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 This study investigates pre-service elementary teachers’ mathematical knowledge in teaching for length 

measurement. More specifically, this study compares the foundation and transformation knowledge of pre-service 

elementary teachers from Turkey and the United States. The current study examines similarities and differences 

between them by applying the codes of the Knowledge Quartet model with 40 pre-service teachers selected from 

Turkey and the United States. This study used a test assessing pre-service teachers’ mathematical knowledge in 
teaching about the students’ mistakes, difficulties, misconceptions, the reasons for them, and their strategies to 

overcome them related to the topic of length measurement. The findings indicated that while US pre-service 

teachers had more secure foundation knowledge in identifying the possible errors, Turkish pre-service teachers 

showed greater foundation knowledge in identifying the possible reasons for these errors. On the other hand, the 

pre-service teachers in both countries have similar transformation knowledge to suggest strategies to correct 
students’ errors. These findings might provide some insights about how pre-service teachers’ mathematical 

knowledge may be similar or different in different countries. Furthermore, these similarities and differences might 

help researchers and teacher educators emphasize the importance of the quality of teacher education programs. 
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INTRODUCTION 

Students’ understanding and success is influenced by so many factors and teachers’ effectiveness is one of these factors 

(Baumert et al., 2010; McGraner et al., 2011; Rothstein, 2010). Furthermore, some researchers and policy documents emphasized 

that teacher knowledge has important influence on classroom instruction and hence on student learning (Grossman & McDonald, 

2008; Ma, 1999; National Mathematics Advisory Panel [NMAP], 2008). Therefore, researchers and policymakers have focused a 

great deal of time and attention on teacher education and teacher knowledge.  

The definition, sub-categories, and name of teacher knowledge are not the same in all countries, but in a time of globalization, 

researchers around the world agree that mathematical knowledge in teaching is important to improve the students’ 

understanding of mathematics (Ball et al., 2008; Rowland et al., 2003, 2005; Shulman, 1986, 1987). However, there are limited 

international comparative studies investigating teachers’ mathematical knowledge in teaching (Cai, 2005; Huang, 2014; Huang & 

Cai, 2011; Huang & Li, 2014; Ma, 1999). Investigating teachers’ mathematical knowledge in teaching from different countries can 

be important. First of all, a comparison of pre-service elementary teachers’ mathematical knowledge in teaching can contribute 

to an understanding of their knowledge in each country. Furthermore, examining their knowledge in different countries would be 

beneficial to understand teacher knowledge from a broader perspective and this would also give valuable information for policy 

makers to see the effectiveness of their education programs. By this way, we could compare the outputs of the programs in 

different cultures. That is, even the aim of teacher education programs is to raise qualified teachers, and how their knowledge 

differ could be examined and compared in cross cultural studies. In this study, it is aimed to examine Turkish and US pre-service 

elementary teachers’ mathematical knowledge in teaching for the topic of length measurement. Then, the second aim is to 

examine the extent of the differences if exist between Turkish and US pre-service elementary teachers’ mathematical knowledge 

in teaching.  
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Mathematical Knowledge in Teaching 

Early on, researchers tried to understand teacher knowledge by describing and defining what teacher knowledge and its 

components are (Ball et al., 2008; Rowland et al., 2003, 2005; Shulman, 1986). Subject matter knowledge and pedagogical content 

knowledge proposed by Shulman (1986) are universally accepted as the utmost important components of teacher knowledge. 

While the subject matter knowledge was defined as “beyond knowledge of facts or concepts of a domain” (Shulman, 1986, p. 9), 

the pedagogical content knowledge was defined as “the blending of content and pedagogy into an understanding of how 

particular topics, problems or issues are organized, represented, and adapted to the diverse interests and abilities of learners, and 

presented for instruction” (Shulman, 1987, p. 4).  

While many researchers used his framework to investigate teacher knowledge, some other researchers proposed new 

frameworks to ensure better assessment of teachers’ mathematical knowledge in teaching by expanding his framework (Ball et 

al., 2008; Rowland et al., 2003, 2005). For instance, Ball et al. (2008) stated that Shulman’s (1986) model did not give a clear 

distinction between subject matter knowledge and pedagogical content knowledge of teachers and a specific framework related 

to teacher’s knowledge for mathematics was needed. In fact, Ball et al. (2008) criticized by saying: 

…nearly one-third of the articles that cite pedagogical content knowledge do so without direct attention to a specific 

content area — the very emphasis of the notion — instead making general claims about teacher knowledge, teacher 

education, or policy (p. 3). 

Therefore, Ball et al. (2008) developed a model, Mathematics Knowledge for Teaching, to examine the mathematical 

knowledge specific to teachers. Specifically, the difference between subject matter knowledge and pedagogical content 

knowledge of teachers is highlighted in their model. Davis and Renert (2013) assert that categorizing teacher knowledge may be a 

starting point; however, it should be noted that teacher knowledge is too complex to be compressed between categories.  

