
AN ANALYSIS ON MULTINUCLEON TRANSFER REACTIONS WITHIN THE
FRAMEWORK OF STOCHASTIC MEAN-FIELD APPROACH

A THESIS SUBMITTED TO
THE GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES

OF
MIDDLE EAST TECHNICAL UNIVERSITY

BY

MERT ARIK

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR

THE DEGREE OF MASTER OF SCIENCE
IN

PHYSICS

JULY 1 2024





Approval of the thesis:

AN ANALYSIS ON MULTINUCLEON TRANSFER REACTIONS WITHIN
THE FRAMEWORK OF STOCHASTIC MEAN-FIELD APPROACH

submitted by MERT ARIK in partial fulfillment of the requirements for the degree
of Master of Science in Physics Department, Middle East Technical University
by,

Prof. Dr. Naci Emre Altun
Dean, Graduate School of Natural and Applied Sciences

Prof. Dr. Seçkin Kürkcüoğlu
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ABSTRACT

AN ANALYSIS ON MULTINUCLEON TRANSFER REACTIONS WITHIN
THE FRAMEWORK OF STOCHASTIC MEAN-FIELD APPROACH

Arık, Mert
M.S., Department of Physics

Supervisor: Prof. Dr. Osman Yılmaz

Co-Supervisor: Prof. Dr. Şakir Ayık

July 1 2024, 79 pages

Multinucleon transfer (MNT) reactions involving heavy projectile and target com-

binations stand as a promising method for synthesizing yet unknown neutron-rich

isotopes and neutron-rich superheavy elements, which may not be possible using hot

or cold fusion, fission, or fragmentation reactions. In this thesis, MNT mechanisms

in low-energy heavy-ion reactions are investigated within the framework of a quantal

diffusion approach based on the stochastic mean-field (SMF) theory. The SMF ap-

proach provides a microscopic approach beyond time-dependent Hartree-Fock theory

that includes mean-field fluctuations. The quantal transport coefficients, the charge,

and mass dispersions of the fragments are calculated to analyze the primary and sec-

ondary fragment distributions in MNT reactions, and the results are compared with

the experimental data. The observed agreement between the experimental data and

SMF results highlights the effectiveness of the quantal diffusion mechanism based

on the SMF approach, which does not include any adjustable parameters other than

standard parameters of Skyrme energy density functional.
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ÖZ

ÇOKLU-NÜKLEON TRANSFER REAKSİYONLARININ STOKASTİK
ORTALAMA ALAN YAKLAŞIMI ÇERÇEVESİNDE ANALİZİ

Arık, Mert
Yüksek Lisans, Fizik Bölümü

Tez Yöneticisi: Prof. Dr. Osman Yılmaz

Ortak Tez Yöneticisi: Prof. Dr. Şakir Ayık

Temmuz 1 2024 , 79 sayfa

Ağır mermi ve hedef iyon kombinasyonlarını içeren çoklu-nükleon transfer (MNT)

reaksiyonları, sıcak veya soğuk füzyon, fisyon veya parçalanma reaksiyonları kulla-

nılarak sentezlenmesi mümkün olmayabilecek, henüz bilinmeyen nötron zengini izo-

topları ve nötron zengini süper ağır elementleri sentezlemek için umut verici bir yön-

tem olarak öne çıkmaktadır. Bu tezde, düşük enerjili ağır iyon reaksiyonlarında MNT

mekanizması, stokastik ortalama-alan (SMF) teorisine dayalı kuantal difüzyon yak-

laşımı çerçevesinde incelenmektedir. SMF yaklaşımı, ortalama alan dalgalanmalarını

içeren, zamana bağımlı Hartree-Fock teorisinin ötesinde mikroskobik bir yaklaşım

sağlar. Kuantal taşıma katsayıları, fragmanların yük ve kütle dağılımları hesaplana-

rak MNT reaksiyonlarındaki birincil ve ikincil fragman dağılımları analiz edilir ve

sonuçlar deneysel verilerle karşılaştırılır. Deneysel veriler ile SMF sonuçları arasın-

daki gözlemlenen uyum, Skyrme enerji yoğunluk fonksiyonunun standart parametre-

leri dışında herhangi bir ayarlanabilir parametre içermeyen SMF yaklaşımına dayalı

kuantal difüzyon mekanizmasının etkililiğini vurgulamaktadır.
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CHAPTER 1

INTRODUCTION

It has been more than 100 years since the finding of an atomic nucleus by Ruther-

ford in 1911 [10], which he then followed by performing the first artificial nuclear

reaction in 1919. Since then, both theoretical and experimental studies have been

developed extensively to produce new isotopes and to understand the nuclear force,

types of nuclear reactions, and properties of the nucleus. Fig. 1.1 shows the chart of

known nuclides, also known as the Segré chart, from the years 1935, 1958, and 2015.

Giorgio Fea published the first list of known nuclides in 1935 [11]. The list was

organized into two dimensions based on the number of protons and neutrons of each

nuclide. Initially, it had 327 isotopes ranging in elemental composition from uranium

to hydrogen, most of which were stable or around the stability line. The discovery of

novel reaction types served as the foundation for the massive increase in the number

of new isotopes, by more than a factor of ten, during the next 85 years [2]. Nowa-

days, the number of known isotopes has reached up to 4000, but theoretical models

suggest that over 4000 more isotopes [12, 13, 2] remain undiscovered. Most of these

yet-unknown-isotopes remain on the northeast (neutron-rich) side of the chart, and

on the far northeast superheavy side, around the predicted "island of stability" near

the neutron shell at N = 184 and proton shells at Z = 114, 120 [14, 15, 16, 17, 18].

Presently, the most compelling reactions to produce isotopes experimentally are frag-

mentation, fusion, and fission [2]. The production of superheavy elements has thus

far resulted from either hot [19, 20, 21, 22, 23, 24, 25, 26, 27] or cold fusion [28, 29,

30, 31, 32] processes, in which the secondary fission and neutron emission play a sig-

nificant role in de-excitation of the highly excited compound nuclei [1]. Despite the

considerable efforts to create new neutron-rich yet unknown isotopes or neutron-rich

superheavy elements, these isotopes’ comparatively small cross-sections continue to

1



Figure 1.1: The list of known isotopes from 1935, 1958, and 2015. The figure was

taken from Ref. [2].

represent a barrier in heavy-ion experiments. As an additional method for producing

new, neutron-rich nuclei, the Multinucleon Transfer (MNT) reactions in heavy-ion

collisions have been a promising approach since the late 1960s [2]. Between the years

1970-1995, 76 new isotopes of elements ranging from carbon to thorium were found

in MNT reactions at experimental facilities, JINR, Orsay, Berkeley, and GSI, and

these new isotopes are all found on the nuclide chart’s neutron-rich side [33]. Dur-

ing the past few years, recent theoretical calculations suggest that MNT reactions may

provide a more efficient method for the production of unstable nuclei such as neutron-

rich superheavy isotopes and yet-unknown-neutron-rich isotopes, whose production

is complex by fusion, fission, and fragmentation methods. To this end, a great deal of

both experimental [34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 5, 48, 49, 50,

51, 52, 53, 54, 55, 56, 57, 58], and theoretical [59, 60, 61, 62, 63, 64, 65, 66, 67, 68,

2



Figure 1.2: Different stages and processes in low-energy heavy-ion reactions. Deep

inelastic collision (I), quasifission (II), fast-fission (III), fusion-fission (IV), and evap-

oration residue formation (V) are shown. The figure was taken from Ref. [3].

69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90]

research has been done on MNT reactions involving different projectile and target

combinations close to barrier energies.

In MNT reactions involving heavy nuclei, if the initial energy Ec.m. of the projec-

tile fragment is sufficiently large enough to overcome the Coulomb repulsion, the

colliding ions stick together due to attractive nuclear force to form a di-nuclear sys-

tem (see Fig. 1.2 for reference). During this period, the di-nuclear system can either

undergo a fast separation called the Quasifission (QF) or fuse to form a compound

nucleus (CN). The hot, excited CN then de-excites by fission, called fusion-fission

(FF), or de-excites by evaporating light particles, such as neutron, proton, and al-

pha particles, until it forms an evaporation residue (ER). In QF reactions, many

nucleons are transferred between the colliding ions, usually from a heavier partner

to a lighter partner, during the collision. So, QF reactions favor the mass symmet-

ric fragments in the exit channel. However, it has been experimentally observed that

nucleon transfer from lighter to heavier ions is also possible [47, 91, 92]. This type

of reaction is called the Inverse Quasifission (IQF). This type of reaction is essen-

tial for synthesizing yet-unknown-neutron-rich heavy isotopes and neutron-rich su-
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perheavy elements. In MNT reactions, it has been observed that different entrance

channel properties such as N/Z ratio [93, 94], the presence of entrance-channel

magicity (the number of spherical shells in the reaction entrance channel) [52], rel-

ative orientation of deformed ions [95, 96, 97, 98, 99, 70, 72, 80, 100, 101, 102],

and the charge product ZpZt [103, 104, 105, 7, 106] have a significant effect on

the reaction outcome. Exploring the interplaying mechanisms behind MNT reac-

tions requires a comprehensive theoretical framework that can adequately account for

these intricate processes. To study MNT reactions theoretically, several phenomeno-

logical approaches have been employed over the years, such as multidimensional

Langevin model [107, 108, 63, 65, 109, 80, 81], the so-called dinuclear system (DNS)

model [110, 111, 112], quantum molecular dynamics model [110, 113, 114]. Also,

GRAZING [115, 116] model and its extensions with fission mechanism included,

GRAZING-F [117] or GRAZING plus GEMINI++ model [118] stand as semiclassi-

cal approaches in MNT reactions. The previously mentioned approaches have been

thoroughly studied and implemented but depend primarily on phenomenology.

To provide a more accurate description of collision dynamics and the MNT mech-

anism, it is crucial to develop microscopic approaches, which also provide a test

for phenomenological models [9]. The time-dependent Hartree-Fock (TDHF) theory

provides a microscopic description of reaction dynamics and it has been employed

extensively to analyze MNT reactions [119, 120, 121, 94, 122, 123, 124, 125, 126,

119, 70, 71] (see Refs. [127, 128, 129, 130] for recent reviews of TDHF applications

to heavy-ion reactions). In TDHF theory, it is possible to calculate the physical dy-

namical observables, such as the mean values of the fragment charge and mass and

the mean kinetic energy depletion arising from one-body dissipation [131]. To extract

the probability of primary fragment production, Simenel [119] suggested the particle-

number projection (PNP) method has been used to study MNT reactions. Applicabil-

ity of this method has been tested over the years [119, 70, 71, 68, 132, 70, 72, 133,

134, 135, 136, 137]. It should be noted that the particle-number projection approach

is only a way for obtaining transfer probabilities from the TDHF wave function af-

ter collision [73]. It does not extend beyond TDHF. Although the TDHF theory has

shown that it is a strong candidate for exploring MNT reactions, it cannot account for

fluctuations and dispersions of the fragment mass and charge distributions. To remedy
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this problem, one must go beyond TDHF [138, 139, 140, 141]. The time-dependent

random phase approximation (TDRPA) of Balian and Vénéroni provides an essential

improvement of the mean-field description. This approach has been applied to ana-

lyze multinucleon transfer in several studies [142, 143, 144, 145, 146, 147]. However,

the approach is limited to calculating dispersions of charge and mass distributions in

symmetric collisions.

In the present work, we analyze the MNT reactions within an alternative extension

to the mean-field approximation, the stochastic mean-field (SMF) theory, which Ayik

first proposed in 2008 [148]. The SMF theory goes beyond the TDHF method by

including mean-field fluctuations and correlations in the description. Over the last

decade, there have been rapid developments and improvements in the description and

various MNT reactions are analyzed within the framework of SMF approach [149,

150, 151, 152, 153, 154, 155, 74, 75, 76, 77, 156, 9, 157, 4, 1, 158]. We note here

that the SMF approach is not limited to MNT reactions. It has been used in numerous

circumstances, including nuclear fission [159], symmetry breaking [160], spinodal

instabilities of nuclear matter [161, 162, 163, 164, 165, 166, 167], and Fermionic

Hubbard clusters [141].

