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ABSTRACT

DEVELOPING A STRUCTURED 2D MESH ALGORTIHM UTILIZED
FOR BRIDGE DECKS

Balci, Belig Batu
Master of Science, Civil Engineering
Supervisor : Prof. Dr. Ozgir Kurg

December 2023, 126 pages

This study centers on developing and evaluating a specialized structured meshing
algorithm, a foundational process in numerical simulations critical for reliable
engineering analyses. The research addresses challenges in achieving accurate
meshing, particularly for bridge decks, where element distribution impacts structural
behavior capture. Emphasizing the limitations of current unstructured meshing
methods, the need for uniform element distribution and high mesh quality is
highlighted. To address these issues, a novel structured meshing technique is
introduced, discussing its potential to handle complex bridge deck geometries.
Challenges specific to structured meshing for bridge decks with curved or
nonparallel edges are explored. The primary goal is to create a tailored meshing
technique for bridge decks, generating high-quality structured meshes adaptable to
diverse geometries. The scope involves a 2D planar structured mesh algorithm for
bridge decks, validated through finite element analysis and comparison with
established software. The thesis outlines the methodology, algorithm framework,
validation with models, practical bridge deck application, and concludes with future

enhancement prospects.

Keywords: Structured Meshing, Bridge Decks, Finite Element Analysis, Maximum
Weight Matching



0z

YAPI KOPRU DOSEMELERI iCIN KULLANILAN YAPILANDIRILMIS
2B AG ALGORITMASI GELiSTIiRMESI

Balci, Belig Batu
Yiiksek Lisans, Insaat Miihendisligi
Tez Yoneticisi: Prof. Dr. Ozglr Kurg

Aralik 2023, 126 sayfa

Bu caligma, giivenilir mithendislik analizleri igin kritik bir siire¢ olan sayisal
simiilasyonlarda temel bir adim olan 6zellestirilmis yapilandirilmis ag olusturma
algoritmasinin gelistirilmesi ve degerlendirilmesine odaklanmaktadir. Arastirma,
dogru ag olusturmanin zorluklarina, 6zellikle koprii déseme analizleri i¢in eleman
dagiliminin yapisal davranigin yakalanmasina etki ettigi durumlara odaklanmaktadir.
Mevcut yapilandirilmamais ag olusturma yontemlerinin sinirlamalarini1 vurgulayarak,
homojen eleman dagilimi ve yiiksek ag kalitesinin gerekliligi 6n plana ¢ikarilmistir.
Bu sorunlari ele almak i¢in, karmasik koprii doseme geometrileri ile basa ¢ikma
potansiyeline sahip yeni bir yapilandirilmis ag olusturma teknigi sunulmusg ve
tartisilmistir. Egrisel veya paralel olmayan kenarlara sahip koprii doseme yapilari
icin yapilandirilmis ag olusturmanin 6zgiin zorluklar kesfedilmektedir. Temel
hedef, cesitli geometrilere uygun yiiksek kaliteli yapilandirilmis aglar olusturabilen
ozellestirilmis bir ag olusturma teknigi gelistirmektir. Kapsam, koprii doseme
analizleri i¢in 2B dizlem yapilandirilmis ag algoritmasi icermekte olup sonuglar
sonlu eleman analizi ile degerlendirilmis ve yaygmn kullamilan yazilimlarla

karsilagtirilmistir. Tez, metodolojiyi, algoritma ¢ercevesini, modelleme ile yapilan

Vi



dogrulamayi, gercek bir koprii giliverte uygulamasini ana hatlariyla sunmakta ve

gelecekteki gelistirme olanaklarina dair goriislerle son bulmaktadir.

Anahtar Kelimeler: Yapilandirilmis Ag Olusturma, Koprii Déseme, Sonlu Eleman

Analizi, Maksimum Agirlik Esleme
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CHAPTER 1

INTRODUCTION

The process of meshing, which involves discretizing a continuous domain into
smaller elements, is a fundamental step in numerical simulations and analyses.
Accurate meshing plays a pivotal role in ensuring reliable and precise results in
various engineering applications. One area where mesh quality is of utmost
importance is in the analysis of bridge decks. The accurate representation of bridge
geometries and the even distribution of mesh elements are crucial for capturing the
structural behavior and ensuring trustworthy results in subsequent simulations.
Therefore, the primary objective of this study is to develop a new structured meshing
algorithm specifically designed to address these challenges. The proposed algorithm
will be thoroughly evaluated and tested to determine its effectiveness in capturing
the structural behavior of bridge decks and producing trustworthy results. To gauge
its performance, the algorithm will be compared against existing commercial
meshing software, assessing how well it tackles the specific problems related to

bridge deck analysis.

1.1 Problem Definition

The problem at hand arises from the inherent limitations of existing unstructured
meshing techniques in achieving even meshing for basic geometries, with a specific
emphasis on bridge decks. Unstructured meshing methods fail to effectively
distribute mesh elements uniformly across the entire domain, leading to suboptimal

mesh quality and compromised accuracy in subsequent numerical simulations and



analyses. This deficiency becomes especially pronounced in the case of bridge decks,
where maintaining an even mesh is crucial for accurately capturing the structural

behavior and ensuring reliable results.

1.11 Challenges of Unstructured Meshing

The limitations of unstructured meshing in achieving even meshing for basic
geometries can be attributed to several factors. Firstly, unstructured mesh algorithms
often encounter challenges in appropriately distributing mesh elements across the
domain, resulting in irregularities such as clusters of small or large elements. These
irregularities adversely affect the accuracy and convergence of numerical
simulations, necessitating the achievement of a uniform distribution of elements to
accurately represent the geometry and physics of the bridge deck. Secondly,
unstructured meshing often produces meshes with suboptimal quality metrics, such
as high skewness or irregular element shapes. Skewed elements can introduce
numerical errors and adversely affect the accuracy and stability of simulations.
Ensuring high-quality meshes with well-shaped and regular elements is crucial for

reliable and accurate analysis of bridge decks.

1.1.2 Potential Solution: Structured Meshing Techniques

The limitations of unstructured meshing techniques for achieving even meshing in
basic geometries, specifically in the context of bridge decks, necessitate the
exploration of alternative meshing approaches. Structured meshing techniques,
which exhibit greater control over element distribution, aspect ratios, and mesh
quality, offer a potential solution. Employing a structured mesh algorithm offers a

notable advantage in terms of improved connectivity within the resulting mesh. By



leveraging structured meshing techniques, the connectivity between adjacent mesh
elements is enhanced. This improvement fosters more accurate analysis and
simulations by reducing the presence of disconnected or poorly connected regions
within the mesh. However, when applied to bridge decks with curved or nonparallel
edges, structured mesh algorithms encounter several challenges that require

attention.

1.1.3 Challenges of Structured Meshing for Bridge Decks

The development of a structured meshing technique that ensures high-quality meshes
for bridge decks with curved or nonparallel edges is paramount. This entails
generating elements with appropriate aspect ratios and skew angles to accurately
represent the bridge deck’'s geometry. The mesh quality must adhere to specific
criteria, such as minimizing element distortion, reducing variations in aspect ratios,
and maintaining suitable element sizes throughout the domain. Achieving these goals
will result in meshes that capture the intricacies of the bridge deck geometry more

effectively.

Ensuring grid regularity within the structured mesh is crucial. Despite the presence
of curved or nonparallel edges, efforts should be made to achieve uniform spacing
and alignment of mesh elements. Irregularities such as element clustering or
stretching should be minimized to enhance the uniformity and regularity of the grid.
A more regular grid aids in precise numerical analysis and reduces errors associated

with numerical computations.

Designing a meshing technique capable of adapting to different bridge deck
configurations is essential. Bridge decks can exhibit varying degrees of curvature or
nonparallelism in their edges, requiring the mesh generator to intelligently adjust

mesh density and element distribution. Adapting to these variations while



maintaining a coherent and consistent mesh structure is crucial to accurately

represent the diverse geometry of bridge decks.

Enhancing the robustness of the meshing algorithm is vital to address the challenges
posed by complex geometries, irregularities, and intricate details often encountered
in bridge deck designs. The algorithm must effectively handle geometric
complexities, such as complex curvatures, varying shapes, and irregularities caused
by supports or structural elements. It should exhibit resilience to geometric
distortions and consistently produce high-quality meshes regardless of the input

geometry's intricacies.

1.2 Objective

The primary objective is to overcome these challenges and devise an effective
meshing technique tailored specifically for bridge decks. This technique should
enable the generation of structured meshes that accurately capture the geometry of
bridge decks, regardless of curved or nonparallel edges. The desired outcome
includes mesh quality that meets stringent criteria, grid regularity that enhances
numerical analysis, mesh adaptability to varying bridge deck configurations, and
robustness in handling complex geometries and irregularities. By addressing these
aspects, the proposed meshing technique will facilitate precise simulations and

analysis of bridge decks, aiding in their efficient design and evaluation.



1.3  Scope

The objective of this thesis is to create a specialized 2D planar structured mesh
algorithm tailored for the generation of meshes intended for bridge decks. This mesh
generator has the capability to create meshes within quadrilateral domains featuring
curved edges and highly skewed angled edges, typical characteristics found in bridge
span decks. Additionally, the mesh generator is designed to accommodate geometric
constraints relevant to bridge decks, including edge, point, and line constraints. The
evaluation of the quality and appropriateness of the generated deck meshes involves
performing finite element analyses on the output meshes. The outcomes of these
analyses will be compared with meshes generated by different software, with
"Gmsh" selected as the reference due to its widespread use in the field. Through this
comparative analysis, the effectiveness and reliability of the developed mesh

generator can be assessed.

1.4 Outline of the Thesis

The subsequent sections of the thesis are structured in the following manner: Chapter
2 addresses the methodology employed for conducting a literature review aligned
with our research objectives, and subsequently presents the outcomes derived from
this review. Chapter 3 provides a comprehensive exploration of the algorithm's
general framework and its detailed components. Chapter 4 involves the creation of
illustrative models aimed at corroborating the algorithm's validity through a
comparative analysis with established commercial meshing algorithms. In Chapter
5, the thesis applies the algorithm to mesh an actual bridge deck, followed by an in-
depth discussion of the findings. The final chapter, Chapter 6, encompasses the
thesis' conclusion, along with a discussion of potential avenues for future

enhancements.






CHAPTER 2

LITERATURE SURVEY

This thesis is centered around developing an effective approach to accurately mesh
bridge deck geometries. Our exploration of mesh generation reveals two primary
categories, unstructured and structured meshes (Johnen, 2016). Those two categories
can be defined as a structured mesh as a subgraph induced from an infinite periodic
graph, like a grid, while an unstructured mesh allows vertices to exhibit varying local
neighborhoods (Johnen, 2016). In the context of finite element analysis, structured
meshes prove superior for basic geometries, whereas unstructured mesh algorithms
perform better for more intricate geometries. In our specific scenario, where most
bridge deck geometries are simple, we opt for a structured mesh as the foundation of
our algorithm. However, in extreme cases where bridge deck geometries exhibit
highly curved and skewed features, structured mesh algorithms introduce
approximations, leading to stair-stepping issues. To address these challenges, we
investigate existing structured algorithms. Within structured mesh algorithms, three
primary techniques are employed; mapping, submapping, and cross-field-based
methods (Johnen, 2016).

