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NOMENCLATURE 
 

[D] Dynamic structural modification matrix 
{f} Generalized external forcing vector 
{F} Amplitude vector of harmonic external forcing   
i  Unit imaginary number 
[H]  Linear structural damping matrix  
[I ] Identity matrix 
[K] Linear stiffness matrix  
[M] Linear mass matrix  
{N} Internal non-linear forcing vector 
n  Number of degrees of freedom 
v Describing function 
{x} Displacement vector 
{X} Complex amplitude vector of steady state harmonic displacements  
[α]  Receptance matrix 
[Δ] Non-linearity matrix 
[ΔC] Viscous damping matrix of modifying system 
[ΔK] Stiffness matrix of modifying system 
[ΔM] Mass matrix of modifying system 
[γ]  Receptance matrix of modified system 
ω  Excitation frequency 
 
 
 
ABSTRACT 
One of the major problems in structural dynamics is to identify nonlinearity, which is usually local in large 
structural systems, and to conduct dynamic analysis of the non-linear system. In this work, a new approach is 
suggested for modal identification of a non-linear system. Modal parameters obtained through modal 
identification are used in harmonic response prediction at different forcing levels. The response at only the 
fundamental harmonic is considered. The model can also be used to predict the response of the non-linear 
system coupled with a linear system and/or subjected to structural modification. An iterative solution method 
is used in structural dynamic analyses. The identification method proposed is for systems where nonlinearity 
is between a single coordinate and the ground. Response dependent modal parameters of the non-linear 
system are obtained via modal testing at different response levels. The method presented is verified through 
case studies. In the case studies presented, a subsystem with cubic stiffness type non-linearity is considered 
and the simulated FRFs of the subsystem generated for various response levels are used as pseudo 
experimental values.    
 
 
 
 



1. INTRODUCTION 
Nonlinearity is a generally encountered phenomenon in mechanical structures. Although structures in general 
have some amount of nonlinearity, response amplitudes are so small that non-linear forces are not excited in 
most cases. Therefore a linear model will be sufficient for dynamic analysis. However in some cases, 
especially when there are joints introducing high nonlinearity or when the response level is so high that non-
linear forces are comparable to linear forces, a linear model will not suffice and a non-linear analysis will be 
required.  
  
There exist a variety of studies in non-linear structural dynamics area, most of which concentrate on 
detection, localization, and identification of nonlinearity [1 - 8]. In recent years studies on modeling and 
identification of nonlinearity have also increased. However, construction of reliable models for non-linear 
structures is still an uncertain issue in this field. Former studies [9 - 11] show that linear identification of non-
linear systems causes misleading results. In [9] Özgüven and İmregün applied linear modal analysis on 
classically damped non-linear systems. The results showed highly complex modes that indicate non-linear 
behavior since the initial damping was proportional.  This indicated that linear identification methods can 
reveal nonlinearity in a structure but they fail to provide a reliable modal model. As linear modal analysis tools 
are not compatible with the non-linear theory, majority of the studies in this field [11 - 13] focus on 
development of non-linear modal analysis techniques. Chong and İmregün [14 - 15] suggested a non-linear 
modal analysis for a multi-degree-of-freedom system by first identifying modal parameters from measured 
response. For verification they used simulated non-linear response data. They were able to predict the non-
linear response of the system for other excitation levels by using the modal parameter variations with respect 
to modal displacement.  
 
The approach proposed in this study bases on the fact that non-linear structures exhibit linear behavior under 
certain conditions, which makes the use of linear modal identification methods possible. Modal parameters 
identified under these conditions are used to construct a modal model for the non-linear system to be 
analyzed. In that respect, this study follows a similar approach with that of Chong and İmregün [14 - 15]. 
However, in the present study physical displacements are used, unlike in references [14] and [15] in which 
modal displacements were employed. Furthermore, the present work uses a semi analytical approach for the 
modal model, and also extends the use of the modal model in structural modification problems in addition to 
response prediction and dynamic coupling analysis.  
 
