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ABSTRACT 

 

PROGRESSIVE INTER-LAMINAR FATIGUE DAMAGE MODELLING 

AND ANALYSIS OF COMPOSITE STRUCTURES THROUGH A TWO-

WAY GLOBAL/LOCAL COUPLING METHODOLOGY 

 

 

 

Değerliyurt, Boray 

Doctor of Philosophy, Aerospace Engineering 

Supervisor : Assoc. Prof. Dr. Melin Şahin 

 

 

February 2025, 134 pages 

 

 

Delamination and debonding are crucial failure modes in composite helicopter rotor 

components, demanding an accurate estimation of their growth and extent. A rapid 

and robust approach for analysing progressive fatigue delamination is essential to 

assess the propagation of interlaminar flaws.  

Existing literature primarily confines progressive failure investigations to coupon 

scale due to substantial computation times and convergence challenges. The 

commonly observed strategy to tackle these issues involves utilising the global-local 

method. While global-local methods are prevalent in progressive damage 

computations, they are typically limited to static analyses; and the literature lacks 

global-local methods designed explicitly for progressive fatigue damage modelling.  

Consequently, this study introduces a novel procedure for conducting extensive 

fatigue delamination analyses with a two-way coupling global-local method. This 

method applies the displacement field derived from the global model to the local 

model. Subsequently, the global model is updated iteratively based on internal nodal 

reactions of cohesive elements extracted from the local model.  
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The study presents the analysis results of the Double Cantilever Beam (DCB) model 

employing this method. The method gives consistent results with regular analyses 

and experimental findings. In 3D models with finer local mesh, the current method 

has a significant computational advantage over regular analyses. 

This verified methodology is then applied to an element-level aerospace structure. 

The method's computational advantage and accuracy are also compared with the 

regular method, which shows its computational advantage in aerospace finite 

element analysis applications. 

 

Keywords: Composites, Delamination, Cohesive Zone Method (CZM), Global-

Local Coupling, Fatigue Analyses 
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ÖZ 

 

KOMPOZİT YAPILARDA İKİ YÖNDE BAĞLI GLOBAL/LOKAL 

YÖNTEM İLE İLERLEMELİ KATMANLAR ARASI YORULMA 

HASARININ MODELLENMESİ VE ANALİZİ 

 

 

Değerliyurt, Boray 

Doktora, Havacılık ve Uzay Mühendisliği 

Tez Yöneticisi: Doç. Dr. Melin Şahin 

 

 

Şubat 2025, 134 sayfa 

 

Kompozit helikopter rotor yapısallarında, bütünlüğün korunması için delaminasyon 

(katmanlar arası ayrılma) ve yapışma hasarının ilerlemesinden kaçınılmalıdır. Bu 

nedenle bu yapılardaki delaminasyona açık bölgelerde hızlı ve doğru bir şekilde 

katmanlar arası hasar modellemesi yapılmasına ihtiyaç duyulmaktadır.  

Ancak uzun hesaplama süreleri ve yakınsama sorunlarıyla karşılaşılması nedeniyle 

literatürdeki çalışmalar numune ölçeğiyle sınırlıdır. Bu sorunların ortadan 

kaldırılması için global-lokal yöntemler tercih edilmektedir. Global-lokal yöntemler 

literatürde yaygın olsa da, bu yöntemin kullanımı statik analizler ile sınırlıdır. 

Sonuçta literatürde yorulma yükü altında ilerlemeli hasar analizleri konusunda 

boşluk olduğu görülmektedir. 

Bu çalışmada, yeni bir yaklaşımla iki yönde bağlanmış global-lokal yöntemle 

delaminasyon yorulma analizleri gerçekleştirilmiştir. Bu yöntemde, alt modelleme 

kullanılarak global modelden elde edilen yer değiştirme dağılımı lokal model 

sınırlarına uygulanmakta, ve buna ek olarak global model, lokal modelden elde 

edilen yapışkan eleman iç düğüm reaksiyon kuvvetlerine bağlı olarak 
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güncellenmektedir. İki model birbirine bağlı olduğu için yakınsama sağlanana kadar 

tekrarlı analiz yapılması gerekmektedir.  

Mevcut yöntemin doğrulanması için deneylerle desteklenmiş Çift Dirsekli Kiriş 

modelleri oluşturulmuş ve bu yöntemle elde edilen sonuçlar alışılagelmiş analiz 

yöntemleriyle ve deney sonuçlarıyla karşılaştırılmıştır. Bu yöntem, alışılagelmiş 

analiiz yöntemiyle ve deney verileriyle uyumlu sonuçlar vermiştir. Üç boyutlu 

analizlerde, özellikle sık ağ örgülü lokal modellerde, hatırı sayılır hesaplama avantajı 

elde edildiği görülmüştür. 

Daha sonra kupon boyutunda doğrulanmış bu yöntem, bir havacılık yapısına 

uygulanmıştır. Sonuçlar alışılagelmiş yöntem ile karşılaştırılmış, benzer şekilde 

isabetli sonuçlar elde edildiği ve hesaplama süresinden tasarruf edildiği gösterilmiş, 

ve mevcut yöntemin havacılık Sonlu Elemanlar Analiz uygulamaları için de avantajlı 

olduğu sonucuna varılmıştır. 

 

Anahtar Kelimeler: Kompozit, Katman Ayrılması, Yapışkan Arayüz Yöntemi, 

Global-Lokal Bağlılık, Yorulma Analizi 
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CHAPTER 1  

1 INTRODUCTION  

1.1 Motivation 

Composite structures have flaws due to manufacturing imperfections such as 

disbonding and weak bonds, delaminations, porosity, and voids. These flaws cannot 

be avoided during manufacturing. The growth of these inter-laminar flaws may result 

in significant stiffness drop and catastrophic failure. Therefore, severe 

delamination/debonding propagation must be avoided under static and fatigue 

operational loads to preserve the structural integrity of composite rotor components. 

Hence, layer-to-layer static and fatigue damage modelling is necessary for proper 

sizing in regions prone to delamination in these structures. However, due to the size 

of the components, long computation times are encountered.  

In progressive interlaminar damage calculations for aviation structures, the Cohesive 

Zone Model (CZM) is a preferred approach due to its ability to model damage 

initiation, formation, and propagation [1]. However, this method, mainly when 

applied to large-scale models such as helicopter rotor blades, results in long 

computation times due to its requirement for a dense mesh and the modelling of 

material softening behaviour that leads to instability. Therefore, in the literature, 

progressive failure analyses are limited to coupon scale in general.  

The commonly observed strategy to tackle these issues involves utilising the global-

local method. The global-local modelling approach, in general, in the literature, is 

known as the sub-modelling or sub-structure approach, depending upon the 

computational procedure [2].  

The substructure (or super element) method is a mathematical coupling method in 

which global and local stiffness matrices are coupled by static condensation 
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(Guyan’s reduction) [2,3]. This method is helpful for linear elastic problems. 

However, non-linear problems require updating the global stiffness matrix, which 

results in complicated calculations [3-9]. 

The sub-modelling approach involves constructing a simplified global model and a 

detailed local model (i.e., sub-model) of the critical region. The displacement field 

obtained from the global model is applied to the boundary of the local model, and 

detailed analyses are performed in the local model [2]. This way, detailed damage 

analyses are carried out in the smaller local model instead of running the entire 

model, leading to computational time savings. In the sub-modelling method, 

although the local model depends on the global displacement field, the global model 

is not sensitive to local response. Therefore, sub-modelling is a one-way global-local 

coupling method. This method is preferred in progressive failure analysis [11-16] 

and micro-meso-macro scale modelling applications [11,17,18]. 

To eliminate the violation of boundary equilibrium, boundary residuals are applied 

to the global model iteratively in the studies of Whitcomb and Woo [19-21] and 

Gossellet et al.[10]. Application of boundary residual makes the global-local method 

two-way coupled as boundary residual on the global model is dependent on the 

solution of the local model. However, this method leads to long computation times 

and convergence issues in damage analyses, creating high stiffness changes. 

Therefore, in addition to the boundary residuals, the global model must be updated 

according to the damage condition in the local model. When the global model is 

updated, the analyses in the local model are refreshed, and then the global model is 

updated again. Global-local analyses are iteratively conducted until the specified 

criteria are met. 

In the literature, local models are generally connected to the global model with a 

displacement condition (i.e., the Sub-modelling method), as previously described. 

However, there are different approaches to connecting the global model to the local 

one (i.e., updating the global one).  
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On the other hand, none of the studies in the literature cover global-local fatigue 

analysis, as explained in detail in Chapter 2. This study covers a two-way global 

local coupling methodology, which does not suffer from the lack of boundary 

equilibrium and is more straightforward to apply for cohesive elements for static and 

fatigue interlaminar progressive damage modelling. 

The newly developed two-way global-local coupling methodology for progressive 

interlaminar damage modelling will shortly thereafter be called “the method” or “the 

methodology.” 

1.2 Objectives 

This study aims to develop an accurate and computationally efficient interlaminar 

damage modelling methodology without convergence difficulties.  

The well-known Double Cantilever Beam (DCB) model, the simplest for 

interlaminar damage calculations with closed-form solutions, shows the method's 

accuracy through static analyses. Analytical solutions and regular analysis results 

supported by experiments are baseline solutions for the new global-local method. 

This method is verified by showing consistent results with regular analyses and 

closed-form solutions. 

The verified method is then applied to analyses of quasi-static Tension-Torsion 

experiments in which delamination failure occurs. Similarly, the method is verified 

by showing consistent results with regular analyses. 

The method is then extended for the fatigue analyses. Although the cohesive material 

response formulation is available in commercial software such as Abaqus, fatigue 

formulation is lacking. Therefore, this study also covers the User Material (UMAT) 

subroutine that drives the fatigue material response of cohesive elements.  

The DCB model under cyclic loading then verifies the extended method with the 

subroutine. The closed-form solutions and regular analysis results are the method's 
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baseline solutions. Consistent results with regular analyses and closed-form 

solutions also verify the method. 

This verified methodology is then applied to T-Joint structure models. The method's 

computational advantage and accuracy are compared with the regular method, which 

shows its computational advantage in aerospace applications. 

1.3 Assumptions and Limitations 

The list below gives all assumptions and limitations in the dissertation: 

• Material interface modelling through experiments is limited to static Mode I 

parameters through DCB experiments.  

• Softening region of cohesive element material response is shape independent, 

provided that the area under the traction-separation response is equal to 

critical SERR (i.e. fracture toughness).  

• The method requires tie constraints between the substrates in the global 

model. Closed delamination requires splitting the host material into two or 

more, depending upon the number of layers damaged, and tying them back. 

• The method is applied to linear solid brick elements only in 3D Finite 

Element Modelling (FEM). 

• The method cannot be used with the Virtual Crack Closure Technique 

(VCCT) formulation as models suffer from convergence difficulties due to 

contact formulation. 

• Fatigue response is based on maximum loading with a specified load ratio R. 

Although geometric non-linearity is considered in the maximum loading 

condition, all stress and displacement distributions have spatially 

independent constant minimum to maximum ratios equal to load ratio (R). 



 

 

5 

1.4 Scope and Outline 

The flowchart in Figure 1-1 summarises the scope of the study. This study mainly 

covers verifying the methodology and its aerospace applications. The verification is 

performed by the Double Cantilever Beam Global-Local Finite Element Analyses. 

Then, the verified method is applied to the Tension-Torsion experiment models and 

the T-joint model. 

Initially, the DCB model under quasi-static loading is considered for verification in 

static analysis. Mode-I fracture toughness, necessary for cohesive elements, is 

extracted from the static DCB experiments. Then, global-local FEA is performed and 

compared with closed-form solutions and the results of regular FEA. Moreover, the 

computational performance of the method is shown by comparing it with that of the 

regular FEA. 

The verified methodology is then applied to quasi-static Tension-Torsion experiment 

models. Unlike the DCB model, the failure depends on interlaminar shear strength 

(ILSS) and fracture toughness. Moreover, high material non-linearity is observed in 

shear response. Therefore, elastic-plastic shear response is included in the modelling. 

The results are compared with regular analysis, and the method's computational 

advantage is shown. 

The following procedure incorporates fatigue analysis into the method. Instead of 

pseudo-time, analyses are driven by number cycles. In ABAQUS software, cohesive 

elements with fatigue material modelling are not available. Therefore, the User 

Material (UMAT) subroutine is included in the method. The global-local FEA of the 

DCB under cyclic load is also performed. The results are compared with those of 

closed-form solution and regular FEA similarly. Moreover, the computational 

performance of the method is also shown by comparing it with that of regular FEA. 

The verified fatigue methodology is then applied to a T-Joint model, an element-

level aerospace structure. The results are compared with regular analysis, and the 

method's computational advantage is shown in aerospace applications. 
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Figure 1-1. General Structure of the Study 
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The structure of the thesis is summarised in the following paragraphs. 

Chapter 2 shows the literature review concerning the subjects of this study. First, this 

section overviews the methods of fatigue analysis. Progressive damage methods are 

also examined in this section. Progressive interlaminar damage analysis studies are 

the main scope. The survey shows that progressive failure studies are on a coupon 

scale. On the other hand, the global-local method is preferred for damage modelling 

applications in larger structures. Thus, this section also classifies global-local 

coupling methods and summarises studies concerning these. This section also shows 

the gap in the literature on the global-local interlaminar fatigue damage modelling.  

Chapter 3 introduces the methodology with static analyses. This chapter verifies the 

method with application on a well-known DCB specimen, which is also presented 

with experimental data for cohesive material formulation. The results of the current 

method are compared with those of the regular ones, as well as analytical solutions 

and experimental data, which verifies the current proposed method. Computational 

advantage is also assessed. Moreover, this chapter presents the current method 

applied to the application of tension-torsion experiments. The results and 

computational performance of the method are also assessed. 

Chapter 4 introduces the methodology extension to fatigue analyses. This chapter 

verifies the extended method with application to the DCB model under cyclic 

loading. The results of the current method are compared with those of the regular 

and analytical ones, which verify the current proposed method.  

Chapter 5 shows the method for the aerospace application of the T-joint structure. 

The results show that the current method has a superior computational advantage in 

aerospace Finite Element Modelling applications. 

Chapter 6 presents this study's ultimate conclusions. It explains what has been 

accomplished, restates the thesis objective, and discusses the research outcomes. 

Additionally, it offers recommendations for future work. The key findings from the 

entire study are summarised, and further study suggestions are provided. 
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CHAPTER 2  

2 LITERATURE REVIEW 

2.1 Introduction 

This chapter briefly outlines literature studies concerning the scope of the study. It 

provides fatigue analysis methods appropriate for interlaminar damage analyses. 

Moreover, it presents an overview of progressive failure studies and shows that it is 

generally on a coupon scale.  

Spar is the primary load-carrying member of the rotor blade and undergoes extremely 

high cyclic loads (in the order of billion cycles). Composite structures have flaws 

due to manufacturing imperfections such as disbondings and weak bonds, 

delaminations, porosity, and voids. These flaws cannot be avoided during 

manufacturing. The growth of these inter-laminar flaws may result in catastrophic 

failure.  

Figure 2-1 shows the delamination and debonding critical section of a spar (pink 

region), tapered with ply drop-offs at the blade root region. Moreover, skin, outer 

wrap, erosion shield, and other adjacent regions of the spar are critical for debonding.  

Figure 2-2 shows the debonding crucial section of a spar, which is at a constant cross-

section blade region. The spar is connected to adjacent components by bonded joints, 

which makes the spar debonding critical at blade sections.  

