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ABSTRACT

CONSTRUCTION AND OPTIMALITY OF EXTENDED MOST BALANCED

GROUP DIVISIBLE TREATMENT INCOMPLETE BLOCK DESIGNS
MOHAMMAD QAMARUL ISLAM

FACULTY OF ARTS AND SCIENCES
DEPARTMENT OF STATISTICS, PH.D. THESIS
SUPERVISOR: PROF. DR. FUAT OZKAN

162 PAGES, SEPTEMBER 1989

The Balanced Treatment Incomplete Block

(BTIB) Designs were proposed by Bechhofer and Tamhane

¥

(1981) for the problem of comparing v 2

test-treatments with a control in "b" blocks of size
"k" each. The requirement of complete symmetry of
information matrix (called M matrix), however, imposes
severe restriction on the class of such designs and, as a
consequence, there are a number of design parameters for
which BTIB designs do not exist. A new class of
designs, henceforth called Extended Most Balanced Group
Divisible Treatment Incomplete Block ( E MB GD TIB )

Designs, is therefore introduced here which, upto some

iii



extent, relaxes the condition of complete symmetry of the
information matrix and hence, leads to the study of a
larger class, which includes BTIB designs as a sub-class.
The symmetry of the information matrix is, however, not
affected much and still the elements o¢f the 1leading
diagonal remain equal. Thus conventional idea of
A-optimality (minimizing the trace of M-1 matrix)
remain intact and A-optimal designs can, therefore, be
obtained easily.

The minimal complete c¢lass of generator
designs { MCCGD ), (a finite set of elementary designs
which are wused in the construction of all other
admissible and non-equivalent designs in the c¢lass) are
constructed for k =2,3,4 and v = 4,6,8,10. The
A-optimal designs for all these k and v values are
also obtained.

In addition, very powerful and practical
computer algorithms, programs/subroutines are designed,
which can run very efficiently to provide all the designs
as well as the A-optimal designs for any given { k,v ).
Also, programs are developed which help much in £finding
minimal complete c¢lass of generator designs and can

provide a complete structure for any design in the class.

KEY WORDS: BTIB Designs, Treatment-control Comparison,
Reinforced Designs, Group-divisible Designs,
A-optimal Designs, Optimal Designs.
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OZET

GELI$TIRILMI§ EN DENGELl GRUPLANDIRILABILIR MUAMELELL
TAM OLMAYAN BLOK TASARIMLARININ HAZIRLANMASI VE

OPTIMALL1GT

MOHAMMAD QAMARUL ISLAM

Fen ve Edebiyat Fakliltesi
Istatistik Boliimii, Doktora Tezi
Tez YOneticisi: Prof.Dr.Fuat OZKAN
162 Sayfa, Eyliil 1989

N

Dengeli muameleli tam olmayan Blok (BTIB) tasarimlari,
Bechoffer ve Tamhane (1981) tarafindan v > 2 test-muame-~
lesinin "b" sayidaki blokta bir kontrol ile mukayesesi
problemi igin Onerilmigti. Bununla beraber bilgi matrisi-
nin (M matrisi) tam simetrive sahip olmasi kosulu, bu
siniftaki tasarimlar ﬁzerine kati kasitlamalar gefirmek-
tedir ve sonug¢ olarak da bazi tasarim parametreleri igin
BTIB tasarimlari bulmak olanaksizdar. Bundan bdyle
"Geligtirilmis En Dengeli Gruplandirilabilir Muameleli Tam
Olmayan Blok Tasarimlari" (E MB GD TIB) diye adlandirilan
yveni sinif tasarimlar burada takdim olunacaktir ki, bir
dereceye kadar bu tasarimlar bilgi matrisinin tam simetri
kogulunu aramayacak ve dolayisiyle, BTIB tasarimlarini da
bir alt sinif olarak igeren daha genig  bir siniftaki

tasarimlarin incelenmesine olanak verecektir. Maamafih,



bilgl matrisinin simetrisi ¢ok etkilenmemekte ve bagtaki
kégegen elemanlari egit olarak kalmaktadir. BOylece,
alisilagelmis olan A-optimal olma (ML matrisi'nin izninin
minimum olmasi) fikri korunmugtur ve A-optimal tasarimlarini

kolayca elde etmek miimkiin olacaktair.

En kﬁ@ﬁk tam sinif olusturan jeneratdr tasarimlar
(MCCGD) , (bunlar sonlu sayida olup difer bilitlin. kabul edile~
bilir ve ayni sinifta egsdeferl bulunmayan tasarimlarin
olusturulmaSLndé kullanilan elemanter tasaflmlardlr)
k=2,3,4 ve v=4,6,8,10 i¢in olugsturulmugtur. Bilitiin bu k

ve v deferleri ig¢in A-optimal tasarimlar da elde edilmigtir.

Ayrica, ¢ok gliglii ve kullanigli bilgisayar algoritmalarai,
programlari/alt-programlari hazirlanmigstir, ki bunlar
verilen herhangi (k,v) ig¢in A-optimal tasarimlarin yaninda
dier bilitlin tasarimlarinda elde edilmesinde g¢ok randimanli
olarak kullanilabilecektir. Bunlara ilaveten, en kiigiik
tam sinif jeneratdr tasarimlaran bulunmasinda g¢gok faydali
olacak olan programlar da mevcuttur ve bunlar bu siniftaki

herhangi bir tasirim ig¢in blitlin yapiyi verebileceklerdir.

Anahtar Kelimeler: BTIB Tasarimlar, Muamele-kontrol
Mukayeseleri, Takviyeli Tasarimlar,
Gruplara Ayrilabilen Tasarimlar,

A-optimal Tasarimlar, Optimal Tasarimlar.
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CHAPTER 1.

1.1 INTRODUCTION:

In many areas of Science it is desirable to compare
simultaneously several test-treatments (or varieties)
with a standard or existing one,called the control. Also,
many practical situations require the blocking of
experimental units in order to cut down on bias and
improve the precision o¢f the experiment. The most
suitable designs are the Randomized Block Designs which
require'a block size equal to the number of treatments
{including the control) involved. If the total number of
treatment is large, then a large block is required to
accommodate all the treatments.This create practical
difficulties in handling the experiment, as the size of
experiment increases considerably. Incomplete block
designs are therefore suggested, in which size of the
blo;k is less than the number of treatments. Balanced
Incomplete Block (BIB) Designs are well known designs of
this type, but they are not appropriate for comparing
test-treatments with the control, as they assign equal
weight for all treatment comparisons, including the
control; whereas, more efficiency is required for the

treatment-control comparison. One way out from this



problem is to construct BIB designs and add equal number
of control to each block. Such a design is called
augmented or reinforced design and is more efficient than
BIB designs for comparing treatments with a control, but
it is less efficient for pair wise comparisons between
treatments. Such designs are studied by Das(1958),
Constantine(1983) and many other authors.

A new genéral class of designs is
proposed by Bechhofer and Tamhane (1981), that is
appropriate for the above problem. They are called
Balanced Treatment Incomplete Block ( BTIB ) Designs and
are balanced with respect to treatment other than the
control. They study the structure of these designs and
give the method of their construction. A lot of work has
been done in this area since then. Ture (1982) studied in
detail the construction of these designs for a variety of
parameter range and also discussed the A-optimality of
such designs. Bechhofer and Tamhane (1983) focus their
attention on the problem of optimal allocation of
experimental units among the test-treatments and the
control to minimize the total size of the experiment.
Majumdar and Notz (1983) established optimal properties
of some BTIB designs. Hedayat and Majumdar (1984) have an
extensive study of A-optimal BTIB designs in blocks of

size 2, through a combination of theoretical results and



numerical investigations. Hedayat and Majumdar (1985)
investigated the optimality of augmented BIB designs and
were successful in solving the problem analytically.
Stufken (1987) extended the results obtained by Hedayat
and Majumdar (1985), and discussed the A-optimality of R-
(reinforced) and S- (Step) type designs.

Majumdar (1981) shows that one needs to
consider only binary designs, in which each treatment
appears at most once in a block, in order to search for
A-optimal designs. Since treatments are equally
replicated in binary BTIB designs, it follows that in
many cases an exactly A-optimal design will not exist. In
such a case one might try to construct a design which is
as close to a BTIB design as possible. Here by being
close to a BTIB design it is meant that a design is as
equally replicated as possible, and each
treatment~control pair in a block should occur (over the
whole design) as equally as possible and the same should
be true for the repetition of all treatment-treatment
pairs.

This leads to the study of Most Balanced
designs, the topic of research in the following pages of

this dissertaticn.



1.2 PRELIMINARIES:

1.2.1 GENERAL BLOCK DESIGNS:

Consider "b" blocks of more or less
homogeneous experimental units or plots. Suppose J th
block consists of k-_j plots. The design is said to be an
incomplete block design if the number of treatments "v",
is greater than the number of plots in a block. There are

b
n = jE kj experimental units. The usual model is
=1 ’

AR Tt I EI T 1 A R0e
u=1,2,...... K
3

where 1 th treatament has been applied to u th plot
belonging to Jj th block.

Yiju is the response from -such a plot

¢j_ is the i th treatment effect
ﬁj is the jJ th block effect
eiju is the residual of the plot
Consider the incidence matrices for treatments and
blocks,
¢ = (¢1#2, ......... ﬁv)
and ¥ = (V¥ ,wb)
where,  ®.= (B Bioseennnnn )
and wj- ( ”’j1"'"32' ....... ,wjn)'



1 , 1f i th tretament alloted to
where, ¢iu = u th plot

0 , otherwise

1 , 1f plot u recieving treatment
and, ¥iu = i is in block j

0 , otherwise

The above linear model can be written as
Y=2’.Jn+¢.¢ +3% + e
where, vy is nxl1 vector of observations
qn is nx1 vector of unity
« is vxl vector of treatment effects
? is bx1l vector of block effects
e is nxl1 vector of residuals

The grand total is G = Jh Y

Treatment total is T = ( Tl'TZ' ....... ,Tv) =¢ .y
Block totals is B = ( Bl'BZ' ....... ,Bb) =¥ .Y

The normal equations of the least-square estimation are

J' A
R 4 Py
v £ ¥
that is n r k g7 = G
r D_ R & T
k R Dy f B
where, r = ( Ty sTprecceacees ,nv)

ry is the total number of times i th.

treatment is repeated in the design.



k =
Dr = diag {( ri) is a vxv diagonal matrix of ris

and off diagonal elements zeros.
\ D) = diag ( k) is a bxb diagonal matrix of kjs
and off diagonal elements zeros.

R = { rij) is a vxb matrix of elements,

rij= number of times i1 th treatment appears in j th block

There are v + b + 1 1linear equations as a whole, but

they are linearly dependent. Indeed,
n? +ra + kB = Jv ( r?¥ + Dr_a + RFA )

P ”~
I, (k¥ + RE + Dk_ﬁ )

Thus we consider only two equations,

T 1.2.1

ry + Dr'a + RPB

k¥ +R& +D,. 8B =B 1.2.2

k
Premultiply eg.1.2.2 by R Dgl and subtract from eqg.1.2.1

to obtain,

-1 2 _ -1 . _ _
(D, -RD"R )& =T=-RD "~ B= Q= (Q) (say)
where, .i B.
Q. =T, - r...——l—
i i #1 ij k.
]
is called the adjusted (adjusted for blocks) treatment
v
totals, and ZQi =0.
i=1
_ - -1 _ . -
Let, M = Dr R Dk R ( mll) M i,1 =1,2,..... V.
Then,
M& =09 1.2.3



1.2.2 INFORMATION MATRIX:

In eq.{(3), above , M = ( mil) is called

Information Matrix for estimating . Here,

b
— _ 2
my; =Ty lerij / kg

b .
—jz: (rij x rtj) / kj r i~ t; i,t= 1,2,....,V

M—1 is the variance~covariance matrix, whose diagonal
elements give the variance of the estimates and off

diagonal elements give the covariances.

1.2.3 PROPER AND CONNECTED DESIGNS AND ESTIMABILITY:

In general all treatment effects cannot
be estimated. However, it is easy to show that if a

- linear function a ¢ is estimable, then this must be a

treatment contrast e.g. ai - at for all i and ¢t

A design is called a proper design if
all blocks have the same number of plots k, i.e. k1= k2=
ceseseas = kb= k. Bechhofer and Tamhane (1981) show that
for a proper design with parameters b, k and v (total

v+l treatments including the control), the information



matrix for estimating all contrasts o, - di ( i= 1,2,..

0
..... ,V) is a vxv symmetric non-negative definite matrix

M= (mit) such that,

1l
+

b
1 2 .
ri - =% 321rij , 1f 1

where,
Kit = number of times i th and t th treatments
' appears together in a block over the whole
design.
In equireplicate design each treatment

is repeated equal number of times over the whole design

In binary design a treatment appears at

most once in a block i.e. rij =0 or 1. Therefore,
2 _ . . 3 9
rij’ rij , and the information matrix M = { mit) is
given by,
b B
T I 1 ’ ,
ri"‘k“jzlrij o 1=t
mit=4 1
-— =
L X it A7t

A treatment and a block are said to be
associated if the treatment occurs in the block. A design
is connected if all the treatments and block are

associated with each other. For a connected design every



treatment contrast is estimable and

rank ( M ) = number of treatments - 1

|
1.3 BALANCED TREATMENT INCOMPLETE BLOCK (BTIB) DESIGNS:

1.3.1 DEFINITION:

Consider an incomplete block design in
"v" treatments and a control denoted by "0" in "b" blocks
of size "k" ( v k ) each r
The design is a BTIB design if,

K01= KO' i=1,2,....... .V
and Kit= Kl , 1,t=1,2,..c..... ,V 3 1% t

Hence, a BTIB design is such that each test-treatment
appears with control ( in a block ) same number of times
over the design, and any pair of test-treatments appears

together ( in a block ) the same number of times over the

design.

1.3.2 INFORMATION MATRIX:

v The information matrix of a BTIB design

is given by ( see egqg. A.1 of Bechhofer and Tamhane 1981},

PN

X + (v-~-1 ).hl} , 1i=1¢t,i=1,2,....,v

0

it -1 5 »
k 1, i= % i,t=1,2,......... 'V



So the information matrix\js completely

symmetric. Since, M_l is the variance-covariance matrix of

the vector of estimates ( 30— S P TAERREREE r 85~ %y ), a
BTIB design provides BLUE 's a. - ai (i=1,2,..... V),
where,
—_ A - A
&, -4, = 1 % 0 & , 1=1,2,..... v
Mo Po V)
where,
b
Q. = k.T, - r...B
i i 44,4377
also,
k (A, +2, )
V(ao—ai)= 0 1 O'2=T2c72
A A
Mo (rg VA
K,
corr.{&,6 -&.,8_ -8, 3} = L -p, i=t
0 i 0 t N
0 1 i,t=1,2,...,v
k A
cov.{8, -4, 8 -8, 1} = 1 , i# t
Nog gt VA d,t=1,2,...,v

1.3.3 MINIMAL COMPLETE CLASS OF GENERATOR DESIGNS(MCCGD) :

For given (v,k), a generator design is a
BTIB design no proper subset of whose blocks forms a BTIB
design, and no block of which contains only one 'of v+l
treatments.

Generator designs are important for the

10



construction of BTIB designs, as any design is either a
generator design or a union of copies of generator

designs. In fact, if for given (v,k) there are ™"n"

generator designs Di (i=1,2,....... ,1 ) where Di has
parameters ( bi' kéi), k{i)), i= 1,2,...... .n; then
the BTIB design D =£§1fi'ni obtained by taking union
of fi replications of D, has parameters ( b, RO' kl )
given by,

o
wl'
ntho1s

i (i) i (1)
£, b, , », = 0 N Sk S £, A
1 i 7i 0 &1 i 0 1 i&1 i 1

Notz and Tamhane (1981) show that for a given (v,k) there
exists only finitely many generator designs.

For given (v,k) a design D2 with

oo 232, a2 ) 4s inadmissible with

with parameters ( bl' kgl), Rgl)) iff

parameters ( b

respect to D1

< 2 - .2 = :
1 = b2 P TP =T P =P, with at least one inequality
(2)

strict.The D, and D, are equivalent if b,= béﬁkgl)= Mo
(1)_, (2)
?\.1 _)&1

b

1

»

A smallest set of generator designs with
the property that any admissible design can either be
constructed from the set or it is eqﬁivalent to a design
which is constructed from the set, is called the Minimal

Complete Class of Generator Designs ( MCCGD ).

11



1.4 PARTIALLY BALANCED TREATMENT
INCOMPLETE BLOCK DESIGNS:

1.4.1 PARTIALLY BALANCED SCHEME:

Extensive studies have been done in the
area of finding BTIB designs and catalog of these designs

for values of v, b, and kX in the practical range

i
1

2 k vZ 10 and v = b= 50, has been published by
'Hedayat and Majumdar (1984, 1985). However, there are
good many values of v, b, and k in the practical range
where no BTIB design exists. This is due to the severe
restriction of complete symmetry of information matrix
(i.e. all diagonal elements are equal and all off
diagonal elements are equal). In other words, if the
restrictions that,

hOi = lo , 1, 2 LA o oW ,v and

Mg =Ny Lit=1,2,....0. L,V 17t
can be relaxed in some way, there is hope of finding a.
more general class of designs having members existing
even for those values of v, b, and k for which BTIB

design do not exist. The following idea is therefore,

proposed.
Take, ROi = ko , 1i=1,2,......... 'V
A 1

{ X, , for some pairs i & t, i® t

it = [ x_ , for some other pairs i & t, i # t

12



Note that the information matrix of such a design is
still symmetrical, but not completely ( all diagonal
elements are equal but qff diagonal elements are
different).

Before going to discuss in detail the
construction and existence of such designs, in next
chapter, it is necessary to revise some old and to give

some new preliminary definitions.

DEFINITION 1: ( BIB designs )

An arrangement of "v" treatments in "b"
blocks of "k" experimental units each 1is called a
Balanced Incomplete Block (BIB) Design if it satisfies
the following three conditions:
(i) each block contains k different treatments.
(ii) each tfeatment occurs in r blocks, and

(iii) any two treatments occurs togather in *» blocks

DEFINITION 2: ( PBIB Designs )

Given v treatments, a relation satisfying
the following conditions is said to be an association
scheme with m associate classes:

(i) any two treatments are either first or second

OF,.eaacanca , M th associates.

{ii) any treatment has ni i th associates, i

(iii) if two treatments are i th associates, then

13



the number of treatments that are j th associates of the

i

first and k th associates of the second is p&k

A design 1s said to be partially
balanced incomplete block design if the following
conditions are satisfied:

(i) each block contains k differext treatments.
(ii) each treatment occurs in r blocks.
(iii) any two treatments that are i th associates

occurs together in hi blocks, i =1,2,....... . M.

DEFINITION 3: ( GD PBIB Designs )

This is a special case of PBIB designs
with m = 2. Let there be Vv = m.n treatments, divided

into "m" groups of "n" treatments each in the following

way.
TREATMENTS
GROUP 1 1 2 C n
2 n+l n+2 n+3  ......... 2D
m]{m-1)n+l (m-1)n+2 (m~-1)n+3 ........ mn

Treatments belonging to the same group are first
associates, and treatments belonging to different groups
are the second associates. This association scheme. is

called a Group Divisible  association leading to

14



group~divisible partially Dbalanced incomplete block
designs( GD PBIBD ). So, any two treatments that are in

the same group occur together in A_ blocks and any two

1
treatments that are in different groups occur together

in.7\2 blocks.

DEFINITION 4: ( BTIB Designs )

A design in v+1 treatments 0,1,2,.....
ceess,Vv, ( 0 is the control ) in b blocks of size k each
( vz k) is a balanced treatment incomplete block design
if,

'S

[}

>l
T

H
s
-
N
-
S
<

0i = o
Mg =g e

DEFINITION 5: ( PBTIB Designs )

Consider v test-treatments 1,2,...... 'V
and a control 0. Apply the association scheme described in
Definition 2 of partially incomplete block designs on
test-treatemnts only. A design is partially balanced
treatment incomplete block design if any two treatments
that are i th associate occur together in ki blocks,

i=1,2,..c00..,m.

DEFINITION 6: ( GD TIB Designs )

Let v = m.n , and v+1 treatments
.0,1,2,...... /v, can be divided in m+1 groups
0,1,2.......,m, such that group 0 contains control

treatment only and the remaining m groups are as ﬁiven in

15



Definition 3 of GD PBIB designs. Two test-treatments, if
they are in the same group are first associates, and if
they are in different groups are second associates. A
design is group divisible treatment incomplete block

design if,

X, , 1 & t are first associates, i# t

», , 1 & t are second associates,i ®# %

1.4.2 MOST BALANCED SCHEME:

DEFINITION 1: { MB GD IB Designs )

If a design is GD PBIB design with 2
groups and Rz = Ali 1 it is ca%led Most Balanced Group
Divisible Incomplete Block Design ( MB GD 1IBD ).
Furthermore, a design is binary MB GD IB design if each

treatment has the same number of replications and appears

in each block at most once ( Cheng 1978).

