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ABSTRACT

ANALYSIS OF TURBULENT COMBUSTION AND STABILITY
CHARACTERISTICS IN LIQUID PROPELLANT ROCKET ENGINES

Öztürkmen, Musa Onur
Ph.D., Department of Aerospace Engineering

Supervisor: Prof. Dr. Yusuf Özyörük

December 2023, 184 pages

Combustion instability is a critical phenomenon in the field of combustion dynamics.

It occurs as a result of the complex interplay of fluid dynamics, heat transfer, and

chemical kinetics within combustors, resulting in undesirable, self-sustaining pres-

sure oscillations and hence posing considerable difficulty in the design and operation

of various combustion systems. Therefore, predicting combustion instability and mit-

igating it during the design of a combustion chamber is critical. The main objective

is to develop a computational framework for characterizing the chamber dynamics

of liquid propellant rocket engines under linear thermoacoustic effects, which can be

used to assess stability characteristics for safe operation. The linear thermoacous-

tic stability of a combustion chamber may be determined by solving the nonhomo-

geneous wave equation with the interactions between the acoustic and heat release

fluctuations, which are usually encoded in a flame transfer function. Due to the fre-

quency dependent nature of it and the chamber boundary conditions, the problem

becomes a nonlinear eigenvalue problem with frequency dependent coefficient ma-

trices. This nonlinear problem requires linearization to reduce it to a solvable form.

Three different linearization approaches are investigated in this study, one of which is
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proposed within the scope of the thesis, and all of them result in an iterative algorithm.

The proposed solution methodology is implemented and validated against a canonical

problem. An experimental combustor, also known as a Continuously Variable Reso-

nance Combustor (CVRC) in the literature, is also studied to acquire the frequency

dependent flame transfer functions required in thermoacoustic calculations by utiliz-

ing large eddy simulation (LES) for verification purposes. The acquired results of

the study show that the proposed solution methodology and linearization approach

perform well, especially with frequency dependent source terms.

Keywords: Helmholtz equation, thermoacoustic instability, frequency dependent flame

transfer function, nonlinear quadratic eigenvalue problem, impedance boundary con-

dition
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ÖZ

SIVI YAKITLI ROKET MOTORLARINDA TÜRBÜLANSI YANMA VE
KARARLILIK KARAKTERİSTİĞİ ANALİZİ

Öztürkmen, Musa Onur
Doktora, Havacılık ve Uzay Mühendisliği Bölümü

Tez Yöneticisi: Prof. Dr. Yusuf Özyörük

Aralık 2023 , 184 sayfa

Yanma kararsızlığı, yanma dinamiği alanında kritik bir fiziksel olgudur. Bu olgu,

yanma odası içindeki akışkan dinamiği, ısı transferi ve kimyasal kinetiğin karma-

şık etkileşimi sonucunda meydana gelir. Bu da istenmeyen, kendini sürdüren basınç

salınımlarına neden olur ve dolayısıyla da yanma odalarının tasarımı ve çalışmasında

önemli zorluklar ortaya çıkarır. Bu nedenle, yanma kararsızlığını önceden tahmin et-

mek ve tasarım aşamasında ortadan kaldırmak kritiktir. Bu tezin amacı, sıvı yakıtlı ro-

ket motorları yanma odasında yanma dinamiklerini termoakustik etkileri göz önünde

bulundurarak, yanma odasının kararlılık özelliklerinin belirlenmesi için kullanılabi-

lecek bir hesaplama yöntemi geliştirmektir. Bir yanma odasının doğrusal termoakus-

tik kararlılığı, yanma odası akustiği ve zamana bağlı ısı salınımı dalgalanmaları ara-

sındaki etkileşimleri içeren homojen olmayan dalga denklemi çözülerek belirlenebi-

lir. Zamana bağlı ısı salınımı dalgalanmaları genellikle bir alev transfer fonksiyonu ile

denkleme dahil edilmektedir. Alev transfer fonksiyonu ve yanma odası sınır koşulla-

rının frekansa bağımlı doğası nedeniyle, termoakustik problemin formülasyonu ikinci

dereceden doğrusal olmayan özdeğer problemine dönüşmektedir. Özdeğer problemi-
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nin çözümü için doğrusallaştırma yaklaşımları kullanılmaktadır. Bu çalışmada, tümü

yinelemeli bir algoritmayla sonuçlanan, biri çalışma kapsamında önerilen üç farklı

doğrusallaştırma yaklaşımı incelenmiştir. Önerilen çözüm yöntemi uygulanmış ve

akademik bir problem kullanılarak doğrulanmıştır. Aynı zamanda literatürde "Sürekli

Değişken Rezonans Yanma Odası" (CVRC) olarak da bilinen deneysel bir yanma

odası da, geçerleme çalışması kapsamında incelenmiştir. Bu kapsamda akustik he-

saplamalarda kullanılan frekansa bağlı alev transfer fonksiyonu geniş burgaç benze-

timi (LES) kullanılarak elde edilmiştir. Tez kapsamında elde edilen sonuçlar, önerilen

çözüm yöntemi ve doğrusallaştırma yaklaşımının özellikle frekansa bağlı kaynak te-

rimleri ile iyi çalıştığını göstermektedir.

Anahtar Kelimeler: Helmholtz denklemi, termoakustik kararsızlık, frekansa bağlı alev

transfer fonksiyonu, doğrusal olmayan ikinci dereceden özdeğer problemi, empedans

sınır şartı
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Özgünoğlu for engaging discussions and valuable assistance during the combustion

simulations.

The numerical calculations presented in the present study were partially performed

at TUBITAK ULAKBIM, High Performance and Grid Computing Center (TRUBA

resources). I want to express my gratitude to the entire ULAKBIM team for making

it possible for me to use TRUBA resources for my thesis and for helping me with any

issues I ran into.

x



I would like to acknowledge the support from Roketsan and the Defense Industry

Agency of Türkiye through the SAYP project, which enabled me to complete this

research.

