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ABSTRACT This paper investigates the formation control of multiple heterogeneous quadrotor unmanned
aerial vehicles (UAVs). The research focuses on developing a distributed robust formation control strategy
to effectively manage the translational and attitude motions of the UAVs utilizing an active virtual leader.
The communication of each agent in a connected environment is represented by a directed graph. To
align with real applications, only a minimum of one agent is required to connect with the leader. The
challenge associated with controlling systems is more complicated by the inherent heterogeneity of UAVs,
characterized by variations in their model parameters and the presence of external disturbances in the system
dynamics. A robust term is proposed to handle time-varying disturbances added to the closed-loop systems.
A comprehensive mathematical proof and numerical illustrations are provided to validate the efficacy of the
proposed formation control strategy.

INDEX TERMS quadrotor, unmanned aerial vehicles, distributed robust control, formation control,
external disturbances.

. INTRODUCTION 1) Literature Review and Motivation

HE advent of cyber-physical systems represents a novel One crucial aspect of control design lies in addressing non-

paradigm, driven by the rapid progress of cutting- linearities within both translational and attitude dynamics. A
edge technologies within the fields of industrial autonomous conventional approach involves employing a linear controller
systems. A key focus within this domain, driving signifi- tailored to a linearized dynamic model, which is applicable
cant technological advancements, is the facilitation of au- only in spgciﬁc scenarios. Alt§rnatiye methods~suc:fh as lin-
tonomous operation and cognitive capabilities in a networked ear quadratic (LQ) and propomonal-1ntegra1-der1vat1ve (PID)
setting for a collaborative ensemble of multiple quadrotors control were developed to address tracking control problems

[1]-{3]. Diverse conditions have yielded numerous insightful 10 UAVS, as disgussed in [6]-[10]. To handle the corpplete
findings, yet the overarching goal persists in formulating ~ nonlinear operational spectrum of UAVs, the adoption of
robust control systems for cooperative Unmanned Aerial a nonlinear controller featuring feedback linearization be-

Vehicles (UAVs) navigating real-world environments. comes imperative, as highlighted in [11]. Due to the existence
of nonlinear dynamic uncertainties and external disturbances

in UAVs, the need for advanced control strategies becomes
apparent.

Robust control and adaptive control emerge as two preva-
lent strategies for managing nonlinear functions fraught
with parametric uncertainties. Robust control handles the
unknown nonlinear terms by dominating them with some

Quadrotors find extensive utility across various applica-
tions, particularly in hazardous contexts where human in-
tervention proves challenging. These utilizations encompass
tasks such as the decommissioning of nuclear facilities, the
capture of geospatial imagery, monitoring volcanic activities,
and the implementation of precise techniques in agriculture

(41, 151 robust terms to maintain the closed-loop system. A case in
this point can be found in [12]-[14], where a robust nonlinear
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sliding mode control (SMC) technique was utilized to tackle
the trajectory tracking difficulties associated with the atti-
tude dynamics of an individual UAV, particularly to handle
disturbances and unknown parameters. Further interesting
applications of robust control were investigated in [15]—-[18].

Meanwhile, adaptive control techniques were employed
to handle nonlinear dynamics with uncertain parameters and
the presence of external disturbances. Pertinent works in this
domain to deal with unknown constant parameters can be
found in [19], [20]. Model-free adaptive SMC was developed
for tilt trirotor in [21]. Extended model reference adaptive
control (MRAC) was studied in [22] for UAVs to handle
unknown inertia parameters. Other applications of adaptive
schemes for UAVs were developed in [23], [24].

Similar to the individual setting, the presence of parametric
uncertainties and unknown disturbances also cause signif-
icant challenges in formulating effective control protocols
in a collaborative setting. To address these challenges, both
robust and adaptive control methodologies are also frequently
employed. Some studies using robust control approaches
were proposed in [25], [26]. Meanwhile, investigations into
adaptive control techniques for collaborative settings have
yielded interesting outcomes, as studied in [27].

There are two distinct lines of control strategies employed
in collaborative control as discussed in [28]. The first ap-
proach is centralized control, where a central unit formulates
control input for every agent utilizing the comprehensive
global information available within the network. However,
this method incurs higher implementation costs. The second
strategy is distributed or decentralized control, where each
agent autonomously generates its controller without rely-
ing on global network information. In this scenario, local
control protocols are devised by individual agents based on
information received from connected neighbors. Distributed
control is considered more practical for real-world settings,
especially when dealing with resource-constrained agents.
Nevertheless, designing such controllers poses a greater chal-
lenge, particularly in systems characterized by uncertainties.
Additionally, in cases where the system operates within a
directed network, the Laplacian matrix becomes asymmetric,
introducing significant complexity to the problem at hand.

