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Abstract The membrane paradigm of black holes is an
effective theory that replaces the event horizon with a fic-
titious yet tangible fluid. It has provided us with valuable
insights, especially in understanding the environment of
black holes. The paradigm establishes a fluid/gravity corre-
spondence that allows the computation of the thermal prop-
erties of the black hole in terms of the transport coefficients
of the fluid. Recently, we showed that this is a van der Waals-
type fluid for Kerr and especially for Johannsen—Psaltis black
holes. Here, we use the paradigm to study the properties of
various black holes in different dimensions to test the pre-
dictive capacity of effective theory. Among these, for the
BTZ black holes, the paradigm gives a physical bulk vis-
cosity, unlike the generic examples, for which the paradigm
works with a negative bulk viscosity. For Lorentz-violating
black holes, we demonstrate that the parameter for Lorentz
violation is seen as a hair under the paradigm, which shifts
the ergoregion where the fluid pressure diverges. It might
have a consequence for black hole jets. For asymptotically
safe quantum-corrected black holes, the paradigm detects the
final state of evaporation, i.e., a remnant with a correct value
for the mass that still has an event horizon. Finally, we check
the paradigm with stringy black holes that have dilatonic and
axionic charges, and the fluid produces the known results.

Contents

I Introduction . . .. ... ...............

2 Membrane describing the static BTZ black hole . . . .
2.1 Stress tensor using the boundary action. . . . . .
2.2 Boundary stress tensor for the static BTZ black hole

3 Membrane description of the rotating BTZ black hole

4 Lorentz violating static and rotating spacetimes . . . .

2 e-mail: ulusagca@metu.edu.tr

b e-mail: btekin@metu.edu.tr (corresponding author)

Published online: 20 August 2025

4.1 Lorentz violating Schwarzschild spacetime
4.2 Lorentz violating Kerr spacetime . . . . . . . ..
4.3 The membrane paradigm and the Lorentz violation
5 Asymptotically safe Schwarzschild spacetime . . . . .
6 A more general charged (non-)rotating black holes . .
6.1 A static axion-dilaton black hole . . . . . .. ..
6.2 A rotating axion-dilaton black hole . . . . . . ..
6.3 Membrane description of the 4-dimensional
black hole from the Kaluza—Klein reduction in
5-dimensions
7 Conclusions
Appendix A: A brief review of Newman Janis algorithm
AppendixB: Some important transport coefficients
for various theories . . . . . . ... ... ... ...
Appendix 1: Lorentz violating spacetime . . . . . . .
Appendix 2: Stringy solution . . . . ... ... ...
Appendix 3: Kaluza—Klein solution . . . . . . . ...
References . . . . . . ... ... ... .. ... ...

1 Introduction

Our recent work [1], in trying to develop a membrane
paradigm approach to the Johannsen—Psaltis black hole [2], a
parametrically deviated phenomenologically motivated ver-
sion of the Kerr black hole, gave some interesting results,
such as the role of the ergoregion in the formation of black
hole jets. The effective fluid that mimics the black hole,
when we analytically continue into the whole space, includ-
ing the interior of the black hole, shows a generalized van der
Waals fluid-type behavior. These observations prompted us
to develop the membrane paradigm of various black holes in
different dimensions and to understand how ubiquitous the
van der Waals fluid is, hence this work.

For an external observer, the spacetime inside the event
horizon of the black hole, including the event horizon, is out
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of the reach of observations. This basic fact led researchers
to introduce an effective, tangible description of the black
hole by a timelike fluid membrane infinitesimally close to the
event horizon. Being a timelike codimension one hypersur-
face, the fluid has observable properties local in time, unlike
the event horizon, which is highly nonlocal in time [3]. Of
course, in the limit of going from a timelike surface to a
null one, a proper regularization of certain functions, such
as the lapse function in the metric, is needed. That is part
of the paradigm’s limiting process. The origins of the mem-
brane paradigm! approach can be traced back to 1979 when
Damour published [5]. The membrane has electrical conduc-
tivity, shear and bulk viscosities, and other transport coeffi-
cients [4]. A careful calculation on the horizon led to Ohm’s
law, Joule’s law, and the non-relativistic Navier—Stokes equa-
tion [6]. Recently, an action formulation of the membrane
paradigm was given by Parikh and Wilczek [7], who consid-
ered the Gibbons—Hawking—York (GHY) boundary term, not
as a counterterm to be added to the boundary at infinity, but
as a boundary term on a timelike hypersurface that envelopes
the event horizon. Since the surface defining the membrane
is not null, it has a nondegenerate metric, which approxi-
mates the behavior of the true event horizon. The membrane
approach has been carried out for four-dimensional black
holes. More recently, [8] shows that some ideas in the mem-
brane paradigm can be extended to non-singular compact
objects. Tidal Love numbers and quasi-normal modes can be
extracted solely by the paradigm’s tools. This also provided
a future outlook, suggesting that one might also examine
the paradigm of topological stars, i.e., geometrically transi-
tioned black hole solutions to smooth compact objects [9].
Here we shall find the membrane that mimics the Banados—
Teitelboim—Zanelli (BTZ) black hole [10]: a (2 + 1) dimen-
sional Einstein spacetime, with a negative cosmological con-
stant, that admits a black hole structure without bulk degrees
of freedom; moreover acts as a final state of a collapsing mat-
ter [11]. The existence of the cosmological constant drasti-
cally affects the construction of the membrane. For example,
one requires a regularized energy-momentum tensor on the
boundary of the Anti-de Sitter spacetime. Furthermore, we
shall explore various black holes, such as Lorentz-violating,
asymptotically safe, and string-inspired black holes, within
the context of the membrane paradigm to see how well this
effective theory captures the physics of these beyond Ein-
stein’s gravity where we found its success in our previous
work [1] with the parametrically deviated black hole solu-
tions.

The layout of this paper is as follows. In Sects. 2, and
3, we reformulate the 2 + 1 4 1 splitting ideas in 4d black
holes to the 1 + 1 4 1 splitting of (2 + 1)-dimensional BTZ

! The name “membrane paradigm” was coined in [4], and the authors
worked out many details about the membrane description.
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black holes and identify their transport coefficients as if the
stretched horizon is a viscous Newtonian fluid. Moreover, we
also apply the paradigm to the rotating version of the black
hole. The rotating BTZ black hole also has a zero bulk vis-
cosity [12]. In Sect. 4, we extend the membrane paradigm’s
machinery to some Lorentz-violating spacetimes and show
that the value of ergoregion radius changes with the Lorentz
violation parameter and the phase transition of the fluid can
be detected by the pressure value. This shows that the degree
of freedom spontaneously broken by the Lorentz violating
parameter ¢ radically affects all fluid coefficients, and the
well-known values could be restored by setting £ = 0, which
is the no-violation limit. In Sect.5, we explore the effects
of running Newton’s constant on the stretched horizon in
asymptotically safe gravity. In the last Sect. 6, we consider
string theory-inspired black holes in the paradigm and show
that it reproduces the well-known results even in the boosted
frame while accommodating both the axionic and the dila-
tonic degrees of freedom. In Appendix A, we give a brief
review of the Newman—Janis (NJ) algorithm, which makes it
easy to find a rotating counterpart of a given static black hole
through analytical continuation. For the membrane paradigm
to work, it requires a constraint on the value of the bulk vis-
cosity, where both static and rotating bulk viscosities must be
equal to each other. The applicability of the NJ algorithm for
a static black hole implies a rotating cousin for it, where one
can find the static bulk viscosity and employ the constraint on
the rotating counterpart. However, the paradigm’s transport
coefficients do not give the correct values when the NJ algo-
rithm is applied to them. Hence, static transport coefficients
cannot generally imply the rotating ones through the algo-
rithm. One needs to use the NJ algorithm to find the rotating
black hole metric and then apply the paradigm’s machinery.
The NJ algorithm cannot translate the static fluid degrees of
freedom to rotating ones. Moreover, we relegate the compu-
tational details to the appendices as some of the results are
cumbersome (Appendix B).

