north side of a sub-domain
should be compatible with its south side, the east side of it should be compatible with
its west side. Compatibility means the total matching of the triangles when the sides
are put on top of each other. If the sides perpendicular to the z axis are considered,

the node coordinates at each side become mathematically:

Lp _ .2p 1Lp _ ..2p 1Lp _ ..2p 1, 2,
7 " =1 n," =r"+Az r P o roP (4.27)

The indexing is done such that 7, means the x-coordinate of p™" node of face 1.
There is a 1-to-1 mapping between the nodes at each side with p™ nodes of both sides
mapped to each other. This matching enforces all triangle pairs to match each other,
also enforcing the associated basis functions to match their counterparts at the other
side. This provides the ability to strongly enforce boundary field matching if need
be. Also, for DG case, no spatial handling is required due to the conformal mesh

structure.
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4.6.2 Fluxes

The flux integrals are calculated using a 6-point Gauss quadrature as previously
mentioned. To use the Gauss quadrature, the function values should be known at the
quadrature points. In order to know the function values, one needs the following
according to (4.15):

- Basis function values at the quadrature points
- Curl of the basis function values at the quadrature points.
- Surface normals of the faces

- Face dependent penalty parameter ag

The expressions in [43] under the section LT/QN Elements are used to calculate the

basis function values and the values of curl of the basis functions.

Surface normals of each face is calculated using the cross product of the 2 of the
edge vectors associated with the face. The direction selection out of 2 possible
choices is made by checking the location of the 4™ node of the tetrahedron. Assuming
a tetrahedron with a naming convention as in Figure 4.2, the surface normal of the

2" face, f, is mathematically calculated as:

_ (ry—r)) X (ry—1y9)
|(ry —7r1) X (ry — Tl

n; sgn([(rz —r) X(ryg—1] (r1 - 7’3)) (4.28)

Here, sgn is the signum function. This calculation can be extended to all the other

face normals.

The face dependent penalty parameters play an important role in the IP-DG
formulation as they stabilize the solution when selected large enough [21]. However,
if selected too large, they deteriorate the matrix conditioning and cause slow
convergence performance for iterative solvers. In [21], the penalty parameter is
optimized for a given tetrahedron, its face and polynomial order of the basis
functions. Although it is assumed that the constitutive parameters are those of

vacuum in [21], the expression for the penalty parameter seems to work for dielectric
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media too with a proper modification using u,. The optimal penalty term used in this

work is given as:

(1 2 S(F) ~ S(F)
ar = U 1(E+§(p+1)(p+3) (V(KL)+V(KR)>> (4.29)

Here, hy is the diameter of face F, meaning the diameter of its circumscribed circle,
p is the polynomial order, for this work it is 2, S(F) is the surface area of F, V(K*%)

and V (KR) are the volume of the left and right tetrahedra, respectively.

4.6.3 Sources

Sources are the general microwave feeds of the antennas in the domain. Although
various sources can be implemented in FEM including externally radiated sources
like plane waves or spherical waves, the scope of this work only includes waveguide

sources due to the nature of the problem at hand.

4.6.3.1 Maxwell Eigenvalue Problem in 2D

For antenna excitation source, a transverse electric (TE) type eigensolver is
implemented. The implementation is based on (2.66) and (2.67). Assuming a 2D
closed domain with only PEC boundary conditions and enforcing them strongly by
removing the edge basis functions located on the PEC boundaries the problem

becomes:
Sa=w’Ma (4.30)

This is the discrete form of the Maxwell eigenvalue problem and is a generalized

eigenvalue problem for the eigenvalue w? and eigenvector a.

In order to solve (4.30), the triangulation of the closed 2D domain is performed. In
fact, no new triangulation is done because the tessellation of the 3D geometry is

already available. Of this tessellation, only the 2D triangulation on the port face is
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considered. Keeping the same mesh at the ports also facilitates the launching of the

calculated modes as excitations in the 3D problem.

Out of the 20 LT/QN basis functions per tetrahedron, only 8 are used per triangle
associated with the 3 edges and 1 face as the rest has no TE contribution due to the
components being normal to the face. With these 8 bases per triangle, S and M are

assembled in a CG fashion considering the PEC boundaries.

To solve the generalized eigenvalue problem, the “eig” function of MATLAB is
used. Many eigenvalues are found this way. However, most of the time, the analyzer
is only interested in the fundamental mode and maybe a few additional modes. If
these eigenvalues are sorted in ascending order, it is customary to find countless very
low frequency eigenvalues. These can be easily filtered as the analyzer usually
knows the value of the eigenvalue to a very rough order of magnitude. As an
example, if the eigenfrequency is 1 GHz, the analyzer can filter out the
eigenfrequencies below 100 kHz safely if the mesh is not of very bad quality. In
other words, there is a very sharp jump between the non-physical eigenvalues and
physical ones when the whole eigenvalue spectrum is considered. After filtering, the
smallest remaining eigenvalue and eigenvector corresponds to the fundamental

mode.

4.6.3.2 Launching the Modes in 3D

The fundamental eigenvector found in the previous sub-section and other
eigenvectors of interest can and should be used as excitations for the 3D problem.
To realize the excitations, a Silver-Muller type, 1% order radiation boundary
condition with incident field is implemented as a Neumann boundary condition on

the wave-port face. This boundary conditions are given as [9]:
NXVXE=nxVXE™+jBnxE™xn—jBnxExn (4.31)

The wavenumber expressions in the original form are replaced by the guided

wavenumber, S, to make them work in waveguide environment. Since the incident
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field is known in terms of the basis functions, (4.31) can be easily incorporated into
(2.70) in order to solve (2.66) by replacing E™¢ with the eigenvector of interest. By
is calculated using the eigenvalue associated with the port mode as according to
(4.30), this eigenvalue gives the square of the cut-off angular frequency, denote w,.

By is expressed as according to:

By = /i(wz — w?2) (4.32)

The implemented boundary condition launches the correct mode and fully absorbs

the incoming wave if its modal distribution is the same as the launched mode.

46.4 Boundaries

Aside from the wave port boundary conditions of the previous sub-section, the only
other implemented boundary conditions are PEC type ones. There are 2 various PEC
boundary implementations in the developed method. The first one enforces the PEC
boundary condition strongly by deleting all the basis functions having tangential
components at the PEC boundaries. This technique is used in the internal faces of
the sub-domains where PEC boundaries are required with the CG scheme.

The other PEC boundary is implemented weakly through the flux terms of the sub-
domain connection faces. When a sub-domain is solved in an isolated fashion, the
external flux terms are set to 0 as mentioned previously. This weakly enforces PEC
boundary conditions because there would be zero flux contribution from a virtual
PEC element outside the domain. Therefore, the sub-domains at the edges of the full
domain have weakly enforced PEC boundary conditions on their not-connected
faces.
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4.6.5 Radiation and PML

As mentioned previously, Silver-Miller type radiation boundaries are used at the
ports. This type of boundary is an exact absorbing boundary condition if there is a
single wave incident upon it with a known wave impedance as shown in [12]
However, for phased arrays, the waves incident on the radiation boundaries vary
greatly due to the ability to scan the beam, making the radiation boundary practically

useless for solving phased array problems.

A very popular approach to truncate the computational domains for numerical
techniques without natural open boundaries is using perfectly matched layers (PML).
Although the first PML proposed by Berenger in [57] for finite difference time
domain method (FDTD), it is quickly adopted for FEM too [58]-[60], as fictitious
anisotropic materials. For this work, the implementation in [59] is used together with

the included edge and corner PMLs.

