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ABSTRACT

ON SPECIAL LINEAR SYSTEMS ON REAL TRIGONAL CURVES

Akyar, Turgay
Ph.D., Department of Mathematics
Supervisor: Assoc. Prof. Dr. Ali Ulas Ozgiir Kisisel

August 2024, 6| pages

In this thesis we examine some of the topological properties of Brill-Noether varieties
associated to real trigonal curves. More precisely, we aim to count the connected
components of the real locus of the varieties parametrizing special linear systems of
dimension at least 1 on a trigonal curve. We obtain lower and upper bounds when
the degree d of the linear systems and the Maroni invariant m of the curve satisfy the

relations d + m = gand g > d > (g + 2)/2, where g is the genus of the curve.

Keywords: Special linear systems, real trigonal curves, real Brill-Noether theory
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REEL TRIGONAL EGRILERIN OZEL DOGRUSAL SISTEMLERI
UZERINE

Akyar, Turgay
Doktora, Matematik Boliimii

Tez Yoneticisi: Dog. Dr. Ali Ulas Ozgiir Kisisel

Agustos 2024 , 46| sayfa

Bu tezde reel trigonal egrilerin Brill-Noether varyetelerinin bazi topolojik 6zelliklerini
inceleyecegiz. Trigonal egriler ilizerinde boyutu en az 1 olan 6zel lineer sistemleri
parametrize eden varyetelerin reel mahallerinin baglantili bilesenlerini saymay1 hedefliyoruz.
Lineer sistemlerin derecesi d, egrilerin Maroni degismezi m ve cinsi g ise d + m =

gveg>d> (g+2)/2baglantilar1 saglandiginda alt ve iist sinirlar elde ediyoruz.

Anahtar Kelimeler: Ozel lineer sistemler, reel trigonal egriler, reel Brill-Noether teori

vi



To Gamze

vii



ACKNOWLEDGMENTS

I must start the acknowledgements part with my supervisor Assoc. Prof. Dr. Ali Ulag
Ozgiir Kisisel. We met when I was an undergraduate student in Izmir and since then
he taught me more than mathematics. He guided me quite well for my thesis problem
to take this form and never spared his help when needed. He listened me about almost

anything in my life and shared his sincere advises. His efforts mean the world to me.

I would like to thank Jury members Prof. Dr. Alexander Degtyarev, Prof. Dr. Alp
Bassa and Assoc. Prof. Dr. Emre Coskun for listening me in patience and sharing
valuable views. I would like to thank Yildiray Ozan for having pleasant on foot
conservations with me about mathematics and many other things. I also would like
to thank all the members of Department of Mathematics of METU together with

department secretaries.

I would like to thank Asst. Prof. Dr. Celal Cem Sario8lu, who contributed personally

a lot to me in my undergraduate years.

I express my gratitude and many thanks to Prof. Dr. Mustafa Turgut Onder. It was
always be a pleasure to be his assistant and student. The experiences he offered me

are priceless.

I would like to thank The Scientific and Technological Research Council of Tiirkiye
(TUBITAK) for supporting me a project scholarship between 2017 and 2020. I am
also very grateful to the project manager Prof. Dr. Susumu Tanabe for giving me this

chance.

I do not know how to thank my mother Nevriye Akyar and my father Mustafa Akyar.
They supported and encouraged me since when I was young. Finally, I thank my

lovely wife, Gamze. She beared my burden and never stopped her support.

viii



TABLE OF CONTENTS

ABSTRACTI. . . . . . o v
OZ. . . v
ACKNOWLEDGMENTS|. . . . .. .. o o oo o viii

TABLE OF CONTENTS| ix

CHAPTERS

1 INTRODUCTION]

2.1  Real Structureona Variety| . . . . ... .. ... ... ........ 7
2.2 Real Linear Systems| . . . . .. .. ... ... ... ......... 9
2.3 Brnll-Noether Theory| . . . . . . ... ... ... .. ... ...... 14
24 Trigonal Curves|. . . . . . ... ... ... .. ... .. . 20

3 NECESSARY CONDITIONS FOR THE RESULTSI

X



REFERENCES|

CURRICULUM VITAE



CHAPTER 1

INTRODUCTION

Let X be a smooth projective geometrically irreducible curve of genus g defined over
R such that X (R) # (). By X¢ we denote the complexification of X obtained by base
change from R to C . We want to understand under which conditions real complete

linear systems on X¢ exist, or equivalently the real locus of the variety
W;(Xc) = {|D| : h°(Xc, Ox.(D)) = r + 1,deg(D) = d} C Pic(X),

which can be defined over R, is non-empty.

1.1 Motivation

Let us consider a non-singular plane curve C' C P2 of degree e. Each connected
component of C'(R) is a one dimensional compact, connected manifold and homeomorphic
to circle. Harnack proved that the number n(C') of connected components of C'(R)
satisfies

(e~ 1)(e—2)

< <
0<n(C)< 5

+1. (1.1.1)

Furthermore, he constructed curves of maximum number of components allowed by

the inequality for each e.

In 1900 Hilbert asked his famous questions. One part of his sixteenth problem is to

study the relative positions of connected components of a real algebraic plane curve.

At that time full classification was known for e < 5. Together with the question,
Hilbert constructed a degree 6 maximal curve and he was sure that there was no other

maximal curve except his and the one that Harnack had constructed.
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In 1969 Gudkov constructed another maximal curve of degree 6 and completed the
classification for e = 6. Oleg Viro gave the full classification for e = 7 and the

problem is still open when the degree is bigger [[14].

Since the problem could be considered in a more general context, people have been
studying the topology of real algebraic varieties in higher dimensions. Indeed, in this
manner it is important to understand not only the existence of real points of W] (X¢)

but also topological properties of the real locus as well.

Lemma 1. If g > 1 and p € X¢ then h°(X¢, Ox.(p)) = 1.

Proof. Letus take any p € X¢. Since p is effective as a divisor, h°(X¢, Ox.(p)) > 1.
Suppose that h°(X¢, Ox.(p)) is at least 2. If the divisor p has a base-point, say g,

then we obtain

hO(X(C7 OXc(p - Q)) = hO(X(C7 OXc<p>) > 2.

This means that the space of effective divisors linearly equivalent to p — ¢ is at least
I-dimensional. This yields a contradiction as a degree 0 divisor can not be linearly
equivalent to an effective divisor other than the zero divisor. So, p has no base-points
and defines a degree 1 map

tp: X — ]P)(%I
that is an isomorphism of curves. This contradicts with the assumption g > 1. Hence,
h'(Xe, Ox.(p)) = 1. o
Note that when g > 1, by this lemma we can write
p~q < p=(q

for any p,q € Xc. Then we get an isomorphism of varieties

X = W2(X¢) C Pic(X)

p— |p|
and it induces a homeomorphism on the real locus X (R) — W (X¢)(R). This

particular case d = 1 shows that the topology of W (X¢)(R) could be highly depending
on the topology of X (R).



From the classical Brill-Noether theory for complex curves we know that p(g, r, d) :=
g— (r+1)(g — d+ r) is the expected dimension of W} (X¢). For the case r = 1,
we can say that W} (Xc) # 0 if p(g,1,d) = 2d — g —2 > 0, i.e, if d > [Z2]. If
d < |%£%] and X is a general curve in M, then W} (X¢) = 0.

In [3], Chaudhary proves the real version of this. He shows that there exists an open
set of a connected component of the moduli space M, g of real curves of genus g
such that for each real curve X in that open set, W}(Xc)(R) # 0 if d > |22 by

showing that the minimal degree of a map from such curves to P}, is L%J

In [4], Huisman upgrades this result by considering not only the pencils that correspond
to maps m : X — % but also the fopological types of these maps, i.e, the degree
information of 7|¢, : C; — P for each connected component C; of X (R) even for

the case X (R) = 0.

Unlike the generality results above, we will follow a direct approach to the problem.
We will fix our real curve X according to the minimal degree map that it admits to Pt
for small degrees. Hyperelliptic and trigonal curves are the first ones to look at. Let
n(Y") be the number of connected components of the real locus Y (R) for any variety
Y defined over R. By the same analogy with Harnack’s inequalities (I.1.1)), a natural
topological question for the real Brill-Noether theory is calculating n(W)(Xc¢)). The

answer for the case r = 0 is already known for any curve [6]:

14/2]
n(W9) =" (07(_)25) when n(X) > 0. (1.1.2)
s=0

1.2 Hyperelliptic Case

Definition 2. A curve X is called hyperelliptic if there is a degree 2 map X — P{.

