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ABSTRACT

AN ENERGY EFFICIENT ASSEMBLY LINE BALANCING PROBLEM
WITH HUMAN-ROBOT COLLABORATION

Erol, Gizem
M.S., Department of Industrial Engineering

Supervisor: Assoc. Prof. Dr. Mustafa Kemal Tural

Co-Supervisor: Assist. Prof. Dr. Derya Dinler

August 2023, 78 pages

Assembly line balancing problems (ALBPs) have been extensively studied in the lit-

erature. Due to technological advancements, evolving customers expectations, and

increase in energy costs, several new variations of ALBPs are still being introduced.

Integrating robots in assembly lines is a promising area of research providing several

potential benefits, such as flexibility, productivity, safety, and energy-efficiency. In

this study, we focus on an ALBP where robots and human operators are allowed to

collaborate in parallel within the same workstations. It is assumed that the speeds of

the robots can be adjusted (within allowable limits) with higher speeds resulting in

higher energy consumptions. Given a maximum desired cycle time, we aim to decide

on the workstations at which a fixed number of robots will work in parallel to human

operators, the assignment of tasks to robots and human operators, and the speeds of

the robots so as to minimize the resulting energy-consumption of the robots. We pro-

vide a Mixed-Integer Second-Order Cone Programming formulation of the problem

to be able to solve it optimally. This formulation, however, is only able to solve small

size instances within an hour. To overcome this issue, we discretize the speed val-
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ues and provide a Constraint Programming and a Mixed-Integer Linear Programming

formulations for the discretized problem. Moreover, a speed optimization procedure

is proposed to further improve the discretized solutions. Furthermore, we present

bounds on earliest and latest workstation in which tasks can be performed and ex-

amine how incorporating these bounds affects solution quality and time. We perform

extensive computational experiments to evaluate the solution quality and execution

times of the proposed methods.

Keywords: Assembly line balancing, Energy-efficient line balancing, Human-robot

collaboration, Mixed-integer linear programming, Second order cone programming,

Constraint programming
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ÖZ

İNSAN - ROBOT İŞBİRLİĞİNE DAYALI ENERJİ VERİMLİ MONTAJ
HATTI DENGELEME PROBLEMİ

Erol, Gizem
Yüksek Lisans, Endüstri Mühendisliği Bölümü

Tez Yöneticisi: Doç. Dr. Mustafa Kemal Tural

Ortak Tez Yöneticisi: Dr. Öğr. Üyesi. Derya Dinler

Ağustos 2023 , 78 sayfa

Montaj hattı dengeleme problemleri (MHDP’ler) literatürde kapsamlı olarak çalışıl-

mıştır. Teknolojik gelişmeler, değişen müşteri beklentileri ve enerji maliyetlerindeki

artış nedeniyle, MHDP’lerin çeşitli yeni varyasyonları hala önerilmektedir. Robot-

ların montaj hatlarına entegre edilmesi, esneklik, üretkenlik, güvenlik ve enerji ve-

rimliliği gibi çeşitli potansiyel faydalar sağlayan umut verici bir araştırma alanıdır.

Bu çalışmada, robotların ve insan operatörlerin aynı iş istasyonlarında paralel ola-

rak çalışmasına izin verilen bir MHDP’ye odaklanılmaktadır. Robotların hızlarının

(izin verilen sınırlar dahilinde) ayarlanabileceği ve daha yüksek hızların daha yüksek

enerji tüketimine yol açacağı varsayılmaktadır. İstenen maksimum çevrim süresi göz

önüne alınarak, robotların enerji tüketimini en aza indirecek şekilde verilen sayıda

robotun insan operatörlere paralel olarak çalışacağı iş istasyonlarına, görevlerin ro-

botlara ve insan operatörlere atanmasına, ve robotların hızlarına karar vermeyi amaç-

lıyoruz. Problemi en iyi şekilde çözebilmek için Karışık Tamsayılı İkinci Dereceden

Konik Programlama formülasyonu sunulmaktadır. Ancak bu formülasyon sadece kü-
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çük boyutlu örnekleri bir saat içerisinde çözebilmektedir. Bu sorunun üstesinden gel-

mek için, hız değerleri ayrıklaştırılmakta ve ayrıklaştırılmış problem için Kısıt Prog-

ramlama ve Karma Tamsayılı Doğrusal Programlama formülasyonları sunulmaktadır.

Ayrıca, ayrıklaştırılmış çözümleri daha da iyileştirmek için hız optimizasyonu öneril-

mektedir. Son olarak, görevlerin gerçekleştirilebileceği en erken ve en geç iş istas-

yonu için sınırlar sunulmakta ve bu sınırların dahil edilmesinin çözüm kalitesini ve

süresini nasıl etkilediği incelenmektedir. Önerilen yöntemlerin çözüm kalitesini ve

sürelerini değerlendirmek için kapsamlı hesaplamalı deneyler gerçekleştirilmektedir.

Anahtar Kelimeler: Montaj hattı dengeleme, Enerji verimli montaj hattı dengeleme,İnsan-

robot işbirliği, Karışık tam sayılı doğrusal programlama, İkinci dereceden konik prog-

ramlama, Kısıt programlama
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CHAPTER 1

INTRODUCTION

Assembly lines are highly ef�cient production systems that are designed to facilitate

the execution of a series of tasks required to assemble one or multiple products [1].

Tasks are the smallest work elements with precedence relations that operators perform

in workstations. The product �ows along the line from one workstation to another,

generally by a transport system. The assembly line balancing problem (ALBP) aims

to ef�ciently allocate tasks to workstations under precedence and problem-speci�c

constraints.

ALBPs have been classi�ed based on different aspects, such as task times (probabilis-

tic or deterministic), the number of models produced on the line (single, multiple, or

mixed), the objective of the problem considered, and the layout of the assembly line

(straight, U-shaped, two-sided or parallel) ([2]). With respect to the objective, the

most commonly studied ALBP variants are the minimization of the number of work-

stations given a �xed cycle time (Type I problem), the minimization of the cycle time

given a �xed number of workstations (Type II problem), and maximization of the line

ef�ciency (Type E problem) which is equivalent to minimization of the product of the

number of workstations and the cycle time ([3], [4]).

Due to technological advancements, evolving customer expectations, and increases

in energy costs, new variants of ALBPs continue to emerge in practice. A class of

variants that have gained attention recently is the integration of robots in assembly

lines, where robots perform some or all of the tasks that are traditionally assigned to

human operators. This integration brings several bene�ts, including increased pro-

ductivity, �exibility, and safety ([5, 6]). Unlike human operators, robots can perform

tasks with precision and consistency without experiencing fatigue over long periods
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of time ([7]).

A collaborative robot, also known as a cobot, can work alongside a human operator

within a shared workspace ([8]). Human-robot interaction has been categorized in

the literature in terms of the level of automation, degree of collaboration, and shared

workspace ([9], [10], [11], [12], [13]). A possible non-comprehensive categorization

of human-robot interaction can be summarized as follows:

� A human operator and robot perform different tasks in different workspaces.

� A human operator and robot perform different tasks sequentially or simultane-

ously in the same workspace.

� A human operator and robot jointly perform the same task in the same workspace.

The existing literature on ALBP with human-robot collaboration remains scarce de-

spite the growing interest in the domain. This study aims to address this research gap

by proposing a human-robot collaborative ALBP where robots and human operators

can effectively collaborate in parallel within the same workstations. The speeds of

the robots are assumed to be adjustable within allowable limits, with higher speeds

resulting in higher energy consumption. The objective is to design an energy-ef�cient

human-robot collaborative assembly line that will achieve a given cycle time by deter-

mining: (i) in which workstations a �xed number of robots (with known capabilities)

will work in parallel to human operators, (ii) which tasks will be assigned to robots

and human operators, (iii) the speed of the robots. To the best of our knowledge, our

study is the �rst to propose various mathematical programming formulations speci�-

cally tailored to a human-robot collaborative ALBP with adjustable robot speeds for

energy minimization. By investigating energy minimization, our research supports

green manufacturing and contributes to the growing interest in production systems

due to concerns about climate change and rising energy costs.

We provide a Mixed-Integer Second-Order Cone Programming (MISOCP) formu-

lation for the considered problem. While this formulation provides optimal solu-

tions for small size instances, it encounters limitations in tackling larger instances.

To address this issue, we discretize the speed values of the robots and introduce a

2



Constraint Programming (CP) and a Mixed-Integer Linear Programming (MILP) for-

mulations for the discretized problem. A speed optimization procedure is developed

to post-process the discretized solutions and further reduce energy consumption by

�ne-tuning the speed values. Additionally, we investigate the in�uence of integrat-

ing the earliest and latest workstation bounds on solution quality and time. We then

perform computational experiments on a set of benchmark instances and analyze the

results in terms of solution quality and computation time. Our research makes a sig-

ni�cant contribution to the literature by demonstrating that the proposed CP model

together with the speed optimization procedure can achieve optimal or near-optimal

solutions for small and medium size problem instances in much shorter computation

times compared to MISOCP and MILP models.

The rest of the thesis is structured as follows: Chapter 2 provides a review of the

related literature on robotic, human-robot collaborative, and energy-ef�cient ALBPs.

In Chapter 3, the problem studied in this thesis is described in detail, and the notation

is presented. The proposed solution methods are explained in Chapter 4. Chapter

5 presents the results of the computational experiments conducted on different data

sets from the literature. Finally, Chapter 6 concludes the study and explores potential

topics for future research.
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CHAPTER 2

LITERATURE REVIEW

The Assembly Line Balancing Problem (ALBP) is �rst introduced by Salveson (1955)

[14]. Since then, line balancing has been a popular and engaging topic for researchers,

and several variants of line balancing problems have been proposed. With the ad-

vents in robotics in manufacturing systems in recent years, practical problems in-

volving robotic and human-robot collaborative assembly lines have arisen. This re-

search focuses on these emerging problems and studies an energy-ef�cient ALBP

with human-robot collaboration. In this section, we review the related literature

on robotic, human-robot collaborative, and energy-ef�cient assembly line balancing

problems.

2.1 Review on robotic ALBPs

Robotic assembly lines (RALs) have emerged with the integration of robots into as-

sembly processes. RALs stand out with high productivity, improved safety, better

product quality, and reduced dependence on skilled labor compared to traditional

manual assembly lines. A Robotic Assembly Line Balancing Problem (RALBP) in-

volves the optimal allocation of robots, which may include the same or different types,

and tasks to workstations to achieve a speci�c goal(s). The objectives might be the

minimization of production time and maximization of throughput while considering

problem-speci�c constraints such as including task assignments, cycle time, robot

capability, and workload balancing. A brief review of the literature on RALBPs is

provided in this subsection.

In the study of Rubinovitz et al. [15], the focus is on allocating speci�c robot types
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to workstations, alongside assigning tasks to these workstations. The type of the

assigned robot determines the processing times of the tasks in a workstation. The

authors propose a heuristic approach based on a branch-and-bound algorithm to min-

imize the number of workstations.

Type-II RALBP has been a subject of a few studies in the literature, and different

metaheuristics such as Genetic Algorithm (GA) ([16],[17]) and Particle Swarm Opti-

mization (PSO) ([18]) are proposed for the solution. A multi-objective RABLP with

the objectives of the minimization of the cycle time, minimization of the sum of the

robot setup cost and the sequence-dependent setup cost of the tasks, and minimization

of the robot purchasing cost is presented by Rabbani et al. [19] for a mixed-model

U-shaped robotic assembly line. The authors propose two different metaheuristics to

solve the problem.

In the study conducted by Çil et al. [20], one of the objectives is cost minimiza-

tion, which is essential due to the high investment costs associated with incorporating

robots into assembly lines. The authors focus on many objectives for a robotic assem-

bly line: minimizing the cycle time, minimizing the total number of workstations, and

minimizing the total utilization cost of robots. The study presents a goal programming

model to meet the con�icting multi-objectives. Cost minimization is also studied by

Pereira et al. [21], where the aim is to minimize the total �xed and variable costs of a

robotic assembly line while meeting a given cycle time. In the study, robots assigned

to workstations are selected from various available robot types.

