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ABSTRACT

RANDOM WALKS AND AMENABILITY

Mahmudov, Atabay
M.S., Department of Mathematics
Supervisor: Assoc. Prof. Dr. Mustafa Gokhan Benli

July 2024, 94 pages

Random walks on groups and graphs has a rich history and provides a connection
between group theory and probability theory. The aim of this thesis is to investigate
random walks on groups and graphs and their relation to amenability. Among the
main topics which will be covered in the thesis will be H. Kesten‘s theorem charac-
terizing amenable groups in terms of random walks. Also, a generalization of this
theorem to invariant random subgroups proved recently by Abert, Galsner and Virag

will be studied.

Keywords: Random Walks, Finitely Generated Groups, Infinite Graphs and Net-

works. Amenability, Invariant Random Subgroups.
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RASTGELE ADIMLAR VE AMENABILITE

Mahmudov, Atabay
Yiiksek Lisans, Matematik Bolumii

Tez Yoneticisi: Dog. Dr. Mustafa Gokhan Benli

Temmuz 2024 , 94 sayfa

Cizgeler ve gruplar iizerinde rastgele adimlar zengin bir tarihgeye sahiptir ve grup-
lar teorisi ile olasilik teorisi arasinda bir baglanti olusturur. Bu tezin amaci, gruplar
ve cizgeler iizerindeki rastgele adimlar inceleyip, bunlarin amenabilite ile iliskisini
arastirmaktir. Baglica incelenecek noktalar arasinda, H. Kesten’in amenable gruplari
rastgele adimlar ile karakterize eden teoremi vardir. Ayrica, yakin zamanda Abert,
Glasner ve Virag tarafindan ispatlanan ve Kesten’in teoremini rastgele degismez alt

gruplara genelleyen sonu¢ da incelenecektir.

Anahtar Kelimeler: Rastgele Adimlar, Sonlu Uretecli Gruplar, Sonsuz Cizgeler ve

Aglar, Amenabilite, Degismez Rastgele Altgruplar
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CHAPTER 1

INTRODUCTION

Banach and Tarski [3] proved in 1924 that the unit ball in R? can be decomposed
into finitely many disjoint pieces and reassembled into two unit balls using only rigid
motions. Such a decomposition is called a paradoxical decomposition. In 1929,
John Von Neumann [10] discovered that this result is due to the underlying group.
He introduced the class of amenable groups during his study of the Banach-Tarski
phenomenon, which turned out to be very important for many areas of mathematics.
His insight was that paradoxical decompositions arise exactly when the underlying
group is not amenable. The classic examples of non-amenable groups are non-abelian

free groups, which lie at the heart of the Banach-Tarski paradox.

In the last century, the quest for an algebraic characterization of amenable groups
was a very influential problem in group theory. In fact, Von Neumann conjectured
that every non-amenable group contains an isomorphic copy of the free group F5.
However, this conjecture was disproven by O’Ishanskii when he discovered that there
exist non-amenable groups with all proper subgroups of order exactly p for p > 107.
It seems that an algebraic characterization of amenable groups remains an elusive

open problem.

On the other hand, there are groups whose amenability is still unknown, such as
Thompson’s group F. Mathematicians have been developing tools to determine
whether or not a group is amenable. In fact, amenability is an interesting notion
that has various (and seemingly unrelated) characterizations. One of them is a prob-
abilistic approach developed by Harry Kesten [8] in 1959. He studied random walks
on the Cayley and Schreier graphs of groups and obtained an amenability criterion.

This seminal result was generalized to Invariant Random Subgroups in 2012 by Abert,



Glasner and Virag.

This thesis is devoted to the investigation of amenable groups and Kesten’s character-

ization (and its generalization) of amenable groups via random walks.

In Chapter 2, we will start with graph-theoretic preliminaries and then introduce
Markov Chains (Random Walks) in a general setting, presenting important notions
such as recurrence, transience, and certain results about them. Then, we provide an
important result about the simple random walk on trees which enables to understand
the nature of the simple random walk on the Cayley graph of a non-amenable group.
We then consider reversible Markov chains and obtain some recurrence criteria which
will be applied to the infamous problem called Polya’s walk. Finally, we will intro-
duce the notion of growth rate for groups and describe its relationship with random

walks.

In the next chapter, we present Amenability, a very important group-theoretic notion.
We explain in detail how it relates to the Banach-Tarski paradox and paradoxical de-
compositions. For practical purposes, we include another formulation of amenability
and provide some basic properties of amenable groups. Moreover, we show that every
group of sub-exponential growth is amenable, while free groups are non-amenable.
Finally, we end the chapter with an important characterization of amenability which

will be used in the proof of Kesten’s theorem.

In Chapter 4, we will explain Kesten’s theorem and its proof in detail. We will start
by providing some operator-theoretic notions. The aim will be to use the fact that the
spectral radius is equal to the norm of the Markov operator. Then, we will explain
how one can describe translations of sets using operator theory. After the proof of
Kesten’s theorem, we will present a very interesting corollary linking the spectral
radius of the Cayley graph C'ay(G, S) and the Schreier graph Sch(G/H, S) where H

is an amenable subgroup of G.

In the final chapter, we will generalize Kesten’s Theorem to Invariant Random Sub-
groups. We will start by briefly discussing invariant random subgroups and then pro-
viding all the necessary lemmas to present the proof of Kesten’s theorem for invariant

random subgroups.



CHAPTER 2

RANDOM WALKS ON GROUPS AND GRAPHS

In this chapter, after providing necessary preliminaries regarding general graphs and
random walks, we will focus on random walks on groups and graphs. We will in-
vestigate transient and recurrent random walks. After delving into reversible Markov
chains and networks, we will prove a criterion for transience. Finally, we will touch
upon the connection between growth and random walks. The main references for this

chapter are the excellent books [9], [7], [11].

2.1 Preliminaries on Graphs

Definition 2.1. A graph I' is a pair (V, E') where V' is a set whose elements are called
vertices, and £ is a set whose elements are called edges which are unordered pair of

vertices.

Let’s state some elementary definitions on Graphs.

o If {v,w} € F for any v and w, then the vertices v and w ar e called adjacent

(or neighbors), and we write v ~ w.

An edge {v,w} is said to be incident with v and w.

Two edges are called adjacent if they are incident with the same vertex.

Cardinality of the set V' is called the order of I'.

Let N(v) denote the set of all neighbors of v € V. Degree of a vertex is defined
to be the number | N (v)| and is denoted by deg(v).

3



If deg(v) = 0, then v is called an isolated vertex.

A vertex is of an even(respectively odd) degree if deg(v) is an even(respectively

odd) number.

A graph is called k-regular if deg(v) = k forall v € V.

A path of length n from v to w is a finite sequence v = vy, vy, ..., v, = w of
distinct vertices of I' such that v; ~ v; 1 for every ¢« = 0,1,...,n. A graph is

called connected if for every v, w € V(I) there exists a path from v to w.

The minimal length of a path between v and w is defined to be the distance

between v and w and is denoted by d(v, w)

A graph is called locally finite if deg(v) < oo forallv € T’

2.2 Cayley and Schreier graphs

As we have mentioned in the introduction above, our bridge from group theory to
its geometry will be the Cayley graph. For every group there will be corresponding

Cayley graph (possibly not unique), defined as follows:

Definition 2.2. Let GG be a group and let S C G be a generating set of G. The Cayley
graph Cay(G, S) of G is a graph whose vertex set is G, and set of edges is

{g.9-s}1geGse(SUST)\{e}}.

If g,h € G are two adjacent vertices of C'ay(G,S), then h = gs implies that g =
hs~!. Thus the Cayley graph is a graph whose vertices are the elements of groups and,
two vertices are adjacent if they differ by right multiplication by inverse of generating

element.

-2 -1 0 1 2 -2 -1 0 1 2

SAIANARY

e e e S S

Cay(Z,{1}) Cay(Z,{2,3})
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As seen from the example, Cayley graph of a group changes as we change the gener-
ating set. Here are more examples of Cayley graphs.

2

2] 1]
L5 A
T a-T
[4] [5]
Cay(Z/6, {[1]}) Cay (83, {r.7}) Cay(Ss, S3)

= Cay(Z/6,7Z/6)

Proposition 2.3 (Basic properties of Cayley graphs).

1. Cayley graphs are regular i.e. every vertex has |(S U S™1) \ {e}| neighbors.
2. Cayley graph is locally finite if and only if S is finite.
3. Cayley graphs are connected.

Now we will see the relation between free groups and Cayley graphs.

Theorem 2.4. Let I be a free group generated by S C F. Then the Cayley graph of

F with respect to the generating set S is a tree.

However, the converse is not true. For instance, the Cayley graph of Z, with respect
to the generating set {1} is an edge connected with two vertices. This graph is a tree

but Zs is not a free group.

Here’s the Cayley graph of the free group on two generators {a, b}.
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Another useful graph-theoretic notion is the Schreier graph defined as follows.

Definition 2.5. Let G be a group generated by S C G and let H be a subgroup of G.
The Schreier graph Sch(G/H, S) is a graph whose vertex set is the set of right cosets
Hs ={hs:h e H} fors € S, and the set of edges is

{{Hg,Hgs} : g€ G,s € (SUS )\ {e}}.

More generally, we could define Schreier graph with respect to an action of a group
G on a G-set in the same manner. Namely, if X is a GG-set, then the Schreier graph
Sch(G, X, S) can be defined as a graph whose vertex set is X and edges are of the
form {z,zs} forx € X and s € S. We notice that the Cayley graph is a Schreier
graph with H = {e} and the right multiplication of the group.

From now on, unless otherwise stated, we shall always assume that the Graph is

locally finite and connected.

2.3 Markov Chain

A square (possibly infinite) matrix A = (a;;) is called stochastic if all the entries are

non-negative with

Zaii =1 forall 7.
J
Definition 2.6. Let X be a countable set and P = (p(z,y)).yex be a stochastic
matrix. Let A : X — R such that A(z) > Oforall z € X and > ___, A(xz) = 1. The

zeX

matrix P is called one-step transition probability matrix and the function A is called

initial distribution. We call (X, P, \) a Markov Chain.
By definition of the stochastic matrix, we have

p(z,y) > 0forall z,y € X
and

Zyexp(l}y) =1forallz € X

6



Informally speaking, a Markov chain is a stochastic model on X with discrete time
t € N. The process starts at 2o with probability of \(x() initially i.e. at a time ¢ = 0.
If the random process is at the state z(n) at n-th step, it moves (or stays at the same
state) with the probability of p(z,v), y € X.

In order to formalize it, let us denote the space of trajectories by

Q= X" ={w=(vg,71,...) : 7, € X forall n € N}.

For fixed yo, y1, ..., Y. € X, denote the cylinder with base as the tuple (yo, y1, ..., Yx) €
Xk+1 by

C(Yo, - yr) :={w = (20, 21,...) € Q: Ty, = Y, 0 < m < k}
This is the set of all possible ways how the Markov chain may continue after the

initial steps through vy, ..., yx. With this set, we associate the probability

]P’A(C(ym [ZARRERS yk)) = A(yo)p(yoy ?/1)]9(91, Ya) - - -p(ykfla yk)

For n € Ny, let A,, be the o-algebra generated by the collection of all cylinders C'(a)
for a € X*+1, k < n. Thus, there is a bijection between collection of all subsets of
X**1 and A, Furthermore, it is obvious that A, C A,,. Set F = U,, An. Then F
is an algebra: it clearly contains (2 and is closed with respect to taking complement
and finite unions (we know that union of increasing sequence of o-algebras is not a o-
algebra). Denote by A the o-algebra generated by F. Then well-known Kolmogorov
extension theorem states that [P, has a unique extension to a probability measure on

A. (see [12], Theorem 1.12 for Kolmogorov Extension Theorem)

Define Z,, : Q@ — X by Z,(w) = z,, forall w = (xp,21,...) € Qand n € N.
So we have a sequence of X-valued random variables Z,, n > 0, representing the

random position at time ¢ = n. Note that Z,, is a measurable function from (2, ¥) to

(X,P(X)), where P(X) is the o-algebra of all subsets of X.

An event E is a measurable subset i.e. E/ € X. For example the event of being at the

position x in a given time ¢ = n is the subset

Z @) ={(z0,21,.) € Qran =2} = )  Clyo,yr, tn1,2) €.

Y0,Y1,---Yn€X



Throughout this paper we will denote events with brackets. For instance, we will
denote event in the example above by [Z,, = x]. For simplicity, we will use P,[Z,, =
x] instead of P\([Z,, = z]). If A and B are two events then the joint probability
PA([Z, = x] N [Zp41 = y]) will be written as P)[Z,, = z, Z,,+1 = y| forany n € N.
We denote the conditional probability of A given B by

P\(AN B)

We have

Consider zg, T1, ..., = Tp,y = T,1 € X such that P\[Zy = zo, ..., Z, = x,] > 0.
Then

P)\[ZnJrl = y‘Zn =, ZZ = T; forall i < n] =

Zyo cYn—1€X A(?JO)P(?J(J, yl) .. .p(yn_l, x)p(:r, y>
B > - ) 2.1
Zyo ----- Yn—1€X Myo)p(yo, y1) - - - P(Yn—1, ) p(z,y) (2.1)

Now consider the events A = [Z,,; = y] and B = [Z, = x| in A. We have
B =U{C(a) | a € X" a, = x}. Assuming that P,(C(a)) > 0 and using (2.1),
we get
P\(ANB

PA(B)

]P))\A N C(CL)
- Z PA(B)

P Zni1 =y | Zy = 2] =

e PA(C(a)
= Z Pr(A | C(a))W

acXntlig,=x

P)\ Cla
B aEX’;a, J:p(x’ y)ﬁ

= p(x,y)

for all n € N. Observe that the position Z,,; depends on Z,, but not upon the

L1, ..., 41, Zy. We can formulate it as follows:
P Zni1 =y | Zn=2,Zn 1 =0 1,.... Zo =20) = PA[Zn1 =y | Zn = 7] (2.2)

with P\[Z, = =, Z, 1 = 1, ...Zy = 20| > 0. Condition (2.2) is called the Markov
property. Loosely speaking, the Markov property asserts that the future evolution of

8



the stochastic process depends only on the present state and does not depend on the

past history.

From now on, we will fix a point x € X and the initial distribution will be the Dirac
delta function J,, i.e. §,(y) = 1 if z = y and 0 otherwise. For simplicity, we shall

write P, instead of Ps,

Let us calculate the transition probability P,.[Z; = y|Zy = x| of moving from the
state x to the state y in two steps. We shall factor through the first step i.e. the values

of Z;. Thus, we have

Po[Zo=y|Zo=a]=) PlZo=y|Z =2P|Z1=2]| Zy = 2]

zeX
zeX zeX
= (PQ)xy

where (P?),, means the zy-th entry of the second power of the transition matrix. By
induction, one can show that n-th step transition probability is the xy-th entry of n-th

power of the transition matrix, i.e. P;[Z, =y | Zy = 2] = (P")4y,

For n = 0, we set P* = I = (0,4)zyecx, Where I is the identity matrix. And for
n > 1, we denote n-th step transition probability simply by p{™ (x, 3/). We shall also

write
pr— (p(n) (z, y))Lyex
Now we shall introduce an important property of Markov chains.
Definition 2.7. A Markov chain is called irreducible if for every x, y € X there exists

ann € N such that p™(z, ) > 0.

We define the Green function of a Markov chain as the power series with z,y € X

and with indeterminate z:

G(z,yl?) Zp 2.3)

Now irreducibility yields an important result about the Green function.

9



Proposition 2.8. Let (X, P, \). For real z > 0, the series G(x,y | z) converges or

diverges simultaneously and for all x,y € X.