Fatigue failure progression at critical sections has to be estimated to guarantee 

structural integrity under fatigue load. On the other hand, regular progressive failure 

analyses of large structures such as spar sections require massive computation times, 

and convergence issues may be encountered. Most progressive failure analysis 
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studies in the literature are on the coupon scale, and few large-scale analyses are 

available. 

 

Figure 2-1. Typical Rotor Blade with Tapered Region of Spar (Adopted from [23]) 

 

Figure 2-2. Typical Rotor Blade Section with Spar Bonded Joint Regions (Adopted 

from [24]) 
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2.2 Fatigue Analysis Methods 

In fatigue life computation methods, two approaches are preferred widely in the 

literature: 

• S-N method: S is traditionally alternating or maximum stress. It can also be 

strain, displacement, force, strain energy release rate, etc. S can be considered 

a strength or allowable load. To satisfy the life requirement, the component, 

coupon, or selected zone must have that parameter at the desired cycle N 

below the S-N curve. 

• da/dN-G (or K) method: G or K is either Strain Energy Release Rate (SERR) 

or Stress Intensity Factor (SIF), depending on the type of crack. G or K 

parameters can be either maximum or alternating and can be normalised or 

non-normalised depending on the selected formulation. 

Table 2-1 lists fatigue analysis studies. For interlaminar damage studies, da/dN-

G and Gonset-N methods are preferred with coupon level tests, Mode-I DCB, 

Mode-II ENF and Mixed Mode MMB. The Gonset-N method is also an S-N 

method based on delamination propagation onset calculated by compliance 

increase of the coupons by %1 or %5 according to ASTM standards. These 

approaches are also preferred in element-level interlaminar damage studies of 

ply drop-off specimens. 

On the other hand, da/dN-K methods are generally preferred in transverse crack 

applications in isotropic and composite materials. Calculating SIF (K) is an issue 

in interlaminar problems of composites; therefore, it is not preferred. 

The last column of Table 2-1 shows S-N method studies. S is any strength or 

allowable parameter except SERR (shown separately in the 2nd column for 

interlaminar methods). In coupon scale, most studies concerning composite 

materials include material tests with plain laminate to extract S-N curves. 

Component-level S-N methods are also available in the literature but not listed 

since these studies are out-of-scope.  
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In conclusion, da/dN vs. G and Gonset vs. N approaches are preferred in this study 

for delamination propagation and delamination onset, respectively. 

Figure 2-3(a) shows a typical S-N curve, and Figure 2-3(b) shows a typical da/dN 

vs. G curve. 

 

(a) 

 

(b) 

Figure 2-3 Fatigue Life Curves: (a) a Typical S-N Curve [25] (b) a Typical 

da/dN-G Curve [26] 
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Table 2-1 Preferred Fatigue Analysis Approaches in the Literature 

 da/dN vs. G Gonset  - N da/dN vs. K S - N 

Mode I 

Delamination 

Specimen (DCB) 

[26] [27] [28] [29] 

[30] [31] [32] [33] 

[34] 

[31] [34] [27] [35]  

Mode II 

Delamination 

Specimen (ENF) 

[26] [28] [29] [30] 

[36] [37] 
[38]   

Mixed Mode 

Delamination 

Specimen (MMB) 

[26] [28] [29] [30] 

[31] [39] [40] [41] 
[42]   

Notched Laminate 

(with a hole or 

crack) 

[43]  
[44] [45] [46]  

[47] [48] [49] 

[37]* [44] [45] 

[46] [50] 

Plain Laminate    

[42] [44] [51] [52] 

[53] [54] [55] [56] 

[57] [58] [59] [60]  

Bolted Joint    [61] 

After Impact 

Fatigue 

Specimens 

   [62] [63] 

Single Lap 

Bonded 

Joint 

   [64] 

Bonded Repair 

Patch 

Specimen 

[65] [66]    

Tubular Bonded 

Joint 
   [67] 

Ply Drop-off 

Specimen 
[66] [68] [69]  [68]* [69]* [70] 

* Based on crack/delamination onset 
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2.3 Progressive Failure Analysis 

Progressive failure analysis is a computational method employed in structural 

engineering and materials science to forecast the gradual progression of damage and 

failure in intricate systems. It entails simulating the initiation and propagation of 

damage within a structure or material across different loading scenarios. Its objective 

is to forecast the sequence of events culminating in failure, considering the interplay 

among various failure modes and material responses. 

Progressive failure analysis (PFA) of composite materials typically differentiates 

between intralaminar and interlaminar failure modes, which is essential for 

comprehending and forecasting the behaviour of laminated composites. Intralaminar 

failure modes manifest within individual layers (laminae) of the composite laminate, 

encompassing fibre breakage, matrix cracking, and fibre-matrix debonding. On the 

other hand, interlaminar failure modes occur between adjacent layers (plies) of the 

composite laminate and include delamination and debonding. 

On the other hand, regular progressive failure analyses of large structures such as 

rotor components require massive computation times, and convergence issues may 

be encountered. In Table 2-2, most of the progressive failure analysis studies in the 

literature are in coupon scale in general. Few large-scale analyses are available in the 

literature. 

2.4 Delamination Modelling Approaches 

The procedures used for the numerical simulation of the delamination can be divided 

into two groups.  

The first group is based on the direct application of Fracture Mechanics. The Virtual 

Crack Closure Technique (VCCT) is preferred in delamination propagation studies.  
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The second method formulates the problem within the framework of Damage 

Mechanics. Cohesive elements or surfaces are used, and damage formulation is 

embedded into the cohesive material. 

Table 2-2 Finite Element Models of Various Structures in the Literature for 

Progressive Failure Analyses 

 
Type of Progressive Failure Analysis 

Intralaminar Interlaminar 
Intralaminar and 

Interlaminar 

S
tr

u
ct

u
re

 

Open Hole/Notched/Cracked 

Specimen 

[43] [71] [72] [73] 

[74] [75] [76] [77] 

[78] [79] [80] [81] 

[82] [83] [84] [85] 

 

[29] [51] [86] [87] 

[88] [89] [90] [91] 

[92] 

Filled Hole/ Pin Joint 

Specimen 
[83] [85] [93]   [88] [94] 

Plain Laminate 
[42] [74] [77] [84]  

[95] [96] [97] [98] 
 [99] 

Curved Laminate [100] [101] [102] 

DCB, ENF, MMB 

Delamination Specimens 
 

[26] [39] [103] [104] 

[105] [106] [107] 

[108] [109] [46] 

 

Tapered (Drop-off) 

Specimens 
[97] [69] [110] [99]  

Bonded Joint Specimens  [65]  

Stiffener Joint [111] [1] [72] [112]  

Pressure Vessel   [113] 

Wind Turbine Blade Section   [114] 

Helicopter Main Rotor Blade 

Root 
  [115] 

 

2.4.1 Fracture Mechanics Approach 

Linear Elastic Fracture Mechanics (LEFM) is an effective method in applications 

where material non-linearities are neglected. J-integral methods are preferred to 

calculate SERR to estimate the onset of delamination. This method requires defining 

a possible crack direction.  
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On the other hand, the VCCT method is also preferred in damage propagation 

estimations. The Virtual Crack Closure Technique (VCCT) is a widely used 

numerical method in fracture mechanics for predicting crack growth and estimating 

energy release rates. The Virtual Crack Closure Technique (VCCT) operates on the 

principle of Irwin that the energy needed to close a crack is equivalent to the energy 

released when the crack grows. This method is especially valuable in finite element 

analysis (FEA) for simulating crack propagation in different materials and structures.  

Rybicki and Kanninen [116] first introduced VCCT in the late 1970s. Using finite 

element analysis, they devised a method to calculate the energy release rate for 

cracks in linear elastic materials. Their pioneering work established the foundation 

for VCCT by introducing finite element analysis for calculating energy release rates 

for crack growth. 

In the 1980s, researchers such as Rybicki and Kanninen [116] and others expanded 

VCCT to more complex geometries and loading conditions, refining the method to 

enhance its accuracy and applicability. In 1987, I.S. Raju [117] improved the 

accuracy of VCCT by introducing more refined finite element models and addressing 

issues related to mesh sensitivity and element size. In 2004, R. Krueger [118] 

provided a comprehensive review of VCCT, covering its theoretical background, 

implementation in finite element codes, and applications in composite materials.  

VCCT has been widely employed to study delamination and crack propagation in 

composite materials, aiding in predicting failures and improving composite structure 

designs. In the aerospace industry, the method predicts the growth of fatigue cracks 

in aircraft components, ensuring safety and reliability. Additionally, VCCT is 

utilised to assess the structural integrity of bridges, buildings, and other civil 

infrastructure by predicting crack growth and potential failure points. 

However, this method requires an initial crack, as it cannot estimate the onset of 

delamination. Compared to the Cohesive Zone Model (CZM), the VCCT method is 

more mesh-independent. It is based on Irwin’s assumption that the energy released 



 

 

17 

during infinitesimal crack propagation equals the work needed to close the crack to 

its original size. The strain energy release rate (SERR) components are calculated 

using the nodal responses adjacent to the crack tip, as described by Turon [26] 

according to expressions given by Eq.(2-1) to (2-3) according to Figure 2-4. 

 𝐺𝐼 =
1

2𝑏Δ𝑎
𝐹𝑐𝑑
𝑦 (𝑣𝑐 − 𝑣𝑑) (2-1) 

 𝐺𝐼𝐼 =
1

2𝑏Δ𝑎
𝐹𝑐𝑑
𝑥 (𝑢𝑐 − 𝑢𝑑) (2-2) 

 𝐺𝐼𝐼𝐼 =
1

2𝑏Δ𝑎
𝐹𝑐𝑑
𝑧 (𝑤𝑐 − 𝑤𝑑) (2-3) 

 

Figure 2-4 Virtual Crack Closure Technique Application [26] 

Force components are calculated in the previous increment just before nodes c and 

d are released. Displacement components are calculated in the current increment, 

where nodes c and d are just released. However, this requires successive increments 

to be small. Instead, Rybicki and Kanninen [116] assume that nodal forces between 

c and d are approximated by nodal forces between e and f, which solves SERR values 

at a single increment as given by Eq.(2-4) to (2-6). 

 𝐹𝑐𝑑
𝑥 = 𝐹𝑒𝑓

𝑥  (2-4) 

 𝐹𝑐𝑑
𝑦
= 𝐹𝑒𝑓

𝑦
 (2-5) 

 𝐹𝑐𝑑
𝑧 = 𝐹𝑒𝑓

𝑧  (2-6) 

In Abaqus software, the VCCT method is compatible with fatigue (da/dN) 

formulation. Although critical SERR values are mode-dependent, fatigue parameters 

are mode-independent in the software, which is a significant limitation. Moreover, 
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High-fidelity simulations using VCCT can be computationally expensive, 

particularly for large-scale problems. It is introduced by contact formulation, and its 

initiation may lead to divergence. 

2.4.2 Cohesive Zone Model 

Another approach to numerically simulate delamination can be developed within the 

Damage Mechanics framework. Models formulated using Damage Mechanics adopt 

the cohesive crack model, where the cohesive damage zone forms near the crack 

front. This zone represents the damage progression as the crack propagates through 

the material.  

The Cohesive Zone Model (CZM) is a computational method in fracture mechanics 

that simulates the initiation and growth of cracks. It uses a traction-separation law to 

define the relationship between stresses and displacements in the cohesive zone 

ahead of a crack tip, allowing for predicting fracture behaviour in different materials. 

The Cohesive Zone Model (CZM) plays a crucial role in fracture mechanics by 

predicting the initiation and propagation of cracks across various materials. Despite 

challenges such as parameter identification and computational costs, continuous 

research efforts are improving its accuracy, applicability, and efficiency, thereby 

maintaining its relevance in modern engineering applications. 

Cohesive damage zone models establish a relationship between tractions and 

displacement jumps at an interface where a crack could develop. Damage initiation 

is linked to the interfacial strength, represented by the maximum traction τo in the 

traction-displacement jump relationship. As the cumulative energy release, 

characterised by the area under the traction-displacement jump curve, reaches the 

fracture toughness Gc, the traction decreases to zero, forming new crack surfaces. 

This process reflects how cracks propagate and evolve within materials under 

mechanical loading. 
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The Cohesive Zone Model (CZM) was first introduced by Barenblatt [119] and 

Dugdale [120] in the early 1960s. Barenblatt [119] introduced the concept of 

cohesive forces to model brittle fracture, establishing the foundation for CZM. 

Dugdale [120] adopted a similar approach for ductile materials. Dugdale [120] 

developed a cohesive model specifically for ductile materials, offering an alternative 

approach to conventional fracture mechanics. In the 1980s, CZM gained popularity 

through the contributions of Needleman [121], who expanded the model to 

encompass more intricate materials and fracture processes, integrating it into finite 

element analysis (FEA). Needleman [121] expanded CZM to include plasticity and 

other complex behaviours, incorporating the model into finite element analysis 

(FEA).  

Determining cohesive zone parameters such as traction and separation can be 

challenging and involves extensive experimentation. High-fidelity simulations using 

CZM can be computationally demanding, especially for large-scale problems. The 

accuracy of CZM is significantly affected by mesh size and quality, requiring 

meticulous mesh design. Compared to VCCT, CZM generally necessitates smaller 

mesh sizes. 

Cohesive elements visualise stress, separation, and damage parameters. CZM is 

integrated into material models within continuum elements or surfaces, unlike 

contact formulations. This integration ensures that CZM does not encounter 

divergence issues when incorporated into models. 

2.5 Global-Local Method 

Global-local modelling methods have been developed to reduce computational time. 

The global-local modelling approach, in general, in the literature, is known as the 

sub-modelling and sub-structure approach, depending upon the computational 

procedure [2]. Sub-modelling and substructure methods are mostly preferred 
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approaches in the literature [2,122-124]. These methods are discussed in a typical 

model shown in Figure 2-5. 

 

Figure 2-5 Global-Local Model with 3 boundaries [2] 

In Figure 5, Boundary 1 is selected as the global model boundary, and Boundary 2 

encloses the local region. For the sake of simplicity, Boundary 3 will be ignored. 

The sub-structure (or super element) method is a mathematical coupling method 

where global and local stiffness matrices are coupled by the Static Condensation 

(Guyan’s reduction) method [2,124]. This method is helpful for linear elastic 

problems. However, for non-linear problems, the method requires updating the 

global stiffness matrix, which results in complicated calculations, as shown in the 

studies [3-10]. In the substructure method, the region enclosed by Boundary 1 and 

Boundary 2 is connected to the local model enclosed by Boundary 2. The stiffness 

matrix is reduced by eliminating internal nodes of the local region through the Static 

Condensation (Guyan’s Reduction) method [2]. The displacement field on the 

boundary is calculated from the reduced stiffness matrix. Then, that field is imposed 

on the local model with a fine mesh with interpolation. The most important 

advantage is that global and local regions are sensitive to each other (Two-way 

coupling). 
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The sub-modelling approach involves constructing a simplified global model and a 

detailed local model (i.e., sub-model) of the critical region. In sub-modelling, the 

whole area enclosed by Boundary 1 is analysed with a coarser mesh. The 

displacement field on Boundary 2 is then extracted. That field is imposed on the local 

model with finer mesh. As global and local meshes are different on Boundary 2 in 

general, the calculated displacement field should be interpolated. The displacement 

field obtained from the global model is applied to the boundary of the local model, 

and detailed analyses are performed in the local model [1]. This way, detailed 

damage analyses are carried out in the smaller local model instead of running the 

entire model, leading to computational time savings. Although the method is 

straightforward, the global model field is frozen and is not sensitive to the state of 

the local structure. Therefore, sub-modelling is a one-way global-local coupling 

method. This method is preferred in progressive failure analysis [11-16] and micro-

meso-macro scale modelling applications [11,17,18].  

