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ABSTRACT

ON SPECIAL LINEAR SYSTEMS ON REAL TRIGONAL CURVES

Akyar, Turgay

Ph.D., Department of Mathematics

Supervisor: Assoc. Prof. Dr. Ali Ulaş Özgür Kişisel

August 2024, 46 pages

In this thesis we examine some of the topological properties of Brill-Noether varieties

associated to real trigonal curves. More precisely, we aim to count the connected

components of the real locus of the varieties parametrizing special linear systems of

dimension at least 1 on a trigonal curve. We obtain lower and upper bounds when

the degree d of the linear systems and the Maroni invariant m of the curve satisfy the

relations d+m = g and g > d > (g + 2)/2, where g is the genus of the curve.

Keywords: Special linear systems, real trigonal curves, real Brill-Noether theory
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ÖZ

REEL TRİGONAL EĞRİLERİN ÖZEL DOĞRUSAL SİSTEMLERİ
ÜZERİNE

Akyar, Turgay

Doktora, Matematik Bölümü

Tez Yöneticisi: Doç. Dr. Ali Ulaş Özgür Kişisel

Ağustos 2024 , 46 sayfa

Bu tezde reel trigonal eğrilerin Brill-Noether varyetelerinin bazı topolojik özelliklerini

inceleyeceğiz. Trigonal eğriler üzerinde boyutu en az 1 olan özel lineer sistemleri

parametrize eden varyetelerin reel mahallerinin bağlantılı bileşenlerini saymayı hedefliyoruz.

Lineer sistemlerin derecesi d, eğrilerin Maroni değişmezi m ve cinsi g ise d + m =

g ve g > d > (g + 2)/2 bağlantıları sağlandığında alt ve üst sınırlar elde ediyoruz.

Anahtar Kelimeler: Özel lineer sistemler, reel trigonal eğriler, reel Brill-Noether teori
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CHAPTER 1

INTRODUCTION

Let X be a smooth projective geometrically irreducible curve of genus g defined over

R such that X(R) 6= ∅. By XC we denote the complexification of X obtained by base

change from R to C . We want to understand under which conditions real complete

linear systems on XC exist, or equivalently the real locus of the variety

W r
d (XC) =

{
|D| : h0(XC,OXC(D)) ≥ r + 1, deg(D) = d

}
⊂ Pic(X),

which can be defined over R, is non-empty.

1.1 Motivation

Let us consider a non-singular plane curve C ⊂ P2R of degree e. Each connected

component ofC(R) is a one dimensional compact, connected manifold and homeomorphic

to circle. Harnack proved that the number n(C) of connected components of C(R)

satisfies

0 ≤ n(C) ≤ (e− 1)(e− 2)

2
+ 1. (1.1.1)

Furthermore, he constructed curves of maximum number of components allowed by

the inequality for each e.

In 1900 Hilbert asked his famous questions. One part of his sixteenth problem is to

study the relative positions of connected components of a real algebraic plane curve.

At that time full classification was known for e ≤ 5. Together with the question,

Hilbert constructed a degree 6 maximal curve and he was sure that there was no other

maximal curve except his and the one that Harnack had constructed.
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In 1969 Gudkov constructed another maximal curve of degree 6 and completed the

classification for e = 6. Oleg Viro gave the full classification for e = 7 and the

problem is still open when the degree is bigger [14].

Since the problem could be considered in a more general context, people have been

studying the topology of real algebraic varieties in higher dimensions. Indeed, in this

manner it is important to understand not only the existence of real points of W r
d (XC)

but also topological properties of the real locus as well.

Lemma 1. If g ≥ 1 and p ∈ XC then h0(XC,OXC(p)) = 1.

Proof. Let us take any p ∈ XC. Since p is effective as a divisor, h0(XC,OXC(p)) ≥ 1.

Suppose that h0(XC,OXC(p)) is at least 2. If the divisor p has a base-point, say q,

then we obtain

h0(XC,OXC(p− q)) = h0(XC,OXC(p)) ≥ 2.

This means that the space of effective divisors linearly equivalent to p − q is at least

1-dimensional. This yields a contradiction as a degree 0 divisor can not be linearly

equivalent to an effective divisor other than the zero divisor. So, p has no base-points

and defines a degree 1 map

φp : X −! P1C

that is an isomorphism of curves. This contradicts with the assumption g ≥ 1. Hence,

h0(XC,OXC(p)) = 1.

Note that when g ≥ 1, by this lemma we can write

p ∼ q ⇐⇒ p = q

for any p, q ∈ XC. Then we get an isomorphism of varieties

X
∼=−! W 0

1 (XC) ⊂ Pic(X)

p 7−! |p|

and it induces a homeomorphism on the real locus X(R) −! W 0
1 (XC)(R). This

particular case d = 1 shows that the topology ofW r
d (XC)(R) could be highly depending

on the topology of X(R).
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From the classical Brill-Noether theory for complex curves we know that ρ(g, r, d) :=

g − (r + 1)(g − d + r) is the expected dimension of W r
d (XC). For the case r = 1,

we can say that W 1
d (XC) 6= ∅ if ρ(g, 1, d) = 2d − g − 2 ≥ 0, i.e, if d ≥ bg+3

2
c. If

d < bg+3
2
c and XC is a general curve inMg, then W 1

d (XC) = ∅.

In [3], Chaudhary proves the real version of this. He shows that there exists an open

set of a connected component of the moduli space Mg/R of real curves of genus g

such that for each real curve X in that open set, W 1
d (XC)(R) 6= ∅ if d ≥ bg+3

2
c by

showing that the minimal degree of a map from such curves to P1R is bg+3
2
c.

In [4], Huisman upgrades this result by considering not only the pencils that correspond

to maps π : X −! P1C but also the topological types of these maps, i.e, the degree

information of π|Ci
: Ci −! P1C for each connected component Ci of X(R) even for

the case X(R) = ∅.

Unlike the generality results above, we will follow a direct approach to the problem.

We will fix our real curveX according to the minimal degree map that it admits to P1
C

for small degrees. Hyperelliptic and trigonal curves are the first ones to look at. Let

n(Y ) be the number of connected components of the real locus Y (R) for any variety

Y defined over R. By the same analogy with Harnack’s inequalities (1.1.1), a natural

topological question for the real Brill-Noether theory is calculating n(W r
d (XC)). The

answer for the case r = 0 is already known for any curve [6]:

n(W 0
d ) =

bd/2c∑
s=0

(
n(X)

d− 2s

)
when n(X) > 0. (1.1.2)

1.2 Hyperelliptic Case

Definition 2. A curve X is called hyperelliptic if there is a degree 2 map X −! P1C.

When g ≥ 1, there is a unique linear system |E| ∈ W 1
2 (XC) of degree 2 such that

h0(XC,OXC(E)) = 2. It is also known that if d ≤ g, then any element |D| ∈
W r
d (XC) can be written as

|D| = r|E|+D0 (1.2.1)

for some effective divisor D0 [1, Page 13]. Furthermore, |E| ∈ Pic(X)(R) [6,

3



Proposition 6.1]. Let φ : Pic(X) −! J(X) be the usual Abel map and H := φ(|E|)
be the image of the hyperelliptic class. Then inside the Jacobian we have

φ(W r
d (XC)) = rH + φ(W 0

d−2r(XC)).

Note that φ is an injective morphism and H is a real point. Then we can obtain the

information n(W r
d (XC)) from n(W 0

d−2r(XC)) which is already determined by (1.1.2).

1.3 Outline of the Results

Chapter 2 briefly covers the following preliminary topics.

• Real structures on a complex variety and some results on topology of real

curves,

• Real linear systems, their invariants and corresponding points in W r
d (XC)(R),

• Classical Brill-Noether results and the Abel-Jacobi map,

• Proof of (1.1.2) as it will play a huge role for our calculations,

• Maroni theory for trigonal curves.

Recall that the Maroni invariant of a given trigonal curve π : X ! P1C is the unique

integer m satisfying the inequalities

g − 4

3
≤ m ≤ g − 2

2

such that

π∗KX
∼= OP1(g − 2−m)⊕OP1(m)⊕OP1(−2),

where KX is the canonical bundle of X . This theory tells us that the canonical model

of X in Pg−1 lies on a surface S isomorphic to the Hirzebruch surface

P(OP1(g − 2−m)⊕OP1(m)) −! P1C.

It is known that W r
d := W r

d (XC) has at most two irreducible components, namely

U r
d and V r

d . As in the hyperelliptic case, the number of connected components of real

loci of these irreducible components can be calculated with the help of (1.1.2).
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Let σ be the anti-holomorphic involution on XC induced by complex conjugation.

In Chapter 3 we will make n(U r
d ) and n(V r

d ) precise. Then we focus on the case

r = 1. In order to calculate or bound n(W 1
d ) we must find the conditions for which

the intersection U1
d (R) ∩ V 1

d (R) is non-empty. If T is a divisor of degree 3 on XC

such that h0(XC,OXC(T )) = 2, then this will be equivalent to finding divisors D1

and D2 such that

• deg(D1) = g − 3 and deg(D2) = 2d− g − 2,

• σ(Di) = Di for each i = 1, 2, (1.3.1)

• D1 +D2 ∼ KX − (g − d+ 1)T.

In the rest of Chapter 3 we find good conditions on d, g and m that provide us easier

way to find such divisors D1 and D2.