Proof. Let x1,y; € X such that G(z1,y1]|2) < 0o. Let x9,y, € X be any states. we
will show that G(z5, y2|2) < oo. By irreducibility, there exist £,/ € N\ {0} such
that p*) (21, z5) > 0 and p®(y,, 1) > 0. Now if we consider probability of random
evolution through the trajectory (or path) x1, zo, yo, y; with moving from one state to
another in &, [, m amount of steps respectively, then this probability will not exceed
the total probability of moving from x; to y; in k + [ + m steps. Thus, we have

PE (2, y1) > p® (@1, 22)p™ (29, y2)p (Y2, 11)

for all n € N. Then we have

:Elayl Zp xlvyl
Z p 331,?/1 Zp(k+l+n ({L“ y) k+l4+n

m=k-+I
> p(k)(ifb 1132) Z/Q, 2ot ZP n) (w2,y2)%

= p® (@1, 22)p® (42, 11) "G (2, 2l 2)
Thus, G(xg, y2|2) < 0o -

As a consequence of Proposition 2.8, all G(z,y|z), z,y € X,z > 0 have the same

radius of convergence r(P) = 1/p(P), where p(P) is given by

p(P) = lim sup p™ (x,y)l/" € (0,1].

n—oo

This quantity is called spectral radius of P.

From now on we shall always assume that Markov chains are irreducible.

For all z,y € X, set

G(x,y) =Gz, yl1) = > _p"(z,y)

n=0

Let us assume that a Markov chain starts at the sate . Consider

10



Va(y) == 2200 Lza=n

It is a random variable and counts the number of visits to the state y starting from z.

Then the expected number of visits from x to y is

n=1 n=1 n=1

Now we see that G(z, y) is actually the expected number of visits to y starting at x.

Now we define the hitting time and hitting probability. Let z,y € X. The random
variable t* : {2 — N defined by

t*(w) =inf{n >1: 2, = x}

is called the hitting time. Then ¢*(w) = n indicates that the walk visits « for the first

time at a time ¢ = n.

We will denote the probability of visiting y for the first time in n steps after visiting
x by
f (@, y) = Puft! =1 2.4

we will call it the hitting probability.

The associated generating function will be denoted by
F(z,ylz) =) [ ()"
n=1

Lemma 2.9. Let (X, P, \) be an irreducible Markov Chain and z,y € X be distinct
elements. Then the following holds:

1) G(z,yl2) = G(y, yl2) F(z,y|2);
2) G(z,z|z) = Gz, z|2)F(x,z|z) + 1;
3)Ift € [0,00) is such that G(z, z|t) < co and F(x,x|t) < 1 then
Gl alt) = s @5)
o 1 — F(x,t) '

11



Proof. First two results are obtained by conditioning with respect to the first visit to
y. Suppose that Zy = z and Z,, = y forn > 1. Let m be the hitting time, i.e. tY = m.
Thus,

tY=m|=[Zn,=y,Z #Fyforl=1,2,...m—1]

Then we have

n

P (@ y) = PolZy =y = > Pu[Zy =y, t' = m]

m=1

But the probability of event [Z,, = y, ¥ = m] is equal to
P.[Z, = y|tY = m|P.[tY = m].

Thus, we have
P (x,y) = Z P.lZ, =yl Zn =y, 21 F#y forl=1,2,..m — 1|P,[tY = m]
m=1

= PulZn = y|Z = yIP.[t! = m]

m=1

= "y ) (2, y)
m=1
Then
G(z,ylz) = p™(x,y)2"
n=0
= pV(,y) + > p™ ()"
n=1

=p (@, y) + D) Py, y) £ () 2"

n=1 m=0

= p(z,y) + G(y, y|2)F(z,y]2)

Since p¥) (z, y) is an entry of the matrix P°, we have that p(¥) (2, z) = 1 and p¥ (z,y) =
0 for distinct z, y € X. Thus we have obtained 1) and 2). Lastly, we notice that

DD Ty ) ) ()2

n=1 m=0
is the Cauchy product of two sums. We will use a fairly well-known theorem of

Mertens to prove the last part of the lemma.

12



Theorem 2.10 (Mertens). Let (a,) and (b,) be two real sequences. Suppose that
> o Gn converges absolutely S € R and the sum ) _,b, converges to T € R.
Then their Cauchy product

converges to T'S

Let t € [0,00) such that G(z,z|t) < oo and F(x,x|t) < 1. Then by applying this
theorem to 2), we get G(x,z|t) = 1 + G(x,z|t)F(x,z|t). Since all the terms are
finite and the product G(x, z|t) F(x, x|t) is convergent, we can regroup the terms in

last equality and obtain (2.5) . [

2.4 Recurrent and Transient Markov Chains

Definition 2.11. Let (X, P, \) be a Markov chain. A state = € X is called recurrent
if

P,[3n>0: Z, =] = 1.
And it is called transient if

PIn>0:2Z,=2] <1

Roughly speaking, a state is recurrent if the probability of visiting the state x once it

has been already visited is one, and transient otherwise.

For x,y € X, define
K(z,y) :=P,[3n >0:Z, =y

K(x,y) is the probability of visiting y at least once after visiting x.
And lastly, define
H(z,y) := P.[Z, = y for infinitely many n € NJ,
the probability of visiting y infinitely many times once x has already been visited.

We notice that K (z, x) = 1 reduces to the definition of recurrent state. Therefore, a

state x is recurrent if and only if K (x,z) = 1

13



Now notice that P,[3n > 0 : Z, = y] = >~ P,[t¥ = n]. But we denoted the
hitting probability P,[tY = n] by f™(z, ). Thus, we have

K(z,y) =Y f"(x,y) =D " (w,y) = Fz,y|1)

Here we used the simple intuitive observation that f©) (x, y) = 0.

Now let us make one important observation about recurrent states. If x € X be
a recurrent state. The random walk returns to this state with probability one after
visiting the state x € X. Clearly, that the random walk will return to the state x
infinitely many times after visiting it once. Therefore the state x € X is recurrent if

and only if K(z,z) = H(x,z) = 1.

Theorem 2.12. Suppose (X, P, \) is an irreducible Markov chain. For a state x € X

the following are equivalent:
(1) xis recurrent (i.e. K(x,z)=1);
(2) G(x,z) = oo
(3) H(z,x) =1,

(4) H(z,x) > 0,
Thus, x is transient if and only if H(z,x) = 0.
Proof. Equivalence of (1) and (2) follows from Lemma 2.9, 3). Now for m € N, we

will define the probability H(™ (x,y) that random walk will visit y at least m times,

after visiting x as follows
H™ (2, y) =P,[30 < ny <ny < ... <Ny 2 Zy, =y foralli=1,2,..m).

Observe that HW (x,y) = F(x,y) for all z,y € X. Moreover, H™(z,y) >
H™+) (2, y) for all m € N and
H(z,y) = lim H™(z,y) (2.6)
m—0o0
We can prove by induction that

H™ (z,x) = K (x,z)™ for allm > 1. (2.7)
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Recall that
P [t = k] = fP(x,y)and [tY = k]| = [Z =y, Z; # yfori = 1,2, ...k —1].
Then H™+Y (1, y) =

:ZIP’m[ty:k:andElk:nl <Ny < oo < Nupa1 * Zp, =y, 0= 1,2, ..om + 1]

:ZP E|]€—ﬂ1<n2< <nm+1:Zni:y]

= Z f )(x7y)]P’I[EIk: =np <Ng < ... <Nppyq -
k:f () (2,y)>0

Zn, =1y,i=1,2,...m|Zy =yand Z; #yforj=1,2,....k — 1]

- Z FE (2, )P, [30 < ng < .. < Mgy 2 Zn, =y foralli =2,....m+1]
k'f(’”(ry)

=Zf (z,y)H"™ (y,)
= K(z,9)H™ (y,y) = K(z,y)""".

Thus, we have H™ (z, 7) = K (z,2)™ for all m € N. Now that if K (x, z) = 1, then
by (2.6) and (2.7), we obtain that H(x,z) = 1, proving (3) = (1). The implication
(3) = (4) is trivial. Now suppose that H(x,x) > 0 and K (z, ) < 1. Then again by
(2.6) and (2.7), we infer that H (z, ) = 0, a contradiction. O

Corollary 2.13. Suppose (X, P, \) is an irreducible Markov chain. Then either all

states are recurrent or they are all transient.

Proof. By the previous theorem, we know that a state * € X is recurrent if and
only if G(z,x) = oco. On the other hand, by the Proposition 2.8, the series G(z, y|z)
converges and diverges simultaneously for all z,y € X. Therefore, (X, P, \) is either

recurrent or transient for all z,y € X [

If all states in a Markov chain are recurrent, then we call it a recurrent Markov chain.

Similarly, if all states are transient, the Markov chain is called transient.

There is another noteworthy characterization of recurrence. Let P be a one-step tran-
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sition matrix as usual. Define an action of P on functions f : X — R by
Pf(x) =) p(x,y)f(y).
y

assuming that the sum P|f| is finite.

Definition 2.14. A function f : X — R is called superharmonic if Pf < f point-

wise, and harmonic if Pf = f.

Theorem 2.15 (Minimum Principle). If f is superharmonic and attains a minimum

value on X, then f is a constant function.

Proof. Let x € X such that f(x) = miny f. Also, let z € X such that f(z) > f(x).
Then there exists an integer k € N such that p*)(x, z) > 0. We can prove by induc-
tion that P" f < f forevery n > 1. Then for every k, we have ZyGX P (z,y)f(y) <
f(x). On the other hand, since P* is also stochastic matrix as we have mentioned

above, we have that

S p® @) fly) <)M (2, y) f(x)

Y

Thus, we have the inequality
> () (fly) - fa) <0
y

Since f(z) > f(x) and p*)(x, z) > 0, we obtain that there must be some yy € X such
that f(y) — f(z) < 0. Which is a contradiction to the assumption that f(z) is the

minimum of the function f(x). Therefore, f is constant. O

If we apply Minimum principle to the function — f, then we get maximum principle

for harmonic function.

Theorem 2.16. (X, P, \) is a recurrent irreducible Markov chain if and only if all

non-negative superharmonic functions are constant.

Proof. Let (X, P, \) be transient. Define f : X — R by x — G(z, z). we will show
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that f is superharmonic.

n=0 vy
— Pt () = Zp(n) (z,z)
n=0 n=1
<1+Y P 2)
n=1
= p"(x,2) = f(x)
n=0

Moreover, from the above calculations, we see that f is not harmonic. If f were

constant, then it would clearly be harmonic.

Now assume that (X, P, \) is recurrent. Let f : X — R be any nonnegative super-
harmonic function. Our first goal is showing that every superharmonic function is
harmonic. Set g : X — Ras g = f — Pf. Thus, we claim that g = 0. Suppose there
exists y € X such that g(y) > 0. Choose x € X. For each n, we have

n

S P @ ygy) <D0 W (@, y)g(y)

k=0 k=0 y

=Y Phg(x) = f(z) - P"" f(x) < fla).

/()

Now passing to limits as n — oo yields that G(z, y) < ~——= which is in contradiction
with recurrence. Thus the claim is proven. For the superharmonic function f > 0
choose z € X and set M = f(x). Then we claim that pointwise minimum function

h = min{f, M} is also superharmonic. For the first case, let y € X such that
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M = f(z) < f(y). Then,

Ph(y) =Y p(y, 2)h(2)

zeX

= > pwaAf@+ > py)f(z)

2 f(2)>f(z) z:f(2)<f(z)

< Y pwAf@+ Y. pa)f(@)

zf(2)>f(x) z:f(2)<f(z)

= by, 2)f(x) = f(2) = hy)

Now suppose that f(y) < f(z) so that h(y) = f(y).

Ph(y) = > p(y, 2)h(2)
= Y )+ > ) f(@)

z:f(2)<f(x) F@)<f(2)

= p(y,2)f(2) = Pfy) < fy) = h(y)

Thus, the function A is also superharmonic. But as we have showed in the first part
of the proof, every superharmonic function over X is harmonic. Hence, so does the
function h. It then follows by the Maximum principle that the function A is constant.

Since h is constant, f must be constant too. O]

P acts on non-negative measures on X by

pP(y) = ul@)p(z,y)

zeX

We call i excessive if pP < p pointwise, and invariant if pP = p.

Now we state another useful criterion for recurrence:

Theorem 2.17. A Markov chain (X, P, \) is recurrent if and only if there exists an

invariant measure | such that every excessive measure is a multiple of .

Proof. ( = ) Let p and v be an invariant and excessive measures, respectively.
Define an irreducible Markov chain (X, Q), \) by

(x
Y)

=

q(y, ) = p(x,y)

=

18



This indeed defines a Markov chain:

S ) = Xopte )i = s Splanshute) = 55

. uly)  wly p(y

where the last equality follows from the invariance of p. Moreover, notice that (X, P)
is irreducible if and only if (X, Q) is irreducible. We will show that Yisa superhar-
monic function so that it is constant by the virtue of Theorem 2.16. Using excessive-

ness of v, we have

ZP(W/)M = Zq(y,x)MLy)

- py) %

=
=
=
S

IN

Therefore, Yisa superharmonic function and hence every excessive measure is a
multiple of the invariant measure. We have proved that a recurrent irreducible Markov
chain, if exists, has a unique invariant measure up to multiplication by a constant.
In other words, the space of invariant measures is one-dimensional for a recurrent
irreducible Markov chain. Now we will explicitly present the invariant measure.

For a state y € X. Denote the time of the first return to y by
T,=min{n e N: X,, =y} € NU{oo}

We allow it to attain infinity so that the minimum is infinity by the convention. For a

state € X, denote the expected number of visits to = before first visit to y by

T,—1
py(x) = p(x) = E, Z Lix, =z} € [0, 00]
n=0
We claim that 1, is an invariant measure.
Firstly, observe that p(y) = 1 as Lyx,—y = land Iyx,—y = 0,7 =1,...,7, — 1.
Thus, we have ;(y) = E,1 = 1.
Now let z € X. We will use the infinite sum trick to show that Pu(z) = pu(z). We
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know that 1(x,—,} = ]]‘{XTy:y} = 1. We have

Ty—1

—E, Z lix,y =E Zﬂ{xn—z}
= Ey Z ]l{Xn:ZvnSTy ZP = A4 < 1, ]

n=1

S S B, = 2 X —w T, )

weX n=1

= Zp(w, 2)Py[Xpo1 = w, T, > n]

Now we will change summation index to m = n — 1. Hence,

,I'y_l

= p(w,2) Y Elix,—ommmiy = 3 pw, 2)Ey > ix,
w m=0 w m=0
=3 plw. 2)plw) = p()

Moreover, we will show that 0 < p,, < co. Let 2 € X be any state. By irreducibility,
there exist m,n € N such that p(™(z,y) > 0 and p(™ (y, z) > 0. We obtain

p(z) = Pu(z) Zp > p"(y, 2)uly) = p™(y, 2) > 0.

Therefore, 11, > 0.

On the other hand,
Zp(m (z, y)u(x) > p'™ (2, y)u(z).
1 . . . . .
Thus, u(z) < m < oo. Hence, p, is a unique invariant measure. This
Pz, Y
completes first part of the proof.
(<) Recall that we defined (X, Q) by ¢(y,z) = p(z, y)% In addition, we can
w(z
show that
(n) p™ 1(y)
qa \y,x TyY)—~
(,2) = ") o
Indeed,




One observes that (X, P) is recurrent if and only if (X, Q) is recurrent by the virtue
of the Corollary 2.13.
Now let 4, f be an P-invariant measure and a non-negative ()-superharmonic func-

tion, respectively. Define v = p f, which is P-excessive:

Pu(y) =Y pla,y) f(@)ux) = qly, ) f(@)u(y)

x

= uly) Y aly,2) f() < u(y)f(y).

