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ABSTRACT

DUCTILE-BRITTLE FRACTURE OF AMORPHOUS GLASSY POLYMERS

Basdemir, Selguk
M.S., Department of Mechanical Engineering
Supervisor: Prof. Dr. Hisnu Dal

September 2024, 87 pages

Amorphous glassy polymers are extensively used in indissgctors like micro-

electronics, medical devices, and aerospace. Their desigrapplication have be-
come crucial due to their varying fracture responses, whkeh range from duc-
tile to brittle depending on factors such as entanglemensite temperature, and
loading rate. Ductile responses are driven by diffuse sheaes exhibiting volume-
preserving inelastic deformations, while brittle respsare manifested by small
crack-like defects with brillar bridges separated by nueroids, indicating void for-

mation through nucleation and propagation.

This thesis focuses on describing shear yielding and agg#ienomena through evo-
lution equations. It also extends the modeling of fractulsmg a crack phase- eld
approach, allowing for the simultaneous considerationuaftite and brittle failure.
This approach is based on a novel failure criterion thaufestboth a critical amount
of plastic strain and void volume fraction, making it moreypically grounded than
current models. Additionally, a coupled thermo-mechamaattire model for amor-
phous glassy polymers is introduced, enabling simultasi¢@atment of ductile and

brittle fracture.



Constitutive formulations for shear yielding, crazingdaroid volume fraction are
derived, starting with the local and conductive componehtke dissipation inequal-
ity. The model's governing equations integrate mechaniitis the crack phase- eld
and temperature evolution, addressing the global thermoddlgm—a key focus of
this research. The model's performance is evaluated usceg And global Newton-
type update algorithms, tested against experimental data iomogeneous and in-
homogeneous tests, revealing signi cant temperaturertigoecy on failure type and

interaction between loading rate and temperature due sipdisve heating.

Keywords: Amorphous glassy polymers, Crack phase— elézg, Finite thermo-
viscoplasticity, Void growth

Vi
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AMORF CAMSI POL IMERLER IN SUNEK-GEVREK KIRILMASI

Basdemir, Selguk
Yuksek Lisans, Makina Muhendigli Bolumi
Tez Yoneticisi: Prof. Dr. Hisnu Dal

Eylul 2024 [87 sayfa

Amorf cams polimerler, mikroelektronik, t bbi cihazlae havac | k gibi sanayi alan-
lar nda yayg n olarak kullan Imaktad r. Tasar mlar velan mlar , dolanma ygun-
lugu, s cakl k ve yukleme h z gibi fakttrlere glaolarak siinekten gevge dejisebi-
len k r Ima tepkileri nedeniyle 6nemli hale gelmistir.r&k tepkiler, hacim koruyucu
inelastik deformasyonlar sergileyen yayg n kesme botgaée gevrek tepkiler ise
mikro bosluklarla ayr Im s bril kdprilerden olusan kuk c¢atlak benzeri kusurlarla
ortaya ¢ kar. Bu durum, bosluk olusumunun c¢ekirdeklenmeyay Ima ad mlar n

icerdigini gosterir.

Bu tez, kesme akmas ve catlama olgusunun evrim denklefiddgan mlanmas na
odaklanmaktad r. Ayr ca, siinek ve gevrek k r Imay ayrdaele almay sglayan bir

catlak faz alan yaklas m ile k r Ima modellemesi gégiigmistir. Bu yaklas m, hem
kritik plastik deformasyonu hem de bogsluk hacim fraksiyon iceren yeni bir hasar
kriterine dayanmaktad r ve mevcut modellere k yasla dakifisel temelli oldgu

iddia edilmektedir. Ayr ca, amorf cams polimerler icingiilen bu hasar kriterine
dayal bir termomekanik-k r Ima modeli sunularak siinelgegrek k r Ima ayn anda

ele al nabilmektedir.

Vi



Kesme akmas , catlama ve bosluk hacmi fraksiyonu igintiléreyap sal formdiller,
yerel ve iletken bilesenlerin yitim egitsigiiyle baslar. Modelin mekanik denklemleri,
catlak faz alan ve s cakl k evrim denklemiyle birledtitis ve ¢al sman n temel odak
noktalar ndan biri olan genel termal problem ele al nm $flodelin performans,
yerel ve genel Newton tipi giincelleme algoritmalar ylgegendiriimig, homojen ve
heterojen testlerden elde edilen deneysel verilere daglnest edilmistir. Bulgular,
s caklg nk r Imatira Gzerindeki 6nemli etkisi ile yiikleme h 2 kat daki yay labilir

s nedeniyle s cakl k dgisimi aras ndaki etkilesimi ortaya koymustur.

Anahtar Kelimeler: Amorf cams polimerler, Catlak faz alaDatlama, Sonlu termo-

viskoplastisite, Bosluk blyumesi
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CHAPTER 1

MOTIVATION AND OVERVIEW

1.1 Introduction

Optimal use and design of materials in goods have becomenacsigt task in the
key industrial sectors ranging from micro—electronicsdmapace and medical indus-
try. Mechanical properties such as low weight and high tnectoughness blended
with workability and manufacturability ultimately rendpolymers, especially ther-
moplastics, superior over metals. Thermoplastics aréndisished from thermosets
by their behavior with rising temperature levels. In fattermoplastics can melt

when heated above melting temperatuge owing to their secondary bonds, e.g.

van der Waals and hydrogen, forming the entanglements beatwelymer chains.
Most thermoplastics possess linear or branched moledulatgre unlike the cross—
linked network structure associated with thermosets. stk under thermoplastics
amorphous glassy polymers, such as polystyrene (PS),ablgoate (PC) and poly-
methylmethacrylate (PMMA) have broad end—-use applicatiothe industry. There-
fore, it is of utmost interest to assess the durability arditacture response of those
polymers when subjected thermal and mechanical loadingdé&tails regarding the
basics of polymeric materials, we refer among othersdovBLL & Housz [99]
and HAWARD & Y OUNG [56]. The aforementioned properties of glassy polymers
heavily depend on the microstructure (entanglement deasitl the anisotropy in
the molecular alignment), temperature level and the eatéoading rate which may
transition the fracture response from ductile to brittlevime versa. The brittle re-
sponse of amorphous polymers is revealed by very small,igeg.E(a), inelastically
deformed zones, namebrazeswhose thickness is measured in some micrometers,

see KRRAMER [72]. Crazes are very small crack-like defects containirsgquence

1
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Figure 1.1: High—voltage electron micrograph (HVEM) and@nsmission electron
micrograph (TEM) images of PS Ims undergoing (a) brillaridge formation,
adopted from MCHLER & BALTA -CALLEJA [83]; (b) micro—shear bands, adopted

from BOWDEN & RAHA [24], respectively.

of brillar bridges and elongated micro—voids, therebyeae®ling the void formation
consisting of nucleation and growth stages. Their forrmasalriven by tensile strain-
ing followed by volumetric inelastic deformations. In fattte development of crazes
is favored by high strain-rate, relatively low temperatigeels (well below glass
transition temperaturey), and low entanglement density. The ductile response of
amorphous polymers is, on the other hand, manifested bysaiffhear zones involv-
ing much larger amount of material and thereby a larger p®zene, see Fig.1.1(b).
These zones are created bgear yieldingmechanisms which are accompanied by
substantial volume-preserving inelastic deformationkea yielding generally oc-
curs under low strain-rate, relatively high temperaturele (around glass transition
temperature 3) and high entanglement density. Addition of various llénsglassy
polymers promote multiple concurrent craze nucleatiogssgnhancing the fracture
toughness remarkably as indicated IBESIG & VAN DER GIESSEN[103,104].

1.2 Literature Overview

1.2.1 Shear yielding in amorphous glassy polymers

At high temperature levels and low strain—rate amorphoassyl polymers exhibit
volume-preserving plastic deformations as the yield stieseached earlier than the
crazing stress, i.e. stress necessary to initiate crageggBRGER & K RAMER [18]

and IMAI & BROWN [59]. Besides, amorphous polymers such as PC predominantly

experience shear yielding due to their high entanglememéifemaking it hard for

2



Vectran

\ \- Polycarbonate
SN

ni

b

Ortho-Fabric

True stress [MPa]

Y

" True strain [-]‘

Figure 1.2: PC used in spacesuits especially for helmetlbaland visors. Qualita-
tive true stress-strain relationship typical for PC sutgddo uniaxial compressidn

leading to ductile fracture. Reconstructed from www.ngea.

crazes to develop. A qualitative ductile response of a dyloal PC specimen under
compressive loa® is illustrated in FigL1.R.

The elasto-viscoplastic response of amorphous polymegsates from the disor-
dered micro—structure inherent in the material. The weltepted studies by &
GON [10] and BoYCE ET AL. [26] state that an amorphous polymer must overcome
two physical source of resistance prior to the ductile meid@ response; rst, the
inter—molecular resistance to segment rotation whichpdagmed by thedouble—kink
theoryand second, the entropic resistance to molecular orientatie so—called rub-
bery response. While the double—kink theory sets a freeaggtibarrier by the sur-
rounding chains to the rotation of a double—kink formed imgle chain, the entropic
resistance corresponds to an external stress state theisréte texture in the sense

of plastic stretches as the chains orient themselves inrtheijpal loading directions.

We refer to the seminal works of ®GON [10], BOYCE ET AL. [26], ARRUDA ET
AL. [14/16] and FASAN & B oycE [53] for the fundamentals of the nite viscoplas-
tic response of glassy polymers due to shear yielding. Téarthis further elaborated
by WU & VAN DER GIESSEN[116+118], TOMITA & TANAKA [109], GOVAERT ET
AL. [48], ANAND ET AL. [5H7], MIEHE ET AL. [89,90], and [EEISCHHAUER ET
AL. [43]. Pre— and post-yield softening of PC as seen in thelddiaglacement dia-
grams during the cold—drawing process are conspicuousdpgnand curved [89]. In
order to account for this smooth transitiona$hN & B oYCE [53] proposed thefree

volume ow theorythat considers several internal variables motivated byome-

3
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Figure 1.3: Schematic description of (a) wedge—shape@ ¢igaadvance as the stress
induced melt transforms into brils via the Taylor menisaastability; (b) xy—plane
of craze depicting the cascade of events leading to crazeltipnce starting from the

top image. Reconstructed fromREMER [72].

chanics. The local free volumetheory presented by MaND & GURTIN [7], on
the other hand, introduces a single scalar state variaptesenting the free volumes
due to plastic deformation. A three—dimensional, thernezinanical extension of the
approach, i.e! [53], was conducted byB¥E ET AL. [90], whereas an endochronic
time scale in the sense oAVANIS [113] and an activation free energy modi ed from
Kocks ET AL. [71] were added into the ow rule by (FEISCHHAUER ET AL. [43]
improving the modeling capacity in the neighborhood of thed/point as well as

capturing the rate dependency of the yield point over a wadge.

1.2.2 Crazing in amorphous glassy polymers

Crazes can be visualized as very small, localized, andpddigtdeformed zones con-
sisting of a dense array of brils separated by microvoidsazé phenomenon can be
observed in three stages, namely, the initiation, growthtae breakdown, respec-
tively. Locations where crazes nucleate are naturallytiegssurface grooves and
dust particles or rubber particles added into the microsiine. The embryonic phase
of crazing has an initial width ranging betwe®A20 [nm] rendering craze initiation
largely elusive. As a matter of fact, there exist no holistiplanation untangling the
mystery despite the abundance of experiments. Nonethélessonjectured that the
localization of plastic strains induces lateral stresskehy in turn, leads to high hy-

drostatic stresses resulting in voids which link up with ammg polymer ligaments
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between them. Afterwards, they turn into stable brillanzes. More comprehen-
sive information can be found in the reviews oRKMBOUR [68], KRAMER [72],
ISHIKAWA ET AL. [61] and references therein. Criteria for craze initiatzan be
investigated in terms of (i) principal stresses, e.gERNSTEIN & M YERS [105]; (ii)
principal strains, e.g., KIBOROUGH & B OWDEN [98]; (iii) the linear elastic fracture
mechanics (LEFM), e.g., RDREWS & BEVAN [8] and BUCKNALL [29]; (iv) lower-
ing of the glass transition temperature at sites of crazéeation, e.g., GNT [47]; (V)

a cavitation problem triggered by triaxial stresses, KRAMER [72] and ARGON

ET AL. [9,/12].

The brils generated lie normal to the craze bulk-interfacel grow in the direction of
maximum principal stress in the isotropic material. Suctadvance in width occurs
as the new material from craze bulk-interface is drawn inéobrils, elongating them
under constant stretch and thickness analogous to the caldrdy mechanism of
macroscopic polymer bers, seeRAMER [72]. The propagation of a craze in length
is explained by th@aylor meniscus instabilityn which the tip of the craze melts into
several void ngers as illustrated in Fig._1.3. Introducedt by ARGON [11], this
mechanism is elaborated through experiments on PShyoN & SALAMA [13].

In the meniscus instability, the yielded polymer at the patymer interface around
the craze tip constitutes a melted layer into which the dte@aeniscus propagates.
At this point, if loading continues, then the brils are fbdr extended due to de-
crease in the entanglement density in the middle of each, threreby making them
more likely to break. Amorphous polymers such as PMMA pritgaxhibit crazing
induced brittle response due to the low entanglement denaéitqualitative brittle
response of a dog—bone shaped PMMA specimen subjectedsitetradingP is
illustrated in Fig[L.}.

To date, numerous studies have been proposed to model thiegcraduced failure
in amorphous polymers according to; (i) the critical cragkdpening displacement
incorporated into cohesive zone type discrete models, BLISSENS ET AL [108],
based on the interferometric measurements carried outday [40]; (ii) critical in-
elastic strain criterion, e.g., EARING & ANAND [45]; (iii) the fracture toughness,
e.g., HUI ET AL. [58]. Apart from that ¥NG ET AL. [118] developed a microscopic

statistical model in which a Weibull distribution re ectisd craze bril breakdown by
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Figure 1.4: PMMA used in a stop lamp on an automobile. Qualéarue stress-
strain relationship typical for PMMA subjected to uniaxeitensionP leading to
brittle fracture.

means of the random disentanglement of molecular strantfe atraze—bulk inter-
face.

