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ABSTRACT

EXTENDING PERSISTENT HOMOLOGY THROUGH ZIGZAG MODULES

Ercogul, Tunahan
M.S., Department of Mathematics

Supervisor: Assoc. Prof. Dr. Semra Pamuk

JUNE 2025, [73| pages

Zigzag persistence is a variant of the ordinary persistence in topological data analysis,
which can be used to extract topological features from datasets. It was introduced by
Carlsson and Silva [1] as a generalization of the original persistence algorithm for
sequence of topological spaces, that are not related by only an increasing filtration,
but also have inclusions and exclusions. The aim of this thesis is to present a survey
of zigzag persistence by presenting its mathematical foundations and elaborating the

key tools and algorithms used for its computation.

Keywords: Topological Data Analysis, Zigzag Module, Zigzag Persistence, The Di-

amond Principle



0z

ZiIGZAG MODULLERIYLE ISRARCI HOMOLOJININ GENISLETILMESI

Ercogul, Tunahan
Yiiksek Lisans, Matematik Bolumii

Tez Yoneticisi: Dog. Dr. Semra Pamuk

Haziran 2025 , [73|sayfa

Zigzag 1srarciligl, topolojik veri analizinde siradan israrcili@in bir ¢esididir ve veri
kiimelerinden topolojik 6zellikler ¢ikarmak icin kullanilabilir. Carlsson ve Silva [l1]
tarafindan yalnizca artan bir filtreleme ile iligkili olmayan, ayn1 zamanda dahil olma
ve diglamalar1 da olan topolojik uzay dizileri i¢in orijinal 1srarcilik algoritmasinin bir
genellemesi olarak tanitilmigtir. Bu tezin amaci, matematiksel temellerini ve hesap-
lanmast i¢in kullanilan temel araclar1 ve algoritmalari detaylandirarak zikzak 1srarci-

l11n bir incelemesini sunmaktir.

Anahtar Kelimeler: Topolojik Veri Analizi, Zikzag modiil, Zikzag Israrciligi, Elmas

Prensibi
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CHAPTER 1

INTRODUCTION

Over the past twenty years, Topological Data Analysis, also known as TDA, has
become a rich framework for extracting significant topological features from point
cloud data. The primary tool of Topological Data Analysis is the theory of persistent
homology, which comes from the homology theory of Algebraic Topology in pure
mathematics to capture the change of homological features throughout a filtration.
It leverages tools such as filtrations and homology to extract meaningful topological
features from data. A filtration is a nested sequence of topological spaces connected
by inclusion maps, typically constructed from point cloud data. In the ordinary frame-
work of persistent homology, the topological spaces extend monotonically, with all
associated maps directed forward along the filtration. Applying the homology functor
to a filtration induces a persistence module, a sequence of vector spaces connected by

linear maps that reflect these inclusions.

However, ordinary persistence is limited for totally ordered filtrations, making it inef-
fective for a sequence of topological spaces with non-monotonic growth. To over-
come this limitation, Gunnar Carlsson and Vin de Silva introduced the theory of
Zigzag Persistence [1], which generalizes ordinary persistence by allowing both for-
ward and backward morphisms in the sequence of topological spaces or vector spaces.
In other words, Zigzag Persistence generalizes the ordinary framework of persistence
homology by permitting forward and backward maps between spaces. Instead of re-
quiring a nested sequence of topological spaces, zigzag persistence adjusts diagrams
such as X; — Xy + X3 — X, « X, determine persistence of a sequence of
topological spaces where topological spaces have inclusions and exclusions, not only

inclusions.



This thesis presents a survey of zigzag persistence. Based on the article "Zigzag
Persistence" by Gunnar Carlsson and Vin de Silva, this thesis introduces the mathe-
matical foundations of zigzag persistence and outlines the key tools and algorithms

used for its computation.

This thesis is organized as follows: We begin with Chapter 2 as Background, which
shows basic definitions and concepts of Filtration and Persistent Homology. Next, we
describe Persistence Barcodes and Diagrams, which help as visual and algebraic sum-
maries of topological features. Lastly, we handle the Stability of invariants, highlight-
ing their robustness under perturbations. Chapter 3 introduces the theory of Zigzag
Persistence. It begins with the mathematical theory of Zigzag Persistence and then
describes the Right Filtration Operator and necessary definitions to understand and
construct the decompositions of zigzag modules. This is followed by stating the the-
orem and algorithm for the Interval Decomposition Theorem. Lastly, we focus on the
Diamond Principle, a foundational structural consequence of zigzag diagrams of vec-
tor spaces. In Chapter 4, we investigate the relationship between Zigzag Persistence
and Real-Valued Functions. We start with level-set Zigzag Persistence, which cap-
tures topological changes in sublevel sets of topological spaces. Next, we introduce
Pyramids, a diagram consisting of topological spaces or relative pairs derived from
the slices of topological space X. Lastly, we present the stability of level-set zigzag

persistence.



CHAPTER 2

BACKGROUND

The background presented here is based on the book Introduction to Persistent Ho-
mology by Ziga Virk [8]. In this chapter, we present several methods for constructing
complexes from a point cloud, a finite collection of points in a metric space. Such a
point cloud may represent a sample from an underlying shape or a cluster of numeri-
cal data. We will define persistence homology, barcodes, and diagrams, and introduce

definitions and theorems to understand the stability of persistence modules.

2.1 Filtration

Consider a real-valued function f : T — R defined on a topological space T. For each
real number a, define the sublevel set T, = f~!((—o0,a]). Clearly, these sublevel

sets satisfy the inclusions

T, €T, whenever a <0b.

Now, fix a sequence of real numbers a; < a; < --- < a,, typically chosen to
be the critical values where the homology of the sublevel sets changes. Including
the dummy value ay = —oo, for which T,, = (), we obtain a nested sequence of

subspaces connected by inclusions, forming a filtration Fy:

Fr:0=Ty — Tp — Ty — -+ —T,,.

The inclusions in the filtration induce linear maps between the singular homology

groups of the corresponding subspaces. Specifically, if ¢ : T,, < T, fori < j

3



denotes the inclusion map, then the induced homomorphism
hi? = 1, : Hy(Ta,) = Hy(Ty,)
is defined foreachp > 0and 0 < < 5 < n.

Thus, we obtain a sequence of homomorphisms induced by inclusions, forming what

is known as a homology module:
0= Hp(Tao) — Hp(Tm) - Hp(Taz) o Hp(Tan)-

Definition 1 (Simplicial filtration). A filtration F = F(K) of a simplicial complex

K is a nested sequence of its subcomplexes,
Fl=KiCK, C---CK,=K
which is also written with inclusion maps as

Fl=Ky— K — - —=K,=K.

F is called simplex-wise if either K; \ K;_ is empty or a single simplex for every ¢ €
[1,n]. Notice that the possibility of the difference being empty allows two consecutive

complexes to be the same.

Naturally, every simplicial filtration gives rise to a sequence of homomorphisms 7’

induced by inclusions, again forming a homology module:
hy?
0= H,(Ky) = - — Hy)(K;) — Hy(K;) = -+ — Hy(K,) = Hy(K)
Definition 2 (Abstract simplicial complex). Let V' be a finite set. An abstract simpli-
cial complex L on V' is a family of non-empty subsets of V', such that if o € L and

7 C o is non-empty, then 7 € L.

Definition 3 (Rips complex). Let X be a metric space and let a sample S C X be
a finite subset. Choose a scale » > 0. The Rips complex Rips(S,r) is an abstract

simplicial complex defined by the following rules:

1. The vertex setis S.



2. A subset o C S is a simplex if and only if Diam(c) < r.

Definition 4 (Rips filtration). Let X be a metric space and let a sample S C X
be a finite subset. The Rips filtration on S is the collection of abstract simplicial

complexes {Rips(9, ) },>o along with inclusions
iry s @ RIPS(S,71) < Rips(S,72)  forall ry < r.

Definition 5 (Cech complex). Let X be a metric space and let a sample S C X be
a finite subset. Choose a scale 7 > 0. The Cech complex Cech(S,r) is an abstract

simplicial complex defined by the following rules:

1. The vertex setis S.

2. A subset o C S is a simplex if and only if (. B(z,r) # 0.

rEo

Definition 6 (Cech filtration). Let X be a metric space and let a sample S C X
be a finite subset. The Cech filtration of S is the collection of abstract simplicial

complexes {Cech(S, r)},>o along with inclusions
iy s Cech(S, 1) < Cech(S,1ry) forall ry < ro.

Definition 7 (Nerve of a cover). For k € N, letid = {Uy, Uy, ..., Uy} be a collection
of subsets of X. The nerve of U is the abstract simplicial complex A (/) defined by
the following rules:

1. The vertex setisUd = {Uy, Uy, ..., Uy}, consisting of k elements.

2. Asubset o C U is a simplex if and only if (., U # 0.
Theorem 2.1.1 (Nerve theorem). Let n € N and assume a collection
U={U,...,U}
consists of closed convex subsets of R"™. Then

U1UU2U"'UUk2N(Z/{)

5



Definition 8 (c-interleaving). Choose ¢ > 0. Filtrations {A, },> and {B, },>¢ (ob-
tained by the Rips or the Cech construction) are e-interleaved if there exist simplicial
maps

oA — B,y and ¢, : B, — A,

such that
Orye0Pr: By — Bryae and Ypy.09. 1 A — Ao

are equal to the corresponding inclusions.

€ > Ar+25

7“+
% ><
7’+

€ > Br+2€

Definition 9 (Interleaving distance). Given two filtrations, their interleaving dis-
tance is defined as the infimum of all values € > 0, for which the filtrations are

e-interleaved.

Definition 10 (Vietoris complex). For k € N, letUd = {Uy, Us, ..., U} be a collec-
tion of subsets of a finite space X, whose union is X. The Vietoris complex of U is

the abstract simplicial complex V(I/) defined by the following rules:

1. The vertex set is X.

2. Aseto C X is a simplex if and only if there exists U € U containing o.

2.2 Persistent Homology

This section presents persistent homology by explaining persistent homology groups

and persistent Betti numbers.

Definition 11 (Discrete filtration). Let K be a simplicial complex. A (discrete) filtra-

tion of K is a sequence of subcomplexes

KiCK,C---CK, =K.



A filtration of a simplicial complex A in Definition 1 can be expressed as a sequence

of natural inclusion maps denoted by

11,2

12,3 Tm—1,1
Kl KQ . m "L\ Km — K'

Given a field F and ¢ € {0, 1,2, ...}, we can apply homology H,(—;F) to obtain a

sequence of homology groups connected by linear maps:

H(KyF) 220 1 (ko) 22 Gl g (1,0 F) = H,(KGT).

Definition 12 (Persistent homology). Assume K is a simplicial complex, [F is a field,

and ¢ € {0,1,2,...}. Given a filtration
KiCKyC---CK,, =K

of K, the corresponding g-dimensional persistent homology groups with coefficients

in [F are images of the maps
(ist)s : Hy(Ks; F) — Hy (K )

forall 0 < s < t < m. The corresponding ranks (¢ are called persistent Betti
numbers and are defined as

;{t = rank(is ).

2.3 Persistence Diagram and Barcodes

Definition 13 (Persistent Betti Number). The persistent Betti number 3¢ ; represents
the dimension of the subspace of homology elements in K that have a representa-
tive in /. Equivalently, (7, indicates the dimension of the collection of homology

elements in K that are still non-trivial in K in the sense that
¢ = dim Hy (K F)/ ker(igy)..

Definition 14 (Barcodes). Barcodes give more specific information: a bar [s, t) rep-
resents a homology element that is born precisely at s and terminates precisely at

t.
Formally, the number of bars containing s and passing through ¢ equals ﬁ;’,t.

7



Definition 15 (Homology Born at s). Homology born at s is defined as
Hy(Ks; F)/(Im(is-1,5)+)-
Its dimension is 35 s — Bs_1s, representing the number of bars starting at s.

Definition 16 (Homology Terminating at ¢). Homology terminating at ¢ is defined as
ker(it,u)* .
Its dimension is 3,1 1 — [3;—1,, representing the number of bars terminating at ¢.

Definition 17 (Homology Born at s Still Alive at t). The quantity 3,, — 3s_1 + repre-
sents the dimension of homology born at s which is still alive at ¢. It gives the number

of bars starting at s and passing through .

Definition 18 (n,; — Number of Bars Starting at s and Terminating at ¢). The quan-

tity n, ; is defined as

Ng; = (5571‘—1 - Bs—l,t—l) - (ﬁs,t - 6s—l,t)7
representing the number of bars starting at s and terminating at ¢.

Definition 19 (n, ., — Number of Bars Starting at s and Persisting to Infinity). We
additionally define

Ng o = ﬁs,m - Bsfl,ma

representing the number of bars starting at s that are still alive at the end of the filtra-

tion.
Definition 20 (Barcode Structure). The ¢-dimensional barcode consists of intervals
of the form

i. [s,t)forl <s<t<m,

ii. [s,00) for1 < s < m.
Definition 21 (Multiplicity of barcode intervals). A barcode can have multiple copies
of each interval. Fix 1 < s <t < m:

e The number of intervals of the form [s, t) is denoted by nj ;.

8



e The number of intervals of the form [s, co) is denoted by ng ...

Definition 22 (Persistence diagrams). Persistence diagrams are a method of visualiz-
ing persistent homology. Given a barcode, we can think of an interval [s, t) as a point

(s,t) in R2.

A point corresponding to (s, 00) cannot be drawn directly, so we use a y-coordinate
above m, usually m + 1, and represent (s, 00) as (s, m + 1). The persistence diagram
is the collection of weighted points (s,¢) in R? with their multiplicities. It visualizes

the lifetime of homological features.

Definition 23 (Multiplicity in persistence diagrams). Each point (s, ) in a persistence
diagram has an assigned multiplicity n, ;, representing the number of bars of the form

[s,1).
For points (s, m + 1) representing bars [s, c0), the multiplicity is n; ..

Lemma 2.3.1 (Fundamental lemma of persistent homology).

