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ABSTRACT

A REVIEW ON QUANTUM ERROR CORRECTION

Kaya, Çetin İlhan

M.S., Department of Physics

Supervisor: Assoc. Prof. Dr. Yusuf İpekoğlu

December 2023, 204 pages

In this thesis, we review the quantum error correction codes which are essential for

quantum information processing and quantum telecommunication systems to work

fault-tolerantly. The concern of this study is to produce a catalog containing recip-

ies for quantum error correction codes. Physical realizations of given codes are not

concern of this work. We mostly concentrate on stabilizer codes which are the most

studied family of quantum error correction codes. Moreover codes that might serve

as quantum memories and methods to optimize quantum error correction codes us-

ing machine learning techniques are also discussed. For quantum memory candidate

Haah cubic codes, we provide better equations describing commutation relations of

the corner operators. Note that here we only consider QECCs useful for quantum

industries.

Keywords: quantum error correction, quantum information theory, quantum compu-

tation, quantum information processing
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ÖZ

KUANTUM HATA DÜZELTME ÜZERİNE DERLEME

Kaya, Çetin İlhan

Yüksek Lisans, Fizik Bölümü

Tez Yöneticisi: Doç. Dr. Yusuf İpekoğlu

Aralık 2023 , 204 sayfa

Bu tez, kuantum bilgi işleme ve kuantum telekomünikasyon sistemlerinin hataya da-

yanikli çalışmasını sağlamakta önemli rol oynayan kuantum hata düzeltme kodları-

nın derlemesidir. Bu çalışmanın hedefi, kuantum hata düzeltme kodlarının, tarifleriyle

birlikte kataloglanmasıdır. Tez boyunca bu kodların fiziksel olarak hayata geçirilme-

lerinden bahsedilmeyecektir. Çoğunlukla, kuantum hata düzeltme kodlarının en iyi

çalışılmış ailesi olan stabilizer kodlar üzerinde durulmuştur. Ayrıca quantum hafıza

görevi görebilecek quantum hata düzeltme kodlarına ve quantum hata düzeltme kod-

larının iyileştirilmesinde makine öğrenmesi kullanılan yöntemlere de değinilmiştir.

Bir kuantum hafıza adayı olan Haah kübik kodlarda kullanılmak üzere, köşe operatör-

lerin bazı ilişkileri daha düzgün şekilde sunulmuştur. Bu çalışmada sadece, kuantum

endüstrisinde kullanılmak üzere işlevsel kuantum hata düzeltme kodları incelenmiştir.

Anahtar Kelimeler: kuantum hata düzeltme, kuantum bilgi kuramı, kuantum hesap-

lama, kuantum bilgi işleme
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CHAPTER 1

INTRODUCTION

After discovery of classical information theory and computation, computer science

provided humanity with various opportunities that has never been available before.

Nearly 90 years passed since the lambda calculus [36] and in the meantime, com-

puter parts got smaller and smaller. Transistor is the component where computation

is carried by allowing the passage of current (state 1) or blocking it (state 0) depend-

ing on the base voltage and this is where 1s and 0s come from. Modern transistors are

in the size of nanometers and shrinking them more is problematic due to the quantum

tunneling. If the size is sufficiently small, even if transistor wants to block the volt-

age, electrons may tunnel their way resulting in computation error. For this reason,

classical computation is about to reach its physical limits.

At this point, new idea of quantum computation takes place which was first proposed

by Deutch [37] in 1985. The idea of making computation using quantum effects

is receiving more interest ever since. It was purely hyphothetical at the beginnings

but today we have some levels of quantum computation. In 2023, there are many

companies and institutes work on quantum processors including Google, Amazon,

Microsoft, IBM and so on. So far, IBM’s Osprey is the most advanced with 433

qubits [38].

As far as quantum computers are concerned, making qubits to stay in the desired state

during the computation is very hard. Although recent developments in the experimen-

tal part allowed quantum information to be preserved to some point and increased the

fidelity values higher, experimental techniques are not enough to preserve it com-

pletely. Thankfully, applying error correction protocols, we can take the fidelities

even further and make computation robust against noise.
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An error correcting code can be defined as a way of storing either classical or quan-

tum information in a set of bits (or qubits) in such a way that we can read/process

that information even if there has been some unknown changes (errors) in the bits

(or qubits).[18] There are many quantum error correction codes proposed beginning

with [6] in 1995, but in this thesis, mostly stabilizer codes, quantum error correction

codes that might serve as quantum memories and machine learning assisted quan-

tum error correction codes are considered. The reason is that the stabilizer codes are

most well-studied quantum error correction codes and can be very useful in the NISQ

(Noisy Intermediate-Scale Quantum) era, while the codes like H codes allow us to

posses higher yield which is the ratio of logical qubits created to physical qubits used

in the process which probably useful for long-term quantum processors with high

numbers of physical qubits. On the other hand quantum memory codes have critical

importance which are suppose to story quantum information for long times without

needing active quantum error correction application. And finally we consider the pos-

sible schemes using machine learning in both classical and NISQ devices to optimize

quantum error correction codes.

Note that, in this chapter, we mostly follow [9].

1.1 Motivation and Problem Definition

Since quantum states are hard to preserve due to random quantum flactuations (or

quantum errors), it is essential to develop new techniques to overcome this issue. The

quest of suppressing quantum errors is mostly done by experimental research but it

is not enough. To carry efficiency even further, quantum error correction is the key.

However, since the field is relatively new, the resources for quantum error correction

researchers are limited. In this thesis, we try to cover some methods that might be

useful for researchers.
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1.2 Proposed Methods and Models

In this thesis, no new method or model is offered. Instead, we will study existing

techniques and catalog them. Most of the techniques uses methods in classical error

correction and adjust them according to the quantum needs.

1.3 Contributions and Novelties

In this thesis, equations ??, ??, ?? and ?? are provided for commutation relations of

corner operators which are used in Haah cubic codes that might serve as quantum

memory. In the case that quantum memories are realized by Haah cubic codes, those

equations might be useful.

1.4 Classical Noise

Before we start discussing quantum error correcting codes, we should mention some

concepts from classical information theory and classical error correction.

In binary systems for example, we have information on states called bits which can

have either state 0 or 1 depending on the voltage on the system. Physically, for a

given threshold, 0 means current flowing through the wire is below that threshold and

1 means the current is above the threshold. Suppose we have states Bi and Bf being

initial and final states in binary (F2). Then law of probability yields: [9]

P(Bf = k) =
∑
j

P(Bf = k|Bi = j)P(Bi = j) (1.1)

whereP(Bf = k|Bi = j) is the probability of transition from one state to another due

to some noise. This definition will be replaced with the fidelity for qubits later. For

now, let P(Bf = k|Bi = j) = p, then probability of a state preserving its previous

state is (1 − p). If we denote the probabilities of bits being in state j = 0, 1 before

and after the noise as Pi,j and Pf,j where i and f stands for initial and final, we have:
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Pf,0

Pf,1

 =

1− p p

p 1− p

Pi,0

Pi,1

 (1.2)

or

Pf = NPi (1.3)

where Pi and Pf are initial and final probability matrices whileN is the matrix hold-

ing the probabilities of experiencing noise and preserving the initial state.

Note that we can call such an error causing state 0 to state 1 and vice versa as bit flip

error and classically it is represented with NOT operator. In addition, a bit may go

through erasure channel which deletes the information entirely.

1.5 Markovian Processes

We may simply define a Markovian process as the system in which bits have no mem-

ories. In such systems, each event is independent from the one happened before. As

an example, we may consider a series of coin flips. Notice that each tossing has prob-

ability 50%Heads and 50% Tails outcome for fair coins and that probability is not

changing for different histories.

For the discussions that will mention Markovian processes, consider the following

chain of errors changing state B0 to B3:

B0
NOT−−−→ B1

NOT−−−→ B2
NOT−−−→ B3 (1.4)

if occuring a bit-flip error in each step are independent from eachother, this process is

Markovian. Note that here we are not interested in what information states Bi carry.

1.6 Classical Linear Codes

We describe a linear code C with an n× k generator matrix G where n is the number

of bits in code space and k is the bits of information which we want to encode. G

maps codewords to their encoded versions by for a k bits of codeword x, encodes as

Gx. Note that x here is column vector and the elements of G are all 1s and 0s. [9]
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As an example, think of the repetition code which maps 1 bit to 3 repetitions. Its

generator matrix G =


1

1

1

 and G[0] = (0, 0, 0) & G[1] = (1, 1, 1).

A code using n bits to encode k bits is called an [n, k] code. To ensure the encoding

of all messages to be unique, we need linearly independent columns in G because the

columns of G span the codewords corresponding to the vector space.

• In a general code, we need 2k codewords with lengths n to encode k bits in n

bits. To specify the description of the code in total, we need n2k bits.

• For a linear code, only necessity is nk bits of generator matrix. We just multiply

the message of k bits by generator matrix of n×k to get encoded message which

takes O(nk) operations.

Instead of generator matrix, we can use parity-check matrix that is an [n, k] code con-

taining all vectors x over Z2 ∋ Hx = 0. Here H is called parity-check matrix (PCM)

and has dimensions (n − k) × n. Kernel of the PCM is defined as the code. Since

there exists 2k possible codewords for a code encoding k bits, dim(Ker(H)) = k and

therefore H must have linearly independent rows while G needs linearly independent

columns.

In order to move between G and H:

1. H → G: Choose linearly independent k vectors ωj (where j ∈ Z from 1 to k)

that are expected to span Ker(H). And make ω1 to ωk be the columns of G.

2. G → H: Choose linearly independent n − k vectors ωj (where j ∈ Z from 1

to n − k) and columns of G are orthogonal to these vectors. Then make from

ωT
1 to ωT

n−k be the rows of H .

Consider [3, 1] code G =


1

1

1

 as an example. Here, we want to build H and to do so,

we will require linearly independent vectors (3-1=2 number of them). And columns
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of G have to be orthogonal to those vectors. Let them be (1, 1, 0)&(0, 1, 1) and define

H ≡

1 1 0

0 1 1


Notice that x = (1, 1, 1) and x = (0, 0, 0) are the only codewords satisfying Hx = 0

Suppose the message we have is x and we encoded it as ω = Gx. At some point,

an error E occured shifting ω → ω′ = ω ⊕ E . We know that Hω = 0 ∀ω, then

Hω′ = HE . We call Hω′, error syndrome. Though Hω′ is a function of ω′, since

Hω′ = HE , it contains information about the error.

Suppose we have codewords v and ω with n bits each. We define the Hamming dis-

tance d(v, ω) between codewords by the bits they differ. And we define weight of a

word v by how much the word and the string of zeros differ (wt(v) ≡ d(v, 0))

Note that d(v, ω) = wt(v ⊕ ω). Also:

d(C) ≡ min
v,ω∈C ∋ v ̸=ω

d(v, ω) (1.5)

Meaning that using two codewords of a code C and their minimum distance, we find

the distance of the code. Following that C is linear and v&ω are codewords, v ⊕ ω
also a codeword. One observation is:

d(C) = min
v∈C,v ̸=0

(wt(v)) (1.6)

So, we set d ≡ d(C), then C is said to be an [n, k, d] code.

Note that an [n, k, d] code can correct up to t bits of error if its distance is at least

2t + 1 where t ∈ Z. We achieve this by decoding ω′ (erronous encoded message) as

ω (codeword such that d(ω, ω′) ≤ t).

As an example on Hamming codes, let r ≥ 2 & r ∈ Z and H is a matrix with 2r − 1

bit strings of length r for all of its columns which are all different from 0. This type

of PCM is called [2r − 1, 2r − r − 1] linear code. We call such a code as Hamming
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code. [9]

H =


0 0 0 1 1 1 1

0 1 1 0 0 1 1

1 0 1 0 1 0 1

 (1.7)

[7, 4] code with r = 3. Notice that no two columns are the same meaning that they

are not linearly dependent though the first 3 columns are. So d = 3. This code can

correct an error on any single bit.

1.7 The Quantum Hamming Bound

Consider a non-degenerate code capable of encoding k logical qubits using n physical

qubits. Suppose it corrects errors on t qubits or less and errors occured in e qubits

(where e ≤ t). Notice that in n places, there are
(
n
e

)
possible places for errors to

happen. 3 possible error types Pauli X, Y, Z give us in total 3e possible errors.

On a t or fewer qubits, we can find the total error number with:[9]

t∑
e=0

(
n

e

)
3e (1.8)

where e = 0 stands for I which means no errors. All of these errors must be

corresponding to a 2k-dimensional orthogonal subspace to encode k qubits as non-

degenerate and the 2n-dimensional space available to n qubits must be filled by those

subspaces, resulting in the quantum Hamming bound:

t∑
e=0

(
n

e

)
3e2k ≤ 2n (1.9)

Assume that we’ll encode 1 logical qubit into n physical qubits. We do this in a

way so that it corrects an error occuring on 1 qubit. Then quantum Hamming bound

becomes:
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t∑
e=0

(
n

e

)
3e2k ≤ 2n →

(
n

0

)
2 +

(
n

1

)
3× 2 = 2(1 + 3n) ≤ 2n

∴ n ≥ 5

(1.10)

Implying that the minimum required number of physical qubits for a protected 1

logical qubit is 5.

1.8 Gilbert-Varshamov bound

This bound suggests that we can find an [n, k] error correction code where n is large

and code can protect k bits of information from t errors satisfying the following in-

equality:

k

n
≥ 1− H(

2t

n
) (1.11)

where

H(x) ≡ −x log x− (1− x) log(1− x) (1.12)

which is the binary Shannon entropy.

This is the condition that giving us the information whether the particular code pa-

rameter exists. In other words, it guarantees the existence of good codes so that we

know how much information can be encoded into given n. [9]

1.9 the Dual construction

Consider a generator matrixG and a PCMH that construct an [n, k] code C. Then we

can define the dual C⊥ of the code C as follows: it has the generator matrix HT and

PCM GT , and contains all the codewords that are orthogonal to all of the codewords

in C. And we say:[9]

• "weakly self-dual" to a code if C ⊆ C⊥

• "strictly self-dual" to a code if C = C⊥

8



1.10 System-Environment Interactions and Master equation

Assume we have a system ρ interacting with its environment. Such interaction can be

described as ρ⊗ ρenv.

ρ
U

E(ρ)
ρenv

Figure 1.1: system-environment interaction [9]

After the action of unitary operator U is complete, system and environment don’t

interact with each other anymore (which allows us to take partial trace). And at the

end we have E(ρ) which represents the quantum operation on state ρ. Then reduced

state can be written as: [9]

E(ρ) = Trenv [U(ρ⊗ ρenv)U †] (1.13)

Mostly, we assume that ρenv = |0⟩⟨0|, but in chapter 3, we discuss QECCs that may

serve as quantum memories in which system-environment interactions are important

for real life solutions. We demand such systems to be passively protected against the

thermal noise coming from environment.

To discuss such systems, we also need a description of noise for continuous time and

non-unitary nature. For this end, we use Lindbladian master equation such as: [9][48]

dρ

dt
= − i

ℏ
[H, ρ] +

∑
j

(2LjρL
†
j − {L

†
jLj, ρ}) (1.14)

where Lj’s are called Lindblad operators and they describe the coupling between sys-

tem and the reservoir.

In general, for practical purposes, we begin with ρ ⊗ ρenv state. A Hamiltonian

containing system-environment coupling is followed by determining Lj’s via Born-

Markov approximations. Note that as far as master equation is concerned, it is always

Tr[ρ(t)] = 1.
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1.11 Quantum Noises

In this section, we look some examples of quantum noises. Due to their discrete

nature, we need different approach to overcome them using techniques other than

classical error correction. One thing to note here is that quantum errors are mediated

through quantum fields, therefore fully suppressing them in hardware is physically

impossible.

Let E be some quantum operation which acts on a state as follows: [9]

E(ρ) =
∑
j

EjρE
†
j (1.15)

whereEj are the Krauss operators such that
∑

j E
†
jEj = 1 and equation.1.15 is called

Krauss representation. We will use this description to describe quantum noise types.

Bit Flip Error This channel flips the state in computational basis such that |0⟩ turns

into |1⟩ and vice versa. We can think of it as a Pauli-X acting on that qubit. Following

the description in equation.1.15, we have:

E0 =
√
pI

E1 =
√

1− pX
(1.16)

or in equation.1.15 form:

EX(ρ) = pρ+ (1− p)XρX (1.17)

Phase Flip Error Acts like bit flip but in Hadamard basis such that it turns |+⟩ to

|−⟩ and vice versa. We can consider it as a Pauli-Z acting on that qubit.

E0 =
√
pI

E1 =
√

1− pZ
(1.18)

or

EZ(ρ) = pρ+ (1− p)ZρZ (1.19)

10



Bit-Phase Flip Error Error of bit and phase flips occurring at the same time and

can be considered as a Pauli-Y acting on the given qubit.

E0 =
√
pI

E1 =
√
1− pY

(1.20)

or

EY (ρ) = pρ+ (1− p)Y ρY (1.21)

Depolarizing Error Turns quantum state into maximally mixed state in which one

can consider as Pauli-X, Y, Z are applied.

E0 =

√
1− 3p

4
ρ

E1 =

√
p

2
X

E2 =

√
p

2
Y

E3 =

√
p

2
Z

(1.22)

or

ED(ρ) = (1− 3p

4
)ρ+

p

4
(XρX + Y ρY + ZρZ) (1.23)

Amplitude Damping Error A quantum state loosing energy. For a photonic sys-

tem, it turns |1⟩ into |0⟩ and have no effect on |0⟩ since |0⟩ usually corresponds to

the ground state and amplitude damping is loosing energy to the environment. In the

finite temperature case, it is called T1 relaxation such that a high temperature spin

system releases energy resulting in equilibrium with the environment. It has Krauss

operators:

E0 =

1 0

0
√
1− γ


E1 =

0 √γ
0 0

 (1.24)

where γ ∈ [0, 1] is the probability of amplitude damping.
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Phase Damping Error In an evolution of a quantum state for an uncertain amount

of time, quantum information is lost without loosing any energy. It is mostly known as

T2 relaxation and the operator causing it is called phase kick. This quantum noise has

philosophical significance since it destroys cross terms of density matrix of a given

state with superposition. In [9] exercise 8.31 we see that it causes non-diagonal terms

to decay with e−k(∆t) where k is some constant, leaving only pure states. Therefore

we argue that phase damping prevents quantum effects to occur in daily classical life.

Its Krauss operators are:

E0 =

1 0

0
√
1− λ


E1 =

0 0

0
√
λ

 (1.25)

1.12 Knill-Laflamme Conditions

Knill-Laflamme conditions are a set of necessary and sufficient conditions for a QECC

to be able to correct particular error set {Ej}. They are: [113]

Condition - 1)

⟨a|E†
iEj|a⟩ = 0 (1.26)

∀a, b ∈ {0, 1}, i ̸= j and Ei are linear operators describing environ-

mental effects.

This condition implies that any error should carry logical sates to

states that are orthogonal.

Condition - 2)

⟨a|E†
iEj|a⟩ =

〈
b
∣∣E†

iEj

∣∣b〉 (1.27)

Meaning that corrupted logical states have the same length and inner

product under projections.
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1.13 Fidelity

Fidelity (F) is the measure of how well a quantum state is preserved. First defined

by Schumacher as the probability of a decoded message being similar to the encoded

message in a given coding-decoding arrengement. Error probability was (1 − F)

which we can call infidelity. In classical sense, fidelity goes to 0 if less than H(A)

bits/message are allowed, and goes to 1 if more than H(A) bits/message are allowed

where H(A) is the Shannon entropy (from equation 1.12) of the message produced by

some source A. [41]

Quantum mechanically, we can consider infidelity as transition probability from a

pure state ρ to another pure state σ where ρ = |ψ⟩⟨ψ| and σ = |ϕ⟩⟨ϕ|. Then fidelity

is: [42]

F(ρ, σ) = ⟨ϕ|ψ⟩ ⟨ψ|ϕ⟩

= |⟨ψ|ϕ⟩|2
(1.28)

which we can describe as the probability of a system staying in the same state. This

equation measures the distance between two states in usual Hilbert space geometry.

If one of the states is impure, say σ, then:

F(|ψ⟩⟨ψ| , σ) = ⟨ψ|σ|ψ⟩ (1.29)

1.14 The Outline of the Thesis

Chapter 1 of this thesis gives preliminary information for Quantum Error Correction.

Those are mostly classical error correction and some bounds for QEC. In the Chapter

2, we discuss Stabilizer codes which are the most well studied topic of QEC. In

Chapter 3, we investigate the QEC codes generating quantum memories. In Chapter

4, we briefly mention the QECCs assisted by machine learning techniques. Finally,

in Chapter 5, we conclude the concepts discussed in this thesis.
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CHAPTER 2

STABILIZER CODES

2.1 Introduction

This method allow us to work in many quantum systems with the operators that sta-

bilizes the quantum state instead of working with the explicit description of the state.

Here stabilize means that the eigenvalue of the operator is +1 whenever acted on that

state such that: [9] (and we follow [9] throughout this section)

M |ψ⟩ = |ψ⟩ where M is an operator and |ψ⟩ is some quantum state (2.1)

Here we say that the state |ψ⟩ is stabilized by operator M . Suppose S is a subgroup

of the Pauli group on n qubits Gn and let each element of S to fix the set of n-qubit

states VS . We say VS is the vector space stabilized by S, and since all elements of VS

are stable under the operators in S, we say S is the stabilizer of space VS .

This method also allow us to describe errors in the qubits, operations, measurements

in the computational basis and many quantum codes in a more compact way.

The trick of stabilizer formalism is the Pauli group Gn on n qubits. Note that for a

single qubit, all Pauli matrices with ±1 and ±i factors has to be in the group so that

group can be closed under matrix multiplication.

G1 ≡ {±I,±iI,±X,±iX,±Y,±iY,±Z,±iZ} (2.2)
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And the Pauli group in n qubits contains all n-fold tensor products of Pauli matrices.

Stabilizer codes are Hamiltonian-based codes that its Hamiltonian can be written in

terms of commuting projectors. Note that the codespace of a stabilizer code is the

ground-state space of the stabilizer codes Hamiltonian that contains equal linear com-

bination of generators. [43]

As a simple example to stabilizer codes, consider n = 3 case with S = {I, Z1Z2,

Z2Z3, Z1Z3}. We can see that this subspace which is fixed by Z1Z2 is spanned by

|000⟩ , |111⟩ , |110⟩ , |111⟩while the subset fixed by Z1Z3 is spanned by |000⟩ , |010⟩,
|101⟩ , |111⟩. Then we can look at the subspace stabilized by two operators (which

we call generators) in S and say that VS is spanned by |000⟩ and |111⟩ which are the

common in subspace fixed by Z1Z2 and subspace fixed by Z1Z3.

And for a group G the set of elements g1, · · · , gl ∈ G are called generators if any

g ∈ G can be written in terms of products of those elements. Then we denote G =

⟨g1, · · · , gl⟩

Note that the generator set of a group G with size |G| has at most log |G| elements.

[9] And to check if a state is stabilized by a subgroup of S we can simply check the

generators since if a state is stabilized by a set of operators, then their products also

stabilize the state.

Also note that we can’t use every subgroup of Pauli group for a non-trivial vector

space. For instance, considering subgroup G1 ≡ {±I,±X} for −1 |ψ⟩ = |ψ⟩, |ψ⟩
must be zero giving trivial solution. Therefore, {±I,±X} stabilizes trivial vector

space.

Non-trivial vector space VS is stabilized by S only if:

1. [M,N ] = 0 ∀M,N ∈ S (elements of S commute)

2. −I /∈ S
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Now we want generators to be independent so that removing any element gi results

in smaller generated group such that:

⟨g1, · · · , gi−1, gi+1, · · · , gl⟩ ≠ ⟨g1, · · · , gl⟩ (2.3)

To check if generators are independent, we use check matrix (analogous to PCMs

in classical linear codes). Suppose we have S = ⟨g1, · · · , gl⟩ and there exists an

l × 2n matrix. The rows of that matrix are the generators. Columns from first to jth

correspond to X operators acting, (j + 1)th to (j + n)th correspond to Z operators.

Consider following matrix:




g1 → 0 0 0 1 1 1 1 0 0 1 0 0 1 1

g2 → 0
... 0

. . . ...

gl → 0 ︸ ︷︷ ︸
Xs

︸ ︷︷ ︸
Zs

(2.4)

Here we see I ⊗ I is acting on first two qubits, it’s trivial. Then we see in the 3rd

& (3 + 7)th columns that Z operator is applied. Since 4th & 5th columns are 1 and

(4 + 7)th & (5 + 7)th columns are 0 meaning we apply X4X5. Notice that in the 6th

& 7th qubits, we have 1s in both sides, it means that we apply Pauli-Y.

∴ g1 : I⊗ I⊗ Z ⊗X ⊗X ⊗ Y ⊗ Y = Z3X4X5Y6Y7 (2.5)

Note that subscript of operators represents the specific qubit it is acted on, and check

matrix doesn’t contain ±1,±i factors.

Let r(g) denotes 2n-dimensional row vector of some generator g and suppose X ′ =0 I

I 0

 where I are n×n and X ′ is 2n× 2n. Then for given g, g′ ∈ Pn (n-fold Pauli

subgroup), g and g′ commute iff

r(g)X ′r(g′)T = 0 (2.6)
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Proposition 2.1.1 For a stabilizer S = ⟨g1, · · · , gl⟩ ∋ −I /∈ S, all generators are

independent if and only if the rows of the check matrix are not linearly dependent.

Proposition 2.1.2 For a stabilizer S = ⟨g1, · · · , gl⟩ ∋ −I /∈ S and fixed i ∋ i =

1, · · · , l, ∃g ∈ Gn ∋ ggig† = −gi and ggjg† = gj ∀i ̸= j.

Proposition 2.1.3 For a stabilizer S = ⟨g1, · · · , gn−k⟩ ∋ −I /∈ S where [gi, gj] = 0

and gi ∋ Gn∀i = 1, · · · , n− k, VS is a 2D vector space.

Unitary gates in Stabilizers Suppose vector space VS is stabilized by S. If we

apply a unitary operator U , then ∀g ∈ S:

U |ψ⟩ = Ug |ψ⟩ = UgU †U |ψ⟩ where |ψ⟩ ∈ VS (2.7)

Meaning that the state U |ψ⟩ is stabilized by UgU †, therefore the vector space UVS

is stabilized by group USU † = {UgU †|g ∈ S}. Moreover if g1, · · · , gl generate S,

then Ug1U †, · · · , UglU † generate USU †. So, checking the generators gives how the

stabilizer is affected.

With this method, we can stabilize a quantum state |0⟩ which is stabilized by Z with

X by Hadamard operator since:

HXH† = Z, HY H† = −Y, HZH† = X (2.8)

Considering this in n-qubit systems, say |0⟩⊗n which is stabilized by ⟨Z1, · · · , Zn⟩
we see that after Hadamard, we superpose the states in computational basis to |+⟩⊗n

which is stabilized by ⟨X1, · · · , Xn⟩. Following table shows the results of some uni-

tary operations:

Note that since for a set of U ∋ UGnU
† = Gn is called normalizer of Gn (denoted

by N(Gn)), H , S & CNOT gates sometimes are called normalizer gates.

Theorem 2.1.1 Suppose U is a unitary operator acting on n qubits. And if g ∈ Gn
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CNOT (control: 1, target:2) H S X Y Z

Input X1 X2 Z1 Z2 X Z X Z X Z X Z X Z

Output X1X2 X2 Z1 Z1Z2 Z X Y Z X −Z −X −Z −X Z

Table 2.1: Results of some unitary operations

then UgU † ∈ Gn is true. As a result U may be contains O(n2) H , phase and CNOT

gates.

Note that π/8 and Toffoli gates are not normalizer gates.

Let T ≡ π/8 and U ≡ Toffoli with 1st and 2nd qubits as control and 3rd qubit target,

then:

TZT † = Z (2.9)

UZ1U
† = Z1 (2.10)

UZ2U
† = Z2 (2.11)

UZ3U
† = Z3 ⊗

1

2
(I+ Z1 + Z2 − Z1Z2)

(2.12)

TXT † =
1√
2
(X + Y ) (2.13)

UX1U
† = X1 ⊗

1

2
(I+ Z2 +X3 − Z2X3)

(2.14)

UX2U
† = X2 ⊗

1

2
(I+ Z1 +X3 − Z1X3)

(2.15)

UX3U
† = X3 (2.16)

Therefore, the circuits containing π/8 and Toffoli gates are not suitable to analyse

with stabilizer formalism. Stabilizer formalism is useful for circuits with normalizer

gates.

Measurement Assume that g is some tensor product of Pauli matrices and have

no −1 or ±i factor in front without loss of generality. Assume system in the state

|ψ⟩ with S = ⟨g1, · · · , gn⟩ and we want to make a measurement of g ∈ Gn (since

Hermitian matrix g acts as an observable). It’s either:

a) [g, gj] = 0 ∀j = 1, · · · , n
g commutes with all generators of stabilizer.

Since gjg |ψ⟩ = ggj |ψ⟩ = g |ψ⟩ ∀gj ∋ j = 1, · · · , n and gj ∈ S, then g |ψ⟩ ∈ VS
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and hence g is multiple of |ψ⟩.

Since g2 = I then g |ψ⟩ = ± |ψ⟩ and therefore either g or −g must be in the stabi-

lizer.

For the sake of discussion, assume g ∈ S (−g ∈ S proceeds analogously) then

g |ψ⟩ = |ψ⟩ giving measurement of g +1 with prob 1. This measurement doesn’t

collapse the quantum state and therefore leaves stabilizer invariant.

b) g anti-commutes with one or more generators of the stabilizer.

Assume S = ⟨g1, · · · , gn⟩ and g anti-commutes with g1, then we can also assume

that g and ⟨g2, · · · , gn⟩ commute without loss of generality. If it doesn’t commute

with one of the generators, say g2, we can verify that g commutes with g1g2 and

replace the g2 in the list with g1g2.

For a g anti-commuting with g1 and commuting with the rest of the generators, g

has ±1 eigenvalues giving projective measurement outcomes ±1 are (I ± g)/2.

So the probabilities of measurement are:

P(+1) = tr

(
I+ g

2
|ψ⟩⟨ψ|

)
& P(−1) = tr

(
I− g
2
|ψ⟩⟨ψ|

)
(2.17)

using g1 |ψ⟩ = |ψ⟩ and gg1 = −g1g gives:

P(+1) = tr

(
I+ g

2
g1 |ψ⟩⟨ψ|

)
= tr

(
g1
I− g
2
|ψ⟩⟨ψ|

)
(2.18)

using property of trace:

P(+1) = tr

(
I− g
2
|ψ⟩⟨ψ| g†1g1

)
= P(−1) (2.19)

→ P(+1) = P(−1) = 1/2 (2.20)

then:

• +1 result: new state of system:∣∣ψ+
〉
≡ 1√

2
(I+ g) |ψ⟩ with S = ⟨g1g2, · · · , gn⟩ (2.21)

• -1 result: posterior state stabilized by S = ⟨−g, g2, · · · , gn⟩
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Theorem 2.1.2 Gottesman-Knill theorem

Suppose a quantum computation including only H, CNOT, phase and Pauli gates,

state preparation in computational basis and measurements of the observables from

Pauli group. It is possible to simulate this computation on a classical computer.

Note that a set of m operations requires O(n2m) operations to simulate on a classical

pc.

Constructing Stabilizer codes Let C(S) be an [n, k] stabilizer code on vector

space VS which is stabilized by S ∈ Gn ∋ −I /∈ S where S has n − k indepen-

dent and commuting generators.

In principle, there are 2k possible choise of logical computational basis states from

orthonormal vectors in C(S).
For practical purposes, we begin choosing operatorsZ1, · · · , Zk ∈ Gn ∋ g1, · · · , gn−k,

Z1, · · · , Zk forms a set of commuting and independent elements. Since Zj represents

the Pauli Z operator on jth qubit, logical computational basis state |X1, · · · , Xk⟩L has

stabilizer:

S = ⟨g1 · · · , gn−k, (−1)X1Z1, · · · , (−1)XkZk⟩ (2.22)

If we define Xj as a product of Pauli matrices and under conjugation, this Xj turns

Zj into−Zj while not touching all other Zi and gi’s ∀i ̸= j. Then thisXj is the NOT

gate on jth qubit satisfying XjgkX
†
j = gk, [Xj, Zi] = 0,{XjandZj} = 0.

Suppose an error E ∈ Gn corrupted the code C(S). If this error anti-commutes with

one of the elements of the stabilizer, it takes C(S) to an orthogonal subspace and in

theory, we can detect this error via suitable projective measurement.

If E ∈ S , we are also fine because in this case, error doesn’t corrupt the space.

However if E commutes with all generators in S but not present in S (Eg = gE

∀g ∈ S, E ∈ E ) it’s a problem. We call the set E ∈ Gn ∋ [E, g] = 0 ∀g ∈ S as

centralizer of S in Gn which is denoted by Z(S). Note that centralizer is identical to

normalizer of S.
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Theorem 2.1.3 Conditions for a stabilizer code

Let C(S) be a stabilizer code with stabilizer group S. Supposing {Ej} as a gen-

erator set in Gn ∋ E†
jEk /∈ N(S)/S ∀j, k we have that error set {Ej} of C(S) is

correctable.

Note that we can consider only errors Ej ∈ Gn ∋ E†
j = Ej and reduce the error

correction conditions for stabilizer codes to EjEk ∋ N(S)/S ∀j, k without loss of

generality.

And also note that the theorem 2.1.3 dictates that a code with at least 2t+ 1 distance

can correct errors in up to t qubits.

Before performing error correction, let S = ⟨g1, · · · , gn−k⟩ is the stabilizer of an

[n, k] stabilizer code while {Ej} is the set of errors that we can correct. To correct

errors, we begin with measuring the error-syndromes with generators g1 to gn−k.

If we have a single error Ej occured, we measure βl ∋ EjglE
†
j = βlgl. To recover,

we apply E†
j .

But if we have two distinct errors Ej and Ej′ that result in the same syndrome, then

EjPE
†
j = Ej′PE

†
j′ giving E†

jEj′PE
†
j′ = P where E†

jEj ∈ S and P is the projection

operator onto the code space. So, we can correct the error by applying Ej′ followed

by E†
j .

Finally we give some last definitions thanks to theorem 2.1.3 which allows us to

construct quantum analogue of distance.

We call the numbers of non-identity terms in the tensor product describing the error

is called weight. As an example wt(X2Y5Z6) = 3. The minimum weight of an

element of N(S)/S is called the distance of some code C(S). And if C(S) is an

[n, k] stabilizer code with distance d, it is an [n, k, d] stabilizer code and denoted with

[[n, k, d]].
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2.2 Calderbank-Shor-Steane (CSS) Codes

CSS codes are probably the most well studied type of stabilizer codes. Let we have

[n, k1] and [n, k2] classical linear codes of C1 and C2 respectively where C2 ⊂ C1

and both C1 and C⊥
2 can correct up to t errors. Then we can construct an [n, k1 − k2]

quantum code that can correct errors on up to t qubits.

Let x, y be a codewords such that x ∈ C1 and y ∈ C2. Then let,

|x⊕ C2⟩ ≡
1√
|C2|

∑
y∈C2

|x⊕ y⟩ (2.23)

Then let x′ ∈ C1 ∋ x − x′ ∈ C2. So, |x⊕ C2⟩ = |x′ ⊕ C2⟩ which implies that

|x⊕ C2⟩ state depends only on the coset of C1/C2.

Notice that if x and x’ are in different C2 cosets, then we ensure that x ⊕ y ̸=
x′ ⊕ y′ ∀y, y′ ∈ C2, resulting that |x⊕ C2⟩ and |x′ ⊕ C2⟩ states are orthonormal.

Since the number of cosets C2 in C1 is |C1|/|C2|, dim(CSS(C1, C2)) = |C1|/|C2| =
2k1−k2 . So, we say that CSS(C1, C2) is an [n, k1−k2] quantum code which is defined

as a vector space spanned by |x⊕ C2⟩ states for all x ∈ C1. This code can detect and

correct up to t bit-flip and phase-flip errors.

To illustrate how CSS codes work, consider the state |x⊕ C2⟩, then bit and phase flip

errors occured causing the state become:

1√
|C2|

∑
y∈C2

(−1)(x⊕y)·e2 |x⊕ y ⊕ e1⟩ (2.24)

where e1 is n bit vector of bit flip error while e2 is n bit vector of phase flip error.

At this point, we need ancilla qubits to store the information coming from the syn-

drome measurement such that |x⊕ y ⊕ e1⟩. Applying parity check matrix H1 (for

C1) gives:

|x⊕ y ⊕ e1⟩ |H1(x⊕ y ⊕ e1)⟩ = |x⊕ y ⊕ e1⟩ |H1e1⟩ (2.25)

Then,
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1√
|C2|

∑
y∈C2

(−1)(x⊕y)·e2 |x⊕ y ⊕ e1⟩ |H1e1⟩ (2.26)

Now, we can measure the ancilla state and get the bit-flipH1e1. Excluding the ancilla:

1√
|C2|

∑
y∈C2

(−1)(x⊕y)·e2 |x⊕ y ⊕ e1⟩ (2.27)

We can guess e1 with error syndrome H1e1 since C1 can correct up to t errors which

finishes the error-detection. And for recovery, we simply apply NOT gate wherever

bit-flip has occurred. Then the state is:

1√
|C2|

∑
y∈C2

(−1)(x⊕y)·e2 |x⊕ y⟩ (2.28)

Next, we will deal with the phase flip. To find them, we first apply Hadamard gate to

each qubit.