To move away from the dichotomy of subject matter versus pedagogical content knowledge, Rowland et al. (2003) developed 

a model: Knowledge Quartet. Since their model does not emphasize the differences between subject matter knowledge and 

pedagogical content knowledge of teachers, they used a new term for the combination of these two terms, which is, mathematical 

knowledge in teaching. To examine teacher knowledge, The Knowledge Quartet model uses the following dimensions: foundation, 

transformation, connection, and contingency. Foundation includes teachers’ knowledge about possible errors, misconceptions, 

mathematical terminology, etc., and affects the other three dimensions. Transformation is related to how teachers transform their 

own knowledge by means of demonstrations, examples, and representations to make it accessible to students. Connection relates 

to possible connections among the topics of mathematics and order of examples or tasks throughout instruction. The last 

dimension, Contingency, refers to teachers’ ability to respond to unexpected moments by thinking “on their feet” (Rowland et al., 

2009, p. 135). By means of the dimensions, teacher educators and mentor teachers analyze pre-service teachers’ mathematical 

knowledge in teaching and help pre-service teachers see which parts of their knowledge should be improved.  

The focus of this study is mathematical knowledge in teaching indicated through the foundation and transformation 

dimensions. The reason for this focus is that although it is known that students in different countries have similar errors and 

difficulties for the topic of length measurement, whether pre-service teachers in different countries have the same ability to 

identify these errors and difficulties, or suggest the same strategies to overcome them is as yet unknown. In this context, this study 

aims to examine the parts that differ in Turkey’s and the United States’ pre-service elementary teachers’ mathematical knowledge 

in teaching associated with foundation and transformation for the topic of length measurement. 

Difficulties Related to Length Measurement 

While students explore and try to make sense of their world, they encounter measurement concepts and ask questions related 

to measurement concepts (Copley, 2000). For example, “how much, how big, how far, how tall, how short, how many” are some 

of the questions that are asked many times in a day (Martinez, 2007, p. 199). Therefore, the measurement strand is included in 

elementary mathematics curriculum of various countries including Turkey and the United States (Chen et al., 2009; Clements & 

Sarama, 2007; Ministry of National Education [MoNE], 2015; National Council of Teachers of Mathematics [NCTM], 2000; Outhred 

& Mitchelmore, 2000) and it is introduced in the first grade and then extended throughout elementary school in Turkey and the 

United States (MoNE, 2015; NCTM, 2000).  

Although students are engaged in measurement activities from the first grade forward, they have some difficulties that 

resulted in lower scores in international tests such as the Trends in International Mathematics and Science Study (TIMSS) and the 

Programme for International Student Assessment [PISA] (Educational Research and Development Department [EARGED], 2003). 

Length is the first measurable attribute and is one of the attributes in which students have difficulties. Since the length 

measurement topic is the base for the other measurement content strand topics, students’ difficulties in this topic are important 

(Cullen & Barrett, 2010). Knowing this, it would not be surprising that students who have difficulties in the topic of length 

measurement would also have difficulties in perimeter, area measurement, or volume measurement. 

Previous extensive studies have revealed that students have difficulties in understanding and applying the length 

measurement concept. One of the most common difficulties of students is to leave gaps between the units or iterate the units with 

overlaps (Lehrer, 2003). In the same way, Barrett and Clements (2003) emphasize that students do not comprehend the 

importance of iterating the unit without leaving or overlapping along the object. Therefore, they cannot measure if the number of 

the unit is not sufficient to fully cover the length of an object (Bragg & Outhred, 2004). If the chosen unit does not fully cover the 

length of an object or if it gets longer when one more of the chosen unit is added, students, then, think that they have to change 

the unit that they chose (Sarama et al., 2021). Furthermore, since they do not know how the iteration process is related to the 
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number as a measurement, they can use different-sized units together to measure a length (Clements & Sarama 2009; Lehrer et 

al., 2003). The important thing for students is that the length must be filled out with units whose sizes may be different or equal 

(Sarama et al., 2021). That is, the students have difficulties in discovering the inverse relationship between the unit size and the 

number of units to measure a length. As a result, they have difficulties in understanding that the line segments between two 

consecutive benchmarks of a ruler must be equal in length (Lehrer, 2003). Furthermore, failing to use the same-sized units results 

in students counting benchmarks on the ruler instead of counting the line segments between two consecutive benchmarks (Bragg 

& Outhred, 2004) and just focusing on the end of the ruler to read the resulting number (Kamii, 2006; Smith et al., 2013). In other 

words, students think that just focusing on or reading off the numerals on the ruler is enough to correctly measure the length. Not 

only that, but, when these students were asked to state the length of an object, they just state the numerals without including the 

units (e.g. five instead of five cm) (Sarama et al., 2021). Smith et al. (2013) attributes the reason for this difficulty to not 

understanding the structure of the ruler. Another difficulty of students related to counting is to start counting from the benchmark 

for 1 on the ruler (Lehrer, 2003). Drake (2014) explains the reason for this difficulty as counting starts at 1, students prefer to align 

the object at 1 rather than 0. If these students also count benchmarks rather than line segments separating the benchmarks, they 

will find an answer which is one more than the correct answer. Moreover, some of the students cannot read the ruler correctly 

when the object is not aligned at the 0 benchmark (Kloosterman et al., 2009). That is, if the students align one end of the object on 

the 0 benchmark, they can find the length of an object by means of looking to the right end of the object.  

