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ABSTRACT

A DATA ENVELOPMENT ANALYSIS BASED RANKING AND SORTING
FRAMEWORK FOR EVALUATING THE SOVEREIGN CREDIT
RATINGS

Mert, Mehmet Esat
Doctor of Philosophy, Industrial Engineering
Supervisor : Prof. Dr. Serhan Duran
Co-Supervisor: Assoc. Prof. Dr. Alaattin Ecer

January 2024, 185 pages

The trend towards greater integration in international capital markets is particularly
evident in the flow of capital towards countries exhibiting funding deficits, driven
by the higher yields these markets often offer. In this dynamic financial
environment, the role of sovereign credit ratings becomes important. These ratings
act as essential indicators for investors, significantly influencing their decision-

making processes and ultimately shaping the yield curves of these markets.

Based on the above-mentioned point, in the first part of this thesis, using the
countries' related economic indicators, DEA-based ranking and sorting approaches
are examined to determine the sovereign credit ratings. Building on the findings in
the first part, the accuracy of the credit ratings is evaluated together with the
economic, fiscal and ESG (Environmental, Social, and Governance) factors as well
as the credit ratings' stability.

Keywords: Data Envelopment Analysis, Sovereign Credit Ratings, Stability of
Credit Ratings, Multi-Criteria Sorting, ESG Factors
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ULKE KREDi NOTLARI DEGERLENDIRMESI iCiN VERi ZARFLAMA
ANALIZi TEMELLI DERECELENDIRME VE SIRALAMA YAKLASIMI

Mert, Mehmet Esat
Doktora, Endiistri Miihendisligi
Tez Yoneticisi: Prof. Dr. Serhan Duran
Ortak Tez Yoneticisi: Dog. Dr. Alaattin Ecer

Ocak 2024, 185 sayfa

Uluslararas1 sermaye piyasalarinin entegrasyonundaki artis, ozellikle fon agigi
gosteren iilke piyasalarinda sunulan yiiksek getirilerle gelen sermaye akisinda
kendini  gostermektedir. Bu dinamik finansal ortamda, Ulke kredi
derecelendirmelerinin rolii daha énemli hale gelmektedir. Bu derecelendirmeler
yatirimeilarin karar alma siireglerinde temel gostergeler olarak islev gérmekte ve

piyasalarin getiri egrilerini sekillendirmede 6nemli bir etkiye sahip olmaktadir.

Yukarida bahsedilen konudan hareketle bu tez ¢alismasinda, ilk asamada iilkelerin
kredi notlar1 ilgili {lilke ekonomik gostergeleri kullanilarak VZA (Veri Zarfi
Analizi) temelli siralama ve smiflandirma yaklasimlar ile incelenmistir. Birinci
boliimdeki bulgulardan hareketle, kredi notlarinin dogrulugu, ekonomik, mali ve
CSY (Cevresel, Sosyal ve Yonetsel) faktorler ile kredi notlarinin stabilitesiyle
birlikte degerlendirilmistir.

Anahtar Kelimeler: Veri Zarflama Analizi, Ulke Kredi Notlar1, Kredi Notlar1
Stabilitesi, Cok Kriterli Siralama, CSY Faktorler
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CHAPTER 1

INTRODUCTION

Credit ratings published by independent agencies, Credit Rating Agencies (CRA),
are one of the critical parameters for borrowing dynamics in a country that is
intertwined with the international capital markets. With the effect of credit ratings
on investors' decision-making processes, countries with high credit ratings have
access to financing in the capital markets with more favorable terms, i.e., lower
costs and/or longer maturities. When a country has a higher credit rating, it is
generally perceived as having a lower risk of default. As a result, lenders are more
willing to invest in its treasury bonds or provide loans at lower interest rates. This
translates to lower borrowing costs for the country, as it can issue debt at more
favorable terms and attract a broader base of investors. In Figure-1.1, we observe
the relation between Tiirkiye’s bond yields’ reaction (the difference between the
10-day average of 10-year Eurobond yields before and after the credit rating
change) to the credit rating changes by S&P (one of three big rating agencies)
between 2003 and 20109.

S&P Decisions and 10-yr Bond Yield Differences
TR R
01

| -

|
01
0.2
03
04
05

Up(03 Up(03 Up(17 Up(10 Up(13 Down Down & Down
Jul) Oct) Faug) Feb) Mar) (17 July) (18 May) (18 Aug)

Difference  0.18 0.25 0.26 0.02 0.11 -0.57 -0.57 -0.06

Figure 1.1. S&P Credit Rating Decisions and 10-yr Turkiye Eurobond Yield

Reaction



Table-1.1 also shows the weighted average differences between the 10-day average
of 10-year Eurobond yields before and after the rating change from the big three
CRAs between 2003 and 2019.

Table 1.1 Weighted Average Differences Between 10-Day Averages of 10-yr
Eurobond Yields before and after Credit Rating Change of Turkiye (2003-2019)

Difference (bp) Fitch Moody’s S&P
Downgrade? -0.33 -2.00 -40.07
Upgrade? 13.86 14.00 14.00

As it is possible to observe similar trends for other countries, governments often
strive to maintain favorable credit ratings or work towards improving their ratings

to benefit from lower borrowing costs and enhanced market confidence.

Ensuring the accuracy of credit ratings is a very important objective of the CRAs
for many reasons, especially due to the relationship described above. It is explained
by the CRAs that the credit ratings of countries are determined according to the
economic, institutional, and financial indicators. From quantitative methods such as
regression to qualitative measurements, different CRAs use different
methodologies as well as various combinations of these methods. Still, in the
literature, the accuracy of these credit ratings has been heavily criticized. The main

criticisms include:

e Inadequacy to assess the risk: Some argue that rating agencies fail to
accurately assess the risks, especially the risks associated with complex
financial products, such as mortgage-backed securities and collateralized
debt obligations. In addition, credit ratings are often viewed as lagging

1 We observe only one instance where Trkiye faced two downgrades at the same time (August
2018 from Moody's and S&P)

2 We see only one instance where Turkiye faced an upgrade by two notches on the same date
(December 2009 from Fitch)



indicators, therefore they may not reflect changes in creditworthiness in a
timely manner. Agencies may take time to react to new information or
adjust ratings, which can result in a lag between actual credit conditions and
the assigned rating.

e Subjectivity and Bias: Credit ratings are based on subjective judgment and
interpretation of the available information. Critics argue that rating agencies
may introduce biases, such as overreliance on quantitative models,
inadequate consideration of qualitative factors, or conflicts of interest due to
issuer-paid models.

e Lack of Transparency: It is argued that the methodologies and criteria
used by rating agencies are not transparent enough, making it difficult for
market participants to fully understand and assess the ratings. This lack of
transparency can reduce confidence in the ratings.

e Regulatory Reliance: Rating agencies have also faced criticism for their
significant role in regulatory frameworks. Reliance on ratings in
regulations, such as capital requirements for financial institutions, has been
viewed as potentially amplifying the influence of rating agencies and their
potential for errors or biases. More on this will be discussed in the next
sections.

e Lack of Independence: Rating agencies have been criticized for potential
conflicts of interest, as they are often paid by the entities they rate, such as
issuers of debt securities. This raises concerns about their objectivity and
independence in assigning ratings.

Regulatory reforms have been implemented to address some of these criticisms,
such as increased oversight and regulation of the rating agencies. However,
ongoing scrutiny and efforts to improve the rating process continue to enhance the

reliability, transparency, and accountability of the credit ratings.

In the context of sovereign credit ratings, various factors need to be considered,

such as economic indicators (GDP growth, inflation, unemployment rate), political



stability, external debts, and fiscal policies. Each of these factors can be seen as a
criterion that affects the overall credit rating. These criteria often have different
levels of importance and can interact in complex ways. Accordingly, given the
complexity and the need to balance multiple criteria, sovereign credit rating
assessment fits well within the framework of multi-criteria decision-making
(MCDM). MCDM methods empower decision-makers to simultaneously consider
multiple criteria, effectively encapsulating the intricacies of sovereign credit rating
assessments. MCDM methods provide structured frameworks for evaluating
alternatives based on a variety of criteria. A notable aspect of MCDM methods is
the need to assign weights to these criteria, a process that can introduce

subjectivity. This topic will be explored in greater detail in the subsequent sections.

Determining of sovereign credit ratings can also be solved by an appropriate
approach such as Data Envelopment Analysis (DEA) which is a data-oriented
model incorporating multiple and common inputs and outputs to calculate the
performances of decision-making units (DMUs). DEA is a flexible technique that
provides a comparison between different DMUSs’ input and output. This process
involves comparing multiple inputs versus the outcome benefits of an
organization's activity. While DEA is not directly used for sovereign credit ratings
in the literature, it can contribute to the analysis of a country's economic
performance or productivity. DEA can be used as a tool to compare the relative
performance of different countries in terms of their resource allocation and
productivity. It can handle multiple inputs and outputs simultaneously, allowing for
a comprehensive evaluation of a country's economic efficiency. Unlike traditional
methods that require explicit functional forms and assumptions, DEA is a non-
parametric approach, making it particularly useful when the underlying production
or transformation process is not well understood or is too complex to model

accurately.

DEA also enables the comparison of a DMU against a set of peers, making it

particularly useful for benchmarking a country against similar economies. This



comparative analysis is valuable in the context of credit ratings, where countries

are often evaluated against their peers to determine their creditworthiness.

Utilizing the DEA, the consistency of rankings can also be investigated. The
closely aligned credit rankings found by the DEA model could provide a level of
assurance on the robustness of the ratings produced by the credit rating agencies.
On the other hand, divergences in results between the DEA model and other
models used by the agencies can signal areas of further investigation or potential

insights that may have been overlooked.

In this thesis, first, a novel DEA-based ranking algorithm is proposed. The main
contribution of the suggested algorithm is to ensure the comparison of the DMUs
using the same Efficiency Reference Set (ERS), which has not been considered in
literature. Then, a DEA-based sorting approach is examined based on the method
of Koksalan and Aker [44]. Mainly because of the classification power concerns
inherited in our proposed ranking algorithm, the sorting approach is found to be
more useful to investigate the accuracy of the sovereign ratings by taking the
efficiency scores of the DMUs (countries) into account. The main contribution in
the proposed sorting procedure is the incorporation of Propensity Score Matching
(PSM) to come up with the selection of the peer countries to compare, as finding
matching peer DMUs to evaluate is critical to satisfy the DEA assumptions. This is
one of the main contributions to literature by this thesis and a detailed explanation

of utilization of the PSM is provided in the further sections.

Eventually, we found rating group and country-specific inconsistencies and
examined possible reasons for these inconsistencies. In addition to the suggested
ranking and sorting procedures, two more important contributions are suggested to
the existing literature by this thesis. First, we observed that ESG (Environmental,
Social, and Governance) components are critical while determining the peer
countries to evaluate. The ESG tendency of the countries is not explicitly stated by
the Credit Rating Agencies as an objective during their decision-making process

but, we observe that ESG factors are started to be included in the methodology



reports. So, we seek an answer to the question “Should a rating agency incorporate
ESG factors into their methodologies to determine the peer countries?” by
including ESG factors in the PSM analysis. Another factor that could cause
discrepancies between credit ratings is stability. CRAs analyze not only the current
state but also the future position of the countries in terms of the credit risk. In
addition, investors use credit ratings in some of their processes when determining
investment portfolios. Therefore, changes in the ratings may cause them to update
their portfolio parameters against their will. For these reasons, CRAs could tend to
assign credit ratings that are not changed too often. The answers to the questions
above are also important for guiding the decision-makers. Consequently, countries
could be better equipped with their weakest and strongest points which are
important inputs to increase their efficiencies and have higher credit ratings while
investors could be able to make more informed decisions. Figure-1.2 represents the

flow of the study and the related research questions.

] 2
The accuracy is important 1
because it affects; If there is
+ Accessing to financing Accuracy of deviation
* The cost of the financing  — 1o Credit Ratings |, ESG Factors
» The maturity of the financing
» The focus and the coverage
of the CRA « Does a credit rating agency + Are ESG factors significant
- assign sovereign credit ratings driver for the credit ratings
aligned with our model? )
« If no, what is the deviation? If there is
3 deviation
1 )| * Ranking: using the same Efficiency Reference Set (ERS)
« Sorting: Interval AHP and assurance region constraints Stability of the
in DEA model and Propensity Score Matching (PSM) Rating Moves

combined with DEA

+ Is stability a part of the
objective function for a credit

2 )| » ESG factors are included in the PSM analysis rating agency?

3 )|« LPvariations with objective function revisions

Figure 1.2. The Flow of the Work



CHAPTER 2

LITERATURE REVIEW

The first part of this chapter provides a review of the relevant sections of the multi-
criteria decision making literature. In the next three sections, we examine the DEA
tool and make a detailed review. Then, we share some important details about
credit rating agencies. The section concludes with some remarks on the thesis’s

contribution to the literature.

2.1 Multi-Criteria Framework

The first studies to solve the country risk assessment problem emerge from the
field of statistical analysis. In 1971, Frank and Cline [45] used the discriminant
analysis method while Mumpower et al. [65] applied factor analysis. Cosset and
Roy [27] and Dhonte [33] used regression models and principal components
analysis respectively. After 1980, many studies focused on the main factors
determining country ratings. For example, in 1996, Cantor and Packer [14]
discussed whether there is a positive relationship between country credit ratings,
inflation rate, external debt, and GDP per capita indicators. In 1984, Saini et al.
[76] presented a study showing that statistical studies have deficiencies in terms of
variable definition, model description, and their suitability for debt service

estimation.

In addition to statistical techniques, multi-criteria decision-making methodologies
are frequently used in country risk assessment. In 1986, Mondt and Despontin [63]
introduced the perturbation method, a variant of the STEP method. In addition to

this study, Oral et al. [66] presented a goal-programming approach using the



financial, economic, political, and geographical indicators of countries. Cosset et
al. [28] used the decomposition method to solve the country risk assessment
problem. In this study, a variant of the UTASTAR method is utilized. In 1997,
Zopounidis and Doumpos [100] introduced an effective country risk assessment
methodology to measure the country's credit risks. A MCDM-based decomposition
technique was used in this study. Again, Zopounidis and Doumpos [100] developed
a model using a multi-stage hierarchical decomposition method. This method was
emphasized as an effective method according to the objective function of
minimizing the number of wrongly assigned countries. Its main advantage is the
ability to achieve effective results even for very complex country risk identification

problems.

In 2011, Doumpos and Zopounidis [37] studied the outranking relations to solve
the credit ranking forecasting problem and suggested that the outranking modeling
approach is a suitable method for this problem since it enables the implementation
of non-compensatory approaches. In 2019, Doumpos and Figueira [36] published
an article to model corporate credit ratings by using a recently developed multi-
criteria outranking approach which is the Electre Tri-nC method. This method is
used since it provides a single boundary profile which enables a richer
characterization using multiple characteristic profiles for each category. In 2018,
Silva et.al. [82] used outranking relations to sort sovereign credit ratings by using
three categories. For further studies, he suggested studying more categories and

qualitative factors.

There are many different application areas of the multi-criteria sorting approaches.
In 2015, Zopounidis et al. [105] published a literature search on the multi-criteria
sorting methods applied since 1970 for financial problems. Many methods, from
quantitative models to statistics-based approaches, from econometric studies to

criterion sorting algorithms, have been surveyed in this article.

On the ESG front, there are several studies that enlighten our research. In 2015,

Danford [30] found that governance and social performance are more volatile when



government ownership is in effect. In 2019, Garcia et al. [46] presented a multi-
criteria approach for determining socially responsible portfolios. In 2021, Lahouel
et al. [58] used DEA to investigate the relationship between Corporate Social
Performance (CSP) and financial performance (FP).

2.2 Fundamental DEA Models

There are two main types of DEA models: radial and non-radial models. The CCR
and BCC models (we will define them shortly further) measure the radial
efficiency of either the inputs (input-oriented) or the outputs (output-oriented) by
calculating the ratio of inputs to be decreased or outputs to be increased that will
project the DMU evaluated onto the efficiency frontier. The radial models do not
take the slacks into account. The models that utilize the slacks directly in the
efficiency calculations are called the non-radial models.

In benchmarking problems where DEA is employed as an MCDM (multiple
criteria decision-making) tool (Belton and Vickers [12], Doyle and Green [39] and
Dyson et al. [41]), DEA can be viewed as a multiple-criteria evaluation
methodology where DMU inputs and outputs are two sets of performance criteria;
one set (inputs) is to be minimized and the other (outputs) is to be maximized.
These multiple criteria are modeled in a ratio form by the CCR ratio model
(Charnes et al.[17]).

Let’s assume that each DMU produces s outputs by the means of m inputs. Radial
ratio efficiency (6,) of a specific DMU a under analysis is defined as the ratio
between a weighted sum of its s outputs yra and a weighted sum of its m inputs X;,,
a natural extension of the concept of efficiency used in the fields of physics and

engineering (Charnes et al. [17]).

Y3=1WiaYra
O =S 7 2.1
Y21 WigXja



The radial ratio efficiency measure (2.1) introduced by Charnes et al. [17] is a
scalar measure. It is sometimes called shortly as the ratio efficiency when
considered with different measures of efficiency. It takes values between zero and
one when a linear programming model, the CCR model, which will be introduced
shortly after the illustrative small example below, is solved. The CCR model
allows the DMU analyzed to choose its weights to maximize self-efficiency given
the constraint that when these weights are applied to all DMUs, none of the DMUs

will have an efficiency ratio of more than one.

Indeed, the result of the DEA is the determination of hyperplanes that define an
envelope surface or a Pareto frontier. DEA spreads out a piecewise linear surface
(efficiency frontier) resting on top of all the observations, and that geometric view
is the origin of the envelope surface term. DMUs that are on the surface determine

the envelope and are evaluated as efficient and the others are the inefficient DMUs.

Fundamentally, DEA is designed to measure the technical efficiency (or scale
efficiency) of DMUs rather than their allocative efficiency. DEA measures this
efficiency based on empirical observations of each DMU’s behavior. Therefore, the
level of technological achievement revealed by the envelope surface will
significantly depend on the DMUs included in the study since the methodology

measures relative (not absolute) efficiency.

The fundamental models of DEA are accepted as the CCR model (Charnes et al.
[17]) and the BCC model (Banker et al. [9]) which assume constant returns-to-scale

and variable returns-to-scale, respectively.

Let us discuss the ratio efficiency measure calculation in DEA via an illustrative
small example. We will observe that an efficiency frontier is created by the best-
performing DMUSs, and the efficiency of each non-frontier DMUs is calculated via
their distances to the efficiency frontier. When DEA is used for benchmarking, the
DEA score may no longer be interpreted as efficiency but as the overall

performance of a DMU. Let’s consider a single input (X;) and a single output (y,)
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case where we have six DMUs. The data set for the illustrative small example is

given in Table 2.1 below:

Table 2.1 Data Set for The Illustrative Small Example

DMU

oo OB~ WN
o N o o1 w | X
o o b~ P N DK

Obviously, the DMU 1 is the most efficient DMU among the six DMUs given,
since its per input output amount, slope of the straight line originating at (0, 0) and
passing through DMU 1, is the highest as observed easily from Figure-2.1. The
straight line originating at (0, 0) and passing through DMU 1 is called as the

efficiency frontier.

Figure 2.1. Input-Output Scatter Plot for the Small Example of six DMUs

To understand the efficiency calculations in DEA, we could focus on an inefficient
DMU such as DMU 3. DMU 3 produces one unit of output with five units of input.
To be classified as an efficient DMU, either DMU 3’s output amount should be

11



increased to five from one (maximization of output) or DMU 3’s input amount
should be decreased to one from five (minimization of input). With either the input
reduction or output expansion, DMU 3’s projection on the efficiency frontier will
be achieved. Thus, in DEA there are two optimization orientations to be

considered: maximization of output and minimization of input.

At this point of the discussion of DEA, we should emphasize the importance of
articulating the purpose of the analysis and choosing the optimization orientation;
input reduction, output expansion or both accordingly. When input reduction and
output enhancement are both desirable goals in a DEA application, then a slacks-
based measure (will be introduced in the latter part of this subsection) may be
selected for the DEA model.

Note that the maximization of the output or the minimization of the input for DMU
3 is quantified according to the knowledge of DMU 1 being efficient. Thus, the
efficiency of DMU 3 is relatively evaluated according to the efficient DMU 1 in
the data set and the efficient DMUs that are used to evaluate the efficiency of a
DMU are called as Efficient Reference Set (ERS) for that DMU. Therefore, the
ERS for all inefficient DMUs (2 - 6) in this small example is the same set and it is
the set {1}.

Efficient DMUSs in the ERS of an inefficient DMU act as role-model DMUs that
mnefficient DMUSs should imitate to be efficient. These efficient DMUs in the
efficient reference set of DMU a are the most related DMUs to DMUa.

Although the choice of the input or output orientations will result in the same
efficient or best practice frontier under constant or variable returns to scale
assumptions, the efficient reference sets for inefficient units may differ. We will
investigate the efficient reference sets in detail after we present the fundamental

DEA models.
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In the small example, ratio efficiency of DMU 3 is minx /5 = 20% and its
inefficiency is max y / 1 = 500%, where min x is the input amount required by an
efficient DMU to produce the same amount of output of DMU 3, and max y is the
maximum output that can be achieved by an efficient DMU with the same amount
of input of DMU 3. In other words, min x is the projection of DMU 3 onto the
efficiency frontier via input minimization and max y is the projection of DMU 3

onto the efficiency frontier via output maximization.

We should point out again that when DEA is used as a pure benchmarking
approach without having a real production function, the logic behind the efficiency
calculation via distance to the frontier may not be arguable. However, DEA still

yields valuable information on the relative distance to the best practices.

2.2.1 Input-Oriented CCR and BCC Models

When assessing a set of DMUs with cardinality N, where X, stands for the j™input

of the k™ DMU, with a similar meaning for output y, the output and input weights

(wy, and wj,, respectively) are chosen for each DMU k by solving a linear

maximization problem to maximize that DMU’s ratio efficiency as defined by 6.
Thus, we must solve the following fractional program for each one of the N DMUs

under analysis.

g, = Lr=1WraVra 2.2)

m L
Yjz1WjaXja

Max

0 o i i
Wigr-Wsa Wig--Wma

s.t.

wo, =€ >0 r=1..s (2.3)
wjia =>¢e>0 j=1..m (2.4)
g, = Z=Wiadrk < g p =1 N 2.5)

m l
Ljz1 WjaXjk
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The ratio form model (Egs. 2.2 — 2.5) evaluates the ratio efficiency of each DMU a

with the set of weights (w2, and w; a) which maximizes its own ratio efficiency 6,,

provided that all other DMUSs, rated with that set of weights (w2, and Wa) have

efficiency not greater than unity.

Since the decision variables in the numerator and denominator of the objective
function are both weights, obviously this mathematical problem has infinite
number of solutions. Whenever (w2, ..., wsr ,wk, ..., wi,) is an optimal solution
so does the solution (kwfs, ..., kwS: , kwis, ..., kwk:,). Setting the denominator of

the objective 6, equal to one solves the issue (Eq. 2.6).
)y Wjiaxja =1 (2.6)

This fractional linear program (Egs. 2.2 — 2.5) can be solved by the Charnes-
Cooper transformation (Charnes and Cooper, 1962) which yields the following
linear program (Eqgs. 2.7 — 2.11). The problem below is known as the multiplier
problem, since its unknowns are the weights, which are usually lower bounded by a
small quantity non-Archimedean entity, € (Egs. 2.10 and 2.11), typically equal to
10 to ensure that all the inputs and outputs are considered by the model. In other
words, the model tries to find the maximum output for DMU a by selecting most
favorable input and output weights for that DMU while ensuring no DMU’s

efficiency is more than one with those favorable weights for DMU a.

Max WOy, awly Wi Wi, Oq = X7=1WraVra (2.7)
s.t.
i W]ax]a =1 (2.8)
T Wik — Xioq WiaYr 2 0 k=1..N (2.9)
wo, =€ >0 r=1..s (2.10)

14



wi > ¢ >0 j=1..m (2.11)

ja =

This linear programming model (Egs. 2.7 — 2.11) is named as the CCR model after
the acronym of its developers (Charnes, Cooper, and Rhodes [17]). With the
constant returns to scale assumption (when the input is multiplied by a factor,
output is also multiplied with the same factor) it provides a separate weight set

W, ..., wo  wit, ..., wit,) for each DMU a, considering all other DMUSs too.

The BCC (Banker et al. [9]) model (Egs. 2.12 — 2.16) adds an additional constant

variable, ¢, to the CCR model to allow variable returns-to-scale:

Max o o wie.whe Ba = Xi=1Wralra * Ck (2.12)
st
Te1 WiaXja = 1 2.13)
WX — YWV — =0 k=1..N (2.14)
Wrg 2 € >0 r=1.s (2.15)
Wjia =2¢e>0 j=1..m (2.16)

This freedom of weight selection for each DMU in the CCR and BCC models is
both a powerful side and weakness of DEA. The weight selection flexibility in
DEA creates two interrelated problems: weak discriminating power and unrealistic
weight distribution. The weak discriminating power is usually observed when the
number of DMU s is relatively small compared to the number of inputs and outputs.
Often most of the DMUs are deemed efficient by fundamental DEA models in such
situations. The unrealistic weight distribution is the situation when a single output
takes an extremely high weight, or a single input takes an extremely low weight
and is evaluated as efficient consequently whenever such extreme weights are not
reasonable or desirable. Thus, different approaches taken by researchers to limit
this freedom in weight selection. Namely;
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e Incorporating preferences or expert opinions into weight restriction (Dyson
and Thanassoulis [41], Thompson, Langemeier, Lee, Lee, and Thrall [92],
and Wong and Beasley [98])

e Usage of the assurance region (Thompson et al. [86])

e Usage of the cone ratio concept (Charnes, et al. [19] and Charnes et al. [18])

e Usage of the common weight concept (Roll et al. [73] and Roll and Golany
[72])

e Usage of context-dependent concept (Despic et al. [32]).

Although in the literature CCR model is used predominantly, the ERS of the
inefficient DMUs cannot be directly observed by this model. But the dual of this
linear programming model (Egs. 2.17 — 2.20), called the CCR envelopment
problem, provides critical information especially on the efficient DMUs used (the
efficient reference set of the DMU) by which the inefficient DMU is being
assessed. Since each linear problem has a dual, the dual of the CCR model, named

the CCR envelopment problem (Egs. 2.17 — 2.20) can be written as follows:

Min  Z, (2.17)
s.1.