For a half space planar phased array problem with the array’s boresight looking at x-
direction, the summary of the constitutive parameters of the different PML materials

depicted in Figure 4.4 are as follows:

Epm = €04, Mpuy = toA
1 1 s—Js 0 0
. 0 0
A, =|6~I9) A, =| 0 !
o 0 s—js 0o [ y (s —js)
0 0 s —Jsl 0 0 s—Js
S —Js 0 0
0 s—js 0 10 0
A, = O A (! 0 (4.33)
0 0 : 0 0 (s—js)?
(s —js)
1 0 0 (s—js)2 0 0
A, =0 (s—js)2 0f, A,= 0 1 0
0 0 1 0 0 1
s—jJs 0 0
Ay, = [ 0 s—Js 0
0 0 s—Js
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The value of the variable s is usually optimized from problem to problem to get the
best absorption performance. Although increasing s gives better absorption
characteristics in theory, it also increases discretization errors due to fields in PML
region varying more rapidly spatially [59]. In this work, a value of s = 1.5 is used
for a PML height of approximately 0.44.

46.6 Multifrontal Solver

Equation (4.15) represents a sparse linear system with many RHS vectors (generally
a few thousands). Due to the very high number of RHS vectors, a direct solver
approach is much better suited [64]. This is because a one-time LU factorization of
the FEM matrix is enough to get the solutions for all the RHS vectors with forward
and back substitution process repeatedly. On the contrary, an iterative solver should
solve the equation independently for each RHS vector, scaling the solution time
linearly with the number of RHS.

Although it is possible to solve this system on MATLAB using the function
“midivide”, this method is not very feasible because of the unoptimized sparse solver
in MATLAB. Instead, highly optimized multifrontal solvers are a much better option
[17]. PARDISO is such solver offering near two orders of magnitude performance
advantage over MATLAB which uses Intel MKL. The details about the PARDISO
solver are found in [61]-[63]. The sub-domain solutions are obtained using
PARDISO libraries coded on Fortran and compiled for usage in MATLAB.

4.7 Numerical Results

The numerical results of the proposed domain decomposition scheme include
various phased array solutions of different material, size and element geometry.
Before trying to obtain array results, it is best to verify the general hybridized scheme

with an eigenvalue problem.
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4.7.1 Test With Eigenvalue Problem

The setting for the eigenvalue problem includes a cube with length 60mm. An
arbitrary pair of opposing faces of the cube are designated as periodic boundaries
and a phase shift of 90° is applied between them. The phase shift is applied through
(4.12) by first bringing it to an implicit form considering the external flux terms at
RHS.

To get an implicit expression, each external flux of each tetrahedron at a periodic
boundary is replaced by the external flux of the opposing boundary which matches
the current tetrahedron face and basis function. While replacing, a non-reciprocal
phase shift is introduced so that the external flux of one boundary is replaced by a
phase shifted version of the matching internal flux at the opposing boundary. The
phase shifts are non-reciprocal in the sense that if a phase shift of 6 is introduced
when transferring from one boundary to the other, a phase shift of —8 is introduced
when transferring in the reverse direction. This way, one of the boundaries is leading
the other.

The meshing of the cube is seen in Figure 4.8. Also, the eigenvalues together with
the HFSS solution and theoretical values are shown in Table 4.2. As can be seen, the

error against the theoretical values is very comparable to HFSS errors.
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Figure 4.8. Mesh structure of the sample cube geometry for eigenvalue solution.

Table 4.2 Eigenvalue problem solutions. Periodicity axis is x in modal indices.

Mode Modal Hybridized Method HFSS Theoretical
Index Indices Eigenvalues Eigenvalues Eigenvalues
1 (0,0,1) 2.79325 2.79324 2.79322
2 (0,1,0) 2.79325 2.79326 2.79322
3 (0,1,1) 3.74773 3.74773 3.74750
4 (0,1,1) 3.74777 3.74780 3.74750
5 (1,0,1) 4.50502 450485 450393
6 (1,1,0) 4.50506 4.50508 4.50393
7 (0,0,2) 5.15168 5.15149 5.15045
8 (0,2,0) 5.15192 5.15176 5.15045
9 (1,1,1) 5.15222 5.15216 5.15045
10 (1,11 5.15308 5.15287 5.15045

4.7.2 Basic Sub-domain Connection

The next step for basic verifications of the method is a small-scale closed boundary

periodic problem. In that extent, a simple waveguide problem is considered with
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each waveguide opening into a large cavity. A single sub-domain is composed of a
volume of vacuum consisting of a waveguide and a cavity in front of it. The H-plane
boundaries are periodic boundaries which will be the connection points of the sub-
domains. All the other boundaries are PEC including the E-plane boundaries
touching the periodic boundaries and the boundary in front of the waveguide
opening. The geometry of the sub-domain cell is seen in Figure 4.9. The waveguide
dimensions are 30mm x 15mm, the vacuum box dimensions are 60mm x 60mm X

60mm. The solution frequency is 7.69 GHz.

Periodic

TE o Periodic

Figure 4.9. Sample closed geometry periodic structure unit cell model.

The aim is to obtain the S-parameters of the final geometry consisting of 12
waveguide domains connected to each other. The connection boundaries at the ends
of the final geometry are again terminated with PEC boundaries by setting the fluxes

to 0. The final geometry is seen in Figure 4.10.
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Figure 4.10. The geometry of the sample problem consisting of 12 waveguides
connected to a large cavity.

The cascading of the sub-domains is performed after obtaining the unit cell solutions
using external flux inputs. Additionally, the geometry in Figure 4.10 is solved as a
whole in HFSS using classical vector FEM. S parameters for the hybridized DDM
and HFSS are given in Table 4.3. A very good agreement between the results is

observed.
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Table 4.3 S-parameter matrix entries for the sample 12 waveguide problem solved using the proposed method and HFSS

1 2 3 4 5 6 7 8 9 10 11 12

MAG | PHS | MAG | PHS | MAG | PHS | MAG | PHS | MAG | PHS | MAG | PHS | MAG | PHS | MAG | PHS | MAG | PHS | MAG | PHS | MAG | PHS | MAG | PHS

STUDY | -7.21|-128| -11.7|-111| -9.03| 131| -7.24| -21| -10.7| 163 | -21.4| 146| -13.1| 11.1| -159|-118| -154| -46| -188| 65.4| -10.7| -131| -8.76| 70.3

! HFSS -7.26| -129 | -116|-111| -9.02| 130| -7.22| -21| -10.7| 163 | -21.1| 146 -13 | 10.4 -16 | -119 | -154| -46| -18.7| 64.3| -10.7 | -132| -8.76 | 69.3
STUDY | -11.7 | -111 -34|-152 | -16.3| -58 -13| 118| -243| -21| -13.2| 127| -21.2| -35| -9.33| -40| -148| -59| -126| -96| -12.8| 95.3| -10.7 | -132

2 HFSS -11.6 | -111 | -3.42| -152| -16.2| -59 -13| 117 | -247| -22| -133| 126 -213| -36| -9.31| -40| -148| -59| -126| -97| -128| 948 | -10.7 | -132
STUDY | -9.02| 131| -16.2| -58| -435|-140| -11.4| 180| -10.7| 812| -127| -31| -18.2|-135| -121| -15| -9.04| -71| -28.2| -55| -125| -96| -18.6| 65.4