2 Membrane describing the static BTZ black hole

In what follows, we will construct gravitational membranes
that effectively reproduce the observable properties of non-
rotating and rotating BTZ, Lorentz-violating, asymptotically
safe, and more generally charged black holes. The mem-
brane paradigm has many ingredients that must be adequately
defined before construction. In our recent paper [1], we have
given a fairly involved description of this, and hence, here,
for ease of reading, we will only briefly recapitulate the nec-
essary geometric quantities and the corresponding properties
of the fluid membrane. See also [13,14] for further details.
In no way do we claim novelty about the basic construction
of the membrane. We are using the ideas developed over the
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years; especially, we shall employ the action formulation of
the membrane by Parikh and Wilczek [6,7], which is best
suited to pinpoint the transport coefficients.

Let (M, g) be the (2 4+ 1)-dimensional spacetime that
contains a black hole, by which we mean that there exists a
codimension one null hypersurface H with a degenerate met-
ric on it; and, for our case, with a spatial cross-section having
the topology of S!. The crux of the membrane paradigm is
to posit the existence of a stretched horizon H; that is time-
like with a non-degenerate metric . The dynamical behavior
of the stretched horizon located arbitrarily close to the true
horizon ‘H is that of a viscous fluid, such that in the limit
to the true horizon, it correctly gives the thermodynamical
quantities of the black hole. The stretched horizon is observ-
able, unlike the true horizon, which is infinitely nonlocal in
time and is beyond the scope of observations for transient
observers like us.

Unlike the construction in asymptotically flat spacetimes,
the BTZ black hole exists only in anti-de Sitter spacetimes.
It requires an additional term in the quasi-local stress tensor
on the stretched horizon. To reproduce the known results via
the membrane paradigm, one should performa (1 + 1+ 1)-
decomposition of the black hole metric. The immense accel-
eration, in the limit to the true horizon, makes some of the
extensive thermodynamic quantities divergent. Therefore, as
in the four-dimensional construction, one needs some way
of regularization, best done with the help of the lapse func-
tion N (r), which induces a cutoff to the surface gravity such
that it reproduces finite results. This regularization is needed,
as one cannot smoothly get a null surface from a time-like
surface.

The 2+1-dimensional Banados—Teitelboim—Zanelli (BTZ)
black hole has proved to be a remarkably efficient tool to
test ideas about quantum aspects of gravity and holography.
It is a simpler setting of gravity since there are no bulk-
propagating degrees of freedom. Here, we provide a classical
fluid-membrane description of this geometry, both in static
and rotating versions, that defines a dynamical viscous New-
tonian fluid with nontrivial transport coefficients, mimicking
the black hole. The membrane paradigm for black holes in
four or more dimensions usually yields fluids with a neg-
ative bulk viscosity, which is a problem because it yields
decreasing total entropy in thermal processes according to
Stokes’ hypothesis. However, the (rotating) BTZ black hole
has a zero bulk viscosity and is amenable to a description of
a physically viable fluid membrane in thermal equilibrium.

We start with the static BTZ black hole in the usual (z, r, ¢)
coordinates

2
fr)y=—-m+ 72

ey

dr?

2d 2’
Fo T

ds®> = —f(r)di> +

which is locally AdS3 with the cosmological constant A =
- ZLZ [10]. The membrane paradigm requires an event horizon

with a compact cross-section, which for this case is S land
is located at the largest root of g’ = 0. The metric (1) can
be rewritten as

ds* = —uyuydxdx” +nyn,dxtdx’ + y,y,dxtdx”,

@)

where the y,, part denotes the 1d space-like cross section of
the stretched horizon H, and one has

1
u,dx* = \/?dt, nydx"* = —dr, y,dx" =rdg,
w ® NG w
3
and the induced metric on H; is
dsy, = —fdt* +r’d¢’. )

The extrinsic curvature (and its trace) of the stretched hori-
zon follows from the definition K, := V,n, and reads,
respectively, as

1. 0 0
2 Vo Lo f
Ky = — o o0 0], k=YL _T2.
. \/? 0 0 —r r 2\/7
6))

These expressions will be used in the computation of the
boundary stress tensor, which is the main object of interest,
and we do this next.

2.1 Stress tensor using the boundary action

The method proposed in [7] assumes a boundary at a finite
distance such that the extremal action principle works with
the added surface term:

Sg Stotal = 5g Stotal,l + 5g Stolal,Zs
8g Stotal = 5g (Sin + Ssurface) + 8g(S0ut — Ssurface) (6)

where the surface term refers to the black hole boundary,
which is now represented effectively by the membrane, the
first and the second parts of the action variations are assumed
to vanish separately [6].

For the BTZ black hole, the spacetime has a non-zero
cosmological constant. From the perspective of [7], the addi-
tional cosmological constant term can be viewed as a zeroth-
order correction that is canceled by an extra counter-term.
Howeyver, one can first construct the stress tensor, then impose
the junction conditions on the boundary [15], and then add
the counterterm. For this purpose, let us define a d + 1-
dimensional gravity without a cosmological constant and

@ Springer
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a non-vanishing boundary contribution, i.e., the Gibbons—
Hawking boundary term (in the units Gy = 1, ¢ = 1)

1 1
Stotal,] = E ™ dd—Hx«/ —gR+ g fi)M ddxv +h K
~+Ssurface (7)
1
88in = — dx/—h(Khyy — K )5g". ®)

167 oM

One finds the variation of the action on-shell to be the
Brown-York quasi-local stress tensor. Further corrections on
that quasi-local stress tensor require higher derivative cor-
rections on the gravity action. Then, one has tztietChed =
% (Kh,w — K,w). On the stretched horizon g"" |3, = h*V.
To cancel the above non-zero boundary variation term, one
must add the following:

1
5Ssurface = _E/ddx V—h t;t‘r)etchedahuv‘ (9)

We need the Israel junction condition to resolve the discon-
tinuity on the given boundary.”

1

M = o (K Vg = [K ) (10)

where [K] = K+ — K~ such that [K] is the difference
between the external universe embedding H,. We should
identify K~ = 0 so that the stretched horizon interior to
the black hole side is a flat embedding. This flat embed-
ding is suggested by the paradigm that assumes there is
no phenomenological reason to worry about the inside of
a black hole since one cannot send information to the out-
side observers [6] beyond the horizon. Hence, assuming the
interior of a black hole as a flat or curved manifold does not
change what the outside observer sees. One can immediately
see that r/" 4 1s not covariantly conserved because of the

stretche
non-trivial source term; instead, one has

Dt

v —
stretched —

—h* T 1y, (11)

This expression is none other than the Damour-Navier—
Stokes equation, which allows one to see the gravitational
membrane as a fluid-like surface [16]. We can further decom-
pose K, in terms of the observables of the gravitational the-
ory, i.e., surface gravity «, null expansion ®. The shear tensor
o4 g comes from the extrinsic curvature k* g of the space-like
cross section of H;. To this end, let k4 g be the extrinsic cur-
vature of the codimension-2 space-like section of H,, with

2 One can find an analogous example in electrodynamics: Since the
surface charge induces a discontinuity in the observables of the theory
on a surface, resolving that discontinuity requires imposing boundary
conditions on the surface. In our case, t;‘ﬂewhe‘i induces a discontinuity
in the stretched horizon’s K, , i.e the momentum conjugate of &, [7],
which can be solved by the Israel junction condition [15].

@ Springer

A, B running over the indices of the codimension-2 surface.
Then, one has

1
Kap =04 + EVAB(“), (12)

leading to the stretched horizon stress tensor [6]:

1 1
ts/?r{cgtched = 8_7'[ <_UAB + VAB <§® +K>> . (13)

Based on this construction, we will modify the stretched hori-
zon stress tensor such that it also incorporates the correct
regularization of both the boundary at infinity and the mem-
brane at a finite distance for asymptotically Ad S3 spacetimes,
especially in the context of the BTZ black holes.