Bs,t - Z Ny y.

s'<s
t'>t

The formula in the lemma can be verified explicitly. However, the statement is appar-

ent from the definitions:

e [, represents the homology born at s or before and terminating after .

e n,, represents the homology born precisely at s and terminating precisely at ¢.

2.4 Stability

Definition 24 (Continuous e-interleaving). Choose £ > (. Continuous filtrations

{K,},>0 and {L, },>¢ are e-interleaved if there exist simplicial maps
or Ky = Lyye and ¢, Ly — Koy
such that
Crye OYp i Ly — Lypyo. and Yy 00,0 K — K qo.

9



are equal to the corresponding inclusions.

Proposition 2.4.1. Let K be a simplicial complex. Assume f,g : K — [0,00) are
filtration functions. Then the sublevel filtrations of K corresponding to f and g are

Ilf — gl|co-interleaved.

Definition 25 (Persistence module). A persistence module is a collection of (finite-

dimensional) vector spaces {V, },>¢ along with linear maps
Prg: Ve = Vg, Vr<gq
satisfying

heq="hysohsq and h,, =1idy, forallr < g <s.

)

A scale > 0 is said to be regular if there exists € > 0 such that the maps h,, , are
isomorphisms for all p,q € (r — &, + ¢) or (in the case r = 0) for all p, ¢ € [0, ¢),

i.e., the maps h are isomorphisms close to 7.

A scale r is critical if it is not regular.

Definition 26 (Interval module). Let 0 < p < q. An interval module IF), , correspond-

ing to the pair (p, ¢) is a persistence module {V,.},>( defined as follows:

e V. =Fforr € [p,q)and V, = 0 otherwise,
e Maps h, o are isomorphisms whenever possible.

Theorem 2.4.2 (Structure theorem for persistent homology). Each persistence mod-
ule is isomorphic to a direct sum of interval modules. The decomposition is unique

up to the permutation of the intervals.

Definition 27 (c-interleaving of persistence modules and interleaving distance). Let
e > 0. Persistence modules {V, },>¢ and {W, },>¢ along with their respective linear

maps h,, and h;, , are c-interleaved if there exist linear maps
or Ve = Wiy and ¢t W, = Vi
such that
Orie OUp Wy = Wigoe and ¢y 09 1 Vi = Vigoo

10



are equal to the respective structure maps ;.. ,». and A,y oc.

Given two persistence modules, their interleaving distance d; is defined as the mini-

mum of all values £ > 0 for which the modules are -interleaved.

Definition 28 (Hausdorff distance). Let (X, d) be a metric space and assume A, B C
X are finite subsets. The Hausdorff distance dy (A, B) is defined as

dy(A, B) = max {max min d(a, b), max min d(a, b)} :

beB acA a€A beB

Definition 29 (Gromov-Hausdorff distance). Suppose A, B are finite metric spaces.

The Gromov-Hausdorff distance d (A, B) is defined as
dan(A, B) = inf {dg(4(4), v(B)}

where the infimum is over all isometric embeddings iz : A — X and v : B — X into

a metric space X.
Proposition 2.4.3. Let A, B be finite metric spaces with ¢ = dgg (A, B). Then for
eachq € {0,1,...}:

1. {H,(Rips(A,7))}r>0 and {H,(Rips(B,))},>0 are 2¢-interleaved.

2. {H,(Cech(A,r))}r>0 and {H,(Cech(B,))},>¢ are e-interleaved.

Definition 30 (Partial matching). Let v = (z,y) € R? and define

= (‘%Ly $+y) € R2.

2 72

A partial matching between persistence diagrams A and B is a bijective map
p:A'— B
where A’ C Aand B’ C B.

Definition 31 (Matching distance). The matching distance dy;(p) of a partial match-
ing  is defined as

dy(p) = max {Iqué%(doo(v, o(v)), UIGI}“a\ﬁl doo (v, D), vg}g@\u}é/ doo(v,v)} .

11



Definition 32 (Bottleneck distance). The bottleneck distance between persistence di-

agrams A and B is the minimal matching distance between them, i.e.,

ds(A,B) = min du(e)

Theorem 2.4.4 (Isometry theorem). The interleaving distance between persistence
modules equals the bottleneck distance between the corresponding persistence dia-

grams.

Theorem 2.4.5 (Stability theorem). Fix ¢ € {0,1,2,...}. Assume persistence dia-
grams A and B represent q-dimensional persistent homologies of filtrations V and VW

obtained by one of the following procedures:

1. As the sublevel filtrations of filtration functions f and g satisfying ||f— gl < €
2. As the Rips filtrations of metric spaces X andY satisfying doy(X,Y) < ¢e/2

3. As the Cech filtrations of metric spaces X and Y satisfying dep (X,)Y)<e

Then
dB(.A, B) <e.

12



CHAPTER 3

Z1GZAG PERSISTENCE

This chapter will describe the mathematical theory of zigzag modules or zigzag di-
agrams. We introduce the concept of zigzag persistence, an extension of persistent
homology that accommodates both forward and backward maps in a sequence of
vector spaces. We begin by defining zigzag diagrams of vector spaces and explaining
how zigzag persistence is computed. The chapter also presents a key structural re-
sult known as the Diamond Principle, which provides a powerful tool for analyzing

changes in persistence intervals.

The material presented here is based on the foundational article Zigzag Persistence by
Carlsson and de Silva [1]. All constructions in this chapter are performed over a fixed
field IF, and all vector spaces are assumed to be finite-dimensional unless otherwise

specified.

3.1 Zigzag Diagrams of Vector Spaces

Definition 33. A zigzag diagram of vector spaces, or shortly a zigzag module V over a
field IF of length n is a sequence of vector spaces V;’s over [F and linear maps between

V;’s denoted by p;’s,

Vv nd. &2, 8,

where each linear map p; represents either a forward map — denoted by f; or a
backward map < denoted by g;. The sequence of linear maps f;’s and g;’s is called

the type 7 of the zigzag module V.

For example, let V be a zigzag diagram of vector spaces Vs of length 5 with type

13



7= fgfg. So, V can be considered as a diagram like
R TARELNS VARCERS VLN VARCLN 74

Moreover, standard persistent modules, which we have discussed in the background

chapter, are just zigzag modules with type 7 = ff...f f

fnfl

fi f2 ) frn—2 Vn

Vi—=V,=...—V, 4

To understand zigzag modules more deeply, we need to consider their decomposition

as "simpler" zigzag modules, which we are going to explain.

Definition 34. A submodule W of 7-module V is defined by subspaces W; < V; such
that f;(W;) € Wipy or g;(Wiy1) € W for all i.

As you can see, W is also a 7-module, and linear maps in W are just restrictions of f;
and g; over W, and W1, respectively. If W is a submodule of V, then we can write

W< V.

Definition 35. A submodule W is called a summand of V if there exists a submodule
X <V that is a complement of W such that V; = W, & X for all i. Here, we say that
V is the direct sum of W and X; also, we write V = W @ X.

Let us consider some examples of zigzag modules.

Example 3.1.1. Let
V- FALAFEFQOF

be a 7-module with type 7 = fg, where id is the identity homomorphism and 7 :
F & F — [ is the projection onto the first component. First consider the zigzag

module
id|w

T:F X5 0 &

0«0

which is not a submodule of V since id|p(F) = F & 0 even if 7; < V; for all i.
Second,

idlo

S: 0 o p Jrer o

is a submodule of V since S; < V; such that id|o(0) C F and 7|per(F® F) =F C F.

However, S is not a summand of V because the complement of S is T, and T is not a

14



submodule of V by the first part. Lastly,

ldl]}r 7T|]FEB()

W:F—F<+—Fa0

is a submodule of V since W; < V; for all i such that id|p(F) C F and 7|p(F) C F.
’ld'() 7T|0@]3‘

Moreover, W is also a submodule of V since V=W & U, whereU: 0 — 0
0 6 F is a submodule of V.

Definition 36. A 7-module is decomposable if it can be written as a direct sum of

non-zero submodules; otherwise, it is called indecomposable.

Let us recall that a Remak decomposition is a decomposition of an abelian group or

a similar object into a finite direct sum of indecomposable objects.

Proposition 3.1.1. Any 7-module V has a Remak decomposition; in other words, we

can write V. =W, ® Wy, @ - - - & Wy where the summands W are indecomposable.

Proof. LetV : V| <= V5 <= ... <= V,_ 1 <= V,, be a 7-module. We will use
induction on ) _, dim(V;). Assume that V is indecomposable, so then V has a Remak
decomposition with one term. Assume that V : Vj <= V5 <= ... <V, 1 «— V,
with Y, dim(V;) < k for some integer k. Need to show that V : V} <= V5 <= ... <>
Vo1 <=V, with 3, dim(V;) = k + 1. If V is indecomposable, clearly we are done.
If V is decomposable, then V can be written as a direct sum of non-zero submodules
such that
V=X oXo P - D Xy.

Observe that for all 7 € 1,..., N, X, has a total dimension less than k£ + 1. By

assumption, for all i € 1,..., N, X; has Remak decomposition. So, V has a Remak

decomposition. Hence, any 7-module V has a Remak decomposition by induction.

]

The following theorem allows us to think of these indecomposable summands as an

invariant of a zigzag module V with respect to isomorphism.

Theorem 3.1.2 (Krull-Remak-Schmidt). Suppose T-module V has Remak decompo-
sitions V = W1 OWy®d. . &Wy, andV =X, X @ ... P Xy. Then M = N and
there is a permutation o of {1,2, .., N} such that W; = X, ;).
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Proof. All algebraic operations can be performed within End(V).

Since all 7-modules have a finite total dimension, the ascending chain conditions and

the descending chain conditions are automatic. Let V be the 7-module. Assume that
VW, @ oWy =2X,0--- 0 Xy

where the summands W; and X; are indecomposable 7-modules. We need to show
that M/ = N and there is some permutation o such that W; = X, ;). Let w; be the
projection of V on W;, and x; be the projection of V on X, relative to the above

. .. . N .
direct sum decompositions. Define v; = w;z; and u; = x;w;. Since Zj x; = idy,

N N
) " vjuglw, = Y wiajzw |w, = idw,
=1 =1

Since W, is indecomposable, End(W,) is local by Proposition 7.4 in [[7]. And there-
fore, vju; is an automorphism of W;. Then, renumbering v;u;, we may assume that
that v;u; is an automorphism of W;. We claim that v; and u; induce isomorphism
between W; and X;. Thanks to Lemma 7.6 in [7], the claim was completed. Then,

we have vy and u; induce isomorphism between W, and X;. Now, we can say that
VEX o (W@ @ Wyy)

So, the projection map w; induces isomorphism from X; to W, and also since the
kernel of wy is Wy @ -+ - @& Wy, then X; N (Wy @ - - - @ W), ). Moreover, X; = W,
(mod Wy @ - -+ @ Wyy). So V is the direct sum of X; and Wy @ - - - & W, and also

V is the direct sum as claimed. Therefore, we have
V/Xi2Xo0@ - Xy =W @--- Wy

So, we completed the proof by induction. 0

Definition 37. Let 7 be a type of length n and consider integers 1 < b < d < n. The
interval 7-module with birth time b and death time d is written I(b, d) and defined
with spaces [; = Fif b < i < d, I; = 0 otherwise, and with identity maps between

adjacent copies of [f and zero maps otherwise.

For example, let 7 = fgfg and then (3, 5) is interval 7-module

K K3

0S50l F 4 pily
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Theorem 3.1.3. Intervals T-modules are indecomposable.

Proof. Assume to the contrary that the 7-module is decomposable. So, an interval

T-module can be written as

I(b,d) =Va&W

This means that both V and W are summands of I(b, d), so they are complements
of each other. By definition of interval modules, linear maps between vector spaces
indexed from b to d are just identity maps. Since V. W C I(b,d) , linear maps in
V and W are just restrictions of identity maps. So, dim(V;) and dim(7¥;) can not
decrease for b < ¢ < d. Also, since V and W are complements of each other,
dim(V;) and dim(W¥;) can not increase for b < i < d. So, dim(V;) and dim(W;) are
constant for b < i < d, and so one of V and W must be zero space. Hence, 1(b, d) is

indecomposable.

]

Theorem 3.1.4 (Gabriel’s Theorem). The indecomposable T-modules are precisely
the intervals (b, d) where 1 < b < d < n = length(t). Equivalently, every T-module

can be written as a direct sum of interval modules.

Remark 3.1.1. This is a straightforward special case of Gabriel’s theorem for the
A, type graphs. The original statement of Gabriel’s Theorem is for Dynkin Graphs,
which are A,,, D,,, and E type graphs. For a more accessible overview of Gabriel’s

theorem, see here [5].

Thanks to Gabriel’s Theorem, we know that every zigzag module can be written
as a direct sum of interval modules. Also, according to the Krull-Remak-Schmidt

Principle, this direct sum decomposition is unique to the permutation.

3.2 Zigzag Persistence

In the previous section, we worked with the mathematical theory of zigzag diagrams
and presented two fundamental results: the Krull-Remak—Schmidt Proposition and

Gabriel’s Theorem.
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Gabriel’s Theorem establishes that every zigzag module can be decomposed as a
direct sum of interval modules. Furthermore, the Krull-Remak—Schmidt Principle
guarantees that this decomposition is unique up to the permutation of the summands.
We now turn to the definition of zigzag persistence and compare its properties with
those of ordinary persistence. Following this, we introduce the right filtration oper-
ator, a key tool for analyzing and decomposing zigzag persistence. In particular, we
will study how this operator facilitates the decomposition of filtered vector spaces

associated with zigzag modules.

Definition 38. Let V be a zigzag module of arbitrary type. The zigzag persistence
of V is defined to be the multiset Pers(V) = {[b;,d;] C {1,2...,n} : j =1,2....,n}
of integer interval modules derived from decomposition V = I(by, d;) @ 1(bs, d2) ®

o B 1(by, dy).

Definition 39. Let V be a zigzag module and V|p, ¢| denote the restriction of V to
the index set p < ¢ < g. A feature of V over the time interval [p, ] is a summand of

VIp, q] which is isomorphic to the interval module I(p, q).

Proposition 3.2.1. Let V be a persistence module of length n, andlet1 < p < ¢ < n.