1.2.3 Phase eld models of fracture

Modeling of fracture in materials have seen a paradigm ekét the last two decades.
Instead of handling the discontinuities via discrete mdghsuch as cohesive zone
modeling (CZM) and extended nite element method (XFEME tirack phase eld
approach (CPF) avoids the realization of those sharp cogaMagies and surmounts
the well-known shortcomings, i.e. determination of cunghlr crack paths, crack
kinking and branching angles, of the classical theory oftlbrifracture treated in
GRIFFITH [49] and RwIN [60]. Based on the variational principle the early treat-
ments of CPF, e.g., FANCFORT & M ARIGO [44], BOURDIN ET AL. [22], Bu-
LIGA [30], BRAIDES [27], feature a diffuse crack topology between the intact an
the ruptured parts of the solid converging to the free disoaity problem, i.e. -
convergence, as the length scale paramkteanishes in the limit case. Recent
contributions by MEHE ET AL. [91,[94] de nes fracture only in tension, a precise
characterization of the dissipation, and introduce ancaativiscosity that stabilizes
post-critical solution paths. CPF approach has been ssfttiysapplied to several
multi—physics problems including, but not restricted teertno-elasto-plastic brittle
and ductile fracture, such asvBATI ET AL . [244], BORDEN ET AL. [20,21], and

MIEHE ET AL. [85/86,88,92,93] in isotropic materials. Anisotropicfoodels were
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among others presented by ET AL. [76], TEICHTMEISTER ET AL [107], CLAY-
TON & KNAP [32], NGUYEN ET AL. [97], GULTEKIN ET AL. [50+52], MANDAL ET
AL. [78/79], and ENLI ET AL. [39].

1.3 Scope of the thesis

Despite the evident in uence on the mechanical responseetare very few contri-
butions attempting to model the competition between deietiid brittle behavior of
amorphous polymers. §EVEZ ET AL. [42] proposed a cohesive zone formulation
through craze and cohesive surface opening rate alongh@étbraize initiation sensi-
tivity. The drawback of the study is the dependence of theehod a priori existing
crack inserted in the mesh. The models presenteddRGNG & A NAND [45] and
JIANG ET AL. [67] are independent from the existing crack tip. Howetrezy are not
mesh objective as being based on element deletion techoprethe critical craze
strain is reached. The very recent contributions made lbgH¥ ET AL. [92] and
NARAYAN & A NAND [96] incorporated CPF approach in order to model the brittle
and ductile fracture in view of the critical value of the asuuated craze strain and/or

the disentanglement strain akin to plastic strain, re gyt

In this contribution, we propose a newenstitutive modefor the ductile and brittle
fracture of amorphous polymers that relates the phenomiecr@zing to a physical
measure, improving experimental observations and betterming the theoretical
and numerical approaches. In addition, a rfviure criterionthat synchronously
predicts shear yielding and crazing induced crack indgiaind growth in the context
of crack phase— eld approach is presented. To this end, A+gge viscoplastic ow
rule in the sense of 8YCE ET AL. [26] in combination of the local free volume the-
ory by ANAND & GURTIN [7] are adopted for the shear yielding of amorphous glassy
polymers, while the craze ow is treated according tEARING & A NAND [45].
Concurrent evolution of the dilatational and volume presgy plastic ow is inhib-
ited by a stress based craze initiation criterion based Bhv#ich is incorporated
into a switch function. In this work, we have conceptuallyntbned the scalar state
variable describing the local free volume theory with th&wmlume fraction in the
case of shear induced ow. Besides, the normal componeritseafate of the craze

strain drives the growth of the void volume fraction in theeaf craze induced ow.
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Craze nucleation is promoted by both the hydrostatic andhtieic components of
the tensile stress, corroborating our hypothesis thataiewolume fraction is driven
by both shear yielding and crazing parts. We followeME ET AL. [87] and estab-
lish the entire kinematic framework in the logarithmic strapace based on metric
tensors describing shear yielding and crazing. The prapfaskeire criterion features
the critical amounts of plastic strain and void volume fi@tt Such a modality pre-
dicts the macroscopic crack initiation and growth at oneagling to ductile or brittle
failure, as such purports to be more physically groundedpared to what have been

proposed so far in the literature.

The thesis is organized as follows: The investigation starChaptefr 2 with contin-
uum mechanics prelimenary. All mathematical backgrounoktable to understand
proposed work is provided in this chapter, brie y. Chapiedels with underlying
kinematics and the thermodynamical restrictions and tb&iéen equations emanat-
ing from shear yielding and crazing behavior, which, in furve the evolution of
the void volume fraction. In the sequel, the global form @& thulti-physics problem
is outlined with regard to balance and non—local evolutiqonations re ecting the
deformation and the crack phase- eld. Then, speci ¢ formhghe constitutive func-
tions governing the nite viscoplasticity of amorphous gg polymers and the novel
failure criterion elucidating the ductile and brittle ftace. Finally, the capability of
the model is assessed via veri cation and validation of theppsed algorithm with
respect to representative homogeneous and inhomogerestsigt Chapter|4 and all

the remarks are concluded in Chapter 5.



CHAPTER 2

INTRODUCTION TO CONTINUUM THEORY

In this chapter, It will be given a brief introduction to comdium mechanics to be
able to clearly examine the proposed coupled thermo-viastie fracture model for

ductile-brittle failure of amorphous glassy polymers.

2.1 Basic concepts in Continuum Mechanics

Continuum mechanics is a branch of mechanics dealing wiglssts in all states of
matter (solid, liquid and gas) and ow or deformation of thaterials. In contin-
uum aproach, it is disregarded the molecular structureamatid imagine it as no
gaps or empty spaces in the material. Beside the media weoastdering, all the
mathematical functions entering the theories are consifonctions (at least piece-
wise continious). Therefore, this hypotetical continionaterial in space and time
is calledcontinuum or continious medium The method of continuum mechanics is
used as powerful and effective tool to understand severdipll phenomena suf -
ciently without detail knowledge of the complexity of theemal microstructure.
Continuum mechanics deals with interactions between $nemtions, heat uxes,
temperature changes at a speci ¢ point within a materialikémigid-body mechan-
ics, which disregards the deformation a body undergoesigumotion, continuum
mechanics focuses on the complex relationship betweemrdafmn and forces such
as body forces (force per unit volume) and traction (forceypet area). Addition-
ally, continuum mechanics provides a thorough analysisadh lbranslational and
rotational motion of a body. Fundamental equations in cantim mechanics can be

classi ed into two categories:



Physical conservation laws

balance of mass

balance of linear momentum

balance of angular momentum

balance of energfrst law of thermodynamics)

balance of entrop{second law of thermodynamics)
Constitutive equations speci ¢ to material

stress-strain relation

heat ux-temperature (gradient) relation for heat conéucpg kr Tq

Figure 2.1: Mathematical description of the motion of a b&dy R .

These balance laws and proposed constitutive relationanfmrphous glassy poly-

mers will be introduced comprehensively in Secfiod 2.2[add i@spectively.

2.1.1 Kinematics

Let By represent a continuum body containing pdhtt a given instant,. Then,
one can introduce a right-handed reference frame withmgalar coordinate system
having an origin aD. This coordinate system is spanned by orthonormal unitvect
teau t eq; ey esu. While the continuum bod, is moving in space through time,

it covers arbitrary spatial regiof&sin that space. Each one-to-one mapping between
these regions, or nametyn guration, can be denoted a%; :::; ;. The continuous

body B may have in nitely many con gurations in the space from tirteetime and

10



every pointP laying in B corresponds to another arbitrary point, namgbgition,

in these con gurationg o;:::; g The con guration at time insarty is represented
by o and it refers to undeformed con guration or prede ned refece con guration
depending on the nature of the problem. The con guration atO is called initial
con guration and since we agree that undeformed and irgbal gurations coincide
for simplicity, o is also denoted as initial con guration. However, this may Ioe the
case in dynamics. Position of an arbitrary péinP B att 0 can be identi ed by the
position vectoX with respect to xed prede ned origi®. As the continuum body
moves in space from initial con guration to another, the ifoa vector associated
with pointP changes and is labelled assee (Figuré 2]1). Basis vectors of position

vectorsX andx are denoted as; ande; respectively.

X  Pgd to XA ¢ oPXq ' pXg
$

&B, YN B PR3

, - (2.1)

%X PYNx ' pX ;tq
The motion of the bodyB, can be de ned by a mapping. Since the deformation
map is one-to-one, it's inverse can be denotedXby ' Ipx;tqg uniquely. For
simplicity, we follow Einstein's summation convention, afe can be expresséd
Aj.xei b e b :::b e. The symbob refers to the dyadic product with orthonormal

base vectorse, and all subscriptg; j; :::; k qtake values from sétl; 2; 3u.

In the light of these, one can delineate the de niton of casgiment

UpX;tg xpX;tg X and upx;tqg x X x;tq (2.2)
Derivative of the deformation map with respect to time givelocity

VpX ;tq ; pX ;tq and vpx;tg Vr lmx;tgts (2.3)
Then, second derivative of the deformation map refers telacation clearly

ApX ;tq BZ and apx;tqg Ar Ipx:tgts (2.4)

Uppercase letters for tensorial quantities means thaethesantities are in refer-

encématerial)coordinates. On the other hand, any tensorial quantityrireaifspatial)
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coordinates is denoted by lowercase letters.

Deformation gradient, line, area and volume mapping:

One of the primary objectives of mechanics is to study theme#tion (i.e., changes

in size and shape) of a continuum body as it transitions from @on guration to
another. To capture this deformation, a fundamental measute ned to relate two
con gurations. In the context of a continuum body's motidhe local deformation

at any point along a trajectory is represented by a tangenibrerhese in nitesimal
vector elements in the reference (undeformed) and curdefbimed) con gurations
are known as material and spatial line elements, respéctiiee deformation gradi-
ent, denoted by , provides a mapping between these elements as describée by t

equation:
dx FpX;tdX or dxa FaadXa (2.5)

where the deformation gradient is de ned as:

FXtq ST tg(( 19

(2.6)
The deformation gradient plays a crucial role in parameiagi the trajectories of
particlesP P B, providing a detailed description of deformation (seeUAT [54]
and HoLzAPFEL [57]). In Figure[2.2, three fundamental maps of a continuuen a
illustrated: (a) The deformation gradidatas a mapping of an in nitesimal line el-
ement, (b) its cofactor cdF sas an area map, and (c) its determinantklstas a
volume map. In addition to the line elemeadX , the in nitesimal area and vol-
ume elements in the reference con guration are denoted®ynddV, respectively
(see Figuré 2]2). The deformation of these elements is ctesized by deformation
gradient-based quantities, such as the cofactaFe®f derFsF T and the Jaco-
bianJ detFs O:

da coffFdA and dv JdV: (2.7)

Here,JpX ;tqrepresents the determinant of the deformation gradienSince the

material is impenetrable, meaning that the volume cannoorne negative, a con-
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Figure 2.2: Three fundamental maps of a continuum: (a) Theraation gradierf
as a mapping of a tiny line element, (b) its cofactorrEafas an area map, and (c)

and its determinant dét sas a volume map.

dition whereJpX ;tq 0 is physically impossible. Furthermore, the deformation

gradient is invertible, s@pX ;tq O.

The deformation process maps the unit tangent vettpfrom the reference or La-
grangian con guration to its corresponding counterp#stin the current Eulerian

con guration, as illustrated in Figufe 2.3.
Push-forward and Pull-back Operations:

If different reference frames are used for the referencecamdent con gurations,

vector and tensor quantities can be resolved in either fidepending on the analysis
choice. The transformation between material and spat@idioates is accomplished
through push-forward and pull-back operations, allowimigthe conversion of quan-
tities between the two coordinate systems. These opesaginable the analysis of

the body's deformation and motion in a way that aligns with aoalytical needs.
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Figure 2.3: Deformation gradient mapping.

t FT :push-forward ofT ;
(2.8)
T F t:pull-back oft:

Deformation and Strain Measures:

The mapping of a unit vectok in the reference con guration to a vectarin the

current con guration is de ned as:

a FA: (2.9)

According to this de nition, the stretch | of the vectorA due to deformation is
givenby  jaj. To further examine the extent of the stretch, we considestuare
of the stretch:

2 aa FA FA AFT FA A CA; (2.10)

whereC FTF.

The tensolC, derived from 2, is a commonly used measure of deformation in ma-
terial coordinates. It is a second-order symmetric pasiti® nite tensor and is often
called theright Cauchy-Green tenson material coordinates. Its spatial counterpart,
denoted a®d, is known as thd=inger tensoror theleft Cauchy-Green tensorThe

Finger tensor is derived from the de nition of 2 as the square of the inverse stretch:

2 AA FlaF'a aF " F'a a bla: (2.11)

The tensob  FF T is also symmetric and positive de nite. In the absence of

deformationf equals the identity tensdr, and thereford andC also equal . The
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identity tensoil is de ned as j; e; b e;, where j is the Kronecker delta, equal to 1

fori jandj Ofori j.

The polar decomposition of the deformation gradientan be expressed as:
F RU VR: (2.12)

This decomposition allows us to separ&tento two components: pure rotatidR]

and pure stretch{ and/orv).

The right-stretch tensdy and the left-stretch tensersatisfy the properties:
U2 UU C and v? w b (2.13)

These tensors describe the stretch and deformation behafvibe material. The
tensorR is a proper orthogonal tensor with &et 1, representing a valid rotation.
Additionally, detJ devv Jj O.