 
2. THEORY 
When a constant amplitude harmonic force is applied over a frequency range, the non-linear elements in a 
structure will act like equivalent dampings and/or stiffnesses with different values at each frequency. 
However, when the response level is kept constant in a frequency sweep experiment, non-linear elements will 
behave as equivalent linear elements, and the structure will behave linearly for that response level as 
discussed in [2] and experimentally shown in [16]. Then if an FRF of a non-linear system is measured by 
keeping the response amplitude constant (with displacement controlled experiments), a linear identification 
can be carried out, and a set of modal parameters for each response level can be obtained. Then, the modal 
parameters identified at several response levels can easily be employed in harmonic response analyses.  
 
 
2.1 Modal Identification of Non-linear Structures from Response Level Controlled FRFs – Modal Model 
of a Non-linear Structure 
Consider the equation of motion of a non-linear MDOF system: 
 
 [ ]{ } [ ]{ } [ ]{ } ( ){ } { },M x K x i H x N x x f+ + + =  (1) 

 
where matrices [M], [H] and [K] represent the mass, structural damping and stiffness matrices, respectively. 
Vectors {x} and {f} stand for the response and external force applied on the system, respectively. The vector 
{N} corresponds to the non-linear internal forces in the system. This force vector is usually a function of 
displacement and/or velocity response, depending on the nonlinearity present in the system. In this study the 
nonlinearity between a single coordinate and the ground is considered, therefore {N} includes only one 
nonzero element. 
 
Considering a sinusoidal excitation at a frequency ω and assuming that the response is also harmonic at the 
same frequency, the forcing and response vectors can be written as; 
 



 { } { } i tf F e ω=  (2) 
and 
 { } { } i tx X e ω=  (3) 

 
respectively. The vector {X} consists of complex values to accommodate phase information. With this 
assumption, the non-linear forces can be expressed in a matrix form as first suggested by Budak and 
Özgüven [17 - 18] and then extended by Tanrıkulu et. al. [19]. 
 
Let us consider the non-linear force ni in the system. Here subscript i represents the coordinate where the 
non-linear element is connected as shown in Figure 1.  
  

 
Figure 1. Non-linear system considered in the study 

 
As the response {x} is assumed to be sinusoidal at the same frequency, then the non-linear internal force 

( ),n x xi i i  can be written as  

 ( ) ( ), ,n x x v x x xi i i ii i i i= ⋅  (4) 

 
such that vii provides the best average of the true restoring force. In other words, it is the describing function 
for the non-linear element present in the system. Derivation of v for various nonlinearity types can be found in 
reference [20]. Using Eq. (4), the vector {N} can now be written as 
 
 ( ){ } ( )[ ]{ }, , i tN x x x x X e ω= Δ  (5) 

 
Here ( )[ ],x xΔ  is the response dependent “nonlinearity matrix” and the elements of it are given in terms of 
describing functions vrj as follows [19]: 
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As the nonlinearity considered in this study is between a single coordinate and the ground, {N} includes only 
one nonzero element. Consequently, the nonlinearity matrix for the system consists of only one nonzero 
diagonal element vii as can be seen from Eq. (6).  
 
Substituting Eqs. (2), (3) and (5) into Eq. (1), yields 

 [ ] [ ] [ ] ( )( ){ } { }2 , i t i tM K i H x x X e F eω ωω ⎡ ⎤⎣ ⎦− + + + Δ =  (8) 

 
Then the receptance matrix of the system can be written as: 
 

 ( ) [ ] [ ] [ ] ( )
12, ,X M K i H x xα ω ω

−
= − + + + Δ⎡ ⎤⎡ ⎤⎣ ⎦⎣ ⎦  (9) 

 
From Eq. (6) it is seen that the nonlinearity can be considered as an added equivalent stiffness matrix which 
is a function of the response amplitude, provided that the describing function for the nonlinearity is a function 
of only the response amplitude. Then, it can be concluded that response controlled measurements provide 
linear FRFs, each corresponding to a different response level. Response controlled measurements are to be 
performed by keeping the response amplitude of the non-linear coordinate constant. Here the term “non-linear 
coordinate” refers to the coordinate to which the non-linear element is attached. Identification by using these 
FRFs results in a set of modal parameters for the system, each set corresponding to a specific response 
amplitude value. The above derivation is for a system with structural damping, and it can easily be extended 
to a viscously damped system.  
 