=1 e S ZaXja j=1,..,m (2.18)
Yi=1MYrk = Yra r=1,..,s (2.19)
e = 0 k=1,..,N (2.20)

When DMU a is inefficient, a combination of efficient DMUs can produce either
greater output for the same composite of inputs (Eq. 2.19), use fewer inputs (Eq.
2.18) to produce the same composite of outputs or the combination of these two. A

hypothetical DMU a, can be created as an aggregate of the efficient DMUs and
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these efficient DMUs are the efficient reference set of the DMU a. The multipliers,

Ak, provide the information about how to compose the hypothetical DMU a.

Z, will be equal to the ratio solution of the primal CCR, and positive 4;s’ index
indicate the DMUSs in the efficient reference set of DMU a with A s’ scalar value

as the ratios to enable the composition of the hypothetical DMU a.

In slack-adjusted dual CCR model (Egs. 2.21 — 2.26), slacks are explicitly
observable in the formulation and the weakly inefficient DMUs will now be
evaluated as inefficient (dual CCR assigns an efficiency of one to them) since € is a

positive non-Archimedean infinitesimal.

Min  Z,— (X518t + XTkisia) (2.21)

S.t.

Yh=1 MeXjie + Sia = ZgXjq j=1,...m (2.22)
K=1 AkYrk = Sfa = Yra r=1..,s (2.23)

Ae = 0 k=1,..N (2.24)

st =0 r=1,..,5 (2.25)

S =0 j=1,..m (2.26)

The interpretation of the slack-adjusted dual of the CCR model is vital for our
study. The non-negative variables, s, and s7, are the input excess and output
shortfall, respectively and called as slacks. Slacks provide useful information about
the overall efficiency of the DMU a. This dual formulation provides us information
also on the ERS of the DMU a as mentioned before. The set of indices

corresponding to positive A; s composes the ERS for the DMU a (Tone [89]).
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This dual formulation of the CCR model tries to find the finite positive linear
combinations of the efficient DMUs (Egs. 2.18 and 2.19) where this composite
DMU has no smaller output than DMU a (2.19) and has smaller inputs (2.18)

scaled down by the factor Z, as small as possible.

In other words, the CCR envelopment model (EQs. 2.17 — 2.20) tries to find the
minimal inputs to achieve the same output level as DMU a by creating a composite
DMU. Therefore, from the dual problem formulation CCR model’s orientation is

clearly observed to be the input minimization.

After introducing the main CCR model with its dual formulation where the
optimization orientation is input minimization, now is a good point to examine the
output-oriented version of CCR and BCC models to observe the change in the

formulation between constant returns to scale and variable returns-to-scale.

2.2.2 Output-Oriented CCR and BCC Models

CCR model assumes constant returns to scale whereas BCC assumes variable
returns to scale and they both minimize the inverse of the efficiency ratio, 8,, when

they are both output-oriented.

Min o o i 1/9a = 3T WX (2.27)
s.t.

Yr=1 WiaYra = 1 (2.28)
hy Wjiaxjk — Xr=1WraYrk 2 0 k=1..N (2.29)
wo, =€ >0 r=1..s (2.30)
Wi, =g >0 j=1..m (2.31)
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The ratio efficiency of DMU a by the output-oriented CCR model (Egs. 2.27 —

2.31) is calculated as 1 /2 iy . When variable returns to scale is allowed, we
j=1 ]a Ja

need to introduce a sign free variable u into the formulation.
Min

: ; m Loy, —
Wa oW Wi g Wing U 2]=11'V](1xla u (2.32)

s.t.
r=1WraYra = 1 (2.33)
moWhX — X5 Wy —u=0  k=1..N (2.34)
Wo, =€ >0 r=1..s (2.35)
wi, =g >0 j=1..m (2.36)

Under variable returns to scale, using the output-oriented BCC model (Egs. 2.32 —
2.36) developed by Banker et al. [9], the efficiency of DMU a is calculated as

1 / u Equations 2.28 and 2.33 are referred to as normalizing
Z j=1 ]axja -

equations.

2.2.3 Slack-Based DEA Models

As mentioned above, when the overall efficiency of a DMU is considered, not only
the radial ratio efficiency but also the slacks from the dual of the models carry
valuable information to be considered. Since we did not provide a dual formulation
of any BCC models yet, we will start the slack-based model discussion with the

dual formulation of the input-oriented BCC model.

When the constant returns to scale assumption is not acceptable and the magnitude
of the inputs create economies of scale, the BCC model (Eqgs. 2.37 — 2.43)

developed by Banker et al. [9] incorporate the variable returns to scale by adding
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the convexity constraint (Eq. 2.43) to input-oriented CCR envelopment model

(Egs. 2.21 — 2.26):

Min  Z,— (Y518 + XThisia) (2.37)
S.1.

Yh=1MeXjie + Sia = ZgXjq j=1,...m (2.38)
Yi=1Yrk = Sfa = Yra r=1,..,s (2.39)
A= 0 k=1,..,n (2.40)
Sfa =0 r=1,..,8 (2.41)
Sie= 0 j=1,.,m (2.42)
SRl =1 (@5)

To focus more on why we need slacks via an illustrative graphical example, we
need to deepen our illustrative analysis and increase the number of inputs from one
to two. Now we have three variables: one output (y,) and two inputs (X35 and Xp;). To
visualize the DMUs in two dimensions in a figure, we can use unit output-isoquant
plot of the data for the DMUs. In Figure-2.2, each DMU point represents the inputs
(X1j and X)) required to achieve the same amount of output, such as an output of
unity. Since each DMU point in Figure-2.2 produces the same amount of output,
the DMUs closer to the origin are the more efficient DMUs. DMUs 1, 2 and 3 in
Figure-2.2 constitute the efficiency frontier and the DMUs 4, 5, 6 and 7 are
inefficient DMUs.

DMUs 1, 2, and 3 are efficient DMUs and the blue line is the efficiency frontier.
Although the DMU 4 is on the efficiency frontier, obviously it is not strongly

efficient since DMU 3 has a smaller % ratio ( % < xyﬂ ). The DMUs on the
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vertical and horizontal parts of the efficiency frontier is called as weekly efficient
DMUs although their efficiencies according to CCR model is 100% and very close
to 100% via slack-adjusted CCR model.

The inverted unbounded pyramid with three specific edges: the blue rays that
depart from the origin to the three efficient DMUs (1, 2 and 3) is called the
production possibility space (PPS). The production possibility space includes all
the inefficient DMUs that can be expressed as a finite linear combination of the

efficient DMUs.

Figure 2.2. Scatter Plot for PPS Illustration (one output and two inputs)

In Figure-2.2, DMU 7 and DMU 4 are not within the PPS. They need slacks to be
expressed in terms of DMU 3. Let’s observe this for DMU 4. The inputs for DMU
3 and 4 are (3, 2) and (6, 2), respectively. Solving the three equations below within
the positivity constraints on variables, we will need the slack for first input of

DMU 4, siy,tobe 3 (sincey,=1, s3 =0,A3 =1and s;, =0).
Azx13 + Spa = X14 = 33+ s3,= 6

/13X23 + 52_4_ = x24 - 132 + 52_4_ == 2
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/133’3—53T=Y3 - /131_5§r=1

To resolve the issue of considering both the radial ratio efficiency from CCR model
and the slacks from the dual of the CCR model in a unique measure, Tone [89]

proposed a non-radial slack-based measure of efficiency, p,:

1=Yon( 2 s )

1+ 1/5(2‘;:15;-“/31“1 )

Pa = (2.44)

It can be easily observed that the slack-based measure of efficiency, p, ,is units
invariant, monotone and takes values between 0 and 1. To calculate the slack-based
measure of the efficiency of DMU a, the following fractional Slack-Based Model
(SBM), should be solved:

S'a
1=Yom( 2P,

Min = ) (2.45)
S.L.

Yi=1 AeXjie + Sig = Xjq j=1,..,m (2.46)
Yi=1Yrk = Sfa = Yra r=1,..,s (2.47)
A= 0 k=1,.,N (2.48)
S =0 r=1,..5S (2.49)
5= 0 j=1,.m (2.50)

Using Charnes-Cooper transformation, SBM formulation (Egs. 2.45 — 2.50) above
can be transformed into a linear programming model. The transformation is done
by multiplying both the denominator and numerator of p, by a scalar ¢, then

adjusting ¢ so that we would obtain the denominator as one. For scaling off the
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denominator to one, Equation (2.52) is added to the SBM formulation as a

constraint. Thus, we obtain:

Min — 1,=t— 1/m( m tsf;‘/xja) (2.51)
S.1.

e+ s (B 5, ) =1 (2.52)
Yi=1 MdcXjie + Sjg = Xja j=1,..,m (2.53)
YR=1 MYk = Sfa = Yra r=1..,s (2.54)
A= 0 k=1,.,N (2.55)
S =0 r=1,..,5S (2.56)
5= 0 j=1.m (2.57)
t>0 (2.58)

This formulation still includes the nonlinear terms of ts;, and ts;,. By the

following substitutions into the model, S;, = ts;,, Sf, = ts, and Ay = tA,, we

obtain the linear programming model of SBM named as SBMt (Egs. 2.59 — 2.66) as

follows:
: 1 m Sj:l
Min Tg = t— /m j=1 xja (259)
S.t.
S+
e+ Vs (28257, ) =1 (2.60)
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k=1 MiXji + Sig = txjq j=1,..,m (2.61)

SN Aok = Sia = tra r=1..,s (2.62)
A= 0 k=1,.,N (2.63)
St >0 r=1.,5 (2.64)
Sa=0 j=1,.,m (2.65)
t >0 (2.66)

The solution (t*, t*, A", 7", Siq") of SBMt implies the optimal solution of SBM

as:

* * * * A * * S+* — % S'_*
(P = Tor ', 2" =1 [ st =20 syt =T ),

If the slack-based efficiency of DMU a (p;) is obtained as unity when SBMt is
solved, then DMU a is called SBM-efficient. When DMU « is SBM-efficient, s;%,"
and s;;" are zero. Moreover, it can be showed that DMU a is CCR-efficient if and
only if it is SBM-efficient and the slack based efficiency of DMU a is never greater

than the ratio efficiency, p; < 6.

2.3 Ranking and Sorting Methods in DEA Literature

The fundamental DEA models we investigated so far in this chapter group the
DMUs into two distinct sets: the efficient and inefficient DMUSs. But to rank all
DMUs, some modifications must be implemented into the fundamental DEA

models, since this requires the comparison of each DMU with all the others.

Although inefficient DMUs receive an efficiency score that is less than unity, a

measure of its inefficiency, comparing DMUs to each other directly using this
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efficiency score is problematic unless the DMUs share the same efficient reference
set (ERS). As argued by Cooper and Tone [25], the efficiency scores obtained by
the fundamental DEA models are often determined from different facets, meaning
these scores are derived from comparisons involving the performance of different

sets of DMUEs.

To focus more on the ERS issue via an illustrative graphical example, we created
another small example in Figure-2.3, with the same setting as in Figure-2.2. Again,
we have an output-isoquant (yr=1) plot of the data for the DMUs with two inputs

(xaj and Xgj).

Figure 2.3. Scatter Plot for Another Small Example (one output and two inputs)

Since each DMU point in Figure-2.3 produces the same amount of output, the
DMUs closer to the origin are again the more efficient DMUs. Therefore, DMUs 1,
2, 3 and 4 in Figure-2.3 constitute the efficiency frontier and the DMUs 5, 6 and 7
are the inefficient DMUs.

Therefore, the ratio efficiency of DMUs 1, 2, 3 and 4 are all one and the efficiency
score of the inefficient DMUs 5, 6 and 7 are determined by the ratio where the
denominator is the length of the line segment from the DMU to the origin and the

numerator is the length of the line segment from DMU to the efficiency frontier.
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The line connecting the inefficient DMU to the origin intersects one of the line
segments of the efficiency frontier and the endpoints of that line segment (which
are the efficient DMUs) constitute the efficient reference set (ERS) or the peer
group for that DMU. From Figure-2.3, ERS for DMUs 5, 6 and 7 are observed as
{2,3}, {2,3} and {3, 4}, respectively.

Thus, DMU 5 and DMU 6 can be compared to each other using their efficiency
scores since their ERS is the same, DMUs 2 and 3. But, DMU 7 should not be
compared to either DMU 5 or 6. DMU 7’s having a lower or higher efficiency

score is meaningless in such a comparison.

Since the comparison of DMUs via their efficiency scores is not reliable, for
complete ranking of the DMUs via DEA several methods are developed in the
literature. Among those, we will discuss four main methods following the analysis

of Adler et al. [1] conducted in 2002:

e C(Cross-efficiency technique by Sexton et al. [80] developed in 1986
evaluates the efficiency scores of DMUs many times,

e Super-efficiency techniques by Andersen and Petersen [2] developed in
1993 re-evaluates the efficiency scores of efficient DMUs and differentiate
them,

e Benchmarking ranking method by Torgersen et al. [88] developed in 1996
achieves a complete ranking of efficient DMUs by considering their
importance in the evaluation of the efficiencies of the inefficient DMUs and

e The usage of the Measure of Inefficiency Dominance (MID)

Now, let us investigate each method one by one to observe their advantages and

drawbacks.
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2.3.1 Cross-efficiency Technique

Sexton [80] suggests a n x n cross-efficiency matrix, which is composed of the
efficiency scores of the n DMUs calculated n times. In the cross-efficiency
technique, the optimal weights of DMUs are calculated via any of the fundamental
DEA models mentioned above (by solving n LPs) and then each DMUs efficiency

is calculated by these n weight sets.

The resulting efficiency scores are summarized in the cross-efficiency matrix as

below:

Yr=1 Wikl
h,, === tk-1o k=1,..,N, l=1,..,N. 2.67
kl Z;n:1WJl'kle ( )
The efficiency score, hy;, is the score given to DMU | using the optimal weights
obtained for DMU k obtained by solving the LP of a DEA model. Thus, all hy;
values will be between zero and one, and the hy is the original efficiency score of
the DMU k obtained by solving the fundamental DEA model.

To rank scale the DMUs in cross-efficiency technique, the elements of the cross-
efficiency matrix, hy;, are used. Average, median, minimum or variance of a
DMU’s hy,; values can be used to obtain a scalar measure for that DMU. Then

using these scalar measures are used for ranking all DMUs.

As an example, if the average of the efficiency scores are used, the scalar measure
for the DMU k, hy, is calculated as:
= 2isihw

By = S

The hy,, efficiency scores obtained via the fundamental DEA models are claimed to
be non-comparable since each uses different weights, and it is argued that h,, or

any other scalar measure obtained from the cross-efficiency matrix is a better
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measure since all the DMUs are evaluated with the same set of weights. However,
this is also a drawback of the cross-efficiency technique since the technique

weakens the DEA’s main idea of weight selection flexibility.

2.3.2 Super-efficiency Techniques

To discriminate between the efficient DMUs which all have an efficiency of unity
and rank them, a new procedure is developed by Andersen and Petersen [2]. The
idea was to allow the efficiency scores to be higher than one by removing the
constraint of the efficiency score to be at most one (Eq. 2.1) in the primal

formulation for that DMU. Therefore, the constraint becomes;

Te1 WjgXjk — Xpm1 WiaYrk = 0 k=1..Nk #a.

In the dual formulation the efficiency of the DMU analyzed is calculated as the
distance between the super-efficient DMU and the distorted efficiency frontier (the
frontier created without the super-efficient DMU)).

Later in 2002, Tone [90] advanced the super-efficiency idea and formulated a non-
radial slack-based super-efficiency. Let P be the production possibility set spanned
by all DMUs:

P = {xl, s Xy V1, ...,ys|xj > Z’,le/lkxjk, =1, my <Y Ve, T=1, ...,s}

When DMU a is SBM-efficient, its super-efficiency is identified by the following

model:

| Y2 )
Min 6a = VS(TJ_/T/},:(I) (268)
S.L.
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X = Yot rea Xk j=1,...m (2.69)

Vr < Xk=tk=a Vrk r=1..,s (2.70)
=0 k=1,..Nk#a 2.71)
< Yra F=1, .. 2.72)
= 0 F=1, .. 2.73)
% > xjq j=1,.,m (2.74)

Note that, this Super SBM (Egs. 2.68 — 2.74) discriminates the efficient DMUs
only. All inefficient DMUs will take an efficiency score of one. Moreover, the
slacks in the model above are not observable. Therefore, Fang et al. [43] propose
an equivalent model which includes the slacks in the formulation explicitly and is

more consistent with the SBM formulation:

Zia
1+1/m< i g /xja)

Min &8, = ) (2.75)
S.L.

Xjg = Yh=1sa MXjk — Zig j=1,...m (2.76)
Vea < Zﬁzl,kia MeVrk + 224, r=1,..,s (2.77)
A= 0 k=1,..N, k#a (2.78)
Zte < Vra r=1,..5S (2.79)
z5, > 0 r=1..5s (2.80)
7,20 j=1,.,m (2.81)



The alternative Super SBM (Egs. 2.75 — 2.81) minimizes the input savings (z;,)

and output surpluses (z;;) to calculate the distance of DMU a from the efficiency
frontier if it is outside the production possibility set spanned by all DMUs
excluding DMU a.

However, the main problematic issues in ranking of DMUSs is not resolved by this
method. The super-efficiency scores of DMUs, §,s, are calculated using different
weights and different ERS. Despite this fact, many academic papers are published
based on the super-efficiency idea.

2.3.3 Benchmarking Ranking Method

This method claims that DMUs can be ranked according to their importance as a
benchmark for inefficient units. It is suggested that if an efficient unit is used
frequently in the evaluation of the efficiency scores of the inefficient DMU, its
rank should be high. Specifically, Charnes et al. [20] proposed that the efficient
units can be ranked by simply counting how many times they appear in ERS of
inefficient DMU s in the first stage and the inefficient DMUs should be ranked later
in the second stage. In 1994, Sinuany-Stern et al. [83] argue the second stage
ranking could also be done by counting how many DMUs needs to be removed

from the analysis for the inefficient DMUs to have become efficient.

Although the benchmarking method avoids the usage of any type of efficiency
score that is found via different weights of ERS, the possible high number of same-

ranked DMUSs limits the usability of the method in complete ranking.

234 Measure of Inefficiency Dominance Index

In 1996, Bardhan et al. [11] developed the Measure of Inefficiency (MID) concept
to rank the inefficient DMUs. The MID measure is based on the slack-adjusted

DEA models where the overall inefficiency is calculated as:
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Thus, the MID index ranks the inefficient DMUs according to their proportional

input and output inefficiencies.

However, these slacks still are calculated according to different facets and the main

problematic issue in ranking of DMUSs is still not resolved.

2.4 Recent and Related DEA Studies

In 2006, Liang et al. [59] focused on developing an objective and user-friendly
bond ratings approach for the shipping industry and investors, utilizing Data
Envelopment Analysis (DEA). The absence of certain qualification factors in the
rating process is also highlighted in this study. As in our study, there is a potential
to compare DEA ratings with existing ratings to enhance the decision-making
framework. In 2007, Cheng at el. [23] explored the application of DEA as an
alternative model for credit scoring for UK Government projects and showed that
traditional credit scoring models may not be entirely adequate in response to the
evolving nature of business practices and proposed DEA as an alternative for credit

scoring.

In 2010, Che et al. [21] proposed a methodology combining Fuzzy Analytic
Hierarchy Process (FAHP) and DEA to address bank loan decision-making for
enterprises. Demirova [31] applied a comprehensive set of DEA techniques to
improve credit rating evaluation by discussing the advantages of DEA over
traditional credit rating agencies, such as the absence of the requirement to define a
production function, the ability to use multiple inputs and outputs, and its
computational efficiency. The findings reveal that the DEA model achieves stable
and high correlations with S&P credit ratings, providing evidence of its

effectiveness in estimating DMU’s financial health and potential defaults. The
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study also highlights potential areas for future research, including further testing of

the model's performance in different sectors.

In 2011, Premachandra et al. [69] introduced assessment index for predicting
corporate success and failure by using an additive super-efficiency DEA model.
The study finds that the DEA model is relatively less effective in predicting
corporate failures as compared to predicting healthy firm outcomes. In 2013,
lazzolino et al. [49] conducted an empirical analysis on a group of Italian firms,
utilizing the efficiency measurements calculated through Data Envelopment
Analysis (DEA) and comparing these with the firms' credit ratings. The key aspect
of the study is its use of inputs and outputs strictly linked to the credit reliability of
the firms, which allows the authors to establish a correlation between a firm's
efficiency and its credit rating. The results of the study indicate that there is a
significant relationship between these two factors. Consequently, the paper
suggests that efficiency, as calculated in this manner, can be used as an early
warning index for evaluating credit risk. In 2015, Tsolas [93] presented a two-stage
DEA modelling framework for evaluating firm credit risk, with a Common Set of
Weights (CSW) metric.

In 2019, Karsak and Goker [54] presented a common weight decision-making
approach based on DEA to identify the best performing DMU by considering
multiple inputs and outputs. This approach is illustrated through evaluating the
economic and financial performance of emerging markets and Turkish deposit
banks. The study addresses the limitations of conventional DEA models and
proposes an improved common weight multiple criteria decision-making (MCDM)
approach. The proposed method employs a mathematical programming model that
guarantees to identify the best performing DMU. In 2021, addressing the
limitations of traditional credit evaluation methods, such as static assessment,
subjective weighting, and inconsistency in the ranking of alternatives, Dahooie et
al. [29] proposed a framework for evaluating the credit performance of loan
applicants using an approach combined with the dynamic data envelopment
analysis (DEA) model. The study concludes that the proposed method has shown a
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high correlation with other methods, demonstrating its robustness and effectiveness

in evaluating credit performance.

In addition to the studies summarized above and in previous chapter, there are few
more studies that influenced this thesis. Viskovi¢ and Kordi¢ [95] used DEA to
find the efficiency scores of the countries by using 2 inputs and 4 outputs. The
variables used in this study are “Government Balance” (input), “Government Debt”
(input), “GDP per capita” (output), “GDP growth” (output), “Inflation” (output),
and “External Balance” (output). Wu et al. [97] argued that while there are many
factors generated in government’s operation, the main purpose in their study is to
try to provide a method to deal with specific outputs (including inflation and
unemployment), and not to cover all related outputs in the DEA models.

In 2006, Ramanathan [70] demonstrated that the efficiency scores have a
significant relationship with the countries production measures like GNP and GDP

per capita.

To the best of our knowledge, there is no study using DEA for ESG-related country
rating sorting. Below, we structure our literature review into a taxonomy based on

the key themes and concepts presented in our literature review:

Table 2.2 Taxonomy of Papers

Main Theme Theme Papers

Frank and Cline [45],
Early Statistical Methods ~ Mumpower et al. [65],

Country Risk
Cosset and Roy [27]

Assessment Studies

Works on Determinants of Cantor and Packer [14],

Country Ratings Saini et al. [76]
MCDM in Country Perturbation Method and  Mondt and Despontin [63],
Risk Assessment Other MCDM Approaches Oral et al. [66]
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UTASTAR Method and

Cosset et al. [28],

) ] _ Zopounidis and Doumpos
Hierarchical Decomposition

Outranking Relations and
Electre Tri-nC Method

Doumpos and Zopounidis
[37], Doumpos and
Figueira [36]

DEA in Ranking

BCC, CCR and Super-

efficiency techniques

Charnes et al. [17], Banker
et al. [9], Andersen and
Petersen [2]

DEA in Applications

General Applications of
DEA

surveyed by Zopounidis et
al. [105]

DEA in Evaluating ESG

Performance

Danford [30], Garcia et al.
[46], Lahouel et al. [58]

Financial Country
Applications of DEA

Liang et al. [59], Cheng et
al. [23], Che et al. [21]

Emerging Trends and
Methodologies in DEA

Karsak and Goker [54],
Dahooie et al. [29]

Homogeneity in DEA

Incorporating preferences
or expert opinions into

weight restriction

Dyson and Thanassoulis
[41], Thompson et al. [92],
Wong and Beasley [98]

Usage of the assurance

region

Thompson et al. [86]

Usage of the cone ratio

concept

Charnes, et al. [19],
Charnes et al. [18]

Usage of the common

weight concept

Roll et al. [73], Roll and
Golany [72]

Usage of context-dependent

concept

Despic et al. [32]
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2.5  Contribution to Existing Literature

In this thesis, we make valuable contributions to both theory and application,
aiming to advance knowledge in the MCDM field and provide practical benefits to
various stakeholders involving sovereign credit ratings. On the theoretical side,
building upon a comprehensive literature, we propose i) a new model for ranking
the DMUs based on the DEA, and ii) a hybrid model combining the DEA and PSM
to sort the DMUs which are not peered properly in their risk characteristics most of
the time. On the application side, we conduct empirical research to test the
questions (presented in Chapter 1) focusing on the objective functions of the credit
rating agencies and try to discover if their implied objectives are in line with our
model’s. Through these investigations, we generate practical insights, leading us to
have a comprehensive framework that can be applied to broader real-life situations.
In the comparison Table 2.3 below, the contribution of our thesis to the literature is

represented.

Table 2.3 Comparison Table of Thesis Contribution and Existing Literature

Description of Work Existing | Contribution

Ranking DMUs with DEA X

Ranking DMUs with DEA based on the same ERS X

Sorting sovereign credit ratings X

DEA-based sorting approach with assurance region

constraints

Hybrid model combining DEA with PSM to justify

important assumptions of DEA for country sorting

Using multi-objective function in DEA based sorting
approach with assurance region constraints (Examining X

if CRAs have other objectives beyond accuracy)

Sorting the sovereign credit ratings with ESG data by
using DEA
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Before delving into the specifics of our proposed work, the following two sections

will offer insights into Credit Rating Agencies (CRASs) and their methodologies.

2.6  Credit Rating Agencies

The credit rating of an entity can be provided externally or internally. External
ratings are ratings obtained from third parties, typically rating agencies. These
ratings are one of the main indicators that investors consider while making an

investment decision.

Credit rating agencies are organizations that assess the creditworthiness of entities
like governments, companies, and financial products. They assign credit ratings,
which are like grades that indicate the level of risk associated with lending money
to these entities or investing in their debt. The big rating agencies, also known as
the "Big Three," are (Standard&Poor (S&P), Moody’s Investor Services
(Moody’s), and Fitch Ratings Inc. (Fitch)) the three largest and most influential

credit rating agencies globally.