1√
|C2|2n

∑
z

∑
y∈C2

(−1)(x⊕y)·(e2⊕z) |z⟩ (2.29)

Note that the summation here is over all possible n bit z values. Let z′ ≡ z+ e2, then

we have:
1√
|C2|2n

∑
z

∑
y∈C2

(−1)(x⊕y)·z′ |z′ ⊕ e2⟩ (2.30)

Notice if z′ ∈ C⊥
2 we have

∑
y∈C2

(−1)y·z′ = |C2|, but if z′ /∈ C⊥
2 we have∑

y∈C2
(−1)y·z′ = 0

Therefore we can write the state as:

1√
2n/|C2|

∑
z′∈C⊥

2

(−1)x·z′ |z′ ⊕ e2⟩ (2.31)

Notice this state looks like bit-flip case but with e2, then like in bit-flip case, we intro-

duce ancilla qubit, apply parity-check matrix H2 (for C⊥
2 ), get syndrome elementary

steps, resulting state is:
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1√
2n/|C2|

∑
z′∈C⊥

2

(−1)x·z′ |z′⟩ (2.32)

Again, to complete the error correction, we apply Hadamard gate to all qubits. We

either calculate the results directly or use the fact that the Hadamard is inverse of itself

and it is the same as applying to the e2 = 0 case of 2.31 which gives us the e2 = 0

case of 1√
|C2|

∑
y∈C2

(−1)(x⊕y)·e2 |x⊕ y⟩. Finally what we end up with is

1√
|C2|

∑
y∈C2

|x⊕ y⟩ (2.33)

which is the originally encoded state.

CSS codes proves the quantum version of Gilbert-Varshamov bound and guarantees

us that the good quantum error correction codes exists.

2.2.1 Steane Code

Also known as [[7,1,3]] Steane code which is constructed using [7,4,3] Hamming

code. Its PCM is

H =


0 0 0 1 1 1 1

0 1 1 0 0 1 1

1 0 1 0 1 0 1

 (2.34)

Let CS denotes the Steane code and C1 ≡ CS and C2 ≡ C⊥
S . But first, we check that

C2 ⊂ C1 so that these codes define a CSS code or not. We know:

H(C2) = G(CT
1 ) =


1 0 0 0 0 1 1

0 1 0 0 1 0 1

0 0 1 0 1 1 0

0 0 0 1 1 1 1

 (2.35)

Notice that span of the rows of H(C2) also spans the rows of H(C1). And since C1

and C2 are kernels of H(C1) and H(C2) respectively, we ensured C2 ⊂ C1. Since
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d(CS) = 3 and C⊥
2 = (C⊥

S )
⊥ = CS , both distances of C1 and C2 are 3 meaning they

can correct 1 bit of error and since C1 is [7,4] code while C2 is [7,3], we conclude

that we can correct errors on a single qubit with CSS(C1, C2) which is a [7,1] code.

Denoting logical |0⟩ with |0̄⟩ we have:

|0̄⟩ = 1√
8
(|0000000⟩+ |1010101⟩+ |0110011⟩+ |1100110⟩+ |0001111⟩

+ |1011010⟩+ |0111100⟩+ |1101001⟩)
(2.36)

The other logical codeword is found by an element of C1 which is not in C2, like

(1111111) giving:

|1̄⟩ = 1√
8
(|1111111⟩+ |0101010⟩+ |1001100⟩+ |0011001⟩+ |1110000⟩

+ |0100101⟩+ |1000011⟩+ |0010110⟩
(2.37)

2.2.2 Classical-Product Codes

A CSS technique which doesn’t need that the classical linear codes which are used to

construct quantum code to be self-orthogonal. [12]

Theorem 2.2.1 Let H be a PCM of some [n, k, d] code C with a permutation π ∋

H(Hπ)T = 0. Then H ′ =

H 0

0 Hπ

 matrix yields a check matrix for an [[n, 2k-n,

d]] quantum code.

Notice that in special case, when π = I, C becomes self-orthogonal implying that the

CSS code with self-orthogonal condition is just a special case of theorem 2.2.1. Since

the code Cπ is orthonormal to H , Cπ is subcode of C. So,

|x+ Cπ⟩ = 1√
|Cπ|

∑
y∈Cπ

|x+ y⟩ ∀x ∈ C (2.38)

with |C|
|Cπ| = 2(2k−n) number of them.
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To find a suitable permutation π, we should search for all permutations on n element

which requires a heavy computer search. Note that there is no quantum code satisfy-

ing theorem 2.2.1 if there is no suitable permutation exists.

To illustrate the construction, we start by finding suitable permutation π for an [n, n/2, d]

code C with parity-check H as

H =
(
In/2 S

)
(2.39)

where In/2 is identity and S is a symmetric matrix.

Consider permutation π which replaces In/2 and S giving:

Hπ =
(
S In/2

)
(2.40)

Notice we have H(Hπ)T = 0 and Cπ = C⊥. And it is shown that in [13], C and Cπ

contain codes satisfying Gilbert-Varshamov bound for large n.

As an example, consider the Pauli group P9 = {g1, g2, · · · , g8}where gi contains only

X operators ∀i ≤ 4 and Z operators ∀i ≥ 5. Using theorem 2.2.1 we can construct

[[9, 1, 3]] quantum code as follows:

g1 X I I I X X I I X

g2 I X I I I X X I X

g3 I I X I I I X X X

g4 I I I X X I I X I

g5 Z I Z I I Z Z I I

g6 I Z I I I Z Z I Z

g7 I I I Z Z I Z I Z

g8 I I Z Z I I I Z I

Table 2.2: Generators for Classical-Product Codes [12]

with following parity-check matrices:
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H =


1 0 0 0 1 1 0 0 1

0 1 0 0 0 1 1 0 1

0 0 1 0 0 0 1 1 1

0 0 0 1 1 0 0 1 0

 ∀i ≤ 4 (2.41)

H ′ =


1 0 1 0 0 1 1 0 0

0 1 0 0 0 1 1 0 1

0 0 0 1 1 0 1 0 1

0 0 1 1 0 0 0 1 0

 ∀i ≥ 5 (2.42)

Here the code C with PCM H is a [9, 5, 3] code. Since H ′ is produced by the permu-

tation of the columns of H with π, then H ′ = Hπ, and since all the rows of H are

orthogonal to all the rows of H ′, H(Hπ)T = 0. So, by theorem 2.2.1, we obtain the

check matrix for [[9, 1, 3]] quantum code C9 as

Hx =

H 0

0 Hπ

 (2.43)

For a generalized discussion, we can redefine classical product code Cx as follows:

Suppose two classical codes C1 ⊆ Fn1
2 and C2 ⊆ Fn2

2 having parity-check matrices

H1 ∈ Fm1×n1
2 and H2 ∈ Fm2×n2

2 . Then the 2-fold product of them Cx an its PCM Hx

are:

Cx = C1 ⊗ C2 ⊆ Fn1
2 × Fn2

2 (2.44)

and

Hx :=

H1 ⊗ I

I⊗H2

 ∈ F(n1m2+m1n2)×n1n2

2 (2.45)

Here we have dim(Cx) = kx = k1k2, distance of Cx dx = d1d2, length nx = n1n2

and checkmx = n1m2+m1n2. With syndrome measurements, errors can be detected

by applying H1 to each row (which is equivalent to applying H1 ⊗ I to each bit) and

H2 to each column (or apply I ⊗H2 to all). For systematic encoders, the codewords

ω ∈ Fn
2 are the concatenation of a set of parity check bits c ∈ Fn−k

2 and the message

x ∈ Fk
2 such that ω = (x, c). Errors can be detected by checking m1 = n1 − k1
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or m2 = n2 − k2 last bits of rows or columns if they are valid combinations of the

message bits respectively. Here we can define meta-checks using m1m2 bits such as:

m̄x := (m1 − r1)n2 + (m2 − r2)n1 + r1r2 (2.46)

2.2.2.1 Quantum Single Parity Check Product Codes

Suppose that we have an [n, n − 1, 2] SPC code CSPC ∈ Fn
2 giving [n2, (n − 1)2, 4]

SPC product code. To encode, we add 0s and 1s to the ends of the columns and rows

of a 2D (n− 1)× (n− 1) matrix, making even number of 1 in each row and column.

To decode we check both columns and rows if 1s are even or odd. If a column or a

row is odd, it means that there exists an error in that row/column and can be corrected

by repeating the process.

The parity check matrix of SPC(n) is: [12]

HSPC(n) =

1⊗ In
In ⊗ 1

 (2.47)

where 1 is vector of 1s such that 1 = 111 · · · 1.

Note that since the rows of HSPC(n) are not self-orthogonal ∀n, dual code is not in

SPC product code.

Theorem 2.2.2 ∃ an [[n2, n2−4n+2, 4]] quantum code where n = 4j ∀j ∈ Z which

corresponds to an SPC product code with length of n components.

Consider n = 4 case for example, with [[16, 2, 4]] quantum single parity check prod-
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uct code having parity check matrices:

HSPC(4) =

1⊗ I4
I4 ⊗ 1



=



1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1

1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0

0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0

0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0

0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1



(2.48)

HSPC(4)π =



1 1 0 0 1 1 0 0

0 0 1 1 0 0 1 1

⊗ I2

I2 ⊗

1 1 0 0 1 1 0 0

0 0 1 1 0 0 1 1





=



1 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0

0 0 1 1 0 0 1 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 1 0 0 1 1 0 0

0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 1

1 0 1 0 0 0 0 0 1 0 1 0 0 0 0 0

0 1 0 1 0 0 0 0 0 1 0 1 0 0 0 0

0 0 0 0 1 0 1 0 0 0 0 0 1 0 1 0

0 0 0 0 0 1 0 1 0 0 0 0 0 1 0 1



(2.49)

Theorem 2.2.3 There is no SPC product code constructed with theorem 2.2.1 if the

component length n of the code is odd.

2.2.2.2 Classical Binary Tensor Product Codes

Let Ci be classical codes with PCMs Hi ∈ Fmi×ni
2 where i = {1, 2} and associated

tensor product code C⊗ [14] which are the following: [15]
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H⊗ := H1 ⊗H2 ∈ Fm1×n1
2 ⊗ Fm2×n2

2
∼= Fm1m2×n1n2

2 (2.50)

C⊗ := (C⊥
1 ⊗ C⊥

2 )
⊥ ⊆ Fn1

2 ⊗ Fn2
2
∼= Fn1n2

2 (2.51)

with

r⊗ = rank(H⊗) = r1r2 = rank(H1) rank(H2) (2.52)

hence, the dimension of the code C⊗:

k⊗ = n1n2 − r1r2 = k1n2 + n1k2 − k1k2

d⊗ = min(d1d2)
(2.53)

Tensor products creates codes with higher rates than their components. They increase

the weights of the PCMs but the code distances don’t change and don’t have meta-

checks.

2.2.2.3 Asymmetric 2-fold Product Code

Definition 2.2.1 Let Ci be CSS codes with PCMs Hj
i ∈ Fmj

i×ni

2 where i = {1, 2} and

j = {X,Z} denoting associated X and Z checks. Theorem 2.2.1 yields:

Hx
i (H

z
i )

T = 0 ∀i ∈ {1, 2} (2.54)

Then we define the asymmetric 2-fold product quantum CSS code Cα having parity-

check matrices: [15]

Hx
α :=

Hx
1 ⊗ I

I⊗Hx
2

 & Hz
α :=

(
Hz

1 ⊗Hz
2

)
(2.55)

Note that the code we used here is more protective against Z errors than X errors, but

one can easily construct a code more sensitive to X errors by reversing the PCMs.

This method may be useful for error channels such that Z errors occur more fre-

quently than X errors. If the PCM is constructed with product, meta-checks are in

the PCM but not if the PCM is constructed with tensor-product code construction.
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General case Special case when C1 = C2

length nα = n1n2 nα = n2

X checks mx
α = mx

1n2 +mx
2n1 mx

α = 2nmx

Z checks mz
α = mz

1m
z
2 mz

α = (mz)2

X meta-checks mx
α = (mx

1 − rx1)n2 + (mx
2 − rx2)n1 + rx1r

x
2 mx

α = 2n(mx − rx) + (rx)2

dimension kα = kx1k
x
2 − rz1rz2 kα = (kx)2 − (rz)2

X pure distance δxα = min(δx1 , δ
x
2 ) δxα = δx

Z pure distance δzα = δ1δ2 δzα = (δz)2

X row weight ωx
α,r = max(ωx

1,r, ω
x
2,r) ωx

α,r = ωx
r

Z row weight ωz
α,r = ωz

1,rω
z
2,r ωz

α,r = (ωz
r )

2

X column weight ωx
α,r = ωx

1,c + ωx
2,c ωx

α,r = 2ωx
c

Z column weight ωz
α,c = ωz

1,cω
z
2,c ωz

α,c = (ωz
c )

2

Table 2.3: Properties of asymmetric 2-fold product code [15]

We cannot compute true code distances easily but we can set bounds from below such

that dx ≥ δx and dz ≥ δz. In this code, distance of Cα can be smaller than the product

of distances, say dzα < dz1d
z
2 that is not like classical case. The dimension of Cα:

kxi = dim(ker(Hx
i ))

rzi = rank(Hz
i )

(2.56)

Noting that subscript r/c stands for row/column respectively, table 2.3 shows the prop-

erties of Cα.

2.2.2.4 Symmetric 2-fold Product CSS Codes

Definition 2.2.2 Let Ci be CSS codes with parity-check matricesHj
i ∈ Fmj

i×ni

2 where

i = {1, 2, 3, 4} and j = {X,Z} denoting associated X and Z checks. Theorem 2.2.1

yields:

Hx
i (H

z
i )

T = 0 ∀i ∈ {1, 2, 3, 4} (2.57)

Then we define the symmetric 2-fold product quantum CSS code Cβ having parity-

check matrices: [15]

Hx
β :=

Hx
1 ⊗Hx

2 ⊗ I⊗ I

I⊗ I⊗Hx
3 ⊗Hx

4

 & Hz
β :=

Hz
1 ⊗ IHz

3 ⊗ I

I⊗Hz
2 ⊗ IHz

4

 (2.58)

32



General case Special case

length nβ = n1n2n3n4 nβ = n4

X checks mx
β = mx

1m
x
2n3n4 +mx

3m
x
4n1n2 mx

β = 2n2(mx)2

Z checks mz
β = mz

1m
z
3n2n4 +mz

2m
z
4n1n3 mz

β = 2n2(mz)2

X meta-checks mx
β = (mx

1m
x
2 − rx1rx2)n3n4 mx

β = 2n2((mx)2 − (rx)2) + (rx)4

+(mx
3m

x
4 − rx3rx4)n1n2 + rx1r

x
2r

x
3r

x
4

Z meta-checks mz
β = (mz

1m
z
3 − rz1rz3)n2n4 mz

β = 2n2((mz)2 − (rz)2) + (rz)4

+(mz
2m

z
4 − rz2rz4)n1n3 + rz1r

z
2r

z
3r

z
4

dimension kβ =
∏

i ni +
∑

j∈{X,Z}
∏

i r
j
i − rx1rx2n3n4 kβ = n4 + (rx)4 + (rz)4

−rx3rx4n1n2 − rz1rz3n2n4 − rz2rz4n1n3 −2n2(rx)2 − 2n2(rz)2

X pure distance δxβ = min(δx1 , δ
x
3 )min(δx2 , δ

x
4 ) δxβ = (δx)2

Z pure distance δzβ = min(δz1 , δ
z
2)min(δz3 , δ

z
4) δzβ = (δz)2

X row weight ωx
β,r = max(ωx

1,rω
x
2,r, ω

x
3,rω

x
4,r) ωx

β,r = (ωx
r )

2

Z row weight ωz
β,r = max(ωz

1,rω
z
3,r, ω

z
2,rω

z
4,r) ωz

β,r = (ωz
r )

2

X column weight ωx
β,r = ωx

1,cω
x
2,c + ωx

3,cω
x
4,c ωx

β,r = 2(ωx
c )

2

Z column weight ωz
β,c = ωz

1,cω
z
3,c + ωz

2,cω
z
4,c ωz

β,c = 2(ωz
c )

2

Table 2.4: Properties of symmetric 2-fold product CSS code [15]

Note that those parity-check matrices are product of the codes associated with the

PCMs Hz
1 ⊗Hz

3 and Hz
2 ⊗Hz

4 for Hz
β and Hx

1 ⊗Hx
2 and Hx

3 ⊗Hx
4 for Hx

β implying

that Hx
β and Hz

β are not full-rank matrices. To find dimension of the code:

kβ = nβ − rank(Hx
β )− rank(Hz

β)

rji = rank(Hj
i )

(2.59)

where i = {1, 2, 3, 4} and j = {X,Z}.

Table 2.4 shows the properties of Cβ for both general case and the special case when

the component codes are equals.

2.2.2.5 Symmetric D-fold Product CSS Codes

We can easily generalize the symmetric product CSS code construction to higher

dimensions with the product of D2 CSS codes. To illustrate, think of a set of 9 CSS
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codes. Then we can construct PCMs of 3-fold product code: [15]

Hx
(3) :=


Hx

1 ⊗Hx
2 ⊗Hx

3 ⊗ I⊗ I⊗ I⊗ I⊗ I⊗ I

I⊗ I⊗ I⊗Hx
4 ⊗Hx

5 ⊗Hx
6 ⊗ I⊗ I⊗ I

I⊗ I⊗ I⊗ I⊗ I⊗ I⊗Hx
7 ⊗Hx

8 ⊗Hx
9

 (2.60)

Hz
(3) :=


Hz

1 ⊗ I⊗ I⊗Hz
4 ⊗ I⊗ I⊗Hz

7 ⊗ I⊗ I

I⊗Hz
2 ⊗ I⊗ I⊗Hz

5 ⊗ I⊗ I⊗Hz
8 ⊗ I

I⊗ I⊗Hz
3 ⊗ I⊗ I⊗Hz

6 ⊗ I⊗ I⊗Hz
9

 (2.61)

Definition 2.2.3 Let Hp
i ∈ Fmp

i×ni

2 where i ∈ {1, · · · , D2} and p ∈ {X,Z} be asso-

ciated PCMs checking X and Z for given p of the set of D2 CSS codes C1, · · · , CD2 .

Then we define symmetric D-fold product CSS codeC(D) with associated parity-check

matrices:

Hp
(D)

:=

D−1[
Stack

]
j=0

D2⊗
i=1

Hp
ij (2.62)

where p ∈ {X,Z} such that

Hx
ij =

H
x
i if jD + 1 ≤ i ≤ (j + 1)D

Ini
otherwise

Hz
ij =

H
z
i if (i− 1) ≡ j(modD)

Ini
otherwise

(2.63)

where [Stack] denotes stacking (mj × n) matrices one above other and making an

(m× n) matrix.

We can get meta-checksmp
(D) bymp

(D) = mp
(D)−(n(D)−kp(D)) where p ∈ {X,Z} and

kp(D) are classical code dimensions related to X and Z parity-check matrices which

can be calculated as:
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kx(D) =
D−1∏
j=0

 (j+1)D∏
i=jD+1

ni −
(j+1)D∏
i=jD+1

rxi



kz(D) =
D−1∏
j=0

 ∏
(i−1)≡j
(modD)

ni −
∏

(i−1)≡j
(modD)

rzi


(2.64)

2.2.3 Quantum Parity Codes

In this method, we take equal superpositions of all states with even parity as logical-0

while the ones with odd parity as logical-1 giving us the general qubit encoded with

n physical qubits as:[5]

|ψ⟩(n) = α |even⟩(n) + β |odd⟩(n) (2.65)

Applying Z-measurement and then a CNOT gate corrects the encoded state while

reducing the available qubits in the system and giving us the following un-encoded

state after necessary number of Z-measurements: [1]

|ψ⟩(1) = α |0⟩+ β |1⟩ (2.66)

In optical QC, a bosonic mode or quantum harmonic oscillator is a system with states

|0⟩ , |1⟩ , · · · where |0⟩ is ground state and |0⟩ represents the vacuum state that is the

all possible modes in |0⟩ state.

Some operators used in LOQC:

• annihilation operator:

a(l) |k⟩l =
√
k |k − 1⟩l for k ≥ 1 & a(l) |0⟩l = 0

where l labels the mode.

• creation operator:

a(l)†
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• number operator:

n(l) := a(l)†a(l)

• phase shifter:

n(l) := a(l)†a(l)

• squeezer:

s(lm) := a(l)a(m) + a(l)†a(m)†

This Hamiltonian can be prepared in its vacuum state |0⟩

• beam splitter:

b(lm) := a(l)am† + a(l)†a(m)

Unitary operators related to the phase shifters P (l)
θ and beam splitters B(lm)

θ :

U(P
(1)
θ ) = eiθ, U(B

(12)
θ ) =

cos(θ) − sin(θ)

sin(θ) cos(θ)

 (2.67)

Encoding using two modes and one boson: |0⟩q → |0⟩a |1⟩b and |1⟩q → |1⟩a |0⟩b
”bosonic qubit”. There we use a single boson source to prepare the states |1⟩a in

mode a and |0⟩b in mode b. For example, we can use orthogonal polarization states

of an optical mode.

CNOT =

I 0

0 X

 , CS =

I 0

0 Z

 , H =
1√
2

1 1

1 −1


where 0 stands for the zero matrix of 2× 2.

|tn⟩ =
n∑

j=0

|1⟩⊗j |0⟩⊗(n−j) |0⟩⊗j |1⟩⊗(n−j) (2.68)

entanglement due to teleportation. And it has a success probability of 1
n+1

. Note that

normalization constants are omitted here.

|tpn⟩ =
∑n

j=0 |1⟩
⊗j |0⟩⊗(n−j) |0⟩⊗j |1⟩⊗(n−j) |(n− j) mod (2)⟩a1 |(n− j + 1) mod (2)⟩a2

(2.69)
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variant of |tn⟩ with a bosonic qubit ancilla containing the information about the parity

of the states in superposition.

Now we can carry parity measurement on the space which is spanned by {|00⟩ , |01⟩ ,
|10⟩ , |11⟩} without destructing the state. We can achieve it by teleporting the CS gate

with the following instead of |tpn⟩:

|p′n⟩ =
∑

i,j:i+j=0(2)

|1⟩⊗j |0⟩⊗(n−j) |0⟩⊗j |1⟩⊗(n−j) |1⟩⊗i |0⟩⊗(n−i) |0⟩⊗i |1⟩⊗(n−i)

(2.70)

We can find if the number of bosons in two input modes are even or odd by measuring

and find the conditional state using output modes after suitable phase shifts.

Now back into our concern here, which is the QEC, we can define physical encoding

as |0⟩ ≡ |H⟩ which is the horizontal polarization and |1⟩ ≡ |V ⟩ which is the vertical

polarization. The advantage is that it allows us to apply single qubit unitary opera-

tions deterministically via passive linear optics instruments. Or instead of physical

encoding, we can do parity encoding with notation |ψ⟩(n) which stands for the logical

state |ψ⟩ that is encoded using (n) physical qubits. It is:

|0⟩(n) ≡ 1√
2
(|+⟩⊗n + |−⟩⊗n) and |1⟩(n) ≡ 1√

2
(|+⟩⊗n − |−⟩⊗n) (2.71)

We can perform two of the following operations on parity encoded qubits without

difficulty:

• Rotation by some angle around x-axis of the Bloch sphere by applying follow-

ing operator to the physical qubit that we are interested in:

Xθ = cos(θ/2)I+ i sin(θ/2)X (2.72)

• The other is applying Z to all of the physical qubits because the states with odd

parity acquire an overall phase flip.

Next important operation is the partial Bell state measurement which is the com-

bination of two physical qubits on polarising beam splitter which are measured in
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diagonal-antidiagonal basis at the end. When we see photon count at the each outputs

of the beamsplitter, this is a successful event in which the state is projected onto the

Bell states |00⟩ + |11⟩ and |00⟩ − |11⟩. But if we observe both photons at one of the

outputs, it is unsuccessful projecting onto |01⟩ and |10⟩ which are seperable and in

computational base. We can add n physical qubits by this operation to parity encoded

states with |0⟩(n+2) resource which we may call ”type-II fusion” (fII) that is:

fII |ψ⟩(m) |0⟩(n+2)

|ψ⟩
(m+n) success

|ψ⟩(m−1) |0⟩(n+1) failure
(2.73)

The length of parity qubit n is increased if successful (may be a phase flip correction

is necessary after this process depending on the outcome), and a physical qubit is

moved from parity encoded state to resource state such that |0⟩(n) → |0⟩(n+1)

We apply parity encoding since non-deterministic gates fail and measure in the com-

putational basis, and as we think of the photon loss as a measurement in computa-

tional basis such that we don’t know the answer which can be thought as the bit flip

version of the original state at worst.

Reduntant encoding The final layer of the encoding in which we solve the bit-flip

possibility is redundancy code. Consider logical qubits at the highest level:

|ψ⟩L = α |0⟩(n)1 |0⟩
(n)
2 · · · |0⟩

(n)
q + β |1⟩(n)1 |1⟩

(n)
2 · · · |1⟩

(n)
q (2.74)

We can encode a parity qubit by trying fusing |0⟩ |0⟩(n)1 · · · |0⟩
(n)
q +

|1⟩ |1⟩(n)1 |1⟩
(n)
2 · · · |1⟩

(n)
q resource state onto parity qubit |ψ⟩(n) until it is a success,

giving:

α ( |0⟩(n−k) |0⟩(n)1 · · · |0⟩
(n)
q + |1⟩(n−k) |1⟩(n)1 · · · |1⟩

(n)
q + β

(
|1⟩(n−k) |0⟩(n)1 · · · |0⟩

(n)
q

+ |0⟩(n−k) |1⟩(n)1 · · · |1⟩
(n)
q )

(2.75)

where k is the number of unsuccessful tries such that k ∈ (0, n− 1). Notice here we

have qn new photons coming from the resource and n− k old photons making parity
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qubits. If we measure those old photons in the computational basis and then apply a

bit-flip operation, then we have the desined encoded state.

Loss tolerant qubit memory Consider 2 qubits as an example. We take the logical

qubit as memory for a time. Within that time, a photon loss may occur. Then we

take the logical qubit out of memory and send one of its parity qubits, say P2, to the

encoder which adds another level of redundancy encoding to our logical qubit and

make a measurement on P2 without destroying the state where the measurement tells

if a photon has been lost in P2.

The state after encoding: |ψ⟩L = α |0⟩(n)1 |1⟩
(n)
2 |1⟩

(n)
3 + β |1⟩(n)1 |0⟩

(n)
2 |0⟩

(n)
3 (2.76)

Then the recovery is done by measuring the modes coming out of the encoder in diag-

onal basis which destroys the entanglement between the P1 and other qubits without

destroying the logical value. Note that we get P1 even if a bit-flip occured in P2 but

a phase shift may be necessary on P1 depending on the result of the measurement

in diagonal basis. At last we encode P1, send it back to the memory and repeat the

sequence.

This process is tolerant up to a photon loss per sequence but higher levels of tolerance

can be achieved by increasing the redundancy code size in memory and generalizing

the process. For example we can correct two photon loss with 3rd qubit in 3 qubits by

3-qubit encoders.

Threshold

• Probability of parity qubit is encoded successfully without photon loss:

PQs =
n−1∑
i=1

(
1

2
η1η2

)i

ηn−i
i (2.77)

where n is the original parity qubit size, η1 is the probability of finding an old

photon that is η1 = ηdηsηm with ηd: detector efficiency, ηs: source efficiency,

ηm:memory efficiency and η2 is the probability of detecting a new photon that

is η2 = ηdηs
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• Probability of complete failure: All parity qubit photons lost without a success-

ful disentanglement caused by a series of fusion failures and photon losses.

Pff =
n−1∑
j=1

(
1

2
η1η2

)j−1

(1− η1η2)(1− η1)n−j +

(
1

2
η1η2

)n−1

(1− η1)

+R

n−2∑
j=0

(
1

2
η1η2

)j+1 n−2−j∑
k=0

ηk1(1− η1)n−1−j−k

(2.78)

where R =
∑q

k=1

(
q
k

)
(1− η2)kn[1− (1− η2)n]q−k which is the term for decou-

pling failures (as well as for new parity qubits)

• Probability of a photon loss in one of the encoding parity qubits but successfully

destroying the entanglement between that qubit and others in the redundancy

code:

PQf
= 1− PQs − Pff (2.79)

Now to find the threshold for the memory, we should consider two cases that

circuit succeeds:

i) one parity qubit is successfully encoded without a photon loss and suc-

cessfully disentangles: PQs [1 = (1− η1)n]

ii) a photon loss occurs in a parity qubit but successfully disentangles (such

that we encoded again different parity qubit with success) with probability

PQf
PQs .

Therefore, probability of one successful memory circuit sequence for q parity

qubits:

PE =

q−1∑
j=0

P i
Qf
PQs [1− (1− η1)m]q−1−j (2.80)

As far as encoding is concerned, there are two methods which we can use, the con-

catenation approach or the incremental approach.
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Figure 2.1: memory circuit from [4]

Concatenation approach In [8] it is argued that teleporter Tn/n+1 ∋ n ∈ Z with

success probability n
n+1

needs a large successful entanglement resources for each

qubit. Generally entanglement resource for teleportation:

|tn⟩ =
1√
n+ 1

n∑
j=0

|1⟩⊗j |0⟩⊗(n−j) |0⟩⊗j |1⟩⊗(n−j) (2.81)

In the case of teleportation failure, we can think of it as the Z-measurement on the

supposedly teleported qubit. So, we can increase the success rate of teleportation

by using QEC protecting against Z-measurements. As an example, consider 2-qubit

encoding:

|0⟩ → 1√
2
(|00⟩+ |11⟩) & |1⟩ → 1√

2
(|01⟩+ |10⟩) (2.82)

Therefore arbitrary |ψ⟩ = α |0⟩+ β |1⟩ becomes:

|ψ⟩ → |ψ⟩(2) 1√
2
(α(|00⟩AB + |11⟩AB) + β(|01⟩AB + |10⟩AB)) (2.83)

Here we can correct a single Z-measurement error if we know on which qubit the

error occured and the result of Z-measurement. If the Z-measurement of a qubit is

“0”, it means that the other qubit is in the originally unencoded state while “1” means

that we need to applyX gate to the other qubit (the qubit that Z-measurement haven’t

applied)
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To encode more than two qubits, say 2n-qubits, we concatenate as:

|ψ⟩(2n) 1√
2
(α(|00⟩(n) + |11⟩(n)) + β(|01⟩(n) + |10⟩(n))) (2.84)

We can see that the qubits required is doubled for each concatenation from equation

2.84. But note that, concatenation also decreases the probability of failure of applying

a gate.

|ψ⟩ (
Z
Y

)
90

Y •

Prep-Z+ (
Y
Z

)
90

Z •

Prep-Y+ CY CZ |ψ⟩

Figure 2.2: Teleportation Circuit [5]

Note that Prep- gate means the state preparation gate,

Y means Pauli measurement, the block is the entanglement resource, donated

by |txn⟩,

(
Y
Z

)
90

is (ZY )
(12)
90◦ rotation. For example (Y Z)90◦ = e−

iπ
4
Y⊗Z

In this teleportation network, CZ = X180◦ if S2 = 1 and CY = Z180◦ if S1 = 1

correcting possible Z-measure error may occur on the first qubit.

where Z ′ is (ZZZZ)90◦

To encode a state in KLM scheme [8], we need two non-deterministic gates CS and

Z90 which can be created in an iterative manner in each concatenation level using

basic gates which also needs iteration and resource states. We can find the proba-

bility of the recovery from Z-measurement error by calculating failure probability of

teleporting a logical qubit with: [2]

Fz =
f 2(2− f)

1− f(1− f)
(2.85)

where Fz is the probability thatZ90 rotation fails and f is the probability of teleporting

one of the resource qubits failing.
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(
Y
Z

)
90

Y •

|txn⟩
Z •

• CY CZ

(
Y
Z

)
90

Y • First

|txn⟩
Z • encoded qubit

• CY CZ


(
Y
Z

)
90

Y •

|txn⟩
Z •

• CY CZ

(
Y
Z

)
90

Y • Second

|txn⟩
Z • encoded qubit

• CY CZ


Z ′

Figure 2.3: logical CS (controlled phase-flip) gate [5]

Then the success probability is simply (1 − Fz)
2 where we squared it due to the fact

that we’re using two encoded qubits. Notice that the success probability increases as

the code is concatenated.

Incremental approach As an alternative to concatenation, [5] suggested that we

can add qubits to the encoded state one by one. In this case, when a Z-measurement

error occured, we remove one of the resource qubits out of the entanglement and

correct the error by re-encoding via non-deterministic encoding circuit.

Going back to equation 2.66, we add an ancilla qubit in (|0⟩+|1⟩)/
√
2 to the encoded

qubit as control and connect it to one of the physical qubits in the encoded qubit via

CNOT gate.

Once we have a teleporter with sufficiently high success rate (since we’re using non-
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encoded
qubit

.

X
1√
2
(|0⟩+ |1⟩) •

Figure 2.4: Incremental Circuit [5]

deterministic gate and it needs to be teleported) we can achieve high success rate by

using this encoding and teleportation. Note that if we know one of the inputs of a

gate (in this case the ancilla qubit), we can use it for resource preparation. Then we

need one less teleporter which improves the success probability. If a Z-measurement

occurs due to a fail in encoder gate, we loose one physical qubit and if not, we win

one physical qubit. Therefore for a long-term gain, the success rate of the encoder

must be higher than 50%.

We can calculate the probability of adding a new physical qubit to encoding by con-

sidering the attempt as a 1D lattice. When we set our beginning position as m on

lattice and R and L being boundaries corresponding adding a qubit and loosing all

physical qubits in the encoding with probabilities p and (1−p) respectively. Arriving

at R before L is:

PR,m = pPR,m+1 + (1− p)PR,m−1 (2.86)

which has a trivial solution [5]

PR,m =


m−L
R−L

if p = 1/2

1−βm−L

1−βR−L if p ̸= 1/2
(2.87)

where β = 1−p
p

. Then, probability of adding a new qubit without loosing the encoding

Padd ≡ PR,0 with L = −q and R = 1:

Padd =


q

q+1
if p = 1/2

1−βq

1−βq+1 if p ̸= 1/2
(2.88)

where q is the number of physical qubits in the encoding in that instance.
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Now consider Z90 gate acting on a single encoded qubit. For this, first we add a qubit

(with probability Padd) followed by the gate which is deterministic and re-encode

with probability Pre. Starting from m = 1 with L = 0 and R = 1 that are loosing a

qubit and successfully re-encoding to q qubits we have:

Pre =

1/q if p = 1/2

1−β
1−βq if p ̸= 1/2

(2.89)

Requiring us, on average, 1/Pre attempts. Note that since each failed attempt removes

the qubit we added, we need to add new one, giving us the overall probability of

success for single encoded-qubit gates as: (Padd)
1/Pre

In CNOT case, we add a new phyiscal qubit to both control and target qubits, then

attempt two teleportations with probability Pt (which is not necessarily be the same

as the teleporters in the encoding with probability p). If any of those fail, we need

to add a new qubit before again attempting the teleportation, if both successful, we

only require the re-encoding of the target qubit (since the CNOT gate does nothing

to the control). Both teleportations performed and re-encoding successfully is with

probability P2
t Pre giving us the overall probability of success as (Padd)

1+1/(P2
t Pre).

Assuming that all we apply is CNOT and with a lower bound on the number of non-

deterministic gates performed gives us the total probability of computation with n

successful gates as:

Ptot =
[
(Padd)

1+1/(P2
t Pre)

]n
= (Padd)

n+n/(P2
t Pre) (2.90)

In general,

n =
log(Ptot)

(1 + 1
P2
t Pre(q)

) log(Padd(q))
(2.91)

2.2.3.1 [[9,1,3]] Shor Code

Suggested by Peter Shor in 1995 [6], one of the earliest codes, encodes as
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|0⟩ → 1

2
√
2
(|000⟩+ |111⟩)(|000⟩+ |111⟩)(|000⟩+ |111⟩) = 1

2
√
2
|+⟩ |+⟩ |+⟩ ≡ |0⟩

|1⟩ → 1

2
√
2
(|000⟩ − |111⟩)(|000⟩ − |111⟩)(|000⟩ − |111⟩) = 1

2
√
2
|−⟩ |−⟩ |−⟩ ≡ |1⟩

(2.92)

In this method, we encode a qubit into 3-qubit circuit which is resilient against

bit-flips and then encode those 3-qubits into another 3-qubit circuits with tolerance

against phase-flips resulting a circuit with 9 physical qubits generating 1 logical qubit

which is reboust against bit and phase flip errors.

|ψ⟩ • • H • •

|0⟩
|0⟩

|0⟩ H • •

|0⟩
|0⟩

|0⟩ H • •

|0⟩
|0⟩

Figure 2.5: Shor’s 9 qubit encoding circuit

To illustrate how code works, suppose there is a bit-flip error on the 1st qubit of the

3rd qubit group which is initially in |+++⟩ = |0⟩ state. After bit-flip we have

|++⟩ 1√
2
(|100⟩+ |011⟩). To detect the syndrome, we apply:

Ai ≡ x1 ⊕ x2 and Bi ≡ x1 ⊕ x3 ∀i ∈ [1, 3] (2.93)

where we apply them in the ith group. Then we have A1 = x1 ⊕ x2 = 1, B1 =

x1⊕x3 = 1 which implies that there exists a bit-flip in 1st qubit. Then we can simply

correct it via X operator.

