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ABSTRACT

A DESCRIPTIVE SET-THEORETIC ANALYSIS OF
PATH-CONNECTEDNESS

Uyar, Yusuf
M.S., Department of Mathematics
Supervisor: Assist. Prof. Dr. Burak Kaya

August 2025, 57 pages

In this thesis, we analyze the complexity of path-connectedness and some other topo-
logical notions related to connectedness in R? and R?® from the point of view of de-
scriptive set theory. More specifically, following Debs, Saint Raymond and Becker,
we survey the maximal descriptive complexity of the collection of subsets satisfy-
ing certain connectedness properties inside hyperspaces on Polish spaces and then,
give examples of subspaces of R" for n = 2 and n = 3 in which these complexity
bounds are realized in various cases. In addition, we also examine the equivalence
relation of path-connectedness on Polish subspaces of R? using tools of Borel com-
plexity theory. More specifically, we prove that the path-connectedness relation of a
Polish subspace of R? is an essentially countable Borel equivalence relation. We also
show that the path-connectedness relation of the Knaster continuum is a non-smooth

essentially hyperfinite Borel equivalence relation.

Keywords: Descriptive complexity, Path-connected, Connected, Borel reducible, Borel

equivalence relations.



0z

YOL BAGLANTILILIGIN BETIMSEL KUME KURAMSAL ANALIZi

Uyar, Yusuf
Yiiksek Lisans, Matematik Bolumii

Tez Yoneticisi: Dr. Ogr. Uyesi. Burak Kaya

Agustos 2025, 57 sayfa

Bu tezde yol baglantililik ve baglantililik ile ilgili diger bazi topolojik kavramlari
R? ve R*’te betimsel kiime kuramsal acidan analiz ediyoruz. Daha spesifik olarak,
Debs, Saint Raymond ve Becker’i takip ederek Leh uzaylarinin hiper uzaylarinda be-
lirli baglantililik 6zelliklerini saglayan alt kiime topluluklarinin maksimal betimsel
karmagikligini inceleyip daha sonra bazi durumlarda bu karmagiklik sinirlarinin ger-
ceklendigi n = 2 ve n = 3 i¢cin R™ nin alt uzaylarinin drneklerini veriyoruz. ilaveten,
Borel karmagiklik teorisinin yontemlerini kullanarak R?’nin Leh alt uzaylarinda yol
baglantililik denklik bagintisin1 da inceliyoruz. Daha spesifik olarak, R?'nin bir Leh
alt uzaynin yol baglantililik denklik bagintisinin 6ziinde sayilabilir bir Borel denklik
bagintis1 oldugunu kanitliyoruz. Knaster siirekliliginin yol baglantililik denklik ba-
gintisinin diizgiin olmayan 6ziinde hiper sonlu bir Borel denklik bagntist oldugunu

da gosteriyoruz.

Anahtar Kelimeler: Betimsel karmasiklik, yol baglantili, baglantili, Borel indirgene-

bilir, Borel denklik bagintilar
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CHAPTER 1

INTRODUCTION

1.1 A Historical Overview

The core of the descriptive set theory goes back to the work of Lebesgue, Baire, and
Borel on definable subsets of R™ and definable functions of several real variables at
the turn of the twentieth century. These French mathematicians were not comfortable
with the idea of arbitrary function and arbitrary subset, such as subsets formed by
Zermelo’s choice function that "chooses" an element from each subset of a given set.

They doubted the existence of functions or sets asserted without explicit definitions.

Baire introduced in his doctoral thesis the smallest collection of functions of several
real variables containing continuous functions and closed under point-wise limits,
which is now known as Baire functions. Lebesgue systematically worked in [15] what
we can call the definability theory of continuum. He observed that Baire functions are
exactly the ones that are "analytically representable" functions and that the inverse
image of an open interval (an open rectangle in R? etc.) under a Baire function
coincides with the Borel measurable subsets of R"”, the smallest collection of subsets
containing open intervals and closed under complementation and countable union,

which were introduced by Borel.

In the same article, Lebesgue used the argument that projection of a Borel subset
of R? onto R is still Borel measurable in one of his results. He assumed that this
was a trivial argument, which was in fact incorrect. The error was identified by a
young mathematics student Suslin who named projections of Borel sets as analytic,
and he together with his professor Lusin founded basic properties of analytic sets.

One of the most important results of Lusin was that Borel sets are those that are



analytic and whose complements are also analytic. Unfortunately, Suslin died in his
mid-twenties. The investigation of analytic sets was then conducted by Lusin and
his student Sierpinski. In 1925, they introduced a new class of definable sets called
projective sets and they established fundamental properties of projective sets. It is
the smallest collection of subsets obtained from Borel sets by applying successive

projection and complementation operations.

In its early development, it was realized that the methods and techniques of the theory
could be applied - sometimes simplifying the analysis - to all completely metrizable
separable spaces, especially the Baire space N, which is the countable product space
of the discrete topology on N. If one has a nice way of coding through the infinite
sequences of natural numbers NY or corresponding subspaces of it, then one can
study the subject from the descriptive perspective. This is one of the reasons why
descriptive set theory has applications in various other fields of mathematics today.
We refer the reader to our references [8], [10], [18] and [20] for a detailed account of

the history and development of descriptive set theory.

Since the techniques of descriptive set theory become available once there is a com-
pletely metrizable separable topology, numerous mathematicians studied applications
of descriptive set theory to topology and analysis after the theory and the techniques
have been well-established. In particular, logicians and topologists started to study
the topological properties of Euclidean and other spaces through certain hyperspaces

in the last decades.

1.2 On Descriptive Complexity

In usual mathematical practice, a topological space (X, 7) is typically defined by its
open sets. So we may assume that open sets are our basic building blocks for definable
subsets of X. We can then construct some other subsets of X using elements already
defined in 7 by applying the operations of countable union and complementation,
which we take as our basic operations. The reason behind this choice is that, if we go
beyond the countable iteration of union and complementation, we could exhaust all

subsets of the space, and therefore get undesired pathological subsets.
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What we consider is in fact simply the o-algebra generated by open subsets, usually
referred to as the Borel structure on the space, which is one of the central notions of

measure theory.

Most of the sets that we explicitly define and use in practice can be obtained in this
form. For example, consider any continuous function f : [0, 1] — R. Then the set of

differentiability points of f is

ﬂ U ﬂ {x:0<|qn—x\,|qm—x|<5—>‘f(quii(m)—f(qgiii(x)|<e}

ecQt §€Qt m,neN

where we reserve the sequence { g} as a fixed enumeration of rationals in I := [0, 1]
throughout the thesis. It is not that hard to check that the innermost set is a union of
a closed subset of R with an open subset, and so {x € [0,1] : f’(z) exists } can be
obtained from open subsets of real numbers by applying finitely many allowed basic

operations ([11, Page 70]).

It turns out that the Borel o-algebra of a topological space can be stratified into a
hierarchy. Given a topological space X, we denote X to be the open subsets of X.
Then for any countable ordinal «« > 0, we set ITY as complements of sets in 3 where
30 is the collection of countable unions of elements in U5 <o Hg. If X is metrizable,
then collections 32, TI? and A?, which we call Borel pointclasses, lie properly in
an increasing hierarchy as they satisfy 39 II) C X% |, IID, for all @ < w; and

exhaust all Borel subsets of X .

Although taking projection of a subset can be considered as a basic operation which
"preserves definability", Borel sets are not closed under the usual projection operation
as Lusin spotted in the work of Lebesgue. This motivates the definition of analytic
sets, namely projections of Borel subsets of product spaces. Analytic sets are closed
under countable unions and intersections but not under complementation operation.
We then set 3} and II} to be analytic and complements of analytic subsets of X
respectively. Then we recursively define IT! to be the complements of elements in
3! where X! is the projections of IT. | subsets of product spaces of X, for any
n > 1. These new pointclasses are called projective classes and it suffices to iterate
them over natural numbers because they are clearly closed under taking projections

and complementation (not class-by-class but as a whole).



The stratification of pointclasses can be visualized as

p3UND LIS > NN > NSRS S > SNSRI
mw m m ... m ... I om .. 1

for « < w; and n € N where each class is a subset of the classes on the right of it
(independent of the line on which they lie), as we shall discuss. We interpret that the
complexity of sets in pointclasses increases as we go from left to right in the ordering
above, as it requires "more steps" to be applied to construct them in that direction.
We note that we will only consider these pointclasses (Borel and projective classes)

throughout the thesis.

The definability theory is studied on completely metrizable separable topological
spaces, which are called Polish spaces. This is because all Polish spaces and all

Borel subsets of them share a common unique structure, as will become evident.

The tool that we are using to compare descriptive complexities of subsets is the
method of reduction. Let A and B be subsets of Polish spaces X and Y respectively.
If there is a continuous (respectively, Borel) map f : X — Y satisfying f~1(B) = A,
then we say that A is Wadge (respectively, Borel) reducible to B, written A <y, B
(respectively, A <p B), which we interpret as the set B not to having less complex-
ity than A. It can be easily checked that Borel and projective pointclasses are closed
under continuous and Borel pre-images respectively. Therefore, the existence of an
appropriate reduction from A to B implies that A cannot lie at higher levels of the
hierarchies than B. We would like to remark that Wadge reductions can be used to
analyze relative complexities in the Borel hierarchy, whereas, both Wadge and Borel

reductions can be used to analyze relative complexities in the projective hierarchy.

1.3 Outline of the Thesis

In Chapter 2, we review the necessary background on descriptive set theory. We
first introduce the basic properties of Polish spaces and discuss their relations with
Borel subsets. Secondly, we put a Borel structure on F(X), the set of non-empty

closed subsets of a Polish space X, induced from a Polish topology on it, and we

4



work with this same structure throughout the thesis. Thirdly, we give the definition of
descriptive set-theoretic trees and briefly mention their relations with Polish spaces.
Then we stratify Borel and projective classes, and present the notion of reducibility,
which is our basic tool for complexity assignments. Lastly, we briefly introduce the
theory of countable Borel equivalence relations and the Borel complexity theory to
see how the reduction method works for equivalence relations on Polish spaces. In

this chapter, we also state some lemmas that will simplify our work.