Even though the credit ratings market is dominated by S&P, Moody’s, and Fitch
(Seval 2016 [79]), it's important to note that there are other credit rating agencies
with smaller market shares as well. Some notable examples include, DBRS

Morningstar, and Japan Credit Rating Agency (JCR).

Although these three institutions use different measurement scales in the
evaluation, there is a converge in frameworks they use to assess creditworthiness.
There is also equivalence in the scales that will enable the comparison of the
grades, e.g. Moody’s Baal grade is equivalent to S&P’s BBB + and Fitch’s BBB +
(see Table 2.4).

Credit ratings are combined with the (+) and (-) signs to indicate the relative status
of the borrower in the basic grade categories. These signs are used to measure the
loss-given default (LGD). In addition to this sign, CRAs assign an outlook that

29 <¢

could be “positive”, “stable” or “negative”. These extensions often give an idea of
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how the rating will move over time. The rating scales of the CRAs are given in
Table 2.4.

Table 2.4 CRA’s Rating Scales

Fitch Moody's S&P
Prime AAA Aaa AAA
High Grade AA+ | AA| AA- Aal|Aa2|Aa3 AA+ | AA| AA-
Upper Med. Grade A+ | A | A- Al | A2 | A3 A+ | A|A-
Lower Med. Grade BBB+|BBB|BBB- Baal|Baa2|Baa3 BBB-+|BBB|BBB-
Non-investment BB+ |BB|BB- Bal|Ba2|Ba3 BB+ |BB|BB-
Highly Speculative B+ | B | B- B1|B2|B3 B+ | B | B-
Substantial Risks CCC+ Caal CCC+
Extreme Speculative = CCC|CCC-|CC  Caa2|Caa3|Ca CCC|CCC-|CC
Default D SD

2.7  Credit Rating Methodologies

In this subsection, the credit rating methodologies of the three major CRAs
mentioned in Section 2.5 are discussed. These methodologies can show similarities
and differences at certain points. Moody’s credit rating process is based on four
main factors. These are Economic Strength, Institutional Strength, Fiscal Strength,
and Susceptibility to Event Risk. The main factors are also divided into sub-factors.
The related factors used by Moody’s are shared in Table 2.5 below.
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Table 2.5 The Main and Sub-Factors used in Moody’s Methodology

Sub-factor
Weighting
Broad Rating (towards
Factors Rating Sub-Factor Factor) Sub-Factor Indicators
Average Real GDP Growth
Factor 1: Growth Dynamics 35% Volatility in Real GDP Growth
Economic WEF Global Competitiveness Index
Strength Scale of the Economy 30% Nominal GDP
National Income 35% GDP per capita
Quality of Legislative and Executive
. _— Institutions
0,
Factor 2: Quality of Institutions 40% Strength of Civil Society and the
Institutional Judiciary
Strength Fiscal Policy Effectiveness
Policy Effectiveness 60% Monetary and Macroeconomic Policy
Effectiveness
General Government Debt/GDP
Debt Burden 50%
Factor 3: General Government Debt/Revenues
Fiscal General Government Interest
Strength Debt Affordability 50y |Layments/Revenue
General Government Interest
Payments/GDP
. . Min. Domestic Political Risk
Political Risk . . .
Function | Geopolitical Risk
Factor 4: Sios\iiernment Liquidity Fu'\r?cl'?ibn Ease of Access to Funding
Susceptibility Risk of Banking Sector Credit Event
; i i i it Ev
to EventRisk | ganking Sector Risk Min. : g
Function Total Domestic Bank Assets / GDP
External Vulnerability Min. e
Risk Function External Vulnerability Risk

Source: Moody'’s Sovereign Methodology Report (2019). Page 4.

As seen, economic, institutional, and fiscal strength values are calculated as a
weighted sum of sub-factors while the susceptibility to event risk is calculated as
the maximum of the sub-factors. The values of the sub-factors are determined by
indicators determined by some quantitative and qualitative evaluations. In the end,

an indicative rating level is found.

3 The Political Risk, Government Liquidity Risk, Banking Sector Risk and External Vulnerability
Risk are considered.
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S&P credit rating is based on five key factors. These are Institutional Assessment,
Economic Assessment, External Assessment, Fiscal Assessment, and Monetary

Assessment.

Fitch evaluates the country's credit rating under four important core factors. Fitch’s
methodology has the unique feature of using a model measuring the willingness
and capacity to pay off. Fitch evaluates this capacity by using quantitative and
qualitative methods using a two-step methodology to determine the long-term
credit ratings of the countries. In the first step, all factors affecting the capacity
above are considered and put in a Sovereign Rating Model. The rating found in the
first step is exposed to a qualitative and subjective evaluation called Qualitative
Overlay. They have the option of making corrections on each factor in the range of

+2 and -2. Also, the overall rating might be corrected in the range of +3 and -3.

In summary, while each agency has its own specific approach, there are several
common methods and tools used across the industry. These methods often blend
quantitative analysis with qualitative assessments to arrive at a view of a country's
creditworthiness. As a separate note, the specific methodologies and models used
by credit rating agencies to evaluate country credit ratings are generally proprietary
and confidential to some extent. Each agency develops its own models and

approaches, which are considered competitive assets in the financial industry.
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CHAPTER 3

DATA ENVELOPMENT ANALYSIS FOR RANKING

In this chapter, we explain the proposed DEA-based ranking procedure and share

the numerical results for the proposed procedure.

3.1 Introduction

In this thesis, our main objective is, by utilizing the variables used by the credit
rating agencies, to find accurate credit ratings for the countries by asking the

questions below.

e Do the credit rating agencies assign sovereign credit ratings aligned with
our model?
e If no, what is the deviation?

e And, is this deviation systematic?

As described in Chapter 2, investors use credit ratings as an important input while
determining their investment portfolios. Therefore, changes in the credit ratings
may cause investors to update their portfolio parameters beyond their control.
Therefore, we also check if CRAs tend not to change the credit ratings of the
countries too often, by asking the following questions.

e s stability a part of the objective function for the credit rating agencies?
e Do credit rating agencies have additional objective functions apart from
accuracy and stability?

Before starting to seek answers to the questions above, since in certain cases
sorting alternatives into distinct groups could be equivalent to ranking all of the
alternatives from most preferred to least preferred and classifying the alternatives

based on defined threshold levels, we need to first come up with an accurate
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categorization (DEA-sorting and/or DEA-ranking) procedure, which could be our

main comparative tool for the results of credit rating agencies.

As ranking can become a function of both preference and criteria values, some
scholars perceived it as a more difficult approach than sorting (Ruggieri, 2004
[75]). Therefore, in this chapter, we will evaluate if DEA-ranking procedure is
appropriate for the sovereign credit rating assignment problem.

3.2  Proposed Ranking Procedure for DEA

After the industrial revolution and the emergence of modern capitalism, since the
growth per capita turned out to be a major deciding factor of success in economies,
the efficiency of organizations become a prominent research area at the beginning
of the twentieth century. In capitalist economies where markets are competitive,
production units can be classified into the ones that are performing well and
relatively poorly. In particular, financial economists accomplish such
categorizations by parametric and non-parametric frontier efficiency analyses (Barr
et al. [8]).

Frontier analysis methodologies provide advanced tools to benchmark
organizations and calculate their relative performance via numerical efficiency
scores with respect to the other competing ones (Barr et al. [7]). Among these
frontier analysis models, the novel DEA technique, a mathematical programming-
based technique constructed on non-dominant solutions (Pareto [67]) and relative
efficiency through production frontier evaluation (Farrell [44]) concepts, is
introduced in 1978 by Charnes et al. [17]. Thus, DEA strongly originated from the
production theory in economics. But moreover, DEA is also a methodology for
performance evaluation and benchmarking where multiple performance measures
are present (Cook [26]).

Utilizing these two seminal concepts from production theory, DEA is introduced as

a data-oriented mathematical model to calculate the relative efficiencies of DMUEs.
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DEA allows each DMU to take its most favorable weights where the resulting
efficiency value of unity for a DMU is referred to as efficient [15]. In general, DEA
tends to minimize inputs and maximize outputs and better performance is defined
according to this general efficiency definition. Therefore, the data to be used in
DEA should be organized such that the smaller input and higher output levels

should lead to better efficiency.

It is important to note that in DEA, DMUs to be compared should be relatively
similar (homogenous) to each other. The units in DEA are assumed to be similar in
a number of ways. First, the DMUs are assumed to be producing comparable
products or services so that a common set of outputs can be defined. The second
assumption is that a similar range of inputs is available to all the DMUs. Finally,
the hardest assumption of homogeneity in DEA is to validate that all the DMUs are
operating in similar environments, thus the external environment’s effect on the
overall performance of DMUs is negligible. When this final homogeneity
assumption cannot be validated, which is often the case, environmental variables

can be included in the analysis to enrich the input/output set (Dyson et al. [42]).

Since the DEA technique is based on the comparison of each DMU with all the
other DMUs in the analysis, a significantly large set of DMUs compared to the
total number of inputs and outputs is said to be required for the DEA analysis to

have higher discriminatory power. Although there are some rules of thumb such as

e the number of DMUs should be at least twice the number of inputs and
outputs combined (Golany and Roll, [47]) or
e the number of DMUs should be at least three times the number of inputs

and outputs combined (Banker et al. [10]),

such rules are not validated statistically. It should be noted that while in statistical
regression analysis, sample size can be significant to the explanatory power of the
analysis since it tries to estimate the average behavior of a set of DMUs when DEA
is used as a benchmarking tool, it focuses on the individual DMU performance.

Thus, the size of the sample or the number of DMUs under evaluation may not be a
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significant issue. However, if the number or proportion of efficient DMUs is
wanted to be reduced to have significant discrimination among the efficiency

values of DMUs, weight restrictions may be considered.

DEA is a frontier-based linear programming-based optimization technique. Thus,
the sample size requirement is not strict in DEA as it is for the statistical regression
analysis. The issue of having a significant portion of DMUs be calculated as
efficient when the number of inputs and outputs given the number of DMUs is high
could be solved without increasing the number of DMUs but using weight
restrictions or other DEA approaches. When an additional DMU is included in the
analysis, that DMU will be either inefficient or efficient. In the former case, the
previously determined efficiency frontier will not change, the efficiency of the
DMU considered will remain the same and nothing new will be learned about the
production frontier which is sought theoretically. In the latter situation, the
efficiency frontier may become closer to the actual, but the unknown production
frontier and a better efficiency value may be obtained [22]. Therefore, just adding
any DMU to the analysis has a small contribution in increasing the discriminatory
power of DEA.

When DEA is applied for a form of production process, inputs and outputs are
often clearly identified and resources used or required are usually the inputs and the
outcomes are the outputs. But when the DEA is used for benchmarking, the
efficient DMUs determined by DEA usually lead to a best-practice frontier instead
of the production frontier. In the latter usage of DEA, the features considered for
DMUs do not usually represent inputs and outputs as in production literature jargon
but are more related to indicators, outcomes, and metrics as named in the
benchmarking literature. Thus, these performance measures should be classified
into inputs and outputs that will be used in the DEA. The inputs are usually the
less-the-better type of performance measures, and the outputs are the more-the-
better ones [22].
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DEA is a data-oriented mathematical model and therefore its success depends on
the data selection and its format. Although, a mixture of ratios/ percentiles and raw
data is permissible in DEA applications, paying attention to how to use these data
types is critical.

Although the measurement scales of the inputs and outputs better conform to ratio
scales (equal intervals of scales have equal value), this is not a necessity for a
successful DEA application. But inputs and outputs being isotonic, (increased input
reducing the efficiency and increased output increasing the efficiency) is an
important assumption that should be followed and checked, especially for common

partitioners who are using the fundamental DEA models.

As discussed in detail, fundamental DEA models and the efficiency measures that
are provided via the optimal weights or slacks obtained from LP formulations of
them are not very useful in the complete ranking of the DMUs. Even for
classification purposes, the DEA can only discriminate DMUs as efficient and

inefficient with the basic methods.

To achieve a detailed classification or complete ranking of a set of DMUs,
obviously new procedures addressing ERS issue are needed. In this thesis, we

propose a new ranking procedure in DEA that is utilizing:

e the Tiered DEA concept developed by Barr et al. [7],
e the comparability of efficiency measures obtained by common ERS fact
and

e the novel pairwise comparison model suggested by us
to obtain a reliable complete ranking using pure DEA methodologies.

Thus, first, we need to discuss the tiering algorithm and the idea behind it. The
tiered DEA (TDEA) procedure stratifies the DMUs into tiers or layers of

comparable efficiency measured by any fundamental DEA model. It starts with an
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initial envelopment model solution, then gradually peels the frontiers with

decreasing efficiency.

The DMUs in the first tier are obtained by applying the DEA model for all DMUs
(in the set K1). All the resulting efficient DMUs are included into the first tier
DMUs and compose the set E1. Second tier DMUs (in set E?) are again the
efficient DMUs obtained via solving the DEA model with the DMUs in K* — E*!
(with all DMUs except the efficient DMUs found at the first DEA model run).
Following similar steps, the DMUs are allocated into tiers, the DMUs in the lower
numbered tiers being more efficient then the DMUs in the higher numbered tiers.

The Tiered DEA (TDEA) procedure is provided below:

STEP 1: Set | to 1, let all DMUs to be contained in K1, namely, all DMUs
are taken as the baseline of the first tier. After calculating the efficiency of
all DMUgs, through a fundamental DEA model (CCR or BCC), incorporate
those DMUs with an efficiency value equal to 1 into the tier one efficient
DMU set E*.

STEP 2: Let K'*1 = K' - E*. Stop this step when no DMU exist in K'*1

otherwise continue with Step 3.

STEP 3: Take K'*1 as the baseline of iteration I+1. After calculating the
efficiency of all DMUs through a DEA model, incorporate those DMUs,
with an efficiency value equal to 1, into E'**, and then continue with the
Step 4.

STEP 4: Let I=1 +1 and return to Step 2.

We can visualize the result of the TDEA procedure for 12 DMUs in a simple
illustration depicted in Figure-3.1. Similar to the previous settings in our examples,
all the DMUs positioned in Figure-3.1 have the same output amount and X;j and Xy;

are the two inputs required. Therefore, DMUs 1, 2, 3 and 4 are the efficient DMUs
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since the line segments joining them are enveloping all the other DMUs. They

compose the set E'={1,2,3,4}.

When the tier one DMUs are removed from the analysis, the new efficient DMUs
are found as DMUs 5, 6, and 7 and they compose the second tier DMU set of E2=
{5,6,7}. Consequently, DMUs 9, 10 and 12 are the third tier efficient DMUs and
we have E3={9,10,12}. Finally, when the third tier DMUs are also removed, the
fourth tier DMUSs, the last efficient DMUs, are found as DMUs 8 and 11 (E*=
{8, 11}).

X1

Figure 3.1. Scatter Plot for Another Small Example Illustrating the Result of TDEA

Although after the application of the tiered DEA procedure to the data we obtain a
ranking for tiers, namely the DMUs in the lower numbered tiers being more
efficient then the DMUs in the higher numbered tiers, obviously we still do not
have a complete ranking of the DMUs.

In the example depicted in Figure-3.1 we know the following ranking for DMUs;
{1,2,3,4} are more efficient than the rest and {5, 6, 7} are better than {9, 10, 12}.
DMUs 8 and 11 are the most inefficient ones. But this is not a complete ranking.

We do not have the rankings among the DMUs in the same tiers.
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To accomplish this, we also need to rank the DMUs within tiers. Barr et al. [7], the
developers of the TDEA procedure, suggest the measurement of the contribution of
the efficient DMU to the shape of its layer, arguing that the higher distortion
amount should be considered as the importance of the DMU and in return that

DMU should be ranked higher.

Let us discuss the ranking procedure suggested by Barr et al. [7] again on the
example depicted in Figure-3.1. To find a measure for the DMU 2 in tier 1, DMU 2
is removed from the data set, and it is projected to the new efficient frontier for the
DMUs except DMU 2. As observed in Figure-3.2, DMUs 1, 3 and 4 previously
included in tier 1 and DMU 5 from tier 2 compose the new efficiency surface. It is
easy to show that the new efficiency surface can only include the DMUs from the

tier where the DMU is removed and the DMUs in the one higher level.

Barr et al. [7] suggest that the ratio of the distances, % measures the distortion and

in return its contribution to the shape of the new efficiency surface if it was added
to the data set. Note that this measure can be greater than one, similar to the super-

efficiency measures discussed in Chapter 2.
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Figure 3.2. Scatter Plot Illustrating the Distortion Measurement for DMU 2
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Unfortunately, this procedure, just like super-efficiency methods also suffers from
the same pitfall of comparing the DMUs via efficiency measures calculated from
different ERS. To avoid this common pitfall, we propose a pairwise comparison of

DMU s in the same tier.

The Pairwise DEA (PDEA) model we developed in this thesis calculates the
efficiency of two DMUs simultaneously using the same ERS for both. When
PDEA is used for the DMUs within the same tier, the efficiency of these two
DMUs is calculated via a single Mixed Integer Program using the DMUs in that

tier and the tier in one higher level.

PDEA procedure is similar to the procedure suggested by Barr et al. [7]. But
instead of one, two DMUs are removed from efficiency frontier of the tier, and
they are also projected onto a new efficient frontier for the DMUSs except those two
DMUs. Moreover, in PDEA we create a common efficiency frontier line segment
to project onto. Therefore, the efficiency measures of the two DMUSs are calculated

via the same ERS, and they are comparable to each other.

As observed in Figure 3.2 when the TDEA procedure is applied to the data set, for
DMU 2 in tier 1 ERS were DMUs 5 and 3. But for the DMU 3 in the same tier,
when TDEA procedure is applied, its ERS is DMUs 6 and 4 as depicted in Figure
3.3. Thus, TDEA procedure uses the efficiency measures for these two DMUs with
different ERS to rank them.
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Figure 3.3. Scatter Plot Illustrating the Distortion Measurement for DMU 3
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For the same data set as in the example depicted in Figures-3.1, 3-2 and 3-3, when
the PDEA procedure is applied to rank DMUs 2 and 3 in tier 1, a common ERS is
created to evaluate the DMU pair analyzed.

Figure 3.4. Scatter Plot Illustrating the PDEA Procedure for DMUs 2 and 3

As depicted in Figure-3.4, the efficiency frontier is composed of the line segments
passing through DMUs 1, 5 and 4 and the efficiencies of DMUs 2 and 3 are
calculated by projecting them on the common line segment between DMUs 4 and
5. Therefore, the efficiency measures of DMU 2 and 3 can be used to compare

them.

We modify the slack-based input-oriented BCC DEA model (Eqs 2.37-2.43) to
formulize the PDEA (Eqgs. 3.1-3.17) as an MIP. Two DMUs, DMU « and b from
the same tier are projected over the same line segments of the efficient frontier

created when DMU « and b are omitted from the data set.

To ensure the common ERS for DMUs a and b, we need binary variables cj

included in the PDEA formulation which make it a MIP.

Min Zo+Z, — e{ioq sfe + Ty o) — {851 5T + X7k Sip X Ret ks a kb Ci 3.1)
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S.1.

Z¥=1Akaxjk + Sja = ZaXjq
ZII¥=1Akayrk - S;a = Yra
Yi=1 AkpXjr + Sjp = ZpXjp
Yk=1 kb Yrk = Sip = Yrb
Aka < Ao

Aep S Ck

MAgg— ¢ =20

Ma =0

Zg:llka =1
2112,:1 Ay =1

Ck € {0,1}

k=1,..,nk+ak+b

k=1,
r=1,
j=1
r=1,
Jj=1
k=1,
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Egs. 3.6 enforces when Ay, is zero Ay, is also zero and Eqs. 3.7-3.8 ensures if Ay,
is positive Ay, is positive too using the big M and the binary variables indicator cy.
After the PDEA model is solved to optimality and the slacks for DMUs are
calculated using a common ERS, any non-radial slack-based measure of efficiency
p can be calculated for DMUs a and b such as below and they can be used to

compare and rank DMUs a and b.

1—1/m<27l15;a/x-a> s m( " b>
141/ 1S”=1S;a/YrJa> e 1+ S<Z "/ y:”>

Pa = (3.18)

Therefore, the complete Tiered PDEA (T-PDEA) procedure is provided below:

STEP 1: Set | to 1, let all DMUs in the data set to be contained in K1,
namely, all DMUs are taken as the baseline of the first tier. After
calculating the efficiency of all DMUs, through a fundamental DEA model
(CCR or BCC), incorporate those DMUs with an efficiency value equal to 1
into the tier one efficient DMU set E*.

STEP 2: Let K'** =K' - E'. Go to Step 5 when no DMU exist in K*1

otherwise continue with Step 3.

STEP 3: Take K'*! as the baseline of iteration |+1. After calculating the
efficiency of all DMUs through a DEA model, incorporate those DMUs,
with an efficiency value equal to 1, into E‘*1, and then continue with the
Step 4.

STEP 4: Let I=I +1 and return to Step 2.

STEP 5: Let the DMUs in E! as the baseline of iteration I. Use the PDEA
model for the pairwise comparison of the DMUSs in E* to obtain a complete

rank within the tier |. Stop if =1 otherwise continue with the Step 6.
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STEP 6: Let I=I -1 and return to Step 5.

When T-PDEA procedure is stopped, a complete rank of all DMUs in the data set

is achieved since

e we know that the DMUs in the lower numbered tiers are efficient then the
DMUs in the higher numbered tiers and
e we have the ranking of the efficient DMUs within the tiers after the PDEA

model is applied.

Moreover, if a single scalar scaled measure is also desired for all the DMUs in the
data set, the lowest ranked DMU in tier k and the highest ranked DMU in tier k+1
can be compared with PDEA model and the efficiency measures, p, of DMUSs in

tier k+1 can be updated accordingly to reflect the proportional inefficiencies.

3.3 Numerical Study

All mathematical models utilized in this numerical study section are coded using
the Gurobi Python API and run on a personal computer with an Intel 15-7200 CPU
processor and a memory of 8 GB RAM. In subsection 3.3.1, we utilize a well-
studied data set to verify that the models coded are running without a bug. In
subsection 3.3.2, we further our numerical study with a larger data set to validate

the merit and functionality of the proposed Tiered PDEA Procedure.

3.3.1 Verification with a well-known Small Data Set: Nursing Home

For the benefit of the reader, as the first step, a simple example is used to verify the
coding of the fundamental DEA models and proposed ranking procedure to be used
in numerical studies. The data given in Table-3.1 is drawn from the nursing home
example developed in Sexton et al. [80] where only six DMUs are compared over

four variables; Staff hours per day (StHr), Supplies per day (Supp), Total Medicare
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plus Medicaid reimbursed patient days (MCPD), and Total private patient days
(PPPD).

Table 3.1 Data Set for The Nursing Home Example Drawn From Sexton et al. [80]

Inputs Outputs
StHr Supp MCPD PPPD

150 0.2 14000 3500
400 0.7 14000 21000
320 1.2 42000 10500
520 20 28000 42000
350 1.2 19000 25000
320 0.7 14000 15000

Mmoo >

Adler et al. [1] tests the fundamental DEA models in the literature using this data
set in Table-3.1. The names of the DEA models tested in this study and their

corresponding formulation in this chapter are:

1. CCR Model (Egs. 2.17 — 2.20)
2. BCC Model (Egs. 2.17 —2.20 with ¥¥_; A, = 1)
3. Super-efficiency Model

Min Z, (3.19)
S.1.

YR=tkraiXik < ZaXjq j=1,..,m (3.20)
Yh=1kzatkVric = Yra r=1,..,s (3.21)
A= 0 k=1.,Nk#a (3.22)

When the coded models are solved with the Gurobi Optimizer, we accomplish to
verify the coding of the above mentioned three fundamental DEA models in

Phyton, since same results to the ones presented in Adler et al. [1] are obtained in

Table-3.2.
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Table 3.2 Efficiency Scores Obtained for The Nursing Home Example Using
Gurobi Python API

CCR BCC Super-Efficiency
DMU Score ERS Score ERS Score ERS

A 1.00 A 1.00 A 2.00 C
B 1.00 B 1.00 B 141 F
C 1.00 C 1.00 C 1.40 A
D 1.00 D 1.00 D 1.13 E
E 0.98 A B,D 1.00 E 0.98 A B,D
F 0.87 A,B,D 0.90 A B, E 0.87 A B,D

Moreover, since we use the dual formulations in Table-3.2, the ERSs that are used
to calculate the efficiency scores are also determined. Consequently, the only
reliable ranking that can be reached by the fundamental DEA models; CCR, BCC
and Super-efficiency models, is E having a higher rank than F, since they both have
the same ERS and the efficient DMUs (with the efficiency score of one) being
higher ranked than those two DMUs.

Next, we apply the proposed Tiered PDEA procedure to the nursing home data set.
We will follow the Tiered PDEA procedure explained in Section 3.2 step by step
below to obtain a full ranking of the six DMUs.

STEP 1: Let | = 1, K* contains all six DMUs. Using the CCR model, the
efficiency scores given Table-3.2 are obtained. Thus, E* = {A, B, C, D}.

STEP 2: K? =K' - E1 i.e., contains two DMUs only with compatible
ERSs. Thus, we can go to Step 5.

STEP 5: We need to rank the DMUs in E* within themselves. In Table-3.3,
the efficiency score differences (given as Eg. 3.18) of the DMU a and DMU
b, pa — pp, are provided. Thus, we obtain the ranking for E* as {B, D, C,
A}. With prior knowledge of E having a higher rank than F, the full ranking
of {B, D, C, A, E, F} is achieved where the mentioning order represents the
higher-ranking order.
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Table 3.3 Efficiency Score Differences by Tiered PDEA model for Tier 1 DMUs

DMUa\DMUb B C D
A (0.02) (0.13) (0.18)
B 0.18 0.11
C (0.28)
D

Although we accomplish to achieve a full ranking using the CCR model while
determining the efficient DMUs grouped as tiers, it should be noted that with the
BCC model this will not be possible. If BCC model is used in determining the
DMUs in tier 1, within the Tiered PDEA procedure, the efficient DMUs will be
DMU s in the set E* = {A, B, C, D, E}. But we do not have any pairwise comparisons
including the DMU E with the PDEA model, all such pairwise comparisons turned

out to be infeasible.