DEFINITION 2: ( MB GD TIB Designs )

A GD TIB design in Definition 6 of
Section 1.4.1 is Most Balanced Group Divisible Treatment
Incomplete Block Design ( MB GD TIBD ) if m = 2 and

N,o=A_* 1, and it is binary if each test~-treatment is -

16



equi-replicated and occurs in each block at most once.
Note that no restriction is imposed upon the occurrence of

control in blocks.

DEFINITION 3: ( E MB GD TIB Designs )

An extended family of MB GD TIB Designs

is defined as a family of designs with m = 2 and
kz = kl + &, where § = -1,0,1. In this way it contains

all BIB designs, BTIB designs and MB GD TIB designs.

EXAMPLE 1: The following design is a member of extended

family with k =3, v =4, b = 10

BLOCK 1 2 3 4 5 6 7 8 9 10
PLOT 1 0 0 0 0 0 O 1 1 2
2 1 1 1 2 2 3 2 3 3

3 2 4 3 4 14 4 4 4

For this allocation,
ro = r1 = r2 = r3 = r4 =TI =6

h01= K02= XO3= k04=

A
7\12=}\13= 7\14= 7\23=7\.24=7\34= 7\1= 3

Since, ko = kl this is a BIB design.

EXAMPLE 2: Let k =3, v=14, b=2¢8
BLOCK 1 2 3 4 5 6
PLOT 1 0 0 0 0 O O
2 1 1 1 2 2 3
3 2 3 4 3 4 4




Here, Iy = 6, ry =r = 3, i=1,2,3,4
7\01= 7\0 = 3, i=1,2,3,4
?\it= }‘1 =1, i<t, i, t =1,2,3,4

This is a BTIB design and hence, a member of the family

EXAMPLE 3: Let k =3, v =4, b = 8
BLOCK 1 2 3 4 5 6 7 8
PLOT 1 o 0 0 0 0 0 1 1
2 1 2 2 2 0 0 2 3
3 4 3 4 4 1 3 3 4

This is a MB GD TIB design with the following allocation
scheme.

m=2, n=2

group 0 contains control

group 1 contains treatments 1 and 2

group 2 contains treatments 3 and 4

Hence, (1,2) and (3,4) are first associates and (1,3),

(1,4,), (2,3), (2,4) are second associates.

Here, 1, = 8, ry=r-= 4, i=12,3,4
k01 = KO = 3, i=1,2,3,4
{ kl =1, i # t are first associates
AL,z
it A, =2, i# t are second associates



DEFINITION 4: ( Basic Blocks )

A block that contains control is called
a "basic block" (BB). A BB is identified by the number
of TC-pairs in it. When k = 4, for example, there are two

different types of BB 's.

Type 1:| O referred as 4-BB, since it contains
0 4 TC-pairs viz. (0,x), (0,y), (0,x),
b 4 (0,Y), where x, vy are test-treatments.
b4
Type 2:[ 0 refexrred as 3-BB, since it contains
X 3 TC-pairs viz. (0,x), (0,v), (0,2},
)4 where %, v, z are test-treatments.
-] Z-

DEFINITION 5: ( Basic Block Combinations )

Given (v,k) and an E MB GD TIB design
with parameters (b, Ko, ll' kz), the total number of

TC-pairs are v A which can be allocated to different

0
possible combinations of BBs, where each such combination
must have v X, such pairs.

A BB combination can be represented by
an ordered pair. For example, if k = 4, v = 4, a BB
combination is represented by an orderd pair (U, V ),
which means that there are U of 4-BBs and v of

3-BBs in the combination.

19



CHAPTER 2

2.1 THEORETICAL RESULTS:

2.1.1 THEORETICAL FACTS:

consider a design D with

( k, v, b ) and
A

0i = number of times

treatment i and control

are
paired in a block.

it number of times treatment i and treatment t (i#t)
are paired in a block.

Let control appears "1" times in "m, " blocks

FACT 2.1

Given (k,v) and an EMB GD TIB design
with parameters b, A

0r kl' kz, the control

appears a
total of v.A, times with the test-treatments

(TC-pairs)
i.e.

5

Ao, = WVvA
24 0i 0
FACT 2.2

Given (k,v) and an EMB GD TIB design
with parameters b, A A

0or N1r kz, the number of times
test~treatment is paired with other test-treatments
equal to

a

is

20



%[ (v-Z)Kl-rvkz]

consider the following association scheme,
group 1 contains treatments 1,2,...... L V/2
group 2 contains tratments (v/2)+1,(v/2)+2,....... , Vv

So,

’

number of times a test-treatment is paired with other

test-treatments of the same group (i.e.first
v
_— - A
(5 -11 A,

number of times a test-treatment is paired with other

associates) =

test-treatments of different group (i.e. second
associates) = (v/2) kz

The sum of these two gives the result.

FACT 2.3

Given (k,v) and an E MB GD TIB design
with parameters b, KO, kl' Kz, the total number of

Treatment- Treatment (test) pairs (TT-pairs) is equal to

v
2 [ (v-=-2) kl + V’kz]

Actually,

z kit no. of Tr-pairs (first associate type)
i,t

fi.rlst. .
asaocc,

2'[v£2]"1=T1V(V‘2”‘1

21



it

z kit no. of TT-pairs (second associate type)
i, t :

second
as s oc.

]

(F) () re

The sum of these two gives the result.

FACT 2.4

A binary E MB GD TIB design is
equi-replicate in terms of test-treatments, with the
common replicate size "r" given by,

r=(bk- Ty )/v 2.1.1

FACT 2.5
For a design with parameters k, v, b,
k=1
(i) Iy = 1 my 2.1.2
=1
v k-1
(ii)121A01=r0(k-1)-12=1(1-1)m1 2.1.3
i 1 11:—1 E
(iii) A =—~—~— b k (k - 1) - =< 1 (1-1) m, - A
i, =1it 2 2 “q 1 l=101
it
2.1.4

For proof see Ture ( 1982).
EXAMPLE: Consider the following MB GD TIB design with the

following association scheme,

22



group 0 contains control
group 1 contains treatments 1,2
group 2 contains treatments 3,4

BLOCK 1 2 3 4 5 6

PLOT 1|10 0 1 1 1 2
2 1 3 2
3 2 4 3 4 4 14
Here, k =3, v=4, b==¢6
7\.0= 1, 7\1= 3, ?\2= 2
m,= 2, m= 0
See that,
k
r, =2 = 1m ( FACT 2.5(1i) verified )
0 4 1
I=1
4
KOi= 4 (FACT 2.1 and FACT 2.5(ii) verified)
i=1

it

4
) A;,=18 (FACT 2.2 and FACT 2.5(iii) verified)
t=
i

FACT 2.6 ( Ture 1982 )

For v = 4, k = 4 the BB combinations
are given by (see Definition 5 of section 1.4.2).

(i) (vo=2,-33+3 ,Vv=43j-4),3=1,2,....

0
......,Pk0/3] + 1, if ko is even with
Mj=7\o+93-9 and bj=3‘\0+j-1, where

[x] is the largest integer smaller than x.

23



(ii) (U=;\0 -33,v=43), 13 = 1121--"1[;\'0/3]

if Xo( > 1 ) is odd with Mj= XO + 9 jJ and

b, = Ko + j

)]

Where M_. is the number of TT-pairs in the i th BB

J
combination and bj is the number of blocks it contains.

FACT 2.7 ( Ture 1982)

Consider all possible BB combinations

for a specified (v, k, ko, hl’ kz), then

where jo is the index of the BB combination with bj BBs
]

for which | N - My | is closest to zero; N is the total
0

number of TT-pairs in the design and Mj is the number of
0

Tr-pairs in the th BB combination.

3o

2.1.2 NON-EXISTENCE OF DESIGNS:

THEOREM: An Extended Most Balaxed Group Divisible
- Treatment Incomplete Block Design with parameters k, v,

b, r, A P and A~ , 1is non-existent if,

0’ 1’ 2
"2 when © =X, >X,
N v o)
b < v—1,whenkl<>~2,'r\1<r,r= 1+ >
=
v, when r > A, = A,, or v - hyg)
A n
- 1$ g T 2Ny H 3

24



PROOF:

Let R = (r 15 ) be the incidence matrix of the
(v+1xb)
design, where rij = no. of times i th treatment is
replicated in j th block; i= 0,1,2,......ccveeun.. V3
i=1,2,......... .b.
Let, S =R R = {( Sit)’ with
e
r = 8., 1=t =0
1 03 00
7&0 , 1=0, t=1,2,...... 'V
sit= <
r , 1i=¢%t; i,t =1,2,....,v
/\1 , 1 and t are first associates
L >~2 , 1 and t are second associates
= A
Note that r 17 7\2
Let, ¥ or vl, ....... R vv are v+1 eigen values of S,

given by the following equation,

| s-v» 1] =0

where, ] ;
A > x p

[S— 1-’:[]: o0~ ¥ | 0 " ot Mg 0o - Mg
A - A A

-0 e 2ttt N2

i x z y Y

0 1 - r v >~2 7\2

™0 Rg seee AT VoL Ay

oy Py s y N

I 0 5 ver- kz 7\1 R o V_
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The equation | s — »I | = o0 reduces to the

following polynomial equation,

(r -» 'kl)v-z[r SRR VR "‘irkz][‘soo'”){r - v
+ (g - 1’7“1"12’>‘2} "")”12)] =0

Solution of this equation gives the fdllowing v+ 1

[{ NIRRT P Soo} * [{[r L R Do

2 1/2
v 2
+ 3 Kz ] - soé} + 4 V'KO ] ]

At least one of these two roots 1is positive.

roots

w v_=

0’ 1

Nl

YALEERE R ,vv_1=r-K1=u ( say )

a=r+_.“... A -
LV (2 1) 1

nld

A =p + 2 v =
2 oo+ > {

Now, rank(R) = rank(S) = b
Whereas, the rank(s) is equal to the number of positive
eigen values of S, which can be obtained by considering
the following.possibilities.

=0, if r =X
y { 1

A
> 0, if r > 1

Note that,

*
H =0, if#=0(1.e.r=3\1) and?\].:)\z'or

ifu >0 (i.e. r > kl), kl < A and

2,
- -

26



*

H >0, ifp =0 (i.e. r = kl) and’\l > Kz , oOr
if e > 0 (i.e. r >7\1) amil7\1 =?~2 . Or
ifue >0 (i.e. r > kl) and.K1 > kz , oOr
ifp >0 (i.e. T > kl), kl < kz, and

v

u >-§ (7\2—7\.1)
The following are,therefore, true

(i) rank(R) < 2, ifu = 0, »" = 0 (i.e. if r = A

1

= kz), hence b=z 1

(i1) rank(R) = 2 or 3, if 4 = 0, #~ > 0 (i.e. if
- >

r —7~1 >>n2), hence bz 2

(iii) rank(R)= v - 1 or v, if u > 0, #* = 0 (i.e.
- v -
j.f 7\1 <7\2, 7\1 < r, and r —7&1+ > (7~2 7\1),

hence bz v - 1
*
(iv) rank(R) = vor v+ 1, ifu > 0, 24 > 0 (i.e.
>
r>7\1_7\2 or7\1<7\2 ;and r > A
hence b2 v

\'
1t 2 R M),

Possibility (i) is trivial. The converse of possibilities
(ii), (4iii), and (iv) give the conditions required for
the non-existence of the design in the theorem.Hence, the
theorem is proved.

REMARK: Although the theorem is completely valid to
discard a design as non-existent, it does not provide
sufficient conditions for the existence of a design i.e.
a design may not be constructed even if its non-existence
is not proved. However, the theorem is extremely useful as

it eliminates the useless effort of trying to construct a
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design which is actually non-existent. It is our
experience that out of hundreds of designs studied
there are very few designs which disobey‘ the condition
of non-existence but even the construction of them is
not possible.

The usefulness of this theorem is
explained by the following examples.

EXAMPLE 1: Consider a BTIB design with parameters

k=4, v=4,b =4, r = 3, }\-0= 3, 7\‘1=1, ?\2=1
The following relation holds,
r>7\1=k2

According to the possibility (iv),b should be ¢greater
than or equal to v for the possible existence of the

design. Since, it is so, the design may exists.

EXAMPLE 2: Consider a MB GD TIB design with,

k=3, v=4,b =8, 1r=4,x 2

v
Here,k1<7\2 and r > A +2 (kz-xl)

1
This implies that b 2 v = 4 for the possible existence.

=3,7\=1,’\

2:
= 3.

0 1

The design may exists.

EXAMPLE 3: Consider a BIB design with parameters,

k=4,v=6,b=4,r=2,>\=1,7\=1,>\=1,

0 1 2
Since, r > kl = kz implies that b2 v = 6 for the

possible existence, the design cannot exists.

28



EXAMPLE 4: Let us have a MB GD TIB design with,

k=3, v=8,b=7,r=2,A=1,A_=1,XA 0

0 1 2
The relation r > 7\1 > 7\2 gives the condition b =2 8 for
the possible existence. This is not true here, because b

= 7. Hence, the design will not exists.

2.1.3 INFORMATION MATRIX AND RELATED MEASURES:

The information matrix of a GD TIB

design with parameters k, v, b, A _, A and A is given

0 1’ 2
by,
M =(nm )
(vxv) it
where, 1 v-2 v _
- (Ao + 5 kl +-?r-h2), i=t
-4 - 1 ;
m,, m Xl , 1 and t are first associates
- —%— Kz , 1 and t are second associates
=1 v-2 . v = -1 = -1

So, the information matrix M can be written as

where, _
[a B .....87, and 1 1.....17
# a ... & 1 1.....1}| =v7.J
P = . . . Q=71 - . .
(v/2xv/2)| . . . (v/2xv/2)| . . .
a a ... 1 1..... 1
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i=1,2,....... v is given by
v =02 M1
where,
Pl(r+qgstoprpl)y -plgs?
Ml =
- s lgp? , s™1

where, S =P - Q p~1 Q .

The four elements in M-l are as follows,
(1) P_l( I+0Q s—lQ p~1 ) = ( P ) , where
A{a+(3-2)B}+E,ifi=]
pij=
-3 A +E , 1f i# 5§
(i1),(iii) - P o stz - sl P Yz 4 (@ - ) (d - e)ADS
(iv) s 1= b ( 9;4 ), where
d+(3-2)e , ifi=]
qij=
- e , 1f i= j
Where, A= (a -1 )-1 {a + ( % -1)-7 }hl
D=(d-e)t {a+(¥-1)e)?!
E=37%(a-p)%(a-e)a’p
d=a - % 72(a - ) A
e=pf-Y2r¥(a-p)n
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The diagonal elements of V, gives the variance of the

estimates.
2 v y -y v _ 2
VB -ay =t ot Pt g My Pt g p)m 7 G TIR)
0 i’ ~ v v
Moot VAN gt 3 Mt 5 25)
= nz 02 (say ) , for i=1,2,...... 'V

The off diagonal elements of V give the covariance terms

[ o’k {7‘1‘“0‘0*%"2)*%)‘% }

A 'y y y
oMot VA IRt 525 25)

i & t are first associates

az kA

r

~ DAy P ”~
cov{{a, =0 ), (@2, )} =3
2
Molro * V)
L i & t are second associates

Furthermore, the correlation between estimates are the

following,

' ALt S ¥ a2
1ot 220t 52

v v v
Mot 3 2t 32503

= Pl (say),i & t are first assoc.

v 2
(3 -1»;

~ -~
corr.{(ao- ai), 4

@y- 8y} = Aot TR0+ T AT
(g gt FRR G A (5 '1)7*?2
L =P, (say),i & t are second assoc.
and trace is given by,
e wl ) = V(R gt A+ FR Rt G AN)-F G -IRG )
NoPgt VA ) g F A E )
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2.1.4 INADMISSIBLE AND EQUIVALENT DESIGNS:

{

Having defined the terms 772, P4 and Py

in the Section 2.1.3 and for fiked7\0, it can be verified

"that nz is a decreasing and £, and e

1 are increasing

2

fuwtions of Kl and Kz.

Consider two designs D1 and D2 with the

following parameters,

(1) (1)
D Ao A

1 (b

. , A

1’

( b

D,

4 r

(2) (2) ,(2)
rrg M)

2

DEFINITION 1: D1 and D2 are equivalent if,

= (1) _, (2) (1) _ 4 (2) (1) _, (2)
by = by, Mg =hg sy EN A=A

DEFINITION 2: D2 is strongly inadmissible with respect to

D1 if.
2 . 2 (1), _(2) (1), _(2)
by = by, M3 =My, PRy Py R P,
with at least one inequality strict.
Since, 772 is decreasing and Pq and P, are

increasing functions of?~1 andJ\Z,the above conditions for
inadmissibility of D, with respect to D, can be written

as,

r

(1) _, (2) (1) , (2)
by S by, Ag-l=ag® ATtz Al

with at least one inequality strict.

(1)5 5 (2)
AyTIE A
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A design which is inadmissible can be
discarded because there exists a better design (i.e. with
less variance of estimates) with lesser number of blocks.

Furthermore, only one design can be

selected from each class of equivalent designs.

2.1.5 SOME LEMMAS:

LEMMA 2.1 For given (k,v) a group divisible treatment
incomplete block design with (b, ko, kl, kz) satisfy

the following inequality,

+ v(v-2)5~ + vzh av A _+ v(v=2 _+ v2>\
1 2 b 0 1

2k(k~-1) 4(k~-1)

A
_4V 0 2

14
In’\

Furthermore, the lower inequality is an equality iff the
design is completely binary (i.e. rij= Qor 1, 0= i= v,
1= j= b).

PROOF:

Consider information matrix M given in

Section 1.2.4 and Section 2.1.3. One can write,

b X
_2 rz. = M 0
21 0j k

wlea

Boo = Yo ~

which gives,

. b
k g =V A+ jZ r
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and also,

which gives,

s
v=2 v 2
= A —.= -
k;. 0 + 5 k14-zhz-+JE . 2.1.6

Adding 2.1.5 and 2.1.6,

2 v(v=-2)
—— — }\
k Z ri kb 2v 0+ 5 I&1+

IIM"'
N
L]
Y
<

SN

i=0

N|<

it can be easily verified that the minimum value of
v b

) rij is bk and the maximum value is b(k%- 2k + 2).
i=0 j=1

in eq.2.1.7

nbvﬂ@

W
Substituting these two values of Z

give the lower and the upper bounds on b in the Lemma.

REMARK: For (k=3,v=4) an E MB GD TIB design with
parameters (b, Ro, Kl, kzz k1+ $),where 4 = -1,0,1,
satisfy the following,

> 2 A
b= 3 ( 2 ko th, o+ 2 Kz )

LEMMA 2.2 For given (k,v) consider a group divisible
treatment incomplete block design with ( b, KO' kl' Kz ).
If the design is binary in terms of test-treatments then

the test-treatments are replicated equally in the design
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with a common replicate size,

27
27\0+(v2)1+v>~2

2(k-1)

PROOF: For a design that is binary in terms of

test-treatments, eq. 2.1.6 gives,

2N+ (V=2 4 VA
So, ry = , 1= 1,2, 'V
2(k-1)

It, therefore, follows that,

v 2(k-1)

REMARK:For (k=3,v=4) and a E MB GD TIB design with

parameters (b,Ko,Kl,hz 5K1 +3%), wheredé = -1,0,1, Lemma

2.2 gives,

+X, + 2A

Lo}
"
nl=
bd

LEMMA 2.3 For any E MB GD TIB design for k = 3, v 3, we

have,

V'KO

2

b=z

PROOF:Let r, units are allocated to the control and .

0
m= m,, m, ) represents the allocation vector
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(i.e.control appears "1"( 1

in the design ). Then,

1,2 ) times in "ml" blo cks

m, = m, +m, = b .1.8
121 1 1 2
2
and Z Imy =m, + 2m, = 1, .1.9
I=1
and 1(1-1)m1 = 2 m, 2.1.10
I=1
Egs. 2.1.8 and 2.1.9 gives,
ro—m2:=b 2.1.11
Using FACT 2.1 and FACT 2.5(ii),
v
VAg = Ay = 2lr, - my)
i=1
Using 2.1.11 gives,
v A
b= 0
2
we

REMARK: for any E MB GD TIB design for k = 3, v = 4,

have,

LEMMA 2.4 In a binary GD TIB design with k > 2 odd, the

: v-2 . v
) X —= = A
quantities v \0 and ot 3 ,\1 t5h,

36
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PROOF: Recéll that,

| )
M .d
L]
He N
Gl
"
Ln]
™

From eq. 2.1.5, we can obtain the following relation,

k-4
VA_ = 1{(k~-1)m
0 = yrtk-bmg

Now, when k is odd, 1l(k-1l) is even. Therefore, V'ko

also even. Furthermore, from eq. 2.1.6, we can get,

v-2 Y = -
ho + k1’*z 2 -(k].)ri

So, when k is odd, k-1 is even and hence, (k-l)ri

- A v=-2 Vo
even i.e. A, + = kl t 5 A, is even.

is

is

REMARK: For an E MB GD TIB design with (b, XO’ Kl,k1+ é),

where & = -1, 0, 1 and for k = 3 and v = 4, the quantity,
A A i

0 +A, o+ 2 kz is even.
LEMMA 2.5 In a GD TIB design with k = 3, v = 4,

7\0 = 0, then *, =7\2.