In Chapter 3, following the works of Debs, Saint Raymond and Becker, we review the
descriptive complexity of Cp.:, (X ) for an arbitrary Polish space X as an upper bound
where Cpan(X) C F(X) is the set of all closed path-connected subsets of X. We
then show that the exact complexity of Cpuer, (I?) is this upper bound, and therefore the
bound cannot be lowered. We also give a lower bound for the complexity of Cpu, (12),

whose exact classification will be mentioned without a proof.

In Chapter 4, following the work of Debs and Saint Raymond, we determine the
upper bounds for the complexities of C(X) and C(X) in F(X) for an arbitrary Polish
space X where C(X) is the set of all connected subsets in F(X) and C(X) is the
set of all subsets in F(X) whose complement is connected. We give examples of
Polish subspaces of R? and R? for which these bounds are realized. We mention how

complexities change if we assume that X is compact.

In Chapter 5, we study the path-connectedness equivalence relation of a Polish sub-
spaces of R? using the tools of Borel complexity theory. In particular, we prove
that such a Borel equivalence relation is Borel reducible to the universal countable
Borel equivalence relation, which will be defined in Chapter 2. We also show that
the path-connectedness relation of the Knaster continuum is a non-smooth essentially

hyperfinite Borel equivalence relation.

In Chapter 6, we review the main results of the thesis and discuss some open problems

for future research.






CHAPTER 2

PRELIMINARIES

In this chapter, our aim is to establish the necessary descriptive set-theoretic frame-
work that we will use in descriptive complexity computations of path-connectedness
and related notions in Polish spaces. Our main references for the subject are [9], [11],

[22] and [23].

2.1 Polish Spaces and Standard Borel Spaces

A topological space (X, 7) is said to be completely metrizable if there is a complete
metric on X that induces 7. Recall that a topological space which has a countable
dense subset is called separable. For a metrizable space, being separable is equivalent
to being second countable, i.e., having a countable basis. A topological space is called

zero-dimensional if it has a basis whose elements are clopen.

Definition 2.1. A Polish space is a topological space that is separable and completely

metrizable.

Examples of the most important Polish spaces are listed below.

R™ with the Euclidean topology (n > 1)

The Cantor space 2" where 2 = {0, 1} is endowed the discrete topology

The Baire space N := N where N is endowed with the discrete topology

The Hilbert cube I where I is endowed with its Euclidean topology

e Any compact metrizable space



It is natural to ask then which subsets of a Polish space are Polish as a subspace. We

need the following proposition to answer the question.

Proposition 2.1 ([22], Section 2.2). A subspace of a completely metrizable topologi-
cal space is completely metrizable if and only if it is G, i.e., a countable intersection

of open subsets.

One can use the equivalence of separability and second countability for metric spaces
to show that any subspace of a separable metrizable space is actually separable. Then
it follows from the proposition that the Polish subspaces of a Polish space are exactly

G's subsets of it.

Polish spaces share common properties in terms of their mutual relationships. For
example, any Polish space is a continuous injective image of a closed subset of the
Baire space. Any zero-dimensional Polish space is homeomorphic to a Polish sub-
space of the Cantor space. The Baire space and the Cantor space can be embedded in

each other, where the latter has the following characterization.

Proposition 2.2 ([22], Theorem 2.6.14). The Cantor space 2" is the unique zero-

dimensional compact metrizable space without isolated points up to homeomorphism.

This space will be used extensively in our discussions. It is simply the space of infinite

binary sequences. The map

o0
20&,‘

(Oéo, a7, O, ) — Z ﬁ
=0
is a canonical homeomorphism from the Cantor space to the set of numbers in the
unit interval I whose ternary expansions contain only 0 and 2. The image of this
homeomorphism gives the set
= 20
{Z ‘el:q; € {0,1}f0ralli€N},

3
1=0

which is known as the Cantor set. We will make use of this identification several
times. For o € 2%, we let the boldface letter c be the image of o under this homeo-

morphism.

If one considers Borel structures on Polish spaces, the relationship between them

becomes much stronger. Given a topological space X, let B(X) be the oc—algebra

8



generated by open subsets of X, which is called the Borel o —algebra on X. We call
elements of B(X) Borel. A map f : X — Y between Polish spaces is called Borel
if the inverse image of a Borel set is Borel. And two Borel subsets of Polish spaces
are called Borel isomorphic if there is a Borel bijection between them whose inverse
is also Borel. If X is a Polish space and A C X is a Borel subset, then we observe
that the Borel o-algebra on A induced from the subspace topology is the same as the

collection of Borel subsets of X that lie in A.

We note that the Borel isomorphism is a special case of measure isomorphism. A
measurable space isomorphic to the Borel o—algebra on a Polish space is of funda-

mental importance.

Definition 2.2. A measurable space is called standard Borel if it is isomorphic to

(X, B(X)) for some Polish space X.

It turns out that there is a unique uncountable standard Borel space up to measure

isomorphism. In other words, we have the following theorem.

Theorem 2.3 (Borel Isomorphism Theorem). Any two uncountable standard Borel

spaces are Borel isomorphic.

Given a Polish space X and a Borel subset B C X, one can put a finer topology on X
turning B into a clopen subset whereas the Borel o-algebra on X remains the same.
This induces a Polish topology on B as it is a G5 subset of the new topology. So any
Borel structure of a Borel subset of a Polish space is induced from a Polish topology
on that subspace, and thus it is standard Borel. We treat Borel subsets, standard Borel
spaces and Polish spaces as essentially the same and use these terms interchangeably

if no confusion arises.

2.2 Hyperspaces on Polish Spaces

Since we investigate the complexity of some certain collections of subsets of a Polish
space, we need to put a Polish topology (or at least a standard Borel structure) on

subsets of the space.



Let X be a topological space, and let IC(X) be the set of non-empty compact subsets
of X. The topology generated by sets of the form

Ut ={KeK(X):KNU #0}and U™ :={K € K(X): K CU}

where U varies over open subsets of X is called the Vietoris topology on X. One

can easily check that sets of the form
[Uo: Uy, Us, .., Uy = Uy NU NUS N ..NUTF

where U;’s vary over open subsets of X form a basis for C(X'). What makes the
Vietoris topology canonical is that many topological properties of X can be carried to
K(X). Thatis, if X is separable, zero-dimensional, (completely) metrizable, compact

metrizable, then so is C(X). In particular, K(X) is Polish whenever X is Polish.

We also have a canonical metric that gives this topology for metrizable spaces. Let
(X, d) be a metrizable space. Then

dy(K,L) = max{mz% d(z, L), max d(z,K)}

xe

defines a metric, called the Hausdorff metric, on /C(X). In fact, dy(K,L) < € is
equivalent to have that for any point x € K there is y € L such that d(z,y) < € and
symmetrically for any point x € L there is y € K such that d(z,y) < e.

Proposition 2.4 ([22], Proposition 2.4.14). The Hausdorff metric induces the Vietoris
topology.

Proof. We shall first show that every subbasis element of the Vietoris topology is
open in the topology of the Hausdorff metric. For this, let U C X be open. Let
us show that U™ is open with respect to the metric topology. Let K € U™. Say
xg € KNU. Let e > 0 be such that xy € By(xg,e) C U. Then e—ball of the
Hausdorff metric centered at K lies inside U™. Because if a closed subset does not
intersect U, then its distance to z(, and hence to /', must be greater than or equal to

€. Thus, U™ is open in the Hausdorff metric.

We also need to show that U~ is open. Let K’ C U be compact, thatis, K € U~.

Then the distance of K to X \ U is positive, say €, by compactness of K. But then

10



(a) U™ is open in the metric topology (b) U~ is open in the metric topology

Figure 2.1: Vietoris topology C Hausdorff metric topology

we obviously have By (K,e) C U~. Using subbasis elements, we showed that the

Hausdorff metric topology is finer than the Vietoris topology.

For the other direction, we need to show that for any Hausdorff ball By (K €) there is
a Vietoris basis element [Uy : Uy, ..., U, such that K € [Uy : Uy, ..., U,| C By (K,e).
SetUp = {z € X : d(x,K) < €} and let U; = By(x;,€/2) where {zy,...,x,} C K
is an ¢/2-netin K, thatis, K C |J,., Ba(z;,€/2). Let us show that [Uy; Uy, ..., U,] is
the required basis element. We, by the definition of U;’s, have K € [Uy; Uy, ..., U,].
Let L € [Uy;Uy,...,U,]. Then L C Uy, and so max,er d(z, K) < e. Letz € K.
Then z € U;, = By(z;,,¢/2) for some iy € {1,...,n}. But since L N U;, # 0, there
isy € LN By(x;y,€/2). Sod(x,y) < e. This shows that d(z, L) < e forall z € K.
Thus, max,cx d(z, L) < €. As aresult, dg(K, L) < ¢, showing that L € By (K, e€).

i<n

This completes the proof of the other direction. [

If X is compact metrizable, then the Borel o-algebra on K (X)) can be generated only
by elements of the form U™. This is because for any open subset U of a compact

metrizable space X,

v=UU wr

n: UcCU,

where {U,}, is a countable basis for X that is closed under finite unions (see [22,

Page 96]).

We can generalize this idea to construct a standard Borel (hyper)space on non-empty

closed subsets of a Polish space X. We define the Effros-Borel space on F(X), the

11



set of all non-empty closed subsets of X, to be the o —algebra generated by
{U*:U C X is open}

where U™ is the set of all non-empty closed subsets intersecting U. The Effros-Borel
structure on a Polish space is standard Borel. In other words, there is a Polish space
on F(X) that generates the Effros-Borel structure. An example of such topology is
the one induced from the injection of F(X) into the Cantor space by the following
characteristic function F' — (XUO+ (£), xp+(F), ...) where {U, },, is a countable basis
for X (see [23, Theorem 13.13]). However, it will be sufficient for us to consider only

Borel subsets of F(X) instead of the topological structure on it.

If X is compact, we will use KC(X') with the Vietoris topology on it rather than F(X)

with the Effros-Borel structure, which are essentially the same.

Let X be Polish. Then there exists a Borel function ¢ : F(X) — X such that
¢(F) € F ([11, Theorem 12.13]). This function basically chooses an element from

each non-empty closed subset of X. We call it a Borel selector function.