Linearizing the system dynamics of each UAV in a net-
worked environment is also one method proposed to maintain
the cooperative control of multi-UAVs. The idea is to sim-
plify the control problem in the closed loop systems, hence a
linear cooperative control strategy can be extended to main-
tain the agent. One study for a consensus control for multi-
UAVs in this approach can be found in [29], [30]. Several
control strategies were investigated by simplifying the non-
linear dynamics [31]-[33]. Also, these approaches avoided
the complexities associated with designing controllers in the
presence of external disturbances. A robust control scheme
was introduced in [34] to deal with nonlinear dynamics, even
in the absence of external disturbances. This approach was
evaluated through experimental tests, validating its efficacy
and applicability in practical settings.
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Leader-follower formation control for multi-UAVs was
developed in [35] without linearizing the nonlinear dynam-
ics. However, the challenging parts of cooperative control
problems were avoided, where all followers connected to the
leader. Moreover, the control problem is simplified by the
absence of external disturbances in the closed-loop systems.
More advanced control approaches were developed in [36]-
[38]. The nonlinear terms of the dynamical model are con-
sidered in the proposed design. However, the influence of
external disturbances was not taken into consideration.

SMC was extended for leader-follower consensus control
in [39] without disturbances. However, this approach is appli-
cable in a decentralized fashion only within specific scenar-
ios, where the control input values of connected neighbors are
essential for generating the local control input of each agent.
In [40], distributed nonlinear formation control was devel-
oped for multiple UAVs without disturbances under switch-
ing topology. Nonlinear cooperative control of multi-UAVs
was explored nonlinear cooperative control for multi-UAV
systems without external disturbances employing extended
observer and neural networks in [41] and using integrated
backstepping control and finite-time control in [42].

A more complicated scenario focused on devising a dis-
tributed control scheme capable of managing uncertain pa-
rameters in the absence of external disturbances was investi-
gated in [43]. Recently, a predefined time formation control
protocol was developed to handle unknown disturbances in
[44]. Another robust scheme for tracking control of UAVs
was explored in [45]. The tracking formation control was
effectively achieved by each agent. However, the simulation
results revealed the presence of steady-state chattering in
control inputs. This phenomenon is a common occurrence
in robust control designs dealing with external disturbances.
From the above review, designing a distributed controller
for multiple nonlinear UAVs in the presence of external
disturbances escalates the complexity of the control problem.
Developing a suitable control protocol is essential to effec-
tively tackle this issue.

2) Contribution and Paper Structure
This paper presents a distributed robust strategy aimed at
achieving leader-follower formation consensus among multi-
ple UAVs within a directed network. The contribution of this
work lies in its ability to address the diverse characteristics
inherent in each UAV, caused by various parameters of the
dynamical model. In real-world applications, UAVs often
possess unique physical properties, such as different sizes,
weights, and propulsion systems, leading to variations in
their dynamics. Managing these differences is crucial for
effective collaboration and coordination among UAVs, par-
ticularly in formation flight scenarios where precise control
is essential. To this end, the proposed control mechanism
is designed to accommodate the inherent diversity of multi-
UAV systems, ensuring robust performance across a range of
operating conditions.

Moreover, the proposed design demonstrates robustness

VOLUME 4, 2020



This article has been accepted for publication in IEEE Access. This is the author's version which has not been fully edited and

content may change prior to final publication. Citation information: DOI 10.1109/ACCESS.2024.3390183

IEEE Access

Imil Hamda Imran et al.: Distributed Robust Formation Control of Heterogeneous Multi-UAVs with Disturbance Rejection

against unknown time-varying external disturbances affect-
ing both translational and rotational dynamics. In practical
UAV missions, environmental factors such as wind gusts,
and turbulence can introduce disturbances that affect the
stability and performance of the control system. Address-
ing these disturbances is critical for achieving reliable and
accurate formation control. The proposed control protocol
employs robust control techniques to mitigate the effects of
such disturbances, thus enhancing the overall robustness and
effectiveness of the multi-UAV system.

It is important to note that the control architecture op-
erates without reliance on global state information, lever-
aging specific individuals or designated agents with access
to the leader and connected neighbors. In large-scale UAV
networks, obtaining and maintaining global state informa-
tion can be challenging due to communication constraints,
being expensive in applications, and limited computational
resources. By decentralizing the control scheme, the sug-
gested approach offers flexibility and adaptability to dynamic
environments.

An extended approach is employed to reduce the chattering
issue often encountered in conventional SMC, achieved by
approximating the non-smooth function with a robust rep-
resentation, thus attenuating chattering within the proposed
controller. Chattering, characterized by non-smooth control
inputs, can lead to mechanical wear and instability in UAV
systems, compromising performance and safety. The pro-
posed method improves upon conventional SMC techniques
by introducing a smoother function while preserving the
robustness properties inherent in SMC.

The contribution of this scheme is further emphasized
within the context of a directed graph network, where the
associated Laplacian matrix lacks symmetry. This asymmetry
elevates the complexity involved in designing distributed
controllers, necessitating more generalized communication
between each agent and the leader. In practical UAV net-
works, communication links may exhibit asymmetric char-
acteristics due to varying signal strengths and network topol-
ogy. The suggested approach accounts for these asymmetries
in communication channels, ensuring effective information
exchange and coordination among multi-UAVs within the
network.

These contributions collectively highlight the robust and
distributed nature of the control strategy, demonstrating its
applicability and effectiveness in the formation control of
multi-UAVs. By addressing the challenges of heterogeneous
dynamics, unknown disturbances, and asymmetric commu-
nication networks, the proposed control protocol offers a
solution for achieving reliable and precise formation control
among heterogeneous multiple UAVs.