T

Then by the hypothesis, v = ¢y for some constant c. Therefore, f is constant. By the

Theorem 2.16 again, (X, ()) is recurrent, so is (X, P).

2.5 Simple Random Walks on Trees

Let X be a locally finite graph. Now, we shall consider a Markov chain with the
state space consisting of vertices of X and transition probabilities p(z,y) = m if
x ~ vy, and 0 otherwise. This is called the simple random walk. We also say that x is
recurrent (transient) if the corresponding Markov chain is of the same property. In this
section, we will calculate the spectral radius of a random walk over a homogeneous
tree Ty i.e. a tree in which all vertices have the same degree V. Recall that a tree is
a connected graph without cycles i.e. paths with the same initial and terminal vertex.

Since a tree is a connected graph with no cycles, it can be observed that for every

x,y € X, there is a unique path 7(x,y) of length d(x, y) connecting them.

Lemma 2.18. Let t be any vertex in between x and y i.e., t € 7w(x,y). Then we have

Fla,ylz) = F(z,t|2)F(t, yl2)

Proof. As we have mentioned above, by the tree structure there is a unique path from
x to y. Thus, the random walk must pass through ¢. Conditioning with respect to the
first visit in ¢, we have

n

FO,y) =) fO ) "0, y).
k=0
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Therefore,

o n

F(z,ylz) =Y > fO(x,t) fr (2, )"

=0

n=0 k
= Zf(”) x,t)z Zf") (t,y)z" = F(x,t|2)F(t,y|z).
O

Lemma 2.19. Let (X, P, \) denote the simple random walk (Markov chain) on the

homogeneous tree T . For any x,y € X, one has

5 5\ Uy)
Glo,le) = 2N — 1) N—NT—4(N—1)z
’ N -2+ /N2 —4(N - 1) 2(N — 1)z
As a consequence, p(P) = 221,

Proof. Since we are considering a homogeneous tree, it is clear that F'(x, y|z) is the
same for every pair z,y € X such that x ~ y. Let us denote this quantity by F'(z) as
this quantity now only depends on z in a sense. Thus, if © = xg, x1, ..., x,, = y is the

unique path connecting x and y, then by the previous lemma we obtain
F(z,ylz) = F(z,21|2)F(21,22]2) . .. F(2p-1,y) = F(Z)d(x’y)

Now we will need the following lemma.

Lemma 2.20. For x # y, we have

F(x,y|2) prtthm)

Proof. This identity can be proven by factoring through the first step:

F(z,ylz) Zf(”myZ—Zf
_Zf(nJrl)«Ty (n+1) Zsztzf(n ty)
= Zp(l’,t)zz Oty = pla,t)2F(ty|2)
t n=0 t
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Now applying previous the lemma we just proved yields

1

F(z) = F(x,y|z) = Z NzF(z)d(t’y).

t~x
Notice that ¢ can be y itself too since = and y are adjacent vertices from the hypothesis.
In this case, d(¢,y) = 0. Otherwise, t ~ = ~ y and hence d(t,y) = 2. Therefore,

1 1 N -1
Z —2F(2)) = Nt 2F(z)?

We observe that we have obtained a quadratic equation in F'(z). By taking into ac-

count the fact that F'(0) = 0, we get

F(z) = m (N — /N2 4N - 1)22) .

Now using the Lemma 2.20, we get that

N

t~x

F(z,z|z) = Zp(x, t)zF(t,x) = Z le(t, x) = %ZNF(Z) = 2F(2)

Hence, we can calculate G(z, z|z) from part 3) of the the lemma. And using part 1),
we can calculate G(z, y|z). By Pringsheim’s theorem (see Hille[5], p. 133), the radius
of convergence must be the smallest positive singularity. Hence, N2—4(N —1)z% = 0.

From this we get that r(P) = 1/p(P) = 2\/% Consequently,

O

Notice that if p(P) < 1, the Markov chain is transient (the converse is not true). As a
consequence, we deduce that all simple random walks over N-regular homogeneous

trees for NV > 3 are transient.

2.6 Random Walks on Finitely Generated Groups

Definition 2.21. Let GG be a group and .S be a finite symmetric generating subset of
G. The word length of an element g € G is defined to be

ls(g) =min{n >0:9=¢g192--Gn,9: € 5,1 <i < n}.
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In other words, it is the minimal integer n > 0 such that g can be written as a product

of n elements from S.

Consider the function dg : G x G — N defined by
ds(g,h) = l(g~"h)
forall g, h € G.

Proposition 2.22. The map dg is a left-invariant metric on G.

Proof. Ttis clear that dg(g, h) = O ifand only if g = h
Let ds(g,h) = ((g~'h) = n for g,h € G. Then g~'h = g;---g, for some
g1, ..., gn € S. On the other hand, h~'g = (¢7'h)™' = g ' --- g7 . Thus, dg(h, g) <

n

ds(g,h). But if we reverse the roles of g and h, we obtain ds(g,h) < dg(h,g).
Therefore ds(g, h) = ds(h, g).
Let g, h, k € G such that dg(g, h) = n, ds(h, k) = m. Suppose that g~ 'h = g, - - - g,
and h™'k = hy---h,. But g7'k = g1 ---gyhy - hy,. Henceforth, ds(g, k) <
m+n=ds(g,h) + ds(h, k).

Moreover, it can easily be seen that this metric is also invariant:
ds(kg, kh) = €((kg)~'kh) = L(g~'h) = ds(g, )
O]

Definition 2.23. Let (G, P, \) be an irreducible Markov chain on G. We say that
(G, P, \) is a random walk on G if the following properties are satisfied:

(1) p(g,h) =p(h,g) forall g,h € G (symmetry)

(2) p(kg,kh) = p(g,h) forall k, g, h € G (space homogeneity)

(3) Y nec ds(g,h)*p(g,h) < oo forall g € G (finiteness of the second moment).

Notice that for any k,g € G, by the space homogeneity and left invariance of the
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word metric, we have

> ds(g.h)’plg,h) = di((kg™" g, kg "h)p(kg"g, kg™ 'h)
heG heG

= dg(k, kg~ h)p(k, kg™'h)
heG

= Z dS<k7 h)p(k‘, h)

heG

since the second coordinate will run through G again. Suppose that (G, P, \) is a

Markov chain satisfying (1), (2), and the condition

plg,h) = 0if g7 h ¢ S,

It is clear that the Markov chain will also satisfy the finiteness of the second moment
since there will be only finitely many non-zero terms. Hence, it is a random walk.
This is equivalent to the condition that if p(g, k) > 0, then dg(g, k) < 1. In this case,

we say that the random walk is of nearest neighbor type with respect to S.

Let (G, P, \) be a random walk. One defines an atomic probability measure on

(G, P) = (G, P, \) by setting

w(g) == p(la, 9) (2.8)

for all g € G. Define n-th convolution of p1 by setting (V) := p and p™(g) =
> nea "V (gh Y pu(h) for all g € G. It is easy to see that convolutions are also
atomic probability measure. Indeed, using the fact that P*, n € N are stochastic

matrices, we show that it is a probability measure:

Y ouMg) = > uV(ghTu(h)
geG g h
=> > " V(g gh p(la, h)

= Zp<1G7 h) Zp(n71)<107gh71) =1
h g

By the way the convolutions are defined, it is clear that they are atomic.

Moreover, we claim that 1™ (g) = p(™ (14, g). Suppose that the equality holds for n.
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Then

D (g) = > ™ (gh™ (k) = Y p™ (1a, gh ™ p(16, h)
Yl
h

h
p"™ (g, gh™ " )p(h ™", 16) = Zp (1e, gh™)p(gh™, g)

= p(n+1)(1Ga g)

which concludes the proof by induction. We have the following properties analogous

to those in the Definition 2.23.

Proposition 2.24. Let ;1 be an atomic probability measure defined as in (2.8). Then

(1') w(g) = u(g™") for all g € G (symmetry);
2°) U Osupp( ") = G (irreducibility);

(3°) Y gecds(la, 9)°1(g) = 3 eq (9)?1(g) < oo for all g € G ( finiteness of the

second moment).

Proof. For proving these properties, we will use the properties (1) and (2) from the

Definition 2.23.

For (1), u(9) = p(la, 9) = pl9~" 97"9) =plg™" 16) = p(la, g7") = ulg ™).

As for (2'), we only have to show that any elementis in | J 7, supp(u™. Irreducibility
and the fact that (™ (g) = p™ (14, g) together imply that there exists n € N such
that (™ (g) = p™ (14, g) > 0. Thus, proving (2').

Finally, (3') immediately follows. O

For the simple random walk, it is clear that u(g) = p(1g,g) > Oif and only if g € S.
1

Therefore, supp(p1) = S and the associated measure is 1 = 1g

|51
Conversely, given a probability measure satisfying (1°),(2’), and (3’) above, one can

define a random walk (G, P) on G:

Proposition 2.25. Let 1 be a probability measure satisfying (1°),(2’), and (3’) above.
One can define a random walk (G, P) by setting

p(g.h) == pu(g~'h)

forall g,h € G. Moreover, (G, P) is irreducible.
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Proof. (1) p(g,h) = pu(g~'h) = p(h~'g) = p(h,g) forallg,h € G
(2) p(kg, kh) = u((kg)~'kh) = p(g~*h) = p(g, h) forall g, h, k € G
(3) Using left invariance of the word metric, we have

> ds(g.h)p(g,h) = ds(g, h)*u(g™"h)
h h
= 3 d(1 g7 ) 2ulg ™ h) < o
h
forall g, h € G.
Moreover, we again have p{™ (g, h) = pu™ (g~ 'h):
M(n-i—l) _1h ZM —1hk, (k)
keG
= Zu((h‘lg)‘lk‘l)u(kﬁ‘l)
= Zp (h'g, k™ )p(le, k7"
- Zp ga hk (k_lalG)
= Zp (9, Wk~ )p(hk ™, h)
= p(““)(g, h)

Now let g, h € GG be any two elements. Then by (2’), there exists an n € N such that
g~ h € supp(u™),ie., p™ (g, h) > 0. Thus, the random walk is irreducible. ]

2.7 Reversible Markov Chains and Networks

Let X be an infinite, countable set without assuming that it has a locally finite graph

structure.

Definition 2.26. A Markov chain (X, P, \) is called reversible if there exists a map
m : X — (0, 00) such that

m(z)p(z,y) = m(y)p(y,x) forall z,y € X.
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In this case, the associated quantity

a(z,y) == m(z)p(z,y) = m(y)p(y, z) = a(y, )

is called the conductance between x and y for z,y € X, and m(z) is called the total

conductance at x. Notice that m/(+) is an invariant measure with respect to P. Indeed,

mP(y) =Y m(x)p(z,y) = > _ my)p(y, ) = m(y).

zeX zeX

Conversely, if there exists a symmetric function @ : X x X — [0,00) such that

a(r,y)

m(z) = 3., alw, y), setting p(z, y) = ——~

also observe that conductances uniquely determine the Markov chain. Indeed,

yields a reversible Markov Chain. We

a(y,r)  a(y,z)

p(z,y) = m(z) Y a(z,2)

Example 2.27. Let (G, P, \) be a simple random walk, where G is generated by finite
set S. Then by symmetry, we have p(g,h) = p(h, g) for all g,h € G. Thus, in the

case of simple random walk on finitely generated groups, m(-) = 1.

Equipping X with an edge set such that (X, P, \) is of the nearest neighbor type
makes theoretical building more convenient. Therefore, {z,y} € E if and only if
a(x,y) > 0. In this case (X, F) is connected when viewed as a graph structure, but
it is not necessarily locally finite. For every edge, we will fix an orientation once and
for all. For an edge e € E(P), we will specify one of its two endpoints as initial and
the other one as terminal vertex. The usual choice for the notation is e = {et,e™}.
Although, the rest of the section will not depend on the particular choice of initial
and terminal vertices, let us fix et for the initial vertex and e~ for the terminal vertex.

One should think of functions on E as a flow moving from e to e™.

Definition 2.28. Let e = {e¢™, ™ } be any edge. The function r : E — (0, c0) defined

by
1
T

for all e € E is called the resistance. We call the triple N' = (X, E, r) a network.

The network A cen be thought of as an infinite electrical network where the edges

are wires with associated resistances r(e). The network (X, F,r) is called recurrent
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if (X, P) is recurrent.
Notice that the total conductance is totally defined by resistance of edges whose initial
vertex is z, 1.e.,

1
m(x) = Z @

eckE
e+::c

We may see N as an infinite network where each edge is a wire with associated
resistance. Viewing these notions in this manner will help us to interpret the upcoming

results.

Recall that RX denotes the set of all functions from X to R. Consider the Hilbert

spaces

CX,m) ={f eRY ) m(x)f*(x) < oo}

zeX

and

C(E.r)={ueR”:) rle)u’(e) < oo}

ecE

with the inner products given by

(f,9)x =Y mlx)f(x)g(x)

zeX

and

(u,v)p =) _rle)ule)o(e)

ecE

respectively. Then we have the corresponding ¢? norms defined by

1fllx = \/{f. f)x forall f€ (X, m)

and

lul|g = \/{u,u), forall ue *(E,r).

Now consider the linear operator V : R¥ — R given by

flef) = fle7)
r(e)

foralle € F and f € R¥. Itid called the nabla operator of N' = (X, E, ).

(Vf)(e) ==
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One observes that V(¢*(X,m)) C ¢*(E,r). Indeed,

VOV = (f(e*) — fle))?

eck T<€)

=5 3wl ) () ~ f)?

z,y€X

where second equality comes from the fact that

Thus, changing summation to all pairs of {z,y} over would result in doubling the
original sum. Now note that (f(z) + f(y))? > 0 implies —2f(z)f(y) < f(z)* +
f(y)?. Therefore,

(V) V(e < 5 3 mleple )2 + f3))

= Y m@)pa,y)f(@)’+ D> my)ply, ) f(y)°
< D m@)f@)P+ Y my)fy)’
= 2| flI% < oo.

Moreover, one observes that the norm of the nabla operator restricted to the Hilbert

space (2(X, m) is bounded by V2, i.e., | Ve (xm)|| < V2.

Lete € F and u € R¥. Consider

1
(V*u)(z) = u(e) — u(e)
) | 210
et=zx e =x
We may see u as a flow in the network. Then

> ule) =Y ule)

ecl ecl
et+=zx e =z

is the difference between the amount of flow moving and flowing into x. Thus,
roughly speaking, m(z)V*u(z) is the "loss" at .

Remark. For a locally finite graph structure, there will be a finite number of edges
such that e™ = z and e~ = z. Therefore, it will be a finite sum for every v € R¥ and

€ X.
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We must show that above-written sum is convergent so that V* defines a linear oper-
ator from ¢2(X, m) to R¥.
For z,y € X, define 0,(y) = ﬁ if y = = and 0 otherwise. Clearly, o, € (*(X, m)

and (f,0,) = f(z) forall f € ¢*(X,m). Then Vo, € (*(E,r). Foru € (*(E,r),

we have

(1, Vou)y =Y _ule) (oa(e™) — ga(e7))

_ m;) S ue) = 3 ue).

Therefore, (V*u)(z) = (u, Vo) € R for every z € X.

Lemma 2.29. We have V*((*(E,r)) C (*(X,m). Furthermore, V*‘KQ(X my 18 the

adjoint of the nabla operator V ‘ By Le.

<Vf7 u>E = <f7 v*U>X

forall f € (*(X,m)andu € (*(E,r).

Proof. We will show that V*| 2(Xm) coincides with V} eE in a dense subspace

r)
of F. Recall that the nabla operator was bounded, therefore it is continuous. Then
continuity will imply that they are identical since they coincide on a dense subset.