Clements and Stephan (2004) explain the reason for students’ difficulties is that “measurement should not be taught as a 

simple skill. It is a complex combination of concepts and skills that develops slowly over years” (p. 307-308). Because of this, the 

measurement instruction must be different from instruction in which teachers present a topic through telling and demonstrating 

necessary procedures, ask students to practice the shown procedures, and just provide yes/no answers to students’ questions 

(Kilpatrick et al., 2001). In the same way, Ball and Forzani (2011) assert that “improving educational outcomes for young people 

depends on developing and supplying skilled instructional practices” (p. 17). Furthermore, students’ understanding of 

mathematics during these early years is important, as “the foundation for children’s mathematical development is established in 

the earliest years” (NCTM, 2000, p. 73). Therefore, teachers need to adapt their instruction “to move toward mathematical goals, 

capture and sustain interest, and engage students in building mathematical understanding” (NCTM, 2000, p. 18) so that students 

can find mathematics interesting and engaging and carry their enthusiasm for mathematics throughout their future education 

lives.  

To validly and reliably measure students’ success, compare students’ success with other ones around the world, and take 

necessary precautions according to results, governments participate in large-scale tests like TIMSS. In TIMSS, while a country 

having a score of 500 and above is accepted as a high performing country, a country having a score lower than 500 is accepted as 

a low performing country. The United States and Turkey, the countries selected for this study, is a high and a low performing 

country, respectively. Specifically, average mathematics scores of students in Turkey were lower than those of in the United States 

in TIMSS 2003, 2007, 2011, and 2015. This difference may be attributed to different reasons and one of these reasons is teachers’ 

performance. To be more specific, the Organization for Economic Cooperation and Development (OECD) (2005) explains that 

improving teacher performance would positively affect students’ success in these tests. All in all, to be able to succeed in this, 

teachers need to provide a high quality instruction, which is dependent on teachers’ mathematical knowledge in teaching 

(Grossman et al., 2011).  

It is accepted that teachers’ beliefs and hence their mathematical knowledge in teaching, no matter how small, are affected 

by their cultures, but there is no study that has specifically compared the mathematical knowledge in teaching of pre-service 

elementary teachers from Turkey and the United States. To gain an insight into underlying reasons why Turkey is a low performing 

country or the United States is a high performing country, we focused on pre-service elementary teachers’ mathematical 

knowledge in teaching about possible difficulties related to the topic of length measurement, the reasons for them, as well as their 

strategies to handle these difficulties. In this context, this study tries to answer the following questions: 

1. What is the nature of Turkish and US pre-service elementary teachers’ mathematical knowledge in teaching associated 

with the foundation and transformation dimensions for the topic of length measurement? 

2. To what extent is pre-service elementary teachers’ mathematical knowledge in teaching associated with the foundation 

and transformation dimensions differ between Turkey and the United States for the topic of length measurement?  

METHODOLOGY 

Participants 

To investigate Turkish and the US pre-service elementary teachers’ mathematical knowledge in teaching considering 

foundation and transformation for length measurement, a cross-sectional survey design was used. In the cross-sectional survey 

designs, the data were collected at one point in time from a predetermined sample (Frankel & Wallen, 2006) and participants’ 

“current attitudes, beliefs, opinions, or practices” were examined (Creswell, 2012, p. 377). Creswell (2012) also emphasizes that 

since it may not be possible or practical to use probability sampling, it may be required to select individuals who are convenient. 

For this purpose, the convenience sampling method was used to obtain a sample of this study. Participants were drawn from 

volunteers who were undergraduate pre-service teachers from a university in the middle part of Turkey and two universities in the 

Midwestern part of the United States. The university in Turkey was of particular interest to the first author, given where she worked. 

Furthermore, the universities in the United States were selected as they were the only ones having an elementary teacher 

education program in the city where the first author worked as a visiting scholar. Since having some basic information about the 
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elementary teacher education programs offered by these universities might help us to interpret the findings better, brief 

information about these programs was also provided. 