The right-stretch tensdy has a relationship given by:
UN , aNa;where [N, ZLand a 1;2;3: (2.14)

The set N ,urepresents the eigenvectordbf while , corresponds to the eigenval-

ues. From Equation (2.17), we can deduce that:
CN., U?N, 2Nga 1,23 (2.15)

Since bothJ andC are purely Lagrangian measures, they share the same etgenve

tors known as principal axes. Similarly, we can derive a caraple relationship for
b using Equation(2.17):

bn, v?n, 2n;a 1,23 (2.16)

The eigenvalues of andb are also equal to, and 2, respectively. Botlv andb

have the same set of orthonormal eigenvectors as spatiaumesa In conclusion,
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for a given deformation gradierit, we can extract crucial information about the
material's deformation and stretch by analyzing the tesm&byv, C, andb. This
relationship indicates that andb are collinear in spatial coordinates. For distinct
values of ;, , and 3 the symmetric tensord, v, C andb can be expressed in

their spectral decomposition forms as follows

3
U2 C  2N,bNy;
al (2.17)

vZ b 2N, b ng:

Where , represent the principal stretch@sgenvaluesandN , andn, denote the
principal directiongeigenvectors)n the Lagrangian and Eulerian frameworks, re-
spectively.

Furthermore, the deformation gradient can be represested a

3

5

F aNab Na: (2.18)

al

which is a two-point tensor. AB may not be symmetric, the, values can not be
directly considered as the eigenvalued-af Since bothC andb are symmetric and
positive de nite, they possess three uniquely de ned imwats. The scalar invariants

of C can be summarized as:
Cq 23 33 33 (2.19)
2
2

Additionally, within a generalised coordinate system hoibie referenc®, and the
spatialB manifolds are equipped locally with the Lagrangian me@icand Eule-
rian counterpart (current metric). These metric tensors are crucial in converting
covariant and contravariant entities within the Lagrangiad Eulerian manifolds. If

cartesian basis vectors are employed, metric tensors are
G AE*bEB and g a.e?bed (2.20)

The right Cauchy Green tensor and the inverse of the left IBaGreen tensor can

be formulated utilising these metric tensors.
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Figure 2.4: De nition of metric tensors. a) current metnicliagrangian con gura-

tion; b) reference metric in Eulerian con guration.

The right Cauchy Green tensor and the inverse of the left IBaGreen tensor can

be expressed using metric tensors denoted as
C FTgF (2.21)

and
c F TGF ! (2.22)

these equations correspond to the pullback of the curretriaxgeand the push for-
ward of the Lagrangian metri@, respectively. The left Cauchy Green tensor, also
known as the Finger tensor, is represented by ¢ ®. Please refer to Figufe 2.4 for

a geometric interpretation.

2.1.2 Stress expressions

t tp;ng

B

Figure 2.5: The removal of slicgé from the bodyB depicts the tractions and normals

associated with both the sli@and the remaining portios.

Consider a body with speci ¢ boundary conditions applied 8 and subjected to
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1%t: surface normal
2"d: direction of stress component

Figure 2.6: Stress components on the surfaces of unit cube.

internal boy forces. Suppose a section of the bound8y,s isolated as shown in
FigurelZ.b. The isolated section, denote®ass subjected to the traction forteand
the body forceb in its current con guration. The net forces acting on thelased

sectionS of bodyB and the remaining pa& are given by:
» »

Fi bdv tpx; nqds; (2.23)
S BS
» »

F, bdv _tpx; nqds: (2.24)

S BS
F Fi: F,isthe total net force applied on the3body. Notice that thegration

of the body forces 0\/3er the entire body, expresgedediﬂjv, is the sum of the inte-
grations over the sliceg bdv and its complement s bdvg These expressions lead

to important equality:
» »

tp<;nqgds _tpx; nqds (2.25)
BS BS

which can be locally simpli ed to:

tx;ng  txX; nq (2.26)
This relationship is known as Cauchy's fundamental lemnmiare ects Newton's

third law of motion, stating that when two surfaces are intaot) they will exert

equal magnitude of force in opposite directions to eachrothe

t1 11€1 12€2 13€3
to 21€1 22€2 23€3 (2.27)
ts 3161 3262 33€3
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Figure 2.7: Traction components on triangular sectionnidkam the unit cube.

In a more compact form, Equatidn (2127) can be rewritten as:
ti ij€ or i tj € (228)

Next, consider a section of a unit cube (Figure 2.6) visealias a tetrahedron (Figure

[2.7). The force equilibrium from the free body diagram is

t A t; Al th A, [ A3 0: (229)
A, A, As

— = 2.30

ny N N A (2.30)

Substituting surface normal components in Equaiton {4r86)Equaiton[(2.29) leads

to

r ting ton, tzngs A O (2.31)

or in a compact form

t tin; from Equation[(Z.28)
o (2.32)
t n;j i ej tj ej
leading to

£ ni j or t n (2.33)
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This is known aauchy's stress theorem Fpg{Apgwhere is Cauchy stress,
Fptqgis actual force anddpigis actual area. The Cauchy stress vectgk,;t; nq
calculates the stress relative to the deformed area, whichlied the true stress. If
we de ne the rst Piola-Kirchoff stress vector pX ;t; N gparallel totpx;t; ngand
calculate the rst Piola-Kirchoff stress with this vectosing the undeformed area,

this stress is engineering stress.

(2.34)

S F' F'F T

whereP is the rst Piola-Kirchhoff stress, is the Kirchhoff stress an& is the
second Piola-Kirchhoff stress tensors (Figure 2.8). Thmigmill-back of the rst
Piola-Kirchhoff stress gives rise to the symmetric secomtbFKirchhoff stress §),

which serves as an important alternative stress measure.

E
TxBp — P T,B

F T
Ty Bo —>'TXB

Figure 2.8: Relationship between stresses.

In Figure[Z2.8,Tx By andT,B refer to tangent spaces in reference and current con g-
urations respectively whil&, B, and T, B correspond to co-tangent space in those

con gurations.

2.2 Balance Laws

Balance laws are fundamental principals in continuum meicsathat explain the
conservation of physical quantities within a system. THe®es are obtained from

governing differential equations and are cruical for déxseg the material behaviour
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under arbitrary physical conditions. Under following setisons, each law will be

discussed, brie y. All derivations are done for a unit volenof current con guration.

2.2.1 Conservation of Mass

The total mass in a closed system is neither created or gestwithin a system so

that it is constant under action of any motion.

3y

77

dm
m d odV constant 0

— 0 (2.35)
B Bo dt

The continuity equation which describes local conservatibmass at any point in a

continuum is shown as

% divv 0f (2.36)

where , o andv are the current density, reference density and the spaiatity,

respectively.

2.2.2 Conservation of Momentum

The change in the momentum of a body over time is equal to thredfithe forces

acting on the body. Thus, conservation of momentum is espreas

3y

4 bd tdA | (2.37)

dtB B BB

77 77

The Cauchy's theorem states that

t n} (2.38)

whereb is the body forces acting on unit deformed volurnés the surface traction
vector applied on unit deformed area ands the Cauchy stress tensor. Combining
equations[(2.36) and (2.37), expression for the local fofth® momentum balance

is obtained

|9 div bl (2.39)

2.2.3 Conservation of Moment of Momentum

The conservation of angular momentum states that changes imngular momem-

ntum is balanced by the net moment acting on the body. Locat fuf balance of
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angular momentum ensures that the Cauchy stress is syrametri

T (2.40)

As a result, following equities hold

™ PFT FPT; s ST (2.41)

for the Kirchhoff stress tensor, the First Piola-Kirchhsififess tensor and the second

Piola-Kirchhoff stress tensor, respectively.

2.2.4 Conservation of Energy: First Axiom of Thermodynamis

The energy conservation or namely rst axiom of thermodyitanis an expression

of the interconvertibility of heat and work in a system and ba expressed as

3y 3y 3y

— pe }v v v rod p v hoa (2.42)
dt g 2 B B

In the above equatiorg is the mass speci c internal energy,is the heat source
generated by internal processes in the body lansl the outwards heat ux. The

global expression of the internal energy balance can bershsw

d .
X E1 P Q (2.43)

whereK, E, P andQ are the kinetic energy, the internal energy, the mechanical
power and non-mechanical power, respectively. It statthie rate of change of the
total kinetic and internal energy equals to the sum of meicladand non—mechanical

power in a closed system. The speci ¢ forms of each compoimeeguation[(2.413)

can be de ned as, N
1
K : — Vv vd;
g 2
»
E: ed;
B
N 5 (2.44)
P b vd t vda,
B BB
» »
Q: rd hda:
B BB
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Considering all the spesi ¢ form of balance equations giabove, nal form of the

balance of internal energy is written as

® divqg d oo (2.45)

whered : synrglsis the symmmetric part of the spatial velocity gradiént

=2/ =

2.2.5 Clausius-Duhem Inequality: Second Axiom of Thermodyamics

The second law of thermodynamics imposes limitations orctmstitutive relations
governing both elastic and inelastic dissipative mechmasitm mechanical processes,
as well as on the direction of heat ow in thermal processes.

The Clausius-Duhem inequality is denoted as
d » » r » h
— d ¥ —d —da (2.46)
dt B B BB
where and correspond to entrophy per volume and absolute temperatespec-
tively. It simply implies that rate of entropy increase mistgreater than the entropy
input rate. Using the Gauss integral theorems and the Cdashnh g n) yields

nal form of

ov * divplq = ldvg Zqr, | (2.47)

2.3 Dissipation Inequality: Coleman's Method

The constitutive relations are constructed in a way thagriehtly satis es the second
law of thermodynamics so that these relations are thermadjsally consistent. In

other saying, the Clausius-Duhem Inequality (CDI) giverguation[(Z.4]7) imposes
a restriction on the constitutive relations. Considerhmglocal form of global balance

of energy equatiori (2.45) in CDI, we get,

9 }pé :dq izq r. ¥0 (2.48)

where entrophy production per volume. Modi ed form of CDI exprdbe dissipa-

tion at an arbitrary material point as follows

D: 9p® 1 - dqg iq re ¥0 (2.49)
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The dissipation terms is divided into two components: laoadl conductive parts,

both of which are greater than zero

D Dic Decon¥ 0 (2.50)
where
Dioc : d ® 9¥ 0 (2.51)
and
1
Deon : -qr, ¥0 (2.52)

The stronger conditions mentioned in equatidns (2.51) @] are referred as the
Clausius-Planck Inequality (CPI) and the Fourier Inedqudkl), respectively.
Helmholtz free energy is oftenly used rather than internatgye in solid mechanics.

By using the Legendre transformation, the Helmholtz freergy can be de ned as
e (2.53)
The derivative of the internal energy with respect to tim€mrI can be rewritten as
& 9 9 o9 (2.54)

then plugging into equation (2.61) yields
Dec: :d 9 % o; (2.55)

an alternative form for the CPI. The equations (2.52) ang5Pful Il the fundamen-
tal thermodynamic restriction on constitutive equations.
The Helmholtz free energy function and the heat ux are std¢e general formula-

tion of inelasticity problem as follows

"PX;Fiiliga g apX;;Figq (2.56)
wherel is the generalized internal variables vector gnd the temperature gradient.

Then, time derivative of the Helmholtz free energy functioms out

9B,:PB 9B, : 9B, @& (2.57)

Substituting obtained derivative into equatidn (2.55)hwnatternative expression of

stress power : d (2.58)

- d 3PP Jls:%@ J?1 :d (2.58)
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results in
WP B ssP r B s B s:® B s@¥0 (259

The equality of equation_(2.59) must be satis ed for any @aby rates of deforma-
tion, temperature and temperature gradient. Hence, Colsreaplotation method
implies

rP oB s Or B s Org s O (2.60)
It is clearly shown that the Helmholtz free energy is not acfion of temperature
gradient beside it behaves as a potential for the stressharehtropy with following

relations
P 0B and B (2.61)

Finally, local dissipation can be expressed
Dioc : g s:19 3 9% (2.62)

where oB stands for thermodynamical force conjugate to any interaad

ables,| ,of viscoplasticty or damage mechanism.
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CHAPTER 3

A PHASE-FIELD APPROACH FOR DUCTILE-BRITTLE FAILURE OF
AMORPHOUS GLASSY POLYMERS

This chapter will examine a proposed phase eld approachimtile-brittle failure
of amorphous glassy polymers. First, we will investigateeknatics and thermo-
dynamical restriction underlying inelastic formulatiohpyoposed approach. Then,
evolution equations stemming shear yielding and crazinghvinduce the evolu-
tion of void volume fraction will be outlined. Hereafterodal form of multi-physic
problem is concerned regarding balance and non-local eenlequations describ-
ing deformation, crack phase- eld and thermal eld. Latee will introduce speci c
forms of the constitutive relations governing the nite thwviscoplasticity of amor-
phous glassy polymers and the novel failure criterion wiiiemonstrate the ductile

and brittle failure simultaneously.

3.1 Kinematics and Thermodynamics

3.1.1 Kinematics

Let B andS € R? be the Lagrangian (reference) and the Eulerian (spatialgce
ration of a continuous body at speci c timgandt PT € R , respectively. Then,

the nonlinear one-to-one deformation mappinaX ; tgcan be de ned as follows

$
&B T N sPR®

' X ; 3.1
P V% xi1q pRx it -
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deformation eld phase- eld temperature eld

plastic strain craze strain void volume fraction

Figure 3.1: Primary and local eld variables constitutimg tmulti-physics of ductile
and brittle fracture in the reference frame; deformatiorprmaalong with Dirichlet

and Neumann-type boundary conditions

The deformation map projects the reference con guratioto @s counterpart in the

spatial con guration, see Fif. 3.1. Additionaly, the crantiase- eld variabled, reads
$
& B THNro1s

"% X tg PRPX tq

While phase eld parameter @ 0, material is intact. On the other hand, material

(3.2)

can be said in fully ruptured state whdn 1. Therefore, phase eld variable lies
in interval ofr0; 1s As mentioned in previous chapter, deformation mapX gat a

xed time t, the deformation gradient and its determinant are de ned as

F: rx"oXq and J: detgFqi O: (3.3)
Afterwards, we describe the temperature eld in the niteash context
$
& B TR R?