This thesis is organized as follows. In Chapter 2, our method, the quantal diffusion ap-

proach based on the SMF approach, is briefly explained. In Chapter 3, we analyze the

QF and FF in the 48Ca+ 244Pu and 86Kr+ 198Pt reactions above the Bass barrier [1],

and compare our results with the available experimental data [7, 6]. In Chapter 4, we

analyze the primary and secondary isotope production in 250Cf + 232Th reaction [9]

at four different relation orientations. Finally, in Chapter 5, conclusions are given.
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CHAPTER 2

QUANTAL TRANSPORT APPROACH BASED ON SMF THEORY

In this Chapter, we present the theoretical framework of the quantal diffusion ap-

proach based on SMF theory [148], which will be used to analyze the QF processes

in heavy-ion collisions.

In the TDHF method, a single Slater determinant computes a single-particle density

matrix given a set of starting conditions. To go beyond this restriction, Ayik sug-

gested [148] to define an ensemble of single-particle matrices that are described in

terms of fluctuations in the density matrix at the beginning of time to explain the

collision dynamics,

ρλα(r⃗, t) =
∑
ij∈α

Φ∗α
j (r⃗, t;λ)ρλjiΦ

α
i (r⃗, t;λ) , (2.1)

where λ denotes each stochastically-generated event, and the notation α = n, p is

used for the neutron and proton labels. This ensemble is considered to be generated

by incorporating the quantal and thermal fluctuations in the initial state. The initial

density matrix’s elements pλji in Eq. 2.1, should obey the following conditions accord-

ing to the main postulate of the SMF theory [148],

δρλijδρ
λ
kl =

1

2
[ni(1− nj) + nj(1− ni)] δkjδli, (2.2)

ρλji = δjinji, (2.3)

where ni denotes the average occupation numbers of the single-particle states at the

initial state. At zero initial temperature, corresponding to the ground state of both

PLF and TLF before the collision, the average occupation numbers are either zero or
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one. In Eqs.( 2.2,-2.3) and the rest of this work, the bar over quantities denotes the

average over the stochastically-generated ensemble.

In each stochastically generated event, the complete set of single-particle wave func-

tions is determined by the TDHF equations with the self-consistent mean-field Hamil-

tonian of that event,

iℏ
∂

∂t
Φi(r⃗, t;λ) = h[ρλ]Φi(r⃗, t;λ). (2.4)

In Eq. 2.4, the spin and iso-spin indices are omitted for the sake of simplicity.

The remainder of Chapter 2 is organized as follows. The Langevin equation for

macroscopic variables is shared in the following Sec. 2.1. The quantal diffusion co-

efficients are shared in Sec. 2.2. In Sec. 2.3, covariances of fragment charge and

mass distributions are shared. Finally, in Sec. 2.4, primary and secondary product

distribution of the reaction products are shared.

2.1 Langevin equation for nucleon transfer

This work considers low-energy collisions at which a di-nuclear structure is main-

tained during the collision. The identity of colliding nuclei is kept to a large extent,

but nucleon transfer takes place between the PLF and the TLF through the window

plane. In such a case, one does not need to generate an ensemble of stochastically

generated mean-field events, and it is possible to develop a much easier transport

description with the help of a window plane and geometric projection. We refer to

Refs. [74, 75, 152, 76, 73, 156, 131] for detailed information on the window dynam-

ics and the quantal diffusion description. (see also the supplementary online mate-

rial [4]). To describe the quantal nucleon transfer mechanism, the relevant macro-

scopic variables are chosen as the neutron and the proton numbers of the PLF or TLF.

This allows us to treat the nucleon transfer as a diffusion process [168]. In this work,

the relevant macroscopic variables are the neutron number Nλ
1 and the proton num-

ber Zλ
1 of the TLF. The geometry of the di-nuclear complex in a generic QF reaction

involving heavy-ions is shown in Fig. 2.1. A solid green line denotes the symmetry

axis, and its position can be found by diagonalizing the mass quadrupole matrix as

described in detail in Refs. [151, 75]. The window plane, which is denoted by the
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Figure 2.1: Geometry of di-nuclear complex in a collision with beam direction along

x axis at a finite impact parameter. The green solid line indicates the symmetry axis,

and the red dashed line in the reaction plane indicates the window plane. The figure

was taken from Ref. [4].

dashed red line, is perpendicular to the symmetry axis with its center (x0(t), y0(t))

situated between the colliding ions in the neck’s center of the minimum density slice.

ê is the unit vector perpendicular to the window plane which is directed from the

center of the PLF to the center of TLF with ê(t) = cos θ(t)x̂ + sin θ(t)ŷ. Here,

θ(t) is the smaller angle between the symmetry axis and the beam direction, x−axis.

Throughout this section, calculations are performed for a specific impact parameter,

b, or initial orbital angular momentum, ℓ. However, we do not label the quantities

with the impact parameter or angular momentum.

By integrating the nucleon density over the window’s TLF side between the colliding

nuclei, the neutron and proton counts in each event with the label λ can be determined,

and the quantal Langevin equations for macro variables becomes [4],

d

dt

 Nλ
1 (t)

Zλ
1 (t)

 =

∫
g (x′)

 ê · j⃗λn(r⃗, t)
ê · j⃗λp (r⃗, t)

 dr⃗ =

 vλn(t)

vλp (t)

 , (2.5)

where the Gaussian function, g(x′) = [1/(κ
√
2π)]exp[−x′2/2κ2] is the smoothing

function with dispersion κ, extracting the contribution near the window. In the nu-
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merical calculations, the value of dispersion is taken as κ = 1.0 fm, which is in the

same order of lattice spacing. In Eq. 2.5, j⃗λα is the current density given by,

j⃗λα(r⃗, t) =
ℏ
m

∑
ij∈α

Im
(
Φ∗α

j (r⃗, t;λ)∇⃗Φα
i (r⃗, t;λ)ρ

λ
ji

)
. (2.6)

In this work, the linear form of Eq. 2.5 is used with the assumption of small fluctua-

tions around the mean values of macroscopic variables [157],

d

dt

 δNλ
1

δZλ
1

 =

 ∂vn
∂Z1

δZλ
1 + ∂vn

∂N1
δNλ

1

∂vp
∂Z1

δZλ
1 + ∂vp

∂N1
δNλ

1

+

 δvλn(t)

δvλp (t)

 . (2.7)

Here, δNλ
1 = Nλ

1 − Nλ
1 and δZλ

1 = Zλ
1 − Zλ

1 stands for the stochastic part of the

macroscopic variables with the mean values Nλ
1 = N1 and Zλ

1 = Z1 which calculated

entirely within the mean-field potential of the TDHF framework. Similarly, δvλn =

vλn − vλn and δvλp = vλp − vλp stands for the stochastic parts of the drift coefficients with

vλn = vn and vλp = vp, respectively.

In order to calculate the neutron dispersion σ2
NN(ℓ, t) = δNλ

1 δN
λ
1 , proton dispersion

σ2
ZZ(ℓ, t) = δZλ

1 δZ
λ
1 , and the mixed dispersion σ2

NZ(ℓ, t) = δNλ
1 δZ

λ
1 , one can multi-

ply both side of the Eq. 2.7 by δNλ
1 and δZλ

1 , and take the ensemble average, resulting

in a set of coupled partial differential equations,

∂

∂t
σ2
NN = 2

∂vn
∂N1

σ2
NN + 2

∂vn
∂Z1

σ2
NZ + 2DNN , (2.8)

∂

∂t
σ2
ZZ = 2

∂vp
∂Z1

σ2
ZZ + 2

∂vp
∂N1

σ2
NZ + 2DZZ , (2.9)

and
∂

∂t
σ2
NZ =

∂vp
∂N1

σ2
NN +

∂vn
∂Z1

σ2
ZZ + σ2

NZ

(
∂vp
∂Z1

+
∂vn
∂N1

)
, (2.10)

with the initial conditions σ2
NN(ℓ, t = 0) = 0, σ2

ZZ(ℓ, t = 0) = 0, and σ2
NZ(ℓ, t =

0) = 0, since at initial time particle number is not fluctuating. The set of coupled

equations is also familiar from the phenomenological nucleon exchange model, and

they were derived from the Fokker-Planck equation for the fragment neutron and

proton distributions in the deep-inelastic heavy-ion collisions [169, 170, 79]. In this

set of equations, DNN and DZZ are the neutron and proton diffusion coefficients,

respectively, which will be explained in the following section, Sec. 2.2.
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2.2 Quantal diffusion coefficients

The quantal diffusion coefficients are related to the auto-correlation function of the

stochastic part of the drift coefficients [171, 172],

Dαα(t) =

∫ t

0

dt′δvλα(t)δv
λ
α(t

′), (2.11)

where the stochastic part of the drift coefficients δvλα(t) given by,

δvλα(t) =
ℏ
m

∑
ij∈α

∫
d3rg (x′) ê · Im

[
Φ∗α

j (r⃗, t;λ)∇⃗Φα
i (r⃗, t;λ)δρ

λ
ji

]
. (2.12)

To calculate the Eq. 2.12, one needs to sum over the complete set of particle and

hole states indicated by the indices i and j. By employing closure relations in the

diabatic limit and using the main postulate of SMF theory (given in Eq. 2.2), it is

possible to eliminate the unoccupied states and calculate the diffusion coefficients

only in terms of occupied states of the THDF evolution (the detailed derivation of

the quantal diffusion coefficients in central and off-central collisions are given in the

Refs. [155, 75]),

Dαα(t) =

∫ t

0

dτ

∫
d3rg̃ (x′)

(
GT (τ)J

T
⊥,α(r⃗, t− τ/2)

+GP (τ)J
P
⊥,α(r⃗, t− τ/2)

)
−
∫ t

0

dτ Re

( ∑
h′∈P,h∈T

Aα
h′h(t)A

∗α
h′h(t− τ)

+
∑

h′∈T,h∈P

Aα
h′h(t)A

∗α
h′h(t− τ)

)
, (2.13)

here, g̃(x′) = [1/(κ′√π)]exp[−x′2/2κ′2] is another smoothing function with κ′ = 0.5

fm and the memory kernels GT (τ) are given by,

GT (τ) =
1√
4π

1

τ0
exp

[
−(τ/2τ0)

2
]
. (2.14)

The average flow speed u0 of the target nucleons across the window gives the memory

time as τ0 = κ′/|u0|. GP (τ) is given by a similar expression. The magnitude of

current densities perpendicular to the window plane is represented by Jµ
⊥,α(r⃗, t) in
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Eq. 2.13, where contributions come from hole wave functions emanating from the

target (µ =T) or projectile (µ =P),

Jµ
⊥,α(r⃗, t) =

ℏ
m

∑
h∈µ

∣∣∣ê · Im
[
Φ∗α

h (r⃗, t)∇⃗Φα
h(r⃗, t)

]∣∣∣ . (2.15)

Finally, in Eq. 2.13, the hole-hole matrix elements, Aα
h′h(t), are given by,

Aα
h′h(t) = ê · ℏ

2m

∫
d3rg (x′)

[
Φ∗

h′(r⃗, t)∇⃗Φα
h(r⃗, t)− Φα

h(r⃗, t)∇⃗Φ∗α
h′ (r⃗, t)

]
. (2.16)

In Eq. 2.13, the first term gives the sum of nucleon currents across the projectile-like

and target-like subsystems, which are integrated over the memory. This is equiva-

lent to the diffusion coefficient in the random walk problem, which is given by the

sum of the rate for the forward and backward steps [171, 172]. Conversely, the sec-

ond term accounts for the Pauli blocking effect in nucleon transfer processes, a term

lacking a classical counterpart. The fluctuations, which are specified with quantal

diffusion coefficients, are calculated in terms of mean-field properties, i.e., in terms

of only occupied single-particle wave functions of TDHF. This is consistent with the

fluctuation-dissipation theorem of non-equilibrium statistical mechanics and signif-

icantly reduces computation time. Diffusion coefficients include the quantal effects

due to shell structure, Pauli blocking, and the full effect of the collision geometry

without any adjustable parameters.