In Turkey, pre-service teachers have to finish a four-year program and follow nearly the same coursework which is determined 

by the Higher Education Council. During this four-year program, the pre-service teachers are required to take subject matter, 

general education, and elective courses. One of the subject matter courses, Mathematics at Elementary School, is taken by pre-

service teachers in their first semester. This course introduces them to fundamental elementary mathematical concepts like 

numbers, number systems, arithmetical operations, measurement, geometry, etc. In addition to this course, pre-service teachers 

also take Teaching of Elementary Mathematics I and II courses in the third year of the program. In these courses, pre-service 

teachers learn instructional methods and strategies that can be used to teach the concepts in real classrooms.  

Pre-service teachers in the United States also have to finish a four-year program which includes subject matter, general 

education, and elective courses. However, contrary to Turkey, coursework that pre-service teachers have to follow is determined 

by each state. Furthermore, the participant pre-service teachers in the USA take two courses called Mathematics for Elementary 

Teachers I and Mathematics for Elementary Teachers II in the first year of their programs. The contents of these courses are nearly 

similar to the ones in Turkey as these courses provide pre-service teachers with conceptual understanding of natural numbers, 

number systems, operations, geometry, and measurement. The participant pre-service teachers take only one method course, 

Teaching and Learning Elementary School Mathematics, which includes information about how the topics should be taught by 

means of materials so that students learn mathematics conceptually. As can be seen from above, although the number of the 

courses that pre-service teachers enrolled in are different in Turkey and the United States, the content of these courses are very 

similar. The pre-service teachers who constituted the sample of this study were also registered for the elementary mathematics 

teaching course which is Teaching of Elementary Mathematics II in Turkey and Teaching and Learning Elementary School 

Mathematics in the USA. In the end, the sample consisted of 20 Turkish and 20 US pre-service elementary teachers who agreed to 

complete the Mathematical Knowledge in Teaching Test for Length Measurement.  

Data Collection and Analysis 

The questions in the Mathematical Knowledge in Teaching for Length Measurement Test were prepared according to the 

foundation and transformation dimensions of the Knowledge Quartet model (Rowland et al., 2005). Specifically, the focus of the 

test was pre-service elementary teachers’ mathematical knowledge in teaching about the students’ mistakes, difficulties, and 

misconceptions related to length measurement, the reasons for them, and their strategies to overcome these troubles. That is, 

the test asked more than foundation knowledge so that the pre-service teachers had to think about their transformation 

knowledge related to the topic of length measurement. This test consisted of four open-ended structured questions with sub-

questions and was administered to the pre-service elementary teachers in Turkey and the United States. To indicate which 

dimension each question and sub-question was related to, Table 1 was created. 

Before administering the test to US pre-service teachers, the questions in the test were translated from Turkish to English by 

the authors. The translation was also checked and corrected by a native English-speaking mathematics education professor. For 

the data collection, the test was distributed to all pre-service teachers who volunteered during the elementary mathematics 

teaching course, and the pre-service teachers finished and returned the test to the first author during the course hour. Prior to this 

process, the first author explained the purpose of the research and ensured that the data would be kept confidential to the pre-

service teachers. Since the questions in the test were open-ended, the pre-service elementary teachers’ responses to each 

question were analyzed both quantitatively and qualitatively. Specifically, to examine the nature of Turkish and US pre-service 

elementary teachers’ mathematical knowledge in teaching associated with the foundation and transformation dimensions for the 

topic of length measurement, the pre-service teachers’ responses were analyzed qualitatively. To answer the question of to what 

extent is pre-service elementary teachers’ mathematical knowledge in teaching associated with the foundation and 

transformation dimensions differ between Turkey and the United States for the topic of length measurement, the pre-service 

teachers’ responses were analyzed quantitatively. Throughout these processes, to look for similarities and differences in Turkish 

and US pre-service teachers’ foundation and transformation knowledge, their responses to the questions were analyzed by 

putting the similar solutions and strategies together. These responses were also reported as a frequency to present the amount 

of similarities and differences between Turkish and US pre-service teachers’ responses and direct quotations from the pre-service 

teachers’ responses were provided where appropriate.  

Table 1. Questions and dimensions 

Question Dimension(s) of KQ Code(s) of KQ 

1 Foundation Overt subject knowledge 

2a Foundation Overt subject knowledge 

2b Foundation Identifying errors 

2c Foundation Identifying errors 

2d Transformation Choice of examples, choice of representation, and demonstration 

3a Foundation Identifying errors 

3b Foundation Identifying errors 

3c Transformation Choice of examples, choice of representation, and demonstration 

4a Foundation Overt subject knowledge 

4b Foundation Identifying errors 

4c Foundation Identifying errors 

4d Transformation Choice of examples, choice of representation, and demonstration 
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FINDINGS 