PROOF:In such a design (1,2),(3,4) are first associates,

whereas, (1,3),(1,4),(2,3),(2,4) are second associates.
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In any block (e.g. 1,2,3 or 1,3,4 etc.) of such a

design, we have,

number of TT-pairs of first associates type = 1

and, number of TT-pairs of se.cond associates type = 2
Therefore, in b blocks,

total number of TT-pairs of first associates type = b

total number of TT-pairs of second associates type = 2b

Using the relations in FACT 2.3, one can write,

S ¢ -
b = i 4 .2 'hl =2 b =2 Kl
- 1 L2 -
and, 2b= 2 .47, Kz = b=2 kz
AL = A
Hence, 1 5 -

REMARK: In an E MB GD TIB design for k=3, v=3 and

with (b, A

0= 0, Kl' kz = k1+ 6),whereé = -1,0,1, the
only designs which can exist are those for which 6 = 0
A=A
(i.e. 1 2).
LEMMA 2.6 In a GD TIB design with k = 3, v = 4, if
= =
ho 1, then kz kl .

PROOF:In such a design (1,2),(3,4) are first associates

and (1,3),(1,4),(2,3),(2,4) are second associates. If
ko = 1, the following two situations may arise.

(i) two blocks contain the control once in each
block, and each of the remaining b - 2 blocks, contain

test~-treataments only.
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BLOCK 1 2. 3 c.ieivecieaee.s b

PLOT 1 0 0 ;
2 1 2 ; test-treatments only
3 3 4 5
By B,

number of TT-pairs of first associates type in 31 =0

number of TT—pairé of first associates type .in B2 = b-2
(see Lemma 2.5)

total number of TT-pairs of first associates type = b-2

number of TT-pairs of second associates type in B1=2

number of TT-pairs of second associates type in B2=2(b-2)
(see Lemma 2.5)

total number of TT-pairs of second associates type = 2b-2

Using the relations in FACT 2.3, we can write,

b-2=2x
and, 2b - 2 = 4 kz
Hence,
1
= - L
Mg =R t3 . L A, E N

(ili) same situation as in (i) above but,the following

conf iguration,

BLOCK 1 2 3 ...n.. carsus e as b
PLOT 1 0 0
2 1 3 test-treatments only
3 2 4
B,y B,

39



The following are, therefore, true!
total number of TT-pairs of first associates type = b
total number of TT-pairs of second associates type=2(b-2)

Using FACT 2.3, we can write,

= x
b 2 17
and, 2(b-2) = 4 Al
;\\. =}\. - #
Hence, 2 1 1 i.e. hz kl

The proof of the Lemma is, therefore, complete.

LEMMA 2.7 In an GD TIB design with k = 4,v = 4 and (b,ko,

Xl, k2= k1+ ), 6 = -1,0,1, the following are true,
(i) if KO = 0 mod(3), then kz = Kl
(ii) if KO = 1 mod(3), then KZ =) Al + 1
(iii) if Ko = 2 mod(3), then KZ = Kl -1

PROOF: Let the design contain j th BB combination. Then

by FACT 2.6 there are U = ko - 3j + 3 4-BBs and
V=24j -4 3-BBs ( j =1,2,....... ,9\0/3]+1) if ko is
even, 6r U = Ko - 33 4-BBs and v = 4j 3-BBs
(J= 1,2,.......,D~0/3]) if ko is odd.

Let there are "g" (an integer) 4-BBs in which x & y are
first associates (see Definition 4 of Section 1.4.2).
‘Hence, in the rest U - g 4-BBs, X & Yy are second
associates.

The following facts are, therefore, noted.

number of TT-pairs of first associates type in"g"4-BBs= (g
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number of TT-pairs of second associates type in"q"4-BBs=0

number of TT-pairs of first associate type in"U-gq"4-BBs=0

number of TT-pairs of second associates type in "U - q"
4-BBs = U - q

number of TT-pairs of first associates type in"V"3-BBs= V

number of TT-pairs of second associates type in "V" 3-BBs

=2 Vv
number of TT-pairs of first associates type in b - bj
remaining blocks = 2 (b - bj)
number of TT-pairs of second associates type in b -~ bj

remaining blocks = 4 (b -~ bj)

where, bj = U + V. So, the

total number of TT-pairs of first associates type in the
design = q + V + 2 (b ~ bj)

total number of TT-pairs of second associates type in the
design = U -qgq+ 2V + 4 (b - bj)

Using FACT 2.3, one can get,

AO 4
3 -~ i+1-3 &, if A, is even
q-= X
0 4
T -1 -3 & , if A, is odd
Consider the following cases,
CASE 1: Ko = 0 mod(3) = 3m, m= 0,1,2,....... -
4 .
m jo+1 - 3 s, if Ko is even
1= Y PO X
m - j --36 R if 0 is odd
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Now, g is integer only when £ = 0, i.e. when
kz = kl' Part (i) of the Lemma is, therefore,

proved.

CASE 2: A, = 1 mod(3)

0 3m + 1, m=20,1,2,.......

6 - 1),‘ if A 1is even

[N
!

= =
1 i
[

i
wir Wi

(4 - 1), if?\o is odd

The q is integer only for &€ = 1, di.e., for

xz = kl + 1. This proves part (ii) of the Lemma.

CASE 3: lo = 2mod(3) =3m + 2, m=20,1,2,......
m-3j - % (5 - 5), if AO is even
q = 2
m-3j- 3 (2 - 1), if ko is odd
Here, q is integer if & = -1, therefore,

kz = kl - 1. This proves part (iii) of the Lemma.

This completes the proof of Lemma 2.7

2.2 METHOD OF CONSTRUCTION:

consider a design with the parameters k,
v, b and allocation of :0 units to the control.

From FACT 2.1,

v
AN = Ao/ Vv 2.2.1
0 ;Zl 0i

v
where, z KOi is given by eq. 2.1.3
izl
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Also from FACT 2.3,

Ao —Y A = —2

1t vz M2 T Ve t'\it 2.2.2

where,.z Ait is given by eq. 2.1.4.
it

For the ~construction of the design the
following algorithm is used.

1. check that the value of r calculated from eq. 2.1.1 is
an integer.

2. select vector m = (ml, My, eeeeenny mk-l) which
satisfy eq.2.1.2, and compute z KOi and 2 kit from eqgs.
2.1.3 and 2.1.4 respectively.

3. check whether lo from eq. 2.2.1 is an integer.

4. try to find some integer values of kl and Rz which
satisfy eq. 2.2.2.

5. verify that the design is not non-existent by applying
Theorem in Section 2.1.2.

If all the conditions mentioned above
are satisfied a design with these parameters may be
constructed. It is, however, warned that the satisfaction
of these conditions does not imply the actual existence
of the design. Trial to actually construct the design are
always required. Usually, with few trials it becomes
clear that whether or not the treatments can be allocated

to the plots according to the plan suggested by the

parameters.
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EXAMPLE: Consider a design with the following parameters
and follow the algorithm.

k=4, v=2_8,Db =23, ry = 36
1. r = (bk - ro)/v = 7 ( an integer )

2. let p = (ml, m,, m3) = (11, 11, 1). So,

a

2 Im) = 36 (eq. 2.1.2 satisfied)
a

and, 1211(1—1)::.1 = 28

Hence, from eq. 2.1.3 and eg. 2.1.4, we have,

a =]
X . =80 , and A,, = 44
141 01 i,ézl e
3. from eq. 2.2.1 ko = 80/8 = 10 { an integer )
4. the values Kl = 1 and RZ = 2 , satisfy eq 2.2.2
AL <N A vPp — )
5. note that, 1 <A, and r > 1 + 2 .

According to the Theorem of non-exiStence in Section
2.1.2, the design is non-existent if b < v. Since,
b>v, the design may, therefore, exist .

In fact, the design exists, with the following structure.

1111111111222 2

BLOCK 12345678901234567890123
PLOT 1 00000000000000000O00O0OO0O0DOO
2 11111222334000000000000

3 2345634745612223334445090

4 5678786857885¢67768578°6]1
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CHAPTER 3

3.1 MINIMAL COMPLETE CLASS OF GENERATOR
DESIGNS ( MCCGD ) FOR K= 2, V =4 :

THEOREM 3.1

For k = 2 and v = 4 the minimal complete

class of generator designs is given in Table 3.1.

TABLE 3.1 MCCGD FOR k = 2, v = 4 ,

DESIGN b gl Ti m KO Kl KZ STRUCTURE
D1 2; 0; 1; 0; O; 1: 0Of 1 3
2 4
D2 4: 0; 2 0; O; O; 1| 1 1 2 2
3 4 3 4
D3 4: 4 1; 4 1, 0f 0/ 0 0 O O
1 2 3 4
PROOF:

The above mentioned designs D1, Dz' D3
are the only possible generator designs and since they
are distinct and neither of them is . strogly inadmissible
with respect to the other one, they constitute the

minimal complete set (seeVSection 1.3.3) for k = 2,v = 4,
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Each of the following theorems has the similar proof as

given in the case of Theorem 3.1.

3.2 MCCGD FOR k = 2, Vv

n
)]
LX)

THEOREM 3.2

For k = 2, v= 6 the miniml complete

class of generator designs is given in Table 3.2.

TABLE 3.2 MCCGD FOR k = 2, v = 6.

DESIGN| b Tgi Tl m 7\0 A 1 3\2 STRUCTURE
D1 6; 0, 2 0; O0; 1;: 0/ 1 1 2 4 4 5
2 3 3 5 6 6
D2 6; 66 1, 6; 1; 0 00 0 0 0 O O O
: 1 2 3 4 5 6
D3 9 0 3; 0 O0; Oy 11 1 1 1 2 2 2 3 3 3
4 5 6 4 5 6 4 5 6

3.3 MCCGD FOR k = 2, Vv

]
-]
.

THEOREM 3.3

For k = 2 and v = 8 the minimal complete

class of generator designs is given in Table 3.3.
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TABLE 3.3 MCCGD FOR k = 2, v = 8.
DESIGN| b ro ri m KO Xl Kz STRUCTURE
D’.l 8 8 1: 8 1 0 0] 0 0 00O OOOCO
1234561738
D2 12; 0; 3; 0 0i 1 0f 1112 2355¢6¢6 7
234344687838
D3 16; 0; 4, O0i O/ 0} 1] 1 1 11 2222333321
567856785467 8S:5
4 4 4
6 7 8
3.4 MCCGD FOR k =2, v = 10 :
THEOREM 3.4
For Xk = 2 and v = 10 the minimal

complete class of generator designsis given in Table 3.4.

TABLE 3.4 MCCGD FOR k = 2, v = 10

DESIGN| b Tyl ¥ m7\07\17\2 STRUCTURE

D1 10;10; 1;10; 1; 0; 0f 00 0O 0O OO0 O0CO0O0O
123456782910

D2 20; Oi 4 0/ Of 1; O/ 1 11122 2334¢6256F6
2345345455789
677 78 8 9
10 8 9 10 9 10 10
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(CONTINUED)

TABLE 3.4
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CHAPTER 4

4.1 GENERAL METHOD OF PROVING A CLASS
OF GENERATOR DESIGNS TO BE MCCGD :

Let us suppose that for a given (v,k),

{D D Dn } is a set of generator designs.Also,

1r Dorevevens p

consider an arbitrary design "D" with Parameters ( b, XO’
Kl' Kz ), where?\z = kl +6,46 = -1,0,1. To show that the
set of generator designsis‘ MCCGD, we show that there

* % » * *x
exists a design D with parameters ( b , Ko, kl, Az),
such that,

* n

p = U £, D -

i=1

O U W G W | < b
0o =g +* =Hq g =, and b =
where,
* S 3 (4, S (5, b* = S
Ny _izlfix 2, £ >~. Z £ -iz—-lfibi

bi' Kgi), Rgl), kgi) are the parameters of generator

design Di (i=1,2,....... ;)

The design D is, therefore, either
equivalent to or strongly inadmissible with respect to D*
(Section 1.3.3 and Section 2.1.4). The proof is completed
by finally noting that the set { Dl’ D2’ ........... D_}

consists of non-equivalent generator designs.
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In the next section, we give MCCGD for
E MB GD TIB design for k = 3, v = 4 and prove the minimal
complete nature of the class. In other sections MCCGD are
given for k = 3 and v = 6, 8, 10, without the
accompanying proofs which are very long and tedious, but

similar to the one given in the next section.

4.2 MCCGD FOR k =3, v = 4

THEOREM 4.2

For k = 3 and v = 4 the minimal complete

class of generator designs is given in Table 4.1.

TABLE 4.2 MCCGD FOR k = 3, v = 4.

DESIGN .brO r mk-o?\.lkz STRUCTURE

D1 2 2 1: 2 1; 1; 0/ 0 O
0 1 3
2 4

D2 4; 0: 3; 0 0; 2; 21 1 1 1 2

0 2 2 3 3

3 4 4 4

D3 4, 8 1 0} 2y 00 O/ 0 0 O O

a 0 0o 0 O

1 2 3 4
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TABLE 4.2 ( CONTINUED ).

DESIGN| b r0 r m 7‘-0 ’\1 7\2 STRUCTURE
D4 4 4 2; 4; 2i 0f 1| 0 0O O O
0 1 1 2 2
3 4 3 4
D5 6i 6i 3 2 20 1l o o0 0O O 1 2
2 i 1 0 0 3 3
2 2 3 4 4 4
D6 7 5 4; 3 2 2 21 0 0 O O 1 1 2
1 1 1 2 0 2 3 3
2 3 3 4 4 4 4
D7 8 8 4 4; 3 1t 2, 0 0 O O O O 1 1
2 1 2 2 2 0 0 2 3
4 3 4 4 1 3 3 4
D8 11; 9 6/ 3: 3 31 31 0 0 0 O O O 1 1 1
3 i1 2 3 o 0 0 2 2 2
4 4 4 1 2 3 3 3 4
1 2
3 3
4 4
PROOF:
Before going in the detail of the proof, note that
Ko - 3 Kl and 3 Kl - KO are even integers ( Remark of
LEMMA 2.4 ). This implies that ?\1 is even if Ko is even,
and 7\1 is odd if ?\o is odd.
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CASE 1. Ko 0 mod(3).
(a) X

A -
2 1 -1

Note that.k1 z 1

*
(i) let p =£, D, U £, Dy U £, D, with,
_ _ ho - 3 Xl + 2
£, =X £ 4 1
2

Note the following,

the quantity >~0 - 37\1 + 2 is

Lemma 2.4), therefore, f

l = l I ~ -

4.4 = Z.Ko

(Remark in Lemma 2.3)

*
b f1.2 + f3.4 + £

Therefore, b 2 b*

Hence, D is either equivalent ( if b = b')

or
S-inadmissible (if b > b ) with respect to D for,

= = - ) =

(i1) let D = £, 0, U £, D, U € D, Uf, D, with

)\O 3?&1-—>\0—6 )\.0-3 _
f1=——" ’ f2= ’ f4= ’ f6 = 1.
3 6 ' 3
Note that,
quantities Ko and ko - 3 are both divisible by 3.
Hence, f1 and f4 are integers.
kO
> 2 ——
£,2 0, i X, 2 —= + 2.
ho = 3 mod(6) implies that Rl = 1 mod(2) for fz to
be integer, and ko = 0 mod(6) > 0 implies that
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kl = 0 mod(2) for f2 to be integer.

This includes all possible values of ko a.ndk1 for

the design except 7\.0 = 0, 7\1 = 0 mod(2).
*_ = 2 -
o b = fl.z + f2.4 + f4.4 + 1.7 = 3 {2 ko + 3 Kl) 1
o = Now, by Remark of Lemma 2.1
2 4
> £ p - —
b=z 3 (2 \o + 3 Kl) 3

It is easy to see that-%(z AL+ 3 ll) is an integer.

0
Therefore, right hand side of the above inequality

is not integer. The next higher integer is the same

*
as b . Hence,

*

bz b
The design D 1is , therefore, equivalent or
S-inadmissible with respect to D*, except in the
following case,
(= ko=0andkl=0mod(2)2 2
In such a case Lemma 2.5 is applicable and hence,
the only designs exist are those for which.k2= Kl.
So, No design with the above mentioned parameter

values and kz = kl - 1 exists. So, the possibility
of Ko = 0 is ruled out.
Hence, D is equivalent or S-admissible with

*
respect to D for,

A

0

= A = - 2z —
KO 0 mod(3), 2 kl 1, kl 3 * 2.

Only one case when A, = 1 + K0/3 is also not covered

1
here. It can be shown by using Remark of Lemma 2.2
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that r is not integer ( r =A_ + 1/2 ) in such a

0
case and hence, there do not exist designs with
ko
?\.1=1+'—-§— and7\2=7~1-1.
= A
(b) A, 1

(1) let p* = £.0, U £.D UfD,with
171 3“3 474

AL - 3A
- -0 1 -
1 "™ £33 7 v Eypmy

2
Note the following,

£

KO - 3 Kl is even by Lemma 2.4. Therefore, “f3 is

integer.

< + >
xl < xo/a in. order to have f3 =z 0.
*
b

f1.2 + f3.4 + f4.4 = 2 Ko

x*
Therefore, b2z b by Lemma 2.3.

ii - f£p. U U -
(ii) let D = 1D1 f2D2 f4D4, with

3r, -Ag
£, 2o/3 £ =T . £, =2g/3

Note the following,

Kl 2 ko/s in order to have f2 z 0.

KO 0 mod(6) implies that Kl = 0 mod(2) for fz to

be integer, and.K0= 3 mod(6) implies that.?\1 = 1

mod(2) for f2 to be integer.

*
By Lemma 2.1, b requires the minimum number of
blocks because D1, D2, and D4 all are completely

binary. Hence, b 2 b* .
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By (i) and (ii) above it is clear that D is either
equivalent to or S-inadmissible with respect to a
designwhich is wunion of copies of designs from

Table 4.2 for,

>
]

N o=
0 mod{(3) and 2 kl .

(1) let D £0, U £,0, U £,0, , with

£

1 =™y f5
Note the following,

ko - 3 kl ~ 2 is even by Lemma 2.4.It implies that

f3 is integer.

f3 Z 0 iff Xl £ ———_, But ~—— is not

integer, therefore,

A, = —0 (next lower integer)

®

= X
b 2 0

Therefore, b=z b (Lemma 2.3)

(ii) let D = £,0, U £,0,, with,
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Note the following,

o kl - KO is even by Lemma 2.4 = f3 is integer.
> >
= £,20 = 222
o D* contains minimum number of blocks because D1 and

D2 are completely binary ( Lemma 2.1).

*
Hence, b2 b

*
(iii) let D = £,D, U £,D, U £,D, U £.D,, with

—7\0—3 _37\1-7\0 -_7\0-3
fl' _—, fz“ —_— f4— —_—, f7= 1
3 6 3
Note the following,
u lo - 3 is divisible by 3 = f1 and f4 are integers
> AL 2
=} f2 z 0 iff \1 K0/3
o k0= 3 mod(6) = Al = 1 mod(2) for f2 to be integer
ko=0 mod(6) > 0 = Kl = 0 mod(2) for fz to be
integer.
o the cases Ko= 0, Kl 2 0 are covered in (ii) above.
*x 2 5
o b = 3 ({ 2 ho + 3 \1 + 2 )
whereas, b 2z % { 2 ko + 3 kl + 2 ) by Lemma 2.1.
*
=

Therefore, b b
Hence, D is either equivalent or S-inadmissible with
respect to a design which is a union of copies of
designs from Table 4.1 for,
Ao = 0 mod(3), A, =X,
So, (a),{(b) and (c) covers all possibiiities for,

+ 1

KO = 0 mod(3).
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CASE 2. Ao = 1 mod(3)

0
= A -
{(a) 7\.2 1 1

Note that Xl z 1

i) let D = £,0, U £.p. U
(1) let " = £0, U £,0, U £,D,, with

Ao — 3 Ayt 2
f1=7\1, f3= " R f4=?\1—1
Note the following,
o lo - 3 kl + 2 is even (Lemma 2.4) = f3 is integer
> <
o f3 =z 0 iff kl < K0/3 v =
Since7\0/3 is not integer, kl s ..9
3
b A
= 2 -
*
Hence, b 2 Db {Lemma 2.3)

i1 Y- fp. U U f i
(ii) let D = 101 fZDZ 4D4, with

Note the following,
Since, Ko + 2 and ko - 1 are both divisible by 3,

f1 and f4 are integers.

ko + 2
£, 2 0 iff A, & —
2 1 3
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o A

1 mod(6) and.l1 1 mod(2) = f2 is integer.