The following are equivalent:

(a) The composition map V,, — V, is non-zero.

(b) There exist non-zero elements z; € V; for p < i < ¢, such that z; ., = f;(x;)

forp <1 <gq.
(c) There exists a submodule of V|p, ¢] isomorphic to I(p, q).

(d) There exists a summand of V[p, ¢| isomorphic to I(p, q), i.e., a feature over

[p, .

Proof. For (a) = (b), Assume that the composition map V), — V; is non-zero. Let
x, € V), such that it maps to a nonzero element in V;. Let ; be the image of z, in
Vi. So, x; is non-zero. Also, there exists ;1 an image of z, such that z; 1 = f;(z;)
since the composition map is non-zero. Hence, there exist non-zero elements z; € V;

for p < i < ¢, suchthat x;, 1 = fi(z;) forp < i <gq.
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For (b) = (c), assume that there exist nonzero elements x; € V; for p < ¢ < ¢, such
that x; . = fi(x;) for p < i < q. Define I; = span(z;) for p < i < g, and define [ as
a module with spaces [;. Observe that I; < V; for p < i < ¢ such that f(I;) C I;;,

f(span(z;)) C span(x;y1) since x;11 = f(x;). So, I is a submodule of V[p, q].

For (c) = (a), assume that there exists a submodule of V|p, g] isomorphic to I(p, q).
By assumption, there is a submodule of V|p, ¢] which is isomorphic to (I, — --- —
I1,). By the definition of interval modules, I; = F for p < i < ¢, and all maps are
identity maps. So, there exists a nonzero element x,, in [, < V},, which is mapped to

the nonzero element z, in I, < V,. Hence, the composition map V,, — V, is non-zero.

For (d) = (c), this part is done by the definition of the summand of zigzag modules.

Every summand of V[p, ¢| is also a submodule of V/[p, ¢].

For (a) = (d), assume that the composition map V,, — V/, is nonzero. Consider an

interval decomposition of V[p, ¢|.
Vip, gl =1(b1,d1) & - - & L(bn, dn)

For each interval module I(b;,d;) for p < j < ¢, look at [, — I,. If b; = p and
d; = g, the map I, — I, is nonzero in I(p, ¢). Otherwise, the map is a zero map. So,

there exists at least one interval module that is isomorphic to I(p, q). U

In Proposition 3.2.1, we show some properties for ordinary persistence modules. But
we know that ordinary persistence modules are just zigzag modules of type 7 =
f... f, ie., all linear maps between vector spaces are forward. Here, we investigate
whether these results hold for zigzag modules of arbitrary type. Let us check the
results of the previous Proposition 3.2.1 for zigzag modules of arbitrary types. We
need to consider three statements analogous to Proposition 3.2.1 from the perspective

of zigzag persistence. Let V be a zigzag module of arbitrary type.
(a) There exists a nonzero element z; € V; for p < i < ¢, such that z; . = f;(z;)
or z; = g;(x;41) forp <i < q.
(b) There exists a submodule of V[p, ¢| isomorphic to I(p, q).
(c) There exists a summand of V[p, ¢] isomorphic to I(p, q), a feature over [p, q].
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We will show that (a) and (b) imply each other and that (c) implies both (a) and (b).
Firstly, we start with (a) implying (b). Assume that there exist nonzero elements
x; € Viforp < i < g, such that x;41 = fi(z;) or x; = g;(x;4q) forp < i < q. We
want to show that there exists a submodule of V[p, ¢] isomorphic to I(p, q).

Define I; = span(z;) for p < i < ¢, and also define a module whose spaces are
the I;. Clearly, I, < V; forp < i < ¢. Let f be the forward map and g be the
backward map. For the forward map f;, we have I; f—> I;+1. We need to show
that fi(1;) C Iiy1. By assumptionfi(z;) = xit1, so fi(span(z;)) C span(ziy1).
Therefore, we have f;(I;) C I;;1. On the other hand, for the backward map g;, we
have I; <- I,,,. We need to show that gi(I;+1) C I;. By assumptiong; (x;+1) = x;, SO

gi(span(x;+1)) C span(z;). Therefore, we have g;(;11) C I;.

For both the forward and backward maps, we have I; < V; for p < ¢ < ¢, such
that f;(I;) C Iy or g;(I;41) C I; for all i. Hence, the module whose spaces
are the /; is a submodule of V, and this submodule is isomorphic to I(p, ¢), since

I; = span(z;) = F.

Next, we show that (b) implies (a). Assume that there exists a submodule of V|p, ¢
isomorphic to I(p, ¢). This means that there is a submodule (F < --- <> F) over the

interval [p, ¢]. Hence, there exist nonzero elements z; € V; for p < i < g, such that

Tiy1 = fi(w;) or 2y = gi(wiq) forp < i < g

Let us show that (c) implies both (a) and (b). Assume that there exists a summand of
VIp, q] isomorphic to I(p, ¢), i.e., a feature over [p, ¢|. By the definition of summands,
we know that every summand is also a submodule. Thus, statement (b) is proven.

Furthermore, since (b) implies (a), it follows that (c) also implies (a).
Remark: (a) and (b) do not imply (c) Example:

Definition 40. Let V be a zigzag module of length n, and let K C {1,...,n} be any

subset. The restriction of Pers(V) to K is the multiset
Pers(V)|x = {INK|I € Pers(V),INK # 0}

Proposition 3.2.2. Let V be a zigzag module of length n andlet 1 < p < ¢ < n. The

following statements are equivalent.
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1. There exists a summand of V[p, ¢] isomorphic to I(p, ¢), i.e., a feature over

[p, ql.

2. There exists a summand of V isomorphic to I(p’, ¢') for some [p', ¢'] 2 [p, q.

Indeed, there is a bijection between intervals [p, ¢] in Pers(V[p, ¢]) and intervals
[, 4] 2 [p,q] in Pers(V).
Proof. Let V be a zigzag module of length n, andlet 1 < p < g < n.

We aim to establish a bijection between intervals [p, ¢| in Pers(V[p, ¢|) and intervals

[P, 4] 2 [p,q] in Pers(V). Suppose that V has the interval decomposition:
V =1(b1,d) @ - - & I(by, dy)
where each [(b;, d;) is an interval module. By restriction of the interval [p, ¢/,
Vip.ql:V, -V,
So, the interval decomposition of V([p, ¢ is

Vip,q] = 1(by,d1)[p, q] © - -- © 1(bn, dn)[p, q]

by restriction of the interval [p, ¢|. 1(b;, d;)[p, q] denotes the restriction of I(b;, d;) for
all i to the index set p < i < ¢. So, the interval [b;, d;] restricts to [p, ¢ if and only if

[b;,di] 2 [p. gl

Thus, we established a bijection between intervals [p, ¢] in Pers(V|p, ¢]) and intervals

[v',¢] 2 [p, q] in Pers(V). D
Example 3.2.1. Let V be a zigzag module of type 7 = fgf of length 4 as below:
V=F%FLF Y F?
The zigzag module V has the interval decomposition:
V=I(1,3) & L(3,4)

where [(1,3) = (F - F < F — 0) and I(3,4) = (0 — 0 <— F — ) are interval
modules. By definition of Zigzag Persistence,Pers(V) = {[1, 3], [3, 4] }.
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Consider V[2,3] as a restriction of V to the index set [2,3]; V[2,3] = F < F2.

Observe that V|2, 3] has the interval decomposition as follows:
Vi[2,3] =1(2,3) ¢ I(3,3) =1(1, 3)[2,3] & 1(3,4)[2, 3]
So, we have Pers(V[2, 3]) = {[2, 3], [3, 3]}

Thus, we can see the bijection between the interval [2, 3] in Pers(V([2, 3]) and only the

interval [1, 3] D [2, 3] in Pers(V).

3.2.1 The Right Filtration Operator

We need to define the right filtration operator to understand and construct the decom-

positions of a 7-module V.

Definition 41. The right filtration R(V) of 7-module V of length n takes the form
R(V) = (Ro, Ry, ..., R,), where the R; are subspaces of V}, satisfying the inclusion
relation

O=Ry <R <Ry..R, 1 <R, =V,

R(V) is defined recursively as follows :
Base step: If V has length 1, then R(V) = (0, V}). Recursive Step: Suppose that we
have R(V) = (Ry, Ry, ... Ry).

o IFV*isV 1% Vi1, then R(VH) = (fu(Ro), fu(B1), -+, fu(Rn), Vi)

e IfVTis V&V, ., then R(VT) = (0,0, (Ro), g; '(R1), ..., g (Ry))

We observe that f,,(Ry) = f,(0) = 0 and g,'(R,) = g,' (V%) = Viii1 , and also
R(V™) is also filtration. It is easy to see that R(V) consists of all subspaces of V;, that
are naturally defined by the linear maps p;.

Also, we can say that, for each i, R;/R;_; carries information dating back to some

earliest V; in the sequence of vector spaces.

Definition 42. The birth time index b(7) = (by, by, ..., b,) is a vector of integers b;
that indicates the birth times associated with the subquotients R;/R; ; of the right

filtration of 7-module. This is defined recursively as follows:
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e Base Step: If 7 is empty, then b(7) = 1. (V has length 1.)

e Recursive Step: Assume that we have b(7) = (b1, bq,...,b,). If 77 is 7f, then

b(7T) = (b1, b2, ..., bp,n+1). If 71 is 7g, then b(7") = (n+1,b1,ba,...,b,).
Example 3.2.2. LetV : V] LN V5 be a zigzag module of length 2 of type 7 = f.

The module V has the right filtration

R<V) = (R07R17R2> = (fl(o)afl(vl)a‘é) = (Oafl(vl>7v2>

as defined by the notion of right filtration. We can interpret R(V) as a filtration
on V5. By examining the subquotients of R(V), we observe that they encode in-
formation about previous Vj in the sequence of vector spaces. As in the example,
Ry/Ry = f1(V1)/0 corresponds to generators born at index 1 and persisting to index
2. Similarly, Ry/ Ry = V4 / f1(V1) corresponds to generators born or appearing exclu-
sively at index 2.

Let V: V; <& V; be a zigzag module of length 2 of type 7 = ¢.

The module V has the right filtration
R(V) = (Ro, Ry, Rz) = (0,97 '(0), g7 (V1) = (0,97 (0), V2)

Examining the subquotients of R(V), we observe that R;/Ry = g¢;'(0)/0 corre-
sponds to generators that are at index 2 and destroy when returning to index 1. Sim-
ilarly, Ry/R; = V3/g;"(0) corresponds to generators that persist from index 2 to

index 1.

Example 3.2.3. In this example, we will see the right filtrations of four types of

zigzag modules with types 7 = ff,7 = fg,7 = gf and T = gg.

Figure 3.1: Illustration of the Right Filtration of the Zigzag Module V of the type
7= ffin[l]
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Firstly, let V : V) EEN Va EEN V3 be a zigzag module of length 3 of type 7 = ff as in
the above figure. The module V has the right filtration R(V) = (Ry, R1, Ry, R3)

R(V) = (f2£1(0), fof1(V1), f2(V2), V3) = (0, fof1(V1), fa(V2), V3)
Examining the subquotients of R(V), we observe the following:
e Ri/Ry = f2f1(V1)/0 corresponds to generators that persist from index 1 to
index 3.

e Ry/Ry = fo(Va)/ fof1(V1) corresponds to generators that are born at index 2

and persist to index 3.

e R3/Ry = V3/ fo(V3) corresponds to generators that are born and appear only at

index 3.

W\

Figure 3.2: Illustration of the Right Filtration of the Zigzag Module V of the typer =
fgin[1]

Then, let V : V} LN Vy <2 V3 be a zigzag module of length 3 of type 7 = fg as in
the above figure. The module V has the right filtration R(V) = (R, R1, R2, R3)

R(V) = (07 92_1f1 (0)7 gQ_Ifl(‘/l)7 92_10/2)) = (07 92_1(())’ g2_lf1<‘/1>a ‘/3>
Examining the subquotients of R(V), we observe the following:
e Ri/Ry = g;'(0)/0 corresponds to generators that are at index 3 and destroy
when returning to index 2.

o Ry/Ri = g5 f1(V1)/g5'(0) corresponds to generators that appear at index 1

and persist from index 1 to index 3.

o R3/Ry = V3/g5 " f1(V1) corresponds to generators that are born at index 2 and

persist from index 2 to index 3.
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a B

Figure 3.3: Illustration of the Right Filtration of the Zigzag Module V of the type

T=gfin[l]

Then, let V : V; &~ 1V, EEN V3 be a zigzag module of length 3 of type 7 = ¢ f as in
the above figure. The module V has the right filtration R(V) = (Ry, Ry, R2, R3)

R(V) = (0, £2(0), f291 " (0), fagy '(V2), Va) = (0, fagy (0), fo(Va), V3)

Examining the subquotients of R(V), we observe the following:

e R /Ry = f2g;"(0)/0 corresponds to generators that are born at index 2 and

persist from index 2 to index 3.

e Ry/R; = f2(V2)/f29; *(0) corresponds to generators that appear at index 1 and

persist from index 1 to index 3.

e R3/Ry = V3/ f2(V2) corresponds to generators that are born and appear only at

0.0.¢

Figure 3.4: Illustration of the Right Filtration of the Zigzag Module V of the type

index 3.

T = ggin [1]

Finally, let V : Vi <~ V, <2 Vj be a zigzag module of length 3 of type 7 = gg as in
the above figure. The module V has the right filtration R(V) = (Ry, Ry, Rz, R3)

R(V) = (0,95 '(0),95 97 (0), 95 'g: ' (V1)) = (0,95 (0), g5 " g1 ' (0), V)

Examining the subquotients of R(V), we observe the following:
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e Ri/Ry = g5'(0)/0 corresponds to generators that are born and appear only at

index 3.

o Ry/Ry = g5'971(0)/g5"(0) corresponds to generators that are born at index 2

and persist from index 2 to index 3.

e R3/Ry = V3/ f2(V3) corresponds to generators that appear at index 1 and per-

sist from index 1 to index 3.

