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ABSTRACT 

 

NUMERICAL SIMULATION OF HEAT FLOW WITH PARTICIPATING 

MEDIA RADIATION USING TOTAL ENERGY BASED ENTROPIC 

LATTICE BOLTZMANN METHOD 

 

 

 

Gümüşsu, Emre 

Doctor of Philosophy, Mechanical Engineering 

Supervisor : Prof. Dr. Hakan Işık Tarman 

 

 

August 2023, 93 pages 

 

Operating temperatures of industrial systems are increasing due to requirements for 

higher efficiency and superior performance. Participating media radiation becomes 

essential for accurate thermal modeling of these systems. Problems with 

participating media radiation require solution of all modes of heat transfer. Lattice 

Boltzmann method emerges as a powerful technique for solution of multi-mode heat 

transfer problems.  The thesis proposes a specific method to implement total energy 

based formulation of double population entropic lattice Boltzmann method in multi-

mode heat transfer problems with participating media. All parameters in the problem 

are calculated through an integrated lattice Boltzmann solver. Total energy based 

formulation is modifed to be implemented in these kinds of problems. Chapman 

Enskog formulation is used for verification of the modification. Reference cases are 

selected from literature and adopted for validation. Then, duct flow in a participating 

media is analyzed in a detailed manner. Thereby, a clear explanation is provided for 

the interaction of flow field with respect to different values of Reynolds number, 

single scattering albedo and extinction coefficient. 

Keywords: Participating media, double population LBM, duct flow, total energy.  
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ÖZ 

 

IŞINIMA KATILAN ORTAMDA ISI AKIŞININ TOPLAM ENERJİ 

FORMÜLÜNE DAYALI ENTROPİK KAFES BOLTZMANN YÖNTEMİ 

İLE ÇÖZÜMÜ 

 

 

 

Gümüşsu, Emre 

Doktora, Makina Mühendisliği 

Tez Yöneticisi: Prof. Dr. Hakan I. Tarman 

 

 

Ağustos 2023, 93 sayfa 

 

Endüstriyel sistemlerin çalışma sıcaklıkları, yüksek başarım seviyesi ve verimlilik 

isterleri nedeniyle artış göstermektedir. Bu sistemlerin, kesinlik düzeyi yüksek ısıl 

benzetimlerinin yapılabilmesi için ışınıma katılan ortamın çözülmesi gerekmektedir. 

Kafes Boltzmann yöntemi, çok yönlü ısıl akışkan problemlerin çözümünde güçlü bir 

teknik olmaya başlamıştır. Bu tez kapsamında, toplam enerji formülüne dayanan, 

entropik kafes Boltzmann yöntemi, ışınıma katılan ortamda çoklu ısı aktarımı 

problemlerini çözebilmek için geliştirilmiştir. Yöntem üzerinde yapılan 

değişiklikler, Chapman – Enskog açılımı ile kanıtlanmıştır. Literatürden alınan örnek 

analizler ile de geliştirilen yöntemin doğrulaması yapılmıştır. Ardından, ışınıma 

katılan ortam içerisinde, boru içi akış problemi detaylı bir şekilde çözülmüştür. Bu 

sayede, akış alanının çeşitli değişkenlerle etkileşimi, farklı Reynolds sayısı, tek 

elektron saçılım beyazlığı ve sönüm katsayısı üzerinden incelenmiştir. 

Anahtar Kelimeler: Işınıma Katılan Ortam, çift popülasyonlu kafes Bolztmann 

yöntemi, kanal içi akış, toplam enerji
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CHAPTER 1  

1 INTRODUCTION  

Fluid flow with participating media radiation is important especially for state of the 

art industrial systems. The continuous need for increased power leads to the 

development of systems operating at higher temperatures. Industrial furnaces, 

combustion chambers, jets and rocket engines are examples for such systems [1]. 

This trend has substantial impact also on propulsion systems in aviation. 

Requirements for higher thrust, power and electiricity end up with opeating 

temperatures almost at the limit of materials.  

High temperature levels fundamentally changed procedures of propulsion systems 

for their design, production, operation and integration. These procedures required 

comprehensive thermal engineering to have an applicable product. Considering the 

operating temperatures of these systems and relevant fluid flow such as ventilation, 

combustion, by-pass, etc., the inclusion of participating media radiation mode of heat 

transfer is essential for accurate thermal engineering.  

Participating media radiation is a complex phenomenon. As in each mode of heat 

transfer, it is dependent on spatial and temporal variations. However, it contains three 

additional independent parameters due to its directional (polar and azimuthal) and 

spectral dependence [1]. Participating media radiation arises from presence of hot 

gases. Therefore, it usually exists with other modes of heat transfer. Also regarding 

directional and spectral dependence, participating media radiation is the most 

complicated and time consuming part of a thermal flow computational model. Such 

a model should contain numerical solutions of mass, momentum, energy and 

participating media radiation model equations. Thereby, an integrated model is 

required to handle fluid flow problems with participating media radiation. 

Novel methods are necessary to model participating media problems. Lattice 

Boltzmann method (LBM) is an evolving technique widely used for flow problems. 
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Its adoption to thermal problems is an active research area. It can deliver important 

capabilities in the solution of thermal problems with participating media. It provides 

results in mesoscopic and macroscopic levels. This can be used in some problems 

demanding detailed numerical solutions at particle level to obtain macroscopic 

parameter values. It has a local calculation procedure which allows for an efficient 

parallelization during the recursions. Parallelization and efficient use of the 

computational resources are features becoming essential for the current and future 

implementations of CFD, as computational models are being more complicated, and 

higher resolution requirements are becoming the essence of having accurate 

solutions. LBM approaches the computational problem in a transient manner. 

Thereby, along with an efficient parallelization it can be employed for detailed 

transient numerical simulation of complex industrial systems.   

Main purpose of the thesis is to create an integrated solver using LBM that is capable 

of numerically simulating multi-mode heat transfer with participating media 

radiation. The integrated solver involves model equations for mass, momentum, 

energy and participating media radiation discretized by the total energy based 

entropic LBM that uses double population for individually representing the 

momentum and the energy variables. 

1.1 Literature Review 

LBM evolved for solution of thermal problems, after its successful use for pure flow 

problems. In order to adapt it for modelling thermal problems, researchers have been 

developing various techniques. These techniques can be groupped under two main 

categories: Multi-speed and Double Population techniques. The multi-speed 

technique is developed simply in order to extend the algebraic precision of LBM. 

This technique employs lattice structures with more velocity directions. Thereby, it 

can handle solution of higher order moments required for calculation of energy. In 

this technique, flow field calculations are fully coupled with the energy calculations. 

Although it is a natural extension of LBM, it is rarely used in literature to model 
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thermal-flow problems. It suffers from stability issues, complicated boundary 

treatment and higher computational time. Stability issues are critical that limits the 

simulation range of the technique. McNamara et al. [2] suggested a method to 

improve stability using Lax – Wendroff scheme. The same paper also discussed 

adopting quasi – equilibrium function to define viscosity and thermal diffusivity 

independent from each other. Much research appeared in literature concentrating on 

lattice theory and its relation to stability and accuracy of the model. LBM replaces 

the continuous velocity field with discrete velocities. This procedure is also called 

velocity space discretization and ends up with lattice structures specific to LBM. 

Shan et al. [3] clearly showed that velocity discretization at Hermite quadrature 

nodes corresponds to truncation of equilibrium distribution function to a specific 

degree in Hermite series expansion. Thereby, a systematic approach can be 

employed to construct lattices and to have enough physical resolution. There have 

been various papers using this approach to systematically derive lattice structures 

[4–6]. Moreover, such a systematic approach also enables handling stability issues 

better and higher computational efficiency for the required level of physical 

resolution [4, 7, 8]. Entropic formulation is also applied in the multi-speed technique 

[7] to sustain stable simulations over wide range of Reynolds numbers (Re). 

However, none of these improvements manage to fully resolve issues regarding the 

practical use of multi-speed technique. Stability range is still limited compared to 

other techniques, and use of larger velocity sets create complexity in boundary 

treatment [8–10]. In addition, such kind of lattice structures involve higher 

computational time. 

As an alternative, double population technique is used in LBM for thermal problems. 

Having seperated the treatment of the flow variables and the associated modelling 

equations, the model enhanced flexibility of LBM. It increases stability and provides 

solutions with variable Prandtl number (Pr). Drawbacks of this technique are mainly 

related to its macroscopic correspondence. Flow field and thermal calculations are 

one way coupled in double population technique. Different formulations exist in the 

technique. Bartoloni et al. [11] published the first paper for double population 
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technique. They represented temperature as a passive scalar asuming that 

temperature field doesn’t have any impact on the velocity field. This approach lacks 

compressibility and viscous heating effects. He and Doolen [12] introduced internal 

energy formulation. This formulation contains compressibility and viscous heating 

with specific source terms. However, source terms involve gradients of macroscopic 

variables. This prevents locality which is critical for LBM to enable efficient 

parallelization. Total energy formulation was developed by Guo et al. [13] and Karlin 

et al. [8] to deal with these issues. This formulation is capable of solving full Navier 

– Stokes equations by including compression work and viscous heating inherently 

[14]. Thereby, the technique preserves locality of LBM. It is modified for entropic 

LBM increasing its potential for use in high speed flows [8]. The formulation is also 

improved for fully coupled analyses of flow field and thermal calculations [15], thus 

eliminating one of major drawbacks of double population technique. 

There are various studies in literature for modeling thermal problems with 

participating media. Most of these studies use legacy techniques to solve fluid flow 

and participating media radiation. Some earlier researches employed LBM only for 

solution of flow field in participating media problems. Calculation of participating 

media radiation is performed through different techniques such as DOM (Discrete 

Ordinates Method), CDM (Collapsed Dimension Method) or FVM (Finite Volume 

Method) [16–19]. Asinari et al. [1] published the first paper for widespread use of 

LBM in participating media radiation. Later, various papers were published for 

conduction and radiation problems [20–22]. Many studies [23–26] investigated 

natural convection in cavity using LBM. In recent years, duct flow with participating 

media attracted attention due to its correspondence in industrial applications [27, 28]. 

McCulloch and Bindra [27] adopted LBM for a specific duct problem with porous 

burner. 

All of papers mentioned above adopt passive scalar approach for their models. An 

integrated model is required to simulate problems with wider range of flow physics. 

Due to its advantages and potential, this thesis develops a method to adopt total 

energy based lattice Boltzmann formulation for thermal problems with participating 
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media radiation. The thesis first investigates multi-speed and double population 

techniques seperately for their potential in the integrated solver. Adopting both 

techniques require modification of their formulation. Relevant chapters discuss 

methods for modification of both techniques. Consequently, the suitable technique 

is selected and implemented for the integrated model. The integration method is 

verified through Chapman Enskog procedure. Validation procedure includes 

comparison with reference cases. Once the model is verified and validated, duct flow 

with participating media is investigated in terms of different solution parameters and 

their contribution to the result.   

Next chapter introduces the problem in terms of its physical and mathematical 

structure. Chapter 2 is related to fundamentals and implementation of LBM in 

computationally modelling thermal flows. Participating media radiation and its 

solution through LBM is also explained in this chapter. Chapter 3 gives detailed 

information about the integration of different techniques for thermal flow problem 

with participating media. It also covers verification process. Chapter 4 presents 

results of the model for validation cases and the case of duct flow with participating 

media. 

1.2 The Problem 

Presence of participating media radiation together with the other modes of heat 

transfer involves more complex physics in comparison to pure conduction, pure 

convection or pure radiation. Intensity of radiation depends on the temperature 

distribution in space for radiation emission. Temperature distribution is affected by 

the flow field and the radiation of the media involved. Therefore, the temperature 

field is physically coupled with the radiation intensity field as a result of the 

interaction between radiation and thermal energy. 

The flow is considered to take place in a 2D-spatial domain occupied by a viscous 

fluid. Conservation of mass accounts for total change in density ρ  due to transient 

and convective effects by the flow field U⃗⃗⃗ : 
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𝜕𝜌

𝜕𝑡
+ 𝛻. (𝜌𝑈⃗⃗⃗) = 0. (1) 

Conservation of momentum leads to a balance between total change in momentum 

of the fluid and the forces due to gravitational acceleration g along the direction, 

X⃗⃗⃗,the viscosity and the pressure p: 

𝜌 (
𝜕𝑈𝑖

𝜕𝑡
+ 𝑈𝑗

𝜕𝑈𝑖

𝜕𝑥𝑗
) = 𝜌𝑔𝑋𝑖 −

𝜕𝑝

𝜕𝑥𝑖
+

𝜕

𝜕𝑥𝑗
(𝜇 (

𝜕𝑈𝑖

𝜕𝑥𝑗
+

𝜕𝑈𝑗

𝜕𝑥𝑖
) + 𝜆

𝜕𝑈𝑘

𝜕𝑥𝑘
𝛿𝑖𝑗),    

 𝑖, 𝑗 = 1,2.   

(2) 

Conservation of energy accounts for the transient and convective change in thermal 

energy due to diffusion, dissipation of mechanical energy into thermal energy 

represented by Φ  and the heat source in the form of divergence of radiative heat 

transfer, 𝛻 ∙ 𝑞𝑟, thus incorporating the effects of the participating media: 

 𝜌𝑐𝑝

𝜕𝑇

𝜕𝑡
+ 𝑈⃗⃗⃗ ∙ 𝛻𝑇 =  𝛻. (𝑘𝛻𝑇) + 𝛷 − 𝛻 ∙ 𝑞𝑟 , (3) 

where  

𝛻 ∙ 𝑞𝑟 = 4𝜋𝜎𝑎 [𝐼𝑏(𝑟, 𝑡) −
1

4𝜋
∫ 𝐼(𝑟, 𝛺⃗⃗, 𝑡)

4𝜋

0

𝑑𝛺⃗⃗]. (4) 

Here, 𝐼𝑏  denotes the blackbody intensity obtained through the temperature 

distribution in the domain, 𝐼𝑏 = (𝜎𝑇4)/𝜋 at the position r⃗. Integral term is incident 

radiation, 𝐺(r⃗,𝑡). Radiative transfer equation is solved for radiative intensity I: 

1

c

∂I(r⃗, Ω⃗⃗⃗, t)

∂t
+  Ω⃗⃗⃗ ∙ ∇I(r⃗, Ω⃗⃗⃗, t) = −σaI(r⃗, Ω⃗⃗⃗, t) − σsI(r⃗, Ω⃗⃗⃗, t)  

 +σaIb(r⃗, t)  +  σs ∮ I(r⃗, Ω⃗⃗⃗, t)θ(Ω⃗⃗⃗′, Ω⃗⃗⃗)
4𝜋

0

dΩ. 

(5) 

Radiative transfer equation provides mathematical expression for the balance 

between change in radiative intensity due to losses and gains represented by 

absorption, σaI, and out-scattering σsI, in-scattering, σs ∮ I(r⃗, Ω⃗⃗⃗′, t) θ(Ω⃗⃗⃗′, Ω⃗⃗⃗)
4𝜋

0
dΩ⃗⃗⃗′, 
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and emission, σaIb. Radiative transfer equation includes three more independent 

parameters than other modes of heat transfer [1]. The two of them stand for 

directional dependence  Ω⃗⃗⃗ and one is for spectral dependence that is not accounted 

for in this work.  

Radiative energy can be augmented or attenuated in the medium during propagation. 

Both mechanisms form a balance for radiative energy transfer in a participating 

media [29].  

Attenuation decreases radiative energy in its propagation path. Loss of radiative 

energy is proportional with the extinction coefficient, 𝛽𝑒𝑥𝑡. Extinction coefficient 

contains effect of absorption, σa, and scattering coefficients, σs. Absorption converts 

radiative energy into the internal energy. Therefore, it causes loss of radiative energy 

along the path of propagation.  

Scattering changes direction of radiative energy. Although it doesn’t convert the 

form of radiative energy, it changes the balance [29]. If scattering directs radiative 

energy from the direction of interest into other directions, it causes loss of radiative 

energy in the propagation path [29].  

Radiative energy gain is due to emission and in-scattering in participating media. All 

particles with a finite temperature value emit radiative energy [29]. This emission 

increases radiative intensity during propagation. On the other hand, scattering can 

direct radiation from different directions into the direction of propagation. This is 

called as in-scattering and increases radiative energy in the direction of interest [29].  

