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Petroleum and Natural Gas Engineering, METU

Assoc. Prof. Dr. Ismail Durgut
Petroleum and Natural Gas Engineering, METU

Prof. Dr. Ömer Inanç Türeyen
Petroleum and Natural Gas Engineering, ITU

Date:08.07.2025



I hereby declare that all information in this document has been obtained and
presented in accordance with academic rules and ethical conduct. I also declare
that, as required by these rules and conduct, I have fully cited and referenced all
material and results that are not original to this work.

Name, Surname: Parviz Hasanzade

Signature :

iv



ABSTRACT

GENERATION OF UNSTRUCTURED PEBI-GRIDS FOR GEOLOGICAL
RESERVOIRS UTILIZING OFFSET CURVES WITH L-BFGS

OPTIMIZATION

Hasanzade, Parviz

M.S., Department of Petroleum and Natural Gas Engineering

Supervisor: Assoc. Prof. Dr. Ismail Durgut

July 2025, 84 pages

A well-constructed static model is essential for accurate reservoir simulations. Struc-

tured grids are easy to generate but often fail to conform to geological features or meet

the orthogonality conditions required by standard �ux approximation schemes. Un-

structured Perpendicular Bisector (PEBI) grids, by contrast, offer local orthogonality

and adaptability to complex geometries.

Part of the Voronoi seeds, which are called �xed seeds, are prede�ned to capture the

geological features, and the reservoir seeds that cover the rest of the reservoir are of-

ten placed using Delaunay triangulation. Reservoir seeds that are placed based on a

uniform random distribution, or utilizing a Cartesian grid, are relocated by the opti-

mization algorithms that calculate the seed positions with the most uniform Voronoi

cell distribution.

This study introduces a novel seed placement method that systematically honors geo-

logical constraints. Fixed seeds are �rst positioned along faults and wells. Reservoir

seeds are then generated and �ltered to avoid constraint violations. To improve initial

coverage, a polygon offsetting algorithm is applied to place seeds along inner offset
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curves of the domain. This offset-based approach reduces degenerate cases during the

boundary cell clipping and accelerates the energy function minimization that governs

grid compactness.

The proposed work�ow was tested on realistic geological models. Finally, a com-

pressible multiphase �ow simulation was conducted on both corner-point and PEBI

grids of a homogeneous reservoir to assess the impact on pressure distribution and

displacement behavior. Results demonstrate improved grid quality and simulation

accuracy, validating the effectiveness of the offset-based seed placement strategy for

PEBI grid generation.

Keywords: PEBI grids, polygon offsetting, Voronoi diagrams, reservoir simulation
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ÖZ

OFSET E �GR�ILER �I KULLANARAK JEOLOJ �IK REZERVUARLAR �IÇ �IN
L-BFGS OPT�IM �IZASYONU �ILE YAPISAL OLMAYAN

PEBI-GR�IDLER �IN �IN ÜRET �ILMES �I

Hasanzade, Parviz

Yüksek Lisans, Petrol ve Do�galgaz Mühendisli�gi Bölümü

Tez Yöneticisi: Doç. Dr. Ismail Durgut

Temmuz 2025 , 84 sayfa

Başar�l� bir statik model, do�gru bir rezervuar simülasyonu için kritik öneme sahiptir.

Yap�land�r�lm�ş �zgaralar kolayca üretilebilse de, genellikle jeolojik yap�lara uyum

sa�glayamaz veya standart ak� yaklaş�m şemalar�n�n gerektirdi�gi ortogonallik koşul-

lar�n� karş�layamaz. Buna karş�n, yap�land�r�lmam�ş Perpendicular Bisector (PEBI)

�zgaralar, yerel ortogonallikleri sayesinde karmaş�k geometrilere daha iyi uyum sa�g-

lar.

Voronoi noktalar�n�n bir k�sm�, sabit noktalar olarak adland�r�l�r ve jeolojik unsurlar�

(kuyular, faylar, çatlaklar) temsil edecek şekilde önceden tan�mlan�r. Geriye kalan re-

zervuar noktalar� genellikle Delaunay üçgenlemesiyle yerleştirilir. Uniform rastgele

da�g�l�ma göre veya Kartezyen �zgara kullan�larak yerleştirilen rezervuar noktalar�,

Voronoi hücrelerinin en düzgün şekilde da�g�lmas�n� sa�glayacak şekilde noktalar�n ko-

numlar�n� hesaplayan optimizasyon algoritmalar� taraf�ndan yeniden konumland�r�l�r.

Başlang�ç nokta yerleşimi, bu sürecin başar�s�n� önemli ölçüde etkiler.
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Bu çal�şma, jeolojik k�s�tlar� sistematik biçimde dikkate alan yenilikçi bir nokta yer-

leştirme yöntemi sunmaktad�r. Sabit noktalar faylar ve kuyular boyunca tan�mlan-

d�ktan sonra, rezervuar noktalar� üretilir ve sabit noktalar�n k�s�tlar�n� ihlal edenler

elenir. Ard�ndan, alan�n iç içe geçmiş ofset e�grileri boyunca nokta yerleştiren bir po-

ligon ofsetleme algoritmas� uygulan�r. Bu yaklaş�m, s�n�r hücrelerinin kesilmesinden

kaynakl� bozulmalar� azalt�r ve enerji fonksiyonunun minimizasyonunu h�zland�r�r.

Yöntem, gerçekçi jeolojik modellerde test edilmiştir. Ayr�ca homojen bir rezervuarda,

corner-point ve PEBI �zgaralar� üzerinde çok fazl� s�k�şt�r�labilir ak�ş simülasyonu

gerçekleştirilmiş ve bas�nç ile yer de�giştirme davran�ş� karş�laşt�r�lm�şt�r. Sonuçlar,

yeni yöntemin �zgara kalitesini ve simülasyon do�grulu�gunu art�rd��g�n� göstermekte-

dir.

Anahtar Kelimeler: PEB�I �zgaralar�, çokgen ofsetleme, Voronoi �zgaralar�, rezervuar

simülasyonu
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CHAPTER 1

INTRODUCTION

Over the last few decades, reservoir modeling and simulation have become funda-

mental tools in petroleum engineering, enabling the forecasting of �uid dynamics in

porous media and enhancing hydrocarbon extraction.

As the global energy landscape evolves, reservoir simulation has moved beyond tra-

ditional petroleum applications. Its approaches are now increasingly utilized in sus-

tainable energy and environmental initiatives, such as carbon sequestration projects

and geothermal reservoir engineering. Regardless of the application, simulation re-

quires solving �ow equations over the entire reservoir. Since these �ow equations are

mostly nonlinear and dif�cult to solve analytically, numerical methods are employed

for temporal and spatial discretization.

Finite-difference, �nite-element, and �nite-volume methods can be used to develop

discretization schemes for partial differential �ow equations over the spatial domain.

Nevertheless, in the industry, the �nite-volume method's two-point �ux-approximation

(TPFA) scheme is primarily used due to its ease of construction and lower computa-

tional cost.

All discretization schemes are formulated on grids, which are tessellations of a planar

or volumetric object using a series of connected basic shapes, or cells. As pointed out

by Aziz [9], available computational power in the early days of simulation limited

grid resolution and type, leading to the predominant use of Cartesian or cylindrical

grids. However, with advancing technology, constraints on grid geometry and size

have been dramatically relaxed, and various gridding methods have been developed.

Grids are characterized by their geometry and topology. Geometry refers to the phys-
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ical dimensions, shapes, and spatial placement of cells. Topology, on the other hand,

captures the logical structure of the grid, including how cells are connected, which

faces are shared between neighboring cells, and how these relationships de�ne the

overall grid connectivity.

Structured grids, such as Cartesian and rectilinear grids, are formed by a regular pat-

tern of a single shape, where connectivity is constant and does not need to be stored

explicitly. Therefore, the indices of the vertices and their connectivity can be deter-

mined through simple arithmetic. On the other hand, unstructured grids may have

varying cell shapes throughout the grid, and their connectivity must be stored explic-

itly, since the number of cells sharing the same vertex is unknown. Moreover, the

indices of the cells cannot be found arithmetically. Commonly used unstructured grid

types include Delaunay triangulations and Voronoi diagrams.

Regular, orthogonal Cartesian grids have the disadvantage of not conforming pre-

cisely to geological features. A higher number of cells is required to improve confor-

mity. However, regular grids contain cells that meet orthogonality conditions, making

them advantageous for using the TPFA scheme in transmissibility calculations.

To obtain grids that conform precisely to geological features and include faces that

follow those features, corner-point geometry is widely used in the industry. A corner-

point grid consists of hexahedral cells that are topologically aligned in a Cartesian

fashion so that the cells can be numbered using logicalijk indices, and the vertices

of the cells are de�ned along vertical or inclined pillars.

To align the reservoir grid with the outer shape of the reservoir using corner-point

geometry, one has two options: either use the concept of a �ctitious domain or align

the corner points of cells along the boundaries [1]. Fictitious domains involve creat-

ing a grid that covers a larger volume than the actual reservoir and then inactivating

the cells outside the domain. This method causes a step-like appearance and only

approximate conformity. Alternatively, since the corner points of cells on the pillars

can be speci�ed explicitly, cell faces can be aligned with subsurface features. Sim-

ilarly, geological features inside the reservoir, including faults, can be represented

using either stair-stepped cells or exactly conforming cell faces. However, the latter

method introduces several degenerate cases: non-orthogonal cells, collapsing cells
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along pinch-outs, non-neighboring connections, etc. Even in a reservoir that is ho-

mogeneous and isotropic in terms of permeability, such non-orthogonal cells cause

the simple TPFA discretization scheme to deviate from the true solution, as seen in

the Figure1.1a. TPFA only converges for K-orthogonal grids, and it is de�ned by the

orthogonality of the grid and the principal axes of the diagonal permeability tensor

aligning with the local coordinate axes.

Although TPFA is the default discretization scheme in most simulation software, al-

ternative schemes can be speci�ed. In the industry-standard reservoir simulation soft-

ware ECLIPSE, the Multi-Point Flux-Approximation (MPFA) scheme can be used by

specifying the appropriate keyword in the data �le. MPFA does not require the grid

to be K-orthogonal, unlike TPFA. For a corner-point grid in 2D, MPFA uses a 9-point

discretization, whereas TPFA uses only a 5-point scheme. To reduce the resulting

increase in computational cost, TPFA is recovered when the permeability tensor con-

dition is satis�ed and the grid is suf�ciently orthogonal based on a prede�ned error

threshold [10].

On the other hand, PEBI grids offer the advantage of being locally orthogonal and of

conforming precisely to geological features. PEBI grids were introduced to petroleum

simulation in the late 1980s, and several researchers have analyzed and published their

applications for local grid re�nement in Cartesian grids, full reservoir gridding, and

have developed various discretization schemes for such grids [11] [12] [13].

Since real-world reservoirs are generally anisotropic and heterogeneous, being locally

orthogonal may not be suf�cient for TPFA. If the principal directions of the perme-

ability tensor are not aligned with the local coordinate axes, additional steps—such as

K-orthogonal grid construction—can be taken to ensure TPFA converges to the true

solution as grid resolution increases. In [14], Gunasekera et al. identify two main

K-orthogonal grid construction methods: one involves generating K-orthogonal bi-

sectors of the Delaunay triangulation of the domain, while the other makes use of a

computational domain whose orthogonality corresponds to the K-orthogonality in the

physical domain. The construction of such grids is beyond the scope of this thesis;

see the cited article for further details.

To our knowledge, some software—such as the third-party UPR module of MRST—requires
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(a) (b)

Figure 1.1: Pressure distributions for a symmetric single-phase �ow problem solved

with MRST on two different grids, representing a homogeneous and isotropic reser-

voir with two producers at the bottom and one injector at the top. (a) shows the TPFA

solution on a skewed grid, which is not K-orthogonal and therefore exhibits grid ori-

entation effects. (b) shows the solution on a PEBI grid, which is locally orthogonal,

resulting in a symmetric pressure distribution. Adapted from [1].

either speci�c Voronoi seeds to construct PEBI grids followed by iterative Newton al-

gorithms for optimization, or uses algorithms likeDistMesh to generate a Delaunay

triangulation based on a distance function, with the Voronoi diagram constructed as

the dual. Alternatively, Cartesian grid or uniform random distribution may be used

for seed placement.

Due to the complexities of using secondary grids and the drawbacks of using uniform

random distribution, we propose the use of the polygon offsetting algorithm to auto-

matically construct seeds for two-dimensional reservoir geometries. This technique

also provides more regularly spaced initial points for optimization algorithms, which

can ease convergence. A separate seeds placement methodology is applied to ensure

conformity with speci�ed faults and horizontal/vertical wells, if provided.