0
ko = 4 mod(6) and.k1 = 0 mod(2) 2 2 = f2 is
integer.
ju] b* requires minimum number of blocks because Dl' D2
and D4 all are completely binary (Lemma 2.1).
Hence, b =2 bf .
Cases (i) and (ii) covers the whole range for,
?\o = 1 mod(3) and?k2 =K1 - 1.
= A
(b) 7\2 1
i = U U
{i) let D = f1D1 f3D3 f4D4, with
A - 3 A
y __0 1 - )
fl - kl' f3 - 2 ' f4 - \1
Note the following,
o ko -3 Kl is even (Lemma 2.4) = f3 is integer.
ko—l
> < <
o f3 z2 0 iff Kl = 3 (in fact‘ki- k0/3 , but
K0/3 is not integer)
o },)“r A
= 2 0
Hence, b 2 b* (Lemma 2.3)
* a2
(ii) let D = £,D, U £,0, U £,0, U £,D,, with
Rl 33X -rg -2 A -4
fl' , fz- ’ f4g ,f7-1
3 6 3
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Note the following,

- 4 are divisible by 3, £

=} Since, ho - 1 nd ko 1 and

f4 are integers.

ho + 2
= f2 =z 0 iff Xl =
3

o Ko = 1 mod(6) > 1, kl = 1 mod(2) > 1 for :E2 to be

integer.
(= Ko = 4 mod(6), ?\1 = 0 mod(2) for fz- to be integer.
o The case when lo= 1 is not covered above. But it is

clear from Lemma 2.6 that forko = 1 a design with

Kz = Kl does not exists.

*_2

o b-3(2?\0+37\1+1)-

This is the next higher integer than the lower

bound % ( 2 Ko + 3 kl ) on b given by Lemma 2.1.

Hence, bz b’|I
Cases (i), (ii) covers the whole range for,
Ao = 1 mod(3) and A, =X,
{c) )\2=',\.1+1
*=f£p, U €D U
(i) let D = 1D1 303 f4D4, with
AL = 3A - 2
- - .0 1 =
£, =21 £33 = N r By =g 41
Note the following,

o f3 is integer because Ko ~ 3 kl - 2 1is even

(Lemma 2.4)
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=} £,z 0 iff A = 0 (an integer)
3 1 3
o bY = 2 A
= 2 0
*
Hence, bz b (Lemma 2.3)

[} * 3
(1i) let D = £,D, U fznz U £,0, U £cDg, with

g - 8 3rhy =Prp =2 Ap-1
fl- —_—, f2= ’ f4- _—, f6—1
3 6 3
Note that,
o ko— 4 and ho - 1 are both divisible by 3, hence, f1
and f4 are integers.
ko + 2
o f2201ff7\12—————
3
o ko = 1 mod(6), kl = 1 mod(2) for f2 to be integer
ko = 4 mod(6), Al = 0 mod(2) 2 2 for f2 to be
integer.
* _ 2 -
o b-3(27k0+37\1 8 )
*%*
b is smaller than the lower bound-%(z ko+ 3 k1+ 2)
on b given by Lemma 2.1.
Hence, bz b*
Ao = 1
The case which is not covered above is when.K1 =
3
In such acaser =A_ + 1/2 (from Lemma 2.2) which is not

0
integer, and therefore, such a design does not exists.

All the possibilities are,therefore,covered by (i), (ii)
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above for,

7\0 = 1 mod(3) andz\2 =X\
CASE 3. >~0 = 2 mod(3)
(a) 7\2 =7\1 -1
Note that kl z 1
*
(1) let D = fznz U f5D5, with
AN, - 2
1
£. = ’ f.. =1
2 2 5

Note the following,

= fz Z 0 and integer if Kl =
=] 7\.o=2
*
=] b = 2( kl + 1)
= b=z 2 kl + 4/3 (Lemma 2.1)

1 + 1

0 mod(2) = 2

This lower bound on b is not an integer. therefore,

the next higher possible integer is 2{ Xl + 2 )

which is larger than b*.

*
Hence, b > b

(ii) let D =

AL = 3A

Note the following,

o A - 3 A

0 1
integer.
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+ 2 is even by Lemma 2.4,

£,D, U £,D, U £4D,, with

i.e. £ is



b =2\

Therefore, b2 b (Lemma 2.3)

*
(iii) let D = £,D, U £,D, U £,D, U £.p

777, with
A - - -
0+1 3h1 AO 4 _KO 5 _
f1= ,f2= ,f4- ,f.7- 1
3 6 3

Note the following,

ko + 1 and ko - 5 are divisible by 3, i.e. f1 and
f4 are integers.
Ao+ 4
0
£.2 0 iff A _ 2
2 1 3
Ko = 2 mod(6) > 2, Kl = 0 mod(2) > 2 for f2 to Dbe
integer. ‘
ko = 5 mod(6), Xi = 1 mod(2) > 1 for f2 to be
integer.
A case not covered above 1is for KO = 2 and
kl = 0 mod(2).This is already covered in (i) above.
* 2
= = A -
b 30 22, + 32, 1)
b =2 %( 2 Ko + 3 kl - 2 ) by Lemma 2.1. This lower

bound is not integer and b*is smaller than the

next higher integer% ( 2 7\0 + 3 Kl + 2 ).

x*

Hence, b > b :
ko + 1

The case for * = ——— can be discarded as

1 3
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0
designs do not exist.

r=A_~-1/2 (Lemma 2.2) is not an integer and such

This covers all the possibilities for,

A = 2 mod(3) andi\z =3\1 -1

(b) A, =X,

* s U U i
(i) let D = fll)1 f3D3 f4D4, with

- __0 1 _
fl—hl' f3— 2 ' f1.1—7\1
Note that,
o Ko - 3 hl is even, therefore, f3 is integer
Ao -~ 2
o £f.Z 0 iff A & ——— (an integer)
3 1 3
b = 2
- = 0
Hence, b = b* (Lemma 2.3)

*
(iii) let D = £,D, U £,D, U £,D,4 U £.Dg, with

g o0 ? o 3t ren L Mo 2,
1 v 2T r Fg= r YT
3 6 3
Note that,
o lo - 2 is divisible by 3, hence, f1 and f4 are
int egers.
ko + 4
o £,z 0 iff x_ =2
2 1 3
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=] Ao = 2 mod(6), kl 0 mod(2) > 0 for f2 to be

0

integer.
KO = 5 mod(6), kl = 1 mod(3) > 1 for f2 to be
integer.

*x _ 2 1

o b =5 (22, +3x, +3 )

u b= % ( 2 Xo + 3 Kl ) by Lemma 2.1, but <the 1lower
bound is not an integer. The next -higher integer
than this lower bound is % ( 2 KO + 3 Kl + 2) which

x
is larger then b .
Hence, b 2 b*
>\0+1 .
The uncovered case for'>~1 = ——— gives r = KO+ 1/2
3

(Lemma 2.2) which is not an integer and, therefore,
the designs do not exist.

All the possibilities has,therefore, been considered for,

?J
[}

2 mod(3), )\2 =3\1

(c) kz =7~~:l + 1

(i) let D~

flnlp f3D3 U £,D,, with

-3 A, -
Ko 3 1 2

2

Note the following,

o Ko ~- 3 Kl - 2 is even (Lemma 2.4), i.e. f3 is
integer.
Ao = 2
o f.z= 0 iff A_ =
3 1 3
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*

= A
. b 2 0

therefore, b Z b* (Lemma 2.3)

*
(ii) let D = f D, U szzU £,0, . with

1
XO— 2 3k1 —AO + 2 ko + 1
f1 = ’ f2 = R f4 =
3 6 3
Note that,
=] Ko - 2 and ho + 1 are divisible by 3, i.e. f1 and
f are integers.
4 ko -2
o f2 =z 0 iff Kl =
3
a Xg = 2 mod(6), X, = 0 mod(2) for £, to be integer.
Ko»= 5 mod(6), Kl = 1 mod(2) for f2 to be integer.
* _ 2
o b = 3( 210+~3R1 + 2 )
> 2 (g
= b-3(2\0+37\1+2) ( Lemma 2.1 )

Hence, b= f)
The cases (1),(ii) cover all the possibilities for,
7\0 = 2 mod(3), ?\2 =7\1 + 1
CASE 1, CASE 2, and CASE 3 cover all the possible values
of KO ( =0,1,2,3,..00... ), of K]. ( = 0,1,2,3,....... )

and of A, (=2, +46, 5 = -1, 0, 1 ) and in each case it

2 1

is shown that an arbitrary design D is either equivalent
*

or S-inadmissible with respect to a design D which is

the union of copies of generator designs from

Table 4.2. Furthermore, it can be noted that none of the
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designs in Table 4.2 is equivalent to any other design in
the table, and all the designs in Table 4.2, except the

design D are used in the construction of design D for

g
all possible combinations of parameters RO’ kl' kz. The
design Dy in Table 4.2 is a generator design and since it
is not equivalent or S-inadmissible with respect to the
union of any number of copies of any combination of other
generator designs, it has to be included in the list.

It is, therefore, concluded that the
designs in Table 4.2 constitute a minimal complete class

of generator designs for k = 3, v = 4. Hence, the Theorem

is proved.

4.3 MCCGD FOR k =3, v =6

THEOREM 4.3

For k = 3 and v = 6 the minimal complete

class of generator designs is given in Table 4.3.

TABLE 4.3 MCCGD FOR k = 3, v = 6.

DESIGN| b|r ri miA . jA (A STRUCTURE

D,

WnN =
U
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THEOREM 4.4

For X = 3 and v = 8 the minimal complete

class of generator designs is given in Table 4.4.

v = 8
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4.5 MCCGD FOR k

THEOREM 4.5

10 the minimal complete

3 and v

For k =

class of generator designs is given in Table 4.5.

TABLE 4.5 MCCGD FOR k = 3, v = 10

oo
cow®
oo~
H|loocw
&
Eloow
S
M| OO
B
0
oom
ooN
OO~
N ©
<
| ©
<
o] N
<
BE]o ©
~
M
o] ©
Ml o
Q] o
-
. a
wilA
]
(=

71



TABLE 4.5 ( CONTINUED ).

oo cnumn OWo =HINW Mmoo O W YIS
© © o oM 07.m Hen mno oMo o
o~ oNN: OO FNg NOO WOO | OMN; = NOI ©OOVO

1 i ™~ i

M o ww oNw O~ 0 =WHANM NSO VOO ON® O~ INWO

m ocowur MOl OoONMm ODWVWO OO NW VWO | ONDN O~ aftins

W i i i -l

% oM< VOO O-HIN O WO QO NI NNO | ONS OWVUD NMNO

M - i i
ON NMIN| O OWVW QUM NN YOO | O CORN Mt

[
Ot ritiin] OHM OCVNR OO 034m19w N | O IN 05w N0 o
— H
OO0 | OrN: OO, OHN ORIIN: ONVO | OHN ANMND MO | O-M OIO NMO
™~ ™~ 8 ™ : o~ =)

o~ <) o) ~ i

~<

i ~ e X -

~<

=) o~ o - m

~<

g 0 N c © n o n o

N 1

- ™ <3 r~ o

o o ) n i

~ I o -t

Q < o in in
~ o o o

=

0]

~ o ™ <ft in

] a (n] o} a

i

a

72



TABLE 4.5 ( CONTINUED ).

ONOG Ot -AO MW NWVWO OO N=WY WO omnew
4 -4 ~
O N O~ Ol M 0O OPM (NMIM: HiN o~
~
ONMN OQHUY: ONO | =W NDVDO:! HAOO O =IO MO cnw
L i i it
. QNW 03.n.u. OMNOG | =N N~ HI~O OMW N0 MY omst
=4
W Olw OMOo ONW | it NINTO WO 03m NN M c O N ¢t
Q
m OO CMW: OIS | M NI 37m O NG ™o 34m onNm
B
N OdE® O ONW | AN NHOE MO MO OCN®D =Moo 28m NWHD Ot
i
Omi~ OMY 04w O W NS W MO~ 68m O i~ 12w N WO 57w Orm
O =i OZN OO | dNM NMOI MNO: NV O-HW OSN NS N0 O N
-l
N - o~ o -
<
- © o~ - o~
~<
ol 1n (=] o~ ™
<
g un O o © o © H vt
o~ o -
H n (=)} 4] -}
ol n o o (1)
- o -t -
Q| 1 (=] (=] o~
o 7] (] (37]
=
1Y}
= o t~ (2] 2
nlAa (o] o a
<2}
a

73



TABLE 4.5 ( CONTINUED ).

- g Oi OO ONW: ONWY: I~ QOO =HWr: MINO 78w
i
M 37m._v ONM™ OO 12m O ~MOMN WO 69w
=N NN ONIN O~ Oow_ CVWR HNO NG NWYWD
-
BH|loooc nwo oON OFWYW: OWO OHY: =P NMO INWD
-4 i — i -
W COO NN WO | OO OMO: OO NAOAOD OMIN: HWO NN HWOWO
M 1 i - - -
K| O~ NS OO |OH® OMO OWVWO: NV OANN =MO! NIDG 1N~
M i - -
OO NMW: VNN | O CMM™ OV FINO| ONW =HND 24w <10~
=i
NN 18w HON | Ot ONMIN: OV MPO OIN: =N NMW M~
CVO O 45m OrM ONO: OINM NMW O M Oow NNV O~ 89m
o~ i o~
~<
— i N
<
o n o
<
g & )
o~
¥ ™~ o
—
=} Y-} ~
= N i
Q N ™~
o (3]
a
4] (=) i
= . i
w0 (] [=]
B3
a

74



TABLE 4.5 ( CONTINUED ).

OMIS OQINS NSO 58.m ONW OM® OIN® 24w 03w -l MW
OZN OMNW: N WIS ONMN OMO: OINM™ NMW I NOG | OMOG lzm
-
QNG OFIN: ~H[~® 49..0._ ONUV: OMO ONW MO BLOHO | OM® =N
i -
Bl loND Oxt® N0 H~0 OrHLV OMM: OFN —=HPIN NDVO | OND QOO
~m i — i i
m ONW Ot~ ity 36w OHO OMMN OO HO INWNS | ON® ©OIN
i i
=]
ﬂ Orithi OFHW MY M OO OCNHW: OPO: -N®D HWOO | ONN OUNW
0
O @ 03.n.._v NN M Or ONM OO OO0 35m O Ot
[ ]
Ori N OMO Oow NSO Oviici ONO: O~ OO M| O O~
o~
O-W OMNWP OO NN WO | O-HWY: OCNOO OFHW O NN | OV OV
Nl o o ™
~<
| e - o~
<
o = V- ™
<
g2 o0 ™ M N
! o -
| o o 2]
- -
Of =i o ™~
~ o ™ i
Q1> <t o
m <t H
=
U N ) <t
- v -1 -
n [=] [=] (=]
23]
A

75



TABLE 4.5 ( CONTINUED ).

NS MHIN®: IS G ONW =N =HINO: NINM MO OO
i 4
NMY MY NDORD OO =HN® =N NINWY 35m 68w
=HOO MHO H~O QO =iNW: =HINM: NHO MINW O~
v~ =t -
]| =-ooan 28m < O © OO OCOM: =tHO NN MM OO
[ ]
m =~ O 45m OFIN OON: " HW NHO: MF O™ ®
=i
=]
m 15w NINW: FIOS NON] OHO: OO m: i~ NS Mt NOG
0
RO NINO: MO WOHO| OMNKM OWVWO HMW NMOI MY YOO
i Ol ! i o
HHO NI M0 OO ONDN QUGN MY NMO NOO: FINO: NOO
- ! = v
=S NHO OO INOO O OVWO HMNO! MO NINW: N NV O
] — i ot
~N ™
~<
~ ™
<
= o0
<
=] N ™M
—
[ n
1
o [~
=] -
Q [T
[Ty
=
&) n
- ot
7] a
2]
Q

76



CHAPTER 5

5.1 MCCGD FOR k =4, v = 4

THEOREM 5.1

For k = 4 and v = 4 the minimal complete

class of generator designs is given in Table 5.1.

TABLE 5.1 MCCGD FOR k = 4, v = 4
DESIGN| b Ty T m'\olllz STRUCTURE
D 1i 0 1i 0: 0i 1: 1| 1
1
0 2
3
0 4
D2 2; 4 1; 0i 2¢ 1i 0] 0 O
2 0 0
1 3
0 2 4
D3 4; 8 2: '0: 4 0 1] 0 0 O O
4 0O 0 0 O
1 1 2 2
0 3 4 3 4
D4 4; 4 3] 4i 3 2 21 0 0 O O
0 1 1 1 2
2 2 3 3
0 3 4 4 14
PROOF:

The procedure for proving the class to
be minimal class is same as discussed in Section 4.1. The

lower bound on B 1is, however, obtained by using the
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FACT 2.6 and FACT 2.7, i.e. by finding an index j0 which

minimizes | N - M, |, where N is the total number of

0

TT~-pairs in the desién and Mj is the number of TT-pairs

0

in the jo th BB combination with b

blocks in it.
j0

CASE 1: KO = 0 mod(3)

According to the Lemma 2.7, Xzﬁkl,

there is no need to consider the cases whenk2 = Kl t

Further note that, N = 6 A { FACT 2.3 ).

1

(a) Consider 3 kl - 2 Ko Z 0.

*=fp. U £ ith
Let D = 1D1 3D3 , Wit

3 A - 2 X
£, = L 0 £ =X o/3

3

Since A, = 0 mod(3), £

0
Furthermore,

1

By Lemma 2.1,

and f3 are both integers.

Hence, D is either equivalent or S-inadmissible

with respect to D*.

(b) Consider 3 A, - 2A_ < 0.

1 0

Note that 6 A= X = L mod{(9), L = 0,3,6.

1 0
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We will take these cases separately.

(i) o6 kl - Ko = 0mod(9%9) =9m, m = 0,1,2......

Note that N = ko + 9 m ( FACT 2.3 )

* u U
Let D = f2D2 f3D3 f4D4 , with

) X N §
£=zo 3N, f=61 o e s
2 9 3 9 4 2
Note that fz, f3 are non-negative integers.
k4
so, b = Ko +.m
take,
{ m , 1if Ko is odd
j:
0 m+ 1, if Ko is even
S0, M =A_+9m ( FACT 2.6 )
B Py 0
and bjo = Ko + m
Therefore,
bzb, =b ( FACT 2.7 )

(ii) 6 A, - A_ =3 mod(9)= 9m + 3, m = 0,1,2....

1 0
Note that, N = Ko +9m+ 3 ( FACT 2.3 )
Take,
{ m , 1f KO is odd
j =
0 m+ 1, if>~o is even
So, M, =X_ +9m is closest to N, with b, =XA_ + m
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> = A

But b—bjo- o t M,
* * * * * *
Now consider D with ( b A ,hl,kz), where Ko = ko,
* *

K1=?~1+1, and»\2=>~2. Then

* ®

5}1-7\0=5>\1-10+6=0mod(9)
*

Therefore, from Subsection b(i) above, b = ko + m.
Hence, D is with ( b= A +m, A, A , XA, ) and D' is

*
with(b=>\0+m,?~o,?~1+1,?~1+1 }. That means any
D w1th. Ko, hl, Az and 6 Kl - ko = 3 mod(9) is

S-inadmissible with respect to D*.

(iii) e ?~1 - ko = 6 mod(9) = 9m + 6, m= 0,1,2,...

NotethatN=6>n1=>xo+9m+6 ( FACT 2.3 )

*
Let, D = f.D, U £,D, U £.D, U £,D,, With

2X,. - 3A_, + 3 6N, —A_ -6

Note that £ £ and £, are non-negative integers.

3’ 4
Now, b =x_ +m + 1.

Take,
m+ 1, iflo is odd
Jg =

m+ 2, ifko is even

So, M. =A_+ 9 m + 9, which is closest to N, and
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b,=A_+m+ 1 ( FACT 2.6 )
1," 0 _

Now, b = bj = b ( FACT 2.7 )

CASE 2 : A, = 1 mod(3)

According to Lemma 2.7, K2= A 1+ 1 and

therefore, N = 6 kl + 4 (FACT 2.3)

(a) 3 Kl - 2X_2 -8, Therefore, N = 4 ho + 6m- 12.

g u U
Let D = f1D1 f3D3 f4D4, with

3r; =22,

+ 8 N, -4

3

Note that, fl and f4 are non-negative integers.

4]
0
o
"
+
B
"
w
B

Take,

+ m, if KO is odd

+ m, if ko is even

S0,

Mj = 4 Ko + 9m -3 is closest to N and
bj =5m+ 1 (FACT 2.6)
0

Therefore, b2 b. > Db (FACT 2.7)
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-2X_< -8

(b) 3 » 0

1

Consider the cases when,

6 kl - Ko = L mod(9), L = 2,5,8.
(i) o Kl - AO =2mod(9) =9 m+ 2, m=290,1,2,....
Then, N = ko + 9m+ 6
*
Let, D = £,D, U £,0, U £,Dq4 U £,D, . with
2)\0-37*~1—5 2?\0-3?~1+4 6’\1—?\0—2
£1= 1,5, r£y= r£y=
9 9 9

Note that, fz, f3, £ 4 are non-negative integers.

*
So, b =A_+m+ 1.

0
Take, { m+ 1, if A, is odd
j =
g m+ 2, ifz\o is even
Therefore, Mj = 7\0 + 9 m+ 9 is closest to N, with
0 .
b =X _+m+ 1 (FACT 2.6)
jo 0
so, .
b=z bj = Db (FACT 2.7)
0

(ii) 6 7\1 -7\0 = 5mod(9) =9m+5, m=20,1,2,...

Note that, N =X2_ + 9 m + 9.