Theorem 3.2.3. Let 7 be a type of length n, with b(t) = (b1, bs,...,b,). For each

1=1,2,..,n, we have isomorphism

where J(i,n) = (Jo, J1,...,Jn) is a filtration on k defined by Jy = J; = --- =
Jz’—l :()andJl:JzH::Jn:k

Proof. We will prove by induction on the length of 7.

e Base Step: Assume that 7 is empty. By definition, b(7) = (1). Then
R(I(1,1)) = (0,k) = J(1,1)

Assume that the result is true for 7 of length n with b(7) = (by,bs,...,b,).
Define 77 as a type of zigzag module of length n + 1 obtained from 7 by adding
a forward map f or a backward map ¢ to type 7. So, we have two choices for

+

™, tt=r1fortt =71g.

e The first choice is 7+ = 7f. Since our type has changed, the birth-time index
has also changed. By the definition of the birth time index of 7, b(7") =
(b, by, ..., b bt ) = (b1, ba, by, n + 1) . For 1 < 4 < n, the right filtra-
tion R(IL+(b;,n + 1)) = R(I,(b;,n) — k). By assumption, R(L.(b;,n)) =
3(i,n) = (Jo, Ju,-++ o). Then R(Ie (b, n + 1) = (F(Jo), f(1), (), B)
by definition of right filtration. Since f is a linear map in interval modules, then
f is an identity map. So, R(L+(b;,n+ 1)) = (Jo, J1, ..., Jn, k) = J(i,n+ 1).
We need to check ¢ = n + 1 case, R(I,+(n+1,n+1)) = R0+ 0--- <
0) — k) =1(0,0,..,0,k) =J(n+1,n+ 1). So, it is satisfied.
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e The second choice is 77 = 7¢g. Again, by the definition of birth time in-
dex of 7, we have b(r") = (b7,b3,....0 b5 ) = (n+ 1,b1,bs, ..., by).
So, b = b;_y. For 2 < i < n + 1, the right filtration is R(L+(b;,n +
1)) = R(L;(b;_1,n) < k). By assumption, R(L (b;_1,n)) = J(i — 1,n) =
(Jo, J1, s Jn). Then R(L+(b;—1,n+ 1) = (0,97 (Jo), .., g *(J,) by the defi-
nition of right filtration. Since f is a linear map in interval modules, then f is an
identity map. So, R(L+(b;—1,n + 1)) = (0, Jo, .., J5,) = J(i,n + 1). We need
tochecki =10 =n+1, RL+(n+1,n+1)) = (0 0--- < 0) + k) =
(0,g710),...,¢710),k) = (0,k, k..., k) = J(1,n + 1). So, it is satisfied.

3.2.2 Decomposition of Filtered Vector Spaces

In the previous section, we defined the right filtration R(V) of the zigzag module V
of length n. These filtrations belong to filtered vector spaces of depth n.

Definition 43. A filtered vector space of depth n is a sequence R = (Ry, Ry, ..., R,)
of vector spaces, where 0 = Ry < R; < --- < R,. The class of such objects is
denoted by Filt,,.

Example 3.24. LetV : F “LF L Fbea zigzag module of length 3 with type
7 = fg. In this case, f; = id and go = 7 Applying the right filtration operator to the

zigzag module V by recursive definition of right filtration:

R(V) = (0,95 1(0), 95 f1(V1), V&)
R(V) = (0,7(0),7 %d(F),F®F) = (0,F,FoF,F&TF).

Hence, R(V) = (R, Ry, Ry, R3) = (0,F,F@® F,F @ F) € Filty such that 0 < F <
FeF<FoF.

Definition 44. A filtered vector space S = (S, Si,...,S,) is a subspace of R if
S; < R; for all 4.

Example 3.2.5. For subspaces of a filtered vector space, consider the following ex-

ample: LetV : F A FLZF®Fbea zigzag module of length 3 with type 7 = fg as
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in the previous example. Let
S = (807 Sl) 527 53) = (07 ]Fv ]Fu F)?

T = (10,11,15,13) = (0,0,F,F & F)

be filtered vector spaces of length 3 with the same type 7 as the type of V. Since for
all i, S; < R;and T; < R;, S and T are subspaces of R(V).

Definition 45. A filtered vector space S = (S, S1, - - ., Sp) is a induced subspace of
R if there exists a vector space K < R, such that S; = R; N K for all i.

Example 3.2.6. In the previous example, we showed that S and 7 are subspaces of
R(V). S = (S0, S1,59,53) = (0,F,F,F) is induced subspace of R(V) since there
exists a subspace K of Ry, K =F <F & F = R3such that S; = R; N K for all 7.

So=0=RyNK=0NF=0
S5=F=RiNK=FNF=F
So=F=RNK=FaFNF=F
S3=F=RsNK=FaFNF=F.

However, 7 = (1y,T1,15,13) = (0,0,F,F5) is not induced subspace of R(V) since
there is not a subspace K of R3 such that 7; = R; N K.

IfK =0,thenS; =Fy £ RsNK =Fon0 =0
IfK:IF,thenngng%RgﬂK:IFgﬂIF:IF
IfK:FQ, thCIng:IFQZRgﬂK:FQﬂ]FQZFQ

but,SQZF#RgﬂK:]FgﬂngFg.

We can observe that by definition of the induced subspace of a filtered vector space
R, if § is an induced space, then there exists K < R,,, S; = R; N K for all . And,
forn,S,=R,NK.So, S, =R,NK =K. Hence, S, = K.

Definition 46. R is the direct sum of two subspaces S and T, if R; = S; & T;. We
can write R = S & T, the two subspaces S and T are said to be complementary

summands.

28



Proposition 3.2.4. Every induced subspace of a filtered vector space has a comple-

mentary summand.

Proof. Let R be a filtered vector space, R = (Ry, Ry,...,R,) with 0 = Ry <
Ry <--- < R,.Assume that S = (S, 51, ...,S,) is an induced subspace of R with
0=95, <95 <--- <5,. Need to show that S has a complementary summand, i.e. ,
there exists a subspace 7 = (7p, 11, ..., T,) of the filtered vector space R such that
S @ T = R such that S; ® T; = R; for all i. We construct 7, inductively as follows:
Since Ry = Sp = 0, we can take Ty = 0. So, Ry = Sy @ Tp. Assume that we have T},
such that R, = S;, @ Tj. This means that S;, N7}, = 0. So,

T N Spyr < Tp NS, since Sy < S,

T NSk < (Tk N Rk) NS, since 1}, = (Tk N Rk)
TN Sky1 < TN (RN Sy)
Tk N Sk+1 S Tk N Sk = 0 since Rk N Sn = Sk

So, T}, and Sk, are independent subspaces of Ry, and so 7} can be extended to a

complement T} 1 of Spy1in Ry 1. Hence, Ry 1 = Ski1 D Traq.
O

Corollary 3.2.5. The indecomposables in Filt, are precisely the intervals J(i,n).

Thus, every filtered vector space can be decomposed as a finite direct sum of intervals.

Proof. S is an induced subspace of R if there exists a subspace K < R,, such that
S; = R;NK foralli. Also, by previous proposition 3.2.4, R has a nontrivial summand
if and only if R,, has nontrivial vector subspaces. This means that dim(R,,) > 1. But,
for intervals J (i,n), J, = F, and so dim(.J,,) = 1. Hence, J(i,n) can not have a

nontrivial summand. [

Definition 47. The dimension of R € Filt, is defined to be a vector of integers
dim(R) = (¢4, ¢, ... Cpn),

where ¢; = dim(R;/R;_1) are dimensions of the subquotients of the filtration R.

29



Proposition 3.2.6. Let R be a filtered vector space of depth n, with dim(R) =
(¢1,¢9, ..., ¢,). For any decomposition of R into intervals, the multiplicity of J(i,n)

is ¢;. Thus,

R P cl(i,n)

1<i<n

Proof. R = (Ry, Ry, ..., R,) be afiltered vector space of depth n with dim(R) =
(€1, €9, ... Cy). Assume that R has a decomposition into intervals 7 (i, n) as
R= @ m;J (i,n)
1<i<n

for some J(i,n). Let m; be a multiplicity of 7 (i,n). We need to show thatm; =
¢;. Forall 1 < k < n, dim(Ry) is the sum of multiplicities of J(1,n),7(2,n),
... J(k,n). So, dim(Ry) = my + ma + - - - + my. Also, by definition of dimension
csof R,

dim(Rg) =¢1 +co+ -+ + ¢

So, by induction, for k = 1,m; = ¢; = 1. For k = 2,my +mo = ¢; + 2, SO My = 3
since my = c¢;. This process continues, for k, my+mo+---+my = c1+co+-- -+

and so ¢, = my,. Hence, m; = ¢; for all 7. OJ

Proposition 3.2.7. The right filtration operation respects the direct sum in the sense
that
R(Vl EB"'EBVN) =R<V1> @"'@R(VN)

for 7-modules V4, ... Vy.

Proof. Let V{,V,,...Vy be 7-modules such that V; : V;; < --- < V;, and
R(V;) = (Rio,Riay.., Rip) forl < i < N.DefineV =V, @®---@® Vy as 7-
module such that V : V] <> -+ <> V,, and R(V) = (Ry, Ry, ..., R,). We will prove
the equality by induction on type 7.

For the base of induction on 7, assume that type 7 is empty. This means that V has

length one, i.e, V : Vj. So, R(V) = (Ro, Ry) = (0, V}).
R(V)=R(Vi@---®Vy)=(0,V1)
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SinceV=V,&---®dVy,wehave Vi =V, 1 & --- D V1. So,
RVi@---aVy)=(0,V1) =0,Vi1® - & Vn1)
RVi@---@Vy)=(0,V11)®--- D (0,Vny)

RVi@®---®Vy)=R(V1)®--- & R(Vn)

where right filtration of V; of 7 as assumption is R(V;) = (0, V; ;).
To proceed by induction on 7, assume that the statement holds for some 7. Then,

RV)=RVi@&---®Vy)=R(V,)®---® R(Vy) and so,
(ROv Ry, ..., Rn) = (R1,07 Rl,l, cee Rl,n) D---D (RN,O, RNJ, .. RN,n)-

Fortm = 7f, VT =V ER Vi1 and V=V, ER Viny1 for 1 <4 < N.. Also,

VT =V{ @ - @ V. By the recursive definition of right filtration operator,
R(VT) = (f(Ro), f(R1), ..., f(Rn), Viy1) and,
R(V;r) = (fi(Ri,0>7 fi(Ri,l)a - fi(Ri,n)a %,n+1)-

Forsome 0 < k < n,

f(Ri) = f(Rix @ Rop@®---® Rny)

J(Rig®Rop @ @®RNp) = (/1D D IN)(Rip® Rop®---® Ryy)
(i @fN)(Rix @Rt @B Rni) = fi(Rig) ® fo(Rop) ®--- B fn(Rug)
from facts in linear algebra. So,

R(VH) = (..., f(R),...) = (-, [i(Rik) ® fo(Rog) ® - ® fn(Ryp)s---)
R‘(VJr) = (fl(RLO)? <o 7f1(R17n)) DD (fN(RN,O)7 ) fN(RN,n)>-
And also, wehave V., =V}, 11 @ - - B V41 @ -+ ® Vi pnt1. Hence,
RVH=R(Vi{®--- VL =RV)®---®&R(VY)

Forr~ =79, V- =V & V,,yandV;, =V, & V., for1 < i < N.. Also,
V= =V @& ---® Vj. By the recursive definition of right filtration operator,

R(V7) = (0,97 (Ro). g~ (1), ... g (1)) and,
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R(V;) = (0,9; "(Rio), 97 "(Rin), - - 97 (Rin)).

For some 0 < k < n,
g (Ry) =9 (R ® Rop ® -+ ® Rny)

G Ry DRy @ ®Ryp) = (g, @ D gy )(Rip @ Rop ®---® Ry
(97" @ - DN ) (Rip®Rep® - ®Rng) = g1 (Rip)Dgs  (Rop) D - Dgy' (Rup)

from facts in linear algebra. So,
RV)=(..,0; (Re), )= (o, g7 "(Rig) D gy (Rop) B ®gn' (Rnp)s---)

R(V™) = (91_1(31,0), e 791_1<R17n)) G- D (g;,l(RNp), o N (Ryn))-
Hence,

RV)=R(Vi@---aVy)=R(V])® ---®R(Vy)

3.2.3 Streamlined Modules

In this subsection, we examine a special class of zigzag modules known as stream-
lined zigzag modules, defined by specific restrictions on the forward and backward

maps, as described below.

Definition 48. A 7-module V is right-streamlined if each forward map Ty s injective

and each backward map < is surjective.

Example 3.2.7. LetV : F “ F & F & F be a -module with type 7 = fg, where
td is the identity homomorphism and 7 : F & F — [ is the projection onto the first
component. As you can see, V is a right-streamlined 7-module since id is injective
and 7 is a surjective map.

Moreover, the interval modules I(b, n) of lenght n is right-streamlined where 1 < b <
n since (F & F) is always injective and surjective, and (0 - F) is injective, and also
(0 L IF) is surjective. However, the interval modules [(b, d) where 1 < b < d < n s

. . . 0 Ay s L 0 Ay - o
not right streamlined since (F — 0) is not injective and (F < 0) is not surjective.

Proposition 3.2.8. A directsumV = V;&- - -@V y of -modules is right-streamlined

if and only if each summand is right-streamlined.
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Proof. Let 'V be a T-module with direct sum decomposition V=V, & --- & Vy of
7-modules. Each Vj ER Viy1 in 'V decomposes as f = f1 @ fo @B --- & fy where
fr 1s a forward map in V; sor some 1 < k£ < N. So, f is injective if and only if
fr 1s injective for all 1 < & < N. Similary, each V} A V41 in V decomposes as
g=0g1 D gy ®--- P gy where g is a backward map in Vi, sor some 1 < k£ < N. So,
g is surjective if and only if gy is surjective forall 1 < k£ < N. 0

Theorem 3.2.9 (Decomposition Lemma). [l/|] Let V be a right-streamlined T-module
and let R = R(V). For any decomposition R = S; & Sa @ - - - @ Sk, there exists an
unique decomposition V=W, G Wy & - - - & Wy such that S; = R(W;) for some j.