In Chapter 4 we start with the natural bounds obtained by (1.1.2):

0 ≤ n(W r
d ) ≤

b d−3r
2
c∑

s=0

(
n(X)

d− 3r − 2s

)
+

b s(d,r,g)
2
c∑

s=0

(
n(X)

s(d, r, g)− 2s

)
, (1.3.2)

where s(d, r, g) = 2(d−1)−g−3(r−1). Then we show that a connected component

of U1
d (R) may intersect with at most one connected component of V 1

d (R) and vice

versa. This will allow us to have a non-trivial lower bound:

Corollary 3. If 0 < g − d ≤ m, then

n(W 1
d ) ≥

b d−3
2
c∑

s=0

(
n(X)

d− 3− 2s

)
.

Using the conditions obtained in Chapter 3 we upgrade the upper bound as well.

Indeed, when d = g −m and d > (g + 2)/2, we have the linear equivalence

KX − (g − d+ 1)T ∼ (2d− g − 3)T +D,

where D is a fixed effective divisor of degree 2g− 3d+ 4 so that we can make a great

use of points in the support of the trigonal divisor T while finding divisors D1 and D2

satisfying the conditions (1.3.1).

5



Theorem 4. Let X be a real trigonal curve of genus g and Maroni invariant m such

that m < g−3
2

and g ≥ 5. If d = g −m, then

b d−3
2
c∑

s=0

(
n(X)

d− 3− 2s

)
≤ n(W 1

d ) ≤
(
n(X)− 1

2d− g − 2

)
+

b d−3
2
c∑

s=0

(
n(X)

d− 3− 2s

)
.

Finally, when we put another condition 2g − 3d + 4 = 1, we minimize the effect of

base locus D and count the number exactly.

Theorem 5. LetX be any real trigonal curve of genus g and Maroni invariantm such

that g ≡ 0 (mod 3), g > 5 and m = g−3
3

. If d = 2g+3
3
, then we have

n(W 1
d ) =

(
n(X)− 1

2d− g − 2

)
+

b d−3
2
c∑

s=0

(
n(X)

d− 3− 2s

)
,

Note that in this case n(W 1
d ) attains its maximum.

In Chapter 5 we discuss the results and the existence of such real trigonal curves.

1.4 Notations and Conventions

We will use the following notations:

• X is a smooth projective geometrically irreducible variety defined over R.

• dimC(X) = 1 after Section 2.2.

• X(R) 6= ∅.

• Pic(X) is the Picard variety of X parametrizing linear systems.

• A linear system is assumed to be complete.

• KX is the canonical line bundle on X or corresponding divisor class.

6



CHAPTER 2

PRELIMINIARIES ON REAL LINEAR SERIES AND TRIGONAL CURVES

In this chapter we recall basic definitions and facts about real linear series, the varieties

parametrizing them and trigonal curves.

2.1 Real Structure on a Variety

We start with real structures on complex varieties.

Definition 6. An R-variety is a variety X defined over C together with a continuous

involution σ on X such that for any open U ∈ X and f ∈ OX(U),

f ◦ σ ∈ OX(σ(U)),

where ¯ denotes the usual complex conjugation on Cn.

The involution σ is called a real structure on X .

Lemma 7. If Y ⊂ X is a subvariety, where X is an R-variety with a real structure

σ, then the restriction τ = σ|Y of σ to Y defines a real structure on Y if σ(Y ) ⊂ Y.

In this case Y is called an R-subvariety of X .

Proof. First note that τ is an involution on Y by the assumption σ(Y ) ⊂ Y . Take any

open U ⊂ Y and any f ∈ OY (U). We want to show

f ◦ τ ∈ OY (τ(U)).

Let y ∈ τ(U) be any point. Then τ(y) ∈ τ(τ(U)) = U . By definition of f ∈ OY ,

there is an open neighborhood V ⊂ X of τ(y) such that

g|U∩V = f |U∩V

7



for some g ∈ OX(V ). This yields

g|σ(U∩V ) = f |σ(U∩V ). (2.1.1)

Since σ is a real structure on X if we let k = g ◦σ, we have k ∈ OX(σ(V )). As σ is a

continuous involution, σ−1 = σ is a continuous inverse so that σ is a homeomorphism.

So we get σ(U ∩ V ) = σ(U) ∩ σ(V ) = τ(U) ∩ σ(V ). Then (2.1.1) yields

f ◦ τ |τ(U)∩σ(V ) = f ◦ σ|τ(U)∩σ(V ) = g ◦ σ|τ(U)∩σ(V ) = k|τ(U)∩σ(V ).

Summarizing, for each point y ∈ τ(U), there is an open neighborhood σ(V ) ⊂ X of

y such that f ◦ τ |τ(U)∩σ(V ) = k|τ(U)∩σ(V ) for some k ∈ OX(σ(V )) This shows that

f ◦ τ ∈ OY (τ(U)).

Definition 8. If X and Y are two R-varieties with real structures σX and σY , then a

morphism of varieties φ : X −! Y is called real if

σY ◦ φ = φ ◦ σX .

Definition 9. Given an R-variety with a real structure σ, by X(R) we mean the σ-

invariant points of X , i.e, X(R) := {x ∈ X|σ(x) = x}. Then n(X) stands for the

number of connected components of the real locus X(R).

Remark 10. SayX and Y areR-varieties with real structures σX and σY , respectively,

together with a real morphism φ : X −! Y .

1. Since φ is continuous and commutes with real structures, it induces a continuous

map

φR : X(R) −! Y (R)

of topological spaces.

2. If X is non-singular and X(R) 6= ∅, then X(R) has a differentiable manifold

structure of real dimension equal to dimC(X) [8, Proposition 2.2.27].

Remark 11. 1. If X is a projective variety defined over R, then it is isomorphic

to a variety Y ⊂ PnC whose ideal has an R-basis. Then we have σP(Y ) ⊂ Y ,

8



where

σP : PnC −! PnC

[x0 : ... : xn] 7−! [x0 : ... : xn]

is the real structure on PnC given by complex conjugation so that σP|Y makes

Y an R-variety.

2. Conversely, any R-variety X which is also projective is isomorphic to a variety

Y ⊂ PmC defined over R. Furthermore, this isomorphism of complex varieties

is given by a real morphism [8, Theorem 2.1.33].

We will be dealing with projective varieties and will not distinguish between R-

varieties and varieties defined over R.

Notation: If we are given a real structure σX on X , we will use XC to emphasize

that we are using the complex variety structure of X . By X(C), we mean the set of

complex points of X .

Definition 12. Let X be a real, non-singular, projective curve of genus g. Then

it is called separating if the complement X(C) \ X(R) is disconnected. We write

a(X) = 0 in this case. Otherwise, a(X) = 1. The triple
(
n(X), g, a(X)

)
is called

the topological type of X .

We have the following theorem on the topological types of curves.

Proposition 13. 1. 0 ≤ n(X) ≤ g + 1.

2. If n(X) = 0, then a(X) = 1. If n(X) = g + 1, then a(X) = 0.

3. If a(X) = 0, then n(X) ≡ g + 1 (mod 2).

Proof. See [6, Proposition 3.1].

2.2 Real Linear Systems

From now on we assume thatX is a geometrically irreducible, non-singular, projective

curve of genus g defined over R with a real structure σ such that X(R) 6= ∅.

9



The action of σ onX can be linearly extended to the divisor group Div(XC) by letting

σ(D) =
∑
p∈XC

np[σ(p)] for any D =
∑
p∈XC

np[p] ∈ Div(XC).

Definition 14. A divisorD onXC is called real if it satisfies σ(D) = D. Such divisors

together form the real divisor group Div(X) of X .

Definition 15. Let d and r be non-negative integers. A (complete) grd on XC is a

linear system

|D| = P
(
H0(XC,OXC(D))

) ∼= P
({
f ∈ C(X)∗| div(f) +D ≥ 0} ∪ {0}

)
on XC, where D ∈ Div(XC) such that deg(D) = d and r(D) := h0(XC,OXC(D))−
1 = r is its projective dimension.

If f ∈ C(X)∗ and z : U −! C is any local coordinate, where U ⊂ X is open,

then we let σ
(
f(z)

)
= f(σ(z)) : σ(U) −! C so that σ acts on the principal divisor

div(f) by σ
(
div(f)

)
= div

(
σ(f)

)
. Using this we describe the action of σ on Pic(X)

as well. Indeed, we have

σ|D| =
{
σ(D) + σ

(
div(f)

)
|f ∈ C(X)∗, D + div(f) ≥ 0

}
=

{
σ(D) + div

(
σ(f)

)
|f ∈ C(X)∗, σ

(
D + div(f)

)
≥ 0

}
=

{
σ(D) + div(g)|g ∈ C(X)∗, σ(D) + div(g) ≥ 0

}
=|σ(D)|.

Remark 16. The equality σ|D| = |σ(D)| in particular shows that the dimension of

|D| and σ|D| are the same. So we may conclude that σ takes a grd to a grd.

We may wonder whether the image of a linear system under σ corresponds to the

same linear system. The following definitions connect this question to real divisors.

Definition 17. A linear system |D| is called σ-invariant if σ(E) ∼ E for every

E ∈ |D|.