When g > 1, there is a unique linear system |E| € W, (X¢) of degree 2 such that
h%(Xc,Ox.(E)) = 2. It is also known that if d < g, then any element |D| €
W7 (Xc) can be written as

|D| = r|E| + Dy (1.2.1)

for some effective divisor Dy [1, Page 13]. Furthermore,

E| € Pic(X)(R) [6,
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Proposition 6.1]. Let ¢ : Pic(X) — J(X) be the usual Abel map and ) := ¢(|E|)

be the image of the hyperelliptic class. Then inside the Jacobian we have
¢(Wi(Xc)) = 19 + d(Wy_o,(Xc)).

Note that ¢ is an injective morphism and ) is a real point. Then we can obtain the

information n(W} (X¢)) from n(W}_,, (Xc)) which is already determined by (T.1.2)).

1.3 Outline of the Results

Chapter [2] briefly covers the following preliminary topics.

Real structures on a complex variety and some results on topology of real

curves,

Real linear systems, their invariants and corresponding points in W} (X¢)(R),

Classical Brill-Noether results and the Abel-Jacobi map,

Proof of (I.1.2)) as it will play a huge role for our calculations,

Maroni theory for trigonal curves.

Recall that the Maroni invariant of a given trigonal curve 7 : X — P{ is the unique

integer m satisfying the inequalities

such that
7T*KX = Opl(g —2— m) D Opl(m) D O]pl(—2>,

where K x is the canonical bundle of X. This theory tells us that the canonical model

of X in P9~! lies on a surface S isomorphic to the Hirzebruch surface
P(Opl (g —-2— m) ® Om (m)) — P(lc.

It is known that W := W} (X¢) has at most two irreducible components, namely
U} and V. As in the hyperelliptic case, the number of connected components of real

loci of these irreducible components can be calculated with the help of (1.1.2)).
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Let o be the anti-holomorphic involution on X¢ induced by complex conjugation.
In Chapter [3| we will make n(U}) and n(V)) precise. Then we focus on the case
r = 1. In order to calculate or bound n(7V}) we must find the conditions for which
the intersection U} (R) N V}(R) is non-empty. If 7' is a divisor of degree 3 on X¢
such that h°(X¢, Ox.(T)) = 2, then this will be equivalent to finding divisors D
and D5 such that

o deg(D;) =g —3anddeg(Dy) =2d —g— 2,
e 0(D;) =D, foreachi = 1,2, (1.3.1)

In the rest of Chapter 3| we find good conditions on d, g and m that provide us easier

way to find such divisors Dy and Ds.

In Chapter 4] we start with the natural bounds obtained by (I.1.2)):

\_dESTJ Ls(dv"‘vg)J

o< ¥ (109,08 (0,) e

s=0 s=0

where s(d, r, g) = 2(d—1)—g—3(r—1). Then we show that a connected component
of UJ(R) may intersect with at most one connected component of V}(R) and vice

versa. This will allow us to have a non-trivial lower bound:
Corollary 3. If0 < g —d < m, then
1452 ]

(UOEDY (d—néX—)zs>'

s=0

Using the conditions obtained in Chapter [3] we upgrade the upper bound as well.

Indeed, when d = g — m and d > (g + 2)/2, we have the linear equivalence
Kx—(g—d+1)T ~(2d—g—3)T+ D,

where D is a fixed effective divisor of degree 2g — 3d 4 4 so that we can make a great

use of points in the support of the trigonal divisor 7" while finding divisors D; and Dy

satisfying the conditions (1.3.1).



Theorem 4. Let X be a real trigonal curve of genus g and Maroni invariant m such
that m < %andg > 5. Ifd = g —m, then

() o ()1 ()
2 (d—3—23) <n(Wa) < <2d—g—2) * ZO (d—3—25)'

s=0

Finally, when we put another condition 2g — 3d 4+ 4 = 1, we minimize the effect of

base locus D and count the number exactly.

Theorem S. Let X be any real trigonal curve of genus g and Maroni invariant m such

thathO(mod3),g>5andm:%.Ifd:@,thenwehave
) -1\, &)
n(X)—1 2 n(X
W) =
n(Wa) <2d—g—2)+; (d—3—2s)’

Note that in this case n(WW}]) attains its maximum.

In Chapter [5| we discuss the results and the existence of such real trigonal curves.

1.4 Notations and Conventions

We will use the following notations:

e X is a smooth projective geometrically irreducible variety defined over R.
e dimc(X) = 1 after Section[2.2]
e X(R) # 0.

e Pic(X) is the Picard variety of X parametrizing linear systems.

A linear system is assumed to be complete.

K x 1s the canonical line bundle on X or corresponding divisor class.



CHAPTER 2

PRELIMINIARIES ON REAL LINEAR SERIES AND TRIGONAL CURVES

In this chapter we recall basic definitions and facts about real linear series, the varieties

parametrizing them and trigonal curves.

2.1 Real Structure on a Variety

We start with real structures on complex varieties.

Definition 6. An R-variety is a variety X defined over C together with a continuous

involution o on X such that for any open U € X and f € Ox(U),
foo € Ox(a(U)),

where ~ denotes the usual complex conjugation on C".

The involution ¢ is called a real structure on X.

Lemma 7. If Y C X is a subvariety, where X is an R-variety with a real structure
o, then the restriction T = oy of 0 to Y defines a real structure on'Y if o(Y) C Y.

In this case Y is called an R-subvariety of X.

Proof. First note that 7 is an involution on Y by the assumption o(Y") C Y. Take any

open U C Y and any f € Oy (U). We want to show
foreOy(r(U)).
Let y € 7(U) be any point. Then 7(y) € 7(7(U)) = U. By definition of f € Oy,
there is an open neighborhood V' C X of 7(y) such that
gloav = fluav

7



for some g € Ox (V). This yields

Glowrvy = flo@on)- (2.1.1)

Since o is a real structure on X if welet k = goo, wehave k € Ox(c(V)). Asoisa

1

continuous involution, ¢~ = ¢ is a continuous inverse so that ¢ is a homeomorphism.

Sowegeta(UNV)=0c(U)No(V)=71U)No(V). Then 2.1.1) yields

foTlinew) = f 0 0lru)nev) = G0 lrwnev) = Elrw)nov)-

Summarizing, for each point y € 7(U), there is an open neighborhood o (V') C X of
y such that f o T|rw)ne(v) = klr@)ne(v) for some k € Ox(o(V')) This shows that
for e Oy(r(U)). O

Definition 8. If X and Y are two R-varieties with real structures ocx and oy, then a

morphism of varieties ¢ : X — Y is called real if
oyo¢p=¢oox.

Definition 9. Given an R-variety with a real structure o, by X (R) we mean the o-
invariant points of X, i.e, X(R) := {z € X|o(z) = z}. Then n(X) stands for the

number of connected components of the real locus X (R).

Remark 10. Say X and Y are R-varieties with real structures o x and oy, respectively,

together with a real morphism ¢ : X — Y.

1. Since ¢ is continuous and commutes with real structures, it induces a continuous
map

or : X(R) — Y (R)
of topological spaces.

2. If X is non-singular and X (R) # (), then X (R) has a differentiable manifold

structure of real dimension equal to dim¢(X) [8, Proposition 2.2.27].

Remark 11. 1. If X is a projective variety defined over R, then it is isomorphic

to a variety Y C P{ whose ideal has an R-basis. Then we have op(Y) C Y,

8



where

op : Pg — PG

[To: oty ¥ [To 1 oo T

is the real structure on P given by complex conjugation so that op|y makes

Y an R-variety.

2. Conversely, any R-variety X which is also projective is isomorphic to a variety
Y C PZ defined over R. Furthermore, this isomorphism of complex varieties

is given by a real morphism [8, Theorem 2.1.33].

We will be dealing with projective varieties and will not distinguish between R-

varieties and varieties defined over R.

Notation: If we are given a real structure ox on X, we will use X¢ to emphasize
that we are using the complex variety structure of X. By X (C), we mean the set of

complex points of X.

Definition 12. Let X be a real, non-singular, projective curve of genus g. Then
it is called separating if the complement X (C) \ X (R) is disconnected. We write
a(X) = 0 in this case. Otherwise, a(X) = 1. The triple (n(X), g, a(X)) is called
the topological type of X.