The method requires a sufficiently large local model so that boundaries should be 

sufficiently away from the region of interest according to St.Venant’s principle [3]. 

Otherwise, the displacement field obtained from the intact global model is invalid, 

as this field close to the damage region is inconsistent with the intact response, which 

violates the global-local boundary equilibrium. 

To eliminate the violation of boundary equilibrium, boundary residuals are applied 

to the global model iteratively in the studies of Whitcomb and Woo [19-21] and 

Gossellet et al.[10]. Application of boundary residual makes the global-local method 

two-way coupled as boundary residual on the global model is dependent on the 

solution of the local model. However, this method leads to long computation times 

and convergence issues in damage analyses, creating high stiffness changes. 

Therefore, in addition to the boundary residuals, the global model must be updated 

according to the damage condition in the local model.  
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When the global model is updated, the analyses in the local model are refreshed, and 

then the global model is updated again. Global-local analyses are iteratively 

conducted until the specified criteria are met. 

Submodelling is compatible with static and dynamic steps. On the other hand, the 

substructure is only compatible with the static perturbation step. As the substructure 

method is more complicated and only compatible with perturbation steps, few studies 

are available in the literature as shown in Table 2-3. Moreover, neither technique is 

compatible with the direct cyclic fatigue step. None of the studies shown in Table 2-

3 covers fatigue analyses.  

Using the S-N approach, Giglio [131] performed fatigue analyses by postprocessing 

static global/local FEA. Similarly, Liu et al. [130] performed fatigue analyses 

postprocessing static and transient FEA with plasticity. In both studies, there is no 

progressive failure analysis. 

Table 2-3 Global Local Methods Used in the Literature 

Global Structure – Local Region Submodelling Substructure 
Two-Way 

Submodelling 

Bridge – Bridge Joint [130]   

Helicopter Rear Fuselage - Connector [131]   

Specimen – Specimen Section [132] [3] [133] [134]  

Laminate - RVE [11] [15] [17]  [19] 

Wind Turbine Blade – Local Region [16]   

Stiffened Panel – Critical Section [13]  [1] [125] 

Sphere/Tube – Local Contact Wear  [135]  

Laminate – Ply Submodel  [136]  

Pressure Vessel – Critical Section  [137]  

Wing – Leading Edge Section  [138]  

 

Therefore, global-local progressive fatigue analyses are lacking in the literature, 

which will be studied in this thesis. The study provides an interlaminar part of the 

global/local fatigue method. 
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In the literature, the local model is generally connected to the global model with a 

displacement condition (i.e., a sub-modelling method), as previously described. On 

the other hand, different approaches are used to connect the global model to the local 

model (Updating the global model). 

The literature provides several different Global-Local CZM (Cohesive Zone Model) 

approaches.  

In the first approach [1], undamaged cohesive elements are added to the global 

model, and their material stiffness values are updated physically based on the 

damage condition obtained from the local analysis. The procedure is applied to the 

T-Stiffener model and summarised in Figure 2-6.  

In the second approach [22], spring connector elements with specific stiffness are 

added between the damage surfaces of the global model, and the connector stiffness 

values are updated based on the result obtained from the local model, summarised in 

Figure 2-7. This study applies the method to the T-Stiffener model and covers a 

Double Cantilever Beam study to verify their method [22]. 

In the third approach, the global model with a coarser mesh is directly solved with 

cohesive elements. Then, the sub-modeling method solves the local region with finer 

mesh in detail [125]. These studies cover DCB, 3-Point Bending, and Single-Lap 

Shear (SLS) modelling applications. The DCB application is shown in Figure 2-8. 

This study proposes a progressive interlaminar fatigue damage analysis approach 

with two-way global-local coupling. This approach is more straightforward to apply 

and does not require interface elements in the global model, which will be further 

explained in the following sections. 
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Figure 2-6. Global-Local Coupling by Averaging Stiffness Values of Global 

Cohesive Elements [1] 

 

 
Figure 2-7. Global-Local Coupling by Mapping Local Cohesive Stiffness Values to 

the Global Connector Elements and Global-Local DCB Model [22] 
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Figure 2-8. Global-Local Coupling by Submodelling approach with Global Model 

with Cohesive Elements with Coarser Mesh on a DCB model [125] 
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CHAPTER 3  

3 STATIC ANALYSES BY TWO-WAY GLOBAL-LOCAL COUPLING METHOD 

3.1 Introduction 

Cohesive Zone Model 

The methodology covers the detailed formulation of cohesive elements modelling 

interlaminar failure. Built-in constitutive response with damage mechanics of 

cohesive elements allows static analyses in Finite Element software such as Abaqus 

[126].  

The amount of damage on cohesive elements is expressed with the damage parameter 

(𝒟) named "SDEG" in the Abaqus program [126], which is necessary to implement 

the two-way global-local coupling method explained in Section 2.3.  

Figure 3-1 illustrates the material response of a cohesive element. The stress-

separation curve represents the response of the cohesive material. There are two 

different linear regions on this curve. In the region indicated by the line "OA," the 

cohesive element exhibits linear elastic behaviour in the intact region. If the 

separation amount at point "A" is exceeded, the cohesive element exhibits softening 

behaviour represented by the line "AB." When the separation amount at point "B" is 

exceeded, the cohesive element incurs complete damage and cannot carry the load. 

To explain the damage parameter 𝒟 In Figure 3-1, a reference point representing the 

instantaneous stress-separation condition of the cohesive element is taken ("Point 

D"). The instantaneous damage parameter can be considered a ratio of reduction of 

chord stiffness, as schematically shown in Figure 3-1.  

In the elastic region, i.e., on the line "OA," the damage parameter equals 0. In the 

softening region, i.e., on the line "AB," the damage parameter will take a value 
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between 0 and 1. If the separation amount exceeds the separation at point "B," the 

parameter equals 1, and the cohesive element cannot carry the load. 

 

Figure 3-1 Cohesive Element Traction-Separation Behaviour 

Cohesive damage is introduced in this method according to the Quadratic Stress 

Criterion: 

 
(
〈𝑇3〉

𝑇3,0
)

2

+ (
𝑇1
𝑇1,0

)

2

+ (
𝑇2
𝑇2,0

)

2

= 1 (3-1) 

where 

 
〈𝑇3〉 =

𝑇3 + |𝑇3|

2
 (3-2) 

The damage parameter drives the evolution of the damage 𝒟 which is defined 

according to Figure 3-1. It is the ratio of elastic stiffness loss. 
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𝒟 = 1 −

𝑇

𝐾𝛿
 (3-3) 

Traction-separation curve is analytically described by Eq.(3-4). 

 𝑇 = 𝐾(1 − 𝒟)𝛿, 𝛿0 < 𝛿 ≤ 𝛿𝑓 (3-4) 

In terms of 𝛿, 𝛿0, 𝛿𝑓 

 𝑇 = 𝐾𝛿, 0 ≤ 𝛿 ≤ 𝛿0 (3-5) 

 
𝑇 = 𝐾𝛿0

𝛿𝑓 − 𝛿

𝛿𝑓 − 𝛿0
, 𝛿0 < 𝛿 ≤ 𝛿𝑓 (3-6) 

 𝑇 = 0, 𝛿 > 𝛿𝑓 (3-7) 

Equating Eq.(3-5)-(3-7) to Eq. (3-4) gives damage parameter expressions in terms 

of separation parameters. 

 𝒟 = 0, 0 ≤ 𝛿 ≤ 𝛿0 (3-8) 

 
𝒟 =

𝛿𝑓(𝛿 − 𝛿0)

𝛿(𝛿𝑓 − 𝛿0)
, 𝛿0 < 𝛿 ≤ 𝛿𝑓 (3-9) 

 𝒟 = 1, 𝛿 > 𝛿𝑓 (3-10) 

The area under Figure 3-1 is defined as the critical SERR, the material interface 

parameter, as shown by Eq.(3-11). 

 
𝐺𝐶 = ∫ 𝑇(𝛿)𝑑𝛿

𝛿𝑓

0

=
𝑇0𝛿𝑓

2
 (3-11) 

This parameter is mode-dependent, modelled by the Benzeggagh-Kenane [30] 

expression in this study. 

 
𝐺𝐶 = 𝐺𝐼𝐶 + (𝐺𝐼𝐼𝐶 − 𝐺𝐼𝐶) (

𝐺𝐼𝐼 + 𝐺𝐼𝐼𝐼
𝐺𝑇

)
𝜂

  (3-12) 

For the Benzeggagh-Kenane formulation, the following relations hold: 

 𝐺𝑇 = 𝐺𝐼 + 𝐺𝐼𝐼 + 𝐺𝐼𝐼𝐼 (3-13) 

 𝐺𝐼𝐼𝐶 = 𝐺𝐼𝐼𝐼𝐶 (3-14) 
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The Global-Local Method 

The current Global-Local technique assesses the impact of localised changes within 

a computational model (such as interlaminar damage) without requiring extensive 

modifications. Specifically, the goal is to use an aerospace structure model with 

existing commercial software to simulate the effects of local changes due to 

interlaminar failure by repeatedly running simulations that only introduce traction 

loads into the global model. Additionally, these modifications can be computed using 

any software of choice, including specialised research codes. 

For the implementation of the method, the following models are created: 

- Global Model: This model encompasses the entire structure. The mesh is 

coarse and does not contain cohesive elements modelling damage. There are 

tie constraints on the damage surface. Depending on the damage state of the 

local model, tie constraints are removed and replaced by nodal forces 

calculated by internal nodal reactions of cohesive elements in the local 

model. 

- Local Model: This model only constructs the model around the damage zone. 

The mesh is fine and includes cohesive elements modelling the interlaminar 

damage.  

- Auxiliary Model: This model also constructs the model around the damage 

zone like the local model. However, the mesh structure is the same as the 

global model and does not include cohesive elements modelling the damage. 

Instead, there are tie constraints on the damage surface. This model is a local 

region cut from the global model without changing property. 

In this study, the method described by Gossellet et al. [10] is utilised for boundary 

residual application due to different mesh sizing. The method of Gossellet et al. [10] 

requires an auxiliary model for the calculation of boundary residual to satisfy global-

local boundary equilibrium.  
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The boundary conditions connecting the global, local, and auxiliary models are 

depicted in Figure 3-2. Initially, the boundaries of the auxiliary and local models are 

assigned with sub-modelling displacement boundary conditions. When this 

boundary condition is added, the displacement distribution calculated from the 

global model is applied to the boundaries of the local and auxiliary models, thus 

connecting the local and auxiliary models to the global model. This condition is 

illustrated with red arrows in Figure 3-2. 

  

Figure 3-2 Two-Way Global-Local Coupling with the Damage Mapping Algorithm 

The second boundary condition is applied to the delamination surface in the global 

model. For simplicity, a detailed application of the procedure is given in Figure 3-3 

for the upper half of a DCB model.  

This boundary condition is dependent on the damage parameter 𝒟 named "SDEG," 

obtained from the cohesive elements in the local model, as detailed in this section 

previously. If this parameter is 0, no damage has occurred in that region, and the tie 

constraint at the equivalent nodal points in the global model is preserved. When this 

parameter exceeds 0, damage initiation occurs in that region. In this case, the tie 

constraint at the equivalent nodal points in the global model is removed. However, 

when this parameter is less than 1, there is still some weak bonding in that region. 
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Therefore, the forces at these nodal points are calculated from cohesive elements and 

applied to the equivalent nodal points in the global model with opposite signs. Since 

the global and local mesh structures are different, cohesive nodal points should be 

distributed to global nodal points with consistent load vector formulation. When the 

damage parameter is 1, the corresponding nodes are disconnected, resulting in no 

nodal force. This condition is illustrated with yellow arrows in Figure 3-2. 

 

Figure 3-3. Application of Damage Mapping 

In the third condition, residual loads are applied to the global model's boundary. 

These loads arise due to the different mesh structures of the global and local models. 

This application is illustrated with blue arrows in Figure 3-2. The residuals in the 

current iteration are applied on top of those from the previous iteration (Residual 

force application accumulates in iterations), as expressed in Eq.(3-15).  

 𝑅𝑖,𝑗
𝑘,𝐺𝑙𝑜𝑏𝑎𝑙 = 𝑅𝑖,𝑗

𝑘−1,𝐺𝑙𝑜𝑏𝑎𝑙 + Δ𝑅𝑖,𝑗
𝑘  (3-15) 

The subscript “i” represents the node number, and “j” represents the component (x,y 

or z). The residual loads are calculated by subtracting the local model's boundary 

reactions from the auxiliary model's boundary reactions, as expressed in Eq.(3-16). 

 Δ𝑅𝑖,𝑗
𝑘 = 𝑅𝑖,𝑗

𝑘,𝐴𝑢𝑥𝑖𝑙𝑖𝑎𝑟𝑦
− 𝑅𝑖,𝑗

𝑘,𝐿𝑜𝑐𝑎𝑙
 (3-16) 

Since the global and local mesh structures differ, local model boundary reactions 

should be distributed to corresponding global nodal points. Before calculating the 

applied residual loads in the current iteration, as shown in Eq.(3-16), the local model 

boundary reactions are mapped to the global boundary nodes with consistent load 
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vector formulation. Figure 3-4 illustrates the residual application's detailed 

algorithm. 

 

Figure 3-4. Application of Boundary Residuals 

As previously mentioned, the meshing of global/auxiliary and local models differs. 

In general, the local region is finely meshed. Internal cohesive nodal reaction 

distribution on global and auxiliary damage surfaces requires consistent nodal load 

formulation. Moreover, for the calculation of boundary residuals, the local boundary 

reactions should be consistent with the global and auxiliary mesh structure for the 

boundary residual calculations. Figure 3-5 shows the distribution of a local nodal 

force on the closest global/auxiliary nodes. For simplicity, 2D meshing is shown with 

vertical force components. 

A single local nodal force is distributed on the global or auxiliary model with the 

help of the Dirac Delta function, as shown by Eq.(3-17). 

 
𝐹𝑖,𝑗 = ∫ 𝒩𝑖(𝑥)𝐹𝑎,𝑗𝛿(𝑥 − 𝑥𝑎)𝑑𝑥

1→2

= 𝒩𝑖(𝑥𝑎)𝐹𝑎,𝑗 (3-17) 

where 𝒩 is the shape function of the global/auxiliary element, “i” is node number 1 

or 2, and j is x, y or z. 
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Figure 3-5. Distribution of Local Nodal Force on Corresponding Global/Auxiliary 

Nodes 

For the problem shown in Figure 3-5, assuming that the global/auxiliary element has 

linear shape functions given by Eq.(3-18a) and (3-18b), nodal forces are calculated 

in Eq.(3-19a) and (3-19b), 

 𝒩1(𝑥) =
1

2
(1 −

𝑥

𝐿
) (3-18a) 

 𝒩2(𝑥) =
1

2
(1 +

𝑥

𝐿
) (3-18b) 

 𝐹1,𝑧 =
𝐿 − 𝑥𝑎
2𝐿

𝐹𝑎,𝑧  (3-19a) 

 𝐹2,𝑧 =
𝐿 + 𝑥𝑎
2𝐿

𝐹𝑎,𝑧 (3-19b) 

Similarly, for 3D meshing, the load distribution on 2D surfaces is formulated in 

Eq.(3-20). 

 𝐹𝑖,𝑗 = ∫𝒩𝑖(𝑥, 𝑦)𝐹𝑎,𝑗𝛿(𝑥 − 𝑥𝑎)𝛿(𝑦 − 𝑦𝑎)𝑑𝑥𝑑𝑦

𝐴𝑒

= 𝒩𝑖(𝑥𝑎, 𝑦𝑎)𝐹𝑎,𝑗  (3-20) 
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Eq.(3-17) and (3-20) do not require numerical integration but only require evaluation 

of shape functions at nodal points. For isoparametric formulation, the substitutions 

shown in Eq.(3-21) and Eq.(3-22) [129] are applied to Eq.(3-20). 