0

k ¥ s U fp. U h
Take, D = fZDZ 3D3 f4D4, wit

2k0-37\1—8 27\0-3>~1+1 67\1-7\0+4
fzr ,f3— ,f4=
9 9 9

It can be seen that f2' £

37 £ 4 are non~-negative integers.
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Also, b A+ nm+ 1

0
Take,
{ m+ 1, ifko is odd
5 =
0 m+ 2, ifko is even
Then, Mj = ko + 9 m+ 9 is equal to N with
(4]
b =X, +m+ 1 (FACT 2.6)
jo 0
so, bzb, = b (FACT 2.7)
0
(iii) o 7\1 - Ko = 8 mod(9) =9 m+ 8, m=0,1,2,..

Take, jo as in Subsection (ii) above.
= = A
Sso, b hjo ot M + 1
a * with . Y g AT =
Consider, D wt(b,0-0,1_1+1,2-2)

* *
Now,G?xl-k = 6 A + 6 =9 m+ 14 = 5 mod(9)

(] 1 "o
Therefore, by Subsection (ii) above.

*
b =7\0+m+1

Hence, D is with ( b2 A_ + m + 1, 7\0, )‘1' 7\2 ) and D* is

0

0+m+1,>~0,7\1+1,7~1

i A - =
any D with 7\0’2\1' 2and. 6>~1 7\0 5 mod(9) is

S-inadmissible with respect to D*.

with { b* = A + 1 ). Therefore,

2 mod(3)

CASE 3 : A

According to Lemma 2.7, 7\2 =7\1 - 1, and

therefore, N 6 7~1 - 4 (FACT 2.3)
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N=4A_+6m-=-=6

Let, D = £,D, U £,0, U £,D, , with

3N, =22+ 1 A -2
£, = — 0 g =1, f =2 —

3

Note that, £ 1 and £ 4 are non-negative integers.

So, b,,,=4>~0+3m—2
3
Take,
Ao = 2
3 +m,ifkoisodd
Jg = Ao * 1
3 +m, if 7\0 is even
So, Mj0=47\0+9m-6,and
47\0+3m-2
bj =
0 3
so, N
bz b, =0bD
Jo
(b)3?\1-27\-0<-1
Consider 6 7\1 - ?\0 = L mod(9), L = 1,4,7
(i)G?\l—?&o=1mod(9)?- 10 (=9 m+ 1,

Note that, N=7&o+9m+6

%
Let, D = f,D, U £,D, V) £4D,4 U £,D,, with
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2\0— 3\1+ 11 2>~0- 3\1+ 2 _ 6’~1—7\1- 10
fl— 1,f2= ,f3= R f4-
9 9 9
*®*
So, b =>~0 + m
Take,
{ m+ 1, if»\o is odd
3 =
0 m+ 2, 1if >~o is even
so, Mj = 7~0 + 9 m+ 9 is closest to N, and
0
bjo =?\0 + m+ 1
Therefore,
bz b, > b
0
(1ii) 6 7\1 - 7\0 =4mod(9) =9m+ 4, m = 0,1,2,...
Therefore, N = Ko +9m~- 3

* - £p, U U i
Let, D = 2D2 f.:,,D3 f4D4 , with

c 2>~0-3h1+8f 2X0-37\1—1f 67\1
2= ’3= ,4=
9 9
®*
This gives, b =>~°+m
Take,
{ m ,if7\0 is odd
j =
0 m+ 1, if 7\0 is even
So, Mjo=7\o+9m,with
b, =A_+m
Jo 0
*
Therefore, bz b, =0b
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(iii) o6 3‘~1 - 3\0: 7 mod(9)= 9 m + 7, m = 0,1,2,....

Note that, N=>~o+9m+3

Take,

m , 1f 7‘~0 is odd
j0

m+ 1, if 3\0 is even

= = A
So that, Mj ho + 9 m and bj 0 +m
0 0
Therefore, b = }\0 + m
t, D i desi ith (b* A%¥=xn a%¥=a 22
Let, D s a design with (b , 0= o017 1+ 1,/ 2= ~2)
* x*
Here, 67~1->\0=6>~1-7~0+6=4mod(9)

This case is covered in b(ii) above, and hence,
b* = ho + m
Therefore, D is with (bZ A  + m, Agr Mqr M) and
®
0 1 2 )
Hence, D has smaller 7\1 value than the same for D*

Therefore, any design D for which 6 >~1 - 7\0 = 7 mod(9),

* ®
D is with (b =& +m,>~o,?~ + 1, M

is S-inadmissible with respect to l'.!"'r .

(iv) 67x1 -lo = 1
Therefore, )\0 =1mod(6) =6m+ 1, m=20,1,2,..........
From Lemma 2.2,
AL+ 3N, -2
r=0 1 =2m+?\-1-1/3,
3

which is not an integer.

Therefore, such designs cannot exist.
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Note that 6 Rl - lo is not allowed to

take all possible values in the above cases. It will be
shown below that for all such uncovered cases any design
D will be S-inadmissible with respect to a design D*,

which is union of copies of designs from Table 5.1.

CASE 1: Let A, is even.

0
From FACT 2.7 , b2 b, =XA_+ -1, j=1,2,...

...... ’ [7\0/3]-}1

Therefore, b=z 7\0

(1) Let>x0= 0 mod{(6) and 6 A, =X _ < 0= A _< k0/6

1 0 1
A A
*%*
Let, D g D, U ——9D3
6 6
b. =% . A oa . A¥ oA
So, =% %0 =ror 1 = o/®

*

%* * * *
0y = / - 4 }\.
Therefore, D is with (b XO' Xo —'\0, Xl \0/6, 2 )

[} } b,
Whereas, D 1is with (b = ko, ko, \1 < ko/G, Kz)
% *
So, D has smaller?\1 than Al of D . Hence, D is
S-inadmissible with respect to D*.
i b = PN - A
(ii) Let 0 2 mod(6), 6 1 0 < 4 >
Ao+ 4
kl < 0 .
6
' Ao+ 4 A= 2
x
Let, D = 0 D, U 0 D,
6 6
X+ 4
_ *-_ *_ 0
So, b ..AO,AO._ko,andkl = -
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* *_ *_ *_ ') »*
So, D is with (b =2, , Ay =X, A, =—F— , X, )
7\0+4
2 _—
and D is with (b2 X, X , A, < g +M5)

®
Hence, D is S~inadmissible with respect to D .

(iii) Letko = 4 mod(6), 6>\1 —7\0 < -4 =
AL -4
K1<—Q———
6
Ao -4 Ao+ 2
Let, D =-—2 D, u -2 D,
6 6
AL~ 4
%* *_ *__Q___
Therefore, b -7\0,7\0_7\0,?\1_ 3
Ao -4
* *_ *_ *_ 0 *
So, D is with (b _?\o,ko_ko,kl.. 3 ,7\2)
?\0-4
=z
and D is with (b = 7\0, 7&0, 7~1 < 6 ’ >\2 )

Hence, D is S-inadmissible with respect to D*.

is odd

CASE 2: Let A 0

> = = A
From FACT 2.7, b z bjo =XNg + 35, 3g = 1,2,...., /3]

Therefore, b2 7\0 + 1.

(1) Let>~0=1mod(6) and63\1-7\o<5 =
A+ 5
ny <22
6
A= AL =1
*x "o 0
Let, D =—¢ D2U = D3UD4
A+ 5
*_ *- *_ 0
Then, b-ko+1,>~o_>\o,>\1_ 3
Ao+ 5
* * LA *x 0
So, D is with (b ->~0+1,?~o_;\0,>\1_ 3 ,J\Z
k0+5
>
and D is with (b2 X + 1, X, A, < g My )
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Hence, D is S-inadmissible with respect to D*, for

0
(ii) Let ko = 3 mod(6) and 6>~1 -?xo <9 =
AL+ 9
k1<_—o-_—u
6
A -3 ) - |
Let,n*=° p, U -2 p, U b
2 3 4
6 6
bY = A ¥ o x*—K°+9 i
So, -0+1,0-0, 1 = 6,.e.,
Ao+ 9
* *_ *_ *__0__ *
D is with (b _7\0+1,>\0_7\0,7\2_ = ,J\z)
7\0+5
> —
and D is with (b2 Ag + 1, Ao, Xy < g Mo )

So, D is S-inadmissible with respect to D* for

6, -A_< 9.

1 0
(iii) Let 7\0 = 5 mod(6) and 67\1 —7\0 < 13 =
AL+ 13
7\.1< 0
6
AL+ 1 A =5
Let D= = —2 p, U 9 p, U b
2 3 4
6 6
b* =2 Y = x*—k°+13
So, =hot 1y hg =hor Mg T 6
A+ 13
* *_ *_ *_ 0 *
So, D is with (b-ko+ 1,7\0—7\0,7\1-—————6 ,7\2
h0+13
1 >
and D is with (b2 X  + 1, X, A, < 3 P

*
Hence, D is S-inadmissible with respect to D for

67&1—7\0<13.
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This makes the three cases considered
before exhaustive. Hence proof of the theorem is

complete.

5.2 MCCGD FOR k = 4, v = 6

THEOREM 5.2

For Kk = 4 and v = 6 the minimal complete

class of generator designs is given in Table 5.2

TABLE 5.2 MCCGD FOR k = 4, v = 6.

DESIGN| b ro r m7\o7\1>~2 STRUCTURE
D, 2i 2 1/ 2/ 1] 1/ o o o
. 1 4
2 5
0 3 6
D, 6/ 0l 4/ of o] 3 2/ 1 1 1 1 2 3
o 2 2 2 4 4 4
3 3 3 5 5 5
0 4 5 6 6 6 6
D, 618/ 1} o/ 3 ol 0/ 0 0 0 0 0 o
0 0 0 0 0 0 O
0 0 0 0 0O
6 1 2 3 4 5 6
D, 6/12 2| o/ 4 1, o/ 0 o0 0o 0 0 O
6 0 00 0 0 O
1 1 2 4 4 5
0 2 3 35 6 6
D 7, 4 4/ 4/ 2|/ 2/ 20 0 0 0 0 1 1 2
0 11 2 4 2 3 3
2 3 3 5 4 4 5
0 6 5 4 6 5 6 6
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TABLE 5.2 ( CONTINUED ).

DESIGN| b gl T m XO 7\1 9\2 STRUCTURE
o 0o 0o 0 0 0 0 O O
2 2 2 2 2 2 3 3 3
3 3 3 4 4 5 4 4 5
4 5 6 5 6 6 5 6 6

5.3 MCCGD FOR k =4, v = 8

THEOREM 5.3

For k

4 and v = 8 the minimal complete

class of generator designs is given in Table 5.3.

TABLE 5.3 MCCGD FOR k = 4, v = 8 .

DESIGN| b Fol T m7\07\17\2 STRUCTURE
D120100 00 1 5
0 2 6
3 7
0 4 8
D2 8/24; 1, 0} 3} of 0/ 0 0 0 O O O O O
0 0O 0o 0o 0 0 0 O O
0O 0 000 O O O O
8 1 2 3 4 5 6 7 8
D310840221000011125
4 0O 0 0 0 2 2 3 3 6
1 2 3 4 3 4 4 4 1
0 5 6 7 8 8 7 6 5 8
5
6
7
8
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5.4 MCCGD FOR k

THEOREM 5.4

10 the minimal

and v

4

For k

complete class of generator designs is given in Table 5.4
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CHAPTER 6.

6.1 A-OPTIMAL DESIGNS :

Consider an E GD TIB design with
parameters ( k, v, b, KO' kl' hz ). Then from Section
2.1.3, the trace of the inverse of information matrix M
is given as

v Vi, Y ¥ 2
2 Vk["‘o”‘ﬁz"z”"o*z’\z) 2 3 1)’\2]

Tr(M ") =

A X + 2+ ¥
ko(d+vk2)( 2 + kﬂ

ot 271" 2

The design, among all the E GD MB
TIB designs for given ( k, v, b ), which minimizes the
Tr(M_l),given above,is called A-optimal. In fact, such a
design, if exists, has a least average variance of the

BLUE' s of treatemnt contrasts { o,k - ai},i = 1,2,.¢0.. .,V

0
(the sum of diagonal elements of the variance-~covariance
matrix of the estimates).

Majumdar ( 1981 ) and Majumdar and
Notz ( 1983 ) showed that if there 1is a design that
minimizes Tr(M"') then it is binary in the
test-treatments and the number of units allocated to the

control are less than half of the the total units in the

‘design, i.e.
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The actual minimization of the

Tr(M-1

), given above, is done for k = 2, 3, 4 and v = 4,
6, 8, 10, and for each b < 50. The A-optimal designs
are obtained and given in the following tables with their
possible structure through the corresponding ( for that k

and v ) MCCGD given in the previous chapter.

6.2 A-OPTIMAL E MB GD TIB DESIGNS FOR k = 2 :

TABLE 6.2 A-OPTIMAL E MB GD TIB DESIGNS FOR k = 2.

k| v| b|rg x|, STRUCTURE
2| a| al| 1 0| D; (Table 3.1)
6| 1 1| 0| DY p,
8| 1| of| 1| by,
10| 2| 1| o] ny 2n,
12| 2| o| 1| by 2p,
14| 2| 1| 1| by Dy 2p,
16| 3| o 1| by 3p,
18 3 1 1| by DéJ'ans
20| 3| 2 1| 2pY DY 3D,
22| 4| 1| 1| bW DY 4p,
24 | 4| 2 1| 2pu DY 4D,
26 | 4| 1| 2| Dy 2py 4p,
28| 5| 2| 1| 20 Dp 5D,
30| 5/ 1| 2| by 2p0 5D,
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TABLE 6.2 ( CONTINUED ).

b 0 11 2 STRUCTURE
32 5 2 2 ZDfJ ZDZLJ 5D
34 6 1 2 DfJ 2D£J GD3
36 6 2 2 ZDfJ 2D£J 6D
38 6 3 2 3DfJ 2D£J 6D
40 7 2 2 ZDfJ 2D£J 7D
42 7 3 2 3D£J 2D£J 7D
44 8 2 2 ZDfJ 2D£J 8D
46 8 3 2 _3DfJ ZDéJ 8D
48 8 2 3 ZDfJ 3D£J 8D
50 8 3 3 3DfJ 3D£J 8D3

6 1 0 0 D1 (Table 3.2)

9 0 0 1 D3
12 1 1 0 DfJ D2
15 1 0 1 DéJ D3
18 2 1 0 DfJ 2D2
21 2 0 1 2D£J D3
24 3 1 0 DfJ 3D2
277 3 0 1 3D£J D3
30 4 1 0 DfJ 4D2
33 3 1 1 DfJ 3D£J D3
36 5 1 0 DfJ 5D2
39 4 1 1 DfJ 4D£J D3
42 3 1 2 DfJ 3D£J ZD3
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TABLE 6.2 ( CONTINUED ).

2 IR ES STRUCTURE
6| 45| 5| 1| 1| Do 5DY D,

a8 | 4| 1| 2| pu apy 2p,

8| 8| 1| of o b, (rable 3.3)
12 o| 1| of p,
16| 2| o of 20,
200 1| 1| of by,
24| 1| o| 1| by n,
28| 2| 1| o 20 D,
32| 2| of 1| 20 b,
3| 3| 1| o} 3pu b,
g0 | 3| o| 1| 3pu p,
aa| 2| 1| 1| 200 DY D,
a8 | a| o| 1| app b,

10| 10 1| o| 0| D, (Table 3.4)
20 2| o of 2p;
25 | o of 1] p,
30| 1| 1| of by,
35| 1| of 1| Dy p,
90| 2| 1| o] 20 D,
a5 | 2| o 1| 2p D,
so| 3| 1| o] 3y D,
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6.3 A-OPTIMAL E MB GD TIB DESIGNS FOR k = 3 :

TABLE 6.3 A-OPTIMAL E MB GD TIB DESIGNS FOR k = 3.

k v b | A 0 A 1 A 2 STRUCTURE
3 4 2 1 1 0 D1 (Table 4.2)
4 2 0 1 D4
6 3 1 1 D1U D4
7 2 2 2 D6
8 4 2 1 2D1U D4
9 3 3 2 D1U D6
10 5 1 2 D1U 2D4
11 1 2 3 D4U D6
12 6 2 2 2D1U ZD4
13 5 3 3 D1U D4U D6
14 7 3 2 3D1U 2D4
15 6 4 3 2b UV D4U DG
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TABLE 6.3 ( CONTINUED ).

b | Ay | ™y ) STRUCTURE
16 8 2 3| 20 3p,

17 7 3 4| DU 2D D
18 9 3 3| 3p 3p,

19 8 4 4| 20V 20U D
20 | 10 4 3| 4p 3p,

21 9 5 4| 3p 20U D
22 | 11 3 4 | 3pu 4p,

23 | 10 4 5 | 2,0 3D D
24 | 12 4 4 | 4Dy 4p,

25 | 11 5 5| 3D 3D D
26 | 13 5 4 | 5DV 4D,

27 | 12 6 5 | 4DV 3D D
28 | 14 4 5| ap 5D,

29 | 13 5 6 | 3D 4D D
30 | 15 5 5 | 5D 5D,

31 | 14 6 6 | 4D,V 4D,U D
32 | 16 6 5| 6D 5D,

33 | 15 7 6 | 5D~ 4D D,
34 | 17 5 6 | 5D,J 6D,

35 | 16 6 7 | 4pV 5D, D
36 | 18 6 6 | 6D 6D,

37 | 17 7 7 | 5D,Y 5D,U D
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TABLE 6.3 ( CONTINUED ).

b KO kl 2 STRUCTURE
38 19 7 6 7DfJ 6D4
39 18 8 7 SDfJ 5Di% D6
40 20 6 7 SDfJ 7D4
41 19 7 8 5D1LJ 6D£J D6
42 21 7 7 7DfJ 7D4
43 20 8 8 6D£J 6D4J D6
44 22 8 7 8DfJ 7D4
45 21 9 8 7DfJ SDAJ D6
46 23 7 8 7D£J 8D4
47 22 8 9 GDfJ 7D¢J D6
48 24 8 8 BDfJ 8D4
49 23 9 9 7DfJ 7D£J D6
50 25 9 8 9DfJ 8D4

2 0 1 0 D1 (Table 4.3)
6 2 1 0 D3

7 1 1 1 D4

9 3 0 1 D5

10 0 2 2 D6

11 3 1 1 DfJ D5

12 2 1 2 D7

13 3 2 1 2D£J D5

14 2 2 2 2D4
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TABLE 6.3 ( CONTINUED ).

b AO kl 2 STRUCTURE
15 5 1 1 DgJ D5

16 4 1 2 DiJ D5

17 5 2 1 DfJ DéJ D5
18 4 2 2 D§J D7

19 3 2 3 DiJ D,

20 6 1 2 DfJ 2D5

21 7 2 1 2D§J D¢

22 6 2 2 ZDfJ 2D5

23 5 2 3 ZDJJ D5

24 8 1 2 DjJ 2D5

25 5 3 3 DfJ 2D4J D5
26 8 2 2 DfJ DiJ ZD5
27 7 2 3 DfJ DiJ 2D5
28 8 3 2 ZDfJ DﬁJ 2D5
29 7 3 3 ZDfJ DiJ 2D5
30 10 2 2 2D§J 2D5

31 9 2 3 2D£J 3D5

32 10 3 2 DfJ 2D5J 2D5,
33 9 3 3 3DfJ 3D5

34 8 3 4 DfJ 2D4J 2D5
35 11 2 3 DfJ DéJ 3D5
36 12 3 2 3D§J 2D5

37 11 3 3 ZDfJ DjJ 3D5
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TABLE 6.3 ( CONTINUED ).

b A o | A 1 2 STRUCTURE
38 | 10 3 4 | 2pU D 3D,
39 | 11 4 3| 3D,¥ DV 3D,
40 | 10 4 4 | 3DV DY 3D,
41 | 13 3 3| DM 2D 3D,
42 | 12 3 4 | 3D 4D,

43 | 13 4 3| 2p,Vv 2DV 3D,
44 | 12 4 4 | 4pV 4p,

a5 | 15 3 3 | 3DV 3D,

26 | 14 3 4| 2DV DL 4D,

a7 | 15 4 3| D 3D 3D,

48 | 14 4 4 | 3D,V D 4D,

49 | 13 4 5| 3DV D 4D,

50 | 14 5 4 4D,V DU 4D,

8 2 0 0| D, (Table 4.4)
12 3 1 0| Dy
16 4 0 1| D,

18 3 1 1| Dg

19 2 2 1| pg
20 5 1 0| DU Dy
23 5 1 1| pg
24 4 2 1| by Dy
25 2 2 2 | Dy,

28 5 1 2 | DY D,
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TABLE 6.3 ( CONTINUED ).

v b KO kl 2 STRUCTURE
8 30 6 2 1 DSJ D5
31 3 3 2 DﬁJ D¢
32 8 0 1 ZDfJ D,
34 7 1 2 DiJ D5
35 6 2 2 DéJ D8
36 5 3 2 2D£J D3
37 3 3 3 DéJ D10
38 2 4 3 D13
39 9 1 2 DiJ D8
40 8 2 2 D£J DiJ D4
42 7 3 2 DéJ D8
43 4 4 3 ZDéJ D6
44 11 1 2 D§J 2D4
46 10 2 2 2D8
47 9 3 2 2D§J D7
48 6 4 3 3D£J D3
49 4 4 4 2D£J D10
50 3 5 4 DéJ D13
10 10 2 0 0 D1 (Table 4.5)
14 2 1 0 D2
20 4 1 0 D3
25 3 1 1 D‘5
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TABLE 6.3 ( CONTINUED ).

v b o | M1 9 STRUCTURE
10 | 30 2 1 2 | pg
32 5 1 1| Dy,
35 7 0 1| b Dy
37 4 1 2 D12
39 5 2 1| by pg
40 8 1 0| 2p D
44 6 1 2| Dy,
45 7 2 1| by D,
a9 3 2 3| Dy,
50 8 1 2 | b b,
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6.4 A-OPTIMAL E MB GD TIB DESIGNS FOR k

= 4.