Gordon and Hall (1973) utilizes a mapping technique employing blending-function
interpolation mapping, which proves ineffective for skewed and curved geometries.
Haber et al. (1981) also employs a mapping technique using transfinite mapping and
higher-order polynomial bases to adequately mesh curved geometries. However, it
still encounters challenges in properly meshing skewed geometries with quadrilateral
meshes. Furthermore, two papers that use submapping techniques to generate
meshes are examined (Whiteley, White, Benzley, & Blacker, 1996) (White,
Mingwu, Benzley, & Sjaardema, 1995). However, the flaw of the submapping



technic lies in the requirement for geometries to have angles relatively close to 90°
for good-quality mesh generation (Johnen, 2016). Consequently, skewed geometries
cannot be meshed properly. Kowalski, Ledoux, and Frey (2015) and Fogg,
Armstrong, and Robinson (2013) employ the cross-field propagation technique to
generate meshes, dividing any given 2D domain into regions suitable for
quadrilateral meshing. While effective for curved regions, this method falls short for
angled ones. An observation common to these algorithms is their generation of
quadrilateral elements, indicating that for highly skewed regions, pure quadrilateral
element-generating algorithms are not effective. In such cases, a hybrid triangular-

quadrilateral approach can be employed.

To have hybrid mesh elements, the initial approach involved generating structured
triangles that could be later converted into quadrilaterals (quads). The main question
driving the search was how to convert triangles to quads efficiently. During the
literature search, a paper titled "Blossom-Quad: A non-uniform quadrilateral mesh
generator using a minimum-cost perfect-matching algorithm” was discovered
(Remacle et al., 2012). This paper proposed using the well-known graph theory
algorithm, the Blossom algorithm, to calculate the minimum-cost perfect matching
in a given graph. By applying this algorithm, specific edges could be removed,
allowing the formation of quad elements in polynomial time. The paper implemented
the Blossom IV code by Cook & Rohe (1999), considered the fastest available
implementation of the Blossom algorithm. While this algorithm guarantees a perfect
matching, which ensures that no triangles are left after removing the matched edges,
it becomes impossible to achieve a 100% quad conversion that meets quality
limitations, especially in extreme cases involving high skew in the domain as it is

discussed before.

Thus, a new algorithm is required to offer a more flexible approach to converting
triangles to quads. To address this limitation, further research led to the discovery of
a new algorithm based on Edmonds' blossom algorithm for maximum matching on

graphs (Edmonds, 1965). This algorithm aimed to find the matching set in a graph



with maximum weight and did not guarantee a perfect matching. The hope was that
by employing this maximum weight matching algorithm, quads could be generated
that better accommodated the complexities of curved and skewed geometries.
However, it was crucial to strike a balance between quad quality and completeness.
Although the maximum weight matching algorithm offered improved results, it did
not ensure a 100% quad conversion rate. In some scenarios, certain triangles might

remain unmatched to achieve higher quad quality.

The literature search emphasized the importance of optimizing quad quality,
considering the specific application's requirements. The complexity of implementing
the maximum weight matching algorithm was initially high (O(V#)), prompting a
search for a faster and more robust implementation. Eventually, a new
implementation with lower complexity (O(V?)) was found, making it more practical
(Gabow, 1976). It was also discovered that the maximum weight matching algorithm

had not been used for finite element meshing with structured grids in other research.

In conclusion, this literature survey explored meshing algorithms for curved and
skewed geometries, particularly in the context of bridge deck analysis. The Blossom
Quad algorithm was initially considered, but its perfect matching approach was
found to be inadequate for the requirements. The focus then shifted to the maximum
weight matching algorithm as an alternative, aiming to produce quads that better
aligned with the specific needs. While not achieving 100% quad coverage, the
emphasis was on prioritizing quad quality over completeness to optimize meshing
results. The findings set the groundwork for further investigations into meshing
algorithms for curved and skewed geometries, aiming to achieve desired quad quality

while maintaining an acceptable level of completeness.






CHAPTER 3

EXPLANATION OF MESH ALGORITHM AND DATA STRUCTURE

In this section, first the requirements for the mesh algorithms will be examined. Then
based on these regirements, the data structures which are needed to implement
regirements will be explained. Finally, the details of the implementation is going to

be present.

3.1  High Level Reqgiurements

This section presents the requirements for our structured meshing algorithm, which
aims to generate quadrilateral-triangular meshes specifically for bridge deck
geometry. The algorithm is based on a combination of maximum weight matching
and heuristic algorithms.

The algorithm consists of the following key components:

311 Determining Optimum Edge Length

Prior to generating mesh vertices and edges, the algorithm calculates the optimum
edge lengths for each edge. Since most bridge decks have a quadrilateral shape, this
mesh algorithm is limited to meshing quadrilateral domains. Consequently, there are
four edges in each domain. The optimum edge length is calculated to divide opposite
edges equally and connect the grids one-to-one. The edge constraint and maximum

element size parameters are used to calculate these numbers.
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3.1.2 Grid Initialization

To achieve structured elements with well-defined connectivity, the algorithm
initializes a structured grid that covers the domain. This grid is generated in the
natural coordinate system to facilitate the grid generation process. The initial
quadrilateral elements are formed by connecting grid lines. These elements are then
divided diagonally to form structured triangular elements. The diagonal division
aims to minimize the standard deviation of the internal angles of the resulting
triangles in the Cartesian coordinate system.

3.1.3 Coordinate Transformation

Since the initialized grid is in the natural coordinate system, a transformation is
performed to convert it to the Cartesian coordinate system. This transformation is
necessary for the subsequent steps that require the element coordinates in the

Cartesian coordinate system.

3.14 Applying Line and Point Constraints

Bridge decks often require certain vertices to be generated at predetermined locations
to ensure proper connection with the underlying girder or to accommodate loads on
top of them. To enforce the generation of vertices at specific locations, the algorithm
introduces constraints. These constraints can be in the form of point or line
constraints. A point constraint means that a vertex will be generated at the specified
location, while a line constraint ensures that the elements underneath the defined line

have at least one vertex on the line.
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3.15 Maximum Weight Matching

Up to this point, the elements have been formed as triangles, and the vertex locations
have been determined. However, the desired outcome is to have as many
quadrilateral elements as possible with suitable properties, such as internal angles.
To transform the triangles into quads, certain edges need to be omitted. The
algorithm employs the maximum weight matching algorithm to decide which edges
to omit. To apply this algorithm, the elements are represented as a dual graph, where
the nodes represent the triangle elements and the edges represent the connections
between them. Graph matching refers to "a set of edges in which no two distinct
edges share a common endpoint” (source: networkx.org). In other words, each
element can have only one edge involved in the matching set, ensuring that deleting
a matched edge results in obtaining only quads. The weight of the edges determines
the likelihood of an edge being a candidate for deletion. Edges that should not be
deleted have lower weights, while the opposite is true for edges that are more likely
to be omitted. It should be noted that the maximum weight matching algorithm does
not guarantee a perfect matching, so there may still be some triangles remaining in

the domain under certain circumstances.

3.2  Data Representation

In this section, we describe the data representation used in our structured meshing
algorithm. Proper data representation is crucial for efficient and accurate mesh

generation.
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3.2.1 Data Representation of Mesh Elements

We employ data structure to hold geometric information and facilitate the
connectivity of mesh elements. The name of the data structure is "Doubly Connected
Edge List". The half-edge data structure, also referred to as the doubly connected
edge list (DCEL), is a method for representing the arrangement of a planar graph
within a two-dimensional plane (de Berg, 2000). Moreover, this structure can be
extended to capture the geometry of polytopes in three-dimensional space. Also, it
is a data structure used to represent the connectivity of edges in a planar subdivision.
It provides an efficient way to store and query geometric information such as
vertices, edges, and faces in a planar graph. This data structure was originally
suggested by Muller & Preparata (1978). The DCEL data structure consists of three

main elements: vertices, half-edges, and faces.

3.2.1.1 Vertices

A vertex represents a point in space and stores its coordinates. In the DCEL, each
vertex is associated with an outgoing half-edge. In our case, the vertex is associated
with not only one outgoing half-edge, but with every outgoing half-edges as
collection. Additionally, vertices can hold any other attributes required for the

application at hand, such as colors, labels, or other user-defined properties.

Figure 3.1. DCEL vertices.
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3.2.1.2  Half-edges

A half-edge represents an oriented line segment and is associated with a single face.
It has two endpoints, a source vertex, and a target vertex. Half-edges are used to
define the boundaries of faces in the subdivision. In the DCEL, half-edges are
organized in pairs, forming a complete edge. Each half-edge also has pointers to the
next and previous half-edges around the same face (clockwise or counterclockwise),
as well as to the twin half-edge that represents the opposite direction of the same
edge. The twin half-edges facilitate navigation between adjacent faces.

Drigin;e) twin(e)

nextfe) . J Swm===7T
———

Figure 3.2. DCEL half-edges.
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3.2.13 Faces

A face represents a region bounded by a set of half-edges. In the DCEL, each face
stores a pointer to one of its bounding half-edges. This pointer allows traversing the
boundary of the face by following the next pointers of the half-edges.

fte)

f(5)

1(7)

Figure 3.3. DCEL faces.

The chosen data representation enables efficient storage, manipulation, and traversal
of geometric information during the structured mesh generation process. It facilitates
rapid access to vertex, edge, and face information, as well as the connectivity
between these elements. The half-edge data structure ensures consistent and reliable

mesh connectivity, supporting procedures employed in our algorithm.

16



In the provided illustration (Figure 3.4), you can observe the class diagram of the
Doubly Connected Edge List (DCEL) implementation using the Unified Modeling
Language (UML).

DCEL

3 3 1x
Vertex HalfEdge Face

Figure 3.4. UML Class Diagram for DCEL Data Structure
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3.2.2 Data Representation of Domain

In our structured meshing algorithm, the domain representation plays a crucial role
as it holds both the input and output information. The domain is composed of various
components that capture the geometric properties and constraints of the mesh.
Specifically, the input part consists of five main components: Corner, Edge, Point
Constraint, Line Constraint, and Edge Constraint. On the other hand, the output part
primarily includes the Doubly Connected Edge List (DCEL) structure, which is

generated by the algorithm using the input information.

3.2.2.1 Corner Component

The Corner component represents the corner information of the domain. Each corner
is defined by its coordinates in two-dimensional space (X, y). It serves as a crucial
reference point for defining the edges and constraints within the domain. Corners are

typically stored as a collection of vertices, each with a unique identifier.