2.3 Trees

There is a tight relationship between Polish spaces and descriptive set-theoretic trees.
We can see closed subsets of a Polish space AN where A is a set endowed with the
discrete topology as pruned trees on A. This identification is a coding tool for Polish

spaces.

For any set A, we denote the set of finite sequences on A by A<N. If s = (s5051...8,,)
and t = (tgt;...t,,) are in A<N, we say that s is an initial segment of t whenever m < n
and s; = t; for 0 < ¢ < m. Forany s = (s,), € AN and k € N*, s|k is defined to be

the finite sequence (so$1...5x_1) and s|0 := (), the empty sequence.

Definition 2.3. A tree T on a set A is a subset of A<N that is closed under initial
segments.

An infinite sequence x € AN is called a branch of a tree 7' on A if x|k € T for all

k € NT. We denote [T as the set of all branches of 7. A tree 7" is called pruned if

12



any element of the tree is a proper initial segment of some other element of it. A tree

is well-founded if it does not have any branch. Otherwise, it is called ill-founded.

It is readily verified that sets of the form
N, :={xec AV : x|k = s}

where s = (s¢s1...5,_1) give a basis for AY. For any tree T on a set A, [T is a closed
subset of AN where A is equipped with the discrete topology. To see this, assume
that x € AN\ [T]. This means that there is k € NT such that x|k ¢ T. Then
x € Ny C [T]° So [T¢is open in AN. Conversely, any closed subset ¥ C A" can
be viewed as the (pruned) tree {x|k : x € F,k € N} on A.

If T is a tree on the product set A x B, we identify an element (s, o) (s1,t1)-.-(Sk, tx)
of T with (sgs1...s%, tot1...tx) € AN x B<N and we consider [T] as a subspace of

AN x BN, For x € AN, we call the set
{se€ BN :3k €N (v|k,s) € T}

to be the x section of 7" and show it by 7'(x).

2.4 Borel and Projective Hierarchies

In this subsection, our aim is to build the complexity hierarchy on subsets of Polish
spaces and discuss their basic properties. Let X be a Polish space. In simple terms,
all Borel subsets of X can be obtained from open sets by applying countable union
and complementation operations in countably many steps. But the more steps it takes
to construct a set, the more complex the set is. More precisely, we define 3?(X) and
IT9(X) as the collection of open subsets and closed subsets of X respectively. Then

using transfinite recursion, we define

o 30(X):= {UnAn DAy €T (X), 7 < a,n € N}
o II0(X) :={A°: AeX%X)}
o AY(X):=%0(X) NI (X)

13



forall 1 < a < w;. We usually omit parentheses when the ambient space is clear

from the context.

Since any open subset is equal to a countable union of closed sets in a metrizable
space X, that is, 3%(X) C X9(X), one can use transfinite induction to show that
¥0(X) € 32,,(X) for any o < wy. Not only this, but we also have the following

results by an application of transfinite induction:

Proposition 2.5 ([22], Proposition 3.6.1). For any ordinal o < wy,

i. TI(X), B0(X) € Ag 4, (X),

ii. X2(X), (X)) and A%(X) are closed under finite unions and intersections

and continuous pre-images,
iii. X0(X), II°(X) and AY(X) are closed under countable unions, countable

intersections and complements; respectively.

Moreover, B(X) = U (X) = U M (X) = U AY(X).

a<wiy a<wi a<wi

Using this proposition, we can picture Borel pointclasses as

0 0 0 0
A]. A2 AS “ e AOA (6] < wl

Figure 2.2: The Borel hierarchy

where each class is a subset of the class on the right of it. A subtle diagonalization
argument (see [11, 22A]) shows that if X is uncountable Polish, then A), G II7, X,
for any o < wy, and thus any two distinct classes in the hierarchy are not equal. The

classes are growing strictly towards the right.

Let us show as an example that the set of sequences on N that diverge to infinity is in

14



T15(N). We have

{(mn)n eN: lignatn = oo} ={(xn)n : (VE)EN)(Ym)m > N — z,,, > k}

—m{xnn (IAN)(Ym)m > N — x,, > k}
_ﬂU{wnn (Vm)m > N — x,, > k}

:ﬂU ﬂ {(xp)n : Tm >k}

k N m>N

where all quantifiers range over N. The inner-most set {(z,), : z,, > k} is clearly
a closed subset of NV. So, the set {(z,), € N : lirrln x, = oo} can be obtained
by applying countable intersection, union, and intersection operations successively to
closed subsets. This clearly shows that the set is in TI3(N). It is worth noting that
this observation does not prevent, in principle, this set from being in any lower classes
like TI9, X9, X0. There can be simpler definitions for the set so that it has the less

complexity.

One can see how the definition (Vk)(IN)(Vm)m > N — x,, > k gives rise to a IT3
set. Existential quantification over a countable set corresponds to taking countable
union, whereas universal quantification over a countable set corresponds to taking
countable intersection. This analogy shows the relationship between the definition
of a subset and its class in the hierarchy. More precisely, if {x € X : p(n,x)} is
in X) (X)foralln € N, then {x € X : 3n € Np(n,z)} is in XY (X) and
{r e X :VneNgyp(n, x)}lsml'[( (X).

sup,, Qn

Supy, an)"’l

Thus, it usually suffices to check quantifiers and relations involved in the definition
of a given subset of a Polish space to determine if it is Borel or not and its descriptive
complexity within the Borel hierarchy. We will sometimes refer to Appendices A and
B that include complexities of some relations and functions which are frequently used

to define subsets of Polish spaces.

The collection of Borel sets are closed under countable union, countable intersection,
and complementation operations. However, they are not closed under projections
over Polish spaces. More specifically, the projection {z € X : Jy € Y (z,y) € B}
of a Borel subset B C X x Y of the product space of Polish spaces X and Y need
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not be Borel in X. We will give examples of such sets in the thesis. In this regard,
we define two operations on subsets of Polish spaces. For any subset B C X x Y we
define

3¥B = {x € X : 3y € Y such that (z,y) € B}

and

VYB = {z € X :Vy € Y such that (v, y) € B}

where the set 3¥ B is the usual projection of B over Y while we call the set V¥ B to
be the coprojection of the set B onto X over the space Y. In fact, V¥ B = (¥ B¢)e,
We sometimes denote 3 B by projx(B) for BC X x Y.

Definition 2.4. Let X be a Polish space and A C X. Then A is called analytic if it
is a projection of a Borel subset over a Polish space. That is, if A = 3¥ B for some

Borel subset B C X XY and some Polish space Y .

Analytic sets are proven to be closed under countable union, countable intersection
and projections over Polish spaces. However, they are not closed under complemen-
tations. This leads us to define new complexity classes by applying projection and
complementation operations starting from Borel sets in successive steps. We first set
31(X) to be all analytic subsets of X and define IT{(X) to be the set of complements

of analytic sets, called coanalytic sets. Then we recursively define
I(X)={AC X: A°c X!} and
SI(X)={ACX:A=FYB,BeIll! (X xY),Y Polish } forn > 1,
Al(X)=3L(X)NII!(X) forany n > 1.

The classes defined above constitute a new hierarchy of complexity, called the pro-

jective hierarchy.

Any X, class simply comprises the projections of IT}, sets, and IT, , contains

complements of X} ., sets. Equivalently, I}, sets are coprojections of 3 sets.

nt
Indeed, the construction goes like
B(X) "% B0 < (X)) 5 B(X) < M (X) - -

or
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B(X) COoproj. H%(X) comp. 2%(X) COoproj. H%(X) comp. E;(X) ..

Classes of the projective hierarchy have the following basic properties:

Proposition 2.6 ([22], Subsection 4.1). For anyn > 1,

i TLIL C AL,

ii. X} is closed under Borel pre-images, countable intersections and unions, and

projections over Polish spaces,

iii. H}L is closed under Borel pre-images, countable intersections and unions, and

coprojections over Polish spaces.

iv. Moreover, B(X) = Aj.

We can draw the following diagram

B(X) = Al Al Al . Al n €Nt

Figure 2.3: The projective hierarchy

where each class is a subset of the class on the right of it. Similar to the Borel hierar-
chy, the projective hierarchy is strictly increasing towards the right for an uncountable

Polish space. More precisely, X, IT, G A} |, forall n € N*.

Analytic sets have several equivalent characterizations. For example, A C X is ana-
lytic if and only if it is a projection of a closed subset of X x N In fact, analytic sets
could equally be characterized as projections of Borel subsets over a fixed uncount-
able Polish space such as 2 or A/. This is due to the Borel isomorphism theorem.
More precisely, A C X is analytic if and only if A = projx(B) for some Borel

B C X x 2V, Obviously, the same holds for higher projective classes as well.
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Let us give a generic example of a non-Borel IT} set. Let Tr be the set of all trees on
N, identified as a subspace of N Tt s straightforward to check that Tr is closed in
2N*"_ Then let WF denote the set of well-founded trees in Tr. We have

WF* =3V (| {(T,x) € Tr x N : x|k € T}

keN
where the inner set can be proven to be open with some effort. Then WF€ is a pro-

jection of a Borel set. So WF¢ is 2%, and therefore WF is H%. That WF is non-Borel

follows from Theorem 2.7.

Definition 2.5. Let A, B be subsets of Polish spaces X,Y respectively. Then A is
said to be Wadge reducible to B if there is a continuous function f : X — Y such
that f~1(B) = A. The function f is called a continuous reduction from A to B. In

this case, we write A <y B.

Definition 2.6. Let X be a Polish space, A C X and T" be a class of Polish space.
We say that A is I'-hard if any U subset of a zero-dimensional Polish space is Wadge
reducible to A. If we also have A € T, then A is said to be I'-complete.

If the function f in the first definition is Borel, we call it a Borel reduction, and write
A <p B. Likewise, if every I" set is Borel reducible to A, then A is called Borel
I"-hard.

If A is a I'-hard set and is Wadge reducible to B, then B is also I'-hard. Because

Wadge reducibility is a transitive relation.