The aim of this study is to examine the similarities and differences in Turkish and US pre-service teachers’ mathematical 

knowledge in teaching associated with foundation and transformation for length measurement. For the first question, the pre-

service elementary teachers were asked to explain the measurement concept in their own words considering the measurement 

content strand of the mathematics curriculum. In the USA, 3 of 20 pre-service elementary teachers explained the measurement 

concept similar to the literature by stating “assigning a numerical value to an attribute of an object” or “quantifying something so 

that it can be compared to other things in its category.” Similarly, the measurement concept was also explained as in the literature 

by seven Turkish pre-service elementary teachers. Specifically, some of these pre-service teachers mentioned that “measurement 

is a process of determining a number representing a particular attribute of an object.” Half of the pre-service teachers in Turkey 

tried to explain the measurement concept by giving examples like a board’s length, a box’s weight, a classroom’s perimeter, a 

rug’s area, etc. Contrary to providing examples, most of the US pre-service teachers (12 of 20) stated that measurement provides 

how tall, wide, high, heavy, big, etc. an object is. Furthermore, some pre-service teachers from the US stated that measurement is 

a mathematics topic which includes the most commonly encountered concepts of daily life. In both Turkey and the US, there were 

also pre-service teachers who could not explain what measurement is.  

In the second question, a tailor tries to measure a piece fabric using a 1m wooden ruler whose benchmarks are not marked on 

the ruler, as shown on Figure 1.  

The pre-service elementary teachers were asked to determine whether or not the tailor can measure out a 125cm fabric by 

means of this ruler. The pre-service teachers’ answers for this question did not differ between the two countries. Specifically, of 

the 20 pre-service teachers, 16 US and 17 Turkish pre-service teachers correctly answered this question. Specifically, these pre-

service teachers explained that since there are 25 centimeters in a quarter of a meter, the tailor can measure by folding the fabric 

in half two times. Four incorrect answers given by US pre-service teachers for this question were related to the length or 

benchmarks of the ruler. Two pre-service teachers whose explanations related to the length of the ruler stated that since the length 

of the ruler is shorter than the length of the fabric, the 125cm fabric cannot be measured. The remaining two pre-service teachers 

explained that since the benchmarks are not given on the ruler, the tailor cannot measure the fabric. This explanation was similar 

to the explanations provided by three Turkish pre-service teachers who could not provide correct answers for the question. 

Specifically, these three teachers explained that since there are not any benchmarks on the ruler, the tailor cannot know the exact 

place of 25cm and hence cannot measure out a 125cm fabric.  

Another sub-question of the second question was related to possible errors of students while using this wooden ruler. Most 

US pre-service elementary teachers (12 of 20) mentioned that the students may not make the conversion between a meter and 

centimeter correctly. In the same way, 11 Turkish pre-service teachers stated that since the students may not know the meter to 

centimeter conversion, they may not measure the fabric correctly. Not correctly marking the benchmark for 25cm on the ruler was 

also mentioned by two US pre-service teachers and five Turkish pre-service teachers as a student error. Furthermore, teachers in 

both countries explained that although students know that there are 100 centimeters in a meter, they may not notice that 25cm 

is a quarter of a meter and not know how to use this relationship to mark the benchmark for 25cm. The remaining Turkish pre-

service teachers (4 of 20) stated that another student error might come from just trying to cut the fabric approximately. Other 

possible student errors mentioned by US pre-service teachers were accepting the ruler as 1cm instead of 1m and trying to use it 

for 125 times, accepting the ruler as 125cm and trying to use it just once, and thinking that the fabric cannot be measured using 

this ruler as there is not enough ruler to lay down along the length of the fabric.  

When the reasons for these possible errors were asked, nearly all US pre-service teachers attributed the basic reason to poor 

length measurement instruction. They stated that students may not have learned how to make a conversion between a meter and 

centimeter. Specifically, two pre-service teachers explained that since teachers may not have explained there are 100 centimeters 

in a meter, the student may not have fully understood meter to centimeter conversion factor is 100. Similarly, one of the pre-

service teachers in the United States explained that since students may not have comprehended the reasoning behind conversion 

rules between different length measurement units, they may not have memorized these rules and as a result, may not have 

converted the length from one unit to another. In the same way, seven Turkish pre-service teachers stated that students may not 

have learned how to make a conversion between a meter and centimeter. The other seven Turkish pre-service teachers attributed 

the cause of these reasons to length measurement instruction by stating that students may not have been provided enough 

examples throughout the instruction. One other example of the cause of these errors, as was stated by a Turkish pre-service 

teacher, since this kind of ruler is not used in daily life, the students may not know how to use it.  

The final sub-question of the second question asked the pre-service teachers to suggest teaching methods, strategies, and 

materials to overcome these errors. Most of the US pre-service teachers (16 of 20) suggested that bringing a ruler to classroom and 

 

Figure 1. Wooden ruler (1m) 
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physically showing how many centimeters there are in a meter is an effective way to help students understand conversion rules 

conceptually. Furthermore, one of US pre-service teachers explained that using different rulers, such as 30cm in length or 20cm in 

length, can be helpful to show length of an object would be the same regardless of the ruler’s length. Similar to this suggestion, 

Turkish pre-service teachers explained that having students design their own rulers may enable them to notice their errors. Other 

strategies suggested by Turkish pre-service teachers to overcome these errors were re-teaching the topic, solving enough 

conversion examples, and making students familiar with these kinds of rulers. In addition to practicing enough examples before 

letting students solve conversion examples on their own, two US pre-service teachers stated that distributing a conversion rule 

sheet may be useful when students could not remember the rules. 