2.3 Potential energy of the di-nuclear system

To solve the coupled partial differential equations, Eqs.(2.8-2.10), one needs to cal-

culate the quantal diffusion coefficients, Dαα and the derivatives of the mean drift

coefficients with respect to neutron and proton numbers. By using Einstein’s relation

in the overdamped limit, one can relate the drift coefficients to the derivatives of the

potential energy of the colliding system in the (N − Z) plane as,

vn(t) = −DNN(t)

T ∗
∂

∂N1

U(N1, Z1) , (2.17a)

vz(t) = −DZZ(t)

T ∗
∂

∂Z1

U(N1, Z1) , (2.17b)

where T ∗ is the effective temperature of the system, and U(N1, Z1) represents the

potential energy of the system as a function of neutron and proton numbers of one
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of the reaction partners. Within the potential energy surface provided by microscopic

Skyrme energy density functional, the surface energy, electrostatic energy, symmetry

energy, and centrifugal potential energy are included at a microscopic level. However,

this potential energy surface of the di-nuclear system as a function of (N1, Z1) is

expected to have a complex structure. In this work, we approximate the potential by

a two-parabolic form,

U(N1, Z1) =
1

2
aR2

S +
1

2
bR2

V , (2.18)

where

RV (t) = [N1(t)−N0] cosϕ+ [Z1(t)− Z0] sinϕ , (2.19)

and

RS(t) = [Z1(t)− Z0] cosϕ− [N1(t)−N0] sinϕ . (2.20)

Here, (N0, Z0) stands for the local equilibrium state of the system, and it is determined

accordingly for each system, respectively. RV is called the iso-scalar distance, and

it represents the horizontal distance between the fragment and the local equilibrium

state. Similarly, RS is called the iso-vector distance, and it represents the perpendic-

ular distance between the fragment and the local equilibrium state (see Fig. 2.2 for

reference). By substituting Eq. 2.18 to Eqs.( 2.17a-2.17b), one can get,

vn(t) = −DNN(t) [−αRS sinϕ+ βRV cosϕ] , (2.21a)

vz(t) = −DZZ(t) [αRS cosϕ+ βRV sinϕ] . (2.21b)

Here, α = a/T ∗ and β = b/T ∗ denote the reduced curvature parameters. The effec-

tive temperature is not a parameter in this description since only ratios of the curvature

parameters and the effective temperature occur. By inverting Eqs.(2.21a-2.21b) and

solving for the reduced curvature parameters α and β, we get,

α(t) =
1

RS

(
vn

DNN

sinϕ− vz
DZZ

cosϕ

)
(2.22)

β(t) =
−1

RV

(
vn

DNN

cosϕ+
vz

DZZ

sinϕ

)
(2.23)

Due to shell effects and microscopic collision dynamics within the TDHF frame-

work, the curvature parameters exhibit time dependence. To accommodate this in

the macroscopic transport description, we must mitigate the temporal fluctuations.
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Figure 2.2: Typical drift path in (N − Z) plane. (N0, Z0) and (N1, Z1) represent the

local equilibrium state and TLF or PLF, respectively. The dashed thick line repre-

sents the iso-scalar line. RS and RV represent the iso-vector and iso-scalar distances,

respectively. The figure was taken from Ref. [4].

Thus, we compute the reduced curvature parameters by averaging them over appro-

priate time intervals while the colliding binary reaction partners overlap sufficiently

strongly. Following the drift pattern depicted in Fig. 2.2, the averaged value of the iso-

vector reduced curvature parameter between time intervals tA and tB is determined

as follows:

α =
1∫ tB

tA
RSdt

∫ tB

tA

dt

(
vn

DNN

sinϕ− vz
DZZ

cosϕ

)
, (2.24)

similarly, iso-scalar reduced curvature parameter between time intervals tA and tB is

determined as,

β =
−1∫ tB

tA
RV dt

∫ tB

tA

dt

(
vn

DNN

cosϕ+
vz

DZZ

sinϕ

)
. (2.25)

By using the calculated reduced curvature parameters and taking advantage of the

analytical form of the potential energy, one can calculate the derivatives of the drift

coefficients given in couple partial differential equations(2.8-2.10);
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∂νn
∂N1

= −DNN

(
α sin2 ϕ+ β cos2 ϕ

)
, (2.26)

∂νz
∂Z1

= −DZZ

(
α cos2 ϕ+ β sin2 ϕ

)
, (2.27)

∂νn
∂Z1

= −DNN (β − α) sinϕ cosϕ , (2.28)

∂νz
∂N1

= −DZZ (β − α) sinϕ cosϕ . (2.29)

Together with the calculated quantal diffusion coefficients, the neutron and proton

variances and covariances can be determined from the solutions of coupled differen-

tial equations (Eqs. 2.8-2.10) with the initial conditions σNN(t = 0) = 0, σZZ(t =

0) = 0, and σNZ(t = 0) = 0, for each system and angular momentum.

2.4 Primary and Secondary Product Distribution of the Reaction Products

2.4.1 Probability Distributions of Primary Reaction Fragments

For the purpose of creating a binary fragment with neutron N and proton Z numbers,

the joint probability distribution function Pℓ(N,Z) is typically found by creating a

large number of solutions to Langevin Eq. (2.7). For the distribution function of

the macroscopic variables, it is well known that the Langevin Equation is equivalent

to the Fokker-Planck equation [172]. In the case when drift coefficients are linear

functions of macroscopic variables, as we have in Eq. 2.7, the proton and neutron

distribution function for initial angular momentum ℓ is given as a correlated Gaussian

function described by the mean values, the neutron, proton, and mixed dispersions

as [9],

Pℓ(N,Z) =
1

2πσNN(ℓ)σZZ(ℓ)
√

1− ρ2ℓ
exp (−Cℓ) (2.30)

Here the exponent Cℓ for each impact parameter is given by,

Cℓ =
1

2 (1− ρ2ℓ)

[(
Z − Zℓ

σZZ(ℓ)

)2

+

(
N −Nℓ

σNN(ℓ)

)2

−2ρ

(
Z − Zℓ

σZZ(ℓ)

)(
N −Nℓ

σNN(ℓ)

)]
(2.31)
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with the correlation coefficient as ρl = σ2
NZ(l)/ [σZZ(l)σNN(l)]. The quantities Nl =

Nλ
l , Zl = Zλ

l denote the mean neutron and proton numbers of the target-like or

project-like fragments determined by the TDHF calculations.

Production cross-sections of primary isotopes are calculated using the standard ex-

pression,

σS,pri(N,Z) =
πℏ2

2µEc.m.

ℓmax∑
ℓmin

(2l + 1)P S,pri
ℓ (N,Z) (2.32)

with,

P S,pri
ℓ (N,Z) =

1

2

[
P S,pri
ℓ,pro (N,Z) + P S,pri

ℓ,tar (N,Z)
]

(2.33)

In these expressions, the label "S" indicates different collision geometries and µ is

the reduced mass of the projectile and target nuclei. Quantities P S,pri
ℓ,pro (N,Z) and

P S,pri
ℓ, tar (N,Z) denotes the normalized probability of producing projectile-like and target-

like fragments by using Eq. 2.30. To normalize the total primary fragment distribu-

tion to unity, a factor of 1/2 is introduced. The range of angular momentum in a

summation over ℓ depends on the detector’s geometry in the laboratory frame and the

experimental configuration. In our computations, we sum over the interval ℓmin to

ℓmax, which is determined separately in each system. If only mass numbers of frag-

ments are identified, double probability in the cross-section expression is replaced by

mass number distribution,

P S,pri
ℓ (A) =

1

2

[
P S,pri
ℓ,pro(A) + P S,pri

ℓ,tar (A)
]

(2.34)

Summing over N or Z and maintaining the total mass number constant A = N + Z

yields the probability distribution of the mass number of the fragments created,

P S,pri
ℓ,pro(A) =

1√
2π

1

σAA(ℓ)
exp

[
−1

2

(
A− Aℓ,pro

σAA(ℓ)

)2
]

(2.35)

where mass variance is given by σ2
AA(ℓ) = σ2

NN(ℓ) + σ2
ZZ(ℓ) + 2σ2

NZ(ℓ). Similarly,

for target-like fragments, P S,pri
ℓ,tar (A) is given by,

P S,pri
ℓ,tar (A) =

1√
2π

1

σAA(ℓ)
exp

[
−1

2

(
A− Aℓ,tar

σAA(ℓ)

)2
]
. (2.36)
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If the compared experimental results are in arbitrary units, the primary yield distribu-

tion is calculated accordingly by the standard expression [173],

Y S,pri(A) =
1∑ℓmax

ℓmin
(2ℓ+ 1)

ℓmax∑
ℓmin

(2ℓ+ 1)P S,pri
ℓ (A). (2.37)

2.4.2 Probability Distributions of Primary FF Fragments

Using the quantal diffusion approach (Eq. 2.37), we can determine the fragment mass

distribution due to the MNT mechanism. But, the primary mass distribution near the

mass symmetric region (
Apro+Atar

2
± 20) usually consists of contributions from both

FF and QF mechanisms. The statistical Monte Carlo code GEMINI++ [8] is utilized

for this region to analyze the contributions from FF-like events. The validity of this

method is tested and confirmed in the Refs. [158, 1, 156]. The excitation energy of the

compound nuclei is estimated by, E∗
CN = Ec.m. +Qgg, where Qgg stands for released

disintegration energy in fusion reaction. Combined with contributions from the FF-

like events calculated by GEMINI++, total primary fragment mass distribution takes

the form

Y (A)sum =
[
ηMNTY (A)S,pri + ηFFY (A)FF

]
, (2.38)

where Y (A)FF stands for the probability of reaching fission-fragment with mass

number A, after the statistical de-excitation of compound nuclei. In this work, the

number of Monte-Carlo simulation times is set to Mtrial = 100 000 in GEMINI++

calculations, which is sufficient to get a statistical distribution for this region. In

Eq. (2.38), ηMNT and ηFF stand for normalizing constants for distributions arising

from the MNT reactions and fission reactions, respectively. The value of ηMNT is de-

termined by matching the peak values of the experimental yield, and the value of ηFF

is determined by matching the experimental yield at mass middle point A =
Apro+Atar

2
.

2.4.3 Probability Distributions of Secondary Reaction Fragments

Primary fragments are excited and cool down by light particle emission, mostly neu-

trons, protons, and alpha particles, or they may decay via binary fission. We ana-
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lyze the de-excitation mechanisms of the primary fragments using the statistical code

GEMINI++ [8]. We estimate the total excitation energy of the primary fragments ac-

cording to E∗
ℓ (N,Z) = Ec.m. −TKEℓ +Qgg(N,Z). In this expression, TKEℓ denotes

the asymptotic value of the total kinetic energy after the collision, and Qgg(N,Z) de-

notes ground state Q-value of the primary fragments relative to the initial value [9].

Usually, the total spin and the total excitation energy after the collision should have

distributions around their mean values. In the present analysis, we share the mean

value of the total excitation energy and the total angular momentum transfer propor-

tionately to the mass ratio of the primary fragments, ignoring the fluctuations around

mean values. Until the parent nucleus’s disintegration is energetically prohibited,

the excited parent nucleus decays through a sequence of light particle evaporations

and secondary fission. The statistical code GEMINI++ calculates the probability

Wℓ(N,Z → N ′, Z ′) of reaching the final nucleus (N ′, Z ′), starting from an excited

parent nucleus with neutron and proton numbers (N,Z), excitation energy E∗
ℓ (N,Z),

and spin J . Then, the probability distribution of secondary isotopes can be expressed

as

P S,sec
ℓ (N ′, Z ′) =

∑
N≥N ′

∑
Z≥Z′

P S,pri
ℓ (N,Z)Wℓ(N,Z → N ′, Z ′) . (2.39)

Here, the summation over (N,Z) covers the pairs of PLF and TLF of the di-nuclear

system according to their probability distributions. Combined with the de-excitation

process, the expression for the production cross-section of secondary isotopes takes

the form,

σS,sec
ℓ (N ′, Z ′) =

πℏ2

2µEc.m.

ℓmax∑
ℓmin

(2ℓ+ 1)P sec
ℓ (N ′, Z ′) . (2.40)
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CHAPTER 3

QF AND FF IN THE 48Ca + 244Pu AND 86Kr + 198Pt REACTIONS

In this part of Chapter 3 of the thesis, we extend our calculation to reactions with

heavier nuclei. In reactions involving heavy nuclei, although both QF and FF mech-

anisms take place simultaneously, the expected dominant process is the QF process

because of the suppression of the fusion process due to the strong Coulomb repulsion.