If the zigzag module is right-streamlined, it has a unique decomposition for two dif-
ferent decompositions of the right filtration of the zigzag module. See [1] for the

proof of Theorem 3.2.9, as the Decomposition Lemma.

Theorem 3.2.10 (Interval decomposition for streamlined modules). Let V be a right-
streamlined T-module of length n, and write dim(R(V)) = (c1,¢o,...,¢y), and

b(T) = (by,ba, ..., by). Then there is an isomorphism of T-modules

Ve P lbi,n)

1<i<n

Proof. Let V be a right streamlined 7-module of length n with R(V) is the right
filtration of V. By Proposition 3.2.6, there is a decomposition of R(V) such that
R(V) = J1®- - -®Jn where Jj is the interval filtered vector space for 1 < k£ < N. In
addition, in the decomposition, 7 (7, n) occurs with multiplicity ¢; for 1 < i < n. So,
N =1+ - -+c¢, = dim(R(V)). By previous Proposition 3.2.9, the decomposition of
R(V) =7 @ - @ Jy produces a decomposition of the right streamlined 7-module
V=L & - &Iy where R(I;) = Jpforall 1 <k < N.

Since V is right streamlined, each I}, is also right streamlined. So, I is isomorphic to
I(b,n) for some b € N as in the example 3.2.7. We know that R(I(b;,n)) = J(i,n)
by the theorem 3.2.3. Therefore, for 7 (¢, n) in the decoposition of R(V), we have an
isomorhism (b, n) = I(b;, n) for the birth time index b(7) = (b4, ..., b,). Moreover,

I(b;, n) have multiplicity ¢; since J (i, n) have multiplicity ¢; in the decomposition of
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filtered vector space R(V). Hence,

V= @ CZH(bZ,TL)

1<i<n

3.3 The Interval Decomposition Algorithm of Zigzag Modules

In this section, we will introduce the Interval Decomposition Theorem, a fundamental
result for decomposing zigzag modules. We also provide an algorithm for computing

this decomposition and illustrate its application with detailed examples.

3.3.1 The Interval Decomposition Theorem

Definition 49. Let V : V; &5 ... &% V, be a 7-module with 7 = p; ... p,_1. The
truncation of V of length k is denoted by V[k] : Vi & ... &= Vj, and type of
truncation of V of length k is 7[k] = py ... pr_1.

Proposition 3.3.1. Let V : V; & ... &% V, be an irreducible 7-module of length

n. Then there exists a direct sum decomposition
V=VieVvVe - aV"

where each V¥ is supported over the indices {1, ..., k} and is right streamlined over

that range.

Proof. LetV : V; & ... &V, be a T-module of length n. By induction on the
length n of V, we will prove this statement. For the base step, assume n = 1. So, we
have V : V; and we can set V! : V. Since V' is right streamlined, we are done. For

the inductive step, assume that there exists a direct sum decomposition of
VE 2V e oV oW

where Vs and W* are right streamlined. We need to prove that V[k + 1] has a direct

sum decomposition as in the theorem. We can consider V[k + 1] as follows:
Vik+1]2 (Ve o VoW & Vi,
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Since V*’s have no terms after index (k — 1), they cannot interact with the map py,.
So, we have
Vk+1]=2Vie. - .aV!ie (W & Vi)

If we can write (W* &5 V1) as V¥ @ W**! where V* has length k and both V* and
WH*L are right streamlined modules. The last vector space in W* is ;. So, R(W¥)
is a filtration on V. We have two cases, the map p;, : W* < V., may be forward or
backward.

Case f: Assume that we have f;, : W* — V,.,;. This means that
WE W o Ve S Vi

Define S = R(W*) N Ker(f)). Obviously, S is an induced subspace of R(W¥). By
Proposition 3.2.4, S has a complement in R(W*) such that

RWH =SaT.
By Proposition 3.2.9, there exists a direct sum decomposition
Wr = V* & W

such that S = R(V*) and T = R(W*). So, this defines V*. Since S = R(W*) N
Ker(fy), fx is zero on the last term of V*. Moreover, we can set W1 = (Vk 2%
Vi+1) as aright streamlined module because the kernel of f; on WP is zero and so fx

is injective. i.e.
W = (W* 25 Vi) where Ker(fi) | = 0.
Case g: Assume that we have g;, : W* < V. This means that
Wr W o Ve & Vi

Define S = R(W*) N Im(g;,). Clearly, S is an induced subspace of R(W¥). Similar
to Case f, by Proposition 3.2.4, S has a complement in R(W¥) such that

RWH =SaT.
By Proposition 3.2.9, there exists a direct sum decomposition
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such that S = R(W*) and T = R(V*). So, this defines V¥ and g is zero on the last
term of V¥ because 7 = R(V*) is defined as complementary of S = R(W*)NIm(gy).
Also, we can set WA ! = (W* & Vit1) gk 1s surjective on the last term of V., since
S = R(W*) N Im(gy). So, W+ is right streamlined.

Thus, we can define V* as in the statement and W**! is right streamlined. So, we get
Vin]=2vVie - aVvow"
where W" = V", [
Theorem 3.3.2. Let V be a T-module. For 1 < k < n, define
b(t[k]) = (b7, 05, ..., 0F)
Writing Ry, = R(V[k]), define

(k=] dmRenKer(fi)
dim(Ry) — dim(Ry N Im(gx))

(whichever is applicable) when k # n, and

Then

Proof. By using Proposition 3.3.3, we can decompose V as
VevVie...aV"

where each V¥ is supported over the indices {1, ..., k} and is right streamlined over

that range.

Our aim is to calculate the decomposition of each V* into intervals I(b, k). We have
that
Vik]| 2V o VI k@ - @ VP[]

So, we can define W* = V*1 @ ... @ V™. By using Proposition 3.2.7, we have
Ry = R(V[E]) = R(VF @ W*) = R(V*) @ R(W")
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This is a filtration on V¥ & WF. Assume k < n. Observe that the module W* is
streamlined up to index k + 1, whereas V* vanishes at time k& + 1. The next map in

the zigzag sequence takes one of the following forms:
VEewE ELN W,fH or Viewl& W,fH.
In the first case, it follows that V,f = ker(fy) since fx on W,f is injective, and thus
R(V¥) = Ry Nker(fi).

In the second case, V;" is taken as a complement to Im(g;) in Vj since gj, on W, is

surjective, implying that
Rir = R(VF) @ (R N Im(gp)).
Therefore, in either scenario, the dimension of R(V*) is given by:

dim(Ry N ker(f))

dim(R(V*)) =
dim(Ry) — dim(Ry N Im(gx))
Depending on which case applies. Finally, for & = n, we simply have:
dim(R(V")) = dim(R,,) = (¢}, ..., c).

rn

We know how to decompose a right streamlined zigzag module over the intervals by

Theorem 3.2.10. By using Theorem 3.2.10, we have

v= P v'= P {ED cfﬂ(bf,k‘)}

1<k<n 1<k<n (1<i<k

Remark 3.3.1. In Theorem 3.3.1, write
(r}, 75, ... rp) = dim(Ry)

for 1 < k < n, and conventionally define r?“ = 0 for all z. Then

Tk
N rF — ¥ when -5
C. =
7
k k+1 Ik
ri —rily  when <

foralll <<k <n.
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Based on the method described, the steps of the algorithm are shown below:
Algorithm: [1]

LetV:V; & ... &%V, be a 7-module with 7 = D1 -..Pn—1. We proceed step by
step for k = 1,2,. .., n, computing the filtration R;, = R(V[k]), the birth-time index

b(7[k]), and the dimensions c¥ at each stage.

o Initialisation: (for k = 1)
(D) Ry = (0,W1)
(2) b(r[1]) = (1).

o Iterative Step: (fork=1,2,...,n—1)
(3) Calculate Ry for Ry, = (RE RY ... RF) using Definition 41.

(fe(RE), ..., fe(Ry), Vig1) case LN

Ripr = (REYE .. RETH) =
' i o (0, gr(RE), ..., gr(RE)) case <&

(4) Calculate b(t[k + 1]) for b(7[k]) = (b, ..., bY) using Definition 42.

(k. bk k+1) case L

b(r[k + 1)) = (BFTH o5 b =
b ‘ (k41,05 .0 case <&

(5) Calculate (¢}, ck, ... cF) using the formula in Theorem 3.3.2.

dim(Ry N Ker(fx)) case LN
dim(Ry,) — dim(Ry, NIm(g;)) case <&

(c’f,cg,...,c’g) =

Alternatively, use the formula in Remark 3.3.1.

fr
. rF — "1 when 2
Cc. =
(A
k k+1 Ik
ri — Ty When <

e Terminal Step: (k=n)
(6) Calculate (cf, ch,...,c") = dim(R(V))

n

e Print Results:

(7) For 1 < i < k < n, the interval module I(b¥, k) occurs with multiplicity cF.

Let us illustrate the algorithm with an example.
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Example 3.3.1. Let V : V) ER V5 be a zigzag module with type 7 = f where
Vi=F&@&Fand Vo =Fand f =7 : F&F — F is the projection onto the first
component. So, we have

V:FeF5SF

where b(7) = (1,2) and
R(V) = (£(0), f(V1),V2))

R(V) = (£(0), f(V1),V2)) = (f(0), f(F © F),F) = (0,F, F).

For the initial step in the above algorithm, we calculate the right filtration of V[1] and

the birth time index of 7[1] where V[1] : 1} 2 F @ F.
(1) Ry =(Ry, By) = R(V[1]) = (0,V1) = (0.F & F)

(2) b(r[l]) =1

Now, we proceed with the iterative step for £ = 1. By using R, we need to calculate

R, by the definition of the right filtration.
(3) Rz = (R, R, R3) = R(V[2]) = (f(Ry), [(R1), Va)
Ra = (f(0), f(F & F),F) = (0,F,F)
Then, calculate b(7[2]) by using b(7[1]) by the definition of the birth time index.
(4) b(r[2]) = (b, b3) = (b1, 1 +1) = (L,2)

For k = 1, we need to compute c; as in the theorem .. . We know R; = (0,F & F)

and R, = (0,F,F).
dim(Ry) = (ry) = (dim(R)/Ry)) = 2
dim(Ry) = (r1,73) = (dim(R}/Rg), dim(R;/RY))
dim(Ry) = (r{,73) = (dim(F/0), dim(F/F)) = (1,0)
So, by using dim(R;) and dim(7R) and the formula in the algorithm, we have
(5) cg=ri—ri=2-1=1 casef
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In the terminal step, for £ = 2
(6) (ci,¢3) = dim(R(V)) = (F/0),F/F) = (1,0)

So, we can calculate the interval modules I(bf, k) that occur with multiplicity ¢ for
1 < i < k < 2. Hence, we have I(b},1) with the multiplicity ¢} when i = 1 and
k = 1,1(b?,2) with the multiplicity ¢? when i = 1 and k = 2, and I(b3, 2) with the

multiplicity ¢3 when i = 2 and k = 2.
(7) V=cl(b,1) @ ASI(b7,2)  c3l(b3,2)
where b} = 1,02 = 1,03 =2and ¢} = 1,¢? = 1,¢2 = 0. Thus,
V=I(1,1) e (1,2
VF—-0oF—-F)

Example 3.3.2. Let V : 1} ELN Vs EEN V3 be a zigzag module with type 7 = f1 f5
where V; = FOF, Vo = Fand V3 = F@PF@Fand f; : F®F — F is the
projection onto the first component, and f, : F — F & F & F is the inclusion on the

first component. So, we have
V. FoF L F A FoFar

where b(7) = (1,2, 3). We will follow the initial and iterative steps for 1 < k£ < 3 as
in the algorithm. For k& = 1, we have only the space V[1] : V; = F & F. So, we can
calculate R and b(7[1]) as follows:

Ri = (R, Ry) = (0,1) = (0,F & F)

b(r[1]) = (b1) = (1)

Now, calculate R, from R; using the definition of the right filtration.
Ry = (Rg, R, R3) = (f1(0), L(F & F), 1)
R, = (R}, R}, R3) = (0,F,F)
And, calculate R3 for R5 the same as above,
Ry = (Rg, Ry, B3, R3) = (f2(0), f2(F), fo(F), V3)
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Rs = (R, R}, Ry, R;) = (0,F,F,F&F & F)

Now, calculate b(7[2]) and b(7[3]) using the definition of the birth time index itera-
tively.
b(7[2]) = (b7, b3) = (1,2)

b<7[3]) = (b?’b;bg) = (17273)

At this point, we need to compute dim(7R;) and dim(R,) to calculate ¢} using the

formula in the Proposition 3.3.2 for 1 < < k < 2.
dim(Ry) = (1) = dim(F & F/0) = (2)

dim(R») = (r},r3) = (dim(F/0), dim(F/F)) = (1,0)

At the terminal step, we determine dim(R3) = dim(R(V)) where
R(V)=(0,F,F,FoFaF).