Let f € (*(X,m) and u € R¥ of finite support. We obtain

(Vfou)p =D (f(e") = fle)ule)

= 3 Fehule) = 3 Fleule)

=3 5@ Y ule) - 3 5@ 3w
=35 | X ule) 3 ule)

=Y m) @) | X ute) - 3 )
= (f,V'u).
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]

Consider the space D(N) of all functions f : X — R such that Vf € (*(E,r). Note
that /2(X, m) C D(N) and f does not have to be in £2(X, m) necessarily.

Definition 2.30. Let f € D(N). Then Dirichlet norm of the function f is defined to
be

D(f) =V, Vg

Note that

D(f)=(V/Vfip=_

eck T(e)

— % Z m(z)p(z, y)(f(z) — f(y))*.

z,yeX

This is a quasi-norm (sometimes it is also called Dirichlet seminorm. Its kernel is the
set of all constant functions on X. We equip the space D(N) with inner product by

choosing a reference point zy € X and setting

(f7 g)D = (f7 g)D,mo = <Vf, VQ>E' + f(.fo)f](l’o)

The associated norm will be denoted by || - || p.

Lemma 2.31. The space D(N') is a Hilbert space. Moreover, the convergence in the

associated norm || - || p implies pointwise convergence.

Proof. In order to prove the lemma, we need an inequality.
Let zp # = € X. By connectedness, there exists a path zy, 1, ...,z, = * € X such

thate; = [z;_1,2;] € E. For f € D(N'), we have




Using Cauchy-Schwarz inequality, we get

(f(z) 2 < Z ‘”’ !

Let C(z) = >, r(e;). Hence, we have

(f(x) = f(z0))* < Cx)D(f).

Let (f), be a Cauchy sequence in D(N). This yields that ( f,,(z)) is convergent in R
for all x € X. Indeed, since

|[fr — meD_ D(fn — fm) + (fn(xo)_fm(xo))2

we see that (f,, (o)) is Cauchy sequence in R. Moreover, for f, g € D(N') we have

|f(z) —g(x)] = [f(x) — f(z0) + f(20) + g(20) — g(x) — g(70)]
<|(f —9)(x) = (f = g)(wo)| + [(f — g)(x0)]
< VC(@)D(f — g9) +(f — 9)|(z0)]- (2.9)

From (2.9), we obtain that (f,,(z)) is Cauchy for every = € X.

Hence, there exists a function h € R¥ such that f,(z) converges to h(z) for all
r e X.

We claim that h € D(N) and (f,,) converges to h € D(N).

On the other hand, V f,, is Cauchy in (?(E,r) as

Thus, V f,, — u for some u € (?(E, ). But then we must have Vi = u since

IV fo — Vh||% = Zr(e)(vn — Vh)?

BB,

Then Vh = u and by the definition of D(N), we have that h € D(N'). Now we see
that f,, converges to h in D(N). Indeed,

| fu = Pllp = D(fa —h) + (fo = h)*(x0) = 0
asn — oo. ]
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Proposition 2.32. Forevery f € D(N) and x € X,

(VVf)(@) = f(@) = Pf(x) = (I = P)f(x).

Proof. This proof is just a matter of technicality, nevertheless we will go through it.

(V'V)(z) = m}ﬁ) IRZIOEDS Vf(e))

eckE eelk
et=zx e =z

_ Z f e’ ] Z f )

= Z p(@+ 6_) = D (e = flen)ple.eh)
= > (f@) = fle Dplx,e7) = > (fle) = fx)p(,e*)

= f(x) (Z plx,e”) + Z p(, e+)> —

eck eeE
et=x e =x

(Z fe e )+ 3 f<e+>p<a:,e+>)
Now observe that

S pae)+ S plaet) = 3 play).

ecll ecll yeX
et=zx e =zx {z,y}eFE

And similarly,

> feplee)+ > fleN)plret) = Y pla,y)f(v)

eck eckE yeX
et=x e =z {z,y}€FE
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Therefore,

(V'VH@) = f@) Y pley)— Y p(X9)f(y)

yeX yeX
{z,y}eF {z,y}eFE
2) Y pl,y) = play)fy)
yeX yeX
= f(z) = Pf(z).

]

Thus, P : D(N) defines a linear operator. Furthermore it is a bounded operator over

the subspace (*(X, m). Indeed, let f € (*(X,m). Then,

1PfI = mlz)(Pf(x))

zeX

- Zm(x) <ZP(5U,y)f(y)>
=3 "m(@) Y pley) )Y pla,2) f(2)
=S @) Y vl ) S w2 F) 1 (2)

Using the inequality on Arithmetic-Geometric means, we have

1PFIR < 2 S m() Y plw. o) 3 ple ) (20) + ()

:%Zm (Zwy IEDWIES )
=> mx Zpﬂcyf2 sz )p(,y)f*(y)
Using reversibility, WZ get
IPfI% = ;;M(y)p(y,w)ﬂ(y)
~ gm(y)fz(y) ;p(y, x) = gm(y)ﬁ(y)

= |If1%-

Thus, P : %(X,m) — (*(X,m) is a bounded operator with || P|| < 1. It is called the
Markov operator of the Markov chain (X, P).
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We denote the linear space of finitely supported functions on X by ¢y(X), and its
closure in D(N') by Do(N). It can be shown that *(X, m) C Dy(N) since we had

1£1lp < V2|If]lx
For A C X, we denote by Py = (pa(®,y)){z}cx the restriction of P to A:
pa(z,y) = p(z,y), if x,y € A and p(z,y) =0, otherwise.

In other words, P, is the transition probability remaining in A. Notice that for all
x,y € X, wehave 0 < pa(x,y) < p(x,y). One has the equality pa(x,y) = p(x,y)
ifand only if z,y € A.

Proposition 2.33. In operator notation we have

(IA—PA)GA:]A.

Proof. ltis clear that [ 4G 4 = G 4. For P5G 4, considering the following calculation,

Pa(Gaf)(@) =) pal,y)Gaf(y)

yeX

= pale,y) Y Galy,2)f(2)
yeA z€A

= pale,y) Y > piy,2)f(2)
yeEA z€A n=0

=S IS pale, (. 2)
z€EA n=0 yeA

_ Z f Zp n+1)
z€EA

we obtain that
(IA - PA>GA = ZP(X)( Zp(n+1 p(O)(x7y) = 5:v,y

n=0

We can define n-th step probabilities inductively as follows:

ZPAIZ A_ (z Y)

zEA
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for all z,y € X. Similarly, for all z,y € X, we have 0 < pff)(:c,y) < p™(z,y).

Note that for n > 2, we may have p(X) (z,y) < p™(z,y) even if z,y € A since we

might have more paths connecting x and y by going outside the set A in n steps.

By the same token, one can define the Green function for P4 by

alz,y|z) ZpA T, y)?

Set Ga(z,y) = Ga(z,y[1) = 300, 0% (2, ).

Remark. If A C X is a finite set, then G4(z,y) < oo forall z,y € X

For a finite set A C X, the function G 4(-, z) is finitely supported since G 4(x,y) = 0
if and only if z and y do not both belong to A. Let f € R¥, € X and set

Gaf(x) = Galw,y)f(y) =Y Galz,y)f(y)

yeX yeA

Since G 4(z,y) = 0 whenever both x and y do not belong to A, we have G4 f(z) =0
if x ¢ A. Therefore, for f € (*(X, m) we have G4 f € (*(X,m):

Zm GAf ZZGAx?J

rzeX r€EA yeA

as both sums are over finite set A.

Define 14 : (?(X, m) — ¢*(X, m) by setting
If(z) = f(x) if x € A and 0 otherwise
forall f € (*(X,m).

Lemma 2.34. Let A C X be a finite set. Assume x € A and f € (*(X, m) be such
that supp(f) C A. Then

(VI,VGa( 1) g = m(x) f ().

Proof. Recalling that V* is adjoint of the nabla operator V and that V*V f(x) =
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(I — P)f(x). Then

(VI VGA( ) p = (f, VIVGA(,2))
(I = P)Gal-,2))x
(In = Pa)Ga(:, 7))
= (f,0:)x

= m(y)f(y)5:(y)

ycA

= m(z)f(x).

E:<
=(/,
= (/,

Lemma 2.35. Let A C B be finite subsets of X. We have
D(Gg(,x) = Ga(-,x)) = m(z)(Gp(z, ) — Ga(z,x))

forall x € A.

Proof. Applying Lemma 2.34, we get
D(Gp(-,x) — Ga(- x)) = (V(Gp(,2) = Gal:, 7)), V(GB(, 2) — Ga(:,2)))
= (VG5(,,2),VGp(,, 1)) —2(VG5(, 1), VGl 2))
+(VGa(+2), VGa(:, 2))
= m(z)Gp(z, ) — 2m(z)Gp(z, ) + m(x)G(z, x)
= m(z)(Ga(z,2) — Gp(z, 7).
[

Lemma 2.36. Let (X, P) be a transient Markov chain. Then G(-,x) € Dy(N) for
allx € X.

Proof. Let (A,), be an exhaustion of X, i.e., a sequence such that A,, C A, and
U,en An = X. It is clear that p(:z (z,y) = p¥(x,y) asn — oo forall 2,y € X.
Consequently, we have G 4, (x,y) < G(x,y). Since the Markov chain is transient,
G(z,y) < oo. Thus, Gy, (x,y) — G(x,y) by the monotone convergence theo-
rem. By the Lemma 2.35, the sequence (G 4, (-, x)), is a Cauchy sequence in D(N).

The sequence G4, (-, x) converges to the pointwise limit G(-,z). As a consequence,

G(- ) € Do(N). 0
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Now we are all set in order to present some transience criterions.

2.8 Criteria for Transience

Let (X, P) be an irreducible reversible Markov chain with the total conductance m

and let V' = (X, F, r) be the associated network.

Recall that we interpret the function u € (*(E,r) as an energy flow and the quantity

m(z)V*(x) as the loss at x € X.

Definition 2.37. For a vertex zy € X and ¢y € R, a finite energy flow from x with

input i is a function u € ¢*(E,r) such that

V() = ——2 5,0 (y).

m(z)

Its energy is the positive quantity (u, u). Note that the energy can be infinite too.
We may think of the network N as the system of tubes filled with liquid such that i

litres of liquid being pumped in at a source z.
Definition 2.38. The quantity
cap(A) = min{D(f) : f € Do(N),f =1 on A}

is called the capacity of the set A C X.

The following set of useful necessary and sufficient conditions for transience.

Theorem 2.39. Let (X, P) be a reversible Markov chain with total conductance m

and associated network N'. The following are equivalent:

(1) The network is transient;

(2) For some x € X, there is a finite energy flow from x with non-zero input iy;
(3) For some x € X, cap(x) > 0;

(4) The constant function 1 on X does not belong to Dyo(N).
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Proof. (1) = (2). Setu = — 20 JVG(0). By the Lemma 236, G(,2) €
m(xg

Do(N) C D(N) for every z € X. Then by the definition of the space D(N),

VG(-,xy) € (*(E,r). As a consequence, u € (*(E,r). Let’s verify that u is indeed

a finite energy flow:

V= g VO = Y G
= (e T T PIOG I = e

where last equality followed from the equality (I — P)G(-,zo) = 0, as calculated
above (see page 35).

(2) = (3). We may assume that ig = —1 for the sake of simplicity. Now let f €
lo(X) such that f(z) = 1. We have

(1.0 = .90 = (F i)

=3 ) () —— by

m(y)
= flzo) = 1.

Then, Cauchy-Schwarz inequality implies

1= <Vf7u>129 < (VEVHx (uu)p = D(f) (u, u)p -

Therefore,

as (u,u) < oco.

(3) <= (4). We can easily prove this by contrapositive.

Suppose 1 x belongs to Dy(N). Then clearly, cap(zg) = 0.

Conversely, suppose cap(xg) = 0 so that D(f) = 0. As we have mentioned al-
ready, the kernel of the Dirichlet semi-norm D is the set of constant functions. Since

f(xo) = 1 by assumption, f = 1.

(3) = (1). Let A C X such that xp € A and set f = %

f € Do(N) and f(x¢) = 1. Applying Lemma 2.34, we obtain

. It is obvious that
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cap(zo) < D(f) = (Vf,Vf) = ﬁ (

R xo, To)m(x :—m(zo)
B GA(%#EO)QGA( 0, Zo)m(o) G a(wo, zo)

VG (-, 0), VG A(:, 0))

m(zo)
cap(xo)

tone convergence theorem yields that G(zg, z¢) = lim,, o Ga, (Z0, Tg) <

Thus, G a(zg,z9) < . Consider the exhaustion (A,)eny of X. Mono-

m(xo)

cap(xo)
Hence, the Markov chain is transient by the Theorem 2.12 O

Corollary 2.40. Let (X, P)), (X, Py) be two Markov chains on X and Dy, Dy asso-

ciated Dirichlet semi-norms, respectively. Suppose there exsits ¢ > 0 such that

Do(f) z eDi(f) forall f € bo(X).

Then transience of (X, Py) implies the transience of (X, P»).

Proof. If (X, Py) is transient, then cap(z) > 0 for every x € X. Then
Dy(f) > e - cap(x) > 0.
Hence, the Markov chain is transient as cap(zo) > 0 for (X, P). O

Corollary 2.41. Suppose (G, Py) and G, P») are two irreducible random walks on a
finitely generated group G. Assume that for all g, h € G, there exists a 0 > 0 such
that

p1(g, h) > 0p2(g, h).

Then, transience of (G, Py) implies the transience of (G, P).

Proof. Recall that a random walk on a group is symmetric i.e. p(g,h) = p(h,g), so
that m(-) = 1. Then,

=D (fle" = f(e)?pilg.h) = Y (f(eh) = f(e7))*opa(g, h)

eck eckE
= 0Ds(f).
Now the result follows from the previous corollary. [

41



A subnetwork N is a connected subgraph together with the restriction of the resis-

tance to the remaining edges.

Remark. Suppose that N’ is transient. Then by the definition of transience, then the
probability that random walk can hit the vertices infinitely many times is zero, i.e., it
only passes through a vertex finitely times. Then it is clear that the network A is also

transient. Therefore, a finite energy flow in N is also a finite energy flow in \V.

Following is a very important example in a sense that we shall use it in the derivation

of a Nash-Williams’ criterion which is very useful.

Example 2.42. Let N denote the set N U {0} for the sake of simplicity. As a graph,
it is a one-way infinite path were the edges are e,, = [n — 1,n|,n > 1. For a nearest
neighbor random walk, one defines the probabilities p(n — 1,n) > 0 for n > 1, and
p(n,n) > 0 for n > 0. Define m as

7n(n):: p(0,1>‘~~p(n/—-1,n)
p(n,n—1)---p(1,0)

It can be easily checked that m defines a total conductance. It can also be easily

checked that

p(n/—-l,n/—-2)~"p(1,0)
p(0,1)---p(n—1,n) °
We may assume that ioc = 1. Note that there exists only one edge e = {e™, e~} such

r(en) =

that e = 0, namely, [0, 1]. Then the constant function 1 is indeed an energy flow. We

must have

Z u(e) — Z u(e) = —1.

eckE eclE

et=0 u~ =0
There is only one edge for which the initial vertex is 0, namely, [0, 1]. However, there
1s no vertex with terminal vertex 0. Therefore, the constant function © = —1 is the
flow from 0. It’s energy is

(u,u) = Z'r’(e) = Zr(en).

eckE

By the Theorem 2.39, the Markov chain is transient if and only if

Z r(e,) < oo

3
—

and recurrent if and only if



Note that this example implies that the network is transient if we can find a one-way

together with a finite energy flow.