 𝑑𝑥𝑑𝑦 = ‖𝐽‖d𝜉𝑑𝜂 (3-21) 

 𝛿(𝑥 − 𝑥𝑎)𝛿(𝑦 − 𝑦𝑎) =
1

‖𝐽‖
𝛿(𝜉 − 𝜉𝑎)𝛿(𝜂 − 𝜂𝑎) (3-22) 

where ‖𝐽‖ is Jacobian between (x,y) and (𝜉, 𝜂) coordinates. Eq.(3-21) and (3-22) 

result in the cancellation of Jacobian in Eq.(3-20), and therefore, the isoparametric 

formulation does not contain the Jacobian term, which simplifies the integral as 

shown by Eq.(3-23). Therefore, applying local forces with the help of the Dirac Delta 

function simplifies the integration of consistent nodal load vector calculations, and 

the evaluation of shape function at nodal points is sufficient. In applying the current 

method, deformed nodal coordinates are considered in calculations. 

 𝐹𝑖,𝑗 = ∫ ∫ 𝒩𝑖(𝜉, 𝜂)𝐹𝑎,𝑗𝛿(𝜉 − 𝜉𝑎)𝛿(𝜂 − 𝜂𝑎)d𝜉𝑑𝜂
1

−1

1

−1

= 𝒩𝑖(𝜉𝑎, 𝜂𝑎)𝐹𝑎,𝑗 (3-23) 

Figure 3-6 summarises one iteration loop. This algorithm has been modelled with 

the MATLAB code created within the scope of the study. The complete algorithm 

involves submodelling boundary conditions, cohesive damage mapping and 

application of boundary residuals. 

 

Figure 3-6. One Iteration Loop of Two-Way Global-Local Coupling Methodology 
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The method can also be summarised as follows:  

1. Create a local model with cohesive elements.  

2. Create a global model with tie constraints representing possible failure 

surfaces of local region with cohesive elements.  

3. Create an auxiliary model with tie constraints. The auxiliary model is the 

local region identical to the global one.  

4. Run the global model (with all possible tie constraints (intact) in the first 

iteration).  

5. By submodeling driven by the global model, apply the boundary 

displacement field on the local model.  

6. Extract local node numbers with softening (SDEG>0) and corresponding 

nodal reactions.  

7. Calculate local boundary reactions.  

8. Map local node numbers with SDEG>0 to auxiliary node numbers.  

9. Remove tie constraints from these nodes in the auxiliary model and apply 

nodal reactions (from step 6) to them.  

10. Calculate auxiliary boundary reactions  

11. Check termination criteria to be satisfied simultaneously 

a. Relative error of cohesive nodal residual below tolerance  

b. Normalized boundary residual (Difference of Local and Auxiliary 

boundary reactions).  

12. If the criteria are met. Accept the solution. If not, map local node numbers 

with SDEG>0 to global node numbers.  

13. Remove tie constraints from these nodes in the global model and apply nodal 

reactions (from step 6) to them.  

14. Apply additional boundary residual on the global model. Keep residuals 

from the previous iteration. 

15. Run the updated global analysis and go to step 4. 
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The boundary conditions of the local model are dependent on the global model, and 

the damage surfaces of the global model are dependent on the local model. Since the 

two models are interdependent, iterative calculations are required to achieve the 

correct solution. For iterative computation to be terminated close to the correct 

solution, two criteria are selected for termination: 

- Boundary Residual Criterion for Global-Local Boundary Equilibrium: Absolute 

value of maximum boundary residual among all boundary nodes divided by average 

boundary internal nodal reaction of the global model at the current iteration 

- Cohesive Relative Nodal Force Error for Convergence of Damage State: Absolute 

value of maximum cohesive internal nodal reaction change to the previous iteration 

among all cohesive nodes divided by average cohesive internal nodal reaction at the 

current iteration 

Formulations of these criteria are explicitly shown in Table 3-1 with the following 

notation:  

- i : Node number  

- j : x, y, z component  

- k : Iteration number  

- R : Boundary Residual applied on the Global Model  

- Q : Cohesive Nodal Reactions from the Local Model 

For termination, a tolerance (TOL) value of 1% is selected for both criteria.  

The methodology is applied to the Analytical DCB Model to clarify this method. The 

DCB model is schematically shown in Figure 3-7. The loading is displacement-

controlled. Therefore, arm separation is the input, and arm reaction and crack length 

are the outputs. The global model is the beam itself, and the local model is the zone 

between x=l and x=s. Initially, the global model crack length is equal to a0. The crack 

length is updated using the local model solution.  
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Table 3-1. Calculation of Boundary and Cohesive Criteria 

 

The local model boundary displacement and rotations are calculated from the global 

model deflection field. Displacement and rotation boundary conditions are applied 

to the local model boundary at x=l. Note that at x=s, displacement and rotation are 

always zero. 

After applying sub-modelling boundary conditions, the crack length is updated using 

the local model's SERR solution. The new crack length is imposed on the global 

model. Then, the boundary conditions of the local model are determined again for 

the next iteration. This procedure is repeated until convergence is achieved. Detailed 

formulation is given in Appendix B. Numerical parameters are listed in Table 3-2. 

For displacement-controlled input, exact solutions of the arm reaction and the 

propagated crack length are given in Eq. (3.24) and (3.25). According to the 

numerical parameters shown in Table 3-2, the exact values of the arm reaction and 

crack length are listed in Table 3-3. 

 
𝑃 =

3𝐷𝛿

2𝑎3
 (3-24) 

 

𝑎 = √
9𝐷𝛿2

4𝐺𝐼𝐶

4

 (3-25) 
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Figure 3-7. Analytical DCB Model 

Table 3-2. Numerical Values of the DCB Model Parameters 

Parameter Definition Value 

𝐷 Flexural Rigidity (Eh3/12) 40000 N.mm 

𝐺𝐼𝐶 Critical SERR 0.25 N/mm 

𝛿 Arm Separation 8 mm 

𝑎0 Initial Crack Length 50 mm 

𝑙 Global-Local Boundary x-Coordinate 30 mm 
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Table 3-3. Exact Solutions of the Arm Reaction and Crack Length 

Parameter Definition Value 

𝑃 Arm Reaction 1.38 N/mm 

𝑎 Propagated Crack Length 66.40 mm 

 

Application of the algorithm: 

1. Solve the global model with input separation 𝛿 and delamination length 𝑎. For the 

first calculation, start with the initial crack length (𝑎 = 𝑎0). Calculate 𝑤𝑙, 𝜃𝑙  with Eq. 

(3-26) and (3-27). Also calculate the arm reaction with Eq.(3-24), which is valid for 

the algorithm. 

 
𝑤𝑙 =

𝛿

4
(2 +

𝑙

𝑎
) (1 −

𝑙

𝑎
)
2

 (3-26) 

 
𝜃𝑙 =

3𝛿

4𝑎
(1 −

𝑙2

𝑎2
) (3-27) 

2. Solve local model with 𝑤𝑙, 𝜃𝑙  boundary conditions. Calculate SERR with Eq.(3-

28).  

 
𝐺𝐼 = 𝐷 [

6𝑤𝑙
(𝑎 − 𝑙)2

−
2𝜃𝑙

(𝑎 − 𝑙)
]
2

 (3-28) 

Check 𝐺𝐼 ≥ 𝐺𝐼𝐶  then determine new crack length with Eq.(3-29). Otherwise, 

terminate the analysis. 

 

𝑎 = 𝑙 +
−𝐷𝜃𝑙 +√𝐷2𝜃𝑙

2 + 6𝑤𝑙√𝐷3𝐺𝐼𝐶

√𝐷𝐺𝐼𝐶
 

(3-29) 

3. If convergence is achieved, terminate the analysis. Otherwise, Return to Step 1 

with the new crack length given in Eq.(3-29).  

This algorithm is fixed point iteration to solve equations (3-26), (3-27), and (3-29) 

with an initial guess of 𝑎 = 𝑎0. The crack length results are shown in Figure 3-8, and 
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the arm reaction results are shown in Figure 3-9. The results show that crack length 

and arm reaction values are converged to the exact results. 

 

Figure 3-8. Crack Length Result of Analytical DCB Model 

 

Figure 3-9. Arm Reaction Result of Analytical DCB Model 
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3.2 Verification of the Method with Double Cantilever Beam Analyses 

This section covers the verification of the method, damage mapping algorithm with 

application of boundary residuals. The DCB response is well-known, and closed-

form solutions are available. The modelling of the DCB and its analyses are 

supported by experiments.  

Regular analyses are also performed to verify the current method. Regular analyses 

are defined as finite element analyses (FEA) that are directly applied to the complete 

model in detail without applying the global-local method. Consequently, the results 

of the current global-local method are compared with analytical and regular analysis 

solutions in terms of accuracy to verify the method. 

3.2.1 Description of the Global-Local Finite Element Model 

Figure 3-10 shows the Double Cantilever Beam (DCB) model. It is the simplest 

model for observing the interlaminar response and a standard experimental specimen 

for determining interlaminar fracture toughness. Closed-form solutions are available 

for comparison because of the simplicity of the model. Moreover, it suits the two-

way global-local coupling analysis as the global stiffness is highly sensitive to local 

crack length. 

Modelling was performed using the Abaqus CAE [126] interface. C3D8I brick 

elements with incompatible modes, with a side length of 1 mm for global and 

auxiliary models and 0.1 mm for local models, are selected. These elements are 

assigned orthotropic material properties of CFRP oriented at 0 degrees. Beams in the 

models are divided into two parts, connected by tie constraints in the global and 

auxiliary models and cohesive (COH3D8) elements in the local model. 

In the global model, the left end of the beam is fixed, while the ends of the beam 

arms at the right are vertically opened relative to each other by an amount of δ. 



 

 

43 

Nonlinear geometric effects (large displacements - large strains) are included in the 

analyses. Maximum arm separation of δ=6.5 mm is applied to the model. 

 

 

Figure 3-10. Double Cantilever Beam Global-Local 3-D Finite Element Model 

3.2.2 Baseline Solutions Supported by Experiments 

This study determined the Mode-I critical SERR (fracture toughness) values through 

standardised DCB tests for CFRP material. The parameters extracted from these 

experiments have been utilised in the material formulation of cohesive elements. The 

experiments were performed in the Turkish Aerospace facility. 

A typical DCB specimen is shown in Figure 3-11. The specimen comprises CFRP 

material with a stacking sequence of [0n//0n] according to the coordinate system 

shown in Figure 3-11, the x-axis being the 0-degree direction and the y-axis being 

the 90-degree direction. The sign “//” indicates the location of the PTFE insert and 

crack plane. The specimens have a total length L of 150 mm, width b of 25 mm and 

each arm has a nominal thickness h of 1.72 mm. The piano hinges are bonded to the 

ends of each arm by adhesive for load and displacement application. Then, the hinges 

are held by the grips of the tension machine, which opens the arms by the desired 

amount. 
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Before the tests, pre-cracking was introduced since the current CFRP material does 

not suffer from fibre bridging severely. The initial crack length a0 is then marked 

from the piano hinge to the end of the pre-crack with the region of the PTFE insert, 

as shown in Figure 3-11. 

Static tests are conducted to determine the critical SERR (𝐺𝑐), which is determined 

using the Modified Beam Theory (MBT) method according to ASTM D5528 [127]. 

Static tests are performed under displacement control. The samples are loaded at an 

opening rate of 2 mm/min until the total crack length reaches approximately 100 

mm. Then, the specimens are unloaded at 10 mm/min. Calculation methods for 

critical SERR are provided in ASTM D5528 [127]. 

 

Figure 3-11. Double Cantilever Beam (DCB) Specimen 

Regular finite element analysis has also been conducted to compare the accuracy and 

computation times of the global-local analyses. This model encompasses the entire 

structure. The damaged region of the structure is densely meshed, and the damage is 

modelled using cohesive elements. The parts of the model away from the damage 

are coarsely meshed, and the damage surfaces are connected with tie constraints. 

This model is an adaptation of the global-local model described in the previous 
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section to the regular method, and it is expected that the solutions of the global-local 

analyses are consistent with the solution of this model. 

The DCB (Double Cantilever Beam) structure can also be solved analytically, and 

analytical solutions are provided as references for all solutions. Analytical 

formulation requires extraction of Critical SERR from the experiments. 

In static analyses, the Modified Beam Theory (MBT) formulation is widely used in 

DCB tests, and relevant expressions are given in ASTM Standards [127,128] and the 

study of Harper and Hallett [110]. The closed-form solution of arm reaction as a 

function of arm opening is given in Eq. (3-30). Derivation of Eq.(3-30) is presented 

in Appendix A. 

 𝑃 =

{
 
 

 
 

3𝐷𝛿

2(𝑎0 + 𝜒ℎ)3
, 𝛿 ≤ 𝛿𝑐𝑟

√
4

9

𝐷𝐺𝐼𝐶
3

𝛿2

4

, 𝛿 > 𝛿𝑐𝑟

 (3-30) 

Eq.(3-30) involves critical arm separation 𝛿𝑐𝑟, defined as the amount of separation 

where crack propagation starts. Its expression is given in Eq.(3-31) 

 𝛿𝑐𝑟 =
2

3
√
𝐺𝐼𝐶
𝐷
(𝑎0 + 𝜒ℎ)

2 (3-31) 

where 𝜒ℎ is the crack length correction, and its expression is given in the study of 

Harper and Hallett [110]. In the current example, crack length correction is 

calculated as 3.2 mm, close to the crack length correction calculated from the 

experiments according to ASTM D5528 [127]. Figure 3-12 shows the determination 

of Critical SERR based on MBT, as shown in Eq.(3-32).  

 
𝐺𝐼𝐶 =

𝑃𝑐𝑟
2 (𝑎0 + 𝜒ℎ)

2

𝐷
 (3-32) 

where 𝑃𝑐𝑟 is the force where propagation starts, which is experimentally determined from 

ASTM D5528 [127]. This parameter corresponds to the arm reaction evaluated at 

critical separation 𝛿𝑐𝑟 from Eq.(3-32). Based on the worst specimen, SERR is 0.20 
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N/mm using Eq.(3-32) according to ASTM D5528 [127]. The analytical curve from 

Eq.(3-30) for the critical SERR of 0.2 N/mm is also given. The Regular FEA also 

verifies the expression with a mesh size of 0.1 mm. 

 

Figure 3-12. Selection of Critical SERR Based on MBT Formula 

3.2.3 Mesh Independency Study 

For the DCB model, four mesh sizes of 1 mm, 0.5 mm, 0.25 mm and 0.1 mm are 

selected. The maximum cohesive element length required to capture the damage 

onset is given in Eq.(3-33) [26,108]. For the values shown in Table 3-4, the 

maximum element length is calculated as 0.1 mm. Mesh convergence is not expected 

for larger cohesive elements, as shown in Figure 3-13. 
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𝑙𝑒,𝑚𝑎𝑥 =

9𝜋

32

𝐸3𝐺𝐼𝐶

𝑁𝑒𝑇𝑛,0
2  (3-33) 

Table 3-4. DCB Model Parameters for Mesh Size Determination 

Parameter Definition Value 

𝐸3 Out-of-Plane Young Modulus 10000 MPa 

𝐺𝐼𝐶 Critical SERR in Mode I 0.2 N/mm 

𝑇𝑛,0 Interlaminar Tensile Strength 30 MPa 

𝑁𝑒 Number of elements per cohesive zone [26,108] 20 

𝑙𝑒,𝑚𝑎𝑥 Maximum cohesive element size for convergence 0.1 mm 

 

 

Figure 3-13. DCB Response for Different Mesh Sizes without Mesh Regularisation 

Assessed by Regular FEA (Mesh Size other than the local region is 1 mm) 

However, mesh sizes below 0.1 mm are impractical due to the enormous 

computational expense, especially for larger aerospace structures. Instead, interfacial 

strength is artificially reduced to increase the maximum cohesive element length. It 
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is observed that interface strength has no significant effect on estimating 

delamination propagation, although the stress field around the delamination tip 

changes. Therefore, using Eq.(3-33), new interface strength can be modified for 

larger mesh sizes, as shown in Eq.(3-34). 

