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Abstract

In a generic theory of gravity coupled to matter fields, the Smarr formula for black
holes does not work properly if the contributions of the coupling constants defining
the theory are not incorporated. However, these couplings, such as the cosmological
constant or the dimensionful parameters that appear in the Lagrangian, are fixed
parameters defining the theory, and they cannot be varied. Here, we present a ro-
bust method, applicable to any covariant Lagrangian, that upgrades the role of the
couplings from being constants in the theory to being free parameters of the solu-
tions. To this end, for each one of the couplings in a theory, a pair of auxiliary scalar
and gauge fields is introduced. The couplings are shown to be conserved charges
of the global part of the implemented gauge symmetry. Besides, their conjugate
chemical potentials are defined as the electric potential of the corresponding gauge
fields on the black hole horizon. Using this method, we systematically extend the
first law and the Smarr formula by coupling conserved charges and their conjugate
potentials. The thermodynamics of a black hole solution in a quadratic gravity
theory is given as an example.

1 Introduction

In the last decades, the cosmological constant Λ [1] has been the focus of astronomical
observations [2,3] as well as theoretical research such as the AdS/CFT correspondence [4,5]
and the black hole thermodynamics [6–8] and chemistry [9–24]. Although a constant in
the Lagrangian, it plays the role of pressure in black hole thermodynamics, which is
traditionally a property of the solution. Despite this perplexing behavior, variation of the
cosmological constant has to be included in the black hole first law to have a consistent
Smarr formula [25] (see a review in [17]). In addition, there are applications for the
extension of black hole thermodynamics in the AdS/CFT as the central charge of the
dual description [26], as well as phase transitions [27], holographic complexity [28], and
weak cosmic censorship conjecture [29].
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However, by fiat, Λ is a constant in the Lagrangian and not a property of a particular
solution (such as the mass or the charge or angular momentum of the solution). Thus,
it is not clear how it can be varied to fit into the first law of black hole thermodynam-
ics. Besides, its conjugate chemical potential lacks a firm geometrical prescription as a
volume. The lack of a universal definition for the conjugate chemical potentials or the
issue of constant parameter variation in the Lagrangian are two examples of how the
literature, despite many excellent ideas and contributions, lacks a coherent and universal
construction.

As a remedy, the Lagrangian can be modified by an auxiliary gauge field [30–33] such
that the Λ changes its role to be the conserved charge of the induced gauge symmetry
and hence a parameter in the solution. In addition, its conjugate is defined naturally as
the horizon gauge potential [34, 35].

The Smarr formula is democratic as far as the coupling constants other than Λ are
considered and cannot be satisfied unless other couplings are also included in the black
hole thermodynamics. It suggests a general formulation that can capture all couplings as
conserved charges in black hole physics. In this Letter, we provide a modification of the
Lagrangian that can put the black hole chemistry with all couplings on firm ground. The
main idea is the same as in [30–35]: the introduction of new symmetries. However, there
are two main differences in the construction: (1) instead of a single gauge field associated
with the couplings, for each one of the couplings (including the cosmological constant), a
pair of fields (one gauge and one scalar field) is implemented, and (2) the Lagrangian of
the gauge fields is no longer quadratic but linear in the field strength. These differences
are crucial for a general method that works for an arbitrary coupling.

The Letter is organized as follows: In the next section, pairs of auxiliary fields are
introduced in the Lagrangian, which allows one to interpret the coupling constants as
parameters in the solutions. In Sec. 3, we show that the couplings are conserved charges.
Sec. 4 is devoted to introducing conjugate chemical potentials. The first law of black hole
thermodynamics and the Smarr formula are extended in Sec. 5. In the last section, a
clarifying example, which is a well-studied, 3D higher curvature gravity, is given to show
the validity of our approach.

