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ABSTRACT

A COMPARATIVE STUDY ON PARAMETER RETRIEVAL METHODS
FOR THE HOMOGENIZATION OF LAYERED 2D PERIODIC

STRUCTURES

Görgülü, Feza

M.S., Department of Electrical and Electronics Engineering

Supervisor: Assoc. Prof. Dr. Lale Alatan

April 2024, 148 pages

Electromagnetic homogenization of layered periodic structures in the literature is re-

viewed and applied for different cases. The aim of this thesis is to investigate several

homogenization methods namely S-Parameter retrieval, generalized sheet transition

conditions based retrieval and field averaging. The investigation is conducted by the

analysis of different structures in the frequency domain and applying the formulations

of the homogenization methods. Applicability limitation and accuracy performances

of different methods are compared and homogenization solutions for different types

of structures are offered.

Keywords: Homogenization, Periodic structures, Metamaterials, Frequency selective

surfaces, Effective constitutive parameters
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ÖZ

KATMANLI 2-BOYUTLU PERİYODİK YAPILAR İÇİN
ELEKTROMANYETİK HOMOJENİZASYON METOTLARI ÜZERİNE

KARŞILAŞTIRMALI BİR ÇALIŞMA

Görgülü, Feza

Yüksek Lisans, Elektrik ve Elektronik Mühendisliği Bölümü

Tez Yöneticisi: Doç. Dr. Lale Alatan

Nisan 2024 , 148 sayfa

Literatürde bulunan, katmanlı periyodik yapıları için geliştirilmiş elektromanyetik ho-

mojenizasyon yöntemleri incelenmiş ve bu yöntemler farklı yapılar üzerinde uygulan-

mıştır. Bu tezin amacı, S-Parametresinden bilgi çekme, genelleştirilmiş yüzey geçiş

koşulları temelli geri çekme ve alan ortalaması gibi çeşitli homojenizasyon yöntem-

lerini araştırmaktır. Araştırma, farklı yapıların frekans alanındaki analizi ve homo-

jenleştirme yöntemlerinin formülasyonlarının uygulanmasıyla gerçekleştirilmektedir.

Farklı yöntemlerin uygulanabilirlik sınırları ve doğruluk performansları karşılaştırı-

larak farklı yapı türleri için homojenizasyon çözümleri sunulmaktadır.

Anahtar Kelimeler: Homojenizasyon, Periyodik yapılar, Metamalzemeler, Frekans

seçici yüzeyler, Efektif yapısal parametreler

vi



To my family

vii



ACKNOWLEDGMENTS

I would like to thank to my supervisor Assoc. Prof. Dr. Lale Alatan for her patience,

understanding and guidance both technically and personally throughout the research,

development and writing stages of my thesis. I would not be able to conduct such a

study with anybody else.

I am grateful to my family, my mother Tuba, my father Muzaffer, my brother Arda

and the woman who has a lot of impact on me and my upbringing, my grandmother

Fatma. I would like to also thank to the other important being in my family, my dear

cat. Besides, I would like to thank to my friends for their support.

Finally, I would like to thank to ASELSAN for allowing me to conduct my masters

studies while working.

viii



TABLE OF CONTENTS

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

ÖZ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

TABLE OF CONTENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiv

LIST OF ABBREVIATIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . xxiii

CHAPTERS

1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Motivation and Problem Definition . . . . . . . . . . . . . . . . . . 1

1.2 The Outline of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . 2

2 FUNDAMENTALS OF ELECTROMAGNETIC HOMOGENIZATION THE-
ORY AND PERIODIC STRUCTURES . . . . . . . . . . . . . . . . . . . . 5

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.2 Electromagnetic Homogenization . . . . . . . . . . . . . . . . . . . 5

2.3 Periodic Structures . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.3.1 Floquet’s Theorem . . . . . . . . . . . . . . . . . . . . . . . 9

2.3.2 Electromagnetic Simulation of Periodic Structures . . . . . . . 10

ix



2.3.3 Single-Layer Periodic Structures . . . . . . . . . . . . . . . . 14

2.3.3.1 Metal Sheet Periodic Structures with Dielectric Substrate 14

2.3.4 Multi-Layer Periodic Structures . . . . . . . . . . . . . . . . . 19

2.3.5 Other Periodic Structures Examined in This Study . . . . . . . 23

3 S-PARAMETER RETRIEVAL . . . . . . . . . . . . . . . . . . . . . . . . 27

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.2 Two-Port S-Parameter Retrieval . . . . . . . . . . . . . . . . . . . . 28

3.2.1 Single Layer Structures . . . . . . . . . . . . . . . . . . . . . 29

3.2.1.1 Complex Permittivity Dielectric Slab . . . . . . . . . . 29

3.2.1.2 Square Loop over Dielectric Substrate . . . . . . . . . . 31

3.2.1.3 Complementary Square Loop Over Dielectric Substrate 34

3.2.2 Outcomes of the Two-Port S-Parameter Retrieval Method . . . 37

3.3 One-Port S-Parameter Retrieval . . . . . . . . . . . . . . . . . . . . 38

3.3.1 Single-Layer Structure . . . . . . . . . . . . . . . . . . . . . 42

3.3.1.1 Complementary Square Loop over Dielectric Substrate
with Ground Plane . . . . . . . . . . . . . . . . . . . . 42

3.3.2 Multi-Layer Structures . . . . . . . . . . . . . . . . . . . . . 45

3.3.2.1 Radar Absorbing Composite Structure . . . . . . . . . 45

3.3.3 Outcomes of the One-Port S-Parameter Retrieval Method . . . 49

4 GENERALIZED SHEET TRANSITION CONDITIONS BASED RETRIEVAL 51

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.2 Normal Incidence . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.2.1 Two Port Structures . . . . . . . . . . . . . . . . . . . . . . . 56

x



4.2.1.1 Dielectric Slab . . . . . . . . . . . . . . . . . . . . . . 56

4.2.1.2 Square Loop Meta�lm . . . . . . . . . . . . . . . . . . 59

4.2.1.3 Details on Other Structures Investigated for Normal In-
cidence Using Generalized Sheet Transition Conditions
Based Retrieval . . . . . . . . . . . . . . . . . . . . . . 61

4.3 Oblique Incidence . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.3.1 Multi-Layer Structure . . . . . . . . . . . . . . . . . . . . . . 62

4.3.1.1 Radar Absorbing Composite Structure . . . . . . . . . 62

4.4 Outcomes of the Generalized Sheet Transition Conditions Based Re-
trieval Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5 FIELD AVERAGING . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.2 Air Slab Unit Cell . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.3 Complex Permittivity Dielectric Slab Unit Cell . . . . . . . . . . . . 76

5.4 High Permittivity Dielectric Slab Unit Cell . . . . . . . . . . . . . . 77

5.5 Periodic Dielectric Spheres . . . . . . . . . . . . . . . . . . . . . . . 79

5.5.1 Effect of" r for a Fixed Period and Radius . . . . . . . . . . . 96

5.5.2 Effect of Period for a Fixed" r and Diameter to Period Ratio . . 104

5.5.3 Effect of Radius for a Fixed" r and Period . . . . . . . . . . . 111

5.5.4 Comparison of Structures with Similar Re�ection/Transmis-
sion Characteristics . . . . . . . . . . . . . . . . . . . . . . . 116

5.6 Square Loop over Dielectric Substrate . . . . . . . . . . . . . . . . . 120

5.7 Outcomes of the Field Averaging Method . . . . . . . . . . . . . . . 122

6 COMPARISON OF THE METHODS . . . . . . . . . . . . . . . . . . . . 125

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

xi



6.2 Square Loop over Dielectric Substrate . . . . . . . . . . . . . . . . . 125

6.3 Complementary Square Loop over Dielectric Substrate . . . . . . . . 128

6.4 Periodic Dielectric Spheres . . . . . . . . . . . . . . . . . . . . . . . 130

6.5 Complementary Square Loop over Dielectric Substrate with Ground
Plane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

6.6 Radar Absorbing Composite Structure . . . . . . . . . . . . . . . . . 137

7 CONCLUSIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

xii



LIST OF TABLES

TABLES

Table 2.1 Dimensions of square loop metal sheet over dielectric substrate. . . . 14

Table 2.2 Dimensions of complementary square loop over dielectric substrate. 17

Table 2.3 Dimensions of complementary square loop over dielectric substrate

with ground plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

Table 2.4 Dimensions of RACS. . . . . . . . . . . . . . . . . . . . . . . . . . 21

Table 2.5 Properties of periodic dielectric spheres. . . . . . . . . . . . . . . . 25

Table 4.1 Dimensions of square loop meta�lm. . . . . . . . . . . . . . . . . . 59

Table 5.1 Anisotropic constitutive parameters. . . . . . . . . . . . . . . . . . 74

Table 5.2 Properties of periodic dielectric spheres. . . . . . . . . . . . . . . . 79

Table 5.3 Properties of periodic dielectric spheres with smaller radius. . . . . . 87

Table 5.4 Properties of periodic dielectric spheres with low permittivity. . . . . 90

Table 5.5 PDS Parameters for Different Cases . . . . . . . . . . . . . . . . . 96

Table 5.6 PDS Parameters for Case 2 & 3 . . . . . . . . . . . . . . . . . . . . 116

Table 7.1 Applicability of different methods for different cases. . . . . . . . . 143

xiii



LIST OF FIGURES

FIGURES

Figure 1.1 Electromagnetic homogenization [1]. . . . . . . . . . . . . . . . 2

Figure 2.1 Electromagnetic homogenization methods. . . . . . . . . . . . . 6

Figure 2.2 Periodic structure with periodicityp in z-direction. . . . . . . . . 9

Figure 2.3 Square loop array. . . . . . . . . . . . . . . . . . . . . . . . . . 11

Figure 2.4 Simulation scheme with periodicity in one dimension. . . . . . . 11

Figure 2.5 Primary-secondary boundaries for periodicities in (a) x-direction

and (b) y-direction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

Figure 2.6 Floquet port excitation modes. . . . . . . . . . . . . . . . . . . 13

Figure 2.7 Floquet ports de-embedding. . . . . . . . . . . . . . . . . . . . 14

Figure 2.8 Dimensions of square loop metal sheet over dielectric substrate. . 15

Figure 2.9 |S11| for SL. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

Figure 2.10 |S21| for SL. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

Figure 2.11 |S11| for CSL. . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