Let us note that σ-invariant linear systems correspond to the real locus Pic(X)(R),

i.e, the points |D| ∈ Pic(X) such that σ|D| = |D|.

10



Definition 18. A linear system is called real if it contains a real divisor.

Remark 19. 1. A real linear system |D| is σ-invariant.

Without loss of generality, we may assume that D is real. If E ∈ |D|, then E =

D+div(f) for some f ∈ H0(XC,OXC(D)). Then σ(f) ∈ H0(XC,OXC(σ(D))).

Hence, we have

σ(E) = σ
(
D + div(f)

)
= σ(D) + σ

(
div(f)

)
∼ σ(D)

= D

∼ E

2. The converse also holds. If X(R) 6= ∅, then any σ-invariant linear system must

contain a real divisor [6, Proposition 2.2].

Therefore the notion of real linear systems will be used for both real and σ-invariant

linear systems.

Example 20. The canonical class KX is a real gg−12g−2 on XC, i.e, a real linear system

that corresponds to a gg−12g−2 on XC.

Proof. We know that deg(KX) = 2g−2 and r(KX) = g−1. Let us take any effective

divisor D ∈ Div(XC) of degree 2g− 2 satisfying h0(XC,OXC(D)) = g. Then by the

Riemann-Roch formula we have

g = h0(XC,OXC(D)) = 2g − 2− g + 1 + h0(XC, KX(−D))

which leaves us h0(XC, KX(−D)) = 1. Since deg(KX −D) is 0, we have D ∈ KX .

This shows that the class KX is the unique gg−12g−2. Since σ(KX) is also a gg−12g−2 on XC,

we must have KX = σ(KX). Hence, KX is real.

Let us add a linear algebra fact that we will use in the future.

Lemma 21. Let E be a finite dimensional vector space over C together with a map

σ : E −! E such that

• σ ◦ σ = idE
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• σ(λe) = λσ(e) for every e ∈ E and λ ∈ C.

If Eσ = {e ∈ E|σ(e) = e} is the set of σ-invariant points of E, then dimRE
σ =

dimCE. Furthermore, any R-basis for Eσ corresponds to a C-basis for E.

Proof. See Lemma A.7.3 in [8].

Remark 22. Say D ∈ Div(X) defines a real grd.

1. There exist real sections s0, ..., sr generating the complex vector spaceH0(XC,O(D))

by Lemma 21.

2. If |D| is base point-free, then the map

φD : X −! PrC

x 7−! [s0(x) : ... : sr(x)]

is real.

3. A real divisor in |D| is of the form D + div(f) for some f ∈ R(X)∗ ∩
H0(XC,O(D)). The set of all real divisors in |D| then corresponds to Pr(R) in

PrC = |D| = P
(
H0(XC,OXC(D))

)
.

Definition 23. [7, Page 23] For a real divisor D =
∑
p∈X

np[p], we define δ(D) to be

the number of connected components C of X(R) such that degC(D) :=
∑
p∈C

np is

odd.

Proposition 24. If D is any real effective divisor of degree d, then

δ(D) ≤ min{n(X), d} and δ(D) ≡ d mod 2.

Proof. SayC1, ..., Cn(X) are the connected components ofX(R). Let us write PCi
(D) =

0 if degCi
(D) is even and PCi

(D) = 1, otherwise. Then we have the relations

δ(D) =

n(X)∑
i=1

PCi
(D) ≤

n(X)∑
i=1

1 = n(X),

δ(D) =

n(X)∑
i=1

PCi
(D) ≤

n(X)∑
i=1

degCi
(D) = deg(D) = d.

12



Note that degCi
(D)− PCi

(D) is by definition an even number for each i. This yields

δ(D) =

n(X)∑
i=1

PCi
(D) ≡

n(X)∑
i=1

degCi
(D) (mod 2)

≡ d (mod 2).

Proposition 25. [6, Lemma 4.1] If f ∈ R(X)∗, then δ (div(f)) = 0.

Proof. SayC is any connected component ofX(R). Then f |C gives rise to a continuous

map f |C : C ! P1R. Note that C is a smooth, compact, connected 1-manifold

by Remark 10. Then, it must be homeomorphic to P1R. If φ : P1R ! C is a

homeomorphism, consider the composition f |C ◦ φ : P1R ! P1R. Once we go around

the domain with respect to a chosen orientation, the total number of sign changes

on the image is even. Since φ is a bijection, by definition of f |C this number also

corresponds to the number of points of C contained in the divisor div(f) with odd

multiplicity. Points in div(f) with even multiplicity do not contribute to degC(div(f))

modulo 2. Therefore degC (div(f)) is even and div(f) has no pseudo-line.

If D is a real effective divisor, then δ(D) = δ (D + div(f)) = for any f ∈ R(X)∗ by

Lemma 25. So, we can extend the previous definition further to real linear systems.

Given a real linear system |E|, we let δ(|E|) = δ(D) for any real D ∈ |E|.

Definition 26. For a given real linear system |E|, any connected component of X(R)

contributing to δ(|E|) is called a pseudo-line for |E|.

Example 27. Consider a real plane curve X ⊂ P2C of degree d. Traditionally, a

connected component of X(R) which intersects with a line L ∈ P1(R) in an odd

number of points is called a pseudo-line of X . Note that any effective divisor from

the linear system |OX(1)| is cut out onX by the lines in P2C. According to the previous

definition, a connected component is a pseudo-line of X if and only if it is a pseudo-

line for |OX(1)|.

A similar results to Proposition 25 holds for the canonical class KX as well.

Proposition 28. δ(KX) = 0.
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Proof. See Proposition 2.1 in [4].

2.3 Brill-Noether Theory

Consider the d-fold product Xd of X and the symmetric group Sd of all permutations

on d symbols. Sd has a natural action on Xd:

Xd × Sd −! Xd

((p1, ..., pd), α) 7−! (pα(1)..., pα(d))

The quotient Xd := Xd/Sd is called the d-fold symmetric product of X and it is

a smooth, projective variety of dimension d [5, Page 236]. Its points by definition

correspond to effective divisors of degree d on XC. Let s : Xd −! Xd be the

quotient map and we define the following map

u : Xd −! Picd(X)

D 7−! |D|,

where Picd(X) is the subvariety of Pic(X) containing degree d linear systems.

Definition 29. A divisor D ∈ Div(XC) is called special if h1
(
XC,OXC(D)

)
> 0.

Proposition 30. If D is special, then deg(D) ≤ 2g − 2.

Proof. If deg(D) > 2g − 2, then deg(KX − D) < 0. Since degree is invariant

under linear equivalence, there can not be any effective divisor linearly equivalent to

a divisor of negative degree. Hence, h0(XC, KX(−D)) = 0 = h1
(
XC,O(D)

)
.

Theorem 31. Let D be a special divisor of degree d on XC. Then

r(D) ≤ d/2.

Moreover, if equality holds then D is linearly equivalent to either zero divisor or KX

or a multiple of a hyperelliptic divisor (a divisor that defines a g12).

Proof. See Clifford’s Theorem in [1, Page 107].
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Note that the same version of this theorem holds for line bundles and linear systems

as well. In these cases instead of linear equivalence we have isomorphism of line

bundles and equality of linear systems.

Lemma 32. [1, Page 108] Let r be any positive integer and D ∈ Div(XC). r(D) ≥ r

if and only if for any r points p1, ..., pr in XC, there is a divisor in |D| containing

p1, ..., pr.

Proof. For any divisorD ∈ Div(XC) and point p ∈ XC, we know that h0(XC,OXC(D))−
h0(XC,OXC(D − p)) = 0 if p is a base-point for |D|. Otherwise the difference is 1.

Let us use induction on r: Say we have a point p ∈ XC.

r(D) ≥ 1 =⇒ h0(XC,OXC(D)) > 1 =⇒ h0(XC,OXC(D − p)) > 0

Equivalently, the linear system |D − p| is nonempty, i.e, there is an effective divisor

D′ ∈ |D − p| so that D′ + p is in |D| and it is effective.

Conversely, for any p ∈ XC if there is a divisor |D| containing p, then h0(XC,OXC(D)) >

0. Let us choose p so that it is not a base-point of |D| (a linear system can admit

finitely many base-points, otherwise we could obtain a divisor of negative degree and

positive dimension by substracting enough points). Then there is a divisor D′ ∈ |D|
such that h0(X,OXC(D′− p)) > 0. Since p is not a base point for |D| = |D′|, we get

h0(XC,OXC(D′)) = h0(XC,OXC(D)) > 1 which gives us the inequality r(D) ≥ 1.

Now we assume that the statement holds for r = k for some k ≥ 1. Say r(D) ≥
k ≥ 1 and we are given points p1, ..., pk ∈ XC. By the initial step, there is a divisor

D′ ∈ |D| containing the first point p1. In this case we have r(D′− p1) ≥ k− 1. Then

we can find another divisorD′′ ∈ |D′−p1| containing the k−1 points p2, ..., pk thanks

to the inductive step. So we can write D′′ + p1 ∼ D′ ∼ D so that D′′ + p is effective

and contains p1, ..., pk.