1.3 Lattice Boltzmann Method 

At the heart of Lattice Boltzmann method (LBM) lies the probability distribution 

function 𝑓(𝑟, 𝑣⃗, 𝑡) that gives the probability of finding a molecule at position 𝑟 with 

a velocity 𝑣⃗ at a time t or the expected number of particles 𝑓(𝑟, 𝑣⃗, 𝑡)𝑑𝑥⃗𝑑𝑣⃗ in a phase 

space volume element 𝑑𝑟𝑑𝑣⃗ [30]. The distribution function is connected to 

macroscopic variables such as the mass density  
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𝜌(𝑟, 𝑡) = ∫ 𝑓(𝑟, 𝑣⃗, 𝑡) 𝑑𝑣⃗, (6) 

the momentum density 

𝜌(𝑟, 𝑡)𝑢⃗⃗(𝑟, 𝑡) = ∫ 𝑣⃗ 𝑓(𝑟, 𝑣⃗, 𝑡) 𝑑𝑣⃗, (7) 

and the total energy density 

𝜌(𝑟, 𝑡)𝐸(𝑟, 𝑡) =
1

2
∫|𝑣⃗|2 𝑓(𝑟, 𝑣⃗, 𝑡) 𝑑𝑣⃗. (8) 

These are actually moment integrals of 𝑓 weighted with some functions of 𝑣⃗ and 

integrated over the velocity space. The considerations of the internal energy due to 

the random motion of the particles lead to the macroscopic internal energy density 

as the moment  

𝜌(𝑟, 𝑡)𝑒(𝑟, 𝑡) =
1

2
∫|𝑣⃗ − 𝑢⃗⃗|2 𝑓(𝑟, 𝑣⃗, 𝑡) 𝑑𝑣⃗.  (9) 

Here, 𝑐 = 𝑣⃗ − 𝑢⃗⃗ is the relative (intrinsic) particle velocities in a gas around the mean 

velocity 𝑢⃗⃗. In the presence of an external force 𝐹⃗, the particles in this distribution 

will be accelerated by 𝑎⃗. If we follow the movements of particles in a phase space 

volume element during a time interval 𝑑𝑡, the number of particles is conserved, thus 

𝑓(𝑟 + 𝑣⃗𝑑𝑡, 𝑣⃗ + 𝑎⃗𝑑𝑡, 𝑡 + 𝑑𝑡)𝑑𝑟𝑑𝑣⃗ = 𝑓(𝑟, 𝑣⃗, 𝑡)𝑑𝑥⃗𝑑𝑣⃗.   (10) 

The intermolecular collisions taking place within a gas, however, cause changes to 

the distribution whose effect is summed up by the collision operator 𝐶(𝑓) leading to 

a more realistic equation:  

𝑓(𝑟 + 𝑣⃗𝑑𝑡, 𝑣⃗ + 𝑎⃗𝑑𝑡, 𝑡 + 𝑑𝑡)𝑑𝑟𝑑𝑣⃗ − 𝑓(𝑟, 𝑣⃗, 𝑡)𝑑𝑟𝑑𝑣⃗ = 𝐶(𝑓)𝑑𝑟𝑑𝑣⃗𝑑𝑡.  (11) 

In the limit 𝑑𝑡 → 0, it reduces to the classical Boltzmann equation [31]: 
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𝜕𝑓

𝜕𝑡
+ 𝑣⃗ ∙ ∇⃗⃗⃗𝑟𝑓 + 𝑎⃗ ∙ ∇⃗⃗⃗𝑣⃗⃗𝑓 = 𝐶(𝑓).  (12) 

The last two terms on the left-hand side of Eq. (12) represent the net number of 

particles entering the infinitesimal phase-space volume 𝑑𝑟𝑑𝑣⃗ centered at (𝑟, 𝑣⃗) as 

the result of inertial motion of particles between collisions and the external force 𝐹⃗, 

respectively, while the term on the right-hand side represents the net number of 

particles entering that same volume as the result of instantaneous and purely local 

collisions. The collision operator must fulfil the conservation of the mass 

∫ 𝐶(𝑓)𝑑𝑣⃗ = 0..  (13) 

the total momentum  

∫ 𝑣⃗ 𝐶(𝑓)𝑑𝑣⃗ = 0. (14) 

and the total energy conditions  

∫ 𝑣⃗ ∙ 𝑣⃗ 𝐶(𝑓)𝑑𝑣⃗ = 0. (15) 

due to the assumption that the collisions do not create nor destroy molecules. The 

general Boltzmann collision operator is rather complicated, and the collision 

operator used in the LBM is based on much simpler BGK collision operator [32] 

𝐶𝐵𝐺𝐾(𝑓) = −
𝑓 − 𝑓𝑒𝑞

𝜏
. (16) 

where 𝜏 is the relaxation parameter towards the equilibrium (Maxwellian) 

distribution  

𝑓𝑒𝑞 = 𝜌 (
1

2𝜋𝑅𝑇
)

3 2⁄

𝑒𝑥𝑝 (−
|𝑣⃗ − 𝑢⃗⃗|2

2𝑅𝑇
). (17) 
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with the specific gas constant R and density 𝜌. The relaxation parameter 𝜏 is closely 

related to the viscosity 𝜈. BGK collision operator satisfies the conservation 

requirements Eqs. (13)-(15) and facilitates the evolution of 𝑓 towards 𝑓𝑒𝑞 as 

governed by the relaxation parameter 𝜏. 

Boltzmann showed that the functional 

ℋ = ∫ 𝑓 ln 𝑓 𝑑𝑣⃗. (18) 

reaches its minimum value when the distribution function 𝑓 reaches equilibrium 𝑓𝑒𝑞. 

Thus, if the molecules are distributed in some other way, then the value of ℋ will be 

higher. It can be shown directly from the Boltzmann equation Eq. (12) that ℋ is not 

conserved in the system, it never increases, but instead it decreases, until the particle 

distribution reaches equilibrium [33]. This is called the Boltzmann H-theorem. It 

states that molecular collisions invariably drive the distribution function towards 

equilibrium. It can be considered a necessary criterion for any collision operator in 

kinetic theory. This is, in fact, satisfied by the BGK collision operator. H-theorem is 

considered analogous to how the thermodynamic quantity of entropy always 

increases in a system unless the system has reached an equilibrium characterized by 

an entropy maximum. Thus, ℋ is also referred to as entropy function. 

The Boltzmann equation is a continuous equation, and it is necessary to construct 

corresponding discrete equations for computational modelling. The first step in the 

discretization process involves the discretization of the moment equations Eqs. (13)-

(15) in the velocity space: 

∫ 𝑓(𝑟, 𝑣⃗, 𝑡) 𝑑𝑣⃗ ≅ ∑ 𝜛𝛼𝑓(𝑟, 𝑣⃗𝛼 , 𝑡)

𝛼

, (19) 

∫ 𝑣⃗ 𝑓(𝑟, 𝑣⃗, 𝑡) 𝑑𝑣⃗ ≅ ∑ 𝜛𝛼𝑣⃗𝛼𝑓(𝑟, 𝑣⃗𝛼, 𝑡)

𝛼

, (20) 
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1

2
∫|𝑣⃗|2 𝑓(𝑟, 𝑣⃗, 𝑡) 𝑑𝑣⃗ ≅

1

2
∑ 𝜛𝛼|𝑣⃗𝛼|2𝑓(𝑟, 𝑣⃗𝛼, 𝑡)

𝛼

, (21) 

where {𝑣⃗𝛼} is a discrete set of velocities and 𝜛𝛼 are the corresponding weights. This 

is introduced into the Boltzmann equation Eq. (12) with the BGK collision operator 

Eq. (16) to get (BGK-Boltzmann) 

𝜕𝑓𝛼

𝜕𝑡
+ 𝑣⃗𝛼 ∙ ∇𝑥⃗𝑓𝛼 = −

1

𝜏
(𝑓𝛼 − 𝑓𝛼

𝑒𝑞). (22) 

where 𝑓𝛼 = 𝑓(𝑟, 𝑣⃗𝛼 , 𝑡) and the external force is omitted. This decouples the velocity 

space and the physical space, and the resulting equation is called the continuous 

Lattice Boltzmann Equation (LBE). Discretization of Eq. (23) in space and time with 

finite difference formulas leads to the (discrete) Lattice Boltzmann Equation: 

𝑓𝛼(𝑟 + 𝑣⃗𝛼∆𝑡, 𝑡 + ∆𝑡) − 𝑓𝛼(𝑟, 𝑡) = −
∆𝑡

𝜏
(𝑓𝛼(𝑟, 𝑡) − 𝑓𝛼

𝑒𝑞(𝑟, 𝑡)). (23) 

This form is widely used as a computational tool for the simulation of fluid flow. 

The evolution of the distribution function is approximated over a lattice having each 

lattice site located at 𝑟 and connected to the neighbouring lattice sites along the 

directions 𝑣⃗𝛼. The implementation takes successive streaming (propagation) and 

collision (relaxation) sub-steps. 

The high accuracy evaluation of the integrals in discrete form based on the Gauss-

Hermite quadrature that is based on the Hermite polynomials  

𝐻(𝑛)(𝑟) =
(−1)𝑛

𝜔(𝑟)

𝑑𝑛

𝑑𝑥𝑛
𝜔(𝑟). (24) 

for integer 𝑛 ≥ 0 where 𝜔(𝑟) is the weight function 

𝜔(𝑟) =
1

√2𝜋
exp(− 𝑟2 2⁄ ). (25) 
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that are orthogonal under a weighted inner product  

∫ 𝐻(𝑛)(𝑟)𝐻(𝑚)(𝑟)
∞

−∞

𝜔(𝑟)𝑑𝑟 = 𝑛! 𝛿𝑛𝑚. (26) 

Note that the form of the equilibrium (Maxwellian) distribution in Eq. (17) facilitates 

the use of the Hermite polynomials that are orthogonal with respect to the Gaussian 

weight function 𝜔(𝑟). 

Yet another consideration in deriving the lattice configurations is physical, the 

isotropy of the lattice [34]. Sufficiency of isotropy in the lattice configuration 

depends on the underlying physics of the model. The isotropy considerations lead to 

the following conditions: 

∑ 𝑤𝛼𝛼 = 1,                                                                       

∑ 𝑤𝛼𝑣⃗𝛼,𝑖𝛼 = 0,                                                                       

∑ 𝑤𝛼𝑣⃗𝛼,𝑖𝑣⃗𝛼,𝑗𝛼 = 𝛿𝑖𝑗,                                                                    

∑ 𝑤𝛼𝑣⃗𝛼,𝑖𝑣⃗𝛼,𝑗𝑣⃗𝛼,𝑘𝛼 = 0,                                                                      

∑ 𝑤𝛼𝑣⃗𝛼,𝑖𝑣⃗𝛼,𝑗𝑣⃗𝛼,𝑘𝑣⃗𝛼,𝑚𝛼 = (𝛿𝑖𝑗𝛿𝑘𝑚 + 𝛿𝑖𝑘𝛿𝑗𝑚 + 𝛿𝑖𝑚𝛿𝑗𝑘),                    

 ∑ 𝑤𝛼𝑣⃗𝛼,𝑖𝑣⃗𝛼,𝑗𝑣⃗𝛼,𝑘𝑣⃗𝛼,𝑚𝑣⃗𝛼,𝑛𝛼 = 0.   

(27) 

together with the weights 𝑤𝛼 to be non-negative. In order to simulate advection-

diffusion problems, for example, lower level of isotropy may be sufficient. 

The main distinction of the entropic LBM is in the way of constructing 𝑓𝛼
𝑒𝑞

 in the 

(discrete) LBE, Eq. (25), that it requires and enforces  𝑓𝛼
𝑒𝑞

 to minimize the discrete 

form of the functional ℋ. As stated by the H-theorem, it is a necessary criterion. 

This has been shown to be effective in stabilizing LBM in contrast the classical 

construction of 𝑓𝛼
𝑒𝑞

 that is solely based on moment-matching only.  
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CHAPTER 2  

2 LATTICE BOLTZMANN METHOD 

Previous chapter introduces physics and mathematical structure of the main problem. 

Fluid flow with participating media requires solution of mass, momentum, energy 

and participating media radiation. Thereby, an integrated model should contain 

equations for each conserved property. This chapter describes LBM for solving each 

conservation equation. It contains fundamental information about modeling 

techniques used throughout the thesis.  

2.1 Calculation of Mass, Momentum and Energy 

The techniques for the numerical solutions of mass and momentum equations using 

LBM are quite established in literature. Further considerations of the energy equation 

requires substantial change in the mathematical structure of the method. There are 

two techniques to perform calculations for energy. These are the multi-speed and the 

double population techniques. This chapter explains both techniques. Their 

fundamentals are demonstrated along with the underlying differences.   

2.1.1 Multi-Speed Lattice Boltzmann Method 

Multi – speed technique is a natural extension of LBM [14].  Alexander et al. [35] 

introduced this technique to perform thermal calculations using LBM. Multi-speed 

technique utilizes the following discrete equation to calculate flow field, 

𝑓𝑖(𝑟 + ci∆𝑡, 𝑡 + ∆𝑡) − 𝑓𝑖(𝑟, 𝑡) = − 
∆𝑡

𝜏∗
(𝑓𝑖(𝑟, 𝑡) − 𝑓𝑖

𝑒𝑞(𝑟, 𝑡)) (28) 

where 𝜏∗ is relaxation time, and it depends on dynamic viscosity [36]: 
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𝜇 =
2

𝐷
𝜌𝑒 (𝜏∗ −

1

2
).  

The technique achieves macroscopic properties through moments of probability 

distribution function, 𝑓𝑖(𝑟, 𝑡). Multispeed technique requires fourth order moments 

to fully resolve Navier Stokes equations [36]. While zeroth and first order moments 

are necessary for mass-momentum calculations,  

∑ 𝑓𝑖
𝑒𝑞

𝑁

𝑖=1

= ∑ 𝑓𝑖

𝑁

𝑖=1

= 𝜌, ∑ 𝑐𝑖𝛼𝑓𝑖
𝑒𝑞

𝑁

𝑖=1

= ∑ 𝑐𝑖𝛼𝑓𝑖

𝑁

𝑖=1

= 𝜌𝑢𝛼, 

second order moment gives total energy 𝐸, 

  ∑ 𝑐𝑖𝛼𝑐𝑖𝛽𝑓𝑖
𝑒𝑞

𝑁

𝑖=1

= ∑ 𝑐𝑖𝛼𝑐𝑖𝛽𝑓𝑖

𝑁

𝑖=1

=  
2

𝐷
𝜌𝑒δ𝛼𝛽 + 𝜌𝑢𝛼𝑢𝛽 , 

where 

𝜌𝑒 = 𝜌𝐸 −
1

2
𝜌|𝑢|2,         𝑒 =

𝐷

2
𝑇. 

third and fourth order moments give momentum and energy fluxes. 

∑ 𝑐𝑖𝛼𝑐𝑖𝛽𝑐𝑖𝛾𝑓𝑖
𝑒𝑞

𝑁

𝑖=1

= ∑ 𝑐𝑖𝛼𝑐𝑖𝛽𝑐𝑖𝛾𝑓𝑖

𝑁

𝑖=1

=  𝑄𝛼𝛽𝛾 

∑ 𝑐𝑖𝛼𝑐𝑖𝛽𝑐2𝑓𝑖
𝑒𝑞

𝑁

𝑖=1

= ∑ 𝑐𝑖𝛼𝑐𝑖𝛽𝑐2𝑓𝑖

𝑁

𝑖=1

=  ∀𝛼𝛽 

(29) 

where 

𝑄𝛼𝛽𝛾 =  𝜌𝑢𝛼𝑢𝛽𝑢𝛾 +  
2

𝐷
𝜌𝑒(𝑢𝛼δ𝛽𝛾 + 𝑢𝛽δ𝛼𝛾 + 𝑢𝛾δ𝛼𝛽) 

∀𝛼𝛽=  𝜌
4(𝐷 + 2)

𝐷2
𝑒2δ𝛼𝛽 +  

2

𝐷
𝜌𝑒2𝑢2δ𝛼𝛽 +

2(𝐷 + 4)

𝐷
(𝜌𝑒u𝛼u𝛽 + 𝜌𝑢2u𝛼u𝛽). 
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Shan et al. [5] and Philippi et al. [4] showed that 9th order algebraic accuracy is 

necessary to accurately calculate fourth order moment of 𝑓𝑖
𝑒𝑞

. They also ascertained 

that the minimum of 37 velocity directions are required to have 9th order algebraic 

accuracy. Therefore, a model has to adopt D2Q37 lattice to fully resolve Navier – 

Stokes equations, if it is based on multi-speed technique.  

 

Figure 1: D2Q37 lattice with its discrete velocities. Reprinted from Ref. [37] 

Figure 1 demonstrates D2Q37 lattice along with its velocity directions. As seen in 

the figure, there are multiple velocity sets with different magnitudes. Some directions 

stretch out to neighboring lattices. Each velocity direction represents an energy shell 

according to its magnitude. Table 1 lists velocity sets according to their energy shells 

they reside in. Weights and overall magnitudes of velocity directions are also shown 

in the table. 

Table 1: Energy Levels and Lattice Weights of D2Q37 

Energy Level Velocity Magnitude Lattice Weight 

1 0 0.846393 

2 1 0.107306 

3 √2 5.76679e-2 

4 2 1.42082e-2 

5 √5 5.35305e-3 

6 2√2 1.01194e-3 

7 3 2.45301e-4 

8 √10 2.83414e-4 
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The Lattice Boltzmann Equation (LBE), Eq. (28), corresponds to conservation 

equations through its zeroth, first and second order moments. Table 2 lists order of 

moment of the LBE and its macroscopic correspondents. As can be seen in table, 

multi-speed technique is capable of solving whole Navier – Stokes equations.  

Table 2: Moments of LBE in Multi-Speed Technique 

Mesoscopic 

Equation 
Macroscopic Equation 

Order of 

Moment 

Eq. (28) 
𝜕𝜌

𝜕𝑡
+ 𝛻. (𝜌𝑈) = 0 0th 

Eq. (28) 

𝜕𝜌𝑈

𝜕𝑡
+ 𝑈. 𝛻(𝜌𝑈)

= −𝛻𝑝 + 𝜕𝛼[𝜇(𝜕𝛽𝑢𝛼 + 𝜕𝛼𝑢𝛽)]

+ 𝛻(𝜆𝛻. 𝑈) 

1st 

Eq. (28) 

𝜕𝜌𝑒

𝜕𝑡
+ 𝑈. 𝛻𝜌𝑒 = −𝑝𝛻. 𝑈 +  𝛻. (𝑘𝛻𝑒)

− [𝜇(𝜕𝛽𝑢𝛼 + 𝜕𝛼𝑢𝛽)]𝜕𝛼𝑢𝛽

+ 𝜆(𝛻. 𝑈)2 

2nd 

 

Equilibrium distribution function is different than that of hydrodynamic methods. As 

mentioned above, order of truncation is of the essence for equilibrium distribution 

function. According to the truncation or lattice structure, equilibrium distribution 

function involves terms to a certain degree. Regarding fourth order terms are 

necessary for calculation of thermal flows, equilibrium distribution function, Eq. 

(30), is given with fourth order terms [38].     
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𝑓𝑖
𝑒𝑞 = 𝑤𝑖ρ[1 + 𝑐𝑖𝛼𝑢𝛼 +

1

2
[(𝑐𝑖𝛼𝑢𝛼)2 − 𝑢2] +

𝑇 − 1

2
(𝑐𝑖

2 − D)

+
𝑐𝑖𝛼𝑢𝛼

6
[(𝑐𝑖𝛼𝑢𝛼)2 − 3𝑢2] +

𝑇 − 1

2
(𝑐𝑖𝛼𝑢𝛼)(𝑐𝑖

2 − D − 2)]

+
1

24
[(𝑐𝑖𝛼𝑢𝛼)4 − 6(𝑐𝑖𝛼𝑢𝛼)2𝑢2 + 3𝑢4]

+  
𝑇 − 1

4
[(𝑐𝑖

2 − 𝐷 − 2)[(𝑐𝑖𝛼𝑢𝛼)2 − 𝑢2] − 2(𝑐𝑖𝛼𝑢𝛼)2]

+  
𝑇 − 12

8
[𝑐𝑖

4 − 2(𝐷 + 2)𝑐𝑖
2 + 𝐷(𝐷 + 2)]. 

(30) 

Mathematical structure of the equation includes effect of temperature on the collision 

process [5, 14] contrary to pure hydro-dynamic cases. 

2.1.2 Double Population Lattice Boltzmann Method 

As introduced earlier, there are two different versions of total energy based LBM. 