We have the following theorem on the topological types of curves.
Proposition 13. /. 0 <n(X) <g+1.
2. Ifn(X)=0,thena(X)=1.Ifn(X) =g+ 1, then a(X) = 0.

3. Ifa(X) =0, thenn(X) = g+ 1 (mod 2).

Proof. See [6l Proposition 3.1]. [

2.2 Real Linear Systems

From now on we assume that X is a geometrically irreducible, non-singular, projective

curve of genus g defined over R with a real structure o such that X (R) # (.

9



The action of o on X can be linearly extended to the divisor group Div(X¢) by letting
(D) = Z npylo(p)] forany D = Z np(p| € Div(X¢).

peXc peXc
Definition 14. A divisor D on X¢ is called real if it satisfies (D) = D. Such divisors

together form the real divisor group Div(X) of X.

Definition 15. Let d and r be non-negative integers. A (complete) ¢g; on X¢ is a

linear system
D] = P(H(Xc, Ox.(D))) = P({f € C(X)'| div(f) + D 2 0} U {0})
on X¢, where D € Div(X¢) such that deg(D) = d and r(D) := h°(X¢, Ox.(D)) —

1 = r is its projective dimension.

If f e C(X)"and z : U — C is any local coordinate, where U C X is open,
then we let o (f(2)) = f(o(z)) : 0(U) — C so that o acts on the principal divisor
div(f) by o (div(f)) = div(o(f)). Using this we describe the action of o on Pic(X)

as well. Indeed, we have
o|D| :{U(D) +o(div(f))|f € C(X)*, D + div(f) > o}

:{U(D) T div(o(f))|f € CX)", o (D +div(f) = o}

:{O'(D) +div(g)|g € C(X)*,0(D) + div(g) > O}

=lo(D)].
Remark 16. The equality o|D| = |o(D)| in particular shows that the dimension of
|D| and o|D| are the same. So we may conclude that o takes a g); to a g/;.
We may wonder whether the image of a linear system under o corresponds to the
same linear system. The following definitions connect this question to real divisors.
Definition 17. A linear system |D| is called o-invariant if o(E) ~ E for every
E e |D|.
Let us note that o-invariant linear systems correspond to the real locus Pic(X)(R),
i.e, the points |D| € Pic(X) such that o|D| = | D).

10



Definition 18. A linear system is called real if it contains a real divisor.

Remark 19. 1. A real linear system |D)| is o-invariant.
Without loss of generality, we may assume that D is real. If £ € |D|, then F =
D+div(f) forsome f € H*(X¢, Ox.(D)). Theno(f) € H(X¢, Ox.(c(D))).
Hence, we have
o(E) = O'(D + div(f)) =o(D) + a(div(f)) ~ a(D)
=D
~F

2. The converse also holds. If X (R) # (), then any o-invariant linear system must

contain a real divisor [6, Proposition 2.2].
Therefore the notion of real linear systems will be used for both real and o-invariant
linear systems.
Example 20. The canonical class Kx is a real ggg__12 on X¢, i.e, a real linear system

that corresponds to a ggg‘_12 on Xc.

Proof. We know that deg(Kx) = 2g—2andr(Ky) = g—1. Let us take any effective
divisor D € Div(X¢) of degree 2g — 2 satisfying h°(X¢, Ox.(D)) = g. Then by the

Riemann-Roch formula we have
g="h"Xc,0x.(D)) =29 —2—g+1+h"(Xc, Kx(—D))

which leaves us h°(X¢, Kx(—D)) = 1. Since deg(Kx — D) is 0, we have D € K.
This shows that the class K x is the unique 93;2. Since o(Kx) is also a ggg_EQ on X¢,
we must have Kx = o(Kx). Hence, Ky is real. O
Let us add a linear algebra fact that we will use in the future.
Lemma 21. Let E be a finite dimensional vector space over C together with a map
o . — FE such that

e go0 =1idg

11



e o(Xe) = \o(e) foreverye € E and \ € C.

If E° = {e € E|o(e) = e} is the set of o-invariant points of E, then dimg E° =
dim¢ E. Furthermore, any R-basis for E° corresponds to a C-basis for E.
Proof. See Lemma A.7.3 in [8]]. O

Remark 22. Say D € Div(X) defines a real g;.

1. There exist real sections sy, ..., s, generating the complex vector space H°(X¢, O(D))
by Lemma 21]

2. If | D] is base point-free, then the map
¢p: X — P¢
x— [so(x) 1 ...t sp(2)]
is real.

3. A real divisor in |D| is of the form D + div(f) for some f € R(X)* N
H°(Xc,O(D)). The set of all real divisors in | D| then corresponds to P"(R) in
P = |D| = P(H(X¢, Ox.(D))).

Definition 23. [7, Page 23] For a real divisor D = Z np[p], we define §(D) to be
peX
the number of connected components C' of X (R) such that deg.(D) := Z ny, is
peC

odd.
Proposition 24. If D is any real effective divisor of degree d, then

(D) < min{n(X),d} and 6(D) = d mod 2.

Proof. Say C}, ..., Cyy(x) are the connected components of X (R). Let us write Pr, (D) =

0 if deg, (D) is even and P, (D) = 1, otherwise. Then we have the relations
n(X) n(X)
i=1 i=1
n(X) n(X)
5(D) = 3 Po(D) < Y dege, (D) = deg(D) = d.
i=1 i=1

12



Note that deg (D) — Pc, (D) is by definition an even number for each 7. This yields

n(X) n(X)
(D) = Z Pe,(D) = Z dege. (D) (mod 2)

=d (mod?2).

Proposition 25. [l6| Lemma 4.1] If f € R(X)*, then o (div(f)) = 0.

Proof. Say C'is any connected component of X (R). Then f| gives rise to a continuous
map flc : C — Pﬁ. Note that C' is a smooth, compact, connected 1-manifold
by Remark Then, it must be homeomorphic to Py. If ¢ : Py — Cis a
homeomorphism, consider the composition f|¢ o ¢ : Py — PL. Once we go around
the domain with respect to a chosen orientation, the total number of sign changes
on the image is even. Since ¢ is a bijection, by definition of f|- this number also
corresponds to the number of points of C' contained in the divisor div(f) with odd
multiplicity. Points in div( f) with even multiplicity do not contribute to deg(div(f))
modulo 2. Therefore deg.. (div(f)) is even and div( f) has no pseudo-line. O

If D is a real effective divisor, then §(D) = 0 (D + div(f)) = for any f € R(X)* by
Lemma [25] So, we can extend the previous definition further to real linear systems.

Given a real linear system |E|, we let 6(| F|) = 0(D) for any real D € |E|.

Definition 26. For a given real linear system | E'|, any connected component of X (R)

contributing to §(| F|) is called a pseudo-line for |E|.

Example 27. Consider a real plane curve X C PZ of degree d. Traditionally, a
connected component of X (R) which intersects with a line L € P!(R) in an odd
number of points is called a pseudo-line of X. Note that any effective divisor from
the linear system |Ox (1)] is cut out on X by the lines in P%. According to the previous
definition, a connected component is a pseudo-line of X if and only if it is a pseudo-

line for |Ox(1)].

A similar results to Proposition [25] holds for the canonical class Kx as well.
Proposition 28. §(Kx) = 0.

13



Proof. See Proposition 2.1 in [4]. [

2.3 Brill-Noether Theory

Consider the d-fold product X of X and the symmetric group Sy of all permutations

on d symbols. S; has a natural action on X¢:

X% S, — X4

((p1, - Pa), @) — (Pa(1)--s Pa(a))

The quotient X, := X9¢/S, is called the d-fold symmetric product of X and it is
a smooth, projective variety of dimension d [, Page 236]. Its points by definition
correspond to effective divisors of degree d on X¢. Let s : X? — X, be the

quotient map and we define the following map
u: Xq — Pic'(X)
D— D]
where Pic?(X) is the subvariety of Pic(X) containing degree d linear systems.
Definition 29. A divisor D € Div(Xc) is called special if h* (X¢, Ox.(D)) > 0.
Proposition 30. If D is special, then deg(D) < 2g — 2.
Proof. If deg(D) > 2g — 2, then deg(Kx — D) < 0. Since degree is invariant

under linear equivalence, there can not be any effective divisor linearly equivalent to

a divisor of negative degree. Hence, h(X¢, Kx(—D)) = 0= h'(Xc,O(D)). O
Theorem 31. Let D be a special divisor of degree d on X¢. Then
r(D) < dj2.