Definition 2.43. Let (X, P) be a reversible Markov chain with an invariant measure
m and associated network A" = (X, E,r). Let (X;);en) be a finite partition of X by
finite subsets. The network N/ = (N, E, 1) defined by the means of conductance

al(i,j) = Z Z a(z,y)if i # j and 0 otherwise.

zeX; yeX;

is called the shortened network.

Recall that conductance uniquely determines the transition probabilities (see the re-
marks after Definition 2.26). Thus, corresponding Markov chain (N, P’) has the tran-

sition probabilities
p/(@,j) — a/(z’/]) — a“/(l7j)
m, Y oren @ (i k)

forallz,7 € N.

Observe that if (X, P) is irreducible, so is (N, P’). Furthermore, we have p/(i,7) = 0

as a'(i,7) = 0 and

m'(i) =) d(i.)) =) ), D alzy)

jeN JEN zeX; yeX;

=22 2 ay)

reX; jeEN yeX;

:Zm(x)<oo

IGXj

forall 2 € N.

Theorem 2.44. Suppose that (X, P) is a reversible Markov chain with associated
shortened Markov chain (N, P"). If (N, P') is recurrent, then so is (X, P).

Proof. Let f € RN be in D(N”). Define f : X — R by
flx) = f@@) if » € X,.

Observe that



=3 U@ FO) Y ale)
=3 S (0 - FG).d)
— D'(f).

As a consequence, f € D(N) if and only if f € D(N").

One has f = Dicsupp() J(D)1x, € Lo(X) as 1x, € (o(X). Suppose that (N, P') is
recurrent. Then 1y, € ¢5(N) by the Theorem 2.39. Thus, we can find a sequence
(fn)nen in £o(N) satisfying lim,,_,o D'(f, — 1n) = 0. Now consider the sequence
(fn)nen in £o(X). We have

D/(fn - 1N) = D(fn - 1) = D(fn - 1N) = D(fn - 1X)-

As a consequence, using the fact that D(f) = D(f) we get

lim D'(f, — 1y) = lim D(f, —1x) =0.

n— o0 n—oo
Hence, 1x € D(N). The Markov chain (X, P) is recurrent by the virtue of Theorem
2.39(4). ]

The following criterion is due to Crispin Nash-Williams.

Theorem 2.45. Suppose that (X, P) is a reversible Markov chain with associated
shortened Markov chain (N, P’) such that

a(n,m)#£0 if |i—j| <1

If one has
a(i—1,i)

n=1

then (X, P) is recurrent.
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2.9 Polya’s walk

Consider the simple random walk on the grid Z?. The problem which elevated the
study random walks on groups is determining the expected number of visits to the
starting point. It is now well-known that for d = 1, 2 the expected number is infinite,
and for d > 3 is finite. In other words, the simple random walk on 7% is recurrent
for d = 1, 2 and transient for d < 3. This problem can be tackled with combinatorial
approaches; however, the result can be derived from the Nash-Williams’ criterion

with significantly less of a workload.

Corollary 2.46. The simple random walk on Z is recurrent

Proof. Let (Z, P) be a simple random walk on Z. A simple random walk is always
reversible with m(-) = 1 and hence a(z, y) = p(z,y) = 5 if « ~ y, or equivalently,
|z — y| = 1, and O otherwise. Set X,, = {n, —n}. Then Z is a disjoint union of the
finite sets X,,. Now let’s calculate the conductances in the corresponding shortened

network (N, P’). Notice that a/(z, ) = 0if |1 — j| > 2

d'(i,5) = Y p(x,y) = p(=i,—4) + p(=i, j) + p(i, —j) + p(i, j) = 0

as all the probabilities are zero. On the other hand, for |i — j| = 1 we have

al(ivj) = Z p(l’,y) = p(—i, _j) +p(—i,j> +p(i, _j) +p<27j)

reX;
yeX;
(=i =)+ plid) = 5 + 5 =1
= p(—1, — 1,j) ==+ =-=1.
pi—1,—J P\, g 515
Then
o0 1 oo
2 A1
Hence, the Markov chain is recurrent by Nash-Williams’ criterion. 0

Let us also show that the simple random walk on Z2.
Corollary 2.47. The simple random walk on 7% is recurrent.
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Proof. Our usual choice for m is the constant function 1. However, it can be chosen
to be the degree of the vertices so that all the edges have a conductance 1. Indeed, if
m(x) = deg(x), then

m(x)p(z,y) = deg(x) degl(x) = deg(y) degl(w =m(y)p(y, ).

The set X;, on the other hand, is equivalent to the set
{(m,n) € Z* : |m| +|n| = i}

for all : > 0.
Cardinality of the set X; is equal to 4i for all @ > 1. Moreover, a'(i,j) = 0 for
|i — j| > 2 again. For i — j| = 1, let j = ¢ — 1. We obtain

a(i—1,1) = Z a(z,y) = Z 1.

z€X;_1 reX; 1
yeX; yeX;
T~y

Therefore, we have to calculate how many of the pairs {x, y} are edges. Observe that
the each of the nodes (0,7 — 1), (0,—(¢ — 1)), (¢ — 1,0), and (—(i — 1),0) from
X, are adjacent to exactly 3 vertices, and the remaining 4(i — 1) — 4 vertices are
adjacent to exactly 2 vertices from X;. Therefore, we have that

a(i—1,7) =8i —4.

Thus,

- 1 =1
ga(i—u):z;sz'—zxzoo

=1 1=

O

One expects a'(i — 1,1) to be quadratic for d = 3 so that the simple random walk on

7.3 is transient.

2.10 Growth rate of Groups

Let GG be a finitely generated group by a symmetric subset S C (. Recall from
the Definition 2.21 that the word length of an element ¢ € G with respect to the

generating set S C G is the minimal integer n € N such that g can be expressed as
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product of n elements of the generating set.

Also recall that we defined a left-invariant word metric dg : G X G — N by
ds(g,h) = ls(g~"h)
forall g, h € G.
Definition 2.48. Let g € G and n € N. The set
Bs(g,n) :={h € G :ds(g,h) <n}
is called the ball of radius n in GG with the center g € GG with respect to S.
Note that Bs(1g,n) = {h € G : £s(h) < n}. By the left-invariance of dg, we have

that | Bs(1g,n)| = |Bs(g,n)| for all g € G. In other words, Bs(+,n) is the set of all

elements h € G whose word length is at most n.
Definition 2.49. The function ag(n) : N — N defined by setting

as(n) = [Bs(lg,n)| = [{h € G : {s(h) < n}|
for n € N is called the growth function of G with respect to S.
Thus, the growth function measures the number of elements whose word length is at
most n. It is easy to see that Bs(1¢,0) = 1, Bs(1g, 1) = |S| and we have

Bs(1¢,0) C Bs(1g,1) C ...

Therefore, the growth function is increasing.

Example 2.50. (a) Let G = Z and S = {—1,1}. For n € N, the set of elements

whose word length is less than or equal to n is
{-n,...,—1,0,1,...n}.
Thus, ag(n) = 2n + 1.

(b) Let G = Z again with S = {42 + 3}. There is only one element, namely 0,
whose length is 1. For the words of length 2, we have the following elements

ag(l) = |{£2,£3}| = 4. For n = 2, the set of elements
{1, 4, £5, £6}
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are of length 2. For n > 3, the only elements at a distance n are
{£(Bn —2),£(3n — 1), £3n}.
Thus, ag(n) = 6n + 1.
(c) If G = Z2, it can be similarly shown that ag(n) = 2n? + 2n + 1

(d) Let G = F5, where F, denotes the free group on two generators {a,b}. Set
S = {a"',b7',a,b}. Then for n # 0, the number of words of the length 4 is
4 - 31 as we have 4 choice for the first letter and 3 for each vertex. Then we
have

asn) =1+ 4-3"1=2.3"—1.
k=1

One observes that the growth function depends on the generating set, as can be seen
from the parts (a) and (b) of the above example. However, we will show that it does
not "depend" much on the generating set. Notice that even if the growth functions of

Z are different, they both are linear polynomials.

Lemma 2.51. Let G be a finitely generated group with distinct symmetric generating

subsets S and S'. Then there are real numbers ¢, and ¢y such that

Cldsl (.97 h) S dS(ga h) S CZdSz(ga h)

forall g,h € G.

Proof. Set ¢; = max{lg/(s) : s € S}. Letg € G. Then g = s;---s, for some
si € S, i=1,...,nsuchthat n € N is minimal. In other words, /s(g) = n. Then we

have

ls(g) = Lgr(s18n) < Zﬁsf(si) < cn = a1ls(g).
i=1

On the other hand, there are elements s/, ..., s, € S such that g = s} - - - s/, such that

0y Om

1
m € N is minimal. Set — max{/s(s’) : s’ € S’}. Therefore,
Co

Then we have
CQdS(ga h) S dS’(Q; h) S CldS(g7 h‘)
forall g, h € G. O
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Now we shall investigate when two functions grow in a similar rate.
Definition 2.52. A function f : N — [0, 00) is called a growth function if it is non-

decreasing.

Suppose that f,g : N — [0, 00) are two growth functions. The function g is said to

dominate f if there exists an integer ¢ > 1 such that
f(n) < g(en)
for all n > 1. In this case, we write [ < g.
We say that f and g are equivalent if and only if f < g and f = ¢, and write f ~ g.
Proposition 2.53. (1) The relation < is reflexive and transitive.
(2) ~ is an equivalence relation.
(3) let f,g, ', g : N — [0,00) be growth functions. If f ~ f', g ~ ¢, and f < g,

then ' < ¢

Proof. (1) Itis obvious that < is reflexive as f is an increasing function. Moreover,
<

suppose that f < and g < h. Then there are ¢, d € Z such that

f(n) < glen) and g(n) < h(dn)
for all n € N. Then we have
f(n) < glen) < h((cd)n)

implying that f < h.

(2) Itis clear that the relation is symmetric by the definition of ~. Reflexivity and

transitivity immediately follows from the part (1).

(3) By the hypothesis, we have that f' < f < g < ¢'. Since < is transitive, we
obtain f' < ¢'.
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Roughly speaking, f ~ ¢ tells us that f and g are growing at a same rate.

Example 2.54. (1) Let p and g be two polynomials. Then

p < q < deg(p) < deg(q)

and

p ~ q <= deg(p) = deg(q)

Note that a polynomial f is equivalent to n? for some d > 0.

(2) Fora,b>1,a" ~b".
We shall denote the exponential growth by 2".

Corollary 2.55. Let G be a finitely generated groups, and S, S’ C G be two finite
symmetric generating subsets. Then the growth functions corresponding to S and S’

are equivalent, i.e., bg ~ bgr.

Proof. We have shown that for any g € G,

ls(g) < cls(g)

in the proof of the Lemma 2.51. Thus,
Bs(lg,n) ={9€ G:ls(g) <n} C{g€G:ls(g9) <cn}= Bg(lg,cn).

Therefore, bs(n) = |Bs(1g,n)| < |Bg/(lg,cn)| = bs/(n). Interchanging the roles,

we have bs ~ bS/. ]

Based on the previous corollary, all the growth functions of a finitely generated group
G are in the same equivalence classes which is called the growth type of G. We
denote the growth type by b%. One says that the group G has an exponential growth
if b9 ~ 2" If b o 2", then we say G has sub-exponential growth type.

Proposition 2.56. Let H be a finitely generated subgroup of a finitely generated group
G. Then

b < e,
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Proof. Let G and H be generated by finite symmetric sets .S and S’, respectively.

Then it is obvious that S U S’ is also a symmetric finite generating set for G. Then
BS’<1H7 TL) C Bg(lg, n)

which yields
bsr(n) < bs(n)

for all n € N. Thus, b < b°. O

Proposition 2.57. Let G|, Gy be two finitely generated groups generated by finite

symmetric subsets S, and So. Then b%*&2 ~ pGF2p&2,

Corollary 2.58. The group 7 has the growth type n°.

Proof. We know, from Example 2.50, that n* ~ n. By the previous proposition, we

deduce that b%2° ~ n? for d > 1. O

2.11 Growth and Random walks

As one might expect, there is a relationship between the growth and a simple random
walk on a group. Intuitively, growth of a group tells us how fast the Cayley graph of
the group grows. Roughly speaking, if the graph of the group grows "too fast" then

the simple random walk on the group may be expected to be transient.

In order to prove the proposition showing the relation between simple random walks

and growth, we shall need a simple inequality.

Lemma 2.59. Let x1, 23, ..., x, € (0,00), and n > 1. Then one has

3

1 S n?
=1 "1

w.
i=1

Proof. Recall that for a convex function f, numbers z1, ..., x,, with weights a;, Jensen’s
inequality can be stated as

Z?;l aﬂi) Z?:l az‘f(l’i)
/ < Z?:I a; = Z?:l ai
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If all a; are the same, then the inequality reduces to

Then we have
1

Z?:l Li

Rearranging the terms, we obtain

n

n 2

1
— 2
T

=1 ? ZZ 1 xl

n T 2?21;
p(Bhn) < Zhdl) =

]

Proposition 2.60. Suppose that G is a finitely generated group with growth type at

most quadratic. Then the simple random walk on the group is recurrent.

Proof. Let S C G be a symmetric finite generating subset. Let X,

={g€G:

(s(g) = n}. We may see X,, as a sphere of radius n centered at 1, € GG. Observe that

G is disjoint union of X,,. Moreover, X, is finite since | X,| = bg(n)—bg(n—1) < occ.

Let (G, P) be a simple random walk on G with associated shortened Markov chain

(N, P’) defined by the means of the conductance

a(i,i+1)= Z a(z,y)

reX;
yeXit1

= Z p(x,y)

IIGXZ'
yEXit1

< Z p(z, xs)

IEX,;
seS

1
|5|| |1Xi] = X5

= bs(i) — bs(i — 1)

(2.10)

Since G has at most quadratic growth, then there exist ¢ > 0 and N € N such that

bs(n) < cn?for all n > N. Then we have

2n 1 n2
Y 2 ==
i=n+1 a (Z’Z + 1> Zz— +1@ (Z s 1)
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by the previous lemma and (2.10)

i ! > n’ > n’ > i
i=n+1 a/(i’i + 1) N bs(2n) - bS(n) o bs(2n) ~ 4c’

which shows that
- 1
By the virtue of the Nash-Williams’ criterion (Proposition 2.45), we deduce the ran-

dom walk is recurrent. O]
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CHAPTER 3

AMENABILITY

In a paper published in 1924, Banach and Tarski proved one of the most counter-
intuitive results that a unit ball in R? can be decomposed into finitely many disjoint
pieces and reassembled into two unit balls using only translations and rotations of R3.
In 1929, John Von Neumann discovered that these paradoxical decompositions rely

on the existence of groups that do not satisfy a certain property, namely, Amenability.

We will follow [7], [6], and [10].

Perhaps it is a good time to define what it means to "decompose into finitely many

pieces and then reassembling together" formally.

Definition 3.1. Let GG be a group acting on a set X. Two subsets A, B C X are said
to be G-equidecomposable if there exists sets Ay, ..., A, C Aand By, ...B,, C B such
that

(1) A:U,Tilzl A,L and B = U?:l B,L
(2) AinAj=0=B;NB;foralli+#j

Now we shall state the definition which characterizes the Banach-Tarski paradox.

Definition 3.2. A non-empty set £/ C X is said to be G-paradoxical if for some
positive integers n and m, there exist pairwise disjoint sets Ay, ..., A,, By, ..., B,, C
E and group elements g, ..., g, b, ..., h,, such that

E= Zgi[Az’] = [Bjl.

J=1
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In other words, F is GG-paradoxical if there exists disjoint subsets A, B C E such that
A and B are G-equidecomposable with F.