We observed that when the number of DMUSs considered is small, infeasible
solutions are frequently observed among the PDEA model solutions. After our
numerical studies with a larger data set, we will focus on this infeasibility problem

in detail.

3.3.2 Validation with a Large Data Set: Economic Efficiency of Countries

To demonstrate the applicability and the merit of the Tiered PDEA Procedure
better and observe the structural properties (such as the existence of inherit
infeasible solutions) of the procedure with large data sets, we further study with an
economic data set of countries given in Table-3.4. The reason for the choice of
such economic data set is the ease in making sense of the inputs and outputs and
the familiarity of the readers with the DMUs. The data set consists of 2021 values
of:

e Government Debt given in percentage of the GDP: This is a common

metric for assessing a country's fiscal health and economic management.
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Higher debt levels might indicate a higher burden on the economy,
impacting efficiency negatively.

e Inflation: Inflation rates are crucial economic indicators. Moderate inflation
is often a sign of a growing economy, but high inflation can indicate
economic instability.

e Annual GDP Growth: This is a standard measure of economic performance.
Positive GDP growth is generally seen as a sign of a healthy and expanding

economy.

for the selected 18 countries. Government debt and inflation are treated as the
inputs and annual GDP growth is considered as the single output. Thus, efficient
countries are considered as the ones who achieved high annual GDP growth with

low government debt and inflation.

Table 3.4 Economic Data for Selected Countries (2021)

Input 1 Input 2 Output
Government Debt Inflation GDP Growth

Argentina 80.932 51.352 11.518
Australia 58.378 3.584 5.466

Botswana 19.528 8.716 11.924
China 71.48 1.756 8.64
Egypt 89.196 4.921 3.842
Germany 69.642 5.687 3.185
Greece 199.402 4.359 8.896

Ireland 55.327 5.649 14.148
Israel 67.951 2.806 9.172
Netherlands 52.328 6.264 5.431
Panama 58.433 2.624 15.896
Russia 16.993 8.393 5.309
Saudia Arabia 30.008 1.243 3.801
South Korea 51.331 3.698 4.705
Spain 118.55 6.55 5.689
Turkiye 41.804 36.081 11.913
United Kingdom 95.348 5.386 8.001
USA 128.125 7.364 6.231
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As discussed in Dyson et al. [42], before applying the DEA models to a real-life
data, researchers should examine and address several issues about the data on hand,
such as the number of inputs/outputs to select, the measurement of those selected
variables and the weights attributed to them. Thus, the economic data set presented

in Table-3.4 and used in the models is a modified version of the raw data set.

Although, an initial assumption, as suggested by Banker et al. [9] and Shephard
[81], the inputs and outputs conforming to ratio scales (i.e., the requirement of a
meaningful zero, and equal intervals of the scale having equal value) turned out to
be too strict, an interval scale, which does not require an absolute zero is an
assumption frequently utilized in DEA models in the literature. Therefore, we
eliminate the zeros in the data set by creating only positive ranged variables while

preserving the differences between data points.

There is also the isotonic inputs and outputs assumption that should be satisfied
while labeling the variables as inputs and outputs. In other words, the selection of
the inputs and outputs should be in such a way that an increased input variable
should reduce efficiency, while the increased output variable should increase
efficiency. Therefore, Government Debt and Inflation are labeled as inputs and the
GDP growth is labeled as the single output. To simplify the numerical comparisons
and focus on the value added by the developed Tiered PDEA procedure, only two
fundamental DEA techniques; BCC and BCC super-efficiency are utilized in this

subsection.
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Table 3.5 Efficiency Scores and Corresponding ERS to Obtain Them with the BCC
Model

DMU [score |  ers ERS Countries

Botswana 1.000 1]Panama Saudia Arabia
China 1.000 2] Russia Saudia Arabia
Panama 1.000 3| Russia

Russia 1.000 4| Panama

Saudia Arabia 1.000 5| Saudia Arabia

Ireland 0.807 1

Israel 0.660 1

South Korea 0.562 2

Australia 0.542 1

Netherlands 0.515 2

Tarkiye 0.467 3

Greece 0.410 4

Germany 0.403 5

United Kingdom 0.398 1

Egypt 0.329 5

Spain 0.277 1

USA 0.264 1

Argentina 0.239 3

When BCC model is applied to the economic data set of the countries, 5 out of the
18 countries, namely, Botswana, China, Panama, Russia, and Saudi Arabia are
labeled as efficient countries according to the results listed in Table-3.5. For the
remaining countries, although an efficiency score is obtained, 5 different ERSs are
utilized by the BCC model which results in an incomplete ranking. Only reliable

ranking information is:

e Ireland > Israel > Australia > UK > Spain > USA,

e South Korea > Netherlands,

e Tiirkiye > Argentina,

e Germany > Egypt
where the operator “ > ” indicates the higher ranking, i.e., higher efficiency. BCC
model solution cannot rank the five efficient countries among each other and
cannot link the four ranked subsets of the 13 inefficient countries. DEA literature
suggests the use of super-efficiency models as a remedy to this issue. Thus, we

solve the BCC Super-efficiency model with the same data set and the results

obtained are provided below in Table-3.6.
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Table 3.6 Efficiency Scores and Corresponding ERS to Obtain them with the BCC
Super-Efficiency Model

DMU |Score | ERS ERS Countries
Botswana 1.982 1 1{Panama Russia
Panama 1.741 2 2|China Ireland
China 0.812 3 3|Panama

Ireland 0.798 4 4|Botswana Panama
Israel 0.540 3 5|Botswana

Russia 0.512 5

Saudia Arabia 0.505 3

Tlrkiye 0.467 5

Greece 0.337 3

Australia 0.327 4

South Korea 0.311 4

Netherlands 0.310 4

United Kingdom  0.298 4

Argentina 0.233 5

USA 0.172 4

Spain 0.171 4

Egypt 0.153 4

Germany 0.151 4

Although the five DMUs found to be efficient by the BCC Model (Botswana,
China, Panama, Russia, and Saudi Arabia) are also in the top seven ranked
countries with the BCC super-efficiency Model, we again cannot obtain a ranking
for the five efficient countries among each other since their efficiency scores are

calculated using different ERSs. Among the inefficient countries;

e Ireland > Australia > South Korea > Netherlands > UK > USA > Spain
> Egypt > Germany and

e Tiirkiye > Argentina,

which results in an incomplete ranking of the countries again. Also, although the
partial rankings obtained with the BBC model and the BCC Super-efficiency model
are coinciding mostly, we observe that there are conflicting rankings too. Such

conflicting rankings are observed between

e Germany and Egypt,
e Spain and USA.
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Therefore, the usage of the Tiered PDEA Procedure in this data set represents a
perfect opportunity to evaluate the benefit obtained from it and the verification of
its ranking ability since we have a good idea of what the rankings should be
through the BCC and BCC Super-efficiency models although they are not complete
ones. We will follow the Tiered PDEA procedure explained in Section 3.2 step by

step again below to obtain a full ranking of the 18 countries.

STEP 1: We start with | = 1. Thus, K contains all 18 countries. Using the
BBC model, the efficiency scores given in Table-3.5 are obtained.

Therefore, the first tier countries are obtained as;
E! = {Botswana, China, Panama, Russia, and Saudi Arabia}.

STEP 2: Thenwe set K2 =K' - E1, i.e., K! contains the remaining

inefficient thirteen countries.

STEP 3: Using the BBC model for the set K2, the efficiency scores given

Table-3.7 are obtained. Thus, the second tier countries are obtained as;
E? = {Ireland, Israel, South Korea, Tiirkiye}.

Table 3.7 Efficiency Scores and Corresponding ERSs used to obtain them with the
BCC Model for the Second Tier DMUs (K?)

DMU Score ERS ERS Countries
Ireland 1.000 1|Ireland Turkiye
Israel 1.000 2|Israel South Korea
South Korea 1.000 3|South Korea Tirkiye
Tlrkiye 1.000 4lIsrael South Korea
Netherlands 0.970 1 5|Israel
Australia 0.961 2 6|lreland Israel
Germany 0.735 3
Egypt 0.665 6
Greece 0.644 5
United Kingd 0.635 6
Argentina 0.553 1
Spain 0.500 4
USA 0.453 4

STEP 4: Let =2
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STEP 2: Next we set K3 = K? - EZ i.e., K3contains the remaining nine
countries. Although there are still nine countries left, when the ERSs are
examined in Table-3.8, the inefficient nine countries can be compared with
each other by the BCC super-efficiency Model. Thus, we can go to the
STEP 5.

Table 3.8 Efficiency Scores and Corresponding ERSs used to obtain them with the
BCC Super-efficiency Model for the Second Tier DMUs (K ?)

DMU Score ERS ERS Countries

Ireland 1.751 1 1|lIsrael Tarkiye
Israel 1.305 2 2|lreland

Turkiye 1.114 6 3|lIsrael

Greece 0.624 3 4lIreland Israel
Australia 0.535 4 5|ireland Tarkiye
Argentina 0.515 5 6|Tirkiye

United Kingd 0.508 4

South Korea 0.468 4

Netherlands 0.405 5

Spain 0.295 4

USA 0.291 4

Egypt 0.265 4

Germany 0.213 4

Before going to STEP 5, note that without the usage of the PDEA model, with the
Tiered DEA Procedure, we can only reach the following ranking given below at
Table-3.9. The counties in tier 1 are ranked highest whereas the tier 3 countries are
ranked the lowest. The green colored countries in each sub-group are also ranked,
the higher ranked countries being on written on the top. But obviously, we cannot

achieve a complete ranking, again.
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Table 3.9 Partial Ranking achieved with Tiered DEA

Tier 1 > Tier 2 > Tier 3
Botswana Ireland Greece
Panama South Korea
Russia Israel Australia
China Tirkiye United Kingdom
Saudi Arabia Spain

USA

Egypt
Germany
Argentina
Netherlands

STEP 5: We need to rank the countries in EY, E? and K3 within
themselves. We start with K3. There are two ranked sets and Greece to be
linked. Therefore, we first check the comparison of Germany with
Argentina and Netherlands separately. In Table-3.10, the efficiency score
differences of the DMU a and DMU b, p, — p,,, are provided.

Table 3.10 Selected Efficiency Score Differences for Germany by Tiered PDEA

model from Tier 2 model runs

DMUa\DMUDb | Argentina Netherlands
Germany 0.211 0.007

Thus, Germany is ranked higher than both Argentina and Netherlands. When
Greece is compared with the lowest ranked countries, we observe from the results

in Table-3.11 that Greece is ranked between Argentina and Netherlands.

Table 3.11 Selected Efficiency Score Differences for Greece by Tiered PDEA

model from Tier 2 model runs

DMUa\DMUDb |Argentina Netherlands
Greece -0.087 0.099
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Consequently, the ranking for K3 is obtained as {Australia, UK, Spain, USA,
Egypt, Germany, Argentina, Greece, Netherlands}, where the mentioning order

again represents the ranking order.

Next, we need to determine the ranking within E2. We obtain the ranking for EZ as
{Ireland, Israel, South Korea, Tirkiye} using the selected efficiency score
differences by the Tiered PDEA model from tier 2 model runs given at Table-3.12.
Also note that this ranking is perfectly completes the partial ranking information
within EZ at Table-3.9.

Table 3.12 Selected Efficiency Score Differences by the Tiered PDEA model from

Tier 2 model runs

DMUa\DMUb Ireland

Ireland

Israel South Korea Tlrkiye

0.07 0.39 0.19
0.17 0.10
0.42

Israel

South Korea
Tirkiye

Finally, we need to obtain the ranking for E1 using the PDEA results given in
Table-3.13 and obtain the ranking for E* as {Saudi Arabia, Panama, China, Russia,

Botswana}.

Table 3.13 Efficiency Score Differences by Tiered PDEA model for Tier 1 DMUs

DMUa\DMUb Botswana China Panama Russia Saudia Arabial
Botswana 0.02 0.66 0.43
China 0.45 0.02 0.03
Panama 0.64 0.41
Russia

Saudia Arabia

Therefore, the full ranking of the 18 countries via Tiered PDEA procedure is
obtained below in Table-3.14.
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Table 3.14 Full Ranking of the 18 countries obtained via Tiered PDEA Procedure

Rank [Countries
1 |Botswana
2 |China
3 [Panama
4 |Russia
5 [Saudi Arabia
6 |lreland
7 |lsrael
8 [South Korea
9 |Tirkiye
10 |Australia
11 |United Kingdom
12 |Spain
13 |USA
14 |Egypt
15 |Germany
16 |Argentina
17 |Greece
18 |Netherlands

3.4  Resolution of Inherit Infeasibility in Tiered PDEA Procedure

It should be noted that when the proposed Tiered PDEA Procedure is applied to a
small number of DMUs, the infeasibility might be an issue. The infeasible
solutions are also observed with Super-efficient DEA models especially in the case
of extremely efficient DMUs [77] and the conditions creating the infeasibility are
studied in the literature (Zhu [99], Dula and Hickman [35], Seiford and Zhu [77]).

Thus, observing infeasible solutions with the PDEA model is also an expected
issue since we remove two DMUs from a small data set to obtain a common line
segment of the efficient frontier to project them onto. The literature on the
modifications of the super-efficient DEA models to avoid infeasibility provides
promising solutions for the PDEA model too (Mehrabian et al. [61] and Hashimoto

[48]). Including more DMUs from similar context to enrich the dataset is one of the
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suggested solutions. However, in our case, there will be always a tier representing
the most inefficient class of countries, which makes the model still prone to lack of
peer problem. Creating additional, hypothetical DMUs based on combinations or
averages of existing DMUs is another suggested solution and this can help form a
more robust efficient frontier. Didehkhani et al. [34] developed a model for ranking
DMUs in DEA, addressing infeasibility in existing models. This study suggests that
virtual DMUs can be used to overcome limitations in traditional DEA models,

particularly for ranking purposes.

We adopted the creation of hypothetical DMUs idea into the Tiered PDEA
procedure. In our case, as we create strategically, the virtual DMUs can represent
idealized or target performance levels, which might not always exist in the possible

set of real DMUs. They can serve as aspirational benchmarks for inefficient units.

In the next chapters, first, we explain the procedure to resolve the infeasibility
encountered for two input case, we discussed before. Then we generalize the
procedure for multiple inputs and outputs case by applying the procedure to the

infeasibility we encountered in Nursing Home Example.

34.1 Resolution of Infeasibility via Hypothetical DMUs for Two Inputs

In order to create a more robust efficient frontier by incorporating hypothetical

DMUs, we follow the below steps:

STEP 1. Generate Hypothetical DMUs: We need to create additional
DMUs by using the inputs and outputs of existing DMUs. In our case this
involves creating DMUs that represent low-efficiency DMUs.

STEP 2. Identify Low-Efficiency Hypothetical DMUs: We need to
establish hypothetical DMUs characterized by low efficiency. Using the
representation in Figure 3.1, our objective here is to select DMUs with

maximum input values. For input 1, DMU 12 has the maximum value. For
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input 2, DMUs 1 and 11 are contenders, but DMU 11 is identified as
weakly efficient and hence chosen.
STEP 3. Construct the Low-Efficiency Hypothetical DMU: We locate this
DMU (DMU 13) at the intersection of two specific lines:
1. a vertical line at input 1 = 6 (reflecting the maximum value from
DMU 12).
ii.  a line extending from the origin through DMU 11 and beyond, until
it intersects the vertical line from point (1).
Similarly for the second hypothetical DMU (DMU 14) which will be
identified at the intersection of:
i. A horizontal line at input 2 = 7 (indicating the maximum value from
DMU 11).
ii. A line extending from the origin through DMU 12 and beyond,
intersecting the horizontal line from point (ii1).
By these two steps, we keep the input-output ratios of the most inefficient
DMUs and extend their input ranges to obtain extremely inefficient DMUs.
STEP 4. Integrate the hypothetical DMUs into Dataset. The process yields
two hypothetical DMUs with coordinates (6,14) and (14,7) (as seen in
Figure 3.5), representing specific points of low efficiency in the system. We

add these hypothetical DMUs to our dataset alongside the real DMU .

|||||

Figure 3.5. Scatter Plot Showing the Hypothetical DMUs
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STEP 5. Run PDEA Analysis: We perform the DEA analysis with this
expanded dataset. The hypothetical DMUs will contribute to forming a

more substantial efficient frontier, enabling feasibility.

The geometric formulation for determining the hypothetical DMUs is given below

for the sake of completeness of the discussion.
Finding the Equations of the Lines

1. Line from Origin through DMU 11 (Input 1 = 3, Input 2 = 7):
e The equation of a line in slope-intercept form is y=mx+b.
« Since the line passes through the origin, b=0.

e The slope m is the ratio of the change in Input 2 to the change in
Input 1.

e [For DMU 11, the slope mis 7/3.
e Thus, the equation of the line is y=7x/3.
2. Line from Origin through DMU 12 (Input 1 = 6, Input 2 = 3):
o Similarly, the slope m for this line is 3/6.
« The equation of the line is y=x/2.
Finding the Intersection Points

1. First Hypothetical DMU at the Intersection of y=7x/3 and Vertical Line
at Input 1 = 6:

e Substitute x=6 into y=7x/3.
e Solve fory.

2. Second Hypothetical DMU at the Intersection of y=x/2 and Horizontal
Line at Input2 =7:

e Substitute y=7 into y=x/2.
e Solve for x.
The coordinates for the two low-efficiency hypothetical DMUs are as follows:

1. First Hypothetical DMU:
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o Located at the intersection of the line extending from the origin
through DMU 11 and the vertical line at Input 1 = 6.

o Coordinates: (6, 14)
2. Second Hypothetical DMU:

o Located at the intersection of the line extending from the origin
through DMU 12 and the horizontal line at Input 2 = 7.

o Coordinates: (14, 7)

Although we have achieved full ranking for our large data set example, we can still
apply this method to our set. By using Python (The related code can be found in
Appendix-A), we found that the benchmark countries are Egypt and Argentina with
two hypothetical countries as shown below.

Table 3.15 Hypothetical DMUs for Large Data Set

Input 1/Output Input 2/ Output
DMU 19 | 23.216 14.731
DMU 20 | 80.811 4.458

Below is the representation of 18 countries and two hypothetical DMUs on a two-

dimensional plane. The overall ranking is not affected by using this extension.

Large Data
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Figure 3.6. All Countries on Two-dimensional Plane
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3.4.2 Resolution of Infeasibility via Hypothetical DMUs for n Inputs

When there are multiple inputs (and possibly multiple outputs), assessing

efficiency becomes complex. We use the concept of projection as a method to

simplify this complex problem. We "project” the complex multi-dimensional data

(multiple inputs) onto simpler, two-dimensional planes. This makes it easier to

understand and analyze the relationships between pairs of inputs.

The procedure for handling a multi-input/output case using projection involves the

following steps.

STEP 1. Projection onto Lower Dimensions:

For each input, project the DMU data onto a lower-dimensional
space (e.g., a 2D plane for three inputs).

In this reduced space, use the same method used for two inputs:
identify the DMUs with the maximum values and select the

inefficient ones.

STEP 2. Calculating Slopes in Lower Dimensions:

In each 2D projection, calculate the slopes of lines extending from
the origin through the selected inefficient DMUs.
Determine the intersection points on each 2D plane as in the two-

input case.

STEP 3. Combining Projections to Find Intersection in Higher

Dimensions:

After having the intersection points in each of the lower-
dimensional projections, combine these points to find the exact
intersection point in the higher-dimensional space.

This step involves aligning the intersection points from each

projection along the respective dimensions.

The n-dimensional projection method in DEA is like solving a puzzle. We look at

each piece separately (projecting complex, multi-input scenarios onto simpler, two-
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dimensional planes), understand each piece (calculate efficiencies in these simpler
scenarios), and then put the pieces together (combine projections) to see the whole
picture (understand efficiencies in the original, multi-dimensional scenario). Thus,
we provide a powerful way to tackle complexity in a systematic, step-by-step
manner. In the next section, we apply this method to numerical example we have in

Section 3.3.1.

3.4.3 Numerical Example (Revisiting Nursery Home Example)

In Section 3.3.1, we cannot achieve a full ranking using BCC model for the
Nursing Home Example. Thus, we apply the proposed infeasibility resolution
procedure to results from BCC model where we have 5 DMUs in Tier 1 and only
one in Tier 2. Following the infeasibility resolution procedure, the hypothetical

DMUs are found as shown in Table 3.16.
Table 3.16 Expanded Data Set for The Nursing Home Example

Inputs Outputs
StHr Supp MCPD PPPD

150 0.2 14000 3500
400 0.7 14000 21000
320 1.2 42000 10500
520 20 28000 42000
350 1.2 19000 25000
320 0.7 14000 15000
yl 520 20 68250 42000
y2 520 20 70000 42000
Hy3 780 3.0 42000 63000
Hy4 520 20 168000 42000

I T TMQOOW>

By incorporating the full data set for first Tier, we now obtain a full ranking of the

six DMUs as shown in Table 3.17 below.
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Table 3.17 Efficiency Score Differences Applied to Infeasible BCC Model Results

DMUa\DMUb B C D E
A (0.07) (0.09) (0.03) (0.06)
B (0.03) (0.03) (0.06)
C (0.01) 0.01
D 0.02
E

Thus, the full ranking of {D, C, E, B, A, F} is achieved where the mentioned order

represents the higher-ranking order.

3.5  Concluding Remarks

In the DEA literature, although it is a well-known fact that the efficiency scores of
the DMUs obtained via different ERSs are not comparable with each other, this
fact is mostly ignored and DMUs are ranked with their efficiency scores without
consideration of compatible ERS. The first contribution of this thesis is to clearly
show that a complete reliable rank is not possible to achieve for even small-sized
problems such as the nursing home example drawn from Sexton et al. [80] in

subsection 3.3.1 via the fundamental DEA techniques.

The second contribution of this thesis is the development of the PDEA model with
the novel idea of pairwise comparisons of the DMUs. The PDEA model is
formulated in such a way that the efficiency scores of both DMUs are determined

using the same ERS.

The third contribution to the literature is the development of the Tiered PDEA
Procedure, which is built upon the Tiered DEA concept by Barr et al. [7]. The
Tiered DEA concept is built upon the idea of gradually peeling the frontier layers
with decreasing efficiency and providing sets of efficient DMUs by deracinating

the data set. Therefore, the efficient DMU sets obtained as tiers are smaller DMU
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sets, and they are just what is needed to apply the PDEA model to rank the DMUs

within avoiding the transitivity issue.

Although we cannot ensure the transitive relations through the pairwise
comparisons with large sets since the pairs of DMUs are compared to the best-
practice frontier which is changing for each DMU pair instead of the unknown
production frontier, embedding the PDEA model into the Tiered DEA procedure

results in a working ranking procedure for the DEA literature.

In certain scenarios in assigning ratings to countries, rankings alone are insufficient
to have final results. A transformation from ranking to classification is a necessity.
Moreover, we often do not have the efficiency scores of entities, but only their
complete ranking order. This makes the task of categorizing them into distinct
classes or groups within a multi-criteria sorting framework more challenging.
Accordingly, in Chapter 4, we investigate the suitability of the DEA sorting

procedure for the sovereign credit ratings.
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CHAPTER 4

DATA ENVELOPMENT ANALYSIS FOR SORTING

4.1 Introduction

Multi-criteria sorting is a decision-making process where units are organized and
categorized based on multiple criteria or attributes. This process is distinct from
single-criterion sorting, which uses only one attribute, and from multi-criteria
ranking, which assigns a rank or order to items based on multiple criteria. In multi-
criteria sorting, the focus is on classifying items into predefined categories or
groups based on how they score across various dimensions. It’s particularly useful
in scenarios where distinguishing between broad categories is more relevant, like in

sovereign credit rating assignment problem.

4.2  Proposed Sorting Procedure for DEA

DEA relies on certain assumptions about the comparability of the DMUs. That is
why we need to strengthen the model’s resilience to the DEA assumptions by
ensuring that the countries being compared are appropriate matches, thus making
the DEA analysis more robust. Another challenge in comparative analyses,
especially in country comparisons, is the presence of selection bias. Selection bias
occurs when the groups being compared differ in ways other than the primary
variable of interest.

According to these perspectives, we have integrated two distinct features to

enhance the effectiveness of our model.

1. Incorporating PSM (Propensity Score Matching and Assignment
Model — PSMAM1): We utilize Propensity Score Matching (PSM) as a
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novel approach in the process of selecting peer countries for credit rating

evaluations. PSM is crucial for satisfying the assumptions of DEA and

enhances the analysis's accuracy. PSM helps to reduce the selection bias by

ensuring that the countries being compared are similar in their observable

characteristics and stregnthens our model to enhance the analysis’ accuracy.

The below is an overview of how we utilize PSM in our proposed sorting

model:

STEP 1. Integrating PSM: This study integrates PSM to identify
suitable peer countries for comparison. PSM is a statistical
technique used to estimate the effect of a treatment or intervention
in observational studies [74]. It involves matching countries based
on their propensity scores, which reflect the probability of receiving
a particular treatment given a set of observed characteristics. In our
analysis the intervention is the binary investment grade assignment
of the CRAs to the countries, as this binary assignment could have
detrimental effects on countries borrowing dynamics.

STEP 2. Calculating Propensity Scores: The propensity scores in
the thesis are calculated using logistic regression models. The scores
are based on critical economic indicators of inflation and GDP per
capita. These scores are used to assess the likelihood of a country
belonging to a particular group of countries matched.

STEP 3. Matching Process: After the propensity scores are
calculated, countries are grouped based on these scores. We divide
the countries into groups of four, each from different credit rating
categories as assigned by Moody's. This approach ensures that the
countries in each group are comparable in terms of their economic
characteristics. Despite different credit ratings of the countries in the
matched group, these countries have comparable profiles, making

them suitable for comparison.
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STEP 4. Combination Generation: We create all possible and
logical combinations of countries from different classes to form peer
groups. The aim is to validate the results’ accuracy and observe if
there is consistent mismatch between our results and the rating
classificaitons provided by CRASs. For each country, we generate all
combinations of peer groups that do not include the country itself.
STEP 5. Assignment Process: We incorporated threshold
estimation models to determine the thresholds of the classes using a
reference set. After solving a DEA model for a specific country
using a set of reference and peer countries, we classified the
efficiency score of a country into one of the classes based on
predefined efficiency thresholds.

