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ABSTRACT

A DYNAMIC THEORY FOR POLARIZABLE AND MAGNETIZABLE
MAGNETO~ELECTRO THERMO- VISCOELASTIC ANISOTROPIC SOLIDS
" WITH THERMAL AND ELECTRICAL CONDUCTION

ERSOY, Yagar

Ph.D. in E.S.

Supervisor: Assoc,Prof,Dr,Erhan Kiral
Semptember,1976;f178 pages |

A dynamic theory for polarizable and magnetizable magneto-
electro thermo-viscoelastic anisotropic solids with thermal
~and electricalwoondﬁction is developed for time—dependeht
electromagnetic fields., The first part of this thesis is
concerﬁéd with the several formulations of Maxwell's equa-
tions, and tﬁe interactions between the electromagnetic
fields and the deformable continua. Using the balance laws of
‘nonrelativistic classical continuum mechanics, the balance
yeq&ations and the boundary conditions have been formulated,‘-
and the constitutive equations for 1inear anisotropic materin:
_als having magnetic symmetry have been derived. ”
| Since the governing equations are%highly nonliﬁeér andv
very complicated, they have been iinearized in ﬁhatseoondW' |
ipart Thus, the governing equations are deéomposed into two -
'groups. The first group is the same as that of rigid body
'electrodynamios, and the second group is the one accounting
'for 'the interactions of the electromagnetic fields with
thermo-viscoelastic continuum through linearized equations.
_Further, the theory developed for a general anisotropy is

applied to speoial cases.q :
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In the last part of the present research, an applica-
tion is given for a special case of the linearized theory,
Propagation of magneto-mechanical waves in magneto-visco-
elastic, electrically conductive, isotropic solids in an ex-
ternally uniform primary magnetic field is investigated. The
phase velocities and the attenuations per wavelenght have
been obtained, both analytically and numerically. Some inter-
esting behavior of the phase velocities and the attenuations
of these waves are numerically detected for certain frequen-
cies and strong magnetic field.

Key words: anisotropy, attenuation, conduction, deformation,
magnetizable material, magneto-electro thermo-
dynamics, polarizable material, phase velocity,

viscoelasticity.
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OZET
POLARIZE VE MAGNETIZE OLAN, ISI VE ELEKTRIGI
ILETEN MAGNETO-ELECTRO TERMO~-VIZKOELASTIK ANIZOTROP
KATI cisMIN DINAMIK TEORIsSI

ERS0Y, Yagar

Doktora Tezi, Miih,Bil,Boliimil

Tez Yoneticisi: Ddg;Dr.Erhan Kiral
Eyliil,1976; 178 sayfa

Bu tezde, 1s1 ve elektrifi ileten, polarize ve magnetize
6lan magneto?elektro termo-vizkoelastik anizotrop kati cismin
zamana bagll elektromagnetik alan icerisindeki dinamik
teorisi geligtirilmistir. Bu aragtirmanin ilk kaisma, Maxwell
denklemlerinin gegitli formiilasyonlari, elektromagnetik
alanlaran gekil degigtiren ortamla olan kargilikli etkileg-
meleriyle ilgilidir. Relativistik olmayan kl&sik sfirekli
ortam mekaniginin denge denklemleri kullanilarak, kargilik-
11 etkilesmelerle ilgild deﬁge denklemleri, sinir kosullari
ve magnetik simetriye sahip, lineer anizotrop cisimlerin‘ |
blinye denklemleri tiretilmigtir. o o
', »Etkilesmeyi.yﬁnetenwdenk%emler nonlineer ve g¢ok karlglkf
olduéundan aragtmrmanzn"ikiﬁei klsmlnda, blitin denkleﬁier #
1ineer1egtirilmistir, Bayleaag denklemler iki gruba ayr1§— w
vtlrllmlg olup, ilk gruptakilar rijit cisimlerin elektro-

’adinamigindekinin aynlsl, ikinciler,ise elektromagn@tik
‘alanin termo~vizkoélaatik oftamla'kargll;kll etkilegmesini
‘bélirliyen lineerf&enklemléidir. Daha sonra, géenel anizgtfdp‘
!cfSimlerle ilgili»teori bazm(dzel durumlara uygulaﬁmlgtir. ’ﬂ

[
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Bu tezin son kismi lineer teorinin ©zel bir durumm-
nun uygulanigi ile ilgilidir. Uniform magnetik alanin ice-
risinde, elektrigi ileten izotrop kati cismin igerisinde
yayilan magneto-mekanik dalgalar incelenmigtir. Yayilan
dalgalarln faz hizlari ve birim dalga boyundaki zayifla-
malarz: analitik ve de saylsal olarak elde edilmigtir. Bii-
yik magnetik alan igerisinde yayilan belirli frekanstaki
dalgalarin faz hizlarinda ve zayiflamalarinda ilging dav-

raniglar sayisal olarak saptanmigtar.

Anahtar sodzclikler: anizotropi, faz hizi, iletken, magnetize
olan cisim, magneto~elektro termodinamik,
polarize olan cisim, gekil degistirme,
vizkoelastisite, zayiflama,
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CHAPTER 1

INTRODUCTION

The goal of this thesis is the formulation of nomrelati-
vistic, macroscopic governing equations characteriging the
dynamic response of viscoelestic anisotropic solids to the
simultaneous actions of mechanical, eleotramagnetic and ther-
mal effects.

Special effects produced by the interactions of electro-
magnetic and thermal fields on the deformable continua have
had a revival of interest in the last two decades, so that the
literature is quite extensive. However, praperly inveriant,
magroseopic and microscopic nonlinear thaeriea of electroeﬂa@-
ticity (elastic dielectrics), magnetoelasticity, electromagaeto-
thermoelasticity and electrodynamics of deformable continue
are still evolving research topics.

The strict mathematical description of the nonlinear
theory of elastic dielectrics given by Toupin /17 is applie-
able only to static cases, This theory makes ﬁae of the con~-
cept of & free enemgy which depends on palarizatian and defor-
mation gradient, and by means of a variaxional principle, the
form of constitutive relations is determined. Exingen's and
Grindlay's works /2, 2], which are concernmed with the static
theory of elastic dielectrics undergeing finlta defarmationa.
depend upon the prineiple of virtual work, and the eonstitu-”
tive relatione are also obtalned therg{q:ﬂr; !

Later, the dynamic theory of elastic dielectrics present~
ed by Toupin [4/, which is based on the balance equations, is
adequate to prediet numerious experimental etfeota, guch as
piezoelectricity, photoelasticity and the Faraday effect., The
dielectrics is assumed, however, to be a parf&et inaunlator
and no thermal effects are considered. R

~Parallel to Toupin's work [1/, Plersten /57 considered
the macroseopio behavior of a magnatically saturated insulator

undergoing large deformation. His equations are derived by
means of systematic and comsistent application of the laws of

1



continuum physics to a well defined model motivated by micros-
copic consideration. He also verifies his formulation by a var-
iational prineciple /6/. The phenomenological macroscopic theory
of magnetoelasticity presented by Brown /7/ 1s successful in
accounting for many experimental results. In [6,27 magnetiza-
tion gradient is included in addition to deformation gradient

- and magnetigzation as a constitutive variable since they are
particularly interested in various ferrits under the saturated
state.

Further, Midlin /8/ and Suhubi /9/ present variational
principles for the deécription of the nonlinear behavior of
elastic dielectrics in static equilibrium when polarization
gradient is a supplemantary constitutive variable. The inelu-
sion of polarization gradient in the comstitutive relations is
needed to explain the surface energy phenomenon.

The static nonlinear theory of both polarizable and mag-
netizable thermo-elastic solids conducting both electricity eud
heat is presented by Jordan and Eringen /10/. An electrically
polarizable, finitely deformable heat conducting continuum is
considered, using different approach, by Tiersten /11/ and
Tiersten and Tsai /12/. Afterwards, Pao and Yeh [13/ give a
macroscopic, linear static theory of magnetoelastic interactions
and Hutter end Pao /14/ investigate a macroscopic dynamic the-
ery of a magnetizable elastic s0lid with thermal and electrical
conduction by means of the balance laws of classical continuum
mechanics.

On the other hand, Grot and Eringen /157, Bragg /16/, and
Boulanger and Mayne /17,18/ present relativistic approaches to
the interacting continuum. The results in the first two works
reduce, in the nonrelativistic approximation, to Toupin's work
of elastic dielectrics /4/. It is not, however, clear as to
whether Grot and Eringen's theory agrees relativistically with
Bragg's and Boulanger and Mayne's results.

Penfield and Haus's monograph /19/, which is a very comp-
ressive treatment of the several formulations of electromagne-
tism, deals with the Maxwell : equations, body forces, body
couples and the energy supplies of electromagnetie origin from
both the relativistic and nonrelativistic points of wiew, leav-
ing out the constitutive equations, therefore, the equations
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" presented in /19/ are not complete.

The anisotropic materials considered in, e.g., /1-19/ are
the elassical crystala which are assumed to be centrosymmetwic,
However, there are theoretical and experimental evidences that
the magnetic symmetry of the crystals must be taken into account
to make clear certain physical phenomena, such as magneto-elec-
tricity, piezomagnetism and pyromagnetism /20-25/, and non-
centrosymmetric materials are also to be censidered in dealing
with piezoelectricity, pyroelectiricity, etc. Therefore, the
present theory, besides being dynamic, through its governing
equations contributes the following to these of the existing
theories: i) The material is both polarizable and magnetizable
- with thermal and electrical conduction, 1i) the material pos-
sesses magnetic symmetry instead of classical symmetry, and
1i1) the material is mechanically dissipative (EKelvin-Voigt.
type viscoelastic)., Polarization and magnetization gradients
and their time rates are not taken to be comstitutive variables
since the exchange and electromagnetic hysteretic effects ave
assumed to be negligible.

