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ABSTRACT 

 

NUMERICAL INVESTIGATION ON THERMOMECHANICAL 

CHARACTERISTICS OF EARTH'S CRUST WITH MAGMA CHAMBERS  

 

 

Erdoĵan, Selin 

Master of Science, Mechanical Engineering 

Supervisor: Assoc. Prof. Dr. ¥zg¿r Bayer 

Co-Supervisor: Prof. Dr. ¥zg¿r Karaoĵlu 

 

 

November 2024, 117 pages 

 

 

In this study, relationship between cooling and stress distribution around the magma 

chambers formed by silicate melts settled throughout the Earth's crust is researched. 

Subsurface magma chambers through crustal domain are modeled using COMSOL 

Multiphysics with 2D and 3D modeling approaches. The magma chambers, 30x5x5, 

20x3x3, and 5x1x1 km in size, are examined in 12 distinct cases to explore different 

thermomechanical behavior applying distinct settlement depths and magma internal 

temperatures through depth of 1-30 km. Three initial internal magma temperature 

values are defined as 700ÁC, 800ÁC and 900ÁC. Earthôs surface temperature is 

assumed constant at 15ÁC, with a thermal gradient of 25ÁC/km towards depth. 

Temperature dependent mechanical properties are assigned to magma and 

surrounding host rock. Results from both models are analyzed to better understand 

how changes in size, temperature, and location of magma chambers influence the 

thermo-mechanical behavior of upper crustal setting subjected to active deformation, 

such as intracontinental rifts and slab subduction zones. 2D and 3D model outputs 

are compared to determine the most suitable modeling methodology for similar 

geological scenarios in terms of modeling costs and data consistency. It is 
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highlighted that the stress distribution in the 3D model is more homogenous and up 

to 20% lower compared to the 2D model in average; primarily due to the wider stress 

dispersion and more efficient heat transfer. The results suggest that the 3D models, 

outputting shorter solidification periods and lower stress concentrations, represent 

the stress patterns more reliably. 

 

Keywords: Magma Chambers, Thermomechanical Effect, Stress Fields, Magma 

Solidification, Crust Deformation   
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¥Z 

 

MAGMA ODALARINA SAHĶP YERKABUĴUNUN TERMOMEKANĶK 

DAVRANIķININ SAYISAL ĶNCELENMESĶ 

 

 

Erdoĵan, Selin 

Y¿ksek Lisans, Makina M¿hendisliĵi 

Tez Yºneticisi: Do­. Dr. ¥zg¿r Bayer 

Ortak Tez Yºneticisi: Prof. Dr. ¥zg¿r Karaoĵlu 

 

 

Kasēm 2024, 117 sayfa 

 

Bu ­alēĸmada, kapalē bir sistemde, silikat eriyiklerinin oluĸturduĵu magma 

odalarēnēn yer kabuĵu boyunca yerleĸiminin yarattēĵē soĵuma ve stres daĵēlēmē 

iliĸkileri incelenmiĸtir. Yer kabuĵu boyunca yerleĸmiĸ magma odalarē COMSOL 

Multiphysics ile 2D ve 3D modelleme yaklaĸēmlarē ile modellenmiĸtir. Magma 

odalarē 30x5x5, 20x3x3, 5x1x1 km boyutlarēnda olup, 1 ila 30 km derinliĵinde bir 

kontrol hacminde her birinin yerleĸimi arasēnda derinlik ve ilk i­ sēcaklēk farkē olan 

12 durum i­in incelenecektir. Magma odalarēnēn baĸlangē­ sēcaklēklarē 700ÁC, 

800ÁC, 900ÁC olmak ¿zere ¿­ farklē sēcaklēk deĵerleri ile tanēmlanmēĸtēr. Yer y¿zeyi 

sēcaklēĵē sabit 15ÁC alēnēp, derinlikle birlikte her kilometrede 25ÁC artēĸ olduĵu kabul 

edilmiĸtir. Magma odalarē etrafēndaki ana kaya ve magma i­in sēcaklēĵa baĵlē olarak 

farklē mekanik ºzellikler tanēmlanmēĸtēr. Modellerden alēnan ­ēktēlar analiz edilerek, 

manto ya da kabuk ergimesi sonucu oluĸan magma odalarēnēn boy, sēcaklēk ve 

lokasyon deĵiĸimlerinin, yer kabuĵunda aktif deformasyona maruz kalan bºlgelerin 

(kēta yarēĵē, levha yitim zonlarē gibi) termo-mekanik davranēĸlarēnē nasēl kontrol 

ettiĵinin anlaĸēlmasē hedeflenmiĸtir. 2D ve 3D model ­ēktēlarē, benzer jeolojik 

senaryolar i­in en uygun modelleme metodolojisini belirlemek amacēyla modelleme 

maliyetleri ve veri tutarlēlēklarē a­ēsēndan karĸēlaĸtērēlmēĸtēr. Bunun sonucunda, 3D 
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modeldeki stres daĵēlēmēnēn, 2D modele kēyasla daha homojen ve ortalamada 

%20ôye kadar daha d¿ĸ¿k olduĵunu, bunun baĸlēca sebeplerinin ise daha geniĸ stres 

yayēlēmē ve daha verimli ēsē transferi olduĵunu vurgulamaktadēr. Sonu­lar, bu 

baĵlamda, daha kēsa katēlaĸma s¿resi ve daha d¿ĸ¿k stres konsantrasyonlarēna sahip 

3D modellerin stres daĵēlēmlarēnē daha g¿venilir bir ĸekilde temsil ettiĵini 

gºstermektedir. 

Anahtar Kelimeler: Magma Odalarē, Termomekanik, Stres, Magma Katēlaĸmasē, 

Kabuksal Deformasyon   
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CHAPTER 1  

1 INTRODUCTION   

1.1 Magmatic Systems 

The Earth's internal structure consists of three main layers, namely the core, the 

mantle, and the crust. Each of these layers has distinct compositions and properties 

that interact to drive the geological processes. The focus of this thesis study is the 

crust, which is the thin, outermost layer of the Earth. It plays a fundamental role in 

geodynamic processes, such as plate tectonics, faulting, and the formation of 

geological structures. Its composition, thickness, and mechanical properties are key 

factors in understanding the behavior of Earth's surface and its interactions with the 

underlying mantle. 

 

Figure 1.1. Layers of the Earth 

The crust is subdivided into two distinct types; oceanic crust and continental crust. 

The oceanic crust, typically formed from mafic rocks like basalt, is dense, with an 

average thickness of about 7 kilometers. In contrast, the continental crust is 

composed predominantly of felsic rocks like granite, varying in thickness from 30 

km to 70 km. Both types of crusts involve individual sublayers having distinct rock 

structures. The stratification results from the lithological differences caused by 
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variations in mineral composition, rock accumulation over geological timescales, 

and magmatic system processes. Over millions of years, processes like 

sedimentation, tectonic movements, erosion, and biological accumulation have 

created distinct layers of different rock types and compositions [1]. 

Magmatic systems, which include the generation, movement, and differentiation of 

magma beneath the Earth's surface, are responsible for the formation of underground 

sub-layers, igneous rocks, and volcanic activities [2]. Magmatic processes are 

initiated by generation of magma. The increase in temperature, decrease in pressure 

and addition of volatiles contribute to the partial melting of rocks in the Earth's 

mantle, leading to the formation of molten rock, known as magma. This process 

occurs primarily at tectonic plate boundaries, hotspots, and subduction zones, where 

conditions such as rising temperatures or decompression cause minerals within the 

rock to melt and form a liquid phase. Molten rock is composed of three main 

components: a liquid melt (mostly silicate), suspended crystalline solids, and gas 

bubbles. When this molten material erupts and solidifies on the Earth's surface, it 

forms volcanic rocks, which can be either crystalline or glassy. Conversely, when 

magma cools and solidifies within the Earth's interior, the resulting igneous rocks 

are classified as intrusive or plutonic rocks. These formations differ primarily in their 

cooling environments and resultant textures [3]. Partial melting of rocks may occur, 

forming domains of magma [4]. After its formation (which mainly occurs within the 

mantle), magma migrates through the mantle, then to crust, moving from regions of 

higher pressure to lower pressure along paths of least resistance, driven by 

thermodynamic gradients and fluid dynamics principles. This propagation can occur 

both horizontally and vertically through the pathways such as fractures, faults, or 

magma chambers [5].  

As magma moves, it cools and may differentiate due to the crystallization of silicic 

mush zones and formation of minerals at different temperatures, leading to distinct 

rock compositions [6,7]. Over geological timescales, these formations shape the 

Earthôs crustal domains. Magma solidification may not completely occur below the 

Earthôs surface; it sometimes reaches the surface via volcanic vents or fissures, 
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causing eruptions. In most cases, magma accumulates in igneous bodies known as 

magma chambers, where it cools over time [8]. The surrounding rock structure, 

called as the host rock, plays significant role in this process. 

Magma chambers, which are underground reservoirs filled with magma, play a 

considerable role in volcanic systems and crust deformations, which in turn, the 

formation of underground rock structure. These chambers are categorized based on 

depth, size, shape and composition. Large, deep-seated magma chambers, known as 

ñreservoirsò, are located at depths of 20 to 80 km, while other magma chambers can 

be settled at depths of 1-9 km below the Earthôs surface [9,10]. The variation in size 

and form of magma chambers is influenced by factors such as magma volume, 

geological structures, and tectonic setting. Their shapes can include tabular, lens-

shaped, irregular, or complex geometries shaped by surrounding rock structures and 

magma emplacement processes.  

The difference in composition are influenced by magma chamberôs depth, size and 

position. Magma chambers located in the deep lithosphere are typically filled with 

alkali-basaltic magma, whereas shallow ones can mostly be acidic (e.g. rhyolite) or 

intermediate [11]. The characteristic of magma, whether acidic, basaltic, or 

intermediate, is determined by its chemical composition. Both magma inside a 

chamber and the surrounding host rock can vary in composition. The compositional 

differences in magma chambers at various depths can be exemplified by the 

underground volcanism observed in the Yellowstone region illustrated in Figure 1.2. 

 

Figure 1.2. Magma chambers in Yellowstone region [adapted from 12] 
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Variations in magma chamber compositions lead to differing chamber temperatures 

which initiate heat transfer, subsequent magma cooling. This heat transfer between 

host rock and magma drives the solidification process, leading to the formation of 

rock. Crystallization, in which melts solidify to form solid structures, is the key to 

this process.  

As magma cools and solidifies, thermal stresses, may induce fractures in the host 

rock making the thermo-mechanical properties of both magma and host rock critical 

in predicting these fractures.  Magmaôs mineral composition has significant effect 

on its properties as detailed in Table 1.1. 

Table 1.1. Properties of common magma compositions at 1 bar [13] 

 

Composition 

 

Liquidus  

Temperature 

[ÁC] 

Density  

[kg/m3] 

Specific  

Heat Capacity 

[J/kgÁC] 

Dynamic 

Viscosity  

[kg/ms] 

Granite (dry) 900 2349 1375 1.2x1010 

Granite 

(2% H2O) 
900 2262 1604 5x105 

Granodiorite 1100 2344 1388 1.3x106 

Gabbro 1200 2591 1484 30.0 

Eclogite 1200 2591 1484 - 

Komatiite 1500 2748 1658 0.15 

Peridotite 1600 2689 1793 0.25 

 

The composition of magmatic rocks varies significantly and is typically categorized 

by the presence of major, minor, and trace elements. Major elements, with oxide 

abundances exceeding 1 wt%, typically include SiO2, Al2O3, FeO, Fe2O3, CaO, 

MgO, and Na2O. Minor elements, present in concentrations between 0.1 and 1 wt%, 

mainly include K2O, TiO2, MnO, and P2O5. Trace elements, comprising less than 0.1 

wt%, are also present. Volcanic rocks, which form from the rapid cooling of lava at 

the Earth's surface, are often classified based on silica (SiO2) and total alkali content 
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(Na2O + K2O), while plutonic rocks, which crystallize slowly from magma beneath 

the Earth's surface, are better defined by their mineralogical composition, such as 

quartz, plagioclase, and alkali feldspar [14, 15].  