Last but not least, my deepest gratitude goes to my family. Their unconditional love,

encouragement, and understanding sustained me through the highs and lows of this

academic pursuit.

xi



TABLE OF CONTENTS

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

ÖZ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x

TABLE OF CONTENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xii

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xviii

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xxi

LIST OF ABBREVIATIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . xxx

CHAPTERS

1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Literature Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.3 Objective of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.4 Outline of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2 THEORETICAL AND MATHEMATICAL BACKGROUND OF THER-
MOACOUSTIC INSTABILITIES . . . . . . . . . . . . . . . . . . . . . . . 21

2.1 Equations of Motion in a Combustion Chamber . . . . . . . . . . . . 21

2.1.1 Flow Conservation Equations . . . . . . . . . . . . . . . . . . 22

2.1.2 Linearized Forms of Conservation Equations . . . . . . . . . . 22

xii



2.1.3 Wave Equation for a Combustion Chamber . . . . . . . . . . . 23

2.2 Linear and Nonlinear Combustion Instabilities . . . . . . . . . . . . 26

3 THERMOACOUSTIC INSTABILITY PREDICTION METHODOLOGY . 31

3.1 Solution of Nonhomogenous Wave Equation . . . . . . . . . . . . . 31

3.1.1 Casting into Eigenvalue Problem . . . . . . . . . . . . . . . . 32

3.1.1.1 Impedance condition . . . . . . . . . . . . . . . . . . . 32

3.1.1.2 Heat release in terms of pressure �uctuation . . . . . . 33

3.1.2 Discretization . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.1.2.1 Problem with rigid wall boundary condition and no �ame 35

3.1.2.2 Problem with impedance boundary condition and no
�ame . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.1.2.3 Problem with impedance boundary condition and �ame 35

3.1.3 Solution of the Nonlinear Quadratic Eigenvalue Problem . . . 36

3.1.3.1 Fixed point iteration . . . . . . . . . . . . . . . . . . . 37

3.1.3.2 Fixed point iteration with relaxation . . . . . . . . . . . 37

3.1.3.3 Gradient based linearization . . . . . . . . . . . . . . . 37

3.1.3.4 Conversion to generalized eigenvalue problem . . . . . 38

3.1.3.5 Employed eigenvalue solution packages . . . . . . . . . 39

4 VALIDATION OF THERMOACOUSTIC SOLVER . . . . . . . . . . . . . 41

4.1 Canonical Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.1.1 Problem De�nition . . . . . . . . . . . . . . . . . . . . . . . 41

4.1.2 Analytical Solutions . . . . . . . . . . . . . . . . . . . . . . . 42

4.1.3 Two-Dimensional Rectangular Duct . . . . . . . . . . . . . . 44

xiii



4.1.3.1 2D Rectangular geometry with impedance boundary con-
ditions and no heat source . . . . . . . . . . . . . . . . 44

4.1.3.2 2D Truncated rectangular geometry with impedance bound-
ary conditions and no heat source . . . . . . . . . . . . 46

4.1.3.3 2D truncated rectangular geometry with impedance bound-
ary condition and uniform heat source . . . . . . . . . 49

4.1.4 Two-Dimensional Axisymmetric Duct . . . . . . . . . . . . . 51

4.1.4.1 2D axisymmetric domain with impedance boundary con-
ditions and no heat source . . . . . . . . . . . . . . . . 51

4.1.4.2 2D axisymmetric truncated domain with impedance bound-
ary conditions and no heat source . . . . . . . . . . . . 52

4.1.4.3 2D axisymmetric truncated geometry with impedance
boundary condition and uniform heat source . . . . . . 55

4.2 CVRC Geometry with Literature Based Heat Response . . . . . . . . 57

4.2.1 CVRC Con�guration . . . . . . . . . . . . . . . . . . . . . . 57

4.2.2 Computational Domain and Boundary Conditions . . . . . . . 58

4.2.3 Literature Based FTF Modeling . . . . . . . . . . . . . . . . . 60

4.2.4 Results with Literature Based FTF Modeling . . . . . . . . . . 61

4.2.4.1 Full domain computations . . . . . . . . . . . . . . . . 61

4.2.4.2 Truncated domain computations . . . . . . . . . . . . . 64

5 LES OF CVRC AND FLAME TRANSFER FUNCTION EXTRACTION . 67

5.1 Combustion Modelling . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.1.1 Solver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.1.2 Reaction Rates . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.1.2.1 One-step reaction mechanism . . . . . . . . . . . . . . 72

5.1.2.2 Two-step reaction mechanism . . . . . . . . . . . . . . 73

xiv



5.1.2.3 Four-step reaction mechanism . . . . . . . . . . . . . . 73

5.1.3 Computational Domains and Boundary Conditions . . . . . . 74

5.1.3.1 2D axisymmetric computational domains . . . . . . . . 74

5.1.3.2 3D computational domain . . . . . . . . . . . . . . . . 76

5.1.3.3 Boundary conditions . . . . . . . . . . . . . . . . . . . 76

5.1.4 Two-Dimensional Axisymmetric Results . . . . . . . . . . . . 78

5.1.4.1 12.065 cm oxidizer post length . . . . . . . . . . . . . 78

5.1.4.2 13.97 cm oxidizer post length . . . . . . . . . . . . . . 90

5.1.5 Three-Dimensional Results . . . . . . . . . . . . . . . . . . . 96

5.1.5.1 Mean Flow . . . . . . . . . . . . . . . . . . . . . . . . 96

5.1.5.2 Unsteady Flow . . . . . . . . . . . . . . . . . . . . . . 98

5.2 FTF Extraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.2.1 Two-Dimensional Axisymmetric Results . . . . . . . . . . . . 105

