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ABSTRACT 

 

CALIBRATION OF PHASED ARRAY ANTENNA BY USING EMITTERS 

WITH KNOWN POSITIONS 
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Supervisor: Prof. Dr. Seyit Sencer Koç 

 

 

 

December 2023, 92 pages 

 

In active phased array radars, the beam is shaped and steered by adjusting the 

complex excitation coefficients of the individual array elements. However, one needs 

to be careful while determining the excitation coefficients of array elements, since 

there are different phenomena that cause the realized array manifold to differ from 

the ideal one. When array manifold deviates from the ideal one, using the coefficients 

obtained for the ideal array will result in a pattern with shallow nulls and/or higher 

sidelobes. Also, direction finding performance is degraded due to the fact that they 

use the array manifold. In the literature, three error sources that affect the array 

manifold are discussed. First one is the channel errors. The signals from antenna 

elements follow different physical channels which may exhibit different gains and 

phases changing the array manifold. Secondly, there may be positioning errors in 

array elements due to manufacturing tolerances. Lastly, there will be mutual 

coupling between antenna elements especially when the array elements are located 

close to each other. In this thesis, we consider these three types of errors and try to 

develop a method that estimates the errors from measurements and use them for 

calibration. Effects of these errors in sidelobe levels, null depths, and direction 

finding performance will be discussed by using simulations. We propose a method 
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to calibrate the array by using sources at known locations and investigate its 

performance under different scenarios. 

 

Keywords: Phased Array Antenna Calibration, Scan Dependent Phased Array 

Antenna Calibration, Deterministic Maximum Likelihood, Direction of Arrival 

Estimation, Direction Finding 
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ÖZ 

 

FAZ DİZİLİ ANTENLERİN KONUMLARI BİLİNEN VERİCİLER İLE 

KALİBRASYONU 

 

 

 

Elibol, Hande 

Yüksek Lisans, Elektrik ve Elektronik Mühendisliği 

Tez Yöneticisi: Prof. Dr. Seyit Sencer Koç 

 

 

 

Aralık 2023, 92 sayfa 

 

Aktif faz dizili radarlarda huzme, her anten elemanının uyarıldığı kompleks 

katsayıların yardımı ile şekillendirilir ve yönlendirilir. Ancak, eleman uyarım 

katsayılarının belirlenmesinde ideal anten dizisinin kullanılması yan demetlerin 

yükselmesine, enterferans bastırma ve özellikle yön bulma başarımının düşmesine 

neden olur. Çünkü pratikte anten dizilerinin idealden sapmasına neden olan değişik 

etkiler bulunmaktadır. Bunlardan ilki, antenlerden alınan sinyallerin farklı fiziksel 

kanallardan geçmesi sonucu farklı genlik ve faz değerlerine sahip olmasıdır. İkinci 

olarak, üretim toleransları nedeniyle antenlerin konumlarında oluşacak hatalar da 

sinyalleri etkilemektedir. Son olarak, dizi içerinde anten elemanları birbirleriyle 

etkileşerek dizi manifoldunun değişmesine sebep olur. Bu çalışmada, bu hata 

kaynakları dikkate alınmaktadır. Bunların yan huzme seviyesi, boşluk derinliği ve 

yön bulma başarımına olan etkileri simülasyonlarla incelenmiştir. Konumları bilinen 

vericilerden alınan sinyaller kullanılarak dizinin kalibrasyonu için yöntem önerilmiş 

ve bu yöntemin farklı senaryolarda başarımı değerlendirilmiştir. 
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CHAPTER 1  

1 INTRODUCTION  

Phased array antennas consists of antenna elements where the phase excitation of 

these elements are controlled through variable time-delay or phase shifter. By 

adjusting the phase of the elements, beam can be scanned to a desired direction in 

space [1].  Variable attenuation may also be applied to shape the beam, achieving 

low sidelobes. If the phase control is achieved in an electronical manner, the phased 

array antenna is referred to as an electronically scanned array. With the capability of 

electronic beam scanning, beam can be scanned in an agile way without any 

mechanical restrictions which is the case for mechanically controlled systems. 

Additionally, the deployment of multiple elements and individual Transmit/Receive 

(T/R) modules introduces graceful degradation which allows higher mean time 

between failure values. Phased array antennas, however, encounter various error 

sources that can result in higher sidelobes, shallow nulls, lower gain and degraded 

direction finding performance [2]. The process of detecting and rectifying errors 

during the excitation of array elements is known as phased array antenna calibration. 

Numerous studies seek to achieve optimal calibration, and in this thesis, we propose 

a method to treat different sources of error.  

This chapter begins with a discussion of motivation and problem definition, followed 

by a literature review on the study's topic. The chapter concludes with an explanation 

of the thesis structure. 
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1.1 Motivation and Problem Definition 

In phased array antenna systems, there are several sources of error that affect the 

systems performance. The potential error sources encompass: 

- Imbalances in channel gain/phase 

- Deviations in assumed element positions arising from manufacturing tolerances 

- Mutual coupling effects 

- Near-field scattering induced by the platform 

- Quantization errors 

- Internal leakages 

among others [3]. 

Calibration can be executed through the utilization of either a parametric model or a 

non-parametric model. In a parametric model, error sources are mathematically 

modeled, and the calibration mechanism is employed to estimate the presumed error 

parameters. This approach is particularly suitable when error sources are known in 

advance. It provides a clear interpretation of the physical aspects of errors, 

simplifying the understanding of the calibration process. However, if the 

implemented model deviates significantly from the assumed model, calibration 

accuracy may suffer. Non-parametric methods, in contrast, refrain from assuming 

any specific model and aim to compensate for errors without prior knowledge. 

Consequently, this method is more versatile than parametric models. Nonetheless, in 

comparison to parametric models accurately representing the system, non-parametric 

models may exhibit lower precision [4]. 

Calibration of phased array antennas can be classified as offline, on-site or online. 

Offline calibration, also as known as in-factory calibration, generally involves use of 

additional external hardware, like a probe, to perform precise calibration 

measurements within a controlled environment. While this method assures 
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trustworthy and accurate results, it does have notable drawbacks. Once a system is 

integrated into its operational platform, the potential for changes in behavior exists, 

necessitating recalibration. Establishing a suitable controlled environment for the 

platform can be prohibitively expensive or unfeasible. Moreover, the system's 

response may evolve over time due to aging. Offline calibration, when conducted 

periodically, proves effective in addressing shifts in system behavior caused by 

aging. It is essential to note, however, that operating conditions can differ from test 

conditions, potentially invalidating the results of the offline calibration process. In 

such cases, it becomes necessary to replicate operating conditions during offline 

calibration to ensure the accuracy and relevance of the calibration outcomes. 

Online, or in-field, calibration methods do not require any additional external 

hardware beyond the system on which they are being operated. In the online 

calibration process, certain instances may necessitate additional internal hardware, 

such as an embedded probe, as seen in the peripheral fixed probe method which is 

described later in this chapter. These approaches are advantageous as they can be 

recurrently applied to address factors like aging, and replicating operating conditions 

is straightforward. Unlike offline methods, online methods don't require the 

deembedding of the system from the platform. However, their accuracy is lower as 

a result of being conducted in less controlled environments, and their implementation 

often entails complex algorithms, resulting in an increased computational burden on 

the system. 

On-site, or in-situ, calibration involves conducting calibration measurements with 

the antenna array system mounted on its platform, utilizing auxiliary sources with 

known positions. This method represents a middle ground between online and offline 

calibration approaches. Unlike offline calibration, on-site calibration does not 

necessitate an elaborate and costly setup, yet it allows for calibration accounting for 

platform effects and operating conditions. However, its accuracy is comparatively 

lower than that of offline calibration due to the less controlled environment. Over 

time, on-site calibration may need to be periodically repeated to account for aging 

effects. Unlike online calibration, which requires no downtime, on-site calibration 
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may necessitate system downtime. During this dedicated recalibration period, 

temporary unavailability may occur. This underscores the difference in operational 

continuity between online calibration and the intermittent unavailability inherent in 

on-site recalibration. Nevertheless, the outcomes derived from on-site calibration are 

considered more reliable compared to those obtained from online calibration 

methods [4]. 

The primary motivation of this thesis is to propose a solution for achieving a 

straightforward and reliable receive calibration of a uniform linear phased array 

antenna system using as few measurements as possible. The antenna system under 

consideration is presumed to be fully digitized and affected by channel gain/phase 

errors, positioning errors, and mutual coupling. Additionally, it is assumed that this 

system will be mounted on an airborne platform. The block diagram of the linear, 

fully digitized phased array antenna system is illustrated in Figure 1.1 below. 

 

Figure 1.1 Block diagram of fully digitized phased array antenna receive channel. 
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Figure 1.2 Block diagram of receiver unit. 

 

In Figure 1.2, the block diagram illustrates the receiver unit presented in Figure 1.1, 

depicting an array with M uniformly spaced elements. The signals captured by these 

antenna elements traverse transmission lines, entering the receiver unit, where they 

are sampled to yield digital signals. Subsequently, these digital signals are 

transmitted to the signal processing unit. 

Considering the calibration challenge, factory calibration of the antenna system may 

prove inadequate, given the potential need for recalibration when the system is 

mounted on its platform. Furthermore, establishing a suitable setup for factory 

calibration, especially for an antenna system integrated into an airborne platform, 

may incur significant expenses. Therefore, factory calibration is not a primary focus 

of interest. While deploying an online calibration mechanism could offer advantages, 

on-site calibration is deemed more reliable. Consequently, on-site calibration takes 

precedence in the thesis. Moreover, parametric calibration will be employed, given 

that the identified error sources are included to the problem definition. 

1.2 Literature Review 

Calibration holds significant importance in the history of phased array antennas, 

given the adverse impact of errors on array performance. Consequently, numerous 

studies have been conducted in this field. Through a careful review of the literature, 

it is evident that developed calibration methods can be categorized based on various 
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factors. These include whether the method is applied online or offline, whether it 

necessitates solely amplitude measurements or involves complex measurements, 

whether it calibrates array elements individually or simultaneously for multiple 

elements, addresses scan-dependent errors, considers mutual coupling, and more. In 

this section, calibration methods in the literature will be classified, taking into 

account the types of errors they aim to address.  

In the literature, there are several offline calibration methods that aim to compensate 

for channel gain/phase errors. Near-field scanning probe technique, rotating element 

electric field vector (REV), phase toggling and code modulation methods are among 

these methods. The near-field scanning probe technique stands out as a highly 

utilized approach in the industry for the calibration of phase arrays [5]. This approach 

involves scanning a test antenna (probe) across the antenna array to directly assess 

the relative phase and amplitude of each antenna element. Employing a near-field 

scanning probe enables precise and direct calibration of an array. However, this 

technique is characterized by its time-intensive nature and the requirement for a 

sophisticated setup, including the automation of precise probe movement, despite 

allowing for accurate and direct calibration of the array using a near-field scanning 

probe [5-7]. REV is recognized as one of the most well-known amplitude-only 

measurement techniques [8]. Mano and Katagi [9]  introduced this method and 

compared its performance with near-field scanning probe by conducting a calibration 

experiment using these two methods. In this method, the array signal amplitudes are 

assessed by varying the phase of a single antenna element from 0° to 360°. Ideally, 

the measured array signal power is anticipated to exhibit sinusoidal behavior during 

this phase shift. The relative amplitude of the element signal in comparison to the 

initial array signal is determined by the ratio between the maximum and minimum 

array signal power. The element's phase shift leading to the maximum array power 

represents the relative phase of the element signal, as the array power reaches its 

maximum when the element signal and the initial array signal are in-phase [10]. 