Figure 2.12 |S21| for CSL. . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

Figure 2.13 Grounded complementary square loop metal sheet over dielec-

tric substrate in isometric view. . . . . . . . . . . . . . . . . . . . . . . 18

Figure 2.14 |S11| for GCSL. . . . . . . . . . . . . . . . . . . . . . . . . . . 19

xiv



Figure 2.15 RACS unit cell (a) isometric view (b) side view. . . . . . . . . . 20

Figure 2.16 RACS dimensions of (a) crossed dipole (b) square patch (c)

square loop. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

Figure 2.17 |S11| for RACS. . . . . . . . . . . . . . . . . . . . . . . . . . . 21

Figure 2.18 |S11| for RACS attheta = 20� . . . . . . . . . . . . . . . . . . . 22

Figure 2.19 |S11| for RACS attheta = 40� . . . . . . . . . . . . . . . . . . . 23

Figure 2.20 All dielectric FSS homogenization [2]. . . . . . . . . . . . . . . 24

Figure 2.21 Periodic dielectric spheres. . . . . . . . . . . . . . . . . . . . . 24

Figure 2.22 |S-Parameters| for PDS. . . . . . . . . . . . . . . . . . . . . . . 25

Figure 3.1 zef f of dielectric slab for TPSPR. . . . . . . . . . . . . . . . . . 30

Figure 3.2 nef f of dielectric slab for TPSPR. . . . . . . . . . . . . . . . . . 30

Figure 3.3 " (ef f;r ) of dielectric slab for TPSPR. . . . . . . . . . . . . . . . 31

Figure 3.4 � (ef f;r ) of dielectric slab for TPSPR. . . . . . . . . . . . . . . . 31

Figure 3.5 zef f of SL for TPSPR. . . . . . . . . . . . . . . . . . . . . . . . 32

Figure 3.6 nef f of SL for TPSPR. . . . . . . . . . . . . . . . . . . . . . . 32

Figure 3.7 " (ef f;r ) of SL for TPSPR. . . . . . . . . . . . . . . . . . . . . . 33

Figure 3.8 � (ef f;r ) of SL for TPSPR. . . . . . . . . . . . . . . . . . . . . . 33

Figure 3.9 |S-Parameters| for SL and its TPSPR equivalent. . . . . . . . . . 34

Figure 3.10 \ S-Parameters for SL and its TPSPR equivalent. . . . . . . . . . 34

Figure 3.11 zef f of CSL for TPSPR. . . . . . . . . . . . . . . . . . . . . . . 35

Figure 3.12 nef f of CSL for TPSPR. . . . . . . . . . . . . . . . . . . . . . . 35

Figure 3.13 " (ef f;r ) of CSL for TPSPR. . . . . . . . . . . . . . . . . . . . . 36

xv



Figure 3.14 � (ef f;r ) of CSL for TPSPR. . . . . . . . . . . . . . . . . . . . . 36

Figure 3.15 |S-Parameters| for CSL and its TPSPR equivalent. . . . . . . . . 37

Figure 3.16 \ S-Parameters for CSL and its TPSPR equivalent. . . . . . . . . 37

Figure 3.17 Quasi-one-port network model of the re�ective unit cell. . . . . . 39

Figure 3.18 |S11| for GCSL at� = 0 � ,10� . . . . . . . . . . . . . . . . . . . . 42

Figure 3.19 \ S11 for GCSL at� = 0 � ,10� . . . . . . . . . . . . . . . . . . . . 42

Figure 3.20 zef f of GCSL for OPSPR. . . . . . . . . . . . . . . . . . . . . . 43

Figure 3.21 nef f of GCSL for OPSPR. . . . . . . . . . . . . . . . . . . . . 44

Figure 3.22 " (ef f;r ) of GCSL for OPSPR. . . . . . . . . . . . . . . . . . . . 44

Figure 3.23 � (ef f;r ) . of GCSL for OPSPR. . . . . . . . . . . . . . . . . . . . 44

Figure 3.24 |S11| for GCSL and its OPSPR equivalent. . . . . . . . . . . . . 45

Figure 3.25 \ S11 for GCSL and its OPSPR equivalent. . . . . . . . . . . . . 45

Figure 3.26 |S11| for RACS at� = 0 � ,10� . . . . . . . . . . . . . . . . . . . . 46

Figure 3.27 \ S11 for RACS at� = 0 � ,10� . . . . . . . . . . . . . . . . . . . . 46

Figure 3.28 zef f of RACS for OPSPR. . . . . . . . . . . . . . . . . . . . . . 47

Figure 3.29 nef f of RACS for OPSPR. . . . . . . . . . . . . . . . . . . . . 47

Figure 3.30 " (ef f;r ) of RACS for OPSPR. . . . . . . . . . . . . . . . . . . . 48

Figure 3.31 � (ef f;r ) of RACS for OPSPR. . . . . . . . . . . . . . . . . . . . 48

Figure 3.32 |S11| for RACS and its OPSPR equivalent. . . . . . . . . . . . . 49

Figure 3.33 \ S11 for RACS and its OPSPR equivalent. . . . . . . . . . . . . 49

Figure 4.1 Representing a meta�lm as an effective medium with thickness

d [3]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

xvi



Figure 4.2 Comparison of analytical results to the GSTC model [3]. . . . . 56

Figure 4.3 " (ef f;r ) of dielectric slab for GSTCBR. . . . . . . . . . . . . . . 57

Figure 4.4 � (ef f;r ) of dielectric slab for GSTCBR. . . . . . . . . . . . . . . 57

Figure 4.5 Accuracy limit ofk0dp " (ef f;r ) � (ef f;r ) < 1. . . . . . . . . . . . . 58

Figure 4.6 jS11j for dielectric slab and its GSTCBR equivalent. . . . . . . . 58

Figure 4.7 jS21j for dielectric slab and its GSTCBR equivalent. . . . . . . . 58

Figure 4.8 " (ef f;r ) of SLM for GSTCBR. . . . . . . . . . . . . . . . . . . . 59

Figure 4.9 � (ef f;r ) of SLM for GSTCBR. . . . . . . . . . . . . . . . . . . . 60

Figure 4.10 Accuracy limit ofk0dp " (ef f;r ) � (ef f;r ) < 1. . . . . . . . . . . . . 60

Figure 4.11 |S-Parameters| for SL meta�lm and its GSTCBR equivalent. . . . 61

Figure 4.12 \ S-Parameters for SL meta�lm and its GSTCBR equivalent. . . 61

Figure 4.13 " (ef f;r ) of RACS for� = 40� for GSTCBR. . . . . . . . . . . . . 63

Figure 4.14 � (ef f;r ) of RACS� = 40� for GSTCBR. . . . . . . . . . . . . . 63

Figure 4.15 |ST E
11 | for RACS and its GSTCBR equivalent for� = 40� . . . . . 64

Figure 4.16 \ ST E
11 for and its GSTCBR equivalent for� = 40� . . . . . . . . 64

Figure 4.17 |ST M
11 | for RACS and its GSTCBR equivalent for� = 40� . . . . . 65

Figure 4.18 \ ST M
11 for RACS and its GSTCBR equivalent for� = 40� . . . . 65

Figure 5.1 Air slab unit cell. . . . . . . . . . . . . . . . . . . . . . . . . . 68

Figure 5.2 TE mode�E and �H �elds. . . . . . . . . . . . . . . . . . . . . . 69

Figure 5.3 TM mode�E and �H �elds. . . . . . . . . . . . . . . . . . . . . . 69

Figure 5.4 TE modeQ andQm . . . . . . . . . . . . . . . . . . . . . . . . . 70

Figure 5.5 TM modeQ andQm . . . . . . . . . . . . . . . . . . . . . . . . 71

xvii



Figure 5.6 Side and middle surfaces selected for TE mode. . . . . . . . . . 73

Figure 5.7 Side and middle surfaces selected for TM mode. . . . . . . . . . 73

Figure 5.8 " (ef f;r ) of air for FA, for TE mode. . . . . . . . . . . . . . . . . 74

Figure 5.9 " (ef f;r ) of air for FA, for TM mode. . . . . . . . . . . . . . . . . 75

Figure 5.10 � (ef f;r ) of air for FA, for TE mode. . . . . . . . . . . . . . . . . 75

Figure 5.11 � (ef f;r ) of air for FA, for TM mode. . . . . . . . . . . . . . . . . 75

Figure 5.12 " (ef f;r ) of dielectric slab for FA, for TE mode. . . . . . . . . . . 76

Figure 5.13 " (ef f;r ) of dielectric slab for FA, for TM mode. . . . . . . . . . . 76

Figure 5.14 � (ef f;r ) of dielectric slab for FA, for TE mode. . . . . . . . . . . 77

Figure 5.15 � (ef f;r ) of dielectric slab for FA, for TM mode. . . . . . . . . . . 77

Figure 5.16 S-Parameters of high permittivity dielectric slab, for TE mode. . 78

Figure 5.17 " (ef f;r ) of high permittivity dielectric slab for FA, for TE mode. . 78

Figure 5.18 � (ef f;r ) of high permittivity dielectric slab for FA, for TE mode. . 79

Figure 5.19 " (ef f;r ) of PDS for FA, for TE mode. . . . . . . . . . . . . . . . 81

Figure 5.20 " (ef f;r ) of PDS for FA, for TM mode. . . . . . . . . . . . . . . . 81

Figure 5.21 � (ef f;r ) of PDS for FA, for TE mode. . . . . . . . . . . . . . . . 82

Figure 5.22 � (ef f;r ) of PDS for FA, for TM mode. . . . . . . . . . . . . . . . 82

Figure 5.23 |ST E
11 | for PDS and its FA equivalents. . . . . . . . . . . . . . . . 83

Figure 5.24 \ ST E
11 for PDS and its FA equivalents. . . . . . . . . . . . . . . 83

Figure 5.25 |ST E
21 | for PDS and its FA equivalents. . . . . . . . . . . . . . . . 84

Figure 5.26 \ ST E
21 for PDS and its FA equivalents. . . . . . . . . . . . . . . 84