5.2.1.1 FTFs for the case with 12.065 cm oxidizer post length . 105

5.2.1.2 FTFs for the case with 13.97 cm oxidizer post length . . 109

5.2.2 Three-Dimensional Results . . . . . . . . . . . . . . . . . . . 112

6 THERMOACOUSTIC STABILITY PREDICTIONS FOR CVRC . . . . . 117

6.1 Incorporation of the FTFs into Thermoacoustic Calculations . . . . . 117

6.2 Two-Dimensional Axisymmetric Results . . . . . . . . . . . . . . . 118

6.2.1 Mesh Independency . . . . . . . . . . . . . . . . . . . . . . . 119

6.2.2 Results for 12.065 cm oxidizer post length . . . . . . . . . . . 120

6.2.2.1 Full domain computations . . . . . . . . . . . . . . . . 120

6.2.2.2 Truncated domain computations . . . . . . . . . . . . . 121

xv



6.2.3 Results for 13.97 cm oxidizer post length . . . . . . . . . . . . 123

6.2.3.1 Full domain computations . . . . . . . . . . . . . . . . 124

6.2.3.2 Truncated domain computations . . . . . . . . . . . . . 125

6.3 Three-Dimensional Results . . . . . . . . . . . . . . . . . . . . . . . 127

6.3.1 Mesh Independency . . . . . . . . . . . . . . . . . . . . . . . 128

6.3.2 Results for 12.065 cm oxidizer post length . . . . . . . . . . . 129

6.3.2.1 Full domain computations . . . . . . . . . . . . . . . . 129

6.3.2.2 Truncated domain computations . . . . . . . . . . . . . 131

7 CONCLUSIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

7.1 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . 133

7.2 Suggestions and Future Work . . . . . . . . . . . . . . . . . . . . . 135

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

APPENDICES

A EQUATIONS OF MOTION IN A COMBUSTION CHAMBER . . . . . . . 151

A.1 Flow Conservation Equations . . . . . . . . . . . . . . . . . . . . . 152

A.1.1 Continuity Equation . . . . . . . . . . . . . . . . . . . . . . . 152

A.1.2 Momentum Equation . . . . . . . . . . . . . . . . . . . . . . 152

A.1.3 Energy Equation . . . . . . . . . . . . . . . . . . . . . . . . . 152

A.2 Linearized Forms of Conservation Equations . . . . . . . . . . . . . 153

A.2.1 Linearized Continuity Equation . . . . . . . . . . . . . . . . . 153

A.2.2 Linearized Momentum Equation . . . . . . . . . . . . . . . . 154

A.2.3 Linearized Energy Equation . . . . . . . . . . . . . . . . . . . 155

xvi



A.3 Wave Equation for a Combustion Chamber . . . . . . . . . . . . . . 156

A.3.1 Pressure Equation . . . . . . . . . . . . . . . . . . . . . . . . 156

A.3.2 Linearized Pressure Equation . . . . . . . . . . . . . . . . . . 157

A.3.3 Construction of the General Wave Equation . . . . . . . . . . 158

B FINITE ELEMENT DISCRETIZATION FOR HELMHOLTZ EQUATION . 167

B.1 Finite Element Discretization . . . . . . . . . . . . . . . . . . . . . 167

B.2 Finite Element Coef�cient Functions for Helmholtz Equation . . . . 172

B.2.1 Coef�cients for Helmholtz Equation . . . . . . . . . . . . . . 172

B.2.2 Coef�cients for Boundary Conditions . . . . . . . . . . . . . 172

B.2.3 Coef�cients for Heat Sources . . . . . . . . . . . . . . . . . . 173

B.3 Linear Elements for Finite Element Method . . . . . . . . . . . . . . 175

B.3.1 Triangular Element . . . . . . . . . . . . . . . . . . . . . . . 175

B.3.2 Tetrahedron Element . . . . . . . . . . . . . . . . . . . . . . 176

C CONVERGENCE BEHAVIOUR OF GRADIENT BASED LINEARIZA-
TION METHOD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

CURRICULUM VITAE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

xvii



LIST OF TABLES

TABLES

Table 2.1 Summary of the most observed thermoacoustic instability sources

in propulsion systems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

Table 4.1 The wavenumber solutions for the 2D rectangular domain with im-

posed impedance conditions and without a heat source,Z �
in = 0:8 + 0:8i ,

Z �
out = 0:5 � 0:5i , �c0 = c0 = 340 m=s, � 0 = �� 0 = 1:225 kg=m3, 
 0 = 1:4. . 46

Table 4.2 The wavenumber solutions for the truncated rectangular domain

without a heat source,� L in = 0:1 m, � Lout = � 0:1 m, Z �
in = 0:8 + 0:8i ,

Z �
out = 0:5 � 0:5i , �c0 = c0 = 340 m=s, � 0 = �� 0 = 1:225 kg=m3, 
 0 = 1:4. . 48

Table 4.3 The wavenumber solutions on the truncated rectangular domain

with a uniform heat source and frequency dependent left and right bound-

ary impedances,� L in = 0:1 m, � Lout = � 0:1 m, Z �
in = 0:8+0:8i , Z �

out =

0:5 � 0:5i , �̂Rq̂p̂ = 5 m � 1, �c0 = c0 = 340 m=s, � 0 = �� 0 = 1:225 kg=m3,


 0 = 1:4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

Table 4.4 The calculated wavenumbers for the full domain with �nite impedances

and no heat source,L = 1 m, R = 0:25 m, Z �
in = 0:8 + 0:8i , Z �

out =

0:5 � 0:5i , �c0 = c0 = 340 m=s, � 0 = �� 0 = 1:225 kg=m3, 
 0 = 1:4. . . . . 52

Table 4.5 The computed wavenumbers for the truncated domain with no heat

source,� L in = 0:1 m, � Lout = � 0:1 m, Z �
in = 0:8 + 0:8i , Z �

out = 0:5 �

0:5i , �c0 = c0 = 340 m=s, � 0 = �� 0 = 1:225 kg=m3, 
 0 = 1:4. . . . . . . . . 54

xviii



Table 4.6 The wavenumber solutions in the truncated axisymmetric domain

with a uniform heat source and frequency dependent left and right bound-

ary impedances,� L in = 0:1 m, � Lout = � 0:1 m, Z �
in = 0:8+0:8i , Z �

out =

0:5 � 0:5i , �̂Rq̂p̂ = 5 m � 1, �c0 = c0 = 340 m=s, � 0 = �� 0 = 1:225 kg=m3,


 0 = 1:4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

Table 4.7 Full CVRC domain �rst longitudinal mode frequencies computed

using the literature based FTF modeling based on pressure gradient, in

comparison to literature data. . . . . . . . . . . . . . . . . . . . . . . . . 63

Table 4.8 Comparison of the computational cost of the linearization methods

for the full CVRC domain case with FTF from literature data. Conver-

gence criterion,L2(error) = 10 � 5. . . . . . . . . . . . . . . . . . . . . . . 64

Table 5.1 One-step CH4/O2 reaction rate constants (Units incal, mole, cm,

ands). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

Table 5.2 Two-step CH4/O2 reaction rate constants (Units incal, mole, cm,

ands). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

Table 5.3 Four-step CH4/O2 reaction rate constants (Units incal, mole, cm,

ands). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

Table 5.4 Boundary conditions and their values. . . . . . . . . . . . . . . . . 77

Table 5.5 Comparison of the species mass fractions at the combustion cham-

ber exit. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

Table 5.6 First longitudinal mode frequencies for the CVRC setup withLop =

12:065 cm = 4:75 in. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

Table 5.7 First longitudinal mode frequencies for the CVRC setup withLop =

13:97 cm = 5:5 in. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

Table 6.1 Comparison of the obtained results with LES based FTFs along with

the related impedance boundaries for the �rst longitudinal mode frequen-

cies with literature data for the CVRC setup withLop = 12:065cm. . . . . 124

xix



Table 6.2 Comparison of the acquired results with LES based FTFs along with

the related impedance boundaries for the �rst longitudinal mode frequen-

cies with literature data for the CVRC setup withLop = 13:97cm. . . . . 127

Table 6.3 The mesh independency of the �rst longitudinal mode frequencies

for the 3D CVRC setup withLop = 12:065cm. . . . . . . . . . . . . . . . 128

Table 6.4 Effects of impedance boundaries on the �rst longitudinal mode fre-

quencies for the 3D CVRC setup withLop = 12:065cm. . . . . . . . . . . 131

Table 6.5 Comparison of the obtained results with LES based FTFs along with

the related impedance boundaries for the �rst longitudinal mode frequen-

cies with literature data for the 3D CVRC setup withLop = 12:065 cm. . . 132

xx



LIST OF FIGURES

FIGURES

Figure 1.1 Combustion instability mechanisms in liquid propellant rocket

engines (Redrawn from Polifke, 2004) [91]. . . . . . . . . . . . . . . . 4

Figure 1.2 Example failures due to combustion instabilities in LPREs (Reprinted

from [1] and [89]). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

Figure 1.3 Combustion instability classi�cation (Reprinted from [90]). . . . 6

Figure 1.4 Stability assessment in linear regime. . . . . . . . . . . . . . . . 6