The subsequent sections of this paper are structured as
follows. Section II introduces the dynamical model of UAVs.
Subsequently, Section III presents the proposed tracking con-
trol design, accompanied by a stability analysis encompass-
ing both the outer and inner loop of the UAVs. In Section IV,
the efficacy of the proposed design is evaluated through the
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presentation of numerical analyses and simulation results.
Finally, Section V summarizes the paper and offers brief
recommendations for future research directions.

Il. SYSTEM DYNAMICS OF MULTIPLE UAVS
A. TRANSLATIONAL DYNAMICS
Consider the translational dynamics of the i-th UAV or agent
i represented by
U,

ﬁpi = (_g+5zi)28+<]tizemia (1)
or
i = w, @)
m;
iji = wy, — 3)
m;
5= —g+ 0. +w, 2 4)
m;
where

Mp; = [fUz Yi Zi]T
o o 1

cos 6; cos Y;

cos 6; sin ¥;
—sin (9,

Ze =

sin ¢; sin #; cos ¥; — cos ¢; sin ¥;

sin ¢; sin ; sin ¥; + cos ¢; cos ¥;
sin ¢; cos 6;

Ji, =

i

cos ¢; sin 6; cos 1; + sin ¢; sin ¥;
€oS ¢; sin 0; sin ¥; — sin ¢; cos ¥;
cos ¢; cos 0;
Wy, = COS ¢; sin 6; cos ; + sin ¢; sin Y,
Wy, = €OS ¢; sin 0; siny; — sin ¢; cos Y;
w,, = COS ¢; cos b;.

The translational position of UAV i represents by z; € R,
y; € R, and z; € R. The mass of agent ¢ and gravitational
acceleration are denoted by m; € R and g € R, respectively.
Note that the values of ¢; and 6; are in between -5t 3,
thus cos ¢; # 0 and cos 6; # 0, Therefore, J; = thl.

The external disturbance is denoted by 4, (t) € R satisfy-
ing Assumption 1.

Assumption 1: The translational dynamics of the UAV
experience external disturbances such that |d,, ()] < d.,,
where d, is a constant.

The disturbance ¢, (t) is unknown for feedback control de-
sign. Hence, addressing uncertainties using the full feedback
linearization method is not a straightforward application.

A graph G = {V,E} represents the network topology,
where V = {1,2,--- ,n} is a finite non-empty set of nodes
and £ C V x Vis the set of directed edges. Matrix A = [a;;]
represents adjacency matrix such that a;; > 0 if the edge
(4, i) € €, i # j. The weight in-degree of node 4 as i-th row
sum of A is denoted by D, where d; = Z;L:L#j a;; and
D = diag ([d1 dy]) € R™*". The Laplacian matrix
representing the communication network is denoted by L,
where L = D — A. The communication between the leader
and followers is represented by B = diag ([bl bn])
where b; > 0 the weight from agent ¢ to the leader.
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The translational dynamics (2),(3), and (4) can be written
in compact form as follows

= wym luy (®)]
§=wym™ uy 6)
F= 1,40, +w.m My )
where
T = [ml azn]T cR"”
y= [ Y] €R"
z = [zl an e R"
w, = diag ([wy, - wg,]) ER™™
w, = diag ([wy, wy,]) € R™"
w, = diag ([w., w,,]) € R™*"
m = diag ([m1 my]) € RM*"
U [%:1 utn]T e R"
5, = [0, 5.,]  €R™
1,=1 1]"eR"

There exists a virtual leader connected at least to one
follower. Its translational states are represented by zg € R,
1o € R, and 2y € R. This virtual leader has some constraints
stated in the following assumption.

Assumption 2: The dynamics of a virtual leader is bounded
such that ||Zo]| < Zm, ||TJoll < Ym. and ||Z0]| < 2, Where
T, Ym, and z,, are some known constants.

B. ATTITUDE DYNAMICS
The attitude dynamics of the ¢-th UAV (agent i) are repre-
sented by

¢z = w(})i f(bi + wiiﬂﬁi + 5¢z‘ @®)

0; = wg, fo, + wp, 7o, + S, 9)

¢i = wéﬁ fwi + wii/]—wi + 51117‘, (10)

where
I, — I, ., 1
Wo, = T Jou = Ot wy = 7
I, —1I,. . 1
1 Z; x; 2

wy, = ———, fo, = ¢, wy, = —
Iyi e Iyi
I, — 1
w}m = 1T7 fwl (bzez; wwl Iz

The orientation angles of UAV ¢ composed of roll, pitch,
and yaw are represented by ¢; € R, 0; € R, and 9; € R,
respectively. The torques acting on the body frame of attitude
dynamics are denoted by 74, € R, 79, € R, and 7y, € R.
The inertia parameters of agent ¢ are represented by I,,
I, and I,,. The inertia parameters can differ for each UAV,
indicating that the multiple UAV system examined in this
paper belongs to the category of heterogeneous multi-agent
systems (MASs).

An external disturbance is added to every attitude state
of agent ¢ denoted by d4, € R, dp, € R, and oy, € R

4
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to represent practical setting. These external disturbances
satisfy the following assumption.

Assumption 3: The external disturbances influencing rota-
tional dynamics satisfy the following inequalities

Y

where dg,, dg, and d;, are some constants.