Let f be a continuous reduction from A to B. Then x € A if and only if f(x) € B
for all x € X, which means that the membership relation on A can be checked by
the membership relation on B through a continuous function. This suggests that
B possibly contains "more information" compared to A. We also observe that the
complexity class of A in the hierarchy cannot be higher than that of B. Likewise, a

I'—complete set can be considered as the most complex set in the class I'.

Let T be any pointclass containing IT). Since any zero-dimensional Polish space is
homeomorphic to a G5 subset of 2", any I" subset of a zero-dimensional space can
be seen as a I subset of 2V with some effort. Therefore, it is sufficient to reduce I’
subsets of 2 to show that a set is I'-complete rather than considering an arbitrary

zero-dimensional Polish space.

18



Theorem 2.7 ([11], Theorem 27.1). WF is I1{ —complete.

Proof. We showed earlier that WF is coanalytic. Now, let A C 2N be any coanalytic
set. Then there is a closed subset C' of 2V x A =~ (2 x N)N such that A = INC.
We know then that there is a (pruned) tree 7" on 2 x N such that C' = [T']. The map

x — T'(x) defined from 2" to Tr is obviously continuous and we have
x€A+—x¢ IO VyeN, (xy) ¢ C=[T] +— T(x) € WF.

So, A is reducible to WF. This shows that H%—hard. ]

We now inductively define IT}, —complete subset of K ((2V)") for all n > 1 that will

be of constant use throughout the following chapters.

Notational Remark. Let X, Y be Polish spaces, A C X xY,and z € X. We denote
the x-section of the set A by A(x). Thatis, A(z) :={y €Y : (x,y) € A}.

Let A be a homeomorph of the Cantor space and let () C A be any countable dense

subset. We recursively define

Py = K(Q)
P, ={K € K(A") :Va e A, K(a) € Q,_1} forn > 2
Q,=K(A")\ P, forn >1.

We will prove by induction on n that P, is IT!-complete for all n > 1. The set
K(Q) is known to be IT}-complete (see [11, Exercise 27.4]). So, we only prove the

inductive step.

Theorem 2.8 ([5], Subsection 3.5). P, is in H,llfor alln > 1.

Proof. Assume that Py, is in IT} where k& € NT. Using the fact that the intersection
map is Borel, one can show that the set {(K, ) € K(A* 1) x A: K(a) € Qi}isa

3}, set. Since Py, is the coprojection of this set, it is IT} ;. ]

In what follows, we give an alternative proof, in which we construct continuous re-

ductions, for completeness of [P, to the one presented in [5].
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Theorem 2.9 ([5], Lemma 3.6). P, is H}L—completefor alln > 1.

Proof. We already showed that P, € II}, for all n. Assume that P, is IT}-complete
where k& € N*. Let A C A be any I}, set. Then A° C Aisa X}, set, and
so it is projection of a IT}(A?) set, call B. Since Py is IT}-complete, there is a
continuous function ¢ : A2 — KC(AF) that reduces B to IP;. Fix any homeomorphism

v A% — A. Consider the continuous map f : A? — K(A**1) given by

(@, 8) = Ka,p := {1, B)} x p(e, ) -

For any o € A, the image {K, 5 : f € A} of the compact set {a} x A under f
is compact. Since the union map |J : K(K(A*1)) — KC(A*1) is continuous (see

Appendix B), then so is the map ¢ : A — K(AFH1) given by () = Usea Kap-

We have
acA«—VpeA (o,0) ¢ B
<—>v5 € A? 90(047/8) g_f ]P)k
—> U Kuop € Pri
BeA
— P(a) € Py,
and so 1 reduces A to P, 1 continuously. 0

Remark. The sets P, and QQ,, depend on the choices of A and (). However, we will

always specify them before each use.

Recall that a map ¢ : X — K(Y) where X is any topological space and Y is a
metrizable space is called upper semi-continuous (u.s.c.) if for any open set U C
Y, the set »~1(U~) is open in X. The following technical lemma gives a way of

constructing a Borel map from a given u.s.c. map, which is weaker than being Borel.

Lemma 2.10 ([5], Lemma 3.4). Let X be a Polish space, Y be a compact metrizable
space, and ¢ : X — K(Y') be an u.s.c. map. Let Z C'Y be a G subset so that Z is
also Polish. Define ¢ : X — F(Z) as p(a) = Z N(a). If p(«) is dense in ()
forall o € X, then ¢ is a Borel map.
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Proof. It suffices to show that o~ (U™), U open in Z, is Borel in X for an arbitrary
generator element U™ of the Effros-Borel space on F(Z). Let V' be open in Y such
thatU =V NZ. Say V =, F,, where each F}, isclosedin Y. AndletV,, = Y \ F,
for all n. If p(«) is dense in ¢(«), then

ac€p (UT) +— p(a)NU=9(@)NV #D+—Pa)NV #{)
+— In, Y(a)NF, #0
> 3In, Y(a) €V, .

Thus 1 (UT) =, (X \ ¥ 1(V,)) is a Borel set. O

We close this subsection with the following powerful theorem that follows from the

proof of the result in [12] (see also [5, Theorem 2.1]).

Theorem 2.11. Let X be a Polish space and A C X. If A is Borel 11 -hard, then it
is T -hard.

The theorem suggests that it suffices to find Borel reductions instead of continuous
ones for completeness of projective classes, which is an easier task in general. Since
3 ={AC X : A° e I1}}, it follows that the theorem holds for projective 3 classes

as well.

2.5 Borel Equivalence Relations

One can use the idea of Borel reduction to compare Borel equivalence relations on
Polish spaces as well. By a Borel equivalence relation  on a Polish space X what

we mean is that F is a Borel subset of X x X.

Definition 2.7. Let E, I’ be Borel equivalence relations on Polish spaces X and Y
respectively. Then E is Borel reducible to F if there exists a Borel function f : X —
Y such that x Ey if and only if f(x)F f(y) forall z,y € X. In this case, f is called a
Borel reduction from E to I, and we write E <g F. If E <g F and F <g F, then

we say that E and F' are Borel bireducible with each other, written as E ~g F.
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It £ <p F, then we see F' to be at least as complex as F because F' contains all
the information £ has in the sense that the question of whether x 'y or not can be

decided inside F' with the help of a Borel function.

Observe that, comparing this definition of Borel reducibility with that of Subsection
2.4, one may interpret £ <p F'in two different ways. If one wishes to compare the
complexities of £ and F' merely as subsets of the ambient spaces X x X and Y x Y,
one would use the definition in Subsection 2.4. However, if one wishes to compare the
complexities of £/ and F' as equivalence relations, one would use the definition given
above, which is more suitable for this purpose. Therefore, unless stated otherwise,
while comparing the complexities of equivalence relations, one assumes that £ <pg F

means the existence of a Borel reduction as defined above.

For Borel equivalence relations, we have the notion of universality analogous to the
notion of completeness we had for Borel and projective classes. For a collection I' of
Borel equivalence relations on Polish spaces, we will call a Borel equivalence relation

E to be universal I' if any I' equivalence relation is Borel reducible to E.

The simplest equivalence relation on a Polish space is the identity relation on the
space, which is readily seen to be Borel. For any uncountable Polish spaces X, Y we
have idx ~p idy as a consequence of the Borel isomorphism theorem. We then have

the following hierarchy of the Borel reducibility
idy <pidy <pidy <p ... <pid, <p .. <pidy < idgr (2.1)
where n denotes the discrete space {0, 1,...,n — 1} of cardinality n.

If a Borel equivalence relation is Borel reducible to an identity relation on a Polish

space, then it is no more complex than an identity relation.

Definition 2.8. A Borel equivalence relation on a Polish space is called smooth if it

is Borel reducible to the identity relation on a Polish space.

If E C X x X has countably many equivalence classes, then it is clearly smooth
and Borel bireducible with the corresponding identity relation. Moreover, all smooth
relations are the ones listed in 2.1 up to Borel bireducibility due to the following

dichotomy theorem of Silver.
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Theorem 2.12 ([9], Theorem 5.7.1). Let E be a Borel equivalence relation on a

standard Borel space. Then either E <pg 1dy or idg <p F.

The most important and basic non-smooth equivalence relation is Ey, the eventual
equivalence, on 2" given by aFy3 if and only if AN € N,Vn > N, a(n) = B(n).
Since it has uncountably many equivalence classes, idg <p Ej by the theorem above.
It turns out that there is no equivalence relation in between. More precisely, we have

the following dichotomy theorem.

Theorem 2.13 ([9], Theorem 5.7.2). Let E be a Borel equivalence relation on a

standard Borel space. Then either E <p idg or Ey <p E.

So Ej is the simplest non-smooth relation and the following diagram represents the

initial segment of Borel reducibility.
idy <pidy <pidy <p .. <pid, <p..<pidy<idg <p Ey (2.2)

An equivalence relation is said to be countable (finite), if each equivalence class is
countable (finite). We define the following notion for Borel equivalence relations to

characterize F.

Definition 2.9. Let E be a Borel equivalence relation on a Polish space X. Then E is
called hyperfinite if E = | J,, E,, where each E,, is a finite Borel equivalence relation
on X.

A Borel equivalence relation is called essentially hyperfinite, if it is Borel reducible

to a hyperfinite Borel equivalence relation.

For example, Ey = |J,, F,, where F), is the equivalence relation given by oF;, 3 if and

only if o; = f3; for all ¢ > n, which is clearly finite.

Ej turns out to be the universal hyperfinite Borel equivalence relation. We also ob-
served that Fj is reducible to any non-smooth Borel equivalence relation. Thus, Ej is
the unique hyperfinite non-smooth Borel equivalence relation up to Borel bireducibil-

ity. Moreover, countable Borel equivalence relations has an upper bound.

Theorem 2.14 ([9], Theorem 7.4.1). There is a universal countable Borel equivalence

relation.
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It is clear that the universal countable Borel equivalence relation is unique up to Borel
bireducibility. So we denote it by F/,. As a fact, there are infinitely many equivalence
relations between £ and E.,. If E is reducible to a countable Borel equivalence
relation, then it is below E.,. Thatis, £ <p F.. In this case, we say that F is

essentially countable although it is not necessarily countable.