Figure 1.5 A typical liquid propellant rocket engine (Reprinted from [46]). . 8

Figure 1.6 Possible physical phenomena encountered in LPREs (Redrawn

from Chehroudi,2009) [14] . . . . . . . . . . . . . . . . . . . . . . . . 9

Figure 1.7 Con�guration of CVRC experimental test setup at Purdue Uni-

versity (Reprinted from [102]) . . . . . . . . . . . . . . . . . . . . . . 11

Figure 1.8 Con�guration of the BKH experimental test setups at DLR (Reprinted

from [43]) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

Figure 1.9 Con�guration of the BKD experimental test setups at DLR (Reprinted

from [38]) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

Figure 1.10 Summary of the thermoacoustic instability modeling approaches

(Adapted from [88]). . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

Figure 1.11 Temperature isosurface of the chamber of BKD obtained utiliz-

ing LES (Reprinted from [96] . . . . . . . . . . . . . . . . . . . . . . . 14

xxi



Figure 1.12 Decoupling of the combustion dynamics and acoustics . . . . . . 15

Figure 4.1 2D domain with impedance boundary condition . . . . . . . . . 42

Figure 4.2 Mode shapes in the 2D rectangular domain with imposed impedance

boundary conditions and without a heat source,Z �
in = 0:8 + 0:8i ,

Z �
out = 0:5 � 0:5i , �c0 = c0 = 340 m=s, � 0 = �� 0 = 1:225 kg=m3,


 0 = 1:4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

Figure 4.3 Evolution of the boundary admittances with iterations on 2D

truncated rectangular geometry without a heat source for the longitudi-

nal mode (1,0). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

Figure 4.4 Convergence of iterative solutions on the truncated domain with-

out a heat source for the longitudinal modes (1,0) and (2,0),� L in =

0:1 m, � Lout = � 0:1 m, Z �
in = 0:8 + 0:8i , Z �

out = 0:5 � 0:5i (�c0 = c0 =

340 m=s, � 0 = �� 0 = 1:225 kg=m3, 
 0 = 1:4; � b = 1 for gradient based

linearization (Taylor series)). . . . . . . . . . . . . . . . . . . . . . . . 48

Figure 4.5 Convergence history and CPU time of iterative solutions on the

truncated domain without a heat source for the longitudinal mode (1,0),

� L in = 0:1 m, � Lout = � 0:1 m, Z �
in = 0:8 + 0:8i , Z �

out = 0:5 � 0:5i

(�c0 = c0 = 340 m=s, � 0 = �� 0 = 1:225 kg=m3, 
 0 = 1:4; � b = 1 for

gradient based linearization (Taylor series)). . . . . . . . . . . . . . . . 49

Figure 4.6 Convergence of the iterative solution for the �rst two longitudi-

nal modes on the truncated 2D rectangular domain with a uniform heat

source,� L in = 0:1 m, � Lout = � 0:1 m, Z �
in = 0:8 + 0:8i , Z �

out =

0:5 � 0:5i , �̂Rq̂p̂ = 5 m � 1, �c0 = c0 = 340 m=s, � 0 = �� 0 = 1:225 kg=m3,


 0 = 1:4; � b = 1 for gradient based linearization (Taylor series). . . . . 50

Figure 4.7 Evolution of the boundary admittances with iterations on the

truncated domain without any heat source, focusing on the longitudinal

mode(1; 0; 0). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

xxii



Figure 4.8 Convergence histories for the longitudinal modes(1; 0; 0) and

(2; 0; 0) on the truncated domain with no heat source,� L in = 0:1 m,

� Lout = � 0:1 m, Z �
in = 0:8 + 0:8i , Z �

out = 0:5 � 0:5i , �c0 = c0 =

340 m=s, � 0 = �� 0 = 1:225 kg=m3, 
 0 = 1:4; � b = 1 for gradient based

linearization (Taylor series). . . . . . . . . . . . . . . . . . . . . . . . 54

Figure 4.9 Performance of the iterative solutions of the longitudinal modes

(1,0,0) in the truncated domain with no heat source,� L in = 0:1 m,

� Lout = � 0:1 m, Z �
in = 0:8 + 0:8i , Z �

out = 0:5 � 0:5i , �c0 = c0 =

340 m=s, � 0 = �� 0 = 1:225 kg=m3, 
 0 = 1:4; � b = 1 for gradient based

linearization (Taylor series). . . . . . . . . . . . . . . . . . . . . . . . 55

Figure 4.10 Convergence of the iterative solution for(l; m; n) = (1 ; 1; 0) and

(2; 1; 0) modes in the truncated axisymmetric domain with a uniform

heat source,� L in = 0:1 m, � Lout = � 0:1 m, Z �
in = 0:8 + 0:8i , Z �

out =

0:5 � 0:5i , �̂Rq̂p̂ = 5 m � 1, �c0 = c0 = 340 m=s, � 0 = �� 0 = 1:225 kg=m3,


 0 = 1:4; � b = 1 for gradient based linearization (Taylor series). . . . . 56

Figure 4.11 Geometry of the CVRC (dimensions are incm). . . . . . . . . . 57

Figure 4.12 Computation domains of the CVRC setup. . . . . . . . . . . . . 58

Figure 4.13 LEE-predicted nozzle inlet impedance for CVRC. . . . . . . . . 60

Figure 4.14 Functional approximation of Flame transfer function for the CVRC

chamber – interaction index and time delay distributions, as de�ned in

Ref. [33] as FTF= n(x)ei!� (x ) . Top : LES results of Ref. [33] - left:

n(x), right: � (x), bottom: Function �t to the LES results of Garby [33]