Similar to translational dynamics, d4,, Jg,, and J, are
not available for the feedback control design. Hence, a full
feedback linearization method cannot be straightforwardly
applied to maintain multi-UAV motion.

The attitude dynamics (8), (9), and (10) can be written in
compact forms

(b. = wéf¢ + ’LU(%T¢ —+ 5¢
0 = wy fo + wyTe + o

) = wl fy +wiTy + 8y (12)
where
6= [¢1 ¢)" € R"
0= [0 6,])" € R"
W ¥n] €R™

H
=

g
<=
Il
[N (=N o o
=
o
oQ
N N NN NN
~
&

S
S
I
o
=
o
aQ

r1 Tn

I —1s 1,1,
1 1 n] n]) c Ran

Y1 Yn

Loy — 1y, nxn
Lot D eR

[Ty, —1I., Iy, —1I., nxn
L= - cR

Q§—l
I

wi = diag [i Lln}) c R
w? = diag % %D c R
wi = diag _Iil D e R™"
fo= 10141 - 9n¢n] €R"

fo= [él% én%z]T ER”
fo=I01010 - 0] R

Ty = [T¢1 7'¢"]T e R"

70 = |10, Tgn]T eR"”

Ty = [Td,l Twn]T e R
5p=[04, -+ J4,] €R"

59 = [0g, -+ g,] €R"

6p = [0y, -+ dy,] ER™

The orientation angles of the virtual leader composed of
roll, pitch, and yaw are represented by ¢¢ € R, 6y € R, and
Py € R, respectively. Similar to the translational dynamics,
the rotational dynamics of the leader satisfy the following
assumption.

Assumption 4: The dynamics of a virtual leader is bounded
such that ||¢o|| < Gm. [|0o]| < O, and [|¢ho]| < 1y, where
®m>» Om, and 1, are some known constants.
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The communication network in this paper is represented
by a general directed graph satisfying the following assump-
tions.

Assumption 5: The network architecture of the followers
consists of at least one directed spanning tree and the leader
is linked to at least one agent.

The Laplacian matrix L representing the network topology
contains at least one eigenvalue equal to zero, while the
remaining eigenvalues have positive real parts. The commu-
nication between the leader and agent ¢ is represented by a
diagonal B matrix. At least one of the elements of B has a
positive real part under Assumption 5. Under this situation,
L and B are positive semi-definite matrices.

lll. PROPOSED CONTROL DESIGN
A. TRANSLATIONAL CONTROL DESIGN
The tracking errors of formation control are defined by

n

€y, = Z al-j(xj — Cﬂi) + bl(Io — ZL’Z)
J=1i#j
— D (&, — &) = bik, (13)
J=1,i#j
€y; = Z aij(y; — yi) + bi(yo — yi)
J=1,ij
= D ayléy, — &) — bk, (H
J=1,ij
€ = Z aij(z; — i) + bi(20 — 2)
=L
- Z a/ij(ng - é-zl) - b’ié-Zou (15)
J=Li#j

where &, &,,, and &, are some constants representing the
desired distances between agent 7 and its neighbour. The
desired distances between the leader and followers are rep-
resented by constants &, , &y, ,, and &, , respectively. These
variables are added in the tracking control to represent the
formation shape and to avoid collision between each agent.
The objectives of formation control are expressed by

lim e, (t) =0 (16)
T—00
IILII;O ey (t) =0 (17)
lim e, (t) =0, (18)
T—0o0

The above errors can be written in the following compact
forms

ez = —(L+ B)(z — 1,20) + L&, — BEy, (19)
Cy = 7(L =+ B)(y - 1ny0) + Léy - Bgyg (20)
€z = _(L+B)(Z_ 1nZO)+L£z _szo, (21)

where
1" eR"
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ez = [ea, ez,] €R"

ey = [eyl eyn]T e R"

e, = [ezl eznr cR"

gz = [f:vl fln]T eR"

&y = [§y1 €y7L]T €R"

& =6 &,] er”
facg = {gwwol meon]T € R"
£y0 = {ﬁyyol €yyon}T eR"
§z0 = |:£Zz0 gzzony’ e R"

The formation control of second-order translational dy-
namics under ideal conditions i.e. without uncertainties
can be achieved by applying the following controllers The
second-order dynamics of (19), (20), and (21) can be written
as

i =Tgbs+ Tayer (22)
j=Tyé,+Tye, (23)
i=T. ¢ +T,e., (24)
where

Iy, = diag ([Ta,, Ly, ]) e R

Iy, = diag ([T, [y, ]) € R™*"

Iy, = diag ([Ty,, Ly, ]) e R

Iy, = diag ([Ty,, Ty, ]) € R™"

I, =diag ([T-,, r.,.]) e R

I, = diag ([T-,, T, ]) e R™",

where I';,, T'z,, T'y,, T'y,, T2, and I',, to be diagonal
positive-definite matrices.