Figure 5.27 |ST M
11 | for PDS and its FA equivalents. . . . . . . . . . . . . . . 85

xviii



Figure 5.28 \ ST M
11 for PDS and its FA equivalents. . . . . . . . . . . . . . . 85

Figure 5.29 |ST M
21 | for PDS and its FA equivalents. . . . . . . . . . . . . . . 86

Figure 5.30 \ ST M
21 for PDS and its FA equivalents. . . . . . . . . . . . . . . 86

Figure 5.31 " (ef f;r ) of PDS with smaller radius for FA, for TE mode. . . . . . 87

Figure 5.32 � (ef f;r ) of the second PDS with smaller radius for FA, for TE

mode. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

Figure 5.33 � (ef f;r ) of PDS with smaller radius for FA, for TE mode close-up. 88

Figure 5.34 |ST E
11 | for PDS with smaller radius and its FA equivalents. . . . . 88

Figure 5.35 \ ST E
11 for PDS with smaller radius and its FA equivalents. . . . . 89

Figure 5.36 |ST E
21 | for PDS with smaller radius and its FA equivalents. . . . . 89

Figure 5.37 \ ST E
21 for PDS with smaller radius and its FA equivalents. . . . . 90

Figure 5.38 " (ef f;r ) of PDS with low permittivity for FA, for TE mode. . . . . 91

Figure 5.39 � (ef f;r ) of the second PDS with low permittivity for FA, for TE

mode. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

Figure 5.40 |ST E
11 | for PDS with low permittivity and its FA equivalents. . . . 92

Figure 5.41 \ ST E
11 for PDS with low permittivity and its FA equivalents. . . . 92

Figure 5.42 |ST E
21 | for PDS with low permittivity and its FA equivalents. . . . 93

Figure 5.43 \ ST E
21 for PDS with low permittivity and its FA equivalents. . . . 93

Figure 5.44 " (ef f;r ) of PDS for FA, for TE and TM modes. . . . . . . . . . . 94

Figure 5.45 " (ef f;r ) of PDS for FA, for TE and TM modes close up. . . . . . 94

Figure 5.46 � (ef f;r ) of PDS for FA, for TE and TM modes. . . . . . . . . . . 95

Figure 5.47 � (ef f;r ) of PDS for FA, for TE and TM modes close up. . . . . . 95

Figure 5.48 " (ef f;r ) of Case 1 & 2 for SASS. . . . . . . . . . . . . . . . . . . 96

xix



Figure 5.49 � (ef f;r ) of Case 1 & 2 for SASS. . . . . . . . . . . . . . . . . . 97

Figure 5.50 |S11| for Case 1 & 2 and their SASS equivalents. . . . . . . . . . 98

Figure 5.51 \ S11 for Case 1 & 2 and their SASS equivalents. . . . . . . . . . 98

Figure 5.52 |S21| for Case 1 & 2 and their SASS equivalents. . . . . . . . . . 99

Figure 5.53 \ S21 for Case 1 & 2 and their SASS equivalents. . . . . . . . . . 99

Figure 5.54 " (ef f;r ) of Case 3 & 4 for SASS. . . . . . . . . . . . . . . . . . . 100

Figure 5.55 � (ef f;r ) of Case 3 & 4 for SASS. . . . . . . . . . . . . . . . . . 100

Figure 5.56 |S11| for Case 3 & 4 and their SASS equivalents. . . . . . . . . . 102

Figure 5.57 \ S11 for Case 3 & 4 and their SASS equivalents. . . . . . . . . . 102

Figure 5.58 |S21| for Case 3 & 4 and their SASS equivalents. . . . . . . . . . 103

Figure 5.59 \ S21 for Case 3 & 4 and their SASS equivalents. . . . . . . . . . 103

Figure 5.60 " (ef f;r ) of Case 1 & 3 for SASS. . . . . . . . . . . . . . . . . . . 104

Figure 5.61 � (ef f;r ) of Case 1 & 3 for SASS. . . . . . . . . . . . . . . . . . 105

Figure 5.62 |S11| for Case 1 & 3 and their SASS equivalents. . . . . . . . . . 106

Figure 5.63 \ S11 for Case 1 & 3 and their SASS equivalents. . . . . . . . . . 106

Figure 5.64 |S21| for Case 1 & 3 and their SASS equivalents. . . . . . . . . . 107

Figure 5.65 \ S21 for Case 1 & 3 and their SASS equivalents. . . . . . . . . . 107

Figure 5.66 " (ef f;r ) of Case 2 & 4 for SASS. . . . . . . . . . . . . . . . . . . 108

Figure 5.67 � (ef f;r ) of Case 2 & 4 for SASS. . . . . . . . . . . . . . . . . . 108

Figure 5.68 |S11| for Case 2 & 4 and their SASS equivalents. . . . . . . . . . 109

Figure 5.69 \ S11 for Case 2 & 4 and their SASS equivalents. . . . . . . . . . 110

Figure 5.70 |S21| for Case 2 & 4 and their SASS equivalents. . . . . . . . . . 110

xx



Figure 5.71 \ S21 for Case 2 & 4 and their SASS equivalents. . . . . . . . . . 111

Figure 5.72 " (ef f;r ) of Case 4 & 5 for SASS. . . . . . . . . . . . . . . . . . . 112

Figure 5.73 � (ef f;r ) of Case 4 & 5 for SASS. . . . . . . . . . . . . . . . . . 112

Figure 5.74 |S11| for Case 4 & 5 and their SASS equivalents. . . . . . . . . . 114

Figure 5.75 \ S11 for Case 4 & 5 and their SASS equivalents. . . . . . . . . . 114

Figure 5.76 |S21| for Case 4 & 5 and their SASS equivalents. . . . . . . . . . 115

Figure 5.77 \ S21 for Case 4 & 5 and their SASS equivalents. . . . . . . . . . 115

Figure 5.78 " (ef f;r ) of Case 2 & 3 for SASS. . . . . . . . . . . . . . . . . . . 116

Figure 5.79 � (ef f;r ) of Case 2 & 3 for SASS. . . . . . . . . . . . . . . . . . 117

Figure 5.80 |S11| for Case 2 & 3 and their SASS equivalents. . . . . . . . . . 118

Figure 5.81 \ S11 for Case 2 & 3 and their SASS equivalents. . . . . . . . . . 118

Figure 5.82 |S21| for Case 2 & 3 and their SASS equivalents. . . . . . . . . . 119

Figure 5.83 \ S21 for Case 2 & 3 and their SASS equivalents. . . . . . . . . . 119

Figure 5.84 " (ef f;r ) of SL for FA. . . . . . . . . . . . . . . . . . . . . . . . . 121

Figure 5.85 � (ef f;r ) of SL for FA. . . . . . . . . . . . . . . . . . . . . . . . 121

Figure 5.86 |S-Parameters| for SL and its FA equivalents. . . . . . . . . . . . 122

Figure 5.87 \ S-Parameters for SL and its FA equivalents. . . . . . . . . . . 122

Figure 6.1 " (ef f;r ) of SL for TPSPR and SASS. . . . . . . . . . . . . . . . 126

Figure 6.2 � (ef f;r ) of SL for TPSPR and SASS. . . . . . . . . . . . . . . . 126

Figure 6.3 |S-Parameters| for SL and its equivalents. . . . . . . . . . . . . . 127

Figure 6.4 \ S-Parameters for SL and its equivalents. . . . . . . . . . . . . 127

Figure 6.5 " (ef f;r ) of CSL for TPSPR and GSTCBR. . . . . . . . . . . . . . 128

xxi



Figure 6.6 � (ef f;r ) of CSL for TPSPR and GSTCBR . . . . . . . . . . . . . 129

Figure 6.7 |S-Parameters| for CSL and its equivalents. . . . . . . . . . . . . 129

Figure 6.8 \ S-Parameters for CSL and its equivalents. . . . . . . . . . . . 130

Figure 6.9 " (ef f;r ) of PDS for GSTCBR and SASS. . . . . . . . . . . . . . 131

Figure 6.10 " (ef f;r ) of PDS for GSTCBR and SASS close-up. . . . . . . . . 131

Figure 6.11 � (ef f;r ) of PDS for GSTCBR and SASS. . . . . . . . . . . . . . 132

Figure 6.12 � (ef f;r ) of PDS for GSTCBR and SASS close-up. . . . . . . . . 132

Figure 6.13 |S11| for PDS and its equivalents. . . . . . . . . . . . . . . . . . 133

Figure 6.14 |S21| for PDS and its equivalents. . . . . . . . . . . . . . . . . . 133

Figure 6.15 \ S11 for PDS and its equivalents. . . . . . . . . . . . . . . . . . 134

Figure 6.16 \ S21 for PDS and its equivalents. . . . . . . . . . . . . . . . . . 134

Figure 6.17 " (ef f;r ) of GCSL for OPSPR and GSTCBR. . . . . . . . . . . . 135

Figure 6.18 " (ef f;r ) of GCSL for OPSPR and GSTCBR close up. . . . . . . . 136

Figure 6.19 � (ef f;r ) of GCSL for OPSPR and GSTCBR . . . . . . . . . . . . 136

Figure 6.20 |S11| for GCSL and its equivalents. . . . . . . . . . . . . . . . . 137

Figure 6.21 \ S11 for GCSL and its equivalents. . . . . . . . . . . . . . . . . 137

Figure 6.22 " (ef f;r ) of RACS for OPSPR and GSTCBR. . . . . . . . . . . . 138

Figure 6.23 � (ef f;r ) of RACS for OPSPR and GSTCBR . . . . . . . . . . . . 139

Figure 6.24 |S11| for RACS and its equivalents. . . . . . . . . . . . . . . . . 139

Figure 6.25 \ S11 for RACS and its equivalents. . . . . . . . . . . . . . . . . 140

xxii



LIST OF ABBREVIATIONS

2D 2 Dimensional

3D 3 Dimensional

PEC Perfect Electric Conductor

RCS Radar Cross Section

"0 free space electric permittivity

� 0 free space magnetic permeability

" r relative electric permittivity

� r relative magnetic permeability

" electric permittivity

� magnetic permeability

� 0 free space wavelength

k wave number

k0 free space wave number

p periodicity

f frequency

d thickness

n refractive index

c speed of light in vacuum

ân unit vector in the direction of normal of a surface
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CHAPTER 1