 

𝑇𝑛,0,𝑛𝑒𝑤 = 𝑇𝑛,0√
𝑙𝑒,𝑚𝑎𝑥
𝑙𝑒

, 𝑙𝑒 > 𝑙𝑒,𝑚𝑎𝑥  (3-34) 

Eq.(3-34) applies mesh regularisation to interfacial strength. Mesh regularised 

results are shown in Figure 3-14. Although the response is oscillatory for the largest 

mesh size of 1 mm, the results are consistent with analytical formulation in the 

softening region. However, reduction of interface strength leads to early softening, 

which is more evident for larger mesh sizes. 

Figure 3-14 also shows the current global-local methodology results at the maximum 

displacement. The results are consistent with the regular ones and the analytical 

formulation. 

Figure 3-13 and 3-14 include multiple curves. In Appendix C, supplementary plots 

are given separately for different mesh size selections to clearly show the difference 

between the analytical solution and FEA.  

In static analyses, a mesh size of 0.1 mm is necessary if mesh regularisation is not 

applied. By mesh regularisation application, an element size of 1 mm is sufficient 

for the static analysis. However, this approach results in an error in the elastic region 

due to early softening.  

Table 3-5 lists the arm reaction results for four different local mesh sizes with mesh 

regularisation. The analytical solution is the baseline for difference calculations. 

Table 3-6 shows the corresponding differences. Below the mesh size of 1 mm, 

regular analyses give differences below 1%, and global-local analyses give 

differences below 1.5 %. Therefore, the current method is verified with four different 

mesh sizes. 
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Figure 3-14 DCB Response for Different Mesh Sizes with Mesh Regularisation 

(Mesh Size other than the local region is 1 mm) 

After verification of the method, the computational advantage is shown in Table 3-

7. For the local mesh size of 1 mm, Global-Local analysis has a computational 

disadvantage. The regular analysis does not suffer from convergence issues since the 

number of damaged elements is small; on the other hand, for smaller mesh sizes, 

regular analyses suffer from convergence problems, and the current methodology 

improves computational effort by up to 48% for a local mesh size of 0.5 mm. For 

smaller local mesh sizing, the DOF of the local model is much higher than the global 

DOF. In this case, detailed local analyses require longer computational times. 

Therefore, the computational advantage is decreasing. 
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Table 3-5. DCB Model Arm Reaction Results for Different Local Mesh Sizes 

 
3D DCB Model Static Analysis: Arm Reaction Results 

Analytical  Regular Analysis Global-Local  

Local mesh 1 mm 36.54 N 37.23 N 37.48 N 

Local mesh 0.5 mm 36.54 N 36.71 N 37.06 N 

Local mesh 0.25 mm 36.54 N 36.82 N 37.02 N 

Local mesh 0.1 mm 36.54 N 36.67 N 36.92 N 

Table 3-6. DCB Model Arm Reaction Differences for Different Local Mesh Sizes 

 

3D DCB Model Static Analysis: Arm Reaction 

Percent Differences 

Regular Analysis Global-Local Analysis 

Local mesh 1 mm 1.9 % 2.6 % 

Local mesh 0.5 mm 0.5 % 1.4 % 

Local mesh 0.25 mm 0.8 % 1.3 % 

Local mesh 0.1 mm 0.3 % 1.0 % 

Table 3-7. DCB Model Computational Performance for Different Local Mesh Sizes 

 𝐷𝑂𝐹𝐿𝑜𝑐𝑎𝑙
𝐷𝑂𝐹𝐺𝑙𝑜𝑏𝑎𝑙

 

3D DCB Model: Computation Times 

Regular 

Analysis 

Global-Local 

Analysis 
Change 

Local mesh 1 mm 0.09 26 min 34 min 29 % 

Local mesh 0.5 mm 0.43 98 min 51 min -48 % 

Local mesh 0.25 mm 3.36 317 min 181 min -43 % 

Local mesh 0.1 mm 44.68 878 min 536 min -36 % 
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3.2.4 The Effect of Selection of the Extent of the Local Region and 

Amount of Damage Propagation 

The local region extent (LLocal) is defined as the sum of the local region length on top 

of the initial crack surface (L1) and the local region beyond the initial crack tip (L2), 

as shown in Figure 3-15. The local region length values listed in Table 3-8 are 

selected for comparison. The ratio of L1/ L2 is kept nearly constant. A mesh size of 

0.5 mm was selected for the calculations. 

 

Figure 3-15 Definition of Local Region Extent 

Moreover, different loading scenarios are considered, as shown in Table 3-9, which 

results in different damage propagation amounts Δa. The cohesive zone where the 

damage parameter 𝒟 is below 1 is excluded from the crack length Δa. In other words, 

the crack length is measured by considering cohesive elements with complete failure 

(𝒟 = 1). 

Table 3-8. Selections of the Local Region's Extent 

𝐿𝐿𝑜𝑐𝑎𝑙 𝐿1 𝐿2 𝐷𝑂𝐹𝐿𝑜𝑐𝑎𝑙 𝐷𝑂𝐹𝐺𝑙𝑜𝑏𝑎𝑙⁄  

14.5 mm 11 mm 3.5 mm 0.28 

17 mm 13 mm 4 mm 0.33 

22 mm 17 mm 5 mm 0.43 

27 mm 21 mm 6 mm 0.53 

Table 3-9. Selections of the Expected Damage Propagation Length and 

Corresponding Arm Separations 

Δ𝑎 2 mm 4 mm 6 mm 10 mm 

𝛿 5.1 mm 5.5 mm 5.8 mm 6.5 mm 
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Figure 3-16 shows the response of the DCB for different local region extents. Results 

become erroneous when the local region boundary (measured by L1) is close to the 

expected delamination length (Δa). For example, the arm reaction is incorrect if L1 

is 11 mm sufficiently close to the expected delamination length of 10 mm under arm 

separation of 6.5 mm. When L1 is 13 mm, the arm reaction is still erroneous but with 

a more acceptable level for arm separation of 6.5 mm. Similar behaviour is observed 

in the response due to other loadings listed in Table 3-9. From all the results, it is 

recommended that the new crack tip, after propagation, should have an offset of at 

least 6 mm to the local region boundary. Mathematically, the following requirement 

is recommended for accurate solutions. 

 Δ𝑎 = 𝐿1 − 𝐿𝑜𝑓𝑓𝑠𝑒𝑡 (3-35) 

 𝐿𝑜𝑓𝑓𝑠𝑒𝑡 ≥ 6 𝑚𝑚 (3-36) 

On the other hand, global-local solutions are close to the analytical curve with a 

percentage difference from the analytical solution below 2% for the crack tip-local 

boundary offset greater than 6 mm. The global-local method is not applied for the 

erroneous results with the smaller offset. 

Figure 3-17 shows the computational time of the regular and global-local analyses 

for the different local regions and the delamination propagation extent. Figure 3-18 

shows the computational time per cent change of the global-local method from the 

regular analyses. The global-local method has no computational advantage for a 

delamination extent of around 2 mm. The global-local method has a significant 

computational advantage by increasing the delamination extent. From Figure 3-18, 

independent of delamination extent, the optimum local region extent for 

computational advantage of the global-local method is 22 mm, corresponding to a 

local-to-global DOF ratio of 0.43.  
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Figure 3-16 Arm Reaction-Separation Plots for Different Local Region Extent 
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Figure 3-17 Computational Effort of Regular and Global-Local FEA for Different 

Damage and Local Region Extents 

 

Figure 3-18 Computational Performance of Global-Local FEA to Regular FEA for 

Different Damage and Local Region Extents 
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3.2.5 Comparison of the Current Methodology with the Sub-Modelling 

Approach 

The submodelling approach is a widely preferred method, especially in detailed 

stress analyses requiring very fine meshing, as concluded from the studies in Table 

2-3. This method is not iterative, as the displacement field of the intact global model 

is applied to the local model once, as shown in Figure 3-19. 

 

Figure 3-19 Submodelling Method 

However, in the current DCB analyses, the crack length cannot be estimated by the 

sub-modelling method, as shown in Figure 3-20. This is due to the global model's 

significant displacement field and stiffness change as the damage propagates. In the 

studies in Table 2-3, the submodelling method is accurate in elastic analyses and 

useful in RVE applications without losing accuracy. However, this method leads to 

incorrect solutions for significant stiffness change in the global model, as shown in 

Figure 3-20. 

On the other hand, the current two-way coupling methodology accurately calculates 

the crack propagation by comparing it with regular analysis. This shows that in the 

current example, where global model stiffness change is significant, a two-way 

global-local method is essential, which involves updating the global model according 

to the damage state of the local model. 
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Figure 3-20 Delamination Propagation Results of Regular Analyses, Submodelling 

Method and Two-Way Global Local Coupling Methodology 
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3.2.6 Results and Discussions  

Static analyses of the DCB with the local mesh size of 0.1 mm are examined in more 

detail. As shown in Chapter 4, a local mesh size of 0.1 mm is necessary for the fatigue 

analyses. Therefore, a mesh size of 0.1 mm is taken as the reference for the 

methodology. 

Figure 3-21 shows static analysis results in the Arm Reaction versus Arm Separation 

plot. The model's analysis using the current method, regular FEA, and analytical 

solutions for comparison are presented.  

 

Figure 3-21 Arm Reaction versus Arm Separation Results 

Table 3-10 numerically lists the maximum displacement arm reaction results shown 

in Figure 3-21, and Table 3-11 lists the corresponding percent differences from the 

analytical solutions. The current two-way coupling methodology provides consistent 
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results with the baseline analytical solution and regular analyses, with an arm 

reaction difference of around 1% from the analytical solution. 

On the other hand, the delamination results shown in Figure 3-20 are also listed 

numerically in Table 3-10 for the maximum displacement, and the corresponding 

percent differences from the analytical solutions are listed in Table 3-11. The current 

two-way coupling methodology provides consistent results with the baseline 

analytical solution and regular analyses with a delamination length difference of 

around 1% from the analytical solution. Also, the results show that the current two-

way global-local coupling methodology agrees well with the regular analysis and the 

analytical solution, which verifies the current method. 

Table 3-10. Summary of Arm Reaction Results under Maximum Arm Opening of 

6.5 mm 

 Analytical  Regular Analysis Global-Local 

Arm Reaction 36.54 N 36.67 N 36.92 N 

Delamination Length 69.5 mm 69.1 mm 68.7 mm 

Table 3-11 Summary of Arm Reaction Percent Differences Based on Analytical 

Solution Reference 

 Regular Analysis Global-Local 

Arm Reaction Percent Difference 0.4 % 1.0 % 

Delamination Length Percent Difference -0.6 % -1.2 % 
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3.3 Application of the Method in Analyzing Tension-Torsion Experiments 

3.3.1 Test Setup 

Tension-torsion tests were performed in METUWIND (ODTÜ-RÜZGEM), which 

Turkish Aerospace Industries fund. Figure 3-22 and Table 3-12 show the specimen 

geometry and tension loads. Figure 3-23 shows the test setup (1100 N.m MTS 

tension-torsion machine). All specimens are loaded with a maximum angle of twist 

of 40 degrees.  

 

Figure 3-22 Tension-Torsion Specimen Dimensions 

The specimens are selected as thick as possible to initiate edge delaminations, as 

shown in Table 3-12. Figure 3-24 shows a typical failure. Delamination is perceived 

after an audible click sound and a sudden torque drop.  

Table 3-12 Pure Torsion and Tension-Torsion Specimens 

Specimen 

Set 

Stacking Sequence 

G: GFRP, C: CFRP 

Thickness 

t  (mm) 

Angle of Twist  

φ (deg) 

Axial Force  

Fx (kN) 

T1 [ (032)G ] 7.30 40 0 

T3 [ (013)C / (016)G / (013)C ] 7.07 40 0 

TT3 [ (013)C / (016)G / (013)C ] 7.07 40 45 
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Figure 3-23 Tension-Torsion Test Setup 

 

 

Figure 3-24 Delamination Failure 
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3.3.2 Finite Element Model 

The geometry of the beam and applied boundary conditions are shown in Figure 3-

25. The models consist of linear brick elements with improved surface visualisation 

(C3D8S). The interface of the local model is made of 3D cohesive elements 

(COH3D8). To capture edge delamination, the local region is selected at the edges 

located at the centre of the gauge region. 

 

 

 

 

Figure 3-25 3D Beam under Tension-Torsion Model Geometry and Boundary 

Conditions 
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Grip regions are rigidly tied and assigned to reference points. At one end, the 

specimen is fixed, and at the other end, the angle of the twist and tension force (if it 

exists) are applied. According to test results, shear response is highly non-linear, so 

elastoplastic material modelling is necessary. The elastoplastic response is only 

assigned to shear stress-shear strain components. Normal stress and strain 

components are left linearly elastic. Figure 3-26 shows elastoplastic curves for the 

GFRP and CFRP materials. It is assumed that each shear component has an identical 

response. 

 

Figure 3-26 Elastoplastic Shear Responses 

Experiments determine the failure point shown in the GFRP curve. It is based on the 

minimum failure load of pure GFRP (T1) specimens. In-plane shear response is not 

subjected to failure, as in the experiments, in-plane shear mode failure is not 

observed. On the other hand, the failure criterion is assigned to cohesive elements 

but not the host material itself. Interlaminar failure of CFRP material does not occur 

in the experiments. 
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3.4 Experiment and Analyses Results 

Sensitivity Analyses 

The specimens in each set have different thickness values measured; therefore, their 

effect is assessed in this section. Moreover, the effect of non-linear shear modulus, 

interlaminar shear strength (ILSS), and fracture toughness is assessed in this section. 

Representative sensitivity analyses are performed on the specimen set T1. 

Initially, measured specimen thicknesses vary between 7.25 and 7.34 mm. Specimen 

average thickness is 7.30 mm. Figure 3-27 shows the torque-twist response of each 

specimen and corresponding analyses with maximum, minimum and average 

thickness. Between the specimens, there is no thickness-to-torque relation. For 

example, T1_4 has maximum torsional stiffness in the intact region. However, its 

thickness is close to the minimum. Moreover, specimen T1_1, having the maximum 

thickness, is one of the specimens with the lowest torsional stiffness. Furthermore, 

the thickness variation of the model does not cover the torsional response variability.  

Figure 3-28 shows the variability of shear modulus. Scaling is applied to the 

elastoplastic curve of GFRP, as shown in Figure 3-26. G0 represents the nominal 

chord shear modulus as a function of shear strain. 3% stiffness variability covers the 

variation of torque-twist response of all specimens, as shown in Figure 3-28.  

Figure 3-29 shows the effect of selecting the fracture toughness. Fracture toughness 

of 1 N/mm represents GFRP and CFRP materials under Mode II and Mode III 

loading. A fracture toughness value of 2 N/mm is also presented. Although this value 

is unlikely high for composite materials, its response cannot capture the specimens 

without delamination up to the machine limit of 40 degrees. 