The dynamics (22), (23), and (24) can be rewritten in the
distributed form as follows

I = lei €y, + Fmi €, (25)
Ui = Fyli €y, + Fyzi Cy; (26)
Z; = lei € + I"Z% €z;- 27)
Let pu; = [ML,- 2, /Lgi]T = [scl Ui 2i]T is defined

to be a virtual control input for agent 7. Substituting it to (1),
hence u
ti —_
et = Tt (i + (g —02)2) - (28)

7

By expanding (28), the following set of equations can be
generated
1, €os 8; cosp; + po, cosb; sin;
—(ps3, +g—0,,)sinb; =0, (29)

1, (Sin ¢; sin 0; cos ¥; — cos ¢; sin ;)
+ o, (sin @; sin 6; sin 1; + cos ¢; cos ;)
+(/~L31 +9— 527) sin ¢z cos 0; = 0, (30)
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1, (cos ¢; sin 0; cos ¢; + sin ¢; sin v, )
+112, (cos ¢; sin @ sin 1p; — sin ¢; cos ;)

+(/1'31 +9- §Zi)cos¢i COSGZ' = (31)
i
From (29), 6; can be computed by
0; = arctan (uli cos i - o, sin %‘) ) (32)
/'1/37; + g — 5Zi

for any ps, + g — 0., # 0. 1In case /i, +g—6, = 0,1t
can be obtained from (4) that w,, m% = 0. Note that W, ;é 0
due to the the value of ¢; and 6; in between —7 to 7. It

means that w,, ml = 0 only if u¢;, = 0. In other words there

is no control input in the translational dynamics under this
situation. Additionally, it can be generated from (29)

cosf; H3;, +g— 0z,
sinf; i1, cos; + g, sine;
It shows that cos ; = 0,V pg, +9—6,, = 0. It means that this
situation is out of the range of #; as stated in Subsection II-A,
ie. 7% <b; < g
The following is obtained by squaring both sides of (28)

(33)

pi+ (g — 54)2@) (34)
As a result
i Gt =62 (9
From (30) and (31), the following can be derived

— H2; COS le (36)

= H1; sin wz

7

Substituting (35) to (36), then ¢; can be generated by

= arcsm( P, SN Y — piz, oS ) 37
\/ (3, + ps, + (us, + 9 —90z,)?
Let ¢q,, 64,, and 14, are the desired ¢;, 6;, and ),

respectively. By following similar steps, both ¢4, and 4, can
be computed under ideal conditions or without the presence
of disturbance using

p1, Sintpa, — pi2, cos Py, ) (38)
\/m + 3, + (3, + 9)°

H1; coS 1/%, + H2, sin 1/1(17., >
M3, + g ’

for any 3, + g # 0. Similar to the situation in (33) without
disturbance, p13, + g = O only if vy, = 0.

d = aI“CSIIl(

and

04, = arctan ( 39)
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Both (38) and (39) can be written in a compact form as
follows

—0.5
g = arcsin((diag(u% + u3 + (us + 1g)2))

(diag(jo1) sin a — diag(yi2) cos wd)) (40)
and

—1
04 = arctan((diag(ug + lg)) (diag(,ul) cos g

+ diag(j12) sin ¢d)) : @1
for any non singular matrix diag(us + 1g), where
¢a = (¢4, $a,]  €R"
04 = [9d1 an]T eR"”
Vq = [Ya, ¥g,]" € R™.

The sliding surface of z; is defined to be
Sz = )\zi €z; + ézw (42)

where ), is selected to be a positive constant.
The sliding surface (42) can be written in a compact form
as follows
Sz = Azez + éza (43)

where

sznr e R"
Az ]) € RP™ (44)

Sy = [szl

A. = diag ([Az,
The dynamics model of (43) can be written as

5. = N6, +éE;

=X.é. — (L+ B)(2 — 1,%). (45)
Substituting (7) to (45), thus

5. = A€, +é€;
=Aséz = (L+ B)(—g + 0. +wm™ uy)
4 (L + B)L,%. (46)

Under Assumption 5, all eigenvalues of L + B have
positive real parts. As a result

where P, = P] > 0 is a unique solution of the Lyapunov
equation. Before presenting the translational control design,
the following notations are defined

+(L+B)P, >0, 47

_ 1 ()\z)a'( z)a( )
h., = 52(%1) a(Q:) — ﬁ
1 a(\))a(P:)a(A)
T (1; o(D+ B) )
hz, =a(A;) — ?Zv Ty = [HSZH ||GZ|HT

h, =[0 2n3(P.)a(L+B)]"
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_ h21 0 _ Pz _In
wely 2]l 3]

where ¢(.) and &(.) are the minimum and maximum eigen-
values of (.), respectively. Variable «, is a positive constant
and [, € R™ ™ is an identity matrix. The main result
of translational control design is briefly outlined in Theo-
rem 3.1.