Phase toggling and code modulation are two other methods that are in literature 

which requires phase measurement. The phase toggling technique determines the 
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element excitation by calculating the difference between two complex array signals, 

measured when adjusting the phase of the target element to 0° and 180° during 

calibration [11]. In code modulation, phases of targeted elements are encoded. In [8], 

a recursive method for constructing Hadamard matrices is introduced specifically for 

the calibration of phased arrays. By deploying pseudo-random coding proposed in 

[12], calibration of TerraSAR-X system was achieved.  

Several online methods, including the peripheral fixed probe, calibration lines, and 

mutual coupling approach, are utilized to correct channel gain/phase errors. In this 

thesis, calibrating receive channels is referred to as receive calibration, while 

calibrating transmit channels is known as transmit calibration. Given the distinction 

between transmit and receive channels, calibration for both is essential. In peripheral 

fixed probe method, calibration is achieved by placing a probe antenna located in the 

periphery of array. In this approach, receive calibration is conducted by transmitting 

from a probe antenna and processing signals sampled from array elements. The 

signal flow for this method for receive calibration is illustrated in Figure 1.3. In this 

Figure 1.1, ὅ  is the coupling between antenna element ά and probe antenna, while 

ὅ  is the coupling between antenna element ὲ and probe antenna. For transmit 

calibration, the process involves receiving through a probe antenna and transmitting 

from array elements. The illustration of transmit calibration for this method is 

depicted in Figure 1.4. The degree of coupling between antenna elements and the 

probe antenna is measured in a controlled environment during offline procedures and 

then stored for subsequent use in online calibrations [5].  
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Figure 1.3. Illustration of receive calibration for peripheral fixed probe calibration 

method. 

 

Figure 1.4. Illustration of transmit calibration for peripheral fixed probe calibration 

method. 

 

In calibration lines method, also known as built-in network method, there exists 

additional lines behind each antenna element to characterize the array elements. In 

this method, a microstrip transmission line serves as a test signal injector or a weak 
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signal coupler, integrated beneath the element for calibration purposes. These 

calibration lines capture signals transmitted or received by the antenna elements, and 

the measured signals are subsequently employed to compute amplitude and phase 

differences among the elements [8]. Figures 1.5 and 1.6 depict the signal flow 

illustrations for receive and transmit calibrations in this method, respectively. 

 

Figure 1.5 Illustration of signal flow for receive calibration for calibration lines 

method. 
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Figure 1.6 Illustration of signal flow for transmit calibration for calibration lines 

method. 

 

In mutual coupling method, mutual coupling between antenna elements are used in 

order to calibrate the antenna array. Being proposed by Aumann et al., this approach 

is built on the concept that the inherent mutual coupling among array elements can 

be utilized by transmitting from one element and receiving neighboring others [13]. 

Signal flows for receive and transmit calibration for this method can be seen in 

Figure 1.5 and Figure 1.6, respectively.  
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Figure 1.7 Illustration of signal flow for receive calibration for mutual coupling 

calibration method. 

 

 

Figure 1.8 Illustration of signal flow for transmit calibration for mutual coupling 

calibration method. 

While channel gain/phase errors are typically assumed to be independent of the scan 

angle, it is important to note the existence of error sources where the error does vary 
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with the scan angle. Positioning errors or differences in element patterns are 

examples of such errors [14]. According to [14], when these errors are considered, 

one needs to perform local calibration rather than global calibration. Global 

calibration involves employing a single calibration matrix, while local calibration 

entails using distinct calibration matrices that vary with the scan angle. In the work 

by Lanne et al., the error sources were considered to be a combination of channel 

gain/phase errors and scan-dependent errors. In this context, mutual coupling is 

assumed to be negligible and treated as an identity matrix.  

Compensation of mutual coupling matrix is studied in detail in the literature as well. 

Among the early works in this field is a study by Gupta and Ksienski [15]. They 

employed the open-circuit method to identify mutual coupling, utilizing a circuit 

theory approach to establish a relationship between mutual coupling and array 

impedance parameters. In Figure 1.2 below, the resolution of the issue concerning 

the connection between open-circuit voltages and terminal voltages is depicted, 

conceptualizing an N element array as an N+1 terminal linear, bilateral network. 

 

Figure 1.9 Antenna array modelled as a N+1 terminal linear, bilateral network [15]. 
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One can see from the Figure 1.9 that each antenna is ended with a load impedance 

of ὤ. The outside source has a load impedance of ὤ and voltage ὠ. Terminal 

voltages by using these notations will be:  

Ö Ὥὤ  Ὥὤ Ễ  Ὥὤ  Ὥὤ                                     (2) 

Ö Ὥὤ  Ὥὤ Ễ  Ὥὤ  Ὥὤ                                  (1.1) 

ȣ 

Ö Ὥὤ  Ὥὤ Ễ  Ὥὤ  Ὥὤ                                  (2) 

 

In Equation (1.1) above, ὤ  represents the mutual impedance between ports of array 

elements, i and j. By imposing the open-circuit condition to the above equation, 

following equation is obtained. 

ρ ὤ Ⱦὤ ὤ Ⱦὤ
ὤ Ⱦὤ ρ ὤ Ⱦὤ

Ễ ὤ Ⱦὤ
Ễ ὤ Ⱦὤ

ể ể
ὤ Ⱦὤ ὤ Ⱦὤ

       Ệ ể
      Ễ ρ ὤ Ⱦὤ

Ö
Ö
ể
Ö

 

ụ
Ụ
Ụ
ợ
Ö

Ö
ể
Ö Ứ
ủ
ủ
Ủ

             (1.2) 

Or equivalently, 

╩

Ö
Ö
ể
Ö

 

ụ
Ụ
Ụ
ợ
Ö

Ö
ể
Ö Ứ
ủ
ủ
Ủ

                                                            (1.3) 

In Equation (1.2), Ö is the terminal voltage, Ö is the open-circuit voltage of the Ὦ  

antenna element. ὤ is the self impedance and ὤ  is the mutual impedance between 

antenna elements, Ὥ and Ὦ. Here, the matrix in the leftside of the equation, acts as a 

transformation from open-circuit voltages and terminal voltages. It shows how to 

expect array output voltages when there is mutual coupling between elements. Open-

circuit voltages are ideally expected voltages and terminal voltages are the observed 
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voltages. From that relation, mutual coupling matrix C and matrix in Equation (1.2) 

is showing the following relation:  

Ἅ Ἠ                                                               (1.4) 

The problem of relating ideal voltages and voltages when there is mutual coupling 

using S parameters is studied by Steyskal and Herd [16]. In this study, ὅ are the 

mutual coupling coefficients of array, following equation is used:  

Ö
Ö
ể
Ö

 Ἅ 

ụ
Ụ
Ụ
ợ
Ö

Ö
ể
ÖỨ
ủ
ủ
Ủ

                                             (1.5) 

In Equation (1.5), Ö is the desired voltage of antenna element Ὦ and Ö is the realized 

voltage of the same element. There are two methods that are being mentioned. 

Determining mutual coupling matrix in terms of S parameters is the second method. 

For waveguide array which are fed by matched generators, the following relation is 

derived: 

Ἅ ἓ ἡ                                                  (1.6) 

In Equation (1.6), I denotes the identity matrix. This relation will be used later on to 

depict the effect of mutual coupling on array radiation pattern, utilizing S parameters 

derived from (&33 simulations. 

The study conducted by Hui in 2007 [17] offers an overview of methods related to 

the mutual coupling compensation. 

There are studies where all mutual coupling, channel gain/phase and positioning 

errors are considered. In [18-19], one could see the idea of modelling the errors in a 

parametric model and try to cover these error parameters through maximum 

likelihood approach.  
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To sum up the literature review, it could be observed that although there are methods 

which aims to include all three types of errors, the need for simple calibration 

mechanism still exists.  

1.3 Structure of the Thesis 

The structure of the thesis is as follows: the second chapter offers background 

information, the third chapter explains first calibration method intended to tackle 

channel gain/phase errors and positioning errors, and the fourth chapter delves into 

the second method, aiming to compensate for mutual coupling. In both the third and 

fourth chapters, there is an examination of how errors affect direction finding 

performance and the subsequent improvements achieved through the 

implementation of the calibration mechanism. The fifth chapter acts as the 

conclusion, providing a summary of key findings, and references are included at the 

end. 
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CHAPTER 2  

2 BACKGROUND 

In this chapter, certain properties of phased array antennas will be provided as 

background information for the subsequent sections of the thesis. 

2.1 Phased Array Antenna Basics 

Phased array antennas consist of numerous antenna elements where the phases of 

elements can be controlled individually. This phase control is achieved through the 

use of a phase shifter, true time delay components, or digital means. To shape the 

beam effectively, individual amplitude control must be supplied to array elements. 

By controlling the phase and amplitude of array antennas, the antenna beam can be 

synthesized to exhibit low sidelobes, deep nulls, and a main beam that is scanned to 

a desired angle in space. If the adjustment of the phase and amplitude of array 

elements is performed electronically, the main beam can be synthesized 

electronically. This property is particularly significant, as electronic scanning 

enables much faster beamforming compared to mechanical scanning, where there is 

a fixed beam, and the antenna is rotated mechanically to scan its main beam [20]. 

In this chapter, certain properties of phased array antennas will be provided as 

background information for the subsequent sections of the thesis. 

2.1.1 Array Factor and Array Manifold 

Array manifold vector can be expressed in the following equation: 
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Ἶ—ȟ‰  

ụ
Ụ
Ụ
Ụ
Ụ
ợ

Ὡ
Ὡ
Ὡ

ể

Ὡ

Ὡ Ứ
ủ
ủ
ủ
ủ
Ủ

                                      (2.1) 

 

In Equation (2.1) ό ÓÉÎ—ÃÏÓ‰ , ὺ ÓÉÎ—ÓÉÎ‰ , ύ ÃÏÓ— where ‰ȟ— 

are spherical coordinates. ὼȟώȟᾀ  are x,y and z positions of element i, respectively. 

Ὧ ς“Ⱦ‗ is the wavenumber where ‗ is equal to wavelength. The number of 

elements in the array is equal to M. By looking at array manifold vector Ἶ—ȟ‰ , one 

can tell the spatial characteristics of array [21].  

To calculate array factor (AF), one can use the following formulation: 

ὃὊ—ȟ‰  В ὥὩ Ὡ                                     (2.2) 

▐ ╪ ʐὩⱶ                                                                     (2.3) 

ὃὊ—ȟ‰  ▐╣ ○—ȟ‰                                                         (2.4) 

 

In Equation (2.3), ▐ is the complex weighting vector, where ╪

ὥ ὥȣὥ  ὥ is amplitude weighting vector, ⱶ ‪ ‪ȣ‪  ‪  

is the phase weighting vector and  ʐis the element-wise multiplication or hadamard 

product. Model of ▐ corresponds to applied amplitude and phase control of each 

element.  