2.2 Boundary stress tensor for the static BTZ black hole

As is well known, a local stress-energy tensor does not exist
for the gravitational field because of the equivalence princi-
ple. Therefore, one defines a “quasi-local” tensor for a finite
region of the spacetime. By definition, this tensor can be
written as t*¥ = _\/L—T %, where £, is the metric on Hj.

We constructed the necessary tensors for defining the
quasi-local stress tensor above, enabling us to determine the
quasi-local stress tensor without divergence at infinity. Nev-
ertheless, before that, let us revisit the construction of the
transport coefficients in a known example, that is, the static
Schwarzschild metric in 3 4 1 dimensions:

2m

ds* = —fdt* + fldr* +r%dQ,, f=1-"=. (14
r

In the 1 + 1 + 2-splitting,® the metric reads as
ds? = —uyuydxtdx” +nyn,dxtdx’ + y,,dx"dx”, (15)

where u, and n, satisfy u,u" = —1, n,n* = 1 while
uynt = 0 on the stretched horizon H. At the event hori-
zon H,_.2m, the vectors u and n should be null. On the 2d
surface, we will use the coordinates {A, B} = {6, ¢} hence
vap = diag(r2, r? sin? ). The extrinsic curvature tensor for
this geometry reads as

10,
K/w = _Ex/_éuuuv + @Vuv, (16)

of which the trace is K = i % + %7 The extrinsic curva-

ture of H, can be identified by choosing the lapse function
N = /f as a renormalization factor:

Ky — N*I(kw + Kuyuy), a7

3 This construction follows [12,13].
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where k., = Yuavy kA8 is the extrinsic curvature of the 2d
surface; and « is the surface gravity [12]. In the limit N — 0,
the extrinsic curvature of the stretched horizon converges to
that of the event horizon, and K, becomes proportional
to the surface gravity. The trace of K, diverges since f
vanishes at r = 2m:

. 190 _ _
}\llinoK = —r—f — Tr(N lk,w — N llcuuu,)) o’
(13)
10
lim K, =— LS N*‘K‘ . (19)
N—0 21 lam 2m

The Egs. (17), (18), (19) can be combined to find the stress
tensor:

1 1
S hed
t;t‘r)etc ed _ Py <<5@ —i—/c) Yy — Ouyuy, — U,w> )
(20)

which is to be compared with the energy-momentum tensor
of a viscous fluid given as

tviscous
Y

=N~ pupuy + Ny avop (Py —;0yP)
+7TA()/,ALAMV + YuBuv). (2D

AB 5,5 AB

Here p is the energy density, P is the pressure, ® is the null
geodesic expansion coefficient, ¢ is the bulk viscosity, 1 is
the shear viscosity, 74 is the momentum density, o8 is the
shear tensor of the fluid. If we identify (20) with (21), we get
the following transport coefficients of the fluid:

. 1 6 _ 1 p_ K
P="% " "7 Tex T8’
! A=0 (22)
= -, T = U.
¢ 167

Since we also have

L ((1af T 27
hed _
t}s;r}etc e ((2 \/_ + > Vi — T”u”v i
(23)
by comparison, we get
2 0
O =-f oap =0, K = rf. (24)
r 2
In particular, for the Schwarzschild geometry with f =1 —
2’" , we have:
1
Olan =0. oaglon =0, Kkl = . (25)
m

Observe that the surface gravity «, energy density p, pres-
sure P, the null expansion ®, and the shear tensor o8 will
change when f changes in different coordinates. However, n
and ¢ are universal for spherical horizons; in particular, the
value of the bulk viscosity is negative, showing that we are
dealing with an unstable fluid.

The above example was for an asymptotically flat geome-
try. For the BTZ case, we need to be careful and consider the
action formulation of the theory with proper counterterms to
make the on-shell action finite.

Let us apply the procedure for the asymptotically AdS
spacetime in 2 4 1 dimensions. Given the action,

1 2
S=— d3x«/_ R— =
167
1
+ g dzxv hK — Sct(hp,u) (26)

one can do the on-shell variation

1
d*x/=h t,, Sh*
M

88 = —
1 2y SLa

8
- — ShHY, 27
81 Jom ShHv

where the Gibbons—Hawking—York quasi-local tensor, i.e.,
the conjugate momentum of the gravitational field, is #,, =
ﬁ (Kyv — Khyy). Inthis form, one can see that the bound-
ary term diverges as r — oo. However, if one chooses the
counterterm as Lot = —h%, in Ad S3, one gets a quasi-local
tensor vanishing at infinity. So the regularized quasi-local
stress tensor for the asymptotically AdS3 becomes [17]

1 1
fyy = Ton <K,w — Khyy — Zh,w> . (28)

Let us rewrite the stretched horizon stress tensor:

stretched __ 1 arf \/_
e Snf << I )un
_ (Z _ \/Tj) WU) , (29)

r

and from the geometric decomposition description, one can
check that

Ty = SN (—(“)Muuv + KVMJ/v) ) (30)
where N = ./f. Unlike the case for a 4d Schwarzschild
black hole, the shear tensor is not even defined for a 1d space-
like cross-section. Upon identification of (29) with (30), one
arrives at

roV7

®=— ,
r b4

0l T
T2 e S

@ Springer
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which behave at the event horizon as

R
—m+£—2 02
6 =— + =0,
rH 14
—m4+
H 02 m
il e a G2

which match the known results. As one can see, when
r — oo, the r? term in f dominates, and both the null-
expansion and the surface gravity vanish, which leads to a
zero stress horizon stretched tensor at the asymptotic infin-
ity, as derived. We might not include the extra correction
to the boundary since the horizon radius is at a finite dis-
tance, but not at the asymptotic infinity. However, we will
see that the corrections of the type % will also regularize
the behavior at infinity for the rotating solution. This shows
that the membrane paradigm’s regularization function on the
stretched horizon regularizes both the null and asymptoti-
cally AdS boundary at once.

The static spacetime requires a vanishing momentum on
the dual description; moreover, the shear vector is non-
existent as expected in a (2 + 1)-dimensional spacetime.
Mainly, transport coefficients depend on the underlying the-
ory; however, the shear viscosity in Einstein’s gravity is uni-
versal. Also, according to Stokes’ Hypothesis [18], black
hole thermal states must be in thermal equilibrium if and
only if ¢ = 0, which simplifies the stretched horizon tensor.
Here let us consider a (d + 1)-dimensional spacetime with a
(d — 1)-spacelike cross-section, then the bulk viscosity reads
as¢ = _#_31)' For a 3d spacetime, horizon dim(H) = 2d
with a 1d cross-section. Hence ¢ = 0 for 3d and
at =0, =0, o, =0. (33)
Therefore, the stress tensor of the viscous fluid reduces to a
simplified form:

t/\fvscous = N_l,ouuuu + N_IVMVAVu)/B (PVAVB> , (34

where we can identify the non-vanishing coefficients as:

S N N L

st \ ¢ sz \ 2 ¢

T 87

n = arbitrary. (35)

Since the shear tensor is non-existent, its coefficient is kept
arbitrary for now. However, the membrane paradigm for
2 + 1-dimensional geometries cannot fix the value of shear
viscosity. Analyzing (21), one observes that the shear tensor
of the fluid stress vanishes for both rotating and static con-
figurations, and vanishing bulk viscosity allows one to find

@ Springer

the energy density and pressure uniquely. However, it leaves
the shear viscosity arbitrary. Since the universality of shear
viscosity and entropy density ratio, i.e. g = 41—7T holds for
Einstein space black holes without higher derivative correc-
tions, as in the case of the BTZ black hole, one can fix the
value for the shear tensor as n = #. As one can see, the
coefficient in front of the null expansion depends solely on
the dimension of the spacetime, i.e., @ These are the
correct values for the geometry at the event horizon found
in the literature. The dual-fluid description of null expansion
corresponds to the energy flux and the 00 component of the
stress-energy tensor. If one picks a more general metric func-
tion, the membrane paradigm can see the additional hair as
long as the compact null-horizon condition is satisfied as a
stable black hole. For example, if one considers the linearly
charged BTZ black hole [19]

2

fr)y=—m+ 2—2 — qzlnrz, (36)

where the seed f(r) is the chosen lapse function with two
real roots. The Cauchy horizon is at rc, and the event horizon
is at rg, given that m > 1. At ryg, the maximum value of
the charge can be set as gmax = +/2ry. It can be seen that
for certain values of ¢, m < 0, the horizons are intact. The
transport coefficients of the linearly charged BTZ black holes
are [11]:

(37)

r—=ryg

One can see that the surface gravity analysis coming from
¢ = 0 agrees with those known in the literature [20].