Now assume we observe a phase-flip on 2nd qubit group resulting state to evolve into
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|+−+⟩. In this case, we apply Ai ≡ z1 ⊕ z2 and Bi = z1 ⊕ z3 ∀i ∈ [4, 6] where

we consider |−⟩ as 0 and |+⟩ as 1. Then syndrome measurements yield: A4 = 1 and

B4 = 0 pointing a phase-flip in 2nd group.

• •

Recovery

H • H

Recovery

• H • H

• H • H

|0⟩

|0⟩
A1 B1

• •

Recovery

H • H

• H • H

• H • H

|0⟩

|0⟩
A2 B2

• •

Recovery

H • H

• H • H

• H • H

|0⟩

|0⟩
A3 Z3

|0⟩ A4

|0⟩ B4

Figure 2.6: Shor’s code encoding in detail

Note that the left block of the code detects and corrects bit-flip errors while the right

block detects and corrects phase-flip errors. To decode, we simply reverse the encod-

ing: [10]

47



• • H • • |ψ⟩

|0⟩
|0⟩

• • H |0⟩

|0⟩
|0⟩

• • H |0⟩

|0⟩
|0⟩

Figure 2.7: Shor’s code decoding [10]

2.2.3.2 Quantum Repetition Code

Quantum repetition codes are not actual quantum error correction codes due to the

fact that they are not protective against phase and bit-flip errors at the same time.

They can be use to protect against one leaving the quantum information vulnerable to

the other. But without any concern for correcting errors, it can be used efficiently for

detecting quantum errors. [7]

In the simplest case of 3-qubit bit-flip repetition code, we encode the quantum state

|ψin⟩ = α |0⟩ + β |1⟩ as |ψ⟩ = α |000⟩ + β |111⟩. By applying projective measure-

ment of Z1Z2 and Z2Z3 stabilizer operators, we can detect the bit-flip syndromes with

majority-vote and correct the faulty qubit by applying X gate. Since the most time-

consuming and faulty step of QEC is the measurement step experimentally, it may be

useful to replace it with a 3-qubit Toffoli gate. [3]

In the phase-flip case of 3-qubit repetition code, we encode the quantum state as

|ψ⟩ = α |− − −⟩ + β |+++⟩. Line in bit-flip code but for phase errors, we make

syndrome measurements with X1X2 and X2X3, and then correct the faulty qubit by
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Z operator.

Physical realization of quantum memory based on repetition code is the following:

At the beginning quantum information is hold in one qubit and the other two are in

the ground state. Then by CNOT gates, we make encoding. If we are dealing with

phase-flip repetition code, encoding also requires the application of the Hadamard

gates to each qubit. After encoding, errors occur during the waiting time. Again if

it is phase-flip case, we apply Hadamards to each qubit followed by two CNOTs and

finally to correct errors, we apply Toffoli gate.

|ψin⟩ • • H Error

channel

T1, T
∗
2

H • • ρout

|0⟩ H H •
Reset

|0⟩ H H •

Figure 2.8: 3-qubit phase flip code with 1-qubit and CNOT gates [3]

where

H T † T T † T H

• ≡ • • T T †

• • • • T •

Figure 2.9: CCX (Toffoli) gate [3]

|ψin⟩ • • Y 1/2

Error

channel

Y 1/2 • •
Toffoli

gate

ρout

|0⟩ Y −1/2 CZ Y CZ Y 1/2

Reset
|0⟩ Y −1/2 CZ Y CZ Y 1/2

Figure 2.10: 3-qubit phase flip code with 1-qubit, CS and controlled-S−1 gates [3]

49



Toffoli

gate

Y 1/2 CS−1 Y 1/2 CZ Y 1/2 CS−1 Y −1/2 CZ

= • •
• •

Figure 2.11: Toffoli gate [3]

In recent years, technological advancements in quantum dot qubits (superconducting

qubits) promise overcoming the dephasing errors while leaving relaxation error as

the dominant form of error. For this reason, we may look after the energy relaxation

using repetetive codes as quantum error detection because energy relaxation can be

thought of combinations of bit-flip (X-rotation) and bit-phase-flip (Y -rotation) errors

which repetition codes can’t protect against bot of these. [7]

To discuss N -qubit quantum repetetion code on zero temperature energy relaxation,

let’s simplify the discussion as follows:

|ψin⟩ •

T
(i)
1

• ρout

X X

··
·

··
·

··
·

··
·

|0⟩⊗(N−1)


Figure 2.12: N-qubit Quantum Repetition Circuit [7]

Note that T (i)
1 represents the zero-temperature energy relaxation happening in the ith

qubit (∋ i = 1, · · · , N ) assuming that all qubits experience the same decoherence

such that T (i)
1 = T1, and X block represents the block of CNOT gates.

Here, we encode the input state using N − 1 number of CNOT gates giving us the

encoded state α |0⟩⊗N + β |1⟩⊗N which then suffers relaxation T (i)
1 in the ith qubit.

Decoding viaN−aCNOT gates gives us (α |0⟩+β |1⟩) |0⟩⊗(N−1) where we can detect

errors by looking at the ancilla qubits |0⟩⊗(N−1). Notice without any error, we observe

|0⟩⊗(N−1) as we measure ancillas in the computational basis, but if we see states being

different than |0⟩means that there exists error. We can make correction and make ρout
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closer to |ψin⟩ or discard the non-|0⟩ realizations and keep measurements with 0 result

what we call quantum error detection (QED). [7]

We can think of the encoding as the number of logical qubits as single qubit, two-

qubits and N-qubits scenario.

Single qubit encoding After a time t, |ψin⟩ evolves into:

ρfin =

 |β|2e−t/T1 α∗βe−t/2T1

αβ∗e−t/2T1 |α|2 + |β|2(1− e−t/T1)

 = ArρinA
†
r + AnρinA

†
n (2.94)

where

Ar =

 0 0
√
p 0

 , An =

√1− p 0

0 1

 , p = 1− e−t/T1 , ρin = |ψin⟩⟨ψin|

Note that the Kraus operators satisfy completeness such that A†
rAr + A†

nAn = I

and if we look at the RHS of equation 2.94 what wee see are that left term is the

relaxation with probability Pr = |β|2p while right term is the case of no relaxation

with probability Pn = |α|2+ |β|2(1− p) = 1−Pr Then if no relaxation occurs, state

evolves into:

|ψn⟩ =
An |ψin⟩√
Pn

=
1√
Pn

(
α |0⟩+ β

√
1− p |1⟩

)
(2.95)

Two qubit encoding As two qubit encoding, we have α |00⟩+β |11⟩. Then 2 qubits

after time t we have:

• no relaxation:
1√
Pnn

(
α |00⟩+ β

√
1− p1

√
1− p2 |11⟩

)
with probabilityPnn = |α|2+|β|2(1−

p1)(1− p2)

• relaxation in the input qubit:

|01⟩ with probability Prn = |β|2p1(1− p2)
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• relaxation in the ancilla:

|10⟩ with probability Pnr = |β|2(1− p1)p2

• relaxation in bath qubits:

|00⟩ with probability Prr = |β|2p1p2

where p1 = 1− e−t/T
(1)
1 and p2 = 1− e−t/T

(2)
1 . After decoding using a CNOT:

• 1√
Pnn

(α |0⟩+ β
√
1− p1

√
1− p2 |1⟩)⊗ |0⟩ with probability Pnn

• |01⟩ with probability Prn

• |10⟩ with probability Pnr

• |00⟩ with probability Prr

N-qubit encoding In N -qubit scenario: we encode as α |0⟩⊗N + β |1⟩⊗N . Within

wN possible outcomes, 2N−1 of them (due to measurement) correspond to either no

relaxation in the input qubit (in which measurement results show the relaxed ancilla

qubit) or relaxation in the input qubit (in which measurement results show 0). In all

0 measurement outcome cases we either have a main qubit with no relaxation:

|ψnone⟩ =
1√
Pnone

(α |0⟩+ β |1⟩
N∏
j=1

√
1− pj) (2.96)

where Pnone = |α|2|β|2
∏N

j=1(1 − pj) is the probability corresponding to the no re-

laxation case,

or in |0⟩ state in which all qubits relax with probability:

Pall = |β|2
N∏
j=1

pj (2.97)

Note that, in [7] it is argued that 2 qubit encoding is enough for QED purposes.

2.2.4 Quantum Reed-Muller Codes

Let classical codes C1 = [n, k1, d] and C2 = [n, k2, d] with C⊥
2 < C1 produces

[[n, k1 + k2 − n, d]] code using the optimum quantum code set that elements can
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correct single error which Gottesman found [16] (that are [[2r, 2r − r − 2, 3]] codes).

Combine the classical Reed-Muller codes [17] we have:

[[n, k, d]] = [[2r, 2r − C(r, t)− 2
t−1∑
i=0

C(r, i), 2t + 2t−1]] (2.98)

where C(r, t) = r!
t!(r−t)!

. Consider the following:

G′ =

G1 0

0 G2

 and H =

H2 0

0 H1

 (2.99)

where G1 and G2 are generators of the classical codes C1 and C2 respectively. At

this point, [18] suggests adding more rows D to G1 such that they generate a classical

code together with a minimum distance smaller than what G1 alone generates and in-

troduces a systematic way of changing signs of the code vectors resulting a generator

in the following structure:

G′ =


G1 0

0 G2

Dx Dz

 (2.100)

where D stands for displacement matrix [18]

To have a quantum code with parameters in equation 2.98, consider the next in equa-

tion 2.100:

G1 = G2 = [2r, kRM(t, r), 2t+1] (2.101)

which is Reed-Muller code where kRM(t, r) = 2r −
∑t

i=0C(r, i).

Choose Dx in such a way that together with G1, they produce the Reed-Muller code

with distance 2t and size kRM(t− 1, r). Then quantum generator has number of rows

in total:

n+ k = kRM(t, r) + kRM(t− 1, r) (2.102)
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deciding the k in equation 2.98. Now, constructing Dz to increase the minimum dis-

tance to 2t + 2t−1 from 2t (which is the case when Dz is zero) such that:

Dz
i = Dx

i+1 if 1 ≤ i < m

Dz
m = Lt(Dx

1)
(2.103)

where m = kRM(t− 1, r)− kRM(t, r), superscript j labels the jth row of the matrix

andLt is rotating the bit sting to the left by t places. (e.g. L3(00101101) = 01101001)

As a result, since we constructed the generator matrix G′, we have the quantum code.

some examples:

• r=2, t=1 case:

G =


1 1 1 1 0 0 0 0

0 0 0 0 1 1 1 1

0 0 1 1 0 1 0 1

0 1 0 1 0 1 1 0

 (2.104)

• r=3, t=1 case ([[8,3,3]] code): [78][79][80]

G′
[[8,3,3]] =



1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0

0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0

0 0 1 1 0 0 1 1 0 0 0 0 0 0 0 0

0 1 0 1 0 1 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1

0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 1

0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 1

0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 1

0 0 0 0 0 1 0 1 0 0 0 1 0 0 0 1

0 0 0 1 0 0 0 1 0 0 0 0 0 1 1 0



(2.105)
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H[[8,3,3]] =



1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

0 0 0 0 1 1 1 1 0 0 1 1 0 0 1 1

0 0 1 1 0 0 1 1 0 1 0 1 0 1 0 1

0 1 0 1 0 1 0 1 0 0 1 1 1 1 0 0


(2.106)

• We can also obtain [[5,1,3]] perfect code by erasing a bit from [[6,0,4]] code

which is

G′
[[6,0,4]] =



0 0 1 1 1 1 0 0 0 0 0 0

1 1 0 0 1 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 1 1 1

0 0 0 0 0 0 1 1 0 0 1 1

1 1 1 1 1 1 0 1 0 1 0 1

0 1 0 1 0 1 1 0 0 1 0 1


(2.107)

Note that, for k = 0, method fails. [18].

[19] showed that the code rates of a sequence of binary linear codes converge to an

r ∈ {0, 1}, if its block lengths are strictly increasing, proving the Reed-Muller codes

achieve capacity in the case of binary erasure channel under both bitwise maximum-

a-posteriori (MAP) and block-MAP.

Also, [20] generalized the magic state distillation, which is a part of fault-tolerant

computing, using quantum Reed-Muller codes for all prime dimensions. This allows

us to prepare highly purified nonstabilizer states for a device with capability of carry-

ing ideal stabilizer operations.

2.2.4.1 [[2r − 1, 1, 3]] Quantum Reed-Muller codes

We start the discussion of this topic by considering the conjecture offered by [21]

which states that if any two stabilizer states are equivalent under local unitary (LU)

operations, then they are also equivalent under local Clifford (LC) operations. Where

if there is an LU operation Un =
⊗n

i=1 Ui (mapping |ψ′⟩ to |ψ⟩) then the n-qubit states

|ψ⟩ and |ψ′⟩ are local unitary equivalent: while if there exists an LU operation in the

Clifford group Kn =
⊗n

i=1Ki (mapping |ψ′⟩ to |ψ⟩ with Ki ∈ L1 for i = 1, · · · , n),
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then |ψ⟩ and |ψ′⟩ are local Clifford (LC) equivalent. [23]

Note that it has been shown in [22] that any stabilizer state is equivalent to some graph

state under LC operations. Here what graph state is a kind of stabilizer state which is

associated with graphs [25]. Suppose a graph G which has only two elements that are

vertices (V) and edges (E). Each edge connects two endpoints (that are in the vertices’

set) and the degree of a vertex is the number of edge endings on the given vertex. If

there is a connection from each vertex to the next in the sequence by an edge, then

we call that sequence a path, and if the starting and ending vertices of that path are

the same it is called cycle whose length is the number of edges within that cycle.

Then, ∀G with vertex number n, ∃n number of operators

RG
a ∈ Pn ∀a = 1, 2, · · · , n ∋ RG

a = Xa

⊗
{a,b}∈E

Zb (2.108)

Notice that they commute allowing the group generated by {RG
a}na=1 is a stabilizer

group S (stabilizing unique state |ψG⟩) and each RG
a is called the standard generator

associated with vertex a of graph G.

Minimal Support Condition The support of an element R (supp(R) ∋ R ∈
S(|ψ⟩) is the set {Ri}/I ∀i ∈ {1, · · · , n}. Let ω = {i1, · · · , ik} ⊂ {1, · · · , n}.
Then a minimal support of S(|ψ⟩) is a set ω ⊆ {1, · · · , n} ∋ ∃x ∈ S(|ψ⟩) with

supp(ω), but there is no element such that its support is in ω strictly. This element x

is minimal element. Note that Aω(|ψ⟩) (the number of elements R) in S(|ψ⟩) whose

support is ω) and we denote the subgroup S(|ψ⟩) which is generated by the all mini-

mal elements withM(|ψ⟩). [23]

Lemma 2.2.4 Let |ψ⟩ be a stabilizer state with suppmin(S(|ψ⟩)) = ω. Then,

Aω(S(|ψ⟩)) = 1, or 3 if |ω| is even. [21]

Aω(S(|ψ⟩)) = 1 : Z⊗ω

Aω(S(|ψ⟩)) = 3 : {X⊗ω, (−1)|ω|/2Y ⊗ω, Z⊗ω}
(2.109)
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Also, [24] proved that if |ψ⟩ and |ψ′⟩ are stabilizer states that are LU equivalent (i.e.

Un |ψ′⟩ = |ψ⟩), then the equivalence Un must map the group generated by the all

ω = suppmin(S(|ψ⟩)) to the group that is corresponding and generated by the all

minimal elements of ω = suppmin(S(|ψ⟩)) for all minimal support ω. Which yields

[21]:

Theorem 2.2.5 Every stabilizer state |ψ⟩, the LU equivalent to |ψ′⟩, must also be LC

equivalent to |ψ′⟩ if |ψ⟩ is a fully entangled stabilizer state with Pauli-X,Y,Z matrices

occuring on every qubit inM(|ψ⟩). [23]

So, the condition that all Pauli-X, Y, Z matrices occuring on every qubitM(|ψ⟩) in

theorem 2.2.5 is the minimal support condition (MSC).

And if all Pauli-X, Y, Z matrices occur on the ith qubit in nM(|ψ⟩), then Ui must be

a Clifford operator where LU operation Un =
⊗n

i=1 Ui mapping a stabilizer state |ψ′⟩
to another stabilizer state |ψ⟩. As a result, if MSC is satisfied for |ψ⟩, then Un is also

an LC operator. [23]

[21] also showed that LU ⇐⇒ LC holds for n-GHZ states eventhough they don’t

have that structure.

Theorem 2.2.6 For any graph G with cycles of length neither 3 nor 4 holds LU ⇐⇒
LC equivalence for distance δ > 2. [23]

So, let’s define the vertices we use for a graph G:

• V1(G) = degree-1 vertices of G

• V2(G) = {v|v connects to some ω ∈ V1(G)}

• V3(G) = {v|v /∈ V1(G) and v connects only to ω ∈ V2(G)}

• V4(G) = V (G)/(V1(G) ∪ V2(G) ∪ V3(G))

In the figure above, we have partitions V1(A3) = {7, 8, 9, 11, 12, 13}, V2(A3) =

{1, 4, 6, 10}, V3(A3) = {5}, V4(A3) = {2, 3} and V1(B3) = {10}, V2(B3) = {3},
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Figure 2.13: Partition example [23]

V3(B3) = , V4(B3) = {1, 2, 4, 5, 6} but V1(C3) = V2(C3) = V3(C3) = , V4(C3) =

V (C3) = {1, 2, 3, 4, 5, 6} since C3 is a δ = 3 graph.

Note that all δ = 2 graphs are beyond MSC [23]

The standard procedure The case when V1 ∪ V2. Our purpose have to convert the

stabilizer states |ψG⟩ and
∣∣ψ′

G
〉

(which are LU-equivalent) into LC equivalent canon-

ical forms. Then we go backwards from canonical forms to prove LU ⇐⇒ LC for

|ψG⟩. This procedure contains five steps:

i) Using LC operation, transforming into a new basis

ii) Encoding into repetition codes

iii) Showing UL ∈ L1

iv) Construct a logical LC operation which relates
∣∣ψG
〉

and
∣∣ψ′

G
〉

v) Decoding U (a)
L in order to construct Kn

Notice that LU⇐⇒ LC holds since |ψA4⟩ is a GHZ state. And note that the stabilizer

for A4 has generator {XZI, ZXZ, IZX}.

[23] also provides the full algorithm to construct local Clifford operator Kn which

corresponds to the given local unitary operation Un, that gives output of an LC op-

eration for Kn (where Kn =
⊗n

i=1Ki ∋ Kn

∣∣ψ′
G
〉
= |ψG⟩). And the inputs are: a

stabilizer state
∣∣ψ′

G
〉
, a graph G which is connected with no cycles of length either 3

or 4 and an LU operation Un where Un =
⊗n

i=1 Ui ∋ Un
∣∣ψ′

G
〉
= |ψG⟩.
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• To begin with, we make the partition of V (G) into V1, V2, V3 and V4.

• Then we choose Ki = Ui ∀i ∈ V3 ∪ V4

• Apply followings ∀v2 ∈ V2:

– We calculate Bv2 = U †
v2
Zv2Uv2 and find any Fv2 ∈ L1 ∋ Fv2Bv2F

†
v2

=

Zv2 followed by calculating Ũv2 = Uv2F
†
v2

.

We find {ω1, · · · , ωk} ⊂ V1 ∋ {ωj, v2} ∈ E(G)∀j ∈ [1, k] where E(G) is

the set of edges of graph G.

– Then for j = 1, · · · , k:

We find anyFωj
∈ L1 ∋ Fωj

Bωj
F †
ωj

= Zωj
and calculate Ũωj

= Hωj
Uωj

F †
ωj

– Now we check if Ũvj is diagonal or not.

∗ If it is diagonal, we calculate K̃v2 = Ũv2 × Ũω1 × · · · × Ũωk
where ×

stands for the standard matrix multiplication in SU(2).

Then we set K̃ωj
= Iωj

∀j,Kv2 = K̃v2Fv2 andKωj
= Hωj

K̃ωj
Fωj
∀j

∗ If it is not diagonal, we calculate K̃v2 = Ũv2Xv2 × Ũω1Xω1 × · · · ×
Ũωk

Xωk

Then we set K̃ωj
= Xωj

∀j, Kv2 = K̃v2Fv2 and Kωj
= Hωj

K̃ωj
Fωj

– Finally what we get is:

Kn =
n⊗

i=1

Ki ∋ Kn

∣∣ψ′
G
〉
= |ψG⟩ (2.110)

2.2.4.2 [[2r − 1, 2r − 2r − 1, 3]] Hamming-based CSS codes

Hamming codes are [[2r − 1, 2r − 2r − 1, 3]] quantum error correction code family

for r ≥ 3 and they are self-dual perfect CSS codes using [2r − 1, 2r − r − 1, 3]

classical Hamming code and CSS structure, we construct this first-order punctured

Reed-Muller code RM(r − 2, r) [26]. Contains codes like [[7, 1, 3]] code, [[15, 7, 3]]

code, [[31, 21, 3]] code etc. As a brief example, consider [[15, 7, 3]] code for its parity-

check matrix:
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H[[15,7,3]] =


0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

0 0 0 1 1 1 1 0 0 0 0 1 1 1 1

0 1 1 0 0 1 1 0 0 1 1 0 0 1 1

1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

 (2.111)

This code uses 15 physical qubits. Although this method tolerates less noise com-

pared to [[7, 1, 3]] or [[9, 1, 3]] codes, it is more efficient. [27] also introduced two flag

qubits (ancillas) as a fault-tolerance method with low qubit overhead. Take [[15, 7, 3]]

code again, adding flag qubits we have the circuit:

8 •
9 •
10 •
11 •
12 •
13 •
14 •
15 •

|0⟩ Z

|+⟩ • • X

Figure 2.14: Flagged [[15,7,3]] Circuit [27]

For this, we take a subset S and let ZS =
∏

i∈S Zi, then this circuit extracts Z syn-

drome for Z{8,··· ,15} by flag triggering due to single fault with one of the following

errors:

I, Z8, Z{8,9}, Z{8,9,10}, Z{8,9,10,12}, Z{8,9,10,11,12}, Z{8,9,10,11,12,14}, Z{8,9,10,11,12,13,14}

(2.112)

And by their X syndromes, those errors are distinguishable. Note that in what order

we use CNOT gates is important. Take [[7, 1, 3]] code:
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•
•
•

•

|0⟩ Z

|+⟩ • • X

Figure 2.15: Flagged [[7,1,3]] Circuit [27]

Notice that this circuit extracts IIIZZZZ syndrome in which any single gate fault

causing data error of weight≥ 2 turns X measurement to |−⟩. Then possible errors

are:

I, Z7, Z6Z7, Z5Z6Z7 ∼ Z4 (2.113)

Again distinguishable by their X syndromes. Note that flag qubit makes the compu-

tation fault-tolerant.

2.2.5 Triorthogonal codes

Definition 2.2.4 A triorthogonal matrix is a binary matrix G with size m× n iff
n∑

j=1

Ga,jGb,j = 0 mod (2) ∀ row pairs 1 ≤ a < b ≤ m (2.114)

and
n∑

j=1

Ga,jGb,jGc,j = 0 mod (2) ∀ row triples 1 ≤ a < b < c ≤ m (2.115)

are satisfied.

The submatrices of G that are constructed with odd- and even-weight rows (meaning

that the number of non-zero elements in the rows are odd and even respectively) will

be denoted Gii and Gi respectively. And we assume that G1 contains first k rows of

G ∀k ≥ 0. Let G′, G′
i, G

′
ii ⊆ Fn

2 spanned by the rows G,Gi, Gii respectively.
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Lemma 2.2.7 Suppose G is triorthogonal, then:

i) G1 has linearly independent rows over F2

ii) G′
ii ∩G′

i = 0

iii) G′
ii = G′ ∩G′⊥

iv) G′
ii
⊥ = G′

i ⊕G′⊥

For a matrix G with k odd-weight rows and n columns sayisfying the equation 2.114,

we can find a stabilizer code which encodes k physical qubits into n logical qubits.

[28] Equation 2.115 ensures that the encoded state
∣∣A⊗k

〉
can be prepared using

transversal T -gate (T⊗n) on the encoded state
∣∣+⊗k

〉
. To see this, consider n-qubit

unnormalized states:

|Gii⟩ =
∑
g∈G′

ii

|g⟩ & |G⟩ =
∑
g∈G′

|g⟩ (2.116)

and define a state ∣∣∣A⊗k
〉
=

k∏
a=1

(I+ eiπ/4X(fa)) |G′
ii⟩ (2.117)

where f1, · · · , fk are rows of G1.

Lemma 2.2.8 For a triorthogonal matrix G, one can find an operator U in Clifford

group containing S gates and Λ(Z) only, such that∣∣∣A⊗k
〉
= UT⊗n |G⟩

Lemma 2.2.9 Suppose G is a triorthogonal matrix with no zero columns. If G1 is

non-empty, then any Gii having 3 rows or less has one zero column or more.

Stabilizer codes based on triorthogonal matrices For a triorthogonal matrix G

with k odd-weight rows, we can define a CSS stabilizer code CSS(X,G′
ii;Z,G

′⊥).

It has stabilizers X(f) ∀f ∈ G′
ii and Z(g) ∀g ∈ G′⊥. And G′

ii ⊆ G′ shows that

stabilizers commute in pairwise.
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Lemma 2.2.10 CSS(X,G′
ii;Z,G

′⊥) code has k logical qubits and we can choose

its logical Pauli operators as:

Xa = X(fa) & Za = Z(fa) ∀a = 1, · · · , k (2.118)

where f j is the jth row of Gi. The states defined in 2.116 and 2.117 |G⟩ , |Gii⟩ and∣∣A⊗k
〉

correspond to the encoded states
∣∣+⊗k

〉
,
∣∣0⊗k

〉
and

∣∣A⊗k
〉

respectively.

The encoded state |x⟩ ≡ |x1, · · · , xk⟩ ∀x ∈ Fk
2 is

|x⟩ = X
x1

1 · · ·X
xk

k |G0⟩ =
∑

f∈G0+x1f1+···+xkfk

|f⟩ (2.119)

using UT⊗n |f⟩ = exp
(

iπ
4

∑k
a=1 xa

)
|f⟩ we get:

UT⊗n |x⟩ = exp

(
iπ

4

k∑
a=1

xa

)
|x⟩ (2.120)

which is a generalization of transversal T -gate to multiple logical qubits.

Triorthogonal codes are useful since we use them in magic state distillation. In [29]

triorthogonal codes are divided into 38 subspaces for n+k ≤ 38 and shown that there

exists a relation between each triorthogonal code and a Reed-Muller polynomial with

weight n+ k.

2.2.6 H codes

Family of [[n, n − 4, 2]] CSS quantum stabilizer codes encoding even number of k

logical qubits using k+4 physical qubits and having transversal Hadamard operation.

We denote H codes as Hn where n = k + 4 physical qubits. The encoding rate

ηR = k/n→ 1 as n→∞, so H codes are dense. [30] demonstrated that we can use

concatenated H codes to distill encoded magic states with high-fidelity by consuming

magic-state ancillas with low-fidelity (a procedure called multilevel distillation).

The stabilizer generators of H code are:

S1 = X1X2X3X4, S3 = X1X2X5X6 · · ·Xn,

S2 = Z1Z2Z3Z4, S4 = Z1Z2Z5Z6 · · ·Zn

(2.121)
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where the subscripts indicate the physical qubit that given operator is acted on. And

the logical operators are:

X i = X1X3Xi+4 & Zi = Z1Z3Zi+4 (2.122)

Note that as the Hadamard gate exchanges X and Z operators in physical qubit level,

transversal Hadamard does it in logical level. And also note that all H codes are

distance-2, so, they are capable of detecting single Pauli error. Also note that for a uni-

versal quantum computing, the eigenstate with +1 eigenvalue |H⟩ = cos(π/8) |0⟩ +
sin(π/8) |1⟩ of Hadamard operator H = (X + Z)/

√
2 is a magic state. [30]

2.2.7 [[n, n− 2, 2]] even weight code

Following [18] in this topic, we discuss a stabilizer with distance-2 and even physical

qubits n. Since this method encodes n − 2 qubits, for larger n, the encoding rate

ηR = k/n = (n − 2)/n → 1. Therefore, we can use it for block codes which are

encoding multiple qubits. But since distance-2 codes cannot correct a general error,

[31] it can be used of error detection [32]. Another possible usage is to fix located

errors [34]: in a system with dominant error source caused by the qubits leaving the

computational space, we can detect in which qubit the error is occured in principle.

After that, we can correct the state via a distance-2 code. Lastly, we can use distance-

2 codes for concatenation of distance-2 codes to get codes which can correct multiple

errors.

The logical operators of X i are X1Xi+1 where i = 1, · · · , n − 2 and Zi are Zi+1Zn,

then swapping the (i+1)th qubit with (j+1)th qubit results in swapping the ith qubit

with jth encoded qubit. If performed carefully, eventhough it is not a transversal oper-

ation, swap can be done fault-tolerantly. And any error on one qubit won’t propagate

to the others as they are swapped too, but if we apply swap to the two qubits directly,

then an error in swap gate might cause error in both of the qubits. We can solve this

by introducing third ancilla qubit.
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A × × B
B × × A
C × × C

Figure 2.16: Ancilla with SWAP gates [31]

The circuit in fig.2.16 shows how it can be done with an ancilla [31].

Hadamard rotation converts X i to Z1Zi+1 = Z2 · · ·ZiZi+2 · · ·Zn (with multiplica-

tion by M2) which is equivalent to Z1 · · ·Zi−1Zi+1 · · ·Zn−2 while Zi to

X1 · · ·X i−1X i+1 · · ·Xn−2. And the CNOT gate is a CNOT between all of the en-

coded qubits in first block and their correspondings in the second block.

In [27], it is shown that in [[n, n−2, 2]] codes, with two extra qubits, encoded CNOT

and encoded Hadamard gates are fault-tolerantly applied while encoded CCZ gate

requires four extra qubits ∀n ≥ 6.

2.2.7.1 [[4,2,2]] CSS code

It is a very famous CSS code offered by [32] with following encoding:

|0⟩ →
∣∣0〉 ≡ 1

2
(|00⟩+ |11⟩)(|00⟩+ |11⟩)

|1⟩ →
∣∣1〉 ≡ 1

2
(|00⟩ − |11⟩)(|00⟩ − |11⟩)

(2.123)

where we encoded α |0⟩ + β |1⟩ as α
∣∣0〉 + β

∣∣1〉. [32] For more practical purposes,

consider logical codewords in the computational (Z) basis: [33]

∣∣00〉 = 1√
2
(|0000⟩+ |1111⟩),

∣∣11〉 = 1√
2
(|0110⟩+ |1001⟩)∣∣10〉 = 1√

2
(|0101⟩+ |1010⟩),

∣∣01〉 = 1√
2
(|0011⟩+ |1100⟩)

(2.124)

and codewords in Hadamard basis (or along x):
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|++⟩ = 1√
2
(|++++⟩+ |− − −−⟩), |−−⟩ = 1√

2
(|+−−+⟩+ |−++−⟩)

|+−⟩ = 1√
2
(|+−+−⟩+ |−+−+⟩), |−+⟩ = 1√

2
(|++−−⟩+ |− −++⟩)

(2.125)

Logical Pauli operators:

Za = Z ⊗ Z ⊗ I⊗ I, Zb = Z ⊗ I⊗ Z ⊗ I

Xa = X ⊗ I⊗X ⊗ I, Xb = X ⊗X ⊗ I⊗ I
(2.126)

and the stabilizers to extract logical bit-flip and phase-flips:

X = X ⊗X ⊗X ⊗X, Z = Z ⊗ Z ⊗ Z ⊗ Z (2.127)

Note that [34] showed that [[4, 2, 2]] code is the smallest possible single-qubit code

detecting errors, that are single qubit erasure and single-qubit error [32] while [35]

showed that it can correct single amplitude damping with a loose quantum error cor-

rection criteria that can be useful for the systems with a known dominant quantum

error source.

2.2.8 Divisible Quantum Codes

In classical error-correction, we say a linear code C is divisible by ∆ if every code-

word weight is a multiple of ∆ [46] where ∆ is the divisor of C denoted by ∆|C. In

other words, divisible codes are the codes whose weights of codewords have a com-

mon divisor ∆ ≥ 1. This codes are created via the coset of 1st order Reed-Muller

code which is defined by quadratic forms. The basic idea is the stabilizer code with

layers such that a universal set of fault-tolerant gates protects N1 number of inner

qubits via N2 number of outer qubits. In this code, we follow [44]

Let n ≥ 1, N = 2n and binary vectors :

a = [a1, a2, · · · , an] & b = [b1, b2, · · · , bn] ∋ ai, bj ∈ {0, 1}∀i, j ≤ n

(2.128)
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Then define operators:

D(a,b) := Xa1Zb1 ⊗ · · · ⊗XanZbn

E(a,b) := iab
T mod (4)D(a,b)

(2.129)

1,2 or 4 can be the order of D(a,b) however E(a,b) = IN

Define Pauli group on n-qubits:

PN := {iKD(a,b)|a,b ∈ Fn
2 , K ∈ Z4} (2.130)

where Z2l = {0, 1, · · · , 2l − 1}

To describe the state evolution of a stabilizer code under a diagonal physical gate, we

use:

UZ =
∑
v∈Fn

2

f(v)E(0,v), where f(v) =
1

2n
,
∑
u∈Fn

2

(−1)uvT

du

and v = [v1, v2, · · · , vn] ∈ Fn
2 & u ∈ Fn

2

(2.131)

To achieve the average logical channel induced by UZ on an [[n, k, d]]

CSS(X,C2;Z,C
⊥
1 ,y) where y is the binary vector which decides the signs of the

elements of the Z-stabilizer group in CSS code C, we follow these steps:

i. prepare any code state ρ1

ii. to obtain ρ2, apply UZ

iii. to measure ρ2, obtain syndrome E with probability PE and the state after mea-

surement ρ3, use X-stabilizers

iv. to obtain ρ4, apply a Pauli correction to ρ3

If we denote BE as the effective physical operator of syndrome E , then evolution of

code spaces:

ρ4 =
∑

E∈Fn
2 /C

⊥
2

BE ρ1B
†
E (2.132)
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For a givenGC1/C2 , there exists a unique vector set {γ1, γ2, · · · , γk ∈ C⊥
2 | GC1/C2γi =

êi ∀i = 1, · · · , k} where êi=1,··· ,k are standard bases on Fk
2.

As we expand BE logical operator in terms of Z-logical Pauli operators

E (0, γE )E(0, γE ) which models the Z-logical Pauli correction of the decoder, we get

the generator coefficients AE , γ.

Simplifying yields:

AE ,γ =
1

|C1|
∑
u∈C1

(−1)(E⊕γ)uT

du⊕y where |C1| = 2k1which is the size of C1

(2.133)

Then, if we put those generator matrices in a matrix where rows stand forX-syndromes

and columns for Z-logicals we get:

M(Fn
2 /C

⊥
2 ,C⊥

2 /C⊥
1 ) =



[
AE=0,γ

]
γ∈C⊥

2 /C⊥
1[

AE=E1,γ

]
γ∈C⊥

2 /C⊥
1...[

AE=E
2k2−1

,γ

]
γ∈C⊥

2 /C⊥
1


E∈Fn

2

(2.134)

If we fix E ∈ Fn
2/C

⊥
2 we get:

[
AE ,γ

]
γ∈C⊥

2 /C⊥
1

=
1

|C1|

[
du⊕y

]
u∈C1

HE
(C1,C⊥

2 /C⊥
1 )

where HE
(C1,C⊥

2 /C⊥
1 ) =

[
(−1)(E⊕γ)uT

]
u∈C1,γ∈C⊥

2 /C⊥
1

(2.135)

Note that the choice of X-syndromes and Z-logicals are not unique, we see that

different choices have different global phase. Also, what generator coefficients do is

using CSS code to group Pauli coeffecients of diagonal physical gate and adjust the

signs of Z-stabilizers.

Theorem 2.2.11 [45] A codespace CSS(X,C2;Z,C
⊥
1 ,y) is protected by the physi-

cal diagonal gate UZ iff:
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• either ∑
γ∈C⊥

2 /C⊥
1

∥A0,γ∥2 =
∑

γ∈C⊥
2 /C⊥

1

A0,γA0,γ = 1 (2.136)

where ∥ · ∥ denotes the complex form

• or [
AE ̸=0,γ

]
γ
∈ C⊥

2 /C
⊥
1 = 0 (2.137)

So the induced logical operator:

UL
Z =

∑
α∈Fk

2

A0,g(α)E(0, α) (2.138)

where g(α) = αGC⊥
2 /C⊥

1
defines the bijective map g : Fk

2 → C⊥
2 /C

⊥
1 and GC⊥

2 /C⊥
1

is

a Z-logical operator matrix choice such that GC1/C2GC⊥
2 /C⊥

1
= Ik

Theorem 2.2.12 For a given CSS(X,C2;Z,C
⊥
1 ,y) code, logical gate

UL
Z =

∑
α∈Fk

2
eiθα |α⟩⟨α| is induced by a physical diagonal gate iff

du⊕y = eiθα for GC⊥
2 /C⊥

1
uT = αT (2.139)

Theorem 2.2.13 Theorem of Ax [47]

Suppose a generalized Reed-Muller code of order r RMq(r,m) is defined over the

GF (q). Then this code is divisible by q(m/r)−1, and this divisor is the highest power

of p capable of dividing the code if p is a prime and divides q.