The primary fragments near the mass symmetric region (Apro+Atar

2
± 20) are either

result of FF or QF processes. Calculations need to consider both mechanisms to ex-

plain the primary mass distribution in heavy systems. In this part, we aim to show

that SMF theory, combined with GEMINI++, is a promising tool for explaining the

reaction mechanism in reactions involving heavy nuclei.

In this Chapter, we investigate the QF and FF processes in the 48Ca + 244Pu reac-

tion at Ec.m. = 203.2 MeV and 86Kr + 198Pt reaction at Ec.m. = 324.2 MeV. The

fusion-evaporation cross-section, fission modes of superheavy compound Flevorium

nuclei in the 48Ca + 244Pu reaction have been investigated experimentally in Refs.

[7, 174, 19, 175], whereas the MNT and QF reaction products and their properties

have been investigated experimentally in the Refs. [176, 7, 5]. In Ref. [177], QF and

MNT reactions in this system are investigated theoretically within the TDHF frame-

work. In Refs. [5, 7], 48Ca + 244Pu system is investigated at Ec.m. = 203.2 MeV, cor-

responding to the ratio Ec.m./VBass = 1.03, where VBass = 197.29 MeV [5, 178, 179].

In the subpanel (a) of Fig. 3.1, the mass-energy distributions of primary fragments

obtained in the 48Ca + 244Pu reaction at energy above the Bass barrier in the ex-

perimental work in Ref. [7] are shown. The continuous red contours in Fig. 3.1 are

used to exclude the elastic events and select fissionlike events arising from either FF

or QF processes. In this experiment, which theoretical calculations in this work will
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Figure 3.1: Mass-energy distributions of primary fragments at energies near the Bass

barrier that was achieved in the reactions48Ca + 244Pu and 86Kr + 198Pt. The exper-

imental filter gates, which are represented by red rectangles, are used for selecting

fissionlike events. The figure was taken from Refs. [5, 6]

be compared with, binary primary fragments are detected between 42◦ − 78◦ in the

laboratory frame. The superheavy element Flevorium can also be synthesized in

the 86Kr+ 198Pt reaction, and it is also investigated experimentally in the Refs. [6, 7]

at Ec.m. = 324.2 MeV which corresponds to Ec.m./VBass = 1.12. In subpanel (b) of

Fig. 3.1, the mass-tke distribution of binary primary fragments in 86Kr + 198Pt reac-

tion at the above barrier energy is shown [6]. In this experiment, which theoretical

calculations in this work will be compared with, the binary primary fragments are

detected between 30◦ − 68◦ in the laboratory frame.

The remainder of this Chapter is organized as follows. In Sec. 3.1, the mean-field

results calculated within the TDHF framework are shared and discussed. In Sec. 3.2,

the covariances of fragment mass and charge calculated within the SMF framework

are shared. Finally, the estimated primary mass distributions are compared with the

available experimental data [7, 6].
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3.1 Mean Reaction Dynamics in TDHF

3.1.1 Mean values of reaction observables

This computation and all other numerical computation in this section are carried out

by employing the three-dimensional TDHF program of Umar et al. [180, 181] using

the SLy4d Skyrme energy density functional [182, 183], with a box size of 60 × 60

× 36 fm in the x− y − z directions. TDHF ground state calculations show that both
48Ca and 86Kr nuclei exhibit spherical shapes, whereas 244Pu and 198Pt nuclei exhibit

strong prolate and oblate deformations, respectively. For this reason, to consider all

possible relative orientations of the deformed nuclei, the TDHF and SMF calcula-

tions were performed for all possible relative orientations of the reaction partners.

As a convention, we denote the initial orientation of the target principal deforma-

tion axis as being in the beam direction as the tip direction and the case when their

principal axis is perpendicular to the beam direction as the side direction. To reduce

the computation time, quantities are evaluated for every two units of initial angular

momentum for 48Ca + 244Pu system, and ten units of initial angular momentum for
86Kr + 198Pt system. In Table 3.1, the TDHF results for 48Ca + 244Pu system at

Ec.m. = 203.2 MeV for the tip orientation of the 244Pu nucleus and 86Kr + 198Pt sys-

tem at Ec.m. = 324.2 MeV for the tip orientation of the 198Pt nucleus are shown for a

range initial orbital angular momenta, ℓi, final values of charge and mass numbers of

PLF Zf
1 , Af

1 and TLF Zf
2 , Af

2 , final total kinetic energy TKE (in MeV units), contact

time tc(in zs units), the scattering angles in the center of mass frame θc.m., and the

laboratory frame θlab
1 and θlab

2 , respectively.

For each collision in the center-of-mass frame, the scattering angles in the laboratory

frame, θlab
1 and θlab

2 , are calculated according to[179, 75],

tan θlab
1 =

sin θc.m.√
Ai

1A
f
1

Ai
2A

f
2

Ec.m.
TKE

+ cos θc.m.

(3.1)

and

tan θlab
2 =

sin θc.m.√
Ai

1A
f
2

Af
1A

i
2

Ec.m.
TKE

− cos θc.m.

(3.2)
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Table 3.1: Results of the TDHF calculations for the 48Ca + 244Pu system at Ec.m. =

203.2 MeV for the tip orientation of the 244Pu nucleus and the 86Kr + 198Pt system at

Ec.m. = 324.2 MeV for the tip orientation of the 198Pt nucleus. The table was taken

from Ref. [1]

ℓi (ℏ) Zf
1 Af

1 Zf
2 Af

2 TKE(MeV ) tc(zs) θc.m. θlab
1 θlab

2

48Ca + 244Pu system at Ec.m. = 203.2 MeV

44 35.4 88.9 78.6 203.1 218.8 6.4 94.9 78.8 53.7

46 35.1 88.4 78.9 203.6 217.8 6.5 89.1 73.4 57.6

48 35.0 89.4 79.0 203.6 216.6 6.6 84.0 68.6 61.4

50 35.0 88.2 79.0 203.8 217.2 6.6 79.7 64.9 64.3

52 34.9 87.7 79.1 204.3 218.3 6.6 76.7 62.4 66.5

54 34.9 87.6 79.1 204.4 218.4 6.5 74.1 60.1 68.5

56 35.1 87.9 78.9 204.1 216.9 6.5 70.9 57.2 71.0

58 34.7 86.8 79.3 205.2 215.2 6.6 66.9 53.8 73.6

60 35.5 83.8 80.5 208.2 214.8 6.7 62.2 50.1 76.4

62 35.5 88.7 78.5 203.3 215.6 7.0 56.3 44.7 83.4

64 36.6 92.1 77.4 199.9 211.1 8.2 43.6 34.1 -83.1

66 33.9 84.5 80.1 207.5 197.5 7.9 43.7 34.4 -88.5

68 32.5 80.8 81.5 211.2 190.0 6.8 57.4 45.7 76.4

70 26.5 65.0 87.5 227.0 168.2 5.2 75.1 61.9 55.9
86Kr + 198Pt system at Ec.m. = 324.2 MeV

60 39.1 95.9 74.9 188.1 214.2 4.2 109.4 75.3 32.8

70 37.6 92.3 76.4 191.7 215.6 3.4 110.7 77.5 31.6

80 36.7 89.7 77.3 194.3 220.6 2.9 102.9 71.8 34.9

90 36.8 89.8 77.2 194.2 219.3 2.6 106.9 75.1 33.1

100 36.2 88.4 77.8 195.6 223.6 2.3 98.4 68.6 36.7

110 36.2 88.1 77.8 195.9 231.9 2.0 103.7 73.6 34.8

120 36.2 88.3 77.8 195.7 242.5 1.7 93.9 66.0 39.7
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Figure 3.2: Average numbers of change in neutron and proton numbers in 48Ca+244Pu

system at Ec.m. = 203.2 MeV and 86Kr + 198Pt system at Ec.m. = 324.2 MeV for

the tip orientation of the target-like nuclei are shown as a function of initial angular

momentum ℓi [1].

As can be seen in Tab. 3.1, the TDHF computation results for 48Ca + 244Pu system

predicts a pronounced plateau behavior in the average number of nucleons of Pu-like

fragment nuclei throughout all analyzed initial angular momenta, which may be due

to significant stability of doubly magic 208Pb in the exit channel. In Fig. 3.2, the

average numbers of change in neutron and proton numbers in 48Ca + 244Pu system

at Ec.m. = 203.2 MeV and 86Kr + 198Pt system at Ec.m. = 324.2 MeV for the tip

orientation of the target-like nuclei are shown as a function of initial angular momen-

tum ℓi. As the initial angular momentum increases, the average number of changes

in both proton and neutron numbers decreases. This behavior is usually expected

and observed in QF reactions. In Fig. 3.2, one can easily see that the average num-

ber of transferred nucleons is much higher in 48Ca + 244Pu system compared to the
86Kr + 198Pt system. This is mainly due to the difference in charge product (ZpZt)

of the two systems. We also have to mention that fusion reactions are not observed

in either reaction in the tip orientation of the target-like fragments. Yet, within our

calculations, which are not shared here, fusion emerges within the side orientation of

the 244Pu nucleus during central collisions.
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3.1.2 Mean Drift Path and Reduced Curvature Parameters

To calculate the average values of reduced curvature parameters which mentioned in

the Sec. 2.3, the collision at the initial angular momentum ℓi = 40ℏ is selected for

the 48Ca + 244Pu system and the collision at ℓi = 60ℏ is selected for the 86Kr + 198Pt

system. In Fig. 3.3, the time evolution of mean values of the neutron N(t) and proton

Z(t) numbers of target-like fragments in 48Ca+244Pu at ℓi = 40ℏ and 86Kr+198Pt sys-

tem at ℓi = 60ℏ are shown [1]. In Fig. 3.3, labels tA, tB,and tC denote the time inter-

vals used for calculating the average values of reduced curvature parameters in each

system. To project the change in neutron and proton numbers of collision partners

into N − Z plane, time dependence in N1(t) and Z1(t) is eliminated, and the resul-

tant graph is given in Fig. 3.4. In Fig. 3.4, dashed black lines represent the iso-scalar

lines, and thick blue lines represent the mean drift path of the target-like fragments

in each system. In both systems, the iso-scalar line extends from the projectile-like

fragment up to the target-like fragment, passing through the mass symmetry point

(N0, Z0), where N0 = (N1 + N2)/2. The charge asymmetry of the reaction frag-

ments, denoted with δ = N−Z
A

, are found to be δ(Ca) ≃ 0.167, δ(Pu) ≃ 0.229,

δ(Kr) ≃ 0.163, and δ(Pt) ≃ 0.212.
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Figure 3.3: Mean values of neutron and proton numbers of target-like fragments at

initial angular momentum ℓi = 40ℏ for 48Ca + 244Pu system at Ec.m. = 203.2 MeV

and ℓi = 60ℏ for 86Kr + 198Pt system at Ec.m. = 324.2 MeV are shown as a function

of time. Solid blue lines denote the neutron numbers, and dashed red lines denote

the proton numbers of target-like fragments. The labels tA, tB, and tC indicate the

projection of the time intervals used to determine the curvature parameters. The figure

was taken from Ref. [1].
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Figure 3.4: Mean drift path in the N −Z plane for the target-like fragments are given

at initial angular momentum ℓi = 40ℏ for 48Ca + 244Pu system at Ec.m. = 203.2 MeV

and ℓi = 60ℏ for 86Kr + 198Pt system at Ec.m. = 324.2 MeV. Solid blue lines denote

the mean drift path and dashed black lines denote the iso-scalar lines. The labels A,

B, and C indicate the projection of the time intervals used to determine the curvature

parameters. The figure was taken from Ref. [1].

Because the reaction partners in both systems have different charge asymmetries,

during the initial phase of the collision, the reaction partners exchange nucleons to

reach the same charge asymmetry value, which is δ ≃ 0.219 (48Ca + 244Pu system)

and δ ≃ 0.197 (86Kr + 198Pt system). In this stage, the resulting drift is towards

the iso-scalar line in the iso-vector direction. Then, the reaction partners continue to

exchange nucleons and drift towards the local equilibrium, the mass symmetry point.

But, since the contact time is insufficient, the reaction partners separate long before

reaching the mass symmetry point.