Theorem 3.1: Consider the dynamical model (4) under
Assumptions 1, 2, and 5. The objective of formation control
(18) is achieved by selecting

Z5 o
—é,, tanh s,
dl' + bl Zq + 7227; Zq

~9), (48)
where the control gains are chosen to be

2 (3(A:)a(P:)5(A)
Q(’YZI) > Q(Qz) (

m;
Uy, = — V21,82 +
Wy, /

a(D + B)
+1Cfd£M&MMf)
o (D + B)
’YZQi Z dz; (6% > 0
T (S:)|h?
TZSZT'Z > W (49)

Proof: First, u,, is designed utilizing a conventional SMC as
described by

Zq

d; +b;
~9). (50)

It can be written in a compact form as

m; .
Ut; = “w Vzr, Sz T €z T Vs, sgn(s,)
2z

U = _wﬁ (eylez + (D + B)_l)\zéz + 7¥z,5g0(s2)
z

- 1ng). (51)
Substituting (51) to (46), thus
S, =M, +(L+ B)1,% — (L+ B)(7z, 82
+ (D + B) ')\.é. 4+ v.,5en(s,) +5.). (52)

Consider now the following Lyapunov function candidate

1 1
V, = 55213252 + 56Tez. (53)

z
The time-derivative of (53) is
V. =s.P.5, +elé,
= —sLP.(L+ B)(y:,5. + (D+ B) ' \.é.
+ 7z,8en(s:) +6.) + s, P.(L + B)1,%
+sLP. e, +ele,
1
< _§SL’YZ1QZSZ - SLPZ(D - A+ B)
(D4 B)™')\.é. +sLP.(L + B)1,%
+sLP A6, +el(s, — Aey)
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1
< —552721Q252 —elXe, + s P,A(D+ B)™*
Ao (s, — Asey) +sLP.(L+ B)1,20 +els,

Ao (s, — Asey) +sLP.(L+ B)1,20 + sle,
1
_58272162252 —elhe, +sLP.(L+ B)l,%
NP, A
D+ B

1
< —§SL”YZ1Qz5z —elXe, +s P,AD+ B)™!

+ 58I\ P,AD +B) 's, + 5! (I -

< —

0(12)a(Q:)||s:I> — a(A2) e |1* + zma (P)

_ d(A:)a(P:)o(A)

o(L+ B)|ss| + W\Iszlﬁ
a(\D)a(P)a(A)\" s

+<1_ (D + B) ) o 2

—h, |[s2)1* = heyllez|” + 2ma (P)a (L + B)||s. |

_Q(HZ)HTZHQ + Al |- (54)

N =

O‘zllezn2

IN N

It is obvious to see that V. < 0 if and only if by selecting
o(7z,) and o()\,) to be some positive constants such that
H, > 0and

721l > (55)

h.
o(H.)
From (53), it can be seen that VZ < 0 with sufficient large
V. such that (55) holds. The Lyapunov function (53) can be
rewritten as

1
V, = 57“;527’2- (56)

The lower and upper bound of (56) are expressed by

1 1
§Q(SZ)HTZ||2 <V, < 55(52)”&”2. (57)
Henee (5. -
g z z
V., > 20 (H.) (58)
implies (55).

The chattering issue in conventional SMC is attenuated by
employing an approximation of the sgn(s.,) value through
the utilization of a hyperbolic tangent function, denoted as
tanh(s,,). Therefore, the original sign function in (50) is
substituted with tanh(s,,) as indicated in (48). The hyper-
bolic tangent function is characterized by its smooth nature,
expressed mathematically as

oS=i (k) _ p—5=, (k)

tanh(S:, (k) = ¢S (k) 4 o=S=, (k)"

(59)
and has the following properties as outlined by

—1, for negative big S, (k)
0, for S, (k) = 0 . (60)
1, for positive big S, (k)

tanh(S,, (k)) =

More details of this approximating method can be found in
[13], [14]. The proof is thus completed. [ |
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B. ROTATIONAL CONTROL DESIGN
The error of dynamics (8), (9), and(10) in the networked
environment can be written as follows

€y, = Pi — Pd; (61)
€y, = Qi — 9,11. (62)
ey, = i — Ya, (63)

The main objective of the agent ¢ is to synchronize its
angles with the leader and connected neighbor as represented
by

lim [es, eo, ep] =03, (64)

t—o0

where 03 € R" is a zero vector. The global neighborhood
synchronization error can be written in compact forms as

ey = ¢ — Pg (65)
€y = 0 — 0(1 (66)
ey =1 — 1Pq. (67)

The sliding surfaces of rotational dynamics of agent 7 are
expressed by the following equations

S¢; = >\¢ie¢i +éq, (68)
Sg, = Ap, €0, + €0, (69)
Sy = Ay, €y, + €y, (70)

Similar to the sliding surface of z;. It is obvious to see that

g, = —Api€4;

éei = —)\giEQi

€y, = — Ay, €y,
are stable if s4,, sg,, and sy, are zero for any positive
constants Ay, , Ag,, and Ay,. In this situation, éy, = —Ag,€4,,
€9, = —Ng,€0,, and éy, = — Ay, ey,. It means that the error

dynamics (61), (62), and (63) are achieved by converging sg,,
s8¢, and sy, to zero.

The sliding surface (68), (69), and (70) can be written in a
compact form as

S¢ = Apep + €4 (71)
89 = Npeg + €g (72)
s = Apey + éy, (73)
where
54 = [3¢1 s¢n]T e R
Sp = [391 sen]T eR"
Sy =[Sy, swn]T eR"”

Ay = diag ([/\451 /\¢n]) eRM"
Ag = diag ([)\91 )‘9”]) e R™"
)\w = diag (P\wl )\wn]) e R,
The dynamics model of (71), (72), and (73) can be written
as

$¢ = )\¢é¢ + é¢
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= Aoy + 6 — ba 74)
S9 = Ng€y + €g

= \oéo + 0 — 04 (75)
éw = )\wéw + éw

= Apéy + 9 — (76)

The main result of the rotational control design is summa-
rized in the following theorem.