3 HFSS -9.02| 130 -16.2| -59 -43|-140 | -11.4| 179| -10.7| 80.5| -128| -32| -185|-135| -121| -16| -9.08| -71| -278| -50| -125| -97 | -18.7| 63.4
STUDY | -7.24| -21| -131| 118| -114)| 179| -7.17|-137| -16.1|-143| -20.7| 16.4| -8.15| -20| -10.3| -139| -14.9 19| -9.08| -70| -148| -60| -154| -45

4 HFSS -1.22| -21 -13 | 117| -11.4| 179| -7.18 | -137 -16 | -143| -205| 16.8| -8.18| -20( -10.4|-139| -14.8| 188 91| -71| -148| -58| -154| -46
STUDY | -10.7| 163 | -243| -22| -10.7| 81.2 -16 | -143 | -4.09 | -116 | -18.6| -69| -19.6 | -123| -10.5 -2| -103| -139| -12.1| -15| -9.29| -40 -16 | -118

> HFSS -10.7 | 163 | -24.7| -22| -10.7 | 80.5 -16 | -143 | -4.09 | -116 | -18.3| -68 | -19.8|-125| -10.5| -2.8| -10.3| -139| -12.1| -15| -9.32| -40 -16 | -119
STUDY | -21.3| 146| -13.2| 127| -12.7| -31| -20.7| 16.3| -186| -69 -2 -122| -301| 154 | -19.7|-123| -8.16| -20| -183| -135 -21| -36 -13 | 11.3

° HFSS -21.1| 146 -133| 126| -128| -32| -205| 16.8| -18.3| -68 | -1.99| -122 -32 | 152 | -19.6|-126 | -8.18| -20| -18.4 | -134| -215| -35| -12.9 10
STUDY | -13.1| 11.2| -21.1| -35| -18.2|-135| -8.15| -20| -19.7| -123| -30.2| 154 -21-122| -186| -69| -20.7 16| -126| -31| -13.2| 126 | -21.3| 147

! HFSS -13| 104 | -21.3| -36| -185| -135| -8.18| -20| -19.8| -125 -32| 152 | -1.97|-122| -184| -68| -20.6| 16.4| -128| -32| -134| 126 | -21.1| 146
STUDY | -159|-118| -933| -40| -121| -15| -103|-139| -106| -2.1| -19.7| -123| -185| -69| -4.07|-116| -16.1| -142| -10.7 | 81.2| -243| -21| -10.7| 163

8 HFSS -16 | -119| -931| -40| -121| -16| -10.4|-139| -105| -28| -19.6 | -126 | -184 | -68 | -4.05| -117 -16 | -143 | -10.8| 80.1| -25.3| -21| -10.8| 163
STUDY | -154| -46| -148| -59| -9.06| -71| -149| 189| -103|-139| -8.16| -20| -20.7 | 16.2 -16 | -142 | -7.21| -137 | -11.4| 180 -13| 117 -7.25| -21

’ HFSS -154 | -46| -148| -59| -9.08| -71| -148| 188 | -103 | -139| -8.18| -20| -20.6| 16.4 -16 | -143 -7.2| -137 | -11.4|-180| -129| 117| -7.25| -21
10 STUDY | -18.7| 65.6| -126| -96| -282| -55| -9.06| -70| -12.1| -15| -183| -135| -126| -31| -10.7| 81.2| -11.4| 180 | -433|-140| -16.3| -58| -9.03| 131
HFSS -18.7 | 643 | -126| -97| -27.8| -50 91| -71| -121| -15| -184|-134| -128| -32| -108| 80.1| -11.4| -180 -4.3 | -140 -16 | -58| -9.03| 130
STUDY | -10.7 | -131| -12.7| 953 | -125| -96| -148| -60 -9.3| -40 21| -36| -13.2| 126 | -243| -21 -13| 117| -16.3| -58| -3.43|-152| -11.6] -111
1 HFSS -10.7 | -132 | -128| 948 | -125| -97| -148| -58| -9.32| -40| -215| -35| -134| 126| -253| -21| -129| 117 -16 | -58| -3.43|-152| -11.6| -111
STUDY | -8.75| 70.4| -10.7 | -131| -18.7| 655| -154| -45| -159] -118 -13| 11.1| -21.4| 147| -10.7| 163| -7.24| -21| -9.02| 131| -11.7|-111| -7.22| -128
12 HFSS -8.76 | 69.3 | -10.7 | -132| -18.7| 63.4| -154| -46 -16 | -119| -129| 10| -21.1| 146 -108| 163| -7.25| -21| -9.03| 130 | -11.6|-111| -7.23| -129
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4.7.3 Periodic Boundary Conditions: Unit Cell

Before proceeding to the 2D array solutions, an extension of Section 3.4.2 to 2D
periodicity is tested. This is basically a 2D periodic unit cell solution for a phased
array antenna periodic sub-domain. Please note that these solutions play a very
important role in the next chapter while extracting the true potential of the proposed

method.

4.7.3.1  The Technique

Periodic boundary implementation is explicit as a post processing step as explained
in Section 3.4.2. The periodic connection matrix for the 2D case is:

[ 01'1 ej‘p111,1 01,2 01,2 ]

lee‘”’lll,l 011 012 012 I (4.34)
[ 021 0,1 022 e/#21,,| |
l 02'1 02,1 e_J‘pZIZ’z 02,2 J

Here, 0 , represents a matrix block filled with zeros with row number matching the
number of fluxes per boundary of the first boundary set and with column number
matching the number of fluxes per boundary of the second boundary set. The other
0 matrices can be deduced from this. Also, I ; and I, , are the identity matrices with
sizes matching the number of fluxes per boundary of the first and second boundary
sets, respectively. ¢, and ¢, are the phase differences between boundaries of the
first and second boundary sets, respectively. P replaces T?"" in (4.23) and the

connection then gives the solution for the periodic boundary solution.
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4.7.3.2  Open Ended Waveguide with Large Spacings

The geometry is again representing an open-ended waveguide problem. However,
this time, it is a radiation problem with the waveguides opening to an infinite ground
plane topped with vacuum and finally with a PMLy object as shown in Figure 4.11.

PML Layer X X

¥

Open Ended
Waveguide

(@) (b) (©)

Figure 4.11. Grounded open-ended waveguide geometry. (a) General geometry, (b)
H-plane periodic boundaries, (c) E-plane periodic boundaries.

The waveguide dimensions are 30mm x 15mm with the in-plane vacuum dimensions
of 32mm x 32mm. Vacuum height is 30mm and the PML height is 18mm. The
solution is obtained at 6.5 GHz.

For comparing the solutions to HFSS, ¢, is kept constant at 90° while ¢, is swept.
The results are seen in (4.12). The agreement with HFSS FEM solver is near perfect.
The captured spikes represent the impedance anomalies for the antenna caused by
the introduction of the grating lobes to the array’s visible space and are perfectly
normal and expected. In Figure 4.13, active S of the same antenna element for a total
of 3600 different phasing of the periodic boundaries is presented.
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Figure 4.12. Part of active S11 results for the sample open ended waveguide
geometry solved with periodic boundary conditions.
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Figure 4.13. Active S11 magnitude of the unit cell element for different phase
settings obtained using the proposed method. Scale is in dB.
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4.7.3.3  Open-Ended Double Ridged Waveguide with Narrow Spacings

In order to better observe the effects of the element spacing, a spacing less than half
wavelength is chosen to guarantee that the grating lobes will always reside in the
invisible space of the array. To fit into such spacing, an open-ended double ridge
waveguide is modeled. The model of the new unit-cell is seen in Figure 4.14. The

inter-element spacing is 21mm which is less than /2 at 6.5 GHz.