The quantal diffusion coefficients related to both systems are calculated, and the re-

sults for each system are given in Fig. 3.5. As described in Sec. 2.3, one can calculate

the average values of reduced curvature parameters by using the quantal diffusion

coefficients, neutron and proton numbers of TLF. In the 48Ca + 244Pu system, the

parameter α is calculated between the time interval (300− 425) fm/c and its value is

equal to 0.156. The parameter β is calculated between the time interval (425− 2000)

fm/c, and its value equals 0.004. In the 86Kr+ 198Pt system, parameter α is calculated

between the time interval (260− 390) fm/c and it is equal to 0.176. The parameter β

is calculated between the time interval (390− 1400) fm/c, equal to 0.003.
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Figure 3.5: Diffusion coefficient for neutron and proton transfers at initial angular

momentum ℓ = 40ℏ for 48Ca + 244Pu system at Ec.m. = 203.2 MeV, and ℓ = 60ℏ for
86Kr+ 198Pt system at Ec.m. = 324.2 MeV are shown as a function of time. Solid blue

lines denote the diffusion coefficients of neutron transfer, DNN(t); dashed red lines

denote the diffusion coefficients of proton transfer, DZZ(t). The figure was taken

from Ref. [1].

3.2 SMF results

3.2.1 Covariances of fragment charge and mass distributions

In both systems, Eqs.(2.8-2.10) are solved numerically for the proton, neutron vari-

ances, and mixed covariances by using the calculated reduced curvature parameters

and the quantal diffusion coefficients. In Tab. 3.2, we share the asymptotic values

for neutrons σNN , protons σZZ , mixed σNZ , and mass σAA dispersions calculated

for each initial angular momentum. As an example, the calculated neutron, proton,

and mixed variances as a function of time in 48Ca + 244Pu reaction at ℓi = 40ℏ and
86Kr + 198Pt reaction at ℓi = 60ℏ are shown in Fig 3.6. In both systems, we see

that during the initial phase of the reaction, up to about t ≃ 500 fm/c, the magni-

tude of variances are in order as σNZ < σZZ < σNN . After that, the correlations

evolve, changing the order to σZZ < σNZ < σNN , demonstrating the importance of

correlations arising from significant energy dissipation[1, 73].
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Table 3.2: Results of the SMF calculations for the 48Ca + 244Pu system at Ec.m. =

203.2 MeV in tip configuration of 244Pu nucleus and the 86Kr+198Pt system at Ec.m. =

324.2 MeV in tip configuration of 198Pt nucleus. The table was taken from Ref. [1].

48Ca + 244Pu 86Kr + 198Pt

ℓi (ℏ) σNN σZZ σNZ σAA ℓi (ℏ) σNN σZZ σNZ σAA

44 11.6 7.4 8.9 18.7 60 10.3 6.7 8.0 16.7

46 11.6 7.5 8.9 18.7 70 9.4 6.2 7.2 15.2

48 11.7 7.5 9.0 18.8 80 8.5 5.6 6.4 13.7

50 11.7 7.5 9.0 18.8 90 7.9 5.2 5.9 12.6

52 11.7 7.5 8.9 18.8 100 7.2 4.8 5.3 11.5

54 11.6 7.4 8.9 18.6 110 6.6 4.4 4.8 10.4

56 11.5 7.4 8.8 18.5 120 5.9 4.0 4.1 9.2

58 11.4 7.3 8.8 18.4

60 11.5 7.4 8.8 18.5

62 11.5 7.4 8.8 18.5

64 11.9 7.6 9.2 19.2

66 11.5 7.4 8.8 18.5

68 10.6 6.8 8.1 17.0

70 8.9 5.8 6.7 14.2
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Figure 3.6: Neutron, proton, and mixed variances as a function of time in 48Ca+244Pu

system and 86Kr+ 198Pt system. Solid blue, dashed red, and dotted green lines denote

the neutron variances, σNN ; proton variances, σZZ ; and the mixed variances, σNZ ,

respectively. The figure was taken from Ref. [1].

27



3.2.2 Primary Mass Distribution

In this section, we continue with discussing the primary fragment distributions in
48Ca + 244Pu system at Ec.m. = 203.2 MeV and 86Kr + 198Pt system at Ec.m. =

324.2 MeV, and compare the results with the available experimental data [6, 7]. In

both systems, we have to use Eq. 2.38 since both QF and FF mechanisms have con-

tributions in primary mass distributions, especially near the mass symmetric region.

The initial angular momentum boundaries in Eq. 2.37 are determined by compar-

ing the mass-energy distributions shown in Fig. 3.1 and the scattering angles in the

laboratory frame, θ1lab and θ2lab, given in Tab. 3.1, with the experimentally observed

mass-energy distributions and angular coverage ranges in the Refs. [7, 6]. The TKE

vs. mass value is scattered in the TKE-mass plane for each computed collision with

different initial angular momentum values, and the resulting distribution is plotted for

both systems in Fig. 3.7. The red continuous contours in Fig. 3.7 represent the gates

used in the experiments in Refs. [6, 5, 7] to exclude or reduce the contributions from

the elastic events. With these constraints taken into account, we determined that the

initial angular momenta range in Eq. 2.37 to be 44ℏ ≤ ℓi ≤ 70ℏ for the 48Ca + 244Pu

system and 60ℏ ≤ ℓi ≤ 120ℏ for the 86Kr + 198Pt system. It is essential to mention

that, for the side orientation of the target nuclei, the primary binary products do not

satisfy the angular range and mass-energy conditions at the same time. Thus, in this

study, primary fragment yield distributions are calculated using only the tip orienta-

tion of target nuclei in both systems. In Fig. 3.8, we share the calculated primary

product distributions for 48Ca + 244Pu system at Ec.m. = 203.2 MeV and 86Kr + 198Pt

system at Ec.m. = 324.2 MeV in tip orientation of target-like nucleus and compare

the results with the experimental data available [7, 6]. Dashed blue lines indicate

primary product mass distribution calculated within the SMF framework, whereas

filled green areas represent the fusion-fission fragment distribution calculated using

the GEMINI++ code [8]. The summation of yield distribution calculated by Eq. 2.38

is indicated by solid red lines. For comparison, the positions of initial reaction part-

ners are shown by vertical dashed black lines in Fig. 3.8.

In Eq. 2.38, the value of ηMNT is determined by matching the peak values of ex-

perimental yield [7] at A≈208 to give value ηMNT = 202 for 48Ca + 244Pu system
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Figure 3.7: Mass-energy distributions of fragments obtained by the TDHF calcula-

tions for the 48Ca + 244Pu system at Ec.m. = 203.2 MeV and 86Kr + 198Pt system

at Ec.m. = 324.2 MeV in tip orientation of target-like nucleus. The red continuous

contours represent the gates used in the experiments in Refs. [6, 5, 7] to exclude or

reduce the contributions from the elastic events. The figure was taken from Ref. [1].

and peak value of experimental yield [6] at A≈200 to give value ηMNT = 230 for
86Kr + 198Pt system. Similarly, for FF mechanism, the value of ηFF is determined by

matching the experimental yield at A≈146 for both systems to give value ηFF = 17

for 48Ca + 244Pu system and ηFF = 4 for 86Kr + 198Pt system.

First, we can compare the SMF results obtained by calculating the Eq. 2.37 for both

systems. In the vicinity of the peak position, around 40 nucleons are exchanged be-

tween the reaction partners in 48Ca + 244Pu system, and five nucleons are exchanged

in the 86Kr+198Pt system. Firstly, it is evident from Fig. 3.8 that the SMF approach in

both systems can accurately predict the peak position of the mass distribution. More-

over, in the 48Ca + 244Pu system, the SMF method can explain the transfer channels

up to ∼55 nucleon transfer, or up to A≈ 100 for projectile-like fragments (A ≈ 190

for target-like fragments). In the mass symmetric region, the contributions from FF

reactions play an important role, especially in the 48Ca + 244Pu system. It can be

seen from GEMINI++ results that the 292Fl compound nucleus decays mainly by the

fission mechanism, and the distribution resembles a symmetric Gaussian distribution.

With the inclusion of the contributions from the FF reactions, we can clearly state that

the results indicated by the solid red lines coincide with the experimental data values

quite well in the 48Ca + 244Pu system.
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Figure 3.8: Primary fragment yield in the 48Ca + 244Pu system at Ec.m. = 203.2 MeV

and 86Kr+198Pt system at Ec.m. = 324.2 MeV in tip orientation of target-like nucleus.

The experimental data obtained from Refs. [7, 6] are indicated by the closed black

circles. Dashed blue lines indicate the primary product mass distributions calculated

within the SMF framework. The FF fragment distribution indicated by the green

filled area was calculated using the GEMINI++ code [8]. Solid red lines indicate the

summation of yield distribution calculated by the SMF approach and GEMINI++.

The figure was taken from Ref. [1].
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In the 86Kr + 198Pt system, we can see from the experimental results that the com-

peting QF reactions heavily hinder FF reactions. This is mainly due to the strong

Coulomb repulsion present in the system, which inhibits the compound nucleus for-

mation during the collision. Similarly, in the 86Kr + 198Pt system, we can see that the

contributions from QF reactions predicted by the SMF approach are dominant com-

pared to the FF reactions and the SMF results agree quite well with the experimental

data over the whole mass range. It is also important to mention here that, since the

primary mass fragment probability Pℓ(A) in Eq.2.35(or Eq. 2.36) is normalized to

unity, the value of normalization constant ηMNT also determines the total integrated

yield value under the mass-distribution function. To compare and analyze the con-

tribution from FF reactions in both systems, we can calculate the ratio of integrated

yield value in the mass symmetric (ACN ± 20) region to the total integrated yield

value under the available experimental data range. The interval for the available ex-

perimental data range in the 48Ca+244Pu system is taken as 65 ≤ A ≤ 225 to give the

value 22.3/201.3 ≈ 11%. Similarly, in the 86Kr + 198Pt system the interval is taken

as 65 ≤ A ≤ 215 to give the value 6.5/225.4 ≈ 3%. These results agree with the

experimentally calculated results in Refs. [7, 6]. By comparing the calculated ratio

values for both systems, we can clearly state that with the increasing Coulomb factor

(ZpZt), QF reactions dominate the FF reactions.
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CHAPTER 4

PRIMARY AND SECONDARY ISOTOPE PRODUCTION IN 250Cf + 232Th

REACTION

In this part of Chapter 3 of the thesis, we extend our calculation to reactions where

both of the binary reaction fragments lie within the superheavy region of the nu-

clear chart. Here, we investigate the primary and secondary isotope production in

the 250Cf + 232Th reaction at Ec.m. = 950.0 MeV. In this system, both nuclei exhibit

strong prolate deformation in their ground states. Thus, the relative orientation of the

reaction partners strongly affects the collision dynamics and the MNT mechanism.

To analyze the effect of relative orientation of reaction partners, we consider tip-tip

(XX), tip-side (XY ), side-tip (Y X), and side-side (Y Y ) geometries, where similar

to Ref. [64], we indicate initial orientation of the target or projectile along the beam

direction with letter X , and perpendicular to the beam direction with letter Y . In the

Ref. [64], within the framework of the TDHF, head-on collisions (ℓi = 0ℏ) in the
250Cf + 232Th reaction are analyzed at various bombarding energies and at five dif-

ferent relative orientations. The average variation of proton and neutron numbers of

the 250Cf-like fragments as a function of center-of-mass energy is given in Fig. 3 in

Ref. [64]. It has been observed that the maximum number of nucleons are transferred

roughly at Ec.m. = 950 MeV. There is no experimental work performed on this system

yet; however, our calculations can be considered as a suggestion for an experiment on

this system.
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4.1 Mean Reaction Dynamics in TDHF

4.1.1 Mean values of reaction observables

This computation and all other numerical computations in this section are carried out

by employing the three-dimensional TDHF program of Umar et al. [180, 181] using

the SLy4d Skyrme energy density functional [182, 183], with a box size of 60 × 60

× 36 fm in the x − y − z directions. For each different relative orientation, the col-

lisions ranging from 0ℏ to 480ℏ are evaluated for every forty units of initial angular

momentum. In Tab. 4.1 and Tab. 4.2 the TDHF results for 250Cf + 232Th system at

Ec.m. = 950.0 MeV are shown for a range initial orbital angular momenta, ℓi, final

values of charge and mass numbers of Cf-like fragments Zf
1 , Af

1 and Th-like frag-

ments Zf
2 , Af

2 , final total kinetic energy TKE (in MeV units), the scattering angles in

the center of mass frame θc.m., and the laboratory frame θlab
1 and θlab

2 for the four dif-

ferent collision geometries. In Fig. 4.1, the average numbers of change in neutron and

proton numbers after the collision in 250Cf + 232Th system at Ec.m. = 950.0 MeV in

tip-tip (XX), tip-side (XY ), side-tip (Y X), and side-side (Y Y ) collision geometries

are shown. In tip-tip and tip-side geometries, the heavier partner (Cf-like fragments)

loses nucleons, resulting in more mass symmetric yields in the exit channel.
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Figure 4.1: Average numbers of change in neutron and proton numbers as a function

of initial angular momentum ℓi in 250Cf + 232Th system at Ec.m. = 950.0 MeV in tip-

tip (XX), tip-side (XY ), side-tip (Y X), and side-side (Y Y ) collision geometries.
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Table 4.1: Results of the TDHF and SMF calculations for the 250Cf + 232Th system

at Ec.m. = 950.0 MeV in tip-tip (XX), and tip-side (XY ) geometries.