3.2.2.2  Edge Component

The Edge component represents the edges of the domain. Each edge is defined by its
start and end corners, forming a line segment. The Edge component also includes the
edge constraint, if applicable, which specifies any restrictions or conditions imposed
on the edge. This can be useful for enforcing specific geometric or topological
requirements. The edge constraint information is typically stored alongside the start

and end corner identifiers, allowing easy access during the mesh generation process.
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3.2.2.3  Point Constraint Component

The Point Constraint component captures point location constraints within the
domain. These constraints specify particular locations that must be included in the
resulting mesh. For example, they can represent critical features or regions of interest
that require accurate representation. Point constraints are typically defined by their
coordinates and stored in a data structure that allows efficient retrieval and utilization

during mesh generation.

3.2.24  Line Constraint Component

The Line Constraint component represents one-dimensional direction constraints
within the domain. These constraints impose restrictions on the orientation or
location of certain edges or vertices. Line constraints are commonly defined by
specifying start and end locations on the domain. This information is used to guide
the mesh generation process and ensure the desired alignment or orientation in

specific areas.

3.2.25  Edge Constraint Component

The Edge Constraint component encompasses predefined constraint locations on the
edges of the domain. These constraints impose specific requirements or conditions
on the mesh along those edges. Edge constraints can be used to enforce specific
boundary conditions, refine mesh resolution in critical areas, or ensure conformity
with external data or specifications. They are typically defined by their location on
the edge and stored alongside the edge information for easy access and utilization

during the mesh generation process.
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The output part of the domain representation primarily involves the Doubly
Connected Edge List (DCEL) structure. The DCEL is a widely used data structure
in computational geometry that efficiently represents the connectivity between mesh
elements. It consists of vertices, edges, and faces, where each element maintains
references to its adjacent elements. The DCEL stores information such as the vertex
coordinates, edge connectivity, and face properties, enabling efficient traversal and
manipulation of the mesh. This data structure is generated by the algorithm using the
input information, including the corner, edge, point constraint, line constraint, and

edge constraint components.

Overall, the domain representation encapsulates both the input and output
information in our structured meshing algorithm. It captures the geometric
properties, constraints, and connectivity of the mesh. By incorporating the various
components and utilizing the DCEL structure, the algorithm can effectively generate
a structured mesh that satisfies the input constraints and produces accurate and

efficient results.
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3.3 Mesh Generation

/ A
: Start |
l‘\\_\_ __/‘I

L4

Get the optimumEdgeLength

as input

l

Find the optimum edge lemngth

¥

Build the: imitial gricd

T

Generate triangular grid

l

Try o
add paint

optimumEdgeLength = optimumEdgeLength /1,125

Ak

consiralnts

Wias

Try o
add line

Mo

consiraints

Yes

¥

Generate guads from triangles.

Figure 3.5. Flow Chart for Mesh Algorithm
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In this section, we present the detailed steps and algorithms involved in the mesh
generation process of our structured meshing algorithm. The objective of this phase
IS to create a high-quality structured mesh that accurately represents the input domain
while satisfying any specified constraints.

3.3.1 Determining Optimum Edge Length For A Domain

Get the edge constraint numbers for each of the four edges. These edge constraint
values should fall within the range of 0 to 1. A value of 0 indicates that the edge
constraint is at the beginning of the edge, while a value of 1 signifies that the edge

constraint is at the end of the edge.

After obtaining these numbers, proceed to multiply each of them with the actual
length of their respective edges. This will yield the real distance value from the
starting point of each edge. Since we need to establish a grid structure, it is essential
to have grid location information along the edges. Additionally, we must ensure that

the grids align with the edge constraints.

To achieve uniformly-sized elements across the domain, it is necessary to maintain
an even grid spacing. In other words, the distance between the grids along the edges
should be equal.

To find the grid spacing length (Edge Length):

Calculate the distances between consecutive edge constraints of each edge and store
them in an array. If there are no edge constraints on an edge, store the entire length

of that edge as a single value in the array.

Next, determine the greatest common divisor (GCD) of the stored distances for each
edge. The GCD value represents the largest even grid spacing distance that satisfies

all the constraints.

Since the distance values are not integers but decimal numbers, direct GCD formulas

are not applicable. Instead, an approximate calculation method for GCD is required.
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The formulation below is used to get approximate GCD calculation:

being v the list {vy, vy, ..., v} B-1

n

meang;, v,T) = %2 sin(2rmv; /T) (3-2)
=1

l

mean,,;(v,T) = %Z}Ll cos(2mv; /T) (3-3)

GCDappeai(v,T) =1 — %\/meansin(v, T)? + (mean,,;(v,T) — 1)?2 (3—4)

T value which maximizes the Eq.(3-4) gives the approximate greatest common

divisor.

In a grid structure, grids that start from one edge should end at the opposite edge,
resulting in an equal number of divisions on each pair of opposite edges. To achieve
this, we first determine the largest possible grid spacing on any edge. Then, we find
the smallest possible division number by dividing the length of an edge by the grid
spacing. To ensure an equal number of divisions on both opposite edges, we take the
least common multiple of the minimum possible division numbers of the two edges.
This value represents the minimum division number that satisfies the constraints. By
dividing this number by the length of the respective edges, we obtain the grid spacing

value for each edge.
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The formulation below is used to get approximate LCM calculation:

Vi *Vy)

LCM(v) = m (3-5)
Until now, the maximum element edge length value provided for the domain has not
been taken into consideration. The calculated spacing values for the grid might
exceed this specified maximum element edge length. To tackle this issue, we must
determine the appropriate multiplication factor for each edge to reduce the grid
spacing and ensure it is smaller than the given maximum element edge length.
However, it's essential to consider that for opposite edges, the multiplication factors
can differ, which could potentially result in an unequal number of divisions between
them. To maintain consistency in the number of divisions across the domain while
adhering to the specified maximum element edge length, we select the larger
multiplication value for those opposite edges. By doing so, we strike a balance

between grid spacing and maintaining equal divisions between opposite edges.

After finding the final division numbers for edges store the optimum edge lengths as

a pair for opposite edges 1-3 and 2-4.

(3)

(4) (2)

(1)

Figure 3.6. lllustrate the edge numbers on an example domain.
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3.3.2 Structured Triangle Grid Initialization

After determining the spacing values of the grid along the edges, we can proceed to
create the grids within the domain. The initial grid will be generated based on the
natural coordinate system, where any 2D quad domain is represented as a 2D square
with sides of length 2 units. This standardized representation simplifies the grid
generation process for various types of quad domains within this square. Once the
grid is established in the natural coordinate system, it will then be mapped onto the
Cartesian coordinate system.

Natural Coordinate System for Quads:

For a 2D quadrilateral element, the natural coordinate system (&, 1) is defined within
the element. The coordinates (&, 1) vary from -1 to 1 in both the x and y directions,
and the origin (§ =0, = 0) is typically at the center of the element. The quadrilateral
element has four nodes, and the natural coordinates help locate any point inside the

element with respect to these nodes.

A
4(-1, 1) 7(0, 1) 3(1, 1)
® . g ®
8(-1,1)@ 4 - &
L 2 @ L ]
1(-1,-1) 5(0, -1) 2(1-1)

Figure 3.7. 8-node square element in natural coordinates
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Steps of element and connectivity generation on the grid is as follows.

Find the grid location on the edges in natural coordinate system.
Connect the grid locations on opposite edges to get grid line segments.
Make line segment intersection query to find where those grid line
segments are intersecting. Those intersection points will be the interior
nodes of the domain. And the grid locations on the edges will be the outer
nodes of the domain.

Generate mesh vertex objects and assign them unique ID's.

Create element connectivity vectors by using the ID's of the vertices.
These connectivity vectors represent the quads which are formed by
connecting grid line segments.

Build Doubly Connected Edge List (DCEL) structure by using
connectivity and vertex information to assign half-edges and faces.
After building the initial grid structure in Natural coordinate system now
all of the generated vertices are going to be transformed to the cartesian

coordinate system to calculate correct locations and properties.

Coordinate Transformation from Natural to Cartesian:

To convert a point in the natural coordinate system (&, 1) to the global Cartesian

coordinate system (X, y), we use interpolation functions or shape functions. In our

program, serendipity shape functions are used for mapping.

4(-1, 1)

4(x4, ya)

/—\ 3:3, y2)

2(x2, y2)

1(x1, y1)

(-1, -1)

2(1-1)

Natural Coordinates Cartesian Coordinates

Figure 3.8. Visualization of Coordinate Transformation
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The shape functions in Eq. (3-6)
q8 1
N =-70-0A-mA+&+m)
q8 1
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q8 _1
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q8 1
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q8 1
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The coordinate transformation formula in Eq. (3-7)

[Xeeyn] = IN1[X(gm] B-7

Since the serendipity functions are not linear, the curved geometries can also be

mapped form natural coordinate system.

After transforming the coordinate system, all the geometric properties of the domain

is re-calculated by using new locations.
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Next, the elements are split along diagonal lines to create structured triangular
elements. To determine the diagonal placement, the corner with the largest angle is
divided. This division is done in such a way as to minimize the standard deviation of
the internal angles within the resulting triangles. However, in cases where line
constraints are in effect, the positioning of diagonals in quadrilaterals is determined
by considering the directions of these line constraints. The constraint that is in closer
proximity to the quad is used to determine the diagonal placement by assessing its
direction. In order to find the distances between the each face for assesing proximity,
Floyd-Warshall algorithm is used (Floyd, 1962) (Warshall, 1962).
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3.3.3 Line and Point Constraints

3.3.3.1 Point Constraint

To begin, we get the location where the point constraint will be applied.

Next, we create a query to ascertain the point's position on a face. If the query fails
to find any face, it indicates that the point lies outside the permissible domain.
Consequently, we must refrain from proceeding with meshing since the input is

invalid.

Figure 3.9. Face under the point constraint.

However, if a face is detected, our task is to locate the closest vertex to the constraint
point. If this vertex falls on an outer edge or coincides with another constraint, we

must refine the system and initiate a re-meshing process from the beginning.
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Figure 3.10. Closest vertex to the point constraint.

On the other hand, if the found vertex is neither on an outer edge nor another
constraint, we proceed by updating its coordinates to match those of the given

constraint point.

Figure 3.11. Move vertex to constraint location.
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3.3.3.2 Line Constraint

In order to start, we obtain the start and end locations of the line that will serve as a
constraint. We treat the start location as a point constraint and proceed with similar

procedures to establish the line constraint.

We begin by retrieving the vertex that represents the start location of the line
constraint. This allows us to find all the faces connected to that vertex.

Next, we identify the face connected to the start vertex that lies under the line, within
the constraint, and select it. Having selected the appropriate face, we perform an
intersection query between the constraint line and the edges of this selected face.

This helps us locate the point where the line intersects the face.

Figure 3.12. Intersection of constraint with the face edge.

Now, our focus shifts to determining the closest vertex of the face's edge to the
intersection point. We then move that vertex to the intersection point. However, we
are vigilant to check if the moved vertex coincides with another constraint or an outer
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edge vertex. If this is the case, we promptly refine the system and retry the meshing
process from the beginning.

Figure 3.13. Closest vertex to the intersection point.

Figure 3.14. Move closest vertex to the intersection point.