On the other hand, Figure 3-30 shows ILSS variation analyses. Slight variation of 

ILSS from 57 MPa to 62 MPa, minimum to maximum failure angle of twist and 

corresponding torque values can be captured. Therefore, the variation of failure 

points of the specimens may be due to the material variation in ILSS. 
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Figure 3-27 Thickness Sensitivity Results of T1 Specimens 

 

Figure 3-28 Shear Stiffness Sensitivity Results of T1 Specimens 
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Figure 3-29 Fracture Toughness Sensitivity Results of T1 Specimens 

 

Figure 3-30 ILSS Sensitivity Results of T1 Specimens 
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Delamination Failure Mode 

The typical failure of the local region is shown in Figure 3-31. A damage depth of 

5 mm is observed for regular and global-local analyses. 

 

         

Figure 3-31 Local Failure of Cohesive Elements with a Depth of 5 mm 

T1 (Pure GFRP Torsion) Specimen Results 

Figure 3-32 shows the Torque vs. Angle of twist responses. Among all specimens, 

the minimum failure point is observed at an angle of twist of 28.6 degrees. The 

regular analysis gives the same result. Global-local analyses are performed at 28.4 

and 28.8 degrees (Near failure) to capture the delamination point correctly. 

Figure 3-32 shows that damage is not observed in the global-local analysis at 28.4 

degrees, just before the failure point. On the other hand, unstable damage 

propagation and torque drop are observed at an angle of twist of 28.8 degrees just 

after the failure. Therefore, the current method can capture the correct failure point 

with an accuracy of 0.2 degrees. 
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Figure 3-32 Torque vs Angle of Twist Plots of T1 Specimens 

T3 (Hybrid Torsion) Specimen Results 

Figure 3-33 shows the Torque vs. Angle of twist responses. Among all specimens, 

the minimum failure point is observed at an angle of twist of 27.1 degrees. On the 

other hand, regular analyses give the failure point at an angle of twist of 26.9 degrees. 

Therefore, global-local analyses are performed for 26.7 and 27.1 degrees (Near 

failure) to capture the delamination point correctly. 

Figure 3-33 shows that damage is not observed in the global-local analysis at 26.7 

degrees, just before the failure point. On the other hand, unstable damage 

propagation and torque drop are observed at an angle of twist of 27.1 degrees just 

after the failure. Therefore, the current method can capture the correct failure point 

with an accuracy of 0.2 degrees. 
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Figure 3-33 Torque vs Angle of Twist Plots of T3 Specimens 

TT3 (Hybrid Tension-Torsion) Specimen Results 

Figure 3-34 shows the Torque vs. Angle of twist responses. The specimen is loaded 

by tension before the angle of twist loading. The failure behaviour is complicated for 

tension-torsion loading. A minor torque drop of one specimen is observed at an angle 

of twist of 28.4 degrees. After this minor drop, the specimen keeps its structural 

integrity up to the maximum twist angle of 40 degrees. The minimum angle of twist 

value for significant torque drop is around 37 degrees.  

On the other hand, the regular analysis captures the failure location at 29.4 degrees, 

which is well below the significant torque drop but close to the minor torque drop 

point. Therefore, global-local analyses are performed for 29.2 and 29.6 degrees (in 

the vicinity of failure) to capture the delamination point correctly. 

Figure 3-34 shows that damage is not observed in the global-local analysis at 29.2 

degrees, just before the failure point. On the other hand, unstable damage 
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propagation and torque drop are observed at an angle of twist of 29.6 degrees just 

after the failure. Therefore, the current method can capture the correct failure point 

with an accuracy of 0.2 degrees. 

 

Figure 3-34 Torque vs Angle of Twist Plots of T3 Specimens 

3.4.1 Stiffening Effect of Axial Force 

Helicopter rotor blades undergo tremendous centrifugal forces, and bending and 

torsional stiffening are significant. T3 and TT3 specimens are identical, but one is 

loaded by pure torsion, and the other is loaded by tension and torsion. Therefore, it 

is possible to examine the effect of stiffening. 

Although axial force does not significantly change shear strain and shear stress, it 

causes excessive torsional stiffening for wide specimens—an increase of torsional 

rigidity and, thus, corresponding torque at the specified angle of twist. 
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An increase in torque due to axial load at a specified twist angle can be expressed by 

Eq.(3-37) [140]. 

 𝑇 = 𝑇0 +
𝑑𝜑

𝑑𝑥
∫𝜎𝑥(𝑦

2 + 𝑧2)𝑑𝐴
𝐴

 (3-37) 

Where 𝑇0 is torque without tension (Pure torsion), 𝑇 is the torque of the same beam 

under tension (Tension-Torsion). For wide rectangular laminate 𝑤 ≫ 𝑡, and for the 

average angle of twist gradient, torque expression simplifies to Eq.(3-38) [141]. 

 𝑇 = 𝑇0 +
𝜑

𝐿

𝑤2

12
𝐹𝑥 (3-38) 

Using Eq.(3-38), the Torque response of the TT3 specimen is estimated and 

compared by test results. Adding linear term 
𝜑

𝐿

𝑤2

12
𝐹𝑥 The pure torsion response gives 

an estimated torque response as a function of the angle of the twist under tension and 

torsion. 

Figure 3-35 shows the effect of torsional stiffening and its estimation by Eq.(3-38). 

The blue line represents the average test response of specimen T3 under pure torsion, 

solid orange lines represent the average test response of the corresponding specimens 

TT3 under tension and torsion, and dashed orange lines represent estimated torque 

curves of tension-torsion specimens by Eq.(3-38) from pure torsion curves which are 

consistent with the experimental curve.  

On the other hand, the “X” sign represents the earliest failure point, according to 

analyses. The axially loaded specimen has a failure point with the angle of twist 

value larger than that of the pure torsion specimen. This contradicts Biot’s [140] 

conclusion. 
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Figure 3-35 Effect of axial force on Hybrid (T3 and TT3) specimens 

According to Biot [140], introducing axial force does not cause significant shear 

stress and strain change. Conversely, axial force decreases the tests' shear strain and 

corresponding shear stress magnitudes. However, the primary reason for this 

reduction is not the axial load itself. Shear strain is proportional to the span-wise 

angle of twist gradient dφ/dx at the corresponding span-wise location unless it is 

close to the clamping (i.e. grip) region. The axial force causes torsional stiffening, 

which changes the angle of twist distribution and the corresponding span-wise 

derivative. If the specimen is stiffer in torsion, the angle of twist distribution is more 

uniform, which reduces the maximum angle of the twist gradient in the middle (See 

Figure 3-36).  

The distribution of φ and dφ/dx severely depends on boundary conditions and 

specimen length. For very long beams, dφ/dx is almost uniform, and the introduction 

of axial load does not result in a significant change in dφ/dx. Therefore, introducing 

axial load does not decrease shear strain significantly for very long beams. Closed-

form solutions for the span-wise angle of twist distribution are available in the 

literature but are not discussed here, as they are out of scope. In summary, especially 

for very long beams, it should be conservatively assumed that the introduction of 

axial load does not change shear stress and shear strain distribution. However, severe 

material interface discontinuities still exist under axial load. 
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Therefore, for the angle of twist-controlled analyses, the angle of twist values at 

failure are similar for pure torsion and tension-torsion specimens. On the other hand, 

there is a significant change in failure torque values. Hence, for tension-torsion 

specimens, the effect of axial force should be estimated by the angle of twist input. 

The current methodology can capture this effect correctly. Therefore, the method is 

also efficient under large centrifugal force applications. 

 

Figure 3-36 Effect of Axial Force on Distribution of Angle of Twist and its Span-

wise Derivative 

3.5 Conclusions 

DCB is the simplest model for observing the interlaminar response and, therefore, is 

selected for the current method verification. The DCB material parameters are 

extracted from the standard experiments, and the analytical response and FEM are 

well correlated with experimental results. 

Four different mesh sizes are selected in static analyses, and the mesh convergence 

study is performed. If mesh regularisation is not applied, a mesh size of 0.1 mm is 

necessary. By mesh regularisation application, an element size of 1 mm is sufficient 
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for the static analysis. However, this approach results in an error in the elastic region 

due to early softening. Moreover, the effect of the extent of the local region is 

assessed. The maximum computational reduction has a local region extent of 22 mm, 

corresponding to the local-to-global model's DOF ratio of 0.43. 

This verified method in static analyses is applied to modelling tension-torsion 

experiments. Sensitivity analyses show that fracture toughness has a significant 

effect on failure load as well as ILSS.  

The method can estimate failure load as its results are consistent with regular finite 

element analyses. The torsional stiffening effect due to axial force is significant in 

helicopter rotor blades. This increases failure torque, although the angle of twist 

value is similar. The global-local method also correctly captures this effect.  

Table 3-13 compares the computation times of regular analysis and the two-way 

global-local coupling method. The current method has a significant computational 

advantage over regular analysis in DCB modelling, with a reduction of 36% for the 

local mesh sizing of 0.1 mm. On the other hand, this method shows a 44% to 52% 

computational advantage. 

Table 3-13. Comparison of Computational Effort 

 
3D DCB Model Computational Effort 

Regular Analysis Global-Local Difference 

3D DCB Analyses 878 min 597 min -36% 

Pure Torsion Analyses 

(T1 Specimen) 
55 min 26 min -52 % 

Pure Torsion Analyses 

(T3 Specimen) 
56 min 27 min -52 % 

Tension-Torsion Analyses 

(TT3 Specimen) 
61 min 34 min -44 % 
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CHAPTER 4   

4 FATIGUE ANALYSES BY TWO-WAY GLOBAL-LOCAL COUPLING METHOD 

4.1 Introduction 

The methodology concerns interlaminar failure with CZM. Cohesive elements allow 

static analyses in Finite Element software such as Abaqus [126]. However, they lack 

the capability for material modelling under fatigue loads. Consequently, a UMAT 

material Subroutine, developed from the detailed formulation presented in Turon’s 

dissertation [26], has been incorporated into the ABAQUS solver to enable fatigue 

analyses. 

Figure 4-1 shows a typical fatigue crack growth law curve. This curve has three 

regimes. When the Strain Energy Release Rate (SERR) at the crack tip is below the 

threshold value (𝐺𝑡ℎ), there is no fatigue crack growth. When SERR is close to 

critical value (fracture toughness 𝐺𝑐), fatigue crack growth is fast. If SERR is 

between threshold and critical value, crack growth obeys the Paris Law regime with 

a linear slope in a log-log plot. The vertical axis always has a crack growth rate, 

preferably on a log scale. The horizontal axis can be maximum or oscillatory SERR, 

as well as in log scale. The horizontal axis may be normalised by critical SERR. This 

study follows the Paris Law formulation in Eq.(4-1) for modelling the interlaminar 

fatigue crack growth. 

 𝑑𝑎

𝑑𝑁
= 𝐶(Δ𝐺)𝑚, 𝐺𝑡ℎ < 𝐺 < 𝐺𝑐 (4-1) 

Threshold (𝐺𝑡ℎ) and critical (𝐺𝑐) strain energy release rates and Paris Law constants 

(C and m) are material interface parameters. These parameters are determined from 

standard coupon-level experiments. In general, these material constants are failure 
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mode dependent. Paris law parameters selected in this study are mode-independent 

in this study. In Figure 4-2 in the study of Asp et al. [28], G vs da/dN trends are 

similar for different modes, being the most conservative for Mode I (DCB) loading. 

The damage parameter in fatigue analyses combines static and fatigue damage 

parameters, as shown in Eq.(4-2). In the UMAT subroutine for fatigue analysis, this 

parameter is named “SDV1”, the solution-dependent variable in the subroutine. 

 𝒟 = 𝒟𝑠𝑡𝑎𝑡𝑖𝑐 + 𝒟𝑓𝑎𝑡𝑖𝑔𝑢𝑒 (4-2) 

The formulation given in the previous chapter applies to the static part. The analyses 

calculate static damage in the first cycle under maximum loading governed by 

pseudo-time (i.e. Step time) between 0 and 1. After this point, Eq.(4-3) gives the 

fatigue damage evolution. 

 𝑑𝒟

𝑑𝑁
=

1

𝑎𝑐𝑧

[𝛿𝑓(1 − 𝒟) + 𝛿0𝒟]
2

𝛿𝑓𝛿0

𝑑𝑎

𝑑𝑁
 (4-3) 

where for Pure Mode I loading, cohesive zone length is estimated by Eq.(4-4) [26]. 

 
𝑎𝑐𝑧 =

9𝜋

32

𝐸3𝐺𝑚𝑎𝑥

𝑇0
2  (4-4) 

𝐸3 is the out-of-plane Young’s modulus of the host material. Crack length growth 

rate da/dN is determined by Paris law expression, which requires the calculation of 

oscillatory SERR given by Eq.(4-5). 

 
Δ𝐺 =

𝑇0
2
[δ0 +

(𝛿𝑓 − 𝛿𝑚𝑎𝑥)
2

𝛿𝑓 − 𝛿0
] (1 − 𝑅2) (4-5) 

The two-way global-local coupling methodology assesses the impact of localised 

changes within a computational model without requiring extensive modifications. 

The methodology explained in Section 3-1 is extended to fatigue analyses in this 

chapter. 
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Figure 4-1 Cohesive Element Fatigue Response [26] 

 

Figure 4-2 Typical G vs da/dN Plot for Mode I (DCB), Mode II (ENF) and Mixed 

Mode (MMB) Failure [28] 
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Using the Paris Law regime, the local model now involves cohesive elements with 

fatigue material formulation. In this framework, the pseudo-time in the static analysis 

step is replaced by the number of cycles. The Static General Step in Abaqus software 

also applies this analysis procedure. Figure 4-3 shows actual cyclic loading in fatigue 

analyses and the corresponding applied load in the Static General step in Abaqus 

software. 

In cycles between 0 and 1, the load gradually increases to the maximum to calculate 

the static damage state. After this point, maximum load is constantly applied to the 

model. The load fluctuation is governed by the load ratio R embedded in the UMAT 

subroutine. Applying the maximum load with specified R in the Abaqus programme 

represents the actual sinusoidal loading. 

 

 

Figure 4-3 Actual Cyclic Load and Appliad Load Envelope in FEA 
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4.2 Description of the Global-Local Finite Element Model 

Figure 4-4 shows the Double Cantilever Beam (DCB) model. It is the simplest model 

for observing the interlaminar response in fatigue analyses. Because of its simplicity, 

closed-form solutions derived in Appendix D are available for comparison. 

Moreover, it suits the two-way global-local coupling analysis as the global stiffness 

is highly sensitive to local crack length. 

Modelling was performed using the Abaqus CAE [126] interface. C3D8I brick 

elements with incompatible modes, with a side length of 1 mm for global and 

auxiliary models and 0.1 mm for local models, are selected. These elements are 

assigned orthotropic material properties of CFRP oriented at 0 degrees. Beams in the 

models are divided into two parts, connected by tie constraints in the global and 

auxiliary models and cohesive (COH3D8) elements in the local model. 

In the global model, the left end of the beam is fixed, while the ends of the beam 

arms at the right are vertically opened relative to each other by an amount of δ. 

Nonlinear geometric effects (large displacements - large strains) are included in the 

analyses. Maximum arm separations for static and fatigue analyses are shown in 

Table 4-1. The interface parameters are listed in Table 4-2. 

4.3 Baseline Solutions  

Regular finite element analysis has also been conducted to compare the accuracy and 

computation times of the global-local analyses. This model encompasses the entire 

structure. The damaged region of the structure is densely meshed, and the damage is 

modelled using cohesive elements. The parts of the model away from the damage 

are coarsely meshed, and the damage surfaces are connected with tie constraints. 