STEP 6. Mismatch Counting: We count how many times the
predicted class (based on DEA efficiency) mismatches the actual
class for each country.

STEP 7. Identify the DMUs with Consistent Mismatched: We
pinpoint countries exhibiting a consistent mismatch trend in peer
group analysis and delve into potential causes, such as stability
issues.

2. Offering More Holistic Approach by integrating ESG Factors
(PSMAM?2): As argued in Chapter 3, we need to validate that all the DMUs
are operating in similar environments, and if this assumption cannot be
validated, environmental variables can be included in the analysis [35]. By
incorporating ESG factors into PSM, we do not only consider traditional
financial metrics but also take into account the sustainability and resilience
of a country's social and governance practices. This enhancement reflects a
significant advancement in the methodology for credit rating analysis,
aiming for a more accurate assessment of a country's creditworthiness.
After incorporating ESG factors, we repeated the steps provided in
PSMAML procedure.
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The below is how ESG factors contribute to our model.

1. Improved Comparison and Classification: The inclusion of ESG factors
in the calculation leads to better results in identifying peers for comparison.
By considering ESG factors, particularly governance factors, the thesis
demonstrates that it's possible to identify better-aligned peers for credit
rating evaluations, enhancing the accuracy of the analysis

2. Inclusion in Methodology Reports: Although ESG factors have not been
explicitly stated as objectives in the decision-making process of CRAs, they
have started to be included in methodology reports. We explore the impact
of including ESG factors in the PSM analysis, thereby contributing to the
debate on whether CRAs should incorporate these factors in determining

peer countries.

Assigning different weights to input/output criteria in DEA can introduce
subjectivity, as different weightings might lead to different conclusions about the
efficiency of the DMUs. As explained in Chapter 3, different weights could also
present the issue of having a significant portion of DMUs be calculated as efficient.
In order to ensure fairness and objectivity in the comparison process and to solve
the problem of having several DMUs be calculated as efficient, it is important to
standardize the criteria for comparison by using weight restrictions and assigning
similar weights to these inputs and outputs. By using similar weights, we need
reduce the potential subjectivity and bias that might arise from the weight
assignment process. For this purpose, the DEA method developed by Karasakal

and Oztiirk [53] is reviewed in detail.

4.3  Numerical Study

The parameters should be carefully selected based on their direct impact on a
nation's economic efficiency and creditworthiness. As mentioned earlier, Viskovi¢

and Kordi¢ [95] used DEA to find the efficiency scores of the countries by using
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two inputs and four outputs. The variables used in the study are “Government
Balance” (input), “Government Debt” (input), “GDP per capita” (output), “GDP
growth” (output), “Inflation” (output), and “External Balance” (output). These
variables are fundamental variables to consider while analyzing a country’s fiscal
and economic situation. Therefore, we started our analysis with the variables of
“General Government Financial Balance/GDP” (Inputl), “General Government
Debt/GDP” (Input2), “Average real GDP growth” (Outputl), and “Current
Account Balance/GDP” (Output2) included in the Interval AHP model. We used
the most recent dataset we can have access at the time of the analysis conducted,
which is the normalized 2019 values (2014-19 for GDP average) of the above-
mentioned indicators (The complete raw data for selected countries and rating
group medians based on Moody’s classification can be found in Appendix-B). For
a set of countries, we reiterated the model with 2020 data to investigate the stability
of the ratings. We present an excerpt of the data table here for the reader's

convenience.

Table 4.1 Excerpt from Full Data Table in Appendix-B

Country Outputl Output? Inputl Input2
Spain 1.9 1.8 -3.1 98.1
Italy 0.8 2.8 -2.4 131.2
Czech Republic 3 0.3 0.9 32.7
Slovakia 3.5 -2.5 -0.7 48.9
Slovenia 2.9 6.4 0 73.6

Later in the analysis, we will observe that using only these variables is not enough
to explain the credit rating agencies’ decisions. Below is the reasoning why we

selected these four variables in the first stage of the analysis.
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The General Government Financial Balance/GDP ratio serves as a key
input parameter. It indicates a country’s ability to manage its resources
efficiently. A positive balance signifies fiscal responsibility, allowing the
government to allocate resources effectively and potentially invest in areas
that enhance economic efficiency. By incorporating this parameter, our
DEA analysis considers the financial prudence of a country as a
fundamental input.

The General Government Debt/GDP ratio is another essential input
parameter in our model. High levels of government debt relative to GDP
can indicate inefficiencies in resource allocation, potentially leading to
reduced economic efficiency. By including this parameter, our analysis
accounts for the impact of government debt on a nation's ability to utilize its
resources effectively.

Average Real GDP Growth is a key output in the analysis. It reflects the
economic performance and productivity of a country. By including this
parameter as an output, our DEA model recognizes the positive correlation
between economic growth and efficient resource utilization, providing
insights into the effectiveness of economic policies and initiatives.

The Current Account Balance/GDP ratio is also a crucial output. It captures
a country’s ability to balance its international trade and financial
transactions. A surplus in the current account indicates efficient resource
allocation and competitive advantages in the global market. By considering
this parameter, our analysis evaluates the efficiency of a country's economic
engagements, shedding light on its ability to sustain economic stability and

creditworthiness.

In the study of Viskovi¢ and Kordi¢ [95], the weight of the criteria is determined
without any restrictions and assigned to maximize the efficiencies of each country.
They reported the number of countries with an efficiency score of one in 11 out of
14 countries. Similarly, Melecky and Stanickova [62] found in their national

efficiency calculation study that one third of the countries had efficiency score of
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one, as they did not use any weight restriction. To overcome the issue of excessive
number of efficient countries, the methods of Karasakal and Oztirk [53] and
Karasakal and Aker [52] are found to be the most convenient and applicable for our
study. Accordingly, first, the weight preferences of the decision-makers are
collected. Then, Interval AHP is used to provide lower and upper bounds on the

criteria weights. Using these bounds, assurance region constraints are defined.

43.1 Interval AHP

Karasakal and Aker [52] incorporated DEA for sorting problems and developed
two threshold estimation models to find the thresholds of the classes by using a
reference set. In addition, they developed five assignment models to calculate the
efficiencies of the unevaluated DMUs. By comparing the efficiencies of the
unevaluated DMUs with the threshold values, they sorted the DMUs. They used
the pairwise comparison matrices and came up with the interval criterion weights
to manage the uncertainty and complexity of the problem. In the first stage of their
study, they used the analytic hierarchy process (AHP) model [45] to obtain the
weight intervals and used these intervals as the assurance region constraints in the

developed models.

Below is a representation of the interval comparison matrices from Karasakal and
Oztiirk’s [53] study, calculated according to the preferences of the DMs.

A= (1]l usz] = [lin Uanl [l21, uae] ™ - [lap, Up] i
: [lnlfunl] [anfunZ] 1]

where [;; and u;; are the lower and upper bounds on the pairwise comparison of
DMU i (country i) to DMU j (country j) and n is the number of the DMUs
(countries). We can separate this matrix to create two crisp comparison matrices,
A; and Ay which are the matrices including only the lower and upper bound

values, respectively.

It leads us to the following equations:
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% =lijje;;  Lj=1,..n (4.1)
J

W‘l] 3 -

Wf = Wi Lj=1.n 4.2)
J

where [w/,w/] is the weight interval of item i and e;j and a;; are the error terms
in estimating [;; and wu;;. Thus, Karasakal and Oztiirk [53] used the following

Linear Program (LP) to minimize the total inconsistency.

Min Yoy Yj—iv1 (zij + ti)) (4.3)
S.t.

xt —x/ =y =lnin (1)) ij=1,..,n (4.4)
x{ —xf —wy; =Inin (uy;) Lj=1,..,n (4.5)
Zij 2 Yij Lj=1,..,nandi<j (4.6)
Zij = Yj; ,j=1,..,nandi<j 4.7)
tij = wyj L,j=1,..,nandi <j (4.8)
tij = wj; Lj=1,..,nandi<j (4.9
Yicijei X +xf =0 i=1,..,n (4.10)
Yicijei X +x0 <0 i=1,..,n (4.11)
xt < xf i=1,..,n (4.12)
x{,x{,wi,y;; URSandzj,t;; =0 i,j=1,..,n (4.13)

where x/ =inIn (w}) ,x{ =lnin (w/) ,x} =lnin (w}),x/ =lnin (w/) and

yij =lnin (eij) ywij = In (a;)

Constraints in Equations 4.4 and 4.5 are the revised form of the Equation 4.1 and

4.2 according to the natural log transformation.
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After finding the total inconsistency by using the LP (Egs. 4.3 — 4.13), the
maximum error is minimized according to the total inconsistency with the model
below (Egs. 4.14-4.18)

Min gmax (4.14)
S.t.

Constraint set (4)-(13)

Di=1 Dj=iv1 (Zijt+ i) = Zope (4.15)
Imax = Zij  Lj=1,..,nandi<j (4.16)
Imax = tij  Lj=1..,nandi<j (4.17)
9max URS i,j=1,..,nandi<j (4.18)

where z,,, is the objective function of the first LP.

Karasakal and Oztiirk [53]’s study needs decision-maker input. We incorporated
the weights assigned by Moody’s for the preferences of the first decision-maker
matrix. The second matrix is created by collecting the consensus-based feedback
produced by three experts from the Ministry of Treasury and Finance of the
Republic of Tlrkiye. The preferences of the decision makers (DM_1 and DM_2)
are shown in Table-4.2 below.

Table 4.2 Decision Maker’s Preferences

DM_1 Inputl Input2  Outputl Output2

Inputl 1.00 0.14 1.00 1.00
Input2 7.00 1.00 7.00 7.00
Outputl 1.00 0.14 1.00 1.00
Output2 1.00 0.14 1.00 1.00
DM 2 Inputl Input2 Outputl Output?
Inputl 1.00 1.00 3.00 0.20
Input2 7.00 1.00 1.00 0.33
Outputl 0.33 1.00 1.00 0.20
Output2 5.00 3.00 5.00 1.00
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Following the method of Karasakal and Oztiirk [53] and based on the above
matrices we come up with two matrices whose elements are only the lower and
upper bounds, respectively and the following assurance regions obtained by solving
the model via the Gurobi software are provided below. (The related pseudocode
and R code can be found in Appendix-C).

%1
014 <—<1
()

%1
0.28 <—<3.57
Uy

2

where v; v,, u; and u, are the weights of the Inputl, Input2, Outputl and Output2,

respectively.

4.3.2 Threshold Estimation Models

In this Subsection, we conduct the DEA-based sorting method with the assurance
region equations found in Subsection 4.1.1. Moody’s Statistical Handbook [64]

reports the emerging countries in four different classes which are

e Developing Countries Aaa to A3,
e Developing Countries Baal to Baa3,
e Developing Countries Bal to Ba3, and

e Developing Countries B1 to C.
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In our study, we also use the same classification. Consequently, we need to
determine three threshold values for the four classes above. Median values for the
variables are calculated for each class. By these median values, four hypothetical
countries are created (please see Table 4.3 below) and included in the reference set

to find the threshold values.

Table 4.3 Normalized Input and Output Values for Reference Set Countries

Country Inputl Input2 Outputl Output2
Reference 1 0.563 0.771 0.655 0.536
Reference 2 0.612 0.693 0.633 0.436
Reference 3 0.645 0.650 0.695 0.427
Reference 4 0.649 0.582 0.660 0.376

In Karasakal and Aker’s [52] study, two threshold estimation models (PM1 and
PM2) are used. In PML1, the following constraints (Eqgs. 4.19 — 4.23), in addition to
the assurance region constraints in Subsection 4.1.1, are added to the DEA model.

Xr UrfYrr —Z1+0f 28 Vag € Cy (4.19)
Yr UrfYrs— 2k + 07 268, Vay € Gy wherek =2,..,q—1 (4.20)
Yr Urf¥Yrf — Zg—1 — 0f = —06, Vay € Cy wherek =2,..,q—1 (4.21)
Yr UpfYrf — Zg-1 — 0f = —06; Vas € (g, (4.22)
Zy —Zgpr =Sfork=1,..,q -2 (4.23)

Where a= alternative f (country f), z, is the threshold values separating the classes
C, and Cy 41, 0f+ and o5 are the classification errors of alternative f, §;, 6, and s
are the user defined small values. Since the weighted sum of inputs is forced to be
equal to one in the original formulation, the weighted sum of the outputs is equal to
the efficiency of an alternative. The objective function of the DEA model is also

revised as follows;
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Zreyecs (U;M’:)) (4.24)

mg

MaxalZf Zr urfer_CZZZk (

As reported by the authors, this estimation model gives very close threshold values.
Authors suggest another threshold estimation model, PM2, in which additional
constraints exist to find promising weight sets for the alternatives. The constraints

are as follows.

devilfg =V —VigVi,f#g (4.25)
devl-lfg = Vg — Vi Vi, f £ 9 (4.26)
devie, = U —Upg VT, f # g (4.27)
devrzfg = Upg —Up VT, f # g (4.28)

With these constraint (Eqgs. 4.25 — 4.28), they aimed to keep the weights to close to
each other and eventually to have a fairer evaluation. Accordingly, the objective

function is revised by adding the following term to the objective function of PML1.
Min a3(2i Zf:r:g Zg devilfg + Zr Zf::g Zg devgfg) (4-29)

The related threshold values by using PM1 and PM2 are reported in Table-4.4
below. (The related pseudocode and R code can be found in Appendix-D). The
threshold values which are computed with different objective function coefficients

(a1, a5, and a3) is also reported in Table-4.4 below.

Table 4.4 Threshold Values

z1 z2 z3
PM1 0.999 0.989 0.979
PM2 0.999 0.879 0.836
PM2* 0.710 0.600 0.546

a, = 1,a, =225 and a; = 15
*a; = 1,a, = 2500 and a; = 50
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4.3.3 Assignment Models

Karasakal and Aker [52] proposed one assignment model (original DEA with
assurance region constraints, APM1) under PM1 threshold estimation model and
four assignment models (APM2, APM3, APM4, APMS5) under PM2 threshold
estimation model. Including efficiency constraints in the reference set units and
considering all non-evaluated countries simultaneously or only one non-evaluated

country at a time, are factors that differentiate the remaining assignment models.

Assignment model APM2 includes the assurance region constraints, as APM1, and

constraints 4.25-4.28. The objective function is revised as follows.

Max a, Zf Zr urfyrf_a3(2i Zf::g Zg devilfg-l'z:r Zf::g Zg devgfg)
(4.30)

In APM2, each unevaluated alternative is solved separately. In APM3, all

unevaluated alternatives are solved at the same time.

The authors suggested APM4 to ensure that the efficiencies of the reference set are
consistent with the judgments of the DMs. Using thresholds established by PM2,
assignment model APM4 places additional constraints on the correctly classified
alternatives in the reference set. The following constraints are added to APM2, to
have APM4.

Yr UrfYrf— 2126, Yar €EC;NRNCOR (4.31)
Yr UrfYrf— 2z 201 Yap ECeNRNCORwherek =2,..,q—1 (4.32)
Yr UrfYrf — Zg—1 = —0, Vas € Cu, N RN COR wherek = 2,...,q — 1(4.33)
Yr UrfYrf — Zg-1 = —06; Vas € C; NRNCOR (4.34)
where R is the reference set and COR is the correctly classified alternatives.

In APM4 each unevaluated alternative is evaluated separately while in APM5 all

unevaluated alternatives are evaluated together.

87



DEA requires all variables to be non-negative. So, we used the below equation to

normalize the variables.

Xi = Ximin

X in — _
X i,max X iymin

Where x;, is the normalized value for variable i, x; is the original value for
variable i, x,,;, and x4, are the minimum and the maximum values of each

variable.

Some variables such as government expenditure and government debt ratios need
to be interpreted favorably if changed negatively. So, for these variables, we used
the equation below.

xl-,n =100 — xi,n

In the DEA model, we assumed constant return to scale and used an input-oriented
model to be consistent with the methodology we used in Chapter 3. We tested our
model in eight countries whose normalized input and output values are provided in
Table 4.5 below.

Table 4.5 Normalized Input and Output Values of Assigned Countries

Country Inputl Input2 Outputl Output2
China 0.634 0.734 0.868 0.467
Bulgaria 0.461 0.840 0.638 0.542
Brazil 0.815 0.446 0.507 0.443
Turkiye 0.654 0.784 0.618 0.408
Mexico 0.602 0.746 0.566 0.434
Kazakhstan 0.429 0.854 0.704 0.458
Dominican R. 0.622 0.726 0.895 0.440
Lebanon 0.969 0.000 0.447 0.105
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Since PM1 gives very high thresholds, only the results of the related assignment
models for PM2 are given. The results of the assignment models are shown in
Table-4.6 (Gurobi software is used to solve the models and the related R code can

be found in Appendix-E).

Table 4.6 Efficiency Scores of the Countries

Efficiency Score

Moody’s
Country ) APM2 APM3 APM4 APMS
Rating Group

China 1 1.000 1.000 1.000 1.000
Bulgaria 2 0996 0.996 0.99 0.996
Brazil 3 1.000 0915 1.000 0.771
Turkiye 4 0997 0.832 0.997 0.832
Mexico 1 1.000 0.869 1.000 0.869
Kazakhstan 2 1.000 0.993 1.000 1.000
Dominican R. 3 1.000 1.000 1.000 1.000
Lebanon 4 0.987 0.527 0.987 0.527

# of Mismatch 5 4 5 3
As seen in the results above, the addition of Egs. 4.31 — 4.35 provides slight

contribution as we have limited number of units in each class of reference set. On
the other hand, evaluating the countries together brings more discrimination power.
According to the results, the closest model results to Moody’s assignments are the
ones by APMBb. It classifies Brazil in Class 4, Mexico in Class 3, and Dominican
Republic in Class 1. However, there are still a high number of mismatches when
this methodology is applied. Thus, we will discuss the enhancements proposed to
the methodologies in the rest of the chapter. Additionally, we revisited the study by
focusing on just two categories: investment grade and non-investment grade. The
findings reveal a slight improvement in accuracy with this classification, as
evidenced by the reduced number of mismatches: four for APM2, four for APM3,
four for APM4, and four for APM5, compared to the results obtained when
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considering four categories. Despite this, we opted to maintain the four-class
structure to ensure a more accurate reflection of real-world scenarios. We also
conducted multiple scenario analyses with a focus on the components of the
objective function. We observed that increasing the weight assigned to the
deviation component leads to a significant decrease in efficiency scores. Based on

these findings, we have decided to maintain the existing configuration.

4.3.4 Propensity Score Matching and Assignment Model (PSMAM1)

As mentioned in Chapter 3, in DEA, DMUs to be compared should be relatively
similar (homogenous) to each other. In addition, DEA assumes that a similar range
of inputs is available to all countries. Finally, all the countries should be operating
in similar environments, thus the external environment’s effect on the overall

performance should be negligible.

One such enhancement method is the consideration of peer country comparison,
which is an important aspect for rating agencies when assessing the
creditworthiness of a country. Credit rating agencies compare the economic and
financial performance of a country with its peers to evaluate its relative strength
and vulnerabilities. This comparative analysis provides additional context and
helps in determining the appropriate credit rating. The investors also usually
compare the peer countries and make investment decisions accordingly. Thus,
comparing the countries to similar alternatives is more appropriate. The peer

countries should be in the same set of evaluations.

In an economy, most of the factors are in relation to other factors. Among others,
the most important factors to pay particular attention to are inflation and GDP.
Regarding inflation, its relationship with the interest rates could cause a causality
that is challenging to analyze. In general, if interest rates are cut, the money that
can be borrowed increases. As a result, the consumers have more money to spend

which causes inflation to increase. Inflation also affects interest rate levels. The
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higher the inflation rate, the more likely interest rates are to rise. This may occur
because lenders ask for higher interest rates to compensate for the decrease in
purchasing power of their money in the future. Also, the inflation targets are
different for each country. On GDP/Capita, it might cause selection biases while
calculating the efficiency scores. Thus, in our study, to come up with the peer
countries, we used propensity scores calculated by using the inflation and
GDP/capita variables of the countries. Then we matched the countries according to
their propensity scores to construct the DEA models.

The concept of Propensity Score Matching (PSM) was first introduced by
Rosenbaum and Rubin [74]. Propensity scores are an alternative method to
estimate the effect of receiving treatment when the random assignment of
treatments to subjects is not feasible. PSM refers to the pairing of treatment and
control units with similar values on the propensity score, and possibly other
covariates, and the discarding of all unmatched units (Rubin, 2001). It is primarily
used to compare two groups of subjects but can be applied to analyses of more than

two groups.

Literature suggests that PSM and other weighting methods like IPTW (Inverse
Probability of Treatment Weighting) have similar accuracy in many cases, but in
some scenarios, PSM leads to better results (Zhu, 2012). Weighting methods have
some issues, such as weights at the tails of the distribution increasing the variance
and decreasing the balance between covariates. PSM also has some disadvantages
like an imperfect balance of covariates and exclusion of some countries, but as it is
also widely used, simple, and understandable. Therefore, we immerse PSM’s
results into our DEA sorting methodology. Figure-4.1 below illustrates the

proposed DEA sorting methodology.
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Figure 4.1. The Proposed Model (PSMAM1)

As mentioned earlier, to estimate the thresholds, a reference set is created. The
countries that are matched according to their propensity scores are not included in

the reference set determination procedure.

In this thesis, two classes which are investment grade and non-investment grade are
utilized while estimating the propensity scores. By categorizing countries into
investment and non-investment grade and then analyzing their efficiency using
DEA, we can assess how these external credit ratings correspond with internal
efficiency metrics derived from DEA. We used the logistic regression model and
calculated the propensity scores (Step 2 in proposed model PSMAM1). After
calculating the propensity scores, we listed the countries and divided them into
groups of four (one from each rating group assigned by Moody’s), to eliminate
unmatched countries (Step 3 in proposed model PSMAM1). As seen in Table 4.7,
China, Bulgaria, Brazil and Tirkiye are matched in one group and Mexico,
Kazakhstan, Dominican Republic and Lebanon are matched in another group since

these countries have similar propensity scores.
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Table 4.7 Matched Countries

Country GDP/ Inflation | Propensity | CR Rating | Comparison
Capita (CPI) Score Group Group
China 9752 1.9 0.333 Al 1 1
Bulgaria 9457 2.3 0.321 Baa2 2 1
Brazil 8962 3.7 0.301 Ba2 3 1
Turkiye 9406 20.3 0.315 Bl 4 1
Mexico 9797 4.8 0.311 A3 1 2
Kazakhs. 9747 53 0.301 Baa3 2 2
Dominican 8334 1.2 0.299 Ba3 3 2
Lebanon 9250 4.0 0.290 Caal 4 2

Source: Moody’s, Model’s Calculations

In order to test the robustness of the findings, we alter the composition of the
groups and repeat DEA for different combinations. This shuffling allows the
exploration of how countries compare under different groupings. By changing the
group composition, we can also ensure that any particular grouping of countries
does not bias the results. This approach can help in identifying any consistent

irregularities that might be specific to a certain country.

If we consider all possible combinations without any repetition of the same country
within a group, the number of distinct compositions that can be created by
shuffling the countries depends on the number of countries we have in each rating
group and the number of different rating groups there are. As we want exactly one
country from each of four different rating groups in each set, and we want to
reshuffle these countries into new groups while maintaining the rule of having one
country from each rating group in every new set, the number of possible
compositions, determined by the permutations of these countries, is eight (Step 4 in
proposed model PSMAML). Thus, by using these two sets and different
combinations, we calculated the efficiencies of the countries by conducting DEA

with assurance region constraints (Step 5 in proposed model PSMAML1). The
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number of mismatches (Moody’s classes and those found with our model) caused
by using the hybrid model (Step 6 in proposed model PSMAML) is reported in
Table-4.8 below.

Table 4.8 Assignments of the Countries

Country # of Mismatch
China 0/8
Bulgaria 6/8
Brazil 0/8
Turkiye 1/8
Mexico 7/8
Kazakhstan 0/8
Dominican Republic 8/8
Lebanon 2/8
Total 24

We found that most of the countries are assigned in line with the Moody’s ratings.
However, there are still some countries with a high number of mismatches.
According to the results of the efficiency scores, Moody’s grades for Bulgaria and
Mexico are higher than expected by our methodology. The Dominican Republic is
graded by Moody’s lower than our model’s estimations. If we consider a full list of

countries, the mismatch numbers increase.

4.4 Incorporating ESG Factors (PSMAM2 Model)

ESG factors have become increasingly important for rating agencies in recent
years. They emphasize the role of ESG factors in their rating analysis and the
importance of these factors for sovereigns (S&P, 2019). Rating agencies recognize
that ESG factors can have a material impact on creditworthiness and financial

performance (Fitch, 2019). These factors can affect a country's ability to meet its
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financial obligations, manage risks, attract investments, and maintain social and
political stability. Therefore, rating agencies have started incorporating ESG
considerations into their credit assessments to provide a more holistic and forward-
looking analysis.

Propensity score integration is a novel approach to solve one of the main problems
with DEA, namely the lack of discrimination power. Therefore, to strengthen our
model’s resilience to the DEA assumptions, we included external variables in the
analysis (Dyson et al. [42]). Then, we re-matched the countries based on their
propensity scores calculated by considering environmental, social, and governance

factors. Our updated methodology framework can be seen below.

. Classes
. . A .Class 1
d
/s
4 h /
. . \ /
/ \ /
/ \ /'
- / \ /
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. Scores / S
*Macro \ Efficiency
1 PSM | i DEA |~
. *Enw. ( ’f Scores
*Social /
*Govern. N e . Class 3
\
/ \\\\
. B Y N
. h .Class 4

Matched Countries.
Under Evaluation

Figure 4.2. Revised Proposed Model (PSMAM?2)

Based on the availability of the data, the list of the factors that we included in the

preliminary study can be seen in Table-4.9 below.
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Table 4.9 ESG Factors

Environmental Social Governance
Access to safe water | Legal Rights Index | Voice and Accountability
(% of population) (0-100) (-2.5-2.5)
Political Stability Control of Corruption
(-2.5-2.5) (-2.5-2.5)
Rule of Law
o)
Unemployment (%) (-2.5-2.5)
Regulatory Quality
(-2.5-2.5)
Government Effectiveness
(-2.5-2.5)

By taking the above factors into account, we incorporated ESG factors into our
model. The assurance region constraints and the threshold estimation model results
are kept the same. Variable definitions and threshold values are also kept

unchanged.