This thesis employs formulation proposed by Karlin et al. [8] as the baseline. As in 

all double population techniques for heat flow problems, the discretized model 

governs evolution of two distribution functions 𝑓𝑖 and 𝑔𝑖, along characteristic 

directions ci⃗⃗⃗, associated with macroscopic quantities, mass-momentum and energy, 

respectively:  

𝑓𝑖  𝑓𝑖(𝑟 + ci⃗⃗⃗ ∆𝑡, 𝑡 + ∆𝑡) − 𝑓𝑖(𝑟, 𝑡) = − 
∆𝑡

𝜏∗
(𝑓𝑖(𝑟, 𝑡) − 𝑓𝑖

𝑒𝑞(𝑟, 𝑡)), (31) 

𝑔𝑖(𝑟 + ci⃗⃗⃗ ∆𝑡, 𝑡 + ∆𝑡) − 𝑔𝑖(𝑟, 𝑡) = − 
∆𝑡

𝜏
(𝑔𝑖(𝑟, 𝑡) − 𝑔𝑖

𝑒𝑞(𝑟, 𝑡)), (32) 

where the relaxation times 𝜏∗ and 𝜏 in each equation are associated with the 

kinematic viscosity 𝑣 and thermal conductivity 𝑘 coefficients as follows:  

𝑣 = (𝜏∗ −
∆𝑡

2
)𝑇0, 𝑘 = (𝜏 −

∆𝑡

2
)𝑇0,       𝑇0 = 𝑐𝑠

2. 
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The zeroth and first order moments of 𝑓𝑖 provide the density and the velocity of the 

flow field, while the zeroth order moment of 𝑔𝑖 provides the total energy as given 

below:  

∑  𝑓𝑖
𝑒𝑞

𝑁

𝑖=1

= ∑ 𝑓𝑖

𝑁

𝑖=1

= ρ, ∑ ciα 𝑓𝑖
𝑒𝑞

𝑁

𝑖=1

= ∑ ciα 𝑓𝑖

𝑁

𝑖=1

= ρ𝑢α,   (33a) 

∑ 𝑔𝑖
𝑒𝑞

𝑁

𝑖=1

= ∑ 𝑔𝑖

𝑁

𝑖=1

= 2ρE = 𝐷ρT + ρ𝑢2, (33b) 

on a lattice configuration of DdQN. Equilibrium distribution function for the total 

energy is derived from Grad’s method [39]: 

gi
eq(r⃗, t) = wi [2ρE +

𝑞α
𝑒𝑞ciα

T0
+

𝑅αβ
𝑒𝑞 − 2ρET0δαβ 

2𝑇0
2 (ciαciβ − T0δαβ)], (34a) 

where  

𝑅αβ
𝑒𝑞 = 2𝜌𝐸(𝑇0𝛿𝑎𝛽 +  𝑢𝑎𝑢𝛽) + 2𝜌𝑇0(𝑇0𝛿𝑎𝛽 + 2𝑢𝑎𝑢𝛽), (34b) 

is contracted fourth order moment flux and  

𝑞α
𝑒𝑞

= 2𝜌𝐸𝑢𝑎 + 2𝜌𝑇0𝑢𝑎, (34c) 

is the energy flux.  Karlin et al. [8] modified the model with entropic LBM rendering 

it suitable for high-speed flows due to stability of entropic formulation. Participating 

media radiation usually exists with high-speed flows in industrial systems such as jet 

engine plumes or combustion chambers. Therefore, entropic LBM is of preference 

also in this study to exploit the model capability for high-speed flows in future 

studies. The equilibrium distribution function  𝑓𝑖
𝑒𝑞

 associated with the entropic LBM 

for D2Q9 lattice configuration is given in Appendix.  
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Total energy based double population LBM is applicable with different lattice 

configurations. This work utilizes D2Q9 lattice configuration considering its 

computational efficiency and simplicity. This lattice configuration is shown in 

Figure 2. The associated lattice velocities and weights are listed in Table 3. Speed of 

sound, 𝑐𝑠, in D2Q9 lattice is 
1

√3
. 

 

Figure 2: D2Q9 lattice configuration for the discrete mass-momentum and energy 

models 

Table 3: Lattice velocities and weights for D2Q9 lattice. 

ci⃗⃗⃗ (0,0) 

(1,0) 

(0,1) 

(−1,0) 

(0, −1) 

(1,1) 

(−1,1) 

(−1, −1) 

(1, −1) 

wi 
4

9
 

1

9
 

1

36
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2.2 Calculation of Participating Media Radiation 

As it has achieved a considerable success in heat flow simulations, LBM is further 

extended to participating media radiation [1]. By exploiting the similarity between 

Boltzmann equation and radiative transfer equation, several models have been 

developed for RTLBM [40, 41]. The method proposed by Asinari et al. [1] is based 

on radiative equilibrium assumption in the domain. It solves an LBE to calculate 

radiative intensity values 𝐼𝑖 along the characteristic directions ci⃗⃗⃗ for a gray and 

homogeneous medium:  

𝐼𝑖(𝑟 + c𝑖⃗⃗⃗ ∆𝑡, 𝑡 + ∆𝑡) − 𝐼𝑖(𝑟, 𝑡) = − 
∆𝑡

𝜏𝑖
(𝐼𝑖(𝑟, 𝑡) − 𝐼𝑖

𝑒𝑞(𝑟, 𝑡)), (35) 

where 𝐼𝑖
𝑒𝑞

 is the equilibrium distribution function having a specific form for 

participating media radiation:  

𝐼𝑖
𝑒𝑞(𝑟, 𝑡) = ∑ 𝐼𝑖𝑤𝑖

𝑁

𝑖=1

.  (36) 

Relaxation time 𝜏𝑖 involves effect of extinction coefficient 𝛽𝑒𝑥𝑡 and lattice dependent 

velocities 𝑐𝑖𝛼, and it is given by 𝜏𝑖 = 1/(𝛽𝑒𝑥𝑡 ‖c𝑖⃗⃗⃗‖ ) [1]. 

Participating media radiation is a 3D phenomenon having directional dependence on 

polar (0 ≤ 𝛿 ≤ 𝜋) and azimuthal (0 ≤ 𝜁 ≤ 2𝜋) angles. It is transformed into two-

dimensional domain by assuming isotropy in polar angle, thus angular dependence 

of radiative intensity is taken only for azimuthal angle [1]. This is accomplished by 

properly adjusting lattice configuration and weights [1]. There are several options 

for a suitable lattice configuration. This work adopts D2Q8 lattice configuration 

considering simplicity and computational efficiency. The characteristic directions 

are the same as that of D2Q9, but without the zero velocity as shown in Figure 3. 

Weights are equal to each other in all directions as listed in Table 4 [1]. Speed of 

sound is 1 in this lattice configuration [1]. 
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Figure 3: D2Q8 lattice structure for radiation model 

Table 4: Velocities and weights for D2Q8 lattice 

Velocity (1,0) (0,1) (−1,0) (0, −1) (1,1) (−1,1) (−1, −1) (1, −1) 

Weight 
1

8
 

1

8
 

1

8
 

1

8
 

1

8
 

1

8
 

1

8
 

1

8
 

 

The computed radiative intensity values 𝐼𝑖 are then used to calculate incident 

radiation or the integral term in Eq. (4)  [21]: 

 

𝐺(𝑟, 𝑡) = ∑ 𝐼𝑖𝑤𝑖

𝑁

𝑖=1

 (37) 

which is necessary for the determination of the divergence of radiative heat transfer 

𝛻⃗⃗ ∙ 𝑞⃗𝑟 as defined in Eq. (4).   
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CHAPTER 3  

3 INTEGRATION OF PARTICIPATING MEDIA SOLUTION INTO THE 

THERMAL MODEL 

Energy equation, Eq. (3), contains divergence of radiative heat transfer, 𝛻 ∙ 𝑞𝑟, as a 

source to represent effect of participating media radiation. This requires an 

integration procedure for LBM to correspond to physically proper expressions at 

macroscopic scale. Integration procedure involves a modification process. Modified 

equations are verified through Chapman-Enskog procedure.  This chapter evaluates 

both multi-speed and total energy based double population LBM for the integrated 

model. Then, their potential use in the integrated model is discussed in detail. 

3.1 Multi-Speed Technique 

The form of the discrete equation that Multi-speed LBM utilizes is given in Eq. (28). 

The equation corresponds to conservation equations at macroscopic level with its 

moments at different orders. The technique is able to represent compressiblity effects 

and viscous heating at macroscopic scale.  

Energy problems with heat source requires modification of the basic LBE, namely 

Eq. (28). Main requirement for the modification is to attain correct equations at 

macroscopic level. The modification process should be performed so that while 

energy equation is represented in the correct manner, conservation of mass and 

momentum correspondence remain as the same at the macroscopic level. In other 

words, heat source should be properly introduced into the energy equation without 

affecting the forms of mass and momentum equations.  

The modification starts with a source term added to LBE distributing it through 

lattice weights for each direction: 
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𝑓𝑖(𝑟 + ci∆𝑡, 𝑡 + ∆𝑡) − 𝑓𝑖(𝑟, 𝑡) = − 
∆𝑡

𝜏∗
(𝑓𝑖(𝑟, 𝑡) − 𝑓𝑖

𝑒𝑞(𝑟, 𝑡)) + ∆𝑡𝑞𝑖. 
(38) 

Chapman-Enskog expansion is necessary to identify the macroscopic correspondent 

of the proposed Eq. (28). The expansion is with respect to Knudsen number ∈ for 

each lattice direction [33, 35, 42].  

𝑓𝑖 = 𝑓𝑖
(0)+∈ 𝑓𝑖

(1) +∈2 𝑓𝑖
(2)

 

𝜕𝑡 =∈ 𝜕𝑡
(1) +∈2 𝜕𝑡

(2)
,         𝜕𝑎 =∈ 𝜕𝑎

(1)
,           𝑞𝑖 =∈ 𝑞𝑖

(1) 

for substitution in Eq. (28). Resultant equation can be divided into groups with 

respect to order of magnitude of Knudsen number: 

𝑂(∈0):              𝑓𝑖
(𝑒𝑞) = 𝑓𝑖

(0),   (39a) 

𝑂(∈1):              𝜕𝑡
(1)𝑓𝑖

(0) +  𝑐𝑖𝑎𝜕𝑎
(1)𝑓𝑖

(0) = − 
1

𝜏∗
𝑓𝑖

(1)
+ 𝑞𝑖

(1), 
           

(39b) 

𝑂(∈2):             𝜕𝑡
(1)𝑓𝑖

(1) + 𝜕𝑡
(2)𝑓𝑖

(0) +  𝑐𝑖𝑎𝜕𝑎
(1)𝑓𝑖

(1)

+
1

2
𝑐𝑖𝑎𝑐𝑖𝑎𝜕𝑎

(1)𝜕𝑎
(1)𝑓𝑖

(0) + 𝑐𝑖𝑎𝜕𝑎
(1)𝜕𝑡

(1)𝑓𝑖
(0)

+
1

2
𝜕𝑡

(1)𝜕𝑡
(1)𝑓𝑖

(0)
= − 

1

𝜏∗
𝑓𝑖

(2)
. 

 (39c) 

Eq. (39c) can be rearranged using (39b) and manipulated as Eq. (40),  [35]:   

𝑂(∈2):             𝜕𝑡
(2)𝑓𝑖

(0) + (1 −  
1

2𝜏∗
) [𝜕𝑡

(1)
𝑓𝑖

(1)
+ 𝑐𝑖𝑎𝜕𝑎

(1)
𝑓𝑖

(1)
]

= − 
1

𝜏∗
𝑓𝑖

(2)
−  

1

2
𝑐𝑖𝑎𝜕𝑎

(1)
𝑞𝑖

(1) − 
1

2
𝜕𝑡

(1)
𝑞𝑖

(1). 

(40) 

In order to have macroscopic equations for conservation of mass, momentum and 

energy, moments of Eq. (39b) and Eq. (40) are necessary. Summation of moments 

of these equations culminate in conservation of mass, momentum and energy 

equations at zeroth, first and second order as seen in Table 5. 
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Table 5: Macroscopic counterparts of the LBE in Eq. (38) with respect to different 

orders of magnitudes 

Mesoscopic Equation Macroscopic Equation 

 ∑ 𝐸𝑞. (39𝑏) 𝑀
𝑖=1 + 

∑ 𝐸𝑞. (40) 

𝑀

𝑖=1

 

𝜕𝜌

𝜕𝑡
+ 𝛻. (𝜌𝑈)  + ∀𝟏 = 0 

∑ 𝑐𝑖𝑎𝐸𝑞. (39𝑏)  

𝑀

𝑖=1

+ ∑ 𝑐𝑖𝑎𝐸𝑞. (40) 

𝑀

𝑖=1

 

𝜕𝜌𝑈

𝜕𝑡
+ 𝑈. 𝛻(𝜌𝑈)

= −𝛻𝑝 + 𝜕𝛼[𝜇(𝜕𝛽𝑢𝛼 + 𝜕𝛼𝑢𝛽)]

+ 𝛻(𝜆𝛻. 𝑈)  + ∀𝟐 

∑ 𝑐𝑖𝑎𝑐𝑖𝑎𝐸𝑞. (39𝑏)  

𝑀

𝑖=1

+ ∑ 𝑐𝑖𝑎𝑐𝑖𝑎𝐸𝑞. (40) 

𝑀

𝑖=1

 

𝜕𝜌𝑒

𝜕𝑡
+ 𝑈. 𝛻𝜌𝑒 = −𝑝𝛻. 𝑈 +  𝛻. (𝑘𝛻𝑒)

− [𝜇(𝜕𝛽𝑢𝛼 + 𝜕𝛼𝑢𝛽)]𝜕𝛼𝑢𝛽

+ 𝜆(𝛻. 𝑈)2 + ∀𝟑 

 

As shown in Table 5, the proposed equations end up with additional terms 

represented by, ∀𝟏, ∀𝟐, ∀𝟑: 

∀𝟏=  ∑ 𝑞𝑖
(1)

𝑀

𝑖=1

+ ∑ − 
1

2
𝑐𝑖𝑎𝜕𝑎

(1)
𝑞𝑖

(1) − 
1

2
𝜕𝑡

(1)
𝑞𝑖

(1)

𝑀

𝑖=1

 

∀𝟐=  ∑ 𝑐𝑖𝑎𝑞𝑖
(1)

𝑀

𝑖=1

+ ∑ 𝑐𝑖𝑎(− 
1

2
𝑐𝑖𝑎𝜕𝑎

(1)
𝑞𝑖

(1) −  
1

2
𝜕𝑡

(1)
𝑞𝑖

(1))

𝑀

𝑖=1

 

∀𝟑=  ∑ 𝑐𝑖𝑎𝑐𝑖𝑎𝑞𝑖
(1)

𝑀

𝑖=1

+ ∑ 𝑐𝑖𝑎𝑐𝑖𝑎(− 
1

2
𝑐𝑖𝑎𝜕𝑎

(1)
𝑞𝑖

(1) − 
1

2
𝜕𝑡

(1)
𝑞𝑖

(1))

𝑀

𝑖=1

 

These terms contain expressions related to the heat source appearing in Eq. (38) and 

appear as a result of heat source added to the LBE. 
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These extra terms are unphysical expressions appearing in mass and momentum 

equations that need to be eliminated. 2nd order moment also doesn’t end up with a 

clean source term being applicable for macroscopic form of energy conservation 

equation. Moreover, these terms in all conservation equations are intractable, as they 

contain spatial and temporal derivatives. 

Several methods are investigated to overcome this issue. Options evaluated 

throughout this thesis are listed below: 

• A better use of lattice isotropy, 

• Modification of the equilibrium distribution function, 

• Accepting these terms in mass and momentum equations, 

• A different methodology as in compressible flows or inclusion of body force 

term, 

Lattice isotropy can be used to make residual terms vanishing for some orders of 

moments. However, a mathematical expression eliminating residual terms couldn’t 

be found in the thesis. Equilibrium distribution function can be modified to 

compensate residual terms. Such a modification requires comprehensive work in 

molecular physics. Therefore, it is considered as out of scope of the thesis. Equations 

can be solved with these residuals to evaluate their impact on the solution accuracy. 

These terms may be accepted, if resulting error is low. This strategy doesn’t converge 

to a solution, as non-physical results are received in these models. The last item 

considers use of specific source terms to eliminate residuals. Nevertheless, methods 

used to contain source terms in momentum calculations don’t work for energy 

sources. Therefore, a suitable source term couldn’t be developed. Consequently, 

studies demonstated that multi-speed LBM technique is not applicable in the thesis 

study. 
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3.2 Total Energy Based Double Population Lattice Boltzmann Method 

Double population technique has seperate distribution functions and LBE for 

calculation of mass, momentum and energy. This enables modification of energy 

equation without affecting mass and momentum equations to include heat source 

term. Thus, modification is performed only on the second LBE standing for the 

energy equation. The proposed equation contains heat source term distributed via 

lattice weights for each lattice direction as in previous section of this chapter: 

𝑔𝑖(𝑟 + 𝑐𝑖⃗⃗⃗∆𝑡, 𝑡 + ∆𝑡) − 𝑔𝑖(𝑟, 𝑡) = − 
∆𝑡

𝜏
(𝑔𝑖(𝑟, 𝑡) − 𝑔𝑖

𝑒𝑞(𝑟, 𝑡)) + ∆𝑡 𝑞𝑖, (41a) 

where 

𝑞𝑖 = 𝐶1𝑤𝑖𝑄. (41b) 

Here, 𝑄 = −𝛻⃗⃗ ∙ 𝑞⃗𝑟 is the volumetric source term, 𝑞𝑖 is its directional form along the 

lattice directions and the constant 𝐶1 is used to eliminate any residual terms in the 

corresponding macroscopic equations. Thus, the proposed modification contains the 

radiative source term along the lattice directions ci⃗⃗⃗ via lattice weights 𝑤𝑖. 

For the purpose of obtaining the macroscopic correspondent of the proposed 

equation, Eq. (41a), a perturbation expansion is performed: 

𝑔𝑖 = 𝑔𝑖
(0)+∈ 𝑔𝑖

(1) +∈2 𝑔𝑖
(2) 

𝜕𝑡 =∈ 𝜕𝑡
(1) +∈2 𝜕𝑡

(2)
,         𝜕𝑎 =∈ 𝜕𝑎

(1)
,           𝑞𝑖 =∈ 𝑞𝑖

(1) 

in different orders of the Knudsen number, ∈. These expansions are substituted into  

Eq. (41b) and then the terms corresponding to different orders of magnitude are 

extracted: 
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𝑂(∈0):              𝑔𝑖
(𝑒𝑞) = 𝑔𝑖

(0), (42a) 

𝑂(∈1):              𝜕𝑡
(1)𝑔𝑖

(0) +  𝑐𝑖𝑎𝜕𝑎
(1)𝑔𝑖

(0) = − 
1

𝜏
𝑔𝑖

(1) + 𝑞𝑖
(1), (42b) 

𝑂(∈2):             (1 −  
∆𝑡

2𝜏
) (𝜕𝑡

(1)
+ 𝑐𝑖𝑎𝜕𝑎

(1)
)𝑔𝑖

(1) + 𝜕𝑡
(2)

𝑔𝑖
(0)

+
∆𝑡

2
[𝜕𝑡

(1)
+ 𝑐𝑖𝑎𝜕𝑎

(1)
]𝑞𝑖

(1) = − 
1

𝜏
𝑔𝑖

(2). 