The converse similarly holds: Assume that given any r points, there is a divisor in |D|
containing all of them. Choose p1, ..., pk such that p1 is not a base point of |D| and the

others are arbitrary. If there is D′ ∈ |D| containing p1, ..., pk, then D′ − (p2 + ...pk)

is effective. Then r(D′) = r(D) ≥ k − 1. Suppose that the strict equality r(D′) =

r(D) = k − 1 holds. Since p2, ..., pk are arbitrary and D′ − p1 is an effective divisor

15



containing these points, by the inductive step we have r(D′ − p) ≥ k − 1. This

contradicts with the choice that p1 is not not a base point for |D′| = |D|. We obtain

r(D) ≥ k.

Corollary 33. If D,D′ are any two effective divisors on XC, then

r(D +D′) ≥ r(D) + r(D′)

Proof. Say we have any r(D) + r(D′) points pi for i = 1, ..., r(D) + r(D′). Then

by Lemma 32, there exist divisors E ∈ |D| and E ′ ∈ |D′| such that both of the

divisors E − (p1 + ... + pr(D)) and E ′ − (pr(D)+1 + ... + pr(D)+r(D′)) are effective.

This implies that E + E ′ contains each pi. Since these points are all arbitrary and

E + E ′ ∈ |D +D′|, the corollary follows by Lemma 32.

Let W r
d (XC) ⊂ Picd(X) be the Brill-Noether variety parametrizing special linear

systems on XC of projective dimension at least r. We state some of the classical Brill-

Noether results.

Theorem 34. [1, Chapter IV] Suppose that d and r are integers such that d ≥ 1 and

r ≥ 0.

1. If r ≥ d− g and ρ = g− (r+ 1)(g− d+ r) ≥ 0, then W r
d (XC) 6= ∅ and every

irreducible component of W r
d (XC) has dimension at least equal to ρ.

2. If ρ ≥ 1, then W r
d (XC) is connected.

When the curve is general, the theory goes much deeper in terms of smoothness and

dimension results (even if ρ is negative). However, we will be dealing with mostly

trigonal curves and we can not interpret them as general curves in the moduli space

Mg.

Remark 35. 1. u(Xd) = W 0
d (XC), where u : Xd −! Picd(X) is the map

defined by u(D) = |D|.

For every D ∈ Xd, h0(XC,OXC(D)) ≥ 1 by the effectiveness of D so that

r(|D|) ≥ 0. Conversely, any linear series |E| ∈ Picd(X) such that r(|E|) =

h0(XC,OXC(E))− 1 ≥ 0 must contain an effective divisor of degree d, say D.

Then u(D) = |D| = |E|.
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2. Both maps s : Xd −! Xd and u : Xd −! Picd(X) introduced above are real

maps.

For any points p1, p2, ..., pd ∈ X , we have

s
(
σ(p1, ..., pd)

)
= s
(
σ(p1), ..., σ(pd)

)
= σ(p1) + ...+ σ(pd)

= σ(p1 + ...+ pd)

= σ
(
s(p1, ..., pd)

)

by the additivity of σ. This shows that s is real.

Recall by Remark 16 that σ|D| = |σ(D)| for any D ∈ Xd. Equivalently, we

may write σ
(
u(D)

)
= u

(
σ(D)

)
so that σ and u commute.

3. W r
d (XC) is a real subvariety of Pic(X).

By Remark 16, we have σ
(
W r
d (XC)

)
= W r

d (XC). This equality makesW r
d (XC)

a real subvariety of Pic(X) by Lemma 7.

Let C1, C2, ..., Cn(X) be the connected components of X(R). We recall an important

proposition, together with its proof, as we will use it later.

Proposition 36. [6, Proposition 3.2]

1. n(Xd) =

bd/2c∑
s=0

(
n(X)

d− 2s

)
.

2. If n(X) > 0, then n(W 0
d ) = n(Xd).

Proof. Let us define

Q = {(p, p̄) ∈ X(C)×X(C)} ⊂ X2

together with

U(i1, ..., ik) = Ci1 × Ci2 × ...× Cik ×Qs ⊂ Xd

when d = k + 2s. Since s : Xd −! Xd is the quotient map and these sets are

connected, it is enough to consider the indices i1, ..., ik in a non-decreasing order

i1 ≤ i2 ≤ ... ≤ ik so that the image will be covered.
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The intersections occur only when we have an equality at any step, say ij = ij+1. In

this case, the images of the sets U(i1, ..., ij, ij+1, ..., ik) and U(i1, ..., ij−1, ij+2, ..., ik)

will have an intersection point pi1 + pi2 + ...+ pij−1
+ p+ p+ pij+2

+ ...+ pik where

pil ∈ Cil for each l = 1, ..., j − 1, j + 1, ..., k and p ∈ Cij .

Hence, in order to find n(Xd) we need to count the number of distinct indices in

increasing order (i1, ..., ik) such that d− k is non-negative, even and 1 ≤ ij ≤ n(X)

for each j between 1 and k (together with an empty set of indices standing for U(0) =

Qd/2 when d is even). We obtain the following count:

n(Xd) =

(
n(X)

d

)
+

(
n(X)

d− 2

)
+ ...+

(
n(X)

d− 2bd/2c

)
=

bd/2c∑
s=0

(
n(X)

d− 2s

)

We know that the image of u : Xd −! Picd(X) is W 0
d (XC) by Remark 35. Let

us take any |A| ∈ W 0
d (XC)(R). Since the linear series is real, it must contain a real

divisor, say B with u(B) = |B| = |A|. This shows that we still have the surjectivity

u
(
Xd(R)

)
= W 0

d (XC)(R) in the level of uR : Xd(R) −! Picd(X)(R) so that

n(Xd) ≥ n(W 0
d ).

Let us show that u takes connected components to connected components. Say we

have two real divisors D,E ∈ Xd(R) such that the images under u coincide, i.e,

|D| = |E|. Then D = E + div(f) for some f ∈ R(X)∗.

By Proposition 25, we know the equality δ(D) = δ(E). Moreover, D and E have the

same pseudo-lines. Notice by the above construction that the connected components

ofXd(R) are seperated exactly according to the pseudo-lines of their points. Therefore

we may conclude that D and E are on the same component on Xd(R). This proves

the other inequality n(Xd) ≤ n(W 0
d ).

Let us choose real differentials ω1, ..., ωg forming a basis for H0(XC, KX) by Lemma

21 and a basis γ1, ..., γ2g for H1(X,Z). Then we let J(X) = Cg/Λ be the Jacobian

of X , where Λ = ZΩ1 + ...+ ZΩ2g is a rank-2g period lattice generated in Cg by
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Ωi =

(∫
γi

ω1, ...,

∫
γi

ωg

)t
for each i = 1, ..., 2g.

Choosing a real point p0 ∈ X(R) one version of the Abel-Jacobi map is defined by

the holomorphic map

ϕ : X −! J(X)

p −!
(∫ p0

p

w1, ...,

∫ p0

p

wg

)
.

Remark 37. ϕ is real.

We must first show that the lattice Λ is closed under σ operation. If α is any cycle in

H1(X,Z), then the conjugate cycle σ(α) is also there. So, σ
∫
α
wi =

∫
σ(α)

σ(wj) =∫
σ(α)

wi ∈ Λ for each i = 1, ..., g. It is then enough to show that σ and ϕ commute.

σ
(
ϕ(p)

)
=

(∫ σ(p0)

σ(p)

σ(w1), ...,

∫ σ(p0)

σ(p)

σ(wg)

)
=

(∫ p0

σ(p)

w1, ...,

∫ p0

σ(p)

wg

)
ϕ
(
σ(p)

)
.

We can extend this map to Xd by linearity as follows: For any degree d divisor D =∑
i pi we let

ϕ(D) =

(∑
i

∫ p0

pi

ω1, ...,
∑
i

∫ p0

pi

ωg

)
.

Let us state Abel’s theorem now.

Abel’s Theorem. If D,D′ ∈ Xd, then D ∼ D′ if and only if ϕ(D) = ϕ(D′).

Proof. See page 235 in [5].

As a concequence of Abel’s Theorem, the map ϕ : Xd −! J(X) has a factorization

ϕ = φ ◦ u : Xd
u−! Pic(X)

φ−! J(X). Furthermore, φ is real and injective.

Remark 38. If we identify the varietyW r
d (XC) with its holomorphic image φ

(
W r
d (XC)

)
⊂

J(X) and use the proof of Proposition 36 we can denote the corresponding connected
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component of W 0
d (R) inside J(X) containing the image of U(i1, ..., ik) under φ ◦ u

by V (i1, ..., ik) (and the one containing the image of Qd/2 by V (0) when d is even).

Observe that δ(|D|) = k for each φ(|D|) ∈ V (i1, ..., ik) since any such effective

divisor D lies in the component containing the image of Ci1 × ..× Cik ×Qd−2k and

all the i′js are different from each other. Also given such a number k, there exist

exactly
(
n(X)

k

)
components of W 0

d (R) whose points have their δ equal to k.

2.4 Trigonal Curves

Recall that a curve X is called trigonal if it admits a degree 3 map π : X −! P1C. In

this case let L = π∗(O(1)) be the trigonal bundle and T be the corresponding g13 . At

this moment let us recall the following lemma.

Lemma 39. Let C be a smooth complex curve, L and F be invertible sheaves on C

and s1 and s2 be linearly independent sections of L with no common zeros such that

they generate the space V . Then the kernel of the cup product map

V ⊗H0(X,F) −! H0(X,F ⊗ L)

is isomorphic to H0(X,F ⊗ L−1).