Missing data is handled by excluding them in most cases. In some instances, we
replaced the missing data with the average of the subset. We calculated the
propensity scores for each category, environmental, social and governance. As we
realized that mostly the governance-related factors are more important determinant
for the sovereign credit ratings, we conducted several computational iterations by
calculating the weighted average of the individual propensity scores found by
separate analysis for each set of factors, namely macro-economic, environmental,

social and governance.
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Table 4.10 Factors and Mean Values for Control and Treat Groups

Non- Investment
(Mean values) investment Grade
Access to Safe Water (% of popul.) 28.715 73.514
Unemployment (%) 6.896 5.485
Legal Rights Index (0-100) 52.89 60.75
Political Stability (-2.5-2.5) -0.216 0.551
Regulatory Quality (-2.5-2.5) -0.366 0.995
Rule of Law (-2.5-2.5) -0.322 0.881
Voice and Accountability (-2.5-2.5) -0.240 0.635
Control of Corruption (-2.5-2.5) -0.303 0.833
Government Effectiveness (-2.5-2.5)  -0.360 0.981

We tried different combinations to calculate the final propensity scores which will
give the most aligned results to Moody’s ratings. Finally, the set used in the PSM

phase was formed as;

e Macro-economic: “Inflation (E1)” and “GDP/capita (E2)” (weight: 50%)

e Social: “Political Stability (S1)” (weight: 5%)

e Governance: “Regulatory Quality (G1)”, “Rule of Law (G2)”, “Voice and
Accountability (G3)”, “Control of Corruption (G4)”, and “Government
Effectiveness (G5)” (weight: 45%).

This set of variables matches with results of Table-4.10 above which shows the
factors we included together with the treatment and control subset’s average values
for each factor. Looking at the mean values, it might seem counter-intuitive to
exclude the “Access to Safe Water” variable, but there are more-frequently used
environmental (mostly qualitative) variables (related to carbon emissions) in ESG
analysis. We present an excerpt of the data table here (Table 4.11) for the reader's
convenience. The full data can be found in Appendix-F.
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Table 4.11 Excerpt from Full Data Table in Appendix-F

Country El E2 S1 Gl G2 G3 G4 G5
Albania 5240 18 01 03 -04 02 -05 -01
Angola 3615 186 -03 -09 -11 -08 -11 -1.1
Argentina 11667 405 -0.1 -05 -04 06 -01 -0.1
Armenia 4188 18 -05 02 -01 01 -02 -01
Australia 55731 18 11 19 17 13 18 16

Apart from the logistic regression, we also used probit, but both models usually
yield similar results. Moreover, logistic regression is generally more robust to small
sample sizes and less sensitive to minor specification errors and is often preferred
for its relative simplicity and robustness. Thus, we decided to keep the logistic
regression results.

As we follow a more holistic approach in PSMAMZ2, including a larger number of
countries in PSM could provide a more comprehensive understanding of how ESG
factors affect the results. In order to maximize the number of matched countries we
manually found 6 meaningful sets (4 countries each) based on the propensity score
differences (Table 4.12).
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Table 4.12 Propensity Scores of Matched Countries

Country Propensity CR (from Rating  Comparison
Score Moody’s) Group Group
Saudi Arabia 0.123 Al 1 1
Romania 0.140 Baa3 2 1
Dominican R. 0.131 Ba3 3 1
Egypt 0.128 B2 4 1
Austria 0.119 Aal 1 2
Russia 0.192 Baa3 2 2
Oman 0.125 Bal 3 2
Iraq 0.114 Caal 4 2
Mexico 0.311 A3 1 3
Panama 0.335 Baal 2 3
Croatia 0.350 Ba2 3 3
Jamaica 0.358 B2 4 3
Peru 0.442 A3 1 4
Bulgaria 0.408 Baa2 2 4
Georgia 0.749 Ba2 3 4
Bahrain 0.301 B2 4 4
China 0.222 Al 1 5
Indonesia 0.235 Baa2 2 5
Morocco 0.224 Bal 3 5
Turkiye 0.225 B1 4 5
Botswana 0.169 A2 1 6
South Africa 0.281 Baa3 2 6
Serbia 0.213 Ba3 3 6
Costa Rica 0.232 Bl 4 6

Source: Moody’s, Model’s Calculations
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By considering those countries, we repeated our suggested hybrid model. The
number of mismatches by using the suggested model incorporating ESG factors is

reported in Table-4.13 below.

Table 4.13 Assignments of the Countries — PSMAM2 with 4 Countries in Sets

# of Mismatch

Country Country Country
Saudi Arabia 1/8 Mexico 1/8 China 0/8
Romania 0/8 Panama 0/8 | Indonesia 1/8
Dominican 0/8 Croatia 0/8 Morocco 0/8
Egypt 0/8 Jamaica 0/8 Turkiye 2/8
Austria 0/8 Peru 0/8 | Botswana 0/8
Russia 0/8 Bulgaria 0/8 | South Africa 0/8
Oman 2/8 Georgia 0/8 Serbia 0/8
Iraq 0/8 Bahrain 8/8 | Costa Rica 0/8
# of Mismatch 3 9 3
Grand Total 15

To measure the robustness of the model, we repeated the study by measuring the
efficiencies by using different number of matched countries (8 countries each) for
each country. To ensure a comparable number of runs, which is eight, we have
included only the countries from different clusters. For example, Saudi Arabia's
second run involves Panama and all other countries in its cluster, while the third
run includes Croatia and all other countries again in its cluster, and so forth. The
number of mismatches caused by having different combinations and using our

model is reported in Table-4.14.

These results reveal a few instances where countries, not in the top credit rating

class (Credit Rating Class 1 from Moody’s), have an efficiency score of one. This
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contributes to an increased number of mismatches among countries outside the

highest credit rating category.

Table 4.14 Assignments of the Countries — PSMAM2 with 8 Countries in Sets

# of Mismatch

Country Country Country
Saudi Arabia 1/8 Mexico 1/8 China 0/8
Romania 1/8 Panama 0/8 | Indonesia 1/8
Dominican 0/8 Croatia 0/8 Morocco 0/8
Egypt 1/8 Jamaica 0/8 Turkiye 2/8
Austria 0/8 Peru 0/8 | Botswana 0/8
Russia 0/8 Bulgaria 1/8 | South Africa 0/8
Oman 2/8 Georgia 0/8 Serbia 1/8
Iraq 0/8 Bahrain 8/8 | Costa Rica 0/8
# of Mismatch 5 10 4
Grand Total 19

According to the results above, having sets of four and including the ESG factors in
the calculation gives better results. Only Bahrain is misclassified in most of the
comparisons, but the efficiency score is slightly above the threshold. One of the
main findings of this Chapter is that we could identify better peers to compare and
find more aligned rating classifications if we incorporate ESG factors, especially
the governance factors. Rating agencies do consider ESG factors when assessing
peer countries. The incorporation of ESG factors could help rating agencies
evaluate the relative performance and creditworthiness of countries within a peer
group. Integrating ESG factors into the peer country analysis enhances the
comprehensive assessment of creditworthiness, considering not only the traditional
financial metrics but also the sustainability and resilience of a country's economic,
social, and governance practices. This approach also aligns with the increasing

recognition of the importance of sustainable development and responsible investing
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in the global financial community. Given that we still have a limited number of
countries showing a consistent trend of mismatches, our study will proceed with a

focus on examining the stability objective.
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CHAPTER 5

CREDIT RATING STABILITY

Credit ratings play a significant role in shaping investor perceptions and decisions
regarding country risk and investment opportunities, and thus can influence
investor's country portfolio decisions. Many institutional investors, such as pension
funds, insurance companies, and mutual funds, have investment guidelines and
mandates that specify the credit quality requirements for their investments. They
may be required or prefer to invest in countries that meet certain credit rating
thresholds to align with their risk management strategies and regulatory
requirements. In addition, investors often consider credit ratings when diversifying
their portfolios across different countries. They aim to balance risk and return by
investing in countries with varying credit ratings. Diversification across countries
with different credit ratings can help reduce the overall risk exposure in the

portfolio.

It is important to balance the need for stability with the necessity of responding to
changing economic conditions or new information about an entity’s financial

situation. However, investors may prefer stable ratings for several reasons.

e Stable ratings provide a sense of predictability and consistency in the
assessment of country risk. Stable ratings indicate a relatively steady
creditworthiness and risk profile of a country over time. Frequent changes
in ratings can introduce uncertainty and make it challenging for investors to
make informed decisions.

e Stable ratings enable investors to effectively manage risk and maintain
portfolio stability. By relying on consistent ratings, investors can align their

investment strategies and risk management practices accordingly. They can
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assess and monitor the risk exposure associated with their country
portfolios.

e Investors often make long-term investment decisions based on the credit
quality and stability of a country. Stable ratings provide a foundation for
long-term planning and investment decisions, as they reflect the perceived
creditworthiness of a country over an extended period. Frequent rating
changes can disrupt investment plans and make it harder for investors to

assess the long-term viability of their investments.

Credit rating agencies also consider the stability of the ratings as the stability and
predictability in ratings are important factors for investors, policymakers, and other

stakeholders for several reasons like those above.

e Frequent changes in ratings can erode investor confidence. Investors rely on
these ratings to make long-term investment decisions, and stability in
ratings helps in forming a reliable view of the future risk profile of an
investment.

e Predictable ratings contribute to market stability. Sudden or frequent
changes in ratings can lead to market volatility, as investors might rapidly
adjust their portfolios in response to these changes.

e Governments and policymakers use credit ratings to gauge the economic
health of a nation or a sector. Stable ratings allow for more effective long-
term planning and policymaking.

e For financial institutions, stable ratings are important for risk management.
They help in assessing and managing the risk associated with portfolios of

loans, bonds, and other financial instruments.

Although the CRAs are generally quiet about the stability concept, there are some
special and rare disclosures from them. In 2006, Moody’s [13] published a special
comment note arguing that market participants favor credit ratings that are not only
precise but also stable. Stability is crucial because rating changes, influenced by

portfolio governance rules and rating triggers, can have significant, costly
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consequences. Since market participants have varying needs that evolve over time,
Moody's regularly conducts market surveys to understand how to maximize the

utility of its rating system.

There are also some studies discussing the reasons for the desirability of sovereign
rating stability by users. Bannier and Tyrell [6] and Riaz et al. [71] focused on
sovereign rating instability as a determinant in entities credit conditions by
explicating the role sovereign credit ratings in financial stability. Carvalho et al.
[15] investigated the motivations behind CRAS' decisions to change their ratings
and the consequences of those changes and proposed a measure of ratings stability.
In their recent study, Kisser and Kiff [56] discussed how credit rating agencies can
achieve rating stability through a forward-looking through-the-cycle (TTC)
methodology or by delaying rating changes. The tradeoff between rating accuracy
and stability is explored, especially in disentangling the long-term focus of TTC

ratings from attempts to delay rating changes.

As part of our preliminary analysis, we also checked whether Moody’s assigned a
rating, changed it the next year, and returned to the same rating the following year
between 2016 and 2022. Eventually, we did not encounter such a situation in 58
selected countries, including the matched 24 countries in the analysis above. So,
these may indicate that credit ratings may compromise accuracy in exchange for

stability.

Since our results even after introducing ESG factors still contain some
discrepancies with Moody’s assignments, we continue our research by examining
whether holding the credit ratings the same for a longer period would make results
converge. For this purpose, we first checked the rating status from Moody’s for the
selected countries. The table for the 24 countries that we focused on in detail after
PSM results is shown below (Table-5.1).
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Table 5.1 Year-end Moody’s Ratings of 24 Countries

Group Country 2016 2017 2018 2019
1 Saudia Arabia Al Al Al Al
2 Romania Baa3 Baa3 Baa3 Baa3
3 Dominican Republic Bl Ba3 Ba3 Ba3
4 Egypt B3 B3 B3 B2
1 Austria Aal Aal Aal Aal
2 Russia Bal Bal Bal Baa3
3 Oman Baal Baa? Baa3 Bal
4 lraq NA Caal Caal Caal
1 Mexico A3 A3 A3 A3
2 Panama Baa2 Baa2 Baa2 Baal
3 Croatia Ba2 Ba2 Ba2 Ba2
4 Jamaica B3 B3 B3 B2
1 Peru A3 A3 A3 A3
2 Bulgaria Baa? Baa? Baa2 Baa2
3 Georgia Ba3 Ba2 Ba2 Ba2
4 Bahrain Ba2 Bl B2 B2
1 China Aa3 Al Al Al
2 Indonesia Baa3 Baa3 Baa2 Baa2
3 Morocco Bal Bal Bal Bal
4  Tirkiye Bal Bal Ba3 Bl
1 Botswana A2 A2 A2 A2
2 South Africa Baa2 Baa3 Baa3 Baa3
3 Serbia Bl Ba3 Ba3 Ba3
4 Costa Rica Bal Ba2 B1 B1

We see 14 changes in the year-end ratings. This encourages us to continue

examining the stability issue further.

There are several ways to approach this problem, with the current set of models we
have. The first one is to focus on the threshold values that determine the credit
rating groups. As we already described in Chapter 4, Karasakal and Aker [52]
suggested below formulation for threshold estimation model:

Xr UrfYrr — 21 +0f 28 Vag € Cy (4.19)
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Y UrfYrs— 2k + 07 268 Vay € Gy wherek =2,..,q—1 (4.20)
Yr UrfYrf — Zg—1 — 0f = —06; Vay € Cy wherek =2,...,q—1 (4.21)
Yr UpfYrp — Zg-1 — 0f = —06; Vas € Cy (4.22)
Zy —Zgpr =Sfork=1,..,q -2 (4.23)

Where a= alternative f (country f), z is the threshold values separating the classes
Cy and Cy 41, af+ and o5 are the classification errors of alternative f, 6,, §, and s

are the user-defined small values.

Accordingly, we add the below set of constraints (Egs. 5.1 — 5.5) to formulate the

stability objective.

Y UrfYrr — Z1 T€F2 8; Vay € Cy, (5.1)
Yr UrfYrr — Zx Y€f2 8 Vay € Cy, wherek =2,...,q -1 (5.2)
Xr UrpYrp — Zg—1 —€5 = =6, Vay € Cy, wherek =2,...,q — 1 (5.3)
Yr UrfYrf — Zg-1 —€r= —06, Vay € Cy, (5.4)
Zy —Zgpr =S fork=1,..,q -2 (5.5)

where e;? and € are the classification errors of alternative for the classes of the

countries Cy, in the previous year. This way, we can see the credit rating changes
and incentivize the stability (not too many changes in the ratings) by adding the

related component in the objective function below:

The objective function (Equation 4.24) of the DEA model is also revised as

follows.

Zvafeck (UF"'UF))_ . <ZVafeCk (E}-"'E):))
3 4k

mg mg

Max alZf Zr urfyrf_azz:k <

(5.6)
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After reiterating the coding and testing for the updated model, the related threshold
values did not change significantly since we used the median values of the
countries in the reference set, which resulted to low number of units to determine

the threshold values.

A second approach might be to manipulate assignment models using forecasted
indicators and rerun the models for countries. However, we omitted this approach
because it would violate the relationship with historical rating actions of the CRAs.

The third approach is to define a new set of constraints in the assignment model to
create a trade-off between accuracy and stability. For this reason, we first checked
the credit ratings of the countries one year ago. Based on these ratings, we used the
associated threshold values in the equations to penalize if the credit rating in

evaluation differs from the rating in the previous year.

Yr UrfYrr—Zi+€f 28, if ap €Cy (5.7)
Yr UpfYrs— 2 +&f 26, if ar € Cywherek =2,..,q—1 (5.8)
Yr UrfYrp — Zg—1 — & = —6; Vas € Cywherek =2,..,q— 1 (5.9
Yr UrfYrr — Zg-1 — & = —8, Vas € C (5.10)
Zy —Zgpr =Sfork=1,..,q -2 (5.11)

Where a,= alternative f (country f), z is the threshold values found in Chapter 4 to
separating the classes. Cj is the class of a country in the previous year and s}' and
gr are the classification errors of alternative f. §, and &,are the user defined small

values. The objective function of the assignment model (with PSM) is revised as

follows (by also adding the equation 4.29 into the objective function).

Lvarec (sjt"'sl_f))

mg

Max ay Yf Xr UrpYrp — Q2 Xg ( (4.24)

Then, we continue with solving the assignment model for the individual countries

by using their indicators. Building on the model seen in Figure-4.2 and using the
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set of countries matched by using PSM analysis, we reiterated the study with the
same model for these countries. As indicated in Table-5.1, we suspect that the
ratings for Bahrain can be improved as its rating class in 2018 is also B2. However,
the suggested model adjustment could also alter high number of mismatches in
countries like Russia, Oman, and Tirkiye. By using the 6 meaningful sets (4
countries each) based on the propensity score differences, we had the below results
(Table-5.2).

Table 5.2 Assignments of the Countries — Stability Analysis

# of Mismatch

Country Country Country
Saudi Arabia  0/8 Mexico 1/8 China 0/8
Romania 0/8 Panama 0/8 | Indonesia 1/8
Dominican 0/8 Croatia 0/8 Morocco 0/8
Egypt 0/8 Jamaica 1/8 Turkiye 4/8
Austria 1/8 Peru 0/8 | Botswana 0/8
Russia 6/8 Bulgaria 0/8 | South Africa 1/8
Oman 0/8 Georgia 0/8 Serbia 0/8
Iraq 0/8 Bahrain 2/8 | Costa Rica 1/8
# of Mismatch 7 4 7
Grand Total 18

According to the results above, including the stability term into the model, gives
almost same total mismatch count. In addition, we see Bahrain’s misclassification
is lower and negligible now. If we see the rating history of Bahrain, we see that
S&P and Fitch also grades Bahrain higher in 2018 (1 notch and 2 notches,
respectively), which supports our findings. However, as suspected, the number of

mismatches in Russia and Turkiye is higher now.

Overall, we summarize the results obtained by using different procedures in the

comparison table below.
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Table 5.3 Comparison Table for Results of the Models

PSMAM1* PSMAM2 PSMAM2-8 PSMAM-S
# of Mismatch 24 15 19 18

# of Countries w

Consistent Mismatch

Adding the stability objective might increase or decrease the alignment but also

provides additional insight into the overall picture of the rating assignment process.

4 Out of 8 countries
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CHAPTER 6

CONCLUSION

In the first part of the thesis, we offered two contributions to the MCDM literature.
On ranking, we suggest a PDEA model with the novel idea of pairwise
comparisons of the DMUs. The PDEA model is formulated in such a way that the
efficiency scores of both DMUs are determined using the same ERS. In the DEA
literature, although it is a well-known fact that the efficiency scores of the DMUs
obtained via different ERSs are not comparable with each other, this fact is often
ignored and DMUs are ranked with their efficiency scores. We clearly show that a
complete rank is not possible to achieve for even small-sized problems such as the
nursing home example drawn from Sexton et al. [80] in Subsection 3.3.1 via the
fundamental DEA techniques. Our second contribution to the literature is the
development of the Tiered PDEA Procedure, which is built upon the Tiered DEA
concept by Barr et al. [7]. The Tiered DEA concept is built upon the idea of
gradually peeling the frontier layers with decreasing efficiency and providing sets
of efficient DMUs by deracinating the data set. Therefore, the efficient DMU sets
obtained as tiers are smaller DMU sets, and they are just what is needed to apply
the PDEA model to rank the DMUs within. Since we cannot ensure the transitive
relations through the pairwise comparisons with large sets due to the fact that the
pairs of DMUs are compared to the best-practice frontier which is changing for
each DMU pair instead of the unknown production frontier, embedding the PDEA
model into the Tiered DEA procedure results in a working ranking procedure for
the DEA literature. Finally, we also suggest a procedure for the inclusion of
hypothetical DMUs into the data set for the resolution of the infeasibility inherit in
PDEA.
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On sorting, we suggest a hybrid model combining DEA and PSM to better justify
the assumptions of the DEA. To come up with the peer countries, we used
propensity scores found by using mainly the governance factors. To solve the
problem of having many DMUs with efficiency score of one, the weight restriction
procedure based on the method of Karasakal and Aker [52] is used. This way, we
made our model more robust to the DEA’s restricting assumptions. The proposed
hybrid model can be used by many stakeholders to fill the gap. We believe that,
apart from country sorting, the proposed model can be used in many different

problems, e.g., ESG investing and student selection at graduate schools.

The causalities in an economy are usually hard to determine and the investors
usually compare the peer countries and make investment decisions accordingly.
Based on the model we constructed, we incorporated ESG factors of the countries
into the model. According to our findings, a broader perspective by including the
ESG factors, especially the governance factors give more aligned results with the
ratings assigned by the rating agencies. Adding the stability objective comes with

mixed results and might increase or decrease the alignment.

In our sequence of suggested procedures, we made large amounts of calculations
with a number of countries, indicators and years of data. As the size of each
dimension increases, complexity further increases. That is why we used four credit
rating categories. In future studies, these numbers could be increased based on
tailored needs. In addition, we used manual segmentation to find matched
countries. Constrained clustering by using MILP could be a promising alternative

to increase the efficiency in finding matched countries.
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APPENDICES

A. Finding Hypothetical DMUs by Using Python

import pandas as pd

# Define the Real DMUs
dmus = pd.DataFrame ({
'DMU': [
'Argentina', 'Australia', 'Botswana', 'China', 'Egypt',
'Germany',
'Greece', 'Ireland', 'Israel', Netherlands', 'Panama',
'Russia’', 'Saudia Arabia', 'South Korea', 'Spain',
'Tirkiye', 'United Kingdom', 'USA'
I
'Inputl': [
7.026567, 10.680205,
I
'"Input2': [
4.458413, 0.655690,..
I
'Output': [
1, 1,
1y
})
# Find DMUs with Maximum Values for Each Input
max inputl dmus = dmus[dmus['Inputl'] == dmus['Inputl'].max ()]
max_ input2 dmus = dmus[dmus['Input2'] == dmus['Input2'].max() ]

# Select the Most Inefficient DMU
# For Input 1
if len(max inputl dmus) > 1:
selected dmu for inputl =
max inputl dmus[max inputl dmus['Input2'] ==
max inputl dmus['Input2'].max()].iloc[0]
else:
selected dmu for inputl = max inputl dmus.iloc[0]

# For Input 2
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if len(max input2 dmus) > 1:
selected dmu for input2 =
max input2 dmus[max input2 dmus['Inputl'] ==
max input2 dmus['Inputl'].max()].iloc[0]
else:
selected dmu for input2 = max input2 dmus.iloc[O0]

# Calculate the slopes for the selected DMUs
slope dmu inputl = selected dmu for input2['Input2'] /
selected dmu for input2['Inputl']

slope dmu input2 = selected dmu for inputl['Inputl'] /
selected dmu for inputl['Input2']

# Calculate coordinates for virtual DMUs

virtual dmul = [selected dmu for inputl['Inputl'],
slope dmu inputl * selected dmu for inputl['Inputl']]
virtual dmu2 = [slope dmu input2 *

selected dmu for input2['Input2'],

selected dmu for input2['Input2']]

# Combine Real and Virtual DMUs
virtual dmus = pd.DataFrame ({

'DMU': ['Virtual 1', 'Virtual 2'],

'"Inputl': [virtual dmul[0], virtual dmu2([0]],
'"Input2': [virtual dmul([1l], virtual dmu2[1]],
'"Output': [1, 1]

1)

all dmus = pd.concat ([dmus, virtual dmus], ignore index=True)

# Prepare for DEA Analysis
# The 'all dmus' DataFrame is now ready for DEA analysis.
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B. The Initial Data Set for the Selected Countries

O 00N UL B WN -

N NNNNNNRRRRPRRRRRR R
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27
28
29
30
31

32
33
34
35

Spain

Italy

Israel

Al Median
Czech
Slovakia
Slovenia
Poland
Hungary
Bahamas
Malaysia
Portugal

A3 Median
Latvia

Baa3 Median
Russia
Tiirkiye
Kazakhstan
Chile
Romania
Uruguay
Mexico
Thailand
Botswana
Ba2 Median
Azerbaijan
Dominican
Republic
Iraq

Serbia
Brazil
Colombia
Asia Pacific
Median
Peru

Baa2 Median
South Africa

Output 1 Output 2

Avg. real Current

GDP account
balance/GDP
1.9 1.8
0.8 2.8
34 3
3 1.7
3 0.3
3.5 -2.5
2.9 6.4
3.9 -0.7
3.3 0.5
0.9 -16.3
4.9 2.3
1.5 0.5
3.3 1.5
3.1 -1
1.6 -2.4
1 2.1
3.9 -5.6
3.3 -3.3
2.6 -3.1
3.9 -3.2
2 -1.2
2.2 -1.8
3.3 6.9
3 4.5
2 -0.4
2.1 4.1
5.9 -0.2
3.8 2.3
2.7 -5.2
0.8 -0.4
3.1 -3.8
4.6 -0.6
3.5 -1.5
4.1 -2.3
1.4 -2.5
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Input 1
Gen. gov.
financial
balance/GDP
-3.1
2.4
-3.3
-2.6
0.9
-0.7
0
-0.4
-2.2
-5.5
-3.8
-2.9
-1.4
-1
-3
-1.5
-2
-4.5
-1.7
-2.9
-3.4
-1.9
-0.3
-3.5
-0.9
-1.6

-3.4
-1.6

11
-7.9
-2.2

2.4
2.4
2.8

-4

Input 2

Gen. gov.
debt/GDP

98.1
131.2
61
32.7
32.7
48.9
73.6
48.9
70.8
54.6
55.2
124.7
35.6
35.9
54.6
15.5
28.3
20.3
25.6
35.2
52
35.3
33.8
143
74.1
53.3

39.3
59.7
58.7
74.1
52.6

37.4
25.7
45.4
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36

37

38
39
40
41
42
43
44
45
46
47
48
49
50

Indonesia
Bosnia and
Herzegovina
St. Vincent and
the Grenadines
Namibia
Philippines
Ukraine
Morocco
Belize
Guatemala
Caa2 Median
Ba3 Median
Bolivia
Vietnam
Moldova
Bangladesh

3.1

1.9
2.8
6.3
0.4
3.6
1.8
3.5
0.9
59
4.2
6.4
4.3
6.9
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-17.4

-1.8

2.1

-0.4

-3.3
-1.4
-3.6
-1.7
-1.3
-4.9
-3.4

-3.5
-0.8
-3.4

29.8

39.7

62.4

42
38.7
71.8
65.1
95.5
23.8
71.8
47.4
513
51.8
315
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C. Interval Weights Determination

Pseudocode:
Algorithm: Interval Weight Optimization and Minimization of Maximum Error
Input: CSV file containing decision makers' preferences for criteria.