Magmatic rocks are predominantly of two compositional types: basalts and granites. 

Basalts are mafic rocks rich in Fe and Mg oxides, typically found in the oceanic 

crust. Their solidus and liquidus temperatures are approximately 1000ÁC and 1200ÁC 

respectively. Granites, which are more abundant in continental crust, represent felsic 

rocks rich in silica. Their solidus temperature is around 960ÁC, with hydrous 

conditions lowering this to 680ÁC, and their liquidus temperature is approximately 

1050ÁC [16]. 

The evolutionary history and composition of magma significantly influence its 

physical properties. For instance, as presented in Figure 1.3, melt density varies 

according to composition and temperature in anhydrous and mafic magmas across 

the compositional spectrum from rhyolite to komatiite.  

  

Figure 1.3. Variation of magma density with (a) temperature and (b) wt% H2O [17] 

The corresponding temperatures for each melt align with typical eruption 

temperatures. These densities are calculated at a standard pressure of 1 bar, reflecting 

the effects of compositional and thermal variations. It ranges from 2300 to 2900 

kg/mį for silicic to ultramafic compositions, inversely proportional to magmatic 

temperatures with the contributional effects of alkali metals and water. Dissolved 

water content leads to drastic decline in magma density. As alkali metals, volatiles 
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and water are more compressible, their presence significantly affects the pressure 

dependence of magma density. Compressibility, which plays a vital role in the 

explosivity of volatile-rich magmas is also affected by density [17]. The 

differentiation of magma by fractional crystallization is also density-dependent, 

influencing its segregation, ascent, and eruption [18].   

The buoyancy of magma, which also influences its ability to ascend and erupt, is 

determined by the density difference between magma and country rock, governed by 

gravitational forces and the depth of the magma. Positive buoyancy occurs when 

magma is less dense than the country rock, promoting ascent; whereas negative 

buoyancy occurs when it is denser, hindering movement. The point where buoyancy 

shifts from positive to negative is the neutral buoyancy level, where magma ascent 

ceases [19].  

The cooling rate of magma is also dependent on its composition, influences its 

properties and affects the crustal structure of the host rock. Rapid cooling leads to 

fine-grained textures due to the limited time for crystal growth, albeit slower cooling 

rate results in coarse-grained textures [20].  

Although magma solidifies to form igneous rock, its content and properties do not 

remain entirely conserved, as some melts crystallize at different rates, creating a 

unique structure [21]. The crystalline texture of the host rock significantly affects its 

mechanical response to stress, influencing properties such as density, yield strength 

and Youngôs modulus values. These properties are essential to foresee fractures, such 

as dykes, sills, or even volcanic eruptions. The potential for fractures, and therefore 

the thermomechanical properties of the host rock, are of particular importance in 

geological studies.   

Two primary types of mechanical fractures occur in host rock are shear fractures, 

caused by shear stresses and extension fractures, caused by tensile stresses. Shear 

fractures manifest as strike slip faults, while extension fractures include tension and 

hydro fractures. Tensile fractures arise from tensile stress, resulting in structures like 

dykes [22]. Faults are zones where rocks have undergone fracturing and 
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displacement along a planar surface and both tensile and shear stresses can play a 

role in their formation. The dominant stress type depends on the fault type and the 

direction of tectonic forces in the region. In Figure 1.4, fault and deformation types 

are illustrated along with the stress types that lead to their formation.  

 

Figure 1.4. Types of faults dominated by (a) shear stresses, (b,d) tensile stresses and 

(c) compressional stresses 

In a geological study area, the presence of grabens or horsts typically indicates 

favoring tensile fractures, prompting a focus on analyzing tensile or compressive 

stresses. This expectation arises from the tendency of such features to form under 

extensional forces. However, in cases where the geological setting indicates 

significant horizontal displacement between two distinct zones moving in opposite 

directions, as depicted in Figure 1.4-c, the likelihood of shear fractures increases. In 

these situations, the analysis shifts towards examining shear stresses, which play a 

crucial role in driving deformation and failure mechanisms under lateral shearing 

conditions. 

Internal pressure and thermal stresses of magma chambers exert pressure on the 

surrounding host rock, leading to stress concentrations. Therefore, the existence of 

magma chambers, through their thermomechanical effects, contributes to the 

generation of shear and tensile stresses or amplifies existing ones. Other than their 
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contribution on the complex loading on host rock, magma chambers also cause 

fractures through their direct movement and propagation within the rock. For 

instance, the roof of a magma chamber might fail due to tension and a dyke may 

form. In this case, magma follows the paths dictated by the maximum principal 

compressive stress, ů1. Else, if the combined lithostatic and magma excess pressures 

surpass the host rock's tensile strength and minimum principal compressive stress, 

ů3, the magma chamber ruptures, creating hydrofractures [23]. Lithostatic pressure 

(pl), depending on depth, is the pressure exerted by the overlying rocks and sediments 

where magma excess pressure (pe) corresponds to the fluid pressure inside the 

magma chamber. It is important to emphasize that generally, the overlying rock does 

not consist of a single type of rock and all different layersô pressure effect should be 

considered individually and then summed for the resultant pl value [24]. 

Consequently, surface conditions have a more significant impact on shallow rock 

structures. If a magma chamberôs distance to Earthôs surface is lower than the 

chamberôs diameter, free surface affects the local stress concentrations around the 

magma chamber [25]. As the lithostatic pressure is low in shallow crust, effects 

caused by magma chambers dominate.  

Stresses cause fracture when their magnitude exceeds the strength of host rock [26]. 

Similarly, eruptions take place when the magma pressure in a reservoir or chamber 

exceeds the host rockôs strength [13]. Therefore, to make reasonable assumptions on 

host rock fracture, deeper understanding of host rock properties is needed.  

At low stress levels, rocks are linear elastic materials which behave with respect to 

Hookeôs Law [27]. In simpler terms, exposed stress versus host rockôs elastic 

(temporary) deformation has a linear relation whose slope outputs the E (Youngôs 

modulus) value of the rock. Rocks having large Youngôs modulus are called stiff and 

the others are compliant. Common solid rock property values are between 0.10 and 

0.35 for Poissonôs ratio and 1 GPa and 70 GPa for Youngôs modulus [28, 29]. Rock 

strength increases with increasing crust depth in general but pores, vesicles, present 

fractures and contacts also have a significant effect on those properties. Actual values 
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can be found not only by in situ examinations but also with theoretical models using 

upscaling.  

Apart from the temporary deformation characteristic, which is determined by 

Youngôs modulus, plastic deformation behavior also decides on rock property. Host 

rocks having considerable plastic deformation before fracture are called ductile 

where the ones who immediately breaks before little permanent deformation are 

called brittle. Generally, as the crust depth increases and overburden pressure 

increases, host rock becomes more ductile [30]. 

Rockôs stress-strain curve is highly informative to comment on the effects of stresses 

on a rock structure. In Figure 1.5, behavior of a rock when exposed to compressive 

stress until a macroscopic failure occur is seen. First portion is nonlinear where the 

following elastic portion whose slope is the E value is linear. The reason of the first 

portion being concave upwards is that this process includes the closing of 

microcracks and pores in the structure. The ůy value in a ů-Ů curve is the yield 

strength of the rock where it starts to plastically deform. After exceeding ůy value, 

plastic deformation starts with the growth of microcracks in the stress direction. 

Lastly, the macroscopic fracture starts after ůu, ultimate strength. The last end of the 

graph is residual strength which the rock has after fracture. For common rocks, a 

sudden fracture occurs after region 3, therefore the 4th portion of Figure 1.5 is 

significantly shorter than illustrated. 

 

Figure 1.5. Typical stress strain curve of a rock specimen 
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Elastic deformation of rocks is not responsible on deformed rockôs crack but leads 

to local tensile, compressional or shear stresses around crust layers or grain 

interfaces, causing fracture on another rock structure having less strength [31]. Even 

though elastic deformation and the associated stresses may not directly cause 

fracturing in the rock, they should be examined in detail as they transfer load to 

adjacent domains. Therefore, stress vectors having three orthogonal components on 

a domain is illustrated in Figure 1.6. Normal stress (ů) acts perpendicular to the plane 

where shear stresses (Ű) are parallel. The first index of stress is the axis perpendicular 

to the shear acting plane and second index is the direction of stress.  

 

Figure 1.6. Components of stress tensor at a control volume 

The maximum and minimum normal stresses occur within a control volume exposed 

to complex loading conditions are identified as principal stresses: ů1, ů2, ů3. 

Composition of principal stresses as in Eqn (1.1) is the von Mises stress, defined as 

the effective or equivalent stress, allowing a comprehensive assessment of 

deformation and yield conditions. Tresca and von Mises criteria are indicated as the 

most appropriate criteria to use when considering ductile or plastic rock behavior. 

Von Mises states as von Mises stress exceeding the yield strength or alternatively, 

octahedral shear stress exceeding 0.47 times the yield strength [32]. It is appropriate 

to work on von Mises stress contours and trajectories to estimate shear fracture 

behavior of rocks and on ů3 for the tensile fractures.  
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In summary, the primary focus encompasses the processes of solidification and the 

resulting rock fracture in the host rock due to their interrelated impacts. All concepts 

and behaviors of the magmatic systems mentioned above are studied both 

individually and in combination in the literature to enhance the understanding of 

tectonic occurrences.  

1.2 Literature Review 

So far, the relation between magma chambers and tectonic environments has been 

studied by numerous researchers. Crystallization, solidification and rock fracture 

have been extensively studied for forecasting rock age and crust deformations. Stress 

distributions caused by magma chambersô thermomechanical effects, although 

relatively recent, have also been investigated. The important clusters of studies 

created to understand the different aspects discussed in Section 1.1 are presented 

below.  

Formation and dynamics of magma chambers are dominated by magma transport 

and solidification controlled by fluid dynamics and thermodynamics respectively. 

Spark extensively studied these concepts to make forecasts on magma motion and 

eruptions. These studies identify four mechanisms for magma chamber formation; 

magma intrusion, defrosting, reactive flow accumulation, and layer coalescence by 

discussing how these mechanisms contribute to magma chamber development and 

the diversity of igneous phenomena. [5, 33]. Sparkôs studies on magma formation 

and dynamics play a vital role in studies considered magma motion and behavior. 

Magma flow is modelled to examine the potential of formation of chambers, dykes, 

sills and the occurrence of eruptions in the literature [34-37]. 