INTRODUCTION

1.1 Motivation and Problem De�nition

A periodic structure is de�ned as a structure formed by a certain repetition of a unit

cell in the directions of the periodicity. The problem of simulating periodic structures

is widely investigated by both the electromagnetics and the physics community. Full

wave simulation tools are available such as ANSYS HFSS, CTS, COMSOL, FEKO

etc. where the periodic structure problems are solved in frequency domain mostly

with �nite element method (FEM) [4] or method of moments (MOM) [5], and in time

domain via �nite difference time domain (FDTD) method [6] or �nite integration

technique (FIT) [7]. The unit cell simulation of the periodic structures are easily used

with simulation modes that re�ect the periodic boundaries of the structure. The anal-

yses are conducted and veri�ed via S-Parameters,S11 as the re�ection coef�cient that

describes the ratio of the re�ected power to the incident power in the �rst port and

S21 as the transmission coef�cient that describes the ratio of the transmitted power

in the second port to the incident power from the �rst port. S-Parameter analysis of

such structures is widely studied during the design and characterization of the unit

cell. Most of the time, the unit cell design of the model and simulation are not time

consuming; however, when it comes to the aperiodic/�nite analysis of such struc-

tures, the problem becomes dif�cult. The problem is greater in the case of absorber

applications on airborne platforms for radar cross section (RCS) reduction, which is

the problem that gives the initial motivation of this study. The modeling of multi-

layer periodic structures conformally is a task of its own, and also the solution time is

greatly increased due to the complexity of the problem. This problem may be solved

by using the concept of homogenization. Electromagnetic homogenization allows us
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to replace the layered periodic unit cell with an equivalent structure with the effective

constitutive parameters, so that the equivalent structure has the same electromagnetic

response with the original structure. The equivalent material is modeled as a slab

with a certain thickness as illustrated in Figure 2.1. This allows easier modeling with

decreased solution time.

Homogenization is not a new concept and it is studied by scientists such as Lorentz

[8], it has a deep-rooted history. There are several methods with their own advantages

and disadvantages. Not every method is applicable to every structure and the methods

have their own limitations of periodicity and other properties. In this thesis, the aim

is to investigate the homogenization methods in the literature and determine their

accuracy and limitation via application of the methods to periodic structures in the

simulation domain.

Figure 1.1: Electromagnetic homogenization [1].

1.2 The Outline of the Thesis

Chapter 2 starts with a literature review on the concept of homogenization and the

evolution of several methods. Later on, information is given on the Floquet's theorem

and the analysis method used for the simulation of the periodic structures. Later, the
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periodic structures investigated in this thesis are introduced.

At the core of this thesis work lies the investigation, analysis and simulation applica-

tion of three electromagnetic homogenization methods, namely S-Parameter retrieval,

Generalized sheet transition conditions based retrieval and �eld averaging. Chapters

3, 4 and 5 are reserved for these three classes of methods. In Chapter 3, S-Parameter

retrieval method is explained in two parts for one-port and two-port applications.

Then, method is investigated for single and multilayer structures and results are pre-

sented.

In Chapter 4, generalized sheet transition conditions are introduced and the details

of the method are explained. In this chapter, the method is applied to 2D and 3D

structures. An oblique incidence application of this method for a multilayer structure

is demonstrated.

In Chapter 5, the �eld averaging method is investigated. The derivation of the method

is delivered via demonstration of the �eld components within a unit cell for two dif-

ferent excitation modes. The method is applied to several structures in the forms of

volumetric averaging and surface averaging.

In Chapter 6, the effective constitutive parameter and S-Parameter results obtained

for the same structures via different methods are compared and comments are made

upon their accuracy.

Finally, the thesis ends with Chapter 7 in which the �nal remarks are made and the

future work plans are explained.
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CHAPTER 2

FUNDAMENTALS OF ELECTROMAGNETIC HOMOGENIZATION

THEORY AND PERIODIC STRUCTURES

2.1 Introduction

Details about the concept of electromagnetic homogenization and an introduction

to several methods in the literature about this concept are delivered. Later, several

periodic structures that are investigated in this thesis and the analysis methods used

are introduced in this chapter.

2.2 Electromagnetic Homogenization

Electromagnetic �eld interactions with periodic structures can belong to three regions

as explained in [9]. In the �rst region which is called the quasistatic region, effective

medium theory is applicable since the periodicity of the structure is much smaller

than the wavelength. This means that in this region, the periodic structure can be

represented by effective constitutive parameters. When the period of the structure is

smaller but comparable to wavelength, such that the individual scatterers can resonate,

the medium can be characterized by dispersive effective constitutive parameters. The

effective medium theory is still valid in the second region. The third region is where

the period of the structure is larger than the wavelength, the effective medium theory

begins to become invalid due to the effects of the higher order Floquet-Bloch modes.

In this region, instead of effective media i.e. homogenization theory, full wave ap-

proaches are more suitable.

The periodic materials in the electromagnetic engineering �eld can be grouped into
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metamaterials, frequency selective surfaces (FSS) and photonic bandgap or elec-

tromagnetic bandgap structures based on their periodicity. Even though the cate-

gorization of the structures are not absolute and researcher have different de�ni-

tions. Generally, metamaterials satisfy the condition ofperiodicity � 0:1� . Fre-

quency selective surfaces have higher periodicity compared to metamaterials with

0:1� < periodicity � � and photonic bandgap structures are withperiodicity > � .

The second region of dispersive effecive media is in which the metamaterials and FSS

belong, which means that the electromagnetic homogenization methods would be ap-

plicable and dispersive effective constitutive parameters (" (ef f;r ) and� (ef f;r )) could

be extracted.

Effective medium theory approach is based on performing an averaging over a given

unit cell. This averaging is called as homogenization by the researchers. Homoge-

nization means that if a periodic structure is replaced with a homogeneous structure,

a homogeneous slab, with the extracted effective constitutive parameters, both struc-

tures would have the same electromagnetic response. The homogenization methods

investigated in this thesis are grouped into two main categories as shown in the dia-

gram in Figure 2.1.

Figure 2.1: Electromagnetic homogenization methods.

The investigated structures can be classi�ed in two groups as one-port and two-port

structures. One-port structures are metal ground plane backed periodic structures
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which only have re�ection characteristics, i.e.S11, whereas for two port structures

both re�ection and transmission characteristics are available i.e.S11 andS21.

Re�ection and transmission coef�cient based methods are widely used by researchers

[10], [11]. The widely used method of Nicolson-Ross-Weir (NRW) technique is a

time domain technique based on measurements. The S-Parameters are used in this

method �rst to retrieve the effective refractive indexnef f and normalized impedance

zef f . Later" (ef f;r ) and� (ef f;r ) are calculated using the relations between the refrac-

tive index and normalized impedance. This method of using S-Parameters directly to

retrieve the effective constitutive parameters is applicable to both one-port and two-

port structures. The resulting effective constitutive parameters are isotropic. The

methods investigated in this thesis under the generalized headline of S-parameter

retrieval are valid for normal incidence. However, in [12] bi-anisotropic effective

constitutive parameters are extracted in order to get accurate results for oblique in-

cidence cases. Also, it is shown that bi-anisotropic effective constitutive parameters

can be extracted using waveguide measurements in [13]. Another method that uses

the re�ection transmission based method that utilizes S-Parameters, but somewhat

more indirectly is based on the generalized sheet transition conditions (GSTCs) [3],

[9]. The method is formulated for meta�lms, in�nitely thin periodic metallic sheets.

In this approach, the structure is characterized by the electric and magnetic polariz-

abilities, thus electromagnetic susceptibilities of its scatterers. By using the GSTCs,

the electromagnetic �elds on both sides of the structure are related using the electric

and magnetic susceptibilities in dyadic form
$
� ES and

$
� MS . Electric and magnetic

susceptibilities are related to the electric and magnetic polarizability densities of the

scatterers. In [14], the re�ection and transmission parameters are related to the elec-

tric and magnetic susceptibilities, and in an indirect way the S-parameters are utilized

in this method for the retrieval of the effective constitutive parameters. Even though

this method is derived for two-port structures, the formulation is adjusted for one-port

structures in [15]. Another important property of this method is its applicability for

oblique incidence cases.

The other group of homogenization method is based on �eld averaging of electric and

magnetic �ux densities (D andB) and �eld intensities (E andH ) within a unit cell,

based on Maxwell's constitutive relations as in Equation 2.1 and Equation 2.2.
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�D = " �E (2.1)

�B = � �H (2.2)

Historically begining with Loretz's volumetric averaging of the �elds [8], [16], the

�eld averaging method is developed over a long time period. The analytical formula-

tions in [17] later on evolved to become the method known as Pendry Holden Robbins

Stewart (PHRS) �eld averaging. PHRS [18] is the averaging method that utilizes the

surface averaging of electric and magnetic �ux densitiesD andB while the electric

and magnetic �eld intensitiesE andH are averaged over a line. The formulation of

PHRS �eld averaging is based on the integral form of Maxwell's curl equations. Later

on, a modi�cation is made upon PHRS �eld averaging by Gozhenko et. al. [19], [20],

where the formulation derivations are based on Lorentz's volumetric averaging. With

this modi�cation the averaging ofE andH over a line is turned into averaging over

a surface to account for the phase variation of the �elds across the unit cell. With

this extension, quasi-static assumption based formulation is improved and homoge-

nization became possible for larger unit cell sizes. Also, the oscillatory behaviours

in the effective constitutive parameters observed in PHRS due to line averaging are

eliminated.

In this thesis, the equivalent constitutive parameters obtained using different methods

are assigned to a slab, thus the equivalent structure is constructed. The S-Parameters

of the equivalent structure and the original structure are compared in order the inves-

tigate the methods' accuracy.

Now that a general introduction about the concept of homogenization is made, the

analysis technique used in this thesis and the investigated periodic structures will be

explained.

8



2.3 Periodic Structures

2.3.1 Floquet's Theorem

Floquet's theorem [21] is used for solving the problem of periodic structures. The

theorem is explained for a structure with periodicityp in âz direction, illustrated in

Figure 2.2.