As for the applications given in the relevant research
works, the theories have been applied to various situations
of electroelasticity, magnetoelasticity and magneto-thermo-
elasticity. For example, the resulting equations of isotropic
dielectrics in [2] are applied to the unitorm extension of

mmmmmm

tions of Toupin /4] are used to investigate plane wave preb-
lems in elaatic dielectrics. The special cases of the decompes-
ed equations of Pao amd Yeh's /13/, and Hutter and Pac's works
[14/ sre, respectively, employed in the buakling of an elastic

plate in a uniform magnetic field and the propagatian of magneto-

mechanical waves in soft ferromagnetic isotropic materials [26].
Phere is a considersble number of research works studying.
in particular, the propagation of electromagnetic, magneto-
mechanical and magneto-thermomechanical wavee through rigid
or ‘deformable isotropic or anisotropic materials [26-40,54,55/.
To mention & few, Mckenszie /27/ and Potekin: '[28] present the
propagation of electromagnetic waves in moving isotropic and
stationary anisotropic rigid materials, respectively. Birss
and Shrubsall [29/ and Fuch /307 deal with the propagation
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of eleétromagnetic plane waves in magneto-electric crystals,
and Smith and Rivlin /31/, and Ersoy and Kiral /32/ discuss
the propagation of electromagnetic waves in deformable an-
isotropic materials due to deformation.

In these investigations there are no external electric
or magnetic field affecting the propagation of electromagnetic
and mechanical waves. In this view, Knopoff /33/ studies the
effect of the earth magnetic field on elastic waves in the
éonducting core of the earth. The effect of the angle between
the uniform magnetic field and the direction of propagation
on the coupled plane waves is investigated by Chadwick /34/.
In view of the Minkowski formulation of Maxwell's equations,
Dunkin and Eringen /35/ discuss the coupling of electromagnetic
and elastic waves in a moving medium. Kaliski /36/, Paria /37/
and Parkus /38/, while initiating the study of magneto-~thermo-
elastic plane waves, investigate the interactions between elect-
romagnetic and thermoelastic fields. Later, Wilsom /39/ and
Parushothama /407 reinvestigate the problem of plane waves in
the presence of uniform thermal and magnetic fields in different
orientations. More recently, Tokuoka and Kobayashi /547, and
Saito and Tokuoka /55/ present the propagation of mechanico-
electromagnetic waves in isotropic and anisotropic elastic di-
electric crystals in a uniform magnetic field, respectively.

None of these previous works contains the propagation of
the electro-magnetomechanical waves in mechanically dispersive
media under an external primary magnetic or electric field.
Besides, numerical results are not presented with the exeeption
of Hutter's work'léﬁ], where the phase velocities and the atten~
uations of the magneto-elastic waves through electrically con-
ductive unbounded solids are given. Together with electrical
conductivity, intermnal friction also affeets the propagation
of waves in a rather significant manner. Dispersioun due to
electrical conductivity and viscosity of the solids is an in-
portant phenomenon because it governs the change of the shape

of a pulse as it propagates through a medium,
In .the last part of this dissertation, the propagation of

magneto-meéhanical waves in electrically conductive magnetiz-
able viscoelastic solids is investigated boyh enalytically

4



and numerically..

OQur treatment of electrodynamics and the interactions of
electromagnetic and thermal fielde with deformable continua is
nonrelativistic. However, the relativistie formulation of elec~
tromagnetiem is given in Appendix A, First, electrodynamice is
treated in its general form (Lorents invariant), but a later
stage, all the terms compared with the’lineazfterms and contain~
ing (v4)* are neglectéd. The balance laws of classical contimuum
mechanics are Galilean invariant.and those of electrodynamics
are Lorentz invariant. Since the first tw& terms are retained
in the transformations of the electromagnetic field variables
under the Lorentz group, the formulation is regarded as a lin~
sar approximation of the relativistic theory of electromagnetism.
Consequently, our combined set of equations is mneither Lorents
nor Galileam invariant. |

This thesis consists of three parts. The first part (Chap-
ters 2-5) is a fairly general investigation of the governing
equations of the interacting continua having magnetic symmetry.
The second part (Chapters 6-7) is devoted to lineariszation of
the derived equations and the discussion of special cases. In
the third part (Chapter 8), the propagation of magneto-mechani-
cal waves in an unbounded dispersive medium is dis&usaed both
analytiecally and numerically.

More specifically, the basic comcepis and the general bal-
ance equations of continuum phyaics in glabal and local forms
are summarized in Chapter 2.

The subject of the electrodynamics of moving media has al-
ways been a contraversial one /19,41-43/. Apart from the Min-

kowski formulation of Maxwell's equations, there exists a variety _ @

of other forms which are motivated by some particular models
for polarization and magnetigation. In Chapter 3, several ver-
sions of Maxwell's equations for moving media with the assoeci-
ated boundary conditions have been obtained from ome set of the
global Maxwell's equatione without introducing any model. This
procedure to set up several formulations of Maxwell's equations
is different from those given in [19,43/. The electromegnetic
body forces, body couples and the Maxwell's stress tensor sre
introduced in terms of the Chu variables of electrodynamica,
The Chu formulation is adopted since a polarisable material,
in a nenrelativistic motion, is dietinguished from a magnetiz-
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able one. This is not the case in the Minkowski formulation.

In Chapter 4, the basic equations of the interacting
continua are established from the balance laws. of continuum
physica. The pertinent principles are the conservation of mass,
charge and energy, the balance of momen tum and moment of momen-
tum, the Maxwell equations and the entropy inequality. In the
balance of moment of momentum, the body couples are taken into
account although the surface couples are assumed to be absent.
As a consequence, the actual stress tenmsor is asymmetric. These
balance equations are inadequate in number to determine the un-
knowns. i '

Chapter 5 is devoted to the nonlinear constitutive theory
of both polarizable and magnetizable magneto-electro thermo-
viscoelastic anisotropic solids possessing magnetic symmetry
with thermal and electrical conduction. It has been shown that
there exists a thermodynamic potential from which one can deter-
mine the nondissipative part of the stress temsor, the electric
and magnetic fields and the entropy by means of differential
operations. The dissipative part of the stess temsor, the heat
flux and conduction current vectors are not derivable from a
potential, but they are restricted by the inequality. In deriv-
ing the comnstitutive equations explicitly, it is assumed thet
the material is linesar.

The governing equations for the considered linear interac-
tion phenomena are still nonlinear and complicated. To illusirate
the physical implications of the theory there may be two alter~
natives: One is to try a numerical technique of solutions of the
nonlinear partial differential equations and the other is to lin-
earize the equations on the basis of a sequence of consistent
approximation. The latter is followed in Chapter 6. Following
mainly the linearization process of Hutter and Pac /147, all
the governing equations are decomposed into two groups: The first
group is associated with the rigid body motions of both polariz-
able and magnetizable material within the electromagnetic and
thermal fields and the second group encompasses the perturbed
quantities from the rigid body state due to infinitesimal de-
formations. Thus, the motion of the body is viewed as the super-
position of the infinitesimal deformation on the global rigid
body motiomns. This decomposition is differemt from that employ-
ed by Toupin /4/ and Tiersten /5/ where the infinitesimal
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deformation is superimposed on the finite static deformationm.

Chapter 7 deals with special cases, such as the materials
constrained from rigid body motions, the materials which are
thermally and electrically nonconductive, ete. An alternative
linearization process is also proposed.

The resulting equations of Chapter 7 can be ‘solved for
certain problems. The simplest onme is the propagation of electro-
magneto thermo-mechanicel waves in am unbounded medium. The es~
tablishment of relations between the physical properties of the
material and the acoustic wave propagation has numerious appli-
cations in engineering, for example: eatablishing the degree of
fatigue of a material, testing the crystal structure of metals,
‘and especially, alloys, detecting trace impurities in ultra-
pure materials and producting materials with exactly determined
mechanical or electro-magneto mechanical parameters.

Chapter 8 deals with the propagation of magneto-mechanical
waves through magnetizable, viscoelastic isotropic solids with
electrical conduction in a primary, uniform magnetic field in
an arbitrary direction. The influences of the primary magnetic
field on the phase velocities and the atienuations are discussed
both analytieally and numerically. All the modes of the propa-
al conductivity and the viscosity of the medium. The ceupled
modes of magneto-mechanical waves depend upon the direction of
the primary magnetic field. The properties of all sorts of wave s
for the variation of frequency, applied magnetxé‘field and the
magneto~-mechanical parameters have been studied Buch that the
phase velocities and the attenuations are plotted °

Chapter 9 is devoted to the canalueiens of the thesis.

In the dissertation all the symbols are dqtinag vhere first
used, and the considered physical quantities are to be measured
in SI units. Many of the other symbols mey be quickly identified
from the 1list in the nomenclature. Similarly, the figures may
also be recognized from the 1list of figures. |

A computer program written in FORTRAN IV language (IBM 370/
145) with double precision complex algedbra is developed for the
determination of the roots of the secular equation.
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PART: I

GENERAL FORMULATION



CHAPTER 2

DEFORMATION AND MOTION

This chapter is a review of the basia ccmcepts of
classical continuum mechanics, and the general balance laws
of continuous media. The review is not cmaamaﬂ with the
theory of polar and nonlocal continua. ch such meﬁia, see

Eringen [44,45].

2.1. Coordinates, Motion, Deformation and Strain Measures

Within the scope of continuum phyéiéé ?b:odives ‘are con-
sidered to be composed of particles with mass and charge
having translational and rotational motions and stretch.
Thus all the physical. phenomena are regarded ‘as. the result
of the motion of these particles under a variety o:E exter-
nal effects, -

We consider a body Z which is a smooth *maﬁif,old of
material particles denoted by P. At time #=o, the body 8
occupies the region % +7/c  in the Euclidean space Es,
where vV, 4is the volume of this configuré.‘bian’ ‘and o i
its boundary. This configuration denoted as B, is called S
the "initial configuration”. At time t, (& may be equal
to zera), the body occupies the region ’7@9#’ in the same |
space and this configuration abbreviated a8 33,4 ia called
the “reference configuration". : :

The coordinates of the material point P in 5@& are
Xk K=l,2,3) and are called "material" (or Iaagran@ia.n)
coardinates, Fig.(2.1). A particle p oecupies the' s patial
place % at time ¢2¢, , and the coordina‘tas g (k= 1,2, 3)
are called the "spatial" (or Eulerian) cocrdinates. The con-
figuration & is called the "present configuration”.

The motion of the body is characterized by the time
evolution of the position of every material point. Mathe-
matically, the motion of the body is the continucus mapp-
ing



o~

=2 (X, 4) 5 =% (X t) . (2.1)

with (2.1), the region ViV is mapped 'into the region 2541y .