While the software generates two-dimensional Voronoi grids, these can be extended

vertically along prede�ned pillars going through the cell vertices to form so-called

2.5D grids, a concept widely recognized in the reservoir modeling literature.
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In this thesis, we begin by providing the necessary background on Voronoi diagrams

and polygon offsetting algorithms, followed by a review of prior work on seed place-

ment strategies for both reservoir interiors and geological features such as faults and

wells. We then describe the optimization procedures employed to enhance the uni-

formity of the Voronoi cells by minimizing an energy function that quanti�es the

compactness of the diagram. After outlining the full work�ow implemented in the

developed software, we demonstrate its application by generating initial Voronoi dia-

grams using both random and offset-based seed placement methodologies across var-

ious reservoir models. In addition to synthetic test cases and geometries introduced

in prior literature, we utilize corner-point grids from open-source Norwegian �eld

datasets to benchmark and compare the performance of the methodologies. The op-

timization results obtained using �xed-point iteration (Lloyd's method) and limited-

memory quasi-Newton (L-BFGS) methods are then analyzed, with particular atten-

tion to the in�uence of geological constraints on convergence and �nal grid quality.

Lastly, we investigate the implications of using the resulting PEBI grids in �ow sim-

ulations by applying various discretization schemes available in the MATLAB Reser-

voir Simulation Toolbox (MRST).
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CHAPTER 2

LITERATURE REVIEW

2.1 Voronoi Diagrams

Voronoi diagrams form the geometric foundation of the grid generation strategy de-

veloped in this thesis. This section introduces their historical background, mathemat-

ical de�nition, and key properties relevant to computational modeling and reservoir

simulation.

2.1.1 Introduction

Long before the formal de�nition of Voronoi diagrams, several mathematicians used

similar structures in their analyses across different �elds. Johannes Kepler, René

Descartes, and a British physician John Snow are among them. Therefore, it is not

surprising that Voronoi diagrams are referred to by various names, including Dirichlet

tessellations, Wigner-Seitz zones, and PEBI grids.

Voronoi diagrams carry the name of the Russian mathematician Boris Georgy Feo-

dosevich Voronoi, whose work strongly in�uenced another prominent Russian math-

ematician, Boris Nikolaevich Delone (Delaunay), the son of one of Voronoi's col-

leagues [15]. One of the earliest appearances of a Voronoi-like structure is found

in "Principia Philosophiae" by René Descartes, published in 1644 [2], where he used

such tessellations to argue that the distribution of matter in the universe forms vortices

centered at �xed stars [16].

Aurenhammer, in his article [17], attributes the popularity of Voronoi diagrams to

three main factors: their natural occurrence in a variety of contexts, their intriguing
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mathematical properties and connections to various geometric structures, and their

utility as a powerful tool in solving computational problems across multiple �elds.

Figure 2.1: Diagram drawn by René Descartes in "Principia Philosophiae" [2].

2.1.2 Theory

A Voronoi cell of a given seed is de�ned as the set of all points that are closer to that

seed than to any other. Each Voronoi cell is convex and possibly unbounded. The

union of all Voronoi cells covering a given domain is called a Voronoi diagram or tes-

sellation. The mathematical formulation for an ordered set of seedsX = f x i gk
i =1 in a

connected, compact region
 � RN is as follows. The Voronoi cellVi corresponding

to the seedx i 2 X is de�ned by

Vi = f x 2 
 j kx � x i k � k x � x j k; 8j 6= ig; (2.1)

wherek � k denotes the Euclidean norm inRN .

This de�nition implies that any point on the boundary between neighboring cells is

equidistant from both, which is also why this type of grid is referred to as a general-

ized distributed point grid [18].

Another important property of Voronoi diagrams is their dual relationship with the

Delaunay triangulation. As described in [19], this duality is de�ned through a one-to-

one correspondence between the faces of the Voronoi diagram and those of the De-

launay triangulation, such that inclusion relationships are reversed. Speci�cally, for
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a given set of seeds, the circumcenters of the Delaunay triangles become the vertices

of the corresponding Voronoi cells, while the triangle vertices represent the generat-

ing seeds of the Voronoi diagram, as illustrated in Figure 2.2. This geometric duality

is a foundational concept in computational geometry and plays a key role in mesh

generation, numerical discretization, and interpolation techniques.

Figure 2.2: For the set of seeds shown as red dots, black lines represent Voronoi cells,

and dashed blue lines represent the Delaunay triangulation.

In his work published in 1934, Boris Delone (Delaunay) de�ned Delaunay triangles

based on the empty circumcircle property [20]. For a given set of pointsZ , a triangle

is considered Delaunay if its vertices belong toZ and its circumcircle contains no

other points fromZ. A Delaunay triangulation ofZ is a triangulation in which every

triangle satis�es this condition. The Delaunay triangulation is unique if and only if

no four points inZ lie on the same empty circumcircle [19]. The duality between

Delaunay and Voronoi structures ensures that Voronoi cells are locally orthogonal,

and the seeds become centroids in the case of centroidal Voronoi diagrams. Voronoi

grids are better suited for reservoir simulation problems than Delaunay triangulations.

As stated in [1], the Delaunay triangulation can also be characterized by the max–min

angle criterion: it maximizes the smallest angle among all angles in the triangulation

while minimizing the size of the largest circumcircle.

For a Voronoi grid of point sets inRN , the(N � 1)-dimensional Voronoi faces and

the hyperplanes connecting adjacent seeds are orthogonal to each other. In 2D, this

means the edges of Voronoi cells are perpendicular to the lines connecting neighbor-
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ing seeds. Therefore, the Voronoi grid is commonly referred to in the industry as the

Perpendicular Bisector (PEBI) grid.

Unfortunately, the complexity of petroleum reservoirs is not limited to non-convex

external boundaries or vertical features such as pinch-outs. A reservoir may also

contain a combination of vertical and horizontal wells, faults, and possibly their in-

tersections. Since working in 3D requires handling surfaces instead of lines (as in

2D), generating grids that conform to geological features becomes much more chal-

lenging from an algorithmic standpoint. As a result, it is common to use an areal

grid that conforms to the main horizon and then extend it along selected pillars that

pass through the cell vertices to create so-called 2.5D grids [7]. These pillars can be

vertical, inclined to align with faults, or connect the vertices of areal meshes de�ned

on different reservoir horizons [1]. 2.5D grids offer the advantage of combining the

�exibility of Voronoi diagrams in the horizontal plane with the simplicity of Cartesian

topology in the vertical direction.

2.1.3 Algorithms and Voro++

Due to the broad applicability of Voronoi diagrams across various �elds, multiple

algorithms and software libraries have been developed to compute them. MATLAB

provides functions that employ different algorithms for generating Voronoi diagrams.

The built-in functionvoronoin uses the Qhull algorithm to construct Voronoi di-

agrams for a given set of seeds, as described in [21]. In contrast, the UPR module

of the MATLAB Reservoir Simulation Toolbox [7] offers theclippedPebi2D and

pebi functions, which generate two-dimensional clipped Voronoi diagrams as the

dual of a Delaunay triangulation. Additionally, theclippedPebi2D function is

used iteratively within theCPG2Dfunction to construct Centroidal Voronoi Diagrams.

Beyond MATLAB, the open-source C++ libraryCGAL(Computational Geometry

Algorithms Library) provides ef�cient implementations of computational geometry

algorithms, including Voronoi diagram construction, triangulation, and convex hull

generation [22]. These algorithms typically return a complete Voronoi mesh corre-

sponding to the input set of points.

Prof. Rycroft introduced the open-source C++ libraryVoro++ in 2009 [23], which
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uses a unique approach to constructing Voronoi diagrams by computing each cell

independently. After computing a cell, the algorithm stores its geometry along with

topological information, such as vertices, neighbors, and centroids, before proceeding

to the next. This methodology makes Voro++ particularly well suited for applications

involving large particle systems, especially those with non-standard boundary condi-

tions.

Because each cell is computed independently, the algorithm is naturally suited for par-

allel computing. In 2023, Lu et al. introduced an extension that enhances Voro++'s

parallelization capabilities [24]. Their study highlights several advantages of this cell-

based approach, including signi�cant memory savings, improved cache ef�ciency,

and suitability for parallel execution. However, they also note a potential drawback:

since each cell is computed separately, minor �oating-point errors can lead to incon-

sistencies in face and edge topologies.

Despite these potential challenges, Voro++ has been successfully integrated into sev-

eral other software packages, includingVoroTop [25], LAMMPS[26], andOVITO

[27], further demonstrating its robustness and versatility.

A detailed description of the Voro++ algorithm is given in [24], but here we pro-

vide a brief overview. Voro++ can compute Voronoi diagrams in 2D and 3D us-

ing C++ classes that contain the necessary data structures and routines. We use

Voro++ to generate 2D Voronoi diagrams, focusing on the classescontainer_2d ,

voronoicell_2d , andvoro_compute_2d . The rectangular domain contain-

ing all Voronoi seeds is represented by thecontainer_2d class. This domain is

divided into smaller rectangular subdomains to facilitate sorting and accessing seeds

for further calculations. An example of such a domain and its subdivisions is shown

in Figure 2.3a. Thevoronoicell_2d class represents a single convex Voronoi

cell and includes routines such asplane() to update geometry and topology after

each half-space removal, when a seed that in�uences the cell is encountered.

Voro++ also includes the classvoro_compute_2d , which contains routines for

computing Voronoi cells from neighboring seeds within the rectangular domain. Since

only nearby seeds can in�uence a given cell's geometry, it is inef�cient to consider

all seeds. To improve ef�ciency, two tests are used to terminate the algorithm early.
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The �rst and fastest is the radius test: the longest distance between any vertex of the

current cell and its generating seed is denoted as the radiusR. Only the seeds within

a circle of radius2R are considered, as more distant seeds cannot affect the cell.

However, this test does not account for direction. For example, if a seed is near the

domain boundary, a vertex may be farther away on the edge, causing the2R circle

to encompass most of the domain. In such cases, the radius test fails to eliminate

irrelevant seeds. This scenario is referred to as extended Voronoi cells [24].

When this occurs, the algorithm proceeds to the block test. Using a sequence of half-

space intersection tests based on the corners of each block, it determines whether any

seed within that block can affect the current Voronoi cell [24]. This test is direc-

tionally sensitive but slower to compute. Therefore, Voro++ adopts a hybrid strategy

combining both tests to ensure ef�cient computation.

As explained by Prof. Rycroft in [23], to tessellate domains other than rectangles,

one must de�ne wall objects. Each wall requires two routines:point_inside()

to test whether a point lies within the wall, andcut_cell() to clip the Voronoi cell.

Each wall is essentially a plane; curved boundaries can be approximated by multiple

planes, assuming appropriate routines are de�ned. However, due to the data structure

of thevoronoicell class, non-convex domains cannot be handled directly, as they

may result in non-convex Voronoi cells. In our experience, such non-convex cells

typically occur only when the number of cells is very small, which is rarely the case

in reservoir simulations. Moreover, wall objects can be utilized if the non-convex

domain is decomposed into convex subdomains, each tessellated separately and later

combined. In 2025, the introduction of theTrime++ software brought an alternative

methodology to enable tessellation within arbitrary domains.

However, in our implementation, we use neither wall objects nor the methodology de-

scribed in [28]. Instead, a rectangular box containing the reservoir domain is provided

to Voro++ at each iteration of centroidal Voronoi diagram generation. While Voro++

computes the cells that tessellate the entire rectangular domain, the separate clipping

algorithm is invoked whenever a calculated cell intersects the boundary. The cell is

then clipped to �t the reservoir domain, ensuring compatibility even for non-convex

geometries.
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(a) (b)

Figure 2.3: Visualization of the seeds generated with the offset-based algorithm prior

to the optimization and the Voronoi diagram generated by Voro++ for the same seeds

without any clipping (b) for the simpli�ed top layer of the arti�cial reservoir. Rectan-

gles in (a) represent the subdomains used by Voro++ for sorting and accessing seeds.

2.1.4 Centroidal Voronoi Diagram

The centroidal Voronoi diagram (CVD), or tessellation, is a special type of Voronoi

diagram in which the seeds of the Voronoi cells coincide with their centroids [7].