The comparative simulations’ results, while ¢, is kept constant at 120° and ¢, is
swept, can be seen in Figure 4.15. There is near perfect agreement again, as seen.
The non-physical positive reflection coefficients in dB scale are due to poor
convergence of some solutions. Convergence issue is due to the mesh being adapted
for boresight beam with zero phasings. For other phasings, especially the ones with
scan blindness, this meshing is not optimal. Although the scan blindness is captured,

the exact value of reflection coefficient is erroneous and non-physical.

=

<
3

0 50 {mm)

Figure 4.14. Open-ended double ridge waveguide unit-cell model.
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Figure 4.15. Open-ended double ridged waveguide’s comparative results with HFSS.

The simulation results for 3600 different phasings are shown in Figure 4.16. As it
can be observed, instead of high reflection arcs as in Figure 4.13, there is a very large
zone with 0 dB reflection at the outer edges of the figure. This zone represents the
phase pairs for which even the main beam of the array is outside the visible region.
An array with such phasings cannot radiate and thus, creates a surface wave on the
surface of the array. The active reflection coefficients of the elements become 0dB
for the lossless case. This verifies that the method can successfully capture the effects

of very severe surface waves.
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Figure 4.16. Active S11 magnitude of the double ridge open ended waveguide unit-
cell element for different phase settings obtained using the proposed method. Scale
isin dB.

4.7.3.4  Dielectric Filled Waveguide with Tapered Ending and Radome

The final model for the periodic boundary conditions’ numerical verification
includes lossy dielectric materials. The model is basically a dielectric filled open
ended rectangular waveguide with a tapered dielectric section after the opening. On
top, there is a dielectric radome layer. The model can be seen in Figure 4.17.

Lattice spacings are 21mm in both directions. Waveguide dimensions are 18mm X
12mm. The dielectric filling material is PVVC with relative permittivity of 2.7 and loss
tangent of 0.007. The radome is 2mm thick and made of polyester with relative
permittivity of 3.2 and loss tangent of 0.003. The radome is continuous in the antenna

plane as it touches the periodic boundaries. The simulations are done at 6.5 GHz.
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Figure 4.17. Unit-cell model for the open-ended dielectric filled waveguide antenna
with tapered dielectric section.

The comparative simulations’ results, while ¢, is kept constant at 120° and ¢, is
swept, can be seen in Figure 4.18. Again, the results are almost exactly the same as

HFSS results. In Figure 4.19, the results for 3600 different phasings can be seen.

Proposed Method
x  HFSS

Active 811 (dB)

-200 -150 -100 -50 0 50 100 150 200
$, ()

Figure 4.18. Open-ended dielectric loaded waveguide antenna results compared with
HFSS.
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Figure 4.19. Active S11 magnitude of the dielectric filled open ended waveguide
unit-cell element for different phase settings obtained using the proposed method.
Scale is in dB.

474 Large Arrays

In order to verify the method for its true purpose, large antenna array structures with

the elements from the previous section are solved.

4.74.1  Open Ended Waveguide with Large Spacings

The unit-cell for this antenna type is given in the previous section in Figure 4.11.
Instead of creating a periodic problem with it, a 15 x 18 array is created, with 15
antennas in the H-plane and 18 antennas in the E-plane. The antennas are then
covered with PML surroundings as given in Figure 4.3. The model prepared for
solving in HFSS for comparison purposes is seen in Figure 4.20.
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Figure 4.20. Cross sections and top view of the open-ended waveguide array. (a) H-
plane cross section, (b) E-plane cross section, (c) Top view. All of the white boxes

in () and (b) are PML objects.
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The simulations result in a 270 x 270 S-matrix. The entries of the S-matrix are then
compared to the ones obtained with HFSS. One of the middle elements, the 142nd
element, is investigated to compare the results. The S-parameter comparison of 142"
element for the proposed method and HFSS is in Figure 4.21. As observed, the
method works near flawlessly for the middle-element with near perfect consistency
with the HFSS FEM simulation. In fact, for the indices where there are slight
deviations from the HFSS results, it is unknown which solution is more accurate.
This is because of the different meshes used for the simulations. In HFSS, there are
a total of 284007 tetrahedra, whereas in the proposed method, the equivalent full

problem is composed of 415440 tetrahedra.

The results for the comparison of corner elements, namely the 1% elements, are given

in Figure 4.22. Again, the agreement with HFSS is very good.

The whole S-matrices for the proposed method and for the HFSS FEM solutions are
given in Figure 4.23 and Figure 4.24, respectively. The matrices appear to be

indiscernible from each other.
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Figure 4.21. Comparison of middle element results for the open-ended waveguide
problem.

'10 T T T T T

HFSS

Proposed Method
-20 7 7

1,n (dB)
EN
o

s
g

_80 Il 1 1 1 1
0 50 100 150 200 250 300

Element Index - n

Figure 4.22. Comparison of corner element results for the open-ended waveguide
problem.
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Figure 4.23. Full S-matrix solutions for the proposed method in dB, for the open-
ended waveguide problem.
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Figure 4.24. Full S-matrix solutions obtained with HFSS in dB for the open-ended
waveguide problem.
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4.7.4.2  Double Ridged Open-Ended Waveguides with Narrow Spacings

This time, the unit cell given in Figure 4.14 is used to obtain the new simulation
results. The array is 12 x 12. Similar vacuum and PML surroundings are

implemented as per the previous example.

0 150 300 (mm)

Figure 4.25. Top view of the double ridged waveguide array geometry.

The simulation this time results in a 144 x 144 S-matrix. Again, one of the middle
elements’ and a corner element’s results are compared with HFSS in Figure 4.26 and
Figure 4.27, respectively. The consistency with HFSS FEM solver is again very good
for both studied elements with some deviations for very low coupling values. Again,

for such coupling values, it is not known which solution is closer to reality.

The full S-matrices are not given this time as the plots are incomparable. It is now

shown that the method works for spacings larger than and smaller than 1/2.
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Figure 4.26. Middle element S-parameters for the double ridged waveguide problem.
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Figure 4.27. Corner element S-parameters for the double ridged waveguide problem.
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4.7.4.3  Dielectric Filled Waveguide with Tapered Ending and Radome

The final study is for the unit cell given in Figure 4.17. This will test the methods

performance for the inclusion of lossy dielectrics, even at the sub-domain interfaces.

The array is again 12 x 12 and similar vacuum and PML surroundings are

implemented as per the previous examples. The array’s cross sections and top view

are seen in Figure 4.28.
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Figure 4.28. Dielectric filled waveguide array model with radome.
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Again, one of the middle elements’ and a corner element’s results are compared with

HFSS in Figure 4.29 and Figure 4.30, respectively.

'10 T T

Proposed Method
HFSS .

878,n (dB)

_50 1 1
0 50 100 150

Element Index - n

Figure 4.29. Middle element S-parameters for the filled waveguide problem.
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Figure 4.30. Corner element S-parameters for the filled waveguide problem.
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The results are again in excellent agreement with HFSS FEM results. An additional
error plot is in Figure 4.31 giving the ratio of the S-matrices for the proposed
method’s solution and HFSS FEM solutions. As it appears, there are some
discrepancies throughout the data although most of it is very consistent. To
investigate further, the S-matrix data and delta errors of the S-matrices are given in

Figure 4.32 and Figure 4.33, respectively.
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Figure 4.31. Ratio of the S-parameters obtained using HFSS and using the proposed
method, in dB scale. The color scale is clipped at both ends to increase the sensitivity.