As the identified modal parameters vary with respect to the response amplitude Xi, identified modal 
parameters can be expressed as a function of Xi as follows 
 
 ( )Xr r iω ω=  (10) 

 ( )Xr r iη η=             (11) 

 ( )A A Xr r ikl kl=      (12) 

 
This model then can be used in harmonic response prediction of the non-linear system, as well as in coupling 
and modification analyses, which will be discussed in detail below.  
 
  
2.2 Harmonic Response Prediction in Non-linear Structures by Modal Superposition 
Once the variation of the non-linear modal parameters with respect to the response amplitude is known, the 
harmonic response amplitude Xi can be written as 
 

 ( ),X X Fi ij i jα ω= ⋅  (13) 

 
Here, Fj is the amplitude of the harmonic force applied at jth coordinate and αij is the response level dependent 
receptance value. Note that, αij should actually be called “pseudo receptance” as it is not possible to talk 
about receptance for a non-linear system. The pseudo receptance expression in Eq. (13) can be written as a 
modal summation in terms of modal parameters identified above, as follows 
 

                   ( )
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,  2 21 2

A Xn r ij i
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α ω
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       (14) 

 
Then, the solution of Eq. (13) requires iteration. Once a convergent solution is obtained for Xi, then the rest of 
the response amplitudes Xj (j = 1, 2, .., n, j ≠ i) can be calculated directly by using the modal data 
corresponding to the convergent response value, Xi.  
 
Eq. (13) is an implicit equation in Xi so it can be solved iteratively with a proper numerical solution method for 
a given ω. In this study the fixed point iteration method is used for the numerical solution, and a weighting 



coefficient is employed in order to provide convergence at frequencies near resonance. Note that this solution 
will be valid only for the case where there is a harmonic force with amplitude Fj applied at the jth coordinate.  
 
  
2.3 Structural Coupling by Using Modal Model 
The modal model obtained above can also be employed in dynamic analyses of the non-linear system 
coupled with linear ones by using the receptance coupling method. Receptance values for the linear system 
can be found experimentally or computationally by linear modal analysis tools, whereas, the pseudo 
receptance values of the non-linear system are calculated from the modal model as explained above. 
 
Let us consider a non-linear system coupled rigidly with a linear system as shown in Figure 2.  
 

 
 

Figure 2. Non-linear system coupled rigidly with a linear system 
 
 
The receptance matrices of the non-linear and linear substructures can be partitioned as follows 
 

 
[ ]

[ ] [ ]
mm mn

NL
nm nn

α α
α

α α
=

⎡ ⎤
⎡ ⎤ ⎢ ⎥⎣ ⎦

⎣ ⎦
 (15) 

 

Nonlinear MDOF substructure Linear MDOF substructure 

Coupled nonlinear MDOF structure 

xk 

fk 

x
m 

f  

xc 

fc 

xi 

xi, 

 



 kk kl
L

lk ll

α α
α

α α
=

⎡ ⎤⎡ ⎤⎣ ⎦⎢ ⎥⎡ ⎤⎣ ⎦ ⎡ ⎤ ⎡ ⎤⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦
 (16) 

 
Here subscripts m and k refer to the coordinates to be coupled, and subscripts n and l represent the rest of 
the coordinates in the non-linear and linear systems, respectively.  
 
By using classical receptance coupling techniques, the receptance matrix of the coupled system can be 
obtained as  
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where 
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As the elements of NLα⎡ ⎤⎣ ⎦ are response level dependent pseudo receptances, so are the receptance values 

in Cα⎡ ⎤
⎣ ⎦ : 

 ( ),C C Xiα α ω=⎡ ⎤ ⎡ ⎤
⎣ ⎦ ⎣ ⎦  (22) 

 

Then C
ijα  from Eq. (22) can be substituted in Eq. (13) to find the response of the system to a harmonic forcing 

applied at the jth coordinate. The solution, again requires iteration.  
 
When rigid coupling is made as above, the formulation does not permit to take the coordinate where the non-
linear element is attached as the coupling node; because, in rigid coupling the receptance matrix of the 
coupled system does not include the receptances related to the coupling node, whereas the amplitude of the 
displacement of the non-linear coordinate is required in the analysis. Yet, flexible coupling can easily 
overcome this difficulty.   
 