3 Membrane description of the rotating BTZ black hole

The rotating BTZ black hole is again locally Ad S3, but glob-
ally, its causal structure is such that there is an event horizon
and the spacetime is endowed with a mass m and angular
momentum J. The explicit form of the metric can be obtained
in many ways, such as applying the Newman—Janis algorithm
[21] to a static BTZ solution [22]. For our purposes, the BTZ
black hole is best described in the Boyer—Lindquist coordi-
nates [11]

ds> = —fdt> = 2a (1 — f)dtd¢ + ﬁdrz + (<r2 + az)
A

ta? (1 — f)) de?. (38)
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In the notation of [12], the seeds can be decomposed as:

2

Fr=fri=" F=a0-f+(a+r),

A
w=a(l—f)F!, (39)
where f = —m—+ 2—;, A =a’+ 2—3 —mr? while cosmological
constant is A = —%. This form of the BTZ black hole can
also be seen as the section of the 4d Kerr black hole for
6 = 7. This geometric equivalence will also show up in the
transport coefficients of the corresponding fluid membranes.
The metric given in (38) is an Einstein space: i.e. R, =
2072g,,. One can make a coordinate transformation 7 =
t —ag¢, witha = % [22] to arrive at the usual form of the
BTZ metric. The outer horizon and the inner horizon are
located at the roots of A = 0:

14 ,  4a?

As expected, the ergosphere coincides with the @ — 0 limit
of the positive horizon radius namely, r:[rf|aﬁo = L m.
Note that the BTZ black hole in the Boyer-Lindquist coor-
dinates fails to have a positive definite ¢-component of the
rotation Killing vector £ = ai for all values of the metric
parameters, one must have £ > a which is different than the
no-naked singularity condition |¢m| > 2a. These two con-
ditions not only restrict the maximum value of the spin, but
they also restrict the minimum value of the mass tobe m > 2.

From now on, we shall assume m > 2 and a < £ so
that one has gsp > 0 (so that close timelike curves are pro-
hibited), such that the rotation Killing vector is spacelike
everywhere and the geometry has an event horizon. One fur-
ther argument in using the Boyer—Lindquist form of the BTZ
metric is the following: the recent work [12] provides the
membrane construction of the Kerr black hole in the Boyer—
Lindquist coordinates, and hence these coordinates are prac-
tical since we also analyze the BTZ black hole as a constant
cross-section of the Kerr black hole. One naturally expects
the membrane of the Kerr metric to be related to the mem-
brane of the BTZ black hole in some sense. Moreover, in the
previous section, we provided the static version of the black
hole, and to find the transport coefficients, we will have to fix
the bulk viscosity ¢ to its static counterpart. In these coordi-
nates, one can write the metric in the form [23]:

THy (40)

. (a®0, f —2rf?) 0
0 0
a+r?)o.f—2r(f—1f) 0

tstretched _

v g

ds? = — (Fidi + od) + F2dr* + (F} + o?) dg?. (41)

Now, we should decompose this metric in the (1 + 1 + 1)-
form:

ds? = (—uﬂuv +nun, + yﬂy,,) dx"dx"”, (42)

where u,dx* = Fidt + wd¢, n,dx" = F.dr, y,dx" =

| F é + w?d¢. As it should be clear, the BTZ metric is cir-
cularly symmetric, even though it is rotating, as the circular
symmetry and rotation are compatible in 2+1 dimensions.
This is somewhat consequential as all the metric functions
are only r-dependent and there is no angular dependence.
Therefore, one has a vanishing acceleration as in the static
case:
ay, =n"Vyn, =0. (43)
The extrinsic curvature tensor of the timelike membrane, with
a spacelike normal vector n#, is given as K, = h?, Vy,n,,
and K is its trace. They read explicitly as

_YAyf av/Ad, f
2r 2r
K,y = 0 0 0 ,
avAd.f o A@r—a’df)
2r 2r
_ (ro-f +2f)

K (44)

2V A
The 1d cross-section of the extrinsic curvature can be calcu-

lated by taking the Lie derivative of y# along the null vector
M

ky = (Lly)u = l“Vm/v + Vuvulv

_ \/g(erz —a28,f>8¢
7 22 f v

The contraction of the 1d cross-section and the extrinsic cur-
vature gives the null expansion that we need:

(45)

2rf2A —a’Ad, f
2022 f 4 2r4 f2 7

© = ylk, = (46)

By using the extrinsic curvature and the horizon metric, one
can find the stress tensor of the stretched horizon as:

—a((@+r2)df—2r (f = 1) f)
0

(@ + 728, f — 242 (f — 1)
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Energy Flux versus Radial Distance Graph
16 p
o6}

0.4f

Fig. 1 This figure represents the energy flux of the fluid dual to the
rotating BTZ black hole. We chose the parameters as: m = 4,a =
0.75,¢ = 1, hence the event horizon is at ry,,,, = 1.96317, while
THey = 0.382035. At the ergosphere radius, rergosphere = 2.00, there
is a discontinuity just like in the case of the four-dimensional Kerr
black hole. The energy flux is continuous inside the ergosphere until it
diverges at the center

Note that the divergence-canceling term in the stress tensor
at infinity, discussed above, does not contribute to the hori-
zon. According to the membrane paradigm, the Newtonian
viscous fluid description of the stress tensor should be identi-
fied with the stress tensor of the boundary-stretched horizon.
The t7-components yield the energy density [12]:

) 1 (BrlogFf B (ra,f+2f)>

T 87\ 2R 2F VA
(r2 — Ezm)2 — a%¢?

= , @7
8w 2r (ﬂzm —r?)

when a — 0, we have the correct limit. The plot for the
energy density can be found in Fig. 1

1 r?

As in the case of the Kerr black hole membrane paradigm,
the static limit case should constrain the value of the bulk
viscosity ¢. In the static case, bulk viscosity vanishes as we
have seen. Hence, we impose the same for the rotating case

¢ =0. (49)

Furthermore, the fluid for the rotating black hole should have
a momentum vector:

1 wilog g
167 F, (F} +o?)
_a 1
87 12 — CZmNaZ0Z — Cmr? + 1%

(50)

@ Springer

Momentum versus Radial Distance Graph
167t n®

-0.02 -

-0.04 -

Fig. 2 This figure represents the momentum density of the fluid dual to
the rotating BTZ black hole. The parameters are m = 4,a = 0.75,¢ =
1, the BTZ radius ry,,,,, = 1.96317 while ry,,,, = 0.382035. At
the ergosphere radius, rergosphere = 2.00, there is a discontinuity. The
momentum is continuous and negative inside the ergosphere up until
it diverges at the center, discontinuous at the ergosphere radius, and
asymptotically zero at infinity, as expected

which vanishes when the static limit is achieved as expected.
The plot for the momentum density is given in Fig.2

Also, there are no shearing effects for the BTZ black holes
since it has a 1d space-like cross-section. Shear should be the
traceless counterpart of the space-like cross-section. Since it
is a vector, in 1d, there is no such behavior of the fluid:

ol = 0. (&29)]

Now, we can look at the behavior of the pressure plotted as
in the Fig.3

1<vaf+2ﬁ

B 2rf2A —a’Ad, f
T 2F.NA 2a%r2 f +2r4 f2

_ a%0? — Cmr? 44 52)
T 8mltmr — 8w 23’

To check whether this is correct, one should understand
that in the limit a — 0, the surface gravity that is written
as P = g should correspond to that of the static BTZ black
hole:

1 r
lim P = ——. 53
agI}) 87‘[ 52 ( )
On the horizon, the pressure is P = Sln \/TE’ which gives the

correct value of surface gravity.