In the third question, the pre-service elementary teachers were given the following dialogue: 

Teacher: Can you measure the class’s length using a 1m ruler? 

Jack: No, I cannot.  

Teacher: Why? 

Jack: My ruler’s length is not enough to measure it.  

They were then asked about Jack’s error. Twelve of US pre-service teachers explained that since the length of Jack’s ruler is 

shorter than the length of the class, Jack may have thought that he needs longer measurement tools. Similar to this explanation, 

in Turkey, more than half of the pre-service teachers (13 of 20) explained that Jack may have thought that he can only measure 

the objects that are shorter than one meter. The remaining US pre-service teachers (8 of 20) stated that since Jack thinks that he 

can only use the ruler once, he might have provided such an explanation. In the same way, other Turkish pre-service teachers (7 

of 20) concluded that Jack may have thought that the length of one ruler is not enough to measure the class’s length as he did not 

consider using the ruler more than once.  

When the reasons for Jack’s error were asked, 14 of US pre-service teachers explained that Jack may not know that a ruler can 

be used several times to measure the length of a longer object. Other pre-service teachers in the United States (6 of 20) stated that 

since Jack may not have used 1m ruler before, he may not know how to use it. Similar to this statement, 12 Turkish pre-service 

teachers explained that since the teacher could not have provided Jack with measurement activities in which he measured the 

lengths of objects longer than a meter, he may not know what to do. While three Turkish pre-service teachers attributed Jack’s 

thinking to not comprehending the meaning of length concept, five Turkish pre-service teachers could not suggest any possible 

reasons for Jack’s error.  

In the final sub-question, the pre-service teachers were also asked about how they would explain to Jack that his thinking is 

not correct. All US pre-service teachers stated that they would tell Jack that a ruler can be used more than once. Four of these 

teachers specifically used the term iteration. In fact, one of the pre-service teacher described this process as the following: 

I would tell him that he can iterate the ruler. He can use the ruler and mark the ending point, and use the ruler again by 

starting from the point marked. Then, he can repeat these steps until he reaches the ending point of the class. 

Similar to US pre-service teachers, more than half of Turkish pre-service teachers’ explanations (16 of 20) were related to using 

the ruler more than once. Many of these teachers described how they would tell Jack that he is not supposed to use the ruler once; 

instead, he can use it repeatedly along the length of the class. The remaining four Turkish pre-service teachers explained that they 

would physically show how a ruler can be used to measure an object whose length is longer than that of the ruler.  

In the fourth question of the test, pre-service teachers were asked to find the length of a broken ruler piece which was a part 

of 30cm ruler as shown in Figure 2.  

Of the 15 US pre-service elementary teachers who answered the question correctly, 12 of them provided details about their 

thinking. Specifically, while eight pre-service teachers subtracted 2cm from 10cm, four pre-service teachers counted the spaces 

between two consecutive benchmarks on the ruler to find 8cm. On the other hand, the remaining three pre-service teachers just 

wrote 8cm, without showing any details of their solutions. Similarly, of the 17 Turkish pre-service teachers who answered correctly, 

most of them (13 of 17) found 8cm by subtracting 2cm from 10cm. Two of the 17 pre-service teachers showed similar solutions by 

counting the spaces between two consecutive benchmarks, such as 2-3, 3-4, …, 9-10. The remaining of the 17 pre-service teachers 

mentioned that if they accept the benchmark for 2 of the broken ruler as a benchmark for 0 of the whole ruler, it would continue 

to 8. Therefore, the length of this broken ruler would be 8cm as shown in Figure 3.  

 

Figure 2. Broken ruler 
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Although it was mentioned that the ruler was a part of 30cm ruler, four US pre-service elementary teachers wrote the answer 

as 8 inches. Furthermore, one pre-service teacher stated that since the only ruler part missing is between 1cm and 2cm, the length 

of this broken ruler is 9cm. In Turkey, similar to this pre-service teacher’s statement, three pre-service teachers explained that 

since only the part between 1cm and 2cm is missing, the length of this broken ruler is 9cm. 

For the first sub-question of the fourth question, the pre-service teachers were asked to explain how a student may have found 

the length of this broken ruler piece as 9cm. In the United States, 11 pre-service teachers expressed that the student may have 

counted the benchmarks on the ruler instead of the spaces between the consecutive benchmarks. Specifically, one of these pre-

service teachers explained in the below: 

The student has to count 2-3, 3-4, 4-5, …, 9-10 to correctly find the length of it. However, if the student counted the numbers 

like 2, 3, 4, 5, 6, 7, 8, 9, 10, the student could have found the answer as 9cm, which is wrong. 