Theorem 3.2: Consider the dynamical model (8), (9), and
(10) under Assumptions 3, 4, and 5. The objective of syn-
chronization control (64) is achieved by selecting

-1
Tos = _wii (wél foi + Vor, Sbi T Voo, tanh sg,
+ ba,) )
-1
(w;,‘, fo, + Y61, 50, + Y62, tanh s,

+da,) (78)

TH. — 7w€l

Ty = _w?p:l (wzlpl Ji Y, S + Yo, tanh sy,
+ ﬁdi) ; (79)
where
Yer, >0, 7oy, >0, vy, >0
Voo, = dpis V05, > dogs Vo, > dy,

Proof: First, 74,, T9,, and 7, are designed using a conven-
tional SMC as expressed by

—1
Tos = 7“’3),; (wéz fdn + Y1, S + Vepa, Sgn(5¢i)

+ ba,) (80)
Ty, = —wgfl (wé fo. + 761,50, + Yo, 5g0(30,)
+04,) @1)
Ty, = —wiiﬂ (w}/}ifwi + Yapr, Sups Vb, SEN(S;)
+4a.), (82)
It can be written in a compact form as
7o =~} (Whfo+ Ve, 50 + Vausen(ss) + ba,) (83)
7= —wi ' (wéfo + 70,59 + V0,58n(50) + 9@-) (84)

—1 .-
Ty = _wEb (w}bﬁ# + Vo1 Sy T+ Vo Sgn(sw) + wdi)’
(85)
Substituting (83) to (74), (84) to (75), and (85) to (76) thus

86 = 0p = V9156 — V9> 380(59) (86)
6 = 0o — V0,50 — Yo,58n(50) (87)
Sy = Oy = Yy Sy — Yo SEN(Sy)- (88)
Consider now the following Lyapunov function candidates
1
Vo = 555F0s (89)
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1

Vo = 553P959 (90)
1

V¢, = isL}Pq/,sd,. (91)

The time-derivative of (89) is
V¢ = S;P¢$¢
= 53Py(09 — V9159 — Vp.520(54))

< —55Ps7p, 56 + 56 Pp(dp — Vp,52n(54))
S _82)P¢7¢1 S¢ S 0 (92)

By following a similar way, the time-derivative of (90) and
(91) can be obtained as follows

Vo < —syPpy,50 < 0 (93)
Vi < =8, Py, sy < 0. (94)

By following a similar method in Theorem 3.1, the chat-
tering issue observed in conventional SMC can be attenu-
ated by approximating the values of the sgn(sy, ), sgn(se, ),
and sgn(sy,) using hyperbolic tangent functions tanh(sg, ),
tanh(sg, ), and tanh(sy, ), respectively. Therefore, the sign
functions in (80), (81), and (82) are replaced by tanh(sy, ) as
represented by (77), (78), and (79), respectively. The proof is
thus completed. ]

IV. SIMULATION RESULTS

This section assesses the effectiveness of the proposed for-
mation control protocols through numerical evaluations. The
simulation involves a configuration with a single active vir-
tual leader and four followers. Heterogeneous UAVs charac-
terized by distinct parameters are utilized in the simulation.
The specific parameters of the multi-UAVs employed are
outlined in the following table.

TABLE 1: Specifications of Quadrotor UAVs [46], [47]

Parameter Notation  Value (UAVs1 & 2) Value (UAVs 3 & 4)
m 1kg 2.4kg
I 0.0069 kg - m? 0.16kg - m?
Iy 0.0069 kg - m? 0.16kg - m?
I, 0.0129kg - m? 0.32kg - m?

Figure 1 depicts the communication process for each agent
and leader.

FIGURE 1: The network topology of four agents and one
leader
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Matrices L and B matrices of the network can be com-
puted from the above topology as expressed by

0o 0 0 0 10 0 0
-1 1 0 O 0 0 0 O
L= 0 -1 1 0 , B= 0 0 0 O
0o 0 -1 1 0 0 0 O

Different external disturbances are introduced into the
closed-loop systems of individual agents as expressed by

6. =0.1[—1.2sin(t) 0.5cos(t) —0.3cos(t) sin(t)]T
= 0.1[0.7sin(t) 0.4sin(t) —cos(t) sin(t)]’

9 = 0.1[~0.2cos(t) —sin(t) 0.3cos(t) 1.2cos(t)]"
6y =0.1[0.2sin(t) —sin(t) 0.6cos(t) 0.6 cos(t)]T.

The specified initial conditions for the leader and followers
in this simulation are as follows

LL’()(O) - 70'1a yO(O) = 70'37 ZO(O) =0

2(0)=[-1 2 —4 5]
y0)=[2 -4 5 -1
20)=1[0 0 0 o],

The desired formation of the connected agents is represented
by

gwo =2, gyo =3, gzo =0

=02 4 6 8
&=1[3 6 9 12]
&=[0 0 0 0.