- left: n(x), right: � (x). Both �ts are scaled to match the global values

of Ref. [33] in the computations. . . . . . . . . . . . . . . . . . . . . . 61

Figure 4.15 Convergence behavior of the linearization methods for the �rst

longitudinal mode in the full CVRC domain with the literature based

FTF, modeled with pressure gradient at the reference point (� b = � c =

1 for gradient based linearization (Taylor series)). . . . . . . . . . . . . 62

xxiii



Figure 4.16 The computed �rst longitudinal mode shape of the full CVRC

domain. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

Figure 4.17 Convergence behavior of the linearization methods for the �rst

longitudinal mode in the truncated CVRC domain with the literature

based FTF modeled with pressure gradient at the reference point (� b =

� c = 1 for gradient based linearization (Taylor series)). . . . . . . . . . 65

Figure 5.1 Detailed views of the mesh around the shear layer, fuel inlet and

nozzle throat. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

Figure 5.2 Computational domain and names of the boundaries. . . . . . . . 77

Figure 5.3 Time averaged pressure �eld forLop = 12:065 cm. . . . . . . . . 78

Figure 5.4 Time averaged density �eld forLop = 12:065 cm. . . . . . . . . 79

Figure 5.5 Time averaged temperature �eld forLop = 12:065 cm. The

black lines ( ) represent the isosurface temperature of2000 K. . . . 79

Figure 5.6 Time averaged CO2 �eld for Lop = 12:065 cm. . . . . . . . . . . 79

Figure 5.7 The resolved turbulent kinetic energy fraction distribution. . . . 80

Figure 5.8 Instantaneous pressure �elds for 2D axisymmetric simulation

between4:02 msand4:62 msare separated with60� s. The black lines

( ) represent the isosurface pressure of15:3 bar. . . . . . . . . . . . 81

Figure 5.9 Instantaneous temperature �elds for 2D axisymmetric simula-

tion between4:02 msand4:62 msare separated with60� s. The black

lines ( ) represent the isosurface temperature of2000 K. . . . . . . . 82

Figure 5.10 Instantaneous heat release rate �elds for 2D axisymmetric simu-

lation between4:02 msand4:62 msare separated with60� s. The black

lines ( ) represent the isosurface pressure of15:3 bar. . . . . . . . . 83

Figure 5.11 Pressure Probe Locations . . . . . . . . . . . . . . . . . . . . . 84

xxiv



Figure 5.12 Pressure and total heat release histories (left), and DFTs of pres-

sure and total heat release history (right) at the oxidizer inlet for the

one-step mechanism. . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

Figure 5.13 Pressure and total heat release histories (left) and DFTs of pres-

sure and total heat release history (right) at the oxidizer inlet for the

two-step mechanism. . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

Figure 5.14 Pressure and total heat release histories (left) and DFTs of pres-

sure and total heat release history (right) at the oxidizer inlet for the

four-step mechanism. . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

Figure 5.15 Time averaged mass fraction of CO2 around the injector exit;

one-step, two-step, and four-step reaction mechanisms from top to bottom. 87

Figure 5.16 Time averaged mass fraction of H2O around the injector exit;