4 Lorentz violating static and rotating spacetimes

Lorentz-violating gravity theories have been extensively
studied with different approaches varying from string the-
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Pressure versus Radial Distance Graph
16 7P

0.3

0.2"

0.1+

Fig. 3 This figure represents the comparison between the BTZ and
the Kerr black hole’s dual fluid pressure. For the BTZ black hole
we have chosen m = 4,a = 0.75,{ = 1, ry,,, = 196317
while rg = 0.382035. For the Kerr black hole, we have chosen

inner

ory to Horava—Lifshitz gravity [24-28]. Even though Lorentz
symmetry introduces an equivalence to all inertial reference
frames in a given theory. One can introduce a spontaneously
broken Lorentz symmetry into the theory through some non-
minimal couplings to the graviton field. In [28], such a cou-
pling exists through Kalb—Ramond 3-forms. This makes the
theory explicitly Lorentz invariant; however, the vacuum-to-
vacuum expectation value does not acquire such an invari-
ance. In [28], there exists an exact solution which depends on
this Lorentz-violating parameter £ (not to be confused with
AdS radius in the previous section). We apply the Newman—
Janis algorithm to produce its rotating counterpart and show
the equivalence in the non-violating regime and non-rotating
regime. The rotating solution to Bumblebee gravity with
Lorentz violation is introduced in the paper. Still, to the best
of our knowledge, the rotating solution to non-minimally
coupled Einstein—Kalb—Ramond theory does not exist in the
literature. After introducing the static and rotating black hole
solutions for the theory mentioned above, we will apply the
membrane paradigm to the black holes and find their trans-
port coefficients. Let us first give a brief review of how the
Lorentz-violating parameter affects the form of the metric
functions of the Schwarzschild and Kerr black holes. After
that, we employ the paradigm machinery in the sense of [1]
and [12].

4.1 Lorentz violating Schwarzschild spacetime
Through the results of [28], we will introduce the

Schwarzschild black hole, which depends on the Lorentz-
violating parameter ¢

ds®> = — fdi* + fdr? + r’(d6* + sin® 0d¢?), (54)

Kerr Black hole pressure versus radial distance graph

16 77 Perr
4 -
3 5

2F

0.5 1.0 1.5 2.0 25 3.0

m = 1,a = 0.75, ry,,, = 1.66144 while ry,,,,, = 0.338562, One
can see that at the ergosphere radius, rergosphere = 2.00, there is a dis-
continuity in both pressure values and the behaviors of the pressure are
similar

where f(r) = lszz — 27’” where m is the mass and £ is the
Lorentz violating parameter. Due to observational tests, £ is
constrained to be small. For this spacetime, the Kretschmann

scalar is found to be:

48m? 16¢m 402

K = — s
7o (1 —=0r + (1 —0)2r4

(55)

which reduces to that of the Schwarzschild spacetime at the
£ — 0. The event horizon is located at

ru= (1 —2)2m. (56)
4.2 Lorentz violating Kerr spacetime
Now, we will apply the Newman—Janis Algorithm. There is

a non-trivial Lorentz violation, and we have to modify the
effects of the seed function complexification. The metric is

1 2 1 2m\ !
(Y () e
r r
x (d92 + sin? 0d¢2) . 57)

The following Newman—Janis complexification algorithm
can be applied

r—r—iav1 —4£cosb, 1—4a,
P Sp—— + (1 — K)a2 cos? 6. (58)

a —

Concerning these judiciously* chosen complexifications, we
will be able to find the corresponding rotating black hole. One

4 For every hair we should add the violation parameter while consider-
ing the limits of hair charges, which go to zero, reducing to well-known
forms of black holes.
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observes that the coefficient of dtd¢ should be upgraded as
f(@r,0) — QITZ) so that the cross-term can be reduced into a
familiar Kerr counterpart. Through these definitions, one can
find the A as:

1 2mr 2 .2
A=|——— )X +a“sin“0
1—¢ p
r2 = 2mr + (1 — £)a>

= ., . (59)

Then the black hole becomes:

2
24T = e% sin® 0dtde + £do*
2
+ {r2 v -0+ %(1 —0)a? sin29}
sin® 0d¢?, (60)

where £ = a?(1 — £) cos?(0) + r2, when £ — 0, it reduces
to the Kerr black hole

5 2mr D 2mr .,
ds*=—(1——)dt +—dr — 2a—— sin“ Odtd ¢
% %
2
+Ed92+{r +d> + a sin 9}sm 9d¢

Also if £ # 0 but @ = 0 we again find the Lorentz violating
Schwarzschild black hole solution (57).

4.3 The membrane paradigm and the Lorentz violation

By choosing the metric seeds as:

1 2mr b
Fi=\1—-5 F=y3
1—-¢ A

_ _a(l — ZE)(Zmr) Ft_l

1
2 -4 3
1—0)sin*6(2
Fy= [“ ( );m @mr) | sin6 <a2(1 —0 +r2) ,

(61)

with these definitions, the generic metric becomes:

ds? = —F}dt* = 20Fdtd¢ + Fidg + Fldr® + $d6?,

(62)
where (62) can be completed to a square [23]
2 2 2 2.2 2
ds? = — (F,dt + wd¢) + F2dr® + Td6
+ (F3 + ) do?. (63)

@ Springer

Now, we should identify this metric with a (2 4+ 1 + 1)-
dictionary:

ds? = (—uﬂuv +nun, + yABeA,LeBV) dx"dx". (64)

Let u,dx* = Fdt + wd@, n,dx* = F.dr, y,,dx"dx" =
$do? + (Fi + wz) d¢? The structure of this metric can

be put in the foliated form, such that one can directly start
to declare the important factors that underlie the membrane
paradigm of black holes:

A
K = ek (X —roX),
A
Kip = = s5a(t = m (£ =13, 5)

KrrZO,

Kom — [A 0%

060 = E 2 ’
NI

K¢¢:§ gsm 0

(E(r2 — 2 = 1)) — 2a%(€ — 1)mr sin 9) . (65)

The trace of the extrinsic curvature reads:

1 1

_ a2 — 1)2m?r?
A 0) \ 2

X (—4cos26 + cos48 + 8¢ — 5)0, %
+sin?0%? ((az(ﬁ — - r2) 9% —
x <a2 0820 + a*(1 — 2¢) + 6r2)>
+a’(t — 1)*m?r(—4c0s20 + cos46 + 8¢ — 5)%
—2r sin? 923) , (66)

€ —1)m

where

5\ 3/2
A(r, 0) = 2A <Z> (sinZGE ((a2(e — - r2> 5
+(l — Dmr (—a2 c0s 26
1
Ta226—1) — 2r2)) + Eaz(ﬁ —1)2m??
(—4cos20 + cos46 + 8¢ —5)) .
where its functional form is given below:

(= DmA(Z —r5,%)
8T EA(T 4208 — Dmr)’

(67)

As one can see, the pressure of the Lorentz violating fluid
perfectly matches with the usual Kerr fluid at the limit £ +— 0.
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Pressure vs Radial Distance of Lorentz Violating Kerr
167TP

0.08 |-
0.06 |-
0.04 -

0.02
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Fig. 4 This figure represents Lorentz violating Kerr black hole’s dual
fluid pressure values scaled with 167 when we choose m = 1,a =
0.75,¢ = 0.12, horizon radius ry,,,,, = 1.71 while ry,,,, = 0.29.
One can see that at the ergosphere radius, rergosphere = 2, there is a
discontinuity just like in the case of the Kerr black hole. The pres-
sure diverges negatively at the central singularity, discontinuous at the
ergosphere radius at the equatorial plane, and is asymptotically zero at
infinity while vanishing at the inner and outer event horizons

One can see the rest of the transport coefficients from the
Appendix (Appendix 1:).