Liu et al., in their article published in 2009, de�ne centroidal Voronoi diagrams from

two perspectives: geometric and variational characterizations [29]. The geometric

characterization de�nes CVD as a solution to equations that require each Voronoi

generating seed to coincide with the centroid of its cell [29]. For a Voronoi cell

Vi � RN corresponding to a seedx i , and a density function� de�ned over the domain


 , the centroid ofVi is given by:

x i = x �
i =

R
Vi

y� (y) dy
R

Vi
� (y ) dy

: (2.2)

Since the geometry of the Voronoi cellVi depends on all the seeds of the tessellation,

these equations are nonlinear [29]. The density function demonstrates which parts of

the domain are more important and thus require re�nement.

The variational point of view �rst de�nes the energy functionF and describes CVD

as a critical point of that function. For a tessellationV � RN with Voronoi cells

f Vi gk
i =1 constructed by seedsf x i gk

i =1 and a density function� (�), the energy function
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F is de�ned as [30]:

F ((x i ; Vi ); i = 1; : : : ; k) =
kX

i =1

Z

y 2 Vi

� (y )jy � x i j2 dy: (2.3)

(a) (b)

Figure 2.4: Comparison of Voronoi cell uniformity in a rectangular domain with a

constant density function: (a) Voronoi diagram generated from 500 seeds placed using

a uniform random distribution; (b) centroidal Voronoi tessellation (CVT) obtained by

minimizing the energy function via the L-BFGS algorithm, starting from the same

initial seed positions.

The gradient of the energy functionF with respect to the Voronoi seeds is given

as [30]:
@F
@x i

= 2mi (x i � ci ); (2.4)

wheremi denotes the mass and is de�ned by

mi =
Z

Vi

� (x) dx: (2.5)

By calculating the integral of the density function over cells, the mass of a cell is

the total amount of density inside it, telling us how much “weight” that area has.

The energy function of each Voronoi cell expresses its compactness, or moment of

inertia [29], and it is minimized when the seed coincides with the centroid of the cell.

According to Liu et al., a Voronoi tessellation over a compact domain is a centroidal

Voronoi diagram (CVD) if the seeds correspond to the critical points of the energy

function, and it is a stable CVD if the seeds are local minimizers of that function [29].
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The units of the density function depend on the application; in this thesis, it is gen-

erally treated as a constant, unitless function. Under this assumption, the unit of the

mass function ism2, and the unit of the energy function ism4, assuming all distances

are expressed in metres.

Characteristics of the centroidal Voronoi diagram are important for many �elds. As

stated by Liu et al., in sampling theory, using centroidal Voronoi tessellations ensures

that every samplex i represents and approximates the same amount of information.

CVT is also relevant to petroleum engineering from two perspectives. First, as in

sampling theory, each cell represents a discrete part of the reservoir, and similar cell

geometries help ensure uniform representation of reservoir properties. Second, hav-

ing regular side lengths and angles minimizes discretization errors and degeneracies.

For an extensive description of centroidal Voronoi tessellations and their applications

in �elds such as data compression, clustering analysis, and phenomena observed in

nature (e.g., territorial behavior of animals), one can refer to [30].

Since the equations equating Voronoi seeds to cell centroids are nonlinear, as de-

scribed above, analytical solutions are dif�cult to obtain. Therefore, both proba-

bilistic and deterministic methods are employed. Examples of probabilistic meth-

ods include randomk-means andm-sample algorithms that use random sampling

and Monte Carlo simulations. For more detail, see [30]. On the deterministic side,

prior to the proof ofC2 smoothness of the energy functionF by Liu et al. [29], the

�xed-point iteration method or its variations were commonly used [31].

The �xed-point iteration method, also known as the Lloyd's method, can be viewed as

a gradient descent method that decreases the energy function without step-size control

and exhibits a linear convergence rate [29]. The algorithm consists of repeatedly

moving an initial set of seeds to the centroids of their corresponding Voronoi cells,

resulting in slow convergence.

Liu et al. showed in 2009 that the energy functionF is alwaysC2 smooth with

respect to the Voronoi seeds for convex and compact regions, and almost always for

nonconvex domains [29]. ForC2 smoothness to fail, some part of the boundary would

need to be tangent to a face of a Voronoi cell [29]. However, this is rarely an issue, as
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boundaries typically do not become tangent to cell faces when a suf�cient number of

seeds are used for optimization [29].

Following the proof ofC2 smoothness of the energy function, Newton and quasi-

Newton methods began to be employed to accelerate the minimization process.

2.2 Optimization

This section introduces the mathematical foundation for the optimization techniques

employed in this thesis. It begins with a general overview of unconstrained opti-

mization problems, then presents Newton-type methods, which are used to iteratively

improve Voronoi seed con�gurations by minimizing an energy function.

2.2.1 Introduction

Unconstrained optimization problems aim to �nd a solution to the following formu-

lation:

min
x

f (x); (2.6)

wherex 2 Rn is ann-dimensional real-valued vector withn � 1 components, and

f : Rn ! R is a smooth objective function [32].

Although the goal is to identify a global minimizer off (x), practical algorithms typ-

ically yield only local minimizers due to the potential complexity and nonconvexity

of the function. A (weak) local minimizer is a pointx � such that for everyx in its

neighborhoodN , the inequalityf (x � ) � f (x) holds. If the inequality is strict for all

x 6= x � in N , thenx � is referred to as a strict local minimizer [32].

Newton-type methods address such optimization problems by locally approximating

the objective function using a quadratic model derived from a second-order Taylor

expansion. The minimizer of this quadratic approximation determines the next iterate

in the optimization process. From the perspective of centroidal Voronoi diagrams,

Taylor's expansion can be used to approximate the energy functionF under a small
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perturbation in the coordinates of the Voronoi seeds,� X , as:

F (X + � X ) � F (X ) + � T
X r F +

1
2

� T
X H � X ; (2.7)

wherer F is the gradient andH is the Hessian matrix of the energy functionF [29].

The quadratic approximation is expressed in terms of the search directionpk . At its

minimizer, the gradient with respect to this direction,r pf (xk + p), should vanish.

For a smooth objective functionf (x), this condition yields:

r pf (xk + p) = r f (xk) + r 2f (xk)p = 0: (2.8)

Thus, the Newton search directionpk at iterationk is found by solving:

r 2f (xk)pk = �r f (xk): (2.9)

The subsequent iterate is then computed as:

xk+1 = xk + � kpk ; (2.10)

where� k denotes the step length, typically chosen to satisfy the Wolfe conditions.

For more detail, see [32].

To ensure convergence to a local minimizer, certain conditions must be met. If the ob-

jective functionf is twice continuously differentiable (C2 smooth) in an open neigh-

borhood around a pointx � , and if it satis�es:

r f (x � ) = 0 and r 2f (x � ) � 0;

thenx � is a strict local minimizer off (x), according to the second-order suf�cient

condition for optimality [32].

2.2.2 Quasi-Newton Methods and BFGS

For large-scale optimization problems, computing the exact Hessian matrix can be

expensive in both time and memory. Quasi-Newton methods address this by approx-

imating the Hessian using information from previous iterations.

Rather than computing the Hessian directly, these methods construct an approxima-

tion using changes in gradients and positions. Speci�cally, they utilize curvature in-

formation derived from previous steps to iteratively update the Hessian estimate [7].
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These methods satisfy the secant (or quasi-Newton) equation. Letsk = xk+1 � xk

andyk = r f (xk+1 ) � r f (xk); then the secant equation is given by:

Hk+1 sk = yk : (2.11)

Although the Hessian is only approximated, quasi-Newton methods still require the

objective function to be twice continuously differentiable (C2-smooth) to ensure con-

vergence [29].

Among quasi-Newton methods, the BFGS (Broyden–Fletcher–Goldfarb–Shanno) al-

gorithm is one of the most widely used. It updates the Hessian matrixHk at iteration

k + 1 as follows [33]:

Hk+1 = Hk �
(Hksk)(Hksk)T

sT
k Hksk

+
ykyT

k

yT
k sk

: (2.12)

However, in practice, it is often more ef�cient to update the inverse of the Hessian,

since the search direction requires solving a linear system involving that inverse. To

avoid explicitly computing the inverse at each step, the Sherman–Morrison formula

is used. This formula provides an ef�cient way to update the inverse of a matrix

perturbed by a rank-one modi�cation [33]. For an initial matrixA whose inverse is

known, the inverse of̂A = A � uvT is given by [33]:

Â � 1 = A � 1 + � (A � 1u)(vT A � 1); (2.13)

where� = 1
1� vT A � 1u .

Following a similar principle, the BFGS algorithm updates the inverse HessianBk =

H � 1
k directly. The update rule is given by:

Bk+1 =
�
I �

skyT
k

yT
k sk

�
Bk

�
I �

yksT
k

yT
k sk

�
+

sksT
k

yT
k sk

: (2.14)

With this updated inverse Hessian, the search direction is computed as:

pk = � Bkr f (xk): (2.15)

Quasi-Newton methods like BFGS allow ef�cient minimization without computing

the exact Hessian at each iteration, while still achieving superlinear convergence rates

under suitable conditions [32].
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2.2.3 Limited-Memory BFGS

In large-scale optimization problems, the inverse Hessian matrix computed at each

iteration becomes dense. Storing and updating a densen � n matrix is computation-

ally infeasible whenn is large. Limited-memory quasi-Newton methods address this

challenge by retaining vectors from only the lastm iterations, typically using vectors

sk , yk , and an initial inverse Hessian approximationB0, without explicitly storing the

full Hessian matrix.

Instead of computing or storingBk directly, the limited-memory BFGS (L-BFGS)

algorithm implicitly represents the inverse Hessian using a compact recursive for-

mula. This makes L-BFGS particularly well suited for large-scale problems, such as

minimizing the energy function for a high number of Voronoi cells.

In addition tosk andyk , we de�ne� k = 1=(yT
k sk) andVk = I � � kyksT

k . Using them

most recent pairs(sk ; yk), the inverse Hessian at iterationk + 1 can be approximated

as [29]:

Bk+1 =
�

V T
k � � � V T

k� M̂

�
B0

�
Vk� M̂ � � � Vk

�

+ � k� M̂

�
V T

k � � � V T
k� M̂ +1

�
sk� M̂ sT

k� M̂

�
Vk� M̂ +1 � � � Vk

�

+ � k� M̂ +1

�
V T

k � � � V T
k� M̂ +2

�
sk� M̂ +1 sT

k� M̂ +1

�
Vk� M̂ +2 � � � Vk

�

+ � � �

+ � ksksT
k ;

(2.16)

whereM̂ = min f k; m � 1g.

Liu et al. [29] report that the L-BFGS algorithm computes the search direction using

only O(mn) operations, wheren is the dimension ofx. This is signi�cantly more ef�-

cient than theO(n2) cost associated with classical BFGS, which explicitly constructs

and applies the inverse Hessian via matrix-vector multiplication.

The initial inverse Hessian approximationB0 can vary at each iteration. A commonly

used choice is:

B 0
k =

sT
k� 1yk� 1

yT
k� 1yk� 1

I;

which scales the identity matrix based on local curvature information [7].
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2.3 Polygon Offsetting

Polygon offsetting is a geometric operation that generates contours at a �xed or vari-

able distance from a given shape. This concept plays a central role in the seed genera-

tion strategy developed in this thesis. The following section introduces the de�nitions

and types of offset curves, along with their mathematical properties and applications,

and �nally frequently used algorithms to construct such curves.

2.3.1 Introduction

A constant-radius offset curve of a polygonP = ( v1; v2; : : : ; vn ), where each vertex

vi 2 R2, is de�ned as the set of all points lying at a �xed distancer from P. These

curves consist of straight-line segments and circular arcs: the straight segments cor-

respond to the edges of the polygonP, while the arcs are generated at re�ex ver-

tices—those with interior angles greater than� [34].

Because each point on the offset curve maintains a constant distance from the original

polygon, the curve is also referred to as a rounding or constant-radius offset curve.

An alternative approach is the mitered offset, which avoids circular arcs by extending

offset segments until they intersect.

It is also possible to de�ne a variable-radius offset curve for a contourP, where the

distancer varies such that the set of points maintains a weighted distance ofr from

P [3]. The weighted distance between a pointa 2 R2 and the original contourP is

de�ned as:

dw(a;P) = min
b2 P

dw(a; b); (2.17)

wheredw(a; b) is the Euclidean distance between pointsa andb, divided by the cor-

responding weight ofb [3]. A constant-radius offset curve is a special case of the

variable-radius curve in which all points on the original contourP share the same

weight.
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Figure 2.5: For a red straight line segmentpq: (a) constant-radius and (b) variable-

radius offset curves. Adapted from Held et al., 2024 [3].