As observed in the plots, the errors are concentrated around the places where there
are sudden mutual coupling nulls next to moderately coupled elements. However,
when the delta error plot is checked, it varies smoothly and the error at the discrepant
points is similar to the neighboring points. Yet, the inherent low coupling makes it
more susceptible to the effects of the noise given in Figure 4.33 which explains the
discrepancies. The sudden drop phenomenon is shown in Figure 4.34 for the mutual
couplings of element 70. The mutual coupling to element 90 is 10 dB different for

proposed method and HFSS.
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Figure 4.32. Full S-matrix obtained using the proposed method in dB.
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Figure 4.33. Magnitude of the complex differences of the S parameters obtained
using HFSS and using the proposed method, in dB scale.
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Figure 4.34. Mutual couplings of element 70 to all the other elements in the array, in
dB. (a) The proposed method’s solution, (b) HFSS FEM solution.

In all these aspects, when the well behaving error of Figure 4.33 is considered, the
discrepancies seem to be related to convergence problems due to different meshes
used for the solutions. The phenomenon is similar for all the other antennas

previously studied.
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CHAPTER 5

CHARACTERISTIC BASIS FUNCTIONS

Characteristic basis functions (CBF) are entire domain basis functions which are in
fact physically meaningful linear combinations of sub-domain basis functions [65].
They are constructed to represent the physical solution in their domain as efficiently

as possible.

Standard sub-domain or entire domain basis functions are independent of the
problem to be solved and are completely generic. They can represent a large set of
non-physical functions which do not satisfy Maxwell equations as good as they can
represent the actual solutions. For example, sub-domain basis functions can very
well represent discontinuous functions in a domain. Since the span of these basis
functions is much larger than the minimum set which would include only the
physically meaningful functions, a much-larger-than-needed degree of freedom
should be used to increase the accuracy of the solutions. This can be visualized as:
part of the increase in the degree of freedom is spent for enlarging the non-physical
function space and only the remaining part is used to enlarge the physical function

space.

To circumvent the abovementioned inefficiency, techniques to filter out the
unmeaningful parts of the span of the basis functions can be used. However, this
selectivity can happen only if there is an idea about how the solution would be. A
very successful and popular technique introduced for fast MoM solutions is the
singular value decomposition (SVD) based characteristic basis function method
[6,7]. In this technique, a meshed computational domain is decomposed to smaller
parts for all of which, isolated problem solutions are possible. These smaller
problems are then solved as accurately as possible using sub-domain basis functions

for different plane wave excitations. The key here is to use an excitation set as diverse
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as possible. For each small problem, all the solutions are gathered (sub-domain basis
coefficient vectors) and a PCA (principal component analysis) is performed on them.
The principal components (PCs) which do not have considerable energy
representation in the PCA are discarded (singular vectors with very small singular
values in the SVD) for each partition [7]. The number of PCs which are kept for each
domain partition gives the new degree of freedom for the associated partition. Each
of these PCs are a linear combination of a set of sub-domain basis functions.
Standard MoM solution is then performed with these new entire domain basis

functions, highly decreasing the number of unknowns.

Periodic problems are very suitable for CBF because there is only one partition to
solve while obtaining the CBFs. The entire computational domain can be constructed
by copying the same partition. Additionally, it is relatively easy to create diversity
in the partition excitations while obtaining the CBF. One can just solve the periodic

boundary value problem for various phase differences between the boundaries.

5.1 A Novel CBF Approach

Application of CBFs to FEM is relatively limited. Kuzuoglu employed them in FEM
in [67] for a general domain decomposition scheme. Later, Ozgun et al. employed
them for various domain decomposition schemes using FEM [68]-[72]. However,
CBFs did not find a widespread use in FEM when the current state of the literature

is considered.

In this section a completely different and novel CBF approach will be described. It
is different in the sense that they are not defined on the sub-domains but on the sub-
domain surfaces. Also, they are not obtained through plane wave illumination but

through the use of periodic boundary conditions.
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51.1 Face CBFs

The proposed domain decomposition scheme relies on the flux terms expressed in
terms of sub-domain vector basis functions based on the higher order elements. If
somehow it would be possible to replace these basis functions with a smaller number
of basis functions, it would greatly benefit both the memory scaling and time scaling
of the scheme according to Section 4.5 as both depends heavily on N. Additionally,
decreasing F, which stands for the number of field observation fluxes per domain,
would also greatly benefit the computational scaling. Obviously, F is also expressed

in terms of basis functions.

Assuming a total of Ny basis functions defined on face f, one can obtain a rank

deficient linear combination of them as follows:
B} = T;By (5.1)

Here, B is the Ny X M basis function matrix with M being the number of some
arbitrary observation points, T; is a Nf x N transformation matrix with Nf < N
and Bj is the Nf x M reduced basis function matrix. The aim is to find a T such
that the fields can still be expressed almost flawlessly on the face f. For such a T,

B} becomes the characteristic basis function matrix of face f.

51.2 Obtaining Face CBFs

In order to obtain face CBFs, a complete or near complete excitation set should be
used to completely characterize a sub-domain’s behavior in its environment.
Although a plane wave excitation technique is usually employed in MoM as
described in [66], an isolated plane wave excitation for sub-domains is difficult to
achieve in FEM due to the absence of implicit open boundaries as opposed to MoM.
In that aspect, it is proposed to excite the sub-domains using periodic boundary

conditions with various phasings of the boundaries.
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In [73], it is shown that an infinite array of finite arrays’ fields and excitations can
be expressed in terms of the fields and excitations of many infinite array solutions
using discrete Fourier transform (DFT). In that regard, the fields from the infinite
array for various phasings are expected to form an almost complete set for the fields
of the finite array when only the internal antenna elements are considered. With this
intuition, the author seeks to employ these excitations to obtain a very compact and

efficient B}.

To achieve this, a finely sampled set of periodic boundary phase differences is
employed. The interval [-180,180] is sampled at 30 points for both boundaries
resulting in a total solution number of 900. Periodic boundary solutions are obtained
for each case using the post processing solver described in Section 4.7.3.1. While
obtaining the solutions, the resulting basis function coefficients at each of the

periodic boundaries are stored for each different phasing of the boundaries.

The resulting solution vectors are grouped to form a solution matrix of size D x 900
where D is the total number of basis function coefficients covering all of the periodic
boundaries, including the dummy zeros padded entries due to (4.20) and (4.21). This

matrix is then vertically partitioned into 4 different matrices Ry, each with size

N¢ x 900, containing the solution vectors for the face f.

The CBFs for the face f are the desired principal components of Ry. Principal

component analysis (PCA) is detailed in [75] and [76]. The first N principal
components of a data set are the set of N orthogonal vectors onto which the projection
of the data set makes the unprojected residual minimum among all the rank N spaces.
The most basic method to obtain the principal components is through the singular
value decomposition (SVD). The singular vectors of a data set matrix with N largest
associated singular values are the first N principal components of the data set. The
SVD results in:
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Uy is the left singular vector matrix, Sy is the diagonal singular value matrix and V¢

is the right singular vector matrix. Only the left singular vectors are used for PCA.

Assuming the singular values are sorted in descending order in S¢’s diagonal, the

first N columns of U, named U}’, gives the first N principal components of Ry.

Each singular value squared represents the power contribution of its associated
singular vector to the data set. In this regard, the value N is chosen so that the power

contribution of the remaining eigenvectors becomes negligible.