Fig. 2.1 Motion of a Material Point.

Impenetrability of the matter requires that (2.1) have a non-
vanishing Jacobian, except perhaps at some singular points,
lines or surfaces. Moreover, the unique inverse of (2.1) exists
in the neighborhood of the spatial point % :

X = X (2t) (2.2)

at time ¢ . The quantities referred to the spatial coordinates

will be denoted by small Latin kernel letters and their compo-

nents by small Latin indices. Since Cartesian coordinate gys-

tems are used in this study, there is no difference between

the covariant, contravariant, and mixed components of tensors.
A differential vector element oX at P and «x at p

are expressed as

p/~‘.ﬁ-—9§/§; dXe = Lx oAk (2.3)
K
and o% -
e = Zp
S = A= A (2.4)

where Jx and (4 are unit base vectors along the coordinate
axes Xx and =4 respectively. Upon the repeated indices the
summation is understood.

G (X)= L+ Lo and  gus ()= Lo Lot (2.5)



are in general "metric temnsors" in the material and spatial
frames of reference respectively. Since a common Cartesian
coordinate system is used as the reference frame, the meiric
tensors are simply equal to the Kroneker deltas, i.e.,
Gur = OKL » S4¢= Sp¢ o The symbol See=1 if 4=4 and =0
if £#4 . Also, ,5'1‘.;[,(:&/( is known as the "shifter" and used
to shift the components of a vector from a material frame of
reference to the spatial frame of reference or vice versa.
In continuum mechanics, deformation gradients play a
central role. These are defined by |
ZE 5 Xees = (2.6)
or sometimes dyatic notation £ and ,E‘J is used for the
tensors corresponding to (2.6)1 and (2.6)2, respectively, e.g.

NLL K=

X,
F=Vz or  fik=Sxe (2.7)

~

I

where a comma denotes partial differentiation. The usual
vector operators of differentiation with respect to the spa-
tial coordinates are expressed as (.),z , (.)4. and 631(.)@/
and the corresponding operators with respect to the material
coordinates are (.), , (.Jkx and éEy¢ (.)gr respectively.
€k and &,7x are the alternating tensors in the spatial
and material configurations respectively. g,4 (or €« )
is zero if any two indices are the same, +1 if the indices
are an evenﬂpe:mutation of 123 and -1 if the indices are an
odd permutation of 123.

The deformation gradients (2.6) satisfy the nine linear
equations

b, X 4 = ey, y e, Ao g = okl ’ (2.8)

The solution of one of (2.8) gives one set of deformation
gradient (2.6) interms of the other, e.g.

X&é_::: f‘ T Exent €bm 24,0 Xm,M (2.9)

J= L ExunM Evbm MK X4 L. mm"/gwxé"‘( (2.10)
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and 7 Dbeing Jacobian. / may be assumed to be positive
without loss of generality.

The squares of the arc length, (As)* in B¢ and S)*
in Bp. , are given by

(0/5)7‘: St g é/’x,g : (c/S)z: det C/Xc ax. . (2.11)

3
Whenever (ds)"-.—_—_(d—q) for all material points, then the body
undergoes a “rigid body" motion.
‘Green” and 'Cauchy”de‘formation tensors are, respectively,

Coo (Xt )= et Zpx 4,1

and (2.12)

Cut (at) = Ok Xed Xi o

and they can be used as measures for the local deformation in
a neighborhood of points P and p. Both of these quantities
are symmetric, and positive definite.

E g 8nd -€i¢ are, respectively, the "Lagrangian" and
“"Bulerian" strain tensors defined by

and (2.13)
il =€y = 4 (Sut— CLelat)) :

therefore Lx. and €4/ may also be used as a measure of
local deformation, If they vanish, the deformation is locally
rigid. ‘

The displacement vector 4« is defined as a vector that
extends from a material point P in Be to the same material
point p in the deformed body B¢ , Fig.2.1 . The ‘deformation

tensors in terms of the displacement vector &«  are

Ck,.z~AkL-f<25%L.==JgL*'a%ﬂ~+£Qﬂ<ﬁ'uwﬂ<b“9F

2.14
Cu:': JM——- 22, = Jé‘[‘aéé"%k -+ Um, bk am/‘e * ( )
¥ 2

Yhe displacement gradients and the deformation tensors
are relater Dby

2 A
My = Rer Cix = Ree € .44
‘ £ g -4 -4z
Xe, 4 = Rep Cee = Ry Cre (2.15)
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where Z is a finite rotation tensor, and Z?"i represents
the inverse rotation tensor. In matrix notation, any invert-
ible linear transformation F has two multiplicative decom-
positions

£=R4 = VR (2.16)

where /R is orthogonal, i.e., ng_-_.. R¢R= I ana W
and WV are symmetric and positive definite matrices. In this
expression and the following the superscript ¢ denotes the
transpose of the quantity. The following relations hold

U= f*f ;s Vo= £F° (2.17)

Vo=

S

P

w®e

g!@t V= Rut R . (2.18)

-~ ~ P~

When we identify £ by K, then 8 is the rotation
tensor %, /and // and W are identified as U = C;:;{z
and V= ¢y , and they are sometimes called "right" and
"left" stretch tensors respectively.

The elements of area can be represenied by an axial vec-
tor. The element of area oAx in Be and oy in Bt is

related by
day = J Kt AAk . (2.19)

Similarly, the c;ha.nge of volume is calculated from

dv= JdV . : (2.20)

2.2. Kinematics, Time Rates of Tensors o

Materlial time rate of a vector é(mf) (or tensor) is

___;é_{zﬁ) aﬁ-;-@g -{
ﬁ""‘at"

and is called the "material derivative" of fk_ + The dot over
a symbol denotes the material time derivative, whether the
description is material or spatial, because of

é[’l(,’!,%),f] = ié(,)‘(/f) . (2.22)
12
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The first term at the right hand side of (2.21) is called the
"local" or "nonstationary rate" and the second term is the
"convective time rate',.

The velocity is the time rate of the position vector and

given by ( )
XL (Xt)
v= S Ak . (2.23)

The acceleration vector 4 is the material time rate of
the velocity vector

Y 2 .
amt)= %—‘-‘ék (ap= —;,%7‘ +U, e W ) . (2.24)

The material derivative of the displacement gradients and
the differential element are, respectively,

o ,
22/:/%():%2 XU &Z(_‘(Xk,éj-‘-“-"‘%k Xg/@ (2.25)

and

Z‘Z—f;_(&/xé) = U ¢ Az ‘ (2.26)

To describe the local motion of a deformable body the
gradient of the velocity field jnznik’ is introduced. the
velocity gradient can further be separated into a symmetric
part o and a skew symmetric part w as

where
ded = 5 ( Yo+Yeu) = Ygy)
(2.28)
el =Z (Vge-Veu) = U ’

Parantheses are used to denote the symmetric part of the in-
dexed quantities and brackets are used to denote the anti-
symmetric part. »

The rates of the lLagrangian and the Eulerian strains are,
respectively, given by

Exw = 3 Cre = “ll ™4 L

N

(2.29)
but = -2 bt =cleo—Ent VIl —Ent il
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2.3. Balance Laws of Continuum Physics

The material derivative of any field ¢ over a mate-
rial volume /) enclosed by a surface gV  is given by

/45 ”(/”W" /9//"5&‘)6,,, //>¢V¢/a . (2.30)

In continuum physics discontinuities sweeping a material
manifold are of common occurrence, for,exaﬁf&g shock and ac-
celeration waves and electromagnetic fielda [lé]. The case of
a material volume 7/ enclosed by a surface 27V and intersect-
ed by a discontinuity surface 0 (¢) moving with velocity Y*
is expressed in Fig. 2.2.

Fig.2.2 Discontinuity Surface.

§ Applying (2.30) to the two volumes 7' and V"~ bounded by
av*t, r* and 9V 40~ respectively, and adding the resulting
two equations while ¢* and 0  approach (&4 , one obtains

//MV*/;; (1) + [ PP 41 e //[fff‘“"?/“’“ +(2.31)
-7
In Eq.(2.31) N 1is a unit normal vector to the surface and a
bold face bracket indicates the jump of the enclosed gquantity
across the discontinuity surface g¢) , i.e.

o))l = )= () (2.32)

Here (.)" and (.)" are the values of (.) from the positive
and negative sides of 0 of Ut .
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By means of the ureen-vauss theorem , i.e.

?ﬁfé?f da = /%ngc/t/v* //[553/ 0 da (2.33)

7t

the second integral on the right hand side of (2.31) may be
converted to a volume integral. Thus

/¢JV /[7 (pf) + e (pFy ) ]dv
+ //[f¢ (v-v*)J|-0 da C (2.34)

A similar argument can be extended to material surface
¥ enclosed by the line ?¥ and intersected by a discontin-
uity line () which is moving with velocity v¥ PFig.2.3.

Pig.2.3 Discontinuity Line

In Eq.(2.30) if & 1is identified as a vector ¢ and dV
as a area element 4 , then it follows that ‘

ﬁ/j.p@ /(—i .fvaéwy)a’a-f/ xy )k s (2.35)
1t) : t)

JH)

to the surfaces F7 and ¥~ , adding the resulting two equa-

tions while J* and ¢~  approach (1t) and using Stokes!
theorem, il.e.

b Pk = /("W’Zi‘s)””/“*//[é]/ s (2.36)

~

eI A S ()

in the second integral on the right hand side of (2.35), one
obtains
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5/(_’ ZQ =/[ -/-M(f_’xg).,. )(aéw'j ],f’ A
ﬂr’ £ (2.37)

o J UL ex(y-x* )]k Ao
zr/%)
Now, the balance laws of continuum physics are expressed

in the following forms:

A | .na/a::ﬁf'éé{ff /f-!?dﬂ—‘ ,
V/wo/V: Z N 5/5(_-7'-/ (2.39)
-G V-r

' where § y D % and + are vector fields and ¢, Z; and j are
tensor fields.

By means of (2 37) and (2,31), one can convert (2.38) and
(2.39) into :

/["'é?— + cerk (gxY )+,\(W2-W7~P].Q A

+/ﬁﬁ”vvﬂ—ﬁ]é%}@ (2.40)
) -
and ¢ dur r_ 2 oA
4/[9 A Yy )~ ir - G Jde
“ +//[Wx-~/’) A yade =0 - (e
7tt) !