TABLE 6.4 A-OPTIMAL E MB GD TIB DESIGNS FOR k =

4

k v b | Ag | A | 2y, STRUCTURE
4 4 1 0 1 1| b, (rable 5.1)

2 2 1 o o,

3 2 2 1| b D,

4 3 2 2| b,

5 3 3 3| by D,

6 5 3 2| by b,

7 5 4 3| DYV DY D,
8 6 4 4 | 2p,

9 7 3 4| b DU D,
10 8 5 4| by 2p,

11 8 6 5| DY DY 2D,
12 9 6 6 | 3p,

13 | 10 5 6 | DU DY 2D,
14 | 11 7 6| DM 3D,

15 | 11 8 7 | b DY 3D,
16 | 12 8 8 | 4D,

17 | 13 7 8 | DU DL 3D,
18 | 14 9 8 | b 4p,

19 | 14 | 10 9| DY DY 4D,
20 { 15| 10 | 10 | 5D,

21 | 16 9| 10| bV DU 4D,
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TABLE 6.4 ( CONTINUED ).

b kO 1 Kz STRUCTURE
J

22 17 11 10 D2 5D4

23 17 12 11 DfJ DéJ 5D4

24 18 12 12 6D4

25 19 11 12 DiJ DiJ 5D4
L

26 20 13 12 D2 6D4

27 20 14 13 DfJ DéJ 6D4

28 21 14 14 7D4

29 22 13 14 DfJ DﬁJ 6D4

30 23 15 14 DéJ 7D4

31 23 16 15 DfJ DéJ 7D4

32 24 16 16 8D4

33 25 15 16 DfJ DéJ 7D4

34 26 17 16 D£J 8D4

35 26 18 17 DfJ DéJ 8D4

36 27 18 18 9D4

37 28 17 18 DfJ DéJ 8D4
U

38 29 19 18 D2 9D4

39 29 20 19 DfJ DiJ 9D4

40 30 20 20 10D4
(o

41 31 19 20 D1 DjJ 9D4
LJ

42 32 21 20 D2 10D4
(& U

43 32 22 21 D1 D2 10D4

44 33 22 22 | 11D4
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TABLE 6.4 ( CONTINUED ).

b X 0 A 1 A 2 STRUCTURE
45 34 21 22 DfJ D§J 10D4
46 35 23 22 DéJ 11D4
47 35 24 23 DfJ DéJ 11D4
48 36 24 24 12D4
49 37 23 24 DfJ DjJ 11D4
50 38 25 24 DéJ 12D4

2 1 1 0 D1 (Table 5.2)

7 4 1 1 D6

9 5 2 1 DfJ D6
10 5 2 2 D10
11 7 1 1 DfJ D9
12 6 3 2 D13
13 8 2 1 ZDfJ D9
14 6 3 3 DfJ D12
15 8 2 3 D16
16 9 3 2 ZDfJ D14
17 9 3 3 DfJ D16
18 9 3 4 D17
19 10 4 3 ZDfJ D16
20 10 4 4 DfJ D17
21 12 3 3 DfJ DéJ D16
22 11 5 4 ZDfJ D17
23 13 4 3 ZDfJ DéJ D14
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TABLE 6.4 ( CONTINUED ).

b A 0 A 1 2 STRUCTURE

24 | 13 4 4| pu DY D,

25 | 13 4 5 DM Dy,

26 | 14 5 4| b~ D,

27 | 14 5 5| DM DM Dy,

28 | 14 5 6 | D¢ Dy

29 | 15 6 5| 2DV DY D

30 | 15 6 6| b D, D,

31 | 17 5 5| D) 2p M D,

32 | 16 7 6 | 2Dv D,V D,

33 | 18 6 5| 20,0 2D D,

34 | 18 6 6 | pu 2DV D,

35 | 18 6 7| DY DY Dy,

36 | 19 7 6| 2pv 2D D

37 | 19 7 7| D DM D, Dy,
38 | 19 7 8 | 20,0 D,

39 | 20 8 7| 2p0 DM D,V Dy,
40 | 20 8 8 | DY 2D, D,

a1 | 22 7 7| b 3DM D,

a2 | 21 9 8 | 2p0 2D, U D,
43 | 23 8 7 zan 3D D,

42 | 23 8 8 | DM 2D D, U D,
a5 | 23 8 9| DU 2D, U D

6 10 17
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TABLE 6.4 ( CONTINUED ).

b KO kl AZ STRUCTURE
46 24 9 8 2D£J ZDéJ DldJ D4
47 24 9 9 DfJ DéJ andJ D17
48 24 9 10 3DldJ D17
49 25 10 9 ZDfJ DéJ 2DldJ D17
50 25 10 10 DfJ 3DldJ D17

2 0 1 0 D1 (Table 5.3)
10 2 2 1 D3
12 5 1 1 D5
14 5 2 1 DfJ D5
15 4 2 2 D7
16 3 2 3 D8
17 4 3 2 DfJ D7
19 7 2 2 D11
20 6 2 3 D14
21 7 3 2 DfJ D11
22 6 3 3 DfJ D14

23 10 1 2 D15

24 9 2 3 D17

26 9 3 3 DfJ D17

27 4 4 5 DAJ D7

28 9 4 3 2D£J D17

29 4 5 5 DfJ DiJ D7
30 12 2 3 D18
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TABLE 6.4 ( CONTINUED ).

v b KO 11 2 STRUCTURE
8 31 12 3 3 DgJ D11
32 12 4 3 D19
33 7 5 5 DfJ DiJ D11
34 11 4 4 DfJ DéJ D14
35 10 4 5 DfJ Dig
36 14 3 4 DgJ D17
37 10 5 5 DfJ DfJ D14
38 14 4 4 DfJ DgJ D17
39 13 4 5 D%J D17
40 14 5 4 ZDfJ DéJ D17
41 13 5 5 DfJ DiJ D17
42 12 5 6 DfJ DéJ D17
43 16 4 5 leJ D17
44 17 5 4 DgJ D19
45 16 5 5 DfJ leJ D17
46 15 5 6 DfJ DliJ D17
47 16 6 5 DfJ D19
48 15 6 6 ZDfJ DliJ D17
49 10 7 8 DfJ DAJ DfJ D14
50 18 5 6 DfJ 2D17
10 10 3 0 0 D1 (Table 5.4)
13 3 1 1 D2
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TABLE 6.4 ( CONTINUED ).

STRUCTURE

D45

Dqyg

Dyg

D,y

Dig

Doy

Y

Dy3

Dye

DM Dyg

Dy Dyy

Dyg

Dy” Dyq

Dig

L

D4

U

10

11

13

12

10

11

14

15

20

25

26

27

28

30

31

32

33

34

36

37

38

39

40

41

42

43

44

45

10
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TABLE 6.4 ( CONTINUED ).

v b Xo Al 2 STRUCTURE
10 46 7 4 5 DAJ D18

47 8 5 4 DJJ D21

48 6 5 5 DéJ DiJ D8

49 13 3 4 DiJ D23

50 12 4 4 DéJ D17
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CHAPTER 7

7.1 COMPUTER ALGORITHM FOR FINDING ALL
BINARY E MB GD TIB DESIGNS :

The program " DSGN " (See Appendix-A)

uses an algorithm based on the discussion in Section 2.2
and generates all possibily existing, admissible,and
binary E MB GD TIB designs for a given (v,k). The

details are as follows.

INPUT: An input disk file named " PARAMS " ( abbreviation

.of parameters of the design ) is created and saved by the
user with the following ent-ries.
K (represents the block size k) in the first column.
V (represents the number of test-treatments v) in the
next three columns, right justified.
‘MAXB (repyesents the maximum number of blocks for which
the designs are required, i.e. 1 = b = MAXB) in the

next three columns, right justified.

ALGORITHM:

Step 1. Generate a value B [ B = 1(1}MAXB ]
Step 2. call Subroutine "™ VECTOR " which generates the

vector M [represents the vector m = ( m m

1’ 2’7
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Step 3.

Step 4.

Step 5.

Step 6

Step 7

Step 8

Step 9

If all possible vectors M have been generated
then go to Step 1 to generate the next va;ué
of B, otherwise continue.
Compute R (represents r, the replications of
test-treatments) and check whether it is an
integer.
If not an integer then go to Step 2 to generate
next possible vector M, otherwise continue.
Compute LDO (represents KO) and check whether it
is an integer.
If not an integer then go to sStep 2, otherwise
continue.
Compute LD1 (represents kl) and check whether it
is an integer.
If not an integer then go to Step 2, otherwise
continue.
Compute LD2 (represents Rz)
Call Subroutine " EXIST " which checks for the
non-existence of the design.
If the design is ‘non-existent go to step 2,
otherwise continue.
call Subroutine " DTYP " which decides the type of
design as BIB, BTIB, or MBTIB designs.
Call sSubroutine " ADMSB " ( see remark below )
which checks whether the design is admissible or
not ( see Section 2.1.4 ).

If inadmissible go to Step 2, otherwise continue.
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Step 10 call Subroutine "™ OPTIM " which finds the optimal
design. Then go to Step 2.

The program will automatically stop

when the B values are exhausted ( i.e. when B > MAXB ) by

giving a massage " JOB COMPLETED | ".

OUTPUT:

1. All designs are stored in a disk file (Created by
the program) named as " DESIGN " .

NOTE: The file "DESIGN" can be written (properly
and automatically formatted) on the printer
by running a program "PRT1" given in
Appendix-D.

The sample output of this file is given in
Appendix-G.

2. All optimal designs classified in BIB, BTIB, or
MBTIB designs are stored in a disk file (created by the
program) named as "OPTIMAL".

NOTE: The file "OPTIMAL" can be printed (properly
and automatically formatted) by running a
program "PRT2" given in Appendix-E.

A sample output of this file is given in

Appendix-H.
REMARK:In order to check the admissibility of a design a
matrix named "ADM" is created by the program. The

i th row of this matrix,corresponds to7\o =3i-1.

The parameters b, A A are entered into the

1’ 2
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(ko + 1) th row of this matrix. So, "ADM" looks as

follows ( for example ).

- 1 2
row 1 ... - - ’ (ho = 0)
§2 . - ; .. !(ko = 1)
i e z
} Z i i i
? 7 2 1 ;KO = 8)

Hence, the program knows that for'K0= 8 (for
example) a design with b = 7, kl = 2, hz = 1 is
already available. So, if the program find a
candidate of the form ( b, ?\0 = 8, >\1 = 2, '\2 = 1)
with b 2 7 it discard it treating as equivalent or
inadmissible design.

In this way all equivalent or inadmissible

designs can be discarded.

7.2 COMPUTER ALGORITHM/PROGRAM FOR FINDING
A POSSIBLE SET OF DESIGNS TO BE MCCGD,
AND THE STRUCTURED CONSTRUCTION OF ALL
DESIGNS :

The program "“SEARCH" ( given in

Appendix-B ), helps in finding a MCCGDs for a given

(v,k).

INPUT:1. Disk file "PARAMS" created by the user and

updated by the program "DSGN" ( Appendix-3)
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2. Disk file "DESIGN" created by the program "DSGN"

(Appendix-A)

OUTPUT:Disk file "GD" created by the program "SEARCH"
contains the possible candidates for the MCCGDs for the
(v,k).

REMARK: Each design in the file "GD" 1is tried to be
constructed manually. The design which cannot be
constructed ( a 1little trial and error is
required ) should be deleted from the file "GD"
by the user. In this way the file "GD" is updated

and then saved containing only the MCCGDs.

The program "STRUCT" ( given in
Appendix-C ) is used to find the structure of a design by
finding the possible union of replicates { copies ) of
generator designs which is equivalent to the design
structured.

INPUT:1. Disk file "PARAMS" updated by the program

"DSGN" ( Appendix-A ).
2. Disk file "DESIGN" created by the program "DSGN"
{ Appendix~-A ).

3. Disk file "GD" updated by the user as MCCGDs.
oUTPUT:Disk file "STRC" created by the program "STRUCT"
contains the parameters of the designs structured

followed by the labels of the generator designs used and

132



the number of copies of them required.

NOTE: The file "STRC" c¢an be written on a printer
(properly and automatically formatted) by running
the program "PRT3" given in Appendix-F. A sample

output of the file is given in Appendix-I.

REMARK: All the program given here are written in
standard FORTRAN and are run on Burroughs large
system main frame of the Middle East Technical

University.
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CHAPTER 8

CONCLUSIONS :

An Extended Class of Treatment
Incomplete Block Designs is introduced. This class
contains all binary Balanced Incomplete Block (BIB)
designs, Balanced Treatment Incomplete Block (BTIB)
designs, and the Most Balanced Group Divisible Treatment
Incomplete Block (MB GD TIB) designs. The minimal
complete classes of generator designs (MCCGDs) are
constructed for the practical range of k ( the size of
blocks) and v (number of test-treatments) values and the
minimal complete nature of such classes is proved through
case by case enumeration.A general non-existence theorem
for GD TIB designs is given and the wusefulness of the
theorem is explained through examples. A general method/
algorithm for the construction of all admissible E MB GD
TIB designs is suggested and applied inorder to construct
the designs for various parameters values.

The A-optimality criterion is
applied in order to ohtain optimal designs for a given
(v,k,b). Elaborate computer programs/subroutines in
standard FORTRAN are prepared which are not only useful
in finding the MCCGD but also suggest possible structure
of these designs. The program sorts out the A-optimal
designs as well. Some trial and error is required in
finding the actual structure of these designs.These
efforts are, however, minimized through the use of the

computer program provided here.
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APPENDICES:

APPENDIX-A: ( PROGRAM " DSGN " )

FILE 7(KIND=DISK,TITLE="PARAMS",FILETYPE=7)
FILE 8(KIND=DISK,TITLE="ADMSB",FILETYPE=7)
FILE 9(KIND=DISK,TITLE="DESIGN",6 FILETYPE=7)
FILE 10(KIND=DISK,TITLE="OPTIMAL", FILETYPE=7)
INTEGER V,U,W,STD,STO,CTN,PB,PM(8),B,R0,R, TCP,TTP,S3,
* M(8) ,ADM(100,12)
REAL DSG(1700,20),0PT(320,20)
READ(7,2000)K,V,MAXB, MLDO, LB, U, W, STD, STO, CTN, PB,
*(PM(J),J=1,K~1)
CTN=CTN+1
IF(LB.GT.MAXB) GO TO 1800
IF(LB.NE.O) GO TO 1900
DO 10 ROW = 1,100
DO 10 COL = 1,12
10 ADM(ROW,COL)=-
PB=1
STD=1
STO=1
MINB=1
W=1
50 DO 200 B = MINB,MAXB
PRINT/,"DESIGN IN PROCESS B=",B
PB=B
CALL VECTOR(K,B,RO,PM,M,I,N,S3,MAXL,&100,&700,&1700)
100 IF(RO.GT.(K-1)*B) GO TO 600
IF (MOD(B*K-R0,V) .EQ.0) GO TO 400
GO TO 600
150 LB=PB
IF(OPT(1+(K+7)*(STO~1),4*W-3).EQ.0) GO TO 200
W=W+1
IF(W.EQ.6) GO TO 300
200 CONTINUE
PRINT/,"JOB COMPLETED !"
GO TO 1700
300 wW=1
STO=STO+1
GO TO 200
400 R=(B*K-RO)/V
500 TCP=(K-1)*R0-S3
IF(MOD(TCP,V).EQ.0) GO TO 900
600 CALL VECT(K,B,RO,PM,M,I,N,S3,MAXL,&100,&700,&1700)
700 DO 800 J = 1,K-1
PM(J)=0
800 CONTINUE
GO TO 150
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900 LDO=TCP/V
IF(LDO.LT.MAXL) GO TO 600
IF(LDO.GT.MLDO) MLDO=LDO
TTP=K*(K-1)*B/2-83/2-TCP
N1=4*TTP
N2=2*%V*(V-1)
IF(MOD(N1,N2).EQ.0) GO TO 910
IF(MOD(N1-V**2 N2).EQ.0) GO TO 920
IF(MOD(N1+V**2,N2).EQ.0) GO TO 930
GO TO 600
910 LD1=N1/N2
LD2=LD1
GO TO 1200
920 LD1=(N1-V**2) /N2
LD2=LD1+1
GO TO 1200
930 LD1=(N14+V*¥*2) /N2
LD2=LD1-1
1200 IF(LD2.LT.0.OR.LD1.GT.R) GO TO 600
CALL EXIST(V,B,R,LD1,LD2,&1300,&600)
1300 IF(LD1.EQ.LD2) GO TO 1320
IF(LD1.EQ.LD2+1.0R.LD1.EQ.LD2-1) GO TO 1310
DSN=" PB"
GO TO 1360
1310 DSN="MBTIB"
GO TO 1360
1320 IF(LDO.EQ.LD1) GO TO 1340
1330 DSN=" BTIB"

GO TO 1360
1340 IF(R.EQ.RO) GO TO 1350
GO TO 1330
1350 DSN=" BIB"
1360 IF(DSN.EQ." PB") GO TO 600

IF({LDO0.EQ.0) GO TO 1370
NUM=(LDO+LD1+V*LD2/2. ) *(LDO+V*LD2/2.)~V¥*(V-2)*LD2**2
* /4.
DEN=LDO* ( LDO+V*LD2)* (LDO+V*LD1/2.+V*LD2/2.)
TRC=V*K*NUM/DEN
GO TO 1380
1370 TRC=-1
1380 CALL ADMSB(K,B,AD,LDO,LD1,LD2,DSN,ADM,M,PM,6 &1400,&600)
1400 U=U+1
LB=B
DSG(1+(K+8)*(STD-1),U)=B
DSG(2+(K+8)*(STD~1),U)=R0
DSG(3+(K+8)*(STD~-1),U)=R
DO 1410 ROW = 1,K-1 _
1410 DSG(ROW+3+(K+8)*(STD-1),U)=M(ROW)
DSG( (K+8)*STD~-5,U)=LD0
DSG({ (K+8)*STD-4,U)=LD1
DSG((K+8)*STD-3,U)=LD2
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1500
1510

1600

1700
1750

1800
1900

2000

100

110

120
150

200

250

300

DSG( (K+8)*STD-2,U)=TRC

DSG( (K+8)*STD-1,U)=DSN

DSG( (K+8)*STD,U)=AD

IF(U.EQ.20) GO TO 1600
IF(OPT(1+(K+7)*(STO-1),4*W-3).EQ.0) GO TO 1510
IF(RO.GT.INT(B*K/2.+.5)) GO TO 600

CALL OPTIM(K,W,STO,TRC,DSN,M,OPT,B,R0,R,LDO,LD1,1LD2)

GO TO 600

U=0

STD=STD+1

GO TO 1500

DO 1750 J = 1,K-1

PM(J)=M(J)

CALL SAVE(K,V,MAXB,MLDO,LB,U,W,STD,STO,CTN,B,PM,ADM,DSG,
* OPT)

STOP

CALL RINIT(K,MLDO,STD,STO,ADM,DSG,OPT)

MINB=PB

GO TO 50
FORMAT(I1,2(X,I12),X,13,2(X,I12),X,11,X,13,X,12,X,I13,X,12,
* 8(x,13))

END

SUBROUTINE VECTOR(K,B,RO,PM,M,I,N,S3,MAXL, *, %, %)
INTEGER S,RO,PM(8),M(8),83,51,82
DO 100 I = 1,K-1
M(I)=PM(I)
CONTINUE
I=0
IF(I.EQ.0) GO TO 120
M(K-1)=-1
GO TO 150
M(K-1)=M(K-1)-1
I=K-1
=B
IF(K.EQ.2) GO TO 250
DO 200 J = 1,K-2
N=N~M(J)
CONTINUE
ENTRY VECT(K,B,RO0,PM,M,I,N,S3,MAXL,* %, ¥%)
M(I)=M(I)+1
IF(M(I).GT.N) GO TO 700
IF(TIME(2).GT.1400) RETURN3
S1=0
S2=0
83=0
MAXL=0
DO 300 L = 1,K-1
S1=81+M(L)
§2=82+L*M(L)
83=83+L*(L~1)*M(L)
IF(M(L).GT.0) MAXL=L
CONTINUE
IF(S1.GT.B) GO TO 400
R0=S2
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400

450
500

550

600

650
700

750

100
150

200

250
300

400

450

RETURN1
I=I-1
IF(I.EQ.0) GO TO 650
IF(I.EQ.1) GO TO 600
N=B
DO 450 J = 1,I-1
N=N-M(J)
CONTINUE
IF(M(I).EQ.N) GO TO 550
M(T)=M(I)+1
GO TO 110
IF(I.EQ.1) GO TO 650
M(I)=0
GO TO 400
IF(M(I).EQ.B) GO TO 650
GO TO 500
RETURN2
Do 750 J = 1,K-1
PM(J)=M(J)
CONTINUE
GO TO 400
END
SUBROUTINE EXIST(V,B,R,LD1,LD2,*,%)
INTEGER V,B,R
IF(R.LT.LD1.OR.R.LT.V*(LD2-LD1)/2+LD1) GO TO 300
IF(B.GE.V) GO TO 250
IF(R.EQ.LD1) GO TO 200
IF(LD1.LT.LD2) GO TO 100
GO TO 300
IF(R.EQ.LD1+V*(LD2-LD1)/2) GO TO 150
GO TO 300
IF(B.EQ.V-1) GO TO 250
GO TO 300
IF(LD1.EQ.LD2) GO TO 250
IF(B.GE.2) GO TO 250
GO TO 300
RETURN1
RETURN2
END
SUBROUTINE ADMSB(K,B,AD,LDO,LD1,LD2,DSN,ADM,M,PM,*, *)
INTEGER B,ADM(100,12),M(8),PM(8)
J=10
AD_—_ n NAD 1
IF(B.EQ.ADM(LDO+1,J) .AND.LD1.EQ.ADM(LDO+1,J+1) .AND.LD2.