5.2  Replacing the Basis Functions

After the CBFs are obtained, the flux transfer matrix of the antenna sub-domain
should be modified to include them instead of regular bases.

521 Arranging the CBF Matrix

The first step of replacing the original basis functions is arranging the CBF matrices
from the face matrices. Assuming a total of 5 faces in total for the 4 connection faces
and 1 radiation face as the 5" face, the arranged CBF matrices are in block diagonal

form and are given by:

Y 0 0 0 0]
0o U o o0 o
UP=1o0 o U o0 o (5.3)
0 0 o0 UY o
(0 0 o0 0 Ipl
U 0 0 0 0 0]
o U o o o0 o
ppo|0 0 vt 0o o0 o (5.4)
0 0 o0 U o o
0 0 o0 o0 UL o
(0 0 0 0 0 Ip
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It is important to note that the blocks of U? are correctly zero padded to match the
needs coming from (4.25). The bold written 0 terms are an abuse of mathematical
notation and are the required zero matrices of the correct sizes to obtain a block

diagonal matrix.

5.2.2 Transforming the Flux Transfer Matrix

For the sake of simplicity, assume that the number of CBFs for face 1 is equal to the
number of CBFs for face 2. Also assume the number of CBFs for face 3 is equal to
the number of CBFs for face 4. This is only logical as the basis sets of matching faces

are basically trying to represent the same fields at different sides of the sub-domain.

The first step is transforming the flux matrix inputs to CBF inputs. This is done by
directly multiplying the flux transfer matrix 7° of (4.25) with U®, since the matrix
can be considered as the outputs of the system for an identity matrix RHS. By

multiplying with UP, one gets the outputs of the system if the input is U?:

Ty =7TUP (5.5)
This reduces the second dimension of the transfer matrix which is related to inputs.
Then, the resulting vectors should be projected to CBFs to completely get rid of the
standard basis functions and to reduce the first dimension of the transfer matrix:
H

Tepr=VF Ty (5.6)
T e = VP TUP

The resulting matrix T'cgr can have greatly reduced dimensionality depending on

the choice of the number of CBFs.

5.3  Selecting the Number of CBFs

In order to select the number of CBFs properly, a power analysis is required. As an
example, consider the sub-domain of Sections 4.7.3.4 and 4.7.4.3. With 900 different

simulations, the normalized singular values of the SVD of each of the 4 connection

120



faces are given in Figure 5.1. It appears in this case, the singular values behave
almost exactly the same for all of the faces. It can be said that the power of singular

values drops very sharply with increasing singular value index.
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Figure 5.1. Singular values of the periodic solution face flux vectors for 900 different
phasings for the dielectric filled waveguide antenna sub-domain.

To better analyze the effects of truncation after some singular value, the plot in
Figure 5.2 shows the remaining energy in the truncated singular values when the
singular values after the associated index are discarded. Similar to Figure 5.1, the
curve drops very sharply considering the y-axis is in dB. Note that there are
horizontal flat spots on some of the curves in both Figure 5.1 and Figure 5.2. These
spots are due to the finite precision arithmetic in the computers and can practically

be considered equivalent to 0 singular values.

Regarding the finite precision arithmetic, for obtaining the CBFs, it is best to use
double precision arithmetic for the periodic boundary condition solutions to
minimize the pollution of singular value spectrum of the associated face fluxes. After
the transformation in (5.6) is complete, it can be generally considered safe to switch

to single precision.
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Figure 5.2. Truncated energy in dB when the singular values after an index are
discarded.

The selection of a lower energy cut-off point increases the accuracy but also
increases the size of the matrix T ¢cgr. In that regard, as a general practice, a cut-off
point of -90dB seems reasonable for a very good accuracy and a significant reduction

in the size of T'¢pF.

5.4  Handling Non-Antenna Sub-domains

As described previously in Sections 4.4.1.1and 4.4.1.2, other than the antenna sub-
domains, there are vacuum and various PML sub-domains. These sub-domains are
not included in the periodic boundary condition solutions, and it is very doubtful for
them to work with the obtained CBFs. In this regard, a method to exclude them from

the CBF transformation should be investigated.

Assume that the CBFs will only be used by the sub-domains connecting to other

antenna sub-domains at all of their faces. In this case, the outer antenna rim of the
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aperture will not be using CBFs. The question is, how would it be possible to
transition from non-CBF sub-domains to CBF sub-domains. The answer lies in

partial CBF use at some sub-domains.

In (5.3) and (5.4), itis possible to replace any block with the identity matrix matching
the size of the associated CBF vectors. In that case, the associated face does not get
the transformation to CBFs. As an example, if U5 is replaced by the identity matrix,
the 2" face will keep its original basis functions. Therefore, it is possible for the
outmost rim antenna elements to have CBFs only at their faces touching a non-
outmost rim antenna sub-domain. This way, these antennas connect with vacuum
and the other antennas in the outmost rim through regular fluxes and connect with
the inner antennas through CBFs. This technique has the flexibility to extend the non
CBF connections further inside the antenna aperture if problems arise due to deeper

edge effects.

55 First Numerical Results

For numerical results, several comparisons with the already verified method’s pure
form will be made. To begin with, the exact problem in Section 4.7.4.3 can be solved

using the CBFs. The results are in Figure 5.3.

It is seen that not only the results are fairly erroneous, but the reciprocity of the
solution is also very heavily degraded. The pure form solutions are almost exactly

reciprocal.

The author’s hypothesis is that spurious solutions are plaguing the solutions due to
the possible loss of the ability to accurately represent the null space of the curl
operator by reducing the original basis functions. The spurious solutions are
normally prevented by curl conformity for CG case and by proper selection of fluxes
for DG case. Since the face solutions are curl conforming by nature, the CBFs are

also curl conforming. However, the jumps through the boundaries, namely, the
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fluxes can be heavily affected by the CBFs. In that extent, changing the flux may be

a good way to diagnose the problem.
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Figure 5.3. CBF results compared with pure form results with a singular value cut-
off value of -80dB.

56  Playing with Fluxes

For the IPDG flux, there is only a single parameter to play with and it is the face
dependent penalty parameter, ag. Although its optimal value is given by [21],
apparently it is not optimal for employing CBFs in the proposed method. In order to
experiment with the penalty parameter, a face independent coefficient is introduced

as a multiplier to the optimal flux of [21].

It becomes quickly evident that increasing ap makes the results much worse,
although increasing ag normally increases stability [21]. Therefore, decreasing it was

the other option.
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After many experiments, the author found out that dividing ap of [21] by 4 was the
best among all the other possible choices. Although, as it will become clearer, it is

not a perfect solution.

The results for the new penalty parameter are in Figure 5.4. Although the results are

not perfect, the solution seems to be stabilized better.
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Figure 5.4. CBF results compared with pure form results with a singular value cut-
off value of -80dB and modified penalty parameter.

To further experiment with the new penalty parameter, the singular value cut-off is
varied. For a cut-off value of -82dB, the method is further stabilized as seen in Figure
5.5. Yet, it is unexpected for the results to change this dramatically for a very small

change in the cut-off value, especially when the cut-off is already as low as -80dB!

The next trial is -90dB for the cut-off. The results for the -90dB cut-off case are in
Figure 5.6. The results appear to be in perfect agreement with the pure form’s results.

To really test the convergence, the cut-off is set to -160dB in Figure 5.7. It is seen
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that the solution deteriorates from its previously converged state. Therefore, the

convergence of the CBFs appears to be problematic.

Figure 5.5. CBF results compared with pure form results with a singular value cut-
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Figure 5.7. CBF results compared with pure form results with a singular value cut-
off value of -160dB and modified penalty parameter.