2.4. Master Laws for Local Balance

Assuming Eq.(2.40) to be valid for every area and line
elements, one obtains

2L sl (gay) sy gl o gy £r (e
Lgsty-x)-b T =0 Can 0te) (a. )

Similarly, if Bq.(2.41) is assumed to be valid for every
volume and surface elements, one obtains

—ﬁg+a&w‘/<ﬂ,) e E - 7 = o in VO (2.44)
and [[/(J(—!*)-é\ Jr =0 ~on Tt - (2.45)
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CHAPTER 3

FUNDAMERTALS OF ELECTROMAGNETISM

This chapter deals with the different approaches to the
- theory of eléctramagnetism and the several formulations of
Maxwell's equatiens. Alse the electromagnetic body forces,
body forces, body couples and Maxwell's stress temsor are in-
troduced.

3.1, Approaches to Theory of Electromagnetism

The concepts of electric field £ , magnetie field 4 (or
magnetic induction B ), free electric curremt density % and
free charge density ¢/ each has a clear distict meaning if
these fields are not time varying. In the cese of time varying
fields, £ and 4 are no longer independent, but are tied
together by Maxwell's equationa and their meanings come even
more blurred if material is in motion.

The approaches are classified as

a) historical or logical sequence,

b) macroscopic or microscopic formulation,

¢) relativistic or nonrelativistic treatment.

35.1.a) Higtorical or Logical Sequence:

In historical sequence of the theory of electromagnetiam,‘
cne first considers eleatrostaties, magnetostatics, slowly
’varying direct currents, alternating currents and electromag-
netic waves. Consequently, the subjects of electrostatics and
magnetostatics are distinguished from each other and from ths
whole subject of electromagnetic theory by the following re-
guirementas:

i) ‘A1l guantities do not vary with time,

i1) There is no motion of charges for electrostatics, and
there is constant current present for magnetostatics.

Hence, under these conditions, Maxwell's eguatiens, which
are used in the logical sequence, split into two groups of
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independent equations, one of which contains terms relating
to the electric field omly, and the other terms relating to -
the magnetic field only. In this way, there are similarities
between the fundamental problems of electrostatics and mag-
netostatics. In logical sequence, one directly starts with
Maxwell’s equations to cover the theory of elsctromagnetism.

3.1.0b) ﬁacrohcopic or Mieroscopic Formulation:

A wide range of electromagnetic phenomena may be account-
ed for without introducing the microscopic nature of matter
and the discrete nature of electric charges. In this approach,
known as the phenomenclogical theory of electromagnetiam,
electric and magnetic properties of a substamce are described
by the material property tensors, permitivity é s permeabi-
1ity A , snd electrical conductivity g*“. Charges and cur~
rents are assumed to be distributed continuously in space and
are described by charge and current densities.

On the other hand, the microscopic formulation ie baseéd
on the discrete nature of the electric charge. The microscopic
equations predict, in detail, the behavior of the particles
and their fields, but the macroscopic equations predict the
average behavior of the same particles and fields.

fhe first attempt is ascribed to Lorentz who used an av-
eraging procedure to obtain the macroscopic equations from the
- microscopic equations of the electron theory [41] Subsequentlm
there have been many attempts to derive the macroscOpic equar~
tions by some kind of averaging process. Depending upon the T
degree of approximation, different sets of electromagnetic
equations are derived, all having the name of Mexwell's equa-
tions /19,41-43]. For .instance, De Groot and Suttorp [48/ de-
rived Maxwell's equations from the microscopic equationa for
the electromagnetic fielde in the presence of point cherges
using the principles of statistical mechanics.

3,1l.¢) Relativistic or Nonrelativistic Treatment:

Let x and ¢ be the spatial and time coordinates mea-
sured by an observer in the frame S, and x' and ¢’ be the
spatial and time coordinates measured by snother observer in
the reference frame S' which moves with uniform veloelity v

relative to S.

18



According to the eoncepts of absolute space and absolute
time, the coordinates are related by

g-‘: X— Vf ,& t‘,—- ° (301)

The pair of transformation (3.1) is called the Galilean trans-
formation under which the laws of classical mechenics are in-

variant.
According to the theory of relativity, the coordinates

are related by / see, Eq.(A.5)/
Xim x— O Vtrl=1) XYy
o~ -~ v
= r(t- A Y
ca
where

g

(3.2)

4
Vi-viga
and ¢ is the speed of light in vacuum. The pair of trans-
formation under which the laws of electrodynamies are in-
variant¥, The electromagnetic field variables of the Minkows-
ki formulation in the frames S and S' are related by [see,
139,'@?‘:.2?,.)*‘]” .

r= (3.3)

£ = J(E+YxB)4 (1-1) £:£
ve ™
§ ‘-ﬂB-—Ei;_yxE),a(/ v) 8-¥
VZ.
= T(2r g vnn) +(mr) 21
=V (H-vxd )y (r-7) LY t/ v
#
5.7 -"::;].6() a,'\{lf’é(}'f‘ (’J//) ]éﬁ)
et Ly
.“aecordingﬂid the Lorenté groufdéf tranaformétinné;'khere 2

is the electric displacement. It should be noted that the
Galilean transformation (3.1) is found by taking the speed

(3.4)

?ﬁ i<

b

Y

¥Pour dimensinnal formulatiom of mechanics and electro-
dynamics are appropriate in the mathematical formulation,; but
some of the physical insight may be lost [4Y/.
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of light c to be equal to infinity in (3.2).

The particles considered in modern physics have a speed
comparable to the speed of light in vacuum, but the bulk mate-
rial used in engineering never reach this speed. For this rea-
son the nonrelativistic theory.of electromagnetism may be used
in the solutions of problems of bulk materials. Hence, in this
thesis, we will make use of the macroscopiec, nonrelativistic
theory of electromagnetism following the logical sequence,
That is, equations of mechanical origin are taken to be Gali~
lean invariant and those of electromagnetic origin are appréx-
imated as the linear terms with respect to (gﬁ)z in expansion
of (3.4). Thus the combined set of equations of electrodynanmics
and mechanics are neither Galilean nor Lorentz invariant.

-3.2. Several Formulations of Maxwell's Egquations for Moving

Materials

There are disagreements concerning the formulations of
electromagnetism in the literature., Definitioms, names and
number of electromagnetic field vectors needed to desecribe the
electromagnetic phenomena ere different. However, all of them
give the same results in free space (vacuum) where the macros-
copic fields are measured, in the presence of charged particles.
Therefore, the well established theory of electromagnetism is
that of free space. M

The electromagnetic phenomena occuring in a material are
‘described by the following set of vectors and a scalars £ (z,t),

Blx,t)s D(n,t) » Hizt), f/z;f) Ptat)y, Mizt) and f’(’”(ﬂff)
The last two vectors are called electric and magnetic polariza-
tions per unit volume respectively or, simply, polarization
and magnetigation., In the formulations of Maxwell's eguations,
one vector from electricity ( 2or 2 or £ ) and one from
magnetism (4 or 2 or 4 ) are éxcluded and known as aux-
ilary electromagnetic fields. This choice depends upon certain
formulations of electrodynamics. The apparent forms of the
governing equations of the electrodynamics and the meaning
of the electromagnetic fields are different even if the same
name and symbol are used. Furthermore, the recognition of
this difference is important since the polarization and mag-
netization will affect other dynamical quantities, such as
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body forces, body couples and electromagnetic enexgy suppiies,

In this section, the governing equations of apparently
different formulations and the relationships between them are
discussed.

3,2.,a) Maxwell's BEquations for Moving Media

There has been a revival of interest in the formulatioms
of governing equations of electrodynamics in the presence of
moving materials in the last two decades / 19,41-437.

There are apparently different approaches to formulate
Maxwell's equations in the presence of moving materials. The
first one is given correctly in the famous work of Minkowski
which is based on the special theory of relativity /49/. In
this formulation, the Maxwell's equations are covariant under
the Lorents group of transformations and they are used for
moving and deformable bodies. However, the ecnatitutive equa~
tions are different in two frames of reference which are mov-
- ing at constant velocity relative to each other. Later on
0'Dell /507 and Post /51 formed the linear comstitutive
equations for anisotropic rigid materials which are now co-
variant under the Lorentz group of transformationsv[éeay.Eq(A.

The second type of the formulations depends upon the
models chosen for polarization and magnetization, In 1953,
Chu /41 and later Boffi [42/ developed new formulations
with significant nonrelativistic differences inutke,éleotro~
 magnetic force expressionms. The Chu formulation. is based on
two generalized charge densities and eurrent densities while
the Boffi formulation is the relativiatic modification of the
Amperiaun model of magnetisation of materials. The model for
polarigation is the dipole model of aleetrie charges ‘which is X
the same for these three formulations. The model of magneti-
zation for the Chu formulation is again the dipole model of
magnetic charges however, for others the circuit-current
model is used. In fact these two models for ﬁagnetization are
different from each other. Meanwhile, Corsteiu /56/ establish-.
ed that the magnetic current and the existence of magnetic
charge depend essentially on the rotation of material and
spatial variation of magnetic permeability respectively. In
all these formulations, electromagnetic bhody forces, body
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couples and energy supplies are expressed in terms of their
own fields and they appear different in form. Experiments
have not been successful in resolving this contraversy, be-
cause hany of the differences invelve small relativistic
effects and, moreover, the associated quantitiea are not
accessible to direct measurements.

Later on, Tai /43/, and Penfield and Haus /19/ compared
extensively the various formulations. The latter authors; in
view of the special theory of relativity, modified the in-
complete electromagnetic forces in these formulations so that
they become equivalent.

Maxwell's equations are given below in the integral form
without taking any model and assumed to be valid for any arbi-
trary moving frame.