Geometry ℓi (ℏ) Zf
1 Af

1 Zf
2 Af

2 ℓf (ℏ) TKE θc.m. θlab
1 θlab

2

tip-tip

(XX)

0 89.9 230.7 98.1 251.3 0.0 612.8 180.0 0.0 0.0

40 90.7 232.7 97.3 249.3 27.1 606.7 171.9 3.7 28.6

80 92.9 238.4 95.1 243.6 63.1 603.9 163.2 7.6 47.6

120 95.9 246.5 92.1 235.5 92.4 589.0 154.0 11.5 55.9

160 98.6 253.3 89.4 228.7 123.3 571.1 144.5 15.3 57.8

200 98.9 253.9 89.1 228.1 147.9 564.3 135.2 19.1 56.0

240 98.3 252.7 89.7 229.3 178.1 563.6 125.3 23.3 53.1

280 96.9 248.9 91.1 233.0 219.5 567.0 115.3 27.8 49.3

320 97.2 249.7 90.8 232.3 243.4 590.4 106.9 31.6 47.1

360 97.5 250.0 90.5 232.0 258.7 625.5 100.9 34.7 45.8

400 96.6 247.5 91.4 234.4 283.8 668.3 95.8 37.8 44.4

440 96.7 248.4 91.3 233.6 330.9 718.7 90.5 41.0 43.2

480 97.2 249.1 90.8 232.9 398.7 774.9 85.7 44.1 42.0

tip-side

(XY )

0 87.1 222.4 100.9 259.6 0.0 627.4 180.0 0.0 0.0

40 87.5 223.5 100.5 258.5 30.7 624.7 169.7 4.9 31.3

80 88.7 227.0 99.3 255.0 64.7 625.0 159.1 9.9 47.7

120 90.3 231.4 97.7 250.6 98.6 612.5 148.4 14.6 52.9

160 91.6 235.1 96.4 246.9 141.6 592.2 137.1 19.5 52.7

200 93.2 239.1 94.8 242.9 181.7 586.2 125.9 24.2 51.3

240 93.9 241.3 94.1 240.7 212.1 591.6 116.4 28.2 49.1

280 95.4 245.0 92.6 237.0 244.7 569.0 107.6 31.3 46.0

320 96.3 247.4 91.7 234.6 258.7 607.0 102.1 34.1 45.4

360 96.8 248.2 91.2 233.8 286.5 634.0 96.1 37.0 43.8

400 97.3 249.6 90.7 232.4 316.7 667.6 91.4 39.4 42.7

440 97.3 249.7 90.7 232.3 363.7 708.3 87.4 42.0 41.7

480 97.8 251.3 90.2 230.7 400.7 745.3 83.5 44.2 40.7
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Table 4.2: Results of the TDHF calculations for the 250Cf + 232Th system at Ec.m. =

950.0 MeV in side-tip (Y X), and side-side (Y Y ) geometries. The table was taken

from Ref. [1].

Geometry ℓi (ℏ) Zf
1 Af

1 Zf
2 Af

2 ℓf (ℏ) TKE θc.m. θlab
1 θlab

2

side-tip

(Y X)

0 103.5 266.5 84.5 215.5 0.0 647.7 180.0 0.0 0.0

40 103.6 266.7 84.4 215.3 30.8 647.3 169.9 4.4 70.0

80 103.4 266.3 84.6 215.7 73.4 644.5 159.6 8.9 71.7

120 103.2 265.3 84.8 216.7 96.8 632.4 149.6 13.1 68.0

160 102.5 263.4 85.5 218.6 133.0 613.8 139.1 17.5 62.8

200 101.4 260.5 86.6 221.5 177.4 607.1 128.6 22.0 58.1

240 100.4 257.3 87.6 224.7 207.5 601.3 119.0 26.1 53.5

280 99.0 253.6 89.0 228.4 238.9 597.5 110.1 30.1 49.2

320 97.2 249.9 90.8 232.1 265.0 615.7 103.1 33.6 46.4

360 96.5 248.6 91.5 233.4 286.2 642.3 97.6 36.4 44.7

400 96.2 247.5 91.8 234.5 315.1 668.2 92.3 39.3 42.8

440 96.1 247.2 91.9 234.8 346.4 700.5 87.9 41.9 41.5

480 96.1 247.2 91.9 234.8 387.8 740.5 84.2 44.3 40.5

side-side

(Y Y )

0 97.4 250.0 90.6 232.0 0.0 620.0 180.0 0.0 0.0

40 98.2 252.2 89.8 229.8 27.3 634.6 167.6 5.5 55.3

80 97.8 251.5 90.2 230.5 51.1 632.9 155.0 11.2 62.1

120 97.5 251.1 90.5 230.9 90.9 627.0 142.8 16.5 60.6

160 96.8 248.9 91.2 233.1 135.7 613.6 130.7 21.8 56.2

200 96.7 248.3 91.3 233.7 177.0 616.9 120.7 26.3 52.9

240 97.2 249.7 90.8 232.3 199.3 639.5 113.1 29.8 51.2

280 97.0 249.0 91.0 233.0 236.8 638.0 105.1 33.2 47.7

320 97.4 249.8 90.6 232.2 280.7 627.6 97.5 36.1 44.4

360 97.6 250.3 90.4 231.7 312.6 638.7 93.0 38.1 42.8

400 97.5 250.4 90.5 231.6 341.0 659.1 87.5 40.8 40.8

440 97.5 250.5 90.5 231.5 378.4 687.9 83.8 42.9 39.7

480 97.4 250.3 90.6 231.7 416.4 725.6 81.2 44.9 39.2
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This type of transfer is usually expected in QF reactions. However, in collision with

small initial angular momenta, ℓi ≤ 80ℏ for tip-tip and ℓi ≤ 160ℏ for tip-side, Cf-

like fragments lose nucleons during the collision until they reach thorium-side of

the nuclear chart and become the lighter fragment. This type of reaction is called

’Swap Inverse Quasifission’ in the Ref. [64]. In side-tip (Y X) and side-side (Y Y )

geometries, the reaction dynamics are completely different than tip-tip (XX) and tip-

side (XY ) geometries. In these geometries, heavy Cf-like fragments gain nucleons

and become heavier. The IQF reaction observed in these geometries are crucial for

producing neutron-rich isotopes within the superheavy region with reasonable yields.

Also, with increasing initial angular momentum, kinetic energy dissipation and the

total number of transferred nucleons decrease throughout all geometries.

4.1.2 Mean Drift Path and Reduced Curvature Parameters

Since the reaction dynamics differ throughout all four geometries, the reduced curva-

ture parameters are calculated separately for each geometry. In this system, the charge

asymmetry values of 250Cf and 232Th are both equal to 0.22. As a result, nucleon drift

in the iso-vector direction is not observed during the collision. In other words, the nu-

cleon transfer takes place only in the iso-scalar direction. Because of this, to calculate

the iso-vector reduced curvature parameter, α, the neighboring 240Cf+246Th system at

Ec.m. = 950.0 MeV is analyzed [4, 9]. The detailed calculations of iso-scalar and iso-

vector reduced curvature parameters are given in the following sections, Sec. 4.1.2.1

and Sec. 4.1.2.2.

4.1.2.1 Reduced Curvature Parameter β

To calculate the average values of iso-scalar reduced curvature parameters mentioned

in the Sec. 2.3, in all four geometries, the collisions at the initial angular momentum

ℓi = 0ℏ are selected for the 250Cf + 232Th system. In Fig. 4.2, the time evolution of

mean values of the neutron N(t) and proton Z(t) numbers of target-like fragments in
250Cf + 232Th at ℓi = 0ℏ are shown [9]. In Fig. 4.2, labels tA, tB,and tC denote the

time intervals used for calculating the averaged value of iso-scalar reduced curvature
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Figure 4.2: Mean values of neutron and proton numbers of Cf-like fragments at initial

angular momentum ℓi = 0ℏ for 250Cf + 232Th system at Ec.m. = 950.0 MeV in tip-tip

(XX), tip-side (XY ), side-tip (Y X), and side-side (Y Y ) are shown as a function of

time. Solid blue lines denote the neutron numbers, and dashed red lines denote the

proton numbers of Cf-like fragments during the collision. The labels tA, tB, and tC

indicate the projection of the time intervals used to determine the averaged value of

iso-scalar reduced curvature parameter, β. The figure was taken from Ref. [9].

parameter, β, in each relative orientation. To project the change in neutron and proton

numbers of collision partners into N − Z plane, time dependence in N1(t) and Z1(t)

is eliminated, and the resultant graph is given in Fig. 4.3. In Fig. 4.3, solid blue lines

represent the mean drift path of Cf-like fragments, and thick black lines represent

the iso-scalar line. As mentioned in Sec. 4.1.2, since charge asymmetry values of

reaction partners are roughly equal, mean drift takes place parallel to the iso-scalar

line. This trend can be seen in every relative orientation in Fig. 4.3. The quantal

diffusion coefficients related to each different relative orientation are calculated, and

the results for each geometry are given in Fig. 4.4. In the tip-tip (XX) geometry,

Cf-like heavy fragments lose nucleons along the stability valley until they reach the
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Figure 4.3: Mean drift path in the N − Z plane for the target-like fragments are

given at initial angular momentum ℓi = 0ℏ for 250Cf + 232Th system at Ec.m. =

950.0 MeV [9]. Solid blue lines denote the mean drift path and thick black lines

denote the iso-scalar lines. The labels A, B, and C indicate the projection of the time

intervals used to determine the averaged value of the reduced iso-scalar curvature

parameter, β. The figure was taken from Ref. [9].

vicinity of the thorium isotopes. The β is calculated by using Eq. 2.25 between the

interval, tA = 150 fm/c and tB = 550 fm/c to give value β(XX) = 0.005. In tip-side

(XY ) geometry, we see a similar mean drift path, and similarly, in this relative ori-

entation, the time interval is taken as tA = 200 fm/c and tB = 500 fm/c to give value

β(XY ) = 0.009. The mean drift in side-tip (Y X) is completely different, where Cf-

like heavy fragments gain nucleons to reach the vicinity of Z = 104, rutherfordium

isotopes. Roughly 17 nucleons drift from Th-like fragments to Cf-like fragments

along the stability valley. In this IQF reaction, the interval for parameter β is taken

as tA = 200 fm/c and tB = 500 fm/c to give value β(Y X) = 0.009. Finally, in

side-side(Y Y ) geometry, Cf-like fragments lose nucleons along the stability valley at

the initial stages of the reaction. Then, until separation is mainly caused by Coulomb
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Figure 4.4: Diffusion coefficient for neutron and proton transfers at initial angular

momentum ℓ = 0ℏ for 250Cf + 232Th system at Ec.m. = 950.0 MeV are shown as a

function of time. Solid blue lines denote the diffusion coefficients of neutron transfer,

DNN(t); dashed red lines denote the diffusion coefficients of proton transfer, DZZ(t).