So, we have

dim(Ry) = dim(R(V)) = (F/0,F/F,F @ FSF )

dim(Ry) = dim(R(V)) = (1, 18, ) = (¢}, b, &) = (1,0,2)

Since all maps in this example are forward, we apply the forward case of the algo-
rithm. So, we have

l=rl—ri=2-1=1

o
S
|

cs=r3—15=0
Hence, by the Interval Decomposition Theorem 3.3.1, the zigzag module

V. FoF S FAFaFaF

decomposes as

B el k) =

1<i<k<3
al(b, 1) @ 1(b,2) @ c31(b3, 2) @ }1(bY, 3) @ 31(b3, 3) @ €31(b3, 3)
After determining c}’s, we have

V2I(1,1) @ I(1,3) @ 21(3, 3)
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Thus, we present the decomposition of the zigzag module V as follows:

(

(F—0—0)
S
(F—->F—TF)
V= -
0—=0—TF)
S
0—=0—F)

\

Example 3.3.3. Let V : ] TN Vy &2 Vj be a zigzag module with type 7 = f1¢5
where V) =F@F, Vo =Fand Vs =F&®F@Fand f; : F&F — F is the projection
onto the first component, and g, : F & F @& F — [ is the projection onto the first

component. So, we have
V. FoF LA FE FoFaFR

where b(7) = (3, 1,2). We will follow the initial and iterative steps for 1 < k < 3 as
in the algorithm. For k£ = 1, we have only the space V[1] : V; = F & F. So, we can

calculate R, and b(7[1]) as follows:
Ri= (R, Ry) = (0,1) = (0,F & F)

b(r(1]) = (b7) = (1)
Now, calculate R, from R; using the definition of the right filtration.
Ra = (Rg, RY, R3) = (f1(0), f1i(F © F), Va)
R, = (R3, R}, R3) = (0,F,F)
And, calculate R5 for R4 the same as above,
Rs = (Ro, R}, R5, R3) = (0,95 (0), g5 ' (F), g5 (F))
Rs= (RS, R} Ry, R3) = (0,FOF,FOFQF,FOFQF)

Now, calculate b(7[2]) and b(7[3]) using the definition of the birth time index itera-
tively.
b(7[2]) = (b7, b3) = (1,2)
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b(r[3]) = (b, b3, b3) = (3,1,2)

At this point, we need to compute dim(R;) and dim(R,) to calculate ¢} using the

formula in the Proposition 3.3.2 for 1 <1 < k < 2.
dim(R,) = (r]) = dim(F @ F/0) = (2)
dim(R») = (rf, 73) = (dim(F/0), dim(F/F)) = (1,0)
At the terminal step, we determine
dim(R3) = dim(R(V)) where R(V)= (0,F,F,FoFaTF).
So, we have
dim(Ry) = dim(R(V)) = (* ©¥ /o FOX O p o p FOROE /g o p g p)

dim(Ry) = dim(R(V)) = (3, 73,13) = (&}, &3, &%) = (2,1,0)

We now have the birth time indices
b(r(1]) = (8)) = (1), b(r[2]) = (42,83) = (1,2), and
b(r[3]) = (b7, b3, b5) = (3,1,2)

Moreover, we have dim(R) for 1 < k < 3 as follows:

dim(Ry) = (¢7) = (1), dim(Ry) = (c},¢3) = (0,0), and

dim(R3) = (3, ¢c3,¢3) = (2,1,0)

Hence, by the Interval Decomposition Theorem 3.3.1, the zigzag module V has de-

composition as follows:

V. FoFLFEFoFoF> P 10k

1<i<k<3

where I(b%, k) denotes the interval module associated with the birth-time index b¥.

Hence, we obtain the decomposition

V2~ I(1,1) @ I(1,3) & 21(3, 3).
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Thus, the zigzag module V can be represented as follows:

(

(F—0—0)
S
(F—-F—TF)
V= D
(0—=0—TF)
S
0—=0—TF)

In this section, we outline an algorithm to solve the following problem. Let 7 be a
type of length n, and consider a 7-module V" defined as follows: for each index ¢, let
V; = F%, where each a; > 0. Depending on the type 7, the map f; is represented by
an a; 1 X a; matrix M;, or alternatively, the map g; is given by an a; X a1 matrix
N;. Given 7 and the corresponding matrices M; or N;, the task is to compute the

persistence Pers(V).

3.3.2 Concrete Vector Spaces

In this part, we present an algorithm [1]] to solve the following problem. Let 7 be a
type of length n and V be a 7-module defined as follows :

Set V; = F% for each 1 < ¢ < n, where a; > 0. Depending on the type 7, the
forward map f; given by an a;.1 X a; matrix M;, or the backward map g; given by
an a; X a;y1 matrix N;. Given the type 7 and the matrices M; and N;, we want to

compute Pers(V).

We proceed according to the Algorithm of Interval Decomposition Theorem 3.3.1.
The main computational task lies in step (3) in the algorithm, which involves deter-
mining the sequence of the right filtration Ry = R(VI[k]). The other steps follow the

algorithm.

Our aim is to understand the maps M; and N; in an echelon form, which helps us

identify persistence features in vector spaces.

We can change the bases of V;, that is, a simple transformation of one vector by
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adding another multiplied by a scalar. Instead of explicitly changing bases of V;’s, we

directly perform elementary row and column operations on M; or NN;.

The elementary transformations E;(p, ¢, ) change one basis vector (3, by adding A
times another basis vector /3,. This is a modification of B; = (41, ..., 3,,) involving

basis vectors /3, and (3, as follows:
Bp < By

quﬁq‘}_)"ﬁq

If L is a matrix that represent a linear map V; — W for some W, then we change the
columns of L:

Column,, < Column,,
Columng <= Columng + A - Column,

If L is a matrix that represents a linear map W — V; for some W/, then we must apply

the dual transformation to the rows of L:
Row, <= Row, — X\ - Row,

Rowy < Rowy,

The filtration R, = R(V[k]) on V} is to be represented in the following way. We
require the basis By, = (f1,. .., 84, ) to be compatible with the filtration, in a sense
that will be clarified shortly. Given such a basis, the filtration Ry = (R, R, ..., Rg)

is described by a non-decreasing function
o {1,2,...,a;} = {1,... k}
such that foreachi =1,... k,
R; = Span{f,|ér(p) < i}.
The dimension 7¥ = dim(R;/R;_;) can be determined by the cardinality of ¢ * (7).

Now, assume that B, and ¢, together represent the filtration R, and the map ¢y
identifies Ry. Then, change Bj,; and determine ¢y to represent Ry, 1.There are

two main cases based on whether we are working with M}, or V.
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e Case M:
Let M}, be a matrix representation of a linear map V;, — V1. Assume that By,
is compatible with a filtration R, and that ¢y identifies Ry. This gives a block

structure

Mk: Kl KQ Kk

where K; gathers together the columns ¢ with ¢5(q) = i. Now, apply row
operations to make the matrix M}, into row echelon form. Then, upgrade ¢y 1

according to these pivots as follows:

¢r(q) if row p has a pivot in column ¢

Pr+1(p) = . :
k + 1 if row p has no pivot

e Case N:
Let N, be a matrix representation of a linear map V1 — V. Assume that By,
is compatible with a filtration R, and that ¢, identifies the filtration R. This

gives a block structure

Ny, =

where L; gathers together the rows g with ¢x(q) = i. Applying column oper-
ations to make the matrix N into column echelon form. Then, upgrade ¢y1

according to these pivots as follows:

¢r(q) + 1 if column p has a pivot in row ¢

¢k+1(p) =

1 if column p has no pivot

Let us apply this to the examples discussed in the previous sections.

Example 3.34. Let V : V] LR Vy & Vs be a zigzag module with type 7 = f1g5
where Vi = F@F, Vo =Fand Vs =F®F@Fand f; : F®F — F is the projection
onto the first component, and g, : F & F & F — [ is the projection onto the first

component. So, we have

V. FoF S FEFRFQF
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where b(7) = (3,1,2). Let the matrix representation of f; be a matrix M, , and let

the matrix representation of g, be the matrix N, as follows:
M, = [1 0} and N, = [1 0 0}

We are given two matrices, each in echelon form. Also, each basis B; is a standart

basisof V; = F% for 1 < < 3.

1 0 0
1 0
Bi={| || |} and B={[]} and Bo={lof. 1), fo}
0 0 1

Let us begin with £ = 1. B is a basis for V; = F @ F. We have V[1] : V}; 2 F @ F.
Clearly, we have

R(V[1]) =R, = (0,F& F)

Define non-decreasing function

¢1:{1,2} = {1}

such that Ry = Span{f, | ¢1(p) < i}. Also, we have Ry = Span{/i, O}, and only

possibilities of ¢, are
¢1(1) =1 and ¢1(2) =1
Now, we have B; = (1, 52) is compatible with the filtration R, and ¢; represents

Ri.

Let us proceed to &k = 2. We have

We know that M is a matrix representation of f;. There is no need to perform any
transformation, as M is already in echelon form. The block structure of M; with
respect to K; gathers the columns ¢ with ¢;(¢) = ¢ (in our situation, ¢;(1) = 1 and

#1(2) = 1) as follows:
=[]l 5
Let’s define ¢, by using ¢; and M. ¢, is a non-decreasing function as follows:
oo {1} — {1,2}
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such that
¢1(q) if row p has a pivot in column ¢

G2 (p) =

2 if row p has no pivot

So, we have ¢o(1) = ¢1(1) = 1.

Now, for k£ = 3, we have

I

V=V NS nEVB2FeF 5 F L FeFaF

We know that NV, is the matrix representation of g,. There is no need to perform
any transformation, as /N, is already in echelon form.The block structure of N, with
respect to L; gathers the rows ¢ with ¢(q) = 4 (in our situation, ¢o(1) = 1) as
follows:

%= =0

Let’s define ¢3 by using ¢ and Ns. ¢3 is a non-decreasing function as follows:

o3 :4{1,2,3} — {1,2,3}
such that

®2(q) + 1 if column p has a pivot in row ¢

®3 (P) =

1 if column p has no pivot

So,
¢3(1) = ¢2(1) +1=2

93(2) =1 and ¢5(3) =1

Now, we define all ¢1,¢» and ¢3 that represent R, Ro and R3, respectively. We
know that the dimension r¥ = dim(Ri / Ri—l) can be determined by the cardinality of
¢ (i). So, ¥ = |¢; (i) for 1 < k < 3and 1 < i < k. Hence, we will determine

s as follows:

ri =o' (1) =2
=g (D=1 ,r3=1¢;'(2)| =0
=gt ()] =2 ,r =152 =1 r3=|p5'(3)| =0

As in the Algorithm, we can determine c}’s:
ci=ri—r=2-1=1
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A=ri-r’=1-1=0 and =r—ri=1-1=
cd=r"=2 and c3=ri=1 and c=7r;=0
Also, we have the birth time indices
b(r[1]) = (by) = (1), b(r[2]) = (b,03) = (1,2),
b(r[3]) = (b3, b3, 03) = (3,1,2)

Hence, by the Interval Decomposition Theorem 3.3.1, the zigzag module V has de-

composition as follows:

V. FoFLFEFoFoF> (P 410k

1<i<k<3

where 1(b¥, k) denotes the interval module associated with the birth-time index b¥.

Hence, we obtain the decomposition

VI(1,1) @L(1,3) @ 20(3,3)

3.4 The Diamond Principle

In this section, we present a key structural result known as the Diamond Principle,

which provides a powerful tool for analyzing changes in persistence intervals.

Definition 50. Let V be a zigzag module of length n. The left filtration of V is a
filtration on V; of depth n, defined as

where V is the reversal of V; so V; = V,,,.,_; with maps f; = g,_; or §; = fr_;

For any k, we have two natural filtrations on V}, as follows:
Ry = (Ro, R1,...,Ry) = R(V[1,k])

Ly = (Lo, L1, ..., Lyy1-x) = L(V[k,n])

where the right filtration over the indices {1,...,k} and the left filtration over the

indices {k,...,n}. We also have birth time and death time indices as follows:
bk = (bl, ceay bk) = b(T[l, k}])
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dp = (dy, ... dpery) = n+1— b(7[k,n))

which indicate the birth and death times associated with the respective subquotients

of Ri and L.

Example 3.4.1. As in the previous example 3.3.3,let V : 1} LN Vs 2 V, be a zigzag
module with type 7 = figo where V} = F @ F, Vo, =Fand V3 = F&® F ¢ F and
fi : F@®F — F is the projection onto the first component, and g : FGF P F — F

is the projection onto the first component. So, we have
V:FeF L5 FEFoFaF

where b(7) = (3,1,2). Let us choose k¥ = 2. Then we will determine two natural
filtrations on V5, and also find the birth time and death time indices. Also, we can

define V as in the definition;

V. FeFeF & FLFaF

where 7 = fig2 = g2 1.
For Ry, = R(V[1,2]), we have V[1,2] : F & FF 21 F, and so

Ry = R(V[L,2)) = (£1(0), fi(F & F),F) = (0,F,F)

Ry = (Ro, Ry, R2) = (0,F,F)

For £, = L(V[2,3]), we have L(V[2,3]) = R(V[1,2)). So, V[1,2] : FoFeoF L2
FF. Then
£y = L(V[2,3]) = (f(0), Li(F & F & F),F)

Lo=1(9200),(FoFaF),F)=(0,FF)
Moreover, we can find birth and death time indices as follows:
be = b(7[1,2]) = (1,2) = (b, b2)
dr =n+1-0b(7[2,3]) =(3,2) = (dy,ds)
where b(7[2,3]) = (1, 2).
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Theorem 3.4.1 (Localization at index k [1]). Let V be a zigzag module of length n
and let 1 < k < n. Let Ry, Ly denote right and left filtration at k, and let by, dy,
denote the birth time and death time indices at k. Then, for all i,j in the range

1 <i<k 1<j<n+1—k, the multiplicity of [b;, d;] in Pers(V) is equal to
Cij = dlm(RZ N LJ) — dlm(RZ,1 N LJ) — dlm(Rl N Ljfl) -+ dlm(RZ,1 N Ljfl)

Equivalently,
((RZ' N Lj)/

Cij = dim

(Ri-i N L)+ (RN Lj_1)>

Example 3.4.2. As the previous example 3.4.1, let V : 1} LN Vy <2V be a zigzag
module with type 7 = f1go where V} = F e F, Vo, =F,and V3 = F@ F ¢ F and
f1 : F@&F — T is the projection onto the first component, and g : FGF P F — F

is the projection onto the first component. So, we have
V:FeF L5 FEFoFaF

where b(7) = (3,1,2). In the previous Example 3.4.1, we had computed both the
right and left filtrations in k. Additionally, we determined the birth time and the death

time indices for the zigzag module V :
Ry = (Ro, Ry, Ry) = (0,F,F)
Lo = (Lo, L1, Ly) = (0,F,F)
br = (b1, b2) = (1,2)
d = (di,dz) = (3,2)

Moreover, from Example 3.3.3 we obtained the interval decomposition of the zigzag
module V:
V=I(1,1) e I(1,3) & 210(3,3)

Hence, by Theorem 3.4.1.(Localization at index k), we can determine the multiplic-
ities ¢;; of the intervals [b;, d;] in Pers(V) forall 1 < i < 2and1 < j < 2 as

follows:
C11 — d1m(R1 N Ll) - dlm(Ro N Ll) - dlm(Rl N LQ) + dlm(RO N Lo)
c11 = dim(FNF) — dim(0 N F) — dim(FN0) + dim(0N0)=1-0-0—-0=1
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¢1s = dim(F N F) — dim(0 N F) — dim(F N F) + dim(0NF) =1 -0 —1-0=0
eo1 = dim(FNF) — dim(FNF) — dim(FN0) + dim(FN0)=1—1-0—-0=0
coo =dim(FNF) —dim(FNF) —dim(FNF) +dim(FNF)=1-1-1-1=0

Therefore, by the theorem, the only nonzero multiplicity is c¢1; corresponding to the

interval [by, d;]. In Pers(V):
ci1lbr, di] =111, 3]
c12]b1,ds] = 0-[1, 2]
ca1]be, di] = 0-[2, 3]
Coalba, da] = 0-[2, 2]
Thus, the results obtained here are consistent with those in Example 3.3.3.