Faraday's law:

_/ El ds , & //w(gww‘ﬁ/a —" (3.5)
ar v ~ T dt Gy ‘ ~
Ampére’s law (modified by Maxwell):

4 3.6
// %5~ / at+#ﬁ%x“/J%@* 5@4:0 ( :
e "7— Ly v
Gauss® law:

= 9] -
/(éatz-f-/:’)a/d—-//o JV«/@O 0. da = O (3.7)
V=1 e
Conservation of magnetic flux:

/,M(ﬁl-/-y)‘/g:.—o (5.8)
T |
where

£y # QT%': effective values of £, £ and 77 nea-
sﬁ}ed on a moving frame relative velocity of which is v ,

k” sfree surface current density,

w? ifree surface charge density per unit area,
&),/%:permitivity and permeability of vacuum respectively.
In addition to these laws, one has the conservation of elec-
tric charge

w
/aécjdv+ /\7 a/a =0 » .
p{{‘ /0_ W (3.9)
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The forms of Egs.(3.5,6) and (3.7-9) are similar to those
of (2.39) and (2.40) respectively. The local balance laws and
the boundary conditions of the electromagnetic fields are
obtained by assuming the integrals in (3.5-9) to be valid for
every part of the material. Following the derivations of local
equations introduced in Chapter 2, local forms of the equations
of electrodynamics and the associated béundary conditions are
obtained. they are

/a,;%(f/-/«g)-f awé[é}ao (H+M)xy ]':O

in V)

592_ (£o~5+~/3)+¢d¢/'(€o§ +B)X—- W["-"/‘(@é‘-%f)xv] '3.10]
s :/’C’,:o ] (5.10)
W(&§+,P)~f5‘J:o ;e (Ham) —
¢ in V2 g
Vs ,
‘gé +W(/’{’L’y+g’5" J=o0
and ) ( . ,
HrM)x (V=Y E ] &=
Az )+ E J k=0 on  ((+)
Hi«+L)x (x-y*) ~ ' £ J) k=0 (3.11)

£ ./?-‘406{).:.'-’ 3 N=0
/[éo,_+f]/~ > )/m[é/+4/]/0 Olon Ti) -

VM- ) s TP =0

Asguming that the discontinuity surface is a material
interface, 1.¢., Vv=v*, one obtains

/[Z;—/J/ézr o /Z:,/f//?‘* Kfjﬁf =0 on &t)
) (3.12)
/[J/]/‘I} =0 on U(t) .

For a stationary surface, Y=0O :

/[/_m(,/f"%-’l")"?«/‘*g,]‘g =0 ; /Zzﬁgﬂ?)"x/*ﬂ/—ﬁf"‘f]/g:—o on J)
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/[FWV + TP Hn=o0 on &) . (3.13)

3.2.b) Several Formulations of Maxwell's Eguations

Several formulations of Maxwell's equations and boundary
conditions, namely, Minkowski, Ampére, Boffi, Chu and other
formulations are obtained by introducing new field variables.
For the specification of field quantities in different formu-
lations, a superscript will be used. In this section, the su-
perscripts ~, 4 , B , C denote the associated quantity im
the Minkowski, Ampére, Boffi and Chu formulations respectively.

i) The Minkowski formulation:

The oldest and most well known formulation of electromagne-
tic theory was given by Minkowski /49/. Redefining new electro-
magnetic variables as

BM:-“':- (__/:/-v‘-:‘f) J _@E“&§+P

- r- (3.14)
ld A~ ’ “
E7= £ 8%y ; HE - Dxv ; ijffg_;_;f(gWMD,,x

—~

and substituting these into (3.10) and (3.11), one obteins

curl §H+ ._.a_.:.B' =0 ek HL Q_‘_@_H: <.7({} in Y r
>t SToE TR
(3.15)
dir D= p¥ s B¥= 0
¢ in Vg
f?;— o+ i T e
and
FE BN Jll=0 5 M40 g _ |
- ~ =0 on g/
AD" Yo -wP= 0 . WBfr=o0 (3.16)
on U 4)

ULo¥-pPyr0=0°

respectively.Eqs.(3.15), and (3.15), are mot completely independ -
ent of each other, because of the mathematical identity
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OQU‘Chxljﬁ;O for any vector QS'. Therefore (3. 15) exists
as an auxilary condition in the solution of (3. 15)1. Neither
(3. 15) nor (3. 15)3 is completely independent, because of
(3. 15)5.
If one assumes vy = v*, the boundary conditions (3.16)1’2,5

e

beconme
LE Bt =0 ;d#%D"%y Y10 on 1)
(3.17)
AZiQTW—7009)/~}Vzﬁ =0 on (t)

and the remaining equations are the same. How, if the velocity
vector is continuous on 0@ and J%) and its normal component
and the surface charge density vanish; then one has

Le'J k=0 s [#-k"F k=0 o ”(*3/18)

[J({)]'f)fo on U(t)

and the remaining equations are the same. These boundery condi-
tions are the same as that of the field variables in stationary
media. Otherwise, the boundary conditione of electromagnetic
fields would be different in stationary and moving media.
| The field vectors £, p%, O, #”and ¥ are related
through constitutive equations. In most general cases, each of
the constitutive relations must also depend upon the set of in-
dependent thermo-mechanical variables associated with the thermo-
mechanical behavior of the system. These dependencies have the
general functional form

=@({r},{x} ) | (3.19)

where {r} {X} represent the set of independent electromagp
netlc and thermo-mechanical variables respactivelye A similar
functional form is valid for ¢4 and J¥, The constitutive
equations for magneto-electro thermo-viscoelastic anisotroplie
materials will be handled in Chapter 5. The comnstitutive equa-
tions for linear anisotropic meagneto-electric material is
given in Appendix A [/ see, Eqs,(4.25-31)/.
For the free space, the constitutive equations are
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=" 4= = 8”7 - (3.20)
Despite the fact that the constitutive equations in the Min-
kowski formulation change when the material is im motion, (3.20)
is the same if the velocity of the material is small compared
to the speed of light. :

When (3.20) is substituted into (3. 15)2 , then the
Maxwell . equations can be solved simultaneesly to datermin@
£” and A% if the sources J7’ and /D(’t are prescribed.

ii) Amperian and Boffi formulations:

The Amperian formulation of Maxwell's equations depends
upon the dipole model for polarization and the electric cir-
cuit model for magnetization. Following Ampére's original idea,
Lorentz formulated the Maxwell - equations for moving media.

By adding to the Lorentz formulation the correction imtroduced
by the relativistic treatment of the cireuit model, one may
derive the equations in the Amperian formulation.
| The Boffi formulation is the extension of the Amperian
formulation of electrodynamics for mofing media /42,19/. The
models chosen for polarization and magnetization of materials
‘'are the same in both fermulations, but in the Amperian formu-
lation an equivalent polarization charga occurs when the current
laop moves in a-direction normal to its area veetor. The equi~ "
valent polarization is in a direction perpendiaular to both ”
‘the velocity and the magnetizatigzation vector, being equal to
-4 Mxy ., Therefore, both formulations are identical when
L‘the material is not in motion, i.e., ¥=0.

Amperian formulations
Introducing
Brm el fatl) 5 H = Hlco Exy
El= E e (H pp) 1Y
and subtituting £- #x¢.  instead of P in (3.10), and
neglecting the terms of order (Y, )*in the resulting equa-
' tions, one obitains

(3.21)

_2?? A—-;L-M:'E_A:.:—O in ﬂf
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ot ~ (3.22)
o odir £4 = PP S L B O i Vi

where A
] /O(N::._pl&tr(ff_ E:_@x}!)

/\()

:? ’ —&Eg‘ (~—pA— E/{ LVXA_ )*W (Z)Axy ) (3-23)
and v

\j'h') = cud M*

and are called polarization charge density, polarization and
magnetization current densities respectively.
The boundary conditions now become

UL E- B> k=0 n 0
L4 8% 4 Plxy + GELP" - k"I & =0 (3.24)

T ggiil’l/ﬁ-wé‘éo ; AB Fo=p0 .on T&)

When the velocity of discontinuity linme /%) is equal to
‘the velocity of the material, or if the velocity vector ¥ is
continuous on ¢ () and %) end its normal componemt vanish-
es, then simpler boundary conditions follow, Obviously, the
boundary conditions in the stationary and moving mgdia are aif-
ferent from each other.

Bofff formulation:

The Boffi formulation of electrodynamics is similar to
the Amperiem one, in that both use £ and & as the field
variebles and P~ end M as the material varia.bles. The
definations of A , 4/ and £ are the same as in (3.21)
with superaaript B instead of A , but there is mno equiv-
alent polarization. Beffi interprets the term — PAs i A""'

as the polariszation by the eleciric and maguetioc ﬁ.el&a, and
the term M* +P*xy  as magnetization. Thus, the Maxwell' .
equations and the boundary conditions in the Boffi formulation

are tpe follewing

A
28 —/-W@é
ot aes JK(N (=) ' in  Ar
L cend BB e ZE ¥ o '
= e (3.25)

27



in V=7
and ;_,g_-égxy,«] £ = 0O }an I4)
[;i: 85 Mo (e E% P8 vt K] k=0 (3.26)
where
pl=-irp® ; I'= “a%?g ;"= auens (3.27)

and are called the polarigzation charge density, polarizatien
and magnetization current densities respectively. If the ve-
locity of the discentinuity line Y#) im equal to the mater-
ial velocity, then v* is replaced by V im (3.26). It
should be noted that the equations in the Baffi formulation
coincide with those im Amperian, whem V=0 in the latter.
FPinally, it can be shown that the field equatioms im .» both
the Boffi and "+ Minkowski formulationas reduce to the same
set of equations in the quasistatic approximations.

1ii) Chu formulation:

In the Chu formulation of electrodynamiea [41] the f@l“w
lawing quantities are assumed to deseribe the electromagneticg
state of a material completely: : -

a) The free charge distribution is repr¢sented by the
~volume and surface charge densities, ‘ ,

b) The free current distribution is represented by the
velume and surfage current demsities,

¢) The electric polarization is repreeented by the dipole
moment density, : ;

d) The magnetigzation is represented by the magnetie
dipole moment density.

The model for polarization is the same as the Amperian
and Boffi formulations. However, the model for magnetization
is quite different. In the Chu formulation, it is assumed
that the magnetic charges may exist in pairs.