Classical Reed-Muller codes are divisible codes that their codewords are evaluation

functions [h(x)]x∈Fm
2

of boolean functions h ∈ F2 with degree at most r for a given

Reed-Muller code RM(r,m) in general. So, with the theorem of Ax (2.2.13) we see

that all the weights in RM(r,m) are divisible by 2(m−1)/r.

For Reed-Muller code of order 2 RM(2,m), the codewords are the evaluation func-

tions [ϵ1 ⊕ La(x) ⊕ QR(x)]x∈Fm
2

where ϵ ∈ {0, 1}, QR(x) is a quadratic form and
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La = axT is a linear function. Since we are interested in quadratic forms, the follow-

ing property is defining quadratic form:

QR(x⊕ y) = QR(x)⊕QR(y)⊕ xRyT (2.140)

where R is a binary symplectic matrix in which the diagonal is all zeros.

Note that by writing R as a superposition of a strictly upper triangular matrix and

its transpose, we can set QR(x) = xUUx
T where UU is strictly upper triangular.

And QR(x) + Lα(x) becomes a quadratic form of same binary symplectic matrix

R if Lα(x) is a linear function. So, the weights of coset RM(1,m) + [QR(x)]x∈Fm
2

depend on the rank of R only.

Consider CSS(X,C2;Z,C
⊥
1 ,y = 0) code for m ≥ 4 where C2 = C(m) is a simplex

code with size 2m − 1 while C1 = ⟨C2, [1 ⊕ xixj]x∈Fm
2 , x ̸=0|1 ≤ i ≤ m − 4, i < j⟩.

Then

GC1/C2 =


1

(1⊕ xixj)x∈Fm
2 ,x=0

...


1≤i≤m−4, i<j

(2.141)

which is the matrix generating X-logicals.

We observe that this CSS code is [[n, 1 +
∑m−4

i=1 (m − i), 3]] by noticing that the

minimum distance d is also the minimum distance of Hamming code C⊥
2 .

Theorem 2.2.14 CSS(X,C2;Z,C
⊥
1 ,y = 0) code is preserved by transversal gate

T † such that

(T †)⊗n = UZ =
∑
u∈Fn

2

(eiπ/4)wtH(u) |u⟩⟨u| (2.142)

and this gate producees the following logical operator

UL
Z =

∑
α∈Fk

2

dα |α⟩⟨α| , where dα =

1, if wtH(α) is even

eiπ/4, if wtH(α) is odd
(2.143)

UL
Z ≡ exp

(
iπ

8
Z ⊗ Z ⊗ · · · ⊗ Z

)
(2.144)

Note that this theorem is valid for all [[2m − 1, 1 ≤ k ≤ 1 +
∑m−4

i=1 (m − i), 3]] CSS

codes which are constructed by removing rows of the form (1⊕ xixj)x∈Fm
2 ,x ̸=0 from
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GC1/C2 . One thing to notice here is that the only difference between equations 2.143

and 2.2.8 is the e−iπ/8 global phase and the can be achieved by applying a series of

CNOT gates from a T gate by conjugation.

Lemma 2.2.15

π

4

(
k

1

)
− π

2

(
k

2

)
+ π

(
k

2

)
=

0 mod (2π) if k ≥ 1 is even

π
4

mod (2π) if k ≥ 1 is odd
(2.145)

This lemma tells us that UL
Z at equation 2.143 can be split into:

• a T -gate on each logical qubit

• CP † (controlled phase) gate on each logical pairs

• CCZ on each logical qubit triples

Designing stabilizer codes in layers To design stabilizer codes in layers, we follow

the following steps:

1. We derive all possible physical diagonal gates U ′
Z (on N1 qubits) to produce a

targeted logical gate starting with a stabilizer code on N1 qubits.

2. We get the unique physical gate (in form equation 2.148) which preserves

[[5, 1, 3]] code and gives a logical T -gate.

3. By inserting N1 qubits to a physical space of N2 qubits which is larger, we

made N1 qubits to be the logical qubits of a stabilizer code on N2 qubits.

So, the outer code is protected by the transversal diagonal gate on N2 qubits and that

gate also induces the target logical operator on the inner code.

As an example (T †)⊗31 protects the [[31, 5, 3]] code and produces a logical T -gate on

the [[5, 1, 3]] code which is in the inner layer.
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To illustrate consider [[5, 1, 3]] code and its generator matrix GS = [C|D]

where C =


1 0 0 1 0

0 1 0 0 1

1 0 1 0 0

0 1 0 1 0

 & D =


0 1 1 0 0

0 0 1 1 0

0 0 0 1 1

1 0 0 0 1

 (2.146)

Collary 2.2.1 Consider C2 = {u0,u1, · · · ,u2k2−1}, a diagonal physical gate UZ =∑
u∈Fn

2
du |u⟩⟨u| and CSS(X,C2;Z,C

⊥
1 ,y) code. Physical diagonal gate UZ pro-

tects this CSS code iff du0⊕ω⊕y = du1⊕ω⊕y = · · · = du
2k2−1⊕ω⊕y for each fixed

ω ∈ C1/C2. And the product logical operator:

UL
Z =

∑
α∈Fk

2

du0⊕αGC1/C2⊕y
|α⟩⟨α| (2.147)

Note that collary 2.2.1 allows us to check if a physical gate protects a CSS code and

to design CSS codes which are protected by desired physical diagonal gate.

Consider the generator matrix for a general stabilizer code GS =


A 0

0 B

C D

 where

AandB are maximized. By this way, we kept the results same but the tower of clas-

sical codes is now ⟨A,B⟩ ⊂ B⊥ instead of C2 ⊂ C1.

Note that in this caseB = {0} givingB⊥ = F5
2. For a coset ⟨C⟩ ∈ F5

2, ⟨C⟩ is consists

of all vectors with even weight and its nontrivial cosest contains all the vectors with

odd weight.

Then collary 2.2.1 and new tower ⟨C⟩ ⊂ F5
2 give the only physical diagonal gate

protecting [[5, 1, 3]] code and producing a logical T as:

UZ =
∑
α∈Fk

2

dα |α⟩⟨α| , where dα =

1, if wtH(α) is even

eiπ/4, if wtH(α) is odd
(2.148)

UZ ≡ exp

(
iπ

8
Z ⊗ Z ⊗ · · · ⊗ Z

)
(2.149)

Now we construct the outer layer for [[5, 1, 3]] code with m = 5 and [[31, 5, 3]] CSS

code protected by (T †)⊗31.
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Let GC1 =

GC1/C2

GC2

 where GC1/C2 =

 1

(1⊕ x1xj)x∈F5
2, x ̸=0


j=2,··· ,5

and GC2 =[
(xi)x∈F5

2, x ̸=0

]
i=1,··· ,5

We note that each matrix R in ⟨Ri|i = 2, · · · , 5⟩ has maximum rank of 2 if Ri,

i = 2, · · · , 5 is a symmetric binary matrix determined by x1xj quadratic form. Here

X-logicals with odd weight determine cosets C2+[QR(x)]+1 whileX-logicals with

even weight determine cosets C2 + [QR(x)]x∈F5
2, x ̸=0. And theorem 2.2.14 ensures us

that (T †)⊗31 protects the CSS code while producing logical operator in equation 2.148

when m− (m− 4)− 1 = 3.

This family allows us to design stabilizer codes in layers. By doing so, we gener-

ate universal set of gates without teleporting the magic states. But since we need to

induce logical gates on the inner code, the passage of encoding/decoding algorithms

between layers is needed causing overhead of factorization depending on the algo-

rithm complexity. Further research is necessary to optimize the gate synthesis by

reducing the code switches in number.

2.3 Quantum Low-Density Parity Check Codes

Classical Low Density Parity Check (LDPC) codes are used in classical error correc-

tion and offer high performance with low cost. For quantum case, they are promising

since they use few resouce. An [[n, k, d]] QLDPCC with encoding rate ηR = k/n is

the same as η = (n+ k)/2n of (2n, k + n) classical binary LDPC code.[77]

If we define a good code using the notion in classical coding theory as code having

k ∈ Θ(n) and d ∈ Θ(n), good QLDPCCs having d ≥ Θ(
√
npolylog(n)) are dis-

covered in 2020 which we will discuss in the following subsections. [64] note that,

we will follow mostly [64] in QLDPCCs. For the mathematics required, reader may

check Appendices.
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2.3.1 Product Codes

2.3.1.1 Hypergraph Product Codes

In this topic, we follow [53]. Before we start, let G1 ⊗ G2 be the product graph of

C1 ⊗ C2 where G1 and G2 are Tanner graphs related to codes C1 and C2 respectively

due to following definition:

Definition 2.3.1 Let v1 and v2 be the vertices of graphs G1 and G2 respectively. G1 ⊗
G2 gives a product graph with vertex set (v1, v2) pairs, and edges connecting (v1, v2)

and (v′1, v
′
2) if one of the followings is satisfied:

i) when v1 = v′1, {v2, v′2} be an edge of G2

ii) when v2 = v′2, {v1, v′1} be an edge of G1

Note that G1 and G2 are called hypergraphs in this notion. Due to definition 2.3.1, we

see that hypergraphs have edges with cardinality 2. In Tanner graph G = T (V,K,E)

associated to PCM H , V = {1, · · · , c} (where c is the column number of H) is called

variable node set, K = {⊗1, · · · ,⊗r} (where r is the row number of H) is called

check node set and E is the set of edges (note that if Hij = 1, then there exists an

edge between j and ⊗i).

Definition 2.3.2 Consider Tanner graphs Gi = T (Vi, Ki, Ei) ∀i = 1, 2. For an in-

duced subgraph G1×G2 having V1×V2 set of variable nodes and K1×V2∪V1×K2

set of check nodes, G1 ⊗ G2 is called hypergraph product.

Definition 2.3.3 (Product Code) Let Ci be codes over F2 with lengths ni (i = 1, 2).

Then we can consider the codewords of product C1 ⊗ C2 as n1 × n2 binary matrices

which are from C1 ⊗ C2 iff C1 has its columns and C2 has its rows.

Then the product has the dimension:

dim(C1 ⊗ C2) = dim(C1) dim(C2) (2.150)
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And the Tanner graph of C1 ⊗ C2 is G1 ⊗ G2 where G1 and G2 are Tanner graphs

associated with C1 and C2.

Note that

T T (V,K,E) = T (K,V,E) (2.151)

and

dim(C) = |V | − |K|+ dim(CT ) (2.152)

So, for associated codes Cx and Cz of C we have:

Cx(G1 × G2)T = CT
1 ⊗ C2

Cz(G1 × G2)T = C1 ⊗ CT
2

(2.153)

or the products of X and Z we have:

G1 ×x G2 = (GT1 ⊗ G2)T

G1 ×z G2 = (G1 ⊗ GT2 )T
(2.154)

Here, note that we induce G1 × G2 by set of vertex nodes V1 × V2 ∪K1 ×K2 and set

of nodes K1×V2 and get the subgraph G1×xG2. G1×z G2 is similar with the same set

of vertex nodes and set of nodes V1 ×K2. Also note that Cx(G ⊗ G) and Cz(G ⊗ G)
are isomorphic.

2.3.1.2 Fiber Bundle Codes

In subsystem codes, checks doesn’t necessarily commute with each other, as a result

we cannot interpret them as chain complexes. Fiber bundles’ topology is used to con-

struct twisted product, lifted product and balanced product codes. Here one thing to

note is that twisted product and lifted products are probabilistic codes since they are

constructed as products of classical codes (but we are not diving into probabilities

of them violating or satisfying the required distances etc.) while balanced product

codes are products of two quantum codes and constructed with deterministic algo-

rithms which guarantees that the parameters hold. Note that in this section we follow

Hastings-Haah-O’Donnell [50].
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Theorem 2.3.1 For N qubits and check distances dx = Ω(
√
N/polylog(N)) and

dZ = Ω(N3/4/polylog(N)) and generators with weight of at most polylog(N) where

all qubits are in polylog(N) generators or less, there is a code family with k =

Θ(
√
N)

Though this codes are not in QLDPCCs, we can reduce its weight using bundle con-

struction. We use two manifolds and take their product giving us fiber bundle. To

illustrate, we can think of the Möbius strip. In that, we see it as product of some cir-

cle having some interval locally, yet it has reversing at the boundary (a twist). Due to

twist, the strip is not homeomorphic to the product of that circle. Like in Möbius strip,

fiber bundles seem like product locally but have more intricate structure globally. We

have a base, a local product and a fiber generating automorphisms. In Möbius strip

example, base is circle and fiber is the twist at the ends.

Figure 2.17: Mobius strip with 1 twist [49]

If we take base and fiber as circles, we have a torus. Consider a twist around the

base of ϕ0 ∈ R, some fixed angle. After twist, we still have a torus but with different

geometry. Let θ ∈ R be the angle for base and ϕ ∈ R for fiber, we can identify as:

(θ, ϕ) ≡ (θ, ϕ+ 2π) ≡ (θ + 2π, ϕ+ ϕ0) (2.155)

If we choose ϕ0 = 0, d = min(m
(1)
B ,m

(1)
F ) =

√
N/2 ∀m(1)

B = m
(1)
F (where m(i)

B,F is

the number of i-cells in base or fiber). A bundle E is product of some base complex

B and fiber complex F :
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· · · · · · Bj ⊗Fk

B0 ⊗F1 B1 ⊗F1
...

B0 ⊗F0 B1 ⊗F0 · · ·

∂j⊗I

I⊗∂k

I⊗∂1

∂1⊗I

I⊗∂1 I⊗∂1

∂1⊗I

Then define bundles chain space:

Eµ =
⊕

α+β=µ

Bα ⊗Fβ (2.156)

For α-cell of base bα ∈ Bα and β-cell of fiber fβ ∈ Fβ , µ-cells of the bundle E are

pairs (bα, fβ) ∋ α + β = µ. µ-cell of such bundle is (α, β)-cell and E is (b + f)-

complex for b-complex B and f -complex F .

Boundary map acting on every Bα ⊗Fβ:

∂E
µ

∣∣∣
(α,β)

= I⊗ ∂F
β + ∂B

α ⊗ I (2.157)

where ∂i ∋ i ∈ {B,F} are boundary maps for base and fiber complexes. And in

general we have ∂E (α, β) = (−1)αI⊗ ∂F
β + ∂B

α ⊗ I but not necessary for this thesis.

Consider an automorphism group G. The members of this group are permutings

of β-cells with commuting boundary operators under the actions in G. Then fiber

automorphism dictates:

g∂f = ∂gf ∀β, g ∈ G, fβ ∈ Fβ (2.158)

We define twist as {(b, a) : b, a are cells ∋ a ∈ ∂b} ϕ−→ G where ϕ is the action

for automorphism and, ∂b and its support are identified. Note that this definition is

applicable for an automorphism group G satisfying equation 2.158. Then we can

define twisted boundary map ∂E by a connection ϕ in the case of no curvature:

∂E
(0,β)(b

0 ⊗ f) = b0 ⊗ ∂f

∂E
(1,β)(b

1 ⊗ f) = b1 ⊗ ∂f +
∑

a0∈∂b1
a0 ⊗ ϕ(b1, a0)f (2.159)
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Notice that we are not using equation 2.157 anymore. Choose base as a 1-complex.

Then, elements of E0,1 are vertical while E1,0 are horizontal. Using automorphism h

and changing the twist such that ϕ(b, a)→ hϕ(b, a)h−1, we can transform the fiber.

We use Πs : Es → Bs bundle projections in fiber bundle codes which can be defined

as follows:

bs ⊗ f 0 → bs

bs−t ⊗ f t → 0 ∀t > 0
(2.160)

where s-and(s− t)-cells bsandbs−t of base respectively while 0-andt-cells f 0andf t of

fiber.

Now let cycle graph be the fiber (i.e. circle) which is a 1-complex having m(0)
F and

m
(1)
F number of 0-and1-cells respectively (∋ m(0)

F = m
(1)
F > 1). Note that the circle

gives rise to dihedral group which is a symmetry group for regular r-gon containing

rotation and reflection, however we’ll only use rotational symmetries. Also note that

a circle with even weighted ∂f 1, and if each automorphism of fiber has a nontrivial

effect on H1(F ) while each even weighted 0-chain fiber gives some boundary, then

that circle has an automorphism under which fundamental homology cycle remains

invariant.

Definition 2.3.4 Consider a circle fiber F1 → F0 and base B1 → B0 are used to

construct a twisted bundle complex E2 → E1 → E0. Then in dimension 1, cohomology

and homology of this complex are related to the logical operators of our quantum CSS

code that is a fiber bundle code.

Let m(0)
F = m

(1)
F = m2 where m ∈ Z, so all twists are m multiples such that we use

rotation group of order m(1)
F /m = m. This allows us to lower bound the movement

distance of the weights moving through a fiber so that two cells which are different

from eachother due to a twist join.

Now, we use some random classical code as base giving us m(1)
B bits and m(0)

B par-

ity checks as 1-and0-cells of base respectively. In Tanner graph, we have m(0)
B left
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Figure 2.18: An example of a twist where

vertical and horizontal edges are identified

and the twist is colored in red. [50]

Figure 2.19: Notice vertical rep-

resentative doesn’t change but

in horizontal, the distance in-

creases where vertical and hori-

zontal edges are identified. [51]

and m(1)
B right vertices. After some suitable choices bundle has qubit number n =

m
(1)
B m

(0)
F +m

(0)
B m

(1)
F and (m

(1)
B +m

(0)
B )(m

(1)
F +m

(0)
F ) number of cells.

Definition 2.3.5 We call base cell set supporting e ∈ E , shadow of e. We can write a

1-chain bundle e as a superposition of vertical and horizontal chains with

h =
∑

b∈{base 1-cells}

b⊗ f 0
b

v =
∑

a∈{base 0-cells}

a⊗ f 1
a

(2.161)

where h and v are horizontal and vertical chains respectively.

Then horizontal shadow: {b : f 0
b ̸= 0} and vertical shadow: {a : f 1

a ̸= 0}. We denote

vertical shadow weight as |e|vsw etc. Consider a 0-chain bundle e =
∑

a a⊗ f 0
a with

shadow {a : f 0
a ̸= 0}. Then the shadow weight is denoted as |e|sw.

2.3.1.2.1 Twist

Now we define the twist ϕ(b1, v) as an automorphism where v is a 0-cell and b1 is a

1-cell ∋ b1 ∈ ∂Tv. Then ∃ a twist ϕ ∀v & ∀b1 ∈ ∂Tv meaning that there exists a twist

for every bits in checks and for every check. [50]

Before we go with twists, we have to give a definition to a partitioned base code. To be

partitioned, we demand a base code to have partitioned check vertices as V1, · · · , Vk ∋
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m
(0)
B /k ∈ Z and every check ν ∈ [m

(0)
B ] has a uniformly and randomly partitioned

neighborhood ∂Tν ∈ {Tailsν , Headsν}. We choose twists such that a twist ϕi =

cλ ∈ Z (where c ∈ {1, 2, · · ·λ − 1}) chosen from the set {λ, 2λ, · · · , (λ − 1)λ}
randomly and uniformly, for every set Vi. So for check node ν ∈ Vi the twist ϕ(b1, ν)

is defined as: [50]

ϕ(b1, ν) =

0 if b1 = Headsν

ϕν if b1 = Tailsν

(2.162)

We begin defining G⃗ϕ twisted graph with vertices vi ∈ [λ] and edges ei connecting

vertices vi and vi+ϕj/λ ∀j ∈ [k]. Let base code B be partitioned and G⃗ϕ be twisted

graph. Then we can define new code B(G⃗ϕ) ∈ F2 having λm(0)
B parity checks and

λm
(1)
B block length. And the parity checks of i-type with pairs (p, q) ∈ Fm

(1)
B

2 ×Fm
(1)
B

2 :

[50]

∑
α∈Headsν

pα +
∑

β∈Tailsν

qβ = 0 (mod2) ∀ν ∈ Vi (2.163)

where i ∈ [k].

2.3.1.3 Lifted Product Codes

For lifted product codes, we follow [52]. Let for λ× λ matrices over F2,R be a ring

with commuting elements. Then, matrices A ∈ Rn×m and B ∈ Rk×l can be written

as matrices with λ × λ blocks in R, B(A) ∈ Fλn×λm and B(B) ∈ Fλk×λl. We call a

matrix and its corresponding block matrix in binary as quasi-cyclic with lift λ.

As an example, let T ∈M2×3(R3) be:

T =

x2 1 + x2 1 + x+ x2

0 x 1 + x

 (2.164)
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Then with lift size λ = 3, its associated block matrix is:

B(T ) =



0 1 0 1 1 0 1 1 1

0 0 1 0 1 1 1 1 1

1 0 0 1 0 1 1 1 1

0 0 0 0 0 1 1 0 1

0 0 0 1 0 0 1 1 0

0 0 0 0 1 0 0 1 1


(2.165)

where 1 ≡


1 0 0

0 1 0

0 0 1

, x ≡


0 0 1

1 0 0

0 1 0

 and x2 ≡


0 1 0

0 0 1

1 0 0

. And the associated

weight matrix is:

W (T ) =

1 2 3

0 1 2

 (2.166)

Notice that the elements of this weight matrix is the number of terms in matrix T .

To satisfy orthogonality condition

HxH
∗
z = 0 (2.167)

we have:

[
A⊗ ImB

ImA
⊗B

]InA
⊗B

A⊗ InB

 = 0 (2.168)

must be satisfied:

(A⊗ ImB
)(InA

⊗B) + (ImA
⊗B)(A⊗ InB

) = 0 (2.169)

since A and B are element-wise commuting matrices, we use mixed product formula

(X ⊗ Y )(X ′ ⊗ Y ′) = (XX ′ ⊗ Y Y ′) (2.170)

81



then we have:

(A⊗ ImB
)(InA

⊗B) = (ImA
⊗B)(A⊗ InB

) = A⊗R B (2.171)

For ringR with characteristic 2, equation 2.169 is satisfied. Then all A and B matri-

ces that their elements commute gives CSS code having B(Hx) and B(Hz) as PCMs.

Such codes are called lifted product codes and denoted by LP (A,B) while Hx and

Hz are PCMs of LP (A,B).

2.3.1.4 Balanced Product Codes

In balanced product codes, we follow [54]. Unlike fiber bundle and lifted product

codes, balanced product codes are explicit meaning that it can be produced in poly-

nomial time using some algorithm which is deterministic. So, the bounds are not

violated in any case.

In [54] it is stated that [[n, k, dx, dz]] QLDPCC family of k ∈ Θ(N2/3), dx ∈ Ω(N1/3)

and dz ∈ Θ(N) can be turned into an [[n, k, d]] QLDPCC with k ∈ Θ(N4/5) and

d ∈ Ω(N3/5) by distance balancing.

Let C and D be quantum codes with common symmetry under the actions of some

group G. Then the new space C ⊗G D is balanced product.

Topologically speaking, for spaces X and Y , X ×G Y balanced product gives a fiber

bundle with base X
G

and fiber Y . We can also interpret this for a carthesian product
X
G
×Y , a twist Y along X

G
. So, we can generate a balanced product code using a twist

applied on the checks of some hypergraph product code.

So, let X and Y be two spaces and G be a group such that G acts on X × Y with:

g · (x, y) = (x · g−1, g · y) (2.172)
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where G acts on X and Y freely from right and left respectively.

The space X×G Y ≡ X×Y
G

is called balanced product and it indicates G-orbits under

equation 2.172. Note that in this section, we denote X ×G Y elements as [x, y] and it

satisfies [x · g, y] = [x, g · y].
We use balanced product to generate fiber bundles from principal bundles with quo-

tient map

πY : X ×G Y →
X

G
, [x, y]→ xG (2.173)

Here, πY is a fiber bundle with base X
G

and fiber Y .

Now, we define trivialisation. When we cover a base by suitable homeomorphisms

with G and open subsets, we call this as trivialisation of a bundle π where homeo-

morphisms are for a base covering set {Ui}:

ψi : π−1(Ui)→ Ui ×G (2.174)

We get a transition map when two sets Ui and Uj intersects:

ϕi,j : Ui ∩ Uj → G (2.175)

which is the continuous version of twist ϕ. Note that we can use a continuous twist

ϕi,j to recover the bundle π : X → X
G

from {Ui, ϕi,j} data if we get Ui × G spaces

together along (Ui ∩Uj)×G intersections or we can go backwards from data to fiber

bundle by getting Ui×Y spaces together with continuous twist ϕij(x) on Y where Y

is the fiber.

Now we look for the discrete version for 1D cell complexes. For a graph X and finite

group G, we define quotient condition as from vertices v and vg, there is no edges

where G acts freely on the 0-and1-cells (vertices and edges), let orbits of G of V and

E be the vertices and edges of X respectively. Then 0-and1-cells of X
G

:(
X

G

)
0

= {V } &

(
X

G

)
1

= {E} (2.176)

So, for adjacent vertices in X v ∈ V and v′ ∈ V ′, vertices in X
G

are adjacent. In

another words, any orientation defined on X also gives an orientation defined on the
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quotient graph X
G

. Note that the quotient map covers X
G

with |G|-fold, and also can be

understood as a principal bundle. Map is:

π : X → X

G
, v → vG (2.177)

If we do a trivialisation on this map, we choose for all orbits representatives R ∈
{v ∈ V } giving us twist ϕR:

ϕR :

(
X

G

)
1

→ G, E = (V, V ′)→ ϕR(E) (2.178)

If v, v′ ∈ R, then ∃!ϕR(E) ∈ G ∋ (v, v′ϕR(E)) is a 1-cell ∈ X . Note that if X is not

twisted, we can simplify ϕR locally for a suitable choice of trivialisaion R. Moreover

using quotient graph and ϕR we can reconstruct the bundle.

Figure 2.20: C(X ×G Y ) = C(X) ⊗G C(Y ). Here grey points are identified with

the points of their opposite sides such that the points on the right side are identified

with the points on the left and the points on the down side are identified with the ones

on the upper side. Also, vertices, edges and faces are associated with the X-checks,

qubits and Z-checks respectively.[54]

Consider fig.2.20 in which we see two cyclic graphs X and Y with lengths of 6 and 3

respectively. When we take balanced product of X and Y as X ×G Y where G = Z3,

we get the third graph that is the twisted [[12, 2, 3]] toric code. Then projecting with

fiber Y and base X
G

we get the length-2 cyclic graph.

Suppose a group G acts on vector spaces A and B from left and right respectively.
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Then the balanced product of A and B is:

A⊗G B =
A⊗B

⟨ag ⊗ b− a⊗ gb⟩
(2.179)

which is the same as the tensor product over G is:

A⊗G B = A⊗F2[G] B where F2G =

{∑
g∈G

ugg | ug ∈ F2

}
(2.180)

We can apply the same definition to chain complexes C and D with right and left

actions of G respectively. (meaning G acts on individual spaces Ci and Di and com-

mutes with all boundary operations). Then we can form total complex of the double

complex C ⊠G D, C ⊗G D.

Let ∂h and ∂v be horizontal and vertical boundary operators acting on Cα⊗GDβ and

Cα ⊗Dβ respectively, such that

∂v = ∂C ⊗ ID & ∂h = IC ⊗ ∂D (2.181)

Then we define followings:

• balanced product double complex:

(C ⊠G D)α,β = Cα ⊗G Dβ (2.182)

• balanced product complex:

C ⊗G D = Tot(C ⊠G D) (2.183)

Note that we call a balanced product complex as balanced product code when it is in

natural basis. Now suppose that bases of Ci and Di are B(C)
i and B(D)

i which allow

us to define natural basis of (C ⊗G D)k as:

(B(C) ×G B
(D))k =

⊎
i+j=k

B
(C)
i ×G B

(D)
j (2.184)
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Assume that G is finite and order of odd number, the Künneth formula becomes:

Hn(C ⊗G D) =
⊕

p+q=n

Hp(C)⊗G Hq(D) (2.185)

Breuckmann and Eberhardt used highly symmetrical Sipser-Spielman codes and a

repetition code in [54] with cyclic symmetry to construct QLDPCCs with balanced

products. Also they provide relation to lifted product codes and fiber bundle codes as

follows,

Firstly, to see how twisted product codes are related to the balanced product codes,

let’s consider some complex C with two-terms and an Abelian group G which can

act freely on all bases of C. Then there exists a suitable ϕ sayisfying:

C ⊗G D = B ⊗ϕ F (2.186)

where Bi =
Ci

⟨cg−c⟩ and F = D.

On the other hand, if G is a commutative group with a free action on vector space Ci,

Di the balanced product turns into a lifted product:

C ⊗G D = LP (∂C , ∂D) (2.187)

with R = F2G, C = (Rp ∂C

−→ Rq) and D = (Rr ∂D

−→ Rs) where p, q, r, s ∈ Z,

∂C ∈ Rp×q and ∂D ∈ Rr×s. And the check matrices of the lifted product becomes:

Hx =
[
∂C ⊗ Ir Ip ⊗ ∂D

]
& H∗

z =

Iq ⊗ ∂D
∂C ⊗ Is

 (2.188)

2.3.2 Surface Codes

Surface codes started with Kitaev’s construction of toric codes [57]. In toric codes,

we have some level of automated error correction. Since toric codes dictates local

Hamiltonians, subspace of their ground states which are degenerate yields this sense

of automation. [61] [62]

We construct surface codes, in general, by the cellulation of given compact surface
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which is orientable. Then we have |E| number of edges where qubits are located and

such codes encode 2g qubits where g is genus. [90] [62]

First we look at planar quantum codes which are constructed on projective planes

followed by toric codes, hyperbolic surface codes, Freedman-Meyer-Luo codes and

Haah’s codes.

2.3.2.1 Planar Quantum Codes

Following Freedman and Meyer [62], we will see that RP 2 projective plane yields a

QECC with k = 1 in its cellulations. Note that the construction offered by Freedman

and Meyer is dual to Kitaev’s and since Kitaev’s is more widespread, we stick with

the Kitaev’s construction.

Consider a surface with cellulation C and let this C splits the surface into set of

vertices V , edges E and faces F . Due to homology, we know that boundaries of

each face f ∈ F are edges such that ∂f = e ∈ E where ∂ is the boundary operator.

Similarly, for edges e ∈ E we have ∂e = v ∈ V . And let Ẽf ⊂ E and Ẽv ⊂ E be

the set of edges with boundaries as faces and vertices respectively. Then we define

the stabilizers as:

Av :=
⊗
e∈E

Xδ(e∈Ẽv)

Bp :=
⊗
e∈E

Zδ(e∈Ẽf )
(2.189)

where δ(·) =

1, T rue

0, False
satisfying

∏
v Av =

∏
pBp = I. (See fig.2.26)

Let C1(C ;Z2) be the 1-chains of C and Z1(C ;Z2) be the chains having no bound-

ary such that Z1(C ;Z2) ⊂ C1(C ;Z2) all having coefficients from Z2. Moreover let

B1(C ;Z2) be the boundaries of faces in C , and C has homology group H1(C ;Z2) =
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Z1(C ;Z2)
B1(C ;Z2)

. And for RP 2 that is the real projective plane, we have 1 essential cycle.

Then the 1st homology group of RP 2 is H1(RP 2;Z2) = Z2. Since we have 1 essen-

tial cycle, for all code subspaces associated to RP 2, k = 1 and D = 2.

As an example, suppose there is a phase-flip error on edge e. We can detect this error

with Av staying at the boundary vertices. Then we can correct the error by applying

Pauli-Z. Note that we can correct this error if the vertex at which we detected the

error and the vertex at which we applied Pauli-Z doesn’t contain an essential cycle.

In bit-flip case, same things happens with Bp in dual cellulation C ∗ followed by cor-

rection Pauli-X .

We can generalize the procedure as follows:

Let c1 ∈ C1(C ;Z2) and c∗1 ∈ C1(C ∗;Z2) be the chains on which phase-flip and bit-

flip errors occured. We can detect errors on the boundaries of c1 and c∗1 by Av and

Bp stabilizers (if we have odd number of errors near stabilizers) which give us −1
eigenvalues. Then we choose some chain c2 ∈ C1(C ;Z2) and c∗2 ∈ C1(C ∗;Z2) on

the boundary of error, applying Pauli-Z and Pauli-X respectively solves the problem

only if c1 + c2 (or c∗1 + c∗2 in the dual case) does not have essential cycle. We say the

code distance in C (or C ∗ in the dual case) is minimum essential cycle length.

Figure 2.21: Planar projection of [[15,1,3]] code [62]

In fig.2.21 we see cellulation of RP 2 having [[15, 1, 3]] code parameters. Notice that

in this tesselation of triangles we see 15 edges on which qubits stands, smallest essen-

tial cycle possible is 3 which is the distance. Also if we move vertices to the middle of

edges and connecting them gives the dual cellulation in which the shortest essential
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cycle is 5. Note that antipodal points are identified.

Figure 2.22: Planar projection of

[[9,1,3]] code at the beginning

[62]

Figure 2.23: Planar projection of

[[9,1,3]] code after identification

of vertices [62]

In fig.2.22 we see [[9, 1, 3]] code generated by the irregular cellulation. Notice that

identifying two vertices gives the fig.2.23 in which still we use 9 qubits and have

distance 3 but two codes are not equivalent.

Figure 2.24: Planar projection of [[9,1,3]] code after second identification [64]

Identifying one more vertex gives fig.2.24 where we have again same distance and

number of qubits but this code is inequivalent to both the codes in fig.2.22 and

fig.2.23. Note that in figures 2.21, 2.22, 2.23 and 2.24, vertices show X-checks and

faces show Z-checks. In fig.2.24, red line shows the logical-Z. Notice the code in

fig.2.24 is the Shor’s code.
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2.3.2.2 Toric Codes

In 1996, Kitaev offered the most well studied surface code in [57] which we call

toric codes. Square tesselations generating a lattice with periodic boundary condi-

tions wrapped around a torus gives us the structure in which qubits are placed on the

edges. The qubits on upper and lower boundaries are identified while right and left

boundary qubits are identified as well. Therefore, we have the torus shape.

Figure 2.25: Toric code where

dots are qubits and checks are

shown [59]

Figure 2.26: Plaquette (Bp) and

vertex (Av) operators which are

constructed by applying Pauli-Z

and Pauli-X on the edges of a face

and the neighboring edges of a

vertex respectively. [60]

Note that we have 2L2 edges in an L × L lattice meaning that n = 2L2 and code

parameters [[n, k, d]] = [[2L2, 2, L]].

In toric codes, we have two type of generators called plaquette and vertex operators.

Plaquette operators are 4 Pauli-Z operators acting on the edges of a square and vertex

operators are 4 Pauli-X operators acting on the neighboring qubits of a vertex such

that

Av =
⊗
i∈v

Xi and Bp =
⊗
i∈p

Zi (2.190)

where v is the set of qubits neighboring the vertex and p is the set of qubits sur-

rounding the plaquette. Notice that this definition is the simplification of definitions

in equation 2.189. In general, we have a subspace of degenerate ground states con-
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structed with local Hamiltonians, and the Hamiltonian of toric codes is: [58]

HTC = −
∑
v

Av −
∑
p

Bp (2.191)

Toric checks commute with their own kind (plaquettes with other plaquettes and

vertices with other vertices) as well as neighboring plaquette and vertex operators.

Therefore all checks commute. One important property of this checks arise from the

fact that Pauli operators gives I once they applied twice resulting neighboring plaque-

tte operators provide a new operator where Pauli operators acted on the boundaries

while inner qubits remains invariant. This particular property enables us to construct

stabilizer loops or logical operators.

Figure 2.27: Generating Z-loops using plaquette operators [59]

Same is true for vertex operators but in the dual lattice which can be obtained by

moving the lattice to half cell right and half cell down (the dashed lattice in Fig.2.29).

Or we can think of it as changing vertex and plaquette operators while maintaining the

boundary conditions, lattice size and the places of qubits (with orthogonal orientation

to the places in primal lattice).

Note that there is L2 plaquette (vertex) operator in an L× L (dual) lattice and there-

fore we have set of L2 − 1 independent generators. Then we can find the number of

encoded qubits for such toric code by substracting the number of independent gener-

ators from the number of qubits as k = 2L2 − 2(L2 − 1) = 2.
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Figure 2.28: Logical operators [59]

The encoded logical operators are the loops around the torus. For example consider

a Z-string which is the logical Z operator and we apply a plaquette somewhere on

that loop. Resulting new generator is another loop with different path adjusted by the

plaquette we applied. The same is true for logical X and vertex operator. Notice that

since the code distance is minimum logical operator weight, and logical operator is

a loop on the torus, then for an L × L toric code, distance is L. Also note that

we can detect string of errors in this code. To illustrate consider a Z-error string (in

Fig.2.29). We can detect that error by applying vertex operators at its ends giving

us −1 eigenvalue. Then we can correct the syndrome by applying necessary set of

plaquette operators.

