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ABSTRACT 
As a result of being widely used in linear experimental modal analysis for many years, force-controlled stepped-sine test 
approach is the first method that comes to mind in measuring frequency responses of nonlinear systems as well. However, in 
testing structures showing strong nonlinearity, force-control test strategy is not capable of capturing unstable branch of a 
nonlinear frequency response, which results in jump phenomenon in stepped-sine testing. On the other hand, experimental 
continuation methods capable of tracing unstable branches rely on sophisticated control algorithms by giving up industrial 
standards. Moreover, determination of nonlinear modal damping ratio is a considerable issue in these methods. This paper 
presents a novel approach called Response-Controlled stepped-sine Test (RCT). By combining RCT with a new concept 
called Harmonic Force Surface (HFS), unstable branches of frequency responses of nonlinear systems can be measured 
employing standard equipment, i.e. commercial hardware and software, which makes it very attractive especially for 
industrial applications. Furthermore, determination of nonlinear modal damping ratio in RCT is quite straightforward by 
making use of quasi-linearization of frequency responses of nonlinear structures. This approach has successfully been used 
by the authors in two recent works: In developing new methods for experimental modal analysis of nonlinear structures, and 
for nonparametric identification of nonlinearity. In this paper, the capability of RCT to capture unstable branches of 
frequency response curves in strongly nonlinear structures is demonstrated on a bench mark test setup and on a control fin 
actuation mechanism of a real missile.  
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DIFFICULTIES IN FREQUENCY RESPONSE MEASUREMENTS OF NONLINEAR STRUCTURES 
In linear experimental modal analysis, standard closed-loop stepped sine test with force control starts with a linear system 
identification which determines a rough initial estimate of the plant, i.e. the transfer function of the structure under test. In 
case of nonlinear structures, this procedure may lead to very poor estimate of the structure’s actual dynamic behavior. 
Consequently, controller may need to make many corrective iterations to keep the force within tolerance of the reference 
profile, which may become very time consuming. Furthermore, in case of nonlinear structures with strong stiffening or 
softening character, multiple steady-state vibration responses may co-exist for the same excitation frequency, which results in 
an overhanging unstable branch in the frequency response. Standard force-control algorithms available in commercial 
softwares can only measure nonlinear frequency responses until the turning points of stable branches, at the cost of multiple 
runs with different sweep directions. When a turning point is reached, standard force-controller cannot avoid jumping from 
one stable branch to another, passing over the unstable region. Even worse, in some cases small corrective force perturbations 
of the controller to capture the reference signal in the vicinity of the turning points may lead to a premature jump before 
reaching the actual turning point. These drawbacks of standard techniques paved the way for the development of more 
sophisticated control algorithms such as control-based continuation (CBC) [1] and phase-locked-loop (PLL) [2-4] algorithms. 
These recently developed promising techniques are novel nonlinear extensions of the classical linear phase-resonance 
method, which are based on keeping the response in quadrature with excitation, i.e. in 90o phase difference. Primary 
advantage of CBC and PLL methods over classical force-control approach is the ability of measuring backbone curves and 
unstable branches of nonlinear frequency responses. However, they have some drawbacks. First of all, they cannot make use 
of standard equipment, and therefore require design of sophisticated controllers which were not commercialized yet. 



Furthermore, although experimental extraction of natural frequencies and deflection shapes at resonance is straightforward in 
these methods, measuring nonlinear modal damping requires considerable effort even in simple benchmark structures, as 
presented in a recent study [5].  

This paper presents a novel approach with which unstable branches of nonlinear frequency responses can be measured by 
using standard controllers and combining this technique with a new concept called Harmonic Force Surface (HFS). The 
primary advantage of this method over state-of-the art experimental continuation techniques is that it relies on standard 
controllers available in commercial modal testing hardware and software rather than on sophisticated experimental 
continuation algorithms, which makes it very attractive especially for industrial applications. Moreover, the method does not 
require any expertise on nonlinear system identification; consequently, it can easily be applied by practicing engineers. 
Another important contribution is that measuring nonlinear modal damping ratio is straightforward by applying linear 
analysis tools to quasi-linearized frequency responses of nonlinear structures [6]. 

RESPONSE-CONTROLLED STEPPED-SINE TESTING AND HARMONIC FORCE SURFACE CONCEPT 
In case of strong stiffness nonlinearity where multiple steady-state vibration responses co-exist for the same excitation 
frequency, response level of the structure highly depends on initial conditions. In case of force-control test strategy, there is 
no control over vibration response which may exhibit drastic changes around resonance even if very small frequency steps 
are used. Since gradual change in vibration response and eventually in initial conditions is not guaranteed, experimental 
continuation of the unstable branch cannot be achieved. In RCT, this problem is solved by keeping the displacement 
amplitude constant, which results in smooth response spectrum incorporating points on the unstable branch as well. This is 
somewhat different from experimental continuation algorithms which aim tracing points on the unstable branch 
consecutively. In RCT, points on the unstable branch are visited at different times during stepped-sine tests carried out at 
different vibration amplitude levels. Then they are collected together on the HFS. Determination of the nonlinear frequency 
response with unstable branch by using RCT and HFS consists of the following steps: 

1. A response-controlled stepped-sine test is carried out by keeping the displacement amplitude of the driving point 
constant. The test is repeated at several different displacement amplitude levels (in general, repeating the test at 10-
15 different levels is sufficient to obtain satisfactory results) and the corresponding harmonic force spectra of the 
driving point are measured as illustrated in Fig. 1(a). 