Nilakantan et al. [22] introduce an approach to minimize the carbon footprint linked

to the total operational and standby energy consumption of the robots and maximize

the line ef�ciency of the robotic assembly line simultaneously. The authors formulate

a multi-objective mathematical model and develop a multi-objective cooperative co-

evolutionary algorithm (MOCC).

While the majority of the research focuses on straight and U-shaped robotic assembly

lines, Li et al. [23] investigate a two-sided robotic assembly line where robots can

concurrently perform tasks on both the left and right sides of the line. The study aims

to simultaneously minimize total (operational and standby) energy consumption and

cycle time, for which they develop a Simulated Annealing (SA) algorithm to solve the
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problem. In a similar study, Aghajani et al. [24] address the same type of assembly

line layout, the mixed model two-sided RALBP. They aim to minimize cycle time

while considering robot setup times and sequential tasks. They formulate an MILP

model to achieve this. Furthermore, the authors develop a SA approach to handle

large-size instances of the problem.

In the parallel assembly line, multiple straight lines are positioned side by side, of-

fering increased �exibility and reduced cycle time. Çil et al. [25] propose a parallel

RALBP, in which robots are allocated to the workstations and allowed to perform the

tasks across adjacent lines. The joint cycle time is minimized in the study. An MILP

formulation and three heuristics based on a beam search algorithm are proposed to

solve the problem.

The objective(s) and proposed methods of the research reviewed in this section are

presented in Table 2.1 as follows:

Table 2.1: Objective function(s) and proposed method(s) in reviewed RALBP studies

Reference Author(s) Objective function(s) Proposed method(s)

[15] Rubinovitz et al. (1993) Min. total number of workstations Branch-and-Bound

[16] Levitin et al. (2006) Min. cycle time GA

[17] Gao et al. (2006) Min. cycle time GA

[18] Nilakantan et al. (2012) Min. cycle time PSO

[19] Rabbani et al. (2016)
Min. cycle time

Min. total cost

MILP, Multi-objective PSO,

Non-dominated Sorting GA

[20] Çil et al. (2016)

Min. cycle time

Min. total robot cost

Min. total number of workstations

Goal Programming

[21] Pereira et al. (2018) Min. total cost
Binary Integer Programming,

Memetic Algorithm

[22] Nilakantan et al. (2017)
Min. carbon footprint

Max. line ef�ciency
MOCC

[23] Li et al. (2016)
Min. cycle time

Min. total cost
SA

[24] Aghajani et al. (2014) Min. cycle time MILP, SA

[25] Çil et al. (2017) Min. cycle time
MILP, Beam Search

heuristics
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2.2 Review on ALBPs with Human Robot Collaboration

Assembly lines where human operators and robots collaborate can bene�t from good

properties of both operators, such as:

� The robots can continuously perform tasks without experiencing fatigue, en-

abling rapid adaptation to varying customer demands.

� Human operators can seamlessly perform diverse tasks on the line, enhancing

�exibility and adaptability for customized production requirements.

Incorporating these features in assembly lines might bring signi�cant improvement

in production rates, energy consumption, and product quality. In the following part,

we present a literature review on the ALBP with human robot collaboration.

Weckenborg et al. [26] focus on enhancing assembly line ef�ciency by integrating

collaborative robots. In the research, the authors explore how collaborative robots can

perform alongside human operators to minimize cycle time. While human operators

can perform all tasks on the assembly line, a subset of tasks can be completed either

by robots alone or through collaboration with human operators.

Stecke and Mokhtarzadeh [27] investigate cycle time and ergonomic risk optimization

within assembly lines involving human-robot collaboration. The study explores the

implications of integrating mobile robots, capable of moving between consecutive

workstations, on achieving an ef�cient balance of tasks and minimizing cycle time.

The study of Koltai et al. [28] extensively explores the impacts of integrating robots

into a manual assembly line. The authors examine multiple scenarios with varying

resource allocations to workstations. The �rst scenario involves only human operators

assigned to the workstations. In the second scenario, a human operator or a robot is

allocated to each workstation. Lastly, the study analyzes the scenario where human-

robot collaboration is allowed in workstations.

Boschetti et al. [29] investigate the optimal allocation of tasks between operators in

a collaborative assembly line by minimizing the total makespan required to complete

all the tasks.
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Numerous studies in the literature have directed their attention toward achieving cost

ef�ciency in ALBPs with human-robot collaboration. Dalle Mura and Dini [30] pro-

pose a GA for optimizing cost ef�ciency by minimizing the total expenses of labor,

equipment, and collaborative robots. Another cost-effective ALBP with human-robot

collaboration is investigated by Weckenborg and Spengle [31], enabling task allo-

cation to human operators or robots. The cost calculation includes workstation ex-

penses, including salaries, depreciation, interest costs, and utilized resources per cy-

cle. In the study of Samouei and Ashayeri [32], total �xed and variable costs and

cycle time minimization are considered for a semi-automated mixed-model assembly

line. This assembly line allows tasks to be performed by robots, human operators,

or human operators together with assisting robots. The technical skills of human op-

erators in�uence task processing times, contributing to overall cost optimization. Li

et al. [33] focus on minimizing the purchasing cost of robots and the cycle time in

an assembly line where a task can be performed by a human operator, a robot, or a

human operator and a robot together in the same workstation. The research involves

selecting robots from a set of alternatives, with constraints on the number of robots,

human operators, and the maximum budget for purchasing robots. A multi-objective

MILP formulation and a heuristic approach are developed to obtain a set of Pareto

solutions.

While most of the existing research in human-robot collaborative ALBPs has been

explored in the context of a single product, Çil et al. [34] focus on a mixed-model

ALBP with human-robot collaboration to minimize the sum of the cycle times of all

models. Similarly, Yaphiar et al. [35] focus on minimizing the total operational and

investment cost of a human-robot collaborative assembly line by optimizing task al-

location among human operators, robots, and human-robot collaboration alternatives.

The integration of individuals with disabilities into the manufacturing workforce is of

paramount importance and encouraged by governments. Chutima and Khotsaenlee

[36] investigate a parallel adjacent U-shaped ALBP with human operators (including

disabled operators) and robot collaboration. In the problem, disabled human opera-

tors and different types of robots can perform a subset of tasks in the assembly line,

with the constraint of one operator per workstation. The study aims to minimize

the workload difference between workstations and the total energy consumption load
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difference between human operators and minimize the pollution emissions of robots

(comprising operational and standby energy consumption), maximize line ef�ciency,

and maximize tax reduction by hiring disabled operators.

Enhancing productivity and ergonomics in an assembly line with human and robot

collaboration has been also the focus of the study by Keshvarparast et al. [37]. This

study addresses the simultaneous minimization of cycle time and the total workload

of human operators. Task assignments to human operators consider their physical ca-

pacities, and the processing time depends on their experience level. Different human-

robot collaboration scenarios are facilitated at workstations, where a human operator

and a robot can perform different tasks in parallel or sequentially. Additionally, oper-

ators can execute the same task together within the same workstation.

Table 2.2 below outlines the objectives and the solution methods of the research dis-

cussed in this section.
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Table 2.2: Objective function(s) and proposed method(s) in reviewed ALBP with

human robot collaboration studies

Reference Author(s) Objective function(s) Proposed method(s)

[26] Weckenborg et al. (2020) Min. cycle time
MILP, GA with

MILP- based scheduling

[27]
Stecke and Mokhtarzadeh

(2022)

Min. cycle time

Min. ergonomic risk

MILP, CP, Benders

Decomposition

Algorithm

[28] Koltai et al. (2021)
Min. cycle time

Min. total number of workstations
MILP, CP

[29] Boschetti et al. (2021) Min. total makespan MILP

[30] Dalle Mura and Dini (2019) Min. total cost GA

[31]
Weckenborg and Spengle

(2019)
Min. total cost MILP

[32] Samouei and Ashayer (2019)
Min. cycle time

Min. total cost
MILP

[33] Li et al. (2021)
Min. cycle time

Min. total purchasing cost
MILP, MMOB

[34] Çil et al. (2020) Min. sum of cycle times

MILP, Bee Algorithm,

Arti�cal Bee Colony

Algorithm

[35] Yaphiar et al. (2020) Min. total cost MILP

[36]
Chutima and Khotsaenlee

(2022)

Max. tax deduction

Max. line ef�ciency

Min. pollution emission

Min. workload variation among

workstations

Min. energy consumption variation

between human operators

MILP,

Evolutionary

Algorithm

[37] Keshvarparast et al. (2022)

Min. cycle time

Min. total workload of human

operators

Bi-objective MILP

2.3 Review on energy-ef�cient ALBPs

Improving energy ef�ciency on assembly lines is of great interest in the literature for

the following reasons [38]:
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� Optimization of operating costs in robotic and human-robot collaborative as-

sembly lines.

� Enhanced productivity and competitiveness through ef�cient resource utiliza-

tion.

� Improved robot lifespan and reliability through ef�cient energy management.

� Growing focus on green manufacturing and energy-ef�cient operations with

reduced carbon dioxide emissions.

� Compliance with regulations and sustainability goals through energy-ef�cient

practices.

Nilakantan et al. [39] investigate optimizing cycle time and total energy consumption

in a single-product robotic assembly line. The study involves selecting robots among

various types, and the operational energy consumption of each robot is determined

by the product of its power consumption and total processing time. Additionally, the

standby energy consumption for each robot is calculated based on the standby dura-

tion and power consumption. The authors propose a Zero-One Mixed-Integer Pro-

gramming formulation and a PSO algorithm to solve the problem. In a similar study,

Sun et al. [40] concentrate on minimizing the total operational and standby energy

consumption and the cycle time in an RALBP. The energy calculation in this study

is aligned with the approach presented in the work of Nilakantan et al [39]. Another

multi-objective optimization study that minimizes the total operational and standby

energy expenditure of the robots and cycle time for U-shaped robotic assembly lines

is conducted by Zhang et al. [41].

Belkharroubi and Yahyaoui [42] explore a mixed-model RALBP where the process-

ing time and energy consumption of tasks depend on the robot type assigned and can

differ for each model. The operational energy consumption is calculated by multi-

plying the energy consumption per unit processing time by the processing time of the

robot. Another mixed-model RALBP is presented by [43] for a two-sided assembly

line layout. In this study, the aim is to minimize the cycle time, total operational and

standby energy consumption, and purchasing cost of robots simultaneously. The au-

thors propose a Mixed-Integer Nonlinear Programming (MINLP) formulation and an
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augmented epsilon constraint method to solve the multi-objective problem.

Zhou and Wu [44] address minimizing the total number of workstations and total en-

ergy consumption (considering the operational, changeover, standby, and transporta-

tion energy consumption) for an RALBP. The changeover energy is computed based

on the number of changeovers in workstations and the corresponding unit changeover

energy consumption. Furthermore, the study also accounts for transportation energy

consumption during the movement of workpieces between adjacent workstations.

Nilakantan et al. [22] minimize the carbon footprint, which is represented as total en-

ergy consumption (operational and standby), and maximize the ef�ciency of a robotic

assembly line simultaneously. The authors formulate a multi-objective mathematical

model and develop an MOCC.

In Table 2.3, the objective(s) and proposed methods of the reviewed research in this

section are outlined.
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Table 2.3: Objective function(s) and proposed method(s) in reviewed energy-ef�cient

ALBP studies

Reference Author(s) Objective function(s) Proposed method(s)

[22] Nilakantan et al. (2017)
Min. carbon footprint

Max. line ef�ciency
MILP, MOCC

[39] Nilakantan et al. (2015)

Min. cycle time

Min. total operational and

standby energy consumption

0-1 MILP, PSO

[40] Sun et al. (2020)

Min. cycle time

Min. total operational and

standby energy consumption

0-1 MILP, Bound-guided

Sampling Method

[41] Zhang et al. (2019)
Min. total operational and

standby energy consumption

MILP, Pareto Arti�cial

Bee Colony Algorithm

[42]
Belkharroubi and

Yahyaoui (2022)

Min. total operational and

standby energy consumption

MILP, Cuckoo Search

Algorithm

[43] Rezaeia et al. (2020)

Min. cycle time

Min. total operational and

standby energy consumption

Min. total robot purchasing cost

MINLP, Augmented

Epsilon Constraint Method

[44] Zhou and Wu (2019)

Min. total number of workstations

Min. total operational,

changeover, standby, and

transportation energy consumption

MILP, Decomposition-based

Multi-objective Algorithm

To the best of our knowledge, adjustable speeds of robots have not been considered in

the assembly line balancing literature. Adjusting robot speeds is essential in enhanc-

ing energy ef�ciency and optimizing various robotic systems in real-life applications.