We can generalize toric codes to D-dimensions following [81] in which Hastings
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Figure 2.29: Z-string error and vertex checks at the ends [59]

et.al. discussed (p,q) toric codes such that p+q=D. For example ordinary 2D toric

code is (1,1) while 4D toric code, qubits lie on the edges or the 1-cells while in 4D

toric code which is (2,2), we have qubits on faces or 2-cells. For positive scalar κA

and κB we have:

H = κAHA + κBHB (2.192)

where

HA = −
∑

{(p−1)−cells}

∏
(p−1)−cell ∋ ∂i)

Xi and HB = −
∑

{(p+1)−cells}

∏
i∈∂((p+1)−cell)

Zi

(2.193)

2.3.2.2.0.1 Anyonic Model

We can model toric codes using 4 quasi-particles called anyonic model.[82] Those

particles are

1. vacuum particle "1"

meaning that there are no excitations in the lattice

2. electric charge "e" such that

|ϕ⟩ = E |ψ⟩ at vertex: Av |ϕ⟩ = − |ϕ⟩ (2.194)

3. magnetic charge "m" such that

Bp |ϕ⟩ = − |ϕ⟩ (2.195)
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4. dion "ϵ"

combination of electric and magnetic charges

In anyonic systems, combinations of particles are regulated by fusion rules. For par-

ticles a and b we denote fusion by a× b and fusion rules are:

a× 1 = a

e×m = ϵ

a× a = 1

∀a ∈{1, e,m, ϵ}

(2.196)

We call anyon models obeying fusion rule Abelian and those models that don’t obey

called non-Abelian. Note that anyons are created in pairs at the ends of the string-like

operators. Unlike anyons in Quantum Field Theory which require particle-antiparticle

pairs to create vacuum, in toric code anyons can create it using same kinds. String-

like and logical operators can be considered as the trajectories of anyons and pair

production respectively. According to fusion rule, an anyon moves on a non-trivial

path which is wrapped around the torus to annihilate at the point where it started. In

fig.2.30(a) we see two anyons. Note that changing genus number changes degeneracy

to 22g allowing 2g qubits to be encoded. In fig.2.30(b) we see an error which is two

anyons created with a system which needs no energy.

Figure 2.30: Anyons on a torus [82]

2.3.2.3 Hyperbolic Surface Codes

We begin our discussion of hyperbolic surface codes by the bound given by [65] for

2D Euclidean surface codes:

kd2 ≤ cn (2.197)
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where c is some constant. Due to this inequality, we see that both encoding rate

(ηR = k/n) and distance are bounded such as:

ηR ≤
c

d2

d2 ≤ cn

k

(2.198)

Note that this bound is not applicable for surfaces with negative curvature. For closed

2D surface codes and color codes, [67] showed the following inequality:

kd2 ≤ cn(log k)2 (2.199)

where the row weight of the PCM decides the constant c. So, we see that the distance

of color and LDPC surface codes can be logarithmic. However, [68] code having a

minimum distance growing with O(
√
n) and [69] code family have minimum dis-

tance of Ω(
√
n
√

log(n)) which will be discussed later. And note that in this section,

we follow [66].

Following the tradeoff in [67], we can encode more logical qubits using hyperbolic

surface codes that is tilings of some 2D surface which gives us qubits with checks hav-

ing O(1) distance from eachother. Note that this structure is not isometric (distances

are not preserved). Poincaré disc model is the best way of visualizing this structure

which is the projection onto a unit disc (radius with 1). As an example, in fig.2.31

we see a {5, 4}-tiling of some hyperbolic plane in which 4 pentagons meet at each

vertex. Here, we lost all distance and area information (meaning it is non-isometric)

but all information of angles are preserved (it is conformal). All lines become arcs

such that arcs intersects with eachother and boundaries with π/2 angle. Notice that

the distances seem smaller as we go to the boundaries in some fractalic manner, yet

all distances and areas of pentagons are the same.

Note that we need H2 to be isometric and have genus g > 1 so that we can encode

several qubits. Moreover we can decompose our tiles since tiling is associated to a

group whose elements are elementary triangular tiles. So, we decide k by choosing a

normal subgroup from the tiling group.
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Figure 2.31: Poincaré disc of hyperbolic plane H2 with {5,4}-tiling [66]

Now we introduce Schläfli symbol {p, q} which shows the structure of the tiling such

that q p-gons meet at each vertex. Notice that here, we have p Z-stabilizer weight and

q X-stabilizer weight.

Consider Pauli subgroup N(S) (where N is the normalizer) in which type-X and

Z elements have injection relation with cycles and cocycles. Non-boundary cycle

operators act non-trivially while stabilizers act trivially on logical qubits. Due to

δi = ∂Ti+1, we have dimH1 couples of non-(co)boundary (co)cycles. Such couples

have odd overlap and other couples have even overlap. Those nontrivial loop couples

are logical-X and Zs. We can also introduce another measure (which is equivalent to

distance), combinatorial systole (csys) which is the smallest length of the nontrivial

cycle for a given tile.

Or we can simply calculate n and k by using the number of edges and how many

restrictions are imposed by stabilizers as:
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n = dimC1

&

k = n− dimB1 − dimB1

= dimC1 − dimZ⊥
1 − dimB1

= dimC1 − (dimC1 − dimZ1)− dimB1

= dimH1

(2.200)

Chains Ex and Ez ∈ C1 are associated with the Pauli errors and the support of a chain

indicates the location of error. Now considerEz. Since it is detected viaX-stabilizers

and those are located on vertices, we can say that this syndrome is supp(∂Ez). Or

similar arguments can be carried for Ex which gives us δEx as syndrome.

Let Pz be some Pauli operator of Z-type. Then when we apply Pz (with supp(Pz) ∈
C1 whose boundary and syndrome matches), and turned back into code state. At this

point, we look at the chain sumEz+supp(Pz) and check if it is in the boundary space

B1. Then applying a stabilizer solves our problem and logical qubits are unaffected.

However if there is some non-trivial loop in Ez + supp(Pz), then there is a damage

on the encoded information. Correction of Ex is done in the similar way with dual.

When there is an error, we have to pick and connect couples to minimize the possibil-

ity of logical operator occurring. Problem depends on how we describe the error and

we expect errors with high weight have low probability of occurrence. Suppose chain

supp(Pz) has the minimum weight and there is no inconsistency between the chain

and the syndrome. Then this problem is minimum weight matching (MWM) and we

can solve this using blossom algorithm.

One thing to note here is that Sz and B1, Sx and B1, N(Sx)z and Z1, N(Sz)x and Z1,

n and dim(C1), k and dim(H1), d and min(csys, csys∗) are corresponding to each

other from stabilizer codes and homology respectively.
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Figure 2.32: Ez error chain with vertex boundaries [66]

2.3.2.3.1 Tilings of Closed Surfaces

To describe surface tiles, in this topic we follow [66].

2.3.2.3.1.1 Euclidean Tilings

Let denote 2D Euclidean plane with E2. Under composition, mapping set from E2

onto itself which has a property of preserving distances forms "group of isometries"

Isom(E2) with elements of either rotations, glide reflections (combination of reflec-

tions and translations) or translations.

LetG ≤ Isom(E2), then for P ∈ E2 where P is a point, all the points that are mapped

from P by the elements ofG forms a set called the orbit of P underG. As an example

consider integer number group translated to the left. Then orbit of P = (x, y) ∈ E2

is {(x− a, y)|a ∈ Z}.
A part of the plane containing at most one representative from each G-orbit within is

called a fundamental domain of a group G, let’s denote it with F.

Let an action g ∈ G is applied to the points on the Euclidean plane. Then this ac-

tion also effects F of G which denoted by F ∗ g. We call e ∈ G ∋ F ∗ e = F as

identity element with suitable action for group multiplication. Also latter means that

F ∗ (gh) = (F ∗ g) ∗ h.

Then define tilings (or faces) as set of finite plane parts covering Euclidean plane

with non-overlapping or overlapping at the boundaries. Orbit of F produces tiling
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naturally.

Tiling that the tiles are regular polygons (with edge-to-edge placing) is called regular

tilings which are labelled with {p, q} (Scläfli symbol) where p is the number of sides

of the polygons and at each vertex q number of polygons meet. Note that the dual of

{p, q}-tiling is {q, p} and it is well defined.

Now introduce Wythoff’s kaleidoscopic construction in which a regular tiling {p, q}
is related to a group of isometries G = Gp,q. In a regular p-gon, symmetry axes

causes 2p symmetries by reflection and split the p-gon into 2p triangles with internal

angles π/2, π/q and π/p.

Figure 2.33: Rotation on a face [66]

Now consider fig.2.33 where reflections on a, b and c edges generate Gp,q such that

a = c sin(π/p) and b = c sin(π/q) and applying reflection twice gives identity (a2 =

b2 = c2 = e). Also for two reflections applied sequentially due to two lines with π/k

angle between them (k ∈ Z+) is the same as applying 2π/k rotation around the point

where those two lines intersects, resulting that k rotations is identity. Following is

called the presentation of Gp,q:

Gp,q =
〈
a, b, c

∣∣a2 = b2 = (ab)2 = (bc)p = (ca)q = e
〉

(2.201)

To think of this group, we may consider all possible codewords containing {a, b, c,
a−1, b−1, c−1. We can think group multiplication as concatenation of codewords while

"subword" is the word such that group multiplication with the word gives identity

(g−1g = e).
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Figure 2.34: Rotation on a lattice [66]

In order to get a subgroup of Gp,q spanned by elements preserving orientation, we use

double reflections such that ρ = bc and σ = ca giving us G+
p,q that is:

G+
p,q =

〈
ρ, σ
∣∣ρp = σq = (ρσ)2 = e

〉
(2.202)

where ρ is 2π/p rotation on a face and σ is 2π/q rotation on a lattice CW. Note that

we can cover whole map using a triangle and its b-reflection as G+
p,q fundamental do-

main since triangle generated by G+
p,q-orbit covers only half of the plane. If we let

the fundamental domain of G+
p,q be as a triangle, say F0, all other triangles can be

considered as the projections of F0 onto G+
p,q. In other words, for g ∈ G+

p,q, F = g ∗ F0
where F is some triangle.

For a cyclic subgroup of G+
p,q (i.e. ⟨ρσ⟩ = ⟨e, ρσ, (ρσ)2, · · · , (ρσ)p−1⟩), edges of p-

gons generated by {p, q}-tiling and triangles generated by ρσ are 1-to-1 (i.e. g ⟨ρσ⟩ =
⟨g, gρσ, g(ρσ)2, · · · , g(ρσ)p−1⟩) meaning that those triangles are the left cosets of

⟨ρσ⟩. Same relation also available for ⟨ρ⟩ and ⟨σ⟩ for faces and vertices respectively.

Note that the lattice topology is encoded in G+
p,q.

2.3.2.3.1.2 Quotient Surfaces

Let G ≤ Isom(E2), then E2/G defines a new space giving a set {P ∗g|g ∈ G} ∀P ∈
E2. Assume that ∃ε > 0 ∋ ∀P ∈ E2, then discs with radius ε (called injectivity radius

Rinj) in the neighborhood of all P in orbit P ∗ G have no overlaps making g ∈ G
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discontinuous. And if g doesn’t contain fixed points, it is fixed-point free. Therefore

we don’t have degeneracy and there is F of G nearby all P ∈ E2. Then we say E2

covers E2/G and G is covering group. Note that the geometry within the disc with

radius Rinj is the same as the geometry of E2 and loops in E2 provides boundary for

the faces they are located around. And assuming that all edges have unit length, Rinj

gives us a lower bound on distance d.

If G ≤ G+
p,q, then we have a regular tiling.

If E2/G is isotropic, i-cells of tiling on E2/G are labelled by f ∈ G+
p,q similarly.

And if fgf−1 ∈ G ∀f ∈ G+
p,q, G is called normal subgroup of G+

p,q in which action

elements don’t change the labels.

If G ≤ G+
p,q (or G doesn’t have glide-reflections), then E2/G is orientable.

We can label vertices in E2/G tilings with set in the form f ⟨σ⟩G = {fσng|n ∈
{1, · · · , p}, g ∈ G} where f ∈ G+

p,q, similar approach for edges with ⟨ρσ⟩G cosets

and faces with ⟨ρ⟩G cosets is also applicable. Note that if cosets ⟨ρ⟩G, ⟨σ⟩G and

⟨ρσ⟩G share an element, i-cells of E2/G is incident.

In a group, coset number of a subgroup is called index of the subgroup and E2/G has

a finite area if index of G ∈ G+
p,q is given finite.

So, to find orientable, closed, Euclidean surfaces, we look for the finite index and

normal subgroup of G+
p,q with no fixed points.

Low-Index Subgroup Algorithm Now following the relation constructed above,

we look how we can find normal subgroups of G. For given G+
p,q, [73] shows an al-

gorithm to find all normal subgroups G and for this method, we follow this paper.

To begin with let G+
p,q = ⟨Ξ,R⟩ where for finite set Ξ be the set of generators and

R be the set of relators. Using algorithm offered in [74] for every conjugacy class in

subgroups of G+
p,q we find a representative. Note that this doesn’t go forever, instead

we keep our search up to a chosen index number, call J . What algorithm does is

basically searching through a Cayley tree backwards in which nodes correspond to

the index number of subgroups of G. Each such generator is named after the level

of the search, k-generator in level k. At each level we use coset enumeration for
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finding necessary amount of right cosets of subgroup G of that level and generate a

coset table for G. In that table, rows represents the cosets while columns represents

the generators of Ξ and their inverses. When all entries in the coset table have defi-

nitions which satisfy the relators and generators, coset table is closed. Encountering

with same coset with different indices is called coincidence, and in such situation, we

replace the bigger number with the smaller one.

Since our search goes by row-by-row, left to the right in each row, new coset defini-

tions are in normal order. So, if we see coset i in column ci and the first entry of row

ri, and if j > i > 1, then rj > ri or rj = ri ∧ cj > ci is true.

For a stage in which the number of right cosets of that subgroup is bigger than J , then

there exists at least one coincidence. So, we create new branches connecting to new

nodes when beginning to the search of next level. To do that we have to identify the

pair of cosets by forcing Ggi = Ggj which is the same as adding gig−1
j to a set for

G containing generators. We denote those branches with i = j and order them in the

manner of increasing j’s.

Since we don’t want to generate same group again, we also check for the position of

the node in the tree. For a node, if there still exists possible forced coincidences: then

we create new branches.

We take generators as output and new subgroup is found when the coset-table be-

comes closed while we do coset enumeration at a node. If we transversed the entire

tree, than algorithm halts.

n k d csys csys* translations

60 8 4 6 4 ((σρ−1)2ρ−1)2

160 18 6 8 6 σρ2(σρ−1)2ρ−1σ−2ρ−2σρ−1

360 38 8 8 8 (σρ2σ)2(ρ−1σ−2ρ−1)2

1800 182 10 10 10 (σρ−1)10, σρ2σ2ρ−1σ(ρ2σ−1)2(ρσ−1)2σ−1ρ−2σρ−1

1920 194 10 12 10 σρ2σ2ρ(ρσ−1)4ρ−1(ρ−1σ)3ρ−1

Table 2.5: {5,4}-tiling compactification examples [66]

In the above table, we see possible translations allows us to compactify the lattice
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and its dual. Note that once we translate a lattice and it becomes compact by one

translation, combinatorial systole is the same as the length of that translation.

2.3.2.3.1.3 Surfaces with Curvature

Curvature of an arc with radius R is 1/R while curvature of a surface at a point P

can be found via two normal planes generating maximum and minimum radii R1 and

R2 respectively. Here we define curvature K which is the Gaussian curvature which

is measured for following surfaces as:

• sphere: K = 1/R2

two arcs show the same direction

• saddle: K < 0

two arcs show different directions (with different signs)

• Euclidean surface: K = 0

Note that (since we’re dealing with triangles) internal angles of triangle adds up to:

(Σ∆: sum of internal angles of triangle)

• Σ∆ > π for sphere

• Σ∆ = π for Euclidean plane

• Σ∆ < π for surface with K < 0

For a unit sphere S2, we can divide a regular p-gon into 2p triangles and regular {p, q}-
tiling gives internal angles of π/2, π/p π/q. To have Σ∆ > π, 1/p + 1/q > 1/2

must be satisfied leaving us with the possible tilings {3, 3}, {3, 4}, {3, 5}, {4, 3},
and {5, 3} which corresponds to the Platonic perfect solids.

For an Euclidean surface, {p, q}-tiling causes Σ∆ = π condition to become 1/p +

1/q = 1/2 leaving us with {3, 6}, {4, 4}, and {6, 3} tiles as regular.

For a surface with K < 0, Σ∆ < 0 dictates us 1/p + 1/q < 1/2 and this condition

is satisfied for infinite number of p and q values. Note that we call a surface with
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Figure 2.35: Poincaré disc of the {7, 3}-tiling of H2. Note that blacks and whites

stands for the fundamental domains such that same colors correspond to the same

element of G+
7,3 [66]

negative constant curvature K = −1 as hyperbolic plane H2.

Since sphere has only contractible loops, quotient surface it can produce is projective

plane and it is not orientable. We generate it in such a way that a reflection due to a

plane intersection with the sphere is taken out. [62]

We can use two non-colinear translations to generate closed quotient surface in Eu-

clidean surface since all translations commute following K = 0. Surface E2/G is

torus for covering group G with only translations while if G has glide-reflections as

well, surface E2/G turns into a Klein bottle.

Killing-Hopf theorem allows us to express any closed surface with constant curvature

as S2/G, E2/G or H2/G.

2.3.2.3.2 Hyperbolic Surface Having Open Boundaries

We can try to construct hyperbolic surface codes with open boundaries and since they
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are associated with some planar graph, they might be better than the hyperbolic codes

once they have better distance and encoding rate. In [66] it is shown that such code

can be achieved by two ways. We pick one of them and give an example to it.

Figure 2.36: An octogon encoding 3 qubits with smooth and rough boundaries in an

alternating manner. [66]

To begin with, let’s consider a tiled torus having multiple genera. Then we cut this

to create a surface as in the fig.2.36. Note that in that figure, boundary edges with

fringes represents the rough boundaries while others represents the smooth bound-

aries which we can use to encode many qubits using that kind of surface if the lengths

of the boundaries are sufficiently large. The surface boundary is divided into 2k parts

and the encoding provides logical qubit number of k − 1. In such structure, logical

operators X and Z runs from one smooth boundary to another and one rough bound-

ary to another respectively.

One upside of this code class once the qubits are represented on E2 is that the qubits

can get closer or distant.

In [66] a bound for homological surface code family is given if they have boundaries

as:

kd ≤ cn (2.203)

where c is some constant. Notice that following this bound, distance of log(n) and

encoding rate ηR which is constant are forbidden.
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2.3.2.3.3 Example: A Small Planar Code

To generate a planar graph, we apply a partial regular tiling on hyperbolic plane. And

to encode logical qubits, we modify the boundary. Before starting, we define single p-

gon as level-1 p-gon and for each reflection, call it level-2, level-3 etc. As an example,

consider {5, 5}-tiling:

i) Starting from a single level-1 p-gon, we reflect it to create level-2 p-gons. Re-

flecting those level-2 p-gons we get level-3 and so on. We do this for m times to

get faces from level-1 to level-m and what we end up with is G = (V,E) planar

graph. Here, each face is Z-check (or plaquette operator) and each vertex is X∗-

check. Note that Z-checks act on boundary qubits on that face while X∗-checks

acts on qubits next to the vertex. In the inner region, weight of X-checks is say,

q. On the boundaries, for odd q, weight ofX-checks is (q−1), for even q, weight

is either q or 2.

Notice that since there is no linear dependency between Z-checks and 1 between

X-checks, the number of linearly independent Z-andX-checks are F and V − 1

giving us E = V − 1 + F under condition χ = 1 (χ = V − E + F is the

Euler characteristic) where E = n. Therefore this graph G encodes no qubits.

To graph to encode qubits, we need to modify it. Note that this graph contains

only smooth boundaries in which X-error string begins. In this graph, errors

can be removed via X∗-checks, giving us no logical operators. In the case of

rough boundaries, Z-error string may begin. We can prevent checks from re-

moving strings by simply alternating between smooth and rough boundaries as

in fig.2.36

ii) In the next step, we want to create rough boundaries. To begin with, we need to

find the number of edges in which reflection process occur Ebound with |Ebound|.
To produce a code with qubits having equal distances, we divide Ebound into 2k

(where k > 2) portions of set giving us distinct smooth or rough boundaries with

subset size |Ebound|/2k.

In this code, logical-X , X i (i = 1, · · · , k − 1) is from ith to (i + 1)th smooth

boundaries (or smooth boundaries between ith and (i + 1)th rough boundaries)
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while Zi (i = 1, · · · , k − 1) is from ith and (i + 1)th rough boundaries. Note

that this code encodes k − 1 qubits. To exploit the space in which qubits are

distributed with best possible way, we choose k in a way that shortest path going

through the bulk and along perimeter are nearly the same.

In an edge region Eregion
bound ⊆ Ebound we create rought boundary with 3 steps.

Firstly, we remove all weight-2 X-checks (in fact we can remove more than

weight-2 but that causes a smaller lattice) having 2 edges surrounded by Eregion
bound .

Note that we also remove an X-check with one edge in Eregion
bound . Second, we

look for qubits with only one plaquette is acting on and remove them thus having

modified plaquettes at the boundary (weight-3 in toric code). By erasing an

X-check we allowed a Z-string to run from that edge where we removed the

X-check. Note that such string must only run in between rough boundaries.

Also note that due to the facts that we removed an X-check and ZZ-checks with

weight-2 commute with checks we have, we add a ZZ-check having weight-2 to

stabilizer.

Another way of generating a graph that encodes k − 1 logical qubits is that starting

from some graph G that encodes no qubits, instead of reflection, rotation is used to

generate next level p-gons. Rotating a p-gon by 2π/q about its vertices is the method

here. In this method, we remove X-checks in the place where rough boundaries are

created. So we don’t need to introduce ZZ-checks having weight 2. Then we remove

the qubits on which only one plaquette acts.

2.3.2.3.4 Properties of Hyperbolic Codes

Theorem 2.3.2 Gauss-Bonnet Theorem:

∫
M
K dA = 2π(2− 2g) (2.204)

where K is the Gaussian curvature, M is a orientable closed surface and g is the

genus of that surface.
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Since here we are dealing with the hyperbolic surfaces, Gauss-Bonnet theorem for

K = −1 yields:

g =
area(M)

4π
+ 1

area(M) = 4π(g − 1)

(2.205)

Then, are of regular hyperbolic p-gon Γ is: [70]

area(Γ) = (p− 2)π −
p∑

j=1

θj (2.206)

where θj are the internal angles of Γ. For {p, q}-tiles ofM, θi = 2π/q resulting:

area(M) = πF (π − 2p

q
− 2) (2.207)

where F is the number of faces in {p, q}-tiling ofM. Then by equation 2.206 and

equation 2.207, for [[n, k, d]] code generated by {p, q}-tiling of surfaceM we have:

ηR ≡
k

n
= 1 +

2

n
− 2

p
− 2

q
(2.208)

where ηR is the coding rate or yield. Notice that the coding rate gets bigger for higher

p and q values. Smallest possible tiling of p+ q is {4, 5}-tiling and its dual is {5, 4}-
tiling.

For smallest number of vertices, define an upper bound C̃(p, q) on a regular hyper-

bolic map. Then for H2/G of tiling {p, q} such that its combinatorial systole is bigger

than r ∈ N and number of edges E ≤ q
2
C̃r we have: [71]

C̃ ≤ 1

2
(5pq)16pq (2.209)

which provides a lower bound for distance with a logarithmically growing function

C̃(p, q).

For upper bound we have: [72]

d ≤ p

2
log√pq(2E) (2.210)

In order to compute the distance of a given hyperbolic code, we can use the following

algorithm:
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i) Using Gaussian elemination, compute basis of Z1 = ker(δ1) where δ1 is the

coboundary operator, in O(E3) steps

ii) Take two copies of the lattice L and L′

iii) Define new lattice Λ for all elements t in basis of Z1

• If ϵ = (u, v) and ϵ′ = (u′, v′) are in the support of t, we remove them from

L and L′ where ϵ and ϵ′ are the edges in L and L′ respectively.

• Add new edges from u to v′ and v to u′

iv) Compute the distance between v and v′ in Λ (i.e. using Dijkstra’s algorithm in

O(E log(E)) steps)

v) Determine systole via looping base points v and k elements of cocycle basis t

over in O(E3 + E2k log(E)) steps

For cosystole, we can do the same procedure in dual lattice.

2.3.2.4 Freedman-Meyer-Luo Codes

Once record holder quantum code family until 2020, having [[n, 2,Ω(
√
n(log(n))1/4)]]

code parameters. [64] To illustrate, let’s consider an example:

We take a Carthesian product within [0, 1] on a closed hyperbolic surface Σg where g

is the genus. We call smallest non-contractable loop on Σg as 1−systole (sys1(Σg)).

Two ends of Σg× [0, 1] are identified using
√
sys1(Σg) length twist (concept of twist

is described in Fiber Bundle Codes). Then 1 − systole of generated 3D manifold is√
sys1(Σg). We remove non-contractible loops with sys1(Σg) length due to Σg, re-

sulting 3-manifold Σg× [0, 1]. Note that the volume of this 3-manifold Σg× [0, 1] and

the hyperbolic surface area Σg is proportional due to the fact that the interval we’ve

chosen is in unit length. Then the area using Gauss-Bonnet-Chern theorem: [75]

area(Σg) = 2πχ(Σg) = Θ(g) (2.211)

So, we construct a 4D manifold via a loop S1 ∋ |S1| = g√
log(g)

and Σg × [0, 1]

Carthesian producted resulting a 4-manifold with volume:

vol4((Σg × [0, 1])× S1) =
g2

log(g)
(2.212)
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After uniformly tesselating the manifold, we have a homological quantum code such

that we consider 1,2,3-cells as X-checks, qubits and Z-checks respectively and non-

contractible surfaces within the manifold as logical operators. Area of non-contractible

surfaces are 2-systoles with size sys2((Σg× [0, 1])×S1) = Θ(g) causing a bound on

distance.

Figure 2.37: Freedman-Meyer-Luo code construction [64]

The geodesic we see (blue line) in fig.2.37 has length Θ(log(g)) and the points on the

surface are moved Θ(
√

log(g)) along geodesic. Here black dot is the position of a

point moving along geodesic due to Σg× [0, 1] product. At the end of that product, we

see beginning and end of the interval which have been identified resulting in twisted

Σg × S1.

2.3.2.5 Surface Analysis

So far, in surface codes, we looked at how to construct a surface but one may ask for

its implementation. In this section, we study how we can implement a surface design

as a quantum circuit, how to read errors on it and how to make simulations of QECCs.

Figure 2.38: Surface indicating X and Z-checks, data qubits and ancillas [76]
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Consider fig.2.38 in which we see X-checks and Z-checks. Note that circles are

qubits such that (•) are ancillary qubits and (◦) are data qubits. In a tiling surface for

example, when we say "edges corresponds to qubits", we mean data qubits and ancil-

las are on the vertices. Moving into dual construction turns data qubits into ancillas

and vice versa. When checks observes an error on a data qubit, we see that in an

ancilla. Observing two syndromes in the neighboring ancillas of a data qubit shows

us that there is an error occured on that data qubit. On the other hand, if we observe

an error on an ancilla alone in a cycle while not observing it in the next or vice versa

and so on means that there is an error on that ancilla. In other words, we observe data

qubit errors in space while ancilla errors in time. [76]

Figure 2.39: (a) syndrome measurement, (b) and (c) possible errors causing (a) [76]

In fig.2.39(a), we see a syndrome measurement while (b) and (c) are the possible error

configurations. When we observe a syndrome on two ancillary qubits, this means that

there is an error string in between them. And if we have error probability p, we can

calculate the probability of (b) occuring as p2 while (c) as p3. Since p < 1, we can

argue that configuration in (b) is most likely. Of course (b) causing the error is most

likely but there still a chance that (c) caused it and when we choose (b) to correct the

error, we make a misidentification. This misidentification happens with probability

pde where de is the error dimension and it is

de =

(d+ 1)/2, for odd d

d/2, for even d
(2.213)

Before we look how QEC simulations are done, we should look at how to convert a

tiled surface into a quantum circuit. In fig.2.40, we see a Z-check in upper side with

a,b,c and d data qubits and ancilla in the middle. What we do is basically applying

a CNOT gate from data qubits targetted to the ancilla to observe bit-flips. Notice
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Figure 2.40: circuit implementation of X- and Z-checks [76]

that we have I in 1st and 8th steps which means doing nothing or waiting, this is for

synchronizing the Z-checks to the X-checks. Same process is done in the X-check

but with H gates applied in order to change the basis from computational basis to

Hadamard basis, so we observe phase-flip errors. Note that CNOT gates look like

controlling the ancilla while targeting to the data qubits, but in Hadamard basis, in-

formation is run from target to the control.

Figure 2.41: Graph of a simulation of a surface code [76]

Now to make simulation, assume that there is a probability of error p at each step of

the circuits in fig.2.40. Probability of a logical error is then:

PL =
d!d

(d− 1)!de!
pdee (2.214)

where pe is the probability of error for each cycle, i.e. in fig.2.40 we have pe =

8p. Then, for different distances, we repeat the simulation and we find threshold

probability pth from the intersection of the lines (see the graph in fig.2.41. Note that

for p < pth, PL ∼ pde .
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CHAPTER 3

QUANTUM MEMORY CODES

3.1 Introduction

In this chapter, we look at the QECCs that might serve as quantum memories which

we call self-correcting quantum memory (SCQM). To say "memory", the quantum in-

formation is stored on the system for long time without need of extra effort. For this

reason usually quantum states are protected via macroscopic energy gaps between the

ground and excited states. Other mechanisms are possible as well, like entropic pro-

tection that we will discuss later in this chapter. Although no QECC for establishing a

quantum memory demonstrated so far, but there are some candidates that might work

with further research, which we will mention some of them. When we say quantum

memory, it is required that the protection has to be passive, without the necessity of

active QEC protecting the information; however we can still use active QEC during

readout.

3.1.1 Caltech Rules for SCQM

There are some necessary conditions that a quantum memory has to satisfy. To un-

derstand it, suppose a model of self-correcting quantum memory in dimension of D.

This model has to satisfy the followings: [92]

i) Spins in the system have to be finite dimensional with embedding in RD having

density which is also finite.

ii) Suppose a Hamiltonian describing finite number of interactions between parti-

cles with limited interaction range and strength. The system should evolve with
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such Hamiltonian.

iii) Model has to have nontrivial codespace, that is its ground state space which is

degenerate should encode one or more qubits.

iv) In thermodynamic limit, logical states should be rebust against the small changes

in the system, called perturbative stability.

v) Decoding algorithm should be able to decode the encoded qubits in polynomial

time.

vi) When the system-reservoir interaction in finite temperature with weak-coupling

Markovian limit, encoded qubits should have lifetime growing exponentially as

the spin number in the system increases.

Note that a Hamiltonian having a gap is not necessary condition though many self-

correcting models require this.

3.1.2 Model for Finite Temperature

We make assumptions to investigate the change of quantum memory in thermal envi-

ronment. First, assume that the reservoir is Markovian and the interaction between the

environment and the memory is weak. Therefore once an information on the memory

moved to the reservoir, it is lost. Moreover assume that the actions of reservoir on

the memory components is local. So, qubit-reservoir couplings are independent from

each other. [82]

We can study how quantum memory evolves by looking into the quantum memory

and the reservoir it is coupled to, but for practical purposes we can just consider how

memory is evolved. To be able to do that, memory has to evolve into its Gibbs state

which is:[82]

ρβ =
∑
j

e−βεj

Z
|ej⟩⟨ej| ∋ Z =

∑
j

⟨ej|e−βH |ej⟩ (3.1)
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where εj are the energy eigenvalues, Z is canonical partition function and β =

1/T . Note that |ej⟩ form an orthonormal basis set for Hamiltonian of memory.

Now let’s think of some E event happening during some thermal evolution such that

⟨ef |E |ei⟩ = 1 where |ei⟩ and |ef⟩ are the eigenstates of memory with subscripts

standing for initial and final states with energy difference in between:[82]

ωE = (εf − εi) (3.2)

So, for an event E during thermal evolution, frequency dependent rate equation is:[82]

γ(ωE ) =
ωE

1− e−βωE
(3.3)

When we look at the above equation, we realize that increasing the energy of the

system is suppressed exponentially. If equation 3.3 satisfies the detailed balance

condition:[83]

γ(ωE ) = eβωE γ(−ωE ) ∀E (3.4)

then the system evolves into Gibbs state. Notice that equation 3.3 satisfies detailed

balance condition. In the meantime, we find master equation by taking both memory

and the Hamiltonian that evolves the system into account. This Hamiltonian acts on

the reservoir such that: [82]

H = HM ⊗ IR + IM ⊗HR +
∑
j

Wj ⊗ fj (3.5)

where subscripts M and R indicates the memory and reservoir. In
∑

j Wj ⊗ fj term

which describes the memory-reservoir interaction, Wj and fj act on memory and

reservoir respectively while both of them are Hermitian. The master equation is:[82]

dρ

dt
= i[HM , ρ] + L(ρ) (3.6)

where Liouvillian L is the description of memory-reservoir interaction so that[82]

L(ρ) =
∑
j,ω≥0

Ljω(ρ) (3.7)

such that

Ljω(ρ) = ĝj(ω)
(
V †
j [ρ, Vj] + [V †

j , ρ]Vj + e−βω(Vj[ρ, V
†
j ] + [Vj, ρ]V

†
j )
)

(3.8)
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where ˆgj(ω) is the reservoir power spectrum and Fourier transforming Vj = Vj(ω)

gives Wj such that U(t)WjU
†(t) =

∑
ω Vj(ω)e

−iωt for U(t) = e−iHM t. If we take

the interaction terms acting on memory Wj’s as one qubit Pauli matrices Xk and Zk,

then the density matrix is always diagonal on its own eigenbasis:[82]

ρ(t) =
∑
k

pk(t) |ek⟩⟨ek| (3.9)

Master equation can be rewritten in the following form:[82]

dpl
dt

=
∑
k ̸=l

(Γk→lpk − Γl→kpl) (3.10)

where Γk→l are transition rate from k state to l state.

Suppose that an error process E changes the system such that k eigenstate turns into

l eigenstate via energy ωE giving us transition rates:[82]

Γk→l = γ(ωE ) ∝
ĝ(|ωE |)
|1− e−βωE |

(3.11)

In order to achieve thermalization, we must have ergodicWj’s meaning that the reser-

voir can access and interact with all possible memory configurations. To satisfy er-

godicity, the only operator can commute with both the Hamiltonian and the all of the

interaction terms in the set {Wj} must be I. For instance if the Wj’s are one qubit

Pauli operators, then we achieved the ergodicity due to the fact that only operator to

commute with all of the set members is I even though H commutes with all.[82]

3.1.3 Coherence Time

To measure how well a quantum memory work, we can look at the amount of time in

which encoded quantum information is decodable with high probability when thermal

evolution is introduced and we call it coherence time τ . Coherence time is mostly

related to the inverse reservoir temperature β and system size. We can fix the rest

with equation 3.3.[82]

To illustrate how we will calculate τqmem, consider a toric code with 4 qubits with

Hamiltonian:[82]

HTC4 = −
∆

2
(Sx + Sz) (3.12)
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where

Sx =
4⊗

j=1

Xj & Sz =
4⊗

j=1

Zj (3.13)

are stabilizers. Note that we call this 4-qubit states as GHZ (Greenberg-Horne-

Zeilinger) states in which we have even number of qubits in state 1 and the logical

states are defined on two qubits on which one-qubit Pauli operators are acted one by

one.[82]

Suppose that X = X1X3, we know that X1 will be applied followed by X3. Since X1

anticommutes with Sz, due to equation 3.12 it causes ∆ energy cost and due to equa-

tion 3.3 it takes eβ∆ time. Then X2 is applied and its process is relaxation process

which is much faster, therefore we neglect it. What we have at the end is something

similar to Arrhenius’ law:[82]

τ ∼ eβε (3.14)

where ε is the energy creating the logical error which is equals to the gap ∆ for small

toric codes. Now, we want to have better coherence time than equation 3.14.[82]

3.1.4 Energy Barrier

One way to achieve passively protected QEC codes is to have macroscopic energy

barriers such that there should be huge necessity of energy to create an excitation in

the system. Consider logical ground state |ψ⟩ such that the system has Pauli Hamil-

tonian which commute and logical error X causing excited state X |ψ⟩ where X can

be described by:[82]

X =
M∏
i=1

Ui (3.15)

where Ui are caused by reservoir and applied sequentially to generate X . Denoting

the energy required for each component Ui of the logical error as εi, we can look for

the most energy intensive step maxi(εi) and try to minimize it by looking at every

possible sequence that creates X . Once we achieve this, we call the activation energy

that is the minimum of maximum energy barrier and denote εB ≡ minj(maxi(εi))

where j runs through all possible sequences to generate given logical error.[82]

As an example use toric code Hamiltonian (equation 2.191) in which logical error is

generated via two anyons moving on some non-contractible loop. We can create this
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by flips to some qubits on some non-contractible loop followed by completing the

loop by applying flip to those which we didn’t flip at first. The first way of creating

logical error requires energy only at the beginning by creation of anyons giving us

maxi(εi) = 2 while second way requires maxi(εi) = L since it completes a loop, so

minj(maxi(εi)) = 2 giving εB = 2. In quantum memories, εB grows with system

size and τqmem grows with Arrhenius’ law.[82]

3.1.5 Free Energy

Looking at energy barrier for τqmem is not always reasonable, so, instead we may look

at its entropic character. One way is to look at its free energy using which we analyse

how system evolves in temperatures that can’t be neglected.[82]

F = E − S

β
(3.16)

where O is the offset caused by entropy and a given event occurs with energy cost

F . Since free energy approach takes the effects caused by entropy, provides better

understanding on coherence time as:[82]

τ ∼ eβF (3.17)

3.1.6 Simulating Finite-Temperature Effects

In this subsection, we look at how we can make Monte Carlo simulations for given

finite-temperature model.[82]

Let |ψ(t)⟩ be an eigenstate of commuting Pauli Hamiltonian H . To model noise,

we take a noise as congruent events turning eigenstates of the Hamiltonian into each

other. Denoting an event with E , we try to get such events satisfying |ψ(t+ δt)⟩ =
E |ψ(t)⟩ for some δt. Note that usually ground state is taken as t = 0 case and the

simulation is carried out for a time duration tmax and E acts similar to Xi, Yi or Zi

since we’ve working with commuting Pauli Hamiltonian. Then due to equation 3.3

solved for H and |ψ(t)⟩ gives the probability distribution for event E :[82]

PE =
γ(ωE )∑
E γ(ωE )

(3.18)
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where the total rate runs over every possible E . The interval between each E is δt

and it is exponentially distributed random variable:[82]

δt = − ln(r)∑
E γ(ωE )

(3.19)

where random variable r ∈ (0, 1] is uniformly chosen, and let the total rate be R ≡∑
E γ(ωE ). So, after a time δt, event E is occurred and we have state |ψ(t+ δt)⟩ =

E |ψ(t)⟩. Whenever a step is calculated, we check total time ttot = t + δt < tmax. If

so, next step is calculated, if not simulation stops. Averaging over the data, we get τ .