As a further test, the so called “converged” value of -90dB for the CBF cut-off is
tried in another problem of the previous sections, namely, the open-ended waveguide
problem of 4.7.4.1. The results for this trial are in Figure 5.8. It appears this problem

is far from convergence with a cut-off value of -90dB.

For many other trials the author has made, it has been observed that the convergence
due to lowering the cut-off value is non-existent as good solutions can be obtained
totally by chance by choosing some precise cut-off values. This still validates the
hypothesis about the curl’s null space approximation of the CBFs, as the
approximation can get better or worse totally by chance depending on the inclusion.

A further hypothesis is that different parts of the CBF set create different spurious
solutions in the domain. However, some parts’ spurious solutions cancel the spurious
solutions of some other parts. In that aspect, inclusion of some CBFs can have
positive or negative effects on the quality of results depending on whether its
spurious solution contribution is canceling out the previously taken CBFs’ spurious

solutions or it is creating new spurious contributions.
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In any case independent of the hypotheses, it can be concluded that although the
division of the flux by 4 helped a lot for the convergence, it does not guarantee a

proper solution even for very low cut-off values.
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Figure 5.8. CBF results compared with pure form results with a singular value cut-
off value of -90dB and modified penalty parameter. The model is switched to the
open-ended waveguide problem.

5.7  An Alternative Approach

As an alternative approach, the exclusion of a boundary pair from CBF
transformation is tried, to observe its effects on stability. The nice thing with the
exclusion of one pair of faces is that, if these faces are chosen to have CBF faces on
the connection front depicted in Figure 4.6(b), the impact on the scheme is minimal.
This is because of the dependence of both the storage memory and of the
computation time heavily on the connection front’s size. Having CBFs on the

connection front would greatly decrease its size.

To try this approach, the same dielectric filled waveguide problem of Section 4.7.4.3
is used as a test bed. The results for the cut-off values of -40dB, -50dB and -60dB are
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presented in Figure 5.9. As can be seen, the results have not converged with these

cut-offs.
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Figure 5.9. CBF results compared with pure form results with a singular value cut-
off value varying from -40dB to -60dB. A boundary pair is excluded from CBFs. The
penalty parameter is modified.

As a note, it appears the results of -50dB cut-off have better resemblance to the pure
form results when compared to -60dB cut-off results. However, this appears to be
pure luck as total convergence is achieved by decreasing the cut-off values further
down to -160dB in Figure 5.10. The plots are completely united into one curve

showing a perfect sign of convergence.

It appears the exclusion of a boundary pair from CBF transformation works
flawlessly. To further test this discovery, trials with different array sizes and with a
different antenna are performed. Although the array size is more limited for the
method’s pure form given the author’s GPU, the CBF based solutions can still show
convergence signs if the reciprocity is checked. By experience, it is always the case
with the S-parameters lacking the required reciprocity when the solution breaks
down due to CBFs.
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Figure 5.10. CBF results compared with pure form results with a singular value cut-
off value varying from -70dB to -160dB. A boundary pair is excluded from CBFs.
The penalty parameter is modified.

The next test is the comparison of the results of the method with CBFs to the results
of the method in pure form for an array size of 25 x 25. The cut-off is set as -90dB.

The results in Figure 5.11 show perfect agreement for the CBFs.

As a side note, solving the problem with the pure form of the method took 376
seconds whereas, solving it with CBFs took 65 seconds. A more than 5x speed-up is

achieved!

The final step to verify the CBF method is solving the problem of Section 4.7.4.1
again, this time with properly converged CBFs. The results are in Figure 5.12. Again,
there is perfect agreement. Although only the mutual couplings to the 1% element are
shown, other elements are also checked to verify they are in perfect agreement too.
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Figure 5.11. CBF results compared with pure form results with a singular value cut-
off value of -90dB. The array is 25x25. A boundary pair is excluded from CBFs. The
penalty parameter is modified.
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Figure 5.12. CBF results compared with pure form results with a singular value cut-
off value of -90dB and modified penalty parameter. The model is switched to the
open-ended waveguide problem. A boundary pair is excluded from CBFs.
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5.8  Very Large Array Solution

This work’s main topic is the efficient solution of very large phased arrays. In that
aspect, by exploting the memory advantages of the CBFs, a 80x80 array is solved in
order to obtain its S-parameters. The solution is based on the sub-domain of Section
4.7.4.3, namely, the dielectric filled waveguide together with radome. The solution
is found to be perfectly reciprocal, partly proving that the results are accurate. The
mutual couplings of the first element of the array is shown in Figure 5.13

Element Vertical Index

10 20 30 40 50 60 70 80
Element Horizontal Index

Figure 5.13. The first element’s mutual couplings for the solution of the 80 x 80 array
using CBFs, in dB.

Next, mutual couplings of a random element and a middle element are plotted. The
solutions appear to be smooth and normal.

It took 2178 seconds to obtain the solutions for the 6400 element array on GPU. This

can be considered as an extremely small duration for such a simulation.
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Figure 5.14. A random element’s mutual couplings for the solution of the 80 x 80
array using CBFs, in dB.
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Figure 5.15. Middle element’s mutual couplings for the solution of the 80 x 80 array
using CBFs, in dB.
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5.9  Computational Resources

The computational resources for various simulations are considered in Table 5.1.

Table 5.1 Computational memory and time comparisons for CBF and pure form

Array Size Pure Form CBF

Time (s) Memory (MB) Time (s) | Memory (MB)
5x5 4.9 38.3 4.7 5.2
6Xx6 6.56 51.9 5.67 6.3
T 8.79 67.6 6.86 7.6
8x8 11.84 85.5 8.31 9
10x10 19.81 128 11.41 12.2
12x12 32.78 179.6 15.2 16.2
15x15 64.89 274.8 23.04 23.5
20x20 156.12 482.9 41.02 40.2
25x25 376.03 757 66.06 63.5
50x50 - 3280.5 428.27 330.9
80x80 - 9515.5 2178.2 1225.9

These are the time measurements for the GPU simulations using single precision
arithmetic. The GPU is the usual Nvidia GeForce RTX 2070 SUPER. The memory
requirements are for the storage of the largest flux matrix. The total memory
requirements vary greatly from implementation to implementation. In any case, the

total memory requirements would be proportional to the requirements given in Table

5.1. As it can be seen, CBFs provide great memory and time advantages.
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CHAPTER 6

DISCUSSIONS

6.1  Proposed Method’s Advantages

A complete scheme is developed, implemented and verified under different
scenarios. All these verification steps showed some serious advantages of the

method.

6.1.1 Memory

The developed scheme’s most powerful property is perhaps the discarding of the
fields inside the sub-domains while solving the full array. When the meshing is done
cleverly to minimize the number of triangles on the sub-domain surfaces, the effect
becomes greater regardless of the mesh detail inside the sub-domain.

Additionally, while solution grows with each connection, only the flux values at the
connection front and the relevant field and port information are kept. This also

reduces the memory requirements considerably.

A key aspect of the method is the ability to keep as much additional field information
as one requires. This enables to use the following approach: if there is a memory
bottleneck preventing the solution of a very large problem, one can solve the same
problem N times by keeping the fields information of a different 1/N of the array
each time and combining the results to obtain the full solution. This increases the
solution time roughly N times but also decreases the memory requirements roughly

N times for extremely large problems where field information is required.
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6.1.2 Time

Although the method is working with full matrices, they are much smaller than a
typical global FEM matrix due to advantages presented in memory advantages
section. While working with full matrices, memory use and SIMD (single instruction
multiple data) instructions can be used much more efficiently when compared to
sparse matrices. This enables an inherent parallelism in the proposed method’s

matrix operations.