Moreover, if equality holds then D is linearly equivalent to either zero divisor or Kx

or a multiple of a hyperelliptic divisor (a divisor that defines a g3 ).

Proof. See Clifford’s Theorem in [[1, Page 107]. [
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Note that the same version of this theorem holds for line bundles and linear systems
as well. In these cases instead of linear equivalence we have isomorphism of line

bundles and equality of linear systems.

Lemma 32. [} Page 108] Let r be any positive integer and D € Div(X¢). r(D) > r
if and only if for any r points p, ..., p, in Xc, there is a divisor in |D| containing

P1,--s Dr.

Proof. For any divisor D € Div(X¢) and point p € X¢, we know that h°(X¢, Ox.(D))—
h°(Xc, Ox.(D — p)) = 0 if p is a base-point for |D|. Otherwise the difference is 1.

Let us use induction on r: Say we have a point p € X¢.

r(D) > 1= h’(Xc,Ox. (D)) > 1 = h’(X¢, Ox.(D —p)) >0

Equivalently, the linear system |D — p| is nonempty, i.e, there is an effective divisor

D' € |D — p| sothat D' + pisin |D| and it is effective.

Conversely, for any p € X¢ if there is a divisor | D| containing p, then h°(X¢, Ox.(D)) >
0. Let us choose p so that it is not a base-point of |D| (a linear system can admit
finitely many base-points, otherwise we could obtain a divisor of negative degree and
positive dimension by substracting enough points). Then there is a divisor D" € |D|
such that h°(X, Ox. (D’ —p)) > 0. Since p is not a base point for | D| = | D’|, we get
h(Xc, Ox. (D)) = h°(X¢, Ox.(D)) > 1 which gives us the inequality r(D) > 1.

Now we assume that the statement holds for » = & for some k£ > 1. Say r(D) >
k > 1 and we are given points py, ..., pr, € Xc. By the initial step, there is a divisor
D' € | D| containing the first point p;. In this case we have (D’ —p;) > k — 1. Then
we can find another divisor D" € | D' —p;| containing the k£ — 1 points py, ..., py thanks
to the inductive step. So we can write D" + p; ~ D' ~ D so that D" + p is effective

and contains pq, ..., Pg.

The converse similarly holds: Assume that given any r points, there is a divisor in | D
containing all of them. Choose py, ..., py such that p; is not a base point of |D| and the
others are arbitrary. If there is D’ € |D| containing py, ..., pg, then D" — (ps + ...px)
is effective. Then r(D’) = r(D) > k — 1. Suppose that the strict equality r(D’) =

r(D) = k — 1 holds. Since po, ..., py are arbitrary and D’ — p; is an effective divisor
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containing these points, by the inductive step we have (D’ — p) > k — 1. This
contradicts with the choice that p; is not not a base point for |D’| = |D|. We obtain
r(D) > k. O

Corollary 33. If D, D' are any two effective divisors on X, then

r(D+ D" >r(D)+r(D")

Proof. Say we have any (D) + r(D’) points p; for i = 1,...,7(D) + r(D’). Then
by Lemma there exist divisors £ € |D| and E' € |D’| such that both of the
divisors E — (p1 + ... + pr(p)) and E' — (pypy+1 + ... + Pr(D)4r(D1)) are effective.
This implies that £/ + E’ contains each p;. Since these points are all arbitrary and

E + E' € |D + D'|, the corollary follows by Lemma [32] O

Let W7 (Xc) C Pic?(X) be the Brill-Noether variety parametrizing special linear
systems on X¢ of projective dimension at least . We state some of the classical Brill-

Noether results.

Theorem 34. [/, Chapter IV] Suppose that d and r are integers such that d > 1 and
r > 0.

I Ifr>d—gandp=g—(r+1)(g—d+r) >0, then Wj(X¢) # 0 and every

irreducible component of W} (Xc¢) has dimension at least equal to p.

2. If p > 1, then W} (Xc) is connected.

When the curve is general, the theory goes much deeper in terms of smoothness and

dimension results (even if p is negative). However, we will be dealing with mostly

trigonal curves and we can not interpret them as general curves in the moduli space

M,.

Remark 35. 1. u(X,) = WJ(Xc), where u : Xy — Pic?(X) is the map
defined by u(D) = |D|.

For every D € X, h°(Xc,Ox.(D)) > 1 by the effectiveness of D so that
r(|D]) > 0. Conversely, any linear series |E| € Pic?(X) such that r(|E|) =
h%(Xc, Ox.(F)) — 1 > 0 must contain an effective divisor of degree d, say D.
Then u(D) = |D| = |E].
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2. Bothmaps s : X% — X, and u : Xy — Pic?(X) introduced above are real

maps.
For any points p1, po, ..., pa € X, we have

s(o(pl, ...,pd)) = s(a(pl), s 0'(pd)) =o(p1) + ... + o(pa)
o(p1 + ... + pa)

= 0(3(p1,~-~>pd))

by the additivity of ¢. This shows that s is real.

Recall by Remark [16|that o|D| = |o(D)| for any D € X,. Equivalently, we

may write o (u(D)) = u(o(D)) so that o and u commute.

3. Wj(Xc) is a real subvariety of Pic(X).

By Remark we have o (W[ (Xc)) = W} (Xc). This equality makes W (X¢)
a real subvariety of Pic(X) by Lemmal[7]

Let C1, Cs, ..., Cy(x) be the connected components of X (R). We recall an important

proposition, together with its proof, as we will use it later.

Proposition 36. /6| Proposition 3.2]

Lnu@_g?6?2>

s=0
2. Ifn(X) > 0, then n(W?) = n(Xy).
Proof. Let us define

Q= {(p,p) € X(C) x X(C)} c X?

together with
Uiy, ..yip) = Ciy x Ciy X ... x Gy x Q° € X

when d = k + 2s. Since s : X¢ — X, is the quotient map and these sets are
connected, it is enough to consider the indices i1, ..., 75 in a non-decreasing order

11 <19 < ... < 7 so that the image will be covered.
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The intersections occur only when we have an equality at any step, say ¢; = ;1. In
this case, the images of the sets U (i1, ..., 45,441, ..., i) and U (4y, ..., j-1, Gj12, ..., k)
will have an intersection point p;, + pi, + ... +pi,_, + p+p+pi; ., + ... + piy, where
py € Cy foreachl=1,....5—1,7+1,..,kand p € C;,.

Hence, in order to find n(X,;) we need to count the number of distinct indices in
increasing order (i1, ..., ;) such that d — k is non-negative, even and 1 < i; < n(X)
for each j between 1 and k (together with an empty set of indices standing for U (0) =

Q%? when d is even). We obtain the following count:

(") ()« (, 79, )

We know that the image of u : Xq — Pic?(X) is W?(X¢) by Remark Let
us take any |A| € W9(Xc)(R). Since the linear series is real, it must contain a real
divisor, say B with u(B) = |B| = |A|. This shows that we still have the surjectivity
u(Xq(R)) = W)(Xe)(R) in the level of ug : X4(R) — Pic?(X)(R) so that
n(Xy) > n(WyY).

Let us show that u takes connected components to connected components. Say we
have two real divisors D, E € X,(R) such that the images under u coincide, i.e,

|D| = |E|. Then D = E + div(f) for some f € R(X)*.

By Proposition 25| we know the equality §(D) = §(E). Moreover, D and E have the
same pseudo-lines. Notice by the above construction that the connected components
of X4(R) are seperated exactly according to the pseudo-lines of their points. Therefore
we may conclude that D and E are on the same component on X,(R). This proves

the other inequality n(X,) < n(Wy). O

Let us choose real differentials wy, ..., w, forming a basis for H°(X¢, K x) by Lemma
and a basis 7y, ..., Yo, for H1(X,Z). Then we let J(X) = C9/A be the Jacobian
of X, where A = Z; + ... + Z£y, is a rank-2¢ period lattice generated in CY by
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t
Qi: (/ wl,...,/ wg>
Vi Vi

Choosing a real point pg € X (R) one version of the Abel-Jacobi map is defined by

foreach: =1, ..., 2g.

the holomorphic map
p: X — J(X)
Po Po
p— (/ wl,...,/ wg).
p p
Remark 37. ¢ is real.

We must first show that the lattice A is closed under o operation. If « is any cycle in
H1(X,Z), then the conjugate cycle o(c) is also there. So, o [ w; = [, o(w;) =

fa(a) w; € Aforeachi =1, ..., g. It is then enough to show that o and ¢ commute.