In Equation (2.2), one can see the calculation of array factor. It is the sum of the 

elements of hadamard product of array manifold and ▐. Array radiation pattern can 

be found by multiplication of array factor and element radiation pattern if array 

elements have identical radation pattern [22]. When array element pattern is chosen 

to be equal to isotropic antenna, array pattern can be analyzed and synthesized from 

array factor. In Figure 2.1, one can see a linear array which is placed in z axis. Since 
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the distance between elements is uniform, this array has a special name, which is 

“uniform linear array”. 

 

Figure 2.1 Uniform linear array placed on y axis. 

One can see in the Figure 2.1 that — ωπЈ corresponds to boresight of the array. 

From such a geometry, normalized array factor for ▐ ρ ρȣρ , M = 10, ‰

πЈ and Ὠ ‗Ⱦς can be seen in Figure 2.2. In the same figure, it could be observed 

that — angle is swept between 0Ј to 180 Ј . This angle coverage is enough for array 

of interest, the response with respect to — angle will be symmetric around the +z 

axis due to array being symmetric around that axis. 
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Figure 2.2 Normalized 1-D array factor of linear array placed in z axis 

2-D normalized array factor can be seen in Figure 2.3. In this figure, notice that array 

factor do not change with respect to angle ‰. This fact can be observed in Equation 

(2.2), since x and y positions will be equal to 0 for linear array placed in z axis. 

Because of invariability of array factor with respect to angle ‰, this linear array can 

not resolve signals in  ‰ angle. 

 

Figure 2.3 Normalized 2-D array factor of linear array placed in z axis 
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2.1.2 Beam Scanning 

In array antennas, beam scan can be achieved through supplying progressive phase 

shift to array elements. When complex weighting vector from Equation (2.3) satisfies 

the Equation (2.5), array factor output is maximized at desired scan angles.  

▐ Ἶ—ȟ‰ȿ ȟ                                             (2.5) 

 

In Figure 2.4, one can see two array factors, one is scanned to σπЈ from its boresight 

and the other one has no scan. Both array factors are normalized with respect to the 

maximum of array factor with no scanning in order to show the scan loss. When 

beam is scanned, the effective aperture decreases and as a result, directivity 

decreases. 

 

Figure 2.4 1-D array factors of linear array placed in z axis, when there is scanning 

and no scanning.  
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2.1.3 Tapering 

In array antennas, sidelobe levels can be controlled through amplitude tapering. 

When amplitude tapering is applied, main beam of antenna is increased and 

therefore, gain is decreased. In Figure 2.5, one can see two array factors where there 

is uniform weighting and taylor tapering. In taylor tapering case, one can observe 

that the sidelobe levels are decreased to 30 dB below main beam. Also, please notice 

the broadening of the main beam. Both array factors are normalized with respect to 

array factor with uniform weighting. For tapering, taylor window coefficients for 30 

dB sidelobe level and 5 constant sidelobe levels adjacent to main beam is used.  

 

Figure 2.5 1-D array factors of linear array placed in z axis, when there is uniform 

weighting and taylor tapering. 
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2.1.4 Null Forming 

Null forming capability of array antennas is an important property since it can be 

used to avoid jamming through interference suppression. By destructive addition of 

waves coming from specific directions, nulls can be formed. In Figure 2.6, one can 

see that one of  array factors have a null at — ρπχ Ј. Since the center of main beam 

is at — ωπ Ј, null is placed 17 degree away from its main beam. In the same figure, 

one can see the case where there is no null placement for comparison. Array factors 

are normalized with respect to array factor with no null placement.  

 

Figure 2.6 1-D array factors of linear array placed in z axis, when there is null 

placement and no null placement. 

2.2 Deterministic Maximum Likelihood Direction Finding Method 

Deterministic maximum likelihood (DML) method, i.e., conditional maximum 

likelihood method, assumes that the data is a random process with uncorrelated 
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temporal and spatial noise and nonrandom signal [23]. In this method, the aim is to 

maximize log likelihood function. For that, a search in angle of arrivals is computed 

to obtain the angle that maximizes the log likelihood function. The signal can be 

modelled as the following: 

◐ὲ Ἶʃίὲ ◌ὲȟὲ ρȟςȟσȟȢȢȢȟὑ                                    (2.6) 

 In Equation (2.6), ὑ is the number of snapshots, ◐ὲ is received signal vector with 

dimension ὓȟρ, ◌ὲ is noise vector with dimension ὓȟρ, ίὲ is the nonrandom 

and scalar signal and Ἶʃ is array manifold vector from Equation (2.1). For array 

which is placed in z axis, array manifold vector has only ʃ dependence. Then, 

negative log likelihood function can be written as the folllowing: 

Æ ὓὰέὫ„ В ᴁ◐ὲ Ἶʃίὲᴁ                           (2.7) 

This step is followed by obtaining a concentrated likelihood function as the following 

equation in [23]. 

ὅέὲίὸὓὔὰὲὊ—                                                   (2.8) 

Ὂ— ὸὶ╘ ╟○  ╡◐                                                   (2.9) 

 ╟○  Ἶʃ Ἶ ʃἾʃ Ἶ ʃ                                          (2.10) 

╡◐  В ◐ὲ◐ ὲ                                                   (2.11) 

In Equation (2.11), ╡◐ is the sample covariance matrix. Sample covariance matrix is 

an estimation of covariance matrix and in order to obtain a reasonable estimation, 

there is a rule of thumb, ὑ ςὓ [24]. Then, DML method requires minimization of 

cost function which is given in Equation (2.9). The implementation of DML 

algorithm can be seen in the following Figure 2.7. 
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Figure 2.7 Implementation of DML algorithm. 

 

Figure 2.8 Implementation of DML algorithm with finer resolution. 

In Figure 2.8, one can see the implementation of DML algorithm for finer resolution. 

There are additional steps of upsampling around coarse angle result and parabolic 

peak interpolation. Upsampling before parabolic peak interpolation is applied since 
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parabolic peak interpolation is known to have bias when the sampling interval is 

large [24].  

One can see that DML is a costly algorithm, since, cost function is calculated for 

each candidate angle of arrival. However, it is asypmtotically unbiased for single 

source. And therefore, the expections of estimations obtained by this method will 

correspond to true values [25]. During the thesis, this method will be used to evaluate 

the direction finding performance of array antenna when there are errors and errors 

are compansated by proposed calibration methods.  

Now, a case will be investigated to illustrate the performance of DML algorithm with 

and without parabolic peak interpolation before and after upsampling. One can see 

the parameters of interest in Table 2.1. Coarse ɝʃ  is the angle difference between 

coarse candidate angles. Ups ɝʃ  is the angle difference between upsampled 

candidate angles. Upsampling is performed around the angle that minimizes the cost 

function constructed from coarse candidate angles. Angle of arrival is swept between 

75 to 105 degrees with angle step of ɝʃ = 0.5Ј. Noise realizations with a number of 

Monte Carlo trials denoted as ὓὅͅὔόάὦὩὶ are generated for each angle of arrival. 

For each angle of arrival and for each Monte Carlo realization, cost function for 

coarse angles and upsampled angles is computed and estimated angle of arrival is 

obtained. ὙάίὩ
ͺ

В — —  ͺ where — is the 

estimated angle of arrival for each Monte Carlo realization. Results can be seen in 

Figure 2.9 and Figure 2.10.  
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Table 2.1 Parameters used for test case. 

Parameter  Value Unit 

M 10 -  

K 20 -  

ὓὅͅὔόάὦὩὶ  1000 -  

Angle of arrival [75,105] with 

ɝʃ πȢυ 

degrees 

SNR 30 dB 

Coarse ɝʃ  6 degrees 

Ups ɝʃ  1 degrees 

 

 

Figure 2.9 Coarse DF errors, where there is upsampling and there is no 

upsampling. 
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Figure 2.10 Fine DF errors, where there is upsampling and there is no upsampling. 

 

In Figure 2.9, it can be observed that since angle of arrival resolution is lower than 

angle resolution of candidate angles for coarse case, errors of this case is quite high. 

Also, in Figure 2.10, one can see that even with parabolic peak interpolation for 

coarse candidate angles, direction finding error is very high compared to error 

remaining after upsampling. 6 degrees is chosen for coarse angle resolution since the 

beamwidth is around 10 degrees and sampling for coarse angle is chosen around half 

of beamwidth. For upsampling, tenth of beamwidth is chosen to reduce the bias of 

interpolation.  

Figure 2.10 tells that the DML algorithm is actually capable of finding the signals 

directions if the sampling is dense enough. This is important since when evaluating 

the calibration performance in the later parts of the thesis, degradation of direction 

finding performance will be investigated and the errors related to candidate angle 

sampling must be eliminated in order to evaluate the calibration performance in a 

more accurate way. 
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2.3 Sources of Error 

There are several sources of error that deteriorates the array pattern from an ideal 

one. During the thesis, focus will be on channel gain/phase errors, positioning error 

and mutual coupling. For all cases, effect of the error will be illustrated on erroneous 

array factor and direction finding performance. One will see that, when there are 

errors on array manifold vector, gain, sidelobe levels, null performance and direction 

performance degradates significantly.  

2.3.1 Channel Gain/Phase Errors 

In array antennas, there exist independent transmit/receive (T/R) channels where the 

required amplitude and phase control is realized. Eventhough these T/R channels 

consist of same type of equipment, there might be some differences in RF behavior 

with respect to frequency, time, temperature, etc. [26]. This phenomenon results in 

difference between ideal and realized array radiation pattern. Amplitude and phase 

realizations will deviate from theoretically calculated ones. Let us call erroneous 

array factor when there is gain/phase error (GPE) as ὃὊ . Then, one can 

manipulate the Equation (2.3) and Equation (2.4) as following: 

▐ ╪Ὡⱶ                                                           (2.12) 

ὃὊ —ȟ‰  ▐  Ἶ—ȟ‰                                                (2.13) 

╪ ╪ʐ ρ                                                      (2.14) 

ⱶ ⱶ                                                           (2.15) 

In Equation (2.14),  ʐoperation represents the hadamard product. ╪ is the erroneous 

amplitude vector and ⱶ is the erroneous phase vector. – –ȣ –   is the 

amplitude error vector and ‌ ‌ȣ ‌   is the phase error vector. One can 

see effect of amplitude and phase errors on array factor in the following figure.   
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Figure 2.11 Effect of GPE on array factor. 

 

In order to simulate GPE,  is chosen from distribution ﬞ πȟ„  where „ ς Ὠὄ 

and  is chosen from distribution ﬞ πȟ„  where „

ςπЈ έὶ ὩήόὭὺὥὰὩὲὸὰώȟπȢστω ὶὥὨὭὥὲ. Equation (2.13) can be modified as the 

following to have a matrix vector multiplication: 

  ὨὭὥὫ▐                                                        (2.16) 

ὃὊ —ȟ‰ ρ ρȣρ  ἒ Ἶ—ȟ‰                                                (2.17) 

In Equation (2.16),  is a diagonal matrix whose diagonals are equal to entries of  

▐. 