The figure was taken from Ref. [9].

repulsion, it gains nucleons again along the stability valley, resulting in almost no

transfer in total. In this geometry, we use the average value of two calculated β pa-

rameter values given with β(Y Y ) =
(
βsym + βasym

)
/2. Where βsym is calculated

between the time interval tA = 200 fm/c and tB = 300 fm/c in which drift is to-

wards the symmetry to give value βsym = 0.004 and βasym is calculated between

the time interval tB = 300 fm/c and tC = 800 fm/c in which drift is towards the

asymmetry to give the same value βasym = 0.004. The mean value is then cal-

culated as β(Y Y ) = 0.004. The value of local equilibrium state (N0, Z0) is located

in the vicinity of the lead valley with neutron and proton numbers around N0 = 128

and Z0 = 82 and the heavier local equilibrium state is located in the vicinity of the

superheavy valley with neutron and proton numbers around N0 = NT − N0 = 166

and Z0 = ZT − Z0 = 106. Here NT = 152 + 142 is the total neutron number and

ZT = 98 + 90 is the total proton number of the dinuclear system, respectively.
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4.1.2.2 Reduced Curvature Parameter α

In Sec. 2.3, we have stated that the potential energy near the local equilibrium point

(N0, Z0) can be parametrized in the form of a double parabola. Using the mean drift

along the iso-scalar direction, we calculated the average value of the iso-scalar re-

duced curvature parameter, β, related to each geometry. But, to analyze the potential

energy along the iso-vector direction and calculate the average value of the reduced

iso-vector curvature parameter, α, we need to choose a suitable neighboring system to
250Cf + 232Th. The head-on collision of 240Cf + 246Th system at Ec.m. = 950.0 MeV

is chosen for this purpose. Since the charge asymmetry values of 240Cf and 246Th

are δ(Cf) ≈ 0.183, and δ(Th) ≈ 0.268, it is expected that the mean drift should

be mainly in iso-vector direction, towards the iso-scalar line. In Fig. 4.5, the time

evolution of mean values of the neutron N(t) and proton Z(t) numbers of target-like

fragments in 240Cf + 246Th at ℓi = 0ℏ are shown [9].
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Figure 4.5: Same as Fig. 4.2 but for the 240Cf + 246Th system.The labels tA and tB

indicate the projection of the time intervals used to determine the parameter α. The

figure was taken from Ref. [9].
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Figure 4.6: Same as Fig. 4.3 but for the 240Cf + 246Th system. The labels A and B

indicate the projection of the time intervals used to determine the parameter α. The

figure was taken from Ref. [9].

In Fig. 4.5, labels tA and tB denote the time intervals used for calculating the averaged

value of iso-vector reduced curvature parameter, α, in each relative orientation. To

project the change in neutron and proton numbers of collision partners into N − Z

plane, time dependence in N1(t) and Z1(t) is eliminated, and the resultant graph is

given in Fig. 4.6. In Fig. 4.6, solid blue lines represent the mean drift path of Cf-like

fragments, and thick black lines represent the iso-scalar line. As expected, throughout

all four geometries, the drift is along the iso-vector direction, and one can use these

reactions to extract information about the potential energy in a perpendicular direction

to the stability valley. The quantal diffusion coefficients related to each different

relative orientation in 240Cf+ 246Th system at Ec.m. = 950.0 MeV are calculated. The

results for each geometry are given in Fig. 4.7.

Firstly, in tip-tip (XX), side-tip (Y X), and side-side (Y Y ) geometries, during the

initial phases of the collisions, Cf-like fragments lose protons and gain neutrons until

TLF and PLF reach the same charge asymmetry values, which is roughly 0.22.Cf-
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like fragments then gain nucleons towards mass asymmetry in tip-tip (XX) and side-

tip (Y X) geometries. In side-side (Y Y ) geometry, Cf-like fragments drift along

the stability line towards the mass symmetry. In tip-side (XY ) geometry, Cf-like

fragments lose neutrons and protons to reach the same charge asymmetry value and

then continue to lose nucleons along the stability valley towards mass symmetry. We

must mention that the iso-scalar line, represented by a thick black line, is the same as

Fig. 4.3. In tip-tip (XX) geometry, the α parameter is calculated by using Eq. 2.24

between the time interva tA = 150 fm/c and tB = 220 fm/c to give value α(XX) =

0.157. In tip-side (XY ), this time interval is taken as tA = 170 fm/c and tB = 280

fm/c to give value α(XY ) = 0.149. In side-tip (Y X), the interval for parameter α is

taken as tA = 150 fm/c and tB = 260 fm/c to give value α(Y X) = 0.115. Finally,

in side-side (Y Y ) geometry, the time interval for α is takes as tA = 220 fm/c and

tB = 310 fm/c to give value α(Y Y ) = 0.111. The value of local equilibrium states

(N0, Z0), and (N0, Z0) are same as in Sec. 4.1.2.1.
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Figure 4.7: Same as Fig. 4.4 but for the 240Cf + 246Th system. The figure was taken

from Ref. [9].
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4.2 SMF results

4.2.1 Covariances of fragment charge and mass distributions

For all collisions with different initial relative orientations, Eqs.(2.8-2.10) are solved

numerically for the proton, neutron variances, and mixed covariances by using the

calculated reduced curvature parameters and the quantal diffusion coefficients. In

Tab. 4.3, we share the asymptotic values for neutrons σNN , protons σZZ , mixed σNZ ,

and mass σAA dispersions calculated for each initial angular momentum in tip-tip

(XX), tip-side (XY ), side-tip (Y X), and side-side (Y Y ) geometries. As an ex-

ample, the calculated neutron, proton, and mixed variances as a function of time in
250Cf + 232Th reaction in tip-tip (XX), tip-side (XY ), side-tip (Y X), and side-side

(Y Y ) geometries are shown in Fig 4.8. Throughout all geometries, we see that during

the initial phase of the reaction, up to about t ≃ 300 fm/c, the magnitude of variances

are in order as σNZ < σZZ < σNN .
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Figure 4.8: Neutron, proton, and mixed variances as a function of time for 250Cf +
232Th system at Ec.m. = 950.0 MeV in tip-tip (XX), tip-side (XY ), side-tip (Y X),

and side-side (Y Y ) geometries. Solid blue, dashed red, and dotted green lines denote

the neutron, σNN , proton, σZZ , and mixed variances, σNZ , respectively. The figure

was taken from Ref. [9].
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Table 4.3: Results of the SMF calculations for the 250Cf + 232Th system at Ec.m. =

950 MeV in tip-tip (XX), tip-side (XY ), side-tip (Y X), and side-side (Y Y ) geome-

tries.

Tip-tip (XX) Side-tip (Y X)

ℓi (ℏ) σNN σZZ σNZ σAA ℓi σNN σZZ σNZ σAA

0 8.6 5.7 6.1 13.5 0 7.6 5.2 5.3 11.9

40 8.6 5.7 6.2 13.6 40 7.6 5.2 5.4 11.9

80 8.7 5.8 6.3 13.7 80 7.6 5.2 5.4 12.0

120 8.8 5.9 6.4 13.9 120 7.7 5.2 5.4 12.0

160 8.9 5.9 6.4 14.0 160 7.7 5.2 5.4 12.0

200 8.8 5.9 6.4 13.9 200 7.7 5.2 5.4 12.0

240 8.8 5.8 6.3 13.9 240 7.7 5.2 5.4 12.0

280 8.7 5.8 6.3 13.7 280 7.6 5.2 5.4 11.9

320 8.5 5.6 6.0 13.3 320 7.4 5.1 5.2 11.6

360 8.1 5.4 5.7 12.6 360 7.2 4.9 4.9 11.2

400 7.5 5.0 5.1 11.5 400 6.9 4.7 4.6 10.6

440 6.7 4.5 4.4 10.2 440 6.5 4.5 4.2 9.9

480 5.8 3.9 3.4 8.5 480 6.0 4.1 3.7 8.9

Tip-side (XY ) Side-side (Y Y )

0 7.9 5.4 5.6 12.4 0 9.3 6.1 6.8 14.7

40 7.9 5.4 5.6 12.4 40 9.3 6.1 6.8 14.7

80 7.9 5.4 5.6 12.4 80 9.3 6.1 6.7 14.6

120 7.9 5.4 5.6 12.5 120 9.2 6.0 6.7 14.5

160 8.0 5.4 5.7 12.5 160 9.1 6.0 6.6 14.4

200 8.0 5.4 5.7 12.5 200 9.0 5.9 6.5 14.1

240 7.9 5.4 5.6 12.4 240 8.7 5.7 6.2 13.6

280 7.8 5.3 5.5 12.2 280 8.4 5.6 6.0 13.2

320 7.5 5.1 5.2 11.7 320 8.2 5.4 5.8 12.8

360 7.2 5.0 5.0 11.2 360 7.8 5.2 5.4 12.1

400 6.9 4.7 4.6 10.6 400 7.4 4.9 5.0 11.3

440 6.4 4.4 4.2 9.8 440 6.9 4.6 4.5 10.5

480 5.9 4.0 3.6 8.7 480 6.3 4.2 3.9 9.4
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After that, the correlations evolve over time, changing the order to σZZ < σNZ <

σNN , demonstrating the importance of correlations arising from significant energy

dissipation[1, 73, 9].

4.2.2 Primary Isotope Distribution

In this section, we continue with discussing the primary isotope distributions in 250Cf+
232Th system at Ec.m. = 950.0 MeV. Since there is no experimental work for this sys-

tem yet, we are unable to compare our results with the experimental data. To calculate

primary isotope distribution, Eq. 2.30 and Eq. 2.32 are solved analytically with the

initial angular momentum boundaries in Eq. 2.32 taken over the whole data-set, start-

ing from ℓmin = 0ℏ to ℓmax = 480ℏ. In Fig. 4.9, the total double cross-sections of

primary fragments over the whole initial angular momentum range in (N − Z) plane

for tip-tip (XX), tip-side (XY ), side-tip (Y X), and side-side (Y Y ) are shown. Here,

the white crosses represent the initial reaction partners, 250Cf and 232Th, and
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Figure 4.9: Primary isotope cross section in (N − Z) plane for 250Cf + 232Th system

at Ec.m. = 950.0 MeV in tip-tip (XX), tip-side (XY ), side-tip (Y X), and side-side

(Y Y ) geometries. The figure was taken from Ref. [9].
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the elliptic curves show the equal cross section values indicated by the legend in-

side the Fig. 4.9. Neutron-proton transfer correlations are strongly correlated when

mixed dispersions have large values. The symmetry energy is primarily responsible

for the high correlations. Consequently, in Fig. 4.9, the stability valley and the prin-

cipal axes of equal cross-section elliptic curves align. Overall, the gross features of

primary cross-sections are similar throughout all collision geometries in Fig. 4.9 [9].

This is mainly because the initial angular momentum range in Eq. 2.32 includes both

deep-inelastic and elastic collisions. But still, due to the drift towards asymmetry

direction, the magnitude of the cross-sections along the iso-scalar direction extends

further towards the super heavy-island in tip-tip (XX), and side-tip (Y X), collision

geometries as compared to the other collision geometries.

Usually, in experimental works, the primary (and secondary) fragment detectors have

a limited angular acceptance range. As a result of this, the initial angular momentum

range in Eq. 2.32 should be determined by considering the scattering angles after the

collision in the laboratory frame, as we have done in Sec. 3. As an extension to work

in Ref.[9], we limit the initial angular momentum range in Eq. 2.32 such that the

scattering angle in laboratory frame after the collision, θlab
1 , in Tab. 4.3 lies within the

range of 8◦ ≤ θ ≤ 26◦. This further analysis aims to (i) show the effect of different

relative orientations on cross-section and (ii) propose an experiment for this system.

The resultant figure is given in Fig. 4.10. With the inclusion of this constraint, the

effect of relative orientation on the primary isotope cross-section becomes clearer. In

tip-tip (XX) geometry, we have already discussed that Swap Quasifission occurs, and

Cf-like fragments tend to lose nucleons until they reach the thorium side. Similarly,

Th-like fragments gain nucleons until they reach the californium side of the nuclear

chart. Because of this trend, the primary isotope distribution is centered around the

initial reaction partners, namely the 250Cf and 232Th. In tip-side (XY ) geometry, we

have a similar primary isotope distribution to tip-tip (XX), and the reason for this is

that in this geometry, Quasifission is favored, and reaction partners tend to reach the

mass symmetry. As a result of this, the TDHF mean values in Eq. 2.30 lie near the

mass symmetry point, 241Pu. In side-side (Y Y ) geometry, the magnitude of primary

isotope cross section near the mass symmetric region is smaller than the other ge-

omteries due to (i) initial angular momentum range is smaller, (ii) dispersion values
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Figure 4.10: Same as Fig. 4.9 but the initial angular momentum range in Eq. 2.32 is

decided with the constraints given in the text.