([ )

Po Po
= (/ wl,...,/ wg>
a(p) o(p)

p(a(p)).

We can extend this map to X, by linearity as follows: For any degree d divisor D =

> pi we let
A(D) = <2/w2/w)

Let us state Abel’s theorem now.

Abel’s Theorem. If D, D' € X, then D ~ D' if and only if p(D) = o(D’).
Proof. See page 235 in [3]. [
As a concequence of Abel’s Theorem, the map ¢ : X; — J(X) has a factorization

w=d¢ou: Xy — Pic(X) 2, J(X). Furthermore, ¢ is real and injective.

Remark 38. If we identify the variety W7 (X¢) with its holomorphic image ¢ (W7 (X¢)) C
J(X) and use the proof of Propositionwe can denote the corresponding connected
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component of W9 (R) inside J(X) containing the image of U (i1, ..., %) under ¢ o u
by V (i1, ..., i) (and the one containing the image of Q% by VV(0) when d is even).

Observe that 6(|D|) = k for each ¢(|D|) € V(iy,...,ix) since any such effective
divisor D lies in the component containing the image of C;, X .. x C;, x Q%" and

all the 2';-3 are different from each other. Also given such a number £, there exist

X
exactly (n(k )) components of TW?(R) whose points have their § equal to k.

2.4 Trigonal Curves

Recall that a curve X is called frigonal if it admits a degree 3 map 7 : X — Pf. In
this case let £ = 7*(O(1)) be the trigonal bundle and T be the corresponding gi. At

this moment let us recall the following lemma.

Lemma 39. Let C be a smooth complex curve, L and F be invertible sheaves on C
and si and ss be linearly independent sections of L with no common zeros such that

they generate the space V. Then the kernel of the cup product map

is isomorphic to H(X, F @ L71).

Proof. See Base-Point-Free Pencil Trick in [1, Page 126]. [

Proposition 40. If g > 5, then T is unique.

Proof. Let’s say we have another divisor L’ that is not linearly equivalent to L and
corresponds to a g1 on X, where L is any divisor from the trigonal linear system 7.

Then by Corollary 33] we get
r(L+ L") >r(L)+r(L) =2
Also by the Riemann-Roch formula, we have
WYX, Ox(L+L") = h°(X,0x(L+L"))—deg(L+L")+g—1 > 3—6+g—1 = g—4 > 0
for g > 5 so that L 4+ L’ is special.
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Note that h°(X, Ox (L)) = 2 and we can find sections s; and s with no common
zeros generating H°(X, Ox (L)) as L corresponds to a non-constant map 7 : X —

PL. Then by Lemma we have a map
HY(X, Ox (L)) ® HY(X, Ox (L) — H*(X,Ox(L + L))

whose kernel has dimension equal to h°(X, Ox (L’ — L)). By the assumption L’ ~
L we have h°(X,Ox (L' — L)) = 0. Then h°(X,Ox(L + L)) > 4. Note that
deg(L + L") = 6 is equal to neither zero nor 2g — 2 as g > 5. So, L + L’ can not be

linearly equivalent to the zero divisor or Kx.
We also claim that there is no g3 on X. Otherwise 7' would be of the form
g2 +p
by (I.2.1). Since 7" has no base points, this is impossible. Therefore we have a

contradiction by Theorem 0

We need the following theorem to make the necessary cohomological calculations.
Theorem 41. 9, Chapter 1] Assume g > 5. Then
(1) 7. Kx = Opi(a) ® Opi(m) & Op1(—2), where a and m are integers satisfying
a>m,a+m=g—2and3a <2g— 2.
(2) For each integer k, we have

H(X, Kx ® LF) 2H(P', 7. Kx ® Opi (k))
gHO(Pl, O[p:l (a + k’)) D HO(Pl, Oﬂml (m + k))
® H(P*, Opi (k — 2)).

Proof. Note that X — P! is a constant degree map of smooth, projective curves.
Then the direct image 7, K x must be a rank 3 locally free sheaf on P!. Also we know

that any such sheaf on P! splits into a direct sum of line bundles as follows

T Kx = Opi(a) ® Opr(m) & Op: (e), (2.4.1)

where a, m and e are the unique integers with a > m > e [13, Theorem 18.5.6].
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Now by the projection formula [13, 16.3.H], we get the isomorphisms
T (Kx) ® Op (k) 2 7, (Kx @ 7°(Op (k) 2 7, (Kx @ LF). (2.4.2)

Also by Leray’s theorem [13, 23.4.5], there is a spectral sequence with E5 term is
given by
BV = HY(P', RP7,F)

converging to HPt? = HPT4(X | F), where F' = Ky ® L.

Note that H?"(X, F') = Ounless 0 < p+¢ < 1 asdim X = 1. Since 7 is a morphsim
of projective varieties with finite fibers, all the higher pushforwards R?(m,F’) vanish

for each p > 0 [13], 18.8.5]. Therefore E5 is trivial unless 0 = p < ¢ < 1.
So we may write a short exact sequence [[15, Page 124]
0— Ej, — H**" = H'(P"R'n,F) — E} |, — 0
for each g. In particular, for ¢ = 0 we get
H(P', 7, (Kx ® L£*) =2 HY(X, Kx ® L").

Composing with (2.4.1)) and (2.4.2)) we get

HX,Kx @ £F) 2H (P!, 7, (Kx) ® Op1 (k)
gHO(]P)l, O]pl (CL + k)) ) HO(Pl, O]pl (m + k))
® H (P, Opi (e + k).

For k > max{—e, 0}, using the Riemann-Roch formula we get
ROX, Kx®@LF)=2g—2+3k—g+1-h (X, L") =a+m+e+3k+3
which yields a + m + e = g — 4 since h°(X, L7%) for k > 0.
When k& = 0, we obtain
g = h°(P',O(a)) + h°(P, O(m)) + h° (P!, O(e)). (2.4.3)

If e > 0, then this equation becomes g = a + m + e + 3 which would contradict with
a+m+e=g—4. So we must have e < 0. In this case h°(P*, O(e)) = 0 so that
a+m=g—2by@24.3)andhence,e =g—4—a—m = —2.
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Finally, for k = —a we have by the duality
RYX, LY = hY(X, KoL) = h* (P, O)+r° (P, O(m—a))+h° (P!, O(—2—a)) > 1

as h°(P', ©) = 1. This means that £ is special on X. In this case its degree can not

exceed 2g — 2. This proves the last inequality 3a < 2g — 2. U

Here m is called the Maroni invariant of the curve X and it satisfies the following
inequalities:

4 —9
0<gT§m§gT, a=g—2—m. 2.4.4)

Now let us fix s(d,r,g) :==2(d—1) —g—3(r — 1), k := ¢(Kx), 7 := ¢(T'), where
¢ : Pic(X) — J(X) is the Abel map. Let us use W} for Wj(X¢). We can define the

following sets:

rr+ W9, if d—3r>0

0, otherwise

k—((g—d+r—1)7+ Wf(dmg)), if s(d,r,g) >0

0, otherwise

Theorem 42. For d < g andr > 1, we have
(1) W;=U;0V;

(2) If U} # 0, then U} is an irreducible component of W) (X)

(3) Suppose that V] # (. Then also U}, # () and V] is an irreducible component
of W different from U} if and only if g — d +1r —1 < m.

Proof. See Proposition 5 in [9]. [

Remark 43. Suppose that = 1 and g—d < m. Then the condition g—d+r—1 < m
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is satisfied. We have

s(d,1,9) =2(d—1)—g—-3(1-1)=2(d—1)—g
>2(g—m—1)—g

=g —2—2m
=a—m
>0

so that V! # (). Hence, if the inequality g—d < m holds, then W has two non-trivial

irreducible components U} and V.

Let us use the main assumption that X is a real curve. Since 7 is the unige g3, it must
be real and 7 is defined over R. By Lemma[24] we have either 6(7") = 1 or 6(T') = 3.

As usual, say (', ..., Cy(x) are the connected components of X (R).

Proposition 44. [6| Page 129] If §(T') = 3, then n(X) = 3 and g is even.