To continue the process, we retrieve all the faces connected to the moved vertex and
repeat the steps from identifying the face under the line. This iterative approach
continues until we successfully reach the end point of the constraint. Once the end
point is reached, we confidently stop the algorithm.
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3.34 Maximum Weight Matching

In the mesh generation process, the dual graph is constructed by representing each
triangular face as a node in the graph, with common edges between the faces forming
the edges in the graph. To handle graph-related operations efficiently, we utilize the

Boost library, which provides robust functionalities.

The next step involves assigning weights to the edges based on their likelihood of
being omitted to form a quad. Higher weights indicate a higher chance of omission,
while lower weights imply the opposite. For edges falling under specific line
constraints or the outer edges, we give them negative values to ensure they are not
omitted from the quad formation. As for the remaining edges, we calculate the
standard deviation of the internal angles of the potential quad element formed if the
edge is deleted. The resulting standard deviation value is then assigned as the weight
for those edges. This approach aims to minimize the standard deviation of internal
angles, promoting the creation of more regular and well-shaped quads in the mesh.
Additionally, we aim to limit the maximum internal angle of formed quads, and any
edge causing the maximum angle to exceed the user-specified value receives a

negative weight to ensure it is not omitted.

With edge weights determined, we proceed to execute the maximum weight
matching algorithm using the Boost library. J. Edmonds initially introduced the
algorithm for maximum matching in his work titled "Maximum Matching and a
Polyhedron with 0, 1-Vertices." However, the original approach suffered from a time
complexity of O(V"4), where V represents the number of nodes in the graph.
Fortunately, Harold N. Gabow made significant improvements to the algorithm's
implementation in his paper titled "An Efficient Implementation of Edmonds'
Algorithm for Maximum Matching on Graphs.” Thanks to Gabow's contributions,
the time complexity of the algorithm was reduced to O(V”3), making it much more
efficient and practical for larger graphs. The algorithm's details are based on the the

Primal-dual method in linear programming which is utilized to solve weighted
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matching problems. Edmonds demonstrated that, for any graph, the maximum
number of edges in a matching is equivalent to the minimum capacity of an odd-set
cover. This leads to the establishment of a max-min duality theorem for weighted
matching. To explain the theorem, consider a graph Hk-1, which is derived from graph
G by contracting odd sets of three or more nodes and removing single nodes. The
capacity of the family of odd sets in Hx-1 (not necessarily a cover of G) is denoted as
k-1. Additionally, let Xk be any matching containing k edges, where each edge (i, j)
has a weight wi;. The theorem states that the maximum weight of any k-edge
matching (represented by Xy) is equal to the minimum weight of a corresponding
transformed graph, Hk-1. In other words: maxXk min {wij|(i, j) € Xk} = minHk-1 max
{wij|(i, j) € Hk-1}. This duality theorem provides insights into formulating the
matching problem as a linear programming problem. It suggests a set of linear
inequalities that all matchings must satisfy, leading to the creation of a convex

polyhedron with integer vertices, representing feasible matchings.

6

Figure 3.15. An example of maximum weighted matching

Upon executing the maximum weight matching algorithm, we obtain the matching
set. The subsequent step involves removing all the edges present in the matching

subset to obtain quad elements in the mesh, finalizing the mesh generation process.
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CHAPTER 4

VALIDATION PROBLEMS

In this section, we present the validation of our structured meshing algorithm. The
purpose of this phase is to assess the accuracy, and robustness of the algorithm in
generating structured meshes for various complex geometries. We conducted a series
of tests and comparisons with existing methods to validate the effectiveness of our

approach.

4.1 Test Cases Selection

We selected a diverse set of test cases representing different challenges in mesh
generation. The test cases include; basic geometric shapes, such as rectangle to
validate the algorithm's ability to accurately mesh straightforward domains, complex
geometries with concave and convex regions, curved surfaces, and intricate features

to test the algorithm's ability to handle more challenging domains.

4.2  Comparison with Existing Methods

We compared the structured meshes generated by our algorithm with meshes

obtained from the following existing methods.

For comparison with a commercial unstructured mesh algorithm, the "Gmsh"
software is utilized. Gmsh offers multiple unstructured mesh algorithms, but the
chosen one is the Frontal-Delaunay algorithm, inspired by the work of Rebay

(21993). Gmsh recommends this algorithm to achieve high-quality elements required
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for finite element analysis. The mesh generation process commences with an initial
boundary triangulation, using the Bowyer-Watson method. Subsequently, new
points are inserted along Voronoi segments to form well-shaped triangles of the
desired size. The algorithm efficiently updates the triangulation until all active
triangles are processed, resulting in a high-quality unstructured mesh suitable for
scientific simulations. However, this algorithm generates only triangular elements.
To incorporate quadrilateral elements into the mesh, the "recombination™ option is
employed. This feature leverages Edmond's Blossom Algorithm (Edmonds, 1965) to
achieve the conversion of triangular elements into quadrilateral ones. Gmsh also
provides a structured mesh algorithm that utilizes transfinite methods. This algorithm
is employed to assess the improvements achieved by our structured mesh algorithm

in comparison to other commercial structured mesh algorithms.

4.3 Performance Evaluation

We conducted a performance evaluation of our structured meshing algorithm by
subjecting the meshed domains to uniform loading. The model's structural properties
are as follows: the mesh elements are represented with shell elements, all domains
are fully restrained at their outer nodes to prevent any translational movement, and
uniform loads are applied to all shell elements in the local z-direction. To perform
the analysis, we utilized a commercial finite element analysis software called
LARSA 4D. The domains were meshed using various refinement options. For each
domain, we generated curves that depict the relationship between the number of
elements and nodal displacements. These curves allowed us to determine the point
at which the displacement values started to converge towards the exact results,
indicating the accuracy and effectiveness of our algorithm. To obtain displacement
results, we focused on the middle node, ensuring that the obtained displacements
were aligned with the loading direction. Furthermore, within certain domains, we

generated curves to examine the correlation between the quantity of elements and
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the stresses experienced by these elements. These stress values were extracted from
specific location, particularly the central node, as stress outcomes are most
dependable at that particular point in the domain. This supplies crucial stress-related
insights crucial for design purposes. LARSA 4D provides stress outcomes for shell
elements in the local coordinates of the respective shell element. However, the local
coordinates of these shell elements can vary with different meshes. As a result, all
stress results are converted to global coordinates using the Mohr circle method to
ensure a fair comparison. These stress results are obtained from the uppermost layer
of the shell elements, and only the stress along the global X direction is considered
for comparison. The objective of the analysis was to identify the number of elements
at which stress values started to converge for the designated point. This process
further confirmed the dependability and appropriateness of our method for creating

structured meshes.

Moreover, apart from assessing stress results at specific points, we acquire stress
contours for the entire domains. Unlike single-point results, these contours provide
a comprehensive view of stress distribution across the entire domain. This helps us
gauge the effectiveness of the chosen mesh refinement in capturing stress transitions

within the domain.

To represent stress in the contours, we utilize Von Mises stresses as a metric. This
choice is primarily aimed at mitigating the influence of local directions, given that
mesh elements may exhibit diverse local orientations within the domain. Also, Von
Mises stress proves to be a valuable metric for design purposes.

Furthermore, our evaluation included additional metrics, such as the aspect ratio of
elements and the standard deviation of internal angles. Our goal was to attain an
aspect ratio near 1 and minimize the standard deviation of internal angles, enhancing

the overall quality of the mesh.
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4.4 Validation Models

In this section, various validation models will be created, each presenting unique
challenges aimed at pushing the mesh algorithm to its limits. The goal is to compare
the algorithm's performance against other existing algorithms using these models.
Each element in the models will be represented by a shell element functioning as a
finite element model, with a uniform thickness of 0.8 meters. These shell elements
will exhibit thin plate behavior and bilinear membrane behavior. Additionally, a
uniform shell load of 200 kN/m?2 will be applied to each shell element.

44.1 Domain with Basic Rectangular Shape

In this validation model, the domain takes the shape of a rectangle. This model
represents a simple and realistic bridge span geometry. To conduct a comprehensive
assessment of the algorithms, nine different meshes are created with varying levels
of refinement. Nevertheless, the GMSH structured mesh algorithm is not considered
in the evaluation since it yields outcomes similar to the thesis algorithm. The
objective is to analyze how the algorithms perform under different mesh resolutions
and how well they handle the basic geometry. Generated meshes for the domain can
be seen in Figure A.11 and A.12 in Appendix A. Also, for this validation model the
exact solution is presented and the displacement result at the center node is going to

be compared with the converged displacement results.
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Figure 4.1. Example Illustration of the Validation Model 1.
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Figure 4.2. Element Count versus Displacement Curve for Model 1.
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Figure 4.3. Element Count versus Stress Curve for Model 1.
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Table 4.1 Mesh Properties of Structured Mesh Algorithm for Model 1.

Average Max Percentof Max Internal
Element Internal Average Average  Aspect Ratio Angle at Mid
Size Angle Element Size Aspect Ratio Less than 5
5 93.542 5.01617 1.01075 0.967742 116.565
4 92.0884 3.80933 1.02954 0.981132 117.15
3 91.295 2.97313 1.02913 0.988506 135.567
2 90.5614 1.94111 1.06672 0.995025 118.072
1 90.1417 1.00015 1.00044 0.998668 116.565
0.9 90.1105 0.887813 1.01219 0.998951 116.295
0.8 90.0907 0.79169 1.00601 0.999166 135.151
0.7 90 0.688228 1.01788 0.999369 90
0.6 90.0509 0.59762 1.00814 0.999524 116.748

In this analysis, we are examining both the displacement and stress outcomes at the
midpoint of the domain. The comparison demonstrates a significant advantage of the
structured algorithm over the unstructured one, in terms of both displacement and
stress results. This superiority can be attributed to the fact that, for simple shapes like
rectangles, the algorithm generates elements that closely resemble nearly perfect
squares, which is the ideal shape for the finite element formulations. Furthermore,
aligning with the numerical analysis guidelines outlined in SOLIDWORKS
(Dassault Systemes, 2021), a mesh is considered acceptable if the aspect ratio of the
majority of its elements (90% and above) remains below 5. This specific criterion is

consistently fulfilled across all diverse mesh outcomes.
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Formulation for exact solution:

W(x’y)=n6*D* z z

sin(—m*n*x)*sin(—n*n*y)
L, L, 41
mexn s (L2 + ()7

D E * h3
12+ (1—v)

(4-2)
Where:
Width,L, =15m
Length, L, = 50m
Modulus of Elasticity, E = 35 GPA
Poisson's Ratio,v = 0.0

Magnitude of Uniform Loading,p = —200 kN /m?

Result:
= Lx Ly -
w(x,y) = w(*/5, /) = —84.8706203351 mm

The above displacement is based on the first 32x32 = 1024 terms of the series

solution.