2.3.2 Positioning Errors 

When array antennas are being manufactured, there might be differences between 

realized array element positions and theoretical array element positions. This 

phenomenon is known as positioning error and if it is not treated, it can cause 

significant and angle-dependent degradation in array performance depending on the 
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amount of error [14]. There could be positioning error in all three axes. The previous 

array factor calculation equations can be modified as the following: 

ὃὊ —ȟ‰  ▐ ἾἸ—ȟ‰                                                (2.18) 

ἾἸ—ȟ‰ Ὡ ● ◐ ◑                                                (2.19) 

●  ● ♯● Ǫ ◐  ◐ ♯◐ Ǫ ◑  ◑ ♯◑                                       (2.20) 

In Equation (2.18), ● ὼὼȣὼ , ◐ ώώȣώ , ◑ ᾀᾀȣᾀ  

are theoretical x,y and z positions of array elements, respectively. ♯●

‏ ‏ ȣ‏ , ♯◐ ‏ ‏ ȣ‏ , ♯◑ ‏‏ ȣ‏  are positioning 

errors in x, y and z axes, respectively. ὃὊ —ȟ‰  is the erroneous array factor when 

there is positioning error. Please notice that, when —ȟ‰  angle changes, the effect 

of positioning error changes which makes this error angle-dependent. On the 

contrary, in channel gain/phase errors, error doesn’t depend on angle. Equation 

(2.18) can be modified to have a matrix and vector multiplication as the following: 

 ἾἸ—ȟ‰ Ἶ—ȟ‰                                                     (2.21) 

ὨὭὥὫὩ ♯● ♯◐ ♯◑                                              (2.22) 

ὃὊ —ȟ‰  ▐ Ἶ—ȟ‰                                               (2.23) 

In Equation (2.22),  is a diagonal matrix where diagonal entries are equal to 

elements of vector Ὡ ♯● ♯◐ ♯◑ .  

2.3.3 Mutual Coupling 

Antennas inherently exhibit a characteristic where, in close proximity, one 

transmitting antenna will inevitably transfer some of its energy to a nearby antenna, 

the extent of which depends on their distance and relative positioning. Even in cases 

where both antennas are in transmission mode, they will inevitably receive a portion 

of each other's transmitted energy concurrently. Moreover, antennas exhibit a 
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tendency to scatter part of any incident wave, essentially behaving like miniature 

transmitters even in their primary role as receivers. Consequently, the exchange of 

energy between a specific element within an array and a distant point occurs not only 

through a direct path but also indirectly through the scattering from other antennas 

within the array. This phenomenon, known as "mutual coupling," is a significant 

aspect of array antennas, and it is not easily disregarded, posing challenges in the 

design of such antenna systems [27]. In Figure 2.12 and Figure 2.13, one can see the 

illustration of mutual coupling in transmitting and receiving modes, respectively.  

 

 

Figure 2.12 Illustration of mutual coupling for transmitting mode [27]. 



 

 

33 

 

Figure 2.13 Illustration of mutual coupling for receiving mode [27]. 

 

In Figure 2.12 and Figure 2.13, the mutual coupling mechanism is portrayed through 

antenna elements "m" and "n" for the sake of simplicity. In Figure 2.12, the 

illustration focuses on mutual coupling during the transmitting mode. Consider 

antenna element "n" being activated by its generator. A portion of the energy radiated 

from element "n" tracing the path “1” is absorbed by element “m”, following the 

depicted path “3”. The absorbed energy then proceeds along the path “5” with some 

of it being rescattered into space following the path “4” and some being coupled back 

to element “m” along path “6”, creating a continuous cycle. When element “m” is 

also activated, the radiated signal from element “m” results from the vector sum of 

its generator and the rescattered energy from “m” due to excitation fromelement “n” 

[27]. 

In the receive mode, as illustrated in Figure 2.13, the incoming signal follows path 

“1”. A portion of the impinging signal on element “m” is rescattered following the 

path “3”, and some of it is absorbed by element “n”, tracing the path “4”, adding 
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vectorially to the impinging signal on element “n” directly. Consequently, the 

received signal by element “n” is a combination of the directly received impinging 

signal and the rescattered signal from element “m” [27]. 

Mutual coupling affects input impedance, reflection coefficients, and radiation 

patterns of array elements [28]. In order to demonstrate the effect of mutual coupling 

on radiation pattern of array elements, two HFSSTM simulations were performed. 

First one includes only one dipole antenna where the parameters related to simulation 

is given in Table 2.2.  

 

Table 2.2 Parameters of HFSSTM simulation #1. 

Parameter  Value Unit 

‗  3 cm 

Dipole Radius ‗/100 - 

Total Dipole 

Length 

13.1 mm 

Gap Length ‗/100 - 

Dipole 

Orientation 

Along z axis - 

ὡ ͺ   15 mm 

ὒ ͺ   15 mm 

Ὄ ͺ   30 mm 

  

During HFSSTM simulations, a rectangular prism served as a radiation boundary, 

with parameters ὡ ͺ , ὒ ͺ , and Ὄ ͺ  denoting 

dimensions in the x, y, and z axes, respectively. The dimensions of the radiation 

boundary are selected to ensure that, for each dimension, the distance between the 

endpoint of the dipole element and the radiation boundary is greater than or equal to 
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a quarter-wavelength. The dipole antenna was designed for resonance at 10 GHz, 

featuring an electrically small dipole radius. Although the ideal dipole length 

corresponds to half-wavelength, fringing effects necessitated a realized dipole length 

smaller than the calculated value. Parametric simulations identified an optimal dipole 

length of 13.1 mm to achieve resonance around 10 GHz. 

One can see the dipole antenna model together with radiation box in Figure 2.14, 

together with element radiation pattern in Figure 2.15 below.  

 

 

Figure 2.14 Dipole antenna model together with radiation box. 
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Figure 2.15 Dipole antenna model together with element radiation pattern. 

 

In Figure 2.15, the iconic donut shape of the dipole radiation pattern is evident.  

Certainly, it can be stated that this represents the radiation pattern of an isolated 

element. 

In the second case, two dipole antennas were placed close to each other where the 

simulation parameters are given in Table 2.3.  In this simulation, array is formed 

along the x-axis, when individual elements are oriented along z-axis.  

In Table 2.3, Ὠ is the distance between array elements. Related HFSSTM model can 

be seen in Figure 2.16 below. In Figure 2.17, one can observe the element radiation 

pattern of one of the elements. 
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Table 2.3 Parameters related to HFSSTM simulation #2. 

Parameter  Value Unit 

‗  3 cm 

Dipole Radius ‗/100 - 

Total Dipole 

Length 

13.1 mm 

Gap Length ‗/100 - 

Dipole 

Orientation 

Along z axis - 

ὡ ͺ   30 mm 

ὒ ͺ   15 mm 

Ὄ ͺ   30 mm 

Array Orientation Along z axis - 

Ὠ  ‗/2 - 

 

 

 

Figure 2.16 Dipole antenna array model for 2 elements. 
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Figure 2.17 Dipole antenna array model for 2 elements, together with element 

radiation pattern. 

 

In Figure 2.16, one can see that element radiation pattern is different than the 

radiation pattern for isolated case due to mutual coupling.  

During the thesis, one of the objectives is to treat the mutual coupling and therefore, 

HFSSTM simulations are performed to obtain the mutual coupling between array 

elements and to use that value during MATLABTM simulations. Since the problem 

of interest focuses on a linear array with 10 elements, 10-element half-wavelength 

dipole antenna array is simulated. One can see the HFSSTM model for 10-element 

dipole array in Figure 2.18 below.  
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Figure 2.18 Dipole antenna array model for 10 elements. 

In Figure 2.19 below, one can see the magnitude of self S parameters for elements 

1,2,9 and 10. 

 

Figure 2.19 Self S parameters of linear dipole array for elements 1,2,9 and 10. 

In the above figure, it is evident that the self S-parameters of element 1 and element 

10 exhibit similar characteristics, and the same is observed for element 2 and element 
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9. This similarity in behavior is anticipated based on the array geometry. 

Specifically, both element 1 and element 10 are positioned at one end of the array, 

while both element 2 and element 9 serve as neighbors to the end elements. 

In Figure 2.20, one can see the Ὓȟ for Ὦ = 1,2,…,10 when the distance between 

elements is equal to ‗Ⱦς and ‗Ⱦτ.  

 

Figure 2.20 Magnitude of Ὓȟ for Ὦ = 1,2,…,10 for different distance values. 

It appears that the level of coupling, which can be associated with S parameters 

through Equation 1.6, decreases as the distance between elements increases, as 

expected. For the rest of this chapter, to enhance the observability of mutual coupling 

effects, S parameters which are extracted from HFSSTM simulation where the 

distance between elements is equal to ‗Ⱦτ will be used. 

When the array is exposed to mutual coupling, array factor can be modelled as the 

following: 

ἾἙἍ—ȟ‰ ἍἾ—ȟ‰                                          (2.21) 
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ὃὊ —ȟ‰  ▐ ἾἙἍ—ȟ‰                                     (2.22) 

In Equation (2.21), Ἅᶰᴇ   is a square matrix with complex coefficients and 

denoted as mutual coupling matrix. In order to simulate the effects of Ἅ on array 

radiation pattern and direction finding performance, MATLABTM simulations are 

done. One can see the effect of mutual coupling on array radiation pattern 

performance in the following figures. 

 

 

Figure 2.21 Array factor where there is mutual coupling and no mutual coupling. 
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Figure 2.22 Array factor where there is mutual coupling and no mutual coupling, 

when there is null placement. 

 

Figure 2.23 Array factor where there is mutual coupling and no mutual coupling, 

when there is tapering. 
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Figure 2.24 Direction finding performance when there is mutual coupling and no 

mutual coupling. 

In Figure 2.21, Figure 2.22 and Figure 2.23, one can see the array factors when there 

is mutual coupling and no mutual coupling where patterns are normalized with 

respect to maximum value of the case with no mutual coupling. For instance, when 

simulating the impact of mutual coupling on nulling performance, the array factors 

are normalized based on the maximum value of the array factor obtained when null 

forming is conducted without mutual coupling. When simulating the effect of mutual 

coupling on sidelobe performance, the array factors are normalized with respect to 

maximum value of the array factor obtained when tapering is applied without mutual 

coupling. 

In Figure 2.24, the direction finding performance in the presence of mutual coupling 

is illustrated. In scenarios with mutual coupling, the received signal incorporates the 

effects of mutual coupling. However, it is notable that the direction finding algorithm 

remains unmodified, resulting in a degradation of direction finding performance. To 

obtain RMSE for Figure 2.24, parameters in Table 2.1 is being used. 
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2.4 Signal Modelling 

Through the thesis, received signal will be modelled and error parameters are 

estimated based on the signal model. The received signal in the case of all three types 

of errors can be modelled as the following: 

◐▄ὲ Ἶʃίὲ Ἷὲȟὲ ρȟςȟσȟȢȢȢȟὑ                         (2.23) 

Ἅ                                                        (2.24) 

 in Equation (2.24) is denoted as the "Error Matrix," encompassing imperfections 

arising from channel gain/phase errors, mutual coupling, and positioning errors. 
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CHAPTER 3  

3 COMPENSATING FOR GAIN/PHASE AND POSITIONING ERRORS 

In this chapter, we will model an erroneous receive signal while disregarding errors 

stemming from mutual coupling. Initially, the receive signal model will be presented. 