So we have the following diagram of Borel reducibility for essentially countable Borel

equivalence relations.

hyperfinite
idy <pidy <p .. <pid, <p .. <pidy <pidr <p Ey <p .. <p E
TV N TV 4
smooth non-smooth

TV
essentially countable

Borel reducibility of equivalence relations is not a linear order, but just a pre-order
for the linearity breaks at Fj. There are, for example, Borel equivalence relations
that are not essentially countable and £, is not reducible to them. Even non-smooth
countable Borel equivalence relations are highly rich and far from being linear. It
suffices, however, for us to consider only countable Borel equivalence relations given

in the diagram above.
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CHAPTER 3

DESCRIPTIVE COMPLEXITY OF PATH-CONNECTEDNESS

This chapter focuses on the descriptive complexity of path-connected subsets of a
Polish space among all closed subsets. We denote the set of all path-connected non-
empty closed subsets of a Polish space X by Cp.:,(X). To be able to study paths in
the space, we introduce the Polish space I1(X) of all paths, i.e., continuous functions
~v : I — X, where it is well-known that the space of all continuous functions from a
compact metrizable space to a Polish space with respect to supremum metric induces

a Polish topology. Our main references for the results in this chapter are [5] and [11].

The definition of C,q, (X) in F(X) directly gives us an upper bound for its complex-
ity. Any closed subset F' of X is path-connected if and only if

Vr,y € F, 3y € II(X), 7(0) = 2, y(1) =y, and Vk € N y(q) € F .
We shall show that this is a IT} characterization.
Proposition 3.1 ([5], Proposition 5.1). Let X be a Polish space. Then Cpun(X) is a

1} subset of F(X).

Proof. For eachn € N, define
An ={(F,v,zy):z,y e F=9(0) =2 A (1) =y A v(gn) € F}

as a subset of F(X) x IT(X) x X x X. We will show that .4,, is Borel. Consider, for
example, only the relation v(0) = z. Tuples satisfying this relation can be obtained

by taking the inverse image of the closed set

{(F.t,r,y) € F(X)x X?:t =2}
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under the continuous function (F,~,z,y) — (F,7(0),z,y). Thus, the relation
"v(0) = x" gives a closed subset and so a Borel subset. Similar to this observation,
we can show that A, is Borel because equality and membership relations are Borel
(see Appendix A), v is a continuous map and Borel sets are closed under continuous
pre-images. Then, we set A = ) .A,, which remains a Borel set. This is the set of
all tuples (F,~,x,y) for which ~ is a path lying inside F' from x to y if x,y € F.
Then 3% A is an analytic set and it consists of all triples (F,z,y) for which x is
path-connected to y in F' provided that z,y € F'. If this holds for any =,y € X, then
F is path-connected and vice versa. Thus, v¥~ 310 4 = Cpatn(X). Hence, Cpaen(X)

is a coprojection of an analytic set, and so it is TT3. 0

Let us show that this upper bound is realized for some Polish (in fact, compact) space
showing that the bound is optimal. Due to Becker (and Ajtai, independently), Cpan (I")
turns out to be IT} —complete for n > 3. It is enough to prove this for n = 3 because
if Cpan(I?) is II3-complete, then we can embed I? in I" to establish the result for
n > 3. Two proofs with similar techniques are included in [11, Theorem 37.11] and
[5, Theorem 5.5] where it is proved for n > 4 in the latter. We improved the second

proof using the ideas in the proof.

The well-known topologist’s sine curve is not path-connected to the origin. But if
we keep scaling the curve by smaller and smaller numbers as * — 0T so that the
corresponding function has a continuous extension at 0, then we will have a path to
the origin. Building on this idea, we will relate eventually zero binary sequences

with path-disconnected sets. First, let A = 2. Consider the function z = f(y) =

sin (1 T ) defined on [1/2,1) whose graph is presented in the Figure 3.1 a. For
)
each € A, consider the scaling function sg : [1/2,1) — R whose graph is

1 1
R2 . 5 — 9= B0)—B(1)..—B(k) 1— 1— LeN\S .
{(y,Z)G z Y€ ol T ras) ke
Let Q C A be the set of eventually zero sequences, which is clearly a countable dense
subset. If 5 € (), then the graph of the function f.sg will not be path-connected to
the point (1, 0) because the shrinking will stop at some point (see Figure 3.1 b). But
if 5 ¢ @, then f.s will have a continuous extension at y = 1, and so we will be able

to "draw" a path from the graph of f.s to the point (1,0).
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11z 171z
\ /\ A
1 1
2
11 1
@ 2= f(y) (b) 2 = f55(y), B = (1,1,0,0,0...)

Figure 3.1: Graphs of f and f.sg

We are now ready to prove our theorem.

Theorem 3.2 ([11], Theorem 37.11). Cpun(I?) is a I13-complete subset of K(I%).

Proof. We shall reduce the complete IT} set Py to Cpun(I? x J) where J := [—1, 1] by
a continuous map. Let ¢ : A* — A be a homeomorphism. For each («, ) € A?, let
L, 5 be the path-connected set of the line segment from (0,0, &) to (¢(x, 8),1/2,0)

union the set

{(L(a,ﬁ),y,z) el xJ:z=fss(y),ycl/2 1)}

and define L to be the plane segment I x {1} x J union the set {(0,0, ) : & € A}.
We refer the reader to the Figure 3.2 to visualize the set L, g. We then define

p(K)=LU U Lo g
(a,B)EK
for all K € K(A?). The argument for well-definedness and continuity of ¢ follows
as in the proof of Theorem 2.9 by the continuity of the map («, 3) — ¢({(a, 5)}).

For K € K(A?) and a € proja(K), the set
o({a} x K(a U Lo
BeK (a

is path-connected as the point (0,0, ) is common to L, 3 for all 5 € K(a). And
it can be easily seen that p({a} x K(«a)) \ L and ¢({c'} x K (o)) \ L are not

path-connected to each other for o # /.
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Assume that X' € P,. Then each section K («) of K contains an element in A \ Q.
Thus,

oK) = | v{a} x K(a))

aEA

will be a path-connected subset of I? x J. But if K ¢ IP,, then there will be a
section K () that completely lies in (), and therefore the point (0,0, &) will not be
path-connected to the plane segment at the level y = 1. We then get at least two
distinct path components in ¢(K). Thus, ¢ is a continuous reduction from P, to

Cpatn (I2 X J) & Cparn(I), showing that Cpqu, (I?) is TI3-complete. O

Figure 3.2: L, s fora € A, f=(1,1,0,0,0...)

What about the complexity of Cpun(I?)? One might expect to have less complexity
compared to Cpuen (I3). We shall prove that Cpp, (T2) is indeed not coanalytic, which

is due to Becker.

That Cpun, (T?) is not analytic was proved by Just (unpublished). For the sketch of an-
other proof given by Darji, see [16]. The exact classification of Cpath(]IQ) was proven
by Debs and Saint Raymond [3] to be a descriptive class obtained by applying certain

union and intersection operations to I} sets.
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Theorem 3.3 ([11], Page 257). Cpun(I?) is 1 —hard, and so it is not in I} (K(I%)).

Proof. We will reduce the X} —complete subset WF® C Tr to Cpun(I?) by a continu-
ous map. For any tree 7' on N, we will construct compact subsets K% C KL C ... C

I? so that K := |J,, K7} is also compact.
Let L be the union of line segments connecting points (0,0) — (1,0) — (1, 1).

Construction of K9: Set K2 to be a "zig-zag" curve starting from the point (0, 1)
contained in I x [3/4, 1] as shown in the Figure 3.3. We label the local minimum

points of the zig-zag curve by consecutive natural numbers.

Construction of K%: For each natural number n, let /,, be the vertical line segment
starting from the point labeled by n in K to the level y = % For each (n) € T, draw
¢, and the same type of zig-zag curves placed inside I x [3/8,4/8] starting from the
lower endpoint of /,, whose x-coordinates do not exceed that of ¢,,,,. Draw also the
vertical line segment connecting the limit points of the zig-zag curve to the base line

y = 0. For example, if (0), (2), (4) € T, then K7} looks like Figure 3.4.

Construction of K%: We label the local minimum points of the zig-zag curve corre-
sponding to (n) € T by n0,n1,n2,.... Then for each (nm) € T, we draw the vertical
line segment from the point labeled by (nm) up to the level y = 1 and we call this
line segment ¢,,,,,. Then draw again the corresponding zig-zag curve from the lower
endpoint of /,,,,, and the corresponding vertical line segment to the base line y = 0.

The illustration of K2 is provided in Figure 3.4 for (01) € T

The construction continues in this manner. We set K to be L U | J,, K7. It is routine
to check that the map 7" — Ky is continuous. The set K can have at most two
path componants: the oscillating part and L. If 7T is ill-founded, say for example
0,01,012,0123, ... € T, then the line segments ¢, (g1, {o12, ... together with finitely
many oscillations at each step will form a path from the oscillating part of K1 to the
set L. Thus K will be path-connected. If, however, 1" is well-founded, then K is

not path-connected, just like topologist’s sine curve.

So, the map 7' — Kr is a continuous reduction from WF® to Cpun (I?). O
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This proof (of the fact that Cpq, (I?) is 31-hard) can be lifted up to show that Cpuer (T?)
is H%-complete (see the proof of [11, Theorem 37.11]). In fact, Debs and Saint
Raymond employed the same method in [5, Theorem 5.5] to show that Cpath(]l4)
is IT3-complete using the proof that Cpu,(I?) is X1-hard. On the other hand, we
proved that Cpq,(I?) is II3-complete using a slightly different approach. Yet, we
used the proof idea of Debs and Saint Raymond to relate eventually zero sequences
with path-connectedness. In fact, we proved Theorem 2.9 by this lifting up method.

This method was mentioned and used in [16, Theorem 2.17].

Figure 3.3: LU K2 C I?
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Figure 3.4: L U K},

Figure 3.5: LU K2
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CHAPTER 4

DESCRIPTIVE COMPLEXITY OF CONNECTEDNESS

In this chapter, following the work of Debs and Saint Raymond [5], we shall investi-
gate the descriptive complexity of the more general notion of conectedness. Let X be
Polish. Define C(X) as the set of all closed connected subsets of X and C(X) as the

set of all closed subsets of X whose complement is connected. That is,
C(X)={C € F(X): Cisconnected}

and

C(X)={C e F(X): X\ Cis connected} .