The structured algorithm yields converged results of -84.88819003, while the
GMSH unstructured algorithm produces -84.90131795. Examining these outcomes,
it is evident that the convergence aligns with the exact solution.
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Von Mises Stresses

GMSH Unstructured Structured

Figure 4.4. Von Mises Stress Contours for Validation Model 1

Upon examining Figure 4.4, it is evident that the structured algorithm excels in
representing stress distribution on the domain compared to the unstructured one. The
singular reason for this superiority is that the mesh elements generated by the
structured algorithm form perfect squares across all refinement levels. Consequently,
stress distribution and results are impeccably represented on the domain at every

refinement level.
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4.4.2 Domain with Cross Line Constraints

In this validation model, the domain takes the shape of a rectangle. To create an
extreme scenario, two distinct line constraints are introduced, crossing the domain
in different directions. These line constraints serve as challenging features to stress-
test the mesh generation algorithms. To thoroughly evaluate the algorithms, nine
different meshes are generated with varying refinement levels. However, the GMSH
structured mesh algorithm is excluded from the evaluation because it lacks line
constraints. The objective is to analyze how the algorithms perform under different
mesh resolutions and how well they handle the complex geometry imposed by the
line constraints. Generated meshes for the domain can be seen in Figure A.1 and A.2

in Appendix A.
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Figure 4.5. Example Illustration of the Validation Model 2.
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Figure 4.6. Element Count versus Displacement Curve for Model 2.
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Table 4.2 Mesh Properties of Structured Mesh Algorithm for Model 2.

Average Max Percent of Max Internal
Element Internal Average Average  Aspect Ratio Angle at Mid
Size Angle Element Size Aspect Ratio Less than 5
5 105.028 3.94469 1.24825 0.983051 117.15
4 105.028 3.94469 1.24825 0.983051 117.15
3 97.8106 3.04959 1.20476 0.99 135.567
2 96.2994 1.97991 1.17492 0.995261 118.072
1 93.4226 1.01044 1.07147 0.998695 116.565
0.9 93.4236 0.896675 1.10462 0.997934 116.295
0.8 92.6844 0.798135 1.05942 0.999177 135.151
0.7 92.1727 0.693321 1.06516 0.999377 90
0.6 91.8931 0.60127 1.04732 0.999529 116.748

In this analysis, only the displacement results at the midpoint of the domain are being
compared. The comparison on Figure 4.6 clearly illustrates that the structured
algorithm achieves convergence much earlier than the unstructured algorithm used
in GMSH. The primary factor influencing the displacement results is the overall
quality of the elements utilized in the analysis. This is evident from the data
presented in Table 4.2, where the average aspect ratio of the elements in the domain
closely approximates 1. As a result, the displacement results converge towards the
exact solution even with low refinement levels. Additionally, referring to
SOLIDWORKS (Dassault Systemes, 2021) guidelines for numerical analysis, a
mesh is considered of good quality if the aspect ratio of most of its elements (90%
and above) is less than 5. This expectation is met consistently across all mesh

outcomes.
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Figure 4.12. Histogram of Standard Deviation of Element Internal Angles for
Validation Model 2

Upon analyzing the histograms from Figure 4.7 to 4.12, it becomes evident that the
structured algorithm exhibits superior overall element quality in both aspect ratio and
internal angles. Additionally, the localized impact of line constraints is observable,
as the overall element quality gradually approaches a perfect square with increasing
refinement levels. This is attributed to the growing influence of line constraints on a

smaller portion of the generated elements as the refinement level increases.
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Von Mises Stresses

GMSH Unstructured Structured

|

Figure 4.13. VVon Mises Stress Contours for Validation Model 2

Upon examining Figure 4.13, it is evident that the structured algorithm provides a

clearer representation of stress distribution in the domain compared to the

unstructured algorithm, even at lower refinement values. This can be attributed to

the localized impact of line constraints on the structured mesh algorithm, resulting

in overall good quality and orientation of elements. In contrast, the presence of line

constraints has a global effect on the unstructured algorithm, impacting the entire

domain. Consequently, the orientation of elements varies across the domain.
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4.4.3 Domain with Extreme Curve

In this validation model, the domain takes the quadrilateral shape with extreme
curves on two opposite edges. To thoroughly evaluate the algorithms, eleven
different meshes are generated with varying refinement levels. However, the GMSH
structured mesh algorithm is excluded from the evaluation because it cannot produce
mesh for the given model. The objective is to analyze how the algorithms perform
under different mesh resolutions and how well they handle the complex geometry
imposed by the extreme curved edges. Generated meshes for the domain can be seen
in Figure A.3 and A.4 in Appendix A.

Figure 4.14. Example Illustration of the Validation Model 3.
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Figure 4.15. Element Count versus Displacement Curve for Model 3.
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Table 4.3 Mesh Properties of Structured Mesh Algorithm for Model 3.

Average Max Percentof Max Internal
Element Internal Average Average  Aspect Ratio Angle at Mid
Size Angle Element Size Aspect Ratio Less than 5
5 109.44 5.41331 1.17209 0.952381 127.875
4 109.766 4.02652 1.18432 0.972222 121.264
3 107.718 3.19032 1.16599 0.981818 140.08
2 103.491 2.02794 1.1679 0.992366 141.8
1 103.208 1.03215 1.09239 0.997863 120.964
0.9 102.974 0.908747 1.08644 0.998331 144.74
0.8 103.007 0.812235 1.08587 0.998658 144.41
0.7 102.642 0.708443 1.10437 0.998972 107.461
0.6 102.795 0.615541 1.08123 0.999219 122.644

In this analysis, we are exclusively comparing the displacement results at the
midpoint of the domain. The comparison reveals that both the structured algorithm
and the unstructured algorithm wused in GMSH achieve convergence at
approximately the same point. As indicated in the initial validation model, the overall
quality of the mesh elements is satisfactory. The average of the maximum internal
angles does not deviate significantly from 90 degrees, and the average aspect ratio
remains very close to 1 across all refinement levels. Consequently, the displacement
results converge towards the exact solution even with minimal refinement.
Furthermore, in line with the numerical analysis guidelines presented in
SOLIDWORKS (Dassault Systemes, 2021), a mesh is considered to be of good
quality if the aspect ratio of the majority of its elements (90% and above) is less than

5. This criterion is consistently met across all mesh outcomes.
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Figure 4.16. Histogram of Aspect Ratio of Elements for Validation Model 3
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Validation Model 3
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Figure 4.21. Histogram of Standard Deviation of Element Internal Angles for
Validation Model 3

Upon analyzing the histograms from Figure 4.16 to 4.21, it is evident that, across all

refinement levels, the structured algorithm consistently demonstrates superior

overall element quality in terms of aspect ratio and internal angles.
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Von Mises Stresses

GMSH Unstructured Structured

Figure 4.22. VVon Mises Stress Contours for Validation Model 3

Upon examining Figure 4.22, it is evident that the structured algorithm provides a
significantly clearer representation of stress distribution in the domain compared to
the unstructured algorithm. The primary reason for this lies in the structured
algorithm's ability to generate grids parallel to the domain edges, even when the
domain has curved edges. Consequently, the orientation of mesh elements aligns
with that of neighboring elements, contributing to the improved clarity in

representing stress distribution.
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444 Domain with Extreme Curve and Extreme Reverse Skew

In this validation model, the domain takes the quadrilateral shape with extreme
curves on two opposite edges. To create an extreme scenario, the other two opposite
edges have more than 45 degrees reverse skew angle respectively. To thoroughly
evaluate the algorithms, six different meshes are generated with varying refinement
levels. However, the GMSH structured mesh algorithm is excluded from the
evaluation because it cannot produce mesh for the given model. The objective is to
analyze how the algorithms perform under different mesh resolutions and how well
they handle the complex geometry imposed by the extreme curved edges and high
skew angles. Generated meshes for the domain can be seen in Figure A.5 and A.6 in

Appendix A.

Figure 4.23. Example Illustration of the Validation Model 4.
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Table 4.4 Mesh Properties of Structured Mesh Algorithm for Model 4.

Average Max Percentof Max Internal
Element Internal Average Average  Aspect Ratio Angle at Mid
Size Angle Element Size Aspect Ratio Less than 5

5 109.359 3.22568 1.59808 0.984615 125.412
4 109.202 2.64771 1.67878 0.964706 102.642
3 106.853 1.91612 1.71236 0.969325 124.535
2 107.04 1.33819 1.76464 0.965732 139.033
1 105.732 0.658519 1.81689 0.969447 92.9719
0.9 103.887 0.599047 1.8728 0.968692 118.018

In this analysis, we are comparing both the displacement and stress results at the
midpoint of the domain. The comparison reveals that the structured algorithm
achieves convergence after the unstructured algorithm used in GMSH has already
achieved convergence. The primary factor contributing to this difference is the
overall quality of the mesh elements, which is not very high. The average aspect ratio
deviates from 1. This deviation arises because the algorithm struggles to effectively
handle both high skewness and curved edges simultaneously. This issue leads to
thinning of elements near the edges due to elevated aspect values. As a result, the
displacement results fail to converge toward the exact solution when using low
refinement values. However, the stress results exhibit greater stability compared to
those produced by the GMSH unstructured algorithm. This can be attributed to the
correct stress results being dependent on the quality of shell elements connected to
the node, rather than the general element quality across the entire domain. Since the
element quality around the mid node is acceptable, and the internal angles do not
deviate significantly from 90 degrees, the stress results are more accurate. Moreover,
adhering to the numerical analysis criteria outlined in SOLIDWORKS (Dassault
Systemes, 2021), a mesh is deemed of high quality when the aspect ratio of the
majority of its elements (90% and more) is below 5. This standard is consistently

satisfied across all mesh results.
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Figure 4.26. Histogram of Aspect Ratio of Elements for Validation Model 4
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Figure 4.27. Histogram of Aspect Ratio of Elements for Validation Model 4
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Figure 4.28. Histogram of Standard Deviation of Element Internal Angles for
Validation Model 4
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Figure 4.29. Histogram of Standard Deviation of Element Internal Angles for
Validation Model 4

Analyzing the histograms from Figure 4.26 to 4.29, it becomes evident that the
overall element quality is significantly poorer for the structured algorithm in terms
of aspect ratio, particularly in complex geometries that are less conducive to
structured mesh algorithms. Nevertheless, both algorithms perform similarly in
terms of internal angles. The structured algorithm attempts to minimize deviation in

internal angles, although it does not give due consideration to aspect ratios.
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Von Mises Stresses

GMSH Unstructured Structured

Figure 4.30. Von Mises Stress Contours for Validation Model 4

Observing Figure 4.30, similar to prior models, the structured algorithm outperforms
the unstructured one in representing stress distribution. The rationale remains
consistent: the grid structure ensures a consistent orientation among neighboring
elements. Additionally, the alignment of stress boundaries with the orientation of

elements contributes to an effective representation of stress transitions.
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445 Domain with Parallel Skewed Edges

In this validation model, the domain takes the parallelogram with 45 degrees skew
angle at the parallel skewed edges. To thoroughly evaluate the algorithms, nine
different meshes are generated with varying refinement levels. However, for GMSH
structured mesh algorithm only three different meshes are generated, because the
algorithm doesn’t have point constraint and only the one that has node at the location
of the constraint are chosen. The objective is to analyze how the algorithms perform
under different mesh resolutions and how well they handle the complex geometry
imposed by the extreme skew angles. Generated meshes for the domain can be seen
in Figure A.7 and A.8 in Appendix A.