one-step, two-step, and four-step reaction mechanisms from top to bottom. 88

Figure 5.17 Time averaged pressure �eld for 2D axisymmetric case with

Lop = 13:97 cm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

Figure 5.18 Time averaged density �eld for 2D axisymmetric case withLop =

13:97 cm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

Figure 5.19 Time averaged temperature �eld for 2D axisymmetric case with

Lop = 13:97 cm. The black lines ( ) represent the isosurface tem-

perature of2000 K. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

Figure 5.20 Time averaged CO2 �eld for 2D axisymmetric case withLop =

13:97 cm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

Figure 5.21 Instantaneous pressure �elds for 2D axisymmetric simulation

between7:57 msand8:23 msare separated with60� s. The black lines

( ) represent the isosurface pressure of15:2 bar. . . . . . . . . . . . 92

Figure 5.22 Instantaneous temperature �elds for 2D axisymmetric simula-

tion between7:57 msand8:23 msare separated with60� s. The black

lines ( ) represent the isosurface temperature of2000 K. . . . . . . . 93

xxv



Figure 5.23 Instantaneous heat release rate �elds for 2D axisymmetric simu-

lation between7:57 msand8:23 msare separated with60� s. The black

lines ( ) represent the isosurface pressure of15:2 bar. . . . . . . . . 94

Figure 5.24 Pressure and total heat release histories (left), and DFTs of pres-

sure and total heat release history (right) at oxidizer inlet for 2D ax-

isymmetric case withLop = 13:97 cm. . . . . . . . . . . . . . . . . . . 95

Figure 5.25 Time averaged pressure �eld on thez = 0 plane for 3D simulation. 96

Figure 5.26 Time averaged density �eld on thez = 0 plane for 3D simulation. 97

Figure 5.27 Time averaged temperature �eld on thez = 0 plane for 3D sim-

ulation. The black lines represent the isosurface temperature of2000 K. 97

Figure 5.28 Time averaged CO2 �eld on the z = 0 plane for 3D simulation. . 97

Figure 5.29 The resolved turbulent kinetic energy fraction distribution on the

z = 0 plane for 3D simulation. . . . . . . . . . . . . . . . . . . . . . . 98

Figure 5.30 Instantaneous pressure �elds on thez = 0 plane for 3D simu-

lation between2:4 msand3:0 msare separated with60� s. The black

lines ( ) represent the isosurface pressure of15:5 bar. . . . . . . . . 99

Figure 5.31 Instantaneous temperature �elds on thez = 0 plane for 3D sim-

ulation between2:4 msand3:0 msare separated with60� s. The black

lines ( ) represent the isosurface temperature of2000 K. . . . . . . 100

Figure 5.32 Instantaneous heat release �elds on thez = 0 plane for 3D

simulation between2:4 ms and3:0 ms are separated with60� s. The

black lines ( ) represent the isosurface pressure of15:5 bar. . . . . . 101

Figure 5.33 Pressure and total heat release histories (left), and DFTs of pres-

sure and total heat release history (right) at the oxidizer inlet for 3D

simulation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

Figure 5.34 Power spectral density of the pressure �uctuation of the numer-

ical probe at the oxidizer inlet of CVRC withLop = 12:065 cm. . . . . . 105

xxvi



Figure 5.35 Frequency dependent interaction index distributions of the LES

calculated �ame transfer function for the CVRC case withLop = 12:065 cm.107

Figure 5.36 Frequency dependent time delay distributions of the LES calcu-

lated �ame transfer function for the CVRC case withLop = 12:065 cm. 108

Figure 5.37 Local Rayleigh index distribution for the CVRC case withLop =

12:065 cm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

Figure 5.38 Power spectral density of the pressure �uctuation of the numer-

ical probe at the oxidizer inlet of CVRC withLop = 13:97 cm. . . . . . 109

Figure 5.39 Frequency dependent interaction index distributions of the LES

calculated �ame transfer function for the CVRC case withLop = 13:97 cm.110

Figure 5.40 Frequency dependent time delay distributions of the LES calcu-

lated �ame transfer function for the CVRC case withLop = 13:97 cm. . 111

Figure 5.41 Local Rayleigh index distribution for the CVRC case withLop =

13:97 cm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

Figure 5.42 Power spectral density of the pressure �uctuation of the numer-

ical probe at the oxidizer inlet of CVRC withLop = 12:065 cm. . . . . . 112

Figure 5.43 Frequency dependent interaction index distributions of the LES

calculated �ame transfer function on thez = 0 plane for the 3D CVRC

case withLop = 12:065 cm. . . . . . . . . . . . . . . . . . . . . . . . . 113

Figure 5.44 Frequency dependent time delay distributions of the LES calcu-

lated �ame transfer function on thez = 0 plane for the 3D CVRC case

with Lop = 12:065 cm. . . . . . . . . . . . . . . . . . . . . . . . . . . 114

Figure 5.45 Local Rayleigh index distribution on thez = 0 plane for the 3D

CVRC case withLop = 12:065 cm. . . . . . . . . . . . . . . . . . . . . 115

Figure 6.1 Mach correction for the inclusion of the FTFs in iterative solu-

tions for the CVRC. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

xxvii



Figure 6.2 Mesh independency in terms of the frequency and growth rate

of the �rst longitudinal mode shape of the truncated CVRC domain. . . 119

Figure 6.3 The axisymmetric unstructured mesh of CVRC setup around the

oxidizer exit. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

Figure 6.4 Convergence behavior of the linearization methods for the �rst

longitudinal mode in the full CVRC domain with the present LES cal-

culated FTF, modeled with pressure gradient at the reference point (� b =

1; � c = 0:3 for gradient based linearization). . . . . . . . . . . . . . . . 121

Figure 6.5 Convergence behavior of the linearization methods for the �rst

longitudinal mode in the truncated CVRC domain with the present LES

calculated FTF, modeled with pressure gradient at the reference point

(� b = 1; � c = 0:3 for gradient based linearization). . . . . . . . . . . . 122

Figure 6.6 Variation of the CVRC combustion chamber's inlet admittance

(A � T ) and outlet admittance (A �
out) with iterations for the �rst longitu-

dinal mode in the truncated domain. . . . . . . . . . . . . . . . . . . . 122

Figure 6.7 Convergence history and CPU time of the linearization methods

for the �rst longitudinal mode on the truncated CVRC domain with LES

calculated FTF modeled with pressure gradient at the reference point. . 123

Figure 6.8 Convergence behavior of the linearization methods for the �rst

longitudinal mode in the full CVRC domain with the LES calculated

FTF, modeled with pressure gradient at the reference point (� b = 1; � c =

0:3 for gradient based linearization). . . . . . . . . . . . . . . . . . . . 125

Figure 6.9 Convergence behavior of the linearization methods for the �rst

longitudinal mode in the truncated CVRC domain with the LES calcu-

lated FTF, modeled with pressure gradient at the reference point (� b =

1; � c = 0:3 for gradient based linearization). . . . . . . . . . . . . . . . 126

Figure 6.10 Variation of the CVRC combustion chamber's inlet admittance

(A � T ) and outlet admittance (A �
out) with iterations for the �rst longitu-

dinal mode in the truncated domain. . . . . . . . . . . . . . . . . . . . 127

xxviii



Figure 6.11 3D mesh employed for the thermoacoustic calculations. . . . . . 129

Figure 6.12 Convergence behavior of the linearization methods for the �rst

longitudinal mode in the full 3D CVRC domain with the LES calculated

FTFs (� b = 1; � c = 0:2 for gradient based linearization). . . . . . . . . 130

Figure 6.13 Convergence behavior of the linearization methods for the �rst

longitudinal mode in the truncated 3D CVRC domain with the LES

calculated FTFs (� b = 1; � c = 0:2 for gradient based linearization). . . 132

Figure B.1 Triangle element. . . . . . . . . . . . . . . . . . . . . . . . . . 175

Figure B.2 Tetrahedron element. . . . . . . . . . . . . . . . . . . . . . . . 176

Figure C.1 The convergence behavior of the gradient based linearization

for the real part of the �rst longitudinal mode in the truncated CVRC

domain with the present LES calculated FTF, from the random initial

condition (� b = 1; � c = 0:2). . . . . . . . . . . . . . . . . . . . . . . . 180

Figure C.2 The convergence behavior of the gradient based linearization for

the imaginary part of the �rst longitudinal mode in the truncated CVRC

domain with the present LES calculated FTF, from the random initial

condition (� b = 1; � c = 0:2). . . . . . . . . . . . . . . . . . . . . . . . 181

xxix



LIST OF ABBREVIATIONS

1D 1 Dimensional

2D 2 Dimensional

3D 3 Dimensional

APE Acoustic Perturbation Equations

CFD Computational Fluid Dynamics

CVRC Continuously Variable Resonance Chamber

DFT Discrete Fourier Transform

DLR German Space Center

DTF Dynamically Thickened Flame

FFT Fast Fourier Transform

FTF Flame Transfer Function

GTE Gas Turbine Engine

ITA Intrinsic Thermoacoustic

LEE Linearized Euler Equations

LES Large Eddy Simulation

LNSE Linearized Navier Stokes Equations

LPRE Liquid Propellant Rocket Engine

PSD Power Spectral Density

SGS Sub Grid-Scale

SPRM Solid Propellant Rocket Motor

xxx



CHAPTER 1

INTRODUCTION

1.1 Background

Combustion chambers in propulsion systems, for instance, gas turbine engines, liq-

uid propellant rocket engines, are intended to operate under steady-state conditions.

However, in practice, this is not the case due to various reasons leading to unsteady

combustion dynamics. These dynamics introduce pressure and heat release �uctua-

tions, causing variations in �uid �ow and combustion. These �uctuations can create a

self-sustaining loop of combustion instability when pressure and heat release �uctua-

tions are in phase, a phenomenon also referred to as thermoacoustic instability. This

instability, arising from the intricate interplay of �uid dynamics, heat transfer, and

chemical kinetics within combustors, poses signi�cant challenges in the design and

operation of combustion systems, manifesting as undesired self-sustaining pressure

oscillations within the chamber.

The coupling of the feedback mechanism between pressure and heat release �uctua-

tions is at the heart of the thermoacoustic instability problem and this mechanism is

explained �rst by Rayleigh [92] in 1878. Rayleigh stated that the impact of periodi-

cally adding and removing heat from a vibrating mass of air within a piston-bounded

cylinder is in�uenced by the phase of vibration during heat transfer. Adding heat

during the peak condensation phase or removing it during the maximum rarefaction

phase enhances vibration. Conversely, providing heat during the peak rarefaction or

extracting it during the peak condensation hinders vibration.

The aforementioned de�nition has been known as the Rayleigh criteria, represented

mathematically in terms of pressure �uctuations,p
0
and unsteady heat release �uctu-
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ations,_q
0
to describe the phase relationship between them as,

R =
Z T

0

Z

V
p

0
(x; t) _q

0
(x; t) dVdt > 0 (1.1)

where,V andT denote the volume of the combustor and the period of the �uctuations,

respectively.