2.3.2 Applications

Polygon offsetting �nds widespread application across diverse �elds, including geo-

graphic information systems (GIS) and computer-aided manufacturing (CAM).

In the �eld of CAM, Díaz et al. employed polygon offsetting to optimize tool paths

for virtual CNC training simulations [35]. Traditional CNC mill training often in-

volves either rote memorization of procedures or hands-on interaction with machin-

ery, which can pose safety risks. Virtual simulations offer a safer, interactive learning

environment. Instead of using voxel-based meshes to represent the cutting material,

Díaz et al. [35] utilized theClipper library's clipping and offsetting capabilities

to generate smoother and more ef�cient simulation meshes. Clipper enabled them to

avoid the complexity of voxel representations while maintaining geometric �delity.

In GIS, offsetting—commonly known as buffering—can be implemented using either

constant or variable radii. Use cases include modeling noise propagation along trans-

portation networks, automatic map labeling [36], and de�ning navigation corridors

for air and marine traf�c [3].

Polygon offsetting is also crucial in generating21
2D cutting paths, where the tool path

must be offset from the boundary contour to prevent gouging or cutting beyond the

desired pocket boundaries [37].
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2.3.3 Algorithms

Due to its applicability across various �elds, numerous algorithms have been devel-

oped for the ef�cient construction of offset curves. We focus here on general algo-

rithms for generating two-dimensional inner offsetting curves.

Burton [37] categorizes polygon offsetting algorithms into three main types: pairwise

algorithms that generate and modify raw offset curves, methods based on Voronoi

diagrams and the medial axis, and pixel-based approaches. Pixel-based methods are

particularly useful when the dataset is rasterized, as in many GIS applications [37].

2.3.3.1 Pairwise Methods

Conventional pairwise methodologies, as described by Pelfrader and Held [34], typ-

ically begin by calculating offset curves for each polygon segment and bridging the

resulting gaps with circular arcs. This produces a raw offset curve, which may con-

tain self-intersections. To obtain a valid offset, these invalid loops must be removed.

According to Burton [37], locally invalid loops involve an input and re�ex vertex,

while globally invalid loops arise from intersections between non-adjacent original

contour segments.

The time complexity of each step differs: constructing the raw offset curve has time

complexityO(n) [37], while removing invalid loops may have worst-case complexity

O(n2) [38], wheren is the number of edges in the original polygon. Due to the

error-prone nature of these steps, several optimized and robust methods for detecting

self-intersections and removing invalid loops have been proposed [39,40].

2.3.3.2 Voronoi-based Methods

The application of Voronoi diagrams to polygon offsetting was �rst proposed by Pers-

son [41] for generating tool paths in pocket cutting. His algorithm divides the polygon

into subareas bounded by bisectors; the tool path starts at an interior point and pro-

ceeds parallel to the polygon edge until it intersects the next bisector.
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The medial axis, closely related to the Voronoi diagram, consists of all points having

two or more closest points onP. It forms a subset of the full Voronoi diagram [42].

Once the internal skeleton is available, offset curves can be generated by intersecting

with these edges.

A key challenge in Voronoi-based offsetting is the robust and ef�cient generation of

the Voronoi diagram or medial axis, especially for complex or non-simple polygons.

2.3.3.3 Skeleton-based Methods

Another geometric structure used for offsetting is the straight skeleton of a poly-

gon. As described by Pelfrader and Held, iteratively constructing inner mitered off-

set curves until no space remains traces the edges of the straight skeleton [34]. Both

mitered offset curves and the straight skeleton consist solely of straight-line segments.

Pelfrader and Held extended Aichholzer and Aurenhammer's triangulation-based method

[43] to compute mitered offset curves from the straight skeleton of a polygon with

100,000 segments in just 10 ms on an Intel Core i7-980X processor [34].

2.3.4 Clipper Library

TheClipper library, developed by Angus Johnson and �rst released nearly a decade

ago, implements a robust, general-purpose Boolean clipping algorithm for 2D poly-

gons. It supports operations such as union, intersection, difference, and exclusive-or

(XOR) [4]. The underlying algorithm extends Vatti's approach [44] and incorporates

constant-radius polygon offsetting via winding number calculations.

Vatti's algorithm is designed for general polygons and enables ef�cient clipping be-

tween a subject polygon and a clip polygon. As noted by Agoston, polygons can

be concave, convex, or even self-intersecting [45]. The algorithm is well suited for

2D Boolean operations such as union and difference [44]. It treats each polygon as

a combination of left and right bounds and traverses each edge once to de�ne these

bounds. Each edge is then clipped or �agged accordingly.
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A distinctive feature of Vatti's algorithm is its use of scanbeams—the regions between

two successive horizontal lines. These scanbeams help analyze edge interactions in

a systematic sequence. The algorithm relies on several key data structures, includ-

ing the Active Edge Table (AET), which tracks the edges intersected by the current

scanbeam during the clipping process.

Edge intersections are computed while scanning the polygon using scanbeams and the

AET. The intersection points of unlike edges depend on their type, relative position

in the AET, and their side (left or right) [44].

While Johnson does not fully disclose the Clipper library's internal clipping and off-

setting procedures, its behavior aligns with the methods described by Chen and Mc-

Mains [46], who adapted traditional raw offset curve generation for non-overlapping

polygons with arbitrary holes. Their method achieves a time complexity ofO((n +

k) log n) and a space complexity ofO(n + k), wheren is the number of vertices and

k is the number of self-intersections [46].

Contour orientation ensures that during traversal, the polygon area lies on the left.

Thus, outer contours are counterclockwise, and hole-de�ning contours are clockwise.

Vertices are classi�ed accordingly: a left turn during traversal indicates a convex

vertex, while a right turn indicates a concave one. This implies that re�ex vertices are

convex for inner contours and concave for outer contours [46].

A key distinction from conventional pairwise offsetting is how gaps between edge

segments are closed. For inner offset curves, concave vertices are joined by clockwise

circular arcs centered at the vertex, while convex vertices are connected with straight-

line segments [46]. For outer curves, counterclockwise arcs and segments are used

correspondingly.

After constructing and connecting offset edges, raw offset curves produce rectangular

and fan-shaped regions. Using a positive winding number criterion, segments are

included in the �nal offset if they enclose points with a positive winding number

relative to the raw offset curve [46].

The winding number of a pointq relative to a contourP is de�ned as the number

of times any ray fromq to in�nity crosses the contour, increasing or decreasing the
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count based on the crossing direction.

It is recommended to use theInflatePaths function from the Clipper2 library,

which encapsulates the features of the originalClipperOffset class for polygon

and polyline offsetting [4]. ClipperOffset only accepts integer coordinates, while In-

�atePaths supports scaled �oating-point coordinates. Among its parameters,JoinType

speci�es how re�ex vertices are handled. The optionJoinType.Round corre-

sponds to the algorithm described above, while alternatives includeJoinType.Miter ,

JoinType.Square , andJoinType.Bevel .

As described, mitered joints intersect offset edges unless the miter limit is exceeded;

otherwise, squaring is applied. Square and bevel joints differ slightly in how they

offset edges near re�ex vertices [4].

Figure 2.6: Application of differentJoinType options to the blue polygon. Dashed

lines represent the original miter edge without limit enforcement. Adapted from the

Clipper2 documentation website [4].

Pelfrader and Held noted in 2015 that Clipper's offsetting algorithm exhibits at least

quadratic time complexity and has a relatively small memory footprint, using 100 MB

of RAM for inputs with 100,000 vertices [34]. More recently, Held et al. [3] observed

that the runtime of non-Voronoi-based algorithms, including Clipper, depends on the

offset distance. Experiments showed that Clipper's runtime increases signi�cantly as

the offset distance grows from� to 10� and30� [3].
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2.4 Point Placement

In this section, we analyze state-of-the-art methodologies for generating and placing

reservoir, well, and fault seeds. The reservoir domain typically includes two types

of geometric constraints. We de�ne cell constraints as features that the centroids of

Voronoi cells should follow, and face constraints as those that require Voronoi cell

faces to align with speci�ed paths. For clarity, we refer to the seeds associated with

cell constraints as well seeds, and those related to face constraints as fault seeds.

In addition to these geologically constrained seeds, background seeds are distributed

within the reservoir based on factors such as simulation objectives, computational

cost, and the chosen discretization scheme. The following subsections �rst examine

algorithms for placing background seeds, followed by a detailed discussion on the

placement of seeds respecting geological constraints.

2.4.1 Reservoir Seeds

Reservoir seeds that populate the reservoir domain and de�ne the primary grid cell

size are typically located using structured Cartesian or triangular meshes, unless they

are distributed randomly. These seeds are subsequently optimized using the corre-

sponding optimization scheme to obtain the centroidal Voronoi diagram. Neverthe-

less, special methodologies can be employed to place the reservoir seeds while ac-

counting for reservoir heterogeneities, anisotropy, �ow channels, and other relevant

features.

An example of a method for constructing PEBI grids that honor �ow paths is pre-

sented by Mlacnik et al. in their 2006 publication. They introduce �ow-based PEBI

grids to demonstrate the interaction between geological heterogeneity and �ow pat-

terns within the reservoir [47]. The main principle utilized is the theoreticalk-

orthogonality of isopotentials and streamlines [47]. The grid construction begins

by solving the pressure equation on a �ne-scale 3D model with a Cartesian grid.

Streamlines are then extracted and screened based on �ow information and geo-

metric considerations such as resulting cell sizes. After removing selected stream-

lines, the grid is divided into patches bounded by pairs of streamlines that connect
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injection–production well pairs. Each patch may have its own potential distribution,

and grid construction—including the optimization procedure—is performed indepen-

dently. Within each patch, seeds are placed at the intersections of isopotentials and

streamlines. After optimization, the streamline-based grid cells are embedded into a

Cartesian grid that de�nes the remaining parts of the reservoir. The resulting model

captures major �ow features, which are generally not considered in standard models.

However, since reservoir �ow characteristics may change over time, the procedure

may need to be repeated for updated models.

Another algorithm, presented by Ulvi-Rza Guliyev in his 2015 publication [48], gen-

erates points based on reservoir anisotropy. His methodology consists of three steps:

generation of initial reservoir seeds, treatment of poorly located ones, and addition of

well and fault seeds. The algorithm places points in a Cartesian grid pattern within a

rectangular domain enclosing the 2D reservoir shape. However, instead of using equal

point spacing in bothx andy directions, the method places seeds more densely in the

higher-permeability direction to more accurately capture pressure disturbances [48].

The error function for each block is de�ned as the standard deviation of petrophysical

properties, such as permeability, within that block. If only one permeability value

is given, the standard deviation is zero. Based on this error, a pre-selected number

of seeds are relocated from blocks with the highest error to improve accuracy [48].

Additionally, cells near the domain boundaries are moved to the boundary to better

represent the reservoir geometry. Since no polygon clipping is used, cells outside the

boundary are either deactivated or deleted. The placement of seeds corresponding to

vertical and horizontal wells and faults is discussed in the next section.

Instead of using the reservoir petrophysical properties for grid construction, MRST

offers several functions that primarily deal with the conformation of seeds to ge-

ological features and wells, and then generate the remaining reservoir seeds using

either a Cartesian approach or prede�ned algorithms. As described in [49], two-

dimensional PEBI grids in MRST can be created using functions such aspebi ,

clippedPebi2D , CPG2D, pebiGrid2D , andcompositeGrid2D . Each func-

tion has its own methodology and use cases.clippedPebi2D andCPG2Drequire

the user to supply seed coordinates. WhileclippedPebi2D simply constructs the

initial Voronoi diagram as the dual of the Delaunay triangulation,CPG2Dapplies the

27



L-BFGS optimization to produce a centroidal Voronoi diagram. Thepebi function

requires a triangular grid from prede�ned seeds and calculates the PEBI grid as its

dual. On the other hand,pebiGrid2D andcompositeGrid2D implement their

own methodologies to place seeds.

pebiGrid2D andcompositeGrid2D are typically used for modeling tasks re-

quiring grid conformance to wells, fractures, and faults. They �rst place seeds that

conform to constraints (as explained in the next section), and then differ in how they

populate the remaining domain.compositeGrid2D uses themeshgrid function

to generate seeds in a structured Cartesian manner within the rectangular bounding

box of the reservoir, removing seeds that fall outside the reservoir polygon or violate

seed constraints.pebiGrid2D , in contrast, calls thedistmesh2D function, which

also usesmeshgrid but adjusts spacing so that the resulting triangulation consists

of approximately equilateral triangles. It then solves for point positions using a force-

equilibrium model proposed by Persson and Strang in 2004 [50]. By specifying a

user-de�ned distance function, seeds can be clustered in desired regions, and the re-

sulting PEBI grid is derived from the Delaunay triangulation of these seeds.