5 Asymptotically safe Schwarzschild spacetime

We now study the renormalization group (RG) inspired
Schwarzschild-type metric [29]. Even though the membrane
paradigm seems to be a classical theory of gravity, “asymp-
totic safety” ideas can be added as a classical correction to
the Schwarzschild metric. From this point of view, quan-
tum corrections are generically added by assuming a running
Newton’s coupling G (k) in the specific form as a function of
radial distance [30].

G()I’3
r3 4+ a&Golr + yGom]’

G@r) = (68)

where @, y are some constants. which satisfies the asymp-
totic safety scenario [31]. We can distinguish the bare seed
and the running seed from each other by the redefinition:

fr)y=1- (69)

2G(r)m

—
The metric can be corrected with this newly defined seed such
that we have the RG improved Schwarzschild black hole.
RG improvement induces a quantum ergosphere such that it
separates the event horizon and the apparent horizon from
each other, which is not the case in classical Schwarzschild
spacetime, in the Schwarzschild coordinates. This separation
induces a critical mass value, resulting in an extremal limit
that determines the final state of the evaporation, also known

as the remnant. The new horizon radii, which accommodate
the critical mass, are given as:

ri = Gom (1 + V1= sz) , (70)

2
where Q = ";;2’ . By using similar ideas, one can find the
transport coefficients of the RG-improved Schwarzschild

black hole as:

2 0
O==f oap=0 «= ’f. (71)
r 2
2 2m  Gor3
O=-(1-—————], =0,
r ( ror3i4 Gor) oAB
1/G G
“l=-—]. 72
2 <r2 r ) (72)
Now, if we try to find the value for the ongoing null fluxes:
o 2 |- 2m
C Gom(1+£V/1-9Q) Gom (1 £/1— Q)

Go (Gom (1 £ vT=9))° ))

((Gom(liM)erGo (Gom (1 + VT—9))
(73)

As m — m¢,, one has ® < 0, which shows the decrease
in the surface area. However, the behavior at m = m,, dras-
tically changes. Unlike classical Schwarzschild black holes,
there is a critical mass that gives a remnant. If we assume
y = 1 and m. = m the radius of the remnant becomes
rrem = Gom. At this stage, the transport coefficients give
the following results.

K(Frem) =0 =— P =0,

2 (11— Gom?
. 74
Gom (l + Gomz) 74

O(rrem) =

These results can be understood under the membrane
paradigm. Zero pressure ensures that there are no non-zero
external forces that give the final stage of the evaporation
as a stable solution. However, the non-zero null expan-
sion is generically unexpected for the Membrane paradigm
approach. It shows that null geodesics are never tangential
while we are going into the final stage of evaporation and
predicts an absence of horizon for the remnant. However, the
Membrane paradigm, by its nature, works for near-horizon
approaches. If we solve the null expansion such that there
exists a null surface wrapping around the remnant:

1
—_— m=—,

VGo

which is exactly 1 Planck mass. Hence, from the perspec-
tive of the membrane paradigm, the remnant should have

O(rrem) =0

@ Springer
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a null surface wrapped around it. The theory predicts that
even at the final stages of black hole evaporation, the event
horizon is not lost. The applicability of the Newman—Janis
algorithm to the RG improved black hole is non-unique since
the complexification scheme works best for seed functions
up to quadratic in r. Allowing the running Newton’s constant
induces higher orders of r, which makes the judicious choice
of complexification non-trivial. Hence, we leave the rotating
case for future work.

6 A more general charged (non-)rotating black holes
6.1 A static axion-dilaton black hole

For this section, we study stringy generalizations beyond Ein-
steinian black holes, which are extensively studied in the lit-
erature. This constitutes solid checks for the viability of the
paradigm, whether or not it works for higher global charges
defined on the black hole. Moreover, we deduced that the
paradigm brings seemingly different types of black holes into
the same setting via its dual fluid representation. Working
on the well-studied black holes reveals that this behavioral
pattern is universal, which we will consider in a compan-
ion paper [32]. In [33,34], a generalization of a static black
hole as a solution to some low-energy string theory. The line
element reads

ds® = — f(r)di* + £(r) " dr? + h(r)r*(do® + sin® 0dg?).

P
Ry \ a1
h(r):r(l——2> o
.

(75)

R Ry 1522
F)=1-=L = =2y,
r

r

where R;, R, are horizon radii. For « = 0 this solution
reduces to the unique solution of Einstein—-Maxwell theory,
i.e, the Reisner—Nordstrom black hole. Let us define a Parikh-
Wilczek-like (2 4+ 1 4+ 1) decomposition such that

Undx" = f2dt, nudx" = f~2dr,
2
r 0
)/,w:h<0 rzsin29>’ (76)

where U, U"* = —1 and n¥n, = 1, {A, B} = {0, ¢}. This
means that a 3-dimensional space-like surface with spherical

o
_ Ryt
¢ .

topology is rescaled with the factor h(r) =r (1
One can calculate the acceleration vector of the normal n*
as:

ay, =n*V,n, =0. (77

@ Springer

There is no acceleration as in the Schwarzschild case. The
extrinsic curvature becomes:

K,uv = V;L”u
—o.f 0 0 0
_ lﬁ 0 0 0 0
T2 0 0 r@rd.h+2h) 0
0 0 0 rsin? 6 (rd h + 2h)

(78)

The scalar extrinsic curvature is the contraction:

K:ﬁ(@rlnh+§>+3rln\/? (79)

while the energy-momentum tensor of the dual viscous fluid
is:

viscous

1 _
Loy =f 2pULU) +« lyu,AVvB
(PyAB — 21048 — @y AB) + 74y aUs + yuUy). (80)

where the transport coefficients of the fluid can be identified
as:

1 1 p K 1 A_yp
= ——, = s = —, = -, T =

P= "% 17 1on 87 ¢ T Ten
Recalling the stress tensor

1
perched — - (Yuv (rhdr f + f (20 +rdh))

16 f2
2
- <—f + for lnh> U,LUU) , (81)
,

and comparing it with rStetched

2f

1
©=""+fonh  oap=0, x=:df (2
r

Substituting the functions, one arrives at surface gravity, thus
the pressure of the fluid,

(1= &) @5 (o2 +1) Ry + Ry (oP(=r) 47— 2R))

= 2@+ 1)r(r—Ry)2
(83)
which r — R; reduces to
1-o2
0-)%
K(r = Ry) = ~—— b (84)
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in (84) agreement with [34]. For the particular case of « =
/3, one has the so-called GGHS-Schwarzschild black hole
for which the surface gravity is.

1

Kr=R)= —— (85)
2R 1 - f2
2 2
If weset R =2m — % and Ry = %, we have
(GGHS-Sch _ " ! , (86)

22 \/(Zmz — %) (m? — ¢?)

which in the ¢ — 0 limit correctly reduces to the surface
gravity of the Schwarzschild black hole.