Figure 2.2: Periodic structure with periodicityp in z-direction.

The wave propagating in periodic structures may be characterized by periodic bound-

ary conditions. The �elds at a pointz in an in�nite periodic structure differ from the

�elds one periodp away by a complex constant. In an in�nite periodic structure, there

should be no difference between the �elds atz and atz + p except for the constant

attenuation and phase shift expressed asCm in Equation 2.3. The constantC is in

general complex, written as in Equation 2.4 wherek is the wavenumber, with the

time convention ofej!t is used.

u(z + mp) = Cmu(z) (2.3)

C = e� jkp (2.4)
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Considering a functionR(z) expressed in Equation 2.5, it is a periodic function ofz

with periodp and it can be represented in a Fourier series as in Equation 2.6.

R(z) = ejkz u(z) (2.5)

R(z) =
1X

n= �1

Ane� j (2n�=p )z (2.6)

A general expression for a wave in a periodic structure with periodp can be writ-

ten as in Equation 2.7 and considering that in general the wave consists of waves

propagating in positive and negative directions, it is expressed as Equation 2.8.

u(z) =
1X

n= �1

Ane� j (k+2 n�=p )z =
1X

n= �1

Ane� jk n z; kn = k +
2n�

p
(2.7)

u(z) =
1X

n= �1

Ane� jk n z +
1X

n= �1

Bne+ jk n z (2.8)

This is the representation of a wave in periodic structures in the form of an in�nite

series. Equation 2.8 is the mathematical representation of Floquet's theorem, which

states that the wave in periodic structures consists of an in�nite number of space

harmonics.

2.3.2 Electromagnetic Simulation of Periodic Structures

The study investigates the periodic structures using high frequency simulation soft-

ware (HFSS) by ANSYS with Finite Element Method (FEM). A periodic square loop

array is illustrated in Figure 2.3, which is used in this subsection to explain the sim-

ulation methodology. Periodicity is enforced by applying boundary conditions on

surfaces perpendicular to the plane of the periodic structure. It is achieved by de�n-

ing "master/primary" and "slave/secondary" boundaries on opposing surfaces per-

pendicular to the respective dimension. 1D periodicity with the incident �eld angle
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illustration is given in Figure 2.4. The incident angle is represented by� and� = 0 �

corresponds to normal incidence.

Figure 2.3: Square loop array.

Figure 2.4: Simulation scheme with periodicity in one dimension.

Figure 2.5, sourced from HFSS, illustrates two-dimensional periodicity alongside the

requisite boundary conditions. Each "master" and "slave" boundary pair is treated

independently, enabling the modeling of a 2D in�nite array in this manner. These

boundaries ensure that the E-�eld on each point of the slave boundary corresponds to

the E-�eld, with a phase difference, at the respective point on the master boundary.

This phase difference varies based on the incident wave angle. Denoting the period-

icity as p, wave number ask, unit vector in the direction of propagation asân , unit

vector from the secondary boundary to the primary boundary asâd, Es as the elec-

11



tric �eld located on the secondary boundary, andEp as the electric �eld located on

the primary boundary Equation 2.9 and Equation 2.10 provide the phase difference

between facing points on these surfaces.

Figure 2.5: Primary-secondary boundaries for periodicities in (a) x-direction and (b)

y-direction.

 = k(ân � âd)p (2.9)

�Es = ei �Ep (2.10)

For the electromagnetic solution of these in�nite periodic arrays, "Floquet" ports are

employed to excite the unit cell. Floquet modes represent plane waves with propa-

gation direction determined by the frequency and geometry of the periodic structure.

Similar to the modes in waveguides, these modes possess propagation constants and

exhibit cut-off at suf�ciently low frequencies. The electromagnetic �eld generated

by a periodic structure can be broken down into numerous modes known as Floquet

modes. These modes can either propagate or decay along the z-direction depending

on the frequency. Those that propagate are commonly known as propagating waves,

while the ones that decay are often called evanescent waves. During unit cell simu-

lations, the re�ection and transmission properties of periodic structures are assessed
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using two Floquet ports, positioned on either side of the structure. These ports need

to be situated at a distance from the structure to allow for the decay of evanescent

modes, to achieve an attenuation of at least 50 dB for the undesired modes, at least

15 mm is needed for the separation of the ports from the simulated structures, illus-

trated in Figure 2.6. In this study of homogenization, the �rst two modes represent

the fundamental modes with parallel and perpendicular polarizations, namelyTE00

andTM00 are utilized.

Figure 2.6: Floquet port excitation modes.

The distance between the ports and the structure leads to a change in the phase of the

transmission and re�ection parameters of the simulated structure. This occurs due to

the air line with a speci�ed thickness that is introduced between the excitation point

and the structure. Consequently, this alteration needs to be compensated either ana-

lytically or by leveraging the de-embedding feature of HFSS, as shown in Figure 2.7.

In this study, de-embedding is utilized and the ports are de-embedded to the surface

of the periodic structure.
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Figure 2.7: Floquet ports de-embedding.

2.3.3 Single-Layer Periodic Structures

2.3.3.1 Metal Sheet Periodic Structures with Dielectric Substrate

Metal sheet periodic structures are 2D periodic structures. Depending on the period-

icity criteria, a metal sheet periodic structure can be called a meta�lm or FSS. As the

name implies, the structure is made out of metal, which is a conductor. For simulation

purposes, the structure is modeled as PEC.

A square loop metal sheet over an FR4 dielectric substrate (" r = 4:4� j 0:88, � r = 1)

is investigated, shortly called as SL. The periodicity of the structure is 1.5 mm and

it is investigated in 1-25 GHz frequency band. The periodicity of this structure is

around0:1� at the highest investigated frequency of 25 GHz, which shows that this

structure belongs to the metamaterial category. The dimensions of the structure are

give in Table 2.1 and illustrated in Figure 2.8.

Table 2.1: Dimensions of square loop metal sheet over dielectric substrate.

Period (mm) Length (mm) Width (mm) d (mm)

SL 1.5 1.1 0.15 0.5
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Figure 2.8: Dimensions of square loop metal sheet over dielectric substrate.

Re�ection/transmission characteristics of this structure are investigated in the form

of S-Parameters whereS11 is the re�ection coef�cient andS21 is the transmission

coef�cient. S11 andS21 are investigated magnitude wise for normal incidence case

(� = 0 � ) and two oblique incidence cases (� = 20� ,40� ), as illustrated in Figure 2.9

and Figure 2.10 . The structure does not have a resonant behaviour and it has low

pass characteristics. For oblique incidence cases, the S-Parameter behaviour slightly

changes.
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Figure 2.9: |S11| for SL.

Figure 2.10: |S21| for SL.

It should be noted that the SL has a small periodicity value and does not have a res-

onant type behaviour. In order to research the characteristics of resonant structures,

other unit cell designs are investigated. The periodicity of the structure is increased,

with the aim of creating a resonance. Periodic structures with larger periodicity val-

ues has certain characteristics. Regular periodic structures with high periodicity, i.e.

FSS, demonstrate S-Parameter variation with incidence angle due to the effects of

the higher order Floquet modes, leading to the formation of a new type of periodic
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structure called miniaturized element frequency selective surface (MEFSS) [22], [23].

These structures have smaller periods than the regular FSS, thus no higher order Flo-

quet modes are observed. With no variation with incidence angle, the frequency

selective behaviour is provided for a wide-range of incidence angles which is advan-

tageous for real life applications. A miniaturized element complementary square loop

over dielectric substrate (CSL) is investigated, where FR4 is used as substrate, with

the dimensions given in Table 2.2.

Table 2.2: Dimensions of complementary square loop over dielectric substrate.

Period (mm) Length (mm) Width (mm) d (mm)

CSL 4.5 4.4 0.15 0.2

This CSL has a periodicity of 4.5 mm, where usually this type of structures has a

periodicity of0:25� at the resonance frequency of 9.8 GHz which corresponds to 7.5

mm. The periodicity of CSL is decreased to 0.6 times of its regular FSS version. This

periodicity corresponds to0:3� at the highest investigated frequency of 20 GHz.

S11 andS21 are investigated magnitude wise for normal incidence case (� = 0 � ) and

two oblique incidence cases (� = 20� ,40� ), as shown in Figure 2.11 and Figure 2.12.

Figure 2.11: |S11| for CSL.
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Figure 2.12: |S21| for CSL.

After that, a metal backed structure is looked into. A ground plane is placed under

a complementary square loop metal sheet over the dielectric substrate, which means

that the structure is grounded and called shortly as GCSL and depicted in Figure 2.13.

The dimensions of the resulting structure is given in Table 2.3. Notice that the period-

icity and the dimensions of GCSL are different from that of CSL. GCSL has a period

of 7.5 mm and other dimensions are selected in accordance with the periodicity.

Figure 2.13: Grounded complementary square loop metal sheet over dielectric sub-

strate in isometric view.
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Table 2.3: Dimensions of complementary square loop over dielectric substrate with

ground plane.

Period (mm) Length (mm) Width (mm) d (mm)

GCSL 7.5mm 6.5mm 0.4mm 0.2mm

S11 is investigated magnitude wise for normal incidence case (� = 0 � ) and two

oblique incidence cases (� = 20� ,40� ), as illustrated in Figure 2.14. The structure

has aS11 resonance at 11.9 GHz. It can be seen that the resonance frequency slightly

shifts for oblique incidence cases.

Figure 2.14: |S11| for GCSL.

2.3.4 Multi-Layer Periodic Structures

Several layers of metallic or resistive sheets can be combined in a multi-layer manner

with dielectric in between to obtain wide-band characteristics. A multi-layer absorber

structure called radar absorbing composite structure (RACS) [24] is studied in this

section. The design of the structure is depicted in Figure??, it is a four-layer struc-

ture made of resistive sheets illustrated in Figure 2.16, the dimensions of the structure

is given in Table 2.4. The structure is used as an absorber in 6-20 GHz band with

S11 resonance at 13 GHz. The periodicity of this structure is 12.8 mm. This peri-
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odicity corresponds to0:85� at the highest frequency in the band, 20 GHz. This is

a high periodicity value for homogenization approaches since most homogenization

approaches has the limit ofperiod << 0:1� .