2 Couplings as solution parameters

In a D-dimensional space-time, we consider the action

I =

∫

dDx
√
−gL, L = L0 −

∑

i

αiLi, (1)

where L0 is Lagrangian that includes the kinetic term and comes with no coupling constant
such as the Einstein-Hilbert term (Newton’s constant is set to unity, or it multiplies the
whole action); and Li’s are some number of other Lagrangian densities labeled by index
i that are coupled with the corresponding coupling constant αi. The densities can be,
e.g., the (cosmological) constant term, higher curvatures, scalar tensor theories, Maxwell
gauge fields, and in general, any covariant term that is built of the metric gµν , curvature
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Rα
βµν , covariant derivative ∇µ, and other dynamical fields in the theory. The action (1)

can be conventionally rewritten in terms of the volume D-form ǫ, i.e.,

ǫ =

√−g

D!
ǫµ1...µD

dxµ1 ∧ · · · ∧ dxµD , I =

∫

L =

∫

(

L0 −
∑

i

αiLi

)

, (2)

where we defined the D-forms as

L ≡ Lǫ, L0 ≡ L0ǫ, Li ≡ Liǫ (3)

with ǫ01...D−1 = +1 for the Levi-Civita symbol. Variation of L with respect to all dynam-
ical fields, collectively denoted by Φ(x) including the metric gµν , yields

δL = EΦδΦ+ dΘ (4)

in which the summation convention over the fields should be understood. Setting δL = 0
yields the field equations EΦ = 0 associated with each one of the fields in the set Φ;
appropriate boundary conditions must also be provided for the well-posedness of the
problem. We note that EΦ and Θ are linear in terms of the Lagrangian components,
namely,

EΦδΦ =

(

EΦ
0 −

∑

i

αiE
Φ
i

)

δΦ, Θ = Θ0 −
∑

i

αiΘi. (5)

It is possible to introduce pairs of auxiliary fields in the Lagrangian in order to promote
αi’s to be free parameters in the solution, not the theory. Each pair, labeled also by the
index i, is composed of one scalar field denoted by αi(x) and one (D − 1)-form gauge
field Ai. The field strength Fi ≡ dAi is a top-form that is invariant under the gauge
transformation

Ai → Ai + dλi. (6)

Equipped with the auxiliary field pairs, a given action I in (2) can be modified to an
extended action Ĩ as

Ĩ =

∫

L̃ ≡
∫

(

L0 −
∑

i

αi(x)(Li − Fi)
)

. (7)

This action is symmetric under the gauge transformation (6) since Fi is gauge invariant
by construction. Besides, it reproduces the dynamics of the fields in the original action
(2) on-shell. To this end, we denote the collection of the fields {Φ, αi,Ai} by Φ̃. Then,
the variation of (7) followed by the standard integration by parts gives

δL̃ = EΦ̃δΦ̃ + dΘ̃, (8)

in which the modified variations read as

EΦ̃δΦ̃ = EΦ
0 δΦ−

∑

i

[

(

αi(x)E
Φ
i − dαi(x)

∂Li

∂(dΦ)

)

δΦ+ (Li − Fi)δαi(x) + dαi(x)δAi

]

,

(9)

Θ̃ = Θ0 −
∑

i

αi(x)Θi +
∑

i

αi(x)δAi. (10)
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For clarity, the x-dependency of the scalar fields αi is shown explicitly. In order to find
the field equations by the action principle δL̃ = 0, the coefficients of δΦ, δαi(x), and δAi

in (8) should vanish independently. The equations that arise from the last two terms yield
the on-shell relations

Fi = Li, dαi(x) = 0, (11)

respectively. The last equality above implies

αi(x) = const., (12)

which means that αi’s are some free solution parameters that are constant over space-time.
Inserting this crucial result in the overall coefficient of δΦ in (8) the original equations of
motion in (5) are recovered.

The argument above shows that, as far as the dynamics of the fields Φ are concerned,
one can use the Lagrangian L and L̃ interchangeably. However, the main advantage of
L̃ is to promote the coupling constants αi’s in L to be free parameters of the solutions
Φ̃. This vantage point of view is important for the rest of this Letter, where we need the
variations of αi’s as solution parameters to be considered in the first law of black hole
thermodynamics. Interestingly, one can go further and show that not only αi’s can be
considered as free parameters in the solutions, but they are also conserved charges which
we discuss next.

3 Coupling constants as conserved charges

Motivated by the analysis in [34,35] where the cosmological constant was reinterpreted as
a conserved charge, this section is devoted to showing that in a theory that is described
by the action I in (2) or equivalently by Ĩ in (7), the coupling constants or the solution
parameters αi in (12) are conserved charges associated with the global part of the gauge
symmetries in (6). For this purpose, the “covariant phase space” formulation of charges,
also known as the Iyer-Wald formulation [36–39] (initiated and followed in [40–43]) is apt.
The formalism is reviewed, e.g., in [44–46] and applied to various theories (e.g., see [47]).