We will first find the maximal possible complexity for these subsets in an arbitrary
Polish space using their definitions. Since X is metrizable, a subset A C X is discon-
nected if and only if there are disjoint open sets U, V such that ANU # (0, ANV ()
and A C U U V. We need to reformulate this definition in terms of closed sets to be

able to "talk" within F(X).

Let I/ C X be closed. Then F' is disconnected if and only if there are closed sets
Fy, Fysuchthat Fp N Fy =0, FbNEF # (0, FNF # (0 and F = Fy, U F. Here, F,
and F are witnessed by /' N U and ' N V¢ in the previous definition.

Similarly, X \ F is disconnected if and only if there are Fjy, F; € F(X) such that
FhbUF £ X, FIUF # X, FoUF, = X and Fy N F; C F. Here, Iy and [ are

witnessed by U¢ and V¢ in the definition that uses open sets.

These definitions for C(X) and C(X) (actually for their complements) give upper

bounds for their complexities as we shall prove below.

Theorem 4.1 ([5], Propositions 4.1 and 7.5.a). C(X) and C(X) are 1} in F(X).
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Proof. Consider the set
A:{(F,Fo,Fl)FoﬂFlzw, FgﬁF?’é@, FlﬂF#@andF:FOUFl}

whose projection to the first component is equal to F(X) \ C(X). The relation " F' =
Fy U Fy” defines a Borel subset because the union map is Borel and the equality
relation is Borel in 7 (X)) (see Appendices A and B). On the other hand, ” FyNF' # ()7

defines an analytic relation because it can be obtained by taking the projection of
{(Fo,Foo) e FIX)x F(X)x X :x € Fy, v € F}

which is a Borel set. It then easily follows that " FyN F; = ()" is coanalytic. Therefore,
A is an intersection of a Borel set with coanalytic and analytic sets. So, A is X}. But
since F(X)\C(X) = 3/ X)*F(X) A and the projective sigma classes are closed under

projection, F(X) \ C(X) is still in 3. Thus, C(X) is IT3.

Similarly, the equality and subset relations are Borel in F(X'). Moreover, the relation
"FyNFy C F” can be defined as Vo € X (x € Fy Ax € F} — = € F), whichisa

coanalytic definition. Hence the set
g:{<F,F0,F1)FOUF§£X, F1UF#XFQUF1:X, FomFlgF}

is coanalytic. Then F(X) \ C(X) = FFX)*F(X)G is 321, which implies that C(X) is
a IT} subset of F(X). O

Remark. If X is additionally compact, then the intersection map turns out to be
Borel, and so A defines a Borel subset. But then C(X) and C(X) become comple-
ments of projections of Borel sets. So they are IT} in (X)) (see [5, Proposition 7.2]).
In fact, we have more than that. Closed disconnected subsets of a compact space can
be characterized in a much simpler way. If {U,, },, is a basis for X closed under finite
union, then F' € F(X) is disconnected if and only if there are basic disjoint open sets

U,, and U, both intersecting F' and that cover F'. In other words,

FONCX)= |J UInUN(UUT,)"

n,m: UpNUp,=0

and so it is open. Thus, C(X) is closed in I(X).
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We will next show that these bounds for connectedness are optimal. What this means

is that we will show that there exist

e a Polish space X C R? for which C(X) is IT}-complete,
e a Polish space X C R? for which C(X) is IT}-complete,

e a compact space X C R? for which C(X) is IT}-complete.

The proofs of these results are taken from [5]. For the first result, we provide the full
proof with a slight modification of the original one whereas the last two results are

proven with the help of some important lemmas whose proofs are skipped.

Theorem 4.2 ([5], Theorem 4.2). There is a Polish space X C T? such that C(X) is
I1-complete.

Proof. Let A be a homeomorphic copy of the Cantor set such that {1,2} C A C

[%, ?J C R. Let ) be any countable dense subset of A, and set P = A \ (). Define
X ={(z,y,2)€P:2¢ Aor(y € Pand z =0)}
which is a G5 subset of I because A C R is a closed subset, P C R is a G subset

and "z = 07 defines a closed subset of R?. Thus, X is Polish by Theorem 2.1.

Let A denote the set A x {0} for any A C I2. Define ¢ : K(A?) — K(I?) as

V(K) ={u=(z,y,2) € : z+d(x,A) > ~d(u, K)}

| =

where d is the ¢; metric on the corresponding space [". That is,
d((z1, .oy tn), (2], ) = |21 — 24| + oo + |2, — 2|

It is clear that ¢)(K') € K(I?) because d is continuous in both uses and the inequality
is not strict. In the rest of the proof, we shall be using the observation that (z,y, 1) €
Y(K) for any (z,y) € 12 and any K € K(A?) because the maximum possible value

~ 3 3 10 1 -
of d(u, K) is 1+4—1 +Z = Z,and sol+d(xz,A)> Zd(u,K).

We observe that K C (K. Let us define ¢ : K(A?) — F(X) as
p(K) =X Ny(K).

We claim then that ¢ is a Borel reduction from IP; to C(X).
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Lemma 4.3. The map ¢ is Borel.

Proof. To prove that ¢ is Borel, we will use the technical Lemma 2.10. For the first
assumption of the lemma, we will show that 1) is upper semi-continuous. Let L C I3
be closed. We will show that ¢)~! (L") is closed where L™ has the obvious meaning.

Consider the set

A={(K,u) e K(A*) x L :u € (K)}.

If {(K,,u,)}n is a sequence in A converging to (K’,u') € K(A?) x I3, then we have

Zn + d(xn, A) > —d(uy,, K,,) for all n

] =

and if take limits of both sides as n — oo, we get 2’ + d(z/, A) > id(u’, K') since
all functions involved are continuous. Hence v’ € 1 (K"). Moreover, u,, € L implies
that w' € L as L is closed and u,, — v/, showing that (K’ «’) is in A. Tt follows
that the set A is closed. But ¢)~!(L™) is equal to the projection of the closed set A
onto the first component. It follows that 1)1 (L) is also closed as A is compact. But
then ¢y (U~) = ¢~ (I3 \ U)™)" is open for any open U C I3. Thus, v is upper

semi-continuous.

The other assumption of the lemma was that ¢(K) = ¢(K) N X is dense in ¢ (K)
forany K € K(A?). Fix K € K(A?) and € > 0. Then let ug = (g, Yo, 20) € ¥(K)

and consider the open rectangle
U=Jg, xJo, xJ, CI°

where Jf = (t —€/2,t+¢/2) N1 forany ¢ € L.

If 2o ¢ A, then g is in X, and so U N ¢(K) is non-empty. Similarly, if zy = 1, then
U N (K) is non-empty because I x I x {1} C ¢(K) as we observed above.

So assume that xy € A and zy < 1. Choose any z € Jg, with z > zo. Then choose
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Z— 20

z € J) \ A whered < . Setu = (z, o, 2), which is in U N X. Then

d(u’ k) S d(“? UO) + d(u07 f()
< d(u,up) + 429

= |z — xo| + |2 — 20| + 420

Z— 20

< + 2 + 32
4

:§z+§zo

<4z

<4z +4d(z,A)

which implies that u € ¢(K). Thus U N ¢(K) is non-empty. This finishes the
proof that ¢(K) is dense in ¢(K). It follows from the Lemma 2.10 that ¢ is a Borel
map. [

Let us show that ¢ is a Borel reduction from P5 to C(X).

Let K ¢ IP,. Then there is 7o € A for which K (xg) N P is empty. It follows that
©(K)(zo) = 0 since otherwise v’ = (x¢,y, z) € ¢(K) would imply thaty € P, z =
0, and so d(v/, K) = 0 = (x9,y) € K, which would give a contradiction. Hence

{(z,y,2) € X :x < xo}and {(x,y,2) € X : & > ¢}
clearly form a separation of ¢(K), and so ¢(K) ¢ C(X).
Now, let K € P,. We shall show that ¢(K) is connected.

Before showing this, we observe that if (x,y,2) € (K) where z ¢ A, then
(x,y,t) € p(K) for any t € [z, 1]. This readily follows from the definition of
(K). Now, let J be the set of connected components of I \ A and let ¢ ,;(K) =
©(K) N (J x I?) for all J € J. Then each ¢;(K) is path-connected because any

point in this set is connected by a vertical path to the level z = 1.

Assume towards a contradiction that ¢(K) is disconnected. Say V and V] is a sepa-

ration of p(K') with (0,0,1) € V4. Since each ¢ ;(K) is path-connected,

Jo={J €T ¢0;(K)CVo}and J1 ={J € T : p;(K) C V1 }
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give a partition of the set 7.

Claim: If u = (a,b,0) € K where a € J Jo, then u € V.
Proof: Let x, € J, and J, € J for each k£ € N such that x; — a. Then set

2, = |xg —al and ug = (x, b, z;) for all k € N.
Since
d(uy, f() < d(ug,u) < lxg —al + 2z, = 22 < 4z < 4(2k + d(mk,A)),

we get up € Y(K)NX = @(K)forall k € N. Sou, € ¢, (K) C Vjforall k € N.
This implies that u € Vj as ux — w and Vj is closed in ¢(K). The claim is now

proved. Symmetrically, u = (a,b,0) € K where a € | J; implies u € V;.

Assume that 7; # (). Let a = inf (Uj1)- Since [0,1/4) € Jo, inf J € A for any
J € Jy. Hence, a = inf (U J1) € A. Thena € [JJo NU T Since K € Py, there
is b € P such that (a,b) € K, and so (a,b,0) € K. Butsince a € [JJo N Jr, we
have (a,b,0) € Vo N V; by the claim, which is a contradiction. Thus, 7 = J,, and so
@ (K) C Vjforall J € J. Moreover, K Np(K) C V; by the claim. Then it follows
that

p(K) = [Knp(K)] U [ es(K) V.
JeJ

This contradicts the assumption that V{, and V] are a separation of ¢(K). We then

conclude that p(K) is connected.

So, ¢ is a Borel reduction from [P, to C(X). It follows from Theorem 2.11 that C(.X)
is TT}-complete. O

There is no known example of Polish X C I? for which C(X) is II}-complete
whereas in what follows, we will demonstrate an example of a Polish space X C I?

such that C(X) is TIi-complete.