Crystallization concept have been deeply studied, generally by mating with mineral 

composition as they are highly related. In the late 80s, Cashman studied the 
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crystallization dynamics of rocks which are all major sources of this field. The 

dynamics of crystal growth and the mechanisms of crystal formation in magmas are 

explored. These researches focus on how crystallization processes influence magma 

viscosity and the resulting geological features, providing insights into the behavior 

of magma during cooling and solidification. [38-40]. Rather than the crystallization 

volume itself, chemical processes at the interfaces of crystal melts were also taken 

into consideration.  Albarede et al. and Lofgren et al. found that if the growth rate of 

crystallization is higher than the components diffusing away from the interface, a 

chemically affected zone will form around the crystal leading to skeletal like crystal 

structures having chemical differences from their parent melt [41,42]. In support of 

this, Grove et al. held an experiment and observed that a simple growth rate 

difference might cause many different crystal compositions all emerged from the 

same parent melt because of the cooling rate differences caused by different mineral 

properties [43]. Kotash noted that not only the mineral composition of magma but 

also the presence of volatiles has an impact on host rock properties as they affect the 

output host rock material by escaping and leaving solidified material behind with 

vesicles (holes) trapped inside [44]. Small scale experimental studies and numerical 

models to observe crystallization dynamics are also made [45-47]. 

The process of magma chamber solidification has been studied extensively by many 

researchers. Delaney et al. worked on a 1D model for the solidification of magma in 

a dyke in early 80s [48]. This study has an importance for having analytical relations 

and solution methodologies without needing any software. Similarly, analytical 

thermal models were studied by Annen et al. for a 1D geometry.  Spatial temperature 

value at any time and radius is obtained by combining analytical formulations to 

obtain the solidification time and thermal halos [49]. 1D analytical models are 

important as they discuss the physics of events and form the basis of software 

applications on geological studies. 

From 1995 and on, with geological modeling software came into use, numerical 

analyses started to emerge in literature. Silva et al. modeled the conductive cooling 

of a magma body in host rock to obtain temperature profiles. Temperature data of 
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magma bodies were analyzed, and it is found that near magma chamber body, 

continuous gradient temperature profiles all around the chamber which is called 

ñthermal halosò affect deformation behavior of the rocks [50]. Bea, studied granite 

magma solidification for magma chambers cooling at distinctive crust depths with 

the properties output from MELTS by inputting the mineral composition [51]. 

Research on the cooling and solidification of magma by modeling are held to 

comment on the age of a rock, magma chamber [52-64]. 

Other than the analytical studies or models, solidification can be observed via 

captures of SEM methods for a known aged chamber or analyzed through small scale 

experiments. As an instance, Dunbar et al. held an ISV experiment at Oak Ridge 

National Laboratory on solidification of an artificial melt to deeply investigate 

solidifying process. Dolomitic limestone gravel was poured inside a saprolite domain 

and temperature data is taken to observe crystallization profile by time. This 

temperature profile gives an insight into the true pattern for magma cooling and 

solidification [65]. Another experimental procedure coupled with modeling is held 

by Rodr²guez et al. This study was held to see the accuracy of experiment numerical 

approach and scaling for magma solidification cases by observing the solidification 

of 10 mm melt capsules and relating them with large scale magma chambers. 

According to this study, the experimental-numerical approach largely depends on 

the volume and aspect ratio of the magma chamber [66]. 

 For modelling, many studies in literature neglects the property differences in crust 

layers but in reality, there is crust heterogeneity. To obtain the lithospheric domain 

and its sublayers, Tarhan studied the crust layers of stratigraphic columnar section 

of Eastern Anatolia Accretionary Complex consisting of the layers composed of 

sandstone, metamorphic rocks, massive gabbro and limestone. A significant fractural 

anisotropy source is the Youngôs modulus variability between layers. For instance, 

continental crust tends to have a higher Young's modulus compared to oceanic crust 

due to differences in composition and thickness [67]. Gudmundsson held a study by 

considering effects of Youngôs modulus variations of host rock and outputted those 

changes in mechanical properties over space and time influence fault displacement 
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and scaling behavior [68]. It highlighted the fact that crust layers having different 

properties should be considered in modelling.  

Gudmundsson has highly valuable works on the mechanical effects of magma 

chambers. Hydrofracture occurrence examination urged him to study stress 

distributions on host rock, around magma chambers [69]. He developed studies on 

stress distributions and output other valuable analytical relations for foreseeing any 

fracture causing structure formations like dykes, sills or eruptions [70]. Further, 

Gudmundsson studied the local stress concentrations caused by magma chambers 

and output analytical cavity models by considering different configurations and 

shapes for magma chambers. He has found that if the distance between a magma 

chamber and Earthôs surface is lower than 1.73 times the radius of the magma 

chamber, it exerts the maximum stress to Earthôs surface. Otherwise, maximum 

stress occurs at points on magma chamber host rock interface. Magnitudes and 

locations of maximum tensile stress and maximum compressive stress are both 

outputted in Gudmundssonôs study with analytical relations [71, 72]. Those studies 

gave insights into all research where mechanical effects of magma chambers are 

considered.  

A recent set of studies on mechanical effects of magma chambers on host rock 

structure are held by Browning and Karaoĵlu. Their model of the anisotropic domain 

of Karlēova regionôs crust with magma chambers having complex loading 

conditions, magma internal pressure and external loads, outputted the stress 

distributions caused by magma chambers [26]. Similarly, Karaoĵlu et al. investigated 

the Triassic mafic igneous system of Antalya by building a 3D model having external 

loadings and prescribed velocities simulating tectonic motions to output stress 

distributions [73]. Browning et al. studied the dykes formed in Santorini with magma 

chamber ruptures by using real tectonic data [74]. 

Magma chambersô thermomechanical effects begin to make an impact in the 

literature after pure mechanical studies. Karaoĵlu et. al studied the 

thermomechanical effects for Karlēova Triple Junction. These studies evaluate that 
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volcanic rocks and faults are significantly influenced by thermal fluid movement and 

heat transport, with magma beneath the Varto and ¥zen­ volcanoes serving as the 

primary heat source [75,76]. In addition, Browning et al. conducted a study on the 

thermomechanical effects of magma chambers with a 2D model having a 

homogeneous host rock domain without any temperature gradient. According to this 

study, thermal expansion is responsible from the increase of shear and decrease of 

tension around the chamber when compared to a case having only purely mechanical 

effects [77].  

1.3 Motivation, Objective and Organization of Thesis 

Magma chambers significantly influence the thermo-mechanical constraints of 

surrounding host rock, which is crucial in earth sciences for better understanding 

dyke nucleation, crustal deformation, and rock fracture. These insights may provide 

forecasts on tectonic interactions such as earthquakes, volcanic eruptions, and 

ground deformations. Studies on magma chambers have been discussed in the 

previous section, covering both fundamental behaviors and specialized topics. While 

many numerical models exist for specific geometries, thermal factors affecting 

mechanical behavior are less explored. Thermomechanical studies on the effects of 

magma chambers are rare and relatively new, highlighting the need for advanced 

numerical thermomechanical models. Given the challenges and costs of field 

measurements in earth sciences, numerical modelling becomes crucial in these 

contexts. Therefore, developing thermomechanical based numerical models and 

recommending optimizing solutionsðsuch as investigating the differences between 

2D and 3D modelsðwould provide significant contributions to the field. 

In the literature, solidification of magma chambers is typically modelled using 2D 

frameworks with constant, temperature-independent properties. Similarly, stress 

accumulations around magma chambers are analyzed separately using solid 

mechanics models that do not account for temperature variations. However, stress 

distributions do not simply depend on mechanical properties and magmatic pressure 
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only. Rocks might fracture because of the accumulation of thermal stresses caused 

by thermal expansion and contraction during magma solidification. In addition, as 

the change in temperature affects the properties of magma and the surrounding host 

rock, temperature dependent properties should be considered in numerical modelling 

of cooling and solidification of magma chambers. This study aims to investigate 

crustal behavior when mechanical stresses are coupled with thermal stresses with 

different modeling approaches and make a comparison on them. The novelty lies in 

developing a model incorporating those temperature-dependent properties and 

coupling solid mechanics with heat transfer physics through 2D and 3D transient 

modelling. 2D and 3D models on a specific geological case in COMSOL 

MultiphysicsÈ 6.1 are developed to analyze the thermomechanical interactions 

occurring on Earthôs crust [78]. The results of these coupled modelling approaches 

are then compared with each other, highlighting the differences between 2D and 3D 

methodologies. With this comparison, insights are gained into more accurate 

predictions of the solidification process and stress fields in nature. 

The findings of this study reveal the impact of positional and thermal changes in 

magma chambers on the thermo-mechanical behavior of the upper crustal setting, as 

obtained through both 2D and 3D models. The methodology used in these analyses 

is detailed in the following section. 
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CHAPTER 2  

2 METHODOLOGY  

In this study, a common subsurface formation in geology is examined under different 

scenarios to investigate solidification processes of magma and the stresses exerted 

on surrounding rocks during this process. This subsurface formation is a specific 

geological case consisting of a crust domain having magma chambers and host rock, 

is identified as Target Geological Model (TGM). TGM is analyzed by coupling 

thermal and mechanical effects with 2D and 3D modeling approaches in COMSOL 

Multiphysics, by inputting temperature dependent properties. Due to the long 

timescales and large domains involved in geological models, experimental data lacks 

and validation with experimental data is not applicable. Therefore, preliminary 

analyses are conducted first, to gain insights into the general framework and 

accuracy of the model setup.  

In the preliminary studies, models are constructed with scenarios based on literature 

studies, in-situ instantaneous measurements of chamber ages or similar physical 

analogies found in the literature. These preliminary models are established to provide 

insights into the inputs and model setup, and the obtained results are compared with 

literature findings in Section 3. Once the accuracy of the model setup and the 

employed physics are confirmed, TGM is built by using the same physics and 

modeling approach.  

In TGM, the two physical phenomena used are heat transfer and solid mechanics 

coupled with thermal expansion. These pyhsics are well-established and widely used 

in COMSOL. Therefore, the software gives accurate results, enabling it to mitigate 

the lack of validated data for the models. In the literature, studies emphasizing 

COMSOLôs reliability are present. For instance, Dagher et al conducted the 

simulation of thermal and hydrogeological effects of a shallow lake in a permafrost 
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environment and confirmed that time-dependent heat transfer with phase change 

effects can be accurately modeled by COMSOL by validating data from previous 

studies [79]. Similarly, Freeman et al. built a hydro mechanical model by coupling 

heat transfer and structural modules in COMSOL Multiphysics and pointed out the 

accuracy of the results obtained from COMSOL for a well-constructed model by 

validating the outputs [80].  

Even through all those preliminary studies and COMSOLôs ability to deal with these 

simple physics, due to the absence of experimental data to validate the temperature 

and stress values spanning millions of years obtained from all these models, 

definitive conclusions cannot be drawn, but they provide useful insights. 

2.1 Theory 

The scenario in TGM is characterized by a crust structure containing three ellipsoidal 

magma chambers of sizes 30x5x5 km, 20x3x3 km, and 5x1x1 km surrounded by 

host rock as presented in Figure 2.1. Over time, these chambers undergo a process 

of solidification, leading to significant thermal and mechanical interactions with the 

surrounding host rock. The resulting stresses within the host rock are influenced by 

a combination of thermal expansion and contraction phenomena, necessitating a 

coupled approach that integrates heat transfer and solid mechanics.  

 

Figure 2.1. Visualization of the TGM - three magma chambers in host rock domain 
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This analysis encompasses the physics of heat transfer and phase change coupled 

with solid mechanics via thermal expansion. The magma chambers are modeled as 

phase change material while the host rock is assumed to undergo no phase changes. 

Magma solidification takes place with heat transfer through magma chamber to host 

rock. Related governing equations are given in this section. 