Introducing
Ef= E'ppafixy ; 4= H-aExY (3.28)

o~
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inte (3.10,11), one then obtains

- ot in %£¢
Gat #¢-e 252 7, ¥ (3.29)
& olir £ Y4 p P 5 _pa i 1= P in
and
€, e MRV stea (WG U )™ . R =0 |
o .+/¢w xg/cw( + ) _}7 w
A H#e— Py + (6 £ 4P )xv*— k¥l =0 (3.30)
Maity Pegn-wP=0, clfGpl2=0 on 7Ttt)
where :

TP= 22% cue (Pouy)

]

5.31
J ™ = Af‘i—gafc+ cordl (potd xy ) -3

/O/p);—__‘_",,p&af”pc' J F/M)E’—nyc
and are called the polarization and magnetization current
densities, and the polarization and magnetization charge

densities respectively.
If one assumes that Vi y , then (3.30)1’2 now become

/[5C7woﬂcx’\(v]/-£ =
/1'/,?~C'+e,§c‘x;y..’/~<w]]._£:0

resxsactivély.ﬂhenemr the normal component of the velocity
and the surface charge density vanish, then the boundary
‘conditions are the same as that of the stationary media. It
should be noted that the Chu and Amperian formulatiom agree -
if M=o0. r

¥ on _.a"(-z‘) (3.32)

1
|

iv) Other formulations:

In addition to the previous formulations, one may ex-
press Maxwell's equations in terms of the variables 2 , 4
p,y and y-,0r D, 8 + P s+ M and y with-
out giving any physical interpretations to the space and
time derivatives of these quantities. For example, if one
introduces ‘
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(
2° = e & 4P (3.33)
/710;_: //l— /)&L/

then Maxwell's equations end the boundary conditions now be-
conme

Gt D°, 4 oK ° MO o
N
‘ ' in 14 &
Cenl #°.. 22° Z
' =57 =Y (3.34)

W a—* ﬁ(f) ’ Wﬂidﬂ/fuoﬁ'/oza in ’\/:~0—

A2~ eP™ 2 (454 )y* P b =0

on )
LH+D° vt -7 £ =o *

1 O (3.35)
o / o ; ©
| L0 7 o-wh=o J/w/[/i%f]/g:o on T .

There are, of course, other possibilities to introduce
new electromagnetic fields and obtain the ansooiated Maxwall'a~
equations,

3.2.c) Relationahips Between the Electromagnetic Fields in
Ditferent Farmulationa. i ‘

whe relationahipe can be obtained by comparing the fields

in two different sets of the Maxwell's equationa. ’ 5

Comparing Eq.(3.15) with (3.22) one finde the relation—‘“‘

" ships between the Minkowski and Amperian variables:
| E£Y = g4 . BM= g

Qﬂi Goé”m: ’ﬂDA"c“i A/Aw ; /*zf; (3.36).

where the terms of oxder (y )2 are neglected.

‘g‘i ﬁﬂw t/i’ﬂﬁx}é

Comparing Eq.(3.15) with (3.25) the relationships between

the Minkowski and Boffi variables are obtained similarly.
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Similarly, the Amperian and Boffi variables are related by

Pl PA_ 1 oy

c2
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xY ;MO MAL PAxy © (3.38)

and the other two variables are the same.

Comparing Eq.(3.29) with (3.15) and (3.29) with (3.25)
one gets the relationships between the Chu and Minkowski
variables, and the Chu and Boffi variables respectively:

EM-: ,_Ec.f/uo/:/cxv 5 i‘/M:—: {‘/C.'_l)c'xz

- 3.39
.DM =M PC_ Mcx\/ LM oyt c c ( )
and
A be
£ = £ -+ MC’X |74 0 /38___ (//C.
= ~ ~ S o= G pME)
Z 7 4 (%.40)

; M= My Pexy .

In a similar manner, one can express the Chu variables in terms
. of the Amperian variables, or the Boffi and Minkowskl variables
in terms of the Chu wvariables.

3.2.d) Comments on the Different Formulations:

Although different sets of electromagnetic variables are
used and different sets of Maxwell .. equations are obtained
in the above formulations, there are certain similarities amd
differences between them.,

Similarites:

i) In free space (L=« £ , Bz« in the Minkowski
formulation, P=0 and M =0 in the other formulations), all
the formulations reduce essentially to the same form.

ii) In the presence of moving and/or deforming continuum,
all of them involve four electromagnetic variables and the
same J¥ and /. Eventhough they recognigze the same 7% and
inside moving and/or deforming media, the force which is exert-
ed on current inside the material is different, but the over-
all forces on the material are the same in all formulations
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provided that compatible constitutive equations are used.

11i) A1l the formulations have four Maxwell's equations
(two vectors and two scalars) which contain the same informa-
tion, alihough they are different in form, and require two
constitutive equations to describe nonaonduotoré.

iv) All of them possess total eﬁergy—mementum tensor
[see, Eq.(A.38)/, but they are apparently different.

v) The Maxwell - equations obtained are net suffici@nt in

number to determine the unknowns. ‘

Differences:

i) The wvariables used to describe electromagnetic fields
inside materials are, in fact, different eventhough the same
names and symbols are used. 7

11) The forms of the Maxwell-} y equations, comstitutive
equations and the transformations of electromagnetie fields
" under the Lorents group are different.

iii) The boundary conditions for the eleetromagnetic fields

are not similar.

iv) The form of ponderomotive Loremts forces, body couples
and energy supplies (or the energy-momentum tensors in four
dim. formulatien) inside the material and their interpretations
are different. ‘ N .

The models associated with the Chu, Amperian and Boffi
formulations allow one to use physical reasoning, Therefore i
one can. 1nterpret the polarization and magnetisation charges , = i
and currents, body ferces, body couples etec,, bui these inter-
;pretations can not be mada in the Minkowski formulationq The
Chu model for magnetization is easinr to intexprct, because
the magnetic charge is the dual of the electric char@e in the
sense that it is acted upon by a magnetic field rather than an
electric field; and it recleves a force at right angles to its
motion in an electric field rather than a magnetic field. R

The magnetic dipole model used in the Chu formulation is S
a suitable representation for magnetism in materials with a R
' domain structure, It has also been applied succesafully to S
interpret the complex gyromagnetic effect (see, for example [77 E
Sec.7.8 and /197, Sec.4.9). On the other hand, the Chu model
is not adequate to describe the microscopic nature of the mate-
rial, because it is intended to interpret the macroscopic
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behavior.

The Mexwell . equations in the Minkowski, Amperian and
Boffi formulations are expressed in terms of a scalar and a
vector potentials /50,57/. Hutter amnd Pac (/14/, p.93) state
that this is not possible for the Chu formulation. Introducing
twoe scalar and two vector potentials, we are able to express
them. Although the introduction of two additional potentials
in the Chu formulation seems to be a disadvantage, fortunately
they satisfy the same type of differential equations.

4.3, The Chu Formulation of Maxwell -~ Equaticns in terms of
Potentials

One can express the Maxwell:' . equations (3.29) in terms
of two scalar and two vector potentials. If one introduces

='-;W4“Zj£uv QV“w) L cnl A

€o

(3.41)

and . (ml
L AP giocl O 94
the Maxwell®s equations can then be written as
) ‘ # @y (] )
ag? = - A+ ) 1795 _ /0(’” .

A" = (T 7% ) 5 047 =-a T™

where the scalar potentials 55m)and gBh”, and the vector po-~
tentials A” and A satisfy the Lorentz condition

e AP o _ Lir A ™ )
L A +é3;£~o ; AT L %{—:o o« (3.43)

In Bq.(3.42), the operator // is called the D'Alembert oper-
ator defined by
g = v: % 2] (3.44)
—_— ce C)-ll_-?— 4 Ll g
It should be noted that all the potentials satisfy the
same type of differential equations with different source terms.

5.4. The Body Forces, Body Couples and the Maxwell - Stress
Tensor

A dynamic theory of electromagnetism of moving medias re-
quires the specifications of body forces, body couples and

s
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energy supplies of electromagnetic origin. There are apparently
different expressions for these quantities 8ince there exist |
several formulations of electrodynamics. The body forces and
the body couples emerge from the basic assumptions which ave
motivated from the models of polarization and magnetiZation.

‘The body forcea, body couples and the Maxwell . siress
tensors are expressed below in view of the Chu models for pos.
larization and magnetization.

3.4.a) The Body Forces and the Body Oouplea

When a charged particle g moves with - veloeity v in
vacuum in which both an electric field £ and a magnetic
field # (or B ) exist, the expression

FUl 7 (E+ vyt Jmg (£+ yxp ) (3.45)

" is called the Coulomb-Lorentz (or simply theiharsntz) force
. acting on the charged particle. This expression is unique end’
used' in the definitions of the electric field £ and mag-
netic field /4 (or /2 ), and all the formulations L
S . of electrodynamics are in agreement with this express-
ion. J )

. Now, various expressions for the ponderamotive Lorents
force, which gives surface foree at the bounding surface of
the material as well as velume force within the material
“have been proposed. These expresainna fall into tpme& cate-
- gories: : : S

i) Staetic or quasi static electric (magnétic) fialda (Bae,3wl
e.g. [7,10,13,58-637), i
In electrostatics (magnetoataxics), tha force acting on L5y
electric (magnetic)’ charge (or currcﬁt) in an electrie (magne-
tic) field can be expressed in terms of volnme or surface ' i
integrals of the electric (magnetic) field.’ For ‘example, Birss.  ‘°‘
/58] obtained the macroscopic total electrie (magnetic) ponder-?
‘emotive force and torque expressions from the Lorente force . i
expression in terms of surface integrals. Brorn 1] gives ,}““ﬂ
ponderomotive forece and torque expressions in terms of volume -
and surface integrals and trangforms them into seweral forms
by means of vector identities. U
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ii) Nonrelativistic motion of polarizable and/or magneiiz-
able rigid ar deformable materials (see,e.g. /12-14,19,41,64/).
The body forces and the body couples contain the terms
associated with the motion of material besides the guantities

in the static case. These forces and couples depend upon the
models for polarization and magnetization. The Chu model is
the simplest one and has certain physical significance sven if
a magnetic monopole has not been observed yet (/57]Sec.6-12 )
and [65-67/.

iii) Relativistic motion of the material from the micros-
copic and macroscopic points of view (see, e.g. [15-19,68,69/).
In the relativistic theory, energy and momentum is a

second order temsor in four-dim. Minkowski space /see,Eq.
(A.38)/. Force is an expression as the three entries in the
same row or column of the énergyemomentum tensor.

Assuming each dipole as a doublet of monopoles upon
each of which the Lorentz force acts, the body force and body
couple are then evaluated. A similar calculation can be made
vhen magnetization is modeled by a current loop model.