Since the method can benefit hugely from SIMD, it is very suitable for
implementation on graphic processing units (GPU) which have massive SIMD
capabilities compared to microprocessors. A one to two orders of magnitude time
advantage is observed when comparing the GPUs and CPUs of the same era. The
author’s simulations did run on AMD Ryzen 7 3700X as CPU and Nvidia GeForce
RTX 2070 SUPER GPU. The GPU simulations were consistently more than 10 times
faster than the CPU ones when ran on single precision arithmetic. Although the
choice of single precision is due to the limited capability of consumer grade GPUs,
it appeared to be adequate. In any case, industrial level GPUs have the capability to

perform double precision arithmetic efficiently and can be used if need be.

The method greatly benefits from its inherent memory advantage to fully exploit the
GPU capabilities. With a lower memory requirement, all the domain connections can
be performed in GPU video memory without transferring to the CPU memory even
once. This enables the harnessing of full potential of the streaming multiprocessors
and extreme bandwidth of the video memory inside the GPU. In this aspect, it is best
to select a GPU with enough memory to simulate the array completely on the video

memory without data transfers between the system and GPU.

6.1.3 Completeness of Solution

Many large-scale domain decomposition algorithms rely heavily on iterative solution

strategies. In such a case, an independent, new iteration should be performed for each
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excitation of the array. Since a 10000-element array has at least 10000 different
excitations, similar iterations should be performed 10000 times to obtain the

complete solution for the array.

When reporting of [54] is considered, for the 10000-element array, each iteration
takes around 5 hours to complete and a total of 23 iterations are required. This is per
excitation. Considering a total of 10000 different excitations, the total time becomes
close to 1,150,000 hours. Assuming a 1 to 20 speed-up in computation since the

publication of [54], the complete simulation would take more than 5 years of time!

The proposed method in this work is a form of direct solver with the solutions
included for all the RHS. For a similar setting as in [54], the solutions for S-
parameters only would take roughly 1 hour, and together with the far-fields, the
solution would take less than 1 day for all the 10000 excitations. In that sense, the

proposed method’s capabilities appear to be unique.

6.1.4 Suitability for Characteristic Basis Functions

As detailed in Chapter 5, the method is suitable for the usage of CBFs. Using CBFs
greatly decreases the computational time and memory requirements further, which
are already low compared to the literature.

6.2  Proposed Method’s Disadvantages

The proposed method also has some disadvantages when compared to other solvers

used for finite array analysis.

6.2.1 Lack of Internal Field Data

Although the lack of internal field data is an advantage for the efficient use of

computational resources, it is also a disadvantage when the analyzer requires them.
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They can be included in the scheme, but such an inclusion heavily deteriorates the
time and memory advantages of the method. Still, there is the possibility of
selectively including some of the field data without impacting the efficiency of the
method too much.

6.2.2 Memory Scaling with Array Size

The proposed method’s memory scaling with total array size is worse than the
competition. The memory scaling of DDM is O(N) [54] for each excitation.
However, if parallel RHS solutions are desired, the memory scaling becomes O (NP)
with P being the number of parallel RHS solutions. The memory scaling of the

proposed method is O (N?) for extremely large arrays.

Although the proposed method appears to be scaling worse than the other DDMs, its
practical memory requirements are generally low due to the limitations on the

practical problem sizes and the ability to include CBFs.

6.3 Future Work

There are many future works associated with the proposed method. The future works
can be categorized as: flux optimizations, performance enhancements, characteristic

basis function optimizations, problem set expansion.

6.3.1 Flux Optimizations

In the proposed method, all 20 basis functions contribute to the flux terms at the sub-
domain boundaries. Although their numbers are roughly halved due to the CG
scheme inside the sub-domain, they may not be optimum. An approach similar to
[51] can be investigated to minimize the flux terms further at the sub-domain
interfaces. Basically, having a smaller number of degrees of freedom at the sub-

domain boundary fluxes without impacting accuracy can be investigated.
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Although the use of CBFs already decreases the effective number of fluxes
considerably, a solution with CBFs is still an approximation to the true full wave
solution, nonetheless. With a reduced amount of boundary fluxes, speed-ups without
reverting to CBFs can be realized.

6.3.2 Performance Enhancements

Although the proposed method appears accurate enough, the convergence properties
of DG methods depend heavily on flux choices and improvement may be possible
with different choices of fluxes. In the numerical results, there appeared some minor
discrepancies with HFSS especially for very low mutual coupling values. It is not
clear yet whether they are caused by convergence issues of the method due to poor
meshing of the sub-domain or because of the poor convergence of the HFSS solution.
Some adaptive mesh iterations can be used to verify the convergence of the method

or the lack of it.

If somehow convergence issue is discarded, tuning of the numerical fluxes can be

performed to better fit the scheme.

6.3.3 CBF Optimizations

The author obtained CBFs through periodic boundary solutions. Although they are
made to work, the spurious responses could be investigated to find a more rigorous
solution to the CBF based non-physical responses. Possible solutions would include
a conditioning of the CBFs, somehow adding additional CBFs to neutralize spurious

responses, finding another suitable way to obtain a different set of CBFs.

For any of the choices, the apparent way to get rid of the spurious responses caused
by CBFs is to first find the root cause of the appearing spurious responses. In that

aspect, the FEM spaces spanned by the CBFs can be investigated in their ability to
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represent the null space of the curl operator, as the inability to represent this null

space is given as the cause of the spurious responses in scalar FEM [74].

6.3.4 Problem Set Expansion

In this work, only planar phased array problems with rectangular lattice structures
are considered. However, the method can be easily extended to include the very

widely used hexagonal lattice structures.

Additionally, this work only focuses on antenna radiation problem. At its current
state and excitation sets, the method is not very suitable for antenna scattering
problems, namely, calculating the radar cross section (RCS) of large planar antennas.
An extension of the method to include the scattering problems can be beneficial as
large arrays’ RCS play an important role in modern stealth design of various

platforms including aircrafts, ships, drones and missiles.

Another extension can be the inclusion of general problems not limited to 2D planar
phased arrays. Although the method appears to have huge potential in 2D planar
antenna array analysis, it may present some benefits for general EM problems or
maybe in some other niche applications of EM technology other than phased arrays.
For such an extension, non-conformal mesh structures at the sub-domain boundaries
can be considered since this is allowed by the DG methods [18] thanks to the allowed

discontinuity of the fields.

Finally, instead of terminating the planar array at the edges with vacuum and PML,
some other terminating structures like radome flanges, antenna mounting details or
part of the platform on which the antenna array is mounted can be considered. Again,

non-conformal meshes can be employed when transitioning to such structures.
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6.4 Conclusion

A capable method is developed to solve large, finite phased array problems very
efficiently. When all its advantages and disadvantages are considered, the advantages
weigh much heavier. At the moment, to the author’s knowledge, there is no other
full wave method for solving very large planar phased arrays with arbitrary antenna
elements including dielectric, magnetic and anisotropic materials in seconds and
minutes with very low memory requirements (usually less than 10GB). Additionally,
the method is benefitting fully from the capabilities of GPUs, making it at least one
order of magnitude faster when compared to the methods unsuitable for GPUs. In
that aspect, the method appears worthy to be developed further for increased

efficiency and for a more inclusive problem set.
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