6.2 A rotating axion-dilaton black hole

Some solutions of heterotic string theory correspond to black
holes of Einstein-Maxwell-Dilaton-Axion gravity at the low-
energy limits. The spherically symmetric solution, using the

Newman—Janis method [35], can be upgraded to a rotating
one, of which the metric [33] is:

)
ds* = — fdt* —2asin® 0 (f — 1) drde + Zdr2 + %db?
+sin% 6 (- <a2 sin2 6 (f — 1)) 2

2
ta? 4 (% + r)) de?. (87)

Choosing the metric seeds as:

>
F =7, F,:/; w=—asin>6(1 — f)F!,

2 3
Fp =sin6 |:(a2 sinZ @ a1-H+ (a2 +r (Zn +r>>>:| ,

2mr
f=t-5 A
where
2
A=a2+r<r— (Zm—q—>>,
m
6]2
Y =a%cos?h +r (r - <2m - —)) + 2mr, (89)
2m

One can bring this metric into a form that is amenable to the
membrane paradigm calculations. The components of the
extrinsic curvature read as:

1

A2
Kyt = —m(X —ro %),
>3

K _l é .9 2a%mr sin® @ 5 ﬁ
¢¢—2 Esm 0(—2 +a —i—r(m—i—r)),
K, =0,
Koo = l\/garﬁ,

2V X

AT,
K:ip = gam sin“ 0 (X —ro, %), 90)

and its trace becomes:

= 507 (m(a2 )+ q2r> 3% + Qmr +¢*)3
—m (azm 0820 + a*m + 6mr? + 4q2r) ,
where
_ 2 2 2
A(r,0) =2 A Ylam+r(mr+gq
—mr (azm c0s 20 + a’m + 2r (mr + q2)>> .

The pressure reads as follows:

P~ (4 (352 e0))
_Y(r,H) |:m a”+r 2m_ m-+r

2 2
x(azcoszé’—i-ﬂ r(q—+2r>+r2>:|, on

om 2m

where
q’r
Y(r,0) = (—a2 cos? 0 — — + 2mr — r2>
2m
2, 2
<a2 cos2 6 + ar + r2> .
2m

Limiting to the non-rotating regime, one can fix the bulk
viscosity as { = —ﬁ [12]. One can see the rest of the
transport coefficients in Appendix (Appendix 2:).

6.3 Membrane description of the 4-dimensional black hole
from the Kaluza—Klein reduction in 5-dimensions

One can dimensionally reduce a particular solution of 5-
dimensional vacuum Einstein gravity to a 4-dimensional
boosted, translationally invariant black hole with a non-trivial
dilaton field [33]. Here, we find the transport coefficients of
this black hole, and we show that in the non-rotating limit
a — 0, it reproduces the boosted Schwarzschild black hole
with a dilaton field such that the bulk viscosity of the rotating
black hole can be fixed through the non-rotating counterpart.

1-Z 5 2aZ sin® 6
B Bv1 —?

2 _ BY 2
ds® = dtd¢ + A dr“ + BXdO
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+sin? 6 (B(r2 +a?) + a®sin? 9%) sin” 0d¢?, A(r, 0) = 2A (%)3/2 ((UZ — 1) (a2 + ,ﬂ) BX(Z — 1)
©2) +a?sin20Z (vzz — 24 1)) . 97)
where The pressure reads as follows:
B= |1+ % 7= 2;':1_r A=rPid—omr  P=2 (ﬁg;ZBZE((ZZ__lf)a’B) (98)
T =r’+a’cos’0, (93)  Using the non-rotating limit, one can fix the bulk viscosity

where m is the mass and a is the angular momentum param-
eter, v is the degree of boost parameter. The functions in the
Parikh-Wilczek-like splitting are read:

1-2 BY
= — F = y F = _—,
f B i =Vf F A
1
2 wind 2
07
Fy = (sin29 <a2+r2> B+ %) ,
o= (a sinf — BF2> (94)
V1—2BF, A

The components of the extrinsic curvature read as

1 3 [A
K, = 532 S (B3, Z — (Z — 1)9,B),
1asin?6 (Bd,Z — Zd,B)
K[¢ = A2
241 —v24/B3X%
Krr ZO,

Koo = lwliarﬁ,
2V BX
P _l A ) 2\ . 2 a’sin*0z
(M)_Z‘/_BZ <<a +r>s1n GB+—B ) 95)

while its trace reads:

k=4 : (?-1) 5
.0)
(2 (<a2 + r2) 07 +2r (Z — 1))
n (a2 n r2) Z—1) arz)
+a?sin26B (2 (2v2Z ot 1) 5.7
47 (vZZ N 1) 3,2)

+24%sin? 057 <v2(—2) F? 1) 3, B, (96)
where

@ Springer

as ¢ = —ﬁ. Then the pressure reads:

m (a2 +r(r— 2m)> (r2 —a?cos? 9)

“ Y0
(a2 <v2 - 2) cos” 0
+r (v2(r —2m) — 2r> ), (99)
where

Y(r,6) = 167 <a2 cos? 0 + r2>2 <a2 cos20 + r(r — 2m))
X (a2 (v2 — 1) cos O +r (vz(r —2m) — r))

1
2mrv? 2
1— . 100
x ( (v2—1) (a200s29+r2)) (100)

The behavior of the function (Fig. 5) can be analyzed on the
equatorial plane 6 = 7:

=8

r=20,
r =00,

P = Ny -

00 I = TFergo = 2m.

Moreover, in the limit § — %, a — 0, we should get the
boosted Schwarzschild solution.

The horizon radius is not affected by the boost, hence
rg = 2m gives:

V1 =02

1
P(a = 0’ ryr = 2m) = 8_ 4 y (101)
T m

V1=12
where k = Lmv . One can find the rest of the transport

coefficients in Appendix B.3.

7 Conclusions

We studied several black holes within the effective frame-
work of the so-called fluid-membrane. Among the black
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Pressure vs Radial Distance of boosted KK black hole
16 TP

10

Fig. 5 This figure represents boosted KK black hole’s dual fluid pres-
sure values scaled with 16m when we choose m = 1,a = 0.75,v =
0.25, horizon radius rg = 1.87 while ry,,,,, = 0.13. One can see
that at the ergosphere radius, rergosphere = 2 there is a discontinuity just
like in the case of the Kerr black hole. The pressure diverges negatively
at the central singularity, discontinuous at the ergosphere radius at the
equatorial plane, and is asymptotically zero at infinity while vanishing
at the inner and outer event horizons

outer

holes studied here, the 2 + 1—dimensional BTZ black hole
is somewhat different, with a two-dimensional null horizon
and a one-dimensional spatial cross-section. It is well-known
that 2 + 1 dimensional General Relativity, with or without a
cosmological constant, is trivial with no local bulk degrees
of freedom. However, the theory admits static and rotating
black holes if the cosmological constant is negative, despite
its local triviality, that is, locally the BTZ black hole is Ad S3,
yet globally it has an event horizon and a non-trivial causal
structure like the four-dimensional black holes. There has
been a plethora of papers on the BTZ black hole since its first
description [10] for apparent reasons, as one can study some
of the quantum behavior of black holes without the complica-
tions of bulk gravitons. The BTZ black hole has been studied
within the context of black hole chemistry [36,37] where a
volume and a pressure are also assigned to the solution in
addition to the mass m and angular momentum parameter a.
Pressure of the black hole in these works arises as a dual ther-
modynamical coordinate to the cosmological constant. How-
ever, the membrane paradigm naturally suggests a definition
of pressure that does not solely rely on the cosmological con-
stant, and when the pressure is analytically continued to the
rest of the black hole spacetime, it hints at the existence of a
generalized van der Waals-type fluid description of the black
hole spacetime [32]. Here, we gave a dual formulation of both
static and rotating BTZ black holes in terms of a fluid mem-
brane. We constructed the effective theory using the action
formulation of Parikh and Wilczek. Much is known about the
asymptotic symmetries and the expected 2d conformal field
theory of AdS3. It would be interesting to understand better
the connections between the conformal field theory descrip-

tion 2d and the fluid-membrane description presented here
[38]. We leave that for future work.

Using the Newman—Janis algorithm, we found the rotating
counterpart of a previously known black hole with a Lorentz-
violating parameter. This parameter can be interpreted as an
additional charge or hair of the black hole. The membrane
description of this black hole gave interesting results: There
seems to be a shift (Fig. 4) given by the degree of the Lorentz
violation in the radius of the region where astrophysical
jets are possibly generated. Therefore, the degree of Lorentz
violation ¢ can affect the process of jet generation in the
case where the Lorentz-violating parameter is generated by
a Kalb—Ramond field. The membrane paradigm can also be
used for quantum-corrected black holes, and in this vein, we
have applied it to the case of asymptotic safety-inspired black
holes, which yielded some non-trivial results. For example,
in the renormalization group improved Schwarzschild black
hole, in which Newton’s constant depends on the radial dis-
tance, the membrane description of the evaporating black
hole will predict the existence of a remnant with a 1 Planck
mass endowed with an event horizon wrapped around it.