Assuming negligible radiation, the energy equation for magma is: 

 ʍÃ
‬4

‬Ô
○Ȣɳ4 ȢɳἹ ὗ (2.1) 

where ɟ is density, cp is specific heat,  is the rate of change of temperature with 

time, ○Ȣɳ4 is the convection term, ɳȢἹ is the heat conduction term, ὗ represents 

additional heat sources, in this case from other magma chambers and reservoirs. 

However, as the control volume for energy equation is magma only, heat transfer 

from other chambers cannot be considered in it but included in the conduction 

between host rock and magma, therefore it is zero. Velocity vector of translational 

motion is represented with ○ where lack of velocity of fluid magma flow enables to 

set the term including it to become zero. In reality, there is a fluid motion of magma 

within magma chambers driven by buoyancy but in similar studies, this motion has 

either been neglected or addressed as a separate topic of investigation. Therefore, the 

convection term is omitted. Heat flux by conduction is expressed with Eqn. (2.2). 

 Ἱ ὯȢɳ4 (2.2) 

In order to model the phase change phenomenon in the magma domain, apparent 

heat capacity formulation is used. In this method, heat capacity of the material is 

taken as an equivalent ὧὴ,eq outputted according to the phase and mass fraction. 

 ὧȟ ʃὧȟ ʃὧȟ ,
‬8

‬4
 (2.3) 

—  denotes the percentage of the material and subscripts 1 and 2 indicate the phase, 

liquid and solid respectively. L is the latent heat of magma and X is the mass fraction 

expressing the ratio of solidified magma to its initial form. As the specific heat is 
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temperature dependent and same relation is used for both magma and host rock, ὧȟ 

and ὧȟ values are both equal to ὧ(T) and Eqn. (2.3) becomes Eqn. (2.4).  

 
ὧȟ ὧ ,

‬8

‬4
 (2.4) 

Eqn. (2.5) is obtained by substituting Eqn. (2.2) and Eqn. (2.4) to Eqn. (2.1), 

 
ʍὧ
‬4

‬Ô
ȢɳὯȢɳ4 ʍ,

‬8

‬Ô
 (2.5) 

When heat transfer is coupled with solid mechanics, the additional term of 

thermoelastic dampening, ὗ  should be added to Eqn. (2.5). It is included in energy 

equation only when solid mechanics is coupled with heat transfer because it 

represents dissipation of heat caused by an external mechanical stimulant. Then, Eqn. 

(2.5) becomes Eqn. (2.6).  

 
ʍὧ
‬4

‬Ô
ȢɳὯȢɳ4 ʍ,

‬8

‬Ô
ὗ  (2.6) 

 ὗ  ‌4ȡ
‬3

‬Ô
 (2.7) 

In Eqn. (2.7), ‌ is the thermal expansion coefficient, and S is the second Piola-

Kirchhoff stress tensor which is the term relating the internal forces in a deformed 

material to its undeformed configuration.  

 3 3 ╒ȡʀ  (2.8) 

C is the constitutive tensor which is a function of Young's modulus and Poisson's 

ratio as it establishes the linear relationship between strain and stress. ʀ  is the elastic 

strain representing the elastic deformation of the material. Sad is the adiabatic stress 

component called Second Piola-Kirchhoff stress tensor which is the internal stress 

under adiabatic conditions. It can be obtained by Eqn. (2.9). 

 3 3 3 3 (2.9) 
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S0 is the initial stress component at undeformed state. Sext is the external stress 

component refering the stress due to boundary loads, which is due to the magma 

internal pressure in present case. Sq is the thermal stress which is the stress caused 

by thermal effects. 

 ʀ ʀ ʀ     (2.10) 

Elastic strain is calculated with the subtraction of inelastic strain (Ůinel) which is the 

irreversible deformation from overall deformation, Ů. As the materials are assumed 

as linear elastic, inelastic strain is neglected. Thermal strain, which shows the amount 

of thermal expansion is obtained by Eqn. (2.11). 

 ʀ  ‌4 4 4  (2.11) 

The equation of motion to obtain stress magnitudes for a linear elastic material 

solved in FEM model is Eqn. (2.12). 

 ” 
‬◊

‬ὸ
ȢɳⱭ  ╕○ (2.12) 

In Eqn. (2.12), u is the displacement field, ů is the stress tensor and  Fv is the volume 

force vector. As there is zero prescribed velocity in the model and no volume force 

is present, Eqn. (2.12) becomes Eqn. (2.13). 

 ȢɳⱭ π (2.13) 

2.2 Preliminary Numerical Analyses 

In preliminary analyses, finite element models for three distinct cases taken from 

literature are built and the results are compared with outputs from their related 

studies as a preparatory work for the TGM modeling. These are analytical modelling 

studies of magma solidification in Yosemite National Park in Tuolumne Intrusive 

Suite-USA, Elbrus Greater Caucasus-Russia and a casting process having similar 

phenomenon with magma solidification. 
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Unlike the referenced papers, temperature dependent features are used rather than 

constant magma and rock properties, which enables exploring a more realistic 

modelling strategy and gain new insights into the problem domain. By integrating 

these temperature dependent characteristics, it is aimed to enhance the model's 

precision and provide a more nuanced insight of the underlying phenomenon. These 

cases and comparisons of the results are given in the following sections. 

2.2.1 Yosemite National Park, USA 

Solidification process of a magma chamber in Yosemite National Park, Tuolumne, 

USA is modelled with the program HEAT by Glazner et al. [81]. To use as a 

preliminary methodology check, this analysis is rebuilt by using COMSOL 

Multiphysics with temperature dependent magma and host rock properties taken 

from the literature for similar silicic magma types found in the regions of preliminary 

and TGM studies. 

The computational domain in the first preliminary analysis is a simplified rectangular 

magma geometry surrounded by host rock having a width and depth of 60 km and 

35 km respectively. Magma has a thickness of 5 km, width of 20 km where its top is 

positioned at a depth of 15 km. Four points are included in the geometry to collect 

temperature data as seen in Figure 2.2.  

 

Figure 2.2. Computational domain and data points 
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Magma has an initial temperature of 900 ÁC. Host rock is characterized by a 

geothermal gradient of 20ÁC increasing per km depth initially  where Earthôs surface 

is 20ÁC as in Eqn. (2.14). Earthôs surface, side walls and bottom boundary are also 

assigned to the same temperature gradient as a boundary condition with Eqn (2.14). 

Outer boundaries are assigned to constant values by assuming a domain large enough 

to fit in the general temperature pattern. 

 4ώ ςπ ςπώ (2.14) 

Magma in the referenced study is silicic in composition. Therefore, magma and host 

rock materials are taken as granite whose liquid form is one of the most well-known 

silicate melts such that many of the historical buildings, monuments and sculptures 

were built from its rock form [82]. Also, it maintains its mineral composition even 

when exposed to high heat flux and temperatures [83]. Therefore, it is the most 

accessible and stable magma material by means of literature data and property. In 

fact, granite also have subgroups as Remiremont granite, charcoal granite, Senones 

granite etc. but they both have similar behaviors and can be considered as a group. 

Wang and Konietzky has compilated nine types of granite data and fitted the average 

values [84]. To provide consistency of the properties of the material, many properties 

are taken from this study. 

Magma and host rockôs thermal expansion coefficient behaves according to a 

piecewise continuous function relation given in Eqn. (2.15) [84]. 

 

‌4

ψØρπφØπȢψσψσπȢππρτς4 ρȾρȢχπψυȟ         π 4ᴈ υχσ

ψØρπφØ υȢτρφππȢππωυ4 ρȾρȢυχρωȟ   υχσ4ᴈ φςυ

υØρπσȟ                                                                  φςυ4ᴈ ψππ

 (2.15) 

Magma and host rockôs specific heat (cp) values obtained via MELTS software is 

given with Eqn. (2.16) and shows a tendency to increase up to 680ÁC which is a 

value close to the crystallization point [85]. Then, a turn occurs around the 

crystallization temperature followed by a fall. This is explained by the transition of 

linear to volumetric expansion at that point [84]. After liquefying, it continuously 

increases. 
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ὧ 4

ψςπØπȢωυχφȢυωØρπ4ȟ                         π 4Ј# υχσ   

 ψςπØρȢρχσρȢςσψØρπ4ȟ            υχσ4Ј# ρπππ 
 (2.16) 

Magmaôs thermal conductivity is again temperature dependent, tending to behave as 

an exponential polynomial between temperatures 0ÁC and 1200ÁC as given in Eqn. 

(2.17) [84]: 

 Ὧ4 ςȢφØυȢψρςφφȢψτψυØπȢωωωυπȢππςρχς4 (2.17) 

Density of magma is taken as a constant value of 2645 kg/m3 in parallel with the 

previous literature studies as it generally does not affect the results significantly but 

results to a complex model when identified as a temperature dependent variable [86]. 

Same is applied for Poissonôs ratio, the value of 0.25 is assigned as it has the same 

value, without significant temperature dependence [87]. The latent heat 

crystallization which is the amount of heat for the solidification of magma per unit 

mass for silicate melts of granite is 4x105 J/kg [88]. Crystallization occurs at 

temperatures between 680ÁC and 573ÁC [84]. 

Host rock is also characterized by constant density and Poisson's ratio for this 

preliminary study. The density of the host rock is assigned a value of 2700 kg/mį, 

the average density of granodiorite, which is the host rock used in the reference study 

[66]. The temperature dependence of the Poisson's ratio for host rock is also very 

low and has been neglected, with the Poisson's ratio set at 0.25.  Even for highly 

dissimilar rocks, this value floats around 0.25 [89]. 

This analysis encompasses the physics of heat transfer between host rock and magma 

chamber and phase change of magma. Eqn. (2.5) stands for this analysis as governing 

equation which is solved with the finite element model. In order to verify the reliability 

of mesh discretization and make a time step optimization, mesh and time step 

independence studies are conducted. Three distinct mesh from coarse to refined are 

generated. Runs are held for a combination of 570, 3898, 4587 mesh elements and 

322, 7889 timesteps for a time domain of 31556 Gs which corresponds to 106 years. 

Data consistency is checked with temperature values at Table 2.1 with points 

mentioned in Figure 2.2 for their values at last time step, 106 years.  
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Table 2.1. Mesh independence study for 322 time steps 

Point Elements 
T ( ) 

(@106 years) 
Change in T 

A 

570 614.88 - 

3898 618.67 0.62% 

4587 619.27 0.10% 

B 

570 660.06 - 

3898 664.22 0.63% 

4587 664.48 0.04% 

C 

570 545.19 - 

3898 548.63 0.63% 

4587 549.14 0.09% 

 

D 

  

570 678.11 - 

3898 681.41 0.49% 

4587 682.23 0.12% 

 

It is obtained that the results are not influenced significantly after a refined mesh 

having 4587 elements. Therefore, results are obtained with the refined mesh shown 

in Figure 2.3. 

 

Figure 2.3. Refined mesh with data points 

To decide whether the time step used is sufficient or not, transient solver is also 

computed the results with a step time of 127 years, corresponding to 7889 time steps. 
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In Table 2.2, it is seen that using 322 time steps is precise enough as its influence on 

the result is lower than 0.05%. 