; N ; (3.4)
% X ;tq PR X ;tg

as shown in Fig.3]1

In mathematical saying, the deformation gradient is a basidinear bijective map-

ping which construct a relation between tangent vectorsatenal curves and tan-

gent vectors of the deformed curves. The gradient operaignr g and the Jacobian
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J in (3.3) denote the spatial derivative with respect to tHeremnceX and linear
transformation between an in nitesimal reference volumd associated spatial one,
respectively. As we move further, consider the referéBand the spatiab man-
ifolds with the covariant referenc& and spatialg metric tensors. These metric
tensors are identical to Kronecker delta, g, ab andGag AR , In Cartesian

coordinates system. Then, the right Cauchy Green tensdrede ned as
C: F'gF where  Cag  F2a0uF % (3.5)

in the reference con guration. Beyond the aforementioneéah@ary deformation vari-
ables of mechanics, any inelastic response is history digm¢iand is hence incorpo-
rated through internal variables evolving over time. Ferphoblem of interest, these
internal variables are the covariant Lagrangian inelasitricsG® and G°® which

are related to shear yielding and crazing, respectivelys&éhmetrics are de ned as

follows
$ $
&B T N RS &B T N RS
GP:, . and cy . ;
% X ;tg PN GPpX ;tq % X ;tg PN GopX ;tq

(3.6)
with initial conditionsGP“gt  toq G. Considering MEHE ET AL. [87], Hencky—

type total, plastic and crazing strains are presented, i.e.

1 1 1
" éInC; "P éInGp and "¢ élnGC; (3.7)

in the logarithmic strain space, which provides the usagadditive decomposition

of the strain measurements analogous to small strain agipsaech that
ne, » "p ne (3.8)

Since there is one-to-one correspondance betw&en' cuandtGP; Gy, the loga-
rithmic inelastic strain§P and" ¢ are used as internal variables elucidating the local
inelastic deformations. Additionaly, we also introdugerepresenting the void vol-
ume fraction in a continuum point which serve as a micromeidadly motivated
damage variable, i.e. $
.& B T N rvig1ls
\: "4 . . .
pX ;tq PN v pX ;tq

wherevit  toQq Vi Stands for the initial value of the void volume fraction.

(3.9)
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3.1.2 Stress and heat ux
Consider a body which admits the Kirchhoff stress tensofhen,
P F T and S F 'F T; (3.10)

characterize the rst Piola—Kirchhoff (nominal) and thesed Piola—Kirchhoff stress
tensor, respectively. Besides, let us consider the Caugpg-{true) heat ux vectoq
andh  Jq being the corresponding Kirchhoff-type heat ux vector.eT@auchy—

type and the Lagrangian heat ux vectors are related thrabhghdentity
Q dA q da: (3.11)

wheredA andda are the in nitesimal material and spatial areal vectorspeztively.
From [3.11), the material (Lagrangian) heat ux vector ®@d F 'Jq. Then,
an important relation between the two for the subsequerdtoaction is obtained via

the Piola identity, i.e.

DivpQq F JDivpyg Jdiv g (3.12)

3.1.3 Thermodynamical framework

To construct the mathematical framework of thermodynahmestrictions for the
multi-physics problem we are dealing with, it is introdudbd rate of the total loga-

rithmic strain rst, i.e.
1 1
'9: : §$ g and 9: §$ g (3.13)

in terms of the Eulerian transformation tensorand which is de ned as rst and
second derivatives of the total logarithmic strain withpest to the spatial metric
tensorg such that

2" and : 4B ": (3.14)

At a local point, the material response is assumed to depetitedotal Hencky strain
", the plastic strairi?, the crazing straifi¢ as well as the void volume fraction,
the crack phase— eldl and the temperature Then, the Helmholtz free energy is
composed of these internal variables as follows

AN

gmP: % v d; g (3.15)
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3.1.3.1 Local dissipation inequality

The local dissipation inequality, or namely the ClausidarEk inequality, combined
with the time derivative of the free energy function and iewiof the Legendre trans-

formation,i.e. : e e, iN (8.15) yields
1
Dioc : :§$ g 9 9y o (3.16)

where . stands for the speci ¢ entropy per unit volume. Insertionhef time deriva-

tive of (3.15) into [(3.16) gives rise to

1
Dioc: P 2B a:5% 9B : B..: B, 9B, &p .B g% o0
(3.17)

Here, denotes the Kirchhoff stress tensor. The constitutive esgions for the

\4

Kirchhoff stress tensor and the corresponding logarithsiriess tensor, i.e. , ob-

tained from[(3.1l7) by using Colemann—Noll exploitation hwoet, i.e.

2B, B. :2 B" : where :B. and . B
(3.18)
in regard to the transformation tensorin (3.14). This procedure directly leads to

the reduced form of the Clausius—Planck inequality (3.4 Zhe following form

Dled. PP cop Vg dPy (3.19)

loc

in which the thermodynamic driving stress tensors, i.8.and ¢, and scalars, i.e.
Vi and 9, are introduced which are work conjugate to the rate of thkastic strains,
i.e.'® and'?®, and the rate of the void volume fractie® and the crack phase— eld

Their de nitions are
P: B ., ; °:B..; Y:B . 9B 4 (3.20)

Vi

We impose a stronger condition than (3.19 to split the preee®f shear yielding,

crazing, void growth and damage i.e.

PPy 0 C:F¥Y 0 V@g¥ 0o PO (3.21)

3.1.3.2 Algorithmic tangent moduli

In order to derive these stress tensors, we set up the dgocitexpression for the

tangent moduli by computing Lie—derivative of the Kirchhsfress tensor with
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respect to the velocity and the incremental deformation map , obtaining

~

$ N $
(3.22)
dge -1 g N T . algo. S L I o
The Eulerian tangent modul®'?° follow from 3.22), i.e.
ago. T . algo . o (3.23)

which can be simply regarded as the geometric transformatdwveen Eulerian and
logarithmic arguments, i.e. the consistent logarithmigent moduli 29° and the

stress .

3.1.3.3 Non-local heat conduction

The locally generated heat is conducted throughout therrabite a non—local fash-
ion as given in the conductive part of the total dissipatieaquality known as the
Fourier's inequality, i.e.
1 1
Dcon : -Q rx —qry ¥0 (3.24)

according to the material and spatial con gurations. Meespthe temperature gra-

dients are described as follows
G: rx and g: ry; (3.25)

in both reference and spatial con gurations, respectivélye heat ux vectors out-
lined in Sed.3.1]2stand on an objective dissipation pa@khinction for the given

state of the material, i.e.
con eonPG:Cidi X a MeonbyigiFidi X g (3.26)
It should be emphasized that the inequalityLin (B.24) islfatl as long as the ¢, is

adopted to be a convex function with respecGt@andg.

3.2 Evolution Equations

3.2.1 Shear yielding

As stated in BYCE ET AL. [26], the local description of the shear yielding is man-

ifested by an isotropic and isochoric viscoplastic ow irettirection of deviatoric
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plastic force, seé (3.20)i.e.

# +
dewp~Pq As ~P

@ SV M ) ne - )
Tdevo="a) where @: $exp 1 s . (3.27)

in terms of the scalar ow functior®® according to the double—kink theory which
will be outlined under speci cation of the ow rule. In this amner,s denotes the
effective athermal shear strength of the polymer reckoh thi¢ pressure dependency

of yielding, i.e.
s s %; (3.28)

wherep stands for the hydrostatic pressure & 10:1; 0:2sis a parameter handling
the pressure sensitivity of the yield stress, see, e.gwBEN & JUKES [23]. In
B.27),devwp~Pq: ~P : P designates the deviatoric part of the effective thermody-
namic driving stress-° which is simply double contraction of that stress and fourth
order projection tensoR | 1b 1{3. Parameters, such as the pre—exponential
factor ¢, the lumped parametéx and the temperatureare retrieved from experi-
ments and/or micro—structural data. In additidp, ow theory is incorporated into

(3.27) via~* such that
C

a__
~P Jo %r dewp~Pq: dewp~Pg s (3.29)

Other than the pressure dependence, stress softening iwlolokerved in amorphous
glassy polymers is assessed by a phenomenological evolatiofors, i.e.

S
Ss|vs g

® h; P with spgq so (3.30)

wheresy, and h; imply the material parameters controlling the initial valaf the
athermal shear strengthand the slope of the softening, respectively, wisips; q
denotes the saturation value ®fand is considered as function of the void volume

fractionvs , i.e.

Ssps g Sssfl  hopv?®  viQs (3.31)

similar to the local free volume theory proposed bys\D & GURTIN [7]. In (8.31),
Sss andvy® are the steady-state valuessondv; under shear yielding ani, is

another material parameter controlling post-yield softgnrespectively.
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3.2.2 Crazing

The ow rule associated with crazing is assumed to occur endhiection of maxi-
mum principle tensile stress based oBARING & A NAND [46] in the form of

m

F Ffbf where ¥ & ~;"ax ; (3.32)

Here, & is a scalar function for the craze ow arfd e IS denoted the eigen-
vector that refers to the effective maximum principle tensiress, i.e. ~max

maxt ~aUs 1.2.3,0btained from the spectral decomposition, i.e.

3
~ ’ ~a€a b ea: (333)
A1

In (3.32), % corresponds to the reference rate of the craze strain, thgleesistance
to craze ow is asserted by, andm is just a parameter stands for the strain-rate

sensitivity. We highlight that the eigenvecfois not changed once the craze initiates.

3.2.3 Void volume fraction

Craze nucleation is driven by both deviatoric and voluneetdmponents of the ap-
plied stress. Hence, both the shear yielding and crazindhameems contributes the

growth of the void volume fraction.

Shear yielding is only effective mechanism for the evolutid void volume fraction
betweenv; P v;o;vf®s On the contrary, once craze initiation criterion is metthe
the void volume fraction evolves, i.es P v¢®; 1s under the action of craze ow.

Therefore, the evolution equation incorporates two cases,
$

: & p, o 1 9 i shearyielding (3.34)
% pl  viqtrp¥g UA  crazing

wherehs is another constant which control the slope of the growthteNbat such

a interpretation is motivated by the classical growth tiigetated to crazing, beside

the evolution of free volumes presented iIEARING & A NAND [46] is considered

for shear yielding. Dealing with (3.80) in combination bf33) and[(3.34)as a sys-

tem of ordinary differential equations (ODES), we inveatethe equilibrium points

(critical points) on §,v; )—plane as N 0. Acceptingh, h,, hs and 9 are all positive
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scalars and solving the algebraic equati®s0and@® 0, the system come up to
a single equilibrium point, i.e s, V). Consequentlys N sgs andvy N v under

shear yielding mechanism.

3.3 Global Equations of the Multi—-Field Problem

The constituve framework emphasized in aforementionetdosecembedded into
governing global equations of the thermo-viscoplastictiree at nite strains. First,
we outline fundamental balance laws that satisfy the corenas of the thermome-

chanics are the balance of linear and angular momentum kath t
Jdivp{Jg o O and T . (3.35)

governing the initial boundary value problem, stands for the density of the refer-
ence con guration and is the prescribed body—force eldlivp gdenotes the diver-

gence operator with respect to the spatial coordinateBhe second global equation
is the nonlocal evolution equation of the crack phase— eldd rate dependent case

l—lm 12 dgs; (3.36)

& }erl doH
driven by the local history eldH storing the loading unloading conditions in terms
of the relevant quantities which will be speci ed in Secti@r@. The term pq
DivrGradp gsrepresents the Laplace operator with respect to the referemordi-
natesX . Thel indicates the length—scale parameter appear in the pteddegheory
inherently whereas the arti cial viscosity parameterjs for stabilization of the so-
lution algorithm. For very small values of the length—sc#éte Laplacian term can
be omitted. Then, it conduces to a closed form solution ferdical evolution of the
phase- eld. The desired growth conditions for the phaséd-feom initially intact
state, i.ed 0O, to a fully broken state wher@® 1 are satis ed by a monotonically

increasing speci c crack driving source teih
The third global equation features the balance of internatgy, i.e.
1 .
® ; §$ g r Jdivpg (3.37)

in the spatial con guration whererefers to the speci ¢ energy per unit volume, while

r is the prescribed heat source. With the rst law of thermaiyics at hand, one can
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exploit the Legendre transformation, ie. e. Taking the time derivative of
the Legendre transformation and substituting (3.18) &aBj3nto 9, we arrive at

the following intermediate result, i.e.
. 1 red .
o :3%g9 DE W (3.38)
Comparing[(3.37) and (3.88) we obtain the evolution equdtio the entropy
Q Jdivjg r D[ (3.39)

Remembering the de nition of the entrofy (31 28)e temperature times the evolution

of the entropy with respect to time reads

Q B .Y Bp:3$ g Diglg
(3.40)
cd L;
where we have introduced the speci ¢ heat capacity and tidteating, i.e.
c: B B and L: Bp :%$ g D&g (3.41)

respectively. Next, the evolution equation of the tempemfollows from [3.4D)
substituted into (3.39) such that

c9 Jdivpgg r D& L: (3.42)

loc

we endupwitly Oandr Ofor an adiabatic process. As stated imeME [84],for
entropic thermo-elasticity the amount of latent heatingmarkably small compared
to the dissipative heating . Hence, one can omit the lateatirgg i.e.L O without

loss of generality.

3.4 Speci c Constitutive Functions

3.4.1 Free energy function

The free energy introduced in(3115) can be decomposedhetoially coupled elas-

tic and plastic parts along with a purely thermal contribatii.e.

“pnrerediv; g 0 tepred g CPEivis g Topg
(3.43)

o°rdg"sp' 9 o*pvid BpPs 4 " pg
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Where’\gp'e; gand ’\Sp'p; gaccount for the elastic impetus of the chains and the
entropic resistance to molecular alignment, acting asnpiatis for the effective and
back—stress response, respectivgipdgandgPpv; gshow the degradation functions
due to phase- eld and void volume fraction acting on thetedaend the plastic part
of the free energy function, respectively. We highlightttg®ov; g would only be
operational provided that the switch functién (3.63) isgjred out of the constitutive
formulation, see BL ET AL. [37] for the related discussion. Unlik'égp'e; gand
’\Sp'p; q the thermally stored enerdy p gis not in uenced by the fracture or void
growth so thermal energy is not released instantaneougty aifter fracture occurs.
In accordance with the additive split of the free energy,dfiective plastic driving
force (3.20) is obtained via

Ne

~P ~ <P owith ~:B.."p'% q and ~P: B "Bp g  (3.44)

in the sense of the effective stress and back-stress tersansl ~° formulated in
the logarithmic strain space. It should be underlined thét the effective deviatoric

part of the driving force~P enters the ow rule[(3.27).