Let us first focus on the action I in (2). In the covariant phase space method, the sym-
plectic current ω is defined by taking an exterior derivative of Θ on the field configuration
space, i.e.,

ω(δ1Φ, δ2Φ,Φ) = δ1Θ(δ2Φ,Φ)− δ2Θ(δ1Φ,Φ) . (13)

If the fields Φ and their variations δΦ satisfy the field equations and their linearized
versions respectively, then the symplectic current is locally conserved, i.e., dω = 0. As a
result, it is possible to define the symplectic 2-form

Ω(δ1Φ, δ2Φ,Φ) ≡
∫

Σ

ω(δ1Φ, δ2Φ,Φ) , (14)

which makes the field configuration space a phase space. The hypersurface Σ is a Cauchy
surface, and the result in (14) is independent of its choice by the conservation of ω and
the appropriate boundary conditions.
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Having the symplectic form in hand, one can associate a charge variation δHǫ to a
symmetry generator ǫ ≡ {ξµ, λ} that is composed of a diffeomorphism xµ → xµ − ξµ

and some Maxwell (or Yang-Mills) gauge transformation Aµ → Aµ + ∂µλ. The charge
variation is defined as δHǫ ≡ δǫΦ · Ω, which yields

δHǫ(Φ) =

∫

Σ

(

δΘ(δǫΦ,Φ)− δǫΘ(δΦ,Φ)
)

=

∫

Σ

(

δΘ(δǫΦ,Φ)− LξΘ(δΦ,Φ)
)

, (15)

where in the last equation the gauge invariance of Θ is used. By the Cartan identity,
LξΘ = ξ · dΘ + d(ξ ·Θ), and the on-shell relation dΘ = δL the charge variation in (15)
is equal to

∫

Σ

(

δ(Θ(δǫΦ,Φ)− ξ · L)− d
(

ξ ·Θ(δΦ,Φ)
)

)

=

∫

Σ

d
(

δQǫ(Φ)− ξ ·Θ(δΦ,Φ)
)

. (16)

The last equality follows from the celebrated Noether current

Jǫ = Θ(δǫΦ,Φ)− ξ · L(Φ), dJǫ = 0 ⇒ Jǫ = dQǫ, (17)

in which the Poincaré lemma is used to introduce Q as the Noether charge density, and
δd = dδ was also used. By Stokes’ theorem, the right-hand side of (16) can be written as
a surface integral:

δHǫ =

∮

∂Σ

kǫ , kǫ(δΦ,Φ) ≡ δQǫ(Φ)− ξ ·Θ(δΦ,Φ) . (18)

Notice that similar to the field equations and Θ in (5), k is also linear in the Lagrangian
components of arbitrary action, e.g., for the action I in (2):

k = k0 −
∑

i

αiki. (19)

Now, we are ready to follow these steps verbatim, this time for the action Ĩ in (7).
Considering the additional gauge symmetry in (6), the charge generator ǫ is extended to
capture this feature, namely

ǫ̃ ≡ {ξµ, λ, [λi]} (20)

for i number of gauge generators {λi}. Then, replacing L → L̃ and Θ → Θ̃ in (17) and
(18) with multiple usage of the on-shell condition (12) we find

δHǫ̃ =

∮

∂Σ

k̃ǫ̃ , k̃ǫ̃ = kǫ +
∑

i

(

ξ ·Aiδαi + δ(αiλi)
)

. (21)

This relation can be used to calculate the charges of the diffeomorphism and gauge sym-
metries, and we will use it to find mass, angular momentum, entropy, and other black hole
charges in the last section. However, here we focus on a very specific symmetry that is a
global part of the gauge transformation (6). The generator that we choose is proportional
to {0, 0, [λi]} with only one nonzero gauge generator, calling it λj , that satisfies dλj = 0.
The rest of gauge generators in {λi}, i.e., all λi for i 6= j vanish. To fix the normalization
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of the generator, we can divide it by the factor |λj| ≡
∮