Proof. See Base-Point-Free Pencil Trick in [1, Page 126].

Proposition 40. If g ≥ 5, then T is unique.

Proof. Let’s say we have another divisor L′ that is not linearly equivalent to L and

corresponds to a g13 on X , where L is any divisor from the trigonal linear system T .

Then by Corollary 33, we get

r(L+ L′) ≥ r(L) + r(L′) = 2.

Also by the Riemann-Roch formula, we have

h1(X,OX(L+L′)) = h0(X,OX(L+L′))−deg(L+L′)+g−1 ≥ 3−6+g−1 = g−4 > 0

for g ≥ 5 so that L+ L′ is special.
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Note that h0(X,OX(L)) = 2 and we can find sections s1 and s2 with no common

zeros generating H0(X,OX(L)) as L corresponds to a non-constant map π : X −!
P1. Then by Lemma 39, we have a map

H0(X,OX(L))⊗H0(X,OX(L′)) −! H0(X,OX(L+ L′))

whose kernel has dimension equal to h0(X,OX(L′ − L)). By the assumption L′ �

L we have h0(X,OX(L′ − L)) = 0. Then h0(X,OX(L + L′)) ≥ 4. Note that

deg(L + L′) = 6 is equal to neither zero nor 2g − 2 as g ≥ 5. So, L + L′ can not be

linearly equivalent to the zero divisor or KX .

We also claim that there is no g12 on X. Otherwise T would be of the form

g12 + p

by (1.2.1). Since T has no base points, this is impossible. Therefore we have a

contradiction by Theorem 31.

We need the following theorem to make the necessary cohomological calculations.

Theorem 41. [9, Chapter 1] Assume g ≥ 5. Then

(1) π∗KX
∼= OP1(a)⊕OP1(m)⊕OP1(−2), where a and m are integers satisfying

a ≥ m, a+m = g − 2 and 3a ≤ 2g − 2.

(2) For each integer k, we have

H0(X,KX ⊗ Lk) ∼=H0(P1, π∗KX ⊗OP1(k))

∼=H0(P1,OP1(a+ k))⊕H0(P1,OP1(m+ k))

⊕H0(P1,OP1(k − 2)).

Proof. Note that X ! P1 is a constant degree map of smooth, projective curves.

Then the direct image π∗KX must be a rank 3 locally free sheaf on P1. Also we know

that any such sheaf on P1 splits into a direct sum of line bundles as follows

π∗KX
∼= OP1(a)⊕OP1(m)⊕OP1(e), (2.4.1)

where a,m and e are the unique integers with a ≥ m ≥ e [13, Theorem 18.5.6].
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Now by the projection formula [13, 16.3.H], we get the isomorphisms

π∗(KX)⊗OP1(k) ∼= π∗(KX ⊗ π∗(OP1(k))) ∼= π∗(KX ⊗ Lk). (2.4.2)

Also by Leray’s theorem [13, 23.4.5], there is a spectral sequence with E2 term is

given by

Ep,q
2 = Hq(P1, Rpπ∗F )

converging to Hp+q = Hp+q(X,F ), where F = KX ⊗ Lk.

Note thatHp+q(X,F ) = 0 unless 0 ≤ p+q ≤ 1 as dimX = 1. Since π is a morphsim

of projective varieties with finite fibers, all the higher pushforwards Rp(π∗F ) vanish

for each p > 0 [13, 18.8.5]. Therefore Ep,q
2 is trivial unless 0 = p ≤ q ≤ 1.

So we may write a short exact sequence [15, Page 124]

0 −! E2
0,q −! H0+q = H0(P1,R0π∗F ) −! E2

1,q−1 −! 0

for each q. In particular, for q = 0 we get

H0(P1, π∗(KX ⊗ Lk)) ∼= H0(X,KX ⊗ Lk).

Composing with (2.4.1) and (2.4.2) we get

H0(X,KX ⊗ Lk) ∼=H0(P1, π∗(KX)⊗OP1(k))

∼=H0(P1,OP1(a+ k))⊕H0(P1,OP1(m+ k))

⊕H0(P1,OP1(e+ k)).

For k > max{−e, 0}, using the Riemann-Roch formula we get

h0(X,KX ⊗ Lk) =2g − 2 + 3k − g + 1− h0(X,L−k) = a+m+ e+ 3k + 3

which yields a+m+ e = g − 4 since h0(X,L−k) for k > 0.

When k = 0, we obtain

g = h0(P1,O(a)) + h0(P1,O(m)) + h0(P1,O(e)). (2.4.3)

If e ≥ 0, then this equation becomes g = a+m+ e+ 3 which would contradict with

a + m + e = g − 4. So we must have e < 0. In this case h0(P1,O(e)) = 0 so that

a+m = g − 2 by (2.4.3) and hence, e = g − 4− a−m = −2.
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Finally, for k = −a we have by the duality

h1(X,La) = h0(X,K⊗L−a) = h0(P1,O)+h0(P1,O(m−a))+h0(P1,O(−2−a)) ≥ 1

as h0(P1,O) = 1. This means that La is special on X . In this case its degree can not

exceed 2g − 2. This proves the last inequality 3a ≤ 2g − 2.

Here m is called the Maroni invariant of the curve X and it satisfies the following

inequalities:

0 <
g − 4

3
≤ m ≤ g − 2

2
, a = g − 2−m. (2.4.4)

Now let us fix s(d, r, g) := 2(d− 1)− g − 3(r − 1), κ := φ(KX), τ := φ(T ), where

φ : Pic(X) ! J(X) is the Abel map. Let us use W r
d for W r

d (XC). We can define the

following sets:

U r
d =

 rτ +W 0
d−3r, if d− 3r ≥ 0

∅, otherwise

 ,

V r
d =

 κ−
(
(g − d+ r − 1)τ +W 0

s(d,r,g)

)
, if s(d, r, g) ≥ 0

∅, otherwise

 .

Theorem 42. For d < g and r ≥ 1, we have

(1) W r
d = U r

d ∪ V r
d

(2) If U r
d 6= ∅, then U r

d is an irreducible component of W r
d (X)

(3) Suppose that V r
d 6= ∅. Then also U r

d 6= ∅ and V r
d is an irreducible component

of W r
d different from U r

d if and only if g − d+ r − 1 ≤ m.

Proof. See Proposition 5 in [9].

Remark 43. Suppose that r = 1 and g−d ≤ m. Then the condition g−d+r−1 ≤ m
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is satisfied. We have

s(d, 1, g) = 2(d− 1)− g − 3(1− 1) =2(d− 1)− g

≥2(g −m− 1)− g

=g − 2− 2m

=a−m

≥0

so that V 1
d 6= ∅. Hence, if the inequality g−d ≤ m holds, thenW 1

d has two non-trivial

irreducible components U1
d and V 1

d .

Let us use the main assumption that X is a real curve. Since T is the uniqe g13 , it must

be real and π is defined over R. By Lemma 24 we have either δ(T ) = 1 or δ(T ) = 3.

As usual, say C1, ..., Cn(X) are the connected components of X(R).

Proposition 44. [6, Page 129] If δ(T ) = 3, then n(X) = 3 and g is even.

Proof. Take a point p ∈ Ci for any i = 1, ..., n(X). Then π(p) ∈ P1(R) as π is

defined overR. π∗(π(p)) is an effective divisor of degree 3 in T . The claim here is that

this divisor is real. Suppose to the contrary that it is not. Since it contains a real point

p, it must contain a non-real point p0 ∈ X(C) \ X(R) such that σ(p0) /∈ π∗(π(p)).

Say we have π∗(π(p)) = p+ p0 + p1 satisfying this condition. Since p+ p0 + p1 ∈ T ,

using the fact that T is real, we get

p+ σ(p0) + σ(p1) = σ(p+ p0 + p1) ∼ σ(T ) ∼ T

∼ p+ p0 + p1

so that σ(p0)+σ(p1) ∼ p0+p1. Note that p0 is not real. Also p0 and p1 are not complex

conjugates. Then σ(p0) + σ(p1) 6= p0 + p1 as divisors so that |p0 + p1| contains an

effective divisor other than p0 + p1 itself. This linear system is then actually a g12 . But

we know that a trigonal curve of genus bigger than 4 can not possess a g12 . Therefore

the assumption that π∗(π(p)) is not real can not be true.

Now that π∗(π(p)) is a real divisor in T , we get δ(π∗(π(p))) = 3. This means that

points of π∗(π(p)) must be from different components of X(R). As p ∈ π∗(π(p)), Ci
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is a pseudo-line for π∗(π(p)). Since i is arbitrary, any component is a pseudo-line for

π∗(π(p)). Therefore n(X) = 3.

Parity of g comes from the fact that n(X) ≡ g + 1 (mod 2) when a(X) = 0 by

Proposition 13. To see the equality a(X) = 0, when δ(T ) = 3, the morphism π :

X(R) −! P1(R) induced by T is a degree 3 real cover so that π−1(P1(R)) = X(R).