Figure 2.15: RACS unit cell (a) isometric view (b) side view.

Figure 2.16: RACS dimensions of (a) crossed dipole (b) square patch (c) square loop.
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Table 2.4: Dimensions of RACS.

FSS type Length (mm) Width (mm) Surface impedance (ohm/sq.)

Crossed dipole 12 2.4 430

d4 3.4mm (air)

Square patch 8.8 8.8 235

d3 4mm (air)

Crossed dipole 5.6 1.6 250

d2 4mm (air)

Square loop 10.4 1.6 18.3

d1 4mm (air)

S11 is investigated magnitude wise for normal incidence case (� = 0 � ) and two

oblique incidence cases (� = 20� ,40� ), illustrated in Figure 2.17.

Figure 2.17: |S11| for RACS.

Investigating oblique incidence case, it can be seen that there occurs higher order

Floquet modes, also called grating lobes [25]. The frequency where this phenomena

starts can be calculated using the grating lobe formulation used for antenna arrays in

Equation 2.11, where the structure has a periodicity ofp. The frequencies where the

higher order Floquet modes start to occur are calculated as 17.46 GHz and 14.26 GHz
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for � = 20� and� = 40� respectively, and found to be at the same frequencies also

in the simulations as shown in Figure 2.18 and Figure 2.19. This phenomenon shows

that this structure starts to have unstable S-Parameter behaviour, thus re�ection/trans-

mission behaviour for oblique incidence cases in the investigated frequency band.

The cause of this behaviour is the fact that the periodicity of this structure is high,

around0:85� . Periodic structures with high periodicity have S-Parameter variations

with incidence angle.

p =
� 0

1 + sin �
! f =

c
p(1 + sin � )

(2.11)

Figure 2.18: |S11| for RACS attheta = 20� .
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Figure 2.19: |S11| for RACS attheta = 40� .

2.3.5 Other Periodic Structures Examined in This Study

Dielectric periodic structures are also investigated in this study [26], [27]. Dielectric

frequency selective surfaces (DFSS) are structures typically composed of dielectric

materials that manipulate electromagnetic waves at speci�c frequencies while be-

ing transparent to others. Unlike conventional metallic FSSs, which utilize metal

elements, all-dielectric FSSs (ADM-FSS) consist entirely of dielectric materials and

studies are conducted for their homogenization in the literature [2]. High permittivity

dielectics are used in order to create high contrast and give rise to resonant behaviours.

These structures can be designed to selectively transmit, re�ect, or block electromag-

netic waves over certain frequency bands while allowing passage of others based on

the permittities of the materials used. By carefully engineering the geometrical and

material properties of the dielectric elements, all-dielectric FSSs can achieve desired

electromagnetic responses.
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Figure 2.20: All dielectric FSS homogenization [2].

Periodic dielectric spheres (PDS) located in free space that belong to the category

of all dielectric periodic structures, shown in Figure 2.21, are also investigated in

this study. The S-Parameters are displayed in Figure 2.22. The structure has several

S11 andS21 resonances in the investigated frequency band which is due to the high

contrast between the dielectric constant of the sphere and the air volume around it.

Examples of such structures are given in Chapter 5.

Figure 2.21: Periodic dielectric spheres.
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Table 2.5: Properties of periodic dielectric spheres.

Period (mm) Radius (mm) " r � r

PDS 1.5 0.7 370 1

Figure 2.22: |S-Parameters| for PDS.
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CHAPTER 3

S-PARAMETER RETRIEVAL

3.1 Introduction

Two S-Parameter retrieval methods are investigated in this chapter, namely one-port

S-Parameter Retrieval (OPSPR) and two-port S-Parameter retrieval (TPSPR) meth-

ods. S-Parameter retrieval method, as the name suggests, utilizes the S-Parameters to

obtain the equivalent constitutive parameters. The widely applicable method of TP-

SPR usesS11 andS21 parameters [28]. However this limits the usage of this method

to only two-port materials, which actually is very impractical since many of the pe-

riodic structures with absorbing properties has a metal ground plane backed design.

The metal ground plane backed design that only allows the excitation in one dimen-

sion, that is why they are categorized as one-port materials With this need, another

method based on S-Parameters has been developed in [29], called OPSPR, which only

uses theS11 parameter of the structure i.e. applicable for one-port materials. In this

chapter, since both of the methods are derived with using single mode S-Parameters,

and since for normal incidence both TE and TM mode S-Parameters are the same,

only TE mode calculations and TE mode results are given. Nevertheless, due to the

symmetry for normal incidence, the constitutive parameters and equivalent materials'

S-Parameter results are expected and con�rmed to be identical for both TE and TM

mode excitation.
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3.2 Two-Port S-Parameter Retrieval

Nicolson-Ross-Weir (NRW) method [30], [31] is a widely studied method that is used

to extract the effective constitutive parameters of materials. This method is based on

calculating the effective constitutive parameters by time domain measurement tech-

niques of the S-Parameters. Later on, in [11] the limitation of NRW method related

to the electrical thickness of the measured material is overcomed by a novel way of

branch seeking of the logarithm function. The method investigated in this study, two-

port S-Parameter retrieval (TPSPR) [28], as the name implies, utilizes theS11 and

S21 parameters of the two-port structure for retrieving the effective constitutive pa-

rameters and has the same foundations with NRW method. This method also requires

branch seeking. In [28], the physics convention of phasor formulation,e� j!t is used.

Here, the method is explained using theej!t timer convention and the formulations

are adjusted with the given convention.

The phase index is de�ned as in Equation 3.1 and it can be written in terms of the

effective refractive index,nef f , wave number,k0 and the thickness of the celld as

in Equation 3.2. The S-Parameters at normal incidence,S11
0 andS21

0 are related

to the refractive indexnef f and normalized impedancezef f as in Equation 3.3 and

Equation 3.4, wherer1, is the local re�ection coef�cient that satis�es Equation 3.5.

j� 1i = e� j� 1 (3.1)

� 1 = nef f k0d = ( Re(nef f ) + j [Im (nef f )])k0d (3.2)

S11
0 =

r1(1 � j � 1i 2)
1 � r 2

1j� 1i 2
(3.3)

S21
0 =

(1 � r 2
1)j� 1i

1 � r 2
1j� 1i 2

(3.4)

r1 =
zef f � 1
zef f + 1

(3.5)
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Normalized impedancezef f can be written in terms of S-Parameters as given in Equa-

tion 3.6. The correct sign can be selected for this equation by taking the passive

medium constraints into consideration, asRe(zef f ) � 0. After the value ofzef f is

clari�ed, Equation 3.7 is used to extract the phase index.

zef f = �

s
(1 + S0

11)2 � (S0
21)2

(1 � S0
11)2 � (S0

21)2
(3.6)

j� 1i =
S21

1 � S11
zef f � 1
zef f +1

(3.7)

After the phase index is extracted,nef f can be calculated using Equation 3.8. The

imaginary part ofnef f , Im (nef f ) can be calculated directly. The real part,Re(nef f )

is calculated by selecting the correct branchn of Re(nef f ) based on eliminating dis-

continuities.

nef f =
1

k0d
f [Im (lnj� 1i ) + 2 n� ] + jRe(lnj� 1i )g (3.8)

Finally, " (ef f;r ) and� (ef f;r ) are calculated as Equation 3.9 and Equation 3.10.

" (ef f;r ) =
nef f

zef f
(3.9)

� (ef f;r ) = nef f zef f (3.10)

3.2.1 Single Layer Structures

3.2.1.1 Complex Permittivity Dielectric Slab

In order to show the validity of our algorithm, we extracted the effective constitutive

parameters of a dielectric slab that is known in prior. The analysis is conducted for

a slab of 0.2 mm thickness with" r = 2 � 2j and� r = 1. The extractedzef f and

nef f values are plotted in Figure 3.1 and Figure 3.2 respectively. It can be seen that
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the real part ofzef f satis�esRe(zef f ) � 0 and the imaginary part ofnef f satis�es

Im (nef f ) � 0. Thus passive medium constraints are satis�ed." (ef f;r ) and� (ef f;r )

are plotted in Figure 3.3 and Figure 3.4 respectively. It can be seen that the algorithm

used correctly retrieves the effective constitutive parameters.

Figure 3.1:zef f of dielectric slab for TPSPR.

Figure 3.2:nef f of dielectric slab for TPSPR.
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Figure 3.3:" (ef f;r ) of dielectric slab for TPSPR.

Figure 3.4:� (ef f;r ) of dielectric slab for TPSPR.

3.2.1.2 Square Loop over Dielectric Substrate

A square over dielectric substrate (FR4) (shortly called SL) with dimensions given in

Table 2.1 is investigated. The extractedzef f andnef f values are plotted in Figure 3.5

and Figure 3.6. It can be seen that the real part ofzef f satis�esRe(zef f ) � 0 and the

imaginary part ofnef f satis�esIm (nef f ) � 0. Thus passive medium constraints are

satis�ed. " (ef f;r ) and� (ef f;r ) are plotted in Figure 3.7 and Figure 3.8. The constitutive

parameters are continuous in the investigated frequency band. Real parts of both of

the constitutive parameters are positive which makes this structure categorized as a

double-positive material.
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Figure 3.5:zef f of SL for TPSPR.

Figure 3.6:nef f of SL for TPSPR.
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Figure 3.7:" (ef f;r ) of SL for TPSPR.

Figure 3.8:� (ef f;r ) of SL for TPSPR.

The magnitude and phase of the S-Parameters of SL and its equivalent are plotted in

Figure 3.9 and Figure 3.10. It is observed that the equivalent material estimates the

S-Parameters behaviour of SL properly.
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Figure 3.9: |S-Parameters| for SL and its TPSPR equivalent.

Figure 3.10:\ S-Parameters for SL and its TPSPR equivalent.

3.2.1.3 Complementary Square Loop Over Dielectric Substrate

A complementary square loop over dielectric substrate (CSL), whose dimensions are

given in Table 2.2 is investigated. The extractedzef f andnef f values are plotted in

Figure 3.11 and Figure 3.12 respectively. It can be seen that the real part ofzef f

satis�esRe(zef f ) � 0 and the imaginary part ofnef f satis�esIm (nef f ) � 0. Thus,

passive medium constraints are satis�ed." (ef f;r ) and� (ef f;r ) are plotted in Figure 3.13

and Figure 3.14, respectively.
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Figure 3.11:zef f of CSL for TPSPR.