In Persson and Strang's algorithm, each edge is treated as a spring and each vertex

as a joint. Based on the distance function, the force on each spring is computed

using Hooke's law,f = k(l0 � l ), wherek is the spring constant. Only repulsive

forces are allowed, and additional arti�cial forces are applied to boundary vertices to

prevent violation of domain boundaries. The total force on each vertex determines its

movement direction.

Note that all functions for creating 2D PEBI grids in MATLAB ultimately call either

pebi or clippedPebi2D . Thus, the PEBI grids are always constructed as the dual

of a Delaunay triangulation.

An alternative methodology is introduced by Manzoor et al. in their 2018 article [5],

where they propose an algorithm to generate a primal-cell, feature-preserving triangu-

lation that satis�es the Delaunay condition. The corresponding PEBI grid, which also

conforms to geological features, is obtained as the dual of this triangulation. They

also analyze the performance of cell-centered versus cell-vertex MPFA �nite-volume

formulations on the resulting grids.
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Their meshing algorithm follows a speci�c strategy for populating the reservoir do-

main with seeds, which are referred to as reservoir seeds. As mentioned earlier,

triangulation is used �rst to produce a primal grid due to its favorable mesh con-

struction properties. The authors propose a hybrid method combining the advancing

front technique with Delaunay enforcement to optimize the primal-cell mesh [5]. The

advancing front method begins by discretizing the reservoir boundary into segments

(the initial front). New points are placed normal to each segment, and their positions

are validated to satisfy the Delaunay condition.

In conclusion, regardless of whether reservoir seeds are placed to honor petrophysical

properties or anisotropy, the common approach often relies on generating an auxil-

iary grid—typically Cartesian or triangulated—from which the Voronoi diagram is

derived. Using triangulation shifts the focus from directly optimizing the Voronoi di-

agram to optimizing the underlying triangulation. On the other hand, avoiding trian-

gulation can reduce control over the number of Voronoi cells and introduce additional

complexities in the grid generation and optimization process.

2.4.2 Well and Fault Seeds

Various algorithms are developed and utilized in the industry for constructing PEBI-

grids that conform to geological features. Although some innovative solutions exist,

robust algorithms generally employ similar methodologies: con�ict-point removal,

protection layers, and speci�c handling of intersections.

Algorithms either create conforming PEBI-grids directly or use Delaunay triangula-

tion beforehand. An example of the latter is presented by Manzoor et al. [5], who

�rst construct a boundary-aligned (BAG) or well-aligned primal-cell grid (WAG)—a

triangulation that satis�es the Delaunay criterion—and then generate the PEBI-grid

as its dual, referred to as the dual-cell grid. Speci�cally, a primal-cell WAG corre-

sponds to a dual-cell BAG, and a primal-cell BAG turns into a dual-cell WAG due to

the duality property of Voronoi diagrams and Delaunay triangulation.

To create a PEBI-grid that follows boundary features, their algorithm introduces a

protection layer, called a halo, composed of quadrilateral cells around the constraint
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Figure 2.7: Different grids conforming to geological features by the algorithm de-

veloped by Manzoor et al. BAG represents boundary-aligned grids, generally used

for faults, and WAG represents well-aligned grids, used for accurately representing

horizontal/multilateral wells. Taken from Manzoor et al., 2024 [5].

in the primal-cell grid. Since each cell center in the Delaunay triangulation becomes

a vertex of the corresponding Voronoi cell, the dual-cell BAG is easily constructed.

However, to volumetrically represent a feature such as a horizontal well, the primal-

cell grid must follow it with edges so that the corresponding PEBI-grid contains cell

centroids located along the path [5]. For further details, refer to [5].

In contrast, Merland et al. [51] developed a different methodology to construct a con-

forming PEBI-grid via optimization. While most algorithms �x the location constraint-

related seeds and optimize the remaining reservoir seeds to achieve grid regularity,

Merland et al. include all the seeds in the optimization process by modifying the

energy function to be minimized:

F = FCV T + �F VOUT : (2.18)

Here,FCV T represents the inertial moment of the cells as previously described, and

FVOUT is the volume of cells that become disconnected from their Voronoi seed due

to intersection with a feature structure [51]. The weight� is user-de�ned and is

recommended to satisfyFCV T = �F VOUT to balance the effects of both terms in the

optimization [51]. Ideally, minimizing this function with an adaptive steepest gradient

solver yields Voronoi cells that perfectly conform to structural features. However, in
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practice, convergence to the ideal con�guration is not always achieved. Additionally,

the geometry of cells at feature intersections may be less than ideal [7].

A more robust algorithm, which is the foundation for the methodology explained in

this thesis, is developed by Berge as part of his master's thesis [7]. In this framework,

seeds that represent volumetric features such as well paths or fracture networks are

referred to as well seeds, while those that align cell edges with features are referred to

as fault seeds. The algorithm initially places reservoir seeds without considering the

constraint-related ones. Then, seeds that violate prede�ned well and fault conditions

are removed [7]. Since one of the goals of PEBI-grid construction is to achieve a

centroidal Voronoi diagram and many simulation models require the well path to pass

through the cell centroid, Berge's method places well seeds along the well trajectory

using a user-de�ned distance function [7]. To represent well diameters, a protection

layer can be added by placing two additional seeds on either side of each well seeds,

as proposed by [52]. Furthermore, the well condition requires that circles passing

through two consecutive well seeds contain no other seeds within them, similar to the

Delaunay empty-circle criterion [7]. This ensures accurate and regular cell represen-

tation of well paths.

For fault seeds, Berge extended the approach of [53]. Circle centers are placed along

the faults using a user-de�ned spacing function. The radii of these circles are chosen

such that the sum of consecutive radii is greater than or equal to the center-to-center

distance, and their absolute difference is less than or equal to that distance. Seeds are

then placed at the intersections of these circles, allowing the algorithm to place points

on either side of the fault and accurately represent it via Voronoi cell edges. Fault

conditions are similarly de�ned using the empty-circle criterion [7].

Since real reservoirs often contain multiple faults and wells, careful handling of their

intersections is essential for accurate conformation. At the intersection of wells, all

well paths are divided into segments starting or ending at the intersection point. A

single seed is placed at the intersection and shared among all segments [7].

Fault intersections are handled similarly by dividing all faults into segments. How-

ever, unlike wells, a single circle is placed at the intersection point. Depending on the

overlapping circles from nearby segments and this intersection circle, the circles may
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(a) Well seeds with pro-

tection layer

(b) Fault seeds with constant circle radius

Figure 2.8: Results from Berge's algorithm: (a) well seeds placed along a trajectory

with a protection layer of constant width; (b) fault seeds positioned at the intersections

of circles with equal radii to represent fault locations. Taken from [6].

shrink or merge, affecting the location and number of resulting seeds. See [7] for full

details.

In cases where wells intersect faults, all features are again divided into segments.

However, unlike pure well intersections, no well seed is placed at the intersection.

Instead, only fault seeds are placed, and they are located a half-step away from the

intersection point [7]. These points are referred to as well seeds.

By utilizing well-de�ned constraints for removing con�icting points and automat-

ically managing intersections, Berge's algorithm provides a robust and standalone

method for PEBI-grid generation without requiring additional post-processing.
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CHAPTER 3

STATEMENT OF PROBLEM

The primary objective of this study is to develop an algorithm for generating PEBI-

grids for two-dimensional reservoirs. Speci�cally, the aim is to introduce an innova-

tive methodology that produces initial Voronoi seeds in a uniform manner, ensures

the convergence of optimization algorithms, and provides greater control over the

number of generated seeds. In the existing literature, such algorithms often rely on

secondary grids—such as triangulations, Cartesian meshes, or randomly distributed

points—which either eliminate energy function optimization altogether or increase

its complexity while reducing control over reservoir seed placement.

In this work, rather than relying on a secondary grid, we adopt a polygon offsetting

approach using theClipper2 library developed by Angus Johnson [4] to generate

initial seeds along offset curves. This functionality is implemented within our custom

C++ library. The initial Voronoi diagram is then constructed usingVoro++ , an open-

source library developed by Rycroft [23].

To achieve a complete reservoir modeling framework, a secondary objective is to

generate a grid that conforms to geological features—either cell-aligned (for wells) or

boundary-aligned (for faults). The methodology is inspired by the work of Berge [7],

which is also implemented in the UPR module of the MATLAB Reservoir Simulation

Toolbox.

Finally, the generated point set is optimized using either the Lloyd's algorithm or a

quasi-Newton method (L-BFGS) to minimize a de�ned energy function while keep-

ing constraint seeds �xed. Compared to random point placement, the use of struc-

tured seed generation through offsetting not only improves spatial regularity but also
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mitigates clipping issues commonly encountered near boundaries in concave two-

dimensional reservoir geometries. The impact of this approach on the optimization

process across different reservoir cases is further analyzed and discussed.
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CHAPTER 4

METHODOLOGY

The developed algorithm is integrated into a keyword-based C++ library, which ob-

tains all necessary inputs from a dedicated text �le. Although the primary aim of this

library is reservoir modeling and simulation, this thesis speci�cally focuses on gen-

erating two-dimensional Perpendicular Bisector (PEBI) grids using the open-source

Voro++ library in conjunction with the Clipper library. The resulting algorithm is

robust even when handling two-dimensional reservoirs with highly non-convex outer

boundaries and effectively conforms to geological features commonly encountered

in reservoir structures. The step-by-step methodology for developing such grids is

clearly outlined and demonstrated in the following sections.

4.1 Distance between Seeds

The �rst step involves reading input �les and initializing all variables required for

subsequent computations. Necessary input data includes, but is not limited to, co-

ordinates de�ning the outer boundary of the reservoir, locations of faults and wells,

information regarding the protective layer around cells along lateral well-paths, and

the total number of cells desired by the user. Once the inputs are fully initialized, the

algorithm proceeds with the grid construction.

A critical functionality of the algorithm is the systematic placement of grid seeds

based on a user-de�ned number. Two primary factors govern the �nal number of

reservoir seeds: the spacing between consecutive offset curves of the reservoir bound-

ary and the distance between adjacent points on each offset curve. Although multiple

strategies could be applied, we opted to maintain equal spacing for both dimensions,
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effectively treating each grid cell as a square. This simpli�es the spacing calculation,

represented by the equation:

d = c �

r
A reservoir

n
; (4.1)

whereA reservoir is the two-dimensional area enclosed by the outer reservoir boundary,

n denotes the user-speci�ed number of grid seeds, andc is a constant determined

empirically. Our experience has shown that a value ofc = 0:95consistently provides

a seed count closest to the desired user input.

4.2 Well and Fault Seeds

Although the seeds representing background reservoir cells and those conforming

to geological features are placed independently, fault and well seeds are positioned

�rst, as this allows subsequent removal of any con�icting reservoir seeds. The same

inter-seed distance calculated previously for the background grid is also applied to

well and fault seeds. However, to improve conformity and the uniformity of the �xed

cells, half of this distance is used. For both types of feature-conforming seeds, a

procedure similar to that of Berge [7] is employed.

Each well and fault is provided to the algorithm as a line segment, following the

convention used in ECLIPSE. During input reading, corresponding C++ structures

are created to store this information. However, for ef�cient PEBI-grid construction,

vectorized representations of coordinates are required to accelerate numerical opera-

tions. To this end, the open-source Eigen library [54] is utilized, as it provides exten-

sive functionality for linear algebra. Consequently, the well paths and fault segments

are converted into Eigen::MatrixXd or Eigen::VectorXd representations prior to the

following procedures.

Nested loops are then used to iterate over each well and its corresponding line seg-

ments. If a well is vertical, a single seed is generated to represent it, and no protective

layer is constructed for this case. Nonetheless, the previously determined inter-seed

distance is used to de�ne a circle centered on the well seed; any reservoir seeds falling
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within this circle are systematically removed.

For horizontal and lateral wells, the point placement algorithm �rst computes the

number of seeds that can be positioned along a given line segment, based on the

target distance between seeds. It then generates the corresponding number of seeds

along a unit-length line and subsequently projects these seeds onto the original well

path segment.

Since the vertices of the original path are not given special priority and may not be

included among the generated seeds, processing an entire horizontal or lateral well

path as a single segment could result in an inaccurate representation. To avoid this,

the algorithm treats each straight-line segment of the well path separately. However,

if a particular segment is shorter than the target inter-seed distance, it is merged with

the subsequent segments until the minimum required length is satis�ed. Once this

condition is met, the line segment is passed to the point placement algorithm.