* EQ.ADM(LDO+1,J-2)) GO TO 850

IF(B.EQ.ADM(LDO+1,J) .AND.LD1.LE.ADM(LDO+1,J+1) .AND.LD2.

* LE.ADM(LDO+1,J-2)) GO TO 750

IF(LD1.LE.ADM(LDO+1,J+1) .AND.LD2.LE.ADM(LDO+1,J+2))

* GO TO 750

ADM(LDO+1,J)=B
ADM(LDO+1,J+1)=LD1
ADM(LDO+1,J+2)=LD2
IF(J.EQ.10) GO TO 500
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500
550

600
650
700
750
800

850

200

100
150

200

250
300
350

400

450

RETURN1

AD: L1} ADM L]

INDC=2

IF(DSN.EQ." BIB") GO TO 700
IF(DSN.EQ." BTIB") GO TO 650
J=7

IF(INDC.EQ.1) GO TO 400

GO TO 450

J=4

GO TO 600

J=1

GO TO 600

IF(J.EQ.10) GO TO 800
RETURN2

INDC=1

GO TO 550

NN=0

DO 900 JJ = 1,K-1
IF(M(JJ).EQ.PM(JJ)) NN=NN+1
CONTINUE

IF(NN.EQ.K-1) RETURN2

GO TO 450

END

SUBROUTINE OPTIM(K,W,STO,TRC,DSN,M,OPT,B,R0O,R,LDO,LD1,

e3 LD2)

INTEGER W,STO,M(8),B,R0,R,ROW
REAL OPT(320,20)

J=1
IF(TRC.LT.OPT((K+7)*STO~1,J+4*(W-1))) GO TO 400
IF(J.EQ.1) GO TO 200

RETURN

IF(DSN.EQ." BIB") GO TO 350
IF(DSN.EQ." BTIB") GO TO 300
IF(DSN.EQ."MBTIB") GO TO 250
IF(J.EQ.1) RETURN

GO TO 100

J=4

GO TO 100

J=3

GO TO 100

J=2

GO TO 100

IF(TRC.LT.0) TRC=999.9
OPT(1+(K+7)*(STO-1) ,J+4*(W~1))=B
OPT{2+(K+7)*(STO-1) ,J+4*(W-1} )=RO
OPT(3+(K+7)*(STO-1),J+4*(W-1))=R
DO 450 ROW = 1,K-1
OPT(ROW+3+(K+7)*(STO-1),J+4* (W~-1) )=M(ROW)
CONTINUE

OPT( (K+7)*STO-4,J+4*(W-1) )=LDO
OPT( (K+7)*8ST0~-3,J+4*(W-1) )=LD1
OPT( (K+7)*ST0-2,J+4%(W-1) )=LD2
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200

400

500

600
700
750
800

100

OPT( (K+7)*STO-1,J+4*(W-1) ) =TRC
OPT( (K+7)*STO,J+4*(W-1) )=DSN

GO TO 150

END

SUBROUTINE SAVE(K,V,MAXB,MLDO,LB,U,W,STD,STO,CTN, PB,PM,
* ADM,DSG, OPT)

INTEGER V,U,W, STD, STO,CTN,PB,PM(8),ADM(100,12),ROW,COL,

* ST

REAL DSG(1700,20),0PT(320,20)

REWIND(7)

WRITE(7 500)K,V,MAXB,MLDO,LB,U,W, STD, STO,CTN, PB, (PM(J),
J=1,K-1)

LOCK(7)

REWIND(8)

WRITE(8,600) ( (ADM(ROW,COL),COL=1,12),ROW=1,MLDO+1)

LOCK(8)

REWIND(9)

DO 200 ST = 1,STD

WRITE(9,700) ( (DSG(ROW+(K+8)*(ST-1),COL),COL=1,20) , ROW+1

* ,K+5)

WRITE(9,750) (DSG( (K+8)*ST-2,COL) ,COL=1,20)

WRITE(9,800) ( (DSG(ROW+(K+8)*(ST-1),COL),COL=1,20) , ROW=

* K+7,K+8)

CONTINUE

LOCK(9)

REWIND({10)

DO 400 ST = 1,8TO

WRITE(lo 700(((OPT(ROW+(K+7)*(ST—1) COL),COL=1,20) ,ROW=
1,K+5)

WRITE(10,750)(0PT((K+7)*ST—1,COL),COL=1,20)

WRITE(10,800) (OPT( (K+7)*ST,COL) ,COL=1,20)

CONTINUE

LOCK(10)

RETURN

FORMAT(I1,2(X,I12),X,13,2(X,12),X,11,X,I13,X,12,X,13,X,12

* +8(X,13))

FORMAT(4(3(X,I3),2X))

FORMAT(20(X,F5.1))

FORMAT(20(X,F5.2))

FORMAT(20(X,A5))

END

SUBROUTINE RINIT(K,MLDO,STD,STO,ADM,DSG,OPT)

INTEGER STD,STO,ADM(100,12),ROW,COL, ST

REAL DSG(1700,20),0PT(320,20)

READ(8,850) ( (ADM{ROW,COL},COL=1,12) ,ROW=1,MLD0+1)

DO 100 ROW = MLDO+2,100

DO 100 COL = 1,12

ADM(ROW,COL)=-1

CONTINUE

DO 200 ST =1,STD

READ(Q 900)((DSG(ROW+(K+8)*(ST—1) COL) ,COL=1,20} ,ROW=1,
K+5)
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READ(9,920) (DSG( (K+8) *sT-2,COL) ,COL=1,20)
READ(9,950) ( (DSG(ROW+(K+8)*(ST-1),COL),COL=1,20),ROW=
* K+7,K+8)

200 CONTINUE

300

850

DO 300 ST = 1,8TO

READ(10,900) ( (OPT(ROW+(K+7)*(ST-1),COL),COL=1,20) ,ROW=1
* K+5)
READ(10,920) (OPT( (K+7)*ST-1,COL) ,COL=1,20)
READ(10,950) (OPT( (K+7)*ST,COL) ,COL=1,20)

CONTINUE

RETURN

FORMAT(4(3(X,I13),2X))

900 FORMAT(20(X,F5.1))

920

FORMAT(20(X,F5.2))

950 FORMAT(20(X,A5))

FILE
FILE
FILE

100

END

APPENDIX-B: ( PROGRAM "SEARCH" )

7 (KIND=DISK, TITLE="PARAMS" , FILETYPE=7)

9 (KIND=DISK, TITLE="DESIGN" ,FILETYPE=7)
10(KIND=DISK,TITLE="GD",FILETYPE=7)

INTEGER V,STD,ST,STS,ROW,COL,CL,B,DB,DL0,DL1,DL2,BK{(100
* ),LD0{100),LD1(100),LD2(100)

REAL DSG(1700,20)

READ(7,2000)K,V,STD

DO 100 ST = 1,STD

READ(9,2500) ( (DSG(ROW+(K+8)*(ST-1),COL),COL=1,20) ,ROW=1
* ;K+5)

READ(9,3000) (DSG(K+6+(K+8)*(SsT~1),COL),COL=1,20)
READ(9,3500) ( {DSG(ROW+(K+8)*(ST-1) ,COL) ,COL=1,20) , ROW+K
* +7,k+8)

CONTINUE

MAXJ=1

BK(1)=DSG(1,1)

LDO(1)=DSG{K+3,1)

LD1(1)=DSG(K+4,1)

LD2(1)=DSG(K+5,1)

DO 870 ST = 1,STD

DO 870 COL = 1,20

B=DSG(1+(K+8)*(ST~1),COL)

IF(B.EQ.999.0R.B.EQ.0) GO TO 180
LO=DSG(K+3+(K+8)*(ST~1),COL)
L1=DSG({K+4+(K+8)*(ST-1),COL)
L2=DSG({K+5+(K+8)*(ST-1),COL)

DO 150 J = 0,MAXJ-1

IF(B.NE.BK(MAXJ-J)) GO TO 160

IF(LO.EQ.LDO(MAXJ~J) .AND.L1.EQ.LD1(MAXJ-J) .AND.L2.EQ.
* LD2(MAXJ~J)) GO TO 870



150
160

180
200

500

550

600

650

700
720

750

800

850
870

2000
2500
3000
3500
4000

CONTINUE

DO 850 J = 1,MAXJ
IF(B~BK(J).GE.DSG(1,1)) GO TO 500
IF(ST.EQ.1.AND.COL.EQ.1) GO TO 870

GO TO 750

DO 200 J = 1,MAXJ
WRITE(10,4000)BK(J),LDO(J),LD1(J),LD2(J)
LOCK(10)

PRINT/,"JOB COMPLETED !"

STOP

IF(LO.GE.LDO(J).AND.L1.GE.LD1(J) .AND.L2.GE.LD2(J))

* GO TO 550

GO TO 850

DB=B-BK(J)

DLO=LO~LDO(J)

DL1=L1-LD1(J)

DL2=L2~-LD2(J)

ST8=8T

IF(DB.GT.DSG(1+(K+8)*(SsTsS-1),1)) GO TO 650
IF(STS.EQ.1) GO TO 650

STS=8TS-1

GO TO 600

DO 700 CL. = 1,20
IF(DB.EQ.DSG(1+(K+8)*(STs-1),CL)) GO TO 800
IF(DB.LT.DSG{1+(K+8)*(STs-1),CL)) GO TO 850
CONTINUE

STS=STS+1

IF(DB.EQ.DSG(1+(K+8)*(sTs-1),1)) GO TO 650
GO TO 850

MAXJ=MAXJ+1

BK(MAXJ) =B

LDO (MAXJ) =L0O

LD1(MAXJ)=L1

LD2 (MAXJ)=L2

GO TO 870
IF(DLO.EQ.DSG(K+3+(K+8)*(STS-1),CL) .AND.DL1.EQ.DSG(K+4+

* (K+8)*(STS-1) ,CL) .AND.DL2 .EQ.DSG(K+5+(K+8) *(STsS-1),

*

CL)) GO TO 870
GO TO 700
CONTINUE
GO TO 750
CONTINUE
GO TO 180
FORMAT(I1,X,I2,16X,13)
FORMAT(20(X,F5.1))
FORMAT(20(X,F5.2))
FORMAT(20(X,A5))
FORMAT(4(X,I3))
END
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FILE
FILE
FILE
FILE

100

150
200

250

300
350

400
450

APPENDIX~-C: ( PROGRAM "STRUCT" )

7 (KIND=DISK, TITLE="PARAMS" ,FILETYPE=7)
9(KIND=DISK,TITLE="DESIGN" ,FILETYPE=7)

10 (KIND=DISK, TITLE="GD" ,FILETYPE=17)

11 (KIND=DISK,TITLE="STRC",FILETYPE=7)

INTEGER V,STD,ST,STS,ROW,COL,CL,B,DB,DL0O,DL1,DL2,BK(100
* ), LDO(100) ,LD1(100),LD2(100),STR(10000,20)

REAL DSG(1700,20)

READ(7,2000)K,V,STD

DO 100 ST = 1,STD

READ(9,2500) ( (DSG(ROW+ (K+8)*(ST-1),COL),COL=1,20) ,ROW=1
* ;K+5)

READ(9,3000) (DSG(K+6+(K+8)*(ST-1) ,COL) ,COL=1,20)
READ(9,3500) ( (DSG(ROW+(K+8)*(ST~1),COL),COL=1,20) ,ROW=K

* +7,K+8)

CONTINUE

N=0

DO 150 J = 1,1000

READ(10,8050,END=200)BK(J) ,LDO(J),LD1(J),LD2(J)
N=N+1

CONTINUE

DO 250 ST = 1,100

DO 250 ROW = 1,N+4

DO 250 COL = 1,20
STR(ROW+ (N+4) *(ST-1) ,COL)=999
CONTINUE

DO 500 ST = 1,STD

DO 450 coL = 1,20
B=DSG(1+(K+8)*(ST-1),COL)
IF(B.GE.999.0R.B.EQ.0) GO TO 560
LO=DSG(K+3+(K+8)*(ST-1),COL)
L1=DSG{K+4+(K+8)*(ST~1),COL)
L2=DSG(K+5+(K+8)*(sT-1),COL)
STR(1+(N+4)*(ST~1) ,COL)=B
STR(2+(N+4)*(ST-1),COL)=L0
STR(3+(N+4)*{ST-1),COL)=L1
STR(4+(N+4)*(ST~1),COL)=L2
IF(B.GT.BK(N)) GO TO 350

DO 300 J = 1,N
IF(B.EQ.BK(J)})) GO TO 1000
CONTINUE

DO 400 J = 1,N

DB=B~BK(J)

DLO=LO0-LDO(J)

DL1=L1~-LD1(J)

DL2=L2~-LD2(J)

STS=ST

IF(DB.GE.DSG({1,1)) GO TO 600
CONTINUE

CONTINUE
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500
560

CONTINUE

REWIND(11)

DO 550 ST = 1,STD

WRITE(11,9050) ( (STR(ROW+(N+4)*(sT-1),COL),COL=1,20) ,ROW

* =1,N+4)

550

600
650

700

750

800

850

900
950

1000

1050

2000
2500
3000
3500
8050
9050

CONTINUE

LOCK(11)

PRINT/,"JOB COMPLETED !"

STOP

IF(DLO.LT.0.OR.DL1.LT.0.OR.DL2.LT.0) GO TO 400
IF(DB.GT.DSG(1+(K+8)*(sSTs~1),1)) GO TO 700
IF(STS.EQ.1) GO TO 700

STS=STS~-1

GO TO 650

DO 700 CL = 1,20
IF(DB.EQ.DSG(1+(K+8)*(SsTs-1),CL)) GO TO 800
IF(DB.LT.DSG(1+(K+8)*(sTs-1),CL)) GO TO 400
CONTINUE

STS=8TS+1

IF(DB.EQ.DSG(1+(K+8)*(STs-1),1)) GO TO 700

GO TO 400

IF(DLO.EQ.DSG(K+3+(k+8)*(sTS-1),CL) .AND.DL1.EQ.DSG(K+4+

* (K+8)*(STS-1),CL.AND.DL2.EQ.DSG(K+5+(K+8)*(STS-1),CL
*

)) GO TO 850
GO TO 750
STR(J+4+(N+4)*(ST~1),C0L)=1
DO 900 JJ = 1,N
IF(STR(JJ+4+(N+4)*(STS-1),CL).EQ.999) GO TO 900
IF(STR(JJ+4+(N+4)*(ST-1),COL).EQ.999) GO TO 950
STR(JJ+4+(N+4)*(ST-1),COL)=STR(JJ+4+(N+4)*(ST~1),COL)+

& STR(JJ+4+(N+2)*(STS-1),CL)

CONTINUE

GO TO 450
STR(JJ+4+(N+4)*(ST-1),COL)=STR(JJ+4+(N+4)*(STS-1) ,CL)
GO TO 9200

IF(LO.EQ.LDO(J).AND.L1.EQ.LD1(J) .AND.L2.EQ.LD2(J))

* GO TO 1050

GO TO 300
STR(J+4+(N+4)*(ST-1),COL)=1
GO TO 450
FORMAT(I1,X,I2,16X,I3)
FORMAT(20(X,F5.1))
FORMAT(20(X,F5.2))
FORMAT(20(X,A5))
FORMAT(4(X,I3))
FORMAT(20(X,I3))

END
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APPENDIX-D: ( PROGRAM "PRT1" )

FILE 7(KIND=DISK,TITLE="PARAMS",FILETYPE=7)
FILE 8(KIND=DISK,TITLE="DESIGN",FILETYPE=7)
FILE 9(KIND=PRINTER)
INTEGER V,STD,ST,ROW,COL
REAL HD(17),DSG(1700,20)
READ(7,500)K,V,STD
WRITE(9,600)K,V
HD(1)=H BI"
HD(2)=" ROI"
HD(3)=" RI"
HD(XK+3)="LDOI"
HD(K+4)="LD1I"
HD(K+5)="LD2I"
HD(K+6)="TRCI"
HD(K+7)="DSNI"
HD(K+8)="ADMI"
DO 100 ST = 1,STD
READ(8,700,END=105) ( (DSG{ROW+(K+8)*(sT-1),COL),COL=1, 20
* } ,ROW+1,K+5)
READ(8,750,END=105) (DSG(K+6+(K+8)*(ST-1),COL) ,COL=1,20)
READ(8,800,END=105) ( {DSG{ROW+(K+8)*(ST-1),COL),COL=1,20
* ) ,ROW=K+7 ,K+8)
100 CONTINUE
105 IF(DSG(1+(K+8)*(STD-1),1).EQ.0) STD=STD-1
MROW=K+6
DO 120 ST = 1,STD
IF(ST.EQ.STD) MROW=1
DO 120 ROW = MROW,K+6
DO 120 coL = 1,20
IF(ROW.EQ.K+6) GO TO 130
IF(DSG(ROW+(K+8)*(5T-1),COL).LE.O0) DSG(ROW+(K+8)*(ST~-1)
* ,COL)=999999.,
120 CONTINUE
GO TO 150
130 IF({DSG{ROW+(K+8)*(ST-1),COL).LE.O) DSG({ROW+(K+8)*(ST-1)
* ,CO0L)=999999,
GO TO 120
150 DO 300 ST = 1,STD
IF(DSG(1+(K+8)*(ST~1),1).EQ.999999. .OR.DSG(1+(K+8)* (ST~
* 1),1).EQ.0) GO TO 320
DO 200 ROW = 1,K+8
IF(ROW.LE.2.0OR.ROW.EQ.4.0OR.ROW.EQ.K+3.0R.ROW.EQ.K+6.0R.
* ROW.EQ.K+7) WRITE(9,900)
IF(ROW.LE.3.0OR.ROW.EQ.K+3.0R.ROW.EQ.K+4.0R.ROW.EQ.K+5)
* WRITE(9,1000) (HD(ROW), (DSG({ROW+(K+8)*(ST~1),COL) ,COL
* =1,20,HD(ROW) )
IF(ROW.GE.4.AND.ROW.LE.K+2) WRITE(9,1100) (ROW-3, (DSG(RO
* W+ (K+8)*(S8T-1),COL),COL=1,20) ,ROW-3)
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IF(ROW.EQ.K+6) WRITE(9,1200)(HD(ROW), (DSG(ROW+{K+8)*(ST
* -1),COL) .COL=1,20) ,HD(ROW) ) ’
IF(ROW.GT.K+6) WRITE(9,1300,END=320) (HD(ROW) , (DSG(ROW+ (
* K+8)*(sT~1),COL) ,COL=1,20) ,HD(ROW))
200 CONTINUE
WRITE(9,900)
WRITE(9,1400)
IF(DSG(1+(K+8)*(ST-1),20).EQ.999999.) GO TO 320
PRINT/,"DESIGN IN PROCESS B=",INT(DSG(1+(K+8)*(sT-1),20
* ))
300 CONTINUE
320 PRINT/,"JOB COMPLETED !"