(σNN , σZZ , σNZ) are larger in this geometry compared to the other geometries. The

larger dispersion values widen the primary isotope cross-section in the (N−Z) plane.

Finally, in side-tip (Y X) geometry, we can see the full extent of the effect of the In-

verse Quasifission mechanism. The primary Cf-like isotopes are populated in the

superheavy region, and Th-like fragments are populated near the doubly magic 208Pb

nucleus. The primary isotope distribution in side-tip (Y X) geometry is promising

for synthesizing neutron-rich, heavy isotopes near the lead region and also synthe-

sizing isotopes of superheavy elements with MNT reactions. Overall, magnitude of

primary isotope cross sections in the 250Cf + 232Th system at Ec.m. = 950.0 MeV

fall within experimentally detectable range. In the next section, we discuss how the

overall cross sections will look after the de-excitation process, namely the secondary

isotope distribution.
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4.2.3 Secondary Isotope Distribution

In this section, we continue with discussing the secondary isotope distributions in
250Cf + 232Th system at Ec.m. = 950.0 MeV. Again, since there is no experimental

work for this system yet, we are unable to compare our results with the experimental

data. First, we calculate the secondary isotope distribution over the initial angular

momentum range using Eq. 2.40. In Fig. 4.11, the total double cross-sections of sec-

ondary fragments over the whole initial angular momentum range in (N − Z) plane

for tip-tip (XX), tip-side (XY ), side-tip (Y X), and side-side (Y Y ) geometries are

shown. The gross features of secondary fragment distribution are similar throughout

all geometries, and it can be seen that two significant factors shape the distribution.

First, de-excitation of heavy primary fragments via light particle evaporation tends to

continue until the isotopes reach the highly stable doubly magic 208Pb isotope, result-

ing in a peak in cross-section in all geometries near this region. Second, excited heavy

fragments may also go under fission and then de-excite via light particle evaporation.

This results in secondary fission fragments centered around the stability valley.
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Figure 4.11: Secondary isotope cross section in (N − Z) plane for 250Cf + 232Th

system at Ec.m. = 950.0 MeV in tip-tip (XX), tip-side (XY ), side-tip (Y X), and

side-side (Y Y ) geometries. The figure was taken from Ref. [9].
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To analyze the superheavy and neutron-rich heavy region in detail, we share the en-

larged view of secondary cross sections in the 75 ≤ Z ≤ 104 and 130 ≤ N ≤ 170

region in Fig. 4.12. Throughout all the geometries, we can see that the secondary frag-

ment distribution differs significantly from the primary fragment distribution. Still,

both neutron-rich heavy isotopes and superheavy isotopes can be produced within

experimentally detectable cross-sections in nanobarn units. One way to increase the

secondary product cross-section in this system is to reduce the collision energy of

the system. In this work, the collision energy with Ec.m. = 950.0 MeV is chosen.

As we can see from the Tab. 4.1 and Tab. 4.2, the total kinetic energy (TKE) of

the system after the collision is around 600 MeV, meaning excited primary fragments

have around 350 MeV excitation energy in total in center of mass frame of the sys-

tem. Within this energy scope, the primary fragments mostly go under either fis-

sion or sequential light fragment evaporation, and evaporation residue of neutron-rich

heavy isotopes and isotopes of superheavy elements are greatly hindered. Similar to

Sec. 4.2.2, we continue with further analyzing the secondary product cross-section

Figure 4.12: Enlarged view of secondary isotope cross section in (N − Z) plane for
250Cf + 232Th system at Ec.m. = 950.0 MeV in tip-tip (XX), tip-side (XY ), side-tip

(Y X), and side-side (Y Y ) geometries. The figure was taken from Ref. [9].
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with the same constrain that the scattering angle in the laboratory frame after the

collision, θlab
1 , lies within the range of 8◦ ≤ θlab

1 ≤ 26◦. If we compare the primary

fragment distribution in Fig. 4.10 with Fig. 4.13, we can see that the effect of relative

orientation becomes less important in secondary product distribution. In the resultant

Fig. 4.13, we share the enlarged view of the secondary isotope cross-section (N −Z)

plane with this constraint taken into account. If we compare the primary fragment

distribution in Fig. 4.10 with Fig. 4.13, we can see that the effect of relative orientation

becomes less important in secondary product distribution. Similar to the situation in

the case where the cross-section calculation is done over the whole initial momentum

range, we believe that the high excitation energy of the primary fragments is the

main reason for this effect. Still, both Fig. 4.12 and Fig. 4.13 support the idea that

multinucleon transfer reactions can be used as a mechanism to produce yet unknown

neutron-rich heavy isotopes and neutron-rich superheavy elements.
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Figure 4.13: Same as Fig. 4.12 but the initial angular momentum range in Eq. 2.40 is

decided with the constraints given in the text.
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CHAPTER 5

CONCLUSION

The main aim of this work is to go beyond the mean-field description provided by

TDHF theory within the SMF framework to study (i) the contributions from QF and

FF mechanisms in MNT reactions and (ii) the effect of the relative orientation of

reaction partners on primary and secondary product cross distributions in MNT reac-

tions.

We have investigated QF and FF processes in heavy ion reactions at low energies just

above the Coulomb barrier by employing the quantal diffusion approach based on

the SMF framework to achieve these aims. The SMF approach incorporates mean-

field fluctuations that align with the nonequilibrium statistical mechanics fluctuation-

dissipation theorem, hence serving as an extension of the TDHF description.

The TDHF theory provides a deterministic description of collision dynamics by cal-

culating a unique single-particle density matrix from an initial single Slater determi-

nant. This results in a specific exit channel for a collision with a given charge and

mass asymmetry. However, due to correlations, the initial state should be a super-

position of Slater determinants, not a single one. The SMF approach represents this

correlated initial state as an ensemble of single-particle density matrices with initial

fluctuations. Each event in the ensemble evolves according to the TDHF equations

with a self-consistent Hamiltonian of that event. Initial density matrix fluctuations fol-

low Gaussian distributions, ensuring the ensemble’s average dispersion of one-body

observables matches the quantal mean-field expressions. With the help of the window

plane and the geometric projection of collision dynamics, nucleon transfer is treated

as a diffusion process instead of generating an ensemble of stochastically generated

mean-field events. The neutron and proton numbers of the TLF fragments are chosen
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as the macroscopic variables of the linearized Langevin equation. The Fokker-Planck

equation describes the primary fragment distribution function after the collision. The

required quantities are the proton, neutron, and mixed dispersions to solve the joint

probability distribution function for each initial angular momentum value. These dis-

persions are determined by using (i) the quantal diffusion coefficients, and (ii) the

curvature of the potential energy surface around the local equilibrium value of the

system. The occupied single-particle wave functions of the TDHF theory are used

to estimate diffusion coefficients, which form the basis of generating fluctuations.

The quantal diffusion coefficients do not involve any adjustable parameters, and they

incorporate quantal effects from Pauli blocking and shell structure. The potential en-

ergy around the local equilibrium value is approximated in terms of two parabolic

forms, in which the diffusion coefficients and the mean drift path of the TDHF solu-

tions determine their values. We emphasize that the SMF theory does not involve any

adjustable parameters other than the standard parameters of energy density functional

employed in TDHF theory. Finally, the de-excitation of primary fragments after the

collision and the FF distribution of the compound nucleus is determined by using the

Monte Carlo code GEMINI++.

To analyze the contributions from FF and QF mechanisms in multinucleon transfer

reactions, we have studied the primary mass distribution in 48Ca + 244Pu reaction at

Ec.m. = 203.2 MeV and 86Kr + 198Pt reaction at Ec.m. = 324.2 MeV, and compared

our results with the experimental data available [7, 6]. The TDHF calculations in
48Ca + 244Pu system shows that nucleon drift towards mass symmetry is favored.

Final values of charge and mass numbers of Pu-like fragments revolve around the

doubly magic highly stable 208Pb nucleus. The averaged values of reduced curvature

parameters are found for both systems using the calculated quantal diffusion coeffi-

cients and the mean values of neutron and proton numbers of TLF. The joint proba-

bility distribution function is solved using the proton, neutron, and mixed dispersions,

along with the mean values of neutron and proton numbers of PLF and TLF found in

the TDHF solutions. The contributions from the QF mechanism are calculated within

the SMF framework, and contributions from the FF mechanism are analyzed using

the GEMINI++ code. Combined together, primary mass distribution in 48Ca+ 244Pu

reaction at Ec.m. = 203.2 MeV and 86Kr + 198Pt reaction at Ec.m. = 324.2 MeV
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are calculated, and the contributions from two different mechanisms are compared

and discussed. The observed overall agreement between the experimental data and

the fully quantal SMF results highlights the effectiveness of the quantal diffusion ap-

proach based on the SMF theory.

To analyze the effect of different relative orientation of deformed reaction partners

on primary and secondary isotope distribution, 250Cf + 232Th system at Ec.m. =

950.0 MeV is analyzed within the framework of SMF approach. The TDHF and

SMF calculations are performed over a broad range of initial angular momenta in

tip-tip(XX), tip-side(XY ), side-tip(Y X), and side-side(Y Y ) collision geometries.

The mean-field results of TDHF differ significantly in different relative geometries.

Quasifission with the drift towards mass symmetry is observed in side-side(Y Y ) ge-

ometry, while Inverse Quasifission is observed in collisions with small angular mo-

menta in tip-tip(XX) and tip-side(XY ) geometries. In side-tip(Y X) geometry, it is

observed that a large number of nucleons are transferred from lighter Th-like frag-

ments to heavier Cf-like fragments. This type of reaction, usually called Inverse

Quasifission, is optimal for producing yet-unknown-neutron-rich heavy isotopes and

neutron-rich superheavy elements. The averaged values of reduced curvature param-

eters are found separately for each relative orientation using the calculated quantal

diffusion coefficients and the mean values of neutron and proton numbers of TLF.

The joint probability distribution function is solved using the proton, neutron, and

mixed dispersions, along with the mean values of neutron and proton numbers of

PLF and TLF found in the TDHF solutions. It is observed that the gross proper-

ties of the primary isotope distribution are similar throughout all geometries when

primary isotope distribution calculations are performed over the whole initial angu-

lar momentum range. To (i) observe the effect of different geometries on primary

product distribution in detail, and (ii) propose an experiment for this system, the

initial angular momentum range in cross-section calculations is chosen with the con-

strain that the scattering angle of the Cf-like fragments after the collision satisfies,

8◦ ≤ θlab
1 ≤ 26◦. With this constrain, it is observed that throughout all geometries,

the primary fragment cross-section of neutron-rich heavy isotopes and neutron-rich

superheavy elements fall within the experimentally detectable range, especially in

the side-tip(Y X) geometry. Similar to primary isotope calculations, the secondary

55



isotope cross-section calculations are performed over the initial angular momentum

range and with the same constraint applied. In both cases, the gross properties of

secondary product cross sections in the (N − Z) plane are similar throughout all ge-

ometries. We believe that the high excitation energy of primary isotopes may cause

this result.

The quantal diffusion approach based on SMF theory is a valuable framework for

studying QF reactions in heavy-ion reactions at energies around the Coulomb barrier.

As an extension to the TDHF theory, it is possible to calculate the primary isotope

distribution after the collision within this framework. Furthermore, with the inclusion

of statistical de-excitation code GEMINI++, the theory is capable of calculating the

secondary isotope distribution and the FF fragment distribution of compound nuclei,

allowing one to analyze the whole product distribution. The description includes

the entire collision geometry, quantal effects due to shell structure, and the Pauli

exclusion principle. Finally, We emphasize that the SMF theory does not involve any

adjustable parameters other than the standard parameters of energy density functional

employed in TDHF theory. As a final remark, gaining a microscopic grasp of reaction

mechanisms and predicting the outcomes of reactions that haven’t been performed yet

are essential objectives for expanding the known nuclear chart.
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