For instance, researchers have explored the optimization of robot speeds to improve

energy ef�ciency in robotic cells ([45], [46]) or to �nd optimal routes for mobile

robots ([47]). Furthermore, in human-robot collaborative systems, it is feasible to

adjust robot speeds, particularly in consideration of safety issues ([48], [49]).

This study aims to �ll this research gap and propose an energy-ef�cient human-robot

collaborative ALBP where robot speeds are adjustable within allowable limits. This

problem is presented in the next section in detail.
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CHAPTER 3

PROBLEM DEFINITION AND NOTATION

In this chapter, we introduce the related notation and describe the energy-ef�cient

human-robot collaborative assembly line balancing problem abbreviated as EE-HRC-

ALBP. In the EE-HRC-ALBP, a single type of product is to be produced. We are

given n tasks withI = f 1; 2; :::; ng representing the set of (indices of the) tasks.

The precedence relations between the tasks are represented by a setE which consists

of ordered pairs of different tasks. If(i; j ) 2 E, this means thati is an immediate

predecessor ofj . In other words, the starting time of taskj should be bigger than

or equal to the completion time of taski . Each task can be performed by a human

operator or possibly by a collaborative robot if the robot has the required capability.

We use a setR = f 0; 1g to represent the set of operator types, where0 corresponds

to human operators and1 to collaborative robots. The setI is divided into two as

I = I 0 [ I 1 whereI 0 represents the set of tasks that can only be performed by a

human operator, andI 1 represents the set of tasks that can be performed also by a

robot. Note that human operators are fully capable and can perform any task inI .

For a taski , CVi represents a binary parameter taking the value one if and only if

i 2 I 1. There arek workstations, each with a human operator, andW = f 1; 2; :::; kg

represents the set of workstations.

In the EE-HRC-ALBP, we are given a cycle timeCTgiven andq identical collaborative

robots with known capabilities, which are to be assigned toq of the workstations.

When a collaborative robot is assigned to a workstation, it works in parallel with the

human operator in that workstation. The EE-HRC-ALBP involves assigning robots

to workstations, tasks to robots and human operators (considering the precedence

relations), and the speeds of the robots in performing each task so that the energy
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consumption of the robots is minimized.

We assume that human operators accomplish tasks at a given standard velocityvstd .

The time it takes for a human operator to process taski is assumed to be equal to

stdi . Robots, on the other hand, are allowed to work at any speed in the interval

[vmin ; vmax ]. If a robot's speed is equal tovi in performing taski , then it will be able

to process this task in timedi which is given bydi = vstdstdi =vi . The minimum and

maximum possible processing times of taski by a robot are denoted bydmin;i and

dmax;i , respectively, which can be calculated asdmin;i = vstdstdi =vmax anddmax;i =

vstdstdi =vmin . It should be noted that when a task can be performed only by human

operators (CVi = 0), we assumedmin;i is 0 anddmax;i is in�nity.

The energy consumption of a collaborative robot is assumed to be an increasing func-

tion of its speed. Based on some studies in the literature which consider the energy

consumption of robots or other devices in other contexts (see e.g., [50] and [51]), we

assume that the operational energy consumption of a robot when performing taski

at speedvi is equal towi v2
i , wherewi is called as the energy coef�cient of taski .

Note that the solution methods proposed in this paper are all applicable if the energy

consumptions of the robots are proportional to a positive rational power ofvi that is

at least one.

In the next chapter, we describe the solution methods developed for the EE-HRC-

ALBP.
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CHAPTER 4

SOLUTION METHODS

We �rst formulate the EE-HRC-ALBP as an MISOCP problem in which the robot

speeds to perfom tasks are continuous decision variables. As this formulation is

ineffective in solving medium size instances, we discretize the speed variables and

formulate the discretized problem as CP and MILP problems. We propose a speed

optimization procedure to further improve the discretized solutions obtained using

CP or MILP formulations. This chapter is organized as follows: In Section 4.1, we

describe the �rst solution method, which is an MISOCP formulation. In Section 4.2,

we provide a CP formulation for the discretized EE-HRC-ALBP. This is followed by

an MILP formulation of the same problem (Section 4.3). Lastly, we introduce a speed

optimization procedure to improve the discretized solutions (Section 4.4) and propose

bounds on the earliest and latest workstations to which tasks can be assigned (Section

4.5).

4.1 An MISOCP Formulation for the EE-HRC-ALBP

We �rst provide a Mixed-Integer Nonlinear Programming formulation of the EE-

HRC-ALBP, which is then converted into an MISOCP formulation.

Parameters

CTgiven : given cycle time (in sec)

W: number of workstations

q: number of robots

R: set of resourcesf 0; 1g, where 0 corresponds to human operators and 1 to robots
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wi : energy coef�cient of taski (in m/s)

stdi : standard processing time of taski (in m/s)

dmin;i : minimum processing time of taski by the robots (in sec)

dmax;i : maximum processing time of taski by the robots (in sec)

vstd : standard velocity of human operators (in m/s)

vmin : minimum speeds of robots (in m/s)

vmax : maximum speeds of robots (in m/s)

E: Set of precedence relations between the tasks

M 1: Big-M parameter that can be set tow � CTgiven

M 2: Big-M parameter that can be set to(w � 1) � CTgiven

M 3: Big-M parameter that can be set tow � CTgiven

CVi :

8
<

:
1; if the robots are capable of performing taski ,

0; otherwise,

Decision Variables

CT: cycle time (in sec)

vi : speed of the robot performing taski (in m/s)

di : processing time of the robot performing taski (in sec)

si : starting time of taski (in sec)

ci : completion time of taski (in sec)

Sk : starting time of workstationk (in sec)

Ck : completion time of workstationk (in sec)

pi : binary variable taking the value 1 if and only if taski is assigned to a robot

x irk =

8
<

:
1; if task i is assigned to resourcer and workstationk

0; otherwise

yk =

8
<

:
1; if a robot is assigned to workstationk

0; otherwise

uij =

8
<

:
1; if task i is performed before taskj by the same resource in a workstation

0; otherwise
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Using the described parameters and decision variables, the EE-HRC-ALBP can be

formulated as a Mixed-Integer Nonlinear Programming model as follows:

minimize
X

i 2 I 1

wi v2
i (4.1)

subject to

X

k2 W

x i 1k = pi 8i 2 I 1 (4.2)

vi di � pi stdivstd 8i 2 I 1 (4.3)

pi vmin � vi � pi vmax 8i 2 I 1 (4.4)

pi dmin;i � di � pi dmax;i 8i 2 I 1 (4.5)

si + (
X

k2 W

stdix i 0k + di ) = ci 8i 2 I (4.6)

uij + uji � 1 8i;j 2 I;i<j (4.7)

1 + uij + uji � x irk + x jrk 8i;j 2 I ; 8k2 W ; 8r 2 R (4.8)

ci � sj + M 1(1 � uij ) 8i;j 2 I;i 6= j ; 8(i;j ) =2 E (4.9)

ci � sj 8(i;j )2 E (4.10)

Sk � si + M 2(1�
X

r 2 R

x irk ) 8i 2 I ; 8k2 W (4.11)

Ck � ci � M 3(1 �
X

r 2 R

x irk ) 8i 2 I ; 8k2 W (4.12)

CTgiven � CT (4.13)

CT � Ck � Sk 8k2 W (4.14)

Sk � Ck� 1 8k2 W �f 1g (4.15)
X

k2 W

X

r 2 R

x irk = 1 8i 2 I (4.16)

X

k2 W

yk = q (4.17)

x i 1k � yk 8i 2 I 1 ; 8k2 W (4.18)
X

k2 W

x i 1k = 0 8i 2 I 0 (4.19)
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x irk 2 f 0; 1g 8i 2 I ; 8k2 W ; 8r 2 R (4.20)

yk 2 f 0; 1g 8k2 W (4.21)

uij 2 f 0; 1g 8i;j 2 I (4.22)

pi 2 f 0; 1g 8i 2 I (4.23)

Sk ; Ck � 0 8k2 W (4.24)

si ; ci � 0 8i 2 I (4.25)

vi ; di � 0 8i 2 I 1 (4.26)

The objective function (4.1), which is nonlinear, aims to minimize the total opera-

tional energy consumption of the robots. Constraints (4.2) make sure that taski is

assigned to a robot if and only ifpi = 1. Constraints (4.3) help us compute the pro-

cessing times of the tasks assigned to the robots based on the speeds of the robots.

Note that these constraints are nonlinear. Constraints (4.4) and (4.5) enforce limits

on the speeds and processing times of the robots in performing the tasks, ensuring

that they fall within the given minimum and maximum values. These constraints also

ensure that if taski is not assigned to a robot, thenvi and di take the value zero.

Constraints (4.6) de�ne the completion time of each task as the sum of its starting

and processing times. Constraints (4.7) state that for any two tasks, at most one of

the tasks is to be performed before the other. Note that we allow the left side of these

constraints to be zero as well. Additionally, Constraints (4.8) guarantee that if two

different tasks are assigned to the same workstation and resource, one of the tasks

must precede the other. Constraints (4.9) ensure that ifuij is equal to one, then the

starting time of taskj should be at least as large as the completion time of taski .

Constraints (4.10) enforce the precedence relations. Constraints (4.11) ensure that

the starting time of each workstation is less than or equal to the starting times of the

tasks assigned to the workstation. Similarly, Constraints (4.12) guarantees that the

completion time of each workstation is at least as large as the completion times of

the tasks assigned to the workstation. The optimal cycle time satis�es the given cycle

time restriction through Constraint (4.13). In addition to that, the cycle time is re-

stricted to be at least as large as the maximum difference between the completion and

starting times of the workstations by Constraint (4.14). Note that if there are alterna-

tive optimal solutions, the realized cycle time may be larger than what it should be.
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To overcome this issue, the variableCT can be multiplied by a small positive number

� and added to the objective function. Constraints (4.15) specify that each workstation

can begin after the previous workstation has been �nished. Constraints (4.16) assert

that each task can only be assigned to one resource and workstation. Constraint (4.17)

ensures thatq robots are used in the assembly line. Additionally, Constraints (4.18)

ensure that if a task is assigned to a robot and a workstation, a robot must be assigned

to the same workstation. Constraints (4.19) indicate that if a robot cannot perform a

task, then the task cannot be assigned to the robot. The remaining constraints in the

model are non-negativity and binary restrictions of the variables.

The presented formulation of the EE-HRC-ALBP is a Mixed-Integer Nonlinear Pro-

gramming formulation. The objective function (4.1) and Constraints (4.3) are nonlin-

ear. We now convert this formulation to an MISOCP formulation. An optimization

problem is an MISOCP problem if there are both discrete and continuous variables,

the objective function is linear, and the constraints are second-order cone constraints

of the form

jjAx + bjj � cT x + d; (4.27)

wherex is the vector of decision variables,A is a matrix of appropriate size,bandc

are vectors of appropriate sizes,d is a scalar, andjj :jj represents the Euclidean norm.

Note that linear constraints are SOCP constraints ([52]).

There are several solvers, such as CPLEX and GUROBI, that can solve MISOCP

formulations using a branch-and-bound algorithm, where at each node of the branch-

and-bound tree, a Second-Order Cone Program (SOCP) (which is an MISOCP with-

out discrete variables) is solved. Note that SOCP problems can be solved ef�ciently

(see, e.g., [52], [53], [54]).