∂Σ
λj, which is a constant, i.e.,

independent of the arbitrarily chosen ∂Σ as well as the xµ (explained below). So, we
define

λ̂j =
λj

|λj |
, ǫ̃j ≡ {0, 0, λ̂j}. (22)

For such generators that are solely composed of the gauge transformations (6), the only
relevant part of the charge variation is the last term in (21). So,

δHǫ̃j =

∮

∂Σ

δ(αjλ̂j) = δαj, (23)

where the last equation is a result of the on-shell xµ-independency of αi, δλ̂j = 0, and
the normalization convention in (22). This result is one of the main achievements of this
work, because it shows that the coupling αj is the conserved charge Hǫ̃j ,

Hǫ̃j = αj. (24)

In order to complete the argument, we clarify why
∮

∂Σ
λj is a constant if dλj = 0.

By the last term in (21), the charge variation δH for the generator λj is proportional to
this surface integral. However, the transformation is an exact symmetry, i.e., δλj

Φ̃ = 0
whose symplectic current ω vanishes. This feature makes the charges not only to be
conserved, i.e., independent of some time coordinate, but also independent of the choice
of the ∂Σ. The remaining D− 2 coordinates that parametrize ∂Σ are integrated out. So,
no space-time and ∂Σ-dependency remain.

4 Conjugate chemical potentials for the coupling con-

stants

The electric charge in Maxwell’s electrodynamics is the charge of the global part of the
U(1) gauge symmetry A → A+dλ with dλ = 0. For a black hole, its conjugate chemical
potential is the electric potential, i.e., Φ

H
≡ ξ

H
· A calculated on the event horizon, in

which ξ
H
is the horizon generating Killing vector field. Motivated by this potential, for

the action Ĩ in (7) which has the gauge fields Ai with associated conserved charges αi,
we can define their conjugate chemical potentials on the event horizon as

Ψ i
H
≡
∮

H

ξ
H
·Ai. (25)

Such a definition of chemical potential for a coupling constant was first introduced in
the context of upgrading the cosmological constant to be conserved charge in [34]. It
has been proven that it reproduces the conjugate thermodynamic volume and has been
examined for various examples [35]. In the next section, we use the coupling constants
as conserved charges (23) and their conjugates (25) to extend the first law of black hole
thermodynamics.
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5 Extension of the first law of black hole thermody-

namics

Let us consider a stationary black hole in the coordinates where the horizon generating
Killing vector is given as ξ

H
= ∂t + Ωn∂ϕn in which n runs over the the axial isometries,

and Ωn are corresponding horizon angular velocities. In [37, 38], Iyer and Wald showed
that entropy for nonextremal black holes is a conserved charge of this vector normalized
by the Hawking temperature T

H
=

κ
H

2π
[8], where κ

H
is the surface gravity of the Killing

horizon H. Later in [48, 49], an infinite number of horizon-killing vectors whose charges
are the entropy of extremal black holes were found in their near-horizon region. However,
in the presence of electromagnetic gauge fields, integrability shows that the proposed
Killing vectors (both for extremal and nonextremal) have missed a contribution from
the gauge fields. In [50, 51] it was shown that to have integrable and gauge, as well
as, diffeomorphism-invariant conserved charges, their vector field generator should be
augmented by some gauge transformations (the reader is invited to read [52–55] for reviews
and applications). Here, we focus on the action Ĩ in (7) that, in addition to some probable
Maxwell field Aµdx

µ, also has the auxiliary gauge fields Ai. Then, in appropriately chosen
gauges, the generator of the integrable entropy is

ǫ̃
S
=

2π

κ
H

{ξ
H
,−Φ

H
, [−Ψ i

H
λ̂i]}. (26)

Let us denote the symplectic symmetry generators of the mass M , angular momenta
Jn, and electric charge Q by ǫ̃

M
= {∂t, 0, [0]}, ǫ̃Jn = {−∂ϕn , 0, [0]} and ǫ̃

Q
= {0, 1, [0]},

respectively. They are assumed to be “exact” symmetries, i.e., they satisfy δǫ̃Φ̃ = 0.
Then, (26) reads