Then π
(
X(C)\X(R)

)
= P1(C)\P1(R) is disconnected, so is X(C)\X(R). Hence

a(X) = 0.
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CHAPTER 3

NECESSARY CONDITIONS FOR THE RESULTS

For this chapter assume that X is a real trigonal curve of genus g ≥ 5 and Maroni

invariant m, π : X −! P1C is the trigonal map and T is the trigonal linear system

or any real effective divisor from this system, if there is no confusion. The aim in

Chapter 4 will be to calculate n(W 1
d ), the number of connected components of the real

locus of W r
d (XC). For this purpose we want in this chapter to reveal the conditions

on d, g and m for which we can do this calculation.

Remark 45. Recall that we identified W r
d = W r

d (XC) with its image under φ :

Pic(X) −! J(X). Since the canonical class KX and the trigonal class T are real,

we have U r
d (R) = rτ +W 0

d−3r(R) and V r
d (R) = κ−

(
(g−d+r−1)τ +W 0

s(d,r,g)(R)
)

when they are non-empty, where s(d, r, g) = 2(d−1)−g−3(r−1). Note that J(X)

is a g-dimensional complex torus defined over R. If we fix any η ∈ J(X), then the

morphism

J(X) −! J(X)

α 7−! η + α

is continuous. By Proposition 36 we may write

n(U r
d ) = n(W 0

d−3r) =

b d−3r
2
c∑

s=0

(
n(X)

d− 3r − 2s

)
, when d− 3r ≥ 0

n(V r
d ) = n(W 0

s(d,r,g)) =

b s(d,r,g)
2
c∑

s=0

(
n(X)

s(d, r, g)− 2s

)
, when s(d, r, g) ≥ 0.

Lemma 46. If 0 < g − d ≤ m, then

U1
d (R) ∩ V 1

d (R) 6= ∅ =⇒ d >
g + 2

2
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Proof. First note that degree ofKX−(g−d+1)T is 2g−2−3(g−d+1) = 3d−g−5.

Since a ≥ m ≥ g − d > 0, by Theorem 42 we obtain

h0(XC, KX − (g − d+ 1)T ) = h0(P1,O(a− g + d− 1))

+ h0(P1,O(m− g + d− 1))

+ h0(P1,O(−2− g + d− 1))

= a− g + d+m− g + d+ 0

= 2d− g − 2.

(3.0.1)

This shows that KX − (g − d + 1)T is a real g2d−g−33d−g−5 . Using the descriptions of U1
d

and V 1
d , we have

U1
d (R) ∩ V 1

d (R) 6= ∅ ⇐⇒ T +D1 ∼ KX − (g − d)T −D2

for some D1 ∈ Xd−3(R)

and D2 ∈ X2(d−1)−g(R).

⇐⇒ KX − (g − d+ 1)T ∼ D1 +D2.

(3.0.2)

The last line implies that h0(XC, KX − (g − d + 1)T ) > 0, i.e, d >
g + 2

2
by the

above calculations (3.0.1).

Remark 47. Notice that the converse of Lemma 46 holds once we can find a real

divisor D ∈ KX − (g − d + 1)T such that D can be written as D = D1 + D2 with

D1 ∈ Xd−3(R) and D2 ∈ X2(d−1)−g(R). In most cases this will be possible and we

will use this lemma in both ways. However, if d − 3 is even, D has an even degree

and does not contain enough real points, then it may not be possible to decompose D

in this way.

Lemma 48. If 0 < g − d ≤ m and d >
g + 2

2
, then

κ− (g − d+ 1)τ ∈ U2d−g−3
3d−g−5 (R) ⇐⇒ g − d = m

Proof. We know that KX − (g − d+ 1)T is a real g2d−g−33d−g−5 . Notice that

κ− (g − d+ 1)τ ∈ U2d−g−3
3d−g−5 (R)
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exactly when KX − (g − d + 1)T ∼ (2d − g − 3)T + D for some real D ≥ 0, i.e

when

h0(XC, KX − (g − d+ 1 + 2d− g − 3)T )) = h0(XC, KX − (d− 2)) > 0.

We know that m ≤ g − 2

2
by (2.4.4) and d − 2 >

g − 2

2
by assumption. Using

Theorem 42, we have

h0(XC, KX − (d− 2)T ) = h0(P1,O(a− d+ 2)) + h0(P1,O(m− d+ 2))

+ h0(P1,O(−2− d+ 2))

= h0(P1,O(a− d+ 2)) + 0 + 0

Summarizing, we may write

κ− (g − d+ 1)τ ∈ U2d−g−3
3d−g−5 (R) ⇐⇒ a = g − 2−m ≥ d− 2.

Under the hypothesis g − d ≤ m this is equivalent to saying that g − d = m.

Remark 49. Assuming g − d = m and d >
g + 2

2
we have

KX − (g − d+ 1)T ∼ (2d− g − 3)T +D,

where D ∈ X2g−3d+4(R) is a fixed effective real divisor of degree 2g − 3d+ 4.

Composing with (3.0.2), in order to find the intersecting components of U1
d (R) and

V 1
d (R) it is enough to keep track of effective real divisors belonging to the class

(2d− g − 3)T as long as 2g − 3d+ 4 is small.

Lemma 50. If g ≡ 0 (mod 3) and m =
g − 3

3
, then δ(T ) = 1.

Proof. Letting d =
2g + 3

3
, the conditions d >

g + 2

2
and g − d = m of Lemma 48

are satisfied. Since the number of base points in KX − (g− d+ 1)T is 2g− 3d+ 4 =

2g − 2g − 3 + 4 = 1, we have the equivalence

KX − (g − d+ 1)T = KX −
g

3
T ∼ (2d− g − 3)T + p =

(g
3
− 1
)
T + p

for some fixed p ∈ X . AsKX and T are real, pmust be a real point ofX . δ(KX) = 0

allows us to write
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δ
(
KX −

g

3
T
)

=

δ(T ), if g is odd

0, if g is even

and

δ
((g

3
− 1
)
T
)

=

δ(T ), if g is even

0, if g is odd

so that

δ
((g

3
− 1
)
T + p

)
=

δ(T )± 1, if g is even

1, if g is odd

as adding one point to a divisor can change its δ by +1 or −1. By the equivalence

KX − (g
3
)T ∼ (g

3
− 1)T + p we have

δ
(
KX −

(g
3

)
T
)

= δ
((g

3
− 1
)
T + p

)
.

This happens only if δ(T ) = 1. In this case p and T share the same pseudo-line.

Now assume that C1 is a pseudo-line for T .

Lemma 51. Suppose that δ(T ) = 1. If n(X) > 1, then for any integer i with

1 < i ≤ n(X) there exists a real divisor D = pi + qi + q̃i ∈ T such that pi ∈ C1

and qi, q̃i ∈ Ci. Conversely, any real effective divisor D ∈ T is either of this form

(equality i = 1 is allowed) or contains a conjugate pair such that D = p + q + q

where p ∈ C1, q ∈ X(C)\X(R).

Proof. If we choose a point q ∈ Ci ⊂ X(R) for any i 6= 1 such that π(q) ∈ P1(R),

then π∗(π(q)) ∈ T is an effective, degree 3 divisor. As in the proof of Proposition 44,

it is also real. Any such divisor must contain a point p ∈ C1 as C1 is a pseudo-line

for T . By the assumption 1 = δ(T ) = δ(D) we have D = p+ q + q̃ where q̃ ∈ Ci.

Conversely, any real divisor D ∈ T must also contain a point p′ ∈ C1. So, D − p′ is

a real divisor of degree 2 such that δ(D) = 0. If D = p′ + q1 + q2, either we have

q1 = q2 ∈ X(C)\X(R) or q1 and q2 are on the same component of X(R).
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CHAPTER 4

COMPONENTS OF THE REAL BRILL-NOETHER LOCUS OF TRIGONAL

CURVES

Recall by Remark 38 and Remark 45 that the connected components of U r
d (R) =

rτ +W 0
d−3r(R) are of the form

τ + V (i1, ..., ik),

where 1 ≤ i1 < i2 < ...ik ≤ n(X), d− 3r− k ≥ 0 and d− 3r ≡ k mod 2. Similarly

the components of V r
d (R) = κ−

(
(g − d+ r − 1)τ +W 0

s(g,r,d)(R)
)

are

κ−
(
(g − d+ r − 1)τ + V ′(j1, ..., jl)

)
for each 1 ≤ j1 < j2 < ... < jl ≤ n(X), s(d, r, g)− l ≥ 0 and s(d, r, g) ≡ l mod 2,

where s(d, r, g) = 2(d− 1)− g − 3(r − 1).

Since we have the equalities W r
d (R) = U r

d (R) ∪ V r
d (R), n(U r

d ) = n(W 0
d−3r) and

n(V r
d ) = n(W 0

s(d,r,g)), we obtain the immediate bounds

0 ≤ n(W r
d ) ≤

b d−3r
2
c∑

s=0

(
n(X)

d− 3r − 2s

)
+

b s(d,r,g)
2
c∑

s=0

(
n(X)

s(d, r, g)− 2s

)
. (4.0.1)

Now we focus on the case r = 1.

Lemma 52. No component of U1
d (R) can intersect with two distinct components of

V 1
d (R) and vice versa.