Without getting into the details, using the above written terminology, we can state

Banach-Tarski paradox as follows.

Theorem 3.3 (Banach-Tarski paradox). The unit ball in R? is G-paradoxical, where
G is the subgroup of the isometry group of R3 generated by translations and rota-

tions.

Now let us turn our interest towards groups. Recall that an action is said to be free
if and the only if the identity element is only element fixing all other elements. We

know that every group acts on itself freely on itself by left multiplication.

Definition 3.4. A group G is said to be paradoxical if G-paradoxical with respect to

its action on itself by left multiplication.

Proposition 3.5. Free group F, on two generators is paradoxical.

Proof. Let a, b be generators of F5. Denote the set of all reduced words starting with

i by X (i). Clearly, we have
F=1pUX(@UXb)UX(@H)uX®ph.

Observe that a X (a™!) contains all the words starting with b and b~'. Similarly, the

set bX (b~Y) contains all the words starting with @ and a~'. Then, we have
X(@)UaX(a™) =F,=X0b)UbX (")

O

There are many equivalent but seemingly unrelated definitions of amenability. The
following is the original definition due to John von Neumann in 1929, in response to

the Banach-Tarski paradox.

Definition 3.6. Let GG be a countable group. Then G is said to be amenable if there
exists a finitely generated additive G-invariant probability measure on the power set

P(G), thatis, amap p : P(G) — [0, 1] such that
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() u(G) =1
(2) (AU B) = u(A) + p(B) for all disjoint sets A, B C G.
(3) p(gA) = u(A)forallg € Gand A C G.

Example 3.7. Every finite group GG is amenable with finitely additive G-invariant

probability measure

Now let us show that amenable group are not paradoxical.

Proposition 3.8. Let G be countable group. If G is amenable, then G is not paradox-

ical.

Proof. Let G be a countable amenable group. Then by definition, there exists a
finitely additive G-invariant probability measure ;. Suppose that G is a paradoxi-

cal group, i.e,. there are disjoint sets Ay, As, ..., A,,, By, ..., B,, C G such that

= ZM(Ai) + ZN(BJ)
= ZM(Q@[AiD + Zﬂ(hj [B;])

The converse of the proposition also holds and therefore shows that exactly non-
amenable groups the paradoxical groups. One can check [6], Theorem 4.9.1 for the

details.
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Now it immediately follows that the free group F5 is not amenable. It was conjectured
by John von Neumann that every non-amenable group contains an isomorphic copy of
F5. The conjecture was disproven by Ol’shanskii. On the other hand, the conjecture

is true for many important class of groups such as linear groups.

Consider the real vector space of all bounded functions f : X — R which is denoted

by ¢°°(X). It is a Banach space when equipped with the norm

[ flle = sup [f ()]
zeX

Definition 3.9. A mean on X is a linear map m : {*° — R such that

(1) m(1) =1,

2) >0=m(z) >0
forall z € (X))

It can be proven that there is a bijection between the space of finitely additive G-

invariant probability measures and GG-invariant means.
Definition 3.10. A group G is called amenable if there exists a G-invariant mean on
(>(G,R), i.e.,
m(g - f) =m(f)
forall g € Gandall f € (~(G,R).
Remark. Due to the above definition, it now makes sense why such groups are called

amenable. In 1949, Mahlon M. Day introduced the term amenable as a pun on

"mean’.

In order to prove the Kesten’s theorem (Theorem (4.1)), we shall use the following

formulation of amenability. We shall follow the notation from [7], chapter 14.

Definition 3.11. Let G be a group, X and €2 two subsets of G. The X-external
boundary of () is defined as

0x(Q) =XQ-Q=|J(@@Q-Q).

zeX
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The group is G is said to be amenable if for every finite X C G and for every ¢ > 0,
there exists a finite subset {2 C G such that

|0x ()] < €|Q].
Observe that we have
QUXQ=XU(XQ-Q).
Thus, |0x (2)| < €[] is equivalent to
QU XQ < (1+¢)Q].

Example 3.12. Every finite group is amenable. For every X C G and € > 0, we can

take 2 = GG. Then clearly
0= |0x(G)] < ¢|G].

Example 3.13. The group Z is amenable. Let X C Z be any subset, and ¢ > 0 be
any positive real number. Let £ = max{|z| : z € X} and set {2 = [—n, n] for some
n € N that will be chosen later. Then it is clear that X2 C [—n — k, n + k]. Then we

have

0x(Q)] = [QUXQ| — Q] < 20+ 2k — 2n = 2k

Now choose n € N such that 2k < £(2n + 1). We obtain
0x(Q)| <2k <e(2n+1) =¢|Q)|.

Example 3.14. Every group with subexponential growth is amenable.

Proof. Let us assume that G is non-amenable for the sake of contradiction. Then

there is a finite set X C G and € > 0 such that, for any
QU XQ| > (1+¢)|Q]

for every (2 C G. Let H be the subgroup generated by X. Set ) := Z;é Xk on>1.
Notice that XQ = |J;_, X*. Thus,

n n—1 n—1
X =TU Xz e x5
k=0 k=0 k=0
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One observes that ) is the set of elements of H at most length n which equals to

bl (n). Therefore, we have
biE(m) — b (m — 1) > bl (m —1).

which implies that b7 is an exponential growth. By the Proposition (2.56), we have

that GG is also a group of exponential growth, a contradiction [

Definition 3.15. Let G be a group and X, () be two finite subsets of G. Define X-
internal boundary of () to be the set

dx(G) ={g €Q: thereisan z € X such that zg ¢ Q}.

For the sake of simplicity, we shall denote the {x }-external boundary by 0,(€2) of €.

Proposition 3.16. Let GG be a group. The following conditions are equivalent:

(1) G is amenable
(2) For every ¢ > 0 and finite subset X, there exists a finite subset ) such that
|0:()] < €]
forevery x € X
(3) For every € > 0 and finite subset X there exists a finite subset ) C G such that

10x(Q)] < €]Q].

Proof. (1) < (2)

It is clear that (1) = (2). For the converse, we first observe that
Ox,ux,(2) = (X1 U X)Q —Q C ((X192) — Q) U (X202) — Q) = 0x, () U 0x, ().

which implies that
|0x10x, ()] < 0x, ()] + [0, ().

By the above-observation, we have

Ox(Q) =Y 0.(2) <Xl

rzeX
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from which we can deduce that (2) = (1).

(1) = 3)
Let g € 6x(£2). By definition, of deltax () there exists an x € X such that xg ¢ .

There are at most |.X | choice for = such that zg ¢ 2. Therefore, we have
|0x ()] < [X]|ox ()]

from which (1) = (3) follows. On the other hand, for every g € there is at least one x
such that zg ¢ €. In other words, there is at least one element in |,y 9,(€2). Then,

we obtain

0x()] < D 10:(Q)] < | X[ max |9:()] < |X] - [0x ()]

zeX

from which we deduce that (3) = (1).
The following lemma will be crucial for proving Kesten’s Theorem 4.1

]

Lemma 3.17. Let G be a group with finite generating set S C G. Then the following

are equivalent:

(i) GG is amenable.

(ii) There exists a finite nonempty subset ) C G such that
|2 — sQ| _
—<c
i

foreverye > 0 and forall s € S.

Proof. Tt is clear that (i) implies (i7) by definition of amenability. Now suppose
that (¢7) holds true. We can assume that 1 € S. Let X be any finite subset of G.
Then it is clear that there exists an n € N such that X C S™. In order words, there
are generating elements si, ..., s, such that ¢ = s;---5s,. It is clear that one has

g(A — B) = g(A) — g(B) for all subsets A, B C G and g € G. Moreover, we have
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|A— B|=|A—C|+|C — B| forany sets A, B,C C G. Then

12— sQ| =|Q =515, < |Q—51Q + [51Q — 515,
< Q= 519 4 5192 — 51520 + 515282 — 5189+ + - 5,12

< Q= 519 4 |2 — 52| + 51528 — $159530] + 8159532 — 57 - - -

<= 519 4+ [Q — 59| + ... + |2 — 5,9

< nelQ =£'(9)

where ¢ = ne. This completes the proof.
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CHAPTER 4

KESTEN’S AMENABILITY CRITERION FOR FINITELY GENERATED
GROUPS

In his seminal paper [8], Harry Kesten introduced a probabilistic criterion for Amenabil-
ity. We know that Cayley graphs carry out geometric information about the groups
and recall that we can define simple random walks on groups through their Cayley
graphs. The quantity QW measures how fast the decaying sequence of re-
turning probabilities p(>™ (e, e) decreases as n — oo. Kesten showed that a finitely
generated group is amenable if and only if the quantity p(G, S) = p(Cay(G, S)) =
lim,, 00 (l/p(QT(e,e) = 1. Roughly speaking, this shows that the Cayley graph of an
amenable group is not too "wild", that is, the probability of return doesn’t decrease
steeply. Thus, in this sense, amenable groups are the "nicer" infinite groups. The

main sources we will follow in this chapter are [8], [7], and [2].

Let G be a group with a finite symmetric generating set S C G. Let (G, P) be a
simple random walk on GG. Recall that for all z,y € X, z € R, we defined the Green

function .
Glx,ylz) =D p™ (2, )"
n=0
We called the quantity
p(G.S) := limsup ifp™ (e,e) = %

spectral radius, where R is the radius of convergence for G(z,y|z) (recall that if
(G, P) is equipped with irreducibility, then the Green function has the same radius of

convergence forall z,y € X, z € R).

Theorem 4.1 (Kesten’s amenability criterion for finitely generated groups). A

finitely generated group G is amenable if and only if p(G, S) = 1.
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In order to prove the theorem, we will employ operator theoretical concepts and re-

sults. We refer to [4], [7], [1] for the rest of the chapter.

Let T : *(G) — (*(G) be a linear operator. Recall that its norm is the quantity

IT|| = sup [|Tf[lz= sup
FE2(G) fer2(G) 112
[1f11<1 f#0

It is a standard fact that a linear operator is continuous if and only if ||7'|| < oco. Let
us denote the space of all continuous linear maps by C(¢?(G)). We shall denote, as

usual, the identity operator by I : (*(G) — (*(G).
An operator T* € C(¢*(Q)) satisfying

<Tf1, f2> = <f1,T*f2>

for all f, fo € £*(G) is called adjoint of T. Note that this operator exists and its
unique by Riesz’ representation theorem (see [1], Theorem 11.9, page 85). Moreover,
||T|| = ||T*||- One can show that the adjoint is involution, i.e., (A*)* = A Indeed,

we have
(T, f2) = (f1, T" f2) = (T" fo, 1) = {f2. (T7)" f1)
which implies that
(fo; Tfr) = (fo, (T7)" f1) -
By uniqueness of the adjoint, we deduce that (7)* = T". We say that T'is self-adjoint
if T'=1T~.
Let T € C(¢*(G)) be a self-adjoint linear operator. Then the set

o(T):={XeR: (T — \) is not bijective}
={A € R: (T — AI) hasno bounded inverse}

is called the spectrum of 7.
We call the quantity

T):= sup |\ = max |\
pT) = swp N = N

the spectral radius of T'. Last equality follows from the fact that the spectrum is a

compact set (see [4, p. 22]) such that
o(T) < [=IIT1], [[T11].
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Moreover, we have
p(T) = |[T]| = lim |||

One can see [4, p. 22] for details of the fact above.

Let g € G. Define a linear operator 7, : (*(G) — (*(G) by setting

Ty f(h) = f(hg)
forall h € G and f € (?(G).

Proposition 4.2. The linear operator T, is an isometry,

Proof. We have

Ty f11? = (Tof, Tof) = D T, f (h)?

hea
=> flgh)*=>_ f(k)
heG keG
= If113
forall f € (*(G). O

As a consequence, T is bounded. Hence, T, € C(¢*(G)).

Proposition 4.3. The linear operator T, has an inverse (Ty)* = T-1.

Proof. Ttis clear that T, -1 is the inverse of 7},. On the other hand, letting & = gh, we

have

(Tyfri, o) =D filgh) fo(h) = > fi(k) folg™ k) = (fr, Ty fo)

heG keG

for all fi, fo € (*(G). By the uniqueness of the adjoint, we obtain (T})* = T,-1. [

Now suppose G is a finitely generated group, and S is a finite symmetric generating

subset. We define the linear operator M : (%(G) — (*(G) by

Mg = |S|ZT (M)

forall f € (*(G) and g € G. The operator My is called the Markov operator with
respect to .S.
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Proposition 4.4. Mg is a self-adjoint linear operator with

|Ms]] < 1.

Proof. Mg is linear and continuous as T € C(KQ(G). We have

51 = 1Y Tl < g ZHTH <1

seS

Thus, ||Mg|| < 1. On the other hand,

_<|S!Z> EPPERS - PMEES  PUARE

where we used the fact that generating set is symmetric.
Proposition 4.5. Let Mg be the Markov operator. We claim that
(M5d,)(h) = p™ (g, h).

forall g,h € Gandn > 0.

Proof. Forn =0,
(Mg‘(sg)(h) = 5g(h) = p(o)(g’ h)-

Furthermore,
(Mg*1o,)(h) = (Mg(Mg,)(h))

’S|ZM§(5 (hs) |S’Zp (g, hs).

seS seS
Let hs = k. Then,
(g hs) =) 0™ (g, k)0,(h k) = Y p™ (g, k)p(k, h) = p" D (g, h).
keG keG
Thus, we have obtained
(M5, =5 Z " (g, h

ses

As a consequence, we obtain
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Corollary 4.6. Let g, h € G and n > 0. Then, we have

We refer to [7, p. 349] for the following proposition.

Proposition 4.7. One has

p(G,S) = [|Ms|| = p(Ms).

Proof of Theorem 4.1. (=) Let G be a finitely generated amenable group. We shall
show that p(G, S) = 1.
Let us make the following crucial observation. We have shown that ||Mg|| < 1.

Recall that o( M) is a compact subset such that
o(Ms) C [=|[Ms]], [[Ms]].

Then it follows that showing p(G,S) = 1 is equivalent to proving that 1 € o(Mg).
Indeed, if 1 € o(Mg), then ||Mg|| = 1 by above remarks, and hence we would have
p(G,S) = ||Ms|| = 1. By the Proposition (3.16), there is a finite subset @ C G
satisfying

for all s € S. Define the map f : *(G) — Ras f :=

Lemma 4.8. We have

Hf_TSfHQ <é&.

for every s € S.

Proof. For any subsets A, B C G we have |[14—15p]||3 = |A— B|+|B— A|. Indeed,

1Ta=T5l3 =) (la—15°= > (Ia-1p°+ Y  (la—1p)
gelG geG: geG:
14-1p=1 Ip—-1p=-1

—|A—B|+|B- A

Moreover, note that T,1o-1(h) = 1g-1(hs) = 1if hs = w™! for some w € 2 and 0
otherwise. Then hs € Q' < h € Q's™!. Thus, T,1g-1 = Lg-14-1.
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Consequently,

1F=Tflls=>_(f = Tof)? “ﬂ§jngl—TnQu

hEG heG
|};G Lot — Lg-15-1)°
— o (97 - e )
|—§12| (12 = Qs| + Qs — Q)
= 265(9) <e.

2]

As a consequence to the lemma above, we have

H(I—Ms)f\b:H Z sf

SES

:—fm—Zﬂf

sesS

= 7a Z(f_Tsf)

seS

seSs

2

2

Now suppose that I — Mg has an inverse 7". Then,
L= [IT(I = M) flly < [Tl [I(T = Ms)flly < [T,

for all f such that || f||, = 1. Thus, we have ||T'|| > £ for every ¢ > 0. Hence, there
is no bounded inverse of  — Mg i.e. 1 € o(Mg). O

Let f € RY. Recall that its support is the set

supp(f) :={g9 € G : f(g) # 0}.