In Turkey, similarly, seven pre-service teachers explained that the student may have counted the numbers or the benchmarks 

and hence they found its length as 9cm. Furthermore, five and 10 pre-service teachers, in the United States and Turkey, 

respectively, stated that since the student may have accepted that a ruler starts from 1cm instead of 0cm, they may have found 

the length of this broken ruler as 9cm by subtracting 1cm from 10cm. Other similar explanations provided by three US pre-service 

teachers were related to the benchmark for 0 of rulers. These pre-service teachers, specifically, emphasized that since some 

students forget to align their rulers to the benchmark for 0, the student in the question, similar to these students, may have aligned 

the broken ruler to the benchmark for 1 rather than the benchmark for 0 and found the length of this broken ruler is 9cm. Contrary 

to the pre-service teachers who explained how the student may have found the length of the broken ruler as 9cm or why the 

student’s answer was wrong, there were also the pre-service teachers who accepted the student’s answer as correct. Actually, 

these were the one US and three Turkish pre-service teachers who found the broken ruler’s length as 9cm in the first sub-question 

mentioned above.  

In the next sub-question, pre-service teachers were asked to explain possible reasons for these errors, and, specifically, this 

student’s error. Both US and Turkish pre-service teachers’ explanations were similar as they listed nearly the same reasons. These 

reasons were not being familiar with a broken ruler, starting to count from benchmark for 1, counting the benchmarks rather than 

the distances between two consecutive benchmarks, and not comprehending the meaning of length measurement concept.  

Although the pre-service teachers in both countries listed similar reasons for the student’s error, there were differences in their 

strategies to overcome the error, which was the last sub-question. Starting with the similar ones, seven US and nine Turkish pre-

service teachers emphasized that bringing such kind of a ruler to the classroom, letting students use the ruler, and encouraging 

them to compare their measurements would be beneficial. In the United States, while five pre-service teachers preferred to 

emphasize starting and ending points of rulers, four pre-service teachers preferred to emphasize spaces not benchmarks on rulers 

to overcome these errors. One of the four pre-service teachers described as in the following:  

I would draw a number line and would make my students count the skips. 

Another one described their strategy that: 

I would use objects to help them see that there are 8cm there. I would put one button in each space to indicate the cm of 

the ruler. 

Contrary to these emphases, seven Turkish pre-service teachers asserted that re-teaching and re-explaining the meaning of 

length concept can help students who have difficulties in length measurement. For instance, one of these pre-service teachers 

explained it by giving the example below:  

When we would like to measure an object’s length by our span, although we use our two fingers, we cannot say two spans. 

We have to say one span. So this is similar to the ruler. We have to consider the distance between two consecutive numbers.  

 

Figure 3. Length of the broken ruler 
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DISCUSSION, CONCLUSIONS, AND SUGGESTIONS 

This study aimed to compare the pre-service elementary teachers’ mathematical knowledge in teaching associated with 

foundation and transformation in Turkey and the United States for the topic of length measurement by identifying the similarities 

and differences in their responses to the questions. It was found that the explanations for the measurement concept provided by 

the pre-service teachers did not differ much between the United States and Turkey. Specifically, 3 US and 7 Turkish pre-service 

teachers described the measurement concept similar to Clements and Stephan’s (2001) definition of measurement which was 

defined as “assigning a number to continuous quantities” (p. 3) and that of Bright (1976 as cited in Zembat, 2007, p. 205) was 

defined as “process of a comparison of the object/situation/event being measured and the same attribute of a given unit of 

measure.” Considering their explanations, it can be concluded that these pre-service teachers’ foundation knowledge is adequate, 

as they comprehended that measurement includes both identifying an attribute and quantifying the identified attribute.  

The results on the first sub-question of the second question showed that there were similarities in the explanations of both US 

and Turkish pre-service teachers whose answers were correct. These pre-service teachers reached the correct answer by making 

connections to the topic of fractions. However, the result of this sub-question showed some weakness in the pre-service teachers’ 

mathematical knowledge in teaching associated with foundation in both countries for length measurement. To be more specific, 

these teachers stated that it is not possible to measure out the fabric with a ruler without any benchmarks on it. Wilson and 

Rowland (1993) emphasize that students have difficulties in measuring length of an object with a ruler that has no numbers on it. 