The Rayleigh criterion expressed by Equation (1.1) has been widely utilized to predict

the occurrence of thermoacoustic instabilities within a combustion chamber. How-

ever, the result of the Rayleigh criteria is not conclusive, considering the stability of

a combustion chamber depends not only on combustor energy gain but also on com-

bustor energy losses. By accounting for the energy balance inside a chamber, more

general criteria for thermoacoustic instability can be de�ned. The acoustic energy

equation [90] can be de�ned as:

@E(x; t)
@t

+ r �
�

p
0
(x; t) u

0
(x; t))

�
=


 � 1

p 0

p
0
(x; t) _q

0
(x; t) (1.2)

whereE, 
 andp0 represent the acoustic energy within a chamber, ratio of the spe-

ci�c heats and mean pressure, respectively. Integration of the acoustic equation across

a control volume and over an instability period yields the extended Rayleigh crite-

ria [78].
Z T

0

Z

V


 � 1

p 0

�
p

0
(x; t) _q

0
(x; t)

�
dVdt >

Z T

0

Z

S
p

0
(x; t) u

0
(x; t) � n dSdt (1.3)

The acoustic energy within a combustion chamber will grow, if Equation (1.3) meets

the condition. That is, combustion instability begins to develop when the oscillations

in the chamber pressure are coupled with unsteady heat release, and the net rate of

energy addition resulting from unsteady motions is greater than the rate of losses

resulting from various mechanisms, including heat transfer, viscous action, acoustic

emission through the nozzle and so on.

Theoretically, all combustion chambers are prone to instability due to the nature of

the combustion process, which lags the injection of the propellants, resulting in a

time delay between the chemical reactions and pressure oscillations within a chamber,

affecting the phase between pressure and heat release �uctuations [11]. This is known

as the time lag theory, which dates back to the 1950s and was �rst described by Von

2



Karman [114] and Gunder et al. [40]. Crocco [15] then formulated and expanded this

idea to explain the oscillations observed during early liquid propellant rocket engine

development testing in the United States. To illustrate this mathematically, assume

that pressure �uctuations are sinusoidal within a chamber, given as

p
0
(x; t) = p̂(x) sin (!t ) (1.4)

Assume the unsteady heat release also varies sinusoidally with a time lag of� ,

_q
0
(x; t) = q̂(x) sin (! (t � � )) (1.5)

Substituting these de�nitions into the Rayleigh criteria (refer to Equation (1.1)) and

integration over one period,2�=! , yields,
Z t+2 �=!

t
p

0
(x; t) _q

0
(x; t) dt = p̂(x) q̂(x)

Z t+2 �=!

t
sin (!t ) sin (! (t � � )) dt

= p̂(x) q̂(x)
�
!

cos(!� )
(1.6)

Thecos(!� ) term indicates whether the chamber exhibits instability or not in accor-

dance with Equation (1.1). That is, the Rayleigh criteria is greater than zero, and

hence instability may occur if� lies within,

(2n � 1)�
2!

< � <
(2n + 1) �

2!
n = 0; 2; 4; : : : (1.7)

The combustion instabilities that occurs in propulsion systems are caused primarily

by two factors [19, 52]. The �rst reason is that combustion chambers have a high

energy density, such as35 GW=m3 for the Space Shuttle [18],50 GW=m3 for the

Vulcain engines [11] and approximately1 GW=m3 for a gas turbine engine [52, 119].

That is, the amount of energy necessary to drive pressure �uctuations in the chamber

is quite little in comparison to the energy provided by combustion. For example,

a �uctuation of 20% in pressure (about2 MPa) corresponds to a power density of

Ea ' 0:4 MW=m3 [11]. The second factor is the weakly damped design of the

combustion chambers, resulting in low attenuation for unsteady perturbations.

The combustion instabilities in propulsion systems can be investigated depending on

the geometry and the way reactants are introduced into the chamber. Although heat

release from combustion is one of the primary causes for combustion instability, the
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mechanisms that trigger combustion instability are various and vary depending on

the propulsion system, such as gas turbine engines, solid rocket motors and liquid

rocket engines. Variations in equivalence ratio, convective �ow effects, �ame sur-

face changes, atomization and evaporation �uctuations, vortex shedding, and entropy

waves in addition to heat release from combustion, are the mechanisms that cause

combustion instability in gas turbine engines [52, 63]. In comparison to gas turbines

and liquid rocket engines, solid rocket motors feature simpler combustion chambers.

In solid rocket motors, possible mechanism that contributes the combustion instabil-

ity are surface combustion and its interaction with �ow �uctuations, vortex shedding

and residual combustion, i.e. aluminum [18, 23]. The vortex shedding, apart from

shedding due to obstacles like inhibitors [112], is pronounced for large motors like

Ariane 5. The most common mechanism is surface combustion compared to other

mechanisms in solid rocket motors [18]. The combustion chambers of liquid pro-

pellant rocket engines are comparable to those of gas turbine engines, and so similar

mechanisms are responsible for the occurrence of combustion instabilities [18, 46].

The mechanisms triggering combustion instability in liquid propellant rocket engines

are depicted in Figure 1.1.

Figure 1.1: Combustion instability mechanisms in liquid propellant rocket engines

(Redrawn from Polifke, 2004) [91].
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Combustion instabilities in propulsion systems pose signi�cant challenges in achiev-

ing ef�cient and reliable operation. The intricate nature of these instabilities, gives

rise to self-excited oscillations that can manifest as pressure �uctuations, heat re-

lease rate variations, and acoustic resonances, can lead to detrimental effects in-

cluding reduced combustion ef�ciency, increased emissions of pollutants, increased

heat transfer, undesirable vibrations, and even catastrophic failure of the entire cham-

ber [10, 88, 101], as presented in Figure 1.2, as an example. Therefore, the prediction

of combustion instability and its alleviation during the design of a combustion cham-

ber is very important. Consequently, researchers and engineers have been actively

investigating various experimental and numerical methods to better understand and

control these instabilities [18, 45, 49, 100].

Figure 1.2: Example failures due to combustion instabilities in LPREs (Reprinted

from [1] and [89]).

Combustion instability may also be classi�ed into two types, namely linear and non-

linear instability. This classi�cation is depicted by Poinsot and Veynante [90] as in

Figure 1.3. Linear instability describes the initial response of a system to a small

perturbation, where the relationship between the disturbance and its resulting effect

remains proportional. In this context, a linear analysis can provide valuable insights

into the conditions under which instability occurs and the growth rates of these oscil-

lations. On the other hand, nonlinear instability delves into the complex dynamics that

arise when disturbances reach a certain magnitude, leading to complex and often un-
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predictable behaviors. Nonlinear effects can result in mode coupling and limit cycle,

thereby complicating the overall understanding and control of combustion instability.