3.4.1.1 Thermo-elastic contribution

Amorphous glassy polymers show noticeably small elasfiordeation before yield-
ing. Therefore, linear elastic model can be used to desthidbehavior of the mate-

rial in that regime, i.e.

"t A Strigta ctrpap oq “pgldewsq); (3.45)

where , *p gand 1 stand for the bulk modulus, the temperature dependent shear
modulus and the thermal expansion coef cient, respegtjwehile o denotes the
initial temperature of the material. The effective Kirclfirgtress and its logarithmic

counterpart are obtained by exploitation[of (3.18), i.e.
~1 ~: where ~: rtrg'®q  tp ogd 27p qdew'®qg (3.46)

Temperature effect on the shear modulus can be identi edhéydllowing empirical

relation as proposed ind®/CE ET AL. [25]

"pqg exprinp,q cp [0S (3.47)
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inwhich ,, , andcs represent the reference temperature, shear modulus isnede

temperature and sensitivity parameter, respectively.

3.4.1.2 Thermoplastic contribution

The plastic part of the intact free energy describes theqgoswmatic hardening ef-
fect via effective back—stress® resulting from the intramolecular resistance to the
plastic ow owing to the chain alignment in the principal defnation directions, see
(3.44)%. Also, amorphous glassy polymers show entropic nature agbinery poly-
mers. Hence, polymer network theories are oftenly used tdetyaastic part of the

free energy function and post—kinematic hardening region.

There are pervasive approaches in the literature whichtorisa relationship be-
tween microscopic and macroscopic deformations througticpar kinematic as-
sumptions, see among others the three chain modeAwES & GUTH [64] and
WANG & GUTH [114], the eight chain model of RRUDA & BoYCE [14]. We re-
fer to DAL ET AL. [35] for further information. As the plastic part is modsll as
polymer network, it can be considered to be isotropic andoegidenti ed by plastic

principal stretches, i.e.

P exppPq where i 1;2;3: (3.48)

These are derived by the spectral decomposition of theiplstsetch tensor via the

Hencky—type plastic strait?, i.e.
3
UP: GPY¥2 expp'Pq = exppPgnPb nP; (3.49)
i1
wheretnPy 1.,.3 are the principal directions of the plastic strain. We diseadopt
the eight chain model proposed byRARUDA & B oYcCE [14] all among the polymer
network theories mentioned above. Accordingly, the nekvetretch P is calculated
from the following relationship

1

1
2. p¥ B Fa StGPg (3.50)

Conclusively, one can declare the energetic state of thadéilvork considering the
energy of a ctitious prototype chain via

L r"Ppgs
sinhL r"Pp gs

/\p/\

P g pdiPpg “Ppd rPpags In

(3.51)
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Here,~Pp gandNPp qrepresent the thermally dependent plastic shear modutlis an
the number of segments per chain, respectively. In factstdredard argument based

on TRELOAR [111] determines the plastic shear modulus

"Ppg  APp ks ; (3.52)

wherenPp qstands for the temperature dependent ctitious chain dgnshile kg

is the Boltzmann constant. Unlike cross—linked rubberypars, the chain density
in amorphous glassy polymers is not constant rather sutgettcrease as the tem-
perature of the domain rises. This phenomenon is elucidatedrding to RHA &
BowDEN [101] and ARRUDA ET AL. [16] by the following empirical relation

APpgqg B Dexp ? ; (3.53)

in which B andD appear as constants, whig denotes the dissociation energy of
the entanglements in the molecular netwdrkstands for the gas constant. The ratio
betweenB andD can be determined from experimental observations conduaite
the glass transition temperatugg whereby the molecular network completely breaks
down leading td"Pp q 0. Then, we have
B oo Eo .
Ry

according to Bsu & GIESSEN[17]. The total number of rigid links in the network

(3.54)

is assumed to be conserved at any temperatureffegllPp q const; whereby

the actual number of segments per chain can be calculatetl@sd,

APp
KPp g hp':) Slﬁpprq (3.55)

see, e.g., RRUDA ET AL. [16] and the references therein. Hefép ,qandNPp ,q

express the chain density and the number of segments fogke ihain at the refer-
ence temperature. Returning back td (3.51), 'r sdenotes nothing but the inverse
of the well-known Langevin function, i.eLrs : cothpg 1{p g In following
section, well accepted approaches are classi ed and iaggdged by means of com-

plexity and accuracy.

In proposed approach, Padé approximation for the invemsgeéyaon function is used,

|e . Ap Ap 3 /\Ipzp q
L “rifpags [p W; (3.56)
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see (OHEN [33] for details.bln [[3.501), the temperature dependenttikalgplastic

network stretch"?p q: p{ Krp qwhere’\P}S) g P 0;1sgives an account of the

limited extensibility of the chains a’s\|pI0 q N'Pp g being the locking stretch.
Accordingly, the back—stress (3]44h the logarithmic strain space is computed via

the chain rule

/\p /\p_

~: B~ "GPP aB,"PBs PBp PB, ! where iPt1;2;3u (3.57)

Inserting the respective derivatives info (3.57) we end uh whe effective back—

stress tensor

IN¢ p p2 =3
b pg 3Ppg ~ GP  with GP P2nPb nP:  (3.58)
3 Kfpp q p i1

It should be emphasized that only the deviatoric part of ffectve back—stress®
enters the ow rule in[(3.27).

3.4.1.3 Thermal contribution

Following form is enough to elucidate to purely thermal pdrthe free energy func-
tion, i.e

N

oP d c > p od (3.59)

Here,c denotes the speci ¢ heat capacity whilgindicates the initial temperature of
the body.

3.4.2 Degradation functions

The degradation function for the elastic pgtpdqin (3.43) describes the softening
of the material with evolving damage parameadeiThe chosen function must satisfy

following restrictions

o°0q 1, o°plg O; Bg°plg O (3.60)

The rst two constraints in[(3.60) set limits for the intaaicathe ruptured state of
the material, whereas the latter condition ensures thagrnieegy dissipation reaches
a saturated value as the damage converges to the fully+bst&te, i.,ed 1. Even

alternative forms of degradation functions can be found uHK ET AL. [74] and
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BORDEN ET AL. [20], we prefer to directly adopt a simple quadratic form dépdq

which satis es prede ned conditions in the sense ofeME ET AL. [94].

o°pdg pl  def; (3.61)

Note thatg®pdgacts on only elastic part of the free energy functior in (B.4&dnce
accumulated plastic deformation is not altered by fractpligstic energy release does
not take place. Therefore, it is assumed that plastic stenedgy is not affected by
fracture in general.

Glassy polymers lose their ability of exhibiting ductilesp@nse due to evolution of
voids in the material and they start to show brittle-typepoese. Therefore, the
degradation functiogPpv; qis plugged into plastic part of the free energy function to
emphasize the decline the contribution of the plastic paettd shear yielding in an
analogous form td (3.61), i.e.

o°pviq pl Vi (3.62)

The proposed degradation form above is enough to charzaetidre lessening in the

plastic contribution accounting for the void growth.

3.4.3 Craze nucleation criterion

Simultaneous evolution of both shear yielding and crazingrhitteg,see D\L ET
AL. [37] for further discussion . Alternatively, we considerot serial viscoplastic

dashpots together with an irreversible switch funcqror the onset of crazing
$
&fcp~qu0 _  ~mx @0 _  ~q@ 0 A shearyielding
Fep=q:, (3.63)
%fcp~qi o » ~max i 0 * ~o i O UA crazing

where the effective mean normal stress (negative hydrogtegssure) is de ned as

rirg’®q Tp ogsin the logarithmic strain space aiid stands for the nucle-
ation function to be stated. At the beginning, the materedidves viscoplastic in
which the crazing strains have not evolved y&t, 0. When the stress state of
the material reaches the criterion proposed_in (3.63),echaitiates and the rate of
plastic strains due to shear yielding become fro%en 0. It needs to be underlined

that the plastic deformation due to shear yielding is a va@ymeserving process, i.e.
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trp'Pg 0, which is in accordance with the nite viscoplastic behavad ductile
amorphous glassy polymers. However, crazing is assocratedlilatational plastic
straining, thereby making the inelastic ow compressibie® the craze nucleation
criterion [3.63) is satis ed. In uenced by the criteriongposed by $ERNSTEIN
& M YERs [105] we enhance the following craze initiation functiontire sense of
GEARING & A NAND [46] to provide temperature dependency, i.e.

¢pq : 3pq
¢ v with € S E——
i 3P 0ol sPd 7 04

fcp~; g ~max Clp q (3-64)

whereé.p q[MPa], &;p q[MP&?], and&;p q[-] represent temperature dependent ma-

terial parameters according to

Gpag Gprgexp kQ—' where i 1,2 (3.65)
B

Therein,Q; [Nmm] andQ, [Nmm] should be determined from experimental data
as proposed by [FSSENS ET AL [108]. Note that in[(3.64) p qdenote the tem-
perature dependent Poissons' ratio. Given criterion iBBoperates as a one-way

switch function in proposed model.

3.4.4 Local history eld as a failure criterion

For the purpose of establish the novel failure criteriondionultaneous modeling of
ductile and brittle fracture, we introduce an equivalespit strain due to the shear

yielding R

0 S S R (3.66)

Then we propose the crack driving source terniin (3.36) feddlcal evolution of of

the crack phase eldi.

2 Vi 2
Hpx; ;vietg: X — v ly; (3.67)
f

LConcurrent evolution of crazing and shear yielding has fefoundly investigated by postulating a single
evolution equation of the inelastic strains, that®, g°pvr d'9  g°pvr ' resulting in"® " "P°. There,
g°pvs gsigni es a general growth function for crazing, e.g“pvi g vZ, while g°pv; qis a degradation function
for shear yielding analogous % (3161). Such a formalismetises with the plastic incompressibility. However,
this has led to enormous numerical issues, especially wbetbioed with phase- eld modeling of fracture and
could not be circumvented. Therefore, we need to rely onvlitels function separating the evolution of the two
phenomena. In this case, the degradation @pa; gin front of "8 'Pqin (3.43) becomes trivial since the switch

function already carries out the intended purpose in anpalmnanner.
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is a parameter associated with the growth process for thek ghase eld and
the Macaulay brackets, i.exxy %p( | x]g ensure only the positive values are
taken into account.Therein,andvs are the critical equivalent plastic strain and void
volume fraction associated with shear yielding and craziegpectively.
Such a modality in constitutive modelling of amorphous gyapolymers can not
only relate the phenomena of crazing to more physically gded measure rathert
than the extant criteria in the literature but also simwdtarsly models shear yielding
and crazing induced crack initiation and growth in the centé crack phase— eld

approach.

3.4.5 Dissipation potential for heat conduction

The objective dissipation potential function stated[i26}.represent the heat ux
within the body and is formulated in the following convex deatic form
1

“enPigiF; 4 skg 'igbg (3.68)
whereg is the temperature gradient vector in the spatial con gareandk is the heat
conductivity constant which is chosen greater than zeroderto generate a positive
dissipation. Fron(3.68) we conclude the Cauchy—-type)tneat ux vector de ned
in Sed.3.1P, i.e.

q kgg ! kr y g & (3.69)

The Lagrangian equivalent ¢f (3169) is given as

Q kGc!t kr x C % (3.70)

3.5 Global algorithmic treatment

The coupled global eld equations stated [in (3.35), (B.3&) &3.42) in Sed. 313 de-
scribe the multi-physics nature of the phenomena in an @oalgense. To go one
step further in the numerical development, let us focus amaintervalr t,; t, 1S €
R during which the initial boundary—value problem is depicby the initial condi-
tions att,, i.e.

t' 5 d Ul g t 7 p ey ol (8.71)
for the primary eld variables. In what follows, the Diriokti—type boundary con-

ditions for the deformation eld, the crack phase- eld arkttemperature eld are
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prescribed as follows
on BB ; d d onBBy and on BB ; (3.72)
along with the Neumann—type boundary conditions, i.e.

n t onBS; r«d N 0 onBB,4 and h n h on BS;:
(3.73)
In (3.73),N andn F TN are the outward normals on the surfe® of the
reference con guration an@®S of the spatial con guration. Having demonstrated
the initial and boundary conditions of the multi— eld preiph, an important concept
apropos the thermal problem awaits to be set on the extesiandary which is the
convective heat exchange. A linear relationship holdsHertteat exchange between

the ambient and the solid domain such that
h hep  gg on BSy; (3.74)

whereh, is the coef cient of the convective heat exchange agpdepresent the am-
bient temperature. The numerical setup starts with the mass-operator splitting
algorithm featuring a concept of dividing the non-convexnwoiithic problem into
convex sub—problems according'tqa andd. In this way, they are successively

updated in a typical time stept  t, 1 t,,

ALGOyrc ALGOy ALGO: ALGOc; (3.75)
where each partitioned system reads
$
L divp 0
2 pJ a o
Mg, 9 0
%P o
I$ )
i'9 0
&
prg : , 9  Jdivmafe D[&{c (3.76)
%P o
$
i '9 0
&
ICag:, 2 0
boo 1 1. 2
%P Zropl  deH s 12 dgs
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Therein, the mechanical stgM qis solved for the frozen the temperature and the
crack phase—eld, ; » andd, ; d,, respectively, whereas the temperature
evolution steppl gadmits a frozen deformationmap, ; ' , and the frozen crack
phase-—eldd, ; d,. Finally, the evolution step for the crack phase— eld adsep
the frozen states for the deformation map and the temperatwhich' , ; ' |,
and , 1 n, respectively. Note that all variables without subscrigt laereinafter
evaluated at timé, ; and gradients without subscripts, ilep q refer to the refer-

ence con guration.