Lemma 4.4 ([5], Lemma 7.7). Let A ~ 2. Then for any A € X(A) there exists
G € TI(A?) and a continuous map o — K, from A to K(G) such that

A={aeceA:Jz e A, G(z) = K.(2)} .

Theorem 4.5 ([5], Theorem 7.6). There exists a Polish space X C 12 for which C (X)

is II3-complete.
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Proof. Let A C (0,1) be homeomorphic to 2% and choose any X.l-complete set
A C A. Consider the set G C A? and the map ¢ : A — K(G) associated to A as
in the lemma above. Then define X = [(I\ A) x I] UG. Since I \ A is open and G
is a G subset, X is G, and so it is Polish. We will prove that the continuous map ¢

considered as a map from A to F(X) reduces the ITi-complete set A° to C(X).

If o« € A, then 3¢ € A such that G(z) = K, (o). Thus X \ K, = X \ ¢(«) can be
separated by {(z,y) € X : & < 2} and {(x,y) € X : 2 > x,}. So, p(a) ¢ C(X).

Assume now that &« ¢ A. Assume towards a contradiction that V;, and V; form a
separation of X \ ¢(«) with (0,0) € V;. Then set J to be the set of connected

components of T\ A. Moreover, let
Jo={JeTJ:IJxICWVW}and T, ={JeJ: :JxICV}.

We can then apply exactly the same idea as in the proof of Theorem 4.2 to show
that 7; is empty, and so X \ ¢(«) C V; leading to the same contradiction. We then
conclude that X \ ¢(«) is connected, and therefore (o) € C(X).

So, ¢ is a continuous reduction from A° to C(X). This finishes the proof that C(X)
is IT}-complete. O

Lastly, we will prove the third result. Let P = [0, 1] \ Q. Consider the function

(e 9]

f(x)zZ%&in( ! )

€xr —
— dn

defined for all x € P. We can write f as g, + h,, where

>andhn(:p)222—1k-sin< ! >

kot T — gk

1
gn(x) = o sin <x —

for any n € N. Being uniform limit of continuous functions at x = g,,, the function

h., is also continuous at ¢,,. On the other hand, we clearly have that
{ lim gn(a) = Hm o = gn} = [-277,277].
But then
J,, = { lim f(zg): lim xp = qn} = [hn(qn) — 27", hp(gn) + 277 .
k—o0 k—o0
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So for each n, the set J,, of "cluster values" of f is a closed interval. Let X be the

closure of the graph of the function f defined above. Since f is continuous, we have
X = Graph(f)U UJ” :

Moreover, any H C X is connected if H(x) # () for all z € 1. We refer the reader to

[4, Section 8] for the proof of this fact and for a detailed discussion of the function f.

Theorem 4.6 ([5], Theorem 7.3). There is a compact set X C 12 for which C (X) is

a I1}-complete.

Proof. Although f cannot be extended continuously to I, there is a subset A of I such
that 0,1 € A =~ 2V, AN Qs dense in A, and flanp has a continuous extension to A
(see [5, Lemma 7.4]). Set Q = QN A and let g : A — J be a continuous extension
of f. Define ¢ : K(A) — K(X) as p(K) = Graph(g|k). Then ¢ is a continuous
reduction from PP; to C (X). It is easy to see that this map is (uniformly) continuous.
If K ¢ Py, then there is 2o in K \ (). But then since xy ¢ Q, zo-section of X is a
singleton. Thus, {(x,y) € X : © < 2} and {(x,y) € X : © > 2} clearly form
a separation of X \ ¢(K). Hence ¢(K) ¢ C(X). Suppose now that K € P;. Then
K C Q. It follows that each section of X \ ¢(K) is non-empty, and so X \ ¢(K)

is connected. As a result, ¢ is a continuous reduction from P; to C (X). Since X is

compact, C (X)) is IT as we observed. Thus C (X) is II{-complete. O
We close this chapter by noting that it can be easily shown that C(I) is not open in

K(I). So IIY is also an optimal bound for the complexity of C(X) for a compact
Polish space X.
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CHAPTER 5

BOREL EQUIVALENCE RELATIONS OF PATH-CONNECTEDNESS

In this chapter, we analyze the possible complexities of path-connectedness equiv-
alence relation on G5 subsets of R2. For a Polish subspace X C R", consider
the path-connectedness equivalence relation ~x on X given by z ~x vy if and
only if there exists a continuous function 7 from the unit interval I into X with
~v(0) = zand y(1) = y for all z,y € X. Then the equivalence relation ~y is an

analytic subset of X x X as it is the projection of the closed subset

{(z,y,7) € X x X xII(X) : v(0) = x and v(1) = y}

where I1(X) is defined as in Chapter 3. Becker and Pol showed that if X C R? is
a (5 subset, then ~x being Borel is equivalent to all path components of X being
Borel ([2]). In the last year, Debs and Saint Raymond proved that ~x is Borel for
any G subset of the real plane ([6]).

Knowing that ~x is Borel, we will show that it is essentially countable and therefore
bounded by E, for any G5 subspace X C R?. We will also prove that the non-smooth

Borel equivalence relation Ej is realized on ~y for some compact X C R?,

Now, let X C R? be Gs. We know that the set J(X) of all paths is Borel in
IC(X) where a path means a homeomorphic image of I in X. Moreover, the map
e: J(X) — K(X) that assigns each path to the set of its endpoints is also Borel.
The proofs of these facts can be found in [2]. For any path J, we denote the set
J\ e(J) by J.

Remark. We abuse the definition of a path by defining it both as a continuous func-

tion v : I — X and as a homeomorphic image of I in X. The latter is known as
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arc in the literature. However, it is well-known that in Hausdorff spaces, there is a
continuous function y : I — X with v(0) = z and v(1) = y if and only if there is a
homeomorphic image of I in X whose endpoints are x and y assuming that x # y. It

will be clear from the context which definition we mean.

Theorem 5.1. ~x <p FE

Before proceeding with the proof, let us make a simple observation on the Borel

equivalence relations to simplify the proof.

Lemma 5.2. Let Z be a standard Borel space, and B, B, ..., B,, be a Borel partition

of Z. Let ~; be a Borel equivalence relation on B; fori = 1,2, ...,n. If each of ~; is

essentially countable, then so is U ~i.
i=1

The lemma helps us to consider different types of ~x-classes separately. Define

X : the set of points whose path component contains a simple triod, that is, there are

paths I, J in the component such that 7 N J is singleton and e(I) Ne(J) = 0,
X : the set of points whose path component is singleton, and

Xp : the set of points whose path component is an injective continuous image of a

real interval or S?.

Figure 5.1: A simple triod

It is well-known that a path component of a separable metrizable space belongs to one
of these three types (for example, see [2] and [7]). Therefore, X = X1 U Xg U Xp.

Moreover, this is a Borel partition of X as shown by the following proposition.
Proposition 5.3 ([6], Proposition 10). X1, Xg and Xp are Borel.

Clearly, ~x is a disjoint union of ~x,, ~x, and ~x,.. We will show that all of these
restrictions are essentially countable. Then Theorem 5.1 will follow by Lemma 5.2.
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Theorem 5.4. ~x , ~x, and =, are essentially countable.

Proof. Moore’s theorem ([17]) implies that X can have at most countably many tri-
odic components. An elegant proof of this fact can be found in [19] by Pittman. Thus,
having countably many Borel equivalence classes, ~x, is smooth and therefore es-

sentially countable.

Since ~x, is the identity equivalence relation on a standard Borel space, it is smooth

and so essentially countable.

Recall that a path component of X p is a continuous injective image of a real interval
or a circle. To show that ~x, is essentially countable, we will choose countably many

paths from each path component of Xp.

Define a partition End and Int of Xp as the set of points which are endpoints of
their path components and the set of points which are interior to some path in Xp
respectively. We can apply a similar argument as in the proof of [6, Proposition 10]

to the Borel set
{(x, ) e X xJ(X):z € Xp,xeJx¢ell)}

to show that its projection to the first component is Borel. But the projection of this
set is the set of all points that is interior to some path in X p, namely /nt. Then both

Int and End are Borel.

We need to construct codomain of our Borel reduction, which will be a Borel subset
of J(X). Let { B,,},, be a basis of open discs for R? and fix a Borel selector function
¢: K(X) — X. Then we define the set

Jo={J€T(X): JCB,, JNOB, Ce(J)CIB,UEnd, c(J) € Xp}

of all paths in Xp that lie in the closure of B,,, whose endpoints are on dB,, or
possibly on End, and do not intersect 0B5,, other than endpoints (see Figure 5.2). It

is routine to check that 7,, is Borel.

Define ~ to be the equivalence relation on J := |, J, of being in the same path

component.

Claim: ~ ; is a countable Borel equivalence relation.
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Figure 5.2: Elements of 7,

Proof of Claim: The mapping J — c(e(.J)) is a Borel reduction from ~; to ~x,

which shows that ~ 7 is Borel.

Let C' be a path component in Xp. Say ¢ : S — (' is a continuous injective
parametrization of C' where S is an interval or a circle. Letn € Nandlet /,J € 7,
be in C'. It is easily checked that I and J can intersect only at their endpoints, which
implies that / and J are disjoint. Then {gofl(j)} Jco, Jeg, is a disjoint family of
open intervals in S, and therefore it is a countable family. This shows that ~ 7 is an

equivalence relation with countable classes and finishes the proof of the claim. [

To finish the proof of the theorem, observe that
{(x,J) e Xpx J:xeJ}

is a Borel set with countable sections. Thus, by Lusin-Novikov theorem [11, Theorem
18.10], it has a Borel uniformization, that is, a Borel subset which is a function.
The projection of this union to the first component is Xp. It is immediate from the
construction then that this function is a Borel reduction from ~x, to ~ 7. So ~x,, is

also essentially countable. [

This proves Theorem 5.1, which shows that if ~x is non-smooth, then we necessarily
have £y, <p ~x <p F. But can =~y ever be non-smooth? The answer turns out
to be positive. Our next theorem will show that a non-smooth equivalence relation
of path-connectedness can be realized for some compact subset of the plane. Let us
introduce some auxiliary notations for the construction of the compact set and the

reduction.