To linearize the objective function (4.1), we introduce new nonnegative variablesai

for everyi 2 I 1 and write the objective function as the minimization of
P

i 2 I 1
wi ai .

We add the constraintsai � v2
i for eachi 2 I 1 and rewrite these constraints as second-

order cone constraints as given in Constraints (4.29) (to see thatai � v2
i is equal

to (4.29), square both sides of (4.29)). Moreover, the other nonlinear constraints,
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i.e., Constraints (4.3), can be written as second-order cone constraints as provided

in Constraints (4.30). As all the other constraints are linear, we obtain the following

MISOCP formulation for the EE-HRC-ALBP.

minimize
X

i 2 I 1

wi ai (4.28)

subject to
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4 2vi

ai � 1

3
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� ai + 1 8i 2 I 1 (4.29)
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vstdstdi pi

vi � di

3
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� vi + di 8i 2 I 1 (4.30)

ai � 0 8i 2 I (4.31)

Constraints (4.2) & Constraints (4.4) -(4.26)

4.2 A CP Formulation for the Discretized EE-HRC-ALBP

CP is an important solution approach to formulate and solve complex real-life opti-

mization problems such as scheduling and assignment problems ([55], [56], [57] and

[58]). CP formulations provide numerous advantages when compared to other math-

ematical programming formulations. CP allows for an easier de�nition of constraints,

including interval variables related to starting and completion times of processes

([59], [60]). Furthermore, CP facilitates the incorporation of logical and nonlinear

constraints, providing a �exible and straightforward approach to modeling complex

optimization problems.

The provided MISOCP formulation of the EE-HRC-ALBP is unable to solve medium

size instances in reasonable times. We, therefore, discretize the speed variables and

formulate the EE-HRC-ALBP as a CP model with the hope of obtaining approximate
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solutions faster. Discretization is done by selecting the value of a discretization coef�-

cientc. Whenc is 1, the possible processing times of taski are taken as the integers in

the interval[dmin;i ; dmax;i ]. Whenc is 2, the possible processing times will be the mul-

tiples of 0.5 in the interval[dmin;i ; dmax;i ]. In this case, all processing times and cycle

times are multiplied by 2 in the CP model to make them all integers. In other words,

all processing times in the CP model will be integers in the interval[2dmin;i ; 2dmax;i ].

To illustrate how discretization works, we refer the reader to Table 4.1. Here we have

a task that can be assigned to a robot. The minimum and maximum robot process-

ing times of the task are 2.5 and 7.5. In the second and third columns of this table,

the minimum and maximum processing times that will be used in the CP model are

presented, respectively. In the fourth column, the possible processing times in the CP

model are presented, which are all the integers in the interval[cdmin;i ; cdmax;i ]. The

last column displays the possible processing times we get after postprocessing the CP

solution. As the discretization coef�cientc gets larger, the CP solutions are expected

to get closer to the MISOCP solutions.

Table 4.1: An example of the discretization method

c Min. process-

ing time in the

CP model

Max. pro-

cessing time

in the CP

model

Feasible pro-

cessing times in

the CP model

Corresponding

real processing

times

1 2.5 7.5 3,4,5,6,7 3,4,5,6,7

2 5 15 5,6,7,8,9,10, 2.5,3,3.5,4,4.5,5,

11,12,13,14,15 5.5,6,6.5,7,7.5

5 12.5 37.5 13,14,15,16,17, 2.6,2.8,3.0,3.2,3.4,

18,19,20,21,22, 3.6,3.8,4.0,4.2,4.4,

23,24,25,26,27, 4.6,4.8,5.0,5.2,5.4,

28,29,30,31,32, 5.6,5.8,6.0,6.2,6.4,

33,34,35,36,37 6.6,6.8,7.0,7.2,7.4

In the CP formulation, we utilize several parameters introduced in Section 4.1. These

parameters includeCTgiven , q, wi , stdi , dmin;i , dmax;i , E , andCVi . Note thatCTgiven ;

stdi ; dmin;i , anddmax;i are all multiplied withc in the CP model. Moreover, without

loss of generality, we assume thatstdi values are all integers.
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Decision Variables

CT: cycle time (in sec)

x i : the workstation taski is assigned to

pri : interval decision variable representing the processing time of taski (startOf (pri );

endOf (pri ), andsizeOf (pri ) represent the starting time, completion time, and the

processing time of taski , respectively, which are all integers)

yi =

8
<

:
1; if task i is assigned to a robot

0; if task i is assigned to a human operator

zk =

8
<

:
1; if a robot is assigned to workstationk

0; Otherwise

According to the given parameters and decision variables, a CP formulation of the

EE-HRC-ALBP can be obtained as follows:

minimize
X

i 2 I 1

wi (stdi yi =sizeOf(pri ))
2 (4.32)

subject to

(yi = 1) ) dmin;i � sizeOf(pri ) � dmax;i 8i 2 I (4.33)

(yi = 0) ) (sizeOf(pri ) = stdi ) 8i 2 I (4.34)

x i � x j 8(i;j )2 E (4.35)

endOf(pri ) � CT 8i 2 I (4.36)

(zk = 0) )
X

i 2 I

(x i = k)sizeOf(pri ) � CT 8k2 W (4.37)

(yi = r )&( yj = r )&( x i = k)&( x j = k)&( zk = 1) )

startOf(pri ) � endOf(prj ) jj startOf(prj ) � endOf(pri )

8i;j 2 I ; 8r 2 R ; 8k2 K

(4.38)

(zk = 0)&( x i = k) ) (startOf(pri ) = 0) 8k2 W ; 8i 2 I (4.39)

(x i = k)&( x j = k)&( zk = 1) ) (startOf(prj ) � endOf(pi ))

8(i;j )2 E ; 8k2 W

(4.40)
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X

k2 W

zk = q (4.41)

CVi � yi 8i 2 I (4.42)

(yi = 1)&( x i = k) ) (zk = 1) 8i 2 I ; 8k2 W (4.43)

CTgiven � CT (4.44)

1 � x i � k 8i 2 I (4.45)

yi 2 f 0; 1g 8i 2 I (4.46)

zk 2 f 0; 1g 8k2 W (4.47)

pr i � 0 8i 2 I (4.48)

The objective function (4.32) aims to minimize the total operational energy consump-

tion of the robots. Constraints (4.33) ensure that the processing time of a task assigned

to a robot falls within the range speci�ed bydmin;i anddmax;i . Similarly, Constraints

(4.34) guarantee that the processing time of a taski assigned to a human operator is

stdi . Constraints (4.35) ensure that the precedence relations between the tasks are

met. Constraints (4.36) state that the completion time of each task must be shorter

than the cycle time. Constraints (4.37) indicate that if a robot is not assigned to a

workstation, then the total processing time of the tasks assigned to this workstation

should not exceed the cycle time. Constraints (4.38) ensure that when tasksi andj

are assigned to the same workstation with a robot and a resource, one task can only

start once the other task has been completed. Constraints (4.39) specify that if a robot

is not assigned to a workstation, then the starting times of the tasks assigned to this

workstation should be zero. Constraints (4.40) imply that if there is a precedence

relation between two tasks assigned to the same workstation, the successor task can

only start after the predecessor task is completed. Constraint (4.41) speci�es that the

total number of robots assigned to the workstations should be equal toq. Constraints

(4.42) indicate that if robots are incapable of processing a task, then the task cannot be

assigned to a robot. Constraints (4.43) represent that if a task is assigned to a robot in

a workstation, then the robot must be assigned to that workstation. Constraints (4.44)

ensure that the optimal cycle time adheres to the given cycle time restriction. Con-

straints (4.45) are related to the bounds of thex variables. The remaining constraints

are non-negativity and binary restrictions of the variables.
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4.3 An MILP Formulation for the Discretized EE-HRC-ALBP

In this section, we provide an MILP formulation of the discretized EE-HRC-ALBP.

We assume that for taski , tr i many discrete values of speeds and processing times can

be selected. We denote byTRi = f 1; 2; :::; tr i g the set of discretization alternatives

for taski . Thenth possible discretized speed and processing time values for taski are

represented byvin andt in , respectively, for anyn 2 TRi . These discretized values

should satisfyvin t in = vstdstdi . We next present the parameters and the decision

variables that will be used in the MILP model �rst, followed by the model itself.

Parameters

The parameters of the MISOCP formulation presented in Section 4.1 can be used in

the MILP formulation. Additional parameters used in the MILP model are as follows:

tr i : number of discretization alternatives for taski .

TRi : set of all discretization alternatives for taski which is equal tof 1; 2; :::; tr i g

vin : nth possible discretized speed value of the robot for taski (in m/s)

t in : nth possible discretized processing time of the robot for taski (in sec)

Decision Variables

CT: cycle time (in sec)

di : processing time of taski (in sec)

si : starting time of taski (in sec)

ci : completion time of taski (in sec)

Sk : starting time of workstationk (in sec)

Ck : completion time of workstationk (in sec)

x irk =

8
<

:
1; if task i is assigned to resourcer and workstationk

0; otherwise

yk =

8
<

:
1; if a robot is assigned to workstationk

0; otherwise
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zi =

8
<

:
1; if task i is assigned to a robot

0; otherwise

oin =

8
<

:
1; if task i is performed by a robot using thenth possible discretized value

0; otherwise

uij =

8
<

:
1; if task i is performed before taskj on the same workstation and resource

0; otherwise

According to the given parameters and decision variables, an MILP formulation of

the discretized EE-HRC-ALBP can be obtained as follows:

minimize
X

i 2 I 1

X

n2 T R i

wi oin v2
in (4.49)

subject to

di = stdi (1 � zi ) +
X

n2 T R i

t in oin 8i 2 I 1 (4.50)

di = stdi 8i 2 I 0 (4.51)
X

n2 T R i

oin = zi 8i 2 I 1 (4.52)

si + di = ci 8i 2 I (4.53)
X

k2 W

x i 1k = zi 8i 2 I 1 (4.54)

X

k2 W

x i 0k + zi = 1 8i 2 I 1 (4.55)

oin 2 f 0; 1g 8i 2 I 1 ; 8n2 T R i (4.56)

zi 2 f 0; 1g 8i 2 I 1 (4.57)

di � 0 8i 2 I (4.58)

Constraints (4.7)-(4.22), (4.24) and (4.25) of the MISOCP formulation

The objective function (4.49) minimizes the total operational energy consumption

of the robots. Constraints (4.50) state that the processing time of a task that can

be assigned to a robot is equivalent to either one of the possible robot processing

times or the standard processing time of the task. If a robot cannot perform a task, its
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processing time should be the standard processing time as given in Constraints (4.51).

Constraints (4.52) guarantee that a task performed by a robot must be assigned to the

robot. Constraints (4.53) indicate that the completion time of each task should be

equal to the sum of its starting and processing times. Constraints (4.54) show that if

a task is performed by a robot on a workstation, then the task should be assigned to

a robot and vice versa. Constraints (4.55) guarantee that a task is assigned to exactly

one operator. Constraints (4.56)-(4.58) are binary and non-negativity restrictions.

Note that, in this MILP formulation, we also have some constraints coming from the

MISOCP formulation (Constraints (4.7)-(4.22) & Constraints (4.24), (4.25)). We do

not explain them again here to avoid repetition.

4.4 A Speed Optimization Procedure to Improve the Discretized Solutions

In order to improve the discretized solutions obtained using the CP or MILP formu-

lations, we propose a speed optimization procedure. This procedure aims to further

reduce the energy consumption values obtained via CP or MILP formulations by �ne-

tuning the speeds of the robots. For this purpose, after getting an optimal solution of

the CP or MILP formulation, we �x the values of the discrete variables (i.e.,x; y,

andu variables) that are present in the MISOCP formulation. After �xing these vari-

ables based on the discretized solutions, the MISOCP formulation becomes an SOCP

formulation which can be solved very ef�ciently. We solve the resulting SOCP for-

mulation and obtain the optimal speed values of the robots corresponding to the �xed

x; y, andu variables. This procedure will return a solution whose energy consumption

is less than or equal to the energy consumption of the discretized solution.