In addition to the force acting on a free charge density
p%’and current demsity J7 , Chu /41 suggested that there
are electric and magnetic Lerentz forces per unit volume due
to the polarization and magnetization currents respectively.

ﬁf('o) — P{P)f‘:’f' },7‘{’)7"/“’0_\/{/
» N . (3.46)
/f ” = /9 >AA1 ’lf_/ - :_7 % €o£

where £ and /4 are the Chu variables.
If one now considers an electric dipole, then he can as-
sume that the electric Lorentz force acts upon each monopole
(positive or negative bound charge) of the dipole. Assuming
that the center of mass of the dipole has the coordinate
and the distance between the monopoles is 1 , then the po-
sitive and negative charges are supposed to be displaced re-
lative to each other due to some external agencies (electric
field, magnetic field, deformation, ete. ). The poaitions of

the polarized charges + z”” and -1‘” are, respectively,
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= X+ +2+1 , x= x4 . (3.47)
Since the positions of the positive and negative charges are
different from each other, thg‘electric and magnetic fields
at these points are different. If the Taylor series expan-
sions are used and the first two terms are comsidered, then
summing over all dipoles in unit volume gives the body force
due to electiric (and/or magnetic ) dipoles. Similarly the
body couple is determined by evaluating the total torque
which 1s the sum of the torques exerted by the positive and
negative charges about the center of mass of the particle in
a unit volume.

Thus, the force acting on the electric dipole per unit
volunme is

PF = 09%L pad £409" vx (L gradnt) 03" # (5.48)

where N 1s the number of particles per unit volume. Using
the conservation of mass and (2.21) one can show that

Dot A (25 1_ 3 12390 ) dirteng®3.49)
" At &7‘2‘_( ?n )_5{“ (0271 )+ derlyng® )(3.49)

Defining polarization per unit volume P by
== av
£ = {;’Z 77 (3.50)

and introducing this into (3.49) and the resulting equation
in (%.48), one obtains

pFo= P;wdﬁ' + v (P gradpetl)
+[a; vdir (voP)]smt .

Finally, if one introduces polarization per unit mass 5%:13
then follows

(%.51)

AL _ L aF
ﬂfj’*‘*ﬁdf( = ,O/EZF"P

:.? .*%W—(V@/D)

(3.52)
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Substituting this into (3.51), one obtaims
(» Y
ff = 2 prad £ 4 v (B/woﬁwﬂ)—rfz’gywﬁ (3.53)

as the ponderomotive Lorentz force due to polarization.

Of course, in the Chu model for magnetization there is
no essential difference in the derivation of the body force
due to magnetization. It is found to be

PI” = o M. practl + Y (/‘“ﬁ"-f“""”g)*f/“"g‘&g (3.54)

where m v y
H=Ln g s M= . (3.55)

The total body foree per unit volume is then

PF = e TGt e pf T (36)
These expressions are cbtained in a different manner by
Penfield and Haus /19/. They are in agreement with (3.53) and
(3.54) if the relativistic effecis are 1gnored.

If one restricts himself to the quasi static electric or
magnetic field system, BEqs.(3.53,54) reduce respectively to

pfP= P padaf  pf Tl padtl . (3.57)

In an analogous manner the body couples are détermined.
‘§incs the position of the particle coincides with the centre
' of mass of the electric (magnetic) dipole, the couple acting
. upon the paftiele can be determined by evaluating the torgue
- exerted on the positive and negative chaxrges about the cenime
of mass of the dipoles.

The electric couples on the positive and nsgativa charges
are, regpectively, L

/Jg-*(/:) 14_ ’ ,,7/*0“-2“" 7 [?“’g(x.,_, {.).,.szf”/v-*i-dz)}w (x+§,+ﬂ~
7t -:zi‘féxff"w £ 2x[-9%50c-£ ,4) - 4" lx- FE ) pebe-£,497

Multiplying Eq.(3.58) by #~(2,¢) and adding the couples and
using the defination of 2 , one obtains
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PLY — Px (£ +Yrue b)) - (3.58)
Simijarly, the couple per unit volume due to the magneti-
zation is found to be ‘
PL™ = pu phx (4~ ¥ =& E) - (3.60)
Then, the total body couple per unit volume ig‘the sum of these

two couples, i.e., o
/0/ /9/0)) + /”"'ﬂ(m . (3.61)

Using the transformations of the Chu variahles in the non-
relativistic approximation (A.52), the total bcdy cauple is re-
written as

pL = PxE + o U ¢ 75 - (3.62)

| where
P=pr , U=Y | .
‘ - (3.63)

E £+ Vsl %{i—’-ﬂ-—,}!xﬁg °

Pl

I

3.4.b) The Maxwell - Stress Tensor i
A second order tensor defined by

. © cm) S , ,
Z}/ = 53/ * 3:// il (3.64) L
wvhere : YA — |
‘ T = g5 G tpe Wé*aﬂ . (3.65)
and ; ' ' ! : .65)
‘ ?Sjm' — 73% o o Ul T, o A

is known as the Maxwell ' stress temnsor in the Ohu‘formulaxian;
In Bg.(3.65), T.° and 23”” are, respectivaly, the Maxwell
stress tensors in free space and in the material, and W is
the electromagnetic energy density per unit velume defined by

W= £ (& EL & 4/ *h P ) . (3.66)

In free space, i.e., 7D-o and (/=0 the Maxwell . siress

temsar is simply equal to T, . Thus, the Maxwell . stress
tensor also exisis outaide the material media. Moreover, since
z%f is symmetric, the antisymmetric part of (3.64) is
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_— Z(‘”‘) .
ZZ!;] L] (3.67)

That is, the antisymmetric part of the Maxwell - stress temnsor
T, 18 equal to the total body couple derived in (3.62).

Taking the divergence of (3.64) and using (3.29)3‘4 , one
’ d
obtains

Sy =" Ei+§ g 5ty 2 € (Rt st n )

-+ (El;_/—EJ'.L)Ga‘g . (//"ﬁ/"‘/!};i/ko/j' .

Multiplying Eq.(3.29); by & £ and (3.29)2 by tol vectorially
and adding the resulting equations, one has

éo (‘EQ/ - EJIL' )6 77“ (#' J;t) ;

A ;
+ éy..k)fjw 4, 7,__94/“,//&__6_41 %%4, £, - (3.69)
+ (P -,,,ym//é-~("42m"'/’l),m5¢}
where ‘
= £ &4 2 (&
Fi T o T (5 %) {3.70)

and is known as the electromagnetic field momentum.
Substituting (3.69) into (3.68) and after rearranging

)
Q/ /ﬂarﬁ? -+ Ejk 47/p¢ﬁ2~+ R £ £y; o 1 Q/

«—-

——;’/«:He +(-// Zm';m/?*?// C‘-%%E
(3.71)

= Eé' ('UJ if" )/m ‘E/c]‘* é/ém 724; (e/«w //m(/ Em, )

is obtained. Comparing Eq.(3.71) with (3.56), one arrives at
tem
P ) __ & Ty - % . (3.72)
The body forces, body couples and the Mexwell  stress
tensors in the other formulations can be obiained using the rela-
tionships between the Chu varisbles and the others given in
Section 3.2.c. '
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CHAPTER 4

BALANCE EQUATIONS AND BOUNDARY CONDITIONS
OF INTERACTING CONTINUA

The present chapter is devoted to the formulations of
the global balance laws and entropy inequality of the inter-
acting continua and their locel forms with the associated
Jump conditions on any discontinuity surface swe@ping the
body. ‘

4,1, Interactions of Electromagnetic Fields and Deformable
Continua ‘

It is well known that the eleéctric and magnetic fields . .
are coupled even if the material is not deformable. We first
summarize the means through which these interactions occur
in rigid materials.

4.1.a) Interactions of Electric andvmagnetig Fields:

The electric and magnetic fields are coupled to each
other because of the following reasons:

1) Conduction current

In an electrically conducting medium, even if the fields
are assumed to be independent of time, the electric field
‘g&nerates the conduction current, then thia current becomes ‘,
' the source of the magnetic field # (i.e., J=¢£ and sl J).'
Therefore the source of the magnetio field dependa on the
electric field, but the source of the electﬂio fiald is seen
to be independent of the magnetic field. : '

ii) Time dependent electric and magnetic fields

If the electric and magnetic fields vary with time, ‘
then the Maxwell's equations must be solved aimultaneously.
Hence the time dependence of the fields makes the - eleetric
and magnetic fields coupled.

1i1) Motion of the material

If a polarizable or a magnetizable material is in mo~
tion, the distinction between the concepts of electric and
magnetic fields become blurred. An electric field (or mag-
netic field) in one frame of reference S may not correspond.
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to an electric field (or magnetic field) in another frame
of reference S' which is in relative motion with respect
to 8. The electric (magnetic) field may transform into a
combination of the electric (magnetic) and magnetic (elect-
ric) fields, see Eq.(3.4).
iv) The magneto-electric material

Referring to (A.27) or (A.28) a material becomes polar-
‘izable (magnetizable) in the magnetic (electric) field even .-
if in the rest frame, because of the constitutive nature of -
the material. ‘ '

4.1.b) Interaction of Electromagnetic Fields with Deformable
Continua: '
4 A number of author have developed theories for the in- .
teractions of electromagnetic fields with deformable continua,
such as electroelasticity (elastic dielelectrics), magneto- |
elasticity and electrodynamlcs of deformable media. Broadly
speaking, the theories may be classified according to o
i) linear versus nonlinear,

ii) static versus dynamic,

iii) quasi static electric field versus quasi static mag-
netic field (polarizable or magnetizable material),

iv) thermally and electrically nonconductor versus
conductor, |

v) relativistic versus nonrelativistic,

vi) macroscopic versus ‘microscopic or’ sami microscopic,
vii) polar versus nonpolar, |
viii) local versus nonlocal,
ix) elassical crystals versus magnetio crystala.

The equations governing the interaction for the cases
stated in the above ‘categories are usually abtained either
using variational principles or the balance laws of continuum?
physics.