350 STOP

500 FORMAT(I1,X,I2,16X,I3)

600 FORMAT(10X,"K = ",I2/10X,"~~mm~~= "/10X,"V = ",I2/10X,"——
* ~~—="/10X,"A L L DESTIGN S"/10X,21("-"))

700 FORMAT(20(X,F5.1))

750 FORMAT(20(X,F5.2))

800 FORMAT(20(X,A5))

900 FORMAT(X,"+---+",20("=~——- +") , Ve———t")

1000 FORMAT(X,"I",A4,20(I5,"1"),A4)
1100 FORMAT(X,"IM",I2,"I",20(I5,"I"),"M",I2,"I")
1200 FORMAT(X,"I",A4,20(F5.2,"I"),A4)
1300 FORMAT(X,"I",A4,20(A5,"I"),A4)

1400 FORMAT(/)

END

APPENDIX-E: ( PROGRAM "PRT2" )

FILE 7(KIND=DISK,TITLE="PARAMS",FILETYPE=7)
FILE 8(KIND=DISK,TITLE="OPTIMAL",FILETYPE=7)
FILE 9(KIND=PRINTER
INTEGER V,STO,ST,ROW,COL
REAL HD(16),0PT(320,20)
READ(7,500)K,V,STO
WRITE(9,600)K,V
}m(l)=ll BI"
HD(2)=" ROI"
I'ID(3)=" RI"
HD(K+3)="LDOI"
HD(K+4)="LD1I"
HD(K+5)="LD21I"
HD(K+6)="TRCI"
HD(K+7)="DSNI"
DO 100 ST = 1,S8TO
READ(8,700,END=105) ( (OPT(ROW+(K+7)*(ST-1),COL) ,COL=1, 20
* ) ,ROW=1,K+ 5)
READ(8,750,END=105) (OPT(K+6+(K+7)*(ST-1),COL) ,COL=1,20
READ(8,800,END=105) (OPT(K+7+(K+7)*(ST-1),COL) ,COL=1,20)
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100 CONTINUE
105 IF(OPT(1+(K+7)*(STO-1),1).EQ.0) STO=STO-1
DO 120 ST = 1,STO
DO 120 ROW = 1,K+6
DO 120 COL = 1,20
IF(ROW.EQ.K+6) GO TO 130
IF(OPT(ROW+(K+7)*(ST~1),COL) .GE.0) OPT(ROW+(K+7)*(ST~1)
*  ,COL)=999999.
120 CONTINUE
GO TO 150
130 IF(OPT(ROW+(K+7)*(ST-1),COL).LE.O) OPT(ROW+(K+7)*(ST-1)
* COL)=999999.
GO TO 120
150 DO 300 ST = 1,STO
IF(OPT(1+(K+7)*(ST-1),1).EQ.999999.) GO TO 320
WRITE(9,900)
WRITE(9,650)
DO 200 ROW = 1,K+7
IF(ROW.LE.2.0OR.ROW.EQ.4.0R.ROW.EQ.K+3.0R.ROW.EQ.K+6.0R.
*  ROW.EQ.K+7) WRITE(9,900)
IF(ROW.LE.3.0R.ROW.EQ.K+3.0R.ROW.EQ.K+4.0R.ROW.EQ.K+5)
* WRITE(9,1000) (HD(ROW, (OPT(ROW+(K+7)*(ST-1),COL) ,COL=1
* ,20),HD(ROW)) :
IF(ROW.GE.4.AND.ROW.LE.K+2)WRITE(9,1100) (ROW-3, (OPT (ROW
*  4(K+7)*(ST-1),COL),COL=1,20),ROW-3)
IF(ROW.EQ.K+6) WRITE(9,1200) (HD(ROW), (OPT(ROW+(K+7)* (ST
*  -1),COL),COL=1,20),HD(ROW))
IF(ROW.GT.K+6 )WRITE(9,1300,END=320) (HD(ROW), (OPT(ROW+ (K
*  47)*(ST-1),COL),COL=1,20) ,HD(ROW))
200 CONTINUE
WRITE(9,900)
WRITE(9,1400)
IF(OPT(1+(K+7)*(ST-1),17).EQ.999999.) GO TO 320
PRINT/,"DESIGN IN PROCESS B=",INT(OPT(1+(K+7)*(ST~1),17
* ))
300 CONTINUE
320 PRINT/,"JOB COMPLETED !"

350 STOP

500 FORMAT(I1,X,I2,20X,I2)

600 FORMAT(10X,"K = ",I2/10X,"----—- "/10X,"V = "I2/10X,"~-~
* -—-="/10X,"0 P TIMAL DESTIGNS"/10X,29("~-"))

650 FORMAT(X,"IDSGI",5(" ALL I BIB I BTIBIMBTIBI"),"DSGI")
700 FORMAT(20(X,F5.1))

750 FORMAT(20(X,F5.2))

800 FORMAT(20(X,A5))

900 FORMAT(X,"+4---+",20("~—--- +7),"———t")
1000 FORMAT(X,"I",A4,20(I5,"I"),Ad)

1100 FORMAT(X,"IM",I2,"I",20(I5,"1I"),"M",I2,"I")
1200 FORMAT(X,"I",A4,20(F5.2,"I"),A4)
1300 FORMAT(X,"I",A4,20(A5,"I"),A4)
1400 FOEMAT(/)
END
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APPENDIX-F: ( PROGRAM "PRT3" )

FILE 7(KIND=DISK,TITLE="PARAMS",FILETYPE=7)
FILE 8(KIND=DISK,TITLE="GD",FILETYPE=7)
FILE 9(KIND=DISK,TITLE="STRC",FILETYPE=7)
FILE 10(KIND=PRINTER)
INTEGER V,STD,BK(100),LD0(100),LD1{100),LD2(100),ROW,CO
* L,ST,STR(1000,20)
READ(7,8000)K,V,STD
DO 100 J = 1,100
READ(8,8050,END=150)BK(J),LD0(J),LD1{(J),LD2(J)
=N+1
100 CONTINUE
150 DO 200 ST = 1,STD ,
READ(9,9050) ((STR(ROW+(N+4)*(8T-1),COL) ,COL=1,20) ,ROW=1
* ,N+4)
200 CONTINUE
HD(1)=II B "
HD(2)=" LDO"
HD(3)=" LD1"
HD(4)=" LD2"
DO 250 ST = 1,STD
DO 250 ROW = 1,N+4
DO 250 COL = 1,20
IF(STR{ROW+(N+4)*(ST-1),COL) .EQ.999)STR(ROW+ (N+4)*(ST-1
* ) ,COL)=9999
250 CONTINUE
WRITE(10,9100)K,V
WRITE(10,9150)
WRITE(10,9160)
WRITE(10,9150)
Do 300 J = 1,N ‘
WRITE(10,9200)J,BK(J),LD0(J),LD1(J),LD2(J)
300 CONTINUE
WRITE(10,9150)
WRITE(10,9250)
DO 350 ST = 1,S8TD
IF(STR(1+(N+4)*(sT~1),1),1).EQ.9999) GO TO 360
WRITE(10,9300)
DO 400 ROW = 1,4
WRITE(10, 9350)(HD(ROW {STR{ROW+(N+4)*(SsT-1), COL) COL=1,
* 20) ,HD(ROW) )
IF(ROW.EQ.1.0R.ROW.EQ.4) WRITE(10,9300)
400 CONTINUE
DO 450 ROW = 1,N
WRITE(10,9360) (STR{ROW+4+(N+4)*(sT-1),COL),COL=1,20),RO
* W)
450 CONTINUE ’
WRITE(10,9300)
WRITE(10,9400)
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350
360

8000
8050
9050
9100

9150
9160
9200
9250
9300
9350
9360
9400

IF(STR(1+(N+4)*(ST-1),20).EQ.9999) GO TO 360
PRINT/,"DESIGN IN PROCESS B=",STR(1+(N+4)*(ST-1),20)
CONTINUE

PRINT/,"JOB COMPLETED !"

STOP

FORMAT((I1,X,I2,16X,I3))

FORMAT(4(X,I3))

FORMAT(20(X,I3))

FORMAT(10X,"K = ",I2/10X,"~—=~w—- w"/10xX,"v = ",I12/10X,"—-~
* -=--="//10X, "GENERATOR DESIGNS"/)
FORMAT(10X,"4====4" 4 (" ===1"))
FORMAT(10X,"IDSGNI B ILDOILD1ILD2I")
FORMAT(10X,"ID",I3,"I",4(13,"1I"))
FORMAT(//10X,"S TR U C T U R E"/10X,17("-")/)
FORMAT (X, "+====4", 20 ("===4") , "mmm )
FORMAT(X,"1I" ,A4,"I",20(I3,"1I"),A4,"1I")
FORMAT(X,"ID",I3,"I", 20(13, nyny) wpn T3,"I")
FORMAT(/)

END
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APPENDIX~G: ALL BINARY E MB GD TIB DESIGNS
FOR k = 4, v = 4, b= 10. '

o

B 1 2 2 3 3 4 4 4 B
RO 0 0 4 0 4 0 12 4] RO
R 1 2 1 3 2 4 1 3 R
M1 0 0 0 0 0 0 0 OjM 1
M2 0 0 2 0 2 0 0 2| M 2
M3 0 0 0 0 0 0 4 Oo|M 3
LDO 0 0 2 0 2 0 3 2| LDO
LD1 1 2 1 3 2 4 0 3] LD1
LD2 1 2 0 3 1 4 0 2] LD2
TRC| *¥*%%%| *kkx%k} 6_QQ| *¥**%x*x 3 _67( *¥***%x} 5_33/ 3.07]TRC
DSN| BTIB| BTIB| MBTIB| BTIB| MBTIB| BTIB| BTIB| MBTIB| DSN
B 4 4 4 5 5 5 5 5 B
RO 8 8 4 0 4 8 8 41 RO
R 2 2 3 5 4 3 3 4 R
M1 0 2 4 0 0 0 3 4iM 1
M 2 4 0 0 0 2 4 1 ojM 2
M3 0 2 0 0 0 0 1 oM 3
LDO 4 3 3 0 2 4 4 3{ LDO
LD1 0 1 2 5 4 1 1 3] LD1
LD2 1 1 2 5 3 2 2 3| L.D2
TRC| 2.83| 3.05] 2.42| ****x, 2 .79 2.13( 2.13] 2.13] TRC
DSN} MBTIB| BTIB| BTIB| BTIB| MBTIB| MBTIB| MBTIB BIB] DSN
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B 10 10 10 10 10 10 10 10 B
RO 20 20 8 16 4 8 12 16] RO
R 5 5 8 6 9 8 7 6 R
M1 0 2 3 3 4 4 4 4IM 1
M 2 10 6 1 5 0 2 4 6| M 2
M 3 0 2 1 1 0 0 0 o|M 3
LDO 10 9 4 8 3 5 7 9] L.DO
LD1 1 2 6 4 8 7 4 3] Lp1
Lb2 2 2 7 3 8 6 5 3] LD2
TRC| 1.12f 1.15/ 1.39| 1.06f 1.68| 1.20/ 1.04} 1.02]TRC
DSN} MBTIB| BTIB| MBTIB{ MBTIB| BTIB| MBTIB| MBTIB| BTIB| DSN
B 10 10 10 10| *Ahdddk| hdekdkk| kkfdk| Fkkkk B
RO 16 12 8 12] *kddk| khkhkkk]| kkkkk| ***x*] RO
R 6 7 8 T kkdhhh| kxdkk| kkdhdk Rikkk R
M1 6 7 8 8| HkdFx| kRkk| Kkhkkk| kkkh*IM 1
M 2 2 1 0 2| fkkdkd| kkkkk| kkhkk| kkkkk|M 2
M 3 2 1 0 Q| Ydededek| dekdekk]| kkdkk| kkRek¥lM 3
LDO 8 7 6 g| THxFK| Kk K| HXXKXK| *NXNN*] 1,DO
LD1 4 4 6 5l exkkd| kkkdk]| Akxxx| xxxxx]| LD
LD2 3 5 6 4] KHFKK| KdThk| Khkkk| kxxkx| D2
TRC] 1.06] 1.04f 1.07| 0.97] *%¥kX¥k| *kkkk| kkkkk) *xx%kx) TRC
DSN]} MBTIB| MBTIB BIB| MBTIB DSN
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‘ APPENDIX-H: OPTIMAL E MB GD TIB DESIGNS
FOR k = 4, v =4, b= 10.
K =_4
v.=_4
OPTIMAL DESTIGNS
DSG} ALL BIB BTIB| MBTIB| ALL BIB BTIB| MBTIB| DSG
B 1| kekk Kk 1] *xxkK 2| *kFwxn 2 2 B
RO Q| *¥x*** O **x¥k* 4| *xkkx 0 4l Rro
R g Feddexn 1| *xrxk 1| FHxEK 2 1 R
M 1 0] **xkk MELEE L] O *x*nx 0 olM 1
M2 Q] Fedxdek 0] *xkkx 2| Fekdkx 0 2lM 2
M 3 Of **x*x* Of *Xxkh* Of **x%kx 0 olM 3
L.DO 0] *xdx¥ Q| ***xk*% 2| dek % dex 0 21 .DO
LD1 1| KkFxk 1| *HFRKR 1] FXxF R 2 1l L.D1
LD2 1] **xk%k 1] *xFkk O *xkhx 2 ol L.D2
TRC] *%%%*%x| kxkhx| khkxk| *xkkk] G _ Q0| *¥***k*x| *xk**! g _ 00| TRC
DSN] BTIB BTIB MBTIB BTIB| MBTIB] DSN
DSG] ALL BIB BTIB] MBTIB{ ALL BIB BTIB| MBTIB| DSG|
B 3 12 5. 4. & 4 3 3 4 % %k %% 4 4 B
Ro 4 b 2. 2. 5. 5.4 0 4 4 b 2 2.3 3 4 4 8 RO
R 2 1 2. 2. 8. 8.4 3 2 3 L 2. 2. 5. 84 3 2 R
M 1 0 L 2 2. 8. & 1 0 0 4 1 £ 8. 5. %4 4 0 M‘l
M 2 2 1 2. 5. 5. 8.3 o 2 0 1 £, 2.2 4.4 0 4 M 2
M 3 0 1 32 3. %5 &.4 0 0 0 %* % %k % % 0 0 M 3
LDO 2| *kkxk 0 2 3| *¥xkkk 3 4] L.LDO
LD1 2| *xkxx 3 2 2] *xknx 2 o]l LD1
LD2 1| *xxrx 3 1 2| *xrwnx 2 1| LD2
TRC] 3.67| **%kk| *kxkxki 3 78 2.42| *¥**%¥*| 2 421 2.83] TRC
DSN]} MBTIB BTIB| MBTIB| BTIB BTIB| MBTIB| DSN
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DSG| ALL BIB BTIB] MBTIB] ALL BIB BTIB| MBTIB| DSG
B 5 5 5 5 6| ¥*xKk¥ 6 6 B
RO 8 4 0 8 8| *kkkk 12 8] RO
R 3 4 5 3 4| XkKkkx 3 4 R
M1 0 4 0 0 4| *xkkk 0 M 1
M2 4 0 0 4 2 ¥*Kkk% 6 2IM 2
M3 0 0 o 0 Qf X*kkx 0 o|M 3
LDO 4 3 0 4 5[ **xkk 6 5| LDO
LD1 1 3 5 1 3| Fkkkx 1 3] LD1
LD2 2 3 5 2 2| **kkk 1 2| LD2
TRC| 2.13| 2.13| *¥**%%| 2 73] 1.64| *****| 1].87; 1.64|TRC
DSN} MBTIB BIB| BTIB| MBTIB| MBTIB BTIB| MBTIB| DSN
DSG| ALL BIB BTIBj MBTIB| ALL BIB BTIB| MBTIB| DSG
B 7| *xrkx 7 7 8| xxxkx 8 8 B
RO 5 I 12 8 8| ***¥kk 8 12} RO
R 5| #%kkx 4 5 6| exERN 6 5 R
M1 4 Kxkxx 0 4 8| ¥Xkkx 8 41M 1
M2 2| *kkkx 6 2 O *xknx 0 4lM 2
M3 O *xkxx 0 0 0] *xxkx 0 olM 3
LDO 5] ¥k k%% 6 5 6| ¥XxEx% 6 7] LDO
LD1 g *xxkk 2 4 4] dkkkk 4 2] LD1
LD2 3| ¥Rkkk 2 3 4 *xxkk 4 3| LD2
TRC| 1.46| ****x¥ ] 52| 1.46] 1.21| ****x*x 1 .21} 1.25|TRC
DSN} MBTIB BTIB| MBTIB] BTIB BTIB| MBT1IB| DSN

[
~]



| aLL

DSG BIB BTIBj MBTIB| ALL BIB BTIB{ MBTIB| DSG|

B 9] *kkkx 9 9 10 10 10 10 B

RO 12) **x*x 8 12 12 8 16 12§ RO

R| 6] ¥XXxX 7 6 7 8 6 7 R
M1 4| kxkkx 8 4 8 8 4 8|M 1
M 2 4| *kdkk 0 4 2 0 6 2IM 2
M3 0] Hddkkx 0 0 0 0 0 oM 3
LDO T| *xkxk 6 7 8 6 9 8] LDO
LD1 3| *¥kkk 5 3 5 6 3 5] LD1
LD2 4] *kkkx 5 4 4 6 3 4] L.D2
TRC| 1.13) *%%%x} 3 13| 1.13] 0.97| 1.07] 1.02{ 0.97]TRC
DSN| MBTIB BTIB| MBTIB| MBTIB BIB| BTIB| MBTIB{ DSN
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APPENDIX~I: STRUCTURE OF E MB GD TIB DESIGNS

FOR k = 4, v = 4, b= 10.

DSGN] B j LDO{j LD1j LD2
D 1 1 0 1 1
D 2 2 2 1 0
D 3 4 4 0 1
D 4 4 3 2 2
STRUCTURE
B 1 2 2 3 3 4 4 4 4 4 4 5
LDbO 0 0 2 o 2 0 3 2 4 3 3 of LDO
LD1 1 2 1 3 2 4 0 3 0 1 2 5] LDl
Lb2 1 2 0 3 1 4 0 2 1 1 2 5f LD2
D 1 1 2] *wx 3 1 4| *xx 2] *kk| Tx| Kkk silp 1
D 2| Xx%*x| xxx 1| %xx 1| **¥*| wxx 1] *kx| *xk| kxx| xx%|p 2
D 3| *xx| kkk| k| kkk]| wkk| Kdek| wkx| wwx 1] *%x| xxx| xxx]p 3
D Al x| wewd| deww| wdok| kww| Kkk| Fdx| wkw| Hww] wex 1| ***]{p a4
B 5 5 5 5 6 6 6 6 6 6 6 6
LDO 2 4 4 3 0 2 5 4 6| 3 5 4] LDO
LD1 4 1 1 3 6 5 1 2 1 3 2 2] LD1
LD2 3 2 2 3 6 4 0 3 1 3 1 3] LD2
D 1 3 1 1 1 6 4| *xx 2| Frk| k| wexn 2lp 1
1p 2 MEILIETIIRTITIR LT NEITIETTY 1] *%%| xxkx| x*x|p 2
D 3] xx=x 1 IR IR TR T TR T 2] 1 1[ *xx] xx% ilp 3
D 4] %%k kkd] xk¥% 1| *ew] Hdk| wdex| kk| wwk| kxx| xxx| xxxlp 2
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I N M = N H i N M N
(afaNajal (aalala] (alfaly=ja] fAaAA
O~ x x ® ¥ x o O x x % =) x
X X X x x - R pr x
x x ¥ % x X X X ®
0 x x X N % -k ¥ N =) Nx
X % x * x % e x
X x x x X X x
% ® X X o =) & K
x x % * ~ x
¥ ¥ x H x
MR X - N e 8 v X o=l o O X X i
X % x * — x %
x % ¥ * x x
o X X X o M x o ) NN X
x X x x — X
® x ¥ % x
M % X N K nx x o ) © % X
x  x * ¥ % i x %
x x X x %
- o % X =R =) X % x %
* x % ® o X % x %
x x ¥ x X x x x
M x X 'EEE 0% % © x N
x EER x x| e x x
x % X X ¥ % x % x x
W% % ® N X AN R [=] NN e X
x x x * * ~ x
x % x _ ® * ®
~ % x X NH - % TEIGE =) EE
X x X x x % — x k% x
X x X x x X 'EEE
x = x o ® ¥ % ¥ ~e X X =) ©x o x
x = 'EER x x e x %
x % ¥ K x X x % x %
Nx x o o X X% o X X % =) 0 % X
x x x % X X X - x %
® X X x x % x x %
N — N o) o n N
AAAR AAAA apARA (==l ==
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B 10! 10] 10| 10| #%%| dedkek| *ekk| k| kdk]| kkk| Fkk| hkk B
1.DO 8 7 6 Q] Teded] dewk] dewk| dekk| kwdk] kkk| kx| ¥k%] DO
1.D1 4 4 6 5| wdk| kkd| Kkd| Hkk| k| kkk| kkk| ¥*x] TD]
LD2 3 5 6 4] *dede| Fkk] Kkk| kdedk! kkk)| kkk| kkk| *xx| 7T.D2

D 1 ’ 2 2 2 KEK]| Khdk| KAXK] XK%X| kx| k| hk]| k| %%k D 1
D 2 2 XXX k¥x%k 1 WhRK] XXX ]| Xhhk] Xh¥| Khdk| k| k] %%k D 2
D 3 1 1| Fedh| dedk| Hdek| dek| fkk| kdkk] khk| kkx| kkkl xk%x|p 3
D 4 %* %K 1 2 2 KRK] kBr] Fedh] xn] k] xRl k%] *Kk% D 4
NOTE:The designs which are not equivalent to any
combination of generator designs are actually

inadmissible with respect to some design, in the table,

with the same number of blocks.
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