3.6 A one-pass predictor-corrector algortinm for the inverse Langevin function
Langevin function, named aftétaul Langevinis expressed by
1
Lpxg cothx ” ; (3.77)

wherecothx is hyperbolic cotangent. Its inverse function is widely dise sev-
eral elds of statistical mechanics such as magnetism,pelyphysics/[73] and rub-
ber elasticity[[41]. Since th@verse Langevin functioh pxqcannot be expressed
in closed form, there are mainly two ways to compute it: (i)approximate func-
tions and (ii) numerical methods. Approximate functions ba classi ed into three
classes: power series [41/63, 110], rational function$/38365| 73, 100, 111] and
trigonometric functions [19, 69, 70]. Taylor series expangs the most commonly
used power series approximation for an arbitrary functiefdyng very accurate pre-
dictions within a convergence radius that increases witheimsed number of series
terms [62, 110]. However, the Taylor series approximatedivergent in the limit
y Lmg N 1. The general formula for the Taylor series expansion of tiverse
Langevin function is

L 'oyq =~ ayS; ax O for k 1;::n (3.78)

k 1

First ve non-zero terms of Taylor series expansion for teerse Langevin function
were introduced by KHN & GRUN [75] and it paved the way for further contribu-

tions based on Taylor expansion [15, 115,/120]

y3  29%5 15397 12611%°

1 R
Lwe ¥ T 75 785 67375 (3.79)
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A simple iterative procedure to obtain the coef ciemtsof the Taylor series at any
order is proposed by KOGER[73]. Recently, radius of convergence of Taylor se-
ries for the inverse Langevin function was estimated as 0:904 [66] for rst
1500 non-zero terms of Taylor expansion on the basis of tbeeglure by MR-
CER & ROBERTS [82]. Sincer 1, Taylor series of the inverse Langevin func-
tion cannot provide accurate results near the singularayrady 1 [62]. Ratio-
nal functions are proposed as an alternative for approxngahe inverse Langevin
function. It is based on Padé approximant technique whickxjEnding a given
functionf pxqas a ratio of two power series. These functions are usualie rac-
curate, yet they have more complex mathematical forms. Ngpyoximation func-
tions [33,38,65, 73,100, 110] have been proposed withreiffidevel of accuracy and
complexity based on Padé approximant technique but mosnmomapproximation of
the inverse Langevin function in rubber mechanics is thes@approximation [33].
Other approximate functions will be discussed in the follaysection. Last class of
approximants is the trigonometric functions|[19/69, 70§R& STROM[19] suggested
a piecewise function that contains trigonometric terms. &fiproach has lower max-
imum relative error compared to functions based on Padéajpant. However, its
implementation into analytical works is quite compellingedto its piecewise form.
Several approximations based on non-piecewise trigonanienctions were devel-
oped to handle this dif culty [69, 70]. In recent years, numal techniques have been
used to nd better approximations for the inverse Langeuimction. MARCHI& A R-
RUDA [80] introduced new formulae in the form of rational funcetgoresulting from
a standard optimization problem. Coef cients in the foramilvere obtained by the
method of differential evolution. MROVATI ET AL. [95] proposed an approach that
consists of two parts: rst part is the main functiohgg with correct poles and
residues and second part is a power seie$iq derived to reduce the err& aris-

ing from chosen main function.

L ‘&xq fmxg M pEqwith E L 'xq fpa: (3.80)

Adding more terms in the Maclaurin serikk reduces the relative error. To illustrate

the proposed approach, they considered two main functioasiely a Warner-like

function (12X ) and a trigonometric functions(tanpsxg). Furthermore, they opti-

X2

mized the coef cient of the last term of power series to rezltite relative error.

46



Among all these type of approaches, there is a tradeoff lmtwmecuracy and com-
plexity. The interested reader is referred to the excellent revidWSRDGER [[73],

MARCHI & ARRUDA [80], MOROVATI ET AL. [95].

In this work, we propose a one-pass predictor-correctardtgn for the approxima-
tion of the inverse Langevin function. In the predictor step approximant function
ypiXqis used to predict the inverse of the Langevin functigng L *pxg In order

to improve the approximatioy, an error functiorEpy,q Lpy,q X is introduced.
The linearization oEpy,qaroundy, and its y-intercepy, leads to the corrected value
of the approximant. The novelty of the approach lies in tlo flaat, the current cor-
rector is a function of, rather than X”, opposed to the the correction terms proposed

in the literature.

3.6.1 Proposed approach

Let the error function be given

~ 1
E Lppg x N E cothpyyq y_ X: (3.81)
p
The linearization of the error function around y reads
LinE  Epypq dE y ' 0O (3.82)
dy Yp

The tangent of the error function with respect to y can bevedras

dE - 1 1
N

K — - =
dy . sinh® pypq Y2

(3.83)

Incorporation of [[3.83) and_(3.81) into the linearized erapression[(3.82) , the

approximation can be updated

E

Yo Yp y Yo i (3.84)

The interval [0,1] is divided equally inth0* intervals and the error is calculated for
each point except the singular ones. The calculations greated for 6 different
approximants outlined in Table 3.1. Tleéapsed timés observed after the predictor
and the corrector steps. To compare these features, a MATdoAB is compiled and
timeit  function is used to keep record of the run-time. It calls fhecs ed function

multiple times and returns the median of the time intervals.
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Table 3.1: One-pass predictor-corrector algorithm for Baglé approximation [33].

|.  Predictor ste Given: x3 x°
' P Y X7
II. Corrector step

. 1

1. Error function E: cothpy,q Y X
P

2. Linearization LNE E K vy ' 0:

1 1

3. Tangent —s—

sinh” pypd Y

E

4. Solve —

Y K

E

5. Update Ye Yp K

Table 3.2: Approximate rational functions for the inversagevin function

Proposed by Approximant
3 x?
Coh 33 L?
ohen|[33] Xq XT3
Treloar [111] L1 3
o P pl x?qd 0:4x? 0:2x%q
3X
P 100 L? ——
uso[[100] Xa T3
X  26x2 07x3
Jedynak([65] L mxq
pl xgd 0:Ixq
Kroger [73] L mxq X

pl x2gd 0:5%x2q
3 3x? x3

Itskov & Darabi [38] L pxq 1 x

KROGER[73] suggested the termomplexityde ned as the sum of the orders of
polynomials in the nominator and denominator for rationadtions. In the lights of
this claim, one can infer why Treloar [1/6] approach takesertione than Itksov and
Darabi [3/1], see Figure_3.2. On the other hand, accordinigrtmer's complexity
de nition, Puso approach [1/3] (order 4) is less complexiti@ohen approach [3/2]

(order 5). However, required time for Puso approach is alshplarger. It shows
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that such a de niton is not a persistent way of measuring traputational cost of
an approximant. In this work, we pursue with t@psed timénstead ofcomplexity

which is more general allowing comparison of functions of &ype. As can be seen
from Figurd 3.2, elapsed time for corrector step is idehfaraall approximants as the
methodology suggests. For Cohen and Kroéger approachesgeléime for predictor
steps are quite similar and the elapsed time for correctqristless than half that of
predictor step. Moreover, elapsed time for predictor stebaapproximants of Puso,
Jedynak and Itskov are almost identical and the correctpsgake nearly one fourth
of the elapsed time for predictor step. The relative errsirttiutions for the predictor
and correctors steps of each approximant are plotted inahgexx P 10;1g and

depicted in Figurg 313. Maximum relative errors of ratioluactions are given in

T T
== Predictor
B Corrector

Elapsed time]0 ° s]

CohenTreloar PusoJedynaKroger Itskov
Functions

Figure 3.2: Elapsed time for the predictor and correctqrsst# the rational approxi-

mants to Langevin function.

Table[3.8. Therein, the exact results are obtained by ermgdy0 Newton-Raphson
(NR) iterations to the error expression (3.81). After a féeps, NR iterations lead to
the machine tolerance for the error. According to resutis predictor step applied to
Cohen's approximant reduces the relative error felb&87%to 0:240%and still takes

less time than initial call of other approaches, such aso@relJedynak, and Itskov
& Darabi. Similarly, Kroger approximation performs the beasnong others both
after the predictorfe  1:264% and the corrector stepg§  0:016%). Kroger

approximation is not only the most accurate approximantatgd computationally

the most feasible approximation. For all approximatiohs,¢orrector step reduces
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Cohen approach Treloar approach

— Predictor
r Corrector A

— Predictor
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Relative error [%]
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X 5 —— Corrector 1 =, 5r Corrector 1
S 4 1 54 |
E P
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0 0.5 1 0 0:5 1
X X

Figure 3.3: Relative errors for the predictor and corresteps of rational approxi-

mants to inverse Langevin function.

the relative error by at least an order of magnitude, sees[2El

Besides the rational functions given in Table]3.1, 4 différeinctions which were
proposed by Morovati et al. [95] are investigated as a seseh@f examples. In a
similar way, max relative error and elapsed time for eacletion are calculated and
presented in Table 3.3 and Figlrel3.4. Approximants #1 aratét2onstructed on the
modi ed version of Warner approaclq%). On the other hand, approximants #3 and
#4 are produced by taking a trigonometric function as a Hasistion (; tanp;yq)
and adding power series terms to reduce the relative ermih Bain functions are

odd, have simple poles gt 1 and a residue of 1. Thus, the second set of ap-
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Table 3.3: Relative errors for the predictor and correcteps of rational approxi-

mants to inverse Langevin function.

Max relative error [%]

Approach Predictor Corrector
Cohen 4.937 0.240
Treloar 6.250 0.391
Puso 4.612 0.122
Jedynak 1.513 0.023
Kroger 1.264 0.016
Itskov & Darabi  2.639 0.041

proximants exhibit asymptotic behavior similar to the irsesLangevin function. For

further discussion on the features of admissible approximéor inverse Langevin

function, we refer to IROGER[73].

To show the effectiveness of the proposed approach, it iBempfm approximants

Table 3.4: Relative errors of approximate functions at jgted and corrector steps

2*Function type Max relative error [%)]
Predictor Corrector
Warner-like functions [95]
2y y°®
1)1 v y % 5 2.90 0.084
2y y oY a7
2)l v y 175 0:16y 0.41
Trigonometric functions [95]
3)§tanp§yq 0:53y 0:23y° 2.92 0.085
0.35 -

4)§tanp§yq 0:53y 0:23y°
0:31y> 0:14y’

#1 and #3, then maximum relative error of predicor and ctoresteps are calcu-

lated. The approximants #2 and #4 are already proposed aeverpent to #1 and
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#3. Therefore the corrector step of our approach is compartdte additional terms
added by MbROVATI ET AL. [95] in order to compare its ef ciency. Hence, the cor-
rector step is not applied to approximants #2 and #4 as the iea behind the our
idea is to use relatively simpler expressions as predictdoh® improvement of our
approach can be clearly seen from the maximum relativesreported in Table 3.3.
Maximum relative error for approximant #1 reduces fr@f0%to 0:084%in the
predictor step whereas the correction term added in #2 esdihe maximum relative
error t00:41% Although the approximant #2 has a series expansion up endev
order term, the maximum relative error resulting from thedactor step is about one
fth of the approximant #2. Furthermore, the additional qmnational cost of the

corrector step is less than half that of #2, see Figure 3.4mil&itrend is observed

4 T T
== Predictor

= Corrector

Elapsed time]0 ° s]
N

1 2 3 4
Function number

Figure 3.4: Elapsed time for the approximants from Moroedtal. [95] and the
proposed predictor-corrector algorithm.

as the one-pass predictor-corrector algorithm is appbeapproximant #3 and com-
pared to #4. Maximum relative error for approximant #3 dases td:085%after

corrector step whereas the the approximant #4 1€&85% maximum relative error.
As the the predictor-corrector algorithm is used to imprapproximant #3, the ad-
ditional computational cost considerably less than that4qfwhich also is used to

improve #3 with additional polynomial terms, see Figure 3.4

3.6.2 Representative example: Rubber elasticity

In this section, the proposed approximant is applied foctmaputation of the inverse

Langevin function in rubber elasticity. Our aim is to ass@sthe quality of the ap-
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proximant on the tting performance of the constitutive nebend (ii) the sensitivity
of model parameters on the approximant. We choose the Goapproximant as the

predictor. The particular reason for this choice is its wike of Cohen's approxi-

mantL pxq xf ;‘z in rubber elasticity[[35]. To this end, eight-chain modéed][1
and the extended eight-chain model![36] are investigatél mespect to the exper-
imental dataset of RELOAR [112]. The eight-chain model is derived based on the
non-Gaussian Langevin statistics of an ideal, freely gdipphantom chains that can
pass freely through their neighbouring chains so thatcetiéconstrained junctions
and entanglements are neglected. This fact manifest$ its&trms of underesti-
mated stress-strain response under biaxial deformatdessin the Gaussian-region.
The extended eight-chain model incorporates a tube-likstcaint that accounts for
the entanglements restricting the free-motion of the chaiihis is achieved in terms
of an areal stretch based constraint free energy functiath Biodels are based on
the rst and second invariants. In this regard, the streggessions under uniaxial

(UT), equibiaxial (ET) and pure shear (PS) deformationd rea
C 1
UT) P. 2m —Zap 59
1
(ET) P 2m & %gp  —<q (3.85)

1
(PS) P1 e cgp —q

with
B B
— d — 3.86
G g an ¢ g (3.86)
For the extended eight-chain model, the partial derivatare
L p.q 1.
—= d —— 3.87
G and ¢ 5 (3.87)

c

Herein, the average network stretch, the relative averageank stretch and the av-

erage areal network stretches are, respectively,
Cc c

i 5 3 Ix n
n ——s 3 D_W (3.88)
and c ____Cc __
3 f % 3% 3 I2
n —a 3: (3.89)

The 2and ? are the eigenvalues of the right Cauchy-Green te@sand its cofac-

tor cof C, respectively. The model parametersN, and . are the shear modulus,
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segment number and tube-constraint parameter, resggclivie model recovers the
eight-chain modelfoc;, Oor . 0. Inboth investigations, the parameter identi -
cation procedure outlined inA2 ET AL . [35] is utilized and the model parameters of
the eight-chain model is obtained for the cases: (i) Cohgpfgoximant used for the
inverse Langevin function and (ii) corrector scheme applethe Cohen's approxi-

mant used as predictor. In short, the cost function is de agd

Erorp ;wq wWiEyr  WoEer  Wabps; (3.90)

where error expression for uniaxial, equibiaxial and pinesas experiments read
Nk

Epg  PPup; id P a4 (3.91)

i1
with k t uT;ET; Pu. Wy; W,; W3 are the associated weight factors.
Table 3.5: Optimized model parameters and relative stretolge for eight-chain

model obtained for UT dataset of Treloar: (i) Cohen's appr@nt (predictor) and

(i) one-pass corrector term.