Using this methodology, if seeds were placed at both the beginning and end of each

path segment, duplicate seeds would result. While one could remove these duplicate

seeds after processing the entire well path, doing so would lead to a mismatch between

the protective layer and the well path geometry. To address this, forinterior segments

of the well path, the �rst and last points are intentionally placed at half the usual

inter-seed distance from the segment ends.

If the user requests a protective layer, an additional seed is placed on each side of

every well seed using a �xed offset distance, which is determined by applying normal

vectors to the well path. Furthermore, a circular region centered on each well seed,

with a radius equal to the inter-seed distance, is used to later remove any con�icting

reservoir seeds that fall within this protection zone.

After processing the wells, the algorithm proceeds to generate seeds for constraints

that must be explicitly followed by seeds, such as faults and the non-volumetric rep-

resentation of fractures. Initially, circle centers are placed along each fault's straight-

line segments in a manner similar to the well placement procedure. As before, smaller

segments are merged to satisfy the minimum line length requirement. These placed

points serve as circle centers, and the actual fault seeds are subsequently determined
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(a) (b)

(c) (d)

Figure 4.1: Construction of a PEBI grid conforming to a horizontal well path shown

in (a), using different strategies: (b) applying a protection layer with point placement

based on the half-distance methodology described above; (c) placing well seeds ex-

actly at the start and end of each straight-line segment; and (d) without applying a

protection layer.

as the intersection points of adjacent circles.

The general approach for calculating intersections between various geometric objects

is detailed in [7]; here, only the calculation of circle-circle intersections is summa-

rized. For two circles as illustrated in Figure 4.2b, with centersC0 andC1 and radii

R0 andR1, the intersection points can be parameterized as(a; � h). The Pythagorean

theorem must hold for both circles, with the line of lengthd perpendicular to the line

of lengthh. Combining the two Pythagorean relationships leads to:

R2
0 = a2 + h2;

R2
1 = ( a � d)2 + h2:

(4.2)

Solving this system yields the following expressions [7]:
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a =
R2

0 � R2
1 + d2

2d
;

h = �

s

R2
0 �

�
R2

0 � R2
1 + d2

2d

� 2

:
(4.3)

The resulting intersection points are computed using the vector fromC0 to C1, de-

noted asnk, and its perpendicular vector,n? , as follows:

pint = C0 + a � nk � h � n? : (4.4)

(a) (b)

Figure 4.2: For the rectangular reservoir with the fault shown by the red straight line,

(a) illustrates consecutive circles whose intersections de�ne the fault seeds, and (b)

provides a close-up view of two circles along the fault. Adapted from [7].

To ensure that at least three seeds are placed equidistantly around each circle's center,

additional seeds are added at the boundaries of the �rst and last circles for each fault.

Furthermore, when constraints are located near the reservoir boundary, some of the

outer tip seeds may lie outside the reservoir domain. Such points are identi�ed and

removed to maintain geometric consistency.

Once the fault seeds have been generated, the remaining reservoir seeds—those cover-

ing the background reservoir area—are placed as the �nal step of the seed generation

process.
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(a) (b)

Figure 4.3: For the simple fault network in a rectangular reservoir domain shown in

(a), (b) illustrates the corresponding conforming PEBI grid.

4.3 Reservoir Seeds

The code allows users to choose between two methods for reservoir seed generation:

random placement and offset curve-based placement.

In the random placement method, the algorithm generates exactly the number of seed

�xed in the input �le. To ensure reproducibility, random seed value is initialized

prior to execution. The algorithm then calculates the dimensions of the rectangular

bounding box enclosing the reservoir domain. Pseudo-randomx andy coordinates

are generated within this boundary and iteratively checked to verify whether each

point lies inside the original (potentially non-convex) domain. This process continues

until the desired number of valid reservoir seed is obtained.

However, the random approach has limitations, particularly in non-convex domains

and in scenarios where structured seed placement is preferred. Industry-standard soft-

ware often employs alternative strategies to address these issues. One common ap-

proach is to use a secondary grid, such as a Cartesian grid, to generate initial points.

While this method simpli�es seed generation, it lacks precise control over the total

number of points and can introduce artifacts when applied to non-convex geometries.
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Another widely used technique is Delaunay triangulation, where points are distributed

based on a distance function, potentially eliminating the need for subsequent energy-

based optimization.

As an alternative to these existing approaches, the developed library implements a

novel seed placement methodology based on offset curves, offering a geometrically-

informed and �exible solution for unstructured grid generation.

The offsetting capabilities of the Clipper2 library, originally developed by Angus

Johnson primarily for Boolean clipping operations, are leveraged [4] to extract offset

curves of the original reservoir boundary. As recommended in the Clipper2 docu-

mentation, the In�atePaths function is used instead of the original ClipperOffset, due

to its ease of use.

Starting from the outer reservoir boundary, the algorithm generates one offset curve

at a time through iterative calls to the In�atePaths function. Each resulting polygon

is both saved and used as the input for the next iteration, progressively yielding inner

offset polygons. This loop continues until no further offset curve can be generated.

The In�atePaths function accepts several additional parameters: offset distance, Join-

Type, and EndType. For automatic calculation, the offset value is set to the negative

of the previously determined inter-seed distance, as positive values would produce

outer offset curves, whereas the application requires inner offset curves. Regard-

ing JoinType, both Round and Miter options have been evaluated, and tests indicate

no signi�cant difference in results; thus, either option is suitable. For EndType, the

Polygon setting is selected to ensure that In�atePaths yields offset curves as closed

polygons.

Afterwards, the generated offset curves are provided as input to the point generation

function. To ensure an even distribution of Voronoi seed points along the boundaries

of the offset polygons, a custom algorithm was implemented that interpolates points

with a �xed spacing.

The procedure begins by looping over each polygon, represented as a sequence of

vertex coordinates, and computing the length of each edge segment. Using this in-

formation, the total perimeter is calculated, along with the number of points to be
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generated based on the target spacing. The segments are then normalized, and a

cumulative arc-length parameterization is constructed. This parameterization enables

the mapping of uniformly spaced points in the range[0; 1]onto the actual offset curve.

For each target location, the algorithm determines the corresponding curve segment

and performs linear interpolation between the associated vertices to compute precise

Cartesian coordinates.

This method ensures that points are uniformly spaced along potentially irregular poly-

gon boundaries, which is essential for maintaining geometric consistency in Voronoi-

based meshing and grid generation. The generated points on the offset curves are

stored as Eigen::VectorXd in the format(x1; y1; x2; y2; : : : ; xn ; yn ).

It should be noted that only the vertices of the offset curves produced by the In-

�atePaths function are initially stored. Consequently, the �rst and last points of a

curve may not be adjacent in space, which could result in an incomplete covering

of the entire curve when generating uniformly spaced points. If such a condition is

detected, a new �nal point is added to the polygon before passing it to the point gen-

eration algorithm. This additional point is calculated by extending the vector from the

�rst vertex to the existing last vertex, and placing the new point at a pre-calculated

distance from the �rst vertex of the polygon.

(a) (b)

Figure 4.4: For the reservoir boundary shown by the red line: (a) the generated offset

curves with constant offset distance, and (b) the generated seeds along the curves.
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4.4 Clipped Voronoi Diagram

By de�nition, Voronoi cells can extend to in�nity, since every point in the spaceRn

is associated with its closest Voronoi seed. However, many applications require a

bounded tessellation. A Voronoi diagram that is restricted to a subdomain
 � Rn is

referred to as a clipped Voronoi diagram [7]. Mathematically, this can be expressed

as [7]:

Vi = f x j x 2 
 � Rn ; kx � x i k �k x � x j k; 8 j 6= ig: (4.5)

As previously mentioned, the Voro++ library does not natively support non-convex

domain boundaries. Therefore, the Clipper library is employed to clip the Voronoi

cells located near the reservoir boundary. In this implementation, the Voro++ algo-

rithm is provided with a rectangular domain in which to tessellate the space based on

the given Voronoi seeds. As a result, boundary cells extend to the edges of the rectan-

gular domain, as illustrated in Figure 4.5a. By generating seeds along the inner offset

curves, all relevant Voronoi cells are guaranteed to be included in the �nal clipped

diagram.

Rather than keeping the Clipper and Voro++ libraries fully decoupled, the design

leverages the fact that Voro++ calculates each Voronoi cell individually. The library

is modi�ed so that, after each Voronoi cell is generated, the locations of its vertices are

checked relative to the reservoir boundary. Most cells fall into one of two categories:

either all vertices are inside the reservoir boundary (inner cells), or some vertices lie

outside while others lie inside (boundary-crossing cells). A third, less common case

involves cells with all vertices outside the boundary.

Vertex placement is evaluated using Franklin's point-in-polygon (PNPoly) algorithm

[55]. The algorithm determines whether a point lies inside a polygon by counting

how many times a ray projected from the point crosses the polygon edges. To assess

whether a cell intersects the boundary, the algorithm is applied to all its vertices. The

result of this check is used to classify the cell: if all vertices lie inside the polygon,

the cell is classi�ed as inner; if some vertices lie outside, the clipping algorithm is

invoked to compute the new vertices for the clipped cell.

43



(a) (b)

Figure 4.5: For an arti�cial reservoir shape: (a) the Voronoi diagram generated by

the Voro++ algorithm inside the rectangular domain before the clipping, and (b) the

corresponding clipped version produced by the Clipper library.

To ensure that the library provides a fully automated PEBI grid generation capa-

bility, potential issues arising from complex boundary geometries must be properly

addressed. One such issue can occur during the clipping of Voronoi cells near non-

convex regions of the reservoir boundary. In these situations, particularly when seeds

are distributed using random distribution and a seed is positioned near a sharp corner

of the boundary, the resulting clipped Voronoi cell may itself become non-convex or

fragmented. Although such degenerate con�gurations do not result in structural errors

in data representation, they may adversely affect subsequent numerical computations

and are therefore typically avoided.

If the corner is suf�ciently sharp, as illustrated in Figure 4.6b, and the Voronoi seeds

are placed randomly, a Voronoi cell can be inadvertently divided into multiple sub-

cells after clipping. Since one of those subcells is not physically related to the original

seed, such con�gurations are not tolerated. In these cases, the affected Voronoi seed

is removed, and a new random position is proposed for it. The Voro++ algorithm is

then re-executed from scratch to generate a new tessellation.

Preventing such situations requires a uniform and well-considered distribution of

seeds. For instance, if an additional seed had been placed just below the sharp edge
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(a) (b)

Figure 4.6: Close-up view of a Voronoi cell (black lines) and the reservoir boundary

(red lines). (a) The original shape of the Voronoi cell before clipping; (b) the subcells

generated after clipping against the reservoir boundary. Due to the presence of a re�ex

vertex, the Voronoi cell is incorrectly split into two subcells, creating a degenerate

con�guration.

in Figure 4.6, the subcell would not have formed. This is one reason why such er-

rors occur much less frequently when using point placement based on offset curves

compared to the random placement method. Nonetheless, whenever such problematic

con�gurations are detected, they are automatically handled to ensure the robustness

of the clipping process and the successful construction of the clipped Voronoi dia-

gram—an essential prerequisite for the subsequent optimization step.

4.5 Centroidal Voronoi Diagram

Although polygon offsetting results in a narrow distribution of Voronoi cell areas, it

is also desirable for the Voronoi diagram to produce compact cells and to avoid very

short edges, which could negatively impact subsequent �ow calculations. Therefore,

optimizing the energy function is an essential next step.

The developed code enables users to choose between two algorithms for constructing

a centroidal Voronoi diagram: Lloyd's algorithm or the L-BFGS algorithm. Lloyd's
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algorithm operates by iteratively constructing a Voronoi diagram, computing the cen-

troids of the Voronoi cells (using the formulas provided in the previous chapter), and

updating the Voronoi seeds to these new centroid positions. The process repeats un-

til prede�ned termination criteria are met—such as reaching a maximum number of

iterations or achieving a suf�cient decrease in the gradient norm or energy function

value.

In contrast, optimization with L-BFGS is a more sophisticated approach but typically

converges in fewer iterations. The added complexity arises from both the de�nition

of the energy function and the application of the L-BFGS optimization procedure.

The energy function is de�ned as the summation of integrals over each Voronoi cell.

Each integral involves the product of a density function and the Euclidean distance

between the points of the cell and their corresponding Voronoi seed, as introduced in

the previous chapter.