 
2.4 Structural Modification of a Non-linear Structure by Using Modal Model 
The basic methodology presented in this study can also be implemented in structural modification problems. 
Consider a MDOF linear system for which the receptance matrix [α] at frequency ω is known. When this 
system is modified without increasing the total degrees of freedom of the system, the receptance matrix [γ] of 
the modified structure can be written as [21] 
 



 [ ] [ ] [ ][ ] [ ]1
I Dγ α α

−
= +⎡ ⎤⎣ ⎦  (23) 

where 

 [ ] [ ] [ ] [ ]2D K M i Hω= Δ − Δ + Δ  (24) 

 
Here, [ΔK], [ΔM] and [ΔH] represent the stiffness, mass and damping matrices of the modifying structure, 
respectively. If the modification is local, the above equations can be written in terms of partitioned matrices 
[21], which reduces the computation time considerably.  
   
Now if we apply the same modification method to a non-linear system, then [α] in Eq. (23) will be the pseudo 
receptance matrix of the non-linear system which can be obtained by modal synthesis by using identified 
response dependent modal parameters discussed above. Thus the response dependent pseudo receptance 
of the modified system will be given by  

 ( ) [ ] ( ) [ ] ( )
1

, , ,X I X D Xi i iγ ω α ω α ω
−

= +⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦  (25) 

which can be used to find Xi. Again, an iterative solution is required. For large systems, the formulation given 
in [21] can be employed to reduce the computational effort. 
 
 
3. CASE STUDIES 
The application and the validation of the methods proposed are demonstrated by using simple discrete 
systems for the sake of simplicity. In each case, simulated FRFs generated at different response levels are 
used as pseudo experimental data. In practice, sine sweep vibration test is to be used. Modal parameters 
obtained through the identification of pseudo experimental FRFs are expressed as a function of response 
amplitude. The modal model of the non-linear system constructed is then employed in response 
computations. Identification of modal parameters is performed by using MODENT®. The responses obtained 
from modal model are compared with the frequency response of the system calculated by harmonic balance 
approach.  
 
3.1 Case Study 1 
The system used in [9] is considered in this case study. As shown in Figure 3, it is a 2-DOF system with cubic 
stiffness.  
  
 

 

Figure 3. The system considered in Case Study 1 

The properties of the system are as follows: 

201M kg=  , 22M kg=  ,  68 10 /1K N m= × , 58 10 /2K N m= × , 
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By using the pseudo experimental FRF curves obtained in the frequency range of 60-160 Hz, for several |X1| 
values ranging between 2.4 mm and 8.6 mm, |X1| dependent modal parameters are obtained as given in 
Figures 4 to 6.  
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Figure 4. Natural frequency variations with respect to |X1|. (a) mode 1 (b) mode 2 
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Figure 5. Damping ratio variations with respect to |X1|. (a) mode 1 (b) mode 2 
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Figure 6. Modal constant variations with respect to |X1|. (a) mode 1 (b) mode 2 
 
As can be seen from the figures, modal parameters of the non-linear system follow a trend and therefore they 
can be expressed in terms of proper mathematical functions that fit to the corresponding data points. The 
scattered values observed in the graphs of damping ratio and modal constants are believed to be due to the 
identification algorithm used in MODENT®. In practical applications even more scattered points are expected 
due to measurement errors. In order to see the effect of measurement errors, case studies with polluted 
simulated FRF values were also carried out. Since analytical expressions are fit to modal data points, it was 
observed that having scattered data does not affect the results significantly.  
 