Since the pre-service teachers’ statements were similar to this emphasis, it can be concluded that these teachers also have 

difficulties in length measurement. Another student difficulty arises when the length of a ruler is not enough to cover the length 

of an object to be measured (Bragg & Outhred, 2004; Sarama et al., 2021). A similar finding was disappointingly found in this study 

as one US pre-service teacher mentioned that the ruler is not long enough to measure the fabric. An additional common error 

related to length measurement is zero point of ruler. Students fail to measure an object’s length correctly if it does not start from 

zero point (Drake, 2014; Kloosterman et al., 2009; Lehrer, 2003; Wilson & Rowland, 1993). Similar to these students, some of the 

pre-service teachers in both countries had difficulty in correctly finding the length of broken ruler. The reason for this difficulty 

may have resulted from the pre-service teachers not conceptually knowing what is being counted on the ruler. As a result, these 

pre-service teachers may not have discovered that the benchmarks or numbers on this broken ruler do not represent the result of 

iterating 9 cm-sized units. In the same way, they may not have discovered that the length of the broken ruler is equal to the 

distance between the beginning benchmark (2 in this ruler) and the end benchmark (10 in this ruler). 

Contrary to these similarities, there were differences in US and Turkish pre-service teachers’ responses for the next sub-

questions. While US pre-service teachers had more secure foundation knowledge in identifying the possible errors resulted from 

using a ruler without benchmarks, Turkish pre-service teachers showed greater foundation knowledge in identifying the possible 

reasons for these errors. Stephan and Clements (2003) assert that students who could not comprehend partitioning, one of the 

important components of the length measurement, focus on the benchmarks rather than the difference between the benchmarks. 

However, the pre-service teachers who could identify the reasons did not attribute the student’s difficulty to this component. 

Moreover, some of the Turkish pre-service teachers could not identify possible reasons behind the student’s (Jack in the question) 

error which was related to the iterating, another important component of length measurement. Researchers emphasize that 

teachers need to know reasons for errors rather than simply identifying them (Ball et al., 2008; Rowland et al., 2003, 2005) to use 

them as learning opportunities to improve students’ understanding (Borasi, 1996). Since the pre-service teachers from each 

country were more successful in one of the two aspects, they might have difficulties in turning these moments into opportunities. 

One of the reasons behind this difference may be the content of the method courses in which these pre-service teachers enrolled. 

Specifically, teacher educators in the United States might emphasize what kind of errors or misconceptions students have, but in 

contrast, teacher educators in Turkey might highlight possible reasons for students’ difficulties. 

Furthermore, teachers need to know what kind of strategies, examples, or representations would be helpful, as well as why 

and when they are helpful to address and overcome students’ errors which are strictly related to their transformation knowledge 

(Ball et al., 2008; Rowland et al., 2003, 2005; Shulman, 1986). However, the typical strategies that the pre-service teachers in this 

study offered to overcome or correct the errors were re-explaining the topic or re-teaching by models. There were also the pre-

service teachers in both countries who could not suggest or did not explain their strategies to handle these errors. This finding is 

important as these pre-service teachers are the ones who could not identify the error made in the question. That is, pre-service 

teachers’ foundation knowledge might affect their transformation knowledge, which is consistent with the related literature 

(Rowland et al., 2009). There is no doubt that to be able to suggest strategies, the first thing that is a must is to identify errors as it 

will be used “as a route into understanding learner thinking” (Brodie, 2014, p. 222). Therefore, it can be concluded that since these 

pre-service teachers could not identify the errors, they could not use them as a route. Ball and Bass (2003) explain that 

participating in professional development programs that focus on the mathematical reasons for these errors rather than students’ 

abilities may help pre-service teachers effectively deal with them. Therefore, teacher educators can include such kind of activities 

in which pre-service teachers collectively try to identify both errors and reasons for them into their courses, and then suggest 

strategies to deal with them.  

To sum up, contrary to the minor differences, the pre-service elementary teachers in both the United States and Turkey have 

similar foundation and transformation knowledge. Therefore, it can be concluded that just as students in different countries have 

similar errors, pre-service teachers in different countries have similar foundation knowledge to identify these errors and their 

potential reasons, and transformation knowledge to suggest strategies to correct them. The reason for these similarities in the 

nature of Turkish and US pre-service elementary teachers’ mathematical knowledge in teaching was not investigated in this study 

which can be accepted as the limitation of this study. The results of this study based on the pre-service teachers’ responses on the 
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Mathematical Knowledge in Teaching for Length Measurement Test rather than on the courses that they enrolled. However, the 

contents of the courses taken by the pre-service teachers were so similar. In other words, one possible explanation for these 

similarities in their knowledge, therefore, might be attributed to these courses. Since the pre-service teachers in this study may 

not enough represent the general situation of the pre-service teachers’ foundation and transformation knowledge in Turkey and 

the United States, further research can be conducted with a larger sample of pre-service teachers from different parts of the 

countries. Further studies can investigate whether pre-service teachers’ mathematical knowledge is affected by courses whose 

contents are different. Furthermore, it was only focused on the pre-service teachers’ foundation and transformation knowledge 

of length measurement. Pre-service teachers’ mathematical knowledge in teaching associated with foundation and 

transformation for the other topics might be investigated. 
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