We can define τ as the average of time it takes to decoder which we apply repeatedly

to fail once or the time that the success rate of decoder falls below some threshold

value.[82]

3.1.7 Thermodynamic Stability Criteria

In this section, following [96] we analyze SCQMs in thermodynamic limit. Results

Chesi,et.al. found are, for a quantum memory at nonzero temperature, some bound

on relaxation rate, and for stabilizer codes they showed that logical operators have

vanishing thermal expectation values.

3.1.7.1 Thermal Fragility

To consider a perturbation in Hamiltonian, let

Hη = H − η · P (3.20)

where P = (X,Y , Z) and η is the perturbation term. Note that η is a field of

symmetry-breaking and due to that logical operators have expectation value that is

finite.

Assume that η = ηẑ and denote degenerate eigenkets of Hamiltonian having en-

ergy Ez and Z eigenvalue λ = ±1 as |ζ, λ⟩. Notice that H |ζ, λ⟩ = Eζ |ζ, λ⟩ and

Z |ζ, λ⟩ = λ |ζ, λ⟩. Then the canonical partition function is Zη = Tr
(
e−βHη

)
and

setting temperature T ≡ 1/β yields: [96]
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Zη =
∑
ζ,λ

e−βEζ ⟨ζ, λ|eβηZ |ζ, λ⟩ (3.21)

since
∑

ζ ⟨ζ, λ|eβηZ |ζ, λ⟩ = 2 cosh(βη) we have:

Zη = Tr
(
e−βH

)
cosh(βη) (3.22)

In [97] we see that
〈
Z
〉
η

don’t depend on H and gives only energy level degeneracy.

〈
Z
〉
η
=

∑
ζ,λ e

−βEζ ⟨ζ, λ|ZeβηZ |ζ, λ⟩∑
ζ,λ e

−βEζ ⟨ζ, λ|eβηZ |ζ, λ⟩
= tanh(βη) (3.23)

Since equation 3.23 is independent of H and tends to go zero for small η, the average

tends to go zero in the thermodynamic limit. For system with physical qubit number

n:

lim
η→0

lim
n→∞

〈
Z
〉
η
= 0 (3.24)

So, the expectation value of the logical operator of thermal state (that is e−βHη ) is not

nonzero since field of symmetry-breaking is not sufficiently strong. Using the proof

of equation 3.24 we see that the argument is valid for stabilizer codes so that in the

presence of vanishing symmetry-breaking field η and finite temperature, all logical

operators have vanishing thermal expectation value. [96]

3.1.7.2 Error Corrected Logical Operators

Now, following suitable choice of symmetry-breaking field, we try to focus the weight

of e−βHη around
∣∣0〉. Consider

∣∣0〉 ∋ Z ∣∣0〉 =
∣∣0〉 and E

∣∣0〉 ∋ {E,Z} = 0 where

E
∣∣0〉 is a state with single-qubit error. Note that in the low temperature, probability

of observing E
∣∣0〉 state is low, but this changes as we reach the thermodynamic

limit, therefore it is better to consider error-corrected logical operators (ECLOs) (or

named as in [85] dressed quantum operators) instead of
〈
Z
〉

as discussed in [85].

Let’s define a trace-preserving completely positive (TPCP) transformation that makes

error-correction for operator in Hilbert space: [96]

ΦEC(O) =
∑
ζ

ΠζCr
†(ζ)OCr(ζ)Πζ (3.25)
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where Cr(s) is the operator correcting Pauli operators with syndrome ζ , O is the

operator and Πζ is the projection operator onto codespace such that Πζ = EΠ0E
†.

So, ECLOs are:[96]

X
EC

= ΦEC(X) & Z
EC

= ΦEC(Z) (3.26)

Note that X
EC

and Z
EC

don’t need to be Pauli operators but they satisfy X
EC2

=

Z
EC2

= I and X
EC
Z

EC
= Z

EC
X

EC
. For eigenvalues λz(ζ), λx(ζ) ∈ {−1,+1}

such that Cr†(ζ)XCr(ζ) = λx(ζ)X and Cr†(ζ)ZCr(ζ) = λz(ζ)Z we have:

X
EC

= X
∑
ζ

λx(ζ)Πζ and Z
EC

= Z
∑
ζ

λz(ζ)Πζ (3.27)

Note that ECLOs commute with all generators in the stabilizer group and the afore-

mentioned discussions show us that expectation values of ECLOs dissappear when

there is symmetry-breaking field:[96]

lim
η→0

lim
n→∞

〈
Z

EC
〉
η
= 0 (3.28)

As an example consider 2D Ising model with spontaneous symmetry-breaking:

Hb = −J
∑
⟨i,j⟩

ZiZj − b
∑
i∈Λ

Zi (3.29)

where the sum ⟨i, j⟩ is over pair of nearest neighbour sites, b is external magnetic

field and on full lattice Λ i and j labels faces. Then at low temperatures we have:[96]

lim
b→0

lim
n→∞

⟨Zj⟩b ̸= 0 ∀j lattice sites (3.30)

Note that it is better to choose a perturbation with extensive symmetry-breaking since

while η symmetry-breaking field can act on a single site on the lattice, b symmetry-

breaking field can act on all sites. As a result, summation of different versions of

logical operators as symmetry-breaking field is better choice. We can get extensive

operator by multiplying X with stabilizer code elements.[96]

3.1.7.3 Relaxation Rate in Quantum Memory Hamiltonians

Let the quantum memory system Hamiltonian H and the algebra A defines the oper-

ators which act on H . [96]
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Definition 3.1.1 Suppose there exists some projection operator Π onto a subspace of

H and operator O ∈ A ∋ [Π, O] = 0. If [E,O]Π = 0 ∀E ∈ E (where E ∈ E ∋ E ⊂
A is the set of errors) is satisfied, then O is robust against all E errors in Π subspace.

Note that we call X̃, Z̃ ∈ A satisfying X̃2 = Z̃2 = I and {X̃, Z̃} = 0 without the ne-

cessity of being a Pauli product or single qubit operator as Pauli-like observable.[96]

Now suppose we describe the change in the system with Markovian master equation:

dρ

dt
= −i[H, ρ] + L (3.31)

where Liouvillian operator

L : A → A and L =
∑
k,ω

Lk,ω (3.32)

such that Lk,ω(ρ) = Lk,ωρL
†
k,ω − 1

2
{ρ, L†

k,ωLk,ω}. Here Lk,ω are the quantum jump

operators carrying energy ω to the reservoir. If EL ⊂ A be the set containing the

quantum jump operators from L, Markovian master equation 3.31 becomes after in-

tegration:

ρ(t)Φt(ρ(0)) & Φt = e−it[H,•]+tL (3.33)

Note that after defining trace norm as ∥O∥1 ≡ Tr
(√

OO†
)

whereO is some operator,

we can find L strength with:

∥L∥1 = max
V ∈A
∥L(V )∥1 (3.34)

applied to ∥V ∥1 ≤ 1 where V = V †.[96]

Theorem 3.1.1 If L is a Liouvillian operator and EL is the quantum jump operator

set of that Liouvillian, then Liouvillian operators’ fixed pointL(ρβ) = 0 is ρβ ∼ e−βH

Gibbs state. Let on a subspace Π we have X̃, Z̃ ∈ A operators that are Pauli-like

and robust against EL error set, and assume [X̃,H] = [Z̃,H] = [Π, H] = 0. Then

there are some TPCP maps that are encode and decode:

Φin : L(C2)→ A & Φout : A → L(C2) (3.35)

satisfying followings:

∥Φt ◦ Φin(q)− Φin(q)∥1 ≤ 8t∥L∥1Tr(I− Π)ρβ (3.36)
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and

Φout ◦ Φin(q) = q (3.37)

where q is a single-qubit state and t ≥ 0. [96]

For a system with n-qubits and ∥L∥1 ≤ poly(n), qubit can be stored safely with:

τqmem ∼
1

poly(n)ϵqmem

(3.38)

where τqmem is storage time and ϵqmem = Tr(I− Π)ρβ is relaxation rate. Note that

RHS of equation 3.36 can be used as an upper bound for how well an initial state q is

approximated by Φout ◦ Φt ◦ Φin(q)[96]

We can use equation 3.38 as a storage time bound if:

i) ϵqmem ≤ e−nκ where κ > 0

Systems having macroscopic energy barriers (proportional to nκ) around the

states that are orthogonal to Π can be considered this way. As an example, 4D

toric code is one of them which we will discuss in the next section.

ii) ϵqmem is small polynomially while sufficiently large degree give fast-growing

τqmem with n

In this one, energy barriers grow with n. For instance, ϵqmem ≤ n−κβ = e−κβ log(n)

where κ > 0 meaning that the growth depends on the temperature. If T < Tc

then, ϵqmem decays in such a way that τqmem grows with n. In [98], τqmem grows

polynomially using some self-consistent gap and its logarithmic divergence at

room temperature. As a result, it might be possible to achieve quantum memory

with less spatial dimensions.[96]

In [99] Davies gives a description for system-reservoir with weak coupling that has

the interaction Hamiltonian:

Hint =
M∑
j=1

Aj ⊗Bj (3.39)

where operators Ak and Bk are acting on few system qubits and reservoir respec-

tively. Here Ak is coupling operator which pumps ω amount of system energy to the
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reservoir. Defining Liouvillian operator as:[96]

L(ρ) =
∑
j

∑
ω

h(j, ω)(Lj,ωρL
†
j,ω −

1

2
{ρ, L†

j,ωLj,ω}) (3.40)

where h(j, ω) is (obtained by transforming Bks’ autocorrelation function using the

Fourier transform, or) jump operator probability satisfying detailed balance condi-

tion (equation 3.4) as h(j,−ω) = e−βωh(j, ω) and we can consider jump operator

as the part of coupling operator carrying energy to the reservoir such that Aj(t) ≡
eiHtAje

−iHt =
∑

ω Lj,ωe
−iωt. So Fourier summation of jump operators gives time-

dependent coupling operator. Here we note that detailed balance condition for h(j, ω)

(which we need to include reservoir temperature into the equation) tells us that Gibbs

state ρβ is equilibrium state of L.[96]

Now, we use theorem 3.1.1 for Davies master equation. Here we want X̃ and Z̃ be

reboust agaainst Eint = {Aj} error set which contains the errors caused by couplings

between system and reservoir. Note that we assume that for all ω, [H,Π] = [H, X̃] =

[H, Z̃] = 0. Then [X̃, Aj]Π = 0 giving us [X̃, Lj,ω]Π = [Z̃, Lj,ω] = 0.

Assuming ∥Aj∥ ≤ 1 ∀j, ω we have ∥L∥1 ≤ 2M maxj,ω(h(j, ω)) where M is the

number of terms in Hint (equation 3.39). Define hmax ≡ maxj,ω(h(j, ω)) and assume

that h(j, ω) ≤ hmax normalizes Bjs.

Supposing on a subspace Π, X̃ and Z̃ Pauli-like operators robust against couplings

between system and reservoir and [H, X̃] = [H, Z̃] = [H,Π] = 0, and following

theorem 3.1.1, we can store a qubit protected from errors with time:[96]

τqmem ∼
1

Mhmaxϵqmem

(3.41)

Note that for Aj , M ∈ O(n).

Now consider a Hamiltonian with a gap ∆ that is constant. Here what we mean by gap

is the energy difference between ground and excited states. For reservoir temperature

T ≪ ∆, Boltzman factor e−β∆ rules any excitation from the ground state giving

us:[96]
1

τqmem

≤ O(n)e−β∆ (3.42)
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3.1.8 Thermal Stability in High Dimensions

In this section we study the stability of finite-temperature systems in higher dimen-

sions following [84] which is the discovery of stability increasing with dimensional-

ity. We begin our discussion with classical Ising model, then move to quantum cases.

Consider a 2D lattice L×L having L2 number of spins located on the vertices where

spins interact with their nearest-neighbour via:

E(s) = −1

2

∑
<i,j>

sisj (3.43)

where si = ±1 is the spin value for +1 up or −1 down and < i, j > labels the couple

of vertices which are at the ends of edges. Note that s stores information of all spins

on the lattice. So, this Hamiltonian can be considered as a classical memory with

binary encoding of a bit on the magnetization defined as s ≡
∑

i si/L
2. Here we

have ground states s = ±1 associated with si = ±1 ∀i. In fig.3.1 we see the regions

Figure 3.1: Droplets [82]

where information is flipped called droplets. Following that Hamiltonian cause some

energy cost due to a neighbouring couple of opposite signed bits, droplets cost energy

that is growing with its boundary length. We call a side of a boundary Peierls contour

b.

For all practical purposes, we see that thermodynamic limit causes ground state prob-
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ability to converge at zero. However since we’re interested in the signs of the mag-

netization, information in bits is stored. So, all we need to look at is whether the

thermal average value of the magnetizations absolute value is nonzero when we have

finite but appropriately low temperature, in thermodynamic limit:

⟨|s|⟩ =
∑
s∈K

|s|p(s) (3.44)

where system being in a specific configuration according to some thermal Gibbs dis-

tribution probability is P(s) = e−βE(s)/Z ∋ partition function Z =
∑

s∈K e
−βE(s)

with all possible configurations forming set K.

To get ⟨|s|⟩ suppose that we have a lattice with most of the spins are in +1 state

(s > 0). Then we can call the regions of down states as "inside of the boundary".

Now let ⟨N−⟩ be thermal average of down state number and l be the length of con-

tour. Notice that if the length of the contour is fixed, then maximum possible number

of spins within that contour would be l2/8 following l ∼ 2L for a lattice with PBCs,

just below the limit down states becoming dominant. Then we have:

N−(s) ≤
∑
b

l2b
8
δb(s) (3.45)

where δb(s) =

1, if b ∈ s

0, otherwise
and lb is the length of the boundary of contour b.

Now we construct another bound for loops that are possible. Consider a walker start-

ing from a point in L2 possibilities and moving in either north, south, west or east

giving us one in four, followed by a direction which is not the opposite of what have

been done in last time to prevent moving back. All closed loops are counted l times

since we can begin from l faces which contour encounters, giving us 4 · 3l−1L2/l.

Then suppressing lb = l by Boltzmann factor such that ⟨δb⟩ ≤ e−βl:

⟨N−⟩ ≤
L2

6

∑
l=4,6,···

l3le−βl (3.46)

In the limit of infinite volume:

⟨N−⟩ ≲ 27L2e−4β 2− 9e−2β

(1− 9e−2β)2
(3.47)

where e−2β < 1. For configurations of s < 0, symmetry imposes ⟨N+⟩ = ⟨N−⟩. Now

divide K into subsets where s > 0: K+ and s < 0: K−. Since s = 0 configurations
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are not magnetized, they can be neglected. Then we have:

⟨|s|⟩ =
∑
s∈K+

|s|p(s)−
∑
s∈K−

|s|p(s) (3.48)

To our arguments valid |K+| ≥ L2/2 giving∑
s∈K+

|s|p(s) ≥ 1

2
− ⟨N−⟩

L2
(3.49)

and similarly ∑
s∈K−

|s|p(s) = ⟨N+⟩
L2

=
⟨N−⟩
L2

(3.50)

resulting in:

⟨|s|⟩ ≥ 1

2
− 2 ⟨N−⟩

L2
(3.51)

implying if we have finite β, we have nonzero results not depending on system size.

Assuming infinite volume, magnetization in the model stays stable.

3.2 4D Toric Code

We discussed 2D toric codes in surface codes section in chapter 1 in detail. Now

we discuss toric codes defined in 4D with slight differences. In 4D, toric code has

N × N × N × N lattice. Qubits are located on the faces. There is 6 face orienta-

tion for each vertex, such that n = 6N4. We define PBCs on 4D. Half of the local

stabilizers associated with 1D edges while the rest corresponds to 3D cubes. There

is a X⊗6 operator for every 1D edge where the edge lies on one of the 6 2D faces.

Also there is a Z⊗6 operator for every 3D cube which has 6 2D faces. Any two edge

and cube stabilizers overlap if the edge belongs to the cube. This overlap happens

on two faces. As a result, all stabilizers commute. There are 6 logical operator pair

that anticommute with each other while commuting the other stabilizers and there is

a pair for every 6 plane orientation. [91]

4D toric code have Hamiltonian: [82]

H4DTC = −
∑
e

Ae −
∑
c

Bc (3.52)
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where

Ae =
∏
e∈∂f

Xf & Bc =
∏
f∈∂c

Zf (3.53)

3.2.1 PBC Notation in 4D Lattice

We can identify every vertex on a 4D lattice with four-vector v = ⟨v0, v1, v2, v3⟩ ∈
Z4

N . There are 4 edges ê, 6 faces f̂ and 4 cubes ĉ (having lower corner identified with

v) for every vertex v. We can describe those orientations with binary four-vectors:

[91]

ê, f̂ , ĉ ∈ {(v0, v1, v2, v3)| vi ∈ {0, 1}} (3.54)

where for edge ê:
∑3

i=0 vi = 1, for face f̂ :
∑3

i=0 vi = 2, for cube ĉ:
∑3

i=0 vi = 3.

Note that we can identify physical qubits with [v, f̂ ] tuple in which f̂ and v labels the

orientation of the plane and lower side corner respectively.[91]

Stabilizers possessing 6 engaging physical qubits are:

• X-type edge stabilizers:

Ev,ê =
⊗
ê⊂f̂

Xv,f̂ ⊗Xv−f̂+ê,f̂ (3.55)

• Z-type cube stabilizers:

Cv,ĉ =
⊗
f̂⊂ĉ

Zv,f̂ ⊗ Zv+ĉ−f̂ ,f̂ (3.56)

And for every face orientation f̂ there is a logical operator pair that anticommute such

as:

Z f̂ =
N⊗

n,m=1

Znê1+mê2,f̂
& X f̂ =

N⊗
n,m=1

Xnê3+mê4,f̂
(3.57)

where ê1 + ê2 ≡ f̂ and ê3 + ê4 ≡ f̂⊥. Then X f̂ and Z f̂ anticommute when they

encounter on qubit (0, f̂)[91]

3.2.2 Quantum Toom’s Rule in 4D

This tool is useful for a dissipation mechanism which prevents errors to pile up and

recovery procedure for information which erases the errors so that information can
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be restored. In classical 2D version, it flips the bit if the southern neighbours are

different from the bit of interest. On the other hand in 4D, we phase-flip the qubit if

the edge X-stabilizer in the south of the qubit is not satisfied and bit-flip if the cube

Z-stabilizer in the south of the qubit is not satisfied. So, we make local rotation based

on neighbouring stabilizer state. The jump superoperator that describes the update

rule is:[91]

JX
v,f̂

(ρ) = Xv,f̂Π
z
v,f̂
ρΠz

v,f̂
Xv,f̂ +Πz⊥

v,f̂
ρΠz⊥

v,f̂
(3.58)

for every qubit (v, f̂ ). Here Πz
v,f̂

is the projection operator onto the subspace in

which bit-flip acted on the qubit (v, f̂ ) and Πz⊥
v,f̂

is the orthogonal subspace. If we set

f̂ = ê1 + ê2 the projector turns into:

Πz
v,f̂

=
1

4
(1− Ev,ê1)(1− Ev,ê2) (3.59)

which can be done for the other projector as well.[91]

3.2.3 Error Correction Operators and Recovery

For jump superoperators can be considered as recovery operators we have the com-

mutation relation:

[JX
v,f̂
, JZ

v′,f̂ ′ ] = 0 (3.60)

Note that due to the neighbouring plaquette, same type recovery operators may not

commute. To define recovery operator in terms of local recovery rules, we need to

specify application order explicitly. Then we can define error-corrected operators

XEC
f̂

and ZEC
f̂

as:

Tr
(
XEC

f̂
ρ
)
= Tr

(
X f̂Jρ

)
& Tr

(
ZEC

f̂
ρ
)
= Tr

(
Z f̂Jρ

)
(3.61)

or

XEC
f̂

= J(X f̂ ) & ZEC
f̂

= J(Z f̂ ) (3.62)

Meaning that if we evaluate less noisy state, error-corrected logical observables give

protected results and they coincide with logical operators in the noiseless subspace.

[91]
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3.2.4 Master Equation

Here we study the master equation that contain locally depolarizing noise term with

strength Γϵ and Lindblad terms that are expected to prevent error clusters to bet bigger.

We begin with simulated master equation: [91]

dρ

dt
= Lρ = ΓL4D−Toomρ+ ΓϵLdepρ (3.63)

where L4D−Toom is dissipative protection:

L4D−Toomρ =
∑
v,f̂

Lz
v,f̂
ρ(Lz

v,f̂
)† − 1

2
{(Lz

v,f̂
)†Lz

v,f̂
, ρ}+

+ Lx
v,f̂
ρ(Lx

v,f̂
)† − 1

2
{(Lx

v,f̂
)†Lx

v,f̂
, ρ}+

(3.64)

and protecting Lindblad operators are:

Lx
v,f̂

= Xv,f̂Π
z
v,f̂

& Lz
v,f̂

= Zv,f̂Π
x
v,f̂

(3.65)

note that Lindblad operators in equation 3.65 corresponds to quantum jump superop-

erators J{X,Z}
v,f̂

which are Toom-like. [91]

3.2.5 Toric Code at Finite Temperature

Now we discuss the thermal effects on toric codes at finite temperature. It will be dis-

cussed in two regions, small and large critical system sizes. Here the critical system

size depends on the cost of energy for an excitation and the temperature. Required

energy for an excitation is usually considered as its mass and it is equivalent to the

strength of the interaction (∆). Note that the anyons of toric code during thermal

equilibrium has average density ρ ∼ e−β∆

For a system having size L, anyon couple number is: [82]

⟨N⟩ ∼ L2ρ

2
=
L2e−β∆

2
(3.66)

According to above equation 3.66, we divide toric code thermal dynamics into two

regions with ⟨N⟩ ≲ 1 and ⟨N⟩ ≫ 1.
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3.2.5.1 System with Small Size

For a system with L ≲ eβ∆/2, equation 3.66 gives ⟨N⟩ ≲ 1 which we consider as

small system. In such case, we can neglect the probability of more than one anyon

couple occurs. So, a logical error will most probably caused by one anyon couple.

Toric codes with small size at low temperature should provide good memory. De-

noting the time for pair production τpp and anyons moving up to distance L/2 (see

fig.3.2(b)) τm, we have coherence time: [82]

τsmall = τpp + τm (3.67)

Note that for an anyon couple exceeds L/2 distance, encoded information is not

Figure 3.2: Anyon pairs in small and large system sizes [82]

retrievable. Since what matters is only the distance between the anyons which is

governed by unbiased random walk, we can fix an anyon and look for the relative

motion of the other and simulate the walk in (L/2)2 steps for L/2 distance in 2D.

Using equation 3.19 we find step time as: [82]

δt =
1

8γ(0)
(3.68)

where 8 in the denominator is due to possible paths that anyon may follow. So, we

have:

τm ≃
1

8γ(0)

(
L

2

)2

=
βL2

32
(3.69)
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For pair production time, we have to consider pairs that annihilate using random walk

as well as total rate, since some anyon couples annihilate each other before reaching

distance L/2. Following energy required for pair production is 2∆, we have a total

rate R0 = 2L2γ(−2∆) giving us time as 1/R0 = 1/(2L2γ(−2∆)) ∼ e2β∆/L2. To

calculate random walk, let P(L, β) be the probability of anyon couple reaches L/2

before annihilating each other. Note that for a random walker, probability of walker

not going back into where it started in first t steps is approximately 1/ ln(t). Then

for (L/2)2 steps, we have 1/(2 ln(N/2)). In addition, we have to take couples that

annihilate each other immediately after the production into account which is 1/(1 +

c̃0β) where c̃0 is a constant while c̃0β indicates the relative probability of nearest

neighbour anyons annihilate each other, giving us: [82]

P(L, β) ∼ 1

ln(L/2)

1

1 + c̃0β
(3.70)

Therefore we have:

τpp ≃
1

R0

1

P(L, β)
∼ (1 + c̃0β)

ln(L/2)e2β∆

L2
(3.71)

So, coherence time is:

τsmall = τpp + τm = (1 + c̃0β)
ln(L/2)e2β∆

L2
+
βL2

32
(3.72)

Notice that in small size systems, coherence time mostly depends on τpp due to expo-

nential term of β while τm is only in O(β). [82]

3.2.5.2 System with Large Size

We consider systems that the equation 3.66 gives ⟨N⟩ ∼ L2ρ/2 ≫ 1 as large size

systems in which several anyon couples are produced in a uniformly distributed man-

ner. In such systems, equilibrium density ρ ∼ e−β∆ and anyon couples occupy 2/ρ

area which can be approximated as L′ = (2/ρ)2 ∼ eβ∆/2 (see fig.3.2(c)). As some of

the couples have distance L′, decoder has significant probability of failing and some

series of errors can spread throughtout the entire system (see fig.3.2(d)).

In large system, error is created by pair production followed by diffusion in L′ × L′

region and we say system is failed when anyons from neighbouring regions come
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close together. We can estimate the coherence time of large system with the time in

the case of failure of a typical region allowing us to use the results of small system

case by setting L′ = L/2 resulting: [82]

τ ′m ∼ βL′2 ≃ βeβ∆ (3.73)

and

τ ′pp ∼
e2β∆

L′2 (1 + 5β) ln(L′) (3.74)

Now let L′ = c̃′0e
β∆/2 to make τ ′pp depending only on β where c̃′0 consists of constants

in ρ, and if we put this L′ back into equation 3.74 we get: [82]

τ ′pp ∼ eβ∆(1 + c̃1β + c̃2β
2) (3.75)

where c̃1 and c̃2 are some constants. Notice that both τ ′m and τ ′pp are exponentially

dependent on β, as a result we don’t neglect any of them. So we have:

τlarge ≃ τ ′pp + τ ′m ≃ eβ∆(1 + c̃′1β + c̃2β
2) (3.76)

where c̃′1 is some new constant with motional terms within. Note that in this model,

we simplified the thermal effects in such a way that speed of particles diffusing or

probability of pairs annihilate themselves are not predicted well. Therefore we may

ignore terms that are not exponential in β by setting c̃′1 = c̃2 = 0 we get coherence

time: [82]

τlarge ∼ eβ∆ (3.77)

3.2.6 Thermal Dynamics

If the quantum system that we want to solve contains many-body, analyzing it is very

hard and thus we try to simplify it following [85] in which we use observables XEC

and ZEC that are anticommute with each other. Let we have observable O, we can

find its decay rate via: [82]

λ(O) = −Tr
(
ρBO

†L(O)
)

(3.78)

where λ is decay rate of observables,L is Liouvillian andO is the observable such that

Tr(ρBO) = 0 and Tr
(
ρBO

†O
)
= 1. For one qubit Pauli operators, Alicki et.al.[85]
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showed that: [82]

F(ρ(t)) ≡ ⟨ψ|ρ(t)|ψ⟩ ≥ 1

2
(eλ(X

EC
)t + eλ(Z

EC
)t) (3.79)

where F is the fidelity of some decaying encoded state ρ(t) with initial state ρ(0) =

|ψ⟩⟨ψ|. Note that ECLOs we used here (X
EC

and Z
EC

) are mentioned before in

equation 3.26. After this point all we have to do is to bound the decay rates from

above using Peierls’ argument we’ve discussed before. Error loops can be corrected

via ΦEC(O) with high probability. Peierls’ argument also shows that loop-excitations

having length larger than that can be corrected are suppressed exponentially. More-

over considering the effect of Liouville on ECLOs via Peierls’ argument shows the

same errors are again exponentially suppressed. Therefore 4D toric code is self-

correcting for suitably low-temperatures. [82]

3.3 3D Quantum Memory

In this section, we discuss Haah’s cubic code [86] which provides partial self-correction.

We introduce better notation for corner operator commutation relations compared to

the ones in [86]. As far as our knowledge, equation 3.91 has not been published so far.

Although a quantum memory in 3D would be difficult for manipulation and readout,

for the case which we don’t find any other option than 3D quantum memories, that

equation might be helpful.

3.3.1 Partial Self-Correction

We call systems having polynomial τqmem which grows with system size which is

temperature-dependent and can reach to a cut-off size, and present a scaling that is

super-exponential to an inverse-temperature as partial self correcting codes. Such

codes have energy barrier scaling with error size logarithmically. [82]

Haah [86] discovered that cubic lattice with no string operators having qubits less

than three at each vertex provides partial self correction which we discuss in the next

section in detail. Here we can summarize condition of having no strings as not being
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able to carry the non-trivial errors through the lattice without causing new errors. In

such codes, due to the required energy to create logical error is high, they yield good

protection as far as thermal noise is concerned. Codes having no string property have

logarithmically growing energy barriers for error length le such that necessary energy

to create such error occupying volume with radius le/2 is: [82]

εe ≳ c∆ log(le) (3.80)

where c > 0 is some constant and ∆ is the energy gap. Assuming average distance

between errors grows with with β such as L′ ∼ eβ∆/D where D is dimensionality and

following memory undergoing decoherence demanding error size being comparable

with the average distance between errors le ∼ L′ gives at decoherence point: [82]

εe ∼
c∆2β

D
(3.81)

Using this and Arrhenius’ law we get:

τ ∼ ec∆
2β/D (3.82)

Likewise for small system such that L ≲ L′, we have:

εe ∼ c∆ log(L) (3.83)

putting it into Arrhenius’ law we get:

τ ∼ Lc∆β (3.84)

which is polynomial in size of the system having linear β in the exponent. [82]

3.3.2 Haah cubic Code

Here we discuss Haah’s cubic code in a new framework in which we reorganize the

cubic structure on a carthesian coordinates giving us single equation of commutation

relations for corner operators than the original work in [86] (which has 13 equations).

Consider a stabilizer code which acts locally on a cubic lattice of D-dimensions ZD

and let single qubit is placed on every site. Note that once we coarse-grain the lattice
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or put 1 or more qubits on every site, then we see that for a unit hypercube with 2D

qubits on each site, a generator can act on qubits. Also, we only consider X and Z

type generators (that are 2m × 2D vectors). And we want that the codes don’t have

string logical operators. We can think of string logical operators as logical operators

with a shape of straight line and act nontrivially.[86]

Figure 3.3: Corner operators where subscripts labels the positions on the cube

Note that non-CSS codes should satisfy κjabc = κj⊕1
a⊕1b⊕1c⊕1 where κ is the corner

operator, a, b, c ∈ F2 and j ∈ {X,Z} ∋ if j = X then j ⊕ 1 = Z and vice versa. Or

in other words, a generator on a corner is equals to the generator at the other corner

of the diagonal along the cube of different type of Pauli operator.

Let n′ be the qubit number on a site. Then stabilizer code acting on an open or

periodic lattice locally satisfies:[86]

kd = O(L3) (3.85)

If the number of generators t < n′, we have k ≥ (n′−t)L3. But to reach macroscopic

code distance we need to ensure that t ≥ n′[86]

Since we ignore boundary effects and consider only thermal stability, we take sta-

bilizer codes defined on infinite lattice of L = Z3 into account. And for a logical

operator of single-site O, we require that O ∈ S . Therefore we take O as identity up

to phase and denote it as:[86]

O[v]p = · · · ⊗O ⊗O ⊗ · · · (3.86)

where v is the line Pauli operator is repeated on and p is the point it passes through.
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And the support line for the nontrivial Pauli operator on a site set:[86]

supp(O[v]p) = {p+ nv ∈ Z3|n ∈ Z} (3.87)

Note that if ∥v∥∞ = 1 then period of O[v] is 1 and all logical operators having period

of 1 is the necessary condition for no string logical operators being in the code. [86]

Since those restrictions causes k=0, we want product of corner operators gives identity

which means nontrivial algebraic constraint for corner operators in CSS but no further

restriction for non-CSS since they already satisfy.

Notice that a stabilizer code generated by some symmetric transformation on a unit

cube or by changing the basis of all sites is the same as the original one, leaving us

17 CSS and 1 non-CSS cubic codes reported by [86] as in the table 3.1. [86]

Haah also provided conditions for cubic codes as follows:[86]

i) In an infinite lattice L of simple cubes, there should be either 1 or 2 qubits on

each site.

ii) There should be two operator types which are acting on the corners and those

operators generate S such that S is invariant under translations. In the case of

CSS codes, product of operators acting on corners be identity. And in non-CSS

case, two operator types should be the spatial inverse of each other.

iii) Single-site O should be I up to phase if O ∈ S⊥.

iv) γ ∈ S⊥ with γ∞ = 1 (meaning that γ has period of 1) is I up to phase.

Note that γ∞ = 1 means that for example support of l is along a diagonal of a face or

diagonal of the body or a coordinate axis. To illustrate let’s consider commutations

of corner operators.[86]

Let ω be an n × n commutation relation matrix such that ω ∈ F2 which is skew-

symmetric. In [86] this matrix is used to tell commutation relations, but in this study,

we provide a better form.
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κ000 κ001 κ010 κ011 κ100 κ101 κ110 κ111

0 II ZX ZZ XZ ZY XX XY ZI

1 II IZ IZ ZI IZ ZI ZI ZZ

2 ZZ ZI ZI IZ ZI IZ ZI ZZ

3 II IZ ZZ IZ ZZ IZ ZI ZZ

4 II ZI IZ IZ ZI IZ ZI ZZ

5 II IZ ZI IZ II ZI ZZ ZZ

6 ZZ IZ IZ II ZI ZI ZZ II

7 II ZZ IZ II ZI ZI IZ ZZ

8 II ZI IZ IZ IZ ZI ZZ ZI

9 ZZ IZ IZ II ZZ ZI ZZ IZ

10 ZZ ZI IZ ZI ZI ZI ZZ IZ

11 II ZZ ZI IZ II ZI IZ ZZ

12 II IZ ZI II ZZ ZI ZZ IZ

13 II ZZ IZ II IZ ZI ZI ZZ

14 II IZ IZ ZZ ZZ ZI ZZ IZ

15 ZZ ZI IZ II II ZI ZZ IZ

16 ZZ ZZ IZ II II ZI IZ ZI

17 ZI ZZ IZ ZI IZ ZI ZI ZZ

Table 3.1: Corner operators of given cubic codes. Note that codes 1,2,3 and 4 have

no logical string operators while codes 0, 11, 12, 13, 14, 15, 16 and 17 have. [86]

In this approach, we can find commutation relations among corner operators along

any direction by defining the position vector α, the direction vector β and γ vector.

Note that β and γ satisfy followings:

1.

wt(γj) = 1 ∀j ̸= 0 (3.88)

where γ0 = (000)
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2. for corner operators meeting at an i-cell,

wt

(
i∑

j=0

γj

)
= i (3.89)

3.

β ⊕
∑
j

γj = (111) (3.90)

where γ l ̸= γk ∀l ̸= k

Then commutation relations in 3D can be found via

2i−1∑
j=0

[κα⊕fj , κα⊕β⊕fj ] = 0 (3.91)

where fj = (δ1j + δ3j)γ1 ⊕ (δ2j + δ3j)γ2 with ⊕ in modulo 2.