Proof. Take a point p € C; for any i = 1,....,n(X). Then 7(p) € P}(R) as 7 is
defined over R. 7*(7(p)) is an effective divisor of degree 3 in 7. The claim here is that
this divisor is real. Suppose to the contrary that it is not. Since it contains a real point
p, it must contain a non-real point py € X (C) \ X (R) such that o(py) ¢ 7 (7(p)).
Say we have 7*(7(p)) = p+ po + p; satisfying this condition. Since p+py+p; € T,

using the fact that 7 is real, we get

p+opo)+o(p) =0cp+po+p)~o(l)~T

~p+po+nm

so that o(pg)+0o(p1) ~ po+p1. Note that pg is not real. Also p, and p; are not complex
conjugates. Then o(pg) + o(p1) # po + p1 as divisors so that |py + p;| contains an
effective divisor other than p, + p; itself. This linear system is then actually a g1. But
we know that a trigonal curve of genus bigger than 4 can not possess a g.. Therefore

the assumption that 7*(7(p)) is not real can not be true.

Now that 7*(7(p)) is a real divisor in 7', we get 6(7*(7(p))) = 3. This means that
points of 7*(7(p)) must be from different components of X (R). Asp € 7*(n(p)), C;

24



is a pseudo-line for 7*(7(p)). Since i is arbitrary, any component is a pseudo-line for

7*(m(p)). Therefore n(X) = 3.

Parity of g comes from the fact that n(X) = g + 1 (mod 2) when a(X) = 0 by
Proposition To see the equality a(X) = 0, when §(7) = 3, the morphism 7 :
X (R) — P!(R) induced by T is a degree 3 real cover so that 7~ (P}(R)) = X (R).
Then 7(X (C) \ X(R)) = P*(C) \ P'(R) is disconnected, so is X (C) \ X (R). Hence
a(X)=0. O
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CHAPTER 3

NECESSARY CONDITIONS FOR THE RESULTS

For this chapter assume that X is a real trigonal curve of genus g > 5 and Maroni
invariant m, 7 : X — P} is the trigonal map and 7 is the trigonal linear system
or any real effective divisor from this system, if there is no confusion. The aim in
Chapter will be to calculate n(W}), the number of connected components of the real
locus of W} (X¢). For this purpose we want in this chapter to reveal the conditions

on d, g and m for which we can do this calculation.

Remark 45. Recall that we identified W] = W} (X¢) with its image under ¢ :
Pic(X) — J(X). Since the canonical class Kx and the trigonal class 7" are real,
we have Uj(R) = r7+ Wy 5 (R) and Vi (R) = k — ((g —d+7r = 1)1+ W, (R))
when they are non-empty, where s(d,r, g) = 2(d—1) —g—3(r —1). Note that J(X)
is a g-dimensional complex torus defined over R. If we fix any n € J(X), then the

morphism

J(X) — J(X)

a—n+a

is continuous. By Proposition 36 we may write

Ld—Sr

: X
n(U)) = n(Wg_;;,,) = Z (d _n?ET 2 23)’ whend — 3r > 0

s=0

LS(d.r,g)J
n(X)
0
n(Vy) =nWga,g) = EO < (d.r.g) —23) when s(d, r,g) > 0.

Lemma46. If 0 < g —d < m, then

g+2

UJR)NVHR) £ = d > 5
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Proof. First note that degree of Kx —(g—d+1)Tis29—2—3(9—d+1) = 3d—g—5.
Since a > m > g — d > 0, by Theorem 42] we obtain

W(Xe,Kx — (g—d+1)T) = h°(P',0(a—g+d —1))
+Rh2(PY,O(m —g+d—1))
+ R (P O(-2—g+d—1)) (3.0.1)
=a—g+d+m—-—g+d+0
=2d—g—2.

This shows that Kx — (g — d + 1)T is a real ggg:gig’. Using the descriptions of U}

and V], we have

UyRNV}(R)#0 <= T+ Dy ~Kx —(9—d)T — D,
for some D; € X, 3(R)
(3.0.2)
and D2 € X2(d—1)—g<R)-

<— Kx—(g—d+1)T ~ Dy + Ds.

2
The last line implies that h%(X¢, Kx — (9 —d + 1)T) > 0, i.e, d > % by the
above calculations (3.0.1).

]

Remark 47. Notice that the converse of Lemma 46| holds once we can find a real
divisor D € Kx — (g — d + 1)T such that D can be written as D = D; + D, with
D, € Xq-3(R) and Dy € Xy(4-1)—¢(R). In most cases this will be possible and we
will use this lemma in both ways. However, if d — 3 is even, D has an even degree
and does not contain enough real points, then it may not be possible to decompose DD

in this way.
g+2
Lemmad8. If 0 <g—d<mandd > T,then

li—(g—d—l-l)TEUgg:g:g(R) < g—d=m

Proof. We know that Ky — (¢ —d + 1)T is a real gggjgjg. Notice that
k—(g—d+1)r € Uy 9 2(R)
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exactly when Kx — (¢ —d + 1)T ~ (2d — g — 3)T' + D for some real D > 0, i.e

when

RO (Xe, Kx — (g—d+1+2d—g—3)T)) = h*(Xc, Kx — (d —2)) > 0.

-2 -2
We know that m < gT by 24.4) and d — 2 > gT by assumption. Using
Theorem 42| we have

R (Xe, Kx — (d—2)T) = h°(P', O(a — d + 2)) + h°(P*, O(m — d + 2))
+ hO(PY, O(—2 — d + 2))
=h'P,0(a—d+2)+0+0

Summarizing, we may write
k—(g—d+1)T € U;g:j:g(R) = a=9g—2-m>d-—2.

Under the hypothesis ¢ — d < m this is equivalent to saying that g — d = m. [
. g+2

Remark 49. Assuming g —d = m and d > 5 we have
Ky—(9g—d+1)T ~(2d—g—3)T+ D,

where D € X5,_34:4(R) is a fixed effective real divisor of degree 2g — 3d + 4.

Composing with (3.0.2), in order to find the intersecting components of U}(R) and

VI(R) it is enough to keep track of effective real divisors belonging to the class

(2d — g — 3)T as long as 2g — 3d + 4 is small.

_3
Lemma 50. If g = 0 (mod 3) and m — gT’ then §(T) = 1.

2
andg—d=m ofLemma

are satisfied. Since the number of base points in Kx — (¢ —d+1)T"is 29 —3d +4 =

20+ 3

. .. +
Proof. Letting d = , the conditions d > J

2g — 29 — 3+ 4 = 1, we have the equivalence

KX—(g—d—l—l)T:KX—%Tw(Zd—g—B)T+p:(%—1)T+p

for some fixed p € X. As Kx and T are real, p must be a real point of X. §(Kx) =0

allows us to write
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5<KX_QT> o(T), if gisodd

3 0, if g is even

and

4

o(T), if giseven

((g-nr) -

0, if g is odd

\
so that

o(T)+1, ifgiseven
((G-)ren) =g
1, if g is odd

\

as adding one point to a divisor can change its 0 by +1 or —1. By the equivalence

Kx — ()T ~ (3 —1)T + p we have

(- (§))=5((¢-)+)

This happens only if 6(7") = 1. In this case p and 7" share the same pseudo-line. [

Now assume that ] is a pseudo-line for 7'.

Lemma 51. Suppose that §(T) = 1. If n(X) > 1, then for any integer i with
1 < i < n(X) there exists a real divisor D = p; + q; + §; € T such that p; € C
and q;, §; € C;. Conversely, any real effective divisor D € T is either of this form
(equality i = 1 is allowed) or contains a conjugate pair such that D = p+ q+¢q
where p € C1,q € X(C)\X(R).

Proof. If we choose a point ¢ € C; C X (R) for any 7 # 1 such that 7(q) € P(R),
then 7*(7(q)) € T is an effective, degree 3 divisor. As in the proof of Proposition 44]
it is also real. Any such divisor must contain a point p € C; as (' is a pseudo-line

for T'. By the assumption 1 = §(7") = (D) we have D = p + q + ¢ where ¢ € C;.

Conversely, any real divisor D € T must also contain a point p’ € Cy. So, D — p' is
a real divisor of degree 2 such that (D) = 0. If D = p’ + ¢1 + gq, either we have
71 = ¢2 € X(C)\X(R) or ¢; and ¢ are on the same component of X (R). O
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CHAPTER 4

COMPONENTS OF THE REAL BRILL-NOETHER LOCUS OF TRIGONAL
CURVES

Recall by Remark (38| and Remark (45| that the connected components of Uj(R) =
r7 4+ W3 5, (R) are of the form

T+ V(il, ...,ik),

where 1 < iy < iy < ...ip, <n(X),d—3r—k > 0and d— 3r = k mod 2. Similarly
the components of VJ(R) =k — ((g —d+r — 1)7 + Wso(gmd) (R)) are

k= ((g—d+7 =17+ V'(j1, . 1))

foreach 1 < j; < 7o < ... < j; < n(X), s(d,r,g) —1 > 0and s(d,r,g) = [ mod 2,
where s(d,r,g) =2(d—1) — g —3(r — 1).