Subsequently, the estimation of the erroneous array manifold in the presence of 

additive white Gaussian noise will be explained. Following this step, the extraction 

of error parameters from the estimated erroneous array manifold will be provided. 

Then, the calibration procedure will be explained, which is succeeded by the 

demonstration of calibration performance for different cases. 

3.1 Receive Signal Model 

In this part, the aim is to demonstrate the modelling of receive signal model. Error 

matrix when there is no mutual coupling can be modelled as the following: 

                                                        (3.1) 

◐▄ὲ Ἶ—ίὲ Ἷὲȟὲ ρȟςȟσȟȢȢȢȟὑ                         (3.2) 

 

In Equation (3.2), Ἷ is additive white Gaussian noise which is temporally and 

spatially independent. Throughout the thesis, Ἷ has a distribution ﬞ πȟ„  where 

„ ρȾὛὔὙ and SNR stands for signal to noise ratio. One can see that the error 

matrix is a diagonal matrix when mutual coupling matrix is assumed to be an identity 

matrix. In Equation (3.3), one can see the error matrix in a more detailed way. In 

Equation (3.3), diag{.} operator transforms a column vector into a matrix, where the 

diagonal elements of the matrix are equal to the entries of the column vector. 
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ὨὭὥὫ  

ừ
Ử
Ử
Ừ

Ử
Ử
ứ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ Ὡ ρ –

Ὡ ρ –

Ὡ ρ –
ể

Ὡ ρ –

Ὡ ρ – Ứ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

ữ
Ử
Ử
Ữ

Ử
Ử
ử

                (3.3) 

Notice that  is a square matrix and Ἶʃ is a column vector with dimension ὓ

ρ and their multiplication results in another column vector with same dimension as 

Ἶʃ. We can modify the Equation (3.2) as the following: 

ἾἭ—ȟ‰  Ἶ—                                                     (3.4) 

◐▄ὲ ἾἭ—ȟ‰ίὲ Ἷὲȟὲ ρȟςȟσȟȢȢȢȟὑ                         (3.5) 

ἾἭ is denoted as “erroneous array manifold”. One can see from Equation (3.4) that 

once ἾἭ—ȟ‰  is known or estimated, by using array manifold, one can find .  

3.2 Estimation of Erroneous Array Manifold 

During the calibration process, the estimation of the erroneous array manifold is a 

vital step. When conducting calibration, one can assume that s[n]=1 for all n, given 

that the source signal can be considered to have a constant envelope. The problem 

can be approached as finding the DC level in an additive white Gaussian noise 

environment. If M = 1, the Least-Squares estimate can be derived as follows: 

ώὲ Ö —ȟ‰ ×ὲ                                                 (3.6) 

ώ ώ ȣώ ⱩÖ —ȟ‰ ×  × ȣ×                           

(3.7) 

In above equations, Ⱪ  ρ ρ ȣρ  . Notice that for each snapshot, ώȟÖ and × 

is a scalar now. Least-Squares (LS) estimate for scalar case is found as following 

[29]:  

Ö —ȟ‰
Ⱪ ȣ

ⱩⱩ
ώ ώ Ễ ώ                   (3.8) 

The LS estimator is unbiased, statistically efficient and consistent estimator: 
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ὉÖ —ȟ‰ ὉÖ —ȟ‰  = Ö —ȟ‰                                     (3.9) 

ὺὥὶÖ —ȟ‰                                                    (3.10) 

Ö —ȟ‰  converges to Ö —ȟ‰  as number of snapshots increases. 

For generalization to vector case, one can treat each entry of vector Ἶ —ȟ‰  

seperately since each entry is estimated in an efficient sense and the variance of 

estimation of each entry is same as variance of Cramer-Rao Bound. Therefore, for 

M>1, LS estimate of ἾἭ—ȟ‰  can be found from Equation (3.11). 

Ἶ —ȟ‰  В ◐▄ὲ                                          (3.11) 

 

3.3 Extraction of Gain/Phase and Positioning Errors from Erroneous 

Array Manifold 

If erroneous array manifold is estimated from Equation (3.11), by using ideal array 

manifold vector Ἶ—, one can obtain an estimate of matrix  as the following. Let 

us denote Ἥ for simplification as a vector whose components are equal to diagonal 

entries of matrix . 

Ἥ  Ἇ ρ ρȣρ                                                   (3.12) 

Ἥ  

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ Ὡ ρ –

Ὡ ρ –

Ὡ ρ –
ể

Ὡ ρ –

Ὡ ρ – Ứ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

                       (3.13) 

If we denote matrix ἤ as a diagonal matrix whose diagonals are equal to entries of 

vector Ἶ—: 

ἤ—  ÄÉÁÇἾ—                                           (3.14) 

Then we will end up with the following Equation (3.15). 
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ἾἭ—ȟ‰  Ἶ— ἤ—Ἥ                                      (3.15) 

Then, vector Ἥ can be found as the following: 

Ἥ  ἤ —ἾἭ—ȟ‰                                               (3.16) 

ἤ — ἤἒ—                                                 (3.17) 

Ἥ  ἤἒ—ἾἭ—ȟ‰                                                 (3.18) 

When we use estimates, we will have the following relation: 

Ἥ  ἤἒ—Ἶ —ȟ‰                                                 (3.19) 

For the extraction of GPE and positioning errors once we estimate the erroneous 

array manifold vector ○ —ȟ‰ , let us concentrate on a linear array problem, where 

dependency on ‰ is eliminated and positioning errors occur only on z axis. In this 

case, vector Ἥ can be modified as the following. 

 

Ἥ—   

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ Ὡ ρ –

Ὡ ρ –

Ὡ ρ –
ể

Ὡ ρ –

Ὡ ρ – Ứ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

                                       (3.20) 

If one knows Ἥ— at two different angle points where ύ has two distinct values 

namely ύ  and ύ , error parameters of ȟ ♪ and ♯◑ can be estimated by using 

following equations. In the following equations, Ἥύ  is the estimation of Ἥύ  for 

ύ ύ, ⱠἭ  ὥὲὫὰὩἭύ  where Ὥɴ ρȟς.  ὥὲὫὰὩȢ operation outputs the 

angle vector of its input vector. ♯◑ is the estimation of ♯◑.  
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ⱠἭ   

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
Ὧ‏ύ ‌

Ὧ‏ύ ‌

Ὧ‏ύ ‌

ể
Ὧ‏ ύ ‌

Ὧ‏ ύ ‌ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

                                   (3.21) 

ⱠἭ   

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
Ὧ‏ύ ‌

Ὧ‏ύ ‌

Ὧ‏ύ ‌

ể
Ὧ‏ ύ ‌

Ὧ‏ ύ ‌ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

                                    (3.22) 

 

ⱠἭ ⱠἭ  

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
Ὧ‏ύ ‌

Ὧ‏ύ ‌

Ὧ‏ύ ‌

ể
Ὧ‏ ύ ‌

Ὧ‏ ύ ‌ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

  

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
Ὧ‏ύ ‌

Ὧ‏ύ ‌

Ὧ‏ύ ‌

ể
Ὧ‏ ύ ‌

Ὧ‏ ύ ‌ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

           (3.23) 

ⱠἭ ⱠἭ Ὧύ ύ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
‏

‏

‏

ể
‏

‏ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

                                (3.24) 

♯◑

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
‏

‏

‏

ể
‏

‏ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

ⱠἭ ⱠἭ                         (3.25) 
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After obtaining the estimation of positioning errors, one can estimate the phase error 

vector ♪ by using Ἥ and ♯◑ . If we denote ♪ύ  as the estimation of ♪ by using 

Ἥύ , where Ὥɴ ρȟς, one will have the following equations: 

  

♪ύ

ụ
Ụ
Ụ
Ụ
Ụ
ợ
‌
‌
‌
ể
‌
‌ Ứ

ủ
ủ
ủ
ủ
Ủ

 ⱠἭ Ὧύ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
‏

‏

‏

ể
‏

‏ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

                                      (3.26) 

 

Phase error parameters can be estimated by using Ἥύ  as well.  

♪ύ

ụ
Ụ
Ụ
Ụ
Ụ
ợ
‌
‌
‌
ể
‌
‌ Ứ

ủ
ủ
ủ
ủ
Ủ

 ⱠἭ Ὧύ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
‏

‏

‏

ể
‏

‏ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

                                    (3.27) 

In order to obtain a better estimate of ♪, these two estimates can be averaged, since 

they are estimation of same quantity. 

♪
♪ ♪

                                                    (3.28) 

Amplitude error estimation can be performed as the following. If we denote  Ɫ ύ  

the amplitude error estimate by using Ἥύ  and  Ɫ ύ  the amplitude error estimate 

by using Ἥύ : 

Ɫ ύ

ụ
Ụ
Ụ
Ụ
Ụ
ợ
–Ƕ
–Ƕ
–Ƕ
ể
–Ƕ
–Ƕ Ứ

ủ
ủ
ủ
ủ
Ủ

Ἥύ  ʐ Ὡ ⱠἭ  ρ               (3.29) 
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Ɫ ύ

ụ
Ụ
Ụ
Ụ
Ụ
ợ
–Ƕ
–Ƕ
–Ƕ
ể
–Ƕ
–Ƕ Ứ

ủ
ủ
ủ
ủ
Ủ

Ἥύ  ʐ Ὡ ⱠἭ  ρ                 (3.30) 

A better estimation can be obtained by averaging Ɫ ύ  & Ɫ ύ , since they are 

estimate of same quantities. 

Ɫ 
Ɫ Ɫ 

                                                    (3.31) 

 

Till now, the positioning errors are treated to be in z axis only. However, the method 

can be generalized to include positioning errors in all three axes as the following. Let 

us denote Ⱡ■ ὥὲὫὰὩἭ—ȟ‰ , where ὰɴ ρȟςȟσȟτ, i.e. There are 4 estimates of 

vector Ἥ—ȟ‰  at 4 different combinations of —ȟ ‰ .  

 

ụ
Ụ
Ụ
Ụ
ợὯό Ὧὺ Ὧύ ρ

Ὧό Ὧὺ Ὧύ ρ

Ὧό Ὧὺ Ὧύ ρ

Ὧό Ὧὺ Ὧύ ρỨ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
ợ
♯●
♯◐

♯◑
♪Ứ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
ợ
Ⱡ╣

Ⱡ╣

Ⱡ╣

Ⱡ╣Ứ
ủ
ủ
ủ
Ủ

                                      (3.32) 

ḯ 

ụ
Ụ
Ụ
Ụ
ợὯό Ὧὺ Ὧύ ρ

Ὧό Ὧὺ Ὧύ ρ

Ὧό Ὧὺ Ὧύ ρ

Ὧό Ὧὺ Ὧύ ρỨ
ủ
ủ
ủ
Ủ

is a known matrix since we assume that —ȟ‰  are known 

emitter locations.