Note that equations 3.88, 3.89 and 3.90 dictate in which direction commutation rela-

tions can be found. For example, for corner operators meeting at a vertex (0-cell) we

have i = 0, then equation 3.89 gives wt
(∑0

j=0 γj = 0
)

inducing γ = (000). Then

due to equation 3.90 we have β = (111) which implies that commutation occurs in

the direction of body diagonals.

To illustrate how it works, let’s consider corner operators meeting at a face (2-cell)

for corner operator κ100, along x̂ direction. Notice position vector α = (100) and

direction vector β = (100). Then, due to equation 3.90,
∑

j γj = (011). So, we

choose γ1 = (010) and γ2 = (001). As a result, equation 3.91 becomes:

22−1∑
j=0

[κ(100)⊕fj , κ(100)⊕(100)⊕fj ] =
3∑

j=0

[κ(100)⊕fj , κ(000)⊕fj ] = 0 (3.92)

Here f0 = (000), f1 = γ1 = (010), f2 = γ2 = (001) and f3 = γ1 ⊕ γ2 = (011). At

the end we get:

[κ100, κ000] + [κ110, κ010] + [κ101, κ001] + [κ111, κ011] = 0 (3.93)

Now for logical operators, consider λ =

0 I

I 0

, p = {X,Z} and O[β] which is a

logical operator with period 1 along some β axis. O[β] is a pa type logical operator
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iff it satisfies:

λ(κ
pa⊕1

α⊕fj
κ
pa⊕1

α⊕β⊕fj
, O) = 0 ∀j = 0, 1, 2, 3 and a = 0, 1 (3.94)

Note that if two cubic codes have the same commutation relation matrix ω, then a

symplectic transformation on one gives the other. Also, X&Z-type generators have

relation based on spatial inversion such that

κxaij =

0 1

1 0

κza′ij where i, j, a, a′ ∈ F2 ∋ a′ = a⊕ 1 (3.95)

which implies that we can find a logical operator of Z-type by applying spatial inver-

sion about origin to a logical operator of X-type and then symplectic transform to all

sites. So, for CSS we can just look at logical X operators and stabilizer generators of

Z-type.

Haah shows how we can reduce a 3D logical operator into logical operators with less

dimensions following cleaning theorem and using Eqn.3.95 [86]. But before we start,

we should give the definition of being connected:

Definition 3.3.1 We call a set of sites connected if there exists nontrivially acting

stabilizer generators for each consecutive site which goes as sequential pairs from

the beginning to the end connecting some path. [86]

To illustrate we will look at code 0 in fig.3.4. Consider a finite logical operator Γ and

some finite box β:

β = {(x, y, z)|x0 ≤ x ≤ x1, y0 ≤ y ≤ y1, z0 ≤ z ≤ z1} ⊆ L (3.96)

Let’s assume that β supports Γ.

Now consider the vertex v1 = (x1, y1, z0) in B with largest x & y and smallest z

possible. Note that it has to commute with its body diagonal opposites that are κ001 =

ZX in Q0 & κ001 = XY in QP
0 and it has to be the linear combination of them.

What we want to do here is to shrink β which is the support of Γ. We have 4 cases to

consider:[86]
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Figure 3.4: Q0 (in the left) & QP
0 (in the right) [86]

1. v1 = II

In this case, we can shrink the support trivially.

2. v1 = XY

To make v1 = II we need to multiply Q0 inside β and then shrink the support.

3. v1 = ZX

This time, we will multiply with QP
0 inside the support giving us v1 = II and

then shrink β.

4. v1 = Y Z

Last case requires us to multiply the support by the Q0Q
P
0 product to shrink β.

Figure 3.5: Deformation procedure in code 0, 1, 2 and 4 [86]

Note that the above procedures deforms the support in such a way that it has one

less site (see 2nd in fig.3.5) and we can do it many times. Only thing we have to

look for is that result from deforming the β contains a unit cube. This ensures us

that multiplying with linear combinations of Q0 & QP
0 have effect only on sites in

the support. So, what we end up with is 3 rectangles with a small width (see 3rd in
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fig.3.5) that are:[86]

Rx = {(x0, y, z) | y0 ≤ y ≤ y1, z0 ≤ z ≤ z1},

Ry = {(x, y0, z) | x0 ≤ x ≤ x1, z0 ≤ z ≤ z1},

Rz = {(x, y, z0) | x0 ≤ x ≤ x1, y0 ≤ y ≤ y1}

(3.97)

where subscripts of R’s indicates the axis that site is perpendicular to. Now consider

another vertex v2 = (x1, y0, z0) which is in Ry. Since this edge has corner operators

which are sufficiently independent due to its position onRy, it is required to commute

with κ001 and κ011. Notice that κ001 = ZX & κ011 = XZ in Q0 and κ001 = XY &

κ011 = ZY in QP
0 giving us v2 = II (see the 4th in fig.3.5). Note that if we can do

the aforementioned process, we call that edge as good for erasing.[86] Furthermore,

we can do the same for Rx and Rz, then what we have at the end is I by multiplying

the required stabilizer inside the support.[86]

In this topology, a logical operator with 1D support can be called as string logical

operator which is capable of stretch with constant width arbitrarily in a lattice of

infinite size.[86] We can do deformation similar to discussed before to string logical

operators as well. Haah showed that codes 1,2,3 & 4 have no string logical operators

and such codes have the property of self-correction therefore a promising candidate

for realization of quantum memories. [86]

3.4 Entropically Protected Quantum Memory

In this section, we look at method offered in [87] to overcome thermal noise via opti-

mization of F in equation 3.17 and allowing better coherence time. [88] This method

is useful for systems in which energy barrier is constant. Especially due to no-go the-

orem offered by Bravyi and Terhal [89] stating that no 2D model can support macro-

scopic energy barriers, therefore incapable of protecting quantum information against

thermal noise. Entropic barrier might allow us to produce 2D quantum memories.[87]

To begin with, consider N -level spin system of L × L lattice in Kitaev’s model

ZN .[90] For Pauli operators X,Z ∋ X |j⟩ = |j + 1(modN)⟩ , Z |j⟩ = e2πij/N |j⟩
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we have Hamiltonian:[87]

H =
∑
v

J ·Πv +
∑
p

J ·Πp (3.98)

where local projection operators

Πa
v =

1

N

N∑
j=1

e2πija/NAj
v & Πa

v =
1

N

N∑
j=1

e2πija/NBj
p (3.99)

commute locally ∀v&p where a = 1, 2, · · · , N − 1. Here strength of interactions

J = (J1, · · · , JN−1) and Πv = (Π1
v, · · · ,ΠN−1

v ), Πp = (Π1
p, · · · ,ΠN−1

p ).

Note that we use N2-fold degeneracy imposed by the model for logical encoding.

For this method, we consider anyonic model with electric and magnetic anyons ej

and mj respectively to be integers where j = 1, · · · , N − 1. For primary lattice, we

have electric anyons while for the dual we have magnetic anyons. For type-a anyons,

anyon number na decides energy eigenvalues as:[87]

E =
∑
j

(nej + nmj
)Jj (3.100)

In fig.3.6(c)&(d) we see that anyons created at the ends of string operators that can

be splitted when N > 2 (fig.3.7(d)) such that those splittings subjected to the fusion

rules for mod N that is

ek × el = ek⊕l & mk ×ml = mk⊕l (3.101)

where ⊕ is addition in modulo N . Using Ohmic reservoir, spin-boson interactions of

errors in Davies limit gives us thermal evolution with equation (following equation

3.3)

γ(ω) =
ω

1− e−βω
(3.102)

causes the state to turn into Gibbs state. [87]

Conserving the net charge, an error ej splits into two errors ek and el which have

separation in space and we denote this process with ej → ek × el. We exploit this

behaviour by introducing defect lines that maps electric charge ej into ej⊕j and mag-

netic charge mj into mj⊕j once they crossed it in negative and positive directions

respectively. Note that crossing in the opposite direction reverses the mapping.[87]

In fig.3.6(g)&(h) these lines changes the Hamiltonian via projectors. In primal face,
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Figure 3.6: Anyon movements along 2D lattice with defect grids [87]

defect line gives supp(Av) power M if it is in the framed side (see fig.3.6(f)). In dual

face, defect line makes the power of supp(Bp) M if it is in the unframed side (see

fig.3.6(e)).[87]

For instance, consider Z5 (N = 5) and particles ej having masses Mj:

2M1 = 2M4 ≤M2 =M3 (3.103)

In this case, e2 → e1×e1 and e3 → e4×e4 will most likely undergo. For grid number

g = 2, errors with low mass e1 and e4 will turn into errors with high mass e2 and e3

once they cross the defect lines causing energy penalty JH − JL where subscripts in

interaction strengths stand for high and low masses.[87]

As an example, let’s consider an error in mid-low temperature. Suppose an error e1

with mass M1 is created (see fig.3.7(a)) and passed the defect line which suppressed

the low-mass errors energetically. Such energy penalty decreases the chance of sys-

tem to decohere. In fig.3.7(b) we see e1 turning into e2 after passing through defect

line which is unlikely. However if the initial error was e2 which has high mass, it will

decay as e2 → e1 × e1 (see fig.3.7(c)). Then two e1 errors cross next defect line with

an energy penalty causing them to recombine (see fig.3.7(d)) which we can increase
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Figure 3.7: Errors passing through defect lines [82]

its probability by adjusting the distance between defect lines λ.[87]

Note that although it is not probable, a high mass error may pass through a defect line

with no energy penalty. However we can make this even less likely by increasing the

defect line seperation λ. Moreover, if the temperature is so low, low-mass errors most

likely recombine to high-mass errors and pass through the defect line without any en-

ergy penalty. This probability increases exponentially with β compared to low-mass

passing through since recombination costs JH − 2JL energy while low-mass cross-

ing costs JH − JL. So, we need appropriately low-temperatures that is not that cold.

Luckily, we can overcome this issue by increasing defect line seperation λ which de-

creases the probability of recombination.[87]

Another important point is that defect lines can’t provide divergent quantum memory

coherence time for Abelian models; however non-Abelian cases might be different in

which more study is required.[87]

3.5 Single Cavity Memory

In this method, we use single cavity mode instead of multi-qubit system to store

quantum information. We exploit the fact that in a cavity mode, dominant error type

is photon damping and increasing the photon number in the cavity doesn’t add any

channels. As a result with a single syndrome measurement, we can decide whether
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there is an error due to linearity. Basically, we encode logical qubits into coherent

states’ superposition that has multiple components.

Denoting ground state as |g⟩ and excited state as |e⟩, a qubit state |Ψ⟩ = cg |g⟩+ce |e⟩
where cg and ce are constants that are associated to the ground and excited states

respectively. We can map this state into the state [94]

∣∣ψ(0)
α

〉
= cg

∣∣C+α 〉+ ce
∣∣C+iα〉 (3.104)

which is multicomponent coherent state. For later use, let’s define:∣∣ψ1
α

〉
= cg

∣∣C−α 〉+ ice
∣∣C−iα〉∣∣ψ2

α

〉
= cg

∣∣C+α 〉− ce ∣∣C+iα〉∣∣ψ3
α

〉
= cg

∣∣C−α 〉− ice ∣∣C−iα〉
(3.105)

Here |C+α ⟩ and
∣∣C+iα〉 are: ∣∣C±α 〉 = N(|α⟩ ± |−α⟩)∣∣C±iα〉 = N(|iα⟩ ± |−iα⟩)

∀α ∈ C

(3.106)

where normalizing factor N ≈ 1/
√
2 and coherent state |α⟩ forms a quasiorthogonal

set A = {|α⟩ , |−α⟩ , |iα⟩ , |−iα⟩} ∋ |⟨jk|jl⟩| ≪ 1 ∀k, l = 1, · · · , 4 denoting the

which element of A is the state |j⟩ is. We encode
∣∣0〉 as |C+α ⟩ and

∣∣1〉 as
∣∣C+iα〉 having

properties:[94]

i) photon loss maps |ψn
α⟩ into

a |ψn
α⟩

∥a |ψn
α⟩∥

=
∣∣ψ(n+1) mod 4

α

〉
(3.107)

where a is annihilation operator

ii) |ψn
α⟩ evolves into

∣∣ψn
αe−κt/2

〉
after a time t if there is no quantum jumps where κ

is the decay rate of the cavity.

iii) parity operator

P = eiπa
†a (3.108)
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can be considered as quantum jump indicator such that

⟨ψn
α|P|ψn

α⟩ = (−1)n (3.109)

Mathematically what this method does is:[94]

Uenc(cg |g⟩+ ce |e⟩)⊗|0⟩ = |g⟩⊗ (cg
∣∣C+α 〉+ ce ∣∣C+iα〉)+O(e−|α|2) ∀cg, ce (3.110)

Notice that we haveO(e−|α|2) term due to the fact that |C+α ⟩ and
∣∣C+iα〉 are not orthogo-

nal, but disappears with photon number |α|2 exponentially and due to gate efficiency,

we can neglect this error term.[94]

To understand suppose we observed j jumps in time t turning initial state |ψ0
α⟩ into∣∣∣ψ(j) mod 4

αe−κt/2

〉
via non destructive parity measurement. We can do this with various

methods such as measurement based QEC [93] but that needs measurements that are

both reliable and quick. Another way needs qubit reset which is applied fast with high

fidelity, which we cover in this section called autonomous QEC (AQEC). For this, we

need to find a unitary operation for correction satisfying:[94]

Ucorr(|g⟩ ⊗
∣∣ψ±

αe−κt/2

〉
) =

1√
2
(|g⟩ ± |e⟩)⊗

∣∣C+α 〉
Ucorr(|g⟩ ⊗

∣∣ψ±
iαe−κt/2

〉
) =

1√
2
(|g⟩ ± |e⟩)⊗

∣∣C+iα〉 (3.111)

where we neglected O(e−|α|2). What this operator should do is to carry the entropy

of the system to the ancillas by encoding cg |g⟩+ ce |e⟩ state into |ψ0
α⟩. After unitary,

resetting yields the initial state by getting rid of the entropy.

Let the time interval of QEC cycle is tω and assume that within tω only one or no

jumps occur. Then before correction, state is
∣∣∣ψ(0)

αe−κtω/2

〉
or
∣∣∣ψ(1)

αe−κtω/2

〉
while after

correction we get
∣∣∣ψ(0)

α

〉
. Throughout the QEC cycle we need:[94]

• Displacement operator Dα acting on the cavity state

• Conditional phase shift operators for cavity

– P turning state in the form |e, α⟩ into |e,−α⟩

–
√
P turning state in the form |e, α⟩ into |e,−iα⟩
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Figure 3.8: Fresnel diagram of the operators we use, which describes the cavity

modes. Here, where the center of the circle stands shows the amplitude α, single

circle on the outside represents cg while double representing ce, the blue color is for

|g⟩ and red color is for |e⟩, and how much part of the circle is filled shows total weight

for every component
∣∣Ncg,e

∣∣2 such as half filled meaning that
∣∣Ncg,e

∣∣2 = 1
2

[94]

and |g, α⟩ is invariant under both P and
√
P

• Conditional rotation operator X 0
θ,η:

If the cavity is in |0⟩ state, then conditional rotation operator applies a rotation

by

exp{θ(eiη |e⟩ ⟨g| − e−iη |g⟩ ⟨e|)/2}

Those operations are illustrated in fig.3.8 which is in sequential order for encoding.

Note that η = 2|α|2 is to make up the accumulated phase. For circuits, let’s denote

β ≡ α(−1 + i) and n ≡ |α|2 In circuit form encoding and decoding is: [95]

Now for the correction, We carry entropy of the cavity to ancilla and reset the ancillary

qubit. Then to make up the jump happened during tω repump the energy into coher-

ent component. Finally we again encode the cavity. Consider following figures and

corresponding circuits, after defining damped amplitude following tω α′ = e−κtω/2,
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Figure 3.9: Encoding circuit [95]

Figure 3.10: Decoding circuit [95]

giving n′ = |α′|2, β′ = α′(−1 + i) and β′
d = (β′ − β)/2:[95]

Figure 3.11: Fresnel diagram of entropy transfer step [95]

|Φ0⟩ Diα′ D−β′
√
P Diβ′

√
P |Φ1⟩

|g⟩ X 0
π,−2n′ • X 0

π,−2n′ • X 0
π
2
,π
2 |g⟩±|e⟩√

2

reset |g⟩

Figure 3.12: Entropy transfer circuit [95]

Figure 3.13: Fresnel diagram of energy repump step [95]
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|Φ1⟩ D−β′
d P D−β′

d
|Φ2⟩

|g⟩ X 0
π,n−n′−π

4
• X 0

π,0 |g⟩

Figure 3.14: Energy repump circuit [95]

Figure 3.15: Fresnel diagram of re-encoding step [95]

|Φ2⟩ Dβ P D−iβ P D−β Dα

∣∣∣ψ(0)
α

〉
|g⟩ X 0

π
2
,0 • X 0

π
2
,0 • X 0

−π,2n X 0
−π,2n |g⟩

Figure 3.16: Reencoding circuit [95]

where

|Φ0⟩ ≡ cg
∣∣C±α′

〉
+ i

1±1
2 ce

∣∣C±iα′

〉
|Φ1⟩ ≡ cg |α′(1− i)⟩+ cee

iπ/4ein
′ |0⟩

|Φ2⟩ ≡ cg |α(1− i)⟩+ cee
in |0⟩

(3.112)

Figure 3.17: Single cavity quantum memory structure [94]

Note that in the superposition phase, error is encoded in fig.3.11 last frame and re-

moved in the first frame of fig.3.13, but not be seen in the diagrams. Notice that the
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reset is in different order than equation 3.111, this is because the experiments showed

that this sequence is more efficient. [94]

3.6 Engineered Dissipation Quantum Memories

For this type of quantum memory, we need a codespace which contains degenerate

energy levels that are robust against perturbations in the Hamiltonian. Also the system

has to be robust against unwanted couplings between the system and the environment.

Since in quantum memory Hamiltonians we assume weak coupling between thermal

reservoir and the system, we can use thermalizing master equation for the system

evolution with Born-Markov approximation. Note that in this section we follow [91].

Local couplings in general have initial states that decay into a unique Gibbs state,

but for some observables, this decay rate shrinks as the subsystem number N grows.

This allows quantum information to be preserved in slowly decaying anticommuting

many-body observable pairs.

We begin with considering logical qubit such that its physical qubits coupled with a

dissipative environment and the following master equation:

dρ

dt
= Ldiss(ρ) + Lerr(ρ) (3.113)

where Ldiss is the term for engineered dissipation called Liouvillian, Lerr is the error

terms. We can writeLdiss with Lindblad form equation 1.14 where Lindblad operators

stand for dissipation or we can write it in a more suitable form:

dρ

dt
=
∑
j

Γj[Tj(ρ)− ρ] (3.114)

where Tj are TPCP maps for which we can write ρ with stochastic expansion:

ρ(t) = e−Γt

∞∑
k=0

T kρ(0)

k!
(3.115)

where T (ρ) =
∑

j ΓjTj(ρ) and Γ =
∑

j Γj which might be useful for Monte Carlo

simulations.
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3.6.1 Concatenated QECC dissipation

We split QEC procedure into jumps by encoding QECC in multiple Lindblad opera-

tors. We can construct dissipative quantum memory with many-body by writing dissi-

pation Liouvillian as superposition of recoveries (generated by concatenated QECC)

of different logical qubits. Though as the number of qubits increases implementing

dissipation gets harder, we can overcome this by using:

Ldiss(ρ) = Γ
∑
l,k

δM−1(Rl,k(ρ)− ρ) (3.116)

where concatenation level labeled by l = 0, 1, · · · ,M−1 and recovery operatorsRl,n

are used on k qubits and Γ is rate. We define recovery superoperator for stabilizer

codes:

R(ρ) =
∑
(m)

R(m)Π(m)ρΠ(m)†R(m)† (3.117)

where Π(m) are projection operators onto orthogonal subspaces of syndromes satisfy-

ing
∑

(m) Π
(m) = I, R(m) are Pauli tensor products giving recovery operators that are

unitary and L(m) = R(m)Π(m) are Lindblad operators for M -level encoding, v ∈ ZM
n

is nl physical qubit set and |v| component number of v. Then the master equation

becomes:
dρ

dt
=
∑

|v|=M

Derr,v(ρ) +
∑

|v|<M

Dcorr,v(ρ) (3.118)

where Derr,v superoperator for one-qubit v are the error terms such that ∥Derr,v∥ ≤
Γerr & Dcorr,v is protective dissipation superoperator that is

Dcorr,v(ρ) = Γcorr,v[Rv(ρ)− ρ] =
∑
j

(L(j)
v ρL(j)†

v − 1

2
{L(j)†

v L(j)
v , ρ}) (3.119)

where L(j)
v =

√
Γcorr,vR

(j)
v Π

(j)
v .

In [91] it is shown that if Γϵ (local noise rate) is small enough, compared to the used

qubit number, the rate of information that is encoded is lost with a rate exponentially

small such that

Γϵ < Γ∗
ϵ =

δ2Γ

n2
(3.120)

where n is the physical qubits in the concatenated code and δ is the strength of many-

body terms which is inversely proportional to the body number (i.e. δ = 1/5 for
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5-qubit code). For error rate less than error threshold, relaxation rate:

1

τ
≤ Γϵδ

M

(
Γϵ

Γ∗
ϵ

)2M−1

(3.121)

Note that since dissipative master equation has recovery operators that are nonlocal

need that different qubits in different positions on the lattice couple with the same

reservoir, the number of them scales polynomially to this construction to work. For

practical purposes, we need a design with spatially local dissipation terms.

3.6.2 An Example on 2D Lattice

Now let’s discuss a toy model in which only local dephasing error occurs. To begin

with the local dephasing:

Ldep(ρ) = Γz
ϵ

N∑
i=1

Zi(ρ)Zi − ρ (3.122)

Since we’re dealing with only one type of error, we can use classical memory notion

for quantum case beginning with logical observables:

Z ≡
⊗
j

Zj & X ≡ θ

(∑
j

Xj

)
(3.123)

where θ is heavyside step function. Since [Z,Ldep] = 0, Z is protected against de-

phasing whileX is effected due to the ρ term that gives±1 eigenvalue for
∑

j Xj (for

instance states with very small magnetization along the X-axis). Dissipation ensures

the preservation of X via maintaining bigger part of ρ within some subspace hav-

ing high concentration of X magnetization. For majority voting of nearest neighbour

master equation:

LNN(ρ) = Γ
∑
⟨s,r,t⟩

Ls,r,tρL
†
s,r,t −

1

2
{L†

s,r,tLs,r,t, ρ} (3.124)

where s covers all sites and have two different nearest neighbours r and t we have the

Lindblad operators:

Ls,r,t ≡ Zs
1−Xs ⊗Xr

2

1−Xs ⊗Xt

2
(3.125)
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Note that Lindblad operators are wanted to be commuting with Z and nothing altered

but X within some part of ρ having the weakest magnetization along X-direction.

In classical case, we can look at X stability via magnetization metastability. In an

L × L lattice with PBCs, by fixing r and t as north and east neighbours, we end

up with Toom’s rule that yields exponentially protected timing while PBC is not ex-

perimentally realistic. In [91] on the other hand, numerical simulation based on an

L × L square lattice in 2D without PBCs carried where r and t are not fixed in a

position near s. What they found is that the effect of LNN is on relaxation time of X

is improvement and decline on Z relaxation time with 1/n. (See fig.3.18)

Figure 3.18: Relaxation times of logical operators with LNN [91]

3.6.3 Dissipative Gadgets

To gain full control as far as dissipation is concerned, we need Lindblad jump oper-

ators that are independent and have weak influence on each other. To achieve such

gadgets, we need many-body Hamiltonians generated via gadgets of perturbation the-

ory and spontaneous dissipation specifically qubits having decoherence. Independent

rates of variation approximation [100] is applied on the qubits that experienced deco-

herence in which we assume that the coupling between the system and the reservoir

is faster than any other couplings. We can consider such damped qubits as resource

for quantum dynamics similar to intialized qubits being resource for quantum circuit.
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[91]

We can use system-ancillary qubit coupling such as:

H = ω(L⊗ σ+ + L† ⊗ σ−) (3.126)

where σ− = |0⟩ ⟨1| and σ+ = |1⟩ ⟨0| are lowering and raising operators respectively,

and ancilla having γ damping rate couple yields a system with effective dissipation

dynamics whose Lindblad operator is ω
√

2/γL.

3.7 Photonic Ising Model

For this section, we follow [101] in which we assumed that system is always ini-

tialized with ρin = |ψ⟩⟨ψ| where |ψ⟩ ∈ ρ such that ρ is spanned by logical states∣∣0〉 , ∣∣1〉 ∈ H Hilbert space.

Consider a Liouvillian

L = Le + Lr (3.127)

where error kicks out of the codespace and recovery generator takes those that are

kicked from the codespace back to the codespace. Note that any state within the

codespace is steady state of recovery generator such that Lr(ρi) = 0. If this error

lasts for time t, initial state evolves such that:

ρi → ρm(t) = ρLt(ρi) (3.128)

Then we apply single-shot decoding channel Er giving us the final state such that

ρf (t) = EeLt(ρi) (3.129)

To have self-correcting system, what we want from this system is that the initial and

final states have difference exponentially small such as:

1− Tr(ρiρf (t)) = O(e−γM) ∋M →∞ (3.130)

where γ > 0 is some time-independent constant and M is some system parameter.

If equation 3.130 is satisfied, then for finite time t, quantum memory having system

specified by L is protected.

In [102] a relation between Z2 symmetry breaking and QEC. It turns out that quantum
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information is protected by a phase with broken symmetry in the case of either bit or

phase flips. We can think of the outcome which is a classical bit of information that

is robust against errors, as some qubit with biased error channel.

In [101], what Lieu et.al. try to achieve is to generate a protected qubit using two

classical bits which are glued together. The system will be protected in the case of

bit-flips by some Ising-like dissipator (in which qubits align locally) passively. And

in the case of phase-flips, photonic cat code is responsible for passive protection of

the system via driven-dissipative stabilization.

3.7.1 Photonic Cat Code

Suppose we have a photonic cavity operating with dissipation. The system has drive

and loss of two photons as in:

H = λ(a2 + (a†)2) (3.131)

which is the Hamiltonian of rotating frame with drive strength λwhere a is the annihi-

lation operator. We can define dissipators as L2 =
√
κ2a

2 two photon loss dissipator

with κ2 being two-photon loss rate, and L1 =
√
κ1a single photon loss dissipator with

κ1 being single-photon loss rate. Note that parity operator in equation 3.108 causes

Z2 symmetry due to [H, P] = [L2, P] = 0 but this is violated by steady states defined

as:

ρss = |ψ⟩⟨ψ| where |ψ⟩ = c0 |αe⟩+ c1 |αo⟩ ∋ |c0|2 + |c1|2 = 1 (3.132)

Here |α⟩ denotes the coherent states with subscripts even or odd such that |αe⟩ ∼
|α⟩ + |−α⟩, |αo⟩ ∼ |α⟩ − |−α⟩. We have α =

√
Ne−iπ/4 ∋ N ≡ λ/κ2 photons.

Note that we define logical states as:
∣∣0〉 ≡ |αe⟩ and

∣∣1〉 ≡ |αo⟩.

When a photon damping Ld =
√
κda

†a creates a phase-flip with error rate e−γN (with

constant γ), this error is ineffective on cat codes. When N is large, states with broken

symmetry (|±α⟩ ≈ (|αe⟩ ± |αo⟩)/
√
2) have lower risk of phase-flip such that they

have lifetime that is exponentially long. In cat qubits, decoherence is occurs mostly

due to single-photon loss L1 induced bit-flip error turning steady state into a classical
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bit such as:

ρss ≈ c |α⟩⟨α|+ (1− c) |−α⟩⟨−α| (3.133)

where c ∈ [0, 1]. We can generalize whether if there is a passive protection by looking

at the relation between perturbation and parity such that:

• if they commute (i.e. [Ld, P] = 0), there is a passive protection

• if they don’t commute (i.e. {L1, P} = 0) there is no passive protection.

3.7.2 2D Ising-Model

Suppose we have PBCs defined on M×M square lattice with 2D Ising model having

Hamiltonian:

HIs = −
M∑

x,y=1

(Zx,yZx+1,y + Zx,yZx,y+1) (3.134)

where Zx,y is Pauli-Z on site (x, y). In this model, ground states are the ferromagnetic

states with logical state
∣∣0〉 ≡ |↓↓ · · · ↓⟩ and

∣∣1〉 ≡ |↑↑ · · · ↑⟩. Note that Z |↓⟩ = |↓⟩
and Z |↑⟩ = − |↑⟩.

Now let H=0 by which thermalizing local dissipators can be described and think of

dissipators which is constructed by taking the product of Pauli-X and projection op-

erators onto some domain-wall configuration. By doing so, we locally get a spin to

shift its sign according to majority rule. For thermal state taken from the classical

Ising in 2D as steady state

ρss =
e−βHIs

Tr(e−βHIs)
(3.135)

where β = 1
8
ln
(
κ+∆
∆

)
we have the dissipators (whose superscripts indicates how

many domain walls projectiors check):

L(3)
x,y =

√
κ̃Xx,yΠ

+
x,y;→Π−

x,y;↑Π
−
x−1,y;→Π−

x,y−1;↑

L(4)
x,y =

√
κXx,yΠ

+
x,y;→Π−

x,y;↑Π
−
x−1,y;→Π−

x,y−1;↑

(3.136)

where κ̃ =
√
∆κ+∆2 −∆ and projection operators that project onto specific local

spin arrangement are Π±
x,y;→ = (1± Zx,yZx+1,y)/2 and Π±

x,y;↑ = (1± Zx,yZx,y+1)/2.

Note that we omitted rotational invariance jumps. And for all lattice sites, bit-flip rate
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that is uniform is:

L′
x,y =

√
∆Xx,y (3.137)

Figure 3.19: Classical spin configurations and related transition rates [101]

In fig.3.19 we see the transitioning from the situation with 4 domain wall (configura-

tion on the left) to 0 domain wall case with transition rates which obey the detailed

balance (equation 3.4) such that (κ4→0)/(κ0→4) = e8β

Note that we used equation 3.135 but this is not the only way. Parity operator al-

ways commute with any given dissipator. In other words, state parity is conserved in

dynamical systems due to strong Z2 symmetry.[103]

Near the thermodynamic limit of phase with broken symmetry (or in low temper-

atures), we can keep the qubit in ρss. However strong symmetry of Z2, if there

is a phase-flip error (Li ∼ Zi), turns into weak symmetry (such that [L, P] = 0,

P(ρ) = PρP† ) meaning that ρss can store just a bit of information which is classic.

This steady state is:

ρss ≈ c
∣∣0〉〈0∣∣+ (1− c)

∣∣1〉〈1∣∣ ∀c ∈ [0, 1] (3.138)

If we make an analogy with cat qubits, when there is a single-photon loss, ferromag-

netic states in the Ising model decohere due to phase-flip.

3.7.3 2D Photonic-Ising Model

Now we combine those two models by which protect the information with one model

against an error that other model can’t protect against. Assume we constructed an

M ×M lattice using photonic cavities with a two-photon drive and loss processes in

each reading Hamiltonian:

Hx,y = λ(a2x,y + (a†x,y)
2) (3.139)
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with dissipator L2,x,y =
√
κ2a

2
x,y where ax,y is the annihilation operator acting on

(x, y) site. Next, neighbouring cavities have parity-parity interaction with:

Hs = −
∑
i,j

PiPj (3.140)

where Pi is acting on site i. Just like in the Ising model, these kinds of interactions

have tendency to align neighbouring parities when the temperatures are low. Local

dissipators of causing such situations:

L(3)
x,y =

√
κ̃nnax,yΠ

+
x,y;→Π−

x,y;↑Π
−
x−1,y;→Π−

x,y−1;↑

L(4)
x,y =

√
κnnax,yΠ

−
x,y;→Π−

x,y;↑Π
−
x−1,y;→Π−

x,y−1;↑

(3.141)

where κ̃nn =
√
κ1κnn + κ21 − κ1 while projectors are Π±

x,y;→ = (1 ± Px,yPx+1,y)/2

and Π±
x,y;↑ = (1±Px,yPx,y+1)/2. On (x, y) site, parity operator in equation 3.108 turns

into Px,y = eiπa
†
x,yax,y . When there is no error (κ1 = 0), steady states are:

|ψ⟩ = c0 |αe⟩ |αe⟩ · · · |αe⟩+ c1 |αo⟩ |αo⟩ · · · |αo⟩ with |c0|2 + |c1|2 = 1 (3.142)

As we discussed in previous sections of this chapter, to a logical error to happen, it

has to pass a macroscopic energy barrier. In this method, a local single-photon loss

has to overcome the large number of domain walls for a logical bit-flip. Note that this

probability decays exponentially when the size of lattice growing. On the other hand

for a logical phase-flip to occur, state |αe⟩± |αo⟩ has to turn into |αe⟩∓ |αo⟩ with Ld,

but this also has low probability due to the fact that in the phase space, well seperated

states |α⟩ and |−α⟩ have also an unstable fixed point in between. [104] Therefore for

large N logical phase-flip probability also decays exponentially.

3.7.4 Implementation

We can try to get something similar to equation 3.141 with digital automation called

Toom’s rule. This technique has no need for measurements but needs logical gate

series that are fault-tolerant. We need digital step number to average photon number

ratio to be linear in scale so that we can apply this method. We can consider only a

single time step and the implementation of the local decoder at that step is enough,

we don’t need to consider whole steps.
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Let’s begin with placing each cavity on a lattice, an ancillary cavity initialized to |αo⟩.
First thing we do is applying a unitary gate U to encode on some site. Then ancillary

cavity changes its state according to the neighbouring cavities and the cavity that we

applied U on as:

U = Π⊗ (|αe⟩ ⟨αo|+ |αo⟩ ⟨αe|) + Π⊥ ⊗ (|αo⟩⟨αo|+ |αe⟩⟨αe|) (3.143)

where Π projects onto the domain walls’ local configuration and Π⊥ is orthogonal

subspace projection operator. In short what U do is:

• Shift ancillary cavity state |αo⟩ to |αe⟩ if an error is detected

• Do nothing if no errors are detected.

Secondly, we apply CNOT gate to both where control is the ancillary cavity and

target is the lattice cavity of interest.

Thirdly, in order to remove the entropy from the ancillary cavity, we use a transmon.

We couple this transmon and the ancillary cavity via strong dispersive coupling, then

reset the ancilla back to initial |αo⟩ state. When the chosen autonomous decoder is

Ising-type, phase flips are suppressed due to fault-tolerance of cavity-cavity gates.

Notice that U is local at every site and in the neighbourhood of every lattice cavity,

and U ’s at different sites commute. Then we can generalize the operation on a single

site to the whole lattice, meaning that we can apply U to all sites before the reset.

Figure 3.20: Toom’s rule for photonic-ising model [101]
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As an example consider the figure 3.20. Here the cavity in the middle is ancilla. At

first, we applied CNOT gates with c0 being control and c1 & c2 being targets. Then

we applied Toffoli gate with c1 & c2 being control while ancillary cavity as target.

We then apply CNOT s again with control c0 and c1 & c2 targets to invert followed

by ancillary cavity being control and c0 being target. Finally couple the ancilla with

transmon to reset. So, we achieved fault-tolerance.
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CHAPTER 4

MACHINE LEARNING ASSISTED QEC

In this chapter, we look for some methods that uses machine learning to optimize

QECCs. The methods that we look at are related to the surface codes and quantum

memory codes that we discussed before. Some details of the methods are provided in

the Appendix to keep discussion organized.

4.1 Variational QEC

This method is developed for noisy intermediate scale quantum (NISQ) devices which

are noisy, therefore require shallow circuits. In this method, cost function is created

following Knill-Laflamme conditions. This method provides basis state for varia-

tional quantum circuits (VQC) with given noise channel and graph connectivity and

it can find code for any error model. Note that we follow [105] for this method.

4.1.1 Cost Function Definition

Machine learning algorithms use cost functions to optimize what is necessary for

algorithm to learn. For this end, let E = {Ei} be some error set. For a quantum code

having parametrized orthogonal basis state, set {|ψ1(θ)⟩ , |ψ2(θ)⟩ , · · · , |ψK(θ)⟩} we

can define cost functions:

• with l1-norm:

Cl1n,K,E(θ) ≡
∑
Ei∈E

( ∑
1≤p≤q≤K

| ⟨ψp|Ei|ψq⟩|+
1

2

K∑
q=1

∣∣∣ ⟨ψq|Ei|ψq⟩ − ⟨Ei⟩
∣∣∣)
(4.1)
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• with l2-norm:

Cl2n,K,E(θ) ≡
∑
Ei∈E

( ∑
1≤p≤q≤K

| ⟨ψp|Ei|ψq⟩|2 +
1

4

K∑
q=1

∣∣∣ ⟨ψq|Ei|ψq⟩ − ⟨Ei⟩
∣∣∣2)
(4.2)

where ⟨Ei⟩ = 1
K

∑K
q=1 ⟨ψq|Ei|ψq⟩

Note that the zero points of those cost functions are the same and they are positive. If

Cl1n,K,E ≤ 1 then Cl2n,K,E ≤ (Cl1n,K,E)
2 and if Cl1n,K,E = 0 then we can detect E perfectly.