Since we have the equalities W (R) = Uj(R) U V7 (R), n(U;) = n(W) ,.) and
n(Vy) = n(WsO( drg))» We obtain the immediate bounds

Ld—Sr I_S(d’;’g)J

0<n(W?) < Z ( ] _"B(j(z 28)+ 3 (S( d,:‘g)_ 25)‘ 4.0.1)

s=0 s=0

Now we focus on the case r = 1.

Lemma 52. No component of U}(R) can intersect with two distinct components of

Vi1 (R) and vice versa.

Proof. Assume to the contrary that 7 + V' (i1, ..., i) intersects simultaneously with
K — ((g —d)1 4+ V'(j1,, ...,jll)) and Kk — ((g —d) 4+ V'(j1,, ...,jlz)). Then there
exist effective real divisors D;, Dy, D3 and D, such that Dy, D3 € U(iy, ..., 1),
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Dy € U(j1ys -3 J1y))s Da € U(J1,, -, J1,)). Moreover, we have the following linear
equivalence by (3.0.2)

such that it yields
Dl—DgND4—D2.

Since D; and Dj are on the same component U (i1, ..., i) of X4_3(R), their pseudo-

lines are exactly the same. This implies
(D1 — D3) =0=4§(Dy— D»)

so that §(D,) = §(D-). Indeed, D, and D, share the same pseudo-lines, i.e, they are

on the same component of X, 1 4)(R) = Xsq_,_2(R). Hence, we get

j11 = jlzv "'7jl1 = jl2

such that two components £ — ((g — d)7 + V'(j1,, ..., ji,)) and & — ((g — d)7 +
V'(j1g, - 1)) coincide.

Using the same method, we can say that no component of V}(R) can intersect with

two distinct components of U} (R). O

Using Lemma [52] we can upgrade the lower bound in (#-0.1)) for n(W}).

Corollary 3. If0 < g —d < m, then

14521
(W) > ZO (d —n;X—)zs)
Proof. The condition d — g < m guarantees that U}(R) and V; (R) are non-empty
by Remark #3] Also by Lemma [52] we may say that for each connected component
U of U}(R) there can be at most one connected component V' of V}(R) such that
V' NU # () and V has no non-empty intersection with other components of U} (R).
So for each U there is unique connected component of W} (R) containing U. The

same holds for the connected components of V! (R) as well. This proves the formula

n(W;) > max{n(Uz),n(Vy)}.
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By assumption g — d is positive and d — 3 > 2(d — 1) — g = s(d, 1, g). This shows
that

I_S(d’217g>J

The claim then follows. L]

We also want to improve the upper bound in (4.0.1). Suppose that the conditions

g+3

d:g—mandm<%hold. Thenwehavedzg—m>9—%: 2

SO
we can use Remark Our strategy is to find different components of X, 3(R) and

Xs(d-1)—¢(R) on which there are divisors D; and Ds, respectively, such that
T+ Dy~ Kx—(9g—d)T — D,,
equivalently,
D+ Dy~ Kyx —(g—d+1)T ~ (2d — g — 3)T + Ds (4.0.2)

for some fixed D3 € Xs;_34+4(R). Note that the value of 2g — 3d + 4 is always

non-negative due to the bound % < m given in (2.4.4):
g—4
20—3d+4=29g—3(g—m)+4>29—3 9= "5~ +4=0.

Remark 53. The difference between deg(Dsy) = 2(d — 1) — g and 2d — g — 3 is just
1. Let us take any real effective divisor D € T'. It contains a real point, say p and
other points ¢ + ¢’ such that o(q + ¢') = ¢ + ¢’. Then we can always make at least
one such choice of divisors D; and D, in (#.0.2). For example

Dy=(2d—g—3)p+q+q¢ and Dy = (2d — g —3)D — Dy + Ds.
This in particular shows that U} (R) N V}(R) # () whenever 2d — g — 3 > 0.

Theorem 4. Let X be a real trigonal curve of genus g and Maroni invariant m such

thatm<¥andg25. Ifd = g —m, then

1452 155

ISR ETTAEY (AR ED ol (e

s=0
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Proof. The lower bound is already given in Corollary [3] We will divide the proof of

the upper bound into three cases.
Casel: §(7)=1landn(X) = 1.

In this case we know that both of U}(R) and V}(R) are connected, because of the
equalities

L%J Ls(dwzlag)J

n(Ua) = z; (d—31— 23) =1= 2 (s(d,l,;) - 23) = (Vi)

s= s=0

Moreover, by Remark |53[they have a non-empty intersection and this implies

n(Wh=1=1+ (272()_(;__12).

So the statement holds in this case.
Case2: §(7T)=1and n(X) > 1.

We want to show that any component x — ((g — d)7 + V'(ji, ..., 1)) of V,} (R) has a
non-empty intersection with U} (R) possibly except the ones with [ = 2d — g — 2 and

J1# L

Let us use the points p; € Cy and ¢;, §; € C; of Lemma[51|such that 7" ~ p; + ¢; + ¢;
for eachi = 2, ..., n(X).

If j # 1and | < 2d — g — 2, then j; > 1 for each /. Consider the equivalence

Ji
(2d—g—3)T+Ds~ (2d—g—3—1)(pj + 45 + @) + > (Pn + ¢ + ) + Ds.

n=j1
Then the sum of the divisors
Ji
Dy=Ds+ <Z(pn + %)) —pj + (2d = g — 3 = 1)(gj, + ) and
n=ji

Dy =qj, + -+ ¢, + (2d— g =2 = D)p,
lies in (2d — g — 3)T' + Ds. Note that Dy € U(jy,...,51) C Xaog—g—2(R) since
2d — g — 2 — [ is an even number by the very description of these components. Then

k— ((g —d)T+V'(j1, ..., j1)) intersects with U} (R).
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If j; = land [ < 2d — g — 2, then we have another equivalence

J
(2d—g—3)T+Ds~ (2d—g—2—1)(pj, +q, + @)+ > (Pa+ @+ ) + Dy

n=j2
such that the divisors

Ji
Dl = DS + <Z(pn + dn)) — Pj + (Qd_ g — 2— l)(le + le>7

n=yja

Dy =g, + ... +qj, + (2d — g — 1 = 1)p;,

add up to a divisor in (2d — g — 3)T + D3. As 2d — g — 1 — [ is an odd number, we
have D, € U(ju, ..., Ji)-

This shows that in addition to the number n(U}) = n(W)_,), there could be at most

(n(X)—l

5 d7972) -many possible connected components of the form

K= ((g - d)T + V/<j17 "'7j2d—g—2))
coming from V}(R), where 2 < j; < ... < jag—g—2 < n(X).
Case 3: §(T") = 3.

In this case we know that n(X) = 3 and g is even by Proposition This makes
g — 2m — 2 an even number so that the connected components of V' (R) are just
translates of V/(0), V'(1,2),V’(1,3) and V'(2,3). Since 6(7") = 3, we have points
t;1 € Ch,1y € Oy, t3 € Cysuch that t; + t5 + t3 ~ T. Consider the equivalence

(2d—g—3)T+D3N(2d—g—3)(t1+t2+t3)+D3.

Foreachiand j with1 < i < j < 3 we can choose Dy = (2d—g—3)t;+t; and D; as
the rest of (2d — g — 3)(¢t1 + t2 + t3) + D3 such that D + Dy € (2d — g — 3)T + Ds.
This choice gives rise to a point of intersection of U} (R) and k — ((g—d)7+V"(i, j)).

Also the choice Dy = (2d — g — 4)t; + 2t5 lies in U(0) and together with D, =
t14+(2d—g—5)ta+(2d — g—3)t3+ D3 they add up to (2d — g — 3)(t1 +to+t3) + Ds.
So, k—((g—d)T+V"(0)) intersects with U (R) as well. Hence, n(W}_5) is an upper
bound for n(W}) in the case §(T) = 3. O
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Theorem 5. Let X be any real trigonal curve of genus g and Maroni invariant m such
that g = 0 (mod 3), g > 5 and m = QT Ifd= 29+3 , then we have

d

”(W‘}):(;i( g— 2) £ (d 3 25>

Proof. Note that by Lemma d(T) = 1 in this case. Moreover, if C is the pseudo-

M

line for 7T', then we have

Kx —(g—d+ )T~ 2d—g—3)T +p= (%—1>T+p

for some fixed point p € C. Suppose that an exceptional component x — ((g —
d)7 + V'(j1,...,5i)) such that | = 2d — g — 2 = g/3 and j; # 1 has a non-empty
intersection with U} (R). Then there exist real effective divisors D; and D such that

D2 € U(jh ...,jl) C Xg/g(R> and

Dy + Dy ~ <§—1>T+p.