Example 3.4.3. Using the zigzag module from the previous example, we can also
apply the theorem for £ = 3 this time. Let V : V) TN Vy <2V, be a zigzag module
withtype 7 = f1go where V}, = F@F, Vo =F,and V3 = FeF®Fand f; : FF — F
is the projection onto the first component, and g, : F & F & F — F is the projection

onto the first component. So, we have
V:FoF L FEFOFOF

where b(7) = (3,1,2). Now, we will compute both the right and left filtration at

k = 3, as well as determine the birth time and death time indices at K = 3.We have
Ry = R(V[L,3)) :R<IF@IF f—w‘ﬁw@lﬁ@w)
L3=LV[33)=L(FaeFaTF)
Moreover, we compute
Rs = (0,9, (£1(0)), 05" ((F & F)), g, ' (F))

Rs = (Ro,R1, Ry, R3) = (0,FoF,FoFoFFoFaT)

and

£3: (LQ,Ll) - <O,F@F@F)
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Also, we now determine the birth and death time indices at k = 3 as follows:
b3 - (blu b?? b3) - (37 27 ]-)

Hence, by Theorem 3.4.1.(Localization at index k), we can determine the multiplici-

ties ¢;; of the intervals[b;, d;] in Pers(V) forall 1 < ¢ < 3 and j = 1 as follows:
c11 = dim (le[’l)/
= (RoN L)+ (Ry N Lo)

e = dim <(F " 0nE) + @0 0))

- :dim(F@F/()) =9

¢y = dim <(F3 " F3)/(F2 NEF) +(F*N 0))
001 — dim (]F@IF@F/F@F) —1

c3 = dim ((Fg n Fg)/(ﬂ?g NEF%) + (F* N 0))

Therefore, by the theorem, the nonzero multiplicity is ¢;; and cp; corresponds to the

intervals [by, dy], and [b, d; ], respectively. In Pers(V):

011[51, dl] =2 [37 3]

021[52, dl] =1 [173]

Caalba, do] = 0+ [2, 3]
Thus, the results found here correspond to those presented in Example 3.3.3.
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3.4.1 The Diamond Principle

The Diamond Principle, introduced as a strong computational tool, provides a local-
ization approach for computing zigzag barcodes. This principle is utilized to establish
a method for comparing the zigzag barcodes of two naturally arising diagrams from
a sequence of simplicial complexes. The article on Zigzag Persistent Homology and
Real Valued Function [2] demonstrates that the Diamond Principle identifies isomor-
phisms among persistence barcodes associated with spaces equipped with real-valued
functions, such as Morse functions. At the core of this framework lies the Diamond
Principle, which connects the persistence intervals of two zigzag diagrams that differ

by only a single local change. Consider the following diagram:

Wi
D1 D2 Pr—1 Pr+1 Pn—1

Vi Va . > Vi Vi1 o Va

2 A
Uk

Let V™ and V~ denote two zigzag modules displayed in the above diagram:

Dk — fr— D —
Vv S L EBR VL LW Ve &5 8,

_ Pk— 9k— D Pn—
N VAV S VAN § A LN VARV E S  Va

We aim to compare Pers(V™) with Pers(V ™), especially in relation to intervals that

intersect {k + 1, k, k — 1} .

Definition 51. The diagram

gk
Vk+1 — Wk

=

U, —— Vi_
F gk—1 ol

Jr

is exact, if Im(D;) = Ker(D,) in the following sequence
U 25 Vier @ Viey 22 W,
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where Dy (u) = gg—1(u) ® fr(u) and Do(v G v1) = fr_1(v) — gr(v1).

Theorem 3.4.2 (The Diamond Principle). Given V' and V~, suppose that the middle
diamond at indices {k+1, k, k — 1} is exact. Then, there is a bijection of the multisets

Pers(V*) and Pers(V ™) with the intervals matched according to the following rules:

e [Intervals of type |k, k| are unmatched.
e Type [b, k| is matched with type [b, k — 1] and vice versa for b < k — 1.
e Type [k, d] is matched with type [k + 1, d] and vice versa for d > k + 1.

e Type [b, d] is matched with type [b, d] in all other cases.

Proof. Consider the right and left filtrations at V},; for the zigzag modules V' and
V. Since V*[k+1,n] = V- [k+1,n], it follows that £}, , = £, and d}[,, = d; ;.
Additionally, by Proposition 3.4.4., we have

+ . —
RkJrl - Rk+l

However, b, ; agrees with b, ; except that indices k and k + 1 are interchanged as

described in Proposition 3.4.3. as follows:
by = (k+1,by, ..., b, k)
by = (kbo, ... b, K+ 1)

By applying Theorem 3.4.1 (Localization at index k), we conclude that the multiplic-
ities of intervals [b, d] with b < k + 1 < d are identical for both V* and V~, except
in cases where k or k£ + 1 appears as the birth time. In such cases, the indices k and
k + 1 must be interchanged accordingly. Hence, this corresponds to the case where

the intervals [k, d] and [k + 1, d] are matched for all d > k + 1.

Similarly, since V*[k — 1,n] = V~[k — 1,n], it follows that R} , = R, , and
b, = b, _,. Additionally, by Proposition 3.4.4., we have

ﬁi_l = 52—1

However, d;_, agrees with d;_, except that indices k and k — 1 are interchanged as

described in Proposition 3.4.3. as follows:
df | = (k—11,by,... by, k)
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Ay = (k. bo, ... by k— 1)

By applying Theorem 3.4.1 (Localization at index k), we conclude that the multiplic-
ities of intervals [b, d| with b < k — 1 < d are identical for both V* and V~, except
in cases where k or k£ — 1 appears as the death time. In such cases, the indices k and
k — 1 must be interchanged accordingly. Hence, this corresponds to the case where

the intervals [b, k| and [b, k — 1] are matched for all b > &k — 1.

Finally, we consider the intervals [b, d| that do not intersect either & — 1 or k + 1; that
is, the intervals satisfying either b,d < k — 1 or b,d > k + 1. The intervals with
b,d < k — 1, that is, those contained within [1, k — 2], are identical for the zigzag
modules V* and V~, since the two zigzag modules coincide up to the index k — 1.
Similarly, the intervals with b, d > k + 1, that is, those contained within [k + 2, n], are
identical for the zigzag modules V* and V~, since the two zigzag modules coincide

beyond the index k& — 1. O

Proposition 3.4.3. Let 7" and 7~ denote the types of zigzag modules V* and V—,

respectively. If we write
(by,ba, ... bp—1) =b(rH [,k —1]) =b(r [1,k —1])
for the birth time index up to time k — 1, then
b(rT[1,k+1]) = (k+ 1,by,..., by, k)
b(r7[1,k+1]) = (k, b1, ..., bg, k+ 1)
Similarly, if we write
(di,da, ... dp ) =d(rH[k+1,n]) =d(r" [k + 1,n])
for the death time index from time k + 1, then
d(7F[k —1,n]) = (k= 1,by,..., b, k)
d(77 [k —1,n]) = (k,by,... bk, k— 1)
Proof. Letty = 77[1,k—1] = 77[1, k — 1] be the type of V[1, k — 1], and let b(1p) =

(by,ba, ..., bk_1) be the corresponding birth time index. So, we have 771,k + 1] =
Tofg and 77 [1, k + 1] = 799 f.By the definition of birth time index, it follows that

b<7'+[1, k + 1]) = (l{? + 1,b1, ce ,bk_l, ]{3)
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b(r [Lk+1]) = (k,br, ... b1,k + 1)

Similarly, let 7o/ = 77 [k 4+ 1,n] = 77 [k 4+ 1,n],and let d(7o/) = (d1,da, . .., dp_k).
So, we have 77 [k 4+ 1,n] = fg7o/ ;and 7~ [k + 1,n] = g f7o/. By the definition of the

death time index, it follows that
d(7'+[k —1,n))=(k—1,d1,...,dp_s, k)

d(r [k —1,n)) = (ko dy, ..., dyi, k — 1)
O

Proposition 3.4.4. In the situation of Theorem 3.4.2. The Diamond Principle, the

following filtrations are equal:
R(V'[1,k+1]) =R(V [1,k +1])

L(V*[k — 1,n]) = L(V"[k — 1,n])

Proof. Consider the following diagram:

/\

Vi Vy e Vigt <+ 4

\/

Let V' and V~ denote two zigzag modules displayed in the above diagram:

p f P Pn
Vrn S L 8BV S W & Ve &5 8,

_ D g p Pn—
At VAN W VAN § NG /AN LEE NSV N 7

Given V* and V~, suppose that the middle diamond at indices {k + 1,k,k — 1} is
exact. Since above diamond is exact we have Im(D;) = Ker(D,) in the following

sequence

Uy D, Vi1 @ Viey LN Wi,
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where D;(u) = gr—1(u) @ fr(u) and Do(v @ v/) = fr_1(v) — gi(v1). for u € Uy,
NS ‘/]€+1, and v/ € V}C,l.

We can write
R(VI[1,k—1) =R(V [1,k—1]) = (Ry, Ry, ..., Rr_1)
By definition of the right filtration, it follows that
R(VF[Lk+1]) = (0,95 " fo1(Ro), -+ g5 " feo1(Ri—1), Viet1)
and,
R(VT[1L, &k +1]) = (0, frgity (Ro), - - s frgity (Ri1), Vi)
We know that R; < V,_; forall 0 <7 < k — 1. So, it is enough to show that
g fr1(Ri) = frgiti(Ri)
forany R; < Vi_1. Letz € Vjyq.

T € fkg,;ll(Ri) <= dy € Uy, 32z € R; suchthat fy(y) =rand g1 = 2

= Jy € Uy, 3z € R;suchthat D1 (y) =2z D x
= z @z € Im(Dy)
Conversely,
X € gk_lfk_l(Ri) < dz € R; such that fk_l(z) = gk(x)

<= dz € R;suchthat Dy(z @ ) = fr—1 — gx(z) =0
= Jz € R; such that z & = € Ker(Dy)

Since the middle diamond is exact, that is , Im(D;) = Ker(Ds), it follows that
Jrgeli(Rs) = g fre1(R:)

forany R; < V1.
For the second equality of the statement, we have L(V* [k —1,n]) = L(V~ [k —1,n]).

We can write
(Lo, ceey Ln+1—k—1) = (L()7 ceey Ln—k) = L(V+[k} + 1, n]) = L(V_[k? + 1, TL])
Then, by definition of left filtration

L(V+[k - 17 n]) = (07 fl:jlgk(LO)w LRI fk_jlgk(Ln—k)a Vk—l)
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L(V_ [k - 17 TL]) = (07 gk—lfk_l(LO)v s 7gk—1fk_1(Ln—k)a V;c—l)
We know that L; < V4 forall 0 < ¢ < n — k. So, it is enough to show that
Fitige(Ls) = g1 fr (L)
for any subspace L; < Vj4q. Letx € Vj_;.

T € gk—lfk_l(Li) <— Jzel;,yel, stgri(y)=xand fr(y) =2
<~ Di(y) =gr1(y) ® fr(ly) = x @ z for some z € L;
— r @z € Im(Dy)

Conversely,

v € fiho(Li) <= fr—1(x) = gi(2) for some z € L;
< Dy(z®z2) = fr1(x) — gr(z) = 0 for some z € L;

= x @ z € Ker(D,) for some z € L;

Since the middle diamond is exact, that is, Im(D;) = Ker(Dy), it follows that

gr—1fy ' (Li) = filige(Li)

for any L; < V1. Hence, we proved both equalities. [

3.4.2 The Strong Diamond Principle

The Diamond Principle can be effectively applied to the diagram of topological spaces

and continuous maps shown below.

Sy

U

X1<—>~~~<—>Xk_2<—>A B‘—’Xk—i-Q‘—"—’Xn

AN
/

. N\

Sy

N

The four maps in the diamond are inclusions; the other maps <— are arbitrary. Let

X* denote the upper zigzag diagram, and let X~ denote the lower zigzag diagram.

Theorem 3.4.5 (The Strong Diamond Principle). Given Xt and X~ as above. There
is a complete bijection between the multiset Pers(H«(X")) and Pers(H«(X"7)). Inter-

vals are matched according to the following rules:
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o [k, k] € Pers(H, 1 (X)) is matched with [k, k| € Pers(H;(X 7))
In the other cases, the matching preserves homological dimensions:

e Type |b, k] is matched with type [b, k — 1| and vice versa for b < k — 1
e Type [k, d] is matched with type [k + 1, d] and vice versa for d > k + 1
e Type [b, d] is matched with type [b, d] in all other cases.

Proof. For any [, apply the homology functor H; to the diagram. The middle diamond

becomes as follows:

H,(A) H, (AU B)

H,(A N B)

H,(B)
The middle diamond is exact by the Mayer-Vietoris Theorem, where
.o H(ANB) 2% H(A) e H)(B) 2% H(AUB) — ...

is an exact sequence. By the Diamond Principle Theorem 3.4.2., we have a partial

bijection in Pers(H; (X)) and Pers(H,;(X ™)) except for the intervals with type [k, k.
Now, consider the connecting homomorphism in the same Mayer-Vietoris sequence:
P HL(AUB) S H(ANB) 2

By exactness, 0 induces an isomorphism as follows:
Coker(Dy) = Ker(D;)
So, the [k, k] summands of Pers(H;, 1 (X)) span
Coker(Dy) = Mt (AU B) pp Ly
In addition, the [k, k] summands of Pers(H;(X™)) span Ker(D,).