2. Harmonic Force Surface, HFS, is constructed by collecting measured harmonic force spectra and using linear 
interpolation as shown in Fig. 1(b).  

3. The contour plot obtained by cutting the HFS with a constant force plane gives the harmonic response spectrum 
corresponding to that force level, including any unstable branch if there is any, as shown in Fig. 2. 

 

(a) (b) 
Fig. 1. (a) Harmonic force spectra measured during RCT (b) HFS constructed by collecting harmonic force spectra by using 

linear interpolation 



 

Fig. 2. Determination of the harmonic response spectrum with any existing unstable branch by cutting HFS with a constant 
force plane 

Since accelerometer is the most widely used sensor in experimental modal analysis, it is important to note that RCT method 
is capable of keeping displacement amplitude of the driving point constant in an indirect way by using accelerometer as the 
control sensor. Acceleration profile corresponding to a constant displacement amplitude over the frequency range of interest 
is calculated and input to the controller as a reference profile, which is an available option in standard modal analysis 
softwares such as in LMS Test Lab©.  

EXPERIMENTAL CASE STUDIES 
RCT method with HFS concept was applied to two experimental case studies in a recent work [7]. The first case study 
consists of a cantilever beam whose free end is held between two metal strips which create hardening cubic stiffness effect. 
The test rig was excited with B&K shaker attached to its T-junction via a push-rod with a Dytran 1022V force transducer. 
The vibration response was measured by using a Dytran 3225M23 miniature accelerometer attached to the top of the T-
junction. All measurements and closed loop controls were accomplished by LMS SCADAS Mobile data acquisition system 
and LMS Test Lab. software package. A series of response-controlled stepped sine tests was conducted at frequencies around 
the first elastic mode of the T-beam. The frequency resolution was taken to be 0.125 Hz. During each response-controlled 
test, the displacement amplitude of the driving point was kept constant in an indirect way by imposing an appropriate 
acceleration profile to the controller. Harmonic force spectra were measured at 8 different constant displacement amplitude 
levels ranging from 0.50 mm to 2.25 mm as shown in Fig. 1(a). HFS was obtained by collecting measured harmonic force 
spectra by using linear interpolation as shown in Fig. 1(b). Finally, driving point frequency response of the test rig at F = 1 N 
level is obtained by cutting HFS with constant force plane as shown in Fig. 2. Comparison of the nonlinear frequency 
response curve obtained by HFS with the one measured by force-controlled stepped-sine test is shown in Fig. 3(a). 
Obviously, although the frequency response measured by force control exhibits jumps during sweep up and sweep down 
directions, the frequency response obtained by HFS satisfactorily captures the unstable branch.  

The second case study is the control fin of a real missile together with its actuation mechanism which includes strong 
stiffness and damping nonlinearities due to backlash and friction. The casing of the mechanism is rigidly fixed to the ground. 
In total, 10 Dytran 3225M23 miniature accelerometers were attached on the surface of the control fin. The system was 
excited in normal direction to the mid-plane of the control fin with a B&K shaker attached to its leading edge corner on the 
root chord via a push-rod with a Dytran 1022V force transducer. A series of response-controlled stepped sine tests was 
conducted at frequencies around the first elastic mode of the control fin and its actuation mechanism, which is the pitch mode 
(first torsional mode). Harmonic force spectra were measured at 15 different constant displacement amplitude levels of the 
driving point. Driving point frequency response of the control fin actuation mechanism obtained by HFS is compared with 
the frequency response measured by force-controlled stepped-sine test in Fig. 3(b). Once again it is observed that RCT 
successfully captures the unstable branch of the nonlinear frequency response. 



 

(a) (b) 
Fig. 3. Comparison of nonlinear frequency responses obtained by RCT with the ones measured by classical force-control test: 

(a) Bench mark test structure with cubic stiffness (b) Control fin actuation mechanism of a real missile 

DICUSSIONS AND CONCLUSIONS 
Frequency responses provide very useful information not only for linear structures, but also for nonlinear structures. Many of 
the nonlinear system identification techniques rely on measuring frequency responses of nonlinear structures. In case of 
strong nonlinearity, measuring nonlinear frequency responses becomes a difficult task especially when there is an unstable 
branch. Unfortunately, classical force-control test strategy applied with standard controllers is not capable of capturing 
unstable branches. Consequently, more robust control algorithms capable of tracing unstable branches were developed at the 
cost of sophistication. Although some very recently developed controllers such as PLL gave promising results on several 
benchmark structures, it was reported that they require further verification on real engineering structures especially with 
pronounced damping nonlinearity. Sophistication of the controller is also an important issue which increases experimental 
effort and requires expertise. An important merit of the RCT proposed in this paper, as an experimental method, is its 
simplicity. The method redefines the role of standard controllers in nonlinear system identification by combining response-
control test strategy together with an innovative concept called HFS to determine unstable branches. The method is validated 
on a benchmark test structure with cubic stiffness and on a control fin actuation mechanism of a real missile with strong 
stiffness and damping nonlinearities.  
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