Figure 3.12:nef f of CSL for TPSPR.
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Figure 3.13:" (ef f;r ) of CSL for TPSPR.

Figure 3.14:� (ef f;r ) of CSL for TPSPR.

The magnitude and phase of the S-Parameters of CSL and its equivalent are plotted

in Figure 3.15 and Figure 3.16. It is observed that the equivalent material mimicks

theS11 behaviour of CSL properly.
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Figure 3.15: |S-Parameters| for CSL and its TPSPR equivalent.

Figure 3.16:\ S-Parameters for CSL and its TPSPR equivalent.

3.2.2 Outcomes of the Two-Port S-Parameter Retrieval Method

Several outcomes has been observed after studying the one-port S-Parameter retrieval

method.

1. The method is applicable to single-layer structures with highly accurate results.

2. The method is applicable to both resonant and non-resonant type structures.
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3.3 One-Port S-Parameter Retrieval

In the design of re�ective periodic structure, a metal cladding is often positioned at

the bottom to ef�ciently re�ect incident waves, while induced currents on the metal

patches within each unit cell stimulate electromagnetic waves. However, obtaining

transmission coef�cients (S21 parameters) for such periodic structures via simulation

or measurement is impractical. The method in [29], called one-port S-Parameter Re-

trieval (OPSPR) utilizes theS11 parameters of the one-port structure for two different

incident angles. The angles used are� 1 = 0 � for normal incidence and� 2 = 10� for

oblique incidence. The angle for oblique incidence is selected with the condition of

incidence angle being close to0� . The scattering matrix is written as Equation 3.11 in

whichE �
nor andE �

obli denote the re�ected electric �eld intensities whileE +
nor andE +

obli

denote the incident electric �eld intensities for normal and oblique incidence cases.

0

@Enor
�

Eobli
�

1

A =

0

@S11
� 1 0

0 S11
� 2

1

A �

0

@Enor
+

Eobli
+

1

A (3.11)

The main idea of this method is that for incidence angles close to� 1 = 0 � the quasi-

one-port network model, illustrated in Figure 3.17 would still be valid. Thus the

phase index,j� 1i = e� j� 1 , of the parameters would be approximately equal, i.e.

j� 1i � j � 2i . Zef f denoted in Figure 3.17 is the effective impedance andr1 is the local

re�ection coef�cient. The detailed formulation of this method is explained below.
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Figure 3.17: Quasi-one-port network model of the re�ective unit cell.

Remember that the phase index is de�ned as in Equation 3.12 and it can be written in

terms of the effective refractive index,nef f , wave number,k0 and the thickness of the

cell d as in Equation 3.13.nef f is expressed in Equation 3.26.nef f is related to the

effective constitutive parameters as in Equation 3.14.

j� 1i = e� j� 1 (3.12)

� 1 = nef f k0d = ( Re(nef f ) + j [Im (nef f )]k0d (3.13)

nef f =
p

" (ef f;r ) � (ef f;r ) (3.14)

For normal incidence, i.e.� 1 = 0 � , S11
� 1 can be written as Equation 3.15.zef f denotes

the normalized effective impedance of the cell where Equation 3.16 and Equation 3.17

holds. Also, the relation betweenr1 andzef f is given in Equation 3.18.

S11
� 1 =

r1 � j � 1i 2

1 � r1j� 1i 2 (3.15)
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zef f =
Zef f

Z0
(3.16)

zef f =
r

� (ef f;r )

" (ef f;r )
(3.17)

r1 =
zef f � 1
zef f + 1

(3.18)

When the incidence angle is set to� 2; (� 2 6= � 1), the phase indexj� 2i = e� j� 2 can be

written as in Equation 3.19 in terms of the refraction angle� T , where� 2 and� T are

related to each other through Snell's law in Equation 3.20.

� 2 =
nef f k0d
cos� T

(3.19)

sin� 2 = nef f sin� T = ( "ef f � ef f )1=2 sin� T (3.20)

If the angle of incidence� 2 is suf�ciently small and, concurrently, if the permittivity

chosen for the dielectric is adequately large,sin� T approaches zero. Consequently,

� 2 closely approximates� 1 and we can assume thatj� 1i � j � 2i . Then,S11
� 2 can be

expressed as in Equation 3.21, wherer2 is expressed as in Equation 3.22. Recall that

when the incident angle becomes0� , Equation 3.22 becomes Equation 3.18.

S11
� 2 �

r2 � j � 1i 2

1 � r2j� 1i 2 (3.21)

r2 =
cos� 2 �

q
1

z2
ef f

� sin2 � 2

cos� 2 +
q

1
z2

ef f
� sin2 � 2

(3.22)

An equation set is composed as Equation 3.23 and Equation 3.24 that relates the S-

Parameters tozef f .
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zef f = �

r
W + 1
W � 1

(3.23)

W =
S11

� 2 � S11
� 1

1 � S11
� 1 S11

� 2
+

1 � S11
� 1 S11

� 2

S11
� 2 � S11

� 1
�

(1 � S11
� 1 )(1 + S11

� 2 ) cos� 1

(1 � S11
� 1 S11

� 2 )(S11
� 2 � S11

� 1 ) cos� 2

(3.24)

Then, the equation set is solved for the values ofzef f . The procedure for deter-

mining the acceptable values ofzef f is outlined. Typically, S-parameters can be

acquired through experimental measurements or simulations. Consequently, W in

Equation 3.24 is a prede�ned parameter. By imposing the conditionRe(zef f ) � 0, as

the unit cell being analyzed constitutes a passive medium, we can establish the signs

in Equation 3.23 andr1 is deduced from Equation 3.18.

The value ofj� 1i can be expressed in terms ofr1 andS11
� 1 as in Equation 3.25.

j� 1i 2 =
r1 � S11

� 1

1 � r1S11
� 1

(3.25)

The the real and imaginary parts ofnef f are calculated by Equation 3.26. Notice

that Equation 3.8 and Equation 3.26 are slightly different since for OPSPRj� 1i 2

is utilized while for TPSPRj� 1i is utilized. Re(nef f ) has a logarithmic branching

issue wheren is an integer representing the index of the selected branch. The correct

branch is selected such that there are no discontinuities inRe(nef f ). Note that in

consideration of the expression ofj� 1i , there should be a restriction forIm (nef f )

thatIm (nef f ) � 0 so that there is attenuation in the direction of propagation. Finally,

" (ef f;r ) and� (ef f;r ) are calculated by Equation 3.9 and Equation 3.10.

nef f =
1

2k0d
f [Im (lnj� 1i 2) + 2 n� ] + jRe(lnj� 1i 2)g (3.26)

First, the method is applied to a one layer periodic structure. Then, in order to observe

the effects of number of layers, it is applied to a multilayer periodic structure. Finally,

in order to investigate the bandwidth in which the formulation is valid, the method is

applied to a structure with wide-band absorbing characteristics.
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3.3.1 Single-Layer Structure

3.3.1.1 Complementary Square Loop over Dielectric Substrate with Ground

Plane

A single-layer, one-port complementary square loop over dielectric substrate with

ground plane, i.e. grounded complementary square loop (GCSL) with dimensions

given in Table 2.3 is investigated. The parameters are retrieved usingS11 values for

� = 0 � , 10� which are given in Figure 3.18 and Figure 3.19 magnitude and phase

wise.

Figure 3.18: |S11| for GCSL at� = 0 � ,10� .

Figure 3.19:\ S11 for GCSL at� = 0 � ,10� .
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The extractedzef f and nef f values are plotted in Figure 3.20 and Figure 3.21 re-

spectively. It can be seen that the real part ofzef f satis�es Re(zef f ) � 0 and the

imaginary part ofnef f satis�esIm (nef f ) � 0. Thus passive medium constraints are

satis�ed. " (ef f;r ) and� (ef f;r ) are plotted in Figure 3.22 and Figure 3.23. It can be seen

that there is a resonance behaviour in the real part of� (ef f;r ) at the frequency ofS11

resonance of the structure. Also it can be seen that the imaginary parts of both" (ef f;r )

and� (ef f;r ) are around zero except the frequencies around the resonance.

Figure 3.20:zef f of GCSL for OPSPR.
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Figure 3.21:nef f of GCSL for OPSPR.

Figure 3.22:" (ef f;r ) of GCSL for OPSPR.

Figure 3.23:� (ef f;r ) . of GCSL for OPSPR.
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The magnitude and phase of theS11 parameters of GCSL and its equivalent are plotted

in Figure 3.24 and Figure 3.25. It is observed that the equivalent material estimates

theS11 behaviour of GCSL properly.

Figure 3.24: |S11| for GCSL and its OPSPR equivalent.

Figure 3.25:\ S11 for GCSL and its OPSPR equivalent.

3.3.2 Multi-Layer Structures

3.3.2.1 Radar Absorbing Composite Structure

In this part, a four-layer, one-port structure called RACS, illustrated in Figure??and

the dimensions of the structure given in Table 2.4, is investigated. The parameters are
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retrieved usingS11 values for� = 0 � , 10� . For � = 0 � ,10� the magnitude and phase

of S11 is plotted in Figure 3.26 and Figure 3.27.

Figure 3.26: |S11| for RACS at� = 0 � ,10� .

Figure 3.27:\ S11 for RACS at� = 0 � ,10� .

The extractedzef f and nef f values are plotted in Figure 3.28 and Figure 3.29 re-

spectively. It can be seen that the real part ofzef f satis�es Re(zef f ) � 0 and the

imaginary part ofnef f satis�esIm (nef f ) � 0. Thus passive medium constraints are

satis�ed. " (ef f;r ) and� (ef f;r ) are plotted in Figure 3.30 and Figure 3.31. The constitu-

tive parameters do not exhibit resonant type behaviour and it can be explained by the

wide-band nature of the multilayer structure.
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Figure 3.28:zef f of RACS for OPSPR.

Figure 3.29:nef f of RACS for OPSPR.
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Figure 3.30:" (ef f;r ) of RACS for OPSPR.