ụ
Ụ
Ụ
Ụ
ợ
Ⱡ╣

Ⱡ╣

Ⱡ╣

Ⱡ╣Ứ
ủ
ủ
ủ
Ủ

is estimated by method mentioned earlier and by using 

linear algebra, following equation can be constructed: 
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ụ
Ụ
Ụ
Ụ
ợ
♯●
♯◐

♯◑
♪Ứ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
ợ
Ⱡ╣

Ⱡ╣

Ⱡ╣

Ⱡ╣Ứ
ủ
ủ
ủ
Ủ

                                              (3.33) 

Amplitude error estimate can be modified as the following: 

Ɫ —ȟ‰

ụ
Ụ
Ụ
Ụ
Ụ
ợ
–Ƕ
–Ƕ
–Ƕ
ể
–Ƕ
–Ƕ Ứ

ủ
ủ
ủ
ủ
Ủ

Ἥ—ȟ‰  ʐ Ὡ
ⱠἭ ȟ  

ρȟὰɴ ρȟςȟσȟτ            (3.34) 

Ɫ В Ɫ —ȟ‰                                                         (3.35)  

After obtaining the estimation of array parameters, one can find the calibrated or 

corrected array factor as the following: 

Ἇ ὨὭὥὫἭ                                              (3.36) 

ἾἫἷἺἺἭἫἼἭἬ— Ἇ Ἶ—                                     (3.37) 

ὃὊ —  ρ ρȣρ   ἾἫἷἺἺἭἫἼἭἬ—                  (3.38) 

After estimating error parameters, the direction finding procedure is adjusted to 

include the corrected measured signal in the cost function. The modified equations 

related to the direction finding procedure are as follows: 

◐╬▫►►▄╬◄▄▀ὲ Ἇ ◐▄ὲ                            (3.39) 

╡◐╬▫►►▄╬◄▄▀ В ◐╬▫►►▄╬◄▄▀ὲ◐╬▫►►▄╬◄▄▀ὲ             (3.40) 

Ὂ— ὸὶ╘ ╟○  ╡◐╬▫►►▄╬◄▄▀                       (3.41) 

╟○ is constructed as in Equation (2.10) by using ideal array manifolds. During the 

thesis, whenever the “calibrated” or  “corrected” term is used, Equation (3.38) and 

modified direction finding procedure are used.  
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3.4 Calibration Procedure 

Assumptions related to calibration set-up are: 

Å Emitters are located in far field.  

Å Ὠ
 

, where, 

Å  Ὠ is the distance between emitter ὰ and center of the array. 

Å ὰɴ ρȟςȟσȟτ. 

Å Ὀ is the length of linear array in z dimension. 

Å ‗ is the wavelength. 

Å For 10 antenna elements where the distance between antenna elements is 

uniform and equal to ȟὨ τρ‗  

 

 

Figure 3.1 Calibration Set-up. 

 

One needs to apply the following steps to perform calibration:  
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1- Place the emitter at 4 different locations such that  is an invertible matrix 

and they satisfy the far-field condition.  

2- Obtain ◐▄ὲ at these 4 different locations.  

3- Obtain Ἶ —ȟ‰  by using Equation (3.11). 

4- Obtain Ἥ from Equation (3.19). 

5- Compute ⱠἭ ȟ  which is angle of Ἥ—ȟ‰  for ὰɴ ρȟςȟσȟτ.  

6- Obtain 

ụ
Ụ
Ụ
Ụ
ợ
♯●
♯◐

♯◑
♪Ứ
ủ
ủ
ủ
Ủ

by using Equation (3.33).  

7- Obtain Ɫ  by using Equation (3.35). 

 

3.5 Performance of Calibration 

In this part, performance of calibration will be investigated through direction finding 

performance and array factor pattern. We will analyze several cases using 

MATLABTM simulations, focusing on levels of gain/phase error, variations in signal-

to-noise ratio (SNR) during direction finding step, and the presence of tapering.  

3.5.1 Case 1: High DF SNR, Low GPE 

In this part, the gain/phase errors are assumed to be low, having the following values 

given in Equation (3.36) and Equation (3.37)  below. 

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ρ –
ρ –
ρ –
ρ –
ρ –
ρ –
ρ –
ρ –
ρ –
ρ –Ứ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
πȢψψω
πȢωψυ
ρȢρυψ
πȢωφφ
πȢωψτ
πȢψψφ
ρȢρψχ
πȢψψχ
πȢωως
ρȢπφψ

 

Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

                                                 (3.36) 
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ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
‌
‌
‌
‌
‌
‌
‌
‌
‌
‌Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ρυȢςЈ
ρȢςЈ
ρπȢςЈ
χȢφЈ
υЈ
ρωȢχЈ
ρρȢυЈ
σȢψЈ
ςȢωЈ
τȢψЈ

 

Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

                                                    (3.37) 

In Equation (3.37), the phase errors are in terms of degrees. Parameters related for 

the case under investigation can be found in Table 3.1 below. 

Table 3.1 Parameters related for the case 1. 

Parameter  Value Unit 

M 10 - 

K 20 - 

ὓὅͅὔόάὦὩὶ  1000 - 

Angle of arrival [30,150] with ɝʃ

πȢυ 

degrees 

ὛὔὙ   50 dB 

Coarse ɝʃ  6 degrees 

Ups ɝʃ  1 degrees 

ὛὔὙ   50 dB 

—ȟ—ȟ —ȟ —   [90, 85, 95, 75] degrees 

‰ȟ‰ȟ ‰ȟ ‰   [5, 0, -5, 0] degrees 
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The influence of errors on the 2-D array factor is apparent in Figure 3.2. Take notice 

that nulls are filled, sidelobes undergo an increase, and there is a decrease in gain. 

 

Figure 3.2 2-D erroneous and ideal array factor for case 1. 

After applying the calibration procedure with parameters given in Table 3.1, one can 

see that the effects of errors on array factor pattern is eliminated in Figure 3.3.  In 

Figure 3.3, array factors are normalized with respect to maximum of ideal array 

factor pattern. 
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Figure 3.3 Normalized array factors for ideal, calibrated and no-calibration cases. 

In Figure 3.4, one can see the effect of errors on direction finding performance before 

and after calibration process.   

 

Figure 3.4 Direction finding performance for ideal, erroneous with calibration 

method is applied and erroneous without calibration cases. 
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3.5.2 Case 2: Low DF SNR, Low GPE 

This case differs from the case 1 by having lower SNR value during direction finding 

procedure. One can see the related direction finding performance in the Figure 3.5 

below. ὛὔὙ  = 0 dB for case 2 and all other parameters are as same as with case 1. 

Take notice that the effect of errors is increased resulting in even higher angle errors. 

 

Figure 3.5 Direction finding performance for ideal, erroneous with calibration 

method is applied and erroneous without calibration cases. 

3.5.3 Case 3: High DF SNR, High GPE 

For this case, gain/phase errors are increased to enhance their effect on array 

radiation pattern and direction finding performance. Values of gain and phase errors 

can be found in the following equations.  
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ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ρ –
ρ –
ρ –
ρ –
ρ –
ρ –
ρ –
ρ –
ρ –
ρ –Ứ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
πȢψσσ
ρȢυφρ
ρȢπςχ
ρȢρπυ
ρȢςχσ
ρȢρφφ
ρȢρρσ
πȢχππ
ρȢςωω
ρȢσςτ

 

Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

                                                 (3.38) 

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
‌
‌
‌
‌
‌
‌
‌
‌
‌
‌Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
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ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
φȢυЈ
ρψȢρЈ
ωȢυЈ
ρςȢωЈ
ρφȢφЈ
ρσȢυЈ
ρπȢπЈ
ρφȢυЈ
ρςȢψЈ
ςȢυЈ

 

Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

                                                    (3.39) 

Parameters related to simulation can be found in Table 3.1. In Figure 3.6, one can 

see the effect of errors on 2-D array factor. It is evident that as the quantity of errors 

increases, the disparity between the ideal and erroneous patterns also grows. In 

Figure 3.7, one can see the array factor pattern for ideal, calibrated and no-calibration 

cases. One can observe that errors are eliminated by using the proposed method. In 

Figure 3.8, direction finding performance can be seen. In that figure, one can see that 

for case with no calibration, degradation in direction finding performance is higher 

than case 1 since the amount of errors is higher. 
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Figure 3.6 2-D erroneous and ideal array factor for case 3. 

 

Figure 3.7 Normalized array factors for ideal, calibrated and no-calibration cases. 
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Figure 3.8 Direction finding performance for ideal, erroneous with calibration 

method is applied and erroneous without calibration cases. 

3.5.4 Case 4: Low DF SNR, High GPE 

In this case, lower SNR value compared to case 3 will be analyzed. ὛὔὙ  = 0 dB 

and all other parameters are same as case 3. In Figure 3.9, direction finding 

performance can be observed under low SNR.  
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Figure 3.9 Direction finding performance for ideal, erroneous with calibration 

method is applied and erroneous without calibration cases. 

3.5.5 Case 5: High DF SNR, Low GPE, Tapering 

In this case, gain/phase errors are assumed to be same as case 1 and effect of tapering 

is being investigated. Parameters related to simulation can be found in Table 3.1. In 

Figure 3.10, the illustration highlights the impact of errors on the 2-D array factor. 

Contrasting this with Figure 3.2, where no tapering is present, emphasizes that the 

effect of errors becomes more pronounced with the introduction of tapering. This 

heightened influence is attributed to the precise control required for array amplitude 

coefficients when tapering is applied. In Figure 3.11, one can see the normalized 

array factor patterns for ideal, calibrated and no-calibration cases. These patterns are 

normalized with respect to maximum of ideal array factor pattern. 
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Figure 3.10 2-D erroneous and ideal array factor for case 5. 

 

Figure 3.11 Normalized array factors for ideal, calibrated and no-calibration cases. 

In Figure 3.12, one can observe the direction finding performance for this case for 

ideal, calibrated and no-calibration cases. Figure 3.13 was supplied for comparison 

of case 1 and case 5. In that figure, one can see that with same errors, when tapering 



 

 

64 

is applied, the effect of errors is increased. This result shows that even with low level 

of errors, calibration must be performed especially when low sidelobes are targeted. 

 

Figure 3.12 Direction finding performance for ideal, erroneous with calibration 

method is applied and erroneous without calibration cases.

 

Figure 3.13 Direction finding performance for ideal, erroneous without calibration 

and no tapering, and erroneous without calibration and with tapering. 
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3.6 Presence of Mutual Coupling for Proposed Method 

In this part, calibration method proposed previously in this chapter will be analyzed 

based on presence of mutual coupling. The received signal will be modified such that 

the mutual coupling effect is also included, however, same calibration method will 

be applied to extract the error parameters. During this part, low GPE is assumed. 