This model is an adaptation of the global-local model described in the previous 

section to the regular method, and it is expected that the solutions of the global-local 

analyses are consistent with the solution of this model. 
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Table 4-1. DCB Model Arm Separation Boundary Conditions 

 Loading 

Maximum Arm Separation δmax 4.0 mm 

Load Ratio R (δmin / δmax) 0.1 

  

 

 

Figure 4-4. Double Cantilever Beam Finite Element Model 

 

Table 4-2. Mode-I Interface Parameters 

Parameter Definition Value 

𝐺𝐼𝐶 Mode-I Fracture Toughness 0.20 N/mm 

𝐺𝐼𝑡ℎ Mode-I Threshold SERR 0.06 N/mm * 

𝑇𝑛0 Interlaminar Tensile Strength 30 MPa 

𝐶 Paris Law Constant 2440000 * 

𝑚 Paris Law Exponent 10.61 * 

*Taken from [142] 
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The DCB (Double Cantilever Beam) structure can also be solved analytically, and 

analytical solutions are provided as references for all solutions.  

Under fatigue loading, the Paris law equation given by Eq.(4-1) has been integrated 

using the MBT expressions, resulting in the analytical solutions shown in Eq.(4-6) 

to (4-8). The derivation is given in Appendix D. 

 
𝐺𝑚𝑎𝑥 =

𝑃𝑚𝑎𝑥
2 (𝑎 + 𝜒ℎ)2

𝐷
 (4-6) 

 
𝑃𝑚𝑎𝑥 =

3𝐷δ𝑚𝑎𝑥
2(𝑎 + 𝜒ℎ)3

 (4-7) 

 

𝑎 + 𝜒ℎ = {(𝑎0 + 𝜒ℎ)
4𝑚+1 + (4𝑚 + 1)𝐶 [(1 − 𝑅2)

9𝐷𝛿max
2

4
]

𝑚

𝑁}

1
4𝑚+1

 (4-8) 

where 𝜒ℎ is the crack length correction, and its expression is given in the study of 

Harper and Hallett [110]. A crack length correction of 3.2 mm from the static 

experiments is selected.  

4.4 Mesh Independency Study 

For the DCB model, four mesh sizes—1 mm, 0.5 mm, 0.25 mm, and 0.1 mm—are 

selected. A mesh independence study is applied for static and fatigue analyses. 

Figure 4-5 shows the DCB's fatigue response for four different mesh sizes and the 

analytical solution without mesh regularisation (Constant interface strength). 

Convergence is not achieved at a mesh size of 0.1 mm, but the solution with a mesh 

size of 0.1 mm is consistent with the analytical solution.  

Figure 4-6 shows the fatigue response of the DCB for four different mesh sizes 

together with the analytical solution with mesh regularisation. However, mesh 

regularisation does not improve the solutions sufficiently, unlike static analysis. 

Moreover, the reduction of interfacial strength significantly reduces initial response 

(N=1) because of excessive softening.  
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Therefore, convergence is not achieved to a mesh size of 0.1 mm. The solution with 

a mesh size of 0.1 mm is consistent with the analytical solution. Furthermore, a 

global-local solution with a local mesh size of 0.1 mm is also shown. With a slight 

difference, the global-local solution is consistent with the regular one. 

 

 

Figure 4-5 DCB Fatigue Response for Different Mesh Sizes without Mesh 

Regularisation (Mesh Size other than the local region is 1 mm) 
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Figure 4-6 DCB Fatigue Response for Different Mesh Sizes with Mesh 

Regularisation (Mesh Size other than the local region is 1 mm) 

4.5 Comparison of the Current Methodology with the Sub-Modelling 

Approach 

In the current DCB analyses, the crack length cannot be estimated, as shown in 

Figure 4-7, by the sub-modelling method. On the other hand, the current two-way 

coupling methodology accurately calculates the crack propagation by comparing it 

with regular analysis. This shows that in the current example, where global model 

stiffness change is significant, a two-way global-local method is essential, which 

involves updating the global model according to the damage state of the local model. 
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Figure 4-7 Damage of Cohesive Elements for the Fatigue Analyses  
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4.6 Results and Discussions 

Figure 4-8 shows fatigue analysis results in the Maximum Arm Reaction versus 

Number of Cycles plot. The current method is in agreement with regular analyses 

and analytical solutions. 

 

Figure 4-8 Arm Reaction Plots of the Fatigue Analyses 

Table 4-3 lists the arm reaction results and corresponding differences. Analytical 

solution is the baseline for difference calculations.  

Fatigue analyses suffer from mesh dependency. A Smaller mesh size like 0.05 mm 

results in enormous computation times and, therefore, is not considered, although 

mesh convergence is better.  

Regular analysis has a difference of 3%, and the current method has an additional 

difference of 1.2%. The selection of smaller mesh sizes is expected to improve FEA 
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solutions. In conclusion, although there is a 3% difference between the regular 

analysis and analytical baseline, the global-local method is consistent with the 

regular analysis. 

On the other hand, the current global-local methodology has a difference of 4.2% 

from the analytical solution. This is similarly due to mesh size selection. This method 

has a 1.2% difference from the regular analyses, which can verify this method. 

Table 4-3. Summary of Arm Reaction Results 

3D DCB Model Arm Reactions Arm Reaction Differences 

Analytical 

Solution 

Regular 

Analysis 

Global 

Local 

Regular 

Analysis 

Global 

Local 

21.50 N 22.14 N 22.41 N 3.0 % 4.2 % 

 

Tables 4-4 summarise delamination extent results, and list the corresponding 

differences concerning the analytical solution as the baseline.  

The current methodology is consistent with regular analysis and the analytical 

solution. Regular analysis has a difference below 1%, and the current method has a 

difference of 1.2%. In conclusion, the global-local method is consistent with the 

regular analysis and analytical baseline. 

Table 4-4. Summary of Delamination Length Results 

3D DCB Model Delamination Length Delamination Length Differences 

Analytical 

Solution 

Regular 

Analysis 

Global  

Local 

Regular  

Analysis 

Global 

Local 

69.1 mm 68.6 mm 68.3 mm -0.7 % -1.2 % 
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4.7 Conclusions 

Four different mesh sizes are selected in fatigue analyses, and the mesh convergence 

study is performed. Mesh regularisation is insufficient in fatigue analyses. A mesh 

size of 0.1 mm is necessary for the correct solution. Section 4-6 show that the current 

methodology is verified in Fatigue Analysis. 

Table 4-5 also compares the computation times of regular analysis and the two-way 

global-local coupling method. The current analysis method has a significant 

computational advantage over the regular analysis, with a reduction of over 30%. 

Table 4-5. Comparison of Computational Effort 

3D DCB Model Computational Effort 

Regular Analysis Global-Local Difference 

2512 min 1708 min -32% 
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CHAPTER 5  

5 INTERLAMINAR FAILURE ANALYSES OF A T-JOINT STRUCTURE 

THROUGH THE TWO-WAY GLOBAL-LOCAL COUPLING METHOD 

5.1 Introduction 

This method, validated for fatigue analyses, is applied to a T-Joint model, an 

element-level aerospace structure. The three-dimensional finite element model of the 

T-Joint has been adopted from the study by Ma et al. [143]. The study provides 

geometry and dimensions.  

The static test setup is given in Figure 5-1, and the failure image after static pull-off 

loading is given in Figure 5-2. 

 

 

Figure 5-1 T-Joint Pull-off Quasi-Static Test Setup in the Study of Ma et al. [143] 
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Figure 5-2 Failure Modes of the T-Joint Specimen after Pull-out Load [143] 

First, the model validation is performed based on the experiments and static analyses 

from the study by Ma et al. [44]. The Global-Local method is not used in the 

validation phase, and the solution is carried out directly (i.e., the Regular method). 

This is because damage progression in the structure is unstable and sudden. 

Therefore, tracking minor damage, as in damage tolerance applications, is not 

feasible. 

Regular analyses are performed on the finite element model discussed in Section 5.2. 

A displacement-controlled pull-off load of Δ = 4 mm is applied to the structure. 

Figure 5-3 compares the experimental data and FEA results from the referenced 

study [143] with the regular finite element analysis in the present study. The results 

are in good agreement. 

5.2 Fatigue Analyses 

The Global, Local, and Auxiliary models are shown in Figure 5-4. The out-of-plane 

width of all models is 200 mm. The mesh element sizes for the Global and Auxiliary 

models are approximately 1 mm. In the Local model, the mesh element size is set to 

0.1 mm near the cohesive elements and 0.3 mm in more distant regions. 
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Figure 5-3  Comparison of Regular Analyses with the Results of Ma et al. [143] 

The boundary conditions in the model are shown in Figure 5-5 and have been 

selected to be consistent with the study by Ma et al. [143]. The structure is 

constrained in the translation degrees of freedom at a distance of 20 mm from both 

the left and right ends. The end of the stiffener is first connected using the Continuum 

Distributing Coupling method and then pulled upward by a displacement of Δ while 

keeping the other degrees of freedom fixed. 

Ply layup directions are shown in Figure 5-6, and stacking sequences are shown in 

Table 5-1. The 0° ply is laid down in the out-of-plane direction (along the z-axis), 

while 90-degree plies are along the x-direction, shown in Figure 5-6. 45° plies of the 

stringer on the horizontal are symmetrical about the y-z plane, while stringers have 

the same 45° directions on the left and right sides of the joint at the vertical wall. 

This induces unsymmetric stacking in the left and right stringer-skin co-bonded 

sections. Moreover, the stringer layup sequence is unbalanced and also unsymmetric. 

Therefore, a slight asymmetry in the results is expected, although mesh structures 
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shown in Figure 5-4 are symmetric about the midplane of the vertical section of the 

stiffeners. 

 

Figure 5-4  Global, Auxiliary and Local Finite Element Models of T-Joint Structure 

 

Figure 5-5 Boundary Conditions Applied on the Global Finite Element Model of T-

Joint Structure 
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Figure 5-6 Ply Layup Directions of the T-Joint 

Table 5-1. Skin and Stringer Stacking Sequences and Total Thicknesses [143] 

 Stacking Sequence Thickness 

Skin  [45°/0°/-45°/90°/45°/0°/90°/0°/-45°/90°/45°/0°/45°] 2.0 mm 

Stringer  [-45°/0°/45°/90°/0°/-45°/0°/45°/90°/0°/-45°/0°/45°/0°/-45°/45°]s 5.5 mm 

Subsequently, fatigue analyses are performed on this model. The applied actual 

displacement load is given in Figure 5-7. According to the formula in the Abaqus 

software, the constant displacement value is applied as Δmax = 1.2 mm. The 

oscillatory response is controlled using the UMAT subroutine with an input load 

ratio of R = 0.1. 

 

Figure 5-7 Applied Cyclic Displacement 
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5.3 Results and Discussions 

The reaction force under this displacement load is plotted for the regular analysis in 

Figure 5-8. Additionally, the damage conditions at the numbered points indicated in 

Figure 5-8 are shown in Figure 5-9. The damage state at the one-millionth cycle is 

presented in the three-dimensional model. However, to provide a clearer view of the 

damage conditions, subsequent damage states will be illustrated on a cross-section 

taken from the middle x-y plane of the structure. 

 

Figure 5-8 Fatigue response of the T-Joint under cyclic displacement load  

When examining the damage conditions, the propagation is not symmetric about the 

midplane of the vertical section of the stringers due to unsymmetric layup directions 

and unbalanced and unsymmetric stacking sequence of the stiffeners.  

It is observed that damage initiates at point (1) and progresses unstably toward the 

vicinity of point (3). In this region, a complete separation between the noodle and 

the stringer is observed, along with some damage in the Stringer-Stringer and Skin-

Stringer interfaces on the same side. At the intermediate point (2), the progression of 
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Skin-Stringer debonding, moving to the right, has begun. After point (3), the damage 

propagates stably until reaching point (4). 

The proposed method, which is the focus of this study, is applied in the next stage. 

In Figure 5-10, the reaction forces calculated using the Global-Local method are 

plotted alongside those obtained through the regular approach. The damage state at 

the one-millionth cycle is also presented for the regular and Global-Local analyses. 

Global-local methodology demonstrates that damage and reaction forces can be 

accurately predicted. 

 

 

Figure 5-9 Damage States under Specified Cycles  
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Figure 5-10 Comparison of Fatigue Response of the T-Joint and Damage State at 

One-Millionth Cycle  

Next, the damage magnitudes and reaction forces at the mid-section in the one-

millionth cycle will be compared between the Global-Local method and the regular 

analysis. Two paths have been defined for damage comparison, as shown in Figure 

5-11. The first path represents the damage extent between the stringer and the skin, 

denoted as Δa1. The second path corresponds to the damage extent between the 

stringers, represented as Δa2. 



 

 

97 

 

Figure 5-11 Definition Debonding Propagation Paths 

Table 5-2 presents the reaction forces and damage propagation lengths calculated at 

the one-millionth cycle. The difference between the two methods is 0.3% for reaction 

forces and less than 1.5% for damage extents. As a result, the proposed approach 

successfully analyses fatigue-induced interlaminar damage in aerospace 

applications. 

Table 5-2. Comparison of Computational Effort Reaction Force and Delamination 

Extent Results 

 Regular Analysis Global-Local  Difference 

Reaction Force 11476 N 11494 N 0.2 % 

Stringer-Skin  

Delamination Δa1 
15.4 mm 15.2 mm -1.3 % 

Stringer-Stringer 

Delamination Δa2 
14.6 mm 14.4 mm -1.4 % 
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5.4 Conclusions 

The method is successfully applied in the T-Joint model under fatigue loading. The 

results are close to the regular analysis, with a difference below 1.5%.  

The validated method's computational advantage, which has been demonstrated in 

an aerospace application, is discussed. The computation summaries are presented in 

Table 5-3. The proposed method provides a computational advantage of 40%. 

Therefore, this method can be utilised in aerospace applications to reduce 

computational effort in progressive interlaminar damage modelling. 

Table 5-3 Comparison of Computational Effort 

Regular Analysis Global-Local Difference 

10120 min 6070 min -40% 
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CHAPTER 6  

6 CONCLUSIONS AND RECOMMENDATIONS 

6.1 General Conclusions 

This study aims to develop an accurate and computationally efficient interlaminar 

damage modelling methodology compatible with fatigue analyses. The general 

conclusions of this study are summarised: 

• None of the studies in the literature cover the global-local method for fatigue 

analyses. Therefore, a new global-local method is proposed that is 

compatible with fatigue analyses for assessing interlaminar damage of 

composite structures. 

• The method does not require modification of the simple global model. The 

application of corrective nodal forces is sufficient for the algorithm. 

Therefore, this model is efficient in Finite Element Modelling. 

• Static and fatigue DCB analyses verify the method by showing consistent 

results with regular analyses and closed-form solutions. 

• In static analyses, the method is applied to Tension-Torsion experiment 

specimen models. The results are consistent with regular analyses. 

• In Tension-Torsion applications, ILSS and fracture toughness selection are 

critical, as shown in sensitivity studies. 

• The method can capture the effect of torsional stiffening due to axial force 

observed in helicopter rotor blades. 

• The method is applied to a T-Joint specimen model under fatigue loading 

and shows consistent results with the regular analyses. 

• In all applications, the computational advantage of the global-local method 

varies between 32% to 52%. Therefore, this method proves its superior 

computational efficiency in aerospace applications. 
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6.2 Recommendation for Future Work 

The method is verified by Static Mode-I DCB applications. It can also be verified 

under Mode-II and Mixed Mode loading with a standardised experimental setup.  

Verification in the static analysis includes the static DCB experiments. Fatigue 

experiments can also be performed to strengthen the fatigue DCB FEM. 