(42c) 

The sum of the zeroth order moments of equations (42b) and (42c) yield:   

𝜕𝑡𝑇 = −𝑢𝑎𝜕𝑎𝑇 −
2

𝐷
𝑇0𝜕𝑎𝑢𝑎 −

2

𝐷𝜌
Π𝑎𝛽𝜕𝑎𝑢𝛽 +

1

𝜌
𝜕𝑎 (𝜏 −

∆𝑡

2
) 𝜌𝑇0𝜕𝑎𝑇

+
𝐶1

𝐷𝜌
𝑄 −

∆𝑡

2

1

𝐷𝜌
𝜕𝑡𝐶1𝑄 

(43) 

where Π𝑎𝛽 = −𝑣𝜌(𝜕𝑎𝑢𝛽 + 𝜕𝛽𝑢𝑎). It can be seen in Eq. (43) that there appears an 

extra term in the form of −
∆𝑡

2

1

𝐷𝜌
𝜕𝑡𝐶1𝑄. 

In order to eliminate this term, a procedure as proposed by Seta [42] is applied that 

involves introducing adjustable constants, A and B, in thermal lattice Boltzmann 

formulations (33b) and (41b):  

2𝜌𝐸 =  ∑ 𝑔𝑖

𝑁

𝑖=1

+ 𝐴 𝐶1𝑄,               𝑞𝑖 = 𝑤𝑖𝑄𝐵𝐶1. (44) 

The perturbation procedure is repeated on Eq. (41a), now adopting new parameters 

A and B. Reorganizing the resulting equation in the orders of magnitudes of ∈ yields:  
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𝑂(∈1):              𝜕𝑡
(1)

𝑇 = −𝑢𝑎𝜕𝑎
(1)

𝑇 −
2

𝐷
𝑇0𝜕𝑎

(1)
𝑢𝑎 +

1

𝜏
𝐴

𝐶1

𝐷𝜌
𝑄 + 𝐵

𝐶1

𝐷𝜌
𝑄 (45a) 

𝑂(∈2):             𝜕𝑡
(2)

𝑇 = −
2

𝐷𝜌
Π𝑎𝛽𝜕𝑎

(1)
𝑢𝛽 +

1

𝜌
𝜕𝑎

(1)
(𝜏 −

∆𝑡

2
) 𝜌𝑇0𝜕𝑎

(1)
𝑇 

                                −
1

𝐷𝜌
𝜕𝑡

(1)
𝐶1𝑄 [

∆𝑡

2𝜏
𝐴 − 𝐴 + 𝐵

∆𝑡

2𝜏
] 

(45b) 

The constants A and B are adjusted so that no extra term remains in these equations. 

Thus, for a proper expression for the source term, the constants A and B must satisfy 

the relations: 

1

𝜏
𝐴 + 𝐵 = 1,               𝐴

∆𝑡

2𝜏
− 𝐴 + 𝐵

∆𝑡

2𝜏
= 0, 

yielding 

𝐴 =
∆𝑡

2
,                       𝐵 = 1 −

∆𝑡

2𝜏
. (46) 

These forms given in Eq. (46) are consistent with those proposed in [42]. Thereby, 

justifying that this procedure is also valid for total energy formulation based double 

population LBM. 

Adopting these expressions for A and B of Eq. (46), in the formulations (33b) and 

(41b) yields the following form of the energy equation:  

         𝜕𝑡𝑇 = −
2

𝐷𝜌
Π𝑎𝛽𝜕𝑎𝑢𝛽 +

1

𝜌
𝜕𝑎 (𝜏 −

∆𝑡

2
) 𝜌𝑇0𝜕𝑎𝑇 − 𝑢𝑎𝜕𝑎𝑇 −

2

𝐷
𝑇0𝜕𝑎𝑢𝑎

+
𝐶1

𝐷𝜌
𝑄. 

(47) 

This equation suggests that for the model to recover energy equation in the correct 

form, 𝐶1 should be chosen in the following specific form: 

𝐶1 =
𝐷𝜌

𝑐𝑝𝜌0
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The form of 𝐶1  contains model parameters. D is dimension of the spatial domain 

and ρ stands for lattice density. Denominator contains specific heat under constant 

pressure, 𝑐𝑝, and fluid density, 𝜌0,  at macroscopic scale which are equal to unity in 

the model [8, 33]. 

3.2.1 Definition of the Heat Source Term in Lattice Dimensions  

LBM performs calculations at mesoscopic scale. Moments of the LBE define 

macroscopic equations in lattice units. Equations and all parameters are calculated 

according to this specific dimensional system. Participating media radiation is also 

computed in lattice units, and integration procedure should have a clear 

representation of the heat source term at macroscopic scale. This requires 

rearrangement of conservation of energy equation in lattice dimensions. 

The macroscopic and dimensional form of energy equation in metric units is given 

in Eq. (3) in Section 1.2. Unit conversion is performed with respect to parameters 

defined in lattice units [33]. The quantities in lattice units are indicated with a 

superscript ‘*’. The notation is specific to this section of the chapter. In other 

sections, the quantities are used in lattice units as default. In  

𝑇 = 𝐶𝑇 𝑇∗, 𝑈 = 𝐶𝑢 𝑈∗, 𝑡 = 𝐶𝑡 𝑡∗, 𝑥 = 𝐶𝑥 𝑥∗, 𝑝 = 𝐶𝑝 𝑝∗,

∇𝑞𝑟 = 𝐶𝐼 𝜑, 𝐼 = 𝐶𝐼 𝐼∗, 

𝑇∗,  𝑈∗,  𝑡∗,  𝑥∗ 𝑎𝑛𝑑 𝜑 are parameters in lattice units, whereas 𝐶𝑇, 𝐶𝑢,  𝐶𝑡,  𝐶𝑥 are 

conversion factors [1, 27, 33]. Here 

𝜌0
∗ = 1,  ∆𝑥∗ = 1,  ∆𝑡∗ = 1, 

𝐶𝑇 = 𝑇𝑟𝑒𝑓,   𝐶𝑥 = ∆𝑥 =
𝐻

𝑀
,   𝐶𝑡 = ∆𝑡,   𝐶𝜌 = 𝜌,   𝐶𝐼 = 𝜎𝑇𝑅𝑒𝑓

4 , 

𝐶𝑡 is dependent on kinematic viscosity and thermal diffusivity [33]: 

𝑣 = 𝑣∗
𝐶𝑥

2

𝐶𝑡
, 𝛼 = 𝛼∗

𝐶𝑥
2

𝐶𝑡
, 𝛼∗ =

𝑘∗

𝜌0
∗𝑐𝑝

∗
. 
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Remaining parameters can be derived from available conversion factors [33], such 

as,  

𝐶𝑢 =  
𝐶𝑥

𝐶𝑡
 .  

LBE represents an energy equation which is transformed with respect to above 

mentioned parameters and conversion factors. Starting from the dimensional form of 

conservation of energy, the conversion process ends up with the following form of 

the equation: 

𝐶𝑇

𝐶𝑡

𝜕𝑇∗

𝜕𝑡∗
+ 𝑈∗𝐶𝑢

𝐶𝑇

𝐶𝑥

𝜕𝑇∗

𝜕𝑥∗
+ 𝑉∗𝐶𝑢

𝐶𝑇

𝐶𝑥

𝜕𝑇∗

𝜕𝑦∗

=
 𝑘

𝜌𝑐𝑝

𝐶𝑇

𝐶𝑥
2

(
𝜕2𝑇∗

𝜕𝑥∗2 +
𝜕2𝑇∗

𝜕𝑦∗2) +
 1

𝑐𝑝

𝐶𝑥
2

𝐶𝑡
3 𝛷∗ −

 𝜎𝑇𝑅
4

𝜌𝑐𝑝
𝜑, 

(48) 

where 

𝜑 = 𝜎𝑎𝛩 = 𝜎𝑎 [4𝑇∗4 − ∫ 𝐼∗(𝑟, 𝛺⃗⃗, 𝑡)
4𝜋

𝛺⃗⃗⃗=0

𝑑𝛺⃗⃗], 

 and so                                𝛩 = [4𝑇∗4 − ∫ 𝐼∗(𝑟, 𝛺⃗⃗, 𝑡)
4𝜋

𝛺⃗⃗⃗=0
𝑑𝛺⃗⃗]. 

The equation can be rearranged to give,  

𝜕𝑇∗

𝜕𝑡∗
+ 𝑈∗

𝜕𝑇∗

𝜕𝑥∗
+ 𝑉∗

𝜕𝑇∗

𝜕𝑦∗

= 𝛼
𝐶𝑡

𝐶𝑥
2

(
𝜕2𝑇∗

𝜕𝑥∗2 +
𝜕2𝑇∗

𝜕𝑦∗2) +
 1

𝑐𝑝

𝐶𝑥
2

𝐶𝑡
2𝐶𝑇

𝛷∗ −
 𝐶𝑡

𝐶𝑇

 𝜎𝑇𝑅𝑒𝑓
4 𝜎𝑎

𝜌𝑐𝑝
𝛩, 

(49) 

with the coefficient, 

 1

𝑐𝑝

𝐶𝑥
2

𝐶𝑡
2𝐶𝑇

= Ϥ∗. 

Substituting expression for 𝛼∗ into the Eq. (49) gives, 
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𝜕𝑇∗

𝜕𝑡∗
+ 𝑈∗

𝜕𝑇∗

𝜕𝑥∗
+ 𝑉∗

𝜕𝑇∗

𝜕𝑦∗
= 𝛼∗(

𝜕2𝑇∗

𝜕𝑥∗2 +
𝜕2𝑇∗

𝜕𝑦∗2) + Ϥ∗𝛷∗ −
 𝐶𝑡

𝐶𝑇

 𝜎𝑇𝑅𝑒𝑓
4 𝜎𝑎

𝜌𝑐𝑝
𝛩 (50) 

The last term corresponds to the divergence of radiative heat flux and can be 

manipulated as: 

𝜕𝑇∗

𝜕𝑡∗
+ 𝑈∗

𝜕𝑇∗

𝜕𝑥∗
+ 𝑉∗

𝜕𝑇∗

𝜕𝑦∗
= 𝛼∗ (

𝜕2𝑇∗

𝜕𝑥∗2 +
𝜕2𝑇∗

𝜕𝑦∗2) + Ϥ∗𝛷∗ − 𝐶𝑥
2𝛼∗

𝛽𝑒𝑥𝑡𝜎𝑎

4𝑁
𝛩. (51) 

Extinction coefficient and absorption coefficient are converted to lattice units [27], 

𝛽𝑒𝑥𝑡 = 𝐶𝛽𝛽𝑒𝑥𝑡
∗ , 𝜎𝑎 = 𝐶𝛽𝜎𝑎

∗, 𝐶𝛽 =
1

𝐻
. 

The process results in the energy equation in lattice units with heat source term 

representing participating media radiation, 

𝜕𝑇∗

𝜕𝑡∗
+ 𝑈∗

𝜕𝑇∗

𝜕𝑥∗
+ 𝑉∗

𝜕𝑇∗

𝜕𝑦∗
= 𝛼∗(

𝜕2𝑇∗

𝜕𝑥∗2 +
𝜕2𝑇∗

𝜕𝑦∗2) + Ϥ∗𝛷∗ −
1

𝑀2
𝛼∗

𝛽𝑒𝑥𝑡
∗ 𝜎𝑎

∗

4𝑁
𝛩. (52) 

Therefore, heat source in the Eq. (47) is equal to: 

𝑄 =
1

𝑀2
𝑘∗

𝛽𝑒𝑥𝑡
∗ 𝜎𝑎

∗

4𝑁
𝛩. (53) 

This form of the heat source should be substituted into the underlying LBE, Eq. 

(41a), in order to end up with a proper expression solving the correct equation at 

macroscopic scale. 

3.3 Evaluation of Both Methods  

LBM has two main techniques to handle thermal flows. In this section, both 

techniques are evaluated for their use in the integrated model. Multi-speed technique 

is advantageous due to its intrinsic capability to solve a coupled flow field. The 

evaluation of energy and flow field are fully coupled with each other. 

Compressibility effects and viscous heating are also represented in this technique. 
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Thereby, an integrated model solving mass, momentum, energy and radiation in a 

fully coupled manner is possible with multi-speed technique. However, the 

technique has certain drawbacks that impede its widespread use in literature. First, 

the technique has stability issues. Kinematic viscosity and thermal diffusivity are 

allowed to vary in a narrow band to ensure a stable solution. This limits the technique 

to low speed flows. Multi-speed technique depends on algebraic order of accuracy 

of the lattice structure. Therefore, it requires lattice configurations with larger 

velocity sets extending towards neighboring lattices. Boundary treatment becomes 

substantially complicated in these lattice configurations. Ghost cells and treatment 

of neighbor lattices should be used to assign boundary conditions properly. Adopting 

multi-speed lattices culminates in larger set of solution parameters due to directional 

dependence of probability distribution function. Thereby, computational cost 

increases in simulations. The final and the most important issue for the technique is 

its applicability for the integrated model. As shown in Section 1.2, energy equation 

contains participating media radiation as a heat source. However, extra terms appear 

at macroscopic level in multi-speed technique, when the heat source is added into 

LBE. Furthermore, the conservation equations for mass and momentum also change 

due to these extra terms associated with the heat source. Consequently, the technique 

couldn’t be modified to handle the source term in the correct manner. 

Double population technique employs two different distribution functions for flow 

and thermal calculations. This increases stability of the technique and allows for 

independent modification of energy equation. Prandtl number and specific heat ratio 

can be varied with this technique. Standard lattice configurations suffice for double 

population technique. Therefore, it has a lower computational cost resulting in faster 

simulation time. Boundary treatment is straightforward and doesn’t need ghost cells 

or neighbor lattices. Boundary conditions are usually defined with formulations 

based on simple bounce back method. Incorporating sub-models enables 

modification of energy calculations without changing those of mass and momentum. 

Thus, integration of the heat source is performed complying with the macroscopic 

equation desired for the problem. Total energy based formulation accounts for 
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compressibility effects and viscous heating, hence eliminating one of the most 

important issues in double population technique. The major drawback of the 

technique is one way coupling of flow and thermal fields. However, there are studies 

having coupled models with total energy formulation [15]. As a result, the technique 

has the potential to be extended for fully coupled models in the future. Stability range 

of the model is further enhanced by the implementation of entropic formulation. This 

renders the model applicable also for high speed flows.  

Comparing both techniques and their features, total energy based double population 

method is chosen as the suitable candidate for solving the flow problem with 

participating media radiation. It is advantageous in terms of computational time, 

boundary treatment, stability and simulation range. It can calculate compressibility 

effects and viscous heating terms as in multi-speed technique. Finally, its 

formulation allows for integration of the heat source without any extra or redundant 

terms.  

The integrated model in this thesis work is based on the formulation given in Karlin 

et al. [8]. Flow field is decoupled from thermal calculations in the model. Prandtl 

number is limited to 1 as well as ratio of specific heats. Although the model is capable 

of handling different Prandtl number and specific heat ratios, this work adopts its 

simplest form. The flow under consideration is incompressible regarding the 

magnitude of velocities simulated in the test cases. Conveniently, formulation of the 

model is suitable for constant density flows [8]. However, the model may be 

enhanced for flows with variable density [15, 43]. Since the main concentration of 

this work is on the implementation of a total energy formulation with participating 

media, the simplest form of total energy based LBE is adopted in this thesis.  
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CHAPTER 4  

4 NUMERICAL SIMULATIONS 

The discrete thermal model, Eq. (41a), constructed in the previous chapter is 

implemented in an in-house developed code written in Matlab R2014a. This chapter 

includes implementation details of the model such as the algorithm and the boundary 

treatment. Some validation studies and comprehensive analysis of the duct flow are 

also included in this chapter. First, the validation of the integrated model and the 

developed code is performed using the well-known problem of conduction and 

radiation in a cavity. Then, convection and radiation case is used for validation. The 

results are compared with other simulations in literature. After the validation, the 

algorithm and the code are used to study the duct flow for various combinations of 

the physical parameter values. Results are presented both with and without 

participating media to give detailed insight into the underlying physics. 

4.1 Implementation of the Model and Boundary Treatment 

Implementation of the computational model is achieved in three stages that computes 

evolution of flow field, temperature field and participating media radiation, 

respectively, as shown in Figure 4. 

First, the radiation model, Eq. (35), is used to calculate the evolution of radiative 

intensity throughout the domain with the introduction of initial and boundary 

conditions. Radiative intensity field is then used to obtain divergence of radiative 

heat transfer that appears as a source term to account for the contribution of 

participating media radiation in the energy equation, Eq. (41a). Calculations continue 

until fields reach a steady state. Radiative equilibrium is assumed at each time step 

during simulations.  
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Figure 4: Model algorithm 

 

This algorithm adopts the advantage of Asinari’s model [1] that is the assumption of 

radiative equilibrium. Thereby, proper implementation of boundary conditions will 

be enough for radiative intensity to be computed in the whole computational domain. 

This feature brings an enormous acceleration in the computational process. The 

assumption of radiative equilibrium at each time step will be tested against reference 

cases.  
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a) 

 

b) 

 

Figure 5: Computational domain and boundaries for simulations. a) Conduction –

Radiation problem in a cavity. b) Convection – Radiation problem in a channel. 

Initially, velocity and radiative intensity fields are set to zero, while it is set at 𝑇𝑙𝑜𝑤 

for the energy model, Eq. (41a). Boundary conditions are implemented according to 

the fundamental rules of lattice Boltzmann method. The mass-momentum model Eq. 

(31) uses non-equilibrium boundary conditions adopting known macroscopic values 

and relevant equilibrium distributions. For the energy model, anti-bounce back 

approach is used to define unknown population values. The radiation model, Eq. 