Figure 4.31. Example lllustration of the Validation Model 5.
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Figure 4.32. Element Count versus Displacement Curve for Model 5.
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Table 4.5 Mesh Properties of Structured Mesh Algorithm for Model 5.

Average Max Percent of Max Internal
Element Internal Average Average  Aspect Ratio Angle at Mid
Size Angle Element Size Aspect Ratio Less than 5
5 105.103 4.13463 1.20966 0.983333 135
4 109.502 3.30911 1.28293 0.988889 142.595
3 106.881 2.4789 1.25991 0.993464 143.531
2 113.044 1.75647 1.39898 0.996516 131.406
1 112.86 0.873388 1.41006 0.99911 115.017
0.9 112.614 0.788455 1.40578 0.99927 113.199
0.8 112.633 0.700498 1.40739 0.999422 130.126
0.7 111.506 0.609309 1.3771 0.999566 137.474
0.6 112.609 0.524779 1.40948 0.999673 113.199

In this evaluation, we are focusing solely on comparing the displacement results at
the middle point of the domain. The analysis demonstrates a notable advantage in
using the unstructured algorithm implemented in GMSH compared to the structured
algorithm. This outcome can be attributed to the fact that the structured algorithm
generates elements with significantly disproportionate aspect ratios and quadrilateral
elements featuring angles substantially different from 90 degrees. Due to the
structured algorithm's limitations, such as not introducing additional nodes post grid
initialization or neglecting optimizations of vertex coordinates, it inherently
produces elements with high aspect ratios, particularly in extremely parallel skewed
domains. Nevertheless, it's worth noting that this structured algorithm still
outperforms another structured algorithm employed in GMSH. Additionally,
following the principles outlined in the SOLIDWORKS (Dassault Systemes, 2021)
numerical analysis guidelines, the quality of a mesh is deemed satisfactory if the
aspect ratio of the majority of its elements (90% and above) remains below 5. This

specific criterion is consistently fulfilled across all the different mesh outcomes.

72



Number of Elements

Number of Sements

Number of Elements

Span With Extreme Parallel Skew
Element Size 5, GMSH UnStructured

5

4

3

2

Ham

o =l =

(106,111 {137,122 (228,133 {139,144 {150,158 {161, 168)
{100, 1.08) [HRIBEY | (122, 1.28) (133, 1.39) (144, 1.50§ (155, 1.61]
Aspect Ratios

Span With Extreme Parallel Skew
Element Size 4, GMSH UnStructured

16

u®

1

0

8

6

L)

i ..

a - =

(133, 127) (1.24,131) {137, 1.44) {1.51,157) {164,179 (L77,184)
[Log, 1) (L17,1.24) (13,137 (144, 151] (157, 1.64) (173,17
Aspect Ratlos
Span With Extreme Parallel Skew
Element Size 3, GMSH UnStructured

20

18

w 8 K & &

»

L]
o

(.08, 113 (118, 1.23) (128,133 {1.38,143) {148,153 (1.58,163)
(103, 1.08] (L13, 118 (123, 1.28) (133,1.38) (143, 1.48) (153,1.58)
Aspect Ratios

Span With Extreme Parallel Skew
Element Size 5, Structured Algorithm

Number of Elements
-]

15
10
5
3 — =
f1a7,1.21) (126, 2.30} (135,1.39) {148, 145) {153, 138) (162, 167]
1112,137) (1.21,126) {130, 1.35] (.39, 1.44) (149,1.53) (158, 162]
Aspect Rathas
Span With Extreme Parallel Skew
Element Size 4, Structured Algorithm
&
s
E «
s X
]
§x
10
a -_ —
(120,1.27) (123, 1.80) (147,153 (160, 186) (1.73,179) |2.86, 1.32)
|1.15,120) {127,133 {240, 147) (153, 1.60) (166, 1.73) (179, 185}
Aspect Ratias
Span With Extreme Parallel Skew
Element Size 3, Structured Algorithm
1o
100
g %
g
1 &
1l
fa
.
G : |
{1.18,12) (1.26,1.30) (135,135 (1.43,147) {151, 1.55) (258, 163)
(1.4, 128} (1.22,1.29) (130, 1.35) {139, 1.43] (147,151} {1.55,158]
Aspact Raios

Figure 4.33. Histogram of Aspect Ratio of Elements for Validation Model 5

73




Humber of Elements

Mumber of Elements

sumber of Elements

Span With Extreme Parallel Skew
Element Size 2, GMSH UnStructured

B0
m
&0
50
&0
30
)
N Hm
. L
[2.09, 1.15] {1.20, 1.28] {132,137] {1.a3,149] {1.58, 160] {166, 1.71]
|Loz,1.08) {115, 1200 (128, 1.32) (137, 1.43) (148, 1.54] (150, 1.68]
Bspect Ratios
Span With Extreme Parallel Skew
Element Size 1, GM5H UnStructured
am
=0
i)
1s0
plas)
g | I
o e
{105, 2.10) 115, 120 j1.24, 139) [134,1.39] (143, 2.48) {153,157
[101, 1.06) {110, 115) f1.20, 124] [1.25,1.34] (135, 1.43) {L&8, 153)
Aspeck Ratios
Span With Extreme Parallel Skew
Element Size 0.9, GMSH UnStructured
&0
50
)
Eui)
mm
) |
o — [ [
L5, 105 118,118 j1.23, 125 [132,1.37] (141, 1.48) {150, 155]
[10o0, 2.0s) Lo, 118] j1.18,173] [1.28,137] 127, 1.41) {L&6, 1.500
Aspect Batios

Humber of Elements Mumber of Elements

E H H &5 8 B #

Number of Elements
B HHE 8B EE 8

=

Span With Extreme Parallel Skew
Element Size 2, Structured Algorithm

|
{1.15,135] [1.38, 1.47] {158, 188] [1.80, 1.30] jz0L,2.12] (223,234
[L4, 1.35] {1.25, 1.35] (147, 1.58] 158, L=0] {150, 2.01] {212,233
Aspect Ratlas
Span With Extreme Parallel Skew
Element Size 1, Structured Algorithm
{116,119 [1.22,1.25] {127, 130] [1.33, 1.35] {138, 1.4) [1.84, 1.47)
[1.14, 1.18) {118 1.3] (125, 1.27] {1.30, 133] (135, 1.38) {41, 144
Aspect Ratio:
Span With Extreme Parallel Skew
Element Size 0.9, Structured Algorithm
|
{116, 1.18] (121,123 {126, 1.28] (131,133 {1.36,1.38] [1.40, 1&3]
[1.14, 1.35] {118, 121 (133, 1.26] {128, 131 {133, 1.36] 1.3, 140
Aspect Rabios

Figure 4.34. Histogram of Aspect Ratio of Elements for Validation Model 5

74




Mumber of Elements
E B B B B B B

sumber of Elements
s HEHHBHE S8

Span With Extreme Parallel Skew
Element Size 0.8, GMS5H Un5tructured

{105, 2.08] {1.13, 115] [122,177] (131, 1.38) {140, 1.44] {108, 153]
[100, 1.05) 109, 1.13) {118, 177 [127,1.31] (135, 1.400 (Las, 145]
Aspect Ratios:
Span With Extreme Parallel Skew
Element Size 0.7, GMSH UnStructured
IIIII-___
{105, 1.08) {114,115 {123,137 [132,1.36] {141, 1.5] {150, 154]
[100, 1.05) (L8, 118] 118,173 (127,132 {135, 1.41) {145, 1.50]
Aspeck Aatlos

sumiber of Elements

sumber of Elements

1500
1500
100
um
1000
o]
&0
a0
™o
g —
(114, 1.24]
[104, 1.19)
500
2000
1500
1000
)
a |
{115, 1.15]
[105, 1.10)

Span With Extreme Parallel Skew
Element Size 0.8, Structured Algorithm

{134, 184 {155, 165] (175, 1.85) (195, 2.06] (215, 2.26]
(.24, 1.34] {1.49, 155) {165, 1.75) (125, 1.95) (2.06, 2.18]
Aspert Rathos
Span With Extreme Parallel Skew
Element Size 0.7, Structured Algorithm
{122,12%] {134,139 (145, 1.51) [157,1.69) (1.8, 1.74]
(135 1.73] {1.28,134] {139, 1.45] {151,157) (153, 1.68]
Aspect Rateas

Figure 4.35. Histogram of Aspect Ratio of Elements for Validation Model 5

75




Mumber of Elements.

teumber of Elements

B

Span With Extreme Parallel Skew
Element Size 5, GMSH UnStructured

lI
1 -
a

@x\ﬁ\ m\*@ \5'
!

\“’m

-@"ﬁ o"‘; \'

Standard Deviathan af Ekement Angles

o \&""‘p'

b

Span With Extreme Parallel Skew
Element Size 4, GMSH UnStructured

S

-

=

Mumber of Elements

5

@ ¢

u

@} ,ﬁﬁp\ ,;\Pﬁ pp?ph

T o

o

Span With Extreme Parallel Skew
Element Size 5, Structured Algorithm

ELR LR Y I T R e ]
R R T I P I L T

o @ *”

Standard Deviation of Element Angles

.\q @& g v
Span With Extreme Parallel Skew

Element Size 4, Structured Algorithm

a — —
; ‘ﬁlg.m\ o @np o .‘,9"*\" 1,69‘53? x 61«.»‘“ __119"“" ﬁ\a‘—"1 g.‘_q-““.lqa“ o #ﬁ*hy’%#"\ ‘a\ﬂ,*"\
o ¥ ﬂf’@“\owoﬁ’ mﬁ"'q@ﬁ@»@- o8 @07 T @ @87 T 0 e 0T ®
Standard Deviakion of Hlement Angles Standard Deviation af Element Angles
Span With Extreme Parallel Skew Span With Extreme Parallel Skew
Element Size 3, GMSH UnStructured Element Size 3, Structured Algorithm
o
16 1
1
E 12 E a0
3" T @
[ [
i i
l ) l
. . mm -
a7 g & o2 8 ,,uetw,m 2 P Mﬁﬁ A g o w\m R L Iﬁoﬂ&ﬂeﬂ\ ,p;&’“a\ﬂ e ”’“ﬁm '“Rﬁ‘aa-"’ﬁ
‘“’@&’0"\\"\1‘\?" T o o A
Standard Daviation of Element Angles Standard Devlatian of Element Angles