This method is applied to solid continuum elements. It can be extended to shell 

elements, and shell-to-solid global-local coupling formulations can be developed. 
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APPENDICES 

A. Derivation of the Exact formulation of the DCB response 

The exact solution of the DCB is calculated by SERR expression in Eq.(A-1). 

 
𝐺𝐼 =

𝑃2(𝑎 + 𝜒ℎ)2

𝐷
 (A-1) 

The parameter “𝜒ℎ” is the crack correction parameter. SERR should be expressed as 

a function of separation input instead of reaction force for displacement-controlled 

loading. Reaction force expression is given in Eq.(A-2) with the cantilever beam 

formula. 

 
𝑃 =

3𝐷𝛿

2(𝑎 + 𝜒ℎ)3
 (A-2) 

By combining Eq.(A-1) and (A-2), SERR becomes the expression shown in Eq.(A-

3). 

 
𝐺𝐼 =

9𝐷𝛿2

4(𝑎 + 𝜒ℎ)4
 (A-3) 

If 𝐺𝐼 < 𝐺𝐼𝐶 , there is no crack propagation and 𝑎 = 𝑎0 for Eq.(A-1) to (A-3). 

Otherwise, the new crack length should be calculated so that 𝐺𝐼 = 𝐺𝐼𝐶 substituted in 

Eq.(A-3). Then, the exact solution for the propagated crack length is expressed in 

Eq.(A-4). 

 

𝑎 + 𝜒ℎ = √
9𝐷𝛿2

4𝐺𝐼𝐶

4

 (A-4) 

The corresponding displacement at the start of crack propagation can be 

determined by substituting 𝐺𝐼 = 𝐺𝐼𝐶 and 𝑎 = 𝑎0 in Eq.(A-3). 

 

𝛿𝑐𝑟 =
2

3
√
𝐺𝐼𝐶
𝐷
(𝑎0 + 𝜒ℎ)

2 (A-5) 
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The new crack length can be substituted into previous equations. In summary, the 

arm reaction-arm separation response is explicitly shown in Eq. (A-6). Moreover, 

the crack length response is given in Eq.(A-7). Where 𝛿𝑐𝑟 is shown in Eq.(A-5). 

 

𝑃 =

{
 
 

 
 

3𝐷𝛿

2(𝑎0 + 𝜒ℎ)3
, 𝛿 ≤ 𝛿𝑐𝑟

√
4

9

𝐷𝐺𝐼𝐶
3

𝛿2

4

, 𝛿 > 𝛿𝑐𝑟

 (A-6) 

 

𝑎 = {

𝑎0 , 𝛿 ≤ 𝛿𝑐𝑟

√
9𝐷𝛿2

4𝐺𝐼𝐶

4

− 𝜒ℎ , 𝛿 > 𝛿𝑐𝑟
 (A-7) 
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B. Derivation of Global and Local Region Expressions of the Analytical DCB 

Model 

Determination of Local Boundary Conditions from the Global Model 

According to Figure 3-7, the beam deflection and slope formula of the DCB are given 

in Eq.(B-1) and Eq.(B-2) respectively [139]. A Minus sign is introduced in front of 

the slope expression, since by increasing x, deflection decreases due to the selection 

of the coordinate system. In the formulations, only the upper half of the beam is 

considered. Flexural rigidity EI is replaced by D for composites, and forces and 

moments are per unit width.  

 
𝑤(𝑥) =

𝑃

6𝐷
(𝑎 − 𝑥)2(2𝑎 + 𝑥) (B-1) 

 
𝜃(𝑥) = −𝑤′(𝑥) =

𝑃

2𝐷
(𝑎2 − 𝑥2) (B-2) 

Tip deflection (x=0) of the upper beam is the half of the arm separation. Substituting 

x=0 to Eq.(B-1) gives half separation as shown in Eq.(B-3). 

 𝛿

2
=
𝑃𝑎3

3𝐷
 (B-3) 

Eliminating P/D from Eq.(B-1) and (B-2) by using Eq.(B-3) gives beam deflection 

formulae in terms of input separation as shown in Eq.(B-4) and (B-5). 

 
𝑤(𝑥) =

𝛿

4
(1 −

𝑥

𝑎
)
2

(2 +
𝑥

𝑎
) (B-4) 

 
𝜃(𝑥) =

3𝛿

4𝑎
(1 −

𝑥2

𝑎2
) (B-5) 

Local boundary conditions can be determined by substituting x=l to Eq.(B-4) and 

(B-5) as shown in Eq.(B-6) and (B-7). 

 
𝑤𝑙 =

𝛿

4
(1 −

𝑙

𝑎
)
2

(2 +
𝑙

𝑎
) (B-6) 

 
𝜃𝑙 =

3𝛿

4𝑎
(1 −

𝑙2

𝑎2
) (B-7) 
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Determination of the New Crack Length from the Local Model Solution 

SERR is calculated by differentiation of strain energy of the local region as shown 

by Eq.(B-8). 

 
𝐺𝐼 =

𝜕𝑈

𝜕𝑎
 (B-8) 

The strain energy of the local region is given in Eq.(B-9). As there are two beams, 

the strain energy expression of the upper beam is multiplied by 2. 

 
𝑈 = 2∫

[𝑀(𝑥)]2

2𝐷
𝑑𝑥

𝑎

𝑙

 (B-9) 

Moment distribution is given in Eq. (B-10). Where 𝑃𝑙 and 𝑀𝑙 are reaction transverse 

force and bending moment of the upper beam at x=l respectively. 

 𝑀(𝑥) = 𝑀𝑙 + 𝑃𝑙(𝑥 − 𝑙) (B-10) 

By using Eq.(B-9) and (B-10), SERR expression given in (B-8) becomes Eq.(B-11). 

 
𝐺𝐼 =

𝜕

𝜕𝑎
{
[𝑀𝑙 + 𝑃𝑙(𝑎 − 𝑙)]

3 −𝑀𝑙
3

3𝑃𝑙𝐷
} (B-11) 

𝑀𝑙 , 𝑃𝑙 are dependent on the crack length and inputs of 𝑤𝑙 and 𝜃𝑙. In that case, 

evaluation of Eq.(B-11) is complicated. Instead, by using the path independency 

property of SERR, 𝑀𝑙 and 𝑃𝑙 are taken, as if they were inputs. For constant 𝑀𝑙 and 

𝑃𝑙, SERR expression is evaluated in (B-12). 

 
𝐺𝐼 =

[𝑀𝑙 + 𝑃𝑙(𝑎 − 𝑙)]
2

𝐷
 (B-12) 

However, 𝑀𝑙, 𝑃𝑙  are not known. They should be calculated from the deflection of the 

local region in terms of 𝑤𝑙 and 𝜃𝑙. 

The deflection and slope of the upper beam in the local region are expressed in 

Eq.(B-13) and (B-14). 
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𝑤(𝑥) =

𝑃𝑙
6𝐷

(𝑎 − 𝑥)2(2𝑎 + 𝑥 − 3𝑙) +
𝑀𝑙

2𝐷
(𝑎 − 𝑥)2 (B-13) 

 
𝜃(𝑥) = −𝑤′(𝑥) =

𝑃𝑙
2𝐷

(𝑎 + 𝑥 − 2𝑙)(𝑎 − 𝑥) +
𝑀𝑙

𝐷
(𝑎 − 𝑥) (B-14) 

By substituting x=l, 𝑤𝑙 and 𝜃𝑙 can be expressed in terms of 𝑃𝑙 and 𝑀𝑙 as shown in 

Eq.(B-15) and (B-16). 

 
𝑤𝑙 =

𝑃𝑙
3𝐷

(𝑎 − 𝑙)3 +
𝑀𝑙

2𝐷
(𝑎 − 𝑙)2 (B-15) 

 
𝜃𝑙 =

𝑃𝑙
2𝐷

(𝑎 − 𝑙)2 +
𝑀𝑙

𝐷
(𝑎 − 𝑙) (B-16) 

By solving Eq.(B-15) and (B-16) simultaneously gives Eq.(B-17) and (B-18) which 

gives 𝑃𝑙 and 𝑀𝑙 in terms of 𝑤𝑙 and 𝜃𝑙. 

 
𝑃𝑙 = 𝐷 [

12𝑤𝑙
(𝑎 − 𝑙)3

−
6𝜃𝑙

(𝑎 − 𝑙)2
] (B-17) 

 
𝑀𝑙 = 𝐷 [

4𝜃𝑙
(𝑎 − 𝑙)

−
6𝑤𝑙

(𝑎 − 𝑙)2
] (B-18) 

Substituting Eq.(B-17) and (B-18) into Eq.(B-12) gives SERR expression in terms 

of local boundary conditions as shown in Eq.(B-19). 

 
𝐺𝐼 = 𝐷 [

6𝑤𝑙
(𝑎 − 𝑙)2

−
2𝜃𝑙

(𝑎 − 𝑙)
]
2

 (B-19) 

The value of 𝐺𝐼 must be greater than critical SERR 𝐺𝐼𝐶. Otherwise, the crack does 

not propagate, and the response is elastic. For 𝐺𝐼 > 𝐺𝐼𝐶 , crack length should be 

corrected so that 𝐺𝐼 = 𝐺𝐼𝐶. Then by using Eq.(B-19) with 𝐺𝐼 = 𝐺𝐼𝐶 and 𝑎 = 𝑎𝑛𝑒𝑤 

gives a quadratic equation in terms of new crack length as shown in Eq.(B-20). 

 √𝐷𝐺𝐼𝐶(𝑎𝑛𝑒𝑤 − 𝑙)
2 + 2𝐷𝜃𝑙(𝑎𝑛𝑒𝑤 − 𝑙) − 6𝐷𝑤𝑙 = 0 (B-20) 

The real and positive root of the new crack length is given in Eq.(B-21). 

 

𝑎𝑛𝑒𝑤 = 𝑙 +
𝐷𝜃𝑙 +√𝐷2𝜃𝑙

2 + 6𝑤1√𝐷3𝐺𝐼𝐶

√𝐷𝐺𝐼𝐶
 (B-21) 

Then this crack length is the new crack for the global model for the next iteration (i.e 

𝑎𝑛𝑒𝑤 ← 𝑎). 
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C. Supplementary Plots of Static DCB Response for Different Selection of 

Mesh Sizing at the Vicinity of Damage Region 

Solutions without Mesh Regularisation 

 

Figure C-1 Static Response of the DCB Model with Local Mesh Size Selection of 1 

mm without Mesh Regularisation 

 

Figure C-2 Static Response of the DCB Model with Local Mesh Size Selection of 

0.5 mm without Mesh Regularisation 
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Figure C-3 Static Response of the DCB Model with Local Mesh Size Selection of 

0.25 mm without Mesh Regularisation 

 

Figure C-4 Static Response of the DCB Model with Local Mesh Size Selection of 

0.1 mm without Mesh Regularisation 
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Solutions with Mesh Regularisation 

 

Figure C-5 Static Response of the DCB Model with Local Mesh Size Selection of 1 

mm with Mesh Regularisation 

 

Figure C-6 Static Response of the DCB Model with Local Mesh Size Selection of 

0.5 mm with Mesh Regularisation 
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Figure C-7 Static Response of the DCB Model with Local Mesh Size Selection of 

0.25 mm with Mesh Regularisation 

 

Figure C-8 Static Response of the DCB Model with Local Mesh Size Selection of 

0.25 mm with Mesh Regularisation 
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D. Derivation of Fatigue Response of the DCB Model 

Similar to static loading, maximum SERR and arm reaction expressions are given 

in Eq.(D-1) and (D-2). 

 
𝐺𝑚𝑎𝑥 =

𝑃𝑚𝑎𝑥
2 (𝑎 + 𝜒ℎ)2

𝐷
 (D-1) 

 
𝑃𝑚𝑎𝑥 =

3𝐷δ𝑚𝑎𝑥
2(𝑎 + 𝜒ℎ)3

 (D-2) 

On the other hand, the Paris Law equation is given by Eq.(D-3). 

 𝑑𝑎

𝑑𝑁
= 𝐶(Δ𝐺)𝑚, 𝐺𝑡ℎ < 𝐺𝑚𝑎𝑥 < 𝐺𝐶  (C-3) 

And Δ𝐺 is given by Eq.(D-4). 

 Δ𝐺 = 𝐺𝑚𝑎𝑥 − 𝐺𝑚𝑖𝑛 = (1 − 𝑅
2)𝐺𝑚𝑎𝑥 (D-4) 

By combining Eq.(D-1), (D-2) and (D-4), Δ𝐺 is represented in terms of input arm 

separation in Eq. (D-5). 

 
Δ𝐺 = (1 − 𝑅2)

9𝐷δ𝑚𝑎𝑥
2

4(𝑎 + 𝜒ℎ)4
 (D-5) 

Substituting Eq.(D-5) into (D-3) give separable differential equation as shown in 

Eq.(D-6). 

 𝑑𝑎

𝑑𝑁
= 𝐶 [(1 − 𝑅2)

9𝐷δ𝑚𝑎𝑥
2

4(𝑎 + 𝜒ℎ)4
]

𝑚

, 𝐺𝑡ℎ < 𝐺𝑚𝑎𝑥 < 𝐺𝐶  (D-6) 

Separating variables gives Eq.(D-7). 

 
∫ (𝑎̅ + 𝜒ℎ)4𝑚𝑑𝑎̅
𝑎

𝑎0

= 𝐶 [(1 − 𝑅2)
9𝐷δ𝑚𝑎𝑥

2

4
]

𝑚

∫ 𝑑𝑁̅
𝑁

0
,   (D-7) 

Evaluation of the integrals gives Eq.(D-8). 

 (𝑎 + 𝜒ℎ)4𝑚+1 − (𝑎0 + 𝜒ℎ)
4𝑚+1

4𝑚 + 1
= 𝐶 [(1 − 𝑅2)

9𝐷δ𝑚𝑎𝑥
2

4
]

𝑚

𝑁 (D-8) 

Arranging Eq.(D-8) gives crack length extent as a function of number of cycles N 

for displacement-controlled input. 

 

𝑎 + 𝜒ℎ = {(𝑎0 + 𝜒ℎ)
4𝑚+1 + (4𝑚 + 1)𝐶 [(1 − 𝑅2)

9𝐷𝛿max
2

4
]

𝑚

𝑁}

1
4𝑚+1

 (D-9) 
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E. Supplementary Plots of Fatigue DCB Response for Different Selection of 

Mesh Sizing at the Vicinity of Damage Region 

Solutions without Mesh Regularisation 

 
Figure E-1 Fatigue Response of the DCB Model with Local Mesh Size Selection of 

1 mm without Mesh Regularisation 

 
Figure E-2 Fatigue Response of the DCB Model with Local Mesh Size Selection of 

0.5 mm without Mesh Regularisation 



 

 

130 

 

Figure E-3 Fatigue Response of the DCB Model with Local Mesh Size Selection of 

0.25 mm without Mesh Regularisation 

 

Figure E-4 Fatigue Response of the DCB Model with Local Mesh Size Selection of 

0.1 mm without Mesh Regularisation 
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Solutions with Mesh Regularisation 

 

Figure E-5 Fatigue Response of the DCB Model with Local Mesh Size Selection of 

1 mm with Mesh Regularisation 

 

Figure E-6 Fatigue Response of the DCB Model with Local Mesh Size Selection of 

0.5 mm with Mesh Regularisation 
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Figure E-7 Static Response of the DCB Model with Local Mesh Size Selection of 

0.25 mm with Mesh Regularisation 

 

Figure E-8 Fatigue Response of the DCB Model with Local Mesh Size Selection of 

0.1 mm with Mesh Regularisation 
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