Figure 3.31:� (ef f;r ) of RACS for OPSPR.

The magnitude and phase of theS11 parameters of RACS and its equivalent are plotted

in Figure 3.32 and Figure 3.33. It is observed that the equivalent material mimicks

theS11 behaviour of RACS properly.
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Figure 3.32: |S11| for RACS and its OPSPR equivalent.

Figure 3.33:\ S11 for RACS and its OPSPR equivalent.

3.3.3 Outcomes of the One-Port S-Parameter Retrieval Method

Several outcomes has been observed after studying the one-port S-Parameter retrieval

method.

1. The method is applicable to both single-layer and multi layer structures.

2. The method is valid in a wide frequency band.

3. For single layer structures, resonant type effective constitutive parameters are

obtained, whereas for multilayer wide-band structures, effective constitutive
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parameters are non-resonant.
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CHAPTER 4

GENERALIZED SHEET TRANSITION CONDITIONS BASED RETRIEVAL

4.1 Introduction

This method, named generalized sheet transition conditions (GSTCs) based retrieval

(GSTCBR) [9], [3], is developed to be used for meta�lms/metasurfaces i.e. 2D struc-

tures. However, it can also be applied to 3D periodic structures, even in multilayer

structures as presented in [15]. Details about this method is given, and the results are

given in this chapter.

A meta�lm, is a 2D version of a metamaterial, that consists of a surface arrangement

of electrically small scatterers. As mentioned before, and explained thoroughly in

Chapter 3, the primary method for modeling periodic structures is through effective-

medium theory, which involves averaging the electric and magnetic �elds over a unit

cell within the metamaterial structure with the help of S-Parameters. This averaging

yields effective permittivity and permeability, determining the refractive index of the

metamaterials. When employed correctly, the effective-medium approach offers a

self-consistent and distinct method for characterizing periodic structures.

GSTCs are principles within metasurface theory that rely on the transverse suscepti-

bility tensor [32]. A metasurface acts as a discontinuity in the electromagnetic �eld

and can be thought of as an array of Huygens sources. Consequently, traditional

boundary conditions are inadequate to fully describe its behavior; hence, GSTCs are

necessary for accurate modeling. These conditions de�ne how the metasurface's

structure relates to the incidence, re�ection, and transmission of electromagnetic

waves. They also establish connections between the surface equivalent polarization

tensor, magnetization tensor, and the electromagnetic �elds on both sides of the meta-
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surface.

In [33], it was demonstrated that surface susceptibilities represent unique proper-

ties of a meta�lm, making them the most suitable means of characterizing this type

of metasurfaces. Conceptually, the metasurface behaves like an in�nitesimal sheet,

causing a phase shift and potentially altering the amplitude of interacting wave �elds.

Scattering by such a metasurface is best understood through GSTCs, in contrast to

the effective-medium description used for metamaterials. The coef�cients within the

GSTCs for a given metasurface encompass all necessary parameters for modeling its

interaction with an electromagnetic �eld. In this approach a meta�lm is modeled as

an effective medium with thicknessd, as illustrated in Figure 4.1.

Figure 4.1: Representing a meta�lm as an effective medium with thicknessd [3].

The GSTCs relating the electromagnetic �elds on both sides of the meta�lm are given

as in Equation 4.1 and Equation 4.2. These relations are a speci�c cases of universal

boundary conditions on material sheets at rest which is explained in detail in [34] and

both sides in the equations signify the surface current densities.

âz � �H j0
+

z=0 � = j!" 0
$
� ES � �E t;av jz=0 � âz � r t [� zz

MSHz;av]z=0 (4.1)

�E j0
+

z=0 � � âz = j!� 0
$
� MS � �H t;av jz=0 + âz � r t [� zz

ESEz;av]z=0 (4.2)

Eav =
1
2

[E jz=0 � + Ejz=0 + ] (4.3)
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Hav =
1
2

[H jz=0 � + H jz=0 + ] (4.4)

The left side of these expressions represents the jump (or difference) in the tangen-

tial components of the �elds on either side of the meta�lm, and the subscript “av”

represents the average of the �eld on either side of the meta�lm, expressed as in

Equation 4.3 and Equation 4.4. The subscriptt signi�es components that are perpen-

dicular to the z-axis, whilêaz represents the unit vector pointing in the z-direction

(normal to the surface). The parameters
$
� ES and

$
� MS represent the dyadic surface

electric and magnetic susceptibilities, respectively. These parameters are measured in

meters and describe the electric and magnetic polarizability densities of the scatterers

per unit area.

The low-frequency behavior for the case of normal incidence in investigated. The

surface electric and magnetic susceptibilities,� ES and� MS are calculated in terms

of transmission and re�ection parameters as given in Equation 4.5 to Equation 4.8.

The electric and magnetic susceptibilities are in dyadic form, however due to the

orientation of the structures investigated, and the angle of incedence being� = 0°, the

zz component is irrelevant for the application in this study. Also, due to the symmetry

the xx andyy components give numerically identical results, i.e.� xx
ES = � yy

ES and

� xx
MS = � yy

MS .

� xx
ES =

2j
k0

S11
0
T M + S21

0
T M � 1

S11
0
T M + S21

0
T M + 1

(4.5)

� yy
ES =

2j
k0

S11
0
T E + S21

0
T E � 1

S11
0
T E + S21

0
T E + 1

(4.6)

� xx
MS =

2j
k0

S11
0
T E � S21

0
T E + 1

S11
0
T E � S21

0
T E � 1

(4.7)

� yy
MS =

2j
k0

S11
0
T M � S21

0
T M + 1

S11
0
T M � S21

0
T M � 1

(4.8)

With the given formulations until now, in order to retrieve the surface electric and

53



magnetic susceptibilities, both re�ection (S11) and transmission (S21) coef�cients are

needed. Nevertheless, in [15], the equations are adapted to re�ection only structures,

i.e. metal backed structures. The formulations, derived for normal incidence, are

adjusted via eliminating the transmission coef�cientsS21 by assigning them the value

0. The formulations to be used in metal backed structures are given in Equation 4.9

and Equation 4.10.

� ES =
2j
k0

S0
11 � 1

S0
11 + 1

(4.9)

� MS =
2j
k0

S0
11 + 1

S0
11 � 1

(4.10)

The formulation for low-frequency behavior for the case of normal incidence, given

in Equation 4.5 to Equation 4.8 are derived from the generalized equations that also

take the incidence angle� as a parameter. The general expressions of re�ection and

transmission coef�cients given in [14] for both TE and TM polarized plane waves

are given in Equation 4.11 to Equation 4.14. In this thesis, for oblique incidence

case in Chapter 4.3, these four equations are solved together with the assumption,

� xx
ES � � yy

ES and� xx
MS � � yy

MS . Also the one-port adjustment is made via eliminating

the transmission coef�cientsS21 by assigning them the to zero.

S11
�
T E =

� j k0
2 cos� (� yy

ES + � zz
MS sin2 � � � xx

MS cos2 � )

1 � ( k0
2 )2� xx

MS (� yy
ES + � zz

MS sin2 � ) + j k0
2 cos� (� yy

ES + � xx
MS cos2 � + � zz

MS sin2 � )
(4.11)

S11
�
T M =

� j k0
2 cos� (� xx

ES cos2 � � � yy
MS � � zz

ES sin2 � )

1 � ( k0
2 )2� xx

MS (� yy
ES + � zz

MS sin2 � ) + j k0
2 cos� (� yy

ES + � xx
MS cos2 � + � zz

MS sin2 � )
(4.12)

S21
�
T E =

1 + ( k0
2 )2� xx

MS (� yy
ES + � zz

MS sin2 � )

1 � ( k0
2 )2� xx

MS (� yy
ES + � zz

MS sin2 � ) + j k0
2 cos� (� yy

ES + � xx
MS cos2 � + � zz

MS sin2 � )
(4.13)
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S21
�
T M =

1 + ( k0
2 )2� xx

ES (� yy
MS + � zz

ES sin2 � )

1 � ( k0
2 )2� xx

MS (� yy
ES + � zz

MS sin2 � ) + j k0
2 cos� (� yy

ES + � xx
MS cos2 � + � zz

MS sin2 � )
(4.14)

The generalized relations between the S-Parameters and surface susceptibilities are

valid and they are independent of the structure's thicknessd. As stated in [3], it is

shown in [35] that a thin homogeneous slab can be modeled as a meta�lm whose

surface susceptibilities are given as Equation 4.15 and Equation 4.16. Thus, with this

method the effective constitutive parameters can be retrieved using the electric and

magnetic susceptibility formulations derived based on GSTC for each of the speci�c

cases. It should be taken into consideration that" (ef f;r ) and� (ef f;r ) calculated using

the given formulation depend on the thicknessd. Notice that the calculated surface

susceptibilities by this method are unique, however the effective constitutive param-

eters are not. In this thesis,d is selected as the structures own thickness value for 3D

structures when calculating the effective constitutive parameters. For 2D structures,d

is selected such that the accuracy limitations of the method are satis�ed. The details

on the limitations are given in the next paragraph.

� ES
xx;yy = d(" (ef f;r ) � 1) ! " (ef f;r ) =

� ES
xx;yy

d
+ 1 (4.15)

� MS
xx;yy = d(� (ef f;r ) � 1) ! � (ef f;r ) =

� MS
xx;yy

d
+ 1 (4.16)

The GSTCs based retrieval method has an accuracy limitation. In [3], a slab of thick-

nessd with " r = 20 and� r = 2 is investigated. The comparison of analytical results

to the GSTC model is studied. The re�ection coef�cientS11 of a dielectric slab is

calculated analytically. Afterwards, it is compared to theS11 value obtained using

the relative constitutive parameter values in Equation 4.15 and Equation 4.16 to ob-

tain the surface susceptibilities, then using the surface susceptibility values in Equa-

tion 4.11 and Equation 4.12. The result illustrated in Figure 4.2 indicates that when

k0dp " (ef f;r ) � (ef f;r ) < 1, the re�ection coef�cient determined using the GSTC model

reliably estimatesS11 for a thin material slab. Similarly, it is stated that the compari-

son between exact and GSTC approximate values forS21 reveals a comparable level
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