Table 2.2. Time step independence study for 4587 elements 

Point 
Number of Time 

Steps 

T ( ) 

(@106 years) 
Change in T 

A 
322 619.27 - 

7889 618.97 -0.05% 

B 
322 664.48 - 

7889 664.15 -0.05% 

C 
322 549.14 - 

7889 548.93 -0.04% 

D 

  

322 682.23 - 

7889 681.95 -0.04% 

2.2.2 Elbrus Greater Caucasus, Russia 

Temperature profile of a 6x105 years old dyke shaped silicic magma originated in 

Elbrus Greater Caucasus, Russia is obtained by Bindeman et al. and in-situ images 

were captured by SEM Method in University of Alberta [90]. Similar to the study 

held in Section 2.2.1., a 2D heat transfer model with phase change is built via 

COMSOL Multiphysics with temperature dependent properties.  

A computational domain with 25 km depth and 20 km width has a dyke like 

amorphous magma accumulation in it. Magma is located in a depth of 3 km to 24 

km with maximum and minimum widths of 5 km and 3 km respectively. Magma 

lacks a distinct shape as it is directly taken from the capture of a real crust area. Point 

E and point F is located to measure the at coordinates (0,-6) and (3,-13). 
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Figure 2.4. Computational domain and data points 

At the upper surface of the studied rock domain, temperature value of 100ÁC is 

assigned as a constant boundary temperature and an increasing temperature gradient 

of 20ÁC per km depth for the host rock domain is present initially . Magma 

accumulation whose geometry is given in Figure 2.4 has an initial internal 

temperature of 950ÁC. Side and bottom domain boundaries are defined with the 

boundary condition given in Eqn. (2.18). 

 4ώ ρππςπώ (2.18) 

All properties of magma and host rock mentioned in Section 2.2.1 are also used in 

this model. In the same manner, as the scenario is the same but the geometry and 

boundary conditions differ from the previous preliminary study, Eqn. (2.5) also 

stands for this analysis as governing equation.  

Mesh and time independence studies are held for three distinct mesh and two distinct 

time steps in Table 2.3 and Table 2.4. A combination of 810, 1837, 5382 elements and 

3787, 541 timesteps for a time domain of 6x105 years is evaluated. Precision is 

checked with temperature value at the end of the time domain, 6x105 years, from the 

points E and F shown in Figure 2.4.  
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Table 2.3. Mesh independence study for 3787 time steps 

Point Elements 
T ( ) 

(@6x105 years) 
Change in T 

E 

810 571.54 - 

1837 569.07 -0.43% 

5382 567.53 -0.27% 

F 

810 657.97 - 

1837 660.07 0.32% 

5382 660.50 0.07% 

 

Change in the results drops significantly after a mesh having 1837 elements when 

the time step is 158 years. However, refining the mesh at conduction boundaries still 

affects the temperature value at an order of magnitude of 1.5. To get rid of any 

inconsistency, results are obtained with the refined mesh shown in Figure 2.5.  

 

Figure 2.5. Refined mesh with data points 

To see whether a smaller number of time steps gives sufficient precision or not, 

results with a number of time steps of 3787 are obtained. Given the significantly low 

change in the results and considering computational costs and efforts in Table 2.4, it 

is seen that using a time step of 1100 years corresponding to the number of time step 

of 541 is precise enough as its influence on the result is lower than 0.04%. 
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Table 2.4. Time step independence study for 5382 elements 

Point 
Number of Time 

Steps 

T ( ) 

(@6x105 years) 
Change in T 

E 
541 569.32 - 

3787 569.07 0.04% 

F 
541 660.29 - 

3787 660.07 0.03% 

2.2.3 3D Casting Analysis 

Casting can be evaluated similar to magma chamber solidification as this process is 

the solidification of molten metal potted in a cavity inside pressed sand which is just 

like the magma solidifying in a host rock. Both processes have heat transfer, phase 

change, thermal contraction and solid mechanics physics in it. The primary 

distinction is that the geometries and time domains dealt with in geological scenarios 

are in the order of kilometers and years where those in casting are in millimeters and 

seconds. Considering these two distinct occurrences from different fields of 

specialization, an analogy is built with these two similar phenomena. A 3D model 

coupling heat transfer and solid mechanics with temperature dependent properties is 

developed from an experimental casting scenario studied by Jin et al. [91]. This 

scenario consists of a melt being poured into a casting die and cooling curve being 

monitoring for 30 seconds with a DAQ system taking data from 4 thermocouples 

located 0, 2, 4, 5 mm away from z axis. Figure 2.6 illustrates the process. 

 

Figure 2.6. Schematic of casting experiment with data points 
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Computational domain consists of a casting melt poured into a cavity sized 60 mm 

x 60 mm x 10 mm as illustrated in Figure 2.7. The area surrounding the mold with 

casting sand is 120 mm x 60 mm x 120 mm in size.  

 

Figure 2.7. Computational domain 

The melt is at 1150  initially where the surrounding sand is 27  without any 

temperature gradient. Upper surface of the casting sand is taken constant as 27 

throughout the process and all other temperature values are defined to be initial 

values. Thermal insulation is assigned to the bottom and side boundaries. Upper 

surface is free surface and a boundary load of 5 MPa is exerted from all other side 

boundaries of casting sand, simulating the pretension of casting sand and pressure 

exerted on the casting mold. This value and melt properties are taken from Tasaki et 

al.ôs study where the pressure on the mold is measured for a domain having a similar 

order of magnitude of dimensions [92]. Displacement and velocity field for the 

whole domain is zero initially. 

The material of casting sand is not specified in the experimental study, but it is taken 

as green sand which is a type of specially treated high-pressure molding sand to use 

in casting processes and defined with temperature dependent properties in 

COMSOLôs material library. On the other hand, casting melt is formed by 5 element 

alloy (zirconium, titanium, nickel, copper, beryllium). Its properties are tabulated in 

Table 2.5. 
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Table 2.5. Properties of casting melt [84, 85] 

Casting Melt Property Value 

” [kg/m3] 7000 

ɜ 0.2 

L [J/kg] 3.2 x103 

cp [J/kg] 771 

Tcr [ ] 987 

k [W/m] 29.93 

Ŭ [1/ ] 4x10-5 

E [GPa] 69 

 

In all previous preliminary models, heat transfer via conduction and phase change 

occurs. Energy equations for those thermal processes are given in previous sections 

with Eqn. (2.1)-(2.5). Heat transfer module is built again by introducing casting melt 

as the phase change material but also coupled with solid mechanics with the addition 

of thermal expansion different than the previous models. Transient system of 

equations coupling conductive heat transfer, Eqn. (2.6) and elasticity equations, Eqn. 

(2.13) are solved.  

In this instance, a model simulating this experiment is developed to ensure our 

methodology and COMSOLôs ability to incorporate solid mechanics physics to heat 

transfer. The outputs of this model are compared with real experimental data 

measurements. Although the two dynamics involvedðone from mechanical 

engineering and the other from geologyðare different, the presence of similar 

physics in both studies highlights the value of validating the 3D coupled model 

against experimental data. 
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Studies are held with three different mesh for a time domain of 30 seconds from the 

points given in Figure 2.8 for mesh independence study. Temperature is taken at an 

earlier time of 0.4 seconds. Table 2.6 indicates that 39352 elements are sufficient. 

Refinement does not cause a significant change in the results but only increases 

computation time and cost. The mesh is presented in Figure 2.8. 

Table 2.6. Mesh independence study results for 30 time steps 

Point Elements 
T ( ) 

(@0.4 s) 
Change in T 

G 

2630 1036.55 - 

39352 1039.08 0.24% 

130271 1039.31 0.02% 

H 

2630 1024.32 - 

39352 1027.24 0.29% 

130271 1027.56 0.03% 

I 

2630 1009.14 - 

39352 1012.72 0.35% 

130271 1013.00 0.03% 

 2630 973.87 - 

J 39352 977.63 0.39% 

 130271 978.09 0.05% 

 

Figure 2.8. Mesh with 39352 elements and data points 
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The model is run with the selected mesh configuration using three different time 

steps. Time step independence study which is given in Table 2.7, is evaluated based 

on the temperature values obtained from two of the data points, G and H. 

Table 2.7. Time step independence study results for 39352 elements 

 Point Number of Time Steps 
T ( ) 

(@0.4 s) 
Change in T 

G 

10 1039.05 - 

30 1039.08 0.00% 

300 1039.08 0.00% 

H 

10 1027.04 - 

30 1027.24 0.02% 

300 1027.32 0.01% 

 

As the cooling process takes place too rapidly in this scenario, total time domain is 

short. Although it increases the significance of time steps, because of the domainôs 

and conceptôs simplicities, time steps at the order of magnitude of seconds give 

precise values. In order to avoid inconsistencies caused by inadequate number of 

computational steps, a time step of 1 second, corresponding to a number of time steps 

of 30 is selected.   

This model gives insights on building a 3D, coupled model of heat transfer and solid 

mechanics. Based on the outputs and insights obtained from this model, TGM, a 3D, 

coupled model for the geological process of magma solidification is developed. 

2.3 Target Geological Model 

In the previous sections, 2D heat transfer models and a 3D coupled model are 

developed to be compared to data referenced in the literature and overlapping results 

will be demonstrated in Section 3. With this verified model framework, several cases 

are generated to represent potential geological scenarios, and a study is performed 

by varying the geometries and initial conditions. All scenarios are studied as cases 
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both by building a 3D model and a 2D model simulating the midplane section of the 

3D model. By incorporating a range of parameter values, these models are aimed to 

provide an analysis of the underground conditions, enhancing the accuracy and 

relevance of the simulation results. Outputs for temperature profile and stress 

distributions are generated for both analyses, the output results are compared. 

In literature, many geological cases are simplified and studied with 2D models. 

However, 2D modeling may not achieve the same level of accuracy as a 3D 

approach, particularly in complex scenarios where the third dimension plays a crucial 

role on the distribution of thermal properties and heat transfer. The transition from 

2D to 3D modeling is often necessary because 3D models better capture the 

complexities of spatial variations and boundary conditions, which are crucial in 

predicting temperature fields and heat flux in real-world applications. Or, contrarily, 

3D approach may not always justify the additional computational effort, as the 

improvements in accuracy might not be significant enough to extend the simulation 

time. When the distinction between the 2D and 3D model results is minimal, 2D 

approach might be a more practical choice for scenarios where the added complexity 

and time required for 3D simulations do not provide a significant benefit. To see if 

there is a massive contrast between the results of a 3D model and 2D model of the 

same problem, two models are developed with temperature dependent properties, 

along with the inclusion of additional physics of solid mechanics, therefore more 

accurately simulating the real-life underground conditions. Scenario of the 

geological case to be studied is explained in the following section. 

2.3.1 Computational Domain 

The scenario to be analyzed is a host rock domain having three magma chambers in 

it. The settlement depths of chambers are examined in 12 distinct cases for different 

depth and initial magma temperatures. Configuration of magma chambers are 

changed to examine different cases but the host rock remains unchanged. 
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2.3.1.1 Three-Dimensional Domain 

Three dimensional analysis domain consists of a block of host rock with dimensions 

of 80 km width, 30 km length, 30 km depth and three magma chambers in it. Magma 

chamber geometries are 30x5x5 km, 20x3x3 km, 5x1x1 km ellipsoidal formations 

filled with magma. They are taken as ellipsoidal because it is a typical geometry both 

used widely in the literature and also monitored in field observations, enabling it to 

simulate real conditions [93,94]. However, it should be noted that consideration of a 

different geometry as a dyke like vertical ellipsoidal surely leads to a significantly 

different stress concentrations [52]. Ķllustration of the domain is given in Figure 2.9. 