Hence, by the exactness of the Mayer-Vietoris sequence, we can match the interval

[k, k] € Pers(H,1(XT)) with [k, k] € Pers(H;(X7)).
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CHAPTER 4

REAL-VALUED FUNCTIONS

The concept of zigzag modules is obtained by applying homology to a zigzag filtra-
tion and considering the induced linear maps, as discussed in Chapter 2. This chapter
introduces zigzag persistence and outlines its computational framework based on the
article "Zigzag Persistence and Real-Valued Functions" [2] by Gunnar Carlsson, Vin

de Silva, and Dmitriy Morozov.
A zigzag diagram of topological spaces is a sequence
X:X1<—>X2<—>X3(—>"'<—>Xn,1HXn

where each X is a topological space and each < is a continuous map. We distinguish

X; — X, are forward maps and X; < X, are backward maps.

Applying H,, the homology functor with coefficients in a field I, to the zigzag dia-

gram yields a zigzag diagram of vector spaces, also called a zigzag module:
H,(X) : Hy(X1) ¢ Hy(X2) < -+ <> Hy(Xo1) < Hy(X,).

The diamond principle describes the relationship between the persistent intervals of

two zigzag diagrams that differ by a single local change in [2] as follows:
We consider the following zigzag diagrams:
X XX o0 X 10U VeX e X,

Xo: X1 X160 U—->UUVEV o X X,
Xn ' Xie X1 o U—UNV 2V o X - X,

There exists a bijection:

Pers(&R) <> Pers(Xy)
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which transforms intervals according to the following rules:

For B € {Xl,Xg, oo, Xpo, U}
[B,U] < [B,UUV]

[B,UNV] + [B,U]

For D € {V, Xj12,..., X, }:
V. D] < [UUV, D]
[UNV,D] [V, D]

Otherwise:

(B, D] +» [B, D]

Exceptional case: (Dimension shift +1 in homology)
[UNV,UNV] € Pers,(X,) + [UUV,UUV]" € Pers,(Xy)

where the superscript + indicates that in homology this interval appears in di-

mension p + 1.

4.1 Level Set Zigzag Persistence

Let X be a topological space, and let f : X — R be a continuous function.

Definition 52. Let X be a topological space, and let f : X — R be a continuous

function. The level set at value ¢t € R is defined as
X, =f7'1).

Definition 53. Let X be a topological space, and let f : X — R be a continuous

function. The slices corresponding to an interval I C R is defined as
Xr=f1(D).

Definition 54. We suppose that the pair (X, f), where X is a topological space and

f + X — R s continuous, is of Morse type if the following conditions hold:
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o There exists a finite set of real numbers a; < as < --- < a,, called critical

values, such that each open interval

I €{(—o0,a1),(a1,as),...,(apn-1,ay), (an,o0)}

satisfies that the slice X; = f~!(I) is homeomorphic to the product Y x I,

where f corresponds to the projection onto the second factor /.
e Each homeomorphism Y x I — X extends to a continuous map
Y x T — X7,
where I denotes the closure of the interval I C R.

Example 4.1.1 (Height Function on the Torus). Let X = 72, and f : T? — R be the

height function with critical values a; < as < as < ay.

ay az as G4 X(aoﬂz) X(El,ﬂz)

Figure 4.1: A torus with four critical values, where the height function gives the real-

valued function in [6]]

Consider intervals:
[1 = <—OO,CI,1), [2 == <a17a2)7 [3 = <a27a3)7 [4 = <a37a4)7 [5 = <a47 OO)

Slices:
[ J XII = @

OijgSqXIQ

L] X]3 g(SIUSI) XIg

Now, let us analyze each slice:
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e Slice X, :

We take Y = (), and thus:

e Slice X,:
X[2 = f_l(lg) = Sl X ]2.

Here, we take Y = S', so this slice has the structure of a cylindrical band

wrapping around the torus.
e Slice X;,:
Xp, = fHI) = f ((ag, a3)) = (ST U SY) x Is.

We take Y = S! LI S1, corresponding to two disjoint circles moving along the

interval I5.

Definition 55 (Level Set Zigzag Persistence). Let (X, f) be a pair of Morse type.

Choose a sequence of real numbers s; such that
—00< 5 <A <8 <A< < Spq < Ay < Sy < 00,
where a1, as, . . ., a, are the critical values of f.
Using this sequence, we construct a zigzag diagram of topological spaces:
X: X0 Xj+ X > Xi o X" X,
where each space is defined by

ij = X[5i75j] = f71<[51'7 Sj])'
To highlight the role of critical values, we adopt the following labeling convention:

e Each X is associated with the critical value a;.

e Each X" corresponds to the regular interval containing it. For example, the
sequence
n n

0 1 n—1 n
X0, xh . Xl X
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corresponds to the intervals

(—o00,a1), (a1,a9), ..., (an_1,an), (an,0).

Zigzag persistence intervals of X are defined by taking the union of the labels of the
consecutive modules X! and X!, over which the interval is supported. As a result,
each persistence interval is associated with an open, closed, or half-open interval
on the real line. In practice, we translate between the X notation and critical value

notation based on [2] as follows:

(XX ] [asay forl1 <i<j<mn,
[Xi_ X020 o faga;) forl<i<j<n+l1,
X, X] ] e (as, a4 for0 <i<j<mn,
[XEXITH] 0 (a,a5) for0<i<j<n+1.
Here, we set ag = —oco and a,,41 = 400 to account for unbounded intervals. Such in-

finite or semi-infinite intervals arise naturally unless XJ = X" = (), which holds when

X is derived from a real-valued function defined on a compact topological space.

Definition 56 (Level Set Zigzag Persistence Diagram). Each interval of any of the
four types arising in level set zigzag persistence can be represented by a correspond-

ing point (a;, a;) € R2.

The collection of these points counted with multiplicity and labeled by type and ho-
mological dimension along with all points on the diagonal (i.e., a; = a;) in every
dimension taken with infinite multiplicity, is called the level set zigzag persistence

diagram, denoted by DgmZZ( f).

Remark 4.1.1 (Properties of Level Set Zigzag Persistence). Level set zigzag persis-
tence exhibits two fundamental structural properties, which follow almost directly

from the definitions:

e Locality: Let / C R be an interval. The zigzag diagram associated with the
slice X; = f~1(I), equipped with the restricted function f;, forms a subdia-
gram of the zigzag diagram for the original pair (X, f). As a result, there is a
bijection between the level set zigzag intervals of (X, f) that intersect /, and

those of (X, f1).
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e Symmetry: The level set zigzag persistence linked to (X, f) and (X, —f) are
reflections of another. Specifically, their corresponding zigzag diagrams are
isomorphic under reflection, and therefore, the level set zigzag intervals are in

one-to-one correspondence via this symmetry.

4.2 Pyramids

Definition 57. Given a Morse-type pair (X, f), we construct a commutative diagram
known as a pyramid. The nodes of this diagram consist of topological spaces or

relative pairs derived from the slices of X. More precisely:

(X3, X5 U X7?) with i < j
(X7, X{) withi < j (

\

7 X1 with i <
Xiwithi < j

The diagram is commutative and encodes how the various spaces and relative pairs

relate via inclusion maps or projections between slices.

Example 4.2.1 (Case n = 1 Pyramid Diagram). The pyramid diagram for the case
n = 1 illustrates the simplest nontrivial structure derived from a Morse-type function
with one critical value as follows:
(X5, X U X1) = (X5,0X)
kd x

’ N

’ N
’ N

XOaXO XOaXl)

\
N
N
N
N
N

(Z) (Z)

/\

Mayer—Vietoris pyramid for the levelset zigzag (n = 3) as below Figure 4.2:
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0 (X53X)  (XIX)  (X50X) 0

\/‘\/‘\/‘\/‘

N }\ /\ 3 (/\) 3/@
FNIN NI
A AVAN A
@(/XO’X\) v R ;w(@

\/‘\/‘\/‘\/‘

Figure 4.2: Pyramid for the levelset zigzag (n = 3) in [2]

Mayer-Vietoris pyramid for the levelset zigzag (n = 3). The two diagonals carry the
extended persistence of f (") and —f (). Every diamond has the Mayer-Vietoris
property. We use the shorthand f X=XU XU to keep the diagram small.

Definition 58 (Monotone Zigzags). The pyramid associated with a Morse-type pair
(X, f) yields many zigzag diagrams by selecting paths through its commutative struc-

ture.

Among these, monotone zigzags are those paths that proceed strictly from west to
east, without any backtracking. That is, the sequence of maps in a monotone zigzag

always advances in one direction through the diagram.
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These monotone zigzags have 2n + 1 nodes, excluding the initial and terminal ().

Theorem 4.2.1 ([2]]). Let (X, f) be of Morse type. Any two monotone zigzags Xy, Xo

in the pyramid diagram carry the same information in their persistent homology.

Moreover, there exists an explicit bijection between
Pers(H.(X1)) and Pers(H, (X)),

which respects the homological dimension, except for possible shifts of degree +1.

Proof. We can transform &) into X, through a sequence of diamond moves. Each
move makes a local adjustment to the diagram while preserving the global structure
of the persistence intervals. The births and deaths of intervals are tracked as they

move through these transformations.

In Theorem 3.4.5. of the previous chapter, the Strong Diamond Principle, we de-
scribed how zigzag persistence barcodes, i.e., persistence intervals, match after ap-
plying the homology functor to the two zigzag diagrams of topological spaces that

form a diamond.

Thus, we can identify the bijection between the persistence barcodes described in the
Strong Diamond Principle (Theorem 3.4.5) and the corresponding diamond regions

in the pyramid structure shown in Figure 4.2. [

In principle, the rules outlined in the proof of the Pyramid Theorem can be used to

determine the interval transformation law between any pair of monotone zigzags.

4.3 Stability

An important result in the study of persistent homology is the well-established stabil-
ity of persistence diagrams based on the article "Stability of Persistence Diagrams"
[3] by David Cohen-Steiner, Herbert Edelsbrunner and John Hare and stability of
extended persistence diagrams based on the article "Extending Persistence Using

Poincaré and Lefschetz Duality" [4] by David Cohen-Steiner, Herbert Edelsbrunner
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and John Harer. By leveraging the relationship between level-set zigzag persistence

and extended persistence, the former’s stability can be deduced from that of the latter.

Theorem 4.3.1 (Extended Persistence Stability Theorem [3]], [4]). Given two (Morse
type) functions f : X — Rand g : X — R, let

Then the bottleneck distance between their extended persistence diagrams is upper

bounded by the L., distance between them,

dp(Dgm,(f), Dgm,(g)) <.

It is not difficult to observe that the transformation between extended and level set

zigzag persistence preserves stability in terms of critical values.

Theorem 4.3.2 (Levelset Zigzag Stability Theorem [2]]). Given two (Morse type)
functions f : X — Rand g : X — Rwith 6 = ||f — gl|o, let DgmZZ,(f) and
DgmZZ,(g) be the p-dimensional persistence diagrams of the levelset zigzags of f

and g. Then
dp(DgmZZ,(f), DgmZZ,(g)) < 0.

Proof. As noted in [4], the Stability Theorem for extended persistence can be applied

individually to each subdiagram:

dp(Ord,(f), Ord,(g))
dp(Rel,(f), Rely(g))
dp(Ext,(f), Ext,(g))

where dp denotes the bottleneck distance.

IN

Y

o
o,
o

IN

IN

)

This observation, together with the transformation rules summarized, implies that
the intervals corresponding to ordinary and relative subdiagrams in level set zigzag

persistence are stable.

While a potential instability may arise from points in the extended subdiagram switch-
ing from those below the diagonal to those above it (i.e., crossing the diagonal), such

points are necessarily close to the diagonal. In that case, both the extended persistence
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diagram and the level set zigzag diagram enable these points to match with diagonal

points, which preserves stability.

Therefore, the transformation from extended persistence to level set zigzag persis-

tence maintains the stability of persistence diagrams.
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CHAPTER 5

CONCLUSION

In this thesis, we have presented a survey on Zigzag Persistence, exploring the math-
ematical structure and computation of zigzag persistence modules. In Chapter 1, we
showed a difference between ordinary persistence homology and zigzag persistence
and motivated the introduction of zigzag modules and zigzag persistence. In Chapter
2, we provided some background information about filtration and persistent homol-

ogy to introduce zigzag persistence.

Chapter 3 introduced the theory of Zigzag Persistence. In section 3.1, we formally
described a zigzag diagram of vector spaces. In section 3.2, we examined three signif-
icant topics: the Right Filtration Operator, Decomposition of Filtered Vector Spaces,
and Streamlined Modules. These contributed to the algorithm and theorem of the
decomposition of Zigzag modules. Next, in section 3.3, we introduced the Interval
Decomposition Theorem, which relates the decomposition of zigzag modules with
type 7 over the interval modules. We also examined the Diamond Principle and a
stronger version of it, which are foundational structural consequences of zigzag dia-

grams of vector spaces.

Chapter 4 presented the relationship between Zigzag Persistence and Real-Valued
Functions. We begin with level-set Zigzag Persistence, which captures topological
changes in sublevel sets of topological spaces. Next, we introduce Pyramids, a di-
agram of topological spaces or relative pairs derived from the slices of topological

space X. Finally, we present the stability of level-set zigzag persistence.

There are huge number of applications using standard algorithms for computing per-

sistence homology to real life problems. However, there are only a few applications
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of zigzag persistence like image processing and neural network analysis. For future
work, since there are freely available algorithms, one can try to widen the applications
of zigzag persistence. On the theoretic side, there is an algebraic stability for zigzag
persistence modules, which is obtained by extending a zigzag persistence module to
a two-dimensional persistent module which is block decomposable. One can explore
on this more and obtain stability results for derived categories of zigzag or multidi-

mensional persistence modules.
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