κ
H

2π
ǫ̃
S
= ǫ̃

M
− Ωn

H
ǫ̃
Jn

− Φ
H
ǫ̃
Q
−
∑

i

Ψ i
H
ǫ̃i, (27)

where definition of ǫ̃i in (22) was also used. However, by the linearity of charge variations
δHaǫ̃1+bǫ̃2 = aδHǫ̃1 + b δHǫ̃2 in (21), the first law of black hole thermodynamics is derived
as

T
H
δS = δM − Ωn

H
δJn − Φ

H
δQ−

∑

i

Ψ i
H
δαi. (28)

This method of proving the first law was first introduced in [50], where the nonextended
version of (28) was derived directly from the local identity (27), i.e., without addressing the
surfaces of integration on the horizon and at infinity (which is used in the Iyer-Wald proof
of the first law). It works because the generators in (27) are all “exact” symmetries, and as
a result, their charge variations in (21) are independent of the surface of integration [56].

By dimensional analysis and scaling argument, the Smarr formula can be deduced
from the first law (see, e.g., [18, 57]). The same analysis for the extended first law yields

(D − 3)M = (D − 2)T
H
S + (D − 2)Ωn

H
Jn + (D − 3)Φ

H
Q+ k(i)Ψ i

H
αi. (29)

Details of the derivation can be found in Sec. 6 of Ref. [35]. The factor k(i) is the scaling

of the αi, i.e., if the length l is scaled by a factor z as l → z × l, then αi → zk
(i) × αi.
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6 Example: Thermodynamics of the rotating BTZ

black hole in the New Massive Gravity

In [35] some black hole solutions were studied of which the Smarr formula was not satisfied
if the contribution of the couplings was not included. Here, we provide one of these as
an example: that is the rotating Banados-Teitelboim-Zanelli (BTZ) black hole solution
of the new massive gravity theory [58] in the coordinates xµ = (t, r, ϕ) [59, 60]

L =
1

16π

[

R − 2Λ− β

(

3

8
R2 − RµνR

µν

)]

. (30)

The metric is given as

ds2 = −∆dt2 +
dr2

∆
+ r2(dϕ− ωdt)2, ∆ ≡ −m+

r2

ℓ2
+

j2

4r2
, ω ≡ j

2r2
, (31)

for Λ = −1
ℓ2

+ β

4ℓ4
, Λ < 0, and β > 0. The black hole outer and inner horizons are at

the radii r+ and r−, which satisfy 2r2± = ℓ2(m ±
√

m2 − j2/ℓ2), where m and j are free
parameters of the solution. The thermodynamic properties of this solution are [59, 61]

M = (1 +
β

2ℓ2
)
m

8
, J = (1 +

β

2ℓ2
)
j

8
,

Ω± =
r∓
ℓr±

, T± =
r2± − r2∓
2πℓ2r±

, S± = (1 +
β

2ℓ2
)
πr±
2

, (32)

with the horizon-killing vectors ξ± = ∂t + Ω±∂ϕ. The mass and angular momentum
follow from the general construction of conserved charges in higher derivative theories of
gravity [62, 63].

It is easy to check that the quantities in (32) do not satisfy the Smarr formula if the
last term in (29) is omitted. Examples such as this led us to the current attempt to rescue
the Smarr formula. To remedy this issue, we can apply the procedure described above.
The couplings Λ and β are promoted to the scalars Λ(x) and β(x), and their paired field
strengths F

Λ
(x) and F

β
(x) [which are related to F

Λ
(x) and F

β
(x) in (7) by a Hodge dual

transformation] are implemented in the Lagrangian (30)

L̃ =
1

16π

(

R− 2Λ(x)
(

1− F
Λ
(x)
)

− β(x)
(3

8
R2 − RµνR

µν − F
β
(x)
)

)

. (33)

It is clear that there is a conventional normalization in defining the couplings, e.g., instead
of the Λ one can consider Λ

8π
as the coupling. Nonetheless, as is expected, such a convention

does not affect the physical thermodynamic laws because these factors are compensated
in the conjugate potentials.