 

Figure 2.9. 3D computational crust domain 

Large magma chamber (LMC) is the biggest chamber having 30x5x5 km 

dimensions, middle magma chamber (MMC) is the one with 20x3x3 km and small 

magma chamber (SMC) is the smallest one with 5x1x1 km size. Runs are held for 

different magma chamber settlement depths of 3 km, 8 km and 12 km because it both 

affects the cooling process and mechanical stress locations as mentioned in 

Gudmundssonôs previous studies [72]. Depth of chambers are denoted with d; LMC, 

MMC and SMC have depths of dLMC, dMMC and dSMC respectively.  
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Host rock domain has 6 different layers having different Youngôs modulus values in 

order to simulate the real case in nature. In the real natural case, temperature 

increases with depth [95] and each subsurface layer has different stifness values 

according to their composition [26,96]. Both for simulating real case and see the 

effect of Youngôs modulus in a pattern, E of layers are given as a synthesis of 

literature data. This pattern is formed by considering the Mount Rogers area, 

Virginia, USA because many detailed properties have been studied for this volcanic 

area having silicic magma, enabling to synthesize the info cited from Radford 

Universityôs geology page and studies of Molina and Brown [97-99]. All the layers 

in the region are determined by matching the properties of rocks found in the 

literature. For the 3D model, host rock geometry is defined as 6 layers having the 

properties given in Table 2.8. Each layer is defined as E# because the property 

varying significantly is the Youngôs modulus. 

Table 2.8. Host rock layers and properties 

Rock Type Explanation Layer 
E  

[GPa] 

Depth  

[km] 

”  
[kg/m3] 

Unicoi 

Formation  

Sandstone and shale 

[88, 97, 98, 100] 
E1 18 0.5 2349 

Konnarock 

Formation  

Conglometare, 

diamicite and 

sandstone [97, 99, 101] 

E2 30 1.1 2349 

Upper Part of 

Mount Rogers 

Formation 

  

Tuff and rhyolite 

[97, 101] 
E3 35 1.8 2600 

Lower Part of 

Mount Rogers 

Formation  

Rhyolite [97, 101] E4 50 1.2 2800 

Cranberry 

Gneiss  

Marble, granitic gneiss 

[97] 
E5 40 1.4 2800 

Lower crustal 

rocks 

Gabbro, diorite, 

granulite 
E6 80 24 3200 
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For all other host rock and magma properties, values in Section 2.2.1 are used. 

Youngôs modulus of host rock and magma are not necessary for the previous studies 

because the physics used in them is only heat transfer. For the coupled model, 

temperature dependent E value for magma is used. 

Magma Youngôs modulus tends to decrease as temperature increases and identified 

as an interval function for granite as given in Eqn. (2.19) [102]. At the point it rapidly 

decreases, it is understood that microcracking changing the inner structure, causing 

new spaces reducing the thermal expansion. 

 %4
σχȢσυØρȢςφφυρ  Ὡ Ȣ Ȣ  ϳ ȟ         π 4ᴈ φππ   

 σχȢσυ ρπωȢωυσ  ρχȢυτςÌÎ4ϳ ȟ        φππ4ᴈ ρςυπ 
 (2.19) 

2.3.1.2 Two-Dimensional Domain 

2D domain is the x-y cross section of the 3D domain passing from the centers of the 

chambers. It is again formed by host rock with dimensions of 80 km width, 30 km 

length, having 6 different layers and three magma chambers. Magma chambers are 

the same as in 3D analysis; only having 2D ellipse geometries of 30x5 km, 20x3 km, 

5x1 km. All properties are the same as used in the 3D analysis. 2D domain is given 

in Figure 2.10. 

 

Figure 2.10. 2D computational crust domain 
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For both model setups, heat transfer physics is coupled with solid mechanics via 

thermal expansion. Related governing equations are Eqn. (2.6) and Eqn. (2.13) which 

are derived and indicated in Section 2.1.  

2.3.2 Initial and Boundary Conditions 

For heat transfer module, temperature of the domainôs upper surface corresponding 

to Earthôs surface is set to the constant value of 15ÁC. As in Eqn. (2.20), an increasing 

temperature gradient of 25ÁC per km depth is assigned to side and bottom walls as a 

boundary condition and to all the host rock layers as an initial condition.  

 4ώ ρυ ςυώ (2.20) 

Magma chamber internal temperatures are one of the controlled variables and refer 

directly to the initial temperature of magma. Internal temperature of magma chamber 

is defined as an initial condition on heat transfer module as 700ÁC, 800ÁC and 900ÁC 

according to the case application. Initial internal temperature values of magma 

chambers are denoted by TLMC, TMMC, TSMC for LMC, MMC and SMC respectively.  

In solid mechanics module, bottom and lateral boundaries of the domain are fixed 

with a prescribed velocity of zero. Magma excess pressure (Pe) which is the load 

applied on chamber boundaries by magma is given as an initial pressure of 5 MPa as 

in Figure 2.11 because this value corresponds to the in situ inner chamber pressure 

and a sufficient value to illustrate the effects without dominating the results [89]. 

  

Figure 2.11. Boundary conditions of the 3D and 2D domains 
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Although topography may affect near stress fields closer to surface, as the aim is to 

make a comparison on the 2D and 3D model outputs of thermally induced 

mechanical effects around chambers elevated differently and at different 

temperatures in a large domain, topography effects are considered negligible and left 

as a further study. Therefore, top of host rock, which is the Earthôs surface is a 

principal stress plane taken as a flat and free surface [22]. 

Regional extensions and compressions lead by the tectonic plate displacements 

effect the stresses around magma chambers [26]. For instance, a tectonic layer 

displaces 20mm per year where the other might remain constant or this displacement 

can also be relative. The difference caused by the unequal motion cause stresses 

between layers. In this study, as the main aim is seeing the differences between 2D 

and 3D analysesô results, no relative motion is studied. Therefore, host rock domain 

is not subjected to any external loadings.  

2.3.3 Numerical Study Matrix   

The magma chambersô settlement depths are examined in 3 different values as 3 km, 

8 km and 12 km below the Earthôs surface. Similarly, initial internal temperatures of 

chambers are also specified as 700ÁC, 800ÁC and 900ÁC in turn. Chamber depths and 

temperatures vary according to cases in order to see the effect of these parameters 

on host rock. These cases are named with respect to these various settlement depth 

and initial internal temperature values. Coding for defining the case is given in Figure 

2.12 and examples are given in Figure 2.13. 

 

Figure 2.12. Coding of cases 
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Figure 2.13. Various configurations with case codes 

2.3.4 Mesh and Time Independence Study 

The FEM models including 2D and 3D approaches, mesh discretization, numerical 

computations and computational optimizations are held with COMSOL 

MultiphysicsÈ version 6.1 [78]. Heat transfer and solid mechanics modules are 

coupled with thermal expansion and phase change physics as multi physics study.  

To check whether the mesh or time step gives precise data, temperature value at the 

center of LMC (Point X in 2D and Point Y in 3D) is tracked for both 2D and 3D 

models. Mesh independence study is held for the geometries of case D_3-3-3, T_9-

9-9. 

2.3.4.1.1 2D 

Four different meshes for a time domain of 15x104 Gs, which corresponds 

approximately to 4.75x106 years is analyzed. Dynamic changes at the boundary of 

LMC occurs before its total solidification, which corresponds to 4.75x105 years. 

Therefore, for mesh independence study, temperature data is taken at an earlier time 

of 4x104 years. Table 2.9 indicates that mesh having 49953 elements is fine enough 

to get precise data. Selected mesh is given in Figure 2.14. 
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Table 2.9. Mesh independence study results for 800 time steps 

Point Elements 
T ( ) 

(@4x104 years) 
Change in T 

X 

4266 888.84 - 

22396 889.11 0.03% 

49953 889.27 0.02% 

298741 889.45 0.02% 

 

 

Figure 2.14. Refined mesh with data point 

The mesh includes a maximum element size of 0.5 km at the outer host rock domain 

boundaries and a minimum size of 0.015 km at chamber boundaries, enabling more 

accurate calculations at the conduction interfaces. The mesh having higher number 

of elements has the size of 0.075 km at outer host rock domain boundaries and it is 

evident that mesh refinement in those areas does not specifically affect the output 

while increasing computation cost. For finding the optimum time step, computations 

are held for three different time steps of 10, 100 and 1000 years for a total time 

domain of 4.75x106 years.  
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Table 2.10. Time step independence study results for 44696 elements 

 Point Number of Time Steps 
T ( ) 

(@4x104 years) 
Change in T 

X 

150 889.44 - 

1500 889.27 -0.02% 

15000 889.44 0.02% 

 

Table 2.10 clearly indicates that using the time step of 100 years which corresponds 

to 1500 time steps is fully adequate. Computation time for the selected mesh and 

time step is a maximum of two hours with a 16GB DDR4 RAM. 

2.3.4.1.2 3D 

Mesh independence study is held for four different mesh configurations for the 3D 

model. Because the domain is huge and the coupled solution have complexities, 

computation time becomes extensively high as the number of elements increase. 

Therefore, greater number of mesh configurations are observed to save 

computational time. All 3D analyses are held with a time step of 100 years, 

corresponds to a number of 1500 time steps and temperature data is taken at 4x104th 

year from the center of LMC, point Y, as in the 2D analysis. Time independence 

study is not held for 3D model since it has already done for the same scenario at 2D 

analyses.  

Table 2.11. Mesh independence study results for 800 time steps 

Point Elements 
T ( ) 

(@4x104 years) 
Change in T 

Y 

16,402 903.45 - 

37,691 888.5 1.65% 

132,904 883.78 0.53% 

575,511 882.07 0.19% 
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Table 2.11 shows that, when high computational time and the deviations in the 

results are considered, a mesh with 132904 elements is precise enough. As in the 2D 

study, finer meshes are implemented near the magma chamber, where the gradients 

are higher, while coarser elements are used away from the magma chamber. Size of 

the elements are 1 km at outer host rock domain boundaries and 0.15 km at chamber 

boundaries. Computation time for the selected mesh and time step is a maximum of 

1.5 day with a 16GB DDR4 RAM. 

 

Figure 2.15. Refined mesh with data point 
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CHAPTER 3  

3 RESULTS AND DISCUSSION 

Finite element model outputs, magma solidification process, time and stress 

distributions are given in this section with FEM analyses results. 

3.1 Preliminary Analyses Results 

For magma to totally solidify and become rock structure, high amount of time with 

a rank of thousands of years is a likely result for both cases.  The results obtained are 

consistent with the existing literature data, which reinforces the reliability of the 

newly developed models. However, it is important to note that all these studies are 

model-based, and as such, their accuracy cannot be fully guaranteed. The inherent 

limitations of model-based approaches mean that while our findings align with 

previous results, the ultimate validation of these models remains an ongoing 

challenge. 

3.1.1 Yosemite National Park, USA 

Results are obtained for 32,600 Gs which corresponds to about 106 years. Glazner et 

al.ôs paper has the output for temperature of four data points through the total time 

domain [81]. Temperature profiles obtained from the 2D FEM model in this study 

are plotted in Figure 3.1 for points A, B, C, D which are shown in Figure 3.2. The 

general pattern fits and gives the same results with the referenced study with a 

maximum error of 6.25%. It can be explained with the temperature dependent 

properties exerted in the newly developed model.  
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Figure 3.1. Temperature profiles 

Temperature distribution at the end of 106 years is given in Figure 3.2 showing that 

magma mostly crystallized as the maximum temperature value is lower than the 

temperature which magma starts crystallizing (680), but higher than the total 

solidification temperature (573). Therefore, the solidification time for this 

scenario is greater than 106 years and steady state has not yet been reached. 