4.1.2 Algorithm

In this method, we take output states to be the QECC basis states and the circuit to be

the encoder.

If there is a NISQ device having connectivity graph G of the hardware where ver-

tices and edges corresponding to qubits and neighbouring qubit couples respectively

single-qubit operators and two-qubit operators can be applied on qubits and neigh-

bouring qubits respectively. With learning what we try to find is encoding circuit with

lowest possible depth and a QECC of K-dimensions capable of detecting E = {Ei}
error set.

For algorithm design, let L and Lmax indicate VQC layer number and maximum

allowed layer number respectively. VQC evolves with U(θ) and θ is the circuit pa-

rameter to be updated. Beginning with L = 1 and random θ value and choosing

physical qubits k = ⌈(log2(K))⌉1 used to logical data preparation. We want those

chosen ones to scatter so that the edges connecting other qubits to chosen qubits are

very few.

The algorithm that we see in fig.?? is as follows: we begin with initializing the chosen

qubits to one of the member of the set {|0⟩ , |1⟩ , · · · , |K− 1⟩} which has K number

of binary strings, and rest to |0⟩⊗(n−k). Then input codespace Cin which has distance

d = 1 is spanned by the resulting states such that

Cin = span{|0⟩ |0⟩⊗(n−k) , · · · , |K− 1⟩ |0⟩⊗(n−k)} (4.3)

1 ⌈•⌉ is ceiling function that rounds its input into integer bigger than the input.
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To estimate cost functions, we estimate ⟨ψq|Ei|ψq⟩ & | ⟨ψp|Ei|ψq⟩| and then do mea-

surements in computational basis. For ⟨ψq|Ei|ψq⟩, initial state |q− 1⟩ |0⟩⊗(n−k) is

prepared, system is evolved with U(θ) and local observable Ei is measured. For

⟨ψp|Ei|ψq⟩, again state |q− 1⟩ |0⟩⊗(n−k) is initiazed, system is evolved using U(θ),

Ei and U †(θ) in this order and measurement is done. As far as measurement is con-

cerned, n − k ancillary qubits are measured and then the rest is measured if the first

measurement outcome is |0⟩⊗(n−k). Let Ppq be the binary string |p− 1⟩ |0⟩⊗(n−k)

outcome probability, then | ⟨ψp|Ei|ψq⟩| =
√
Ppq. We can also get ⟨ψq|Ei|ψq⟩ with

this step but due to the fact that VarQEC is for NISQ devices, it would be wise to use

shallow circuits to estimate cost functions.

Note that though E can contain non-Hermitian and non-unitary terms, we assumed

that it only have Pauli errors, but this can be solved by rotating Pauli terms or with

additional ancillas.

4.1.3 θ Optimization

At first step, previously sampled θ is used in mini-batch gradient descent for Cl2n,K,E

minimizing. During an iteration, subset Es ⊂ E is sampled, and we make estimation

of the associated part of l2-norm cost function and the gradient which are:

Cl2n,K,E(θ) ≡
∑
Ei∈Es

( ∑
1≤p≤q≤K

| ⟨ψp|Ei|ψq⟩|2 +
1

4

K∑
q=1

∣∣∣ ⟨ψq|Ei|ψq⟩ − ⟨Ei⟩
∣∣∣2) (4.4)

and

∇θ =
∂Cl2n,K,E(θ)

∂θ
(4.5)

Following this, we carry one step of gradient descent having ηl learning rate with

measurement:

θ ← θ − ηl∇θ (4.6)

We can estimate Cl2n,K,E(θ) with O(K
2|E|2
ϵ2

) measurements up to some estimation error

ϵ and gradient with finite-difference method or a combination of chain and param-

eter shift rules (See appendix). Using mini-batch gradient descent is advantageous

because it converges more vigorously while preventing being stuck in local minima.

Before converging, we keep sampling and gradient descent. Note that we begin mini-

mizing with Cl2n,K,E(θ) because it is differentiable while Cl1n,K,E(θ) is not and Cl1n,K,E(θ)
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is much slower in converging.

In the case that E is an error set that is too large, we can use classical shadow tech-

nique on all |ψq⟩ basis states (see appendix). Classical shadows allow us to make

cost function estimation classically and optimization of a large-batch requiring less

measurements.

We can start fine-tuning θ and estimating Cl1n,K,E(θ) after a suitable mini-batch learn-

ing which estimates Cl2n,K,E(θ) sufficiently small (< 0.001 for example) [105]

In [105] authors used Powell’s method (see appendix) as fine tuning. When we halt

the optimization depends on Cl1n,K,E(θ) such that

Cl1n,K,E(θ) < C
l1
tol (4.7)

where Cl1tol is a tolerance value for cost function which we set (in [105], this value is

set Cl1tol = 10−6) as a hyperparameter. Before satisfying equation 4.7, we continue by

increasing the layer number L followed by optimizations until we reach L = Lmax

case at the end of which we find that there is no such code. In the case when we

satisfy equation 4.7, halting the optimization gives us the fine-tuned parameters θopt

such that ideally are:

θopt = arg(min
θ

(Cl1n,K,E(θ))) (4.8)

So, the resulting approximate QECC is:

Cout(θout) = span{ |ψ0⟩ = U(θopt) |1⟩ |0⟩⊗(n−k) , |ψ1⟩ = U(θopt) |2⟩ |0⟩⊗(n−k) ,

· · · , |ψK⟩ = U(θopt) |K− 1⟩ |0⟩⊗(n−k)}

(4.9)

with sufficiently small ϵ. Here we can consider U(θopt) as encoding circuit and if

there are redundant gates in them, we can erase them.

In [105] authors demonstrated the capability of the algorithm by making to find

((6, 2, 3))2 and ((7, 2, 3))2 QECCs but also showing that ((7, 3, 3))2 codes are not pos-

sible. It found channel adaptive codes for nearest-neighbour correlated error models.
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If the cost function in the final is low enough, we have approximate quantum codes

with lower bound inaccuracy.

4.2 Optimizing QECCs with Reinforced Learning

Surface codes as we discussed in chapter 2 are used in this method with the help of

reinforcement learning (RL) and transfer learning techniques to modify logical error

rate to a desired value. We follow [106] through this section.

As a summary, we feed the agent with recent status of the code structure. What

agent has to do is to modify the code and take the logical error rate below a desired

threshold value. Agent modifies the code via fault-tolerant deformations locally.[107]

Reward is given to the agent if the logical qubits are protected. This type of reward-

punishment mechanism is called reinforced learning.

One upside about this technique is that the agent don’t have the information that it

is in whether in experiment or a simulation in other words, it works in black-box

environment. As a result, it can be used for different platforms such as ion traps or

superconducting qubits etc. Agent modifies surface codes by adding new qubits and

connections. To estimate logical error rate, a benchmarking algorithm called SQUAB

is used. (see appendix) As a learning algorithm, projective simulation is used. After

training the agent in one case, transfer learning is used to use it in other case. This

paper shows that transfer learning can be used to optimize algorithms in simulations

and then use them in experiments, therefore with low costs.

Figure 4.1: Reinforced learning framework [106]

Note that the framework in fig.4.1 can be used with different codes, decoders, error
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models or RL methods with promising potential.

4.2.1 Reinforcement Learning and Projective Simulation

Generally in a RL setting, agent and environment interact with the following way:

Perceptual input (percepts) are given to the agent at each step, percepts contain in-

formation about the environment. Then agent triggers the reward mechanism with

its actions. Here, agent tries to maximize its rewards per time step. In [106] no as-

sumption about the environment are made so it seemed as if it is a block box, and

environment here is the surface code memory and a control mechanism that estimates

the logical error rates. Agent don’t have the information about the error model. To

have information about error model, process tomography is needed which is an energy

intensive process, and we expect agent to suppress error causes instead of estimating

its model.

4.2.1.1 Projective Simulation Model (PSM)

Learning algorithm we use is developed for physics simulations.[109] This network

contains episodic memory units called clips and those clips are consist of percept

and action clips. Let P and A be disjoint sets of percepts and actions respectively.

Interactive RL has agents that know the environment via percept clip (which can

be considered as the possible environment states) si ∈ P i = 1, · · · , N (t) where

superscript of N (t) indicates the time step and N is the percept number, and then

agent reacts with an action clip (which can be considered as an operator acting on the

environment) aj ∈ A j = 1, · · · ,Mi where Mi gives the available action number for

a given percept si.

In fig.4.2, we see a clip network having two layers. Notice that this bipartite graph

is directed which makes it different from Tanner graphs. This is because in this

case, graph shows the connection between percept and action occurs with possibility

Pij := p(aj|si) (meaning probability of action aj in the case of si) with some directed

edge (i, j).

Agent decides how will it act next according to the transition probability in the
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Figure 4.2: Bipartite graph of PSM [106]

episodic memory. Newly formed clips updates network as a result updates the transi-

tion probabilities as well. The learning is occurred in this way. New percept at every

step comes out and added to the P set.

Now let’s define h-value h(t)ij which is some time-dependent weight related to an edge

(i, j). Then probability of percept si transitioning to action aj is:

P(t)
ij =

eβh
(t)
ij∑Mi

k=1 e
βh

(t)
ij

(4.10)

called softmax function [110] where β > 0 is softmax parameter.

At the beginning, agent acts randomly which corresponds to uniform transition prob-

abilities in which h-values are all 1. Then non-negative rewards λ(t) will be given to

the agent by the environment to reinforce it adjusting transition probabilities in which

agent tries to find the action aj on given percept si maximizing the reward. Note

that agent is looking forward to the reward received in later iterations. So, matrix

elements hij of h-matrix are updated due to environment feedbacks λ(t). The update

of h-values are done with following update rule:

h(t+1) = h(t) + λ(t)g(t) + γ(1− h(t)) (4.11)

which describes the step from time t to t+1. Here g is the glow matrix and γ ∈ [0, 1]
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which serves as a forgetting mechanism such that at each update, it decreases h-

values. Note that it doesn’t make h-values less than 1.

And the glow matrix basically is the long-term memory. What glow matrix does

is making λ(t) in the further past decrease (or remembered less strongly) so that past

experiences rarely affect future attitutes. At this point, one may ask, if we want past to

influence less as the time goes, why do we keep it at the first place? The reason is that

not all actions end up with a reward. More generally, when a reward is delayed, agent

uses its past experiences. At the beginning, glow matrix is a zero matrix and updated

parallel to h-matrix. We set gij = Mi/M0 where Mi and M0 are action numbers at

step ith and initial steps recpectively, whenever some edge (i,j) is crisscrossed while

making decision. Note that glow matrix accounts how much past a reward belongs to

by glow parameter η ∈ [0, 1] with following update rule:

g(t+1) = (1− η)g(t) (4.12)

at each iteration.

Moreover, we have an erasing mechanism in order to save memory in which percept

clips that are not used are erased. For instance we delete h-values if their average

is below 1 + δ value. Note that to begin erasing procedure, agent has to wait until

rewarded iteration number τ (immunity time) to pass some value. In addition, if in an

iteration no rewards are given, all the clips are removed.

Notice that β, γ, δ, η and τ are hyperparameters meaning that they have to be adjusted

by hand. Although PSM can learn them, it takes so much time.[111] At the end,

optimized transition probabilities which is the clip network serves as the memory of

the agent governing the decision making.

4.2.1.2 Transfer Learning

In transfer learning, agent can apply its past experiences in a situation to another new

situation that is related. Best side of this technique is that we don’t need to start over

whenever environment or the task changed a little. Agent can use its experiences

which are gained from the simulation on experiments. The success of this technique

depends on how much the error model in the simulation is similar to the real life ver-

sion. To see how powerful transfer learning in quantum memories is, we first train our
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agent in some error model E then we give it another, more realistic error model Ẽ . The

change in the error may caused by the change in the environment, instrument failure,

malicious attack or going from simulation to the experiment. Since the agent has no

information about the environment, it can solve all of them without even knowing the

problem.

In general, if the error channel is changing little, learning experince in some channel

should be useful in another related channel. So, RL optimizes in a method and ad-

justs it according to a new environment, in this way strength of RL increases since

long term memory is required between tasks. Agent has global information about the

environment in its memory if the agent explored the search space with some reward

mechanism. In short, if an unoptimal QECC is given to the agent, it knows what to do.

In [106] for a quantum memory, agent is subjected to error channel:

E(ρ) = pZρZ + (1− p)ρ (4.13)

with p = 0.14 and its task was to decrease logical error rate lower than P rew
L = 0.001

logical rate for reward. After agent discovered a strategy to find some good QEC,

agent is expected to perform under p = 0.16 case. In fig.4.3(a) we see how agent

used its experiences on p = 0.14 case to protect qubits in p = 0.16 case. Note that

what agent achieved in p = 0.16 case is not possible if it would start from scratch

within 6000 trials.

For more realistic cases, 60 agents trained on error model in equation 4.13 with p =

0.1. After enough iterations for agents to find good strategies, one agent from bests is

chosen at random to encounter a realistic model with:

Ẽ1,k(ρ) = px,kXρX + pz,kZρZ + (1− px,k − pz,k)ρ (4.14)

where k indicates which qubit is subjected to error. This model contains Pauli X-

andZ-errors. Error rates for all qubits are set to px,k = 0.02 & pz,k = 0.14 and to

make it even more realistic, spatial correlations (which may occur due to manifactur-

ing error) modeled by adding 0.15 to px,k if that qubit k is in the neighbourhood of

some plaquette.

To push the limits of the algorithm, second stage contains trial number of the second
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Figure 4.3: (a) Transfer learning in error model E(b) Comparison of pre-trained

(with error model E) and unexperienced agents in more realistic error models Ẽ1 and

Ẽ2.[106]

stage cannot exceed 10% of the first one. This is because in real life, doing an exper-

iment is more resource intensive compared to a simulation.

In fig.4.3(b) we see that agents can use their knowledge to achieve good QECCs with

less qubits added as drawn in blue. On the other hand, drawn in green, agents with-

out previous experience failed to decrease required number of added qubits within

allowed trial number.

Now to see if learning transfer works, we consider another error model in which px is

doubled and spatial correlations don’t exist as:

Ẽ2(ρ) = pxXρX + pzZρZ + (1− px − pz)ρ (4.15)

where pz = 0.14 and pX = 0.04. Again taking some agents with experience and

transfer them to new setup, we see (in fig.4.3(b)) how pre-trained and unpre-trained

agents differ (drawn with purple and pale rose respectively) as well as success of pre-

trained agents on Ẽ1 and Ẽ2.
Therefore we conclude that transfer learning is useful for quantum memories of near

future with limited resource. We see that agent trained on a simulation can transfer

its experience onto experiment.
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4.3 Approximate Autonomous QEC with Reinforced Learning

Autonomous QEC doesn’t contain repetitive feedback cycles of measurement with

continuous dissipation by engineering the reservoir as we discussed in chapter 3. In

this section, we follow [112]. Knill-Laflamme conditions dictates requirement for

challengingly realized intricate and delicate superpositions of Fock states. Due to

this, we needed distance d ≥ 2. In [112], Knill-Laflamme conditions are untightened

resulting possibility of lowering the distance, meaning that, we now won’t getting

exact QEC. Therefore we apply approximate AQEC (AAQEC) which we try to op-

timize via RL and consider successful when found AQEC exceeds break-even point.

Turns out that in optimal AQEC we use |2⟩ and |4⟩ Fock states for codewords, in this

way RL exceeds break-even point decreases infidelity more than 80%. In the mean-

time lowers distance to d = 1. (before this study, we had dg = 2 at best) RL based

AAQEC can be achieved by implementing encoded bosonic mode having two-level

lossy ancilla using already existing techniques.

4.3.1 Approximate AQEC (AAQEC)

In AAQEC, we engineer dissipation to prevent natural decay processes. Once we

intensify the effects of engineered Lindblad operators
∑

j D(Leng,j), infidelity (de-

fined between some arbitrary state ρ(θ, ϕ, t0) = |ψθ,ϕ⟩⟨ψθ,ϕ| and state after evolution

ρ(θ, ϕ, t) =M(ρ(θ, ϕ, t0))) growth is lowered. Here dissipative channelM(•) con-

tains natural Lindblad operators
∑

j D(Lnat,j) (where Lnat ∈ {I, a}) and responsible

for minimization of infidelity due to engineered Lindblad operators. Note that θ and

ϕ define the quantum state in Bloch sphere and

D(x) = 2xx† − x†xρ− ρx†x (4.16)

If we pick logical codewords
∣∣0〉 and

∣∣1〉, which decides the mean fidelityF(
∣∣0〉 , ∣∣1〉),

in such a way that Knill-Laflamme conditions are satisfied which can be difficult task

for bosonic AQECCs, we can reach exact QEC. In addition, if the system needs many

nonlinear interactions with high order and numerous control fields, implementation is

challenging. So instead we use AAQEC and introduce a loosening in Knill-Laflamme

conditions by excluding
〈
1
∣∣L†

nat,jLnat,j

∣∣1〉 =
〈
0
∣∣L†

nat,jLnat,j

∣∣0〉 constraint. Then
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codewords satisfying remaining conditions are:∣∣0〉 =∑
i=0

c
(0)
i |4i⟩ &

∣∣1〉∑
i=0

c
(1)
i |4i+ 2⟩

∋
∑
i

∣∣∣c(j)i

∣∣∣2 = 1 & c
(j)
i ∈ R ∀j ∈ {0, 1}

(4.17)

where c(j)i coefficients are left unknown and will be used for optimizing AQEC. We

have one jump operator:

Leng =
L0√

Tr
(
L†
0L0

) ∋ L0 =
∣∣0〉 ⟨0err|+ ∣∣1〉 ⟨1err| (4.18)

where |ierr⟩ =
a|i⟩√
⟨i|a†a|i⟩

∀i ∈ {0, 1} are states in the error space. An encoded state

in error space is carried by Leng to codespace. We can expand Leng as:

Leng =
∑
|d′|≤d

∑
i

λid′ |i⟩ ⟨i+ d′| (4.19)

When we add some lossy ancilla, coupling HamiltonianHeff = g(Lengσ
++L+

engσ
−)

can be used to describe on engineered dissipation. Tracing out the qubit gives Lind-

blad superoperator D(Leng) and system is evolved by:

dρ

dt
= −i[Heff , ρ] +

γa
2
D(a) + γb

2
D(σ−) (4.20)

where γa is the rate of single-photon loss of mode a and γb is the decay rate of ancilla.

Note that we assumed γa ≪ g ≪ γb. Recovery process has two possible QEC cycles:

• |ψθ,ϕ,0⟩
γa−→
∣∣ψerr

θ,ϕ,0

〉 g−→ |ψθ,ϕ,1⟩
γb−→ |ψθ,ϕ,0⟩

• |ψθ,ϕ,0⟩
γa−→
∣∣ψerr

θ,ϕ,0

〉 g−→ |ψθ,ϕ,1⟩
γa−→
∣∣ψerr

θ,ϕ,1

〉 γb−→
∣∣ψerr

θ,ϕ,0

〉 g−→ |ψθ,ϕ,1⟩
γb−→ |ψθ,ϕ,0⟩

(4.21)

4.3.2 Optimal Codespace

To find optimum values of c(0)i and c(1)i for maximizing mean fidelity F by fixing time

as a reference, we use RL. At the beginning, we divide every agent-environment inter-

action (called episode) into k = [1, K] steps. For all steps, in step k for example, agent
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Figure 4.4: (a) AAQEC transitions between energy levels. (b) Schematics of

AAQEC.[112]

looks the state sk ∈ S, that is the recent state at that step, and according to p(A|S)
it decides to make action ak ∈ A where p(A|S) is the policy function.responsible

for choosing an action using current state and reward. We describe action with

[c
(0)
i , c

(1)
i ] coefficient vector and fidelity F(θ, ϕ, t0) = Tr(ρ(θ, ϕ, t0)ρ(θ, ϕ, t)) ∀θ ∈

{0, π/2, π}, ϕ ∈ {0, π/2, π, 3π/2} corresponds to the state. After acting on the sys-

tem, action gives reward rk+1 to the agent and takes state to sk+1. Here what reward

try to maximize is break-even point and mean fidelity difference.

In the study [112], state and reward are solved by simulating the equation 4.20 via

QuTiP library till γat becomes a specific value that is set by hand. Besides γat, g/γa

and γb/γa are also hyperparameters. When the algorithm takes state and reward val-

ues during sampling, it inputs them to proximal policy optimization (PPO) (see ap-

pendix) and updates p(A|S) accordingly.

In [112] RL algorithm found a code with F ≈ 0.95 at γat = 0.6 with Fock states:∣∣0〉 ≈ |4⟩ and
∣∣1〉 ≈ |2⟩. This result is experimentally achievable with current tech-

niques and Leng ∝ |2⟩ ⟨1| + |4⟩ ⟨3| has distance d = 1 meaning that we don’t need

many control fields or nonlinear interactions to implement Hamiltonian. They also

found that fidelity F ∈ [0.93, 1] which is above the break-even threshold which is

0.84 implying that every quantum state within the codespace of RL are protectec by

AQEC.
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4.3.3 Coupling Engineering

To achieve a distance-1 Hamiltonian, one possible construction includes encoding

mode a coupled with dissipative mod c via intermediate qubit (see fig.4.5) with asso-

ciated Hamiltonian:

Figure 4.5: System-environment coupling for AAQEC [112]

H = ωaa
†a+ ωcc

†c+
(
f(t)(a+ a†) + gc(t)(c

† + c)
)
X +

(ωb

2
+
χ

2
a†a
)
Z (4.22)

where f(t) and gc(t) are control fields such that:

f(t) =
2α0√
2
cos

(
(ωs +

3χ

2
)t

)
+

2α0

2
cos

(
(ωs +

7χ

2
)t

)
(4.23)

gc(t) = 2α1 cos(2χt) + 2α1 cos(4χt) (4.24)

Here ωs = ωa + ωb is blue sideband transition resonant frequency, αj (j = 0, 1) con-

trol field strengths, χ is coefficient that is nonlienar and ωi ∀i ∈ {a, b, c} are mode

and qubit resonant frequencies.

One upside about this technique is that it decreases the distance at minimum possible

while keeping the fidelity above the break-even threshold value. Why this is important

comes from the fact that high distance means high number of many-body interactions

and control fields.
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CHAPTER 5

CONCLUSIONS

We have seen that quantum systems can be protected against various quantum errors

using QEC codes. We can derive such codes from classical error correction codes or

designed solely for quantum systems. Such codes can be constructed with product of

two different codes. This type of methods will provide us with higher distance and the

properties of the ingredient codes. Besides that, we can exploit the geometrical struc-

tures to construct QECCs thanks to homology. Identifying i-cells of the homology,

we can achieve desired quantum codes. Moreover, with the help of machine learning

methods as we discussed in chapter 4, we can optimize such geometric codes with

less resources but more logical qubits, as a result with better encoding rates.

Machine learning in both classical and NISQ devices may help us to construct not

just only surface codes but also may help us to make better simulations to carry more

precise experiments. Thanks to transfer learning, we can make experiments with low

costs. Machine learning techniques also allow us to construct QECCs with low dis-

tance values while keeping the fidelity values above the break-even threshold. Due to

the fact that current quantum systems have few qubits, we always loose some resource

to the encoding giving us less logical qubits compared to physical qubits. However,

codes with high encoding rate can be used for future quantum systems with high num-

ber of qubits. Such codes with large sizes can be achieved by machine learning.

One important problem of scalable quantum computation is the quantum memories.

We also discussed various candidates. Most of them require macroscopic energy gap

between ground and excited states. One downside of such codes is that they require
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more than 2 dimensions. We can construct quantum codes in higher dimensions like

4D toric code or Haah cubic code. We also provide a new approach to Haah cubic

codes. In this new approach, instead of naming vertices of the cubes, we can use

carthesian coordinates. Therefore, we managed reducing the number of the equations

for commutation relations of the corner operators and the conditions that tell whether

an operator is logical operator or not. Besides higher dimensional structures, mecha-

nisms like introducing a defect grid and causing energy penalty for excitations might

be a solution for constructing 2D quantum memories. Or we can try to achieve struc-

tures that haven’t been tested before using machine learning.

For future work, using the VarQEC method with deeper networks as the NISQ de-

vices become more robust against noise, we can try to implement transfer learning

technique to achieve passive protection of quantum information.
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APPENDIX A

COMPLEXITY NOTATION

A.1 Bachman-Landau Asymptotic Notation

The notation used to describe how a function is bounded which is used in complexity

theory. We use this notation mostly for distances.

i) f = O(g) if ∃ c & x0 ∋ f(x) ≤ cg(x) ∀x > x0

ii) f = Ω(g) if ∃ c & x0 ∋ f(x) ≥ cg(x) ∀x > x0

iii) f = Θ(g) if f = O(g) & f = Ω(g) (implying f(x) = cg(x))

iv) f = o(g) if limx→∞(f(x)/g(x)) = 0

where c is a constant. [56]
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APPENDIX B

QLDPC TOOLS

B.1 Homological Algebra

We can use homological algebra to generate QECCs. In this section, following [64],

we give a brief overview on chain complexes.

To begin with, let ∂i be linear maps called boundary operators, Ci are F2 vector spaces

and chain complex C with length n+ 1:

C = (Cn
∂n−→ · · · ∂2−→ C1

∂1−→ C0) (B.1)

satisfying

∂i∂i+1 = 0 (B.2)

And to describe ∂i as matrices, assume that all vector spaces Ci have a basis allowing

it. Since chain complexes are from algebraic topology, we call basis vectors of Ci as

i-cells and elements i-chains (i-cells span i-chains). To make it more concrete, the

i-cells are elements of subdivision, i.e., a 0-cell is a vertex, a 1-cell is an edge, a 2-cell

is a face.

An i-cycle is an element in Ker(∂i) since it is an i-chain having trivial boundary

and i-boundary is an element in Im(∂i+1) since it is an i-chain in the image of the

boundary operator.

The ith homology Hi(C) is the vector space of i-cycles (mod(i-boundaries)) where

Hi(C) =
Ker(∂i)

Im(∂i+1)
(B.3)
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and dually, we define i-cohomology

H i(C′) =
Ker(∂Ti )

Im(∂Ti+1)
(B.4)

i-cocycles and i-coboundaries where C′-operators are related to the cohomology group.

Note that homologically speaking, a classical code is a chain complex of length-2 in

which boundary operator defines parity checks and quantum code is length-3 with 2

boundary operators corresponding to PCMs Hx & Hz.

C = (C2
∂2=HT

z−−−−→ C1
∂1=Hx−−−−→ C0) (B.5)

As an example, consider a surface. Here, when we apply ∂2 to a face, we get 4 edges,

applying ∂1 to an edge gives two vertices which they are the boundaries of the initial

i-cell and so on.

By this way, logical Z-operators are similar to the homology group

H1(C) = Ker(∂1)/Im(∂2) while logical Xs are similar to the cohomology group

H1(C) = Ker(∂T2 )/Im(∂T1 ), logical qubits k = dim(H1(C))/ dim(H1(C)). The

distance d = min(dz, dx) where dx & dz are respectively minimum Hamming weight

of all non-trivial cohomology and homology classes. On the other hand with two

consecutive boundary operators, single chain complex can give many CSS codes.

Quantum codes can be constructed with the tessellation of manifolds or surfaces.

Toric code is one of the most famous examples which is a torus with square tiles

where faces are Z-checks, vertices are X-checks and edges are the physical qubits.

In general, for a tessellation of a D dimensional manifold, we see qubits as i-cells

where 0 < i < D, Z-checks as (i+ 1)-cells and (i− 1)-cells as X-checks.

Note that i-cell subsets with no boundaries and not being the boundary of (i + 1)-

cell subsets correspond to non-trivial logical Z-operators. Moreover, vector spaces

spanned by i-cells and the boundary operator form cellular chain complex which

makes a bridge between homological and geometrical perspectives.

We also can consider Hasse diagram of tessellation to connect to Tanner graphs. Same

manner is applied to X-logicals by either taking the dual tessellation or taking coho-

mology classes into account.
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In a higher dimensional manifold M with genus g (the holes on the manifold), the

length, area or the volume of the smallest non-contractible i-dimensional submani-

folds are called i-systole (denoted by sysi(M)) and it is related to the distance as:

d ∼ min
[γ]∈Hi

voli(γ) (B.6)

where γ is essential cycle. In other words, minimum weights of logical operators are

related to the minimum volumes of essential cycles. This gives us families of codes

and for suitable tessellations they are LDPC codes.

B.2 Tanner Graphs

A bipartite graph with partitions associated with bits and checks is called a Tanner

graph and we can use it to describe any linear code C. In fig.B.1, we see the Tanner

graph of [7,4,3] Hamming code where squares are representing the physical bits while

squares are representing checks.

Figure B.1: Tanner graph of [7,4,3] Hamming code [64]

In CSS codes we add another layer since we have both X & Z checks. The fig.B.2

shows the Shor code Tanner graph where circles are qubits this time, top squares are

Z-checks and bottom squares are X-checks. Note that to create geometric interpre-

tation, we choose a linearly dependent set of stabilizer checks. Note that incident

matrices between the layers are PCMs Hx & Hz.

Figure B.2: Tanner graph of Shor’s code [64]
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B.3 Distance Balancing

A technique suggested by Evra-Kaufman-Zemor in [55] allows us to construct a quan-

tum code with nearly equal distances of X and Z. Note that for this topic we follow

[55]. Consider an abstract chain complex U = (U0, U1, U2) where U0 & U2 index the

row set of low-density PCMs Hx & Hz of quantum code Q(U) while U1 indexes the

column set of both Hx & Hz.

Now consider a 1D chain complex W = (P,R) where the sets P & R index the

columns and rows of the PCM H of some classical LDPC code C(W ). And note that

H doesn’t have any redundant rows.

Then 2D chain complex Γ = (γ0, γ1, γ2) allows us to construct new quantum code

Q(Γ) such that

γ0 = (U0 × P ) ∪ (U1 ×R)

γ1 = (U1 × P ) ∪ (U2 ×R)

γ2 = U2 × P

(B.7)

Now we define the incidences between γi elements in U & W :

• Between γ0 and γ1:

– in U :

(u1, p) incident to (u0, p) where (u1, p) ∈ U1 × P
for all u0 incident to u1 where u0 ∈ U0

– in W :

(u1, p) incident to (u1, r)

for all r incident to p where r ∈ R

• Between γ1 and γ2:

– in U :

(u2, p) incident to (u1, p) where (u2, p) ∈ U2 × P
for all u1 incident to u2 where u1 ∈ U1

– in W :

(u2, p) incident to (u2, r)

for all r incident to p where r ∈ R
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So, the quantum code Q(Γ) has length, dimension and distances of X & Z:

N = |U1||P |+ |U2||R|

K = dim(Q) dim(C)

Dx = dx(Q)d(C)

Dz = dz(Q)

(B.8)

Meaning that for a quantum code with dz ≫ dx, Γ construction via a classical code

with d ≈ dz/dx can be used to generate a new quantum code having Dx ≈ Dz.
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APPENDIX C

MACHINE LEARNING TOOLS

C.1 SQUAB algorithm

This algorithm allows us to benchmark a surface code with linear complexity.[108]

The main routine of the algorithm takes a tiling G, its dual G∗ and an erasure channel

E and decides if error E can be corrected by given surface code with tiling G.

For homology group H1(GE) which is generated by the edge of E , denote

h1(G, E) ≡ dim(H1(GE)) (C.1)

After computing h1(G, E) & h1(G
∗, E∗), we check the following:

h1(G, E) + h1(G
∗, E∗) ≤ 0 (C.2)

If equation C.2 is satisfied, it is correctable, otherwise it is uncorrectable. The soft-

ware is available at [108]

C.2 Finite Difference Method

The technique allowing us to approximate nth order derivation dnf(x)
dxn of a given func-

tion f(x) at a point x = h which is based on Taylor series expansions. Beginning

with [114]

f(x+ h) = f(x) + h
f(x)

dx
+
h2

2!

d2f(x)

dx2
+
h3

3!

d3f(x)

dx4
+
h4

4!

d4f(x)

dx4
+ · · · (C.3)

f(x− h) = f(x)− hf(x)
dx

+
h2

2!

d2f(x)

dx2
− h3

3!

d3f(x)

dx4
+
h4

4!

d4f(x)

dx4
+ · · · (C.4)
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then
df(x)

dx
=
f(x+ h)− f(x− h)

2h
+O(h2) (C.5)

called 1st central difference approximation of f ′(x). When we need to solve f ′(x) for

right or left of x, we use forward or backward finite difference approximation (FDA).

To get forward FDA, we solve equation C.3 for f ′(x) and the result is the 1st forward

difference approximation:

df(x)

dx
=
f(x+ h)− f(x)

h
+O(h) (C.6)

Similarly, equation C.4 for f ′(x) yields 1st backward difference method:

df(x)

dx
=
f(x)− f(x− h)

h
+O(h) (C.7)

Note that we only considered 1st differences but one may look for higher orders in

[114]

C.3 Parameter Shift Rule

Since we can express a variational quantum circuit or a unitary gate as a quantum

function, say f(x) where x = {x1, x2, · · · , xN}, we can write its partial derivative

as:[115]
∂f

∂x
= c (f(x+ ϕ)− f(x− ϕ)) (C.8)

where f = f(x), c is some constant and ϕ is the shift.

Note that any gate in the form U(x) = e−iµO where µ is the gate parameter and O

is some Hermitian operator with two or less eigenvalues have the following property:

[116]

U(x) = UN(xN)UN−1(xN−1) · · ·U1(x1)U0(x0) (C.9)

therefore we can use this rule on the gate.
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C.4 Powell’s Method

In [117] Powell proposed a method for finding local minima without necessity of

derivatives. And we will use this technique for fine tuning of θ in VarQEC.

Suppose we find the minimum of function f . For this method, we need n linearly

independent directions v1,v2, · · · ,vn and a guess for minimum P0. We then repeat

the following routine:

• find λi making f(Pi−1 + λivi) minimum

• define new point Pi = Pi−1 + λivi ∀i ∈ {1, 2, · · · , n}

• replace vi with vi+1 ∀i{1, · · · , n− 1}

• set vi as (Pn − P0)

• find λ making f(Pn + λ(Pn − P0)) minimum

• set P0 + λ(Pn − P0) as new P0

We keep the routine repeating and halt when the function doesn’t decrease anymore.

C.5 Proximal Policy Optimization (PPO)

This method is useful for hyperparameter optimization, or policy optimization. Be-

fore we define the method, let’s introduce some functions:[118]

• State-value function of policy p:

V p(s) = Ep

(
∞∑
j=0

γjrt+j+1|st = s

)
(C.10)

where γ ∈ [0, 1] is the discount factor and Ep is the expectation over policy p

• Action-value function of policy p:

Qp(s, a) = Ep

[
∞∑
j=0

γjrt+j+1|st = s, at = a

]
(C.11)
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• Probability ratio of new and old policies at time t, rt, such that:

rt(θ) =
pθ(at|st)
pθold(at|st)

(C.12)

where θ and θold are the policy parameter vector at time t and before the update

respectively. Notice that these policies are stochastic (in the form of p(a|s)
instead of a = p(s)).

• Advantage function A(s, a) at time t:

A(s, a) = Q(s, a)− V (s) (C.13)

Then the function we want to optimize is:[118]

LCLIP (θ) = Êt[min(rt(θ))Âk, clip(rt(θ), 1− ϵ, 1 + ϵ)Âk] (C.14)

where Âk is the esimator of advantage function and ϵ is the hyperparameter governing

the size of policy update. Note that we don’t want this ϵ to be large.[118]

C.6 Classical Shadow Approximation

Instead of trying to get full description of some quantum state, we can approximate its

necessary information using few measurements. The resulting classical information

is called classical shadow. This method can be used for fidelity estimation, entangle-

ment verification, prediction of local Hamiltonian with many-body interactions etc.

[119]

Suppose we have a quantum state ρ having n-qubits and we have no prior information

about this state. To get information out of it, we need to rotate and measure the

resulting state again and again. To do so, we apply some random unitary operator U

to map ρ to UρU †, and then measure it in the computational basis yielding classical

result in a bit string
∣∣∣b̃〉 ∈ {0, 1}n. We store classical snapshot U †

∣∣∣b̃〉〈b̃∣∣∣U in the

memory. We can consider the average of this mapping as some quantum channelM
such as:[119]

E[U †
∣∣∣b̃〉〈b̃∣∣∣U ] =M(ρ) (C.15)
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yielding:

ρ = E[M−1(U †
∣∣∣b̃〉〈b̃∣∣∣U)] (C.16)

where E is average over measurement. Note thatM−1 is not physical since it is not

completely positive, but since it is acting on classical information, we can use it. This

classical snapshot ρ̃ =M−1(U †
∣∣∣b̃〉〈b̃∣∣∣U) gives the original state exactly if we take

its expectation: E(ρ̃) = ρ. [119]

Repeating this procedure N times gives us an array of classical snapshots which we

call classical shadow:

S(ρ;N) = {ρ̃1 =M−1(U †
1

∣∣∣b̃1〉〈b̃1∣∣∣U1), · · · , ρ̃N =M−1(U †
N

∣∣∣b̃N〉〈b̃N ∣∣∣UN)}
(C.17)

Here S(ρ;N) is the classical shadow of ρ with length N . Technique for using this

shadow differs based on what we’re looking for. So, we leave it as further reading to

the original paper: [119]
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