The theory presented in this thesis is nonlinear, non-
polar, local, dynamic and macroscopic theory; and the mater-
ial is assumed to be both polarizable and magnetizable with
thermal and electrical conduction, and the material possess-.
'es magnetic symmetry. Moreover, the theory is not concerned
with the relativistic effects. ‘
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4,2. Global Balance Laws

In continuum physics the following balance laws are pos-
tulated to be wvalid, irrespective of material constitution
and geometry: 1) Conservation of mass, ii) Balance of momentum,
iii) Balance of moment of momentum, iv) Conservation of ener -
gy, Vv) Entropy inequality, vi) Conservation of charge, vii) |
Faraday's law, viii) Ampére's law and ix) Gauss' law for
electric and magnetic charges. »

We have already discussed the last four laws in Chapter
3, Electromagnetic and thermal fields interacting with defox-
mable continua are to be incorporated with the balance laws
(ii-v). In the presence of clectromagnetic fields, electro-
magnetic body forces, body couples and energy supplies must
be considered in addition to meéhanical and thermodyneamical
ones.

i) Conservation of mass:

The global equation of conservation of mass 1s expressed

by the form ,
. 4 ] ;
o&/V: dv or -f-- / /0&/1/::0 (4,1)
17-4/0 %/o“f o e |

where /4 and p are the mass densities in the reference
and present configurations respectively.

ii) Balance of momentum:

The global balance law of the momentum is given by

% /A’WZ"W== /ti'(m dar [p(f"e £ Jaw (4.2)
= V- V-7

where %, is the velocity of the particle, ¢, ,, the actual

stress vector associated with the outward normal 2  to the

surface HVo¢ which encloses the volume 7-¢. Furthermore,

/Q{m"'and /y{M)are the electromagnetic and mechanical body

forces per unit volume respectively.

If an infinitesimal tetrahedron with three sides paral-
lel to coordinate surfaces is considered, and the balance of
momentum (4.2) is invoked, it follows that the stress vector
¢,y depends linearly on the unit normal 7 , i.e.,
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ék == -é‘t:kﬂ‘_‘ 0 (4.3)

Upon substituting (4.3) into (4.2) and using (3.72), one
obtains

d/f’i‘;o/l/-—- /'f Ny da + /(Z fha) d

“ = -9. + v

dt e =T bk = F ff/ /

and after rearranging, (4.2) reduces to

- (m) .
Fo oy L7 n, v/(ﬁ( oo )a (4.4)
ﬂ(é% ?V/ﬂ_é e a—f—ﬂ' L ;1,)
where we introduce

‘é::) = fk; + Gu (4.5)

which is called the total stress tensor to be the sum of the
actual stress and the Maxwell . stress tensor.

(1)

iii) Balance of moment of momentum:

Taking the moment of (4.4) about a fixed point (origin
of the reference frame), the global balance of moment of mo-
mentum becomes

;ﬁéd/;@kzﬁjQiA¢Jv==4}éb% ?7 é2)7%¢”& *:/é§1?7'0?/mjcjt)”&(4 6)
Ver =T el
In deriving (4.6), surface couples of both mechanical and
electromagnetic origins are excluded since the material
is assumed -to be apolar and the exchange effects are re-

garded to be small,
Note that the same result is obtained alternatively

with the aid of ( /47, Eq.(2. 3) ).

iv) Conservation of energy:

The global energy balance law of the interacting con-
tinua is ‘

/[)p/ "&"i-rg)‘*wjde /( (T)*f*ifé’j"k )%y Ny dler
?’V"
/({L'f‘gk )7746/6‘ —fl,ﬁ [’?[i + 9)44/

or-r
where L ;% and & are the kinetic and internal

energy per unit mass respectively. The first integral at
the right hand side of (4.7) is the time rate of work done

(4.7)
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by the total stress vector, and the electromagnetic momentum
flow. f' and 2 are, respectively, the true heat flux

vector and the extra energy flux of unspecific nature which has
to be determined by a constitutive equation. Thus 7= j}-g is
the energy flux throughtout the moving gurface QV;TF o Mo;eover,
the first term in the argument of the last integral is the power
exerted by'ﬁng and /15 is the energy supply per unit volume due
toc the sources other than electromagnetic and mechanical origins.

v) Entropy inequality:

The time rate of change of the total entropy is never
less than the sum of the flux J° of entropy through the
moving surface 79/-¢ of the body and the entropy supplied
by tie body sources

2}% / f?Zp/V 2 _/\S/i,_ /)/éc/a-f//’? v . (4.8)
Vg T Voo
This postulate is assumed to be true for all independent

processes, and the specific form of (4.8) depends on the
process. In a simple thermodynamic process, g,= Ze/p  and

- 4%. can be written, where & is the absclute tem-
perature.The entropy ineguality (4.8) thus reads
/ ' o [
;??//7“” %-’/%nk/a#/%dv . (4.9)
V-7 - “r

Hence, the processes described by the conservations of
mass and energy, the balance laws of momentum and moment
of momentum, and the Maxwell : equations are subject to
this so called Clausius-Duhem ineQuality. This inequalitvy
imposes restrictions upon the constitutive equations to
be derived in the next chapter.

4.%. Local Balance Laws and Boundary Conditions

Since the balance laws (4.1,4,6,7,9) have the form
(2.9), the integral theorem (2.44,45) forms the basis for
the derivation of ipcal bhalance laws are assumed To be va-
1id for every element of the body, the local balance laws
together with the assoclated boundary conditions are ob-

tained as follows.



i) Conservation of mass:

Comparing (4.1)2 with (2.39) one identifies ¢=p ,
T =0 j_—_—o- The local form of (4.1), according to (z.44)
and (2.45) is given by ‘

2 +(piL),, = o in L7 (4.10)
(A=t ) Ju = 0 o va) )
where 2% 1is the velocity of the dirscvonti,nuity surface
g(t). Thus #-%* is the relative velocity of ¢(¢) with res-
pect to the particle. If x=3*, i.e., the particle veloc-
ity is equal to that of ¢(t), (4.11) vanishes,

ii) Balance of momentum:
Now comparing (4.4) with (2.39) one identifies ¢ pz,

Fo ¢, ..—.=~#-f-/:7(m) . Therefore, the local form of (4.4)

according to (2.44) and (2.45) is given by

ﬁ&x‘(:):: {k")k + (Zéék ..;b.),././‘/t:(ﬂ) in 1/‘:0‘ (4‘312)
o ° . (7) . .

Upon using (4.10) and (3.72), Eq.(4.12) is written alter-
natively as
(em)

pi = tun+f (e + £7) in . (4.14)

If z=2" is assumed, (4.13) becomes

£ 4 Fn=o

111) Balance of moment of momentums

From (4.6) and (2.39) it is clear that ¥=zapd ,
F=xst” s j=m(.; _,,f/“"). The local form of (4.,6) becomes

on ). (4.15)

em} (v
"]i' )J:ég-& ‘é"zj in oo

ik [ L prp ) Loy -p (K 3
| (4.16)

il % 2% (ig-if )~ L Wop=0  on @) (427)

Imposing the restrictions coming from (4.10) and (4.14)
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onto (4.16), one obtains

é‘l).k. 5’2 =0 or 'é(/é] = ZE/‘J in /V;a_ « (4.18)
This means that the total stress tensor is symmetric, but
the actual stress tensor is not. From (4.17) it is clear

that
b Ly (i0-33) - W Jyz0 on 7tt)  (4.19)

and if =x=x* is substituted, the equation reduces to

-~

é,/,ay [féz)]//’?/ =0 on U&). (4.20)

This is nothing but the boundary condition obtained in
the balance of momentum.

iv) Conservation of energy:

The form of (4.7) is similar to that of (2.39). First,
adding and substracting the term 2t %é& to (4.7) and
using (4.10), one now obtains the local form of the conser-
vation of energy and the boundary condition as

ik[/ié“féé,‘;~(zlu )f/{w]-;-fé §"_‘£_ + Wz ),

o . . o
fté zé"‘ (ZL' %A jé. ))‘: ..Zé %%é— o1 -[4 . fﬁ,‘ w/P

=0

o

in  VZg(4.21)

(7)

/[ (4 2Z+pE +W (B 22 ) = (& + A9 )2 ot gy ) Jlng =0

on  Tlt).(4,22)
Upon substituting (4.12) into (4.21), one arrives at

. . r . . Wz
PE+ gt‘—" # W) o = e Ry - (g T Do = g%/""

in ')"3-(7 ° (4723)

"f -7 f&,(. f &=

Next, multiplying (3.29), and (3.29), by ¢ and £ res-

pectively and using the vector identity (vra ).8-WxB) A=v(4:8)
and (3.68,72) there follows
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cji (Em)i=-2% FP _p 2 £ prod

ot |
. . (4.24)
- (2‘: E- )Jk EL‘ - {WMQ )/&_ /'/L.‘ ®
Now making use of (3.67), Eq.(4.24) reduces to
oW __ (m) ) ) ' - )
_éT_-(CU ’y'-— %’L E‘; HQ )IL — 77- u (4025)

where

0‘/ .
7=F % -;-/075.,.%‘0(/4/%+7‘1(3#;L/M%//2&) e
Introducing (4.25) into (4.23) and neglecting the terms of
order (.Z)2 , one finds

Ff-t‘azz + e Pl - Te £%, = o CAn ey (4.27)

In viev of (4.26) and (3.72) and using the vector identity
A-BxC = B.cxA =C. AxB one is now ready to write
(4.27) as y |

€ =tk iy 1T ap B E 1 ppllHe-gosph An 1(4.28)

This result is in agreement with the one given by Hutter

and Pao (/147, p.92) stated without derivation. |
' Neglecting’ ‘the terms of order (.5.) 1:1 (4 22), one
writes

/[(é/’%%ﬁoé‘ -fW)(%—% ) ffa)‘%ﬁf?‘ ]/’7—aan (4. 29)

i }‘ :

an& it z = & is aasumed the 1ast equation reduces tn.‘ﬁ‘
u. _ o on. ¢(+) (4.30)
[ / o— 2‘: kﬁng )]/,)‘: - D ; ‘

v) Entropy iﬂeguaiitx
Substituting ¢-py , C=-f ¢ and j—f’ in (2.39)
and meking use of (4, 10), one obtains -

LT3 % + & Pl in VL0 (4.31)

an ‘ » . : ‘ B
W (-3 ) +4+ 9% W% o
;Z'ﬁ? | | ) +9 ? ]/ on - 67'{'(') - (4"-32)‘ ‘