Eight-chain model [MPa] N r P min, mays

Cohen's approximant [33] 0.2672 25.5927 [0.1977,0.8693]
Predictor-corrector 0.2782 25.5108 [0.1980, 0.8707]

Table 3.6: The quality of t values obtained from the paraenétienti cation process
for the eight-chain model: (i) Cohen's approximant (préatizand (ii) one-pass cor-

rector term.

Quiality of t

Eight-chain model Total Region 1 Region 2 Region 3

Cohen's approximant [33] 0.2468 0.0756 0.0809 0.0930

Predictor-corrrector 0.2010 0.567 0.0644 0.0799

In the rst example, the eight-chain model parameters ar@iobd from the UT

dataset of Treloar. The material parameters obtained fritimg process are outlined
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Figure 3.5: Predictions of eight chain model with (i) Pad@ragimant and (ii)

one-pass predictor-corrector algorithm employed for tiverise Langevin function:

The parameters are tted to the uniaxial tension experinzérnikreloar: (left) The

eight-chain model parameters 0:2672& N 255927(Padé approximant) and
0:2782& N 255108 (predictor-corrector algorithm) are identi ed. (right)

Parameters 0:2782& N  255108are taken identical for comparison.

in Table[3.5. Model parameters change slightly as the Pagiésimant is replaced
with the corrector term during the parameter identi catioho express the agree-
ment between the model prediction and the experimental idadacomprehensive
manner, thequality of t expressions for both cases are tabulated for three regions
of deformation in Tablé 36, see als;DET AL. [35] The inverse Langevin’)func-
tion enters the stress expression as a function of thevelatretch { N
which varies in between, P 10:19; 0:88sduring the uniaxial tension test, see Table
[3.4. This value varies slightly according to the variatiamsegment numbex as

the Padé approximation is replaced with the correcter térim shown that one-pass
predictor-corrector step improves the tting quality mexgly. On the other hand,

a more noticeable change is observed in the identi ed paesntThe initial shear
modulus is abou#:12% higher when the predictor-corrector scheme is employed,
see Figuré_3]5(left). In order to assess the variation inehprediction when Padé
approximation is replaced with the predictor-correctdnesne for xed model pa-
rameters, the stress-stretch results for the uniaxiailéetsformations for the eight-
chain model are plotted for the two cases, see Figuie 3t&)righe model param-
eters for two cases are 0:2782& N 255108 The nominal stresses obtained

with Padé approximation slightly overshoot the values ioletd from the predictor-
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corrector scheme in the non-Gaussian region and the gapates towards the chain
extensibility limit. However, it is possible to improve tlygality of t of the esti-
mates obtained from Padé approximation by modifying theenatparameters of
the eight-chain model.

In the second example, the proposed predictor-correcteense is embedded into
extended eight-chain model [36] and new model parametsraset computed for
simultaneous tting of UT+ET+PS dataset of Treloar. Theadtcurves for both ap-
proaches are illustrated in Figure 13.6. The identi ed miatgparameters, and the
quality of t results for the (i) Padé approximant and (ii)galictor-correcter scheme
based computations are outlined in Tabld 3.7 and Table 8spectively. It is ob-
served that quality of t decreases slighlty after switapinom Padé approximant to
the predictor-correcter scheme. The difference betweerddnti ed shear moduli
and . are4:4%, 5:2%, respectively. Although the difference between the idedti
shear moduli parameters are more pronounced in each cassfahtive shear mod-
ulus e 49 . 0471inthe formerand o 0:472for the latter case. The
difference between the identi ed segment numhbérss less thard:2%.

Extended eight-chain Extended eight-chain+Corrector

7 \ 7
« UT-exp « UT-exp
—0 UT-mod —.6 UT-mod
s « ET-exp 3 « ET-exp
S5 ET-mod S5 ET-mod
* PS-exp * PS-exp
L4 PS-mod B4 PS-mod
o 17
§ 3 (—Cs 3
§2 P §2 -
z = z =
1 1 //*/

=R

4 5 0 2 4 5
Stretch () Stretch ()
Figure 3.6: Predictions of extended eight-chain model schodi ed version with
one-pass predictor-corrector algorithm for combinatibnmaxial, equibiaxial, and

pure shear loadings using Treloar data.
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Table 3.7: The material parameters, relative stretch raangethe quality of t values

obtained from the parameter identi cation process for tkteeded eight-chain model
with Padé approximation.

Material parameters 0:2614 N 253775 . 04715

Relative stretch uT ET PS

min 0.1985 0.1985  0.1985

max

' 0.8730 0.7213  0.5815

Quality of t

Weight Total Regionl Region2 Region3

uT 0.1 0.0526 0.0070 0.0154 0.0302
ET 0.8 0.0849 0.0216 0.0278 0.0355
PS 0.1 0.0526 0.0118 0.0123 0.0285
Total 1.0 0.1902 0.0404 0.0555 0.0943

Table 3.8: The material parameters, relative stretch raangethe quality of tvalues

obtained from the parameter identi cation process for tkteeded eight-chain model
with predictor-corrector scheme.

Material parameters 0:2730N 253308 . 0:4470

Relative stretch uT ET PS

min
r

0.1987 0.1987 0.1987
o 0.8738  0.7219 0.5820

Quality of t

Weight Total Regionl Region2 Region3

uT 0.1 0.0858 0.0079 0.0302 0.0477
ET 0.8 0.0871 0.0197 0.0281 0.0393
PS 0.1 0.0651 0.0102 0.0118 0.0431
Total 1.0 0.2380 0.0378 0.0701 0.1301
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CHAPTER 4

REPRESENTATIVE NUMERICAL EXAMPLES

The theoretical framework proposed in Chapler 3, have baptemented into FEAP
developed by AyLOR [106]. Modeling capacity of the employed approach is ass-
esed by matchting between experimental data in the litexand simulation results.

In Sectiorf 4.1, only mechano-fracture is investigated foomplex geometry in or-
der to show model sensitivity, i.e thermal eld is not solvebhen, beside uniaxial
compression tests under various temperature with constamh rate, uniaxial ten-
sion tests under room temperature with several strain rate@nsidered to assign
material parameters of PMMA. Once parameter identi catwacess is done, then
coupled thermo-mechanic fracture problem is simulate@foomplex geometry un-
der different strain rates and temperature values to engehtiee modeling ability of

transition in between ductile-brittle fracture.

4.1 Tensile test on a double notched specimen

A benchmark example has been performed in order to asseserniséivity of the
computations with regard to various fracture parametedeushear yielding and
crazing induced failure and to assess the ability of the mioalemodel to capture
complex crack patterns. Motivated by the blanking procagspblem geometry with
two asymmetrically placed rounded notches is used as atlgiproposed by[[28].
We also refer to the investigations carried out on the sanoengéy by [1|81] for
ductile and porous plasticity of metals. The bottom andtdgfundaries remain xed,
and the specimen is driven liyxq vt on the left and top boundary, see Figure
4. d(a). The tip velocity is taken as 6 [mm/s]. The left edge is xed against

horizontal motion. The sensitivity analysis is based onote combinations o,
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Figure 4.1: (a) Geometry and boundary conditions for terteist on double notched
square specimen. The dimensions of the geometrylare, 2mm, |,  2:5mm,

a 1mm, | 10 mm, respectively. (b) Brittle-to-ductile failure due toestn
yielding: Force-displacement curves for various {} parameters.The parameter set
v 104 100refers to the brittle failure due to crazing. All other siratibns

are carried out for shear yielding dominated failure whaeedraze switch is off.

and . The rest of the material parameters can be found in [37].

The IBVP is solved for various scenarios. The limit viscapiashear-yielding be-
haviour is depicted with black curve where the craze switath @ack initiation cri-
teria are suppressed, see Fiduré 4.1(b). Then, variousioatiins of that controls
the damage initiation in terms of equivalent plastic st@n be observed. Increasing
the value delays the crack initiation. For a constant value of 0:6 two different
values of clearly demonstrate that the lower value gfromotes a more ductile fail-
ure pattern as it creates a larger domain of plastic regitimeicrack process zone, see
Figure[4.4. In Figuré 412, various snapshots which cornegfio the pointgigpvq
on Figure 4.1L(b) for the parameter set 0:3, 100are depicted for a relatively
more brittle and premature failure. The snapshots are astied in Figuré 4]1(b).
On the other hand, 4.3 shows the same simulation repeated fo0:6, 10as
an example for ductile failure. In this scenario, the males extremely ductile and
the specimen could not be totally broken since the damagablad evolves slowly.

The simulation terminated due to extreme mesh distortionrad degraded elements.
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Comparison of both gures clearly demonstrates the rolehefdamage growth pa-
rameter on the ductility of the material during crack propagatiamotder to demon-
strate the difference in shear yielding and crazing doreuh&ilure the craze switch
function F. is reactivated and material parameters 10 # is taken. This choice
leads to nearly identical stress-strain curve and onsedwiagie to the case 0:1
at material level. However, comparison of the load-disphaent curves in Figure
4.1 (b) clearly demonstrates that crazing induced failsreoinsiderably more brittle
compared to the shear yielding dominated failure. For agggiominated failure sce-
nario, the one observe no signi cant amount of plastic defation. The nal snap-
shots of simulations corresponding to ve different scéosare depicted in Figure
[4.4. For higher value,material shows more ductile behavior and crack drs\ike
in S-shape between doublenotches. However, material lwetiscome more brittle

and crack pattern sraightens, asalue decreases.

4.2 Uniaxial compression behavior

In this section, we investigate uniaxial compression b&havof proposed consitu-
tive model. ARRUDA ET AL. [16] conducted uniaxial compression experiments on
PMMA at 25 C, 50 C and75 C with true strain raté&d 10 3 r1{ssunder isother-
mal condition in order to observe the temperature effecti@ss-strain response. As
the test results show shear-yielding dominant behaviesdhests are considered to
assign parameters related to shear yielding. In order ibre&d these parameters,
three simulations are performed under same conditionsexileriments and are t-
ted on those experiments simultaneously as shown in FigBreNbotice that linear
pre-yield regime and post-yield thermal softening are waitured quantitatively and

gualitatively. Obtained parameters are kept constanefstraf the simulations.

4.3 Uniaxial tension behavior

In the sequel, uniaxial tension tests conductedibwad ET AL. [67] are considered
to understand strain rate effect on the craze initiation VA and to assign the
crazing-related parameters of the proposed model. Resmdnmiaxial tension tests
under three different strain level are provided in Figur@ with corresponding -

nite element analysis. Clearly seen that stress level aedratiation increases with
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Figure 4.5: Isothermal simulations at a material point unogaxial compression

increasing strain rate and this agrees with experimentgmfation of RWARD ET
AL. [65]. Shear-yielding related parameters obtained froraxial compression tests
are xed and only crazing related parameters are adjusteld wiite elements sim-
ulations are running simultaneously until suf cient agremnt is satis ed. At low
strain rate levels, proposed approach captures the bemwafi®@MMA under uniax-
ial tension reasonably. On the other hand, at high strael Ewnulation result shows

poor agreement with experiment.
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Figure 4.6: Uniaxial tension test data and FEM analysis uddierent strain rates
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Table 4.1: Material & model parameters associated witmtieeviscoplasticity, craz-

ing and crack phase- eld.

Par. Description Value Unit Par.  Description Value Unit
Eq. (3.25) 2500 MPa h, Eq. [3.31) 100 -
0 Eq. (347) 1005 MPa Ser Eq. [3.32) 200 MPa
Cs Eq. (3.4T) 0:0040 - m Eq. (3.32) 2 -
B Eq.(353) 4:.08 10'8 mm 3 % Eqg. (3.32) 10 st

Eq.(353) 554 10 mm 3 v§s Eq.(331) 3 10°%4 -
= Eq. (B353) 2343 10° Nmm{mol ha Eq.(33%) 9 10° -

NPp,q Eq.[355) 2:7 - éip:q Eq. [365) 1296 MPa
APp,q Eg.[355) 367 10° mm 3 &prq Eqg.(36% 72814 MP&
% Eq.(327) 28 10/ s? Q1 Eq. (3.65%) 37576 Nmm
A Eq. (3.27) 1006 K{MPa Q2 Eq. (365%) 43316 Nmm
% Eqg. (3.28) 0:2 - I Eq. 336) 2 hmin mm
. Eq. (3.45) 296 K Eq.[336) 1 10“4 MPa.s
hy Eq. (3.30) 315 MPa Eq. (3.67) 1 -
So Eq. (3.30) 138 MPa Vi Eq. (3.67) 0:03 -
Sss Eq. (3.31) 11445 MPa Eq. (3.67) 0:9 -

These tests being conducted over a span of more than 20 yedidvent research
teams following different test protocols, and the fact ttket materials they used,
although they tested PMMA, were supplied by different vasdmakes it challenging
to calibrate the proposed model and determine a unique petrameters speci cally
for PMMA.

Table[4.1 indicates the list of the material and model patarsaused in following
example. Recall that the thermo-viscoplastic parameterebtained from the uni-
axial compression tests byRRUDA ET AL. [16] and parameters related to crazing
calibrated based on the those identi ed bgNG ET AL. [67]. The parameters for
crack-phase eld are adjusted according to work aEME ET AL. [92]. Finally, crit-
ical plastic strain and void volume fraction values inhigrappear in local evaluation
of crack phase eld are directly taken fromaD ET AL . [37].
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Figure 4.7: (a) Rectangular specimen with a circular hotated in the middle of
the solid subjected to tension. One quadrant of the domaliscsetized due to sym-
metries associated with— andy—axis. Given also are the appropriate boundary and
loading conditions. All dimensions are in [mm]. (b) Forcesglacement curves re-
sulting from simulations carried out at temperatures 0 ;23;50;70;80;90u

[C], corresponding to blue, green, magenta, orange, cydrbiack solid lines, re-

spectively.