In our computational experiments, we show that when the discretized solutions of

the CP formulation are improved with this speed optimization procedure, we obtain

optimal solutions of the EE-HRC-ALBP for many of the instances (the same is also

true for the MILP formulation, but MILP formulation cannot �nish solving many

instances within the given time limit).
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4.5 Bounds on Earliest and Latest Workstations

For simple assembly line balancing problems, for each task, the earliest and latest

workstations that the task can be assigned to have been determined by [61]. The ad-

dition of such bounds to a mathematical programming formulation usually makes the

formulation stronger and hence results in lower execution times. In this section, for

the EE-HRC-ALBP, we will propose new bounds on the earliest and latest worksta-

tions that a task can be assigned to. In Section 5.2, we investigate the effects of adding

these bounds in our mathematical programming formulations.

The additional notation used in this section is given below:

Pi : set of all predecessors of taski

Si : set of all successors of taski

E1i : the earliest workstation to which taski can be assigned by assuming that tasks

can only be performed by human operators, including taski and all its predecessors,

are assigned to human operators.

E2i : the earliest workstation to which taski can be assigned by assuming that tasks,

including taski and all its predecessors, are assigned to the fastest operator (either

human or robot).

L1i : the latest workstation to which taski can be assigned by assuming that tasks

can only be performed by human operators, including taski and all its successors, are

assigned to human operators.

L2i : the latest workstation to which taski can be assigned by assuming that tasks,

including taski and all its successors, are assigned to the fastest operator (either

human or robot).

Let us �rst assume that among the taski and all its predecessors, tasks which can only

be performed by human operators are assigned to human operators. In this case, we

obtain the following lower bound, which considers the bottleneck can be created by

only human operators, for the workstation that taski can be assigned to

E1i =
�

std i (1� CVi )+
P

j 2 P i ;CV j =0 std j

CTgiven

�
.

Taski cannot be assigned to an earlier workstation than workstationE1i because this
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would result in a cycle time that is bigger thanCTgiven .

Now let us consider that the taski and all its predecessors are assigned to the fastest

operator. In this case, a human operator or a robot can perform taski depending on

the processing time. It is easy to see that the following gives a lower bound on the

earliest workstation that taski can be assigned to

2

6
6
6

l
t i +

P
j 2 P i

t j

CTgiven

m

2

3

7
7
7

;

where

t i =

8
<

:
minf stdi ; dmin;i g; if CV i = 1

stdi ; if CV i = 0
:

The bound above is valid only if we have unlimited number of robots or the number of

robots is not binding. LetX denote a lower bound on the maximum number of robotic

workstations that taski can be assigned by assuming that tasks can be performed by

robots, including task i and all its predecessors, are assigned to robots. Then,X can

be calculated as

X = min

(&
dmin;i +

P
j 2 Pi ;CVj =1 dmin;j

CTgiven

'

; q

)

:

Assume now that
l

t i +
P

j 2 P i
t j

CTgiven

m
> 2X . In this case, a lower bound on the earliest

workstation that taski can be assigned to can be computed as
l

t i +
P

j 2 P i
t j

CTgiven

m
� X . If

l
t i +

P
j 2 P i

t j

CTgiven

m
� 2X , meaning the number of robots is not binding, the above bound

can be used. In summary,E2i , which is given below, gives us the earliest workstation

that taski can be assigned to, assuming that taski and all its predecessors are assigned

to the fastest operator:

E2i =

8
>>><

>>>:

& �
t i +

P
j 2 Pi

t j
CT given

�

2

'

; if
l

t i +
P

j 2 P i
t j

CTgiven

m
� 2X

l
t i +

P
j 2 P i

t j

CTgiven

m
� X; otherwise
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The bound on the earliest workstation for taski , E i , is given in the following formula

E i = maxf E1i ; E2i g:

In a similar manner, we determineL1i by considering that tasks (taski and all its suc-

cessors) can only be performed by human operators are assigned to human operators

as follows.

L1i = k �
��

std i (1� CVi )+
P

j 2 Si ;CV j =0 std j

CTgiven

�
� 1

�

Moreover, we �ndL2i by assuming that tasks (taski and all its successors) are as-

signed to the fastest operator.

L2i =

8
>>><

>>>:

k �

 & �
t i +

P
j 2 Si

t j
CT given

�

2

'

� 1

!

; if
l

t i +
P

j 2 Si
t j

CTgiven

m
� 2Y

(k � q) �
�l

t i +
P

j 2 Si
t j

CTgiven

m
� 2q � 1

�
; otherwise

whereY = min f
�

dmin;i +
P

j 2 Si ;CV j =1 dmin;j

CTgiven

�
; qg.

Then, the bound on the latest workstation for taski , L i , can be stated as follows.

L i = min f L1i ; L2i g

Let B ik be a binary parameter that takes the value 1 if workstationk is between the

earliest and latest workstations that taski can be assigned to, i.e.,E i � k � L i . Thus,

the following set of constraints can be added to the MILP and MISOCP formulations

x irk � B ik ; 8i 2 I ; 8k2 W ; 8r 2 R (4.59)

and the following set of constraints to the CP formulation

E i � x i � L i ; 8i 2 I (4.60)

to make the formulations stronger.

31



32



CHAPTER 5

COMPUTATIONAL RESULTS

Dataset collection provided by Scholl ([62]) are widely used in assembly line bal-

ancing studies. This collection includes 25 datasets, with each dataset containing

information on an optimal number of workstations for different cycle times, prece-

dence relations between tasks, and their processing times. In our study, we evaluate

the solution approaches proposed in Chapter 4 using 5 datasets from Scholl's collec-

tion (Mitchell, Roszieg, Sawyer, Gunther, and Kilbrid) on a computer with Dual-Core

Intel Core i5, 2.3 GHz, and 8 GB RAM. The approaches are implemented in ILOG

CPLEX Optimization Studio 22.1 [63]. CP model is solved with CPLEX CP Opti-

mizer, while CPLEX Optimizer is used for the other models.

Mitchell, Roszieg, Sawyer, Gunther, and Kilbrid datasets contain 21, 25, 30, 35, and

45 tasks, respectively, to be assigned to 8 workstations. In the selected datasets, there

is no robot usage. Therefore, we randomly generated the robot capability for each

task. After we obtain the robot capabilities, the energy coef�cient parameters are

also randomly generated by using a continuous uniform distribution between 1 and 4.

Note that the problem instances (with the original cycle times) are feasible to solve

without any robot usage. To allow robot usage, we decreased the cycle times by 10

%. We set cycle times as 12.6, 14.4, 36.9, 56.7, and 62.1 (which were originally

14, 16, 41, 63, and 69) for Mitchell, Roszieg, Sawyer, Gunther, and Kilbrid datasets,

respectively.

In the original datasets, the processing times of human operators are given, but there

is no information related to robots. We assume that robots can accomplish a taski

betweendmin;i anddmax;i time. These values are calculated from the minimum and

maximum speeds,vmin andvmax , which are decided considering the human speed
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(vstd = 1.6 m/s [64]). The range of the robot's speed is assumed to be between 0.5 and

3 times of the human speed.dmin;i anddmax;i values are obtained as follows:

dmin;i =
stdi vstd

vmax
; dmax;i =

stdi vstd

vmin
(5.1)

In the computational runs, 1 hour time limit is set for each instance.

5.1 An illustrative example

For illustrative purposes, the Mitchell dataset is chosen. As it is stated before, there

are 21 tasks and 8 workstations in this problem. Figure 5.1 presents the precedence

relationships among the tasks.

Figure 5.1: Precedence relationship diagram of the tasks in the Mitchell dataset

Table 5.1 presents the operator parameters. The standard processing timestdi is used

as in the dataset. The parametersCVi , wi , dmin;i , anddmax;i are obtained using the

methods we explained previously. For instance, the randomly generated capability

parameter of task 13,CV13, is 1 in this example. Hence the robot can perform the task

13. The energy coef�cient parameter,w13, is generated as 1.4 by using continuous

uniform distribution between 1 and 4. Furthermore, we can obtaindmin; 13 anddmax; 13

by Equations given in (5.1).
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Table 5.1: Parameters of the illustrative example

Tasks

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

Human operatorstdi 4 3 9 5 9 4 8 7 5 1 3 1 5 3 5 3 13 5 2 3 7

Robot

CV i 1 0 1 1 1 0 0 1 1 1 1 1 1 1 1 1 1 0 1 0 1

wi 2 0 2.4 1.7 3.2 0 0 3.6 1.8 3.2 1.4 3.5 1.4 2.8 2.1 3.4 2.5 0 2.5 0 3.6

dmin ;i 1.3 0 3 1.7 3 0 0 2.3 1.7 0.3 1 0.3 1.7 1 1.7 1 4.3 0 0.7 0 2.3

dmax ;i 8 0 18 10 18 0 0 14 10 2 6 2 10 6 10 6 26 0 4 0 14

When the cycle time is set to its original value of 14, Figure 5.2 depicts the optimal

solution of the MISOCP model without the utilization of any robots.

Figure 5.2: The optimal solution without robots

The same problem is solved by reducing the cycle time by 10 % and including a robot

in the assembly line. In the optimal solution of the MISOCP formulation, tasks 13,

14, 17, and 19 are performed by the robot, and the robot is allocated to workstation 8.

Figure 5.3 illustrates the optimal solution of the problem.

In addition to the MISOCP model, the solutions of the CP and MILP (with discretiza-

tion coef�cients of 1 and 4) models and those of the SOCP model for speed optimiza-

tion are obtained. The task assignments remain consistent across different solutions.

A comprehensive comparison of energy consumption (EC), speeds, and processing
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Figure 5.3: The optimal solution with one robot

times of the tasks assigned to the robot in these solutions is presented in Table 5.2.

The results highlight that by increasing the discretization level in CP and MILP mod-

els and utilizing SOCP as a subprocedure to optimize robot speed, the energy con-

sumption can be brought closer to the optimal solution achieved by the MISOCP

model.

Table 5.2: Comparison of the solution methods on the illustrative example

Task 13 Task 14 Task 17 Task 19

EC Speed Processing Time Speed Processing Time Speed Processing Time Speed Processing Time

MISOCP 65.37 2.67 3.00 2.15 2.23 3.63 5.70 1.95 1.63

CP (c = 1) 75.77 2.67 3.00 2.40 2.00 4.16 5.00 1.60 2.00

CP + SOCP (c = 1) 65.37 2.67 3.00 2.15 2.23 3.63 5.73 1.95 1.64

CP (c = 4) 66.75 2.67 3.00 2.13 2.25 3.62 5.75 2.13 1.50

CP + SOCP (c = 4) 65.37 2.67 3.00 2.15 2.23 3.63 5.73 1.95 1.64

MILP (c = 1) 75.77 2.67 3.00 2.40 2.00 4.16 5.00 1.60 2.00

MILP + SOCP (c = 1) 65.37 2.67 3.00 2.15 2.23 3.63 5.73 1.95 1.64

MILP (c = 4) 66.75 2.67 3.00 2.15 2.23 3.62 5.75 2.13 1.50

MILP + SOCP (c = 4) 65.37 2.67 3.00 2.15 2.23 3.63 5.73 1.95 1.64

To investigate the relationship between cycle time and energy consumption in assem-

bly line balancing, we adopt an iterative approach within the MISOCP model. By

gradually decreasing the upper limit of the cycle time by 0.2 in the Mitchell dataset,

we observe the corresponding changes in energy consumption. In Table 5.3, the given

cycle time (CTgiven ), the optimal cycle time (CT), and energy consumption (EC) are

presented for each run. Figure 5.4, a graphical representation of Table 5.3, demon-

strates that even small decreases in the given cycle time can lead to a signi�cant
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increase in energy consumption.