Output: Optimized bounds for criteria and minimized maximum error, both saved
to a CSV file.

Begin
Initialize number of criteria.
Read lower and upper bounds for criteria from CSV file.
Transform these bounds using logarithm function.
Convert transformed matrices into vectors.

Initialize a linear optimization model with the objective of minimizing a certain

value.

Define and initialize variables for the model.

Create several constraint matrices representing different constraints:
- Pairwise comparison constraints
- Total inconsistency constraints
- Multiplicative normalization constraints
- Link between bounds constraints
- (For the second part) Maximum error constraints

Combine all these constraints into the model's matrix.
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Configure the model with rhs (right-hand side), sense (type of constraints), and

objective function.
Solve the optimization problem using the "gurobi” function.
Extract the solution, process it to calculate criteria bounds.
Save the processed bounds to a CSV file.

(For the second part) Adjust the model to include minimization of maximum

error:
- Add an additional variable and constraint matrices.
- Update the model configuration and solve again.
- Process and save these new results.

End

Actual Code:
# Interval Weight: DMs provides the comparison values for n (6) criteria.
# We have 2 matrices for lower and upper values.

# What will be the lower and upper bounds for the criteria?

library(Matrix)

library(gurobi)

# define primitive data

nCriteria <-4
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# 2 matrices for lower and upper values according to the DMs' preferences
ALU <- read.csv("ALU_4.csv", header = TRUE)
ALower=ALU[1:nCriteria,1:nCriteria]

ALower=log(ALower)

ALower=as.vector(t(ALower))

AUpper=ALU[(nCriteria+1):(nCriteria*2),1:nCriteria]
AUpper=log(AUpper)

AUpper=as.vector(t(AUpper))

# Build model
model <- list()
model$modelname <- 'IW'

model$modelsense <- 'min’

# initialize data for variables
model$ub <- Inf

model$vtype <-'C'
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model$varnames <- c(sprintf('X%d%d’,
c(mapply(rep,1:nCriteria,2)),0:1),
sprintf('z%d%d',
c(mapply(rep,1:nCriteria,nCriteria)),1:nCriteria),
sprintf('t%d%d',
c(mapply(rep,1:nCriteria,nCriteria)),1:nCriteria),
sprintf('y%d%d’,
c(mapply(rep,1:nCriteria,nCriteria)),1:nCriteria),
sprintf(‘'w%d%d',
c(mapply(rep,1:nCriteria,nCriteria)),1:nCriteria))
N=length(model$varnames)
newz <- ¢()

newt <- ¢()

for (kin1: N) {
if (substr((model$varnames[k]),1,1) =="z") {
m= as.numeric(substr((model$varnames[k]),2,2))
n= as.numeric(substr((model$varnames[k]),3,3))
if (n>m) {
intercz <- c(sprintf('z%d%d',m,n))
newz <- append(newz, intercz)

¥
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for (kin 1: N) {
if (substr((model$varnames[k]),1,1) =="t") {
m= as.numeric(substr((model$varnames[k]),2,2))
n= as.numeric(substr((model$varnames[k]),3,3))
if (n>m) {
interct <- c(sprintf('t%d%d',m,n))
newt <- append(newt, interct)
}
}
}

model$varnames <- c(sprintf('X%d%d’,
c(mapply(rep,1:nCriteria,2)),0:1),
newz,
newt,
sprintf('y%d%d’,
c(mapply(rep,1:nCriteria,nCriteria)),1:nCriteria),
sprintf(‘'w%d%d',

c(mapply(rep,1:nCriteria,nCriteria)),1:nCriteria))
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# pairwise comparison constraint matrix

Aodd <- NULL

for (k in seq(from=1, to=(2*nCriteria-1), by=2)) {
Aoddinter <- spMatrix(nCriteria, 2*nCriteria,
i = c(rep(1:nCriteria, 2)),
J = c(rep(k,nCriteria), seq(from = 2, to = 2*nCriteria, by = 2)),
x = c(rep(1,nCriteria),rep(-1,nCriteria)))
Aodd = rbind (Aodd, Aoddinter)

ky

Aeven <- NULL

for (k in seq(from=2, to=(2*nCriteria), by=2)) {
Aeveninter <- spMatrix(nCriteria, 2*nCriteria,
i = c(rep(1:nCriteria, 2)),
J = c(rep(k,nCriteria), seq(from = 1, to = (2*nCriteria-1), by = 2)),
x = c(rep(1,nCriteria),rep(-1,nCriteria)))

Aeven = rbind (Aeven, Aeveninter)
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A0 <- spMatrix((nCriteria™2)*2, nCriteria*(nCriteria-1))

Al <-diag ((nCriterian2)*2) * (-1)

# total inconsistency constraint matrix

# zij >=ij

mymatl <- spMatrix(nrow= ((nCriteria*(nCriteria-1)/2)), ncol=

length(model$varnames))

for (k in 1: length(model$varnames)) {
if (substr((model$varnames[k]),1,1) =="z") {
m1= as.numeric(substr((model$varnames[k]),2,2))
nl= as.numeric(substr((model$varnames[k]),3,3))
mymat1[(k-nCriteria*2),k] = 1

mymat1[(k-nCriteria*2),(nCriteria*2)+((nCriteria-1)*nCriteria)+((m1-
1)*nCriteria + n1)] =-1

k
¥

# zij >=yji
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mymat2 <- spMatrix(nrow= ((nCriteria*(nCriteria-1)/2)), ncol=

length(model$varnames))

for (k in 1: length(model$varnames)) {
if (substr((model$varnames[k]),1,1) =="z") {
n2= as.numeric(substr((model$varnames[k]),2,2))
m2= as.numeric(substr((model$varnames[k]),3,3))
mymat2[(k-nCriteria*2),k] = 1

mymat2[(k-nCriteria*2),(nCriteria*2)+((nCriteria-1)*nCriteria)+((m2-
1)*nCriteria + n2)] = -1

¥
k

# tij >= wij

mymat3 <- spMatrix(nrow= ((nCriteria*(nCriteria-1)/2)), ncol=

length(model$varnames))

for (k in 1: length(model$varnames)) {
if (substr((model$varnames[k]),1,1) =="t") {
m3= as.numeric(substr((model$varnames[k]),2,2))
n3= as.numeric(substr((model$varnames[k]),3,3))

mymat3[(k-nCriteria*2-(nCriteria*(nCriteria-1)/2)),k] = 1
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mymat3[(k-nCriteria*2-(nCriteria*(nCriteria-1)/2)),(nCriteria*2)+((nCriteria-

1)*nCriteria)+(nCriteria*nCriteria)+((m3-1)*nCriteria + n3)] = -1
}
}

#1ij >= wji

mymat4 <- spMatrix(nrow= ((nCriteria*(nCriteria-1)/2)), ncol=

length(model$varnames))

for (k in 1: length(model$varnames)) {
if (substr((model$varnames[k]),1,1) =="t") {
n4= as.numeric(substr((model$varnames[k]),2,2))
m4= as.numeric(substr((model$varnames[k]),3,3))
mymat4[(k-nCriteria*2-(nCriteria*(nCriteria-1)/2)),k] = 1

mymat4[(k-nCriteria*2-(nCriteria*(nCriteria-1)/2)),(nCriteria*2)+((nCriteria-

1)*nCriteria)+(nCriteria*nCriteria)+((m4-1)*nCriteria + n4)] = -1
}
}

# multiplicative normalization constraints

normmatl <- spMatrix(nrow= (nCriteria), ncol= length(model$varnames))
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for (h in 1:(2*nCriteria)) {
if (as.numeric(substr((model$varnames[h]),2,2)) == (h+1)/2) {
if (@as.numeric(substr((model$varnames[h]),3,3)) ==0) {
normmatl[(h+1)/2,h] =1
normmatl1[(h+1)/2, seq(from=2, to=2*nCriteria, by=2)] = 1
normmatl[(h+1)/2,h+1] =0
}
}
}

normmat2 <- spMatrix(nrow= (nCriteria), ncol= length(model$varnames))

for (h in 1:(2*nCriteria)) {
if (as.numeric(substr((model$varnames[h]),2,2)) == h/2) {
if (as.numeric(substr((model$varnames[h]),3,3)) == 1) {
normmat2[h/2,h] = 1
normmat2[h/2, seq(from=1, to=2*nCriteria, by=2)] = 1
normmat2[h/2,h-1] =0
}
}
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# link between bounds constraint

linkmat <- spMatrix(nrow= (nCriteria), ncol= length(model$varnames))

for (g in 1:(nCriteria)) {

linkmat[g,2*g-1] = 1

linkmat[g, 2*g] = -1

ks

# other specifications

model$A <- rbind(cbind(rbind(Aodd, Aeven), A0,

Al),mymatl,mymat2,mymat3,mymat4,normmatl,normmat2,linkmat)

model$sense <- c(rep('=", (nCriteria*2)*2), rep(*>', nCriteria*(nCriteria-1)*2),
rep(>', nCriteria), rep('<', nCriteria), rep('<', nCriteria))

model$rhs <- c(ALower, AUpper, rep(0, (nCriteria*(nCriteria-1)*2+3*nCriteria)))

model$lb <- c(rep(-Inf,nCriteria*2), rep (0,(nCriteria*(nCriteria-1))), rep(-
Inf,(nCriteria®2)*2))
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model$obj <- c(rep(0, nCriteria*2), rep(1, nCriteria*(nCriteria-1)), rep(0,
(nCriteria™2)*2))

params <- list(OutputFlag=0)

result <- gurobi(model, params)

zopt=result$objval

print('Solution:")

print(result$objval)

print(result$x)

options(max.print=1000000)

bb=exp(result$x)

bb=bb[1:(2*nCriteria)]

bounds <- spMatrix(nrow= (nCriteria)*(nCriteria-1), 1)

n=0

for (i in 1:(nCriteria-1)) {

for (j in (i+1):(nCriteria)) {
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n=n+1
bounds[(2*n)-1,] = bb[(2*1)-1)/bb[(2*})]
bounds[(2*n),] = -1*(bb[2*i]/bb[(2%))-1])
¥
¥

bounds=as.vector(t(bounds))

write.csv(bounds,"C:\\Users\\Esat\\Desktop\\R\\Read Data\\bb.csv", row.names =
FALSE))

Minimization the Maximum Error Code:

# Interval Weight: DMs provides the comparison values for n (3) criteria.
# We have 2 matrices for lower and upper values.

# What will be the lower and upper bounds for the criteria?

#

# Note that this example uses lists instead of dictionaries. Since

# it does not work with sparse data, lists are a reasonable option.?

library(Matrix)

library(gurobi)

# define primitive data
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nCriteria <-4

# 2 matrices for lower and upper values according to the DMs' preferences
ALU <-read.csv("ALU_4.csv", header = TRUE)
ALower=ALU[1:nCriteria,1:nCriteria]

ALower=log(ALower)

ALower=as.vector(t(ALower))

AUpper=ALU[(nCriteria+1):(nCriteria*2),1:nCriteria]
AUpper=log(AUpper)

AUpper=as.vector(t(AUpper))

# Build model
model <- list()
model$modelname <-'IW'

model$modelsense <- 'min’

# initialize data for variables
model$ub <- Inf

model$lb  <- c(rep(-Inf,nCriteria*2), rep (0,(nCriteria*(nCriteria-1))), rep(-
Inf,(nCriteria"2)*2), -Inf)
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model$vtype <-'C'
model$varnames <- c(sprintf("X%d%d',
c(mapply(rep,1:nCriteria,2)),0:1),
sprintf('z%d%d',
c(mapply(rep,1:nCriteria,nCriteria)),1:nCriteria),
sprintf('t%d%d',
c(mapply(rep,1:nCriteria,nCriteria)),1:nCriteria),
sprintf('y%d%d’,
c(mapply(rep,1:nCriteria,nCriteria)),1:nCriteria),
sprintf(‘'w%d%d',
c(mapply(rep,1:nCriteria,nCriteria)),1:nCriteria))
N=length(model$varnames)
newz <- c¢()

newt <- ¢()

for (kin 1: N) {
if (substr((model$varnames[k]),1,1) =="z") {
m= as.numeric(substr((model$varnames[k]),2,2))
n= as.numeric(substr((model$varnames[k]),3,3))
if (n>m) {
intercz <- c(sprintf('z%d%d',m,n))

newz <- append(newz, intercz)
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for (kin 1: N) {
if (substr((model$varnames[k]),1,1) =="t") {
m= as.numeric(substr((model$varnames[k]),2,2))
n= as.numeric(substr((model$varnames[k]),3,3))
if (n>m) {
interct <- c(sprintf('t%d%d',m,n))
newt <- append(newt, interct)
}
}
}

model$varnames <- c(sprintf('X%d%d',
c(mapply(rep,1:nCriteria,2)),0:1),
newz,
newt,
sprintf('y%d%d',
c(mapply(rep,1:nCriteria,nCriteria)),1:nCriteria),

sprintf('w%d%d',
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c(mapply(rep,1:nCriteria,nCriteria)),1:nCriteria),'gmax’)

# pairwise comparison constraint matrix

Aodd <- NULL

for (k in seq(from=1, to=(2*nCriteria-1), by=2)) {
Aoddinter <- spMatrix(nCriteria, 2*nCriteria,
I = c(rep(1:nCriteria, 2)),
j = c(rep(k,nCriteria), seq(from = 2, to = 2*nCriteria, by = 2)),
x = c(rep(1,nCriteria),rep(-1,nCriteria)))
Aodd = rbind (Aodd, Aoddinter)

}

Aeven <- NULL

for (k in seq(from=2, to=(2*nCriteria), by=2)) {
Aeveninter <- spMatrix(nCriteria, 2*nCriteria,
I = c(rep(1:nCriteria, 2)),
J = c(rep(k,nCriteria), seq(from = 1, to = (2*nCriteria-1), by = 2)),
X = c(rep(1,nCriteria),rep(-1,nCriteria)))

Aeven = rbind (Aeven, Aeveninter)
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A0 <- spMatrix((nCriteria™2)*2, nCriteria*(nCriteria-1))
Al <-diag ((nCriterian2)*2) * (-1)

Cgmax <- spMatrix(((nCriteria*2)*2), 1)

# total inconsistency constraint matrix

# zij >=ij

mymatl <- spMatrix(nrow= ((nCriteria*(nCriteria-1)/2)), ncol=

length(model$varnames))

for (k in 1: length(model$varnames)) {
if (substr((model$varnames[k]),1,1) =="z") {
m1= as.numeric(substr((model$varnames[k]),2,2))
nl= as.numeric(substr((model$varnames[k]),3,3))
mymat1[(k-nCriteria*2),k] = 1

mymat1[(k-nCriteria*2),(nCriteria*2)+((nCriteria-1)*nCriteria)+((m1-
1)*nCriteria + nl)] =-1

¥
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# zij >=yji

mymat2 <- spMatrix(nrow= ((nCriteria*(nCriteria-1)/2)), ncol=

length(model$varnames))

for (k in 1: length(model$varnames)) {
if (substr((model$varnames[k]),1,1) =="z") {
n2= as.numeric(substr((model$varnames[k]),2,2))
m2= as.numeric(substr((model$varnames[k]),3,3))
mymat2[(k-nCriteria*2),k] = 1

mymat2[(k-nCriteria*2),(nCriteria*2)+((nCriteria-1)*nCriteria)+((m2-
1)*nCriteria + n2)] = -1

¥
¥

# tij >= wij

mymat3 <- spMatrix(nrow= ((nCriteria*(nCriteria-1)/2)), ncol=

length(model$varnames))

for (k in 1: length(model$varnames)) {
if (substr((model$varnames[k]),1,1) =="t") {

m3= as.numeric(substr((model$varnames[k]),2,2))
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n3= as.numeric(substr((model$varnames[k]),3,3))
mymat3[(k-nCriteria*2-(nCriteria*(nCriteria-1)/2)),k] = 1

mymat3[(k-nCriteria*2-(nCriteria*(nCriteria-1)/2)),(nCriteria*2)+((nCriteria-
1)*nCriteria)+(nCriteria*nCriteria)+((m3-1)*nCriteria + n3)] = -1

k
ki

#1ij >= wji

mymat4 <- spMatrix(nrow= ((nCriteria*(nCriteria-1)/2)), ncol=

length(model$varnames))

for (k in 1: length(model$varnames)) {
if (substr((model$varnames[k]),1,1) =="t") {
n4= as.numeric(substr((model$varnames[k]),2,2))
m4= as.numeric(substr((model$varnames[k]),3,3))
mymat4[(k-nCriteria*2-(nCriteria*(nCriteria-1)/2)),k] = 1

mymat4[(k-nCriteria*2-(nCriteria*(nCriteria-1)/2)),(nCriteria*2)+((nCriteria-
1)*nCriteria)+(nCriteria*nCriteria)+((m4-1)*nCriteria + n4)] = -1

¥
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# multiplicative normalization constraints
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normmatl <- spMatrix(nrow= (nCriteria), ncol= length(model$varnames))

for (h in 1:(2*nCriteria)) {
if (as.numeric(substr((model$varnames[h]),2,2)) == (h+1)/2) {
if (as.numeric(substr((model$varnames[h]),3,3)) == 0) {
normmatl[(h+1)/2,h] = 1
normmatl1[(h+1)/2, seq(from=2, to=2*nCriteria, by=2)] = 1
normmatl[(h+1)/2,h+1] =0
}
}
}

normmat2 <- spMatrix(nrow= (nCriteria), ncol= length(model$varnames))

for (h in 1:(2*nCriteria)) {
if (as.numeric(substr((model$varnames[h]),2,2)) == h/2) {
if (as.numeric(substr((model$varnames[h]),3,3)) == 1) {
normmat2[h/2,h] = 1
normmat2[h/2, seq(from=1, to=2*nCriteria, by=2)] = 1
normmat2[h/2,h-1] =0

¥
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# link between bounds constraint

linkmat <- spMatrix(nrow= (nCriteria), ncol= length(model$varnames))

for (g in 1:(nCriteria)) {
linkmat[g,2*g-1] = 1
linkmat[g, 2*g] = -1

ky

# maximum error constraint matrices

# gmax >= zij

minmaxmatl <- spMatrix(nrow= ((nCriteria*(nCriteria-1)/2)), ncol=

length(model$varnames))

for (k in 1: length(model$varnames)) {
if (substr((model$varnames[k]),1,1) =="z") {
m1= as.numeric(substr((model$varnames[k]),2,2))

nl= as.numeric(substr((model$varnames[k]),3,3))
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minmaxmatl1[(k-nCriteria*2),k] = 1
minmaxmat1[(k-nCriteria*2),(length(model$varnames))] = -1
}
}

# gmax >= tij

minmaxmat2 <- spMatrix(nrow= ((nCriteria*(nCriteria-1)/2)), ncol=

length(model$varnames))

for (k in 1: length(model$varnames)) {
if (substr((model$varnames[k]),1,1) =="t") {
m2= as.numeric(substr((model$varnames[k]),2,2))
n2= as.numeric(substr((model$varnames[k]),3,3))
minmaxmat2[(k-nCriteria*2-(nCriteria*(nCriteria-1)/2)),k] = 1

minmaxmat2[(k-nCriteria*2-(nCriteria*(nCriteria-
1)/2)),(length(model$varnames))] = -1

¥
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# z_opt contraint
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Azopt <- c(rep(0, nCriteria*2), rep(1, nCriteria*(nCriteria-1)), rep(0,
(nCriteria™2)*2),0)

# other specifications

model$A <- rbind(cbind(rbind(Aodd, Aeven), A0, Al,
Cgmax),mymatl,mymat2,mymat3,mymat4,normmatl,normmat2,linkmat,

minmaxmatl, minmaxmat2, Azopt)

model$sense <- c(rep('=", (nCriteria"2)*2), rep(">", nCriteria*(nCriteria-1)*2),
rep(">', nCriteria), rep('<', nCriteria), rep('<', nCriteria), rep('<',
nCriteria*(nCriteria-1)), '=")

# adjust the rhs of the latest constraint (zopt from the first model) !!

model$rhs <- c(ALower, AUpper, rep(0, (nCriteria*(nCriteria-
1)*2+3*nCriteria+nCriteria*(nCriteria-1))), zopt)

model$obj <- c(rep(0, nCriteria*2), rep(0, nCriteria*(nCriteria-1)), rep(0,
(nCriteria™2)*2),1)

params <- list(OutputFlag=0)

result <- gurobi(model, params)

151



print('Solution:")
print(result$objval)

print(result$x)

#options(max.print=1000000)

bb=exp(result$x)

bb=bb[1:(2*nCriteria)]

bounds <- spMatrix(nrow= (nCriteria)*(nCriteria-1), 1)

n=0

for (i in 1:(nCriteria-1)) {
for (j in (i+1):(nCriteria)) {
n=n+1
bounds[(2*n)-1,] = bb[(2*i)-1]/bb[(2*})]
bounds[(2*n),] = -1*(bb[2*i]/bb[(2*])-1])
}
}

bounds=as.vector(t(bounds))
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write.csv(bounds,”C:\\Users\\Esat\\Desktop\\R\\Read Data\\bb.csv", row.names =
FALSE)

# Clear space

# rm(model, result, params)
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D. Threshold Determination Model (PM2)

Pseudocode:
Algorithm: Threshold Determination and Classification of Alternatives
Input: CSV files containing bounds and values for alternatives.
Output: Thresholds for decision-making and classes for alternatives.
Begin

Initialize the classes for a reference set (C1, C2, C3, C4).

Define primitive data including inputs, outputs, criteria, alternatives, reference

alternatives, and classes.
Read and process bounds and values from the CSV files.

Initialize a linear optimization model named 'Threshold' with the objective of

maximizing a certain value.
Define and initialize variables for the model.
Create an input constraint matrix linking inputs to the model's variables.

Create an input-output constraint matrix linking both inputs and outputs to the

model's variables.
Create threshold constraint matrices for different classes (C1, C2:Ck-1, Ck):
- For class C1, link output values to thresholds and slack variables.
- For intermediate classes C2:Ck-1, handle values with respective thresholds.

- For the last class Ck, handle values with the last threshold and slack

variables.

Create a bound matrix to enforce bounds on the variables.
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Create a link matrix to establish relationships between different thresholds.
Define model parameters.
Combine all constraint matrices into the model's matrix A.

Configure the model with rhs (right-hand side), sense (type of constraints), and

objective function.
Solve the optimization problem using the “gurobi” function.

Extract and print the solution, including the optimized threshold value and

variable values.