i

Figure 4.36. Histogram of Standard Deviation of Element Internal Angles for

Validation Model 5

76



tumiber of Slements

tumiber of Elements

umiber of Sements

Span With Extreme Parallzl Skew
Element Size 2, GMSH UnStructured

Span With Extreme Parallel Skew
Element Size 2, Structured Algorithm

L 10
5 140
50 g pri]
E 1M
“ -]
5
e H
E &
= 2 .
II.. I "l
o e -— 0
i A R B gh ) SR S o a W
ik 1&“” o aﬂ-‘“s * op“’pa P > P gy p ot o e ﬁ‘pﬁl‘b"‘f, TP N
g Q:- & T \;1 @ sfs cxr L ot e 9® c?
Standard Deviaticn of Element Angles Standand Deviation of Element Angles
Span With Extreme Parallel Skew Span With Extreme Parallel Skew
Element Size 1, GMSH UnStructured Element Size 1, Structured Algorithm
E i) T
=0 &0
50
= g
E
:': 00
150 b
I
E
100 R
--- I o —
P \5@ \‘f’\ ,41,0 1,1@&5’3\?* 1.5# 11"\ \‘1'\ i 9.,,\?1 11‘&\ *"h\ abﬂl 1q\\ ‘!QB 'N 15. - ?”ﬁt 1'»“1\
o ('-’“ \\“' g o.“’ﬂ' o"" bt o‘ﬁb o k\‘ P L L \1" 0"‘ [
Standard Deviation of Element Angles Standard Desiation af Element Angles
Span With Extreme Parallzl Skew Span With Extreme Parallel Skew
Element Size 0.9, GMSH UnStructured Element Size 0.9, Structured Algorithm
om0 am
1=0 a0
= 0
10 e
pris) E
& 50
m T
B b
E
&0 F m
0 o)
o 100
o — o -
3 A M i B h n G S
g.a’ @ o T 'P\ 9“\%&‘69"\@\91’ wm" ",,_ @_ﬂﬂ L 8 .,_ﬁ-‘s’ \‘1‘ 11_91 W 15* #\‘Iq\ 13* \‘!“\u JP'@ 2 \u.l"} ,,_1’!-]‘
L T Ll L 0\ ™ @ g T e [ L i

Standard Deviation of Blement Angles

Standard Deviatian af Ekement Angles

Figure 4.37. Histogram of Standard Deviation of Element Internal Angles for

Validation Model 5

77




Span With Extreme Parallel Skew Span With Extreme Parallel Skew

Element Size 0.8, GMSH UnStructured Element Size 0.8, Structured Algorithm
=0 100
1800
0
1m
P £ nw
£ £
& & oo
= T s
£ £
£ 1m0 2 =
a0
- — o —
3 Y N o B . o) T
=P ST ;1 o RN LS. e A o G
d,, v 1@51 w {‘\,‘ o b o o \\‘_.,\.‘ \_‘_g\t--" : @ U \ﬁ_a.l*sﬁ_‘ o
it ared Dewtation of Element Angles
Span With Extreme Parallel Skew Span With Extreme Parallel Skew
Element Size 0.7, GMSH UnStructured Element Size 0.7, Structured Algorithm
;0 zso0
2000
5 =
£ £ 1w
£
2 2
. | B —
a
s e I Y T . P Y
o o~ PrSgey o @ P e e P P a P et e e
\\ \‘ \\‘- ot e b o ok [ Lo b e Lo L L s
Stand ard Deviation of Element Angle: Standard Deviatian of Element Angles

Figure 4.38. Histogram of Standard Deviation of Element Internal Angles for
Validation Model 5

Upon reviewing the histograms from Figure 4.33 to 4.38, the average element quality
is comparable between the structured and unstructured algorithms in terms of both
aspect ratio and internal angles. However, there is a distinction in how the elements
are generated: the unstructured algorithm produces elements that vary widely in
these metrics, while the structured algorithm consistently generates the same type of
elements across the entire domain. In essence, the unstructured algorithm yields
elements with significantly better or worse quality, although the average quality
remains unchanged.
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Figure 4.39. Von Mises Stress Contours for Validation Model 5

Examining Figure 4.39, in contrast to earlier validation models, the structured

algorithm demonstrates inferior performance compared to the unstructured

counterpart in representing stress distribution on the domain. The primary cause of

this result is that, despite the grid structure contributing to proper orientation for

stress distribution, it does not ensure the alignment of stress boundaries with element

orientation. In this scenario, the boundaries and orientations do not correspond,

leading to inadequate representation of stress transition zones for the structured

algorithm, particularly at lower refinement levels.
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4.4.6 Domain with Reverse Skewed Edges

In this validation model, the domain takes the trapezoidal shape with 45 degrees
skew angle at the non-parallel skewed edges. To thoroughly evaluate the algorithms,
six different meshes are generated with varying refinement levels. However, for
GMSH structured mesh algorithm only three different meshes are generated, because
the algorithm doesn’t have point constraint and only the one that has node at the
location of the constraint are chosen. The objective is to analyze how the algorithms
perform under different mesh resolutions and how well they handle the complex
geometry imposed by the extreme non-parallel skewed edges. Generated meshes for

the domain can be seen in Figure A.9 and A.10 in Appendix A.

Figure 4.40. Example Illustration of the Validation Model 6.
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Figure 4.41. Element Count versus Displacement Curve for Model 6.
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Table 4.6 Mesh Properties of Structured Mesh Algorithm for Model 6.

Average Max Percentof Max Internal
Element Internal Average Average  Aspect Ratio Angle at Mid
Size Angle Element Size Aspect Ratio Less than 5

5 112.18 3.42273 1.24433 0.983051 122.851
4 109.752 2.8365 1.23703 0.987952 99.4623
3 108.115 2.05324 1.24635 0.993506 121.293
2 106.305 1.43582 1.26107 0.996711 136.848
1 104.874 0.711978 1.26257 0.99914 92.2906
0.9 104.501 0.637778 1.2788 0.999303 116.966

In this assessment, our sole focus is on comparing the displacement outcomes at the
midpoint of the domain. The analysis reveals that the three different algorithms
produce equivalent results. The primary explanation for this is that structured
algorithm generates elements with favorable aspect ratios and internal angles in the
central region of the domain, in contrast to the model with parallel skew.
Consequently, the overall quality of the elements is higher for those generated by
structured algorithm. Therefore, the analysis results become similar to the results
which are generated from the unstructured algorithm implemented in GMSH unlike
the model with parallel skew. Furthermore, in accordance with the guidelines for
numerical analysis set forth in SOLIDWORKS (Dassault Systemes, 2021), a mesh
is considered satisfactory if the aspect ratio of the majority of its elements (90% and
above) remains below 5. This specific criterion is consistently met across all diverse

mesh outcomes.
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Figure 4.45. Histogram of Standard Deviation of Element Internal Angles for
Validation Model 6

Upon analyzing the histograms from Figure 4.42 to 4.45, it is evident that the overall
element quality is similar between the structured and unstructured algorithms,
concerning both aspect ratio and internal angles. Moreover, the diversity of elements

is consistent for both algorithms across these metrics.
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Von Mises Stresses
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Figure 4.46. VVon Mises Stress Contours for Validation Model 6

Upon reviewing Figure 4.46, it is evident that the structured algorithm more
effectively represents stress distribution. This is primarily attributed to the grid
structure, which ensures a consistent orientation among neighboring elements.
Furthermore, the alignment of stress boundaries with the orientation of elements

contributes to a successful representation of stress transitions.
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45 Conclusion

The comparison reveals that our algorithm excels in handling basic domains,
outperforming unstructured methods. When dealing with complex domains, our
algorithm performs almost as well as the established GMSH unstructured algorithms.
Notably, in the case of complex problems, our structured algorithm demonstrates
significant superiority over the structured algorithms found in the existing literature.
Moreover, the stress contours produced by our algorithm demonstrate a more
accurate representation of the overall stress distribution within the domain, even with
a low refinement value, compared to the unstructured algorithm. This improvement
can be attributed to the fact that our algorithm maintains a grid structure, resulting in
minimal changes in the orientation of mesh elements across the domain. In contrast,
unstructured algorithms generate elements with varying orientations throughout the

domain, leading to a less consistent stress profile.
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CHAPTER 5

CASE STUDY

In this section, we present a case study that demonstrates the practical application of
the 2D structured mesh algorithm developed in this thesis. The goal of this case study
is to test the algorithm's effectiveness and efficiency in generating structured meshes
for a real-world engineering problem: the meshing of a concrete bridge structure
using a modified example bridge model from the finite element analysis program
LARSA 4D.

5.1  Bridge Description

The bridge selected for this case study is based on an example bridge model
originally designed in the finite element analysis program LARSA 4D. This model
was initially generated as a steel bridge with girders aligned to the bridge curve. In
our application, the model was modified to replace the steel girders with straight
concrete girders. This alteration led to a change in the bridge's geometry, where the
girders are now aligned straight, departing from the original curved configuration.
Additionally, the bridge features a curved bridge deck and skewed bridge supports,
adding complexity to the meshing process. The bridge's structural analysis still
requires a high-quality mesh to accurately simulate its behavior under various
loading conditions.
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Figure 5.1. Dimensions of the bridge deck.

5.2 Model Generation for Algorithm

To effectively mesh and analyze the concrete bridge using the 2D structured mesh
algorithm developed in this thesis, it is crucial to create an accurate representation of
the bridge within the algorithm's framework. The unique design features of the
bridge, such as the curved deck, skewed supports, and the presence of three spans,
necessitate a thoughtful approach to bridge modeling. This subchapter outlines the

modeling process, domain creation, and constraints applied to the bridge model.

The bridge model was divided into three separate domains, each representing one of
the three spans. This approach allows us to capture the individual characteristics and

loading conditions of each span accurately. The domains facilitate a more detailed
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analysis, enabling us to account for the variations in the bridge's behavior across its

length.

In the modeling process, edge constraints were introduced along the edges of the
domains where the girders pass. These edge constraints serve to define the
boundaries of the domains and are essential for accurately representing the
substructure underneath the girders and the deck. By adding edge constraints at these
locations, we create a structural boundary that simulates the connection between the
bridge's superstructure and substructure. Support conditions are applied at the
locations of the edge constraints to replicate the behavior of the bridge's substructure
underneath the girders. These support conditions represent the interactions between
the girders and the substructure, accounting for the load transfer and support
provided by the substructure elements. This detailed modeling ensures that the
bridge's response to various loads is accurately simulated.

Within each domain, straight line constraints are incorporated at the locations where
the girders pass. These line constraints play a vital role in facilitating the connection
between the deck and the girders. By introducing line constraints at these points, we
ensure that the girders and the deck are connected through the nodes on the line
constraint. This feature allows us to accurately model the structural interactions

between the deck and the girders, capturing the load transfer mechanisms effectively.

Figure 5.2. Example Illustration of the algorithm model for Case Study.
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5.3 Finite Element Model Generation

In the context of this case study, after the successful meshing of the concrete bridge
deck using the 2D structured mesh algorithm, the next crucial step is to create a finite
element model within LARSA 4D. This model serves as the basis for simulating the
structural behavior of the bridge under various loading conditions. This section
outlines the process of generating the finite element model, detailing the components

and assumptions utilized for the analysis.

The output of the 2D structured mesh algorithm represents the bridge deck, where
the mesh elements are derived from the algorithm. In LARSA 4D, the finite element
model begins with the discretization of this deck into shell elements. These shell
elements have a uniform thickness of 228.6 mm and exhibit thin plate and bilinear

membrane behavior, which accurately captures the deck's structural characteristics.