4.4 Brittle to ductile transition due to homogeneous tempeature rise under

uniaxial tension

This example investigates the transition of brittle meata@nresponse into ductile
one for glassy polymers as the temperature gradually mees273K (0 C) to the
nearly glass—transition temperatld@3K (90 C) for each simulation of a uniaxial
extension test. To this end, a replica of the experimensakietup given inlANG ET
AL. [67] is created. The geometry is composed of a rectangiM R plate with a
circular hole located in the middle of the geometry, seelEigfa). However, only one
guadrant of the entire domain is modeled thanks to the symymath respect toc—

andy—axis. The nite element mesh generated invol88274—node Q1P0 elements
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connected byd154nodes. Besides, regions where the crack growth is expeoted a
re ned with the minimum mesh sizh,, 0:0625[mm]. Considering apposite
boundary conditions for a plane—strain case, the displanéndriven loadingu is
applied on the upper edge alopgdirection attherat® 5 10 2 [mm/s], ensuring
isothermal conditions with the temperature value beindoumi all over the solid.
Therefore, it should be underlined that the coupled themmechanical effects are

entirely neglected for this example.

Fig. 4.7(b) show the force—displacement curves in regar@ditmus simulations per-
formed at distinct temperature levels, i.e. blue, greengenta, orange, cyan and
black solid lines correspond to t 0;23;50;70;80;90u [C], respectively.
Clear manifestation of brittle to ductile transition ofltaie can be observed. While
the mechanical response of the glassy polymer is palpalitielwhen far away from
the glass transition temperature, e.g., the blue solididieating the resultat 0

C, ductility gradually builds up with the yield stress sigaintly lowered under ele-
vated temperatures close the glass transition tempeyateee.g., the cyan and black
solid lines correspondingto 80 C and 90 C, respectively. Upon a closer
look, the drop in the shear modulus, see (3.47), due to teatyerincrease is dis-
cernible which is accompanied by substantial drop of thédyp®int at which the
peak stress level is reached. Such a decrease in the yiedd sérexplained by the in-
crease in the value of the scalar ow functi@ see (3.27), for elevated temperatures
where~? s. The immediate effect of this increase % is seen in the evolution of
the athermal shear strength such that the right hand si@3ff)(grows in magnitude,
assuming a greater negative value siage sspv; gbefore yielding. As a result, the
value of the athermal shear strengthnd therefore its effective valigeare reduced

at that particular strain, thereby diminishing the yielekss level.

Figure 4.8(a) illustrates the evolution of the crack pha&be-d, the void volume frac-
tion v; , and the equivalent plastic strainunder the temperature 0 C at three
instants where (I) the craze initiates, (ll) the crack groarsd nally (lll) the ulti-
mate failure takes place. Note that the nite elements wlied 0.9 are blanked
for the sake of visuality. The polymer initially exhibits &sgoplastic response with
a small plastically deformed region subjected to sheadinglaround the two sides

of the circular hole as indicated by the equivalent pladtiais . Afterwards, the
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Figure 4.8: Contour plots of the crack phase- €lth relation to void volume fraction
v and the equivalent plastic strainunder the tensile loading at (a) 0 C at the
instants (1) the onset of crazing, (II) during crack growdahd (11l) when the rupture
takes place; (b) 80 C at the instants (l) the initiation of cracking, (Il) the ensf
crazing, (I1) during crack growth, and (lll) when the frawccurs. Note that max
P t1;0:1;0:1ufor d, v¢, and , respectively. For visual purposes, elements where
d ¥ 0:9 are blanked.
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viscoplastic ow is terminated in regions subjected to angzwhich, in fact, com-
mences at the entire mid—plane of the specimen marked byoidevglume fraction
vs greater thanv?s. During the evolution of the crack phase— ett] both the void
volume fractionv; and the equivalent plastic straincontribute to the crack growth,
see (3.67). Nevertheless, it is the crazing that is domidanihg the fracture process
for the test conducted at 0 C. The maximum valueg and attain during the

simulation aré):67 and0:18, respectively.

In fact, the crack grows from not only the inner circular hbig also the outer edges
at the mid—plane following the voids that are merged togetRmally, the ultimate

failure takes place breaking the specimen into two pieces.

Figure 4.8(b) depicts the state of the crack phase-a&ldhe void volume fraction
Vi , and the equivalent plastic strainfor the under the temperature 80 C at
three instants where (1) the crazes initiate, (Il) the craakpagates, and nally (l11)
the rupture occurs. For visual purposes, elements wihefe0:9 are blanked here
as well. In contrast to Fig. 4.8(a), a much larger full- edigeghear band around the
circular hole is evident until crazes initiate. Upon theensf crazing, however, the
development of shear band is impeded in regions where craitede. During the
crack growth, shear yielding takes more precedence ovemgaven though both
void volume fractionvs and the equivalent plastic straincontribute to the cracking
phenomenon. The maximum values thatand attain in this case ar@:78 and
0:79, respectively. Later, the crack propagates at the intaoseof the circular hole
and the mid—plane following the voids that are merged tagethading to complete

fracture of the polymer.

4.5 Ductile to brittle transition due to increase in loadingrate under uniaxial

tension

This example demonstrates how the ductile failure behash@anges into a brittle
one upon increasing the loading rate frédin 1 [mm/minjto® 100[mm/min]
along with the associated heating in the solid due to thel IdisaipationD{&d of

the energy in terms of heat. Therefore, the numerical soiueatures the coupled

thermo-mechanical effects with fracture. As for the geoioat setup, we generate
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Figure 4.9: (a) Dumbbell-shaped specimen with two symegtyi applied radial
notches  2rmms) located in the middle of the geometry subjected to tension.
One guadrant of the domain is discretized due to symmetssscated withx— and
y—axis along with the appropriate boundary and loading doi. Given also are
the contour plots of the nal state @ffor @ 1 [mm/min] and® 100[mm/min]

in the area of interest. For visual purposes, elements wthe¥e0:9 are blanked.

All dimensions are in [mm]. (b) Force—displacement curveseating from the
thermo—mechano—fracture analyses such that red and hitidkises correspond-
ingto® 1[mm/min]and® 100[mm/min], respectively. Also shown are the
thermo-viscoplastic analyses alone with crazing beingsegsed in blue and orange

dashed lines fo® 1[mm/min]and® 100[mm/min], respectively.

a dumbbell-shaped solid domain in accordance with ASTM BDA3BTYPE | [34]
with the addition of 2—-mm-radius notch applied symmetrically in the middle of the
specimen as shown in Fig. 4.9(a). The symmetrical layouhefgeometry permits
the modeling of only one quadrant of the entire domain aneégea a nite element
mesh composed df9354-node Q1PO0 elements connected2MB1lnodes. Regions
where the crack propagation is expected are re ned with tiimum mesh size
Nmin 0:075[mm]. Appropriate boundary conditions are applied to avogid

body motion for a plane—strain case. The displacementewliivadingu is applied
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on the upper edge along-direction at loading rate® 1 [mm/min] and® 100

[mm/min].
Table 4.2: Material parameters associated with the incatpd temperature eld.

Par. Description Value Unit || Par. Description Value Unit

c  Eq.(3.41) 1:46 Jg!K || k Eq (368 0192 Wm 1K !
r EqQ.(345) 84 105 K ! h. Eq.(3.74) 001 WK !

Purely thermal material parameters are listed in Table AiZlware retrieved partly
from ARRUDA ET AL. [16] and MEHE ET AL. [90]. The rest of the material and

model parameters are considered according to Table 4.1.

The contour plots in Fig. 4.9(a) reveal the nal state of thack phase— eldd for

©® 1[mm/minjto® 100[mm/min] with elements wherd ¥ 0:9 are blanked
for the sake of visuality. Unfortunately, as the plasticatefations become domi-
nant within the notched region, extreme mesh distortioesgmt tremendous chal-
lenges in regard to numerical convergence, causing theladiomn to crush prema-
turely. Nonetheless, the trend of the red and black soleslcorresponding® 1
[mMm/min] and® 100[mm/min], respectively, is tangible in Fig. 4.9(b), marsife
ing the remarkable loss in the load bearing capacity, thematicating the location
of fracture. In addition to the three— eld coupled thermaeehano—fracture analy-
ses, we also perform two— eld coupled thermo-viscoplasiticulations unde® 1
[Mm/min] and® 100 [mm/min] while the onset of crazing is suppressed. By
comparing the solid and the dashed lines in Fig. 4.9(b), amectearly ascertain the
damage induced softening due to phase— eld evolution, hathe loss in the load
bearing capacity of the specimen. Also deduced from thelyptirermo-viscoplastic
analyses is the effect of thermal softening associated @ith 100 [mm/min] on
the post—yield response which almost overlaps tha@ of 1 [mm/min]. In fact, the
struggle between the strain hardening and the thermalrsogés tipped in the favor

of the latter for relatively high loading rates.

Figures 4.10(a)—(b) depict the state of the temperatutée void volume fraction
Vi, and the equivalent plastic strainat @ 1 [mm/min] and® 100 [mm/min],

respectively, at three instants where (1) the craze imsiafll) the crack grows, and -
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nally (1) at the end of the simulation. Observe that thetenelements wheré ¥ 0:9
are blanked for the sake of visuality. The initial thermseaplastic response of the
glassy polymer is revealed rst by the well-developed ptagtgions between two
notches. We infer from the distribution of the equivalerggtic strain that in the
case of® 1 [mm/min] the material exhibits more ductility. Thermal sohg is
manifested by the heating inbetween the notches markecdstethperature distribu-
tion. As a matter of fact, the higher loading rate leads tatgedissipative heating
and thereby higher temperatures, i.e. the maximum valuam3468 [K] and 4277
[K]for @ 1[mm/minjand® 100[mm/min], respectively. Later, the development
of the shear yielding is hindered in regions undergoingingawhose distribution is
comparable under both loading rates, see the evolutigniofFigs. 4.10(a)—(b). The
maximum values;s and attain during the simulation af@9 and1:53under® 1
[mm/min], respectively. These values change slightly boit much for@ 100
[mm/min] wherev; and take on0:8 and2:23, respectively. With the aid of these
simulations, the interplay between loading rate and the&ature is unveiled in a

systematic way.
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Figure 4.10: Contour plots of the temperaturia relation to void volume fractiom;
and the amount of plastic strainand phase eld parameterin the area of interest at
(@@ 1[mm/min] at the instants (I) the onset of crazing, (II) dgricrack growth,
and (111) the end of the simulation; () 100[mm/min] at the instants (I) the onset
of crazing, (Il) during crack growth, and (lll) the end of teenulation. Elements

whered ¥ 0:9 are blanked for the sake of visuality.
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CHAPTER 5

CONCLUSION

The current study presents a three— eld thermo—mechaactdire model for the
shear yielding and/or crazing induced failure of amorplglassy polymers indicated
by ductile or brittle mechanical response, respectivehe &mployed continuum me-
chanical framework features the Hencky—type elastic tigland craze strains in the
logarithmic strain space along with the auxiliary variable. the void volume frac-
tion, in order to characterize the deformation eld. Once thechanical groundwork
was laid, the other primary elds such as the crack phasel-alcidating the rup-
tured state of the material and the temperature eld acangrior the change in the
temperature of the domain were assigned to the system. levocdltion laws for
the plastic strairiP by BOYCE ET AL. [26], the craze strain as presented byAR-
ING & ANAND [46] and the void volume fraction as speci ed byaADET AL . [37]
were adopted. The constitutive relations — establisheideintn the Eulerian form—
essentially entail (i) a Helmholtz free energy function gased of a linear thermo—
elastic, thermo—plastic network and a purely thermal doution; (ii) a degradation
function in order to describe the transition from intactractured state; (iii) a switch
function between shear yielding and crazing; (iv) a failariéerion consisting of the
critical equivalent plastic strain and the critical voidwme fraction; (v) a dissipation
potential function portraying the heat conduction. On thenerical side, the global
eld equations were temporally discretized by operatoit8pt algorithm, while a
typical Galerkin—type weak formulation established thatsp discretization. Hav-
ing constructed the local and global Newton—-type updaterdhlgns in regard to the
dissipative internal and the primary eld variables, respely, the robustness of the
model was assessed via several numerical testing. Reswdti®ied shed light on the

dependence of the type of the failure on temperature as wéfleainterplay between
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the loading rate and the change in temperature due to disspeating.

With this study, while coming up with a new model to understdine fracture of
amorphous polymers, it has been also tried to reach up theanesns inherent in
the microstructure from form to meaning as we have introdubte void volume
fraction to the model. On one hand, the model analysesyakgfubiquitous role of
loading rate as well as the temperature level in the failfuiglassy polymers; on the
other hand, the model proposed still sits in the realm ofioomim mechanics with all
of its limitations, especially, in terms of the number of Bré&l and model parameters
that soar up with the addition of new primary and auxiliaryde. Crack phase- eld
approach has been successfully applied to several mujisiggproblems including,
but not restricted to, isotropic materials, such ageATI ET AL. [2], BORDEN ET
AL. [21], and MEHE ET AL. [85, 88, 93] and anisotropic materials as presented by
LI ET AL. [76], TEICHTMEISTER ET AL [107], NGUYEN ET AL. [97], GULTEKIN
ET AL. [50-52], DENLI ET AL. [39], and MANDAL ET AL. [79]. The use of phase—
eld poses certain challenges, particularly in the crackgagation in the post-yield
region as mentioned in Sec. 4.5. These issues can be ciroteavwda increasing the
polynomial order of the shape functions frath to C! continuity so that extremely
distorted mesh in the plastically deformed region can beiemily treated. Another
aspect of future development can be the use of data—drivéforamachine learn-
ing approaches, see e.g.0RNELLI ET AL. [102], CARRARA ET AL. [31], Liu
ET AL. [77], in the context of failure in amorphous glassy polymerhese may be
assembled to generate more potent and more balanced ttoless material param-

eters in the prediction of polymer failure.
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