End

Actual code:
# Treshold Determination: The Assurance Region constraints are included
# According to the reference set, the tresholds are determined

# Then, the classes of the alternatives are found

# rm(list = Is())

library(Matrix)

library(gurobi)

# The classes of the reference set

Cl <-c¢(1:1)
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C2 <-c¢(2:2)
C3 <-¢(3:3)
C4 <-c(4:4)

Cmax <- max(length(C1),length(C2),length(C3),length(C4))

CC=array(c(1:1,rep(0,Cmax-1),
2:2, rep(0, Cmax-1),
3:3, rep(0, Cmax-1),

4:4), c(Cmax,nClass)) # maximum of length of classes, i.e.length(C2)

# define primitive data
ninput <-2

nOutput  <-2

nCriteria <- ninput+nOutput
nAlternative <-4
nReference <-4
nAlt_Classl <- length(C1)

nAlt_Classk <- length(C4)

nClass <- sum(length(C1),length(C2),length(C3),length(C4))
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# define the bounds by results given by the Interval_Weight.R model
bounds <- read.csv("bounds.csv”, header = TRUE)

bounds=as.vector(t(bounds))

# Input and output values of the alternatives
Values <- read.csv("Values.csv", header = TRUE)
Values=Values[1:nReference,1:nReference]

Values=as.vector(t(Values))

# Build model
model <- list()
model$modelname <- 'Treshold'

model$modelsense <- 'max’

# initialize data for variables
model$ub  <- Inf
model$lb  <-0
model$vtype <-'C'

model$varnames <- c(sprintf('v%d%d',
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c(mapply(rep,1:ninput,nAlternative)),1:nAlternative),
sprintf('u%d%d’,
c(mapply(rep,1:nOutput,nAlternative)),1l:nAlternative),
sprintf('sm%d',
c(mapply(rep,(1:nReference),1))),
sprintf('sp%d,
c(mapply(rep,(1:nReference),1))),
sprintf('z%d',
c(mapply(rep,(1:(nClass-1)),1))),
sprintf('g%d’,

c(mapply(rep,(1:((nAlternative-1)*nCriteria)),1))))

# input constraint matrix

inputmat <- spMatrix(nrow= nReference, ncol= length(model$varnames))

for (k in 1: nReference) {
inputmat[k,k] = Values[k]
for (i in 1: ninput) {
inputmat[k,k+(i-1)*nAlternative] = Values[k+(i-1)*nAlternative]
}
}
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# input-output constraint matrix

inoutmat <- spMatrix(nrow= nReference, ncol= length(model$varnames))

for (k in 1: nReference) {
for (i in 1: ninput) {
inoutmat[k,k+(i-1)*nAlternative] = Values[k+(i-1)*nAlternative]
}
for (o in 1: nOutput){

inoutmat[k,k+nInput*nAlternative+(o-1)*nAlternative] = -

Values[k+nInput*nAlternative+(o-1)*nAlternative]

k
¥

# inoutmat <- spMatrix(nrow= nReference, ncol= length(model$varnames))

# treshold constraints

#C1

tmatl <- spMatrix(nrow= length(C1), ncol= length(model$varnames))

i=0
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for (fin 1: nReference) {
if (is.element(f, C1)) {
i=i+l
for (0 in 1: nOutput){

tmatl[i, (nInput*nAlternative+(o-1)*nAlternative+f)] =

Values[nInput*nAlternative+(o-1)*nAlternative+f]

tmatl[i, (ninput*nAlternative+nOutput*nAlternative+2*nReference+1)] = -1 #

adding z1
tmatl[i, (ninput*nAlternative+nOutput*nAlternative+nReference+f)] = 1

¥
k
¥

#tmatl <- spMatrix(nrow= length(C1), ncol= length(model$varnames))

#C2:Ck-1

tmat2 <- spMatrix(nrow= 2*(nReference-nAlt_Class1-nAlt_Classk), ncol=

length(model$varnames))

if (nClass>2) {

160



for (f in 1: nReference) {
for (c in 2: (nClass-1)) {
#if (is.element(f, paste0("C", ¢))) {
if (is.element(f, CC[.c])) {
i=i+1
for (0 in 1: nOutput){

tmat2[i, (nInput*nAlternative+(o-1)*nAlternative+f)] =

Values[nInput*nAlternative+(0-1)*nAlternative+f]

tmat2[i, (nInput*nAlternative+nOutput*nAlternative+2*nReference+c)] = -1
# adding zk

tmat2[i, (ninput*nAlternative+nOutput*nAlternative+nReference+f)] = 1 #

adding sp

tmat2[i+(nReference-nAlt_Class1-nAlt_Classk), (nInput*nAlternative+(o-

1)*nAlternative+f)] = Values[ninput*nAlternative+(o-1)*nAlternative+f]

tmat2[i+(nReference-nAlt_Class1-nAlt_Classk),
(nInput*nAlternative+nOutput*nAlternative+2*nReference+(c-1))] = -1 # adding
z(k-1)

tmat2[i+(nReference-nAlt_Class1-nAlt_Classk),

(nInput*nAlternative+nOutput*nAlternative+f)] = -1 # adding sm

ks
ks
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#Ck

tmatk <- spMatrix(nrow= nAlt_Classk, ncol= length(model$varnames))
i=0

c=nClass

for (fin 1: nReference) {
if (is.element(f, CC[,c])) {
i=i+l
for (o in 1: nOutput){

tmatk[i, (ninput*nAlternative+(o-1)*nAlternative+f)] =

Values[nInput*nAlternative+(0-1)*nAlternative+f]

tmatk[i, (nInput*nAlternative+nOutput*nAlternative+2*nReference+(c-1))] = -
1 # adding z(k-1)

tmatk[i, (nInput*nAlternative+nOutput*nAlternative+f)] = -1 # adding sm

k
¥
¥

#tmatk <- spMatrix(nrow= nAlt_Classk, ncol= length(model$varnames))
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# bound variables

boundmat <- spMatrix(nrow= nAlternative*nCriteria*(nCriteria-1), ncol=

length(model$varnames))

for (i in 1: nCriteria) {
for (j in 1: nCriteria) {
if((i11=)) & (i<9) {
n=n+l
for (k in 1: nAlternative){
m=m+1
boundmat[2*m-1, (i-1)*nAlternative + k] = -1

boundmat[2*m-1, (j-1)*nAlternative + k] = bounds[2*n-1]

boundmat[2*m, (i-1)*nAlternative + k] =1

boundmat[2*m, (j-1)*nAlternative + k] = bounds[2*n]
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#boundmat <- spMatrix(nrow= nAlternative*nCriteria*(nCriteria-1), ncol=

length(model$varnames))

# writing the table

# write.csv(as.matrix(boundmat),"C:\\Users\\Esat\\Desktop\\R\\A.csv", row.names
= FALSE)

# link between tresholds constraint

linkmat <- spMatrix(nrow= (nClass-2), ncol= length(model$varnames))

if (nClass>2) {

for (g in 1:(nClass-2)) {

linkmat[g, (nInput*nAlternative+nOutput*nAlternative+2*nReference+g)] = 1

linkmat[g, (nInput*nAlternative+nOutput*nAlternative+2*nReference+g+1)] = -
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ematl <- spMatrix(nrow= nCriteria*(nAlternative-1), ncol=

length(model$varnames))

for (kin 1:4) {
for (gin1:3) {
ematl[g+(k-1)*(nAlternative-1), ((k-1)*nAlternative+1)] = 1
ematl[g+(k-1)*(nAlternative-1), ((k-1)*nAlternative)+g+1] = -1

ematl[g+(k-1)*(nAlternative-1),

((nAlternative*nCriteria)+(2*nAlternative)+(nClass-1)+

(k-1)*(nAlternative-1)+g)] = -1

#ematl <- spMatrix(nrow= nCriteria*(nCriteria-1), ncol=

length(model$varnames))

emat2 <- spMatrix(nrow= nCriteria*(nAlternative-1), ncol=

length(model$varnames))

for (kin 1:4) {
for (gin1:3) {
emat2[g+(k-1)*(nAlternative-1), ((k-1)*nAlternative+1)] = -1

emat2[g+(k-1)*(nAlternative-1), ((k-1)*nAlternative)+g+1] = 1
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emat2[g+(k-1)*(nAlternative-1),

((nAlternative*nCriteria)+(2*nAlternative)+(nClass-1)+

(k-1)*(nAlternative-1)+g)] = -1

#emat2 <- spMatrix(nrow= nCriteria*(nCriteria-1), ncol=

length(model$varnames))

# define model parameters

sigmal, sigma2, s

alphal, alpha2, alpha3

# other specifications

model$A <-

rbind(inputmat,inoutmat,tmatl,tmat2,tmatk,boundmat,linkmat,emat1,emat2)

model$sense <- c(rep('=", nReference), rep(>', nReference), rep(>', nAlt_Classl),

rep(>', nReference-nAlt_Class1l-nAlt_Classk), rep('<', nReference-
nAlt_Classl-nAlt_Classk),
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rep('<’, nAlt_Classk), rep('<', nAlternative*nCriteria*(nCriteria-1)),

rep(>', (nClass-2)),rep('<', (2*nCriteria*(nAlternative-1))))

model$rhs <- c(rep(1, nReference), rep(0, nReference), rep(sigmal, nAlt_Classl),

rep(sigmal, nReference-nAlt_Class1-nAlt_Classk), rep(-1*sigma2,
nReference-nAlt_Class1-nAlt_Classk),

rep(-1*sigma2, nAlt_Classk), rep(0, nAlternative*nCriteria*(nCriteria-

1),

rep(s, (nClass-2)),rep(0, (2*nCriteria*(nAlternative-1))))

model$obj <- c(rep(0, nAlternative*ninput),
(alphal)*Values[((nAlternative*nInput)+1):(nAlternative*ninput+nAlternative*nO
utput)],

rep((-1*alpha2), (nReference*2)), rep(0, (nClass-1)), rep(-1*alpha3,
(nCriteria*(nAlternative-1))))

params <- list(OutputFlag=0)

result <- gurobi(model, params)

topt=result$objval

print('Solution:")
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print(result$objval)

print(result$x)

options(max.print=1000000)

168



E. Assignment Model (APM2)

Pseudocode:
Algorithm: Threshold Determination and Alternative Classification
Input: CSV files containing bounds and values for alternatives.
Output: Optimized weights and efficiencies for alternatives.
Begin
Initialize primitive data:
- Number of inputs, outputs, criteria, alternatives, and reference alternatives.
- Classes for the reference set.
Define the classes of the reference set.

Read bounds and values of alternatives from CSV files and convert them into

vectors.

Build a linear optimization model named "Threshold' with the goal of

maximizing a certain value.
Initialize data for variables in the model.
Create an input constraint matrix, linking input weights to the values.

Create an input-output constraint matrix, linking both input and output weights

to the values.

Create a bound constraint matrix to enforce bounds on the variables based on the

criteria.
Define model parameters.

Combine all constraint matrices into the model's matrix A.
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Configure the model with rhs (right-hand side), sense (type of constraints), and

objective function.
Solve the optimization problem using the "gurobi” function.
Extract the solution, including the optimized weights and values.
Calculate the weighted values of the criteria for each alternative.
Determine the efficiencies of the alternatives based on the weighted values.
End
Actual code:
# Treshold Determination: The Assurance Region constraints are included
# According to the reference set, the tresholds are determined

# Then, the classes of the alternatives are found

# rm(list = Is())

library(Matrix)

library(gurobi)

# define primitive data
ninput <-2
nOutput  <-2

nCriteria <- ninput+nOutput
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nAlternative <-5
nReference <-4
nAlt Classl <- 1

nAlt_Classk <- 1

nClass <-4

# The classes of the reference set
Cl <-c(1:1)
C2 <-c¢(2:2)
C3 <-¢(3:3)
C4 <-c(4:4)

Cmax<-1

CC=array(c(1:1,rep(0,Cmax-1),
2:2, rep(0, Cmax-1),
3:3, rep(0, Cmax-1),

4:4), c(Cmax,nClass)) # maximum of length of classes, i.e.length(C2)

# define the bounds by results given by the Interval_Weight.R model

bounds <- read.csv("bounds.csv", header = TRUE)
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bounds=as.vector(t(bounds))

# Input and output values of the alternatives
Values <- read.csv("Values.csv", header = TRUE)
Values=Values[1:nCriteria,1:nAlternative]

Values=as.vector(t(Values))

# Build model
model <- list()
model$modelname <- 'Treshold'

model$modelsense <- 'max’

# initialize data for variables

model$ub  <- Inf

model$lb  <-0

model$vtype <-'C'

model$varnames <- c(sprintf('v%d%d',
c(mapply(rep,1:ninput,nAlternative)),1:nAlternative),

sprintf('u%d%d',

c(mapply(rep,1:nOutput,nAlternative)),1l:nAlternative),

sprintf('sm%d',
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c(mapply(rep,(1:nReference),1))),
sprintf(‘'sp%d,

c(mapply(rep,(1:nReference),1))),
sprintf('z%d',

c(mapply(rep,(1:(nClass-1)),1))),
sprintf('g%d',

c(mapply(rep,(1:((nAlternative-1)*nCriteria)),1))))

# input constraint matrix

inputmat <- spMatrix(nrow= nAlternative, ncol= length(model$varnames))

for (k in 1: nAlternative) {
inputmat[k,k] = Values[k]
for (i in 1: ninput) {
inputmat[k,k+(i-1)*nAlternative] = Values[k+(i-1)*nAlternative]
}
}

# input-output constraint matrix

inoutmat <- spMatrix(nrow= nAlternative, ncol= length(model$varnames))
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for (k in 1: nAlternative) {
for (i in 1: ninput) {
inoutmat[k,k+(i-1)*nAlternative] = Values[k+(i-1)*nAlternative]

ky

for (0 in 1: nOutput){

inoutmat[k,k+nInput*nAlternative+(o-1)*nAlternative] = -
Values[k+nInput*nAlternative+(o-1)*nAlternative]

¥
¥

# inoutmat <- spMatrix(nrow= nReference, ncol= length(model$varnames))

# bound variables

boundmat <- spMatrix(nrow= nAlternative*nCriteria*(nCriteria-1), ncol=

length(model$varnames))

n=0

m=0

for (i in 1: nCriteria) {

for (j in 1: nCriteria) {
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if ((i11=)) & (i) {
n=n+l
for (k in 1: nAlternative){
m=m+1
boundmat[2*m-1, (i-1)*nAlternative + k] = -1

boundmat[2*m-1, (j-1)*nAlternative + k] = bounds[2*n-1]

boundmat[2*m, (i-1)*nAlternative + k] =1

boundmat[2*m, (j-1)*nAlternative + k] = bounds[2*n]

#boundmat <- spMatrix(nrow= nAlternative*nCriteria*(nCriteria-1), ncol=

length(model$varnames))

# writing the table

# write.csv(as.matrix(boundmat),"C:\\Users\\Esat\\Desktop\\R\\A.csv"', row.names
= FALSE)
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ematl <- spMatrix(nrow= nCriteria*(nReference-1), ncol=

length(model$varnames))

for (kin 1:4) {
for (gin 1:3) {
ematl[g+(k-1)*(nReference-1), ((k-1)*nReference+1)] = 1
ematl[g+(k-1)*(nReference-1), ((k-1)*nReference)+g+1] = -1

ematl[g+(k-1)*(nReference-1),

((nReference*nCriteria)+(2*nReference)+(nClass-1)+

(k-1)*(nReference-1)+g)] = -1

#ematl <- spMatrix(nrow= nCriteria*(nCriteria-1), ncol=

length(model$varnames))

emat2 <- spMatrix(nrow= nCriteria*(nReference-1), ncol=

length(model$varnames))

for (kin 1:4) {
for (gin1:3) {
emat2[g+(k-1)*(nReference-1), ((k-1)*nReference+1)] = -1

emat2[g+(k-1)*(nReference-1), ((k-1)*nReference)+g+1] = 1
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emat2[g+(k-1)*(nReference-1),

((nReference*nCriteria)+(2*nReference)+(nClass-1)+

(k-1)*(nReference-1)+g)] = -1

#emat2 <- spMatrix(nrow= nCriteria*(nCriteria-1), ncol=

length(model$varnames))

# define model parameters

alphal, alpha2, alpha3

# other specifications

model$A <- rbind(inputmat,inoutmat,boundmat,ematl,emat2)

model$sense <- c(rep('=', nAlternative), rep(">', nAlternative),

rep('<’, nAlternative*nCriteria*(nCriteria-1)),

rep('<', (2*nCriteria*(nReference-1))))

model$rhs <- c(rep(1, nAlternative), rep(0, nAlternative),

rep(0, nAlternative*nCriteria*(nCriteria-1)),
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rep(0, (2*nCriteria*(nReference-1))))

model$obj <- c(rep(0, nAlternative*ninput),

(alphal)*Values[((nAlternative*ninput)+1):(nAlternative*ninput+nAlternative*nO
utput)],

rep(0, (nReference*2)), rep(0, (nClass-1)),

rep(-1*alpha3, (nCriteria*(nAlternative-1))))

params <- list(OutputFlag=0)

result <- gurobi(model, params)

topt=result$objval

print('Solution:")

print(result$objval)

print(result$x)

options(max.print=1000000)

wei=(result$x)
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wei=wei[1:(nCriteria*nAlternative)] #weight of the inputs and outputs for each

alternative

#wieghted values of the criteria for each alternative

weival=0

for (i in 1:(nCriteria*nAlternative)) {
weival[i]=wei[i]*Values[i]

ky

#efficiencies of the alternatives
eff=rep(OL, nAlternative)
for (i in 1:nAlternative) {
for (j in 1:nOutput) {
eff[i]=eff[i]+(weival[(nAlternative*ninput+(j-1)*nAlternative)+i])
}
} ar.l =
matrix(c(0, 0,-1,1,0,0,-1,1,0,0,0.2, -1,
0,000,-1100,-1,1,-1,1,
-1,1,0,0,0,0,1,-7,0.71, -1.96, 0, 0,

0.14,-1,0.28,-3.57,0.2,-1,0,0, 0, 0, 0, 0), nrow = 12, ncol

ar.r=¢(0,0,0,0,0,0,0,0,0,0,0,0),
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ar.dir = ¢("<=", "<=", "

)

if (I ==3) { print (re[4,1]) }

#print(re) }}}}
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F. Data Set for Matching Countries

Country El E2 |S1 |Gl |G2 |G3 | G4 | G5
1 Albania 5240 18 |01 |03 |-04|02 |-05]|-0.1
2 Angola 3615 186 (-03|-09|-11|-08|-11]-11
3 Argentina 11667 |405|-0.1|-05|-04|0.6 |-0.1|-0.1
4 Armenia 4188 18 |-05/02 |-01(01 |-0.2|-0.1
5 Australia 55731 |18 |11 |19 |17 |13 |18 |16
6 Austria 51242 |17 |10 |15 |19 |13 |15 |15
7 Azerbaijan 4722 16 |-07|-02|-06|-15|-09]|-0.1
8 Bahamas 32956 | 2 -0.7|-02|-06|-15|-09]-0.1
9 Bahrain 25487 |19 |-07]05 |05 |-14]|0.0 |03
10 | Bangladesh 1699 55 [-09(-09|-06|-0.7|-1.0|-0.7
11 | Barbados 17785 (06 |09 (04 |04 |11 |13 |06
12 | Belarus 6285 56 |03 [-05|-08|-14|-0.1|-0.2
13 | Belgium 47615 |22 |05 |13 |14 |14 |16 |10
14 | Belize 4815 0101 (-05|-08|05 [-0.2|-0.7
15 | Benin 901 -01 |-03(-04]-07(01 |-03|-04
16 | Bermuda 100473109 |11 |08 |08 |00 |12 |14
17 | Bolivia 3582 15 |-06|-10|-11|-0.1|-0.7 |-0.7
18 | Bosniaand Herz. | 5859 16 |-04|-02|-0.2|-0.2|-0.6|-0.6
19 | Botswana 7972 35 |10 |04 |05 |05 |07 |04
20 | Brazil 8962 37 |-05(-02|-02|03 |-03|-0.2
21 | Bulgaria 9457 23 |05 (05 |00 |04 |-02|03
22 | Cambodia 1512 16 [-01|-06|-09|-12|-1.3]|-0.6
23 | Cameroon 1554 2 -16(-08|-11|-12|-1.2|-08
24 | Canada 46290 |2 10 |17 |18 |15 |18 |17
25 | Cayman Islands 85617 |18 |14 |10 |08 |05 |05 |12
26 | Chile 15905 |21 |02 |12 |11 |10 |11 |11
27 | China 9752 19 |-02|-02|-03|-16|-03|05
28 | Colombia 6643 32 |-09/04 |-04]02 |-02|01
29 | CostaRica 11982 |2 05 |05 |05 |11 |07 (04
30 | Cote d'lvoire 1678 2 -10|-02|-06|-0.2|-05]|-05
31 | Croatia 14903 |1 08 {06 |04 |05 |01 (04
32 | Cuba 8822 24 |06 [-15|-03|-14(0.0 |-0.2
33 | Cyprus 28878 |1 05 (10 |08 |11 {06 |1.0
34 | Czech Republic 23113 |16 |10 |12 |10 |09 |05 |09
35 | Denmark 60783 |07 |10 |16 |19 |16 |21 |19
36 | Dominican R. 8334 1.2 |00 |-01|-03]02 |-08]|-04
37 | DRC 496 72 |10 (12 |10 {09 |05 |09
38 | Ecuador 6368 03 |-02]-08|-06|01 |-05|-04
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39 | Egypt 2573 1441-02|-08|-06]01 |-05]|-04
40 | El Salvador 3922 04 (-01]00 |-08]01 |-0.6|-05
41 | Estonia 23300 (33 |06 |16 |13 |12 |15 |12
42 | eSwatini 4269 48 |-041]-06|-05|-13|-05|-0.7
43 | Ethiopia 896 106|-1.3|-09|-05|-1.0|-0.4|-0.6
44 | Fiji 6349 49 (09 |-02]00 |01 |06 |0.2
45 | Finland 50198 |13 |09 |19 |20 |16 |22 |19
46 | France 42913 |19 |03 |14 |14 |11 |13 |14
47 | Gabon 8289 63 |-02|-1.0|-0.7|-1.0|-09|-09
48 | Georgia 4346 16 |-04|11 |03 |02 |0.7 |08
49 | Germany 47551 |17 |06 |17 |16 |13 |19 |16
50 | Ghana 2217 94 |01 (-01(00 |06 |-0.1|-0.2
51 | Greece 20299 |06 (03 |05 |02 |09 |00 |04
52 | Guatemala 4545 23 |-05(-02|-11|-03|-09|-0.7
53 | Honduras 2541 42 |-05]-05|-1.0|-06|-0.8|-0.6
54 | Hong Kong 48448 |26 |-05|-05|-1.0|-06|-0.8|-0.6
55 | Hungary 16158 (28 |07 (06 |05 |02 |[0.0 |05
56 | Iceland 74612 | 3.7 |17 |14 |18 |13 |17 |15
57 | India 2038 29 |-0.7(-02]00 {03 |-02|0.2
58 | Indonesia 3945 31 |-05]-01]-03|0.2 |-04/|0.2
59 | lIraq 5878 -01|-26|-12|-17|-09]|-13|-13
60 | Ireland 78091 |08 |10 |16 |14 |13 |15 |13
61 | Israel 41678 |08 |-08(13 |10 |07 |08 |13
62 | Italy 34453 |12 |05 |10 |03 |10 |02 |05
63 | Jamaica 5494 37 (04 |02 |-03]|06 |-0.1|05
64 | Japan 39297 |03 |10 |13 |15 |10 |15 |16
65 | Jordan 4264 36 [-04]00 |01 |-07]01 |01
66 | Kazakhstan 9747 53 |-01(01 |-04|-12|-03|0.1
67 | Kenya 1830 57 |-11(-03|-05|-03|-08|-04
68 | Korea 33320 |15 (12 |-06|0.7 |11 (04 |-0.2
69 | Kuwait 30755 |04 |02 |01 |02 |-06]|-0.1/|0.0
70 | Kyrgyz Republic | 1293 05 |-04]-03|-09|-05|-09]|-0.7
71 | Latvia 17861 |25 |04 |12 |10 |09 |05 |11
72 | Lebanon 9250 4 -16 | -04]-09|-05|-1.2|-08
73 | Lithuania 19071 (18 |08 (12 |10 {10 |07 |1.0
74 | Luxembourg 116598 |19 |14 (17 |18 |15 |21 |17
75 | Macao 81777 |29 (14 (17 |18 |15 |21 |17
76 | Malaysia 11072 (0.2 |01 (0.7 |06 |00 |02 |1.0
77 | Maldives 14646 |-09 |00 |-05|-04|-04]-03|-0.2
78 | Mali 901 1 -221-061]-08|-04|-07|-11
79 | Malta 30561 |12 |11 |10 |10 |11 |02 |09
80 | Mauritius 10989 (18 |08 (10 |08 |08 |03 |09
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81 | Mexico 9797 48 |(-07]01 |-0.7|0.0 |-08|-0.2
82 | Moldova 3191 09 (-04/00 |-04|-01|-06|-04
83 | Mongolia 4035 81 (06 |00 |-03]|03 |-04]|-02
84 | Montenegro 8896 14 |00 (04 (01 |00 |00 |02
85 | Morocco 3348 01 (-04]-02]-01|-06]-03]|-01
86 | Mozambique 493 35 |-07]-07|-10|-05|-08|-0.8
87 | Namibia 6014 51 (05 [-01]03 |05 |04 |01
88 | Netherlands 53179 |18 |09 |19 |18 |16 |20 |18
89 | New Zealand 41214 |19 |15 |19 |19 |16 |22 |17
90 | Nicaragua 2031 39 |-10|-07|-12|-11|-11|-08
91 | Niger 413 3 -141-07]-05|-06|-06|-0.8
92 | Nigeria 2153 114|-19|-09|-09|-04|-11|-11
93 | Norway 81549 |35 |12 |18 |20 |17 |21 |19
94 | Oman 16415 (08 |06 (03 |06 |-1.1]|05 |03
95 | Pakistan 1566 52 |-221]-06|-0.7|-08|-0.8|-0.7
96 | Panama 15642 (0.2 |03 (04 |-01|06 |-06|0.1
97 | Paraguay 5742 32 |00 |-02|-06]|01 |-08|-05
98 | Peru 7008 22 |-01(06 [-05]03 |-04]|-01
99 | Philippines 3104 51 [-09]00 |-05|00 |-06|0.1
100 | PNG 2974 42 |(-08|-05|-08|01 |-1.0(-0.8
101 | Poland 15251 (09 |05 (10 |05 |07 |06 |0.6
102 | Portugal 23414 |06 |11 |10 |11 |12 |08 |12
103 | Qatar 70379 |-03 (07 |07 |07 |-13]|08 |07
104 | Rep. of Congo 2615 09 (07 |07 |07 |-13]|08 |07
105 | Romania 12270 |3 05 |05 |04 |05 |-0.1]-03
106 | Russia 11293 |43 |05 (05 |04 |05 |-0.1|-0.3
107 | Rwanda 787 11 (01 (01 |01 |-11|06 |0.2
108 | Saudi Arabia 23337 |23 |-04]-01]02 |-16|03 |03
109 | Senegal 1440 1.3 |01 |-01|-02(03 |00 |-0.1
110 | Serbia 7235 2 0101 |-01|0.0 |-04|0.0
111 | Singapore 64576 |05 |15 |22 |19 |-02]|22 |22
112 | Slovakia 19457 |19 |08 [10 |06 |09 |03 |07
113 | Slovenia 26066 |14 (08 |10 |11 |10 |09 |11
114 | Solomon Islands | 1942 32 |05 (-08|-01]|06 |00 [-1.0
115 | South Africa 6356 44 |-02]02 |-01]07 |01 |04
116 | Spain 30326 |12 (03 |11 |10 |11 |06 |10
117 | Sri Lanka 4101 04 |(-02]-02(00 |00 |-03|-0.1
118 | St. Maarten 25400 |27 |09 |02 |06 |09 |05 |02
119 | St.Vin.&the Gren. | 7375 1.4 |10 (02 |04 |09 |08 |02
120 | Suriname 6074 54 (01 |-07|-01]|04 |-04|-0.6
121 | Sweden 54357 |22 |11 (18 |19 |16 |21 |18
122 | Switzerland 83162 |07 |13 |17 |19 |15 |20 |20
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123 | Taiwan 25007 |-01 (-27|-18|-21|-20|-1.7|-1.7
124 | Tajikistan 826 54 |-06(-10|-1.2|-18|-13|-1.0
125 | Tanzania 1045 33 |-04]-06|-06|-05|-04|-09
126 | Thailand 7450 04 |-05]01 |01 |-08|-04|04
127 | Togo 662 2 -0.8 -0.7]-06|-0.7|-0.7 | -09
128 | Trinidad&Tobago | 17315 |1 1.1 |-03|(05 |06 |-03]0.2
129 | Tunisia 3422 75 |-08|-04(01 |03 |-01|-01
130 | Turkiye 9406 203|-13|0.0 |-03|-0.8|-03]|0.0
131 | UAE 44516 |03 |07 |10 |08 |-11|11 |14
132 | Uganda 727 22 |-06(-04|-03|-06|-12|-0.6
133 | Ukraine 3112 98 |-15(-03|-0.7|0.1 |-0.7|-0.3
134 | United Kingdom | 42981 | 2 05 |16 |16 |13 |18 |14
135 | Uruguay 16999 |8 10 |05 (06 |13 |12 |07
136 | USA 62869 |19 |03 |13 |15 |10 |12 |15
137 | Uzbekistan 1550 145|-03|-10|-10|-16|-1.1|-05
138 | Vietnam 2547 35 (01 |{-03|00 |-14]-05|00
139 | Zambia 1503 79 |-01(-06|-05{-0.3|-0.6|-0.7
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