In addition to the deck shell elements, the finite element model also includes the
underdeck girders with I-shaped cross sections. To represent these girders, 2D frame
elements are introduced. The inclusion of the girders allows us to simulate the
interactions and load transfer between the deck and the girders, which is a critical
aspect of the bridge's structural behavior.

1500 mm

300 mm

1400 mm

400 mm
300 mm

Figure 5.3. Girder’s cross-section
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To accurately model the locations where the substructure elements, such as supports
and piers, will be placed, support conditions are adjusted. These adjustments account
for the interactions between the substructure and the bridge's superstructure. In total,
there are four support locations situated at both ends of each span, signifying the
connection positions. At the first, third, and fourth supports, translational movement
in the y and z directions is limited, while rotational movement in the x direction is
restricted. As for the second support, translational movement in the x direction is
also restricted. These limitations are in accordance with the local coordinate system
of the bridge deck. By applying appropriate support conditions, we ensure that the

substructure is correctly integrated into the finite element model.

Figure 5.4. Example illustration of support locations.
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The girders and the deck both utilize the same material. The chosen material has a
modulus of elasticity of 24.855 GPa and a shear modulus of 10.624 GPa.

For the analysis, each shell element is uniformly loaded in the local z-direction with
a load of -100 kN/m2. This load represents various service and design loads that the
bridge may experience during its operational life. The uniform loading is a simplified
representation of the expected loadings on the bridge deck, enabling us to assess its

structural response under different loading scenarios.

The analysis of the bridge model within LARSA 4D is conducted as a linear elastic
analysis.This choice of analysis option is suitable for capturing the bridge's behavior
under typical loading conditions, providing a foundation for assessing its structural

performance.

5.4 Performance Evaluation

In the case study chapter, we conducted a comprehensive performance evaluation of
our structured meshing algorithm applied to the concrete bridge model. This
evaluation employed various metrics to assess the quality and accuracy of the
generated structured meshes. The techniques used in this evaluation align closely
with those detailed in the Validation Problems chapter, ensuring consistency in the

approach.

The curves that illustrate the relationship between the number of elements and
maximum displacement value are generated. This analysis allowed us to identify the
point at which displacement values began to converge, signifying the accuracy and

effectiveness of the algorithm.

Stress contours for the entire domains, akin to the Validation Problems chapter, are
also obtained. These contours provide a comprehensive view of stress distribution
across the domain, helping us assess the effectiveness of mesh refinement in

capturing stress transitions.
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55  Comparison with Existing Methods

Similar to our approach in the Validation Problems section, we once again embark
on a comparative study to evaluate the performance of our algorithm. For this study,
we employ the well-established commercial unstructured mesh software, 'GMSH.'
Specifically, we utilize the 'Frontal-Delaunay' algorithm from the GMSH library. In
the comparison process, we mesh the model at various refinement levels using both
algorithms and subsequently analyze and contrast the results. To thoroughly evaluate
the algorithm, six different meshes are generated with varying refinement levels. The
objective is to analyze how the algorithm performs under different mesh resolutions
and how well they handle the complex geometry. Generated meshes for the study

can be seen in Figure B.13 and B.14 in Appendix B.

5.6 Results

56.1 Displacement Curves

Element Count vs Displacement

500 1000 1500 2000 2500, 3000

GMSH Unstructured

Structured

Maximum Displacement Value (mm)

Element Count

Figure 5.5. Element Count versus Maximum Displacement Curve for Case Study.

95



5.6.2 Stress Contours
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5.6.3

Additional Metrics
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5.7 Discussion

This study involves obtaining the maximum displacement results for each refinement
level and constructing a displacement versus element size graph. The graph indicates
convergence in results at similar element counts between our algorithm and the
unstructured GMSH algorithm. This convergence is attributed to the comparable

overall element quality of both algorithms in this specific case.

Analyzing histograms plotting aspect ratio versus element counts reveals that the
elements generated by the unstructured algorithm exhibit a slightly better overall
aspect ratio than our structured algorithm at every refinement level. However, the

difference is not substantial, as both algorithms maintain acceptable element quality.

Examining histograms plotting standard deviation of the internal angle versus
element counts shows that our structured algorithm performs better. Thus,
considering these two metrics, it can be inferred that the general element quality of

the mesh outcomes is similar.

Additionally, this study compares stress contours of the domains. Consistent with
the validation section, our structured algorithm represents stress distribution more
effectively than the unstructured GMSH algorithm, primarily due to its grid

structure.
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CHAPTER 6

CONCLUSION AND FUTURE WORK

6.1 Conclusions

In this study, we have presented a novel 2D structured mesh algorithm designed for
the generation of meshes on bridge decks. The algorithm employs a multi-step
process, starting with the generation of triangles on the domain, followed by the
strategic merging of these triangles into quads. The key innovation lies in the
application of the Edmonds Blossom algorithm to identify a maximum weight
matching set of edges for quad formation, where the weights are assigned based on

the standard deviation of internal angles within candidate quads.

To assess the efficacy of our approach, we conducted a comprehensive comparative
analysis with GMSH, a widely used commercial meshing tool. The comparison
involved creating finite element models from the output meshes and subjecting them
to analysis using the LARSA finite element program. The results revealed that our
structured algorithm outperforms GMSH in generating more accurate meshes for
basic geometries. However, both algorithms demonstrate comparable performance

for more complex models, indicating the robustness of our method.

Furthermore, the evaluation of mesh quality metrics, specifically aspect ratios of
elements and internal angles, provided valuable insights. While the aspect ratio
results favored GMSH, our algorithm exhibited superior performance in maintaining
low standard deviation of internal angles. This aligns with our objective of
minimizing the deviation of internal angles to enhance the quality of the finite

element mesh.
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In conclusion, the utilization of the standard deviation of internal angles as a weight
assignment criterion for edge selection proves to be a reliable measure for generating
high-quality meshes suitable for finite element analysis. The advantages
demonstrated by our structured mesh algorithm, particularly in scenarios with
complex geometries, underscore its potential for practical engineering applications,
contributing to the advancement of mesh generation techniques in the field of

structural analysis.

6.2 Future Work

In the quest for continuous improvement, future research efforts may focus on:

Alternative Weight Functions: Exploring different mathematical formulations for
weight assignment to edges, considering metrics beyond internal angles, to identify

potential enhancements in mesh quality.

Parallelization Techniques: Implementing parallel computing techniques to
optimize the algorithm's performance and scalability for large-scale structural

simulations for multi span bridges.
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APPENDICES

A. Appendix - Validation Mesh Models

GMSH Unstructured, Size 1. GMSH Unstructured, Size 2.

GMSH Unstructured, Size 3. GMSH Unstructured, Size 4.

GMSH Unstructured, Size 5. GMSH Unstructured, Size 0.9.
GMSH Unstructured, Size 0.8. GMSH Unstructured, Size 0.7.
GMSH Unstructured, Size 0.6.

Figure A.1. Validation Models for Model 2.
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Structured, Size 1. Structured, Size 2.

Structured, Size 3. Structured, Size 4.
Structured, Size 5. Structured, Size 0.9.
Structured, Size 0.8. Structured, Size 0.7.

Structured, Size 0.6.

Figure A.2. Validation Models for Model 2.
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GMSH Unstructured, Size 1. GMSH Unstructured, Size 1. GMSH Unstructured, Size 1.

GMSH Unstructured, Size 4. GMSH Unstructured, Size 5 GMSH Unstructured, Size 0.9.

GMSH Unstructured, Size 0.8. GMSH Unstructured, Size 0.7. GMSH Unstructured, Size 0.6.

GMSH Unstructured, Size 0.5. GMSH Unstructured, Size 0.4.

Figure A.3. Validation Models for Model 3.

115




Structured, Size 1. Structured, Size 2. Structured, Size 3.

Structured, Size 4. Structured, Size 5. Structured, Size 0.9.

Structured, Size 0.8. Structured, Size 0.7. Structured, Size 0.6.

Structured, Size 0.5. Structured, Size 0.4.

Figure A.4. Validation Models for Model 3.
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GMSH Unstructured, Size 1. GMSH Unstructured, Size 2.

GMSH Unstructured, Size 3. GMSH Unstructured, Size 4.

GMSH Unstructured, Size 5.

GMSH Unstructured, Size 0.9.

Figure A.5. Validation Models for Model 4.
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Structured, Size 1. Structured, Size 2.

Structured, Size 3. Structured, Size 4.

Structured, Size 5.

Structured, Size 0.9.

Figure A.6. Validation Models for Model 4.
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GMSH Unstructured, Size 1. GMSH Unstructured, Size 2.

GMSH Unstructured, Size 3. GMSH Unstructured, Size 4.

GMSH Unstructured, Size 5. GMSH Unstructured, Size 0.9.

GMSH Unstructured, Size 0.8. GMSH Unstructured, Size 0.7.

GMSH Unstructured, Size 0.6.

Figure A.7. Validation Models for Model 5.
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Structured, Size 1. Structured, Size 2.

Structured, Size 3.

Structured, Size 4.

Structured, Size 5. Structured, Size 0.9.

Structured, Size 0.8. Structured, Size 0.7.

Structured, Size 0.6.

Figure A.8. Validation Models for Model 5.
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GMSH Unstructured, Size 1. GMSH Unstructured, Size 2.

GMSH Unstructured, Size 3. GMSH Unstructured, Size 4.

GMSH Unstructured, Size 5.

GMSH Unstructured, Size 0.9.

Figure A.9. Validation Models for Model 6.
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Structured, Size 1. Structured, Size 2.

Structured, Size 3. Structured, Size 4.

Structured, Size 5.

Structured, Size 0.9.

Figure A.10. Validation Models for Model 6.
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GMSH Unstructured, Size 1. GMSH Unstructured, Size 2.

GMSH Unstructured, Size 3. GMSH Unstructured, Size 4.
GMSH Unstructured, Size 5. GMSH Unstructured, Size 0.9.
GMSH Unstructured, Size 0.8. GMSH Unstructured, Size 0.7.

GMSH Unstructured, Size 0.6.

Figure A.11. Validation Models for Model 1.
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Structured, Size 1. Structured, Size 2.

Structured, Size 3. Structured, Size 4.

Structured, Size 5. tructured, Size 0.9.
Structured, Size 0.8. Structured, Size 0.7.

Structured, Size 0.6.

Figure A.12. Validation Models for Model 1.
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B. Appendix - Case Study Mesh Models

GMSH Unstructured, Size 3.

GMSH Unstructured, Size 2.

GMSH Unstructured, Size 1.

GMSH Unstructured, Size 0.9,

GMSH Unstructured, Size 0.8.

GMSH Unstructured, Size 0.7.

Figure B.13. Mesh Outputs for Case Study
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Structured, Size 3.

Structured, Size 2.

Structured, Size 1.

Structured, Size 0.9.

Structured, Size 0.8.

Structured, Size 0.7.

Figure B.14. Mesh Outputs for Case Study
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