By variation of the Lagrangian with respect to the new pairs of fields, equations of
motion in (11) are derived that imply the following on-shell relations:

F
Λ
(x) = 1, F

β
(x) =

3

8
R2 −RµνR

µν , (34)
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as well as the constancy of the Λ and β. Therefore,

F
Λ
(x) = ǫ =

√
−g dt ∧ dr ∧ dϕ = r dt ∧ dr ∧ dϕ, (35)

F
β
(x) =

(3

8
R2 −RµνR

µν
)

ǫ =
3r

2ℓ4
dt ∧ dr ∧ dϕ. (36)

The gauge fields whose field strengths are calculated above are

A
Λ
(x) = −

(r2

2
− βmℓ2

2β − 4ℓ2

)

dt ∧ dϕ, (37)

A
β
(x) = −

(3r2

4ℓ4
− m(β − 4ℓ2)

4ℓ2(β − 2ℓ2)

)

dt ∧ dϕ. (38)

Notice that the second term in each one of the parentheses is a pure gauge, which can
be fixed by different methods, e.g., we have requested that the integrability of the black
hole charges be respected by the new contribution of ξ ·Aiδαi in (21) (kǫ can be found
in [35, 53]). Now, we can insert the gauge fields into (25) to find the chemical potentials

ΨΛ
± = −π

(

r2± − βmℓ2

β − 2ℓ2

)

, Ψ
β
± = −π

(3r2±
2ℓ4

− m(β − 4ℓ2)

2ℓ2(β − 2ℓ2)

)

. (39)

One can check that the first law and the Smarr formula are satisfied for each one of the
horizons as

δM = T±δS± + Ω±δJ +ΨΛ
±δ(

Λ

8π
) +Ψ

β
±δ(

β

16π
), (40)

0 = T±S± + Ω±J − 2ΨΛ
±(

Λ

8π
) + 2Ψβ

±(
β

16π
), (41)

respectively. The numerical factors 1
8π

and 1
16π

in the coupling charges are conventional,
and come from how αi and Li are defined from the combination αiLi in the Lagrangian
(33). However, independent of this convention, the relation

ΨΛ
±δ(

Λ

8π
) = V±δP (42)

reproduces the volume-pressure term in black hole chemistry in which V is the “thermo-
dynamic volume” introduced in [18] (note the conventional minus signs that cancel each
other in V and P ). This result is not accidental, and proof of it can be found in Sec. 2
of the Ref. [35].

7 Conclusions

When various dimensionful couplings enter a theory of gravity has matter fields, the
cosmological constant, and higher derivative terms, the first casualty of black hole ther-
modynamics is the beautiful Smarr formula expressing the relation between the conserved
charges. One has two options: accept that the Smarr formula is an accident of Einstein’s
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gravity, or try to rescue it by upgrading the coupling constants of the theory to be con-
served charges of the corresponding solution. But this requires a crucial step: first, the
coupling constants are assumed to be space-time-dependent fields that are set to be con-
stants as a consequence of the field equations. This can be done by the introduction of
auxiliary Abelian gauge fields as described in this work. The vantage point presented
here, which enlarges the theory by considering the coupling constants as space-time fields
that take constant values as a result of the field equations, saves the Smarr formula. We
have given a detailed account of this above and applied the new formalism to the rotating
BTZ black hole in the new massive gravity (a quadratic theory much studied in the last
decade).

The construction of all couplings and their contribution to black hole chemistry by
the new symmetries is not a trivial task and may have far more consequences than the
extended black hole thermodynamics. Furthermore, interesting questions arise from con-
sidering couplings as conserved charges via the new Lagrangian in Eq. (7). The physical
meaning of the corresponding pair of auxiliary fields and couplings as charges must be
considered in the classical regime. Furthermore, it would be fascinating to investigate
how the initial and boundary conditions determine them. It is also possible to investigate
their dynamics and how they relate to the couplings renormalization group flows. Our
understanding of the couplings in nature can be impacted at the quantum level by the
quantization of the fields and its consequences for the couplings.

Acknowledgements: K.H. is thankful to Jutta Kunz for her support and to members
of the HEP group at IPM for the useful discussions in the weekly meetings. This work
has been supported by TUBITAK International Researchers Program No. 2221.

References

[1] A. Einstein, “Kosmologische Betrachtungen zur allgemeinen Relativitätstheorie,” Sitzungs-
berichte der Königlich Preußischen Akademie der Wissenschaften (Berlin), Seite 142-152,
(1917).