The vector subspace of all finitely supported functions f : G — R is denoted by
R[G].
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It is clear that the subspace R is dense in ¢%(G).

Since RY is dense in /?(G), we have that

Tf

17l = sup |Tf], = sup 1Ll
FER[G] reria) |1f1l
Ifll,<1 f#0

forall T € B(*(G)). We set

£l =D 1f(g)l-

geG

for all f € R[G]. We have supp(T, f) = supp(f)g~* for all f € R[G]. Indeed,

supp(Tyf) = {h € G : f(hg) # 0}
={kg' € G: f(k) # 0}
={keG: f(k)#0}g""

= supp(f)g~"

where k = hg. As a consequence, T, f, Msf € R[G] for all f € R[G]. Moreover,
|Tfll; = || f]l, for all f € R[G] since

ST () =D f(hg)l =D £ ().

heG heG heG

Lemma 4.9. Let f € R[G] be a non-negative function such that || f||, = 1. Then
there exits n € N, nonempty subsets A; C G and real numbers c; > 0,1 =1,2,...n
satisfying A, C ... C Ay and c1 + ... + ¢, = 1 such that

n

14
f:Z;CiViZ‘-

Proof. Let0 < y; < ... <y, denote finite number of values attained by f. Let us set

Ai={9€G: f(9) = v}

forevery i = 1,...,n. Itis clear that A;,...A, is a decreasing sequence of subsets of

G. Moreover, we have
f=mla + (v —y1)lay+ oo + (Un — Yn-1)1a,
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Now for each 2 < i < n, set ¢; = (y; — y;—1)|Ai| and let ¢; = y1|A;q]. Tt is clear that

c; are positive for all 1 < ¢ < n as desired. Furthermore, we have

>~ = n(lAi] = 1Aal) + g1 4al = [Ag]) + o+ gl A

=1

= y1’A1 — A2| + yQ\AQ — Ag’ + ...+ yn_llAn_l — Anl + yn|An]

=> fo=Ifl, =1

geG

The lemma above characterizes finitely supported non-negative functions.

Lemma 4.10. For every ¢ > 0, there exists a non-negative [ € R[G] such that
[flly =1 and
[Mgfll, =1 —e.

Proof. By the Proposition 4.7, we have || Mg||, = 1. Recall that

|Ms||, = sup [|[Msgll, -
g€R[G]
llgll=1

Since 1 is the supremum, there exists g € R[G] such that
[Msglly 21 —e.

Notice that, however, we claimed that there is a non-negative function f € R[G] of
the norm 1 which satisfies the above inequality. To achieve that, we shall show that

the modulus of g also satisfies the inequality. Let f = |g|. Then,

2
2

1
sl - | -

ZCEEMQZ
szG%mey

heG ses
2 2
= [|Mslglllz = [Ms [l
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In order to prove a crucial lemma, we need the following result for Hilbert spaces.

Lemma 4.11. Let H be a Hilbert space. Let u,v € H such that ||u| < 1, ||v|| < 1.
For every 0 < ¢ < 2 such that ||u — v|| > ¢, there exists a 0 > 0 such that
uU-+v <1-6
Proof. Using the parallelogram law, we have
2 2 2 2
lu 4+ 0[] = Jlu+vlI” + flu = v]|” = flu = v]|
2 2 2
= 2[Jul” + 2 vl” = flu = v]]
<4 —g?
1

Now putd =1 — 5\/4 — ¢2. Then we obtain the desired result. [

Geometrically, this means that whenever the vectors are far enough from each other,

the midpoint of the line segment lies inside the unit ball.

Lemma 4.12. For every ¢ > 0 there is a non-negative function f. € R|G| such that
I felly = 1 and

||f6 - Tsf€H2 <é

forall s € S.

Proof. Suppose the converse is true, i.e., there exists g > 0 such that for all f € R[G]

with || f||, = 1 there exists s € S such that

Hfso - TszsoH > €.

Since ¢?(@) is a Hilbert space, the above lemma applies. In other words, there exists
0 > 0 such that

<1-9§
2

f + TS()f
2

forall f € R[G].
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Then we have

1
| Ms fl, = EZTJ

s€S 2

1 1
SES—{].G,S()} 9
2 || f+Tsf 1
< = 1= =+ T £
= m e X ma
S G»S0
2 |S| —2 |S| — 24 20
= —(1-0)+ = =1-—=
S| S| S| S|
which is a contradiction to the Lemma 4.10. L]

Now, let F' := f ¢ as in Lemma 4.12. Therefore, /' > 0, ||[F||, = 1, and
2I5|

|F —T.F|, < ﬁ forall s € S. Now let f = F? € R[G]. Then f > 0 and

111, = L since

1= F9) = IFl,-

geG

Proposition 4.13. Let g be a function as defined above. Then

€

1f = Tofll; < B

forall s € S.

Proof. Firstly, note that T, F? = (T,F)? for all s € S. Now the proposition follows
from direct computation of left hand side and Cauchy-Schwarz inequality:
If = Tflly = 72 = TF?|| = |12 = (TP,
= ||(F_TSF)(F+TSF)H1

= |F(g) — T.F(g)| - |F(9) + T.F(g)|

geG
— (F—T,F,F + T,F)
<||F =T,F|, - ||F+T,F|, (Cauchy-Schwarz)
< |F = T.F - (IF ], + [T,

= 2|[F = T.F|,
£

151
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We can sense that the statement of the next Lemma 4.14 has the same flavor with
the definition of Amenability. What we do, in essence, is expressing the "shifts" in

subsets of a group in the operator theoretic setting.
Lemma 4.14. Let f € R[G] such that f > 0 and || f||, = 1. Then

A — A
If - Tf||1—2z A

forall g € G.

Proof. We have shown that 7,14 = 1 4,-1 forall g € G and A C G. Then

L, — Tyl 4,
foTpf=> o2

Now let
B= |J (4—-A4g™") and C= | (Aig™" - A).

1<i<n 1<i<n

Then we have

If = Tyflly = D10 = Tuf)(9)

geG
N N (= T (R)
:Z; Zi(hi_kigl)(h) +Z; Z ’A‘l)(h)

’A Aig~ | o ‘Aig_l_Ai’
_Z A T A

i=1

A; A; A; — A,
‘Z’ S 3! A ’

i=1

B |Ai — Aig|
22 A
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Recall that one has

"1
f:ZCz‘Vf

for ¢; and A; as in the Lemma 4.9.

Let D = {1, 2, ...,n} and consider the probability measure y on D defined by p({i}) =

c; for every i € D. Moreover, for each g € G, define a subset D, of D by setting

. |Ai_Aig| }
D,=<1€D:——— >¢c5.
! { | A

By the previous Lemma, we have

|A; — Aig]
If = Toflly = 2Z@|A—,|
ieD
|Ai — Aig|
> 2
Zear
> % Z ¢
i€Dy
= 2e11(Dy).
Therefore, we have the inequality
If =Ty flly
<L = I 2
,U/( g) — 28
forall g € G.
Using the Proposition 4.13, we obtain
T. 1 1
(D,) < If = Tfll _ L _ 1
2e 25 |S| 2|S| |S|

for all s € S. As a consequence, we have
(USESDS) S ZM(D
seS
Therefore,
UsES Ds # D
which implies that there exists ¢ € D such that
| Al
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for all s € S which concludes the proof Kesten’s theorem by the virtue of the Lemma

3.17.

The following corollary, roughly speaking, shows how an amenable subgroup H
nicely sits inside the group GG and mimics a finite group in the graph theoretic setting.
Evidently, the following result points out why amenability is sometimes referred as a

"finiteness" property.

Corollary 4.15. Let G be a group generated by a finite symmetric set S C G, and let

H be an amenable subgroup of G. Then we have

p((Cay(G,S)) = p(Sch(G/H,S)).

Proof. Let W (x,y, n) be the set of all walks of length n in the Cayley graph Cay(G, S),
starting at € G and terminating in y € G. Similarly, let W(Hz, Hy, n) be the set
of all walks of length n in the Schreier graph Sch(G/H, S), with initial and termi-
nal vertices Hx and Hy, respectively. We will denote the set of all walks starting at
x € G by W(x,n) for the Cayley graph. In the same fashion, let W (Hz,n) be the
set of all walks of length n in the Schreier graph. Using these notations, the returning
probabilities are

_ [W(e, e, 2n)|

(2n) _ _ |W(H7 Ha 2n)|
PN = e an)

and ¢®(H, H) = T, o)

for the random walks (G, P) and (G/H, ) on Cayley and Schreier graphs, respec-
tively. It is clear that |W (x,2n)| = |W(H,2n)| for all n > 0. We can observe that
the number of returning walks in the Schreier graph is more than that of the Cayley
graph. Let (e, $q,..., 8182 - - So,,) be a returning walk in the Cayley graph. In other
words, s; - - - So, = €. On the other hand, Hs; - -+ s5, = He = H. Therefore, every
returning walk in the Cayley graph, corresponds to a returning walk in the Schreier

graph. Hence, we have

q(zn)(H, H) > p(Q")(e, e).

This implies that

p(G/H,S) = limsup {/q*")(H, H) > limsup {/p)(e,e) = p(G,S)

n—o0 n— o0
Now let R,, be the terminal point of the simple random walk on G starting at the

identity. Then Q[Ry,, € H] is equal to the returning probability for the simple random
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walk on GG/ H starting at H. By the definition of the spectral radius, for every ¢ > 0

there exists a natural number /N such that for all n > N we have
Gon = qP(H, H) > (1 - ¢)p))™"

where p = p(Sch(G/H,S)). Let n be any natural number such that n > N, and for
h € H define
u() = QUen = 1]
42n

It is obvious that 1 is a probability distribution on H. Then y induces a random walk
(H, P") on H by virtue of the Proposition 2.25. Since the group H is amenable, the
spectral radius of the random walk induced by p is equal to 1 by Kesten’s theorem.
Hence, again by the definition of the spectral radius, there exists an integer m such

that

PP (e, e) > (1 — )@,

Now we will derive the relationship between the two random walks mentioned above.
For z,y € H, we have
QRon =17yl _ q®"(e,27y)

/ —1
p I" = €T = =
(z,y) = u(z"y) o ™~

We first claim that

2k, 1(k)

W) (2, 4) > g2fp'™®) (2, y)

p

for all z,y € H and any natural number k. We will do induction on £ € N. Let us

prove the claim for k& = 1, i.e, p“™ (2, ) > ¢2,p'2)(x, y).

P (x,y) = p(x,2)0(2)

zeH

1 n — n -
- o Zp(2 )<€,I‘ lz)p(Q )(67Z ly)
Q2n z€H

1 n n
= > " (x,2)p (2, 9)

92n 2€H

1 n n
S N pr )(:I:',Z)p(2 )(Zay)
T2n 2€G

1 4
= 5" (x,y)
G,
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Suppose the inequality holds for k, then

PP (@, y) = P (@, y)p P (2, y)
zeH

11 .
< == > P (@, 2)p " (2, y)
don, 9op 2e@

1
(4n(k+1))
20+ P (
2n

z,y)

Thus the claim is proven. In particular, it holds for m defined as in above. Since z

and y were arbitrary, we have
P (e,e) > g™ (e,€) = p (1 — g)PmEntY.
Taking 4mn-th roots and taking limit as n — oo yields

p(Cay(G,S)) = (1 —e)p(Sch(G/H, 5)).
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CHAPTER 5

INVARIANT RANDOM SUBGROUPS AND KESTEN’S THEOREM

In this chapter, we will present Kesten’s theorem for Invariant Random Subgroups(IRS)
which is a Borel probability measure on the space of subgroups of a given countable
group G such that measure is invariant under the group’s action by conjugation. This
concept helps us to study distribution and properties of subgroups within a large one
in a probabilistic sense. Essentially, it provides a way to consider random subgroups
while ensuring that the probabilistic setting respects the structure of the group. In
other words, we can define an invariant random subgroup as a random subgroup
whose distribution is invariant under conjugation of G. We will refer to [2], [5] in

this chapter.

5.1 Invariant Random Subgroups

Let GG be a countable group. Consider the power set of G, i.e. set of all subsets of
of G. We know that there is a bijection between the power set of G' and the set of
all maps from G to {0, 1} (denoted by {0, 1}¢). We can endow product topology on
{0.1}¢ by considering product topologies of the discrete topology on {0,1}. Now

consider

Sub(G) = {H c | H <G).

Naturally, there is a topology on Sub(G) induced by the product topology on {0, 1}¢.
In this topology, a sequence of subgroups H,, converges if for all g € G, there exists
N € N such that either g € H,, or g ¢ H, for all n > N. It is clear that all the
limit points of sequences of subgroups will also be a subgroup. Therefore, Sub(G)

is a closed subset of {0, 1}¢. By the Tychonoff Theorem, {0, 1}“ is a compact space
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as G is countable. Thus, Sub(G) is also compact. Moreover, GG acts continuously on
Sub(G) by conjugation.
Definition 5.1. An invariant random subgroup (IRS) of GG is a Borel probabaility

measure on Sub((G) that is invariant under the conjugation action of G' on Sub(G).

Example 5.2. Let N be a normal subgroup of GG, then the Dirac measure J is an

invariant random subgroup on G.

Thus, in a sense, invariant random subgroup is a generalization of the normal sub-
group.
Example 5.3. Let GG be a group and H a subgroup such that it has only finitely many

conjugates. Let N be the number of conjugates of /. Then the uniform measure p

assigning 1/N to each conjugate is an IRS.

The following example illustrates how we can obtain more IRS. Check [5], Proposi-

tion 6 for the details.

Proposition 5.4. Suppose G acts on the Borel probability space (X, i) by measure
preserving maps. Then the maps St : X — Sub(G) given by x — Stg(x) is Borel.
Moreover, the push-forward of 1 under the stabilizer map measure v = St () is an

IRS supported on {Stg(x) | x € X}.

It turns out every IRS arises in this way as it has been proven by Mikl6s Abért, Yair
Glasner, and Balint Virdg ([2], Proposition 13). In other words, for every IRS there
exists a measure-preserving action of G on Borel probability space (X, 1) such that

the IRS is the stabilizer of y-random point of X in G.

5.2 Kesten’s theorem for invariant random subgroups

Now we will provide some general lemmas that will be used later. All results of this

section are from [2].

Lemma 5.5. Let G be a group generated by S C G, and let n > 2 be a even natural
number. Then for the Cayley graph Cay(G, S), we have

W (z,y,n)| < [W(x,2,n)| < |SP[W(z,2,n —2)|.
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Proof. Let A = |S|M, where M is the Markov operator defined as in the Chapter 4
(see page 63, (M)). Let &, be the characteristic function of z. Observe that A™/ 26,(2)

gives us that the number of paths from z to = in n/2 steps. Indeed,
An/26$(y) — Z 51‘(281"'8n/2)

gives the number of walks from x to z as zs; - - - 5,2 corresponds to walks of length

n/2 from z. Then

> A5,(9)

geG
gives us the number of all walks of length n /2 to the vertex z. Hence, the number of

all walks from x to y in n steps is

Z Z 5x(gsl "'Sn/2) Z 5y(gsl~--sn/2)

gEG \ 51,...8,,/2€S 815058 /2€S

which is equivalent to

(A5, A™25,).

Thus, Cauchy-Schwarz inequality yields

W (z,y,n)| = (A"26,, A*25,)

< \J (A5, An26 ) [(Ani2g, An2g,)
_ <An/25xaAn/25x>
= |W(z,z,n)|

since we have A"/2§, = A"/2§, for the Cayley graph is regular and homogeneous.