Numerical integration is performed using quadrature rules, which evaluate the func-

tion at speci�c points within each polygon and combine these evaluations to compute

the integral. For the energy function, since the Euclidean distance between the cell

centroid and the points within the cell is required, the quadrature points are used to

approximate this integral. Speci�cally, the Euclidean distances between the quadra-

ture points and the corresponding cell centroid are computed and incorporated into

the energy calculation. Since quadrature rules are generally de�ned for triangular

elements, each Voronoi cell is �rst subdivided into triangles. The integral over each

cell is then obtained by summing the contributions from its constituent triangles.

While many numerical integration methods are available, the underlying principle

remains the same: approximate the integral by evaluating the function at selected

points and combining the results using associated weights. Regardless of the number

of variables in the integrand, the basic form of this approximation is:

Z b

a
f (x) dx �

nX

i =1

wi f (x i ); (4.6)

wheren is the number of evaluation points,x i are the quadrature points, andwi are

the corresponding weights that determine each point's contribution to the integral.
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Quadrature rules are typically developed for simple reference shapes, such as trian-

gles or rectangles, and specify both the locations of the evaluation points and their

associated weights. Because these rules are de�ned on standard elements, a coordi-

nate transformation is required when applying them to arbitrary triangles—such as

those used to tessellate general polygons. In this implementation, Voronoi cells are

subdivided into triangles, and the quadrature rules are applied to each triangle after

transforming it to the reference coordinate system. The order of a quadrature rule in-

dicates the highest degree of polynomial it can integrate exactly; here, a rule of order

7 is used, which ensures accurate integration for polynomials up to degree 7.

At each iteration of the L-BFGS optimization, a Voronoi diagram is generated, and

the energy function and its gradient are computed to guide the search for the energy

function minimum. The optimization algorithm accepts the seed coordinates in the

form of an Eigen::VectorXd, organized as(x1; y1; x2; y2; : : : ; xn ; yn ). The algorithm

uses a step length that satis�es both the Armijo and Wolfe conditions. However,

an updated seed position may fall outside the reservoir boundary. To address this,

during step length calculations, any proposed seed location update of the formxk+1 =

xk + � � pk is checked to ensure that all seeds remain within the reservoir domain.

If a seed would cross the boundary, the step length� is reduced accordingly. Once

this geometric constraint is satis�ed, the Armijo and Wolfe conditions are evaluated

to �nalize the step length.

Optimization proceeds until one of several prede�ned stopping criteria is met. These

include:

� The current step length satis�es the Armijo condition, but the suf�cient de-

crease is smaller than1 � 10� 16;

� The gradient norm is reduced to less than1 � 10� 4 times its initial value;

� The norm of the change in seed coordinates between successive iterations,

kxk� 1 � xkk, falls below1 � 10� 20.

While these thresholds can be adjusted depending on the speci�c application, the

values presented here are based on empirical experience with typical reservoir ge-

ometries.
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Regardless of whether Lloyd's or L-BFGS optimization is selected by the user, the

seeds corresponding to wells and faults must remain �xed throughout the optimization

process. Since the ordering of seeds is preserved in the vector that holds all seed

coordinates, reservoir and constraint seeds (well and fault seeds) are merged into a

single vector without any additional step before the optimization.

In the case of Lloyd's algorithm, only the reservoir seeds are replaced with the cen-

troids of their corresponding cells at each iteration; the constraint seeds remain un-

changed. In the case of L-BFGS optimization, the gradients of the constraint seeds

are explicitly set to zero at each iteration. As a result, L-BFGS interprets these seeds

as already being at an optimal location and does not alter their positions during the

optimization process.

In summary, the methodology presented in this chapter enables the generation of

high-quality, conforming PEBI grids that adhere to complex reservoir geometries

through a combination of offset-based seed placement, robust clipping, and centroidal

optimization. The resulting grids form the foundation for subsequent �ow simula-

tions and performance evaluation. The effectiveness and advantages of the proposed

approach are demonstrated and discussed in detail in the following chapter.
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CHAPTER 5

RESULTS AND DISCUSSION

After presenting the theoretical background, this chapter evaluates the performance

of the proposed seed placement methodology through a series of test cases. The

objective is to analyze the performance and robustness of the approach in generating

high-quality unstructured PEBI grids suitable for reservoir simulation. Initially, we

compare grids generated by pseudo-random seed placement with those constructed

using offset curves. These comparisons use visual inspection and quantitative metrics

such as cell area and angle distributions to assess how initial point placement affects

grid quality prior to optimization.

Next, we evaluate the performance of optimization algorithms—speci�cally L-BFGS

and Lloyd's algorithm—in producing centroidal Voronoi diagrams from the initial

seed con�gurations. This step investigates the ability of optimization to enhance grid

quality and achieve centroidal alignment, especially in geometrically complex do-

mains. Early test cases focus on non-convex domains without geological features to

isolate the impact of seed placement and optimization. We then introduce wells and

faults to analyze the robustness of each method under realistic conditions. Finally, se-

lected grids are exported to MRST, where �ow simulations are performed to evaluate

how grid quality in�uences simulation results using the two-point �ux-approximation

discretization scheme.

5.1 Initial Voronoi Diagram

This section examines the effects of offset curve-based and random point placement

strategies on the structure of the initial PEBI grid prior to optimization. Although
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one might assume that the initial distribution of seeds is of limited importance—since

optimization is applied afterward—experience shows that the starting con�guration

in�uences the convergence and quality of the �nal grid. This is due to the complex,

non-linear nature of the energy function minimized during optimization.

While no single metric can fully capture the suitability of a grid for solving �ow

problems, a combination of geometric measures provides valuable insights. In this

analysis, we evaluate the cell area distribution and internal angles of the Delaunay

triangulation, which is the dual of the Voronoi diagram, to assess the quality of initial

grids.

Two non-convex domains are considered for this study. The �rst is an elephant-shaped

reservoir, adapted from Berge [7]. Its highly non-convex boundary and elongated ge-

ometry present challenges in uniform seed coverage, making it a useful test case for

assessing the initial point distributions and the subsequent effects on optimization.

Comparing the initial and optimized centroidal Voronoi diagrams highlights the abil-

ity of the optimization process to redistribute points into underrepresented areas and

improve cell uniformity.

The second test case is a simpli�ed representation of the top layer of the Norne reser-

voir, a real �eld operated by Equinor (formerly Statoil). The Norne �eld, located

in the Norwegian Sea approximately 85 km from the Heidrun �eld, was discovered

in 1992 in Jurassic sandstones at a depth of about 2500 meters. It is developed us-

ing a �oating production and storage vessel (FPSO) connected to subsea wellhead

templates. Production began in 1997, with water injection as the primary drive mech-

anism. The reservoir produces oil mainly from the Ile and Tofte formations and gas

from the Garn formation. It consists of two major compartments: the main segment

(C, D, E), which contains approximately 98% of the oil in place, and a smaller north-

eastern segment [56]. In addition to the full-�eld reservoir model, the dataset includes

4D seismic data, production data, and well logs, further enhancing its value for com-

prehensive reservoir characterization and simulation studies.

A rich dataset from this �eld has been made publicly available, and the Open Porous

Media (OPM) project has released a full simulation model for research purposes [57].

The model employs faulted corner-point gridding, making it particularly suitable
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for grid quality assessments. The original ECLIPSE-format grid data is imported

into MATLAB using the MATLAB Reservoir Simulation Toolbox (MRST). The full

model, containing over 60,000 cells (with approximately 75% active), is shown in

Figure 5.1a, and the active cell subset is visualized in Figure 5.1b.

(a) (b)

Figure 5.1: After importing the Norne model into MRST, the entire model, with

faults highlighted using red faces, is shown in (a). Sub�gure (b) displays the ac-

tive cells' porosity values (increasing from blue to yellow) in the three-dimensional

model. Adapted from [1].

Then, using thetopSurfaceGrid function of MRST in MATLAB, the top layer

of the model containing active cells is extracted. With a few additional MATLAB

routines, the outer concave boundary of this top layer is computed and represented

as a sequence of counterclockwise-ordered vertices. These vertices serve as the input

boundary for our grid generation library. One of the key advantages of this approach

is that it enables the evaluation of the proposed grid generation methodology, and the

Clipper library on real reservoir geometries de�ned in UTM coordinates.

Although the Norne reservoir exhibits a complex fault network, as illustrated in Fig-

ure 5.1, geological features such as faults and wells are intentionally excluded from

this stage of the analysis. This ensures that the assessment focuses solely on the distri-

bution of initial seeds and the subsequent optimization within a non-convex domain.

The original model's top layer contains 2263 grid cells. The offset-based methodol-

ogy arranges the seeds by adjusting the spacing to approximate the requested number

of cells, though the actual number of generated cells may slightly deviate. For the

Norne reservoir's top layer, this approach yields2251seeds for tessellation. To en-

sure comparability, the same number of seeds (2251) is generated for the random
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(a) (b)

Figure 5.2: (a) Represents the top layer of the Norne �eld, and (b) is the simpli�ed

outer boundary of the top layer.

placement method. Figure 5.3 illustrates the resulting grids for both approaches.

After importing the generated grids into MATLAB and converting them to MRST

format, quantitative metrics such as cell area distributions are easily computed. As

presented in Figure 5.3, the offset methodology results in over 70% of grid cells hav-

ing areas between6000and7500m2. Achieving such uniformity is bene�cial since

grids with uniform cell sizes generally exhibit lower values of the energy function,

enhancing optimization ef�ciency. Although both methods produce grids with the

same mean cell area of7514m2 (due to identical seed counts and bounding polygon

area), the standard deviation of the cell areas for the random placement method is

4115:60m2, approximately three times greater than the offset-based method.

Another important metric is the distribution of angles in the dual triangulation. To

compute this metric, a Delaunay triangulation—dual to the Voronoi diagram—is gen-

erated using MATLAB'sdelaunayTriangulation function. It is important to

note that this function occasionally produces degenerate triangles near domain bound-

aries due to not honoring the boundary constraint. Although these triangles do not

strictly represent valid geometric structures, their presence is consistent across both
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(a) Uniform Random distribution (b) Along the offset curves

(c) Triangulation (random

seeds)

(d) Triangulation (offset

curves)

(e) (f) (g) (h)

Figure 5.3: Voronoi diagrams, their dual Delaunay triangulations over a1000m �

1000m section of the Norne reservoir, and cell area distribution for random-based

seeds (e), and seeds along the offset curves (f), and angle distribution for random-

based seeds (g), and seeds along the offset curves (h).
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methodologies, minimizing their impact on comparative analyses.

Mishev and Rin (2021) explain that two-point �ux approximation (TPFA) schemes

involve two critical steps: approximating the gradient and approximating the face

areas between neighboring cells [58]. Accuracy losses in these steps depend signi�-

cantly on the angle distribution in the dual Delaunay triangulation of the PEBI grid.

Very small angles negatively affect the conditioning of the gradient approximation

matrices, potentially causing numerical instability. Conversely, very large angles can

impair the accuracy of surface integral approximations, as the connecting line be-

tween cell centroids may fail to intersect the shared face properly. Examples of both

scenarios are illustrated clearly in Figure 5.4c.

Figure 5.3 demonstrates that the offset methodology produces a narrower distribution

of triangle angles compared to random placement. Although both triangulations ex-

hibit an expected mean angle of60� , the offset-based grid has a signi�cantly lower

standard deviation of24� , approximately half that of the randomly generated grid.

Given the complexity of the triangulation over the entire Voronoi grid, a rectangular

portion of the Norne reservoir grid is highlighted in Figure 5.3 to clearly illustrate this

difference.

Another test case is an elephant-shaped reservoir adapted from Berge's master's the-

sis [7]. As in the Norne example, the requested number of seeds is initially set to

2200; however, due to the geometry-driven offset methodology, the actual number

of placed seeds is2273. To facilitate a fair comparison, exactly 2273 seeds are also

placed using uniform random distribution. Notably, the offset-based method natu-

rally excludes the narrow parts of the polygon (such as the tail of the elephant, shown

in Figure 5.4b), since offset curves donot cover those parts. In contrast, the random

placement method populates all areas of the bounding polygon.

As demonstrated by the distributions in Figure 5.4f, both methodologies yield nearly

identical mean cell areas due to having the same number of seeds and identical bound-

ing polygon area. However, the offset approach achieves a substantially lower cell

area standard deviation of735m2, nearly three times lower than the random place-

ment. Similarly, the standard deviation of triangle angles in the offset-based trian-

gulation is approximately half that of the randomly generated triangulation. Because
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both methods share the same mean angle, the reduced standard deviation achieved by

the offset method results in fewer extremely small or large angles, thereby reducing

discretization errors.