[2] S. Perlmutter et al. [Supernova Cosmology Project Collaboration], “Measurements of
Omega and Lambda from 42 high redshift supernovae,” Astrophys. J. 517, 565 (1999),
[arXiv:astro-ph/9812133].

[3] A. G. Riess et al. [Supernova Search Team], “Observational evidence from supernovae
for an accelerating universe and a cosmological constant,” Astron. J. 116, 1009 (1998),
[arXiv:astro-ph/9805201].

[4] J. M. Maldacena, “The Large N limit of superconformal field theories and supergrav-
ity,” Int. J. Theor. Phys. 38, 1113 (1999) [Adv. Theor. Math. Phys. 2, 231 (1998)]
[arXiv:hep-th/9711200].

[5] J. D. Brown and M. Henneaux, “Central Charges in the Canonical Realization of Asymp-
totic Symmetries: An Example from Three-Dimensional Gravity,” Commun. Math. Phys.
104, 207 (1986).

10

http://arxiv.org/abs/astro-ph/9812133
http://arxiv.org/abs/astro-ph/9812133
http://arxiv.org/abs/astro-ph/9805201
http://arxiv.org/abs/astro-ph/9805201
http://arxiv.org/abs/hep-th/9711200
http://arxiv.org/abs/hep-th/9711200


[6] James M. Bardeen, B. Carter, and S.W. Hawking, “The Four laws of black hole mechanics”,
Commun.Math.Phys., 31, 161–170, (1973).

[7] Jacob D. Bekenstein, “Black holes and entropy”, Phys. Rev. D, 7, 2333–2346, (1973).

[8] S.W. Hawking, “Particle Creation by Black Holes”, Commun.Math.Phys., 43, 199–220,
(1975).

[9] M. Henneaux and C. Teitelboim, “The Cosmological Constant As A Canonical Variable,”
Phys. Lett. 143B, 415 (1984).

[10] M. Henneaux and C. Teitelboim, “The Cosmological Constant and General Covariance,”
Phys. Lett. B 222, 195 (1989).

[11] C. Teitelboim, “The Cosmological Constant As A Thermodynamic Black Hole Parameter,”
Phys. Lett. 158B, 293 (1985).

[12] M. M. Caldarelli, G. Cognola and D. Klemm, “Thermodynamics of Kerr-Newman-
AdS black holes and conformal field theories,” Class. Quant. Grav. 17, 399 (2000)
[arXiv:hep-th/9908022].

[13] Y. Sekiwa, “Thermodynamics of de Sitter black holes: Thermal cosmological constant,”
Phys. Rev. D 73, 084009 (2006) [arXiv:hep-th/0602269].

[14] M. Cvetic, G. W. Gibbons, D. Kubiznak and C. N. Pope, “Black Hole Enthalpy and an
Entropy Inequality for the Thermodynamic Volume,” Phys. Rev. D 84, 024037 (2011)
[arXiv:1012.2888].

[15] B. P. Dolan, “The cosmological constant and the black hole equation of state,” Class.
Quant. Grav. 28, 125020 (2011) [arXiv:1008.5023].

[16] B. P. Dolan, “Pressure and volume in the first law of black hole thermodynamics,” Class.
Quant. Grav. 28, 235017 (2011) [arXiv:1106.6260].

[17] D. Kubiznak, R. Mann, M. Teo, “Black hole chemistry: thermodynamics with Lambda”,
Class.Quant.Grav. 34 (2017) no.6, 063001, [arXiv:1608.06147].

[18] D. Kastor, S. Ray and J. Traschen, “Enthalpy and the Mechanics of AdS Black Holes,”
Class. Quant. Grav. 26, 195011 (2009) [arXiv:0904.2765].

[19] J. Couch, W. Fischler, P. Nguyen, “Noether charge, black hole volume, and complexity”,
JHEP 1703 (2017) 119, [arXiv:1610.02038].

[20] S. Hyun, J. Jeong, S. A. Park and S. H. Yi, “Thermodynamic Volume and the Extended
Smarr Relation,” JHEP 1704, 048 (2017) [arXiv:1702.06629].

[21] S. Q. Hu, X. M. Kuang and Y. C. Ong, “A Note on Smarr Relation and Coupling Con-
stants,” Gen. Rel. Grav. 51 (2019) no.5, 55 [arXiv:1810.06073].
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