Three cases will be investigated: low mutual coupling, medium mutual coupling and 

high mutual coupling. In all cases, performance of calibration method will be 

demonstrated based on array radiation pattern characteristics.  

3.6.1 Low Mutual Coupling 

Firstly, low mutual coupling case will be investigated. One can see the magnitude of 

first row C Matrix in Figure 3.14 and C Matrix is modelled to be Toeplitz and 

symmetric, therefore, by knowing a row, information regarding every entry of C 

Matrix can be extracted. Please notice that the highest mutual coupling is around -

25 dB in this case.  

 

Figure 3.14 Magnitude of first row of C matrix. 
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Figure 3.15 Normalized array factor for different cases.  

In Figure 3.15, the performance of the calibration method is depicted. The blue curve 

represents the calibrated array factor when the received signal does not include any 

mutual coupling component. The red curve represents the calibrated array factor 

when the received signal indeed includes a mutual coupling component, and the 

yellow curve corresponds to the case without calibration. 

3.6.2 Medium Mutual Coupling 

In this case, medium mutual coupling will be demonstrated. One can see the 

magnitude of first row of C matrix in the Figure 3.16 below. C Matrix is Toeplitz 

and symmetric for this case as well. 
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Figure 3.16 Magnitude of first row of C matrix. 

 

Figure 3.17 Normalized array factor for different cases.  

 

 



 

 

68 

Upon comparing Figure 3.15 and Figure 3.17, it becomes evident that the 

performance of the calibration method deteriorates with an increase in mutual 

coupling. In cases where there is no update during the estimation of error parameters 

in the presence of mutual coupling, the sidelobe performance is degraded, as 

observed in Figure 3.17. 

3.6.3 High Mutual Coupling 

In this case, high mutual coupling will be demonstrated. This level of mutual 

coupling was obtained from S parameters extracted during the HFSSTM simulation 

where the elements are placed by quarter wavelength. 

 

 

Figure 3.18 Magnitude of first row of C matrix. 
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Figure 3.19 Normalized array factor for different cases. 

 

In Figure 3.19, the calibration method is observed to fail in calibrating the array. This 

study clearly demonstrates that when compensating for gain/phase and positioning 

errors, ignoring the effects of mutual coupling, especially in cases of high mutual 

coupling, renders the estimated error parameters unreliable. Caution is advised when 

considering this method for phased array calibration. 
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CHAPTER 4  

4 COMPENSATING FOR MUTUAL COUPLING  

In this chapter, the focus will be on receive calibration of linear array antenna when 

there is mutual coupling.  

4.1 Receive Signal Model 

In Chapter 3, we have developed the signal model and proposed a calibration method 

where the error sources are channel gain/phase errors and positioning errors. Now, 

the calibration will be investigated from a different perspective, where only mutual 

coupling is the source of error.  

◐▄ὲ ἍἾ—ίὲ Ἷὲȟὲ ρȟςȟσȟȢȢȢȟὑ                         (4.1) 

Ἅᶰᴇ    is a square matrix with complex coefficients. Matrix Ἅ, which is also 

called as Mutual Coupling Matrix (MCM), has a special structure, it is symmetric 

and for some cases, it has a Toeplitz structure [19]. Notice that when MCM is 

assumed to be arbitrary, channel gain/phase errors and positioning errors are also 

included in the signal model. However, one needs to keep in mind that positioning 

errors will change the MCM with respect to the scan angle. 

4.2 Estimation of Mutual Coupling Matrix 

During the estimation of mutual coupling matrix, three techniques will be developed, 

namely, arbitrary MCM estimation, symmetric MCM estimation and 

Toeplitz&symmetric MCM estimation. 

Let us assume that ίὲ ρ ᶅὲ since this signal is coming from a known source. 

Then, Equation (4.1) is reduced to: 
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◐▄ὲ ἍἾ— Ἷὲȟὲ ρȟςȟσȟȢȢȢȟὑ                                   (4.2) 

Ἷ has the same properties as before, it is assumed to have Gaussian distribution 

which has temporally and spatially independent samples. If we introduce Ἶ▄ again, 

we will have the following equations: 

Ἶ▄—  ἍἾ—                                                       (4.3) 

◐▄ὲ Ἶ▄— Ἷὲȟὲ ρȟςȟσȟȢȢȢȟὑ                                   (4.4) 

Estimation of erroneous array manifold, Ἶ▄— is done as before, by averaging over 

time samples for each entry of vector.  

Ἶ —  В ◐▄ὲ                                          (4.5) 

If we assume that there are L calibration points and introduce Ἶ▄ again, then we can 

construct the following matrices:  

◐▄■ὲ Ἶ▄— Ἷὲȟὲ ρȟςȟσȟȢȢȢȟὑ                                   (4.6) 

ἧ ◐▄ ὲ ◐▄ ὲȣ ◐▄╜ ὲ
╜ ╛

                                   (4.7) 

ἤ Ἶ —  Ἶ — ȣ Ἶ — ╜ ╛                                   (4.8) 

ἤ Ἶ—  Ἶ— ȣ Ἶ— ╜ ╛                                   (4.9) 

 

In Equation (4.6), ὰɴ πȟρȟςȟȣȟὒ ρ where L is the number of calibration points.  

Previously, matrix Ἇ  was a square matrix, where it has entries only on its 

diagonals. The number of unknowns were equal to 5M assuming that positioning 

errors occur in all three axes. With only 4 measurements and manipulating the 

measured erroneous manifold and ideal manifold, all 5M coefficients were found. 

This was facilitated by the fact that the measured erroneous array manifold forms a 

vector identity. In other words, when we mention making one measurement, the 
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erroneous array manifold is essentially a column vector, and M measurements are 

effectively conducted simultaneously as we are dealing with a vector. 

However, now, Ἇ Ἅ is not a diagonal matrix, it has off-diagonal entries and this 

has to be treated accordingly. If Ἅ is an arbitrary matrix, then it has -  unknowns. If 

it is a symmetric matrix, there will be  unknown elements. If Ἅ has a Toeplitz 

and symmetric structure, then there are only M unknown elements.  

In order to estimate MCM, firstly, it is going to be assumed that Ἅ is an arbitrary 

square matrix, this case is the worst in terms of including most number of unknown 

coefficients to estimate. Then, a solution technique for Symmetric&Toeplitz MCM 

will be derived based on L many measurements. Finally, solution technique when 

MCM is symmetric will be presented. 

4.2.1 Arbitrary MCM Estimation Technique 

In this part, arbitrary MCM estimation technique will be illustrated. The following 

optimization is considered: 

Ἅ  ÍÉÎ
Ἅ
ᴁἤ Ἅἤ ᴁ                                      (4.10) 

Ἅ  ἤ ἤ                                                    (4.11) 

In Equation (4.10), ᴁȢᴁ is the Frobenius norm operation. In Equation (4.11), ἤ  is 

the pseudo-inverse of matrix ἤ. When , -, solution becomes underdetermined. 

In order to have a unique solution, , - .Notice that when M is increased, required 

number of calibrations for this case increases as well to uniquely determine the error 

matrix, which could be very hard practically. The Equation (4.11) is considered as 

arbitrary MCM estimation technique since there is no assumption on MCM. By using 

L many measurements and Equations (4.3-4.11), one can estimate obtain the estimate 

of MCM.  
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4.2.2 Toeplitz & Symmetric MCM Estimation Technique 

When MCM is a Toeplitz and symmetric matrix, the number of unknowns reduces 

to M. Therefore, only 1 measurement will be enough to obtain coefficients of 

Toeplitz and symmetric matrix, Ἅ. For illustrative purposes, let us assume that M=4, 

then, Ἅ has the following form: 

Ἅ

ὅ ὅ
ὅᶻ ὅ

ὅ ὅ
ὅ ὅ

ὅᶻ ὅᶻ

ὅᶻ ὅᶻ
ὅ ὅ
ὅᶻ ὅ

                                                    (4.12) 

In Equation (4.10), Ἅ ὸέὩὴὰὭὸᾀὅ ȟὅ ȟὅ ȟὅ , where ὸέὩὴὰὭὸᾀȢ operation 

outputs a Toeplitz matrix whose entries are defined by its input vector entries. For 

only one calibration point, L = 1. Ἅ can be found as the following for M elements: 

ἤ►▄   ἤ                                                           (4.13) 

ἤ░□   ἤ                                                           (4.14) 

ἾἺἭ   Ἶʃ                                                           (4.15) 

Ἶἱἵ   Ἶʃ                                                           (4.16) 

Ἣ►▄  ὅ ȟὅ ȟὅ ȟȣȟὅ                                        (4.17) 

Ἣ░□ ὅ ȟὅ ȟὅ ȟȣȟὅ                                         (4.18) 

▓ ὀ   
Ὦ ρȟ                                   ╚ Ø

Ὦ ρȟ         ╚  Ø  Ø
                        (4.19) 

▓ ὀ  
Ὦ ρȟ                                   ╚ Ø

Ὦ ρȟ         ╚  Ø  Ø
                        (4.20) 

Ἣ►▄ ▓ ἾἺἭ  ▓ Ἶἱἵ ▓ ἾἺἭ ▓ Ἶἱἵ ἤ►▄

▓ Ἶἱἵ ▓ ἾἺἭ ἤ░□ (4.21) 
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Ἣ░□ ▓ ἾἺἭ ἤ░□ ▓ ἾἱἵἫ►▄                                 (4.22) 

In above equations, ἤ is a vector since there is only one measurement. Ȣ takes 

real part of its input, Ȣ outputs the imaginary part of its input, ▓ Ȣ takes a vector 

as an input and yields a matrix that is defined by Equation (4.19). ▓ Ȣ takes a vector 

as an input and yields a matrix that is defined by Equation (4.20). In Equation (4.19) 

and (4.20), ὭȟὮɴ ρȟςȟȣȟὓ  & ὀ Ø Øȣ Ø ȟØ π Ὢέὶ Ὥɵ πȟὓ ρ. 

When there are  more than one measurements, the MCM will be estimated by 

following procedure for Toeplitz&Symmetric MCM estimation technique: 

1. For each calibration points, measurement  is obtained.  

2. For each measurement, a MCM is estimated via using Equation (4.21) and 

(4.22). 

3. Final MCM is estimated via averaging of previous MCM estimates. 

4.2.3 Symmetric MCM Estimation Technique 

When MCM is a symmetric matrix, the number of unknowns is  . As each 

measurement involves observing a vector, M measurements are conducted for each 

calibration point. Hence, to obtain the coefficients of the symmetric matrix Ἅ, 

(M+1)/2 measurements are necessary. 

In this technique, the focus is on a case where we have only one measurement and 

we are trying to estimate MCM from only one measurement. In this case, since the 

system is underdetermined, we have to impose a condition. This condition will be 

minimized Frobenius norm.  

ÍÉÎ
Ἅ
ᴁἍ ᴁ      such that Ἅ Ἅ Ǫ     Ἶ —  ἍἾ—                         (4.23) 

In Equation (4.23), Ἶ —  is the estimation of erroneous array manifold for —  —.   