Proof. Assume to the contrary that τ + V (i1, ..., ik) intersects simultaneously with

κ −
(
(g − d)τ + V ′(j11 , ..., jl1)

)
and κ −

(
(g − d)τ + V ′(j12 , ..., jl2)

)
. Then there

exist effective real divisors D1, D2, D3 and D4 such that D1, D3 ∈ U(i1, ..., ik),
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D2 ∈ U(j11 , ..., jl1)), D4 ∈ U(j12 , ..., jl2)). Moreover, we have the following linear

equivalence by (3.0.2)

D1 +D2 ∼ D3 +D4 ∼ KX − (g − d+ 1)T

such that it yields

D1 −D3 ∼ D4 −D2.

Since D1 and D3 are on the same component U(i1, ..., ik) of Xd−3(R), their pseudo-

lines are exactly the same. This implies

δ(D1 −D3) = 0 = δ(D4 −D2)

so that δ(D4) = δ(D2). Indeed, D4 and D2 share the same pseudo-lines, i.e, they are

on the same component of Xs(g,1,d)(R) = X2d−g−2(R). Hence, we get

j11 = j12 , ..., jl1 = jl2

such that two components κ −
(
(g − d)τ + V ′(j11 , ..., jl1)

)
and κ −

(
(g − d)τ +

V ′(j12 , ..., jl2)
)

coincide.

Using the same method, we can say that no component of V 1
d (R) can intersect with

two distinct components of U1
d (R).

Using Lemma 52 we can upgrade the lower bound in (4.0.1) for n(W 1
d ).

Corollary 3. If 0 < g − d ≤ m, then

n(W 1
d ) ≥

b d−3
2
c∑

s=0

(
n(X)

d− 3− 2s

)
.

Proof. The condition d − g ≤ m guarantees that U1
d (R) and V 1

d (R) are non-empty

by Remark 43. Also by Lemma 52 we may say that for each connected component

U of U1
d (R) there can be at most one connected component V of V 1

d (R) such that

V ∩ U 6= ∅ and V has no non-empty intersection with other components of U1
d (R).

So for each U there is unique connected component of W 1
d (R) containing U . The

same holds for the connected components of V 1
d (R) as well. This proves the formula

n(W 1
d ) ≥ max{n(U1

d ), n(V 1
d )}.
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By assumption g − d is positive and d − 3 ≥ 2(d − 1) − g = s(d, 1, g). This shows

that

n(U1
d ) =

b d−3
2
c∑

s=0

(
n(X)

d− 3− 2s

)
≥
b s(d,1,g)

2
c∑

s=0

(
n(X)

s(d, 1, g)− 2s

)
= n(V 1

d ).

The claim then follows.

We also want to improve the upper bound in (4.0.1). Suppose that the conditions

d = g − m and m < g−3
2

hold. Then we have d = g − m > g − g−3
2

= g+3
2

so

we can use Remark 49. Our strategy is to find different components of Xd−3(R) and

X2(d−1)−g(R) on which there are divisors D1 and D2, respectively, such that

T +D1 ∼ KX − (g − d)T −D2,

equivalently,

D1 +D2 ∼ KX − (g − d+ 1)T ∼ (2d− g − 3)T +D3 (4.0.2)

for some fixed D3 ∈ X2g−3d+4(R). Note that the value of 2g − 3d + 4 is always

non-negative due to the bound g−4
3
≤ m given in (2.4.4):

2g − 3d+ 4 = 2g − 3(g −m) + 4 ≥ 2g − 3

(
g − g − 4

3

)
+ 4 = 0.

Remark 53. The difference between deg(D2) = 2(d− 1)− g and 2d− g − 3 is just

1. Let us take any real effective divisor D ∈ T . It contains a real point, say p and

other points q + q′ such that σ(q + q′) = q + q′. Then we can always make at least

one such choice of divisors D1 and D2 in (4.0.2). For example

D2 = (2d− g − 3)p+ q + q′ and D1 = (2d− g − 3)D −D2 +D3.

This in particular shows that U1
d (R) ∩ V 1

d (R) 6= ∅ whenever 2d− g − 3 > 0.

Theorem 4. Let X be a real trigonal curve of genus g and Maroni invariant m such

that m < g−3
2

and g ≥ 5. If d = g −m, then

b d−3
2
c∑

s=0

(
n(X)

d− 3− 2s

)
≤ n(W 1

d ) ≤
(
n(X)− 1

2d− g − 2

)
+

b d−3
2
c∑

s=0

(
n(X)

d− 3− 2s

)
.
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Proof. The lower bound is already given in Corollary 3. We will divide the proof of

the upper bound into three cases.

Case 1: δ(T ) = 1 and n(X) = 1.

In this case we know that both of U1
d (R) and V 1

d (R) are connected, because of the

equalities

n(U1
d ) =

b d−3
2
c∑

s=0

(
1

d− 3− 2s

)
= 1 =

b s(d,1,g)
2
c∑

s=0

(
1

s(d, 1, g)− 2s

)
= n(V 1

d ).

Moreover, by Remark 53 they have a non-empty intersection and this implies

n(W 1
d ) = 1 = 1 +

(
n(X)− 1

2d− g − 2

)
.

So the statement holds in this case.

Case 2: δ(T ) = 1 and n(X) > 1.

We want to show that any component κ−
(
(g − d)τ + V ′(j1, ..., jl)

)
of V 1

d (R) has a

non-empty intersection with U1
d (R) possibly except the ones with l = 2d− g− 2 and

j1 6= 1.

Let us use the points pi ∈ C1 and qi, q̃i ∈ Ci of Lemma 51 such that T ∼ pi + qi + q̃i

for each i = 2, ..., n(X).

If j1 6= 1 and l < 2d− g − 2, then jl > 1 for each l. Consider the equivalence

(2d− g − 3)T +D3 ∼ (2d− g − 3− l)(pjl + qjl + q̃jl) +

jl∑
n=j1

(pn + qn + q̃n) +D3.

Then the sum of the divisors

D1 = D3 +

(
jl∑

n=j1

(pn + q̃n)

)
− pjl + (2d− g − 3− l)(qjl + q̃jl) and

D2 = qj1 + ...+ qjl + (2d− g − 2− l)pjl

lies in (2d − g − 3)T + D3. Note that D2 ∈ U(j1, ..., jl) ⊂ X2d−g−2(R) since

2d− g − 2− l is an even number by the very description of these components. Then

κ− ((g − d)τ + V ′(j1, ..., jl)) intersects with U1
d (R).
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If j1 = 1 and l ≤ 2d− g − 2, then we have another equivalence

(2d− g − 3)T +D3 ∼ (2d− g − 2− l)(pjl + qjl + q̃jl) +

jl∑
n=j2

(pn + qn + q̃n) +D3

such that the divisors

D1 = D3 +

(
jl∑

n=j2

(pn + q̃n)

)
− pjl + (2d− g − 2− l)(qjl + q̃jl),

D2 = qj2 + ...+ qjl + (2d− g − 1− l)pjl

add up to a divisor in (2d− g − 3)T + D3. As 2d− g − 1− l is an odd number, we

have D2 ∈ U(j1, ..., jl).

This shows that in addition to the number n(U1
d ) = n(W 0

d−3), there could be at most(
n(X)−1
2d−g−2

)
-many possible connected components of the form

κ−
(
(g − d)τ + V ′(j1, ..., j2d−g−2)

)
coming from V 1

d (R), where 2 ≤ j1 < ... < j2d−g−2 ≤ n(X).

Case 3: δ(T ) = 3.

In this case we know that n(X) = 3 and g is even by Proposition 44. This makes

g − 2m − 2 an even number so that the connected components of V 1
d (R) are just

translates of V ′(0), V ′(1, 2), V ′(1, 3) and V ′(2, 3). Since δ(T ) = 3, we have points

t1 ∈ C1, t2 ∈ C2, t3 ∈ C3 such that t1 + t2 + t3 ∼ T . Consider the equivalence

(2d− g − 3)T +D3 ∼ (2d− g − 3)(t1 + t2 + t3) +D3.

For each i and j with 1 ≤ i < j ≤ 3 we can chooseD2 = (2d−g−3)ti+tj andD1 as

the rest of (2d− g− 3)(t1 + t2 + t3) +D3 such that D1 +D2 ∈ (2d− g− 3)T +D3.

This choice gives rise to a point of intersection of U1
d (R) and κ−((g−d)τ+V ′(i, j)).

Also the choice D2 = (2d − g − 4)t1 + 2t2 lies in U(0) and together with D1 =

t1+(2d−g−5)t2+(2d−g−3)t3+D3 they add up to (2d−g−3)(t1+t2+t3)+D3.

So, κ−((g−d)τ+V ′(0)) intersects with U1
d (R) as well. Hence, n(W 0

d−3) is an upper

bound for n(W 1
d ) in the case δ(T ) = 3.
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Theorem 5. LetX be any real trigonal curve of genus g and Maroni invariantm such

that g ≡ 0 (mod 3), g > 5 and m = g−3
3

. If d = 2g+3
3
, then we have

n(W 1
d ) =

(
n(X)− 1

2d− g − 2

)
+

b d−3
2
c∑

s=0

(
n(X)

d− 3− 2s

)
,

Proof. Note that by Lemma 50 δ(T ) = 1 in this case. Moreover, if C1 is the pseudo-

line for T , then we have

KX − (g − d+ 1)T ∼ (2d− g − 3)T + p =
(g

3
− 1
)
T + p

for some fixed point p ∈ C1. Suppose that an exceptional component κ −
(
(g −

d)τ + V ′(j1, ..., jl)
)

such that l = 2d − g − 2 = g/3 and j1 6= 1 has a non-empty

intersection with U1
d (R). Then there exist real effective divisors D1 and D2 such that

D2 ∈ U(j1, ..., jl) ⊂ Xg/3(R) and

D1 +D2 ∼
(g

3
− 1
)
T + p.