To achieve the desired formation, the control gains are
chosen to be
I, =101, T, = 10°I,
r,, =10°I4, Ty, = 10%1,
I, =101y, T, = 10*14
Yoy = 10%1y, 7., = 01514, X, = Iy
Yo, = 10°diag ([2 2 1 1])
Ve, = diag ([0.14 0.14 0.14 0.28])
A = 10%diag ([20 20 1 1])
Yo, = 10°diag ([2 2 1 1])
Y6, = diag ([0.14 0.14 0.14 0.28])
Ao = 10°diag ([20 20 1 1])
Yy, = 10'diag ([2 2 5 5])
Y9, = diag ([0.14 0.14 0.14 0.28])
Ay = 10%diag ([20 20 1 1]) (95)
A visual representation of the successful convergence of
tracking errors within the attitude dynamics states such as
roll, pitch, and yaw, for the leader and each agent is pre-

sented in Figure 2. Initially, during the formation of the
leader and agents, fluctuations are observed due to various

9
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initial positions along the = and y axes. After 30s of travel,
these fluctuations dissipate, indicating the achievement of
the designated z, y, and z positions. This implies that the
effectiveness of distributed control inputs (77), (78), and (79)
to stabilize the inner loop systems.

Figures 3 and 4 illustrate the formation control of multi-
UAVs along the z, y, and z axes. The formation control for
every axis can be seen in Figure 3. It shows that agent ¢ and
leader move from different initial conditions to the desired
formation. In this simulation, the desired distance along the
x and y axes are set to be 2m and 3m, respectively. It can be
seen that the desired formation is closely approached within
40s, after which it is consistently maintained throughout the
formation. This visual narrative demonstrates the precision
of the control strategy to maintain multiple heterogeneous
UAV movement coordination within the multi-agent systems.
For a more convenient presentation, Figure 4 illustrates the
multiple UAV movements in 3D space.

The control input profiles are depicted in Figure 6. To
characterize the application setting, the absolute value of
the torque magnitude for agent ¢ is constrained to be no
greater than 18kg - m?/s2. The torques observed during the
transient phase of formation control do not exhibit extreme
oscillations, as shown in the zoom-in box in Figure 6. Fur-
thermore, they gradually diminish in sync with the reduction
of formation error. This behavior is reasonable, considering
that agent 7 starts from diverse initial positions, and only
agent 1 is directly linked to the leader.

The above conclusion is also emphasized by the formation
errors of agent ¢ along x, y, and z axes presented in Figure 5.
It shows a consistent reduction of tracking errors toward
zero. In other words, the formation consensus is achieved
as concluded in Theorem 3.1. Moreover, both Figures 2
and 3 also show the performance of the proposed control
protocols to handle unknown external disturbances affecting
the translational and rotational dynamics of every agent.

To assess the performance of the proposed scheme, a
series of simulations were conducted, comparing it with
conventional SMC. All translational and rotational states are
maintained using the same gains using conventional SMC,
as illustrated in Figure 7 and 8. However, small chattering
is observed in control inputs, as shown in Figure 9. This
phenomenon arises due to the small gains in robust terms,
such as v.,, v4,, V6., and vy, . The selection of these robust
terms is crucial, as they significantly influence the control
input profiles. Inappropriate gains may cause chattering is-
sues, rendering the control scheme impractical for real-world
applications. To evaluate this aspect, the robust gains are
increased by 50 times. Although conventional SMC can
still manage all translational and rotational states, achieving
the desired formation requires extreme oscillatory control
inputs, as depicted in Figures 10-12. Such oscillations are not
feasible due to hardware constraints.

In contrast, by increasing the robust term gains by 50
times using the proposed design, the desired formation is still
achieved without experiencing extreme chattering in con-
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trol inputs, as demonstrated in Figures 13-15. These results
demonstrate the advantages of the proposed control protocol,
as outlined in Theorem 3.1 and 3.2. The proposed approach
effectively attenuates chattering issues while maintaining sta-
ble and precise formation control, even under uncertainties.
This enhanced performance highlights the superiority of the
proposed scheme over conventional SMC, particularly in
real-world UAV applications where robustness and stability
are paramount.

V. CONCLUSIONS

A distributed robust formation control framework for a fleet
of heterogeneous UAVs with six degrees of freedom (6-
DOF) operating in the presence of uncertain and time-varying
disturbances is introduced in this paper. The proposed design
is tailored to the underactuated UAVs connected by a directed
graph. Each agent’s movement is regulated through a feed-
back controller that relies on relative position and velocity
measurements concerning both connected agents and a des-
ignated leader. In this scheme, only at least a minimum of one
agent is required to establish a connection with the leader for
this control scheme to function effectively. This framework
has robust terms to handle the impact of uncertain external
disturbances that affect both the translational and rotational
dynamics of each agent. A rigorous mathematical proof is
provided to establish the efficacy of the proposed controller.
The numerical examples are presented to demonstrate and
validate the performance of the proposed design. It would
be exciting to explore other scenarios in future work such
as time-varying payloads, cyber-attacks, and fault-tolerance
factors. Furthermore, it also would be interesting to extend
this research by addressing challenges related to obstacle
avoidance and exploring its implementation in real-world
applications.
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FIGURE 5: The profile of formation error
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