Table 5.3: Energy consumption for corresponding cycle time in the Mitchell dataset

CT given 13.90 13.70 13.50 13.30 13.10 12.90 12.70 12.50 12.30 12.10 11.90 11.70 11.50 11.30 11.10 10.90

CT 13.90 13.70 13.50 13.30 13.10 12.90 12.70 12.50 12.29 12.09 11.90 11.69 11.49 11.29 11.09 10.90

EC 4.59 4.99 5.44 5.96 6.56 62.07 64.23 66.53 68.99 71.61 244.64 256.06 271.79 319.83 343.13 -

Figure 5.4: Effect of the cycle time on energy consumption

In another analysis, the effect of the robot's capability on energy consumption is

investigated on the Mitchell dataset. The MISOCP model is solved by iteratively

increasing the total number of tasks the robot can perform by 2. The robot capability

percentages in Figure 5.5 are calculated by dividing the total number of tasks the

robot can perform by the total number of tasks on the assembly line (e.g., 2/21 =

0.1). Furthermore, to observe the relationship between the cycle time and the robot's

capability percentage, the upper limit of the cycle time is reduced by 0.3 (starting

from 13.5). The instances are solved until the cycle time value reaches 10.8, as the

model is unable to �nd a feasible solution for any of the robot capability percentages

in this case. Figure 5.5 illustrates the outcomes, which can be interpreted as follows:

� For cycle times 13.5 and 13.2, increasing the capability of robots does not im-
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pact energy consumption.

� For cycle time values between 12.9 and 12.0, the problem becomes infeasible

when the robot's capability percentage is smaller than 0.4 (for CT=12.9) and

0.5. Moreover, increasing the capability of robots decreases the total energy

consumption, but the results do not signi�cantly change between 0.6 and 0.9

capability percentages.

� For cycle times 11.7, 11.4, and 11.1, it is possible to �nd optimal solutions

when the capability percentage is at least 0.6, and we obtain the highest en-

ergy consumption values when the robot capabilities and cycle times are the

smallest.

Figure 5.5: Impact of robot's capability percentage and cycle time on energy con-

sumption

As a last analysis, in order to explore the potential reduction in cycle time with an

increasing number of robots, we solve the illustrative example (with a given robot ca-

pabilities: pc=0.8 and PC= 1.0) as a Type II ALBP. Figure 5.6 depicts that increasing

the number of robots beyond 3 does not lead to signi�cant reductions in cycle time

when the robot capability is 0.8 (pc=0.8). On the other hand, when robots have the

ability to perform all tasks (pc=1.0), further cycle time minimization is possible.
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Figure 5.6: Effect of the number of robots on cycle time

5.2 Effect of Earliest and Latest Workstation Bounds on the Solution

In Chapter 4.5, we discussed the inclusion of the bounds involving the earliest and

latest workstations to the models. The main aim of this chapter is to see the effect

of this modi�cation on the computation time and solution quality of the models. For

this purpose, we made preliminary runs with selected problem instances. We use the

notationPn;r;pc to represent a problem instance withn tasks,r robots, andpc robot

capability percentage (percentage of tasks that can be performed by the robots). As it

is discussed earlier, robot capability and energy coef�cients are randomly generated.

To eliminate the effect of randomness, we made 5 replications.EL andc are the

other parameters in the runs.EL represents the inclusion of the earliest and latest

workstations to the models (EL : 0 (not included),EL : 1 (included)), andc is the

discretization level in CP and MILP models (c: 1 (only integers),c: 4 (integers,

integers.25, integers.5, integers.75)).

Table 5.4 gives the preliminary results for MISOCP, CP, and MILP models, respec-

tively. The results show that the inclusion of the earliest and latest workstation bounds

to models improves the solutions. If the problem instance is optimally solvable within
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an hour time limit whenEL = 0, it is solved faster whileEL = 1. If no solution is

returned within an hour whenEL = 0, with the inclusion of earliest and latest work-

station bounds, models start returning solutions. For infeasible problem instances,

models prove infeasibility in a faster manner whenEL = 1. Based on these ob-

servations, we will continue to computational studies with the models, including the

earliest and latest workstation bounds.
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5.3 Comparison of the Methods in terms of Solution Time and Quality

As it is reported in the previous section, including bounds on assignable workstations

improves the solution time as well as the solution quality. In this section, we com-

pare the solution approaches with the earliest and latest workstation bounds on more

problem instances. For the sake of completeness, experimental parameters can be

summarized as follows: number of tasks (n: 21, 25, 30, 35, 45), number of robots

(r : 1, 2), robot capability percentage (pc: 0.2, 0.4, 0.6, 0.8), discretization level in

the CP and MILP models (c: 1 (only integers), 2 (integers, integers.5), 4 (integers,

integers.25, integers.5, integers.75)). For each parametric combination, we generate

5 problem instances with different robot capabilities and speed parameters, run each

one for 1-hour and report the performance measures (solution time and objective

value, i.e., energy consumption) in Tables 5.5 - 5.9 for different number of tasks.

For small size instances with n=21 and n=25 given in Tables 5.5 and 5.6, if the in-

stance is feasible, the CP �nds the optimal solution within 1-hour for each replication

of all combinations of parameters. Parameters have an obvious effect on the solution

quality and solution time of the CP. With the increase ofr , pc, c, andn, the problem

instances become harder to solve, and solution times increase. Moreover, even though

the increase in the discretization level has a negative effect on solution time, it im-

proves the solution quality. For the results of the MILP model, we can deduct similar

conclusions. Solution times increase with the increase ofr , pc, c, andn, and solution

quality improves with the increase in the discretization level. Different than the CP,

the MILP model cannot �nd the optimal solution for some feasible instances of n=25

as it reaches to time limit, and the number of such instances increases with the dis-

cretization level. When we focus on the results of the MISOCP model, it is seen that

the MISOCP model also �nds the optimal solution for all (but one) feasible instances

of n=21. When n=25, 12 of the instances (among 31) cannot be solved within the

given time limit. As it is expected, those instances are the ones with relatively high

pcparameters (pc: 0.6 & r : 2 andpc: 0.8 & r : 1,2).

In addition, we examine the percentage deviations of CP and MILP formulations,

in comparison to the MISOCP formulation, across various discretization levels for

smaller instances. The details are provided in Tables C.1 and C.2 in Appendix C).
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For medium size instances with n=30 and n=35 given in Tables 5.7 and 5.8, the CP

is again the best approach. Whenc = 1, it �nds the optimal solution for all feasible

instances within the time limit. Whenc = 2 andc = 4, 1 and 6 (among 76) instances

cannot be solved optimally, respectively. The MILP model is the worst approach. It

cannot return a solution within the time limit for many instances. The number of such

instances is 10, 9, and 13 (among 78) forc = 1, c = 2, andc = 4, respectively.

The MISOCP model can be considered a mediocre approach, as it cannot return a

solution for 7 instances (among 78). On the other hand, it should be noted that for the

instances in which the MILP model is able to return a solution within the time limit,

the solutions have better (or near) quality than the solution returned by the MISOCP

model within the same time. Other conclusions are similar to those of the small-size

instances. The solution time of all approaches increases with the increase in problem

parameters, and the solution quality of the CP and MILP models improves with the

increase in the discretization level.

For large size instances with n=45, all solution approaches with all parameter com-

binations reach the 1-hour time limit. Therefore, we only report objective function

values in Table 5.9. Based on the table, the best solution approach in terms of solution

quality is the CP. It can return a solution for all instances, even though it is not guar-

anteed to be optimal, while the other approaches cannot return a solution for most of

the problem instances. For each instance, if we take the minimum objective function

value by considering the solutions found by both CP and MILP with all discretization

levels, the MILP �nds the minimum value for 5 cases (P45;2;0:8-Replication 1, 2 and 3,

P45;2;0:6-Replication 2 and 3). For the remaining 13 cases, CP �nds better solutions.

If we compare the minimum values found by discretized solution approaches with the

solutions found by the MISOCP, just in 4 cases (P45;2;0:8-Replication 2, 4 and 5 and

P45;2;0:6-Replication 1)) the MISOCP beats the discretized solutions; but for the rest,

the discretized solutions are better (in 21 cases).
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In Tables 5.5, 5.6, 5.7, and 5.8, we present the energy consumptions and solution

times for instances with n = 21, 25, 30, and 35, respectively. To enhance the un-

derstanding of the results in these tables, Figures 5.7 and 5.8 show the energy con-

sumption and solution time for a subset of replications. This subset is generated as

follows: The replications, which are infeasible and do not return solutions within the

1-hour time limit, are excluded. Furthermore, the replications in which the CP solu-

tion durations are longer than 3000 seconds (appears when n=30 and 35) are removed

from the �gures to enable better visualization (for the results including CP solution

times exceeding 3000 seconds, see Appendix B). In Figures 5.7 and 5.8, each row of

�gures correspond to a different task number (n = 21, 25, 30, and 35), each column of

�gures correspond to a different discretization level (c=1, 2, and 4). For example, the

top left sub�gure of Figure 5.7 compares the energy consumptions obtained with all

methods for n=21 where c=1 in CP and MILP. As it can be seen, energy consumption

of MISOCP is the best in all the replications of this sub�gure. Similary, the top left

sub�gure of Figure 5.8 compares the solution times of the replications in the top left

sub�gure of Figure 5.7. We can infer that all approaches are quite fast and thus results

seem same.

Upon analyzing Figures 5.7 and 5.8, the following observations can be made:

� For the small-sized instances, the MISOCP model successfully �nds optimal

solutions. However, as the size of the instances increases, the MISOCP be-

comes incapable of �nding optimal solutions within the speci�ed 1-hour time

limit.

� Higher discretization levels positively impact the solution quality of the CP

model, but they also result in longer solution times. Nonetheless, the model

remains ef�cient enough to solve each instance within the 1-hour time limit.

� Similar to the CP model, the MILP model demonstrates improved solution

quality with higher discretization levels. However, this improvement may lead

to longer solution times, and for more signi�cant problem sizes, certain in-

stances may exceed the given time limit.
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Table 5.9: Objective function values within 1-hour time limit for the large size prob-

lem instances (n=45)

Instance Replication MISOCP CP (c=1) CP (c=2) CP (c=4) MILP (c=1) MILP (c=2) MILP (c=4)

P45;1;0:8

1 415.27 4.90 30.54 184.60 NS NS NS

2 NS 48.78 16.25 52.65 NS NS NS

3 455.74 6.32 6.99 78.87 NS NS NS

4 NS 8.61 11.49 40.63 NS NS NS

5 316.91 8.26 9.04 108.87 NS NS NS

P45;1;0:6

1 124.48 5.95 5.95 6.40 NS NS NS

2 NS 10.47 12.30 11.62 NS NS NS

3 124.93 8.61 8.58 30.97 23.67 NS NS

4 130.19 8.94 9.46 186.78 NS NS NS

5 NS 11.41 14.10 262.50 NS NS NS

P45;1;0:4

1 NS 15.88 14.88 18.33 NS NS NS

2 NS 16.69 17.39 18.45 NS NS NS

3 198.76 12.70 11.94 17.35 NS NS 28.26

4 204.92 14.08 16.72 14.46 31.13 NS NS

5 NS 16.15 16.64 16.66 NS NS NS

P45;1;0:2

1 NS 25.98 23.10 25.98 NS NS NS

2 NS 16.28 15.85 15.85 NS NS NS

3 NS 14.52 17.08 17.08 NS NS NS

4 NS 27.15 18.34 19.09 NS NS NS

5 NS 16.72 16.47 16.70 NS NS NS

P45;2;0:8

1 14.53 332.32 482.26 564.34 6.72 NS NS

2 103.96 409.66 531.16 519.09 NS 257.99 NS

3 152.00 484.20 658.61 587.03 92.70 NS NS

4 132.53 398.72 550.80 585.80 NS NS NS

5 92.86 411.69 543.00 290.62 NS NS NS

P45;2;0:6

1 42.43 119.48 299.91 307.69 NS NS NS

2 101.23 117.80 328.99 387.19 11.83 NS NS

3 90.83 47.14 299.20 335.56 7.56 NS NS

4 117.73 5.57 96.32 325.14 18.26 6.54 NS

5 190.35 7.06 217.31 390.93 NS NS 14.79

P45;2;0:4

1 NS 5.33 5.64 20.26 NS NS NS

2 68.21 5.04 7.47 37.12 10.53 32.86 NS

3 35.31 4.38 4.69 23.89 NS NS 8.01

4 73.00 10.64 5.79 72.50 NS 9.96 NS

5 97.67 5.07 5.58 14.12 11.17 NS NS

P45;2;0:2

1 NS 6.10 6.38 9.90 63.57 59.53 24.02

2 NS 5.43 4.74 4.97 NS NS 6.45

3 13.10 5.34 5.34 12.38 NS NS 7.08

4 11.38 5.36 5.36 11.71 NS NS NS

5 55.84 6.20 6.11 6.77 8.26 88.05 NS

NS: No solution is returned in 1-hour time limit
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Figure 5.7: Energy consumption for instances with n=21, 25, 30 and 35
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Figure 5.8: Solution time for instances with n=21, 25, 30 and 35
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5.4 Improvement of the Discretized Solutions by Speed Optimization

As it is discussed in Chapter 4.4, in the CP and MILP approaches, we discretized the

robot processing times of the tasks and then �nd the assignments of tasks to worksta-

tions and operators. If we �x those assignments and try to optimize the processing

times with the obtained SOCP model, we can improve energy consumption. As the

CP model is better than the MILP model (as discussed in the previous chapter), we

applied the speed optimization procedure to the solutions found by the CP model. Ta-

ble 5.10 provides improved solutions obtained with the speed optimization procedure

over the solutions found by the CP in Table 5.5 (for the sake of completeness, these

solutions are also included here), and time required to obtain those improvements.