ÍÉÎ
Ἅ
ᴁἍ ᴁ  ÍÉÎ

Ἅ
ὸὶἍ╒                                               (4.24) 
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If we use the method of Lagrange multipliers, we will have the following equation 

to minimize: 

ὸὶἍ╗╒ ⱦ Ἶ —  ἍἾ— Ἅ  Ἅ                             (4.25) 

ⱦɴ ᴇ   and ᶰᴇ  are composed of Lagrange coefficients. If we take 

derivative with respect to ╒: 

ς╒ ⱦἾ — π                                              (4.26) 

╒ ⱦἾ —                                                (4.27) 

╒  Ἶ— ⱦ                                             (4.28) 

Let us impose the constraint of Ἅ Ἅ : 

ⱦἾ —   Ἶ— ⱦ                                    (4.29) 

 Ἶ— ⱦ ⱦἾ —                                      (4.30) 

If we substitute Equation (4.30) into (4.27): 

╒ ⱦἾ — Ἶ— ⱦ                                              (4.31) 

Now, we can impose the second constraint, Ἶ —  ἍἾ— . If we multiply both 

sides of Equation (4.31) by Ἶ—  from right:  

Ἶ —  ╒Ἶ— ⱦἾ — Ἶ— Ἶ— ⱦἾ—                     (4.32) 

Ἶ — ⱦᴁἾ— ᴁ ⱦἾ— Ἶ—                               (4.33) 

In Equation (4.33), if we can find ⱦ in terms of Ἶ—  and Ἶ — , we can have a 

solution. Consider the orthonormal basis for ᴇ  given as: 

▄
Ἶ

ȿȿἾ ȿȿ
ȟ▄ȟ▄ȟȣȟ▄╜ ᶰ ▼▬╪▪▄                        (4.34) 
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In Equation (4.34), ▄ȟ▄ȟ▄ȟȣȟ▄╜  are orthonormal basis spanning ᴇ  and ▄ is 

initialized.  Let  

ⱦ  В ‌▄░                                             (4.35) 

Ἶ —   В ‍▄░                                        (4.36) 

We need to find ‌ from Ἶ—  and ‍. We can rewrite (4.33) as the following by 

using ⱦἾ— ‌▄ equality derived using (4.34) and (4.35): 

В ‍▄░  В ‌▄░ᴁἾ— ᴁ ‌▄ᴁἾ— ᴁ          (4.37) 

‍ is equal to: 

‍ ᴁἾ— ᴁ‌                                            (4.38) 

‍ ᴁἾ— ᴁ‌ Ὢέὶ Ὥ ςȟσȟȣȟὓ                               (4.39) 

ⱦ  В ‌▄░ ᴁἾ ᴁ
▄

ᴁἾ ᴁ
В ‍▄░                      (4.40) 

ⱦ  В ‌▄░ ᴁἾ ᴁ
▄

ᴁἾ ᴁ
В ‍▄░  ᴁἾ ᴁ

▄  
ᴁἾ ᴁ

▄        (4.41) 

ⱦ  
ᴁἾ ᴁ

В ‍▄░  
ς‍ρ

ᴁἾ—πᴁς
▄                                 (4.42) 

ⱦ  
ᴁἾ ᴁ

Ἶ —  
ς‍ρ

ᴁἾ—πᴁσ
Ἶ—π                                  (4.43) 

Note that ‍   Ἶ — ▄  Ἶ —
Ἶ

ȿȿἾ ȿȿ
, and therefore,  

ⱦ  
ᴁἾ ᴁ

Ἶ —  
ςἾ Ἶ—π

ᴁἾ—πᴁτ
Ἶ—π                              (4.44) 

Inserting Equation (4.44) into (4.32): 

╒
ᴁἾ ᴁ

 Ἶ — Ἶ — Ἶ— Ἶ —
Ἶ Ἶ Ἶ Ἶ

ᴁἾ ᴁ
  (4.45) 
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The  Equation (4.45) is referred to as symmetric MCM solution technique in this 

chapter. When there is only one measurement and mutual coupling matrix is 

assumed to be symmetric, by imposing minimum norm condition, MCM can be 

estimated via previously given equations.  

When there are  more than one measurements, the MCM will be estimated by 

following procedure for symmetric MCM estimation technique: 

4. For each calibration points, measurement  is obtained.  

5. For each measurement, a MCM is estimated via using Equation (4.45). 

6. Final MCM is estimated via averaging of previous MCM estimates. 

4.3 Calibration Procedure 

In this part, calibration procedure will be explained for estimation of MCM.  

If MCM is assumed to be arbitrary matrix, we need to have M measurement points 

at least due to number of unknowns. However, while choosing the calibration points, 

one needs to be careful, even with M measurement points, in order to solve Equation 

(4.11), matrix ἤ needs to be full rank. Choosing calibration points close to each other 

jeopardizes this situation. Nevertheless, choosing calibration points far from each 

other will result in very large angle sector for calibration. This might not be very 

practical. For M = 10, calibration angle spacing of 10 degrees is a good spacing since 

it is close to its beamwidth. Therefore, during calibration, calibration angles are 

sampled with 10 degrees of seperation. 

If MCM has a Toeplitz and symmetric structure, by using the developed technique 

described in section 4.2.3 and only one measurement, one can estimate the entries of 

MCM.  

If MCM has a symmetric structure, by imposing the condition that MCM has a 

minimum Frobenius norm and taking one measurement, entries of MCM can be 

estimated.  
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4.4 Calibration Performance 

4.4.1 Calibration Using Arbitrary MCM Estimation Technique and 

Different Types of MCM 

In this case, calibration is performed by using arbitrary MCM estimation technique. 

However, signal is assumed to incorporate three different mutual coupling matrices, 

namely, arbitrary MCM, symmetric MCM, and Toeplitz and symmetric MCM. In 

Figure 4.1, one can see the Frobenius norm of estimated and actual C matrices for 

three different MCMs and using arbitrary MCM estimation technique. The error 

metric is plotted for different number of calibration measurements. ἍἩἺἪἱἼἺἩἺὁ , which 

is denoted as arbitrary MCM, is constructed such that the matrix does not have any 

particular property like being symmetric or Toeplitz. ἍἻὁἵἵἭἼἺἱἫ, which is denoted as 

symmetric MCM, is the C Matrix constructed by using S Parameters extracted from 

HFSS simulation for array placed with quarter-wavelength. ἍἢἷἭἸἴἱἼὂ, which is 

denoted as Toeplitz and symmetric MCM, is constructed by constructing a Toeplitz 

and symmetric matrix where the first row is equal to the first row of ἍἻὁἵἵἭἼἺἱἫ. 
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Figure 4.1 Mutual coupling matrix estimation error for different number of 

calibration points, using arbitrary MCM estimation technique for signals with 

different C matrices. 

In Figure 4.1, please observe that signal models that have symmetric and Toeplitz & 

symmetric structures are showing better error performance with fewer number of 

calibration points since the number of unknowns are less than arbitrary MCM. In 

Figures 4.2-4.7, one can see the direction finding performance for different number 

of calibration points. For all of these figures, arbitrary MCM estimation technique is 

used to estimate the MCMs. However, signal is modelled to have different forms of 

MCMs which are given in the figures as well. In order to perform the direction 

finding, parameters in Table 4.1 are being used. 

 

Table 4.1 Parameters related to calibration and direction finding procedures. 

Parameter  Value Unit 

M 10 - 

K 100 - 

ὓὅͅὔόάὦὩὶ  2000 - 

Angle of arrival [80,100] with ɝʃ ρ degrees 

ὛὔὙ   50 dB 

Coarse ɝʃ  6 degrees 

Ups ɝʃ  1 degrees 

ὛὔὙ   50 dB 
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Figure 4.2 Direction finding performance for L = 12. 

 

 

Figure 4.3 direction finding performance for L = 7. 
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Figure 4.4 Direction finding performance for L = 5. 

 

Figure 4.5 Direction finding performance for L = 4. 



 

 

83 

 

Figure 4.6 Direction finding performance for L = 3. 

 

 

Figure 4.7 Direction finding performance for L = 2. 



 

 

84 

In the Figures (4.2-4.5), it can be seen that direction finding performance for 

symmetric and Toeplitz & symmetric MCM cases perform better than arbitrary 

MCM. This is anticipated since there are less number of unknowns and since 

estimation is better, calibration is better resulting in improved direction finding 

performance.  

In Figures (4.6-4.7), one can see that the level of errors is very high compared to 

previous results.  

4.4.2 Calibration Performed by Using Three MCM Estimation 

Techniques and Symmetric MCM 

In this part, the performance is evaluated by following the steps: 

1- Signal is modelled such that it includes only symmetric MCM. 

2- MCM is estimated applying all three techniques. 

3- For number of calibration points > 1 and for Symmetric MCM estimation 

technique and Toeplitz & Symmetric MCM estimation technique, MCMs are 

estimated for each calibration point, then they are averaged to obtain final 

MCM. 

Frobenius norm of error of estimation procedure can be found in Figure 4.8. 
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Figure 4.8 Estimation error performance when MCM is symmetric and three 

techniques are performed to estimate MCM. 

 

4.4.3 Calibration Performed by Using Three MCM Estimation 

Techniques and Symmetric&Toeplitz MCM 

In this part, the performance is evaluated by following the steps: 

1- Signal is modelled such that it includes only Toeplitz & symmetric MCM. 

2- MCM is estimated applying arbitrary estimation and Toeplitz & symmetric 

estimation techniques. 

3- For number of calibration points > 1 and for Toeplitz & Symmetric MCM 

estimation technique, MCMs are estimated for each calibration point, then 

they are averaged to obtain final MCM. 

Frobenius norm of error of estimation procedure can be found in Figure 4.9. 
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Figure 4.9 Estimation error performance when MCM is symmetric&Toeplitz and 

three techniques are performed to estimate MCM. 
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  CHAPTER 5 

 

5 CONCLUSION 

Phased array antennas are gaining popularity due to their flexible beamforming 

capabilities. However, the performance of beamforming and direction finding in 

phased array antennas is susceptible to errors within the array. The primary sources 

of these errors include channel gain/phase errors, mutual coupling, and positioning 

inaccuracies. Over the course of phased array history, researchers have studied these 

errors and proposed various methods to mitigate their effects. 

 

This study focuses on array calibration in the presence of external sources with 

known locations. This calibration method is crucial as it enables the extraction of 

error parameters even when the antenna is integrated into its platform. The influence 

of the platform on these parameters is also considered. Moreover, the presented 

method proves valuable for recalibrating the array in situations such as aging, 

temperature variations, or element failures, without the need to disengage the 

antenna from the platform—a challenging task. 

 

The thesis explores two specific cases. In the first case, the interest lies in channel 

gain/phase errors and positioning errors. Through MATLABTM simulations, it is 

demonstrated that by parameterizing the errors and conducting only four 

measurements, significant improvements in direction finding and array performance 

can be achieved. However, the method's effectiveness diminishes in scenarios with 

high mutual coupling effects. In the second case, three techniques are developed for 

estimating the mutual coupling matrix under assumptions of arbitrary, symmetric, 
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and Toeplitz & symmetric forms. These techniques are applied to various mutual 

coupling matrices to showcase their performance through MATLABTM simulations. 
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