Recall that p is the base point of this linear system. Since δ(D2) = deg(D2) = g/3

and j1 6= 1, D2 can not contain p. Therefore D := D1 − p is effective. Then

D +D2 ∼
(g

3
− 1
)
T

contains points from Cj1 , ..., Cjg/3 . This is impossible as the divisors from T can not

contain two points with different pseudo-lines other than C1. So there is no such

divisor in
(g

3
− 1
)
T .
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CHAPTER 5

DISCUSSION

Now let X be any real curve and C1, ..., Cn be the connected components of X(R).

Consider the homomorphism probably first defined in [6]:

c : Pic(X)(R) −! (Z/2)n

|D| 7−! (..., PCi
(D), ...),

where, PCi
(D) is the parity of degCi

(D) modulo 2. Since there is no conditon on the

degree of linear systems, the homomorphism is surjective.

Recovering the varieties W r
d on Pic(X), once we restrict c to W r

d (R) the map

c : W r
d (R) −! (Z/2)n

is not surjective anymore. Notice in the case r = 0 that the connected components

of W 0
d (R) are given by the non-empty fibers of c. Indeed, if (j1, ..., jn) ∈ (Z/2)n and

jl1 , ..., jlk are the non-zero ones, then

c−1(j1, ..., jn) = V (l1, ..., lk) ⇐⇒
n∑
i=1

ji ≡ d (mod 2),

where V (l1, ..., lk) is the connected component of W 0
d (R) that corresponds to the

linear systems whose pseudo-lines are Cl1 , ..., Clk .

Let us define the following sublocus

W r
d,δ(X) := {|D| ∈ W r

d (XC)(R) : δ(D) = δ} (5.0.1)

for each δ satisfying

δ ≤ d and δ ≡ d mod 2.
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In the language of the map c|W r
d

: W r
d (R) ! (Z/2)n, we may write

W r
d,δ(X) =

⋃
∑
ui=δ

c−1(u1, ..., un(X)).

Since c is constant on the connected components of W 0
d (R) and

W r
d,δ(X) = W 0

d,δ(X) ∩W r
d (R),

we may conclude that W r
d,δ is union of some connected components of W r

d (R).

Even ifW r
d,δ := W r

d,δ(X) may not be a variety, with a slight abuse of notation, we will

use n(W r
d,δ) to indicate the number of connected components that W r

d,δ corresponds

in W r
d (R). By Proposition 36, we have

n(W 0
d,δ) =

(
n(X)

δ

)
(5.0.2)

for each δ such that δ ≤ d and δ ≡ d mod 2.

When r > 0 it is very natural to have bounds on the number n(W r
d ). Indeed, the

inequalities found in Chapter 4 could be likely related to the intrinsic geometry of the

curve itself. Let us see the following particular example.

Example 54. Consider a trigonal curve X of genus 5. We have m = 1 by (2.4.4).

We will calculate n(W 1
4 ). Note that the condition m < (g− 3)/2 in Theorem 4 is not

satisfied. We only have the bounds given in (4.0.1) and Corollary 3 that yield

n(X) ≤ n(W 1
4 ) ≤ 2n(X).

Take any real T ∈ g13 . Then by the Riemann-Roch formula,

h0(XC, KX(−T )) = h0(XC,O(T )) + g − deg(D)− 1 = 2 + 5− 3− 1 = 3

so thatKX−T defines a real g25 . Note that this g25 can not have a base point, otherwise

we would get a g24 but this contradicts with Theorem 31 since X has no hyperelliptic

divisor. Then it defines a real map

φ : X −! P2C

such that the image φ(X) ∈ P2C is a plane curve of degree 5. The equality g = 5 =
(5−1)(4−2)

2
−1 implies by the degree-genus formula that φ(X) has only one singularity,

38



a cusp or a node [1, Page 208]. This means that there exists exactly one pair of points

p0, q0 ∈ X such that

r(KX − T − p0 − q0) = r(KX − T )− 1 = 1.

Since g13 is unique and deg(KX −T − p0− q0) = 3, we have KX −T − p0− q0 ∼ T ,

i.e, KX − 2T ∼ p0 + q0. As this pair is the unique one such and both KX and T are

real, the divisor p0 + q0 is a real divisor. Moreover, δ(p0 + q0) = δ(KX − 2T ) = 0.

On the other hand, W 1
4 has two irreducible components U1

4 = τ + W 0
1 and V 1

4 =

κ− (τ +W 0
1 ) both of which are isomorphic to X . Using the same method applied in

(3.0.2), two connected components of U1
4 (R) and V 1

4 (R) intersect if and only if there

are points p, q ∈ X(R) such that T + p ∼ KX − T − q. But we found above that

there is only one pair satisfying such a linear equivalence. We may get at most two

possible intersection points from (p, q) = (p0, q0) and (p, q) = (q0, p0).

Since g is odd, δ(T ) = 1 by Lemma 44. We break the rest into two cases:

If the singularity above is a cusp or real node then p0, q0 ∈ X(R) so that U1
4 (R) ∩

V 1
4 (R) 6= ∅. Since δ(p0 + q0) = 0, we have p0, q0 ∈ Ci for some i = 1, ..., n(X).

Then τ + V (i) intersects with κ− (τ + V ′(i)). In this case we get either

n(W 1
4,0) = 1 and n(W 1

4,2) = 2n(X)− 2

or

n(W 1
4,0) = 2 and n(W 1

4,2) = 2n(X)− 3

depending on δ(T + p0) so that n(W 1
4 ) = 2n(X)− 1.

If the singularity of φ(X) is a complex node, then p0 = q0 /∈ X(R) and U1
4 (R) ∩

V 1
d (R) = ∅. Hence, n(W 1

4,0) = 2, n(W 1
4,2) = 2n(X)− 2 and n(W 1

4 ) = 2n(X).

Let us identify X with its canonical image φKX
(X) under the embedding

φKX
: X −! Pg−1C

given by KX . The unique g13 on X generates a surface

S :=
⋃
D∈g13

D ∈ Pg−1
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which is also a rational normal scroll over P1, where D denotes the linear span of D.

Since the g13 is real, we have σP(S) ⊂ S so that S is a real surface by Lemma 7. By

the geometric version of the Riemann-Roch theorem [1, Page 12] stating

r(E) = d− 1− dimE

for any effective divisor E and g > 1, we get dimD = 1 for any D ∈ g13 . Therefore

the scroll is geometrically ruled and we know that any such surface is isomorphic to

a Hirzebruch sufrace [2, Proposition III 15].

It is very well-known that this Hirzebruch surface is of the form

P(OP1(e1)⊕OP1(e2)) −! P1C,

where e1 + 1 and e2 + 1 are the integers at which the function

d(j) = h0(XC, KX(−jT ))− h0(XC, KX((−j − 1)T )), for j = 0, 1, 2...

makes a jump [11, Theorem 2.5].

Recall by Theorem 41 that for each k ∈ Z, we have

h0(XC, KX(kT )) = h0(P1,OP1(a+ k))+h0(P1,OP1(m+ k))

+h0(P1,OP1(k − 2)).

So, we obtain

d(j) =


2, if 0 ≤ j ≤ m

1, if m ≤ j ≤ a

0, if a+ 1 ≤ j.

Hence, S is isomorphic to Σa−m = P(OP1(a) ⊕ OP1(m)). This is another and more

geometric way to see the Maroni invariant m of the trigonal curve X .

LetMg/R be the moduli space of real algebraic curves of genus g. Inside this variety

we have the locus Tg/R parametrizing the isomorphism classes of real trigonal curves

of genus g. It is known that Tg/R has a stratification given by the Maroni invariant of

the curves.

Counting the isomorphism classes of such curves embedded in Σa−m, each strata

Tg/R(m) has dimension g + 4 + 2m when g−4
3
≤ m < g−2

2
[16]. The dimension is

2g + 1 when m = g−2
2

.
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Remark 55. We need to remark that the curves of Maroni invariant m = g−3
3

in

Theorem 5 form a 5g
3

+2-dimensional family in Tg/R . When we remove the restrictions

over the base points of KX − (g − d+ 1)T , we talk about curves of almost arbitrary

Maroni invariant in a more general setup in Theorem 4. However, the condition

m < g−3
2

implies that these curves are not general when we treat them as complex

curves in Mg.

Remark 56. We can nicely generalize Theorem 4 and Theorem 5 to the case r > 1 :

LetX be a real trigonal curve of genus g and Maroni invariantm. If g−d+r−1 = m

and d > (g + 3r)/2, then

b d−3r
2
c∑

s=0

(
n(X)

d− 3r − 2s

)
≤ n(W r

d ) ≤
(

n(X)− 1

2d− g − 3r + 1

)
+

b d−3r
2
c∑

s=0

(
n(X)

d− 3r − 2s

)
.

If we further assume that 2g − 3d+ 3r = 0, then

n(W r
d ) =

(
n(X)− 1

2d− g − 3r + 1

)
+

b d−3r
2
c∑

s=0

(
n(X)

d− 3r − 2s

)
.
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