For example, as it can be seen in Table 5.5, for the �rst replication ofP21;1;0:8 we

found the objective value as 75.77 when c=1. We can improve this value to 65.37

by optimizing the speeds for the given assignments by solving an SOCP within 0.19

seconds.

Table 5.10 shows that irrespective of the discretization level, we can instantly improve

a given solution by optimizing speeds. For different discretization levels, if we con-

sider the solution times of the CP model given in Table 5.5 and the improved solutions

given in Table 5.10, it can be said that there is no need to solve the CP model with a

high level of discretization, which requires a higher amount of time to solve. Instead

of that, we can solve the CP model using a low level of discretization and then apply

the speed optimization procedure. The latter requires less amount of time and obtains

better quality solutions.

In this section, we provide explanations for only n=21. However, speed optimization

results over the solutions found by the CP for other n values given in Tables 5.6, 5.7,

5.8 and 5.9 are provided in Tables A.1, A.2, A.3 and A.4 in the Appendix A. The

same interpretation applies to n=25, 30, 35 and 45. Instead of solving the CP model

with a high level of discretization, we can use low level of discretization and then

apply the speed optimization procedure.
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Table 5.10: CP and SOCP-improved solutions, and solution time required for im-

provements (n=21)

c=1 c=2 c=4

Instance Rep. MISOCP CP Imp. Time* CP Imp. Time* CP Imp. Time*

P21;1;0:8

1 65.37 75.77 65.37 0.19 67.41 65.37 0.15 66.75 65.37 0.17

2 48.34 55.60 48.34 0.21 49.62 48.34 0.10 49.20 48.34 0.16

3 86.07 105.55 86.07 0.16 88.45 86.07 0.12 87.73 86.07 0.13

4 67.73 77.85 67.73 0.17 69.82 67.73 0.12 69.20 67.73 0.14

5 91.14 107.58 96.67 0.11 93.75 91.14 0.12 93.75 91.14 0.13

P21;1;0:6

1 74.31 88.68 74.31 0.15 76.48 74.31 0.14 75.97 74.31 0.12

3 42.53 49.39 42.53 0.17 43.25 42.53 0.11 43.25 42.53 0.13

5 62.32 * * * 64.18 62.32 0.13 63.96 62.32 0.17

P21;2;0:8

1 17.55 19.17 17.55 0.18 17.80 17.55 0.15 17.80 17.55 0.17

2 11.91 13.10 11.91 0.15 12.07 11.91 0.23 12.07 11.91 0.17

3 24.39 26.85 24.39 0.14 24.77 24.39 0.17 24.77 24.39 0.13

4 22.26 25.38 22.40 0.20 22.87 22.40 0.14 22.87 22.40 0.12

5 22.48 25.95 22.48 0.11 23.00 22.48 0.09 23.00 22.48 0.14

P21;2;0:6

1 24.69 28.26 24.69 0.14 25.24 24.69 0.12 25.24 24.69 0.14

3 13.49 15.63 13.49 0.13 13.82 13.49 0.18 13.82 13.49 0.10

5 15.18 17.56 15.18 0.15 15.54 15.18 0.10 15.54 15.18 0.21

P21;20:4 4 27.74 32.09 27.74 0.12 28.40 27.74 0.10 28.40 27.74 0.11

P21;20:2 5 53.30 66.16 53.30 0.12 55.06 53.30 0.12 55.06 53.30 0.16

� Solution time of SOCP model

Rep: : Replication
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CHAPTER 6

CONCLUSION

Assembly lines are highly ef�cient production systems that are designed to facilitate

the execution of a series of tasks required to assemble one or multiple products. The

assembly line balancing problem (ALBP) addresses the optimal allocation of tasks

among workstations in assembly lines to maximize productivity and improve through-

put while considering various constraints. The integration of robots in assembly lines

has gained momentum lately, giving rise to the concept of collaborative assembly line

balancing. Collaborative robots (cobots) working alongside human operators offer

numerous advantages, including increased productivity, improved workplace safety,

and enhanced �exibility in handling dynamic production requirements.

This research focuses on an energy-ef�cient human-robot collaborative assembly line

balancing problem (EE-HRC-ALBP). In this problem, human operators and robots

carry out different tasks in the same workstations in parallel, considering the given

precedence relations, cycle time upper bound, and the number of available robots. In

contrast to existing EE-HRC-ALBPs in the literature, this study allows for adjustable

robot speeds. An MISOCP formulation is presented to solve the EE-HRC-ALBP

optimally. However, this method can only solve small size instances within the given

time limit of an hour. To account for larger instances, CP and MILP formulations,

along with a discretization method, are introduced. Additionally, speed optimization

is provided to enhance the results obtained from the discretized formulations. We also

propose bounds on earliest and latest workstations to which tasks can be assigned.

In the computational part, �rstly, an illustrative example is presented. To clearly see

the relationship between the robot's capability and energy consumption, the MISOCP

model is solved by progressively increasing the total number of tasks the robot can
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execute. To investigate the potential reduction in cycle time, we solve the problem as

a Type-II ALBP by gradually increasing the number of robots. Secondly, to examine

how integrating the earliest and latest workstation bounds affects the quality and com-

putational ef�ciency of solutions, a comparative analysis is conducted by integrating

and not integrating the bounds into the models. It is seen that integrating the bounds

to models improve the solutions.

Then, the solution time and quality of the proposed models with bounds are com-

pared on instances with several numbers of tasks (21, 25, 30, 35, and 45) for different

number of robots, robot capability percentages, and discretization levels within a time

limit of an hour. The results indicate that the CP model provides consistently opti-

mal solutions for all small size instances (21 and 25 tasks) with different parametric

settings. However, MILP and MISOCP struggle to �nd optimal solutions for some

of them. As the number of tasks increases (30 and 35 tasks), the CP model remains

the most effective, while the MILP approach fails to provide solutions for several

instances. All models reach the time limit for larger instances (45 tasks) without

guaranteeing optimality. Nevertheless, the CP model still outperforms the others by

minimizing energy consumption in most cases. The analyzes can be summarized

with three main inferences: (1) the most ef�cient solution approach is the CP model,

(2) increasing the discretization level in the CP and MILP models improves the so-

lution quality at the expense of increased solution time, (3) increasing number of

tasks, number of robots and robot capability percentages rises the solution time of all

approaches.

Finally, the speed optimization procedure is tested on the solutions obtained with the

CP model. The results indicate that optimizing speeds can signi�cantly enhance a

given solution regardless of the discretization level. Considering the solution times

of the CP model for different discretization levels, solving the CP model with a low

level of discretization followed by the speed optimization procedure yields better-

quality solutions in less time compared to solving the CP model with a higher level

of discretization.

In future studies, variants of energy-ef�cient human-robot collaborative ALBPs can

be studied. For instance, processing times of tasks can be stochastic, or robots and
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human operators can perform the tasks sequentially. The methods developed in this

thesis can be a good reference point in developing mathematical programming formu-

lations for these new variants. In addition, ways to strengthen the MISOCP model,

e.g., using perspective reformulation, can be investigated. Lastly, different aspects

of human-robot collaborative ALBPs can be considered, such as cost, uncertainty,

set-up times, and maintenance of robots.
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APPENDIX A

CP AND SOCP-IMPROVED SOLUTIONS

Table A.1: CP and SOCP-improved solutions, and solution time required for improvements (n=25)

c=1 c=2 c=4

Instance Replication CP Imp. Time* CP Imp. Time* CP Imp. Time*

P25;1;0:8

1 52.15 48.56 0.24 51.63 48.56 0.23 49.61 48.56 0.20

2 51.92 48.49 0.21 51.70 48.49 0.37 49.52 48.49 0.21

3 52.64 49.30 0.21 52.64 49.30 0.21 50.44 49.30 0.18

4 40.62 38.35 0.84 40.62 38.35 0.21 39.19 38.35 0.34

5 46.82 43.74 0.28 45.63 42.98 0.22 43.92 42.98 0.76

P25;1;0:6

1 45.88 42.49 0.42 45.16 42.49 0.62 43.31 42.19 0.56

2 100.65 88.86 0.26 98.93 92.33 0.42 92.94 88.86 0.24

3 43.94 40.90 0.32 43.71 40.90 0.22 41.90 40.9 0.31

4 56.57 53.04 0.27 56.15 52.71 0.25 53.92 52.71 0.26

5 37.31 34.49 0.36 36.80 34.49 0.28 35.32 34.49 0.28

P25;1;0:4

1 76.02 68.42 1.13 74.78 68.42 0.36 70.55 68.42 0.28

2 100.32 89.19 0.29 100.32 89.19 0.22 92.88 89.19 0.25

3 111.75 85.80 0.45 111.75 85.80 0.31 92.68 85.80 0.23

4 44.74 42.05 0.19 44.69 42.05 0.27 42.98 42.05 0.24

P25;2;0:8

1 10.95 10.01 0.19 10.86 10.01 0.31 10.31 10.01 0.84

2 11.17 10.53 0.23 11.12 10.10 0.71 10.46 10.10 0.61

3 13.73 12.95 0.26 13.73 12.95 0.37 13.23 12.95 0.61

4 10.78 10.22 0.26 10.78 10.22 0.30 10.32 10.04 0.26

5 10.56 9.71 1.39 10.56 9.71 0.22 10.01 9.71 0.33

P25;2;0:6

1 7.77 7.25 0.76 7.77 7.25 0.64 7.44 7.25 0.46

2 11.89 11.08 0.31 11.67 11.08 0.31 11.29 11.08 0.23

3 8.27 7.65 0.27 8.27 7.65 0.28 7.87 7.65 0.55

4 14.38 13.25 0.26 14.27 13.25 0.26 13.61 13.25 0.84

5 10.78 10.17 0.26 10.71 10.17 0.24 10.36 10.17 0.36

P25;2;0:4

1 10.72 9.81 0.28 10.72 9.81 0.73 10.14 9.81 0.33

2 21.22 19.72 0.61 21.11 19.72 0.46 20.21 19.72 0.27

3 13.87 13.09 0.61 13.87 13.09 0.30 13.37 13.09 0.22

4 5.50 5.00 0.35 5.50 5.00 0.30 5.18 5.00 0.24

5 12.41 11.73 0.26 12.41 11.73 0.36 11.79 11.43 0.32

P25;2;0:2 4 44.68 38.98 0.33 44.43 38.98 0.23 40.83 38.98 0.39

� : Solution time of SOCP model
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Table A.2: CP and SOCP-improved solutions, and solution time required for improvements (n=30)