(35), adopts an approach similar to equilibrium boundary conditions [33]. All 

boundaries are assumed black, while the participating media is homogeneous and 

gray in this model. Boundary values are assigned in accordance with different flow 

configurations as shown in Figure 5. 
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Mass-momentum model uses four equations set for each boundary. All boundaries 

have the same form, but with different macroscopic values:  

𝜌𝑤 =
1

1 − 𝑢𝑤
[𝑓1,𝑤 + 𝑓3,𝑤 + 𝑓5,𝑤 + 2(𝑓4,𝑤 + 𝑓7,𝑤 + 𝑓8,𝑤)], 

𝑓6,𝑤 =
1

2
[𝜌𝑤(𝑢𝑤 + 𝑣𝑤) − 𝑓2,𝑤

𝑒𝑞 + 𝑓4,𝑤
𝑒𝑞 − 𝑓3,𝑤 + 𝑓5,𝑤 + 2𝑓8,𝑤], 

𝑓2,𝑤 = 𝑓2,𝑤
𝑒𝑞 + 𝑓4,𝑤 − 𝑓4,𝑤

𝑒𝑞 , 

𝑓9,𝑤 = 𝜌𝑤𝑢𝑤 − 𝑓2,𝑤 − 𝑓6,𝑤 + 𝑓7,𝑤 + 𝑓4,𝑤 + 𝑓8,𝑤, 

 

𝜌𝑒 =
1

1 + 𝑢𝑒
[𝑓1,𝑒 + 𝑓3,𝑒 + 𝑓5,𝑒 + 2(𝑓2,𝑒 + 𝑓6,𝑒 + 𝑓9,𝑒)], 

𝑓8,𝑒 = −
1

2
[𝜌𝑒(𝑢𝑒 + 𝑣𝑒) − 𝑓2,𝑒

𝑒𝑞 + 𝑓4,𝑒
𝑒𝑞 − 𝑓3,𝑒 + 𝑓5,𝑒 − 2𝑓6,𝑒], 

𝑓4,𝑒 = 𝑓4,𝑒
𝑒𝑞 + 𝑓2,𝑒 − 𝑓2,𝑒

𝑒𝑞 , 

𝑓7,𝑒 = −𝜌𝑒𝑢𝑒 + 𝑓2,𝑒 + 𝑓6,𝑒 + 𝑓9,𝑒 − 𝑓4,𝑒 − 𝑓8,𝑒 , 

 

𝜌𝑛 =
1

1 + 𝑣𝑛
[𝑓1,𝑛 + 𝑓2,𝑛 + 𝑓4,𝑛 + 2(𝑓3,𝑛 + 𝑓6,𝑛 + 𝑓7,𝑛)], 

𝑓9,𝑛 =
1

2
[𝜌𝑛(𝑢𝑛 − 𝑣𝑛) − 𝑓2,𝑛 + 𝑓4,𝑛 + 2𝑓7,𝑛 − 𝑓5,𝑛

𝑒𝑞 + 𝑓3,𝑛
𝑒𝑞], 

𝑓5,𝑛 = 𝑓5,𝑛
𝑒𝑞 + 𝑓3,𝑛 − 𝑓3,𝑛

𝑒𝑞 , 

𝑓8,𝑛 = −𝜌𝑛𝑣𝑛 + 𝑓3,𝑛 + 𝑓6,𝑛 + 𝑓7,𝑛 − 𝑓5,𝑛 − 𝑓9,𝑛, 
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𝜌𝑠 =
1

1 − 𝑣𝑠
[𝑓1,𝑠 + 𝑓2,𝑠 + 𝑓4,𝑠 + 2(𝑓5,𝑠 + 𝑓8,𝑠 + 𝑓9,𝑠)], 

𝑓6,𝑠 =
1

2
[𝜌𝑠(𝑢𝑠 + 𝑣𝑠) − 𝑓2,𝑠 + 𝑓4,𝑠 + 2𝑓8,𝑠 + 𝑓5,𝑠

𝑒𝑞 − 𝑓3,𝑠
𝑒𝑞], 

𝑓3,𝑠 = 𝑓3,𝑠
𝑒𝑞 + 𝑓5,𝑠 − 𝑓5,𝑠

𝑒𝑞 , 

𝑓7,𝑠 = 𝜌𝑠𝑣𝑠 − 𝑓3,𝑠 − 𝑓6,𝑠 + 𝑓5,𝑠 + 𝑓8,𝑠 + 𝑓9,𝑠. 

In these expressions, the indices are based on lattice configuration D2Q9 in Figure 6 

and the subscripts, e, w, n, s stand for east, west, north and south boundaries as in 

Figure 5, respectively. 

Boundary treatment is different on the east side of the cavity and duct flow 

configurations. While all boundaries are solid in cavity, east side corresponds to 

outlet in duct flow demanding a specific approach for setting the boundary condition. 

In the east side boundary, axial velocity values are extrapolated from their upstream 

values as follows [10]: 

𝑢𝑒 =
4𝑢𝑒−1 − 𝑢𝑒−2

3
. (54) 

Having three unknowns with three equations, all populations and properties 

associated with the mass-momentum model are defined at the outlet. Inlet doesn’t 

require a special treatmen, as non-equilibrium boundary condition is applicable also 

for inlets with a specified inlet velocity. 

Thermal model utilizes anti-bounce back procedure at the boundaries. At the 

boundaries, there is an equation for each unknown population values in terms of the 

macroscopic flow quantities and reflecting known population values. Similar to 

mass-momentum model, it has a special treatment at the outlet. While all boundaries 

are treated using known macroscopic values, population values at the outlet 

boundary are extrapolated from upstream field values: 
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𝑔2,𝑤 = 𝑔2,𝑤
𝑒𝑞 + 𝑔4,𝑤

𝑒𝑞 − 𝑔4,𝑤, 

𝑔6,𝑤 = 𝑔6,𝑤
𝑒𝑞 + 𝑔8,𝑤

𝑒𝑞 − 𝑔8,𝑤, 

𝑔9,𝑤 = 𝑔9,𝑤
𝑒𝑞 + 𝑔7,𝑤

𝑒𝑞 − 𝑔7,𝑤. 

 

Duct 

 

Cavity 

𝑔4,𝑒 =
4𝑔4,𝑒−1 − 𝑔4,𝑒−2

3
, 𝑔4,𝑒 = 𝑔4,𝑒

𝑒𝑞 + 𝑔2,𝑒
𝑒𝑞 − 𝑔2,𝑒 , 

𝑔7,𝑒 =
4𝑔7,𝑒−1 − 𝑔7,𝑒−2

3
, 𝑔7,𝑒 = 𝑔7,𝑒

𝑒𝑞 + 𝑔9,𝑒
𝑒𝑞 − 𝑔9,𝑒 , 

𝑔8,𝑒 =
4𝑔8,𝑒−1 − 𝑔8,𝑒−2

3
, 𝑔8,𝑒 = 𝑔8,𝑒

𝑒𝑞 + 𝑔6,𝑒
𝑒𝑞 − 𝑔6,𝑒 , 

𝑔5,𝑛 = 𝑔5,𝑛
𝑒𝑞 + 𝑔7,𝑛

𝑒𝑞 − 𝑔7,𝑛, 

𝑔8,𝑛 = 𝑔8,𝑛
𝑒𝑞 + 𝑔6,𝑛

𝑒𝑞 − 𝑔6,𝑛, 

𝑔9,𝑛 = 𝑔9,𝑛
𝑒𝑞 + 𝑔7,𝑛

𝑒𝑞 − 𝑔7,𝑛, 

𝑔3,𝑠 = 𝑔3,𝑠
𝑒𝑞

+ 𝑔5,𝑠
𝑒𝑞

− 𝑔5,𝑠, 

𝑔6,𝑠 = 𝑔6,𝑠
𝑒𝑞 + 𝑔8,𝑠

𝑒𝑞 − 𝑔8,𝑠, 

𝑔7,𝑠 = 𝑔7,𝑠
𝑒𝑞 + 𝑔9,𝑠

𝑒𝑞 − 𝑔9,𝑠. 

Radiative intensity values are calculated based on the radiative equilibrium 

assumption within the domain. The boundary treatment uses equilibrium scheme in 

which equilibrium distribution function is used to determine the unknown population 

values [33]. Adopting known macroscopic values, equilibrium distribution function 

is evaluated at the boundaries [40]. At the outlet boundary of the duct flow, the 



 

 

41 

radiation intensity distribution function values are extrapolated from the interior 

lattice points.  

𝐼1,𝑤 = 𝐼5,𝑤 = 𝐼8,𝑤 = 𝐼𝑤 = 4𝜎𝑇𝑤
4, 

Duct Cavity 

𝐼3,𝑒𝑎𝑠𝑡 =
4𝐼3,𝑒−1 − 𝐼3,𝑒−2

3
, 

𝐼𝑒𝑎𝑠𝑡 = 4𝜎𝑇𝑒
4, 𝐼6,𝑒𝑎𝑠𝑡 =

4𝐼6,𝑒−1 − 𝐼6,𝑒−2

3
, 

𝐼7,𝑒𝑎𝑠𝑡 =
4𝐼7,𝑒−1 − 𝐼7,𝑒−2

3
 

𝐼2,𝑠 = 𝐼5,𝑠 = 𝐼6,𝑠 = 𝐼𝑠 = 4𝜎𝑇𝑠
4, 

𝐼4,𝑛 = 𝐼7,𝑛 = 𝐼8,𝑛 = 𝐼𝑛 = 4𝜎𝑇𝑛
4. 

4.2 Conduction with Participating Media in a 2D Cavity 

Conduction in a 2D cavity with participating media radiation is a widely studied 

problem in literature. This problem involves a computational domain with one hot 

surface at the lower wall and three cold surfaces. Temperature distribution between 

hot and cold boundaries can be constructed in closed form for the pure conduction 

case. This profile is also calculated with the model and it is be used to assess the 

effects of the participating media radiation by varying the parameters such as 

extinction coefficient, optical thickness, absorption and scattering coefficients. 

Figure 4a shows the computational domain for the 2D cavity problem. South 

boundary is hot with temperature of 2𝑇𝑙𝑜𝑤, and other boundaries are cold and have 

temperature value of 𝑇𝑙𝑜𝑤. Physics associated with the participating media radiation 

depends on the radiation parameters, thermo-physical properties of the material and 

the boundary temperature values. A dimensionless number, N, Planck number is used 

to account for the overall effects of these parameters on physics in this problem: 
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       𝑁 =
𝑘𝛽𝑒𝑥𝑡

4𝜎𝑇3
. (55) 

Mishra et al. [21] conducted a comprehensive study for conduction – participating 

media radiation in 2D cavity problem. Their results are based on a lattice Boltzmann 

solver and adopted as a reference study in this section.  The simulations and the 

comparisons are performed for various values of Planck number 𝑁, extinction 

coefficient 𝛽𝑒𝑥𝑡 and single scattering albedo , φ.  

First, the computational model is tested for grid dependency in the case of 𝛽𝑒𝑥𝑡 =

1 and 𝑁 = 0.01. The iterations are continued until variation between successive 

iterations is less than 1e-10. Grid dependency analysis is performed based on the 

temperature distribution at the vertical midline of the domain, (𝑇𝑐) and its 2-Norm 

normalized with respect to reference solution.  

a) b) 

 
 

Figure 7: Grid dependency. a) Temperature Distribution. b) 2-Norm of 

Centerline Temperature. 

As shown in Figure 7, the convergence to a grid independent solution is achieved. 

Figure 7a demonstrates temperature variation with respect to different grid sizes. 

While there is substantial variation of results with 10 and 20 grids, temperature 

distribution doesn’t change with spatial resolutions higher than 40 grids. The trend 

also reflects Figure 7b in which 2-Norm of temperature distribution is shown.  

Results show substantial variation with spatial resolutions lower than 40 grids. While 
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there is a small variation for the resolution between 40 and 100 grids, increasing the 

grid resolution beyond 100 doesn’t create any appreciable effect on the solution. 

Considering the computational efficiency and the small variation in results, 40x40 

grid structure is employed in the subsequent analyses.  

Computational time for 40x40 grid is 47.54 seconds using a personal computer 

having 2.30 GHz multi-processor with 8 cores. The code structure is optimized in 

order to exploit the maximum performance in Matlab through vectorization and 

matrix computations with minimum use of loops. Computational performance of the 

code can be increased further through lower-level programming languages as C++ 

or C#. However, the focus of the study is on the modification of the total energy 

model for duct flow with participating media radiation. Therefore, Matlab code is 

used for the entire study without spending additional time for coding.  

Figure 8 demonstrates model results along with the reference solution [21]. Ref. [21], 

adopts different methods to solve the problem. These methods are called as FVM-

FVM and LBM – FVM. In the first method, both energy and radiation is calculated 

with FVM. LBM – FVM method employs LBM for energy calculation, whereas it 

uses FVM for radiation. All of these methods are included in Figure 8 to provide a 

better insight for solution accuracy of the model developed in the thesis. As shown 

in Figure 8, the simulation results are comparable to reference cases [21].  
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a) b) 

  

c) d) 

  

e) f) 

  

Figure 8: Simulation cases for conduction radiation problem in a cavity. 

a) N=0.01, 𝛽𝑒𝑥𝑡 = 1, 𝜑 = 0; b) N=0.1, 𝛽𝑒𝑥𝑡 = 1, 𝜑 = 0;  c) N=0.1, 𝛽𝑒𝑥𝑡 = 1, 𝜑 = 0.3; 

d) N=0.1, 𝛽𝑒𝑥𝑡 = 1, 𝜑 = 0.5; e) N=0.1, 𝛽𝑒𝑥𝑡 = 1, 𝜑 = 0.7; f) N=0.1, 𝛽𝑒𝑥𝑡 = 0.1, 𝜑 = 0. 
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Temperature profile along the vertical midline exhibits steeper changes, when Planck 

number, N, is lower. Higher Planck number ends up with smoother temperature 

distribution similar to pure conduction case. 

Single scattering albedo controls the amount of radiation being absorbed and 

scattered. It is clear that as single scattering albedo increases, temperature profile 

becomes closer to the pure conduction case. Absorption is the main factor facilitating 

temperature rise due to participating media radiation. Higher single scattering albedo 

causes loss of more radiation energy due to scattering. Thereby, effect of 

participating media radiation becomes less prominent for higher single scattering 

albedo values.  

Extinction coefficient is related to optical thickness of the medium. As its value is 

lower, the medium becomes optically thinner. Effect of the radiation decreases in an 

optically thin medium. Therefore, very low extinction coefficient values, such as 0.1, 

cause a temperature profile being similar to that of pure conduction case, Figure 8f.  

A numerical comparison is also performed based on the percent maximum error with 

respect to the reference [21] in Table 6. As shown in the table, maximum error is less 

than 3% in all cases compared to LBM-LBM solutions of the reference. The variation 

is similar with respect to different modeling techniques regarding small variation in 

reference solutions.  

Table 6: Percent maximum error for conduction – radiation case 

Case a b c d e f 

% Maximum Error 1.5% 2.6% 1.7% 1.3% 0.9% 0.8% 
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4.3 Convection with Participating Media in a Duct 

The second step for validation includes cases with convection and radiation. Four 

cases are defined for validation from Ref. [28].  Computational domain is a duct with 

a length to height ratio of 10. Top and bottom walls are hot, whereas there is a 

relatively cold flow between inlet and outlet. Temperature values are T0 for cold 

boundaries, while it is 3T0 for hot boundaries. Similar to cavity case, radiation 

parameters are expected to have an impact on the solution. Simulations are 

performed for Reynolds number (Re) of 71 as defined below 

𝑅𝑒 =
𝑈0𝑀

𝑣
 (56) 

and Prandtl number of 1. Extinction coefficient is 1, as single scattering albedo 

changes from 0 to 0.65. Planck number is set to 0.01. Following Figure 9, 40x400 

lattices are employed in grid structure. Grid structure is limited with solution stability 

in its minimum value. Therefore, 20x200 lattices are used as the coarsest grid 

structure in grid dependency analysis. There is substantial difference between 

20x200 lattices and 40x400 lattices. Further increase of lattices doesn’t cause a 

change in temperature profile. As a result, 40x400 lattices are adopted as grid 

structure in this problem.  Temperature at hot boundaries is 3T0, whereas fluid enters 

the domain with a temperature of T0. Outlet is represented as outflow in which flow 

properties are extrapolated from upstream.  Convergence criteria are the same as that 

of the cavity case. Both flow field and radiative transfer calculations are iterated, 

until change in solutions becomes less than 1e-10 between successive iterations. 

Computational time required for each case is around 832 seconds with the same 

computing resource mentioned in previous section.   
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Figure 9: Grid dependency for the reference problem with convection and 

radiation. 

Cases are also solved through a commercial CFD code to better interpret solution 

accuracy of the model developed in the thesis. Fluent v19 is used in this study. 

Pressure based solver is adopted for the problem. Radiation is modeled through 

DOM approach. Boundary values are defined accordingly so that simulation ends up 

with same Re number and Planck number as in the reference problem. 50x500 

elements are used as the grid structure. Blackbody temperature is also defined for 

inlet and outlet boundary conditions regarding reference temperature is the 

maximum temperature in LBM solutions. Detailed information about the 

macroscopic properties in the solution domain will be provided in Section 0.  
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  a) b) 

  

c) 

  

Figure 10: The temperature profiles along the horizontal midline for the current 

simulations (LBM) in comparison to Ref. [14] for convection-radiation problem 

in a duct. a) 𝜑 = 0; b) 𝜑 = 0.35; c) 𝜑 = 0.65; d) 𝛽 = 0.5. 

Temperature distribution through the horizontal midline is the parameter for 

investigation. As seen in Figure 10, reference solution and the model show a good 

agreement in terms of solution trend and numerical values. Fluent results are also 

similar to both solutions in all cases. The percent maximum error in temperature is 

lower than 8% with respect to reference solution for the given temperature range, 

Table 7. 
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Table 7: Percent maximum error for convection – radiation case 

Case 𝜑 = 0 𝜑 = 0.35 𝜑 = 0.65 𝛽∗ = 0.5 

% Maximum Error 4.7% 2.5% 6.9% 7.6% 

4.4 Interpretation of Results in terms of Macroscopic Properties 

Lattice Boltzmann Method solves all problems in mesoscopic scale. This 

corresponds to macroscopic solutions in lattice units. Therefore, unit conversion is 

also necessary for simulations.  

LBM problems are specified according to non-dimensional numbers. In a duct flow 

with participating media, three non-dimensional numbers are defining for the overall 

solution. These are Re number, Pr number and Planck number. 

In order to have a better explanation, one shall first consider duct flow without 

participating media radiation. Non-dimensional parameters are Re number and 

Planck number. Simulation domain is the same as solved in Section 4.3,  but with 

macroscopic values. This corresponds to wall temperatures of 900 K, and inlet 

temperature of 300 K. Duct height is 1 m, while its length is 10 m. Material properties 

of fluid is defined as 1.65 W/mK for thermal conductivity, 1000 j/kgK for specific 

heat under constant pressure and 1.0 kg/m3 for density. Kinematic viscosity is 

0.00165 m2/s. Based on the geometry and viscosity, inlet velocity is assigned as 

0.11715 m/s. 
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a) b) 

  

Figure 11: Duct flow without participating media in macroscopic units. a) 

temperature profile, b) velocity profile through the duct at 𝑥 = 1 − 7 m. axial 

distances. 

As seen in Figure 11, the model and Fluent solutions match each other. Velocity 

profiles and temperature distribution throughout the domain is almost the same for 

both solutions. It is clear that LBM solves for a non-dimensional problem. If non-

dimensional numbers are the same, it approaches the macroscopic solution. 