Frequency response of the system at forcing levels of 2000N and 4000N are calculated by using the modal 
model and presented in Figures 7 - 9 in decibel scale. The force is applied at the first mass to which the non-
linear element is connected. The excellent match of the responses obtained from the modal model with those 
calculated by harmonic balance method demonstrates the validity of the modal model and the approach 
suggested. Note that both approaches are valid if the basic assumption (harmonic excitation results in 
harmonic response at the same frequency) holds true. Figures 8 and 9 show solutions for both increasing and 
decreasing frequency sweep. Very slight differences are observed between the results of this study and the 
HBM only around jump, and it is believed that they are due to using different numerical computational 
algorithms in both approaches. 
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Figure 7. Pseudo FRFs of the system at F1 = 2000N 
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Figure 8. Pseudo receptance, α21 of the system at F1 = 4000N 
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Figure 9. Pseudo receptance, α11 of the system at F1 = 4000N 

 
 
3.2 Case Study 2   
In this case study, the 2-DOF system considered in the first case study is coupled with an undamped linear 
subsystem, and the coupled system is analyzed by using the approach proposed. System matrices of the 
linear subsystem are as follows:  
 

1 0
0 1

M kgL =
⎡ ⎤
⎢ ⎥⎣ ⎦

, 
5 510 10
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K N mL

−
=

− ×

⎡ ⎤
⎢ ⎥
⎣ ⎦

 

  
The coupled system is obtained by rigidly connecting the first mass of the linear system to the second mass, 
M2, of the non-linear system shown in Figure 3.  
 
Pseudo receptance matrix of the non-linear system is calculated by using the modal model obtained in the 
first case study, and the pseudo receptance matrix of the coupled 3-DOF non-linear system is calculated by 
using the receptance coupling approach proposed. The frequency response of the coupled system at a 
forcing level of 3000N applied at the “non-linear coordinate” is shown in Figure 10 in decibel scale. Again a 
very good agreement is obtained between the results of this study and HBM solutions, except around jump 
frequency at the third mode, most probably due to the reason explained in Case Study 1.  
 
 
3.3 Case Study 3   
In this case study, again the system in the first case study is used as the original system, and the following 
mass and stiffness modifications are made:  
 

1 0
0 1

M kgΔ =
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/5 55 10 5.5 10
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Frequency response of the modified system at forcing level of 2000N is calculated from the modal model of 
the original non-linear system and the modifying mass and stiffness matrices. The result is shown in Figure 11 



in decibel scale. Force is applied at the second mass. In this figure, solutions for both increasing and 
decreasing frequency sweep are shown. It is again possible to observe the jump around the first resonance of 
the system, where the results deviate from those of HBM.  
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Figure 10. Pseudo receptance, α11 of the coupled system when there is a force of F = 3000N at the “non-

linear coordinate” 
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Figure 11. Pseudo receptance α11 of the modified system when there is a force of F = 2000N at the “non-
linear coordinate”  

 



 
4. CONCLUSIONS 
A method is proposed for modal identification and modal analysis of non-linear systems. The modal model of 
the system is obtained by identifying modal parameters from the linear FRF drawn for constant displacement 
amplitude of the “non-linear coordinate” (the coordinate where non-linear element is connected). Repeating 
the identification for different response amplitudes, identified modal parameters can be expressed as 
functions of the response amplitude of the “non-linear coordinate”. It is demonstrated with case studies that 
the modal model can successfully be employed in the response prediction of the system at any forcing level. 
The uses of the same modal model in dynamic coupling of the identified non-linear system with a linear 
system, and in the dynamic modification analysis of the non-linear system are also formulated and validated 
by case studies.  
 
As the modal parameters are represented as functions of the response itself, an iterative solution is required 
in each analysis. Fixed point iteration is used as the numerical solution, and a weighting coefficient is 
employed in order to provide convergence at frequencies near resonance.  
 
The agreement observed between the frequency responses obtained by using the method proposed in this 
study with those of the harmonic balance method demonstrates the validity of the modal model and the 
methods suggested, provided that the basic assumption “harmonic excitation results in harmonic response at 
the same frequency” holds true, as both approaches base on this assumption. However, a slight mismatch is 
observed between the solutions of this study and those of HBM only around frequencies where jump occurs. 
It is believed that this is due to using different numerical solution algorithms in both approaches. The current 
work involves in employing better solution algorithms in both approaches.  
 
The methods suggested are applicable to non-linear systems where nonlinearity is between a single 
coordinate and the ground. Furthermore the describing function for the nonlinearity should be frequency 
independent. Extension of the study to generalize the method for systems where nonlinearity is at an arbitrary 
location is the subject of the current work. 
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