Having completed the analysis of differences between initial Voronoi diagrams gen-

erated using random point distributions and offset curves, the next section examines

how these initial con�gurations in�uence the subsequent optimization procedures.

5.2 Centroidal Voronoi Diagram

In the general reservoir modeling work�ow, the model is initialized as a convex do-

main including all the features such as faults, fractures. Afterwards, based on the

transmissibility of the faults, the physically connected segments of the reservoir is

determined, and the grid cells outside the those segments that do not contribute to

�ow are de�ned as inactive. The resulting model consisting of active cells, maybe

concave and also include some of the initial geological features. However, the perfor-

mance of the optimization methods to create centroidal Voronoi diagrams inside the

convex domains is assessed in the literature frequently, such as in [29]. Therefore,

in this section, we will start with the non-convex boundaries that are similar to the

standard actively contributing reservoir parts after de�ning the active/inactive cells.

I compare the performance of the two optimization procedures, one using Lloyd's

algorithm and another utilizing L-BFGS, for the two different reservoirs without any

geological features. Understanding whether or not it matters to place seeds using the

uniform random distribution or throughout the offset curves can only be understood

by comparing the decrease of the energy function and gradient with the number of

iterations. Since the time required for convergence with either method depends on the

computer properties and the code application, the number of iterations is preferred for

comparison.

For each case, plots will compare the energy function and gradient decrease over the

number of iterations for Lloyd's algorithm and L-BFGS optimization. Later, �gures

comparing random and offset methodologies will be given. To better understand

the performance of optimization methods, the norm of the vector representing the
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(a) Uniform random distribution (b) Along the offset curves

(c) Triangulation (random

seeds)

(d) Triangulation (offset

curves)

(e) (f) (g) (h)

Figure 5.4: Voronoi diagrams, their dual Delaunay triangulations over a rectangular

section of the elephant-shaped reservoir, and cell area distribution for random-based

seeds (e), and seeds along the offset curves (f), and angle distribution for random-

based seeds (g), and seeds along the offset curves (h).
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movement of each seed will be plotted to visualize the overall change in the seed

locations.

Firstly, both the initial elephant diagrams with 2,273 seeds—generated either via off-

set curves or random placement—are subjected to Lloyd's and L-BFGS algorithms to

compute the centroidal Voronoi diagram. Figure 5.5 shows that each of the four con-

�gurations completes successfully, with a signi�cant number of seeds redistributed

toward the narrow regions of the reservoir. Figures 5.5e and 5.5g compare the per-

formance of L-BFGS and Lloyd's algorithms in reducing the energy function and

its gradient over the number of iterations for the offset-based seeds. Similarly, Fig-

ures 5.5f and 5.5h present the same comparison for the randomly placed seeds. Al-

though the visual differences between the results of L-BFGS and Lloyd may not be

immediately evident from the diagrams, the energy and gradient plots reveal several

insights. Regardless of the initial seed placement, the L-BFGS algorithm converges

to near-minimum energy values within 20–30 iterations, whereas Lloyd's algorithm

requires at least 50–60 iterations. It should be noted that although the gradient val-

ues decrease and stabilize in each case, they do not approach zero, which would be

required to meet the strict condition of a local minimum.

One important aspect in understanding the difference between placing seeds ran-

domly versus along offset curves lies in the behavior of the optimization procedures.

Figure 5.6 presents the evolution of the energy function and its gradient for each op-

timization method. Each subplot compares results from both the random-based and

offset-based seed placement strategies.

A notable observation is that the initial energy value for the offset-based seeds is

approximately 30% lower than that of the randomly placed seeds. For the gradi-

ent norm, this initial difference increases to nearly 50%. A closer examination of

the plots shows that, for offset-based seeds, around 10–20 iterations of L-BFGS or

Lloyd's algorithm are suf�cient to bring the energy function close to its minimum at-

tainable value. In contrast, random seed con�gurations require at least 10 additional

L-BFGS iterations and 20–30 more iterations with Lloyd's method to reach similar

convergence. The plots of the energy gradient follow a similar trend, highlighting the

advantage of a more structured initial seed placement.
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(a) Offset curves (L-BFGS alg.) (b) Random distribution (L-BFGS alg.)

(c) Offset curves (Lloyd's alg.) (d) Random distribution (Lloyd's alg.)

(e) (f) (g) (h)

Figure 5.5: Comparison of performance of optimization methods on the grids initially

constructed by placing 2273 seeds; (e) decrease of energy function of seeds placed

along offset curves, (f) decrease of energy function of seeds placed randomly, (g)

decrease of gradient of the energy function of seeds placed along offset curves, (h)

decrease of gradient of the energy function of seeds placed randomly.
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(a) (b) (c) (d)

Figure 5.6: Effects of initial seed placement methodology on the Voronoi diagram

optimization of elephant-shaped reservoir; (a), (c) L-BFGS optimization, (b), (d)

Lloyd's algorithm.

In addition to the plots, the results are also presented in Table 5.1. The most rapid

decrease and lowest �nal value of the energy function, as well as the smallest gradient

norm, are achieved when the Voronoi cells are optimized using the L-BFGS algorithm

with seeds placed along the inner offset curves.

Table 5.1: Energy function values and �nal gradient norms for each method applied

to the elephant-shaped reservoir.

Method F1 F20 F50 F100 kr F (X )k �nal

Random distribution (Lloyd's alg.) 9:5417� 109 6:6038� 109 6:4732� 109 6:4224� 109 6:7837� 104

Random distribution (L-BFGS alg.)9:5386� 109 6:4318� 109 6:3711� 109 6:3557� 109 2:6608� 104

Offset-based (Lloyd's alg.) 6:8457� 109 6:4634� 109 6:4158� 109 6:3913� 109 5:3294� 104

Offset-based (L-BFGS alg.) 6:8451� 109 6:3854� 109 6:3547� 109 6:3493� 109 6:7445� 103

Similar analyses are also done for the top horizon of the Norne reservoir with the

UTM coordinates. Running the Lloyd's algorithm and L-BFGS optimization for the

seeds placed randomly and along the offset curves for the 100 iterations, results in a

similar visual PEBI-grid, as seen in the Figure 5.7.

In every case, optimization started with 2251 seeds, and successfully �nished with

the same amount. For the offset methodology, energy function starts with nearly

2:45�1010, and decreases to the2:1�1010 in about 10-15 L-BFGS iterations, and remain

between2:05and2:1�1010 until the termination by the maximum number of iterations

is reached. Lloyd's algorithm is unable to decrease the energy function below the

2:1 � 1010 until number of iteration hits30 � 40. Also, it always remain higher than
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the one optimized with the L-BFGS algorithm. Similar results are obtained for the

random seeds, but the resulting difference between energy function values optimized

with the L-BFGS and Lloyd's algorithm is smaller.

The gradient of the energy function of the diagram constructed with offset curves

follow the same pattern whether the optimization is Lloyd's method or L-BFGS. But

for the random seeds, gradient stabilizes with Lloyd's algorithm at least10 iteration

later than the L-BFGS algorithm.

Comparison of the performance of the seed placement methodologies with the same

optimization yields that due to higher initial energy function, although gradients are

similar in each optimization, energy function stabilizes faster for the diagram whose

points are placed along the offset curves compared to the random seeds. While this

difference in the number of iterations is less than10 for the L-BFGS optimization, it

is at least20� 30 iterations for the Lloyd's algorithm.

Similar to the elephant-shaped reservoir, the tabular results in Table 5.2 indicate that

the lowest energy function and �nal gradient norm are achieved when the Voronoi

cells are optimized using the L-BFGS algorithm, with seeds placed along the inner

offset curves.

Table 5.2: Comparison of energy function and gradient norm for different methods

applied to the top layer of the Norne reservoir.

Method F1 F20 F50 F100 kr F (X )k �nal

Random distribution (Lloyd's alg.) 3:1653� 1010 2:1477� 1010 2:1067� 1010 2:0886� 1010 1:7367� 105

Random distribution (L-BFGS alg.)3:1645� 1010 2:0916� 1010 2:0726� 1010 2:0688� 1010 6:49� 104

Offset-based (Lloyd's alg.) 2:4567� 1010 2:1112� 1010 2:0921� 1010 2:0838� 1010 1:2693� 105

Offset-based (L-BFGS alg.) 2:4567� 1010 2:0851� 1010 2:0712� 1010 2:0660� 1010 2:9288� 104

Lastly, the total change in seed positions at each iteration is analyzed for each opti-

mization algorithm and seed placement strategy. For both the elephant-shaped and

Norne reservoirs, it is observed that Lloyd's algorithm nearly halts the movement of

offset-based seeds after approximately 20 iterations, while random-based seeds con-

tinue to move for about 10 additional iterations.

In contrast, the L-BFGS algorithm induces more substantial and �uctuating move-
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(a) Offset curves (L-BFGS alg.) (b) Random distribution (L-BFGS alg.)

(c) Offset curves (Lloyd's alg.) (d) Random distribution (Lloyd's alg.)

(e) (f) (g) (h)

Figure 5.7: Comparison of performance of optimization methods on the grids initially

constructed by placing 2251 seeds; (e) decrease of energy function of seeds placed

along offset curves, (f) decrease of energy function of seeds placed randomly, (g)

decrease of gradient of the energy function of seeds placed along offset curves, (h)

decrease of gradient of the energy function of seeds placed randomly.
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(a) (b) (c) (d)

Figure 5.8: Effects of initial seed placement methodology on the Voronoi diagram

optimization of top layer of the Norne reservoir; (a), (c) L-BFGS optimization, (b),

(d) Lloyd's algorithm.

ments in the seed positions. Randomly initialized seeds exhibit larger displacements

during the initial iterations; however, after approximately 20 iterations, both offset

and random-based seeds converge toward a similar pattern, characterized by smaller

and more stable changes in their coordinates.

(a) (b) (c) (d)

Figure 5.9: Effects of the initial point placement methodology on the change of the

norm of the vector representing change in the coordinates of the seeds at each it-

eration, (a) L-BFGS optimization for the elephant-shaped reservoir, (b) Lloyd's al-

gorithm for the elephant-shaped reservoir, (c) L-BFGS optimization for the Norne

reservoir, (d) Lloyd's algorithm for the Norne reservoir.

5.3 Effects of Constraints

Previously, only the performance of the optimization procedures for generating cen-

troidal Voronoi diagrams in the absence of any geological features was analyzed. In

this section, several reservoirs with faults and wells are analyzed by placing seeds
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along offset curves and subsequently optimizing them with L-BFGS. As explained

previously, L-BFGS changes the location of the seeds based on the gradient values

associated with each cell. Thus, the gradient of the seeds de�ning the cells whose

centroids or faces follow the constraints is �xed to zero to ensure that L-BFGS does

not change their locations. This limits the ability of the optimization algorithms to

change the seed locations to have more uniform cell areas is limited. The resulting

cell shapes of the �xed seeds are greatly affected by the near cells. So, if the optimiza-

tion algorithms do not successfully relocate the seeds, especially the seeds near the

geological features may cause the cells of the �xed seeds to consist of small edges,

and varying forms.

First, a two-dimensional reservoir with a complex fault network, presented by Branets

et al. [8], is considered. Branets et al. introduced a novel methodology to create a

2.5D PEBI grid by �rst selecting a layer that represents the major horizons of the

reservoir. They then constrained a Delaunay triangulation using protection layers

around the geological features, followed by constructing the Voronoi diagram as the

dual of this Delaunay triangulation [8]. Along with the methodology to accurately

represent the geological features, they also gave information about scale-up methods

to sample the �ne-scale geological properties in the coarser model. One of the sample

reservoirs they modeled is shown in Figure 5.10a. The output of our code for the same

shape is presented in Figure 5.10b. This reservoir shape enables us to test the perfor-

mance of our methodology on the mostly convex, but non-rectangular domain with

intersecting faults. As seen in the plots in Figure 5.10, the energy function stabilizes

after approximately20 iterations when optimized with the L-BFGS algorithm.

The original model by Branets et al. [8] employs near-well re�nement, resulting in

signi�cant variation in cell areas across the reservoir. In contrast, since no re�nement

technique is applied in our methodology, the cells tessellating the reservoir exhibit

more uniform areas. Thanks to the offsetting procedure, even reservoir regions that

are isolated or segmented by faults contain a number of cells and cell areas similar to

those in the rest of the reservoir. Furthermore, while the original model's cells along

faults show irregular areas and distorted shapes, our approach achieves a much more

uniform distribution of both area and edge length of �xed cells throughout the grid.
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