If participating media is present, Planck number becomes an additional parameter 

that shall be defined in the domain. Using an extinction coefficient of 1, Planck 

number is 0.01 for this set up. Same Re numer and Pr number is preserved as in the 

previous case (𝑅𝑒 = 71, 𝑃𝑟 = 1). Single scattering albedo is 0, whereas absorption 

coefficient is 1.  
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Figure 12: Duct flow with participating media in macroscopic units. 

Figure 12 represents results demonstrated in Section 4.3 but with macroscopic 

values. As seen in graph, once non-dimensional parameters are considered, LBM 

again converges to macroscopic solution. Other words, lattice Boltzmann method 

requires correct set up of non-dimensional parameters to match a physical problem 

at macroscopic scale. If non-dimensional numbers are the same for a problem, LBM 

and macroscopic models solve the same problem [33].  

4.5 Duct Flow with Participating Media 

4.5.1 Problem Definition 

Having presented the implementation details of the computational model and 

performed validation in comparison to the available cases in literature, convection 

with participating medium radiation in duct flow problem will be studied in more 

details by varying physical parameters in this section. Figure 13 shows the 

computational domain and the boundaries of the duct geometry with a chosen aspect 

ratio of 8. Walls have higher temperature than the fluid and participating media 

radiation is present in the domain with absorption, scattering and emission. Gravity 

is neglected regarding the forced flow through the channel. 

In order to investigate the effect of participating media radiation in duct flow, 

numerical simulations are performed over a wide range of parameter set, namely, 
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Reynolds number, extinction coefficient and single scattering albedo, to determine 

their effects and contributions. Reynolds number is calculated based on Eq. (56). 

Since the kinematic viscosity and thermal diffusivity are each assigned a value of 

0.04 in all cases, the uniform inlet flow velocity or grid number M is adjusted for the 

specified value of the Reynolds number. 

The values are assigned to the simulation parameters so that Planck number is 0.01 

for the case in which extinction coefficient equals to 1. Since the thermal 

conductivity is fixed for all cases, Planck number changes with the extinction 

coefficient. 

 

Figure 13: Computational domain for duct flow 

First, the grid dependency is tested based on the temperature distribution 𝑇𝑐 along 

the horizontal midline of the duct and grid number M along the height of the domain, 

because the interaction between the flow field and the duct walls mainly occurs along 

the vertical y-direction. Analyses are conducted with Re number of 100. Having the 

same kinematic viscosity for all cases, inlet velocity is adjusted as the grid number 

is varied to fix Re at 100. Table 8 lists the uniform inlet velocity values and the 

corresponding grid numbers. 
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Table 8: Inlet velocity for different grid numbers 

Grid Number, M 𝑈0 

25 0.16 

50 0.08 

100 0.04 

200 0.02 

Figure 14 shows the convergence of temperature distribution through the horizontal 

midline in 2-norm as grid number increases. As shown in the figure, 2-norm of 

centerline temperature exhibits a considerable change between the cases with 𝑀 =

25 and 50. The variation becomes smaller with 𝑀 = 50 and 100, and results are 

almost the same for cases of 𝑀 = 100 and 200. Further increase in the grid number 

does not have considerable effect on the solution. Considering computational 

efficiency and accuracy, 𝑀 = 100 is selected as default grid structure for the 

problem.   

𝐸𝑟𝑟𝑜𝑟 =
‖𝑇𝑐,𝑛𝑒𝑤 − 𝑇𝑐,𝑜𝑙𝑑‖

2

‖𝑇𝑐,𝑜𝑙𝑑‖
2

 (57) 

Figure 14b shows rate of convergence for the problem. The integrated model exhibits 

a rate of convergence being slightly higher than 2nd order with respect to relative 

error in ||𝑇𝐶|| 2 as indicated in Eq. (57).  
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a) b) 

  

Figure 14: Grid dependency for duct flow. a) 2-Norm of temperature distribution 

through the horizontal midline, ||𝑇𝐶|| 2.b) Rate of convergence with respect to 

relative error. 

Interpretation of results for varying Re number as defined in Eq. (56) requires 

evaluation of the effect of grid resolution on the inlet velocity. Inlet velocity is a 

defining parameter for adjusting velocity magnitude in the solution. It is known that 

LBM is sensitive to velocity magnitude in the domain [33]. In order to attain a grid 

independent and an accurate solution, inlet velocity should be around 0.04 for the 

problem investigated in this paper (see Table 8). Therefore, grid number is adjusted 

to have velocity magnitude of 0.04 at the inlet for all cases. 
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4.5.2 Effect of Re Number 

Re number indicates the relative dominance of inertial forces over viscous forces. 

Thereby, it plays an important role in interpreting the effect of the convection. 

Participating media radiation is analyzed with different Re numbers to have an 

insight about its contribution under different Re numbers. Three different Re number 

values, namely 100, 200 and 400, are adopted for this analysis. While keeping all 

other parameter values fixed, grid number M is increased to achieve these Re values. 

 

a) 

 

b) 

 

c) 

 

Figure 15: Velocity contours for different Re numbers for 𝑈/𝑈0 . 

a) Re 100. b) Re 200. c) Re 400. 

The resulting velocity distributions are shown in Figure 15. As expected, the entrance 

region is longer at higher Re values. Velocity gradient in x - direction is higher in 
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entrance region, while it decreases through the domain, as shown in Figure 16. The 

flow field becomes fully developed in case of 𝑅𝑒 = 100, while it is developing for 

𝑅𝑒 = 200 and 𝑅𝑒 = 400 within the duct length. 

 

Figure 16: Velocity distribution through the duct for different Re numbers. 

This is consistent with the estimate of the entrance length 𝑙𝑒 given in [26], 

𝑙𝑒

𝐻
= 0.06𝑅𝑒. (58) 

Regarding Eq. (58), the fully developed region begins at around 𝑥 = 6 for 𝑅𝑒 =

100. As estimated by Eq. (58), and as shown in Figure 11, it takes longer duct length 

to achieve fully developed velocity distribution for 𝑅𝑒 = 200 and 𝑅𝑒 = 400. 

Figure 17 - Figure 18 show temperature contours throughout the whole domain for 

duct flow both with and without participating media radiation for Re number values, 

100, 200 and 400, respectively. Participating media radiation has a notable impact 

on temperature distribution, as temperature rises suddenly with the presence of 

participating media radiation enhancing heat transfer from hot walls. This causes 

increasing uniformity in temperature closer to the entrance region. Effect of Re 

number is prominent both with and without participating media radiation. For pure 
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convection cases, the transfer of heat from hot walls is slower and their effect is felt 

closer to the walls, more so as Re increases. The main difference is observed in the 

entrance region among the three cases, when participating media radiation is present. 

For higher Re number, the entrance region is longer and covers almost half the duct 

length for 𝑅𝑒 = 400.   

 

 

a) Re 100 

 

b) Re 100 

 

Figure 17: Temperature contours in the duct. a) Pure convection. b) Convection 

and Radiation. 
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a) Re 200 

 

b) Re 200 

 

a) Re 400 

 

b) Re 400 

 

Figure 18: Temperature contours in the duct. a) Pure convection. b) Convection 

and radiation. 
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Distance required for thermal equilibrium is also affected by Re number. Thermal 

equilibrium region shifts towards the outlet, as Re number increases. 

 

Figure 19: Temperature distribution at the horizontal midline. 

Figure 19 shows temperature values along the horizontal midline of the domain with 

and without participating media radiation. As it is shown, temperature profiles have 

a steep increase at the outset with the presence of the participating media radiation. 

Pure convection cases end up with substantially lower temperature values throughout 

the duct.  

Thermal boundary layer development is the main mechanism for hot walls to affect 

flow temperature in pure convection. The estimates of the thermal entry length 𝑙𝑒,𝑡ℎ 

given in [27] by  

 
𝑙𝑒,𝑡ℎ

𝐻
= 0.05𝑅𝑒𝑃𝑟, (59) 

is around 𝑥 = 5, 10, 20 for Re = 100, 200, 400 in pure convection case. This is 

consistent with current simulations based on the solution trend of Nu number, Figure 

20. Nu number is calculated using Eq. (60) and Eq. (61) [44]. 

𝑁𝑢 =
ℎ𝐻

𝑘
 (60) 
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where ℎ is convection coefficient, 𝑘 is thermal conductivitiy and  𝐻 is the channel 

height. Determining the convection coefficient ℎ requires Eq. (61):   

ℎ(𝑇𝑤𝑎𝑙𝑙 − 𝑇𝑚𝑒𝑎𝑛) = 𝑘
𝜕𝑇

𝜕𝑦
|

𝑤𝑎𝑙𝑙

≈ 𝑘
∆𝑇

∆𝑦
|

𝑤𝑎𝑙𝑙

, 𝑇𝑚𝑒𝑎𝑛 =
∑ 𝑇𝑖𝑈𝑥,𝑖

𝑀
𝑖=1

∑ 𝑈𝑥,𝑖
𝑀
𝑖=1

 (61) 

Eq. (60) calculates Nu number based on the wall temperature in the domain, 

temperature gradient near wall and mean temperature of the flow [44]. Mean 

temperature of the flow is defined with respect to flow temperature and flow velocity 

in the x direction. Also having convection coefficient, h, via Eq. (61) Nu number is 

computed using Eq. (60). Figure 20 shows the variation of Nusselt number (Nu) 

along the duct in the pure convection case. Nu number is expected to approach to the 

value of 3.66 in the fully developed region [45]. As it is shown, the flow becomes 

thermally fully developed around 𝑥 = 5 for Re 100. However, a longer duct is 

necessary to have a developed thermal boundary layer for cases with Re =

200 and 400. 

 

Figure 20: Nusselt number through the duct. 

Participating media radiation introduces an additional mechanism for heat transfer 

through photons that is faster than thermal boundary layer development in pure 
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convection cases. Thus, centerline temperature suddenly rises in the presence of 

participating media radiation. Even at Re = 400, there is a clear impact of hot walls 

on fluid temperature with participating media radiation. 

4.5.3 Effect of Single Scattering Albedo (𝝋) 

Radiative energy can be absorbed, emitted and scattered in participating media 

radiation. Single scattering albedo characterizes the scattering and absorption of the 

participating media radiation. In order to assess the effect of the single scattering 

albedo on the overall heat transfer, five different values of single scattering albedo, 

namely, φ = 0.0, 0.25, 0.5, 0.75, 1.0, are used in this section. In the case of φ =

0.0, all radiative energy is absorbed without any loss. On the contrary, the case of 

φ = 1.0 corresponds to a total loss of radiative energy to scattering, hence there is 

no contribution of participating media radiation on heat flow. 

 

Figure 21: Temperature distribution at the horizontal midline with different single 

scattering albedos, 𝜑 = 0, 0.25, 0.50, 0.75, 1.00. 
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As shown in Figure 21 the temperature values along the horizontal midline of the 

duct decrease with higher single scattering albedo values. Aligned with the 

mathematical structure of the energy equation, higher single scattering albedo 

reduces contribution of participating media radiation due to lower absorption. As a 

result, temperature rise is slower throughout the duct. Temperature distribution also 

becomes equal to that of pure convection for φ = 1.0. 

 
 

a) 

 

b) 

 

c) 

 

d) 

 

e) 

 

 Figure 22: Temperature contours at different single scattering albedos.  

a) 𝜑 = 1. b) 𝜑 = 0.75 . c) 𝜑 = 0.5. d) 𝜑 = 0.25. e) 𝜑 = 0. 
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The temperature contours in Figure 22 are reflecting the tendency in the horizontal 

midline, namely, temperature increase is slower for higher single scattering albedo 

values. As radiation energy is scattered with increasing single scattering albedo, 

effect of the participating media radiation decreases. It is worth noting that even 

small amount of absorption causes drastic change in the temperature distribution 

throughout the domain compared to the pure convection case (𝜑 = 1).  

4.5.4 Effect of Extinction Coefficient (𝜷𝒆𝒙𝒕) 

Participating media radiation depends on the attenuation throughout the domain. 

Total attenuation is characterized by the extinction coefficient. It includes absorption 

and scattering of radiation energy. Six different extinction coefficient values are 

selected in this section, namely, 𝛽𝑒𝑥𝑡 = 1.0, 2.5, 5.0, 10, 20., 30. These values of 

extinction coefficient are selected so that the analyses cover a wide range from 

optically thin to optically thick media, where optical thickness changes 

proportionally with the extinction coefficient. Absorption is the main mechanism in 

attenuation, coupling thermal calculations and radiative energy propagation [29]. 

Therefore, single scattering albedo is taken as 0 for all cases to ascertain overall 

impact of participating media radiation depending only on the extinction coefficient 

without any loss during propagation of radiation energy. 
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Figure 23: Temperature distribution at the horizontal midline for different 

extinction coefficient values, 𝛽𝑒𝑥𝑡 = 1, 2.5, 5, 10, 20, 30. The inset focuses on a 

smaller region for clarity. 

Figure 23 shows temperature distribution along the horizontal midline in the duct. It 

is clear that effect of the participating media radiation is more prominent, when 

extinction coefficient is higher. Temperature distribution demonstrates abrupt 

changes in the proximity of inlet at higher extinction coefficient values. As the value 

of the extinction coefficient is further increased, no more visible change is observed 

in the temperature distribution.   
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a) 

 

b) 

 

c) 

 

d) 

 

e) 

 

f) 

 

 Figure 24: Temperature contours at different optical thickness values.  

a) 𝛽𝑒𝑥𝑡 = 1. b) 𝛽𝑒𝑥𝑡 = 2.5. c) 𝛽𝑒𝑥𝑡 = 5. d) 𝛽𝑒𝑥𝑡 = 10. e) 𝛽𝑒𝑥𝑡 = 20. f) 

𝛽𝑒𝑥𝑡 = 30. 
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Temperature contours in Figure 24 show the effect of extinction coefficient in the 

whole domain. In all cases, flow reaches thermal equilibrium within the length of the 

duct. However, the initial cases result in a significant reduction in distance to reach 

thermal equilibrium. Variation between the cases diminishes with extinction 

coefficient values higher than 5 except for the region in the proximity of the inlet. 

As 𝛽𝑒𝑥𝑡 is higher than 5, participating media radiation enters diffusive regime. In 

diffusive regime, the effect of participating media radiation is more pronounced in 

comparison to pure convection. 
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CHAPTER 5  

5 CONCLUSIONS 

Total energy based double population LBM is implemented in heat flow problems 

with participating media radiation. Participating media radiation arises due to high 

temperature fluid flow. These cases mostly contain all modes of heat transfer. 

Therefore, an integrated model is necessary for numerically simulating multi-mode 

heat transfer phenomena. 

Accommodating all advantages of total energy formulation, this work extends its 

usage to participating media radiation problems. A proper formulation is provided, 

and an algorithm is developed for the discrete model. After the validation of the 

formulation and the computational model is performed using the available reference 

cases in literature, duct flow with hot walls is investigated in details regarding the 

effects of different control parameters on participating media radiation. The 

simulation results are consistent with the physics expected in each case, and they 

provide an essential insight to the duct flow problem with participating media 

radiation. The simulations ascertain effect of Re number on the heat flow structure 

that higher Re number values cause longer path to thermal equilibrium. The 

temperature profile throughout the duct becomes smoother, as Re number increases. 

Single scattering albedo is important due to its indicating the ratio of scattering and 

absorption in total attenuation. Absorption is one of the main factors for the 

contribution of radiation energy propagation in total energy. Consequently, 

contribution of participating media radiation is lower for higher single scattering 

albedo values. The presence of participating media radiation, however, is noticeable 

on the temperature distribution in the domain even with high values of single 

scattering albedo. Extinction coefficient represents total attenuation in the domain 

and can also be interpreted as optical thickness of the medium. Some cases are 

analyzed to reveal the change in temperature distribution in the domain with respect 
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to different extinction coefficients and optical thicknesses. It is clear that 

participating media radiation is more pronounced, as the media is optically thicker, 

and attenuation is higher.  

The results presented are promising for the model proposed in this thesis study. 

However, future extensions are still necessary and valuable for industrial 

applications. For example, the model can be adopted for variable Prandtl number and 

polyatomic gases. There are some extensions of the model for compressible flow 

calculations with fully coupled flow field and thermal calculations as in [15]. These 

extensions are useful in particular for high-speed compressible flows. Therefore, 

future studies shall concentrate on fully coupled LBM solution for flow problems 

with participating media. Parallel processing has a remarkable potential for modeling 

problems involving complicated physics. The computational model for heat flow 

problems with participating media radiation benefits from parallelization in real life 

applications as well. Consequently, it is considered as another area of study for 

improving the model in the future. 3D models are necessary for more realistic heat 

flow problems with participating media radiation. Thereby, the model can be 

enhanced to account for 3D geometries. Participating media radiation and its 

modeling using lattice Boltzmann method is an active research area. By following 

the progress in this area in literature, more robust and detailed participating media 

formulations can be integrated into the model.  

Irregular geometries are also of interest for more realistic numerical simulations. 

LBE involving specific characteristic velocity directions facilitates the 

implementation of Finite Volume or higher order Discontinuous Galerkin methods. 

With the success of the computational model presented in this thesis, these more 

flexible and higher order numerical methods may be used to increase the versatility 

of the method.  