c=1 c=2 c=4

Instance Replication CP Imp. Time* CP Imp. Time* CP Imp. Time*

P30;1;0:8

1 15.15 14.36 0.43 14.69 14.36 0.47 14.47 14.36 0.51

2 16.46 15.61 1.32 15.96 15.61 0.45 15.74 15.61 0.40

3 21.56 20.37 0.58 20.84 20.37 0.44 20.54 20.37 0.45

4 17.25 16.35 0.65 16.73 16.35 0.39 16.49 16.35 0.40

5 17.03 16.17 0.53 16.55 16.17 0.45 16.31 16.17 0.37

P30;1;0:6

1 17.86 16.99 0.50 17.38 16.99 1.39 17.13 16.99 0.50

2 20.98 19.95 0.91 20.39 19.95 0.70 20.11 19.95 1.19

3 14.40 13.71 0.44 14.00 13.71 0.44 13.82 13.71 0.41

4 26.70 25.37 0.35 25.94 25.37 0.38 25.58 25.37 0.32

5 21.96 20.82 0.39 21.30 20.82 0.42 21.00 20.82 0.53

P30;1;0:4

1 25.92 24.53 0.44 25.15 24.53 0.38 24.73 24.53 0.52

2 27.05 25.74 0.46 26.32 25.74 1.40 25.96 25.74 0.46

3 22.64 21.46 0.41 21.96 21.46 0.43 21.64 21.46 0.59

4 17.11 16.23 1.12 16.60 16.23 0.57 16.36 16.23 1.18

5 35.84 34.01 0.40 34.78 34.01 0.40 34.29 34.01 0.34

P30;1;0:2

1 34.16 31.85 0.37 32.81 31.85 0.35 32.20 31.85 0.35

3 14.90 14.16 0.34 14.48 14.16 0.38 14.28 14.16 0.39

5 26.75 25.42 0.35 25.98 25.42 0.31 25.63 25.42 0.38

P30;2;0:8

1 4.30 4.08 0.46 4.18 4.08 1.32 353.53 332.62 0.37

2 4.15 3.95 0.44 4.02 3.93 0.50 3.96 3.93 0.45

3 5.70 5.42 1.47 5.54 5.42 0.37 473.85 447.91 1.25

4 4.07 3.93 0.79 3.99 3.93 0.44 3.95 3.93 0.52

5 3.14 3.00 1.17 3.06 3.00 0.47 3.02 3.00 0.50

P30;2;0:6

1 5.25 5.06 0.59 5.13 5.02 0.43 5.06 5.02 0.37

2 5.58 5.42 1.65 5.47 5.36 0.83 5.4 5.36 0.40

3 4.45 4.28 0.49 4.35 4.28 0.71 4.31 4.28 0.43

4 7.04 6.78 0.47 6.89 6.78 0.55 6.82 6.78 0.43

5 4.84 4.65 0.33 4.73 4.65 0.40 4.68 4.65 1.06

P30;2;0:4

1 6.1 5.87 0.41 5.97 5.87 0.49 5.91 5.87 0.47

2 6.05 5.75 0.46 5.88 5.75 0.41 5.8 5.75 0.56

3 5.53 5.30 1.26 5.40 5.30 0.36 5.34 5.30 0.40

4 5.18 4.98 0.50 5.06 4.98 1.39 5.01 4.98 0.36

5 8.32 7.90 0.42 8.08 7.90 0.49 7.97 7.90 0.52

P30;2;0:2

1 9.40 8.95 0.36 9.15 8.95 0.42 9.02 8.95 1.19

2 31.07 26.58 0.54 28.42 26.58 0.64 27.24 26.58 0.41

3 4.99 4.74 0.35 4.85 4.74 0.50 4.78 4.74 0.41

4 10.80 10.30 0.35 10.52 10.30 0.39 10.38 10.30 0.40

5 8.85 8.41 1.08 8.60 8.41 0.98 8.48 8.41 0.36

� : Solution time of SOCP model

72



Table A.3: CP and SOCP-improved solutions, and solution time required for improvements (n=35)

c=1 c=2 c=4

Instance Replication CP Imp. Time* CP Imp. Time* CP Imp. Time*

P35;1;0:8

1 4.40 4.29 3.25 4.32 4.29 2.46 4.32 4.29 1.34

2 3.09 3.01 1.86 3.03 3.01 1.61 3.03 3.01 2.37

3 3.11 3.04 2.17 3.06 3.04 1.17 3.06 3.04 3.05

4 2.43 2.35 4.27 2.37 2.35 1.54 2.37 2.35 1.49

5 3.83 3.72 2.87 3.75 3.72 2.28 3.75 3.72 1.71

P35;1;0:6

1 5.81 5.67 2.55 5.71 5.67 2.58 5.71 5.67 1.67

2 7.55 7.35 2.08 7.40 7.35 1.93 7.40 7.35 2.05

3 2.95 2.85 2.54 2.88 2.85 1.76 2.88 2.85 2.34

4 3.94 3.84 3.08 3.87 3.84 2.15 3.87 3.84 1.54

5 2.82 2.74 2.11 2.76 2.74 2.52 2.76 2.74 2.16

P35;1;0:4

1 5.44 5.30 2.80 5.34 5.30 2.03 5.34 5.30 1.13

2 5.52 5.38 1.85 5.42 5.38 1.71 5.42 5.38 1.07

3 5.60 5.45 2.55 5.49 5.45 1.59 5.49 5.45 2.12

4 7.80 7.60 3.21 7.66 7.60 1.63 7.66 7.60 1.94

5 3.70 3.59 2.47 3.62 3.59 1.87 3.62 3.59 0.75

P35;1;0:2

1 10.06 9.79 4.64 9.86 9.79 1.54 9.86 9.79 1.60

2 8.86 8.6 1.93 8.67 8.60 2.47 8.67 8.60 1.79

3 1.69 1.65 2.25 1.66 1.65 2.46 1.66 1.65 0.95

5 8.72 8.47 2.85 8.54 8.47 1.79 8.54 8.47 1.97

P35;2;0:8

1 2.48 2.44 2.34 2.45 2.44 2.68 2.45 2.44 1.90

2 1.54 1.52 3.69 1.52 1.52 2.27 2.70 2.69 1.80

3 2.46 2.44 3.43 2.44 2.44 2.52 350.16 257.83 2.24

4 2.08 2.05 2.16 2.06 2.05 1.51 242.6 229.98 2.06

5 1.53 1.51 2.17 1.52 1.51 2.48 1.52 1.51 1.71

P35;2;0:6

1 2.41 2.41 1.86 2.41 2.41 2.53 219.30 185.34 1.70

2 1.96 1.94 1.65 1.94 1.94 1.65 1.94 1.94 2.05

3 1.97 1.94 2.62 1.95 1.94 1.52 1.95 1.94 2.23

4 1.46 1.46 1.93 1.46 1.46 3.46 1.46 1.46 2.24

5 2.67 2.63 2.00 2.65 2.63 1.52 2.65 2.63 1.75

P35;2;0:4

1 1.87 1.85 2.15 1.86 1.85 1.42 1.86 1.85 1.65

2 2.78 2.74 2.14 2.75 2.74 1.90 2.75 2.74 1.33

3 3.64 3.58 1.62 3.60 3.58 2.03 3.60 3.58 2.76

4 2.80 2.75 1.27 2.77 2.75 1.89 2.77 2.75 2.97

5 2.23 2.20 1.07 2.21 2.20 1.65 2.21 2.20 0.91

P35;20:2

1 3.49 3.43 1.97 3.45 3.43 1.96 3.45 3.43 1.53

2 6.76 6.50 1.64 6.58 6.50 2.21 6.58 6.50 2.75

3 1.69 1.65 2.21 1.66 1.65 1.27 1.66 1.65 2.05

5 3.81 3.81 0.87 3.81 3.81 2.20 3.81 3.81 1.59

� : Solution time of SOCP model
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Table A.4: CP and SOCP-improved solutions, and solution time required for improvements (n=45)

c=1 c=2 c=4

Instance Replication CP Imp. Time* CP Imp. Time* CP Imp. Time*

P45;1;0:8

1 4.90 4.89 2.28 30.54 26.15 2.07 184.60 154.06 1.80

2 48.78 32.99 2.09 16.25 16.17 2.07 52.65 51.87 1.63

3 6.32 6.30 3.21 6.99 6.97 2.47 78.87 63.77 1.99

4 8.61 8.57 2.51 11.49 10.31 1.62 40.63 37.17 1.88

5 8.26 8.24 2.66 9.04 9.01 2.12 108.87 87.59 1.82

P45;1;0:6

1 5.95 5.93 2.03 5.95 5.93 1.74 6.40 6.38 2.04

2 10.47 10.42 2.15 12.30 12.26 1.73 11.62 11.59 1.93

3 8.61 8.58 2.23 8.58 8.55 3.13 30.97 27.18 1.62

4 8.94 8.90 2.72 9.46 9.42 1.80 186.78 165.68 1.97

5 11.41 11.37 2.20 14.10 13.51 1.72 262.5 200.56 2.12

P45;1;0:4

1 15.88 15.57 2.30 14.88 14.82 1.85 18.33 17.52 2.04

2 16.69 15.56 1.97 17.39 16.90 1.64 18.45 18.21 2.30

3 12.70 11.74 1.92 11.94 11.71 1.90 17.35 16.74 1.96

4 14.08 13.74 1.71 16.72 16.64 1.90 14.46 13.74 1.76

5 16.15 16.09 1.82 16.64 16.58 1.69 16.66 16.58 1.67

P45;1;0:2

1 25.98 25.83 1.71 23.10 19.19 1.74 25.98 25.83 1.67

2 16.28 16.2 2.07 15.85 15.79 2.09 15.85 15.79 1.96

3 14.52 13.67 1.65 17.08 17.02 1.73 17.08 17.02 1.90

4 27.15 26.98 1.68 18.34 18.27 2.10 19.09 18.84 1.97

5 16.72 16.65 2.01 16.47 16.29 1.76 16.70 16.65 2.00

P45;2;0:8

1 332.32 264.18 2.06 482.26 278.79 1.83 564.34 423.41 2.20

2 409.66 310.08 2.42 531.16 370.42 1.66 519.09 345.56 2.09

3 484.20 447.46 2.37 658.61 503.89 1.83 587.03 421.30 1.95

4 398.72 379.02 2.21 550.80 508.20 1.56 585.80 439.64 2.13

5 411.69 340.47 1.72 543.00 410.27 1.68 290.62 202.40 1.81

P45;2;0:6

1 119.48 69.72 1.79 299.91 222.94 2.11 307.69 182.54 1.69

2 117.8 115.78 2.38 328.99 245.18 1.80 387.19 289.69 1.87

3 47.14 34.50 2.07 299.20 210.78 2.10 335.56 204.47 1.90

4 5.57 5.54 1.88 96.32 52.47 1.73 325.14 150.96 1.55

5 7.06 7.04 1.94 217.31 203.13 1.92 390.93 171.69 2.32

P45;2;0:4

1 5.33 5.01 2.43 5.64 5.63 1.95 20.26 18.24 1.84

2 5.04 5.03 3.30 7.47 7.44 1.79 37.12 36.41 1.70

3 4.38 4.37 2.52 4.69 4.68 2.11 23.89 22.28 2.02

4 10.64 10.19 2.33 5.79 5.64 1.75 72.50 60.39 2.08

5 5.07 4.94 2.17 5.58 5.47 2.05 14.12 14.00 1.93

P45;2;0:2

1 6.10 6.08 2.26 6.38 6.22 1.82 9.90 8.46 2.52

2 5.43 5.41 2.53 4.74 4.74 2.16 4.97 4.90 1.94

3 5.34 5.33 2.48 5.34 5.33 1.70 12.38 11.49 1.76

4 5.36 5.35 2.94 5.36 5.35 1.90 11.71 9.90 2.05

5 6.20 6.18 2.23 6.11 6.08 1.91 6.77 6.52 2.10

� : Solution time of SOCP model
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APPENDIX B

IMPACT OF DIFFERENT MODELS ON SOLUTION TIME AND ENERGY

CONSUMPTION

Figure B.1: Energy consumption for instances with n= 30 and 35
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