 

Figure 3.2. Temperature distribution at 106 year 
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3.1.2 Elbrus Greater Caucasus, Russia 

In scope of this scenario, runs are held for a time domain of 6x105 years. Temperature 

data is given in Figure 3.3 for points E and F shown in Figure 3.4. 

 

Figure 3.3. Temperature profiles 

Temperature change with time for points E and F are outputted. Starting with a rapid 

temperature drop because of being close to the solid-liquid interface, point F fits to 

the temperature value around 650ÁC. Conversely, point E preserved its temperature 

for a significant initial time period because it is surrounded by a large body of high 

temperature magma. However, as the surrounding magma cooled and solidified, 

Point E gradually approached the solid-liquid interface, eventually lying directly on 

it. Finally, due to the relatively low temperature of the host rock domain, the 

temperature at Point E dropped below the phase change temperature, leading to 

complete solidification. After 6x105 years, temperature distribution of the domain 

obtained for the end of this time domain which enables us to make comparison with 

the literature data is given in Figure 3.4.  
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Figure 3.4. Temperature distributions at 600000th year for (a) the model referenced 

in Glaznerôs study [81] and (b) developed model 

It can clearly be seen that the magma is still not solidified completely but started to 

crystallize from outer boundaries. As the host rock has a temperature gradient 

increasing with depth, significant solidification and cooling of magma at the upper 

part of the chamber domain is observed.  

Temperature distribution at Figure 3.4 fits with the distribution data outputted in 

Bindeman et al.ôs study in the literature [91] enabling the preliminary model to be 

verified by means of heat transfer and material properties and model methodology.  

3.1.3 3D Casting Analysis 

Casting experiment in the referenced Jinôs studies [92] gives temperature outputs for 

4 points taken with thermocouples for the whole-time domain. For the validation of 

the 3D coupled thermomechanical model, output values of the model and the 

literature data are compared. Temperature profiles through the time domain can be 

seen in Figure 3.5.  
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Figure 3.5. Temperature profiles 

Temperature distributions over time fit to the profile in the referenced paper with a 

maximum error of 22% occurring at the beginning of the time period (0-3 seconds) 

at point J. It is assumed that this error is caused because of the unclear material 

properties of the melt and sand around mold. In the experiment, initial cooling 

process occurs too rapidly, might be caused because of the higher thermal 

conductivity value in the real experiment caused by alloy difference. End of the 

process overlaps with the model output, as process is dominated by phase change, 

rather than heat transfer between the mold and casting sand. 

3.2 Target Geological Model Results 

From previous discussions and preliminary models, an exponentially decreasing 

temperature profile is expected for the regions in magma chambers. Stresses are 

expected to concentrate around magma chambers, therefore highest stress 

concentrations are supposed to be around them. As the shape of magma chambers 
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are ellipsoidal and have edge like geometries at the lateral axis, stress areas are likely 

to occur at those lateral edges as indicated in Section 1.1. All the results of thermal 

and solid mechanics are indicated in this section. 

3.2.1 Solidification and Temperature Distributions 

This section discusses the solidification process and temperature distributions 

observed within the magma chambers, highlighting key findings from the 

simulations. The computations are conducted for 15x104 Gs, which corresponds 

approximately to 4.75x106 years. The system reaches thermal equilibrium in a 

maximum of 5x106 years for all cases but the change in the system becomes too 

slight after 4.5x106 years for 2D and 3x106 years for 3D. The entire time domain up 

to the steady state has been analyzed. Temperature profiles for all cases through the 

whole time domain and for the center point of chambers obtained from the 2D 

analyses are given in Figures 3.6-3.17.   

 

Figure 3.6. Temperature profile - D_3-3-3, T_7-7-7 (2D) 
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Figure 3.7. Temperature profile - D_3-3-3, T_8-8-8 (2D) 

 

Figure 3.8. Temperature profile - D_3-3-3, T_9-9-9 (2D) 
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Figure 3.9. Temperature profile - D_8-8-8, T_7-7-7 (2D) 

 

Figure 3.10. Temperature profile - D_8-8-8, T_8-8-8 (2D) 
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Figure 3.11. Temperature profile - D_12-12-12, T_9-9-9 (2D) 

 

Figure 3.12. Temperature profile - D_3-3-3, T_7-8-9 (2D) 
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Figure 3.13. Temperature profile - D_8-8-8, T_7-8-9 (2D) 

 

Figure 3.14. Temperature profile - D_3-8-12, T_7-7-7 (2D)  
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Figure 3.15. Temperature profile - D_3-8-12, T_9-9-9 (2D) 

 

Figure 3.16. Temperature profile - D_12-8-3, T_9-9-9 (2D)  
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Figure 3.17. Temperature profile - D_3-8-12, T_7-8-9 (2D) 

As anticipated, when all magma chambers are located in the deepest coordinate like 

in case D_12-12-12,T_9-9-9, the elevated host rock temperatures at these depths 

result in extended cooling durations and a longer time to reach steady state such that 

the total time domain of 5 million years is not sufficient for this case to reach steady 

state. LMC, which has the largest volume of phase change material, takes upto 2.5 

times longer to cool when it is at 12 km depth, compared to the cases it settles at 3 

km. Whereas SMC, which has the smallest volume  can cool rapidly even at 12 km 

depth the cooling rate difference is only 32%. In Case D_3-8-12, T_9-9-9, despite 

SMC being at the greatest depth and therefore in the hottest region, it is the first 

chamber to cool down. Throughout the entire time domain, the temperature profile 

reflects very simple heat transfer physics and the findings are consistent with prior 

predictions, with no unexpected variations. For a more detailed examination, the total 

time required for complete solidification is provided for each of the three studied 

magma chambers. 
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Table 3.1. Solidification times (years) in 2D model 

2D LMC  MMC  SMC 

D_3-3-3, T_7-7-7 169403 84027 8955 

D_3-3-3, T_8-8-8 233076 126221 14094 

D_3-3-3, T_9-9-9 285541 162048 19405 

D_8-8-8, T_7-7-7 249806 87771 9587 

D_8-8-8, T_8-8-8 417342 147425 15869 

D_12-12-12, T_9-9-9 670920 242907 25694 

D_3-3-3, T_7-8-9 166120 126289 19414 

D_8-8-8, T_7-8-9 258631 156931 23961 

D_3-8-12, T_7-7-7 166395 87379 10893 

D_3-8-12, T_9-9-9 286508 208050 25732 

D_12-8-3, T_9-9-9 671258 208879 18584 

D_3-8-12, T_7-8-9 166123 148027 25192 

 

Upon examining Table 3.1, varying cooling rates and patterns are obtained based on 

different size, depth and initial temperature values of magma chambers. The first 

noticeable aspect is that all magma chambers solidifies before one million year time 

period even at the greatest depth and temperature. It is because all chambers are 

surrounded by host rock having temperature lower than the phase change 

temperature, enabling the steady state to be completely solid material. Even when at 

deepest coordinate and with highest initial temperature value, case D_3-8-12, T_7-

8-9, SMC solidifes earlier than the others. Since it is the smallest volume that will 

undergo a phase change this rapid cooling is an expected output. When all chambers 

are at the same depth, SMC solidifies around 10 times earlies than MMC and 15 to 

20 times earlier than LMC. Those ratios decrease to 5.5 and 6.6 when SMC is at 12 

km, surrounded by high temperature host rock domain and have greater initial 

temperature than the other chambers.  
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Meanwhile, cooling profile of LMC is mainly controlled by depth. When LMC is at 

the greatest depth, the effect of depth on its solidification time is much more 

significant compared to the changes in cooling rate ratios of the other chambers. For 

instance, in the comparison between the D_3-3-3, T_7-7-7 case and the D_8-8-8, 

T_7-7-7 case, the solidification time of LMC shows 48% increase where this value 

is 5% and 7% for other chambers. This is due to the fact that, in LMC, the ratio of 

the heat transfer interface to the liquid material is lower compared to the other 

chambers. LMC, the largest phase change body, always solidifes significantly later 

than others but solidifies rapidly if it is located close to the Earthôs surface. The 

underlying cause of this is the thermal gradient present in the host rock domain. 

Cooling at the deep regions occurs slowly due to the high temperature of the 

surrounding area caused by increasing temperature gradient.  

On the other hand, increase in the magma initial temperature influences the 

solidification time; however, this effect is linear and does not exhibit the same ratios 

as those observed with changes in depth. For example, at the same depth, a one-unit 

increase in temperature results in a corresponding one-unit increase in cooling time. 

It occurs because the host rock maintains similar properties at the same depth, while 

as depth increases, factors such as heat transfer coefficient and thermal conductivity 

change, leading to more complex effects on the cooling rate. To sum up, change in 

initial magma temperature delays the total solidification time but does not strongly 

affects it. Therefore, depth of magma chambers is the dominating decision making 

parameter rather than the magma internal temperature. Thus far, the comments have 

pertained to the 2D simulations; for the sake of comparison, Figures 3.18-3.29 and 

Table 3.2 includes interpretations of the 3D model as well.  
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Figure 3.18. Temperature profile - D_3-3-3, T_7-7-7 (3D) 

 

Figure 3.19. Temperature profile - D_3-3-3, T_8-8-8 (3D) 
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Figure 3.20. Temperature profile - D_3-3-3, T_9-9-9 (3D) 

 

Figure 3.21. Temperature profile - D_8-8-8, T_7-7-7 (3D) 
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Figure 3.22. Temperature profile - D_8-8-8, T_8-8-8 (3D) 

 

Figure 3.23. Temperature profile - D_12-12-12, T_9-9-9 (3D) 
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Figure 3.24. Temperature profile - D_3-3-3, T_7-8-9 (3D) 

 

Figure 3.25. Temperature profile - D_8-8-8, T_7-8-9 (3D) 
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Figure 3.26. Temperature profile - D_3-8-12, T_7-7-7 (3D) 

 

Figure 3.27. Temperature profile - D_3-8-12, T_9-9-9 (3D) 
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Figure 3.28. Temperature profile - D_12-8-3, T_9-9-9 (3D) 

 

Figure 3.29. Temperature profile - D_3-8-12, T_7-8-9 (3D) 
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In all cases of the 2D and 3D simulations, the overall temperature patterns behave 

similarly but up to 3 times faster cooling occurs in the 3D model. The underlying 

cause of this is in 3D models, there is dimensioning in an additional geometry axis, 

enabling to assign a more rounded and compact geometric shape. This leads to 

greater conduction interface allowing heat to dissipate more rapidly. Additionally, 

heat transfer is more efficient in 3D models because the heat can spread in all three 

dimensions, allowing for more rapid cooling compared to the 2D model, where heat 

transfer is confined to a single plane.  