The increased numerical stability of LBM by taking H-theorem into account in the 

discretization process of the equilibrium population distribution as implemented in 
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this thesis can further be enhanced by utilizing the dynamic relaxation feature of the 

entropic approach in an extension of this study [15].   
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APPENDICES 

A. Equilibrium Distribution Function for Mass and Momentum 

Entropic LBM depends on the minimization of entropy function under specific 

constraints. Solution procedure of the entropy minimization ends up with following 

equilibrium distribution functions 𝑓𝑖
𝑒𝑞

 for the lattice configuration D2Q9 [46] : 

𝑓1
𝑒𝑞 =  𝜌(𝑇 + 𝑢𝑥

2 − 1)(𝑇 + 𝑢𝑦
2 − 1) (A1) 

𝑓2
𝑒𝑞 =  

𝜌

2
(𝑇 + 𝑢𝑥 + 𝑢𝑥

2)(1 − 𝑇 − 𝑢𝑦
2) (A2) 

𝑓3
𝑒𝑞 =  

𝜌

2
(1 − 𝑇 − 𝑢𝑥

2)(𝑇 + 𝑢𝑦 + 𝑢𝑦
2) (A3) 

𝑓4
𝑒𝑞 =  

𝜌

2
(𝑇 − 𝑢𝑥 + 𝑢𝑥

2)(1 − 𝑇 − 𝑢𝑦
2) (A4) 

𝑓5
𝑒𝑞

=  
𝜌

2
(1 − 𝑇 − 𝑢𝑥

2)(𝑇 − 𝑢𝑦 + 𝑢𝑦
2) (A5) 

𝑓6
𝑒𝑞 =  

𝜌

4
(𝑇 + 𝑢𝑥 + 𝑢𝑥

2)(𝑇 + 𝑢𝑦 + 𝑢𝑦
2) (A6) 

𝑓7
𝑒𝑞 =  

𝜌

4
(𝑇 − 𝑢𝑥 + 𝑢𝑥

2)(𝑇 + 𝑢𝑦 + 𝑢𝑦
2) (A7) 

𝑓8
𝑒𝑞 =  

𝜌

4
(𝑇 − 𝑢𝑥 + 𝑢𝑥

2)(𝑇 − 𝑢𝑦 + 𝑢𝑦
2) (A8) 

𝑓9
𝑒𝑞 =  

𝜌

4
(𝑇 + 𝑢𝑥 + 𝑢𝑥

2)(𝑇 − 𝑢𝑦 + 𝑢𝑦
2) (A9) 

 

 

 



 

 

78 

B. The Code for Thermal Model  

function f=DDFD2Q9_Onsite_Duct() 

tic 

% clc,clear 

close all 

  

%1. GEOMETRY & LATTICE SECTION 

Lx=800; 

Ly=100; 

dx=1; 

dy=dx; 

x=0:dx:Lx; 

y=0:dy:Ly; 

  

[~,n]=size(x); 

[~,m]=size(y); 

% %Lattice Structure 

L=9; %number of Lattices 

  

%2. SOLUTION PARAMETERS SECTION 

  

% dt=dy; 

dt=dx; 

v=0.04; 

diffusivity=0.04; 

  

d=2; 

Cv=1; 

Cp=Cv; 

  

uynorth=0.0; 

uxnorth=0.0; 

uysouth=0.0; 

uxsouth=0.0; 

uywest=0.0; 

uxwest=0.04; 

    T0=1./3; 

  

Tnorth=1; 

Tsouth=1; 

Twest=0.333; 

  

mstep2=15000; 



 

 

79 

[rho_eq,Absorptivity]=AsinariIntegratedD2Q8(Lx,Ly,mstep

2,Twest,Tnorth,Tsouth); 

  

mstep=65000; 

cx=[0 1 0 -1 0 +1 -1 -1 +1 ]; 

cy=[0 0 1 0 -1 +1 +1 -1 -1 ]; 

  

  

%3. SOLVER SECTION 

%3.1 initial values 

uxinitial(1:n,1:m)=0; 

uyinitial(1:n,1:m)=0; 

rhoinitial(1:n,1:m)=1; 

Tinitial(1:n,1:m)=1./3; 

  

rho=zeros(n,m)+rhoinitial(1:n,1:m); 

ux=zeros(n,m)+uxinitial(1:n,1:m); 

uy=zeros(n,m)+uyinitial(1:n,1:m); 

T=zeros(n,m)+Tinitial(1:n,1:m); 

  

f=zeros(L,n,m); 

g=zeros(L,n,m); 

  

    Tau(1:n,1:m)   = v./T0+dt.*0.5; 

  

omega(1:n,1:m) = 1./Tau(1:n,1:m); 

omegaa(1,1:n,1:m)=omega(1:n,1:m); 

omegaa(2,1:n,1:m)=omega(1:n,1:m); 

omegaa(3,1:n,1:m)=omega(1:n,1:m); 

omegaa(4,1:n,1:m)=omega(1:n,1:m); 

omegaa(5,1:n,1:m)=omega(1:n,1:m); 

omegaa(6,1:n,1:m)=omega(1:n,1:m); 

omegaa(7,1:n,1:m)=omega(1:n,1:m); 

omegaa(8,1:n,1:m)=omega(1:n,1:m); 

omegaa(9,1:n,1:m)=omega(1:n,1:m); 

  

    Tau2(1:n,1:m)  = diffusivity./T0+0.5.*dt; 

  

omega2(1:n,1:m) = 1./Tau2(1:n,1:m); 

omegaa2(1,1:n,1:m)=omega2(1:n,1:m); 

omegaa2(2,1:n,1:m)=omega2(1:n,1:m); 

omegaa2(3,1:n,1:m)=omega2(1:n,1:m); 

omegaa2(4,1:n,1:m)=omega2(1:n,1:m); 

omegaa2(5,1:n,1:m)=omega2(1:n,1:m); 

omegaa2(6,1:n,1:m)=omega2(1:n,1:m); 

omegaa2(7,1:n,1:m)=omega2(1:n,1:m); 



 

 

80 

omegaa2(8,1:n,1:m)=omega2(1:n,1:m); 

omegaa2(9,1:n,1:m)=omega2(1:n,1:m); 

  

w1(1:n,1:m)=1-2.*T0+T0.*T0; 

w2(1:n,1:m)=T0./2-T0.*T0./2; 

w3(1:n,1:m)=w2(1:n,1:m); 

w4(1:n,1:m)=w2(1:n,1:m); 

w5(1:n,1:m)=w2(1:n,1:m); 

w6(1:n,1:m)=T0.*T0./4; 

w7(1:n,1:m)=w6(1:n,1:m); 

w8(1:n,1:m)=w6(1:n,1:m); 

w9(1:n,1:m)=w6(1:n,1:m); 

  

%3.2 collision process 

  

for t=1:dt:mstep 

  

  

      if t==1 

            rho(1:n,1:m)=rhoinitial(1:n,1:m); 

  

      else 

            rho(1:n,1:m)=sum(f(:,1:n,1:m)); 

      end               

  

                 

 

M1(1:n,1:m)=cx(1).*f(1,1:n,1:m)+cx(2).*f(2,1:n,1:m)+cx(

3).*f(3,1:n,1:m)+cx(4).*f(4,1:n,1:m)+cx(5).*f(5,1:n,1:m

)+cx(6).*f(6,1:n,1:m)+... 

                

+cx(7).*f(7,1:n,1:m)+cx(8).*f(8,1:n,1:m)+cx(9).*f(9,1:n

,1:m); 

             

 

M2(1:n,1:m)=cy(1).*f(1,1:n,1:m)+cy(2).*f(2,1:n,1:m)+cy(

3).*f(3,1:n,1:m)+cy(4).*f(4,1:n,1:m)+cy(5).*f(5,1:n,1:m

)+cy(6).*f(6,1:n,1:m)+... 

                

+cy(7).*f(7,1:n,1:m)+cy(8).*f(8,1:n,1:m)+cy(9).*f(9,1:n

,1:m); 

  

if t==1 

            ux(1:n,1:m)=uxinitial; 

            uy(1:n,1:m)=uyinitial; 
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else 

            ux(1:n,1:m)=M1(1:n,1:m)./rho(1:n,1:m); 

            uy(1:n,1:m)=M2(1:n,1:m)./rho(1:n,1:m); 

end 

ux(n,:)=(4.*ux(n-1,:)-ux(n-2,:))./3; 

  

M3(1:n,1:m)=g(1,1:n,1:m)+g(2,1:n,1:m)+g(3,1:n,1:m)+g(4,

1:n,1:m)+g(5,1:n,1:m)+... 

     

g(6,1:n,1:m)+g(7,1:n,1:m)+g(8,1:n,1:m)+g(9,1:n,1:m); 

  

coeff3(1:n,1:m)=(sqrt(ux(1:n,1:m).*ux(1:n,1:m)+uy(1:n,1

:m).*uy(1:n,1:m))).^2; 

  

if t==1 

    T(1:n,1:m)=Tinitial(1:n,1:m); 

else 

T(1:n,1:m)=(M3(1:n,1:m)./rho(1:n,1:m)+0.5.*Qa(1:n,1:m).

/rho(1:n,1:m)-coeff3(1:n,1:m))./(d.*Cv); 

end 

 

E(1:n,1:m)=Cv.*T(1:n,1:m)+0.5.*(coeff3(1:n,1:m)); 

  

h=zeros(L,n,m); 

feq=zeros(L,n,m); 

geq=zeros(L,n,m); 

  

                

h(1,1:n,1:m)=(T0+ux(1:n,1:m).*ux(1:n,1:m)-

1).*(T0+uy(1:n,1:m).*uy(1:n,1:m)-1); 

                

h(2,1:n,1:m)=(T0+ux(1:n,1:m)+ux(1:n,1:m).*ux(1:n,1:m)).

*(1-T0-uy(1:n,1:m).*uy(1:n,1:m)); 

                h(3,1:n,1:m)=(1-T0-

ux(1:n,1:m).*ux(1:n,1:m)).*(T0+uy(1:n,1:m)+uy(1:n,1:m).

*uy(1:n,1:m)); 

                h(4,1:n,1:m)=(T0-

ux(1:n,1:m)+ux(1:n,1:m).*ux(1:n,1:m)).*(1-T0-

uy(1:n,1:m).*uy(1:n,1:m)); 

                h(5,1:n,1:m)=(1-T0-

ux(1:n,1:m).*ux(1:n,1:m)).*(T0-

uy(1:n,1:m)+uy(1:n,1:m).*uy(1:n,1:m)); 

h(6,1:n,1:m)=(T0+ux(1:n,1:m)+ux(1:n,1:m).*ux(1:n,1:m)).

*(T0+uy(1:n,1:m)+uy(1:n,1:m).*uy(1:n,1:m)); 
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                h(7,1:n,1:m)=(T0-

ux(1:n,1:m)+ux(1:n,1:m).*ux(1:n,1:m)).*(T0+uy(1:n,1:m)+

uy(1:n,1:m).*uy(1:n,1:m)); 

                h(8,1:n,1:m)=(T0-

ux(1:n,1:m)+ux(1:n,1:m).*ux(1:n,1:m)).*(T0-

uy(1:n,1:m)+uy(1:n,1:m).*uy(1:n,1:m)); 

                

h(9,1:n,1:m)=(T0+ux(1:n,1:m)+ux(1:n,1:m).*ux(1:n,1:m)).

*(T0-uy(1:n,1:m)+uy(1:n,1:m).*uy(1:n,1:m)); 

  

H1(1:n,1:m)   =h(1,1:n,1:m); 

H2(1:n,1:m)   =h(2,1:n,1:m); 

H3(1:n,1:m)   =h(3,1:n,1:m); 

H4(1:n,1:m)   =h(4,1:n,1:m); 

H5(1:n,1:m)   =h(5,1:n,1:m); 

H6(1:n,1:m)   =h(6,1:n,1:m); 

H7(1:n,1:m)   =h(7,1:n,1:m); 

H8(1:n,1:m)   =h(8,1:n,1:m); 

H9(1:n,1:m)   =h(9,1:n,1:m); 

  

                

feq(1,1:n,1:m)=rho(1:n,1:m).*H1(1:n,1:m); 

                

feq(2,1:n,1:m)=0.5.*rho(1:n,1:m).*H2(1:n,1:m); 

                

feq(3,1:n,1:m)=0.5.*rho(1:n,1:m).*H3(1:n,1:m); 

                

feq(4,1:n,1:m)=0.5.*rho(1:n,1:m).*H4(1:n,1:m); 

                

feq(5,1:n,1:m)=0.5.*rho(1:n,1:m).*H5(1:n,1:m); 

                

feq(6,1:n,1:m)=0.25.*rho(1:n,1:m).*H6(1:n,1:m); 

                

feq(7,1:n,1:m)=0.25.*rho(1:n,1:m).*H7(1:n,1:m); 

                

feq(8,1:n,1:m)=0.25.*rho(1:n,1:m).*H8(1:n,1:m); 

                

feq(9,1:n,1:m)=0.25.*rho(1:n,1:m).*H9(1:n,1:m); 

  

c2=cx.*cx+cy.*cy; 

 

qx(1:n,1:m)=rho(1:n,1:m).*ux(1:n,1:m).*(d.*T(1:n,1:m)+c

oeff3(1:n,1:m))+2.*rho(1:n,1:m).*T0.*ux(1:n,1:m); 

qy(1:n,1:m)=rho(1:n,1:m).*uy(1:n,1:m).*(d.*T(1:n,1:m)+c

oeff3(1:n,1:m))+2.*rho(1:n,1:m).*T0.*uy(1:n,1:m);  
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Rxx(1:n,1:m)=rho(1:n,1:m).*(d.*T(1:n,1:m)+coeff3(1:n,1:

m)).*(T0+ux(1:n,1:m).*ux(1:n,1:m))... 

              

+2.*rho(1:n,1:m).*T0.*(T0+2.*ux(1:n,1:m).*ux(1:n,1:m));  

  

 

Rxy(1:n,1:m)=rho(1:n,1:m).*(d.*T(1:n,1:m)+coeff3(1:n,1:

m)).*(ux(1:n,1:m).*uy(1:n,1:m))... 

              

+2.*rho(1:n,1:m).*T0.*(2.*ux(1:n,1:m).*uy(1:n,1:m)); 

           

 

Ryy(1:n,1:m)=rho(1:n,1:m).*(d.*T(1:n,1:m)+coeff3(1:n,1:

m)).*(T0+uy(1:n,1:m).*uy(1:n,1:m))... 

              

+2.*rho(1:n,1:m).*T0.*(T0+2.*uy(1:n,1:m).*uy(1:n,1:m)); 

  

                

geq(1,1:n,1:m)=w1(1:n,1:m).*(2.*rho(1:n,1:m).*E(1:n,1:m

)+qx(1:n,1:m).*cx(1)./T0+qy(1:n,1:m).*cy(1)./T0... 

                                    

+(Rxx(1:n,1:m).*cx(1).*cx(1)+2.*Rxy(1:n,1:m).*cx(1).*cy

(1)+Ryy(1:n,1:m).*cy(1).*cy(1))./(2.*T0.*T0)... 

                                    -

(Rxx(1:n,1:m).*T0+Ryy(1:n,1:m).*T0)./(2.*T0.*T0)... 

                                    -

(2.*rho(1:n,1:m).*E(1:n,1:m).*T0.*c2(1))./(2.*T0.*T0)..

. 

                                    

+(2.*rho(1:n,1:m).*E(1:n,1:m))); 

                

geq(2,1:n,1:m)=w2(1:n,1:m).*(2.*rho(1:n,1:m).*E(1:n,1:m

)+qx(1:n,1:m).*cx(2)./T0+qy(1:n,1:m).*cy(2)./T0... 

                                    

+(Rxx(1:n,1:m).*cx(2).*cx(2)+2.*Rxy(1:n,1:m).*cx(2).*cy

(2)+Ryy(1:n,1:m).*cy(2).*cy(2))./(2.*T0.*T0)... 

                                    -

(Rxx(1:n,1:m).*T0+Ryy(1:n,1:m).*T0)./(2.*T0.*T0)... 

                                    -

(2.*rho(1:n,1:m).*E(1:n,1:m).*T0.*c2(2))./(2.*T0.*T0)..

. 

                                    

+(2.*rho(1:n,1:m).*E(1:n,1:m))); 
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geq(3,1:n,1:m)=w3(1:n,1:m).*(2.*rho(1:n,1:m).*E(1:n,1:m

)+qx(1:n,1:m).*cx(3)./T0+qy(1:n,1:m).*cy(3)./T0... 

                                    

+(Rxx(1:n,1:m).*cx(3).*cx(3)+2.*Rxy(1:n,1:m).*cx(3).*cy

(3)+Ryy(1:n,1:m).*cy(3).*cy(3))./(2.*T0.*T0)... 

                                    -

(Rxx(1:n,1:m).*T0+Ryy(1:n,1:m).*T0)./(2.*T0.*T0)... 

                                    -

(2.*rho(1:n,1:m).*E(1:n,1:m).*T0.*c2(3))./(2.*T0.*T0)..

. 

                                    

+(2.*rho(1:n,1:m).*E(1:n,1:m))); 

                

geq(4,1:n,1:m)=w4(1:n,1:m).*(2.*rho(1:n,1:m).*E(1:n,1:m

)+qx(1:n,1:m).*cx(4)./T0+qy(1:n,1:m).*cy(4)./T0... 

                                    

+(Rxx(1:n,1:m).*cx(4).*cx(4)+2.*Rxy(1:n,1:m).*cx(4).*cy

(4)+Ryy(1:n,1:m).*cy(4).*cy(4))./(2.*T0.*T0)... 

                                    -

(Rxx(1:n,1:m).*T0+Ryy(1:n,1:m).*T0)./(2.*T0.*T0)... 

                                    -

(2.*rho(1:n,1:m).*E(1:n,1:m).*T0.*c2(4))./(2.*T0.*T0)..

. 

                                    

+(2.*rho(1:n,1:m).*E(1:n,1:m))); 

                

geq(5,1:n,1:m)=w5(1:n,1:m).*(2.*rho(1:n,1:m).*E(1:n,1:m

)+qx(1:n,1:m).*cx(5)./T0+qy(1:n,1:m).*cy(5)./T0... 

                                    

+(Rxx(1:n,1:m).*cx(5).*cx(5)+2.*Rxy(1:n,1:m).*cx(5).*cy

(5)+Ryy(1:n,1:m).*cy(5).*cy(5))./(2.*T0.*T0)... 

                                    -

(Rxx(1:n,1:m).*T0+Ryy(1:n,1:m).*T0)./(2.*T0.*T0)... 

                                    -

(2.*rho(1:n,1:m).*E(1:n,1:m).*T0.*c2(5))./(2.*T0.*T0)..

. 

                                    

+(2.*rho(1:n,1:m).*E(1:n,1:m))); 

                

geq(6,1:n,1:m)=w6(1:n,1:m).*(2.*rho(1:n,1:m).*E(1:n,1:m

)+qx(1:n,1:m).*cx(6)./T0+qy(1:n,1:m).*cy(6)./T0... 

                                    

+(Rxx(1:n,1:m).*cx(6).*cx(6)+2.*Rxy(1:n,1:m).*cx(6).*cy

(6)+Ryy(1:n,1:m).*cy(6).*cy(6))./(2.*T0.*T0)... 
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                                    -

(Rxx(1:n,1:m).*T0+Ryy(1:n,1:m).*T0)./(2.*T0.*T0)... 

                                    -

(2.*rho(1:n,1:m).*E(1:n,1:m).*T0.*c2(6))./(2.*T0.*T0)..

. 

                                    

+(2.*rho(1:n,1:m).*E(1:n,1:m))); 

                

geq(7,1:n,1:m)=w7(1:n,1:m).*(2.*rho(1:n,1:m).*E(1:n,1:m

)+qx(1:n,1:m).*cx(7)./T0+qy(1:n,1:m).*cy(7)./T0... 

                                    

+(Rxx(1:n,1:m).*cx(7).*cx(7)+2.*Rxy(1:n,1:m).*cx(7).*cy

(7)+Ryy(1:n,1:m).*cy(7).*cy(7))./(2.*T0.*T0)... 

                                    -

(Rxx(1:n,1:m).*T0+Ryy(1:n,1:m).*T0)./(2.*T0.*T0)... 

                                    -

(2.*rho(1:n,1:m).*E(1:n,1:m).*T0.*c2(7))./(2.*T0.*T0)..

. 