Figure 1.3: Combustion instability classi�cation (Reprinted from [90]).

A small perturbation grows exponentially at the onset of the instabilities in the linear

regime. The acoustic modes are not coupled in this regime, enabling a separate as-

sessment of whether a mode is stable or unstable. For each mode, stability is assessed

according to the imaginary part of the wavenumber, or angular frequency. With def-

inition of p
0
(x; t ) = <

�
p̂ (x ) ei (! r + i! i )t

�
, a small perturbation will decay or grow

depending on the sign of! i , as shown in Figure 1.4.

(a) Decay of an oscillation,! i > 0 (b) Growth of an oscillation,! i < 0

Figure 1.4: Stability assessment in linear regime.
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The limit cycle and the nonlinear instability of a linearly stable system, often known

as supercritical and subcritical bifurcations, are two fundamental nonlinear problems

that appear in combustion instability [5, 20, 21, 80, 113, 127]. Linear stability anal-

ysis predicts an instability to grow to in�nity; however, due to damping mechanisms

within the chamber, like viscosity, these perturbations reach saturation, which is re-

ferred to as the limit cycle. As previously stated, linear stability assesses the response

to small perturbations. Large perturbations, on the other hand, may not be attenuated

by a combustion chamber and cause it to become unstable, and these perturbations

are dealt with using nonlinear stability analysis.

The main focus of this study is to delve into the linear combustion instabilities that

take place in liquid propellant rocket engines. Hence, the following section goes

into details about the liquid propellant rocket engines and the prediction of linear

thermoacoustic instability in them.

1.2 Literature Review

The combustion chambers of the liquid propellant rocket engines are simply com-

posed of an injector system, a cylindrical chamber, and a nozzle. A typical liquid

propellant rocket engine geometry is depicted in Figure 1.5.

Despite their simple geometry, the physical phenomena that take place inside the liq-

uid rocket engine are very complex. Through feed lines, oxidizer and fuel are injected

into the combustion chamber. Droplet generation, droplet collisions, vaporization,

droplet-vapor mixing, and other sub-processes comprise this injection process. Liquid

ligaments and droplets become smaller and evaporate as they go downstream through

the chamber. Through liquid and gas phase reactions, oxidizer and fuel molecules

are then converted to intermediate and �nal reaction products. Finally, intermediate

and �nal reaction products are expanded by passing through the nozzle, which con-

verts thermal energy to the kinetic energy to generate thrust. All possible phenomena

takes place inside a liquid rocket engine is summarized in Figure 1.6. Note that each

of these processes are physically complex enough due to various length and/or time

scales and therefore and simulation of these processes are challenging despite today's
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Figure 1.5: A typical liquid propellant rocket engine (Reprinted from [46]).

high computational capacity.

The pressure within the combustion chamber of a rocket engine experiences oscil-

lations for various reasons, including �ow turbulence, �uctuations in the atomiza-

tion process [13, 53], and perhaps the propellant supply lines for liquid propellant

engines [46, 118]. As previously stated, thermoacoustic instability develops when

chamber pressure oscillations become coupled with unsteady heat release, and the

overall energy intake from these unsteady motions exceeds the energy losses.

Historically, combustion instability was encountered in early liquid rocket engines.

Its alleviation mostly depends on laboratory tests and simple theories at that time [15,

16, 17, 20, 46, 81]. Harrje and Reardon [46] compiled a signi�cant portion of the

acquired knowledge in liquid propellant rocket engines within the NASA-SP-194 re-

port. However, as modern combustion systems continue to push the boundaries of

ef�ciency and performance, a better understanding of the underlying mechanisms

driving combustion instability has become imperative. This understanding not only

holds the key to preventing or minimizing instability but also presents an opportunity

to design combustion systems that operate reliably and optimally under a range of
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Figure 1.6: Possible physical phenomena encountered in LPREs (Redrawn from

Chehroudi,2009) [14]

conditions.

Understanding and mitigating combustion instability requires a multidisciplinary ap-
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proach. Researchers delve into the complex details of �uid dynamics, combustion

chemistry, and acoustics to unravel the underlying mechanisms. Computational mod-

els and experimental setups provide insights into the intricate feedback loops that

sustain instability. Advanced experimental techniques, such as high-speed imaging,

laser diagnostics, and acoustic measurements, have enabled researchers to visual-

ize and quantify the complex dynamics within combustion chambers. Furthermore,

computational tools, including sophisticated numerical simulations and modeling ap-

proaches, have provided insights into the complex interactions at play.

Experimental setups are critical in combustion instability investigations, not only for

validation but also for feeding empirical data to modeling studies. Due to the com-

plex nature and signi�cant expenses associated with carrying out full scale rocket

engine tests, a considerable number of efforts focused on conducting small scale,

or laboratory scale experiments. The focus of this overview is on test cases that

are representative of liquid propellant rocket engines. Purdue University has devel-

oped a number of test setups comprised of single injectors [70, 105, 125, 128]. The

are widely used to investigate longitudinal instabilities with variation of the chamber

lengths along with different fuels. The Continuously Variable Resonance Combustor

(CVRC) [70, 106, 125] is the most well-known con�guration in those experimental

setups at Purdue University. The CVRC has a variable oxidizer injector length and

due to different injector post length, the combustion chamber exhibits different lon-

gitudinal stability characteristics through acoustic and combustion interactions. The

experimental con�guration of the CVRC is presented in Figure 1.7.

The DLR (German Space Center) has also developed important experimental setups,

known as combustion chamber H (BKH) and combustion chamber D (BKD) in the

literature, to assess the combustion instability in liquid propellant rocket engines. The

properties of the BKH are similar to those seen in upper stage engines. The BKH has

features comparable to those found in upper stage engines. The BKH features �ve

injectors and a rectangular cross-section. The geometry of BKH is depicted in Fig-

ure 1.8. A siren is employed to excite the chamber for high frequency instabilities.

The chamber of the BKH has windows for optical access enabling high speed visu-

alization. Pressure measurement and optical measurements are employed to quantify

the �ame response to forced acoustic excitation [42, 44, 45].
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Figure 1.7: Con�guration of CVRC experimental test setup at Purdue University

(Reprinted from [102])

Figure 1.8: Con�guration of the BKH experimental test setups at DLR (Reprinted

from [43])

The BKD has a cylindrical cross-section with 42 coaxial injectors, depicted in Fig-

ure 1.9. The BKD exhibits both stable and unstable behaviour depending on the

operating point of the chamber. In BKD, the instability manifests as self-excited high

frequency instability driven by the injector [38, 39].
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