Recall that p is the base point of this linear system. Since 6(Dy) = deg(D2) = ¢/3
and j; # 1, Dy can not contain p. Therefore D := D; — p is effective. Then

D+D2~<%—1)T

contains points from Cj,, ..., C;

jass- Lhis is impossible as the divisors from 7" can not

contain two points with different pseudo-lines other than C';. So there is no such

divisor in (5 — 1)T. 0
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CHAPTER 5

DISCUSSION

Now let X be any real curve and (1, ..., C,, be the connected components of X (R).

Consider the homomorphism probably first defined in [6]:

¢: Pic(X)(R) — (Z/2)"
|D| +— (..., Pe,(D), ...),

where, P, (D) is the parity of deg,, (D) modulo 2. Since there is no conditon on the

degree of linear systems, the homomorphism is surjective.

Recovering the varieties W] on Pic(X ), once we restrict ¢ to W (R) the map
c: Wi(R) — (Z/2)"

is not surjective anymore. Notice in the case » = 0 that the connected components
of W9(R) are given by the non-empty fibers of c. Indeed, if (51, ..., j») € (Z/2)" and

Jiys ---» J1,, are the non-zero ones, then

e Jn) = Vs o i) <= Zji =d (mod 2),

=1
where V(ly, ..., 1) is the connected component of W7 (R) that corresponds to the

linear systems whose pseudo-lines are C}, , ..., Cj, .

Let us define the following sublocus
Wjs(X) = {|D] € Wi(Xc)(R) : §(D) = 5} (5.0.1)

for each 9§ satisfying
60 <dand d = dmod 2.

37



In the language of the map c|y- : W7 (R) — (Z/2)", we may write
p d

Wdr,(s(X) = U Cil(ulw"uun(X))-

Since ¢ is constant on the connected components of W9 (R) and
Wis(X) =Ws(X) N Wi(R),
we may conclude that I 5 is union of some connected components of W (R).

Evenif Wj; := W ;(X) may not be a variety, with a slight abuse of notation, we will
use n(Wj ) to indicate the number of connected components that W 5 corresponds

in W} (R). By Proposition [36] we have

n(Wis) = <n(§()> (5.0.2)

for each ¢ such that § < d and § = d mod 2.

When r > 0 it is very natural to have bounds on the number n(WV}). Indeed, the
inequalities found in Chapter 4] could be likely related to the intrinsic geometry of the

curve itself. Let us see the following particular example.

Example 54. Consider a trigonal curve X of genus 5. We have m = 1 by (2.4.4).
We will calculate n(W}). Note that the condition m < (g — 3)/2 in Theorem[4]is not
satisfied. We only have the bounds given in (4.0.1)) and Corollary 3| that yield

n(X) < n(Wy) < 2n(X).
Take any real 7' € gi. Then by the Riemann-Roch formula,
R (Xc, Kx(=T)) = h"(Xc,O(T)) + g —deg(D) —1=2+5-3—-1=3

so that Ky — T defines areal g2. Note that this g2 can not have a base point, otherwise
we would get a g2 but this contradicts with Theorem [31|since X has no hyperelliptic

divisor. Then it defines a real map
¢: X — P

such that the image ¢(X) € PZ is a plane curve of degree 5. The equality g = 5 =

W — 1 implies by the degree-genus formula that ¢(X') has only one singularity,
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a cusp or a node [ 1, Page 208]. This means that there exists exactly one pair of points

Do, ¢o € X such that

r(Kx =T —po—q) =r(Kx—T)—-1=1.

Since g3 is unique and deg(Kx — T —po — qo) = 3, wehave Kx — T —pg—qo ~ T,
i.e, Kx — 2T ~ py + qo. As this pair is the unique one such and both Ky and 7" are
real, the divisor py + ¢ is a real divisor. Moreover, §(po + qo) = 6(Kx — 2T") = 0.

On the other hand, W} has two irreducible components U} = 7 + W} and V! =
k — (7 + W) both of which are isomorphic to X. Using the same method applied in
(3:0:2), two connected components of Uj (R) and V! (R) intersect if and only if there
are points p,q € X(R) such that T+ p ~ Kx — T — ¢. But we found above that
there is only one pair satisfying such a linear equivalence. We may get at most two

possible intersection points from (p, ¢) = (po, qo) and (p, q) = (qo, po)-
Since g is odd, 6(T) = 1 by Lemma[44] We break the rest into two cases:

If the singularity above is a cusp or real node then pg,qo € X (R) so that U} (R) N
VH(R) # 0. Since 6(po + qo) = 0, we have py, go € C; for some i = 1,...,n(X).
Then 7 + V(i) intersects with k — (7 + V’(4)). In this case we get either

n(Wye) = 1and n(W;,) = 2n(X) — 2

or

n(Wio) =2and n(Wj,) = 2n(X) -3
depending on §(T + py) so that n(W}) = 2n(X) — 1.
If the singularity of ¢(X) is a complex node, then py = go ¢ X (R) and U} (R) N
V}(R) = 0. Hence, n(W; ) = 2, n(W},) = 2n(X) — 2 and n(W,) = 2n(X).
Let us identify X with its canonical image ¢, (X) under the embedding
bryt X — PLH
given by K. The unique g3 on X generates a surface

S = UEEPQA

Degl
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which is also a rational normal scroll over P!, where D denotes the linear span of D.
Since the g is real, we have op(S) C S so that S is a real surface by Lemma By

the geometric version of the Riemann-Roch theorem [1, Page 12] stating
r(E)=d—1—-dimFE
for any effective divisor £ and g > 1, we get dim D = 1 for any D € gi. Therefore

the scroll is geometrically ruled and we know that any such surface is isomorphic to

a Hirzebruch sufrace [2, Proposition III 15].
It is very well-known that this Hirzebruch surface is of the form
P(Op1(e1) ® Opi(e2)) — P,
where e; + 1 and ey + 1 are the integers at which the function
d(j) = h°(Xe, Kx(—jT)) = h*(Xe, Kx((—=j = DT)), for j =0,1,2...

makes a jump [11, Theorem 2.5].

Recall by Theorem {1]that for each k € Z, we have
R’ (Xc, Kx(kT)) = h°(P, Opi(a + k))+h°(P", Op (m + k))
+hY (P, Opi (k — 2)).
So, we obtain
2, f0<j3<m
dij) =41, ifm<j<a
0, ifa+1<y.

Hence, S is isomorphic to 3, ,,, = P(Op1(a) & Op:1(m)). This is another and more

geometric way to see the Maroni invariant m of the trigonal curve X.

Let M /r be the moduli space of real algebraic curves of genus g. Inside this variety
we have the locus 7, /r parametrizing the isomorphism classes of real trigonal curves
of genus g. It is known that 7,z has a stratification given by the Maroni invariant of

the curves.

Counting the isomorphism classes of such curves embedded in >,_,,, each strata
7,/=(m) has dimension g + 4 + 2m when 22 < m < %2 [16]]. The dimension is

29+1whenm:%.
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Remark 55. We need to remark that the curves of Maroni invariant m = 9—53 in
Theoremform a 53“’%—2—dimensional family in 7, /r . When we remove the restrictions
over the base points of Kx — (g — d + 1)T', we talk about curves of almost arbitrary
Maroni invariant in a more general setup in Theorem Ef} However, the condition
m < % implies that these curves are not general when we treat them as complex

curves in M.
Remark 56. We can nicely generalize Theorem 4 and Theorem 5 to the case r > 1 :

Let X be areal trigonal curve of genus g and Maroni invariant m. If g—d+r—1=m

and d > (g + 3r)/2, then

I_d 3r d— 3'r

S (50 ) = (700 ) s ()

s=0

If we further assume that 2g — 3d + 3r = 0, then
1452 ]

(W) = (2d ﬁ(;(z ;T1+ 1) + > (d _n?fi(z 23)'

s=0
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