                                    

+(2.*rho(1:n,1:m).*E(1:n,1:m))); 

                

geq(8,1:n,1:m)=w8(1:n,1:m).*(2.*rho(1:n,1:m).*E(1:n,1:m

)+qx(1:n,1:m).*cx(8)./T0+qy(1:n,1:m).*cy(8)./T0... 

                                    

+(Rxx(1:n,1:m).*cx(8).*cx(8)+2.*Rxy(1:n,1:m).*cx(8).*cy

(8)+Ryy(1:n,1:m).*cy(8).*cy(8))./(2.*T0.*T0)... 

                                    -

(Rxx(1:n,1:m).*T0+Ryy(1:n,1:m).*T0)./(2.*T0.*T0)... 

                                    -

(2.*rho(1:n,1:m).*E(1:n,1:m).*T0.*c2(8))./(2.*T0.*T0)..

. 

                                    

+(2.*rho(1:n,1:m).*E(1:n,1:m))); 

                

geq(9,1:n,1:m)=w9(1:n,1:m).*(2.*rho(1:n,1:m).*E(1:n,1:m

)+qx(1:n,1:m).*cx(9)./T0+qy(1:n,1:m).*cy(9)./T0... 

                                    

+(Rxx(1:n,1:m).*cx(9).*cx(9)+2.*Rxy(1:n,1:m).*cx(9).*cy

(9)+Ryy(1:n,1:m).*cy(9).*cy(9))./(2.*T0.*T0)... 

                                    -

(Rxx(1:n,1:m).*T0+Ryy(1:n,1:m).*T0)./(2.*T0.*T0)... 

                                    -

(2.*rho(1:n,1:m).*E(1:n,1:m).*T0.*c2(9))./(2.*T0.*T0)..

. 

                                    

+(2.*rho(1:n,1:m).*E(1:n,1:m))); 
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StefanBoltzmann=1; 

Constant1(1:L,1:n,1:m)=1.0-0.5.*omegaa(1:L,1:n,1:m); 

                  

Qb(1:n,1:m)=(4.*(Absorptivity).*StefanBoltzmann.*(T(1:n

,1:m)).^4-(Absorptivity).*rho_eq(1:n,1:m)); 

       

      C2=1;      

      beta=1; 

      alfa=diffusivity; 

      conductivity=diffusivity; 

      Tref=Tsouth; 

      N=beta.*conductivity./4./Tref.^3; 

      C3=beta.*alfa./4./N;     

       

            Qa(1:n,1:m)=-

C2.*C3.*Qb(1:n,1:m).*rho(1:n,1:m).*2./Ly.^2; 

            Q(1:n,1:m)=-

C2.*C3.*Qb(1:n,1:m).*rho(1:n,1:m).*2./Ly.^2; 

  

   Q1(1:n,1:m)=w1.*Q(1:n,1:m); 

   Q2(1:n,1:m)=w2.*Q(1:n,1:m); 

   Q3(1:n,1:m)=w3.*Q(1:n,1:m); 

   Q4(1:n,1:m)=w4.*Q(1:n,1:m); 

   Q5(1:n,1:m)=w5.*Q(1:n,1:m); 

   Q6(1:n,1:m)=w6.*Q(1:n,1:m); 

   Q7(1:n,1:m)=w7.*Q(1:n,1:m); 

   Q8(1:n,1:m)=w8.*Q(1:n,1:m); 

   Q9(1:n,1:m)=w9.*Q(1:n,1:m); 

  

   q(1,1:n,1:m)=Q1(1:n,1:m); 

   q(2,1:n,1:m)=Q2(1:n,1:m); 

   q(3,1:n,1:m)=Q3(1:n,1:m); 

   q(4,1:n,1:m)=Q4(1:n,1:m); 

   q(5,1:n,1:m)=Q5(1:n,1:m); 

   q(6,1:n,1:m)=Q6(1:n,1:m); 

   q(7,1:n,1:m)=Q7(1:n,1:m); 

   q(8,1:n,1:m)=Q8(1:n,1:m); 

   q(9,1:n,1:m)=Q9(1:n,1:m); 

  

                

f(1:L,1:n,1:m)=dt.*omegaa(1:L,1:n,1:m).*feq(1:L,1:n,1:m

)+(1-dt.*omegaa(1:L,1:n,1:m)).*f(1:L,1:n,1:m); 
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g(1:L,1:n,1:m)=dt.*omegaa(1:L,1:n,1:m).*geq(1:L,1:n,1:m

)+(1-dt.*omegaa(1:L,1:n,1:m)).*g(1:L,1:n,1:m)+ ... 

                                                                                           

+Constant1(1:L,1:n,1:m).*dt.*q(1:L,1:n,1:m); 

  

%3.3 streaming process 

        f(1,1:n,1:m)=f(1,1:n,1:m); 

        g(1,1:n,1:m)=g(1,1:n,1:m); 

  

        f(2,n:-1:2,1:m)=f(2,n-1:-1:1,1:m); 

        g(2,n:-1:2,1:m)=g(2,n-1:-1:1,1:m); 

  

        f(3,1:n,m:-1:2)=f(3,1:n,m-1:-1:1); 

        g(3,1:n,m:-1:2)=g(3,1:n,m-1:-1:1); 

  

        f(4,1:n-1,1:m)=f(4,2:n,1:m); 

        g(4,1:n-1,1:m)=g(4,2:n,1:m);         

  

        f(5,1:n,1:m-1)=f(5,1:n,2:m); 

        g(5,1:n,1:m-1)=g(5,1:n,2:m);    

     

        f(6,n:-1:2,m:-1:2)=f(6,n-1:-1:1,m-1:-1:1); 

        g(6,n:-1:2,m:-1:2)=g(6,n-1:-1:1,m-1:-1:1); 

     

        f(7,1:n-1,m:-1:2)=f(7,2:n,m-1:-1:1); 

        g(7,1:n-1,m:-1:2)=g(7,2:n,m-1:-1:1); 

  

        f(8,1:n-1,1:m-1)=f(8,2:n,2:m); 

        g(8,1:n-1,1:m-1)=g(8,2:n,2:m); 

  

        f(9,n:-1:2,1:m-1)=f(9,n-1:-1:1,2:m); 

        g(9,n:-1:2,1:m-1)=g(9,n-1:-1:1,2:m); 

  

%3.4 Boundary Conditions 

  

for i=1:n 

     

%top (north), y=100, Dirichlet 

rho(i,m)=(1./(1+uynorth)).*(f(1,i,m)+f(2,i,m)+f(4,i,m)+

2.*f(3,i,m)+2.*f(6,i,m)+2.*f(7,i,m)); 

f(9,i,m)=0.5.*rho(i,m).*(uxnorth-uynorth)+0.5.*(-

f(2,i,m)+f(4,i,m)+2.*f(7,i,m)-feq(5,i,m)+feq(3,i,m)); 

f(5,i,m)=feq(5,i,m)+f(3,i,m)-feq(3,i,m); 

f(8,i,m)=-rho(i,m).*uynorth+f(3,i,m)+f(6,i,m)+f(7,i,m)-

f(5,i,m)-f(9,i,m); 
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E(i,m)=(Cv.*Tnorth+0.5.*coeff3(i,m)).*2.*rho(i,m)-

0.5*Qa(i,m); 

  

g(9,i,m)=geq(9,i,m)+geq(7,i,m)-g(7,i,m); 

g(5,i,m)=geq(5,i,m)+geq(3,i,m)-g(3,i,m); 

g(8,i,m)=geq(8,i,m)+geq(6,i,m)-g(6,i,m); 

  

%bottom (south), y=0, Dirichlet 

rho(i,1)=(1./(1-

uysouth)).*(f(1,i,1)+f(2,i,1)+f(4,i,1)+2.*f(5,i,1)+2.*f

(8,i,1)+2.*f(9,i,1)); 

f(6,i,1)=0.5.*rho(i,1).*(uxsouth+uysouth)+0.5.*(-

f(2,i,1)+f(4,i,1)+2.*f(8,i,1)+feq(5,i,1)-feq(3,i,1)); 

f(3,i,1)=feq(3,i,1)+f(5,i,1)-feq(5,i,1); 

f(7,i,1)=rho(i,1).*uysouth-f(3,i,1)-

f(6,i,1)+f(5,i,1)+f(8,i,1)+f(9,i,1); 

  

E(i,1)=(Cv.*Tsouth+0.5.*coeff3(i,1)).*2.*rho(i,1)-

0.5*Qa(i,1); 

  

g(6,i,1)=geq(6,i,1)+geq(8,i,1)-g(8,i,1); 

g(3,i,1)=geq(3,i,1)+geq(5,i,1)-g(5,i,1); 

g(7,i,1)=geq(7,i,1)+geq(9,i,1)-g(9,i,1); 

end 

  

for j=1:m 

     

    %left (west), x=0, Dirichlet 

rho(1,j)=(1./(1-

uxwest)).*(f(1,1,j)+f(3,1,j)+f(5,1,j)+2.*f(4,1,j)+2.*f(

7,1,j)+2.*f(8,1,j)); 

f(6,1,j)=0.5.*rho(1,j).*(uxwest+uywest)+0.5.*(-

feq(2,1,j)+feq(4,1,j)-f(3,1,j)+f(5,1,j)+2.*f(8,1,j)); 

f(2,1,j)=feq(2,1,j)+f(4,1,j)-feq(4,1,j); 

f(9,1,j)=rho(1,j).*uxwest-f(2,1,j)-

f(6,1,j)+f(7,1,j)+f(4,1,j)+f(8,1,j); 

  

E(1,j)=(Cv.*Twest+0.5.*coeff3(1,j)).*2.*rho(1,j)-

0.5.*Qa(1,j); 

g(6,1,j)=geq(6,1,j)+geq(8,1,j)-g(8,1,j); 

g(2,1,j)=geq(2,1,j)+geq(4,1,j)-g(4,1,j); 

g(9,1,j)=geq(9,1,j)+geq(7,1,j)-g(7,1,j); 

  

  

    %right (east), x=0, Dirichlet 
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%For Duct     

rho(n,j)=(1./(1+ux(n,j))).*(f(1,n,j)+f(3,n,j)+f(5,n,j)+

2.*f(2,n,j)+2.*f(6,n,j)+2.*f(9,n,j)); 

f(8,n,j)=-0.5.*rho(n,j).*(ux(n,j)+uy(n,j))-

0.5.*(feq(4,n,j)-feq(2,n,j)-f(3,n,j)+f(5,n,j)-

2.*f(6,n,j)); 

f(4,n,j)=feq(4,n,j)+f(2,n,j)-feq(2,n,j); 

f(7,n,j)=-(rho(n,j).*ux(n,j)-f(2,n,j)-f(6,n,j)-

f(9,n,j)+f(4,n,j)+f(8,n,j)); 

  

% %For Duct 

g(4,n,j)=(4.*g(4,n-1,j)-g(4,n-2,j))./3; 

g(7,n,j)=(4.*g(7,n-1,j)-g(7,n-2,j))./3; 

g(8,n,j)=(4.*g(8,n-1,j)-g(8,n-2,j))./3; 

  

end 

  

    fprintf('time=%g seconds \n',t) 

    fprintf('...............\n') 

  

  

end 

C. The Code for RTLBM  

 

 

function 

[rho_eq,Absorptivity]=AsinariIntegratedD2Q8(Lx,Ly,mstep

,Twest,Tnorth,Tsouth) 

% clc,clear 

% close all 

beta=1; 

scattering=0; 

Absorptivity=beta-scattering; 

  

%1. GEOMETRY & LATTICE SECTION 

R=(Lx)./(Ly); 

  

%boundaries of  geometrical domain 

dx=1.*R./Lx; 

dy=dx; 

x=0:dx:1.*R; 

y=0:dy:1; 
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[~,n]=size(x); 

[~,m]=size(y); 

  

% %Lattice Structure 

L=8; %number of Lattices 

  

%2. SOLUTION PARAMETERS SECTION 

  

dt=dy; 

  

%2. SOLUTION PARAMETERS SECTION 

U=1; 

  

%2.1 velocity magnitudes 

  

e=[U U U U sqrt(2).*U sqrt(2).*U sqrt(2).*U sqrt(2).*U 

]; 

  

  

Tau(1:L)=1./(e(1:L).*beta); 

omega(1:L)=dt./Tau(1:L); 

  

StefanBoltzmann=1; 

I_wall_south=(StefanBoltzmann.*4).*Tsouth.^4; 

I_wall_west=(StefanBoltzmann.*4).*Twest.^4; 

I_wall_top=(StefanBoltzmann.*4).*Tnorth.^4; 

  

%weights for integration 

  

w=zeros(1,L)+1./8; 

  

%3. SOLVER SECTION 

%3.1 initial values 

rho=zeros(n,m); 

  

f(1,1:n,1:m)=w(1).*rho(1:n,1:m);     

f(2,1:n,1:m)=w(2).*rho(1:n,1:m);    

f(3,1:n,1:m)=w(3).*rho(1:n,1:m); 

f(4,1:n,1:m)=w(4).*rho(1:n,1:m); 

f(5,1:n,1:m)=w(5).*rho(1:n,1:m); 

f(6,1:n,1:m)=w(6).*rho(1:n,1:m); 

f(7,1:n,1:m)=w(7).*rho(1:n,1:m); 

f(8,1:n,1:m)=w(8).*rho(1:n,1:m); 
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%3.2 collision process 

for t=1:dt:mstep.*dt 

  

            

rho(1:n,1:m)=w(1).*f(1,1:n,1:m)+w(2).*f(2,1:n,1:m)+w(3)

.*f(3,1:n,1:m)+w(4).*f(4,1:n,1:m)+w(5).*f(5,1:n,1:m)... 

                              

+w(6).*f(6,1:n,1:m)+w(7).*f(7,1:n,1:m)+w(8).*f(8,1:n,1:

m); 

  

               feq(1,1:n,1:m)=rho(1:n,1:m); 

               feq(2,1:n,1:m)=rho(1:n,1:m); 

               feq(3,1:n,1:m)=rho(1:n,1:m); 

               feq(4,1:n,1:m)=rho(1:n,1:m); 

               feq(5,1:n,1:m)=rho(1:n,1:m); 

               feq(6,1:n,1:m)=rho(1:n,1:m); 

               feq(7,1:n,1:m)=rho(1:n,1:m); 

               feq(8,1:n,1:m)=rho(1:n,1:m); 

  

                               

f(1,1:n,1:m)=omega(1).*feq(1,1:n,1:m)+(1-

omega(1)).*f(1,1:n,1:m); %pdf 

                               

f(2,1:n,1:m)=omega(2).*feq(2,1:n,1:m)+(1-

omega(2)).*f(2,1:n,1:m); %pdf 

                               

f(3,1:n,1:m)=omega(3).*feq(3,1:n,1:m)+(1-

omega(3)).*f(3,1:n,1:m); %pdf 

                               

f(4,1:n,1:m)=omega(4).*feq(4,1:n,1:m)+(1-

omega(4)).*f(4,1:n,1:m); %pdf 

                               

f(5,1:n,1:m)=omega(5).*feq(5,1:n,1:m)+(1-

omega(5)).*f(5,1:n,1:m); %pdf 

                               

f(6,1:n,1:m)=omega(6).*feq(6,1:n,1:m)+(1-

omega(6)).*f(6,1:n,1:m); %pdf 

                               

f(7,1:n,1:m)=omega(7).*feq(7,1:n,1:m)+(1-

omega(7)).*f(7,1:n,1:m); %pdf 

                               

f(8,1:n,1:m)=omega(8).*feq(8,1:n,1:m)+(1-

omega(8)).*f(8,1:n,1:m); %pdf 
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rho_eq(1:n,1:m)=w(1).*f(1,1:n,1:m)+w(2).*f(2,1:n,1:m)+w

(3).*f(3,1:n,1:m)+w(4).*f(4,1:n,1:m)+w(5).*f(5,1:n,1:m)

... 

                              

+w(6).*f(6,1:n,1:m)+w(7).*f(7,1:n,1:m)+w(8).*f(8,1:n,1:

m); 

  

%3.3 streaming process 

        f(1,n:-1:2,1:m)=f(1,n-1:-1:1,1:m); 

        f(2,1:n,m:-1:2)=f(2,1:n,m-1:-1:1); 

        f(3,1:n-1,1:m)=f(3,2:n,1:m); 

        f(4,1:n,1:m-1)=f(4,1:n,2:m); 

        f(5,n:-1:2,m:-1:2)=f(5,n-1:-1:1,m-1:-1:1); 

        f(6,1:n-1,m:-1:2)=f(6,2:n,m-1:-1:1); 

        f(7,1:n-1,1:m-1)=f(7,2:n,2:m); 

        f(8,n:-1:2,1:m-1)=f(8,n-1:-1:1,2:m); 

  

%3.4 Boundary Conditions 

  

f(1,1,1:m)   = I_wall_west; 

f(5,1,1:m)   = I_wall_west; 

f(8,1,1:m)   = I_wall_west; 

  

f(3,n,1:m)   = (4.*f(3,n-1,1:m)-f(3,n-2,1:m))./3; 

f(7,n,1:m)   = (4.*f(7,n-1,1:m)-f(7,n-2,1:m))./3; 

f(6,n,1:m)   = (4.*f(6,n-1,1:m)-f(6,n-2,1:m))./3; 

  

f(4,1:n,m)  =  I_wall_top; 

f(7,1:n,m)  =  I_wall_top; 

f(8,1:n,m)  =  I_wall_top; 

  

f(5,1:n,1)  =  I_wall_south; 

f(2,1:n,1)  =  I_wall_south; 

f(6,1:n,1)  =  I_wall_south; 

  

end 

  

  

end 

 



 

 

93 

CURRICULUM VITAE 

 

Surname, Name: Gümüşsu, Emre 

 

EDUCATION  

Degree Institution Year of 

Graduation 

 

MS  Hacettepe University Mechanical 

Engineering 

2017 

BS Hacettepe University Mechanical 

Engineering 

2015 

High School Ankara Atatürk High School 2008 

 

 

FOREIGN LANGUAGES  

Advanced English, Upper-intermediate German  

 

PUBLICATIONS  

1. Gümüşsu E., Ekici Ö., Köksal M., " 3-D CFD modeling and experimental testing 

of thermal behavior of a Li-Ion battery ", Applied Thermal Engineering, 120, 484-

495 (2017)  

2. Gümüşsu E., Tarman I. H., " Multi-Mode Heat Transfer using Total Energy based 

Entropic Lattice Boltzmann Method ", Fourteenth International Conference on 

Thermal Engineering: Theory and Applications, 25-27 May 2023, Yalova, Turkey. 

3. Gümüşsu E., Tarman I. H., “Numerical Simulation of Duct Flow in the Presence 

of Participating Media Radiation with Total Energy Based Entropic Lattice 

Boltzmann Method”, International Journal of Thermofluids, (Under Review) 