For each o € 2V, let @ denote the sequence obtained by taking the complement of
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each entry, that is, @, = 1 — a,. Consider the equivalence relation £ on 2V given by
aEB +— (aEyB or aEyf)

for any o, 3 € 2. It is straightforward to check that Ej is a hyperfinite Borel
equivalence relation. Moreover, the continuous map f : 2N — 2N defined as
fla) = (ap,1,0a1,1,a9,1,...) for all & € 2" is a Borel reduction from E, to E,

showing that £j is not smooth. Consequently, £5 ~p Ejy.
We set Ny = 2" and for any k& € NT, we define N;, C 2" as
Ne={ae2¥:min{ieN:a=1} =k —1} .

For any sequence o« € N, where £ > 0, let a be the sequence

(0,0,...,0,1, @, Qgr1, Ago, -..), Which is still in Ny.

We shall first define a sequence (H}), of compact subsets of R? as follows. Let
Ty = % For any oo € Ny, let 7275 be the upper semicircle centered at (o, 0) with
radius |zo — a| connecting (e, 0) to (&, 0). Set

Hy = U 72,&

aENy

For each £ > 0, let z;, = %La where « is some (equivalently, any) element of V.
Then for each a € NV, let 7(’;& be the lower semicircle centered at (z, 0) with radius

|z, — | connecting (ax, 0) to (e, 0). Then set

Define H := | J, Hj. Indeed, the compact set H is shown in Figure 5.3. This set is a
very well-known among continuum theorists as the Knaster continuum as an example
of a compact connected metric space that cannot be written as a union of two proper

compact connected subspaces.

Consider as an example o = (0,1,1,0,...) and 8 = (0,0,0, 1, ...) where aF},3 and
F} is defined as in the Subsection 2.5 so that aEj 3. Then the diagram

0 'yl v

a=(0,1,1,0,..) <% (1,0,0,1,...) <=5 (1,1,1,0,...) <5 (0,0,0,1,..) =a = 3

shows the path connecting (c,0) to (3,0), which is 7 z U~L - U~
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Since Ey (~p Ef) is the unique hyperfinite non-smooth Borel equivalence relation

up to Borel bireducibility, it follows from the next theorem that ~ is non-smooth.

Theorem 5.5. ~ is Borel bireducible to E.

Proof. To show that B} <p ~, let : 2% — H be defined as ¢)(a) = («x, 0), which
is clearly continuous. We claim that £ 5 if and only if ¢(a) =g ¥(8).

Clearly, o £ if and only if aF}, 5 or aF, for some n € N. We claim then that for
any n € N and for any o, 5 € 2" with aF,, 3 or oF,, 3, there is a path in H connecting
¥ («v) and ¥ (). We shall prove this by induction on n.

For the base step n = 0, the claim trivially holds whenever « = [ and, 1(«) and

1 (B) are connected by the path 7° _ whenever & = 3.
y the path 7,

Let n € N and assume that the claim holds for n. Let o, 5 € 2N be such that aF}, |
or oanHB. Suppose that we are in the case that a.F}, 3. If o, = 3, then we have
aF, 5, and so we are done by the inductive hypothesis. So, assume «,, # 3,,. Without

loss of generality, assume that c,, = 1. We then have

w(oz) = @ZJ(O./(), ey 1, ]_, Opiy1,Upy2, )

~g ¥(0,....0,1, i1, o, ...)
~g ¥(0,...,0, 1, @pi1, Ao, --r)
~g (1, .. 1,0, a1, o, )
~ Y(Bos o Bt 0, gt ga, ) = ()

where the first and the last equivalences follow from the inductive hypothesis whereas
the second and the third ones are witnessed by some paths in ,,, and H respec-
tively. The case for aF}, 3, though slightly more involved, can be shown in a similar

way. Thus, we have aF§ 3 implies () =g 1(5).

For the other direction, assume that o, 3 € 2" such that afy 5. Assume for the
sake of contradiction that i(«) ~y ¥(5). Say v : I — H is a path from ¥ («)
to 1 (B). We will first prove that v(I) must intersect infinitely many Hj’s. One can
check that, by construction, for any ¢ € N, the set Hy U ... U H; is homeomorphic to
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C x I. Tt is therefore easy to see that ¢)(«v) and () are not path-connected inside
Hy U ...U H; for any i € N. Thus ~(I) must intersect infinitely many H}’s. Now
choose e, € Hi, N ~(I) for each n € N from distinct Hy,’s. Take t,, € I such
that y(t,) = e, € Hy, for all n € N. Without loss of generality, we may assume
that (¢,,),, is an increasing (or decreasing) sequence. For if it is not the case, we can
pass to an increasing (or decreasing) subsequence. For any n € N, y([t,,, t,,1-1]) must
intersect the line # = 1, call M. This is because (t,,) € Hy, and ¥(t,41) € Hy, .,
cannot be connected by a path inside // \ M. So for each n € Nlet ¢, € (t,,t,41)
such that (f,) € M. Since (t,),, and (,), converge to the same number and ~ is a
continuous function, we have

(0,0) = lim e, = lim 7(t,) = lim y({,) € M,
n—oo

n—o0 n—o0

which is clearly not true. Thus, ¥(«) %5 ¥ (). This finishes the proof that Ef <pg

%H_

To show ~; <p E;, consider the map ¢ : H — 2N that sends each e € H to the
sequence o(e) in 2% that maps under 7 to the closest point on the copy of the Cantor
set on the x-axis, to which e is path-connected. Here we choose the left point in the
case that there are two such points. It is straightforward to check that ¢ is a Borel

reduction from ~ to Ej. O
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Figure 5.3: The Knaster continuum (or the bucket handle)

While the Borel equivalence relation ~x is bounded for Polish X C R?, a compact
subset of R* with a non-Borel path-component was constructed in [13]. Not only
this, but also an example of a compact subset of R? none of whose path components

is Borel was also given in [14] (see also [1]). The difference is notable.
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CHAPTER 6

CONCLUSION

In this thesis, we surveyed the descriptive complexity of Cpass (X ), C(X) and C(X) in
F(X) while we considered K(X') when X is compact following [5]. Together with

the results in Chapters 3 and 4, we have the following table.

Table 6.1: Upper bounds for Cpei(X), C(X) and C(X)

X is Polish | X is compact
Cpatn(X) I1, I1;
C(X) IT; IT
C(X) IT; IT;

These complexities are directly obtained by writing the definitions of the sets in an

arbitrary Polish (and compact) space.

From the main results of the same chapters, we can conclude that all six bounds given
in the Table 6.1 are the best possible choices. We showed, for example, that there
is a Polish space X C R? such that C(X) is ITi-complete. By completeness, C(X)
cannot be in the class 32} (and hence not in A{, 321, T} either). This suggests that it
is never possible to define path-connected subsets of Polish spaces in a simpler way.

To illustrate, one cannot characterize path-connectedness by a formula of the form

Yy €Y p(y)

where Y is an uncountable Polish space and ¢(-) defines a Borel relation. Therefore,

the use of an existential quantifier over an uncountable Polish space is inevitable.

As we mentioned in the thesis, complete sets are the most complex sets in their
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classes. It is interesting to note that connectedness and path-connectedness attain

their most complex forms in two and three dimensional spaces.

It is probable that there is a Polish space X C R? for which C(X) is IT}-complete.

Yet, we only know an example in R?,

The difference between two and three dimensions is more apparent in path-

connectedness. There can be two seemingly related reasons for this difference:

e [f a path component in the plane is not uniquely path-connected, that is, if it
contains a closed curve, then this component separates all path components
into two distinct and unrelated path components to be examined. Moreover,
any subset of the plane can contain at most countably many path components
containing closed curve because of separability. This is clearly not the case in

three dimension.

e The beautiful theorem of Moore shows that one cannot draw uncountably many
mutually disjoint homeomorphic copies of the letter Y (or T,EK etc.) in the

plane. In R3, one can do this.

The second reason was mentioned in [3]. The difference between R? and R? is even
sharper in terms of path-connectedness equivalence relation. There is an example
of compact subset of R? none of whose path components is Borel. Therefore, path-
connectedness equivalence relation is not necessarily Borel in R, On the other hand,
the same relation is bounded by E., if we consider Polish subspaces of R?. It is not

known yet if this is the optimal upper bound or not.

In [1], Becker stated that there is no known example of a compact subset of the plane
whose path-connectedness equivalence relation is non-smooth. There were also no
works that addressed this question. After we solved the question by constructing
such a compact set, Benjamin Vejnar communicated with us pointing out that exactly
the same set, the Knaster continuum, is well-known as an example of indecompos-
able continua. He also informed us about the result of Solecki [21] that composant
equivalence on indecomposable continua is Borel bireducible with either £y or Fj,

which is an important Borel equivalence relation that is not essentially countable. So,
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our result almost follow from Solecki’s paper as in the case of the Knaster continuum

composants coincide with path components.

Complexity classes of the set of simply connected subsets, the set of compact subsets
with no holes, the set of uniquely path-connected subsets are also well studied (see
[11] and [16]). It is possible to investigate other topological notions in terms of their
descriptive complexities. For more open problems on the subject, we refer the reader

to [5] and [16] in which some of the open problems discussed above are mentioned.
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APPENDICES

We provide below some useful complexities of relations and continuous/Borel func-

tions on standard Borel spaces. The results can be found in [11] and [22].

A COMPLEXITIES OF RELATIONS ON STANDARD BOREL SPACES

X Relation Space Complexity
Polish ze€ F X x F(X) Borel
xF#y X xX open

KCL F(X)xFX) Borel
K=L F(X)xFX) Borel
KCL K(X)xK(X) closed

B COMPLEXITIES OF FUNCTIONS ON STANDARD BOREL SPACES

X Function Domain and Codomain Complexity
Polish (K, L) KNL K(X)xK(X)—K(X) Borel
{K,}n =N, K KXY — K(X) Borel
(K,L)— KUL F(X)xFX)— FX) Borel

metrizable K—UK KK(X)) = K(X) continuous

(K,L)— KUL K(X)xK(X)— K(X) continuous

Note. The map K — |J K from (K (X)) to (X)) is well-defined.
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