For the second inequality, notice that

W(z,y,n) = U Wy, z,n—2).

y,z are neighbors of x

Then using the first inequality and again taking into account that the Cayley graph is

homogeneous and |S|-regular, we get
‘W(J],[E, TL) = |S|2|W(y7 2= 2)| < ’S|2|W(y7y7 n— 2>| = |S|2W(J],ZL’, n— 2>|
where y, z are neighbors of z. [
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Let G be a group and let g € G be a G-valued random variable. We define Markov
operator M (g) on (*(G) by means of

M(g)f(x) = _Plg = h]f(xh)

forz € G.

Lemma 5.6. Let g4, ..., g, be independent random variables. Let g = g; - - - g,. One

has

Plg =) < [ 100

Proof. Let g1, g2 be independent G-valued random variables. Then P[g1go = h] =
> wec Plor = k]P[go = k'h] by the independence of G-valued random variables.

Then we have

M(g1g2)f(x) = > Plg1 = k|P[gy = k~'h] f(xh)

_ gf{; = K] };;P[gg = k™ h] f(zh)
- éP[gl — k] ;P[m = ] f(zkl)

= %ZGM(gz)f(w@

= M(g1)M(g2) f ().

Hence, for independent g1, ..., g, we have

n

M(gy---gn) = [ [ M(90)-

=1

Now let &, be the characteristic function of identity in £(G). Then

Plg=¢] = Y Plg = h|o.(h) = (M(g)d., )

< 1M (g)el[||0e]] < [IM (g)]]

< [T11M(a)l
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The next lemma is modification of the Proposition 4.7.

Lemma 5.7. Let G be a group and S C G be a finite symmetric subset. Let K = (5).

Suppose that g is the random element of S. Then

1M (9l = p(Cay(K, 5))

where M (g) is the Markov operator on (*(Q).

Let G be a group and S be a finite symmetric multiset. Suppose that H is a subgroup
of G. Let S™ be the set of n-tuples. For a = (aq,...,a,) € S™, we will set [a] =
Qg -+ ap—1. Define

Ap(S,n) ={a e S":|a] € H}.

For the sake of simplicity, we will denote A (S, n) by simple A(S,n). We imme-
diately notice that while Ay (S, n) corresponds to the set of returning walks in the
Schreier graph Sch(G/H, S), the set A(S, n) corresponds to that of the Cayley graph
Cay(G, S).

Lemma 5.8. Let (ag, ..., a,_1) be a uniform random element of A(S,n). Then the
distribution of the segment (ay, ..., ;1 x—1) € Sk forany 1 < kand0 <t <n—1is

independent of t, where the indices are understood modulo n.

Proof. Let t,u be integers such that 0 < ¢,u < n — 1. We are claiming that the
distribution of (ay, ..., a; 1) € S* and (ay, ...,au k1) € S* are the same. The
uniform distributions are exactly

’{(bn e bt+k—1) € Sk | 3(%7 "-7an—1) € A(S> n)7b0 = Qy, .., b1 = at—&-kz—l}‘
|5|*

and

’{(bu, ...,bquk,l) € Sk | E'(CLO’ ...,(ln,1> € A(S, n),bo = Qqyy -ey bk,1 = au+k,1}|
|51 '

Without loss of generality, suppose that w = ¢ + m for some natural number m.
For every (ag, ...,a,—1) € A(S,n), we have ag - - a,—1 = e. Observe that A(S,n)
is invariant under cyclic rotation, i.e. a;a;11---a,_1a9---a;—; = e. For every
(ag, ..., an—1) € A(S,n) such that by = ay, ..., bp_1 = a4yx_1, there is

(@gtmy Qtrmaty oy Gprm—1) corresponding to (by, ..., b,yx—1) and vice verse. O

83



Lemma 5.9. Let k € N and (ay, ..., ax—1) be a uniform random element of A(S,n)

such that n > 2k. Then we have
Pl(ag,...,ax—1 = b)| > ]S]*Q’“

forany b € S*.

Proof. Suppose thatb = (by, ..., by_1) € S*. Forany (co, ..., cn_ox_1) € A(S,n—2k),
(b, ~'-7bk—17b];_117 --~;b(1)700701; coes Con—k—1-)

is clearly in A(S, n). Therefore, we have

|A(S,n — 2k)|

P [(ao, - axa) = D)) 2 =)

If we divide and multiply the numerator by |W (e, e,n — 2k)|, we get
p"=2) (e, e)|W (e, e,n — 2k)|. Similarly, we get p®™ (e, e)|W (e, e,2n)| in the de-
nominator. Hence, we have

P (e, e) [We,e,n — 2k _ p" (e, e)

P v ap—1 =b)] > -
[(ao, ..., ap—1 = b)] > P@(e.e)  |Wi(e,e, 2n)] P (e, e)

‘S‘_%

Now using the Lemma 5.5, we will obtain the desired inequality by showing that

p=28) (e, e) < p?™ (e, e): By applying second inequality 2k times, we obtain
W (e, e, 2n) < |S|*W (e, e,n — 2k).

Hence,
|W (e, e,n — 2k]|
W (e, e, 2n)]

Again by doing algebraic manipulations, we obtain that

|S|% > 1.

p(ank)(e’ 6) |W(6a €,n— Zk)

|z
S|F > 1.
Pee)  Weem) 0 2

W (e, e,n — 2k)

On the other hand,
n the other han (e, e.2m)]

= |S|~?*. Hence,

P[(ag, ..., a5_) = b)] > |S| 7.
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For a € S™, consider the event that the walks corresponding to a in Sch(G/H, S) is

at the same vertex at times ¢ — 1 and ¢, i.e.
HGO"'Clt—l :HCLO”'at‘
The last equality is equivalent to

az c HGIO"'atfl

Let us fix a € S™ and define the index set
_[(57 H, CL) = {t - {07 ey — ]_} | Qy = Ha0-~~at,1} .
Definition 5.10. We call a,b € S™ H-equivalent if

Hay---a; =Hby---by (0<t<n-—1)and a;=0b (t¢I(S H,a)).

It is easy to check that this indeed @ and b are in equivalence relation. Let us denote

the equivalence class of a by C'(a).

Lemma 5.11. Let G be a group, and S C G be a finite symmetric multiset. Suppose
that H is a subgroup of G. Then

|AH(S7n)’ 2 Z [p(S,H,(Z)]_l,
a€A(Sn)

where nlN and p(S, H, @) = [ s s P(Cay((S 0 H®"2) 5 0 )

Proof. For(0 <t <mn—1,let
X, =S5nNH» %=1,

Since X, is formed by intersecting elements of symmetric multiset S and the sub-
group H %=1 it is also a symmetric multiset. Now let a € Ay (S,n), that is,
Hay---a,_1 = H. Then by the definition of H-equivalence Hby---b,_1 = H for
every b = (bo, ..., b,—1) € C(a). Thus, C'(a) C Ag(S,n). This implies that A (S, n)
partitions into disjoint union of its [ -equivalence classes. Let x be any element of

C(a). Then it is of the form (1, ..., z,,), where x; = a, for t ¢ I(S, H,a), and z; is
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a uniform random element of X, for ¢t € I(S, H, a). By the virtue of Lemma 5.6 and

Lemma 5.7, we obtain that
Pz =e] =Pz € A(S,n)]

< Hp(Cay((S N Ho 1) 5 oo e-t)
1

H p(Cay(<S N H“O'"at‘1>, 9N Hao"'at—1>
t€I(S,H,a)

=p(S,H,a).

~
I

IN

where the last inequality follows from the fact that the spectral radius is less than or
equal to 1. Thus, we have
> S Ha) < Y PlreA(Sn)
acA(S,n) a€A(Sn)
We will naturally conclude the proof that the right-hand side of the inequality is less

than or equal to |Ax (S, n)|. Let us note that
|A(S,n) N C(a)|

P[(z € A(S,n)] = C@)
We have
1 |C(a)l
ae%,n)l)[x e Al a@%n) [A(S, ) N C(a)]

C(a)]
= Z |A(S,n) N C(a) N Ag(S,n)|

a€A(Sn)
-y |C(a)]
2 TAu(Sin)]
[Au(S;n)]
< Yy SRS
a€A(Sn) ‘AH(S’ n>|
= |A(S,n)|

< |Au(S,n)].

Let us denote

[S¥] = {ap- - ap_ila; € S¥,0 <i < k— 1}
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where we see [S*] as a multiset in G. Let {S*} be the set of elements in [S*], the set

which we obtain by removing the duplicates of the elements.

Lemma 5.12. Let G be a group and S C G be its finite symmetric generating set. Let
H be an non-amenable invariant random subgroup with positive probability. Then

there are integers p, k,r > 0 such that
p(Cay(H,S* "H)) <1—r

with probability at least p.

Proof. For any k > 0, we have {S*} C {S*"?} as we can add ss™! to the words in
{S*}. Define

N = J{s™}.

The set N is the set of all words of even length obtained by multiplying the elements
of the generating set S. We can see that NV is actually a subgroup of G. Indeed, it
contains the identity element and the product of two words of even length is again
even. Moreover, the inverse of a word of even length is again of the even length.
Furthermore, we claim that N has index at most 2. If S C N, we have (S) C N
which implies that N = G. If S ¢ N, then there exists s € S such that s ¢ N. Thus,
we have sN # N which implies that G # N. Then for any g € G \ N, g is of the

form s; - - - 9,41 for some m € N. Multiplying both sides by s~!, we get

- -1
S g=S S1°°°S2k+1-

Since s~ g is of an even length, we get that s~'g € N which is equivalent to sN =

gN. Therefore, there can only be two cosets of N in G.

Now let Hy, be the subgroup generated by {S?*} N H. Observe that union of the
subgroups Hyy is just H N N. If N is the whole group G, then the index of H N N
in H is 1. If N has an index 2, then it is well known that NV is normal in G. Thus, we

can apply the second isomorphism theorem and obtain that
[H:HNN|=[HN:N|<|[G:N|=2

Thus, UZO:O Hy, = H N N has in index at most 2 in H. If all the subgroups Hoy

were amenable, then the group H itself would be amenable since taking countable
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union preserves amenability. Hence, there exists & such that Hy; is non-amenable

with positive probability since
{H <G| H isnon-amenable} = {H < G |3k > 0, Hy is non-amenable} .
On the other hand, by Kesten’s Theorem 4.1, we have
{H <G |3k >0, Hy isnon-amenable} =
={H <G |3k <0,p(Hax, [S*|NH)) < 1}
Now we can stratify the last set as follows:

{H < G|3k>0,p(Hy, [S*] N H)) < 1} =
= U U{H <G|3k > 0, p(Cay(Ha, [S*] N H)) < 1 -1}

reQ+ k>0
where Q7 denotes the set of positive rational numbers. Thus, there exists a positive

natural number & > 0 and » > 0 such that

P[{H < G|p(Cay(H,[S*k|NH)) <1—1}] >p.

We will include a standard inequality which will be used in the proof main result.

Lemma 5.13. Let X be a random variable such that 0 < X < R. Then

BIX]] . EX|/R
2 ] =2 EX|/R

Plxz
where E[X| denotes the expectation of the random variable X.

Theorem 5.14 (Kesten’s Theorem for Invariant Random Subgroups). Let G be a
group generated by a finite symmetric set subset S, and let H be an invariant random

subgroup of G. Then the following are equivalent

(1) p(Sch(G/H,S)) = p(Cay(G, S)) almost surely;

(2) H is amenable almost surely.

Proof. (1) By the Corollary 4.15, amenability of H almost surely implies that
p(Sch(G/H, S)) = p(Cay(G, 5))
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almost surely.

Now assume that /{ is non-amenable with positive probability. Then by the Corollary

5.12, there are k£, r > 0 such that
p(Cay(H,[S*|NH)) <1—7
with probability at least p > 0.
Let T' = [S*] and fix a natural number n € N. Define
J(T,H,a)={te I(T,H,a) | p((T N H® * 1) TNH®®*1)<1—-r}
Then we have

p(Tv H, a) = H p((T N H“O""“ﬂ% TN H%'"atﬂ)

tel(T,H a)

< H p((T N Heo%-1) T Jooai-1)

teJ(T,H,a)

taking into account that the spectral radius is less than or equal to 1. Then the Lemma

5.11 yields

| A (T, n)| > (1 — )~V H) (A)

Now For a fixed a € A(T,n) and 0 < ¢ < n — 1 we obtain

Plt € J(T,H,a)| =
=Pla, € H* " tand p((T N H® 7 %=1) TN H® 1) <1 —7]
=Pla; € Hand p(Cay(H,TNH)) <1—r]

by the invariance of H. Using the fact that events written above are independent, we

obtain the expected value of |J (7, H, a)| over H.

n—1

E[|J(T, H,a)[] =) Pla, € Hand p(Cay(H,TNH)) <1—r]. (B)

t=0
For a fixed subgroup H and 0 < r < 1 such that p(Cay(H,TNH)) < 1—r, we have
T N H # () as otherwise the spectral radius would be 1. Furs such H’sand 0 < n —1,
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using Lemma 5.8 and Lemma 5.9, we have

|A(111n)| 2 PWEH]EW > Pla, =10 > T

a€A(T,n) a€A(T,n)

Now using the independency of the events Pla; € H| and p[p(Cay(H,T N H)) <
1 — r], we obtain
1
—_— | H and p(Cay(H, TN H 1—1r)] =
|A(T, n)| EAZ(T : [at € an p( ay( ) )) < T)]

= ) X Pl € HIPl(Cay(H. T H)) < 1= 1)
’ acA(T,n)

> p|T| >

using the fact that
Plp(Cay(H, TN H)) <1—1)]] > p.

Therefore, summing with respect to ¢ and using (B), we have

1
E|—F |J(T7 H: a)‘ 2p‘T|72n
|A(T',n)| ae%’n)
On the other hand,
_ Z ]J(THa)|<; Z n<n
|A(T, n)| T T AT ) -
a€A(T,n) a€A(T,n)

by the definition of J(T, H, a).

Hence, using Lemma 5.13 and monotonicity of the expected value, we obtain

p|T|~?

2o ©

1 1

P|———— J(T,H,a)| > =p|T|?

AT )] Y. (T H.a)| = SplT|*n
acA(T,n)

The last inequality shows that there is an invariant random subgroup / which satis-

fying (C).

Now let H be a subgroup satisfying (C). By the inequality on arithmetic and geomet-

ric means, we have

1
m Z (1 - 7’)7‘](1]{7&)‘ Z (1 — 7’>(_1/|A(T7")| ZaeA(T,n) |J(T,H,a)|

a€A(T,n)

> (1— p)(P/ITI 0,
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Now (A) implies
A(Ton) > Y (1 =) WEHO > | AT, p)|(1 — )P0,
acA(Tn)

Since T' = [S*], get |Ax(T,n)| and |A(T,n)| = |A(S, kn)|. Recall that | Ay (S, kn)|
and |A(S, kn)| correspond to the number of returning walks in the Schreier and Cay-
ley graphs. Denote the return probability on the Schreier graph and Cayley graphs,
respectively, by ¢*™)(H, H) and p*™) (e, €) in kn steps. Thus, dividing by |S|*" and
taking nkth roots, we get that for every natural number n > 1 an invariant random

subgroup H with the probability at least p|T|~2/(2 — p|T'|~2) satisfies
q(nk)(H, H)l/nk > p(nk)(H, H)l/nk(l i T,)f(l/Qk)p|T|—2.

Note that (1 — r)~(/2M#IT1™* i5 a constant which is greater than 1. Then taking limits

as n tends to oo, we obtain
p(Sch(G/H,S)) > p(Cay(G, S)(1 — )~ > p(Cay(G, 5))

with probability at least p|T|72/(2 — p|T|72). O
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