Table 3.2. Solidification times (years) in 3D model 

3D  LMC  MMC  SMC 

D_3-3-3, T_7-7-7 120297 46195 4604 

D_3-3-3, T_8-8-8 166084 64209 6557 

D_3-3-3, T_9-9-9 195208 80096 8067 

D_8-8-8, T_7-7-7 125598 44928 4320 

D_8-8-8, T_8-8-8 180364 62940 6608 

D_12-12-12, T_9-9-9 294616 106989 10802 

D_3-3-3, T_7-8-9 120141 65653 8060 

D_8-8-8, T_7-8-9 145446 62869 7836 

D_3-8-12, T_7-7-7 102682 44843 5293 

D_3-8-12, T_9-9-9 162489 76566 9852 

D_12-8-3, T_9-9-9 276923 78000 6603 

D_3-8-12, T_7-8-9 102683 63489 9881 

 

2D and 3D analyses show similar behaviors by means of solidification sequence but 

significantly different values regarding solidification time. In the 3D model, the time 

required for cooling is lower than in the 2D model, with a difference in magnitude 

ranging from 1.4 to 3. The average increase in cooling rates are 178% for LMC, 

220% for MMC and 242% for SMC. Reduction in time is not completely parallel 

with the solidification pattern in 2D. For instance, increase in the solidification rate 
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of SMC in the 3D modeling approach is greater than the other chambers such that it 

shows up to 305% increase where this value is a maximum of 227% for LMC and 

271% for MMC. This is because of the increased conduction surface area in 3D 

configuration; the heat transfer interface shifts to the surface area of the ellipsoidal, 

rather than the upper and lower boundaries in 2D. This ratio affecting the heat 

transfer rate is tabulated for all chambers and cases in Table 3.3. Calculations are 

held by assuming the unit thickness of the 2D domain as 1 km, which is the assigned 

value in the model. 

Table 3.3. Surface area to volume ratio 

 

LMC  

(2D) 

MMC  

(2D) 

SMC 

(2D) 

LMC  

(3D) 

MMC  

(3D) 

SMC 

(3D) 

SA:V 0.53 0.88 2.68 1.05 0.96 4.77 

 

MMC has a flatter shape in the xy plane, which allows its 2D and 3D SA:Vôs to be 

similar. In straightforward cases like D_3-3-3, T_9-9-9, the deviation between 2D 

and 3D analyses is in the order of magnitude of 1.5, 2.2 and 3 times for LMC, 2 and 

3 respectively. SMC is the most deviated in all cases due to its high SA:V. Although 

the heat transfer interface of LMC increases with the addition of the third dimension 

in the 3D model, leading to a fivefold increase in its SA:V, the amount of phase 

change material remains the dominant factor for solidification. Therefore, the ratio 

between 2D and 3D is more significant in smaller magma chambers. However, as 

the cooling time for LMC is high, even when the ratio between 3D and 2D is small, 

the deviation becomes significant at the order of magnitude of 45 years minimum. 

3.2.2 Stress Distributions 

The von Mises stress data are collected from midlines of the chambers for years 60, 

1.6x104, 16x104, 32x104, 5x105 and 5x106. The reason for selecting these time steps 

is to analyze the stress variations and their effects during the following four 
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conditions: at directly after initial time (60th year), while heat transfer occurs at a 

certain level and phase change is ongoing (1.6x104th and 1.6x105th year); when the 

phase change is completed but heat transfer is still occurring (1.6x105th, 32x104th  and 

5x105th year) and when heat transfer has ceased and steady state has been reached 

(5x106th year). Graphs are drawn for all cases in 2D and 3D.  

In real-world circumstances, the type of stress to be analyzed is determined by the 

specific characteristics of the field under study. As outlined in Section 1, if the 

external loading conditions indicate that shear stress leads to fractures, von Mises 

stress should be the subject of the analysis. Conversely, if fractures are induced by 

tensile loads resulting in cracks, the maximum tensile principal stress should be 

analyzed. In this study, a shear stress-dominated field was assumed, therefore, von 

Mises stress results, which effectively represent shear stress in geological contexts, 

were computed and evaluated. 

The temperature results were analyzed in two subgroups: 2D and 3D, as both 

simulations applied simple heat transfer physics, making them consistent within 

themselves but yielding different outcomes between the two. This time, a case-by-

case comparison is made between the 2D and 3D results, as the solid mechanics 

outcomes are temperature-induced and too complex to interpret collectively. To 

obtain stresses defined as midline stresses, horizontal midlines passing through the 

center of each chamber are created in the xy plane. The von Mises data is then taken 

along these lines (i.e., along the x-coordinate). Before presenting the stress graphs, 

visual results for case D_3-3-3, T_7-7-7 obtained from both 2D and 3D models are 

provided in Figure 3.30-3.33 to facilitate easier interpretation of the general stress 

distribution graphs and to provide an example of study findings.  
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Figure 3.30. Stress distributions - D_3-3-3, T_8-8-8 (2D) 

As observed in Figure 3.30 and 3.31, highest stress concentrations appear around the 

fluid region. As magma solidifies and the solid-fluid interface moves towards the 

center of the magma chamber, stresses continue to surround the liquid region. The 

reason of high stresses being observed around the liquid region is the thermal 

gradient which induces expansion that differs between the host rock and the magma.  

Host rock layers with larger Youngôs modulus are subjected to higher stress than the 

less stiff ones. This distribution can be clearly seen from the difference between the 

layers. For instance, the deepest host rock layer exhibits higher stress concentrations 

due to its greater stiffness, which leads to a higher resistance to strain under applied 

loads. This mechanical contrast results in uneven stress distribution, with stiffer 

layers absorbing more stress compared to less stiff ones. As the side domains are 

fixed, even at steady state, stress concentrates at those regions. Because the upper 

surface is free, no stresses appear there at steady state. 
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Figure 3.31. Stress distributions in x-y plane - D_3-3-3, T_8-8-8 (3D) 

Stress concentration in the order of magnitude of 400MPa occurs at the phase change 

interface, with both magnitude and concentration being higher in the 2D model. This 

could be due to the reduced geometric complexity in 2D, which amplifies stress 

accumulation by neglecting out-of-plane stress redistribution. Once solidification is 

complete and only solid-solid heat transfer occurs, stress values decrease, though a 

clear pattern remains, indicating regions with temperature gradients. Upon reaching 

a steady state, stress levels further decrease, and no additional stress induced by the 
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magma is observed. Distribution from the y-z plane is also given to investigate the 

effect of magma chambers on Earthôs surface. 

 

 

     

 

 

 

Figure 3.32. Stress distributions in y-z plane - D_3-3-3, T_8-8-8 (3D) 

As observed in the distribution on the y-z plane, magma chambers located at a depth 

of 3 km exert a significant stress effect on the surface. The maximum obtained von 

Mises stress value is at the projection of LMC, with a magnitude of 300 MPa. This 

value is 4 to 5 times high relative to real-world conditions, where the likelihood of 
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such a large magma chamber being located so close to the surface is very low. While 

the calculated stress values are generally much higher than those expected in real 

scenarios, it is apparent that magma chambers influence surface stresses. 

Distribution from the x-z plane is also given in Figure 3.33 as a top view to comment 

on the stress distribution on lateral section.  

 

 

 

 

 

  

  

 

Figure 3.33. Stress distributions in x-z plane - D_3-3-3, T_8-8-8 (3D) 

The cross-sectional images on the x-z plane clearly illustrate how stress intensity 

becomes concentrated at the interface between the remaining magma and the host 

rock as solidification progresses. Additionally, an examination of the sections 

reveals stress concentrations in regions that began crystallizing earlier. In light of 

this information, the subsequent stress distribution graphs are analyzed. 
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Figure 3.34. Von mises stress on midline (-3 km) - D_3-3-3, T_7-7-7 (2D) 

 

Figure 3.35. Von mises stress on midline (-3 km) - D_3-3-3, T_7-7-7 (3D) 
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In Figure 3.34-3.35, unsolidified portion of magma for LMC at related year is 

illustrated by ellipsoidal visuals in order to clarify the explanations. The first 

noticeable feature is that, at each stage, the stresses in the 3D model are lower with 

an average of 33% compared to those in the 2D model. Reason of this is the stresses 

distributed over a larger area in 3D model. In the 2D model, the stresses around the 

magma chamber are concentrated in a specific plane, leading to sharper, localized 

stresses. However, in the 3D model, stresses are spread out in three dimensions, 

which results in a more homogeneous distribution of stress.  

When thermal effects on stress distributions are considered, as also indicated in the 

previous section, temperature change occurs more rapidly in the 3D model resulting 

in faster and more homogeneous heat distribution, which reduces temperature 

gradients. Lower temperature differences lead to lower thermal stresses, as thermal 

expansion-induced stresses are lower when temperature differences are smaller.  

Magnitudes and patterns of stresses around LMC and MMC are similar in 60th year 

and 16000th year because they are both times of early phases of heat transfer. Early 

phase stresses are high as a result of the great temperature gradient presence between 

magma and host rock domain. For SMC, at 60th and 16000th year, there are 

significant differences between 2D and 3D graphs where the patterns for LMC and 

MMC remains similar. The reason for this is that SMC's solidification is complete 

in both the 2D and 3D models, but in the 2D case, solidification takes longer, leading 

to continued intense heat transfer and consequently higher stresses at 16000th year. 

In contrast, in the 3D model, solidification is completed much earlier, resulting in 

reduced thermal gradients and stabilized heat flow, leading to lower thermal effects 

at that time step. At 16000th year, stresses inside LMC of the 2D model reach their 

highest values, 450MPa on the graph. This is due to most part of the magma being 

already solidified, while phase change is still occurring in the central region until 

169403th year. The high thermal gradient in this area causes significant expansion, 

resulting in intense stress. The reason we do not observe this in the 3D model during 

the same time period is that solidification has already been completed, cooling has 

progressed, and thermal gradients have decreased. In the last two time steps, stresses 
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drop to their lowest values as the system approaches steady state, with thermal effects 

having diminished significantly. 

Especially for MMC and SMC, there are abnormal fluctuations at earlier time 

domains. These may be due to the combined effect of phase change and heat transfer, 

leading to a more complex, crystal material behavior in this region and time. Other 

than the erratic trend caused by material inconsistency, to get rid of  the unstable 

profiles, mesh refinements in magma domain can be made by equating one element 

size to a typical crystal size. As this size is in the order of magnitude of micrometers, 

this will lead to huge number of mesh elements and a high computational cost. 

Stress values exceed 50MPa, which is a typical host rock ultimate strength, both in 

2D and 3D inside and at the boundary of the chambers. As stresses of such 

magnitudes are too high, whether the thermal expansion effects of those chambers 

are too effective, or a viscoelastic buffer region for the interface between magma and 

host rock should be considered to be added to the model to act as a damping region. 

 

Figure 3.36. Von mises stress on midline (-3 km) - D_3-3-3, T_8-8-8 (2D) 
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Figure 3.37. Von mises stress on midline (-3 km) - D_3-3-3, T_8-8-8 (3D) 

When the analysis is conducted for the same configuration with a magma initial 

temperature of 800ÁC, a very similar pattern emerges in 2D, but with higher stress 

values and lagged profile. The formation of higher stresses is due to the increased 

thermal expansion caused by a higher temperature gradient and the delay after the 

early phase is because of later solidification times. In 3D graph, there are abnormal 

fluctuations inside the magma chamber at year 160000 caused by the ongoing 

crystallization process at this time period. As observed in the previous configuration, 

D_3-3-3; T_7-7-7 given in Figure 3.34-3.35, the highest stresses are found in LMC 

during the phase change process. The rise in stresses observed in the 3D model at 

the 160000th year is attributed to a delayed solidification process, which occurs later 

than in the previous case, due to the increase in the initial magma temperature.  
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Figure 3.38. Von mises stress on midline (-3 km) - D_3-3-3, T_9-9-9 (2D) 

 

Figure 3.39. Von mises stress on midline (-3 km) - D_3-3-3, T_9-9-9 (3D) 




























