Furthermore, the membrane paradigm successfully gener-
ates the well-known properties of stringy (non-)rotating black
holes with dilatonic and axionic charges, which constitutes
a non-trivial test of the paradigm for non-Einsteinian black
holes. Let us reiterate that the membrane paradigm is an effec-
tive theory that maps all properties of black holes to a constant
negative energy density, constant shear, bulk viscosity, and
incompressible fluid, which satisfies some solution of the
Damour-Navier—Stokes equations. From this perspective,
the membrane paradigm, as in the case of holographic fluid,
should be able to capture the quasi-normal modes of a given
black hole or compact objects [39] in terms of hydrodynamic
modes. Two types of modes for hydrodynamics come from
the explicit expansions of the component energy-momentum
tensor [40,41], or from the linearization of the Navier—Stokes
equations through plane-wave solutions, one can arrive at
both of the frequencies such as the shear mode, wshear(k) =
—z'ijLPk2 which is a purely imaginary damping mode or
the sound mode, wsound(k) = usk — %xﬁ(% + f—n)kz,
where d is the dimension of the spacetime and u; is the
speed of sound. Solving for the sound mode relies on relax-
ing the incompressibility condition and allowing for longitu-
dinal waves. Most of the time, the fluid membrane is taken as
an incompressible fluid; in any case, we note two situations
to have a deeper understanding of the fictitious fluid with
negative bulk viscosity. Let us first discuss the shear mode of
membrane fluid. The quasi-normal modes corresponding to
the shear mode of the fluid should have a negative value of
the Im(wghear (k)) < O for stability. The membrane paradigm
unavoidably fixes the values for shear, bulk viscosities; how-
ever, the pressure depends on the radial distance as a function
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of surface gravity. The reader should remember that we ana-
lytically continue the pressure inside the black hole to be able
to check how the external observer assigns the properties of
the fluid instead of the real black hole. Moreover, zeros of the
pressure will give us important black hole regions such as the
ergoregion, the inner and outer event horizons, and the true
singularity. By inserting the numerical values, one can find
stable and unstable fluid regions naively by taking these as
the quasi-normal modes through this prescription. It seems
the membrane paradigm suggests that when |p| > P(r), we
have an unstable fluid; however when |p| < P(r), we have a
stable fluid. If we were to take the membrane paradigm fluid
as a compressible fluid, it is a naive but interesting assump-
tion that the transport coefficients keep their values exactly.
The imaginary part of the sound mode should again have the
values Im(wsoung (k)) < 0 to have a stable compressible fluid
or quasi-normal modes for the black holes. In the expression

Im(wsound (k) = — Z(p}i-P) ( (d—12)52+d§ ), the term inside the
5

parenthesis is strictly bigger than zero for all dimensions.
This analysis shows that all rotating black holes under the
paradigm approach behave like the subcritical temperature
behavior of a specific van der Waals fluid, which corresponds
to a vapor-liquid state. These issues will follow in [32].
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3> One should not forget that for smaller than three dimensions bulk
viscosity vanishes identically and otherwise it is negative.
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Appendix A: A brief review of Newman Janis algorithm

Let us write the steps of the Newman—Janis Algorithm. We
have no claim of novelty on the basic construction of the
algorithm.

1. Spherically symmetric metrics have a seed function. One
can make the seed function visible by transforming to
the Eddington—Finkelstein coordinates (¢, 7,6, ¢) —>
(u,r,0,9)

2. Complexify both the seed function and the corresponding
coordinates f(r) —> f(r, r), find the Newman—Penrose
null tetrads.

3. Transform the metric to the Boyer—Lindquist coordinates.

Let us start with a generic, static, spherically symmetric
spacetime with the Schwarzschild-type seed metric [42].
ds? = = f(rde® + [~ ()dr® + r*d 93 (A1)

The Gaussian curvature x of dQ2 = d6? + K(G)ahj)2 can be
fixed by choice:

[ +1if s?
“=1-1if B2

Let ¥ = 1 such that we have a spherical topology on M =
¥ ® S2. Then the metric is

N K(Q):{ sinf if k = 1 }

sinhf if k = —1

ds? = = f(r)di*+ [~ (dr?+r2(d6? +sin® 0d¢), (A2)

with the coordinates x* = {t, r, 8, ¢}. Transforming this into
Eddington-Finkelstein coordinates gives:

du=dt + f~'(r)dr = dt =du — f~'(r)dr,

such that dt> = du® — 2 f =V (r)dudr + (f ' (r))?dr? trans-
forms the metric to

ds* = — f(r)du® — 2dudr + r*d23. (A3)
Now, let us pick a complex null tetrad. This null tetrad should

obey the Newman—Penrose (NP) formalism [43]. If one can
fix ¢ = ¢ and @ = 6 such that ds> = 0°:

— f(r)du® — 2dudr =0, du — — f;r)dr.

(A4)

Hence, if one picks the set of null basis as (I, n%, m“, m%)
where m¢ = (m“)*. This choice should obey the following

6 We are considering the vanishing (¢, r) cross-section of the metric at
constant spherical angles to find the null tetrads in (¢, r) directions.
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rules:

= +1, “ng = —1,

11, =n“ng, = m*my = m%“m, =0,

mm

“m, =1, =n"m,; =nm, =0. (AS)
In the NP formalism, the tetrad basis consists of two real basis
vectors {/*, n*} and two complex basis vectors {m“, m“}.
They are self-orthogonal and cross-orthogonal, while real
and complex subsets are normalized to {—1, 1} respectively
in the (—, 4+, 4+, +) signature. A real subset of the basis can
be seen from (A4) easily.

S0
2 r ’

=351, n =38," —

(A6)

the imaginary part can be detected by choosing t = #y and
r = rop Where ds? = 0. such that:

m? = ! 89a—|— 5¢
2r sin 0
1 i
=— 8% — 54 ).
ﬁr<9 sin 6 ¢)

In general, one can also find the null-tetrad by finding the
orthonormal tetrad in (¢, r, 6, ¢) coordinates. For spherically
symmetric metrics:

~a

(A7)

—1
maf + f(r)d?

1 2
r2sin% 0 %: (A%)

ds* = gh9,0, = n”bea“eb"auav =
1
iy
+ 03 +

One can choose the vielbeins in such a way that the metric
can be orthogonalized

1 1
eat = - ear =/ f(r), ea(9 = ;7

[y’

e = ——. (A9)
rsin@

such that the basis can be a linear combination of (A9)

e, +e,” e, —e,” el +iey®
la = = > ng = —F——, mg = ————),
V2 V2 V2
0 _ :, ¢
e ie
Mg = — 7 4 (A10)

The main part of the formalism is to complexify the (r, u)
subspace [21].Letr —> r—iacos6,u —> u+iacos6,0 =
6, and ¢ = ¢. The seed function f(r) € R is naturally
generalized into f(r, 7) € C, also the null-tetrad adapts into
new coordinates. The transformation can be written as Z¢ =

957 where Z¢ = {I n®, m®, m®}. The real part of the
tetrad analytically continued to complex space.

7e f(r’f)(sa

[ =6, =80 — 50

(A11)

The complex part is trickier, but it boils down to a straight-
forward algebraic calculation.

1
B f(F+iacos9)

(5“9 + ma o —ia (8% —8%) sine) (A12)

a

For convenience, we will drop the “tilde” from now on. More-
over, the seed function should also be complexified.

r —>r —iacosf, r —> r+iacos6,

Ir> = ri = r? + a®cos® 0 := X(r, 9). (A13)
The seed function reads as:
fr =1 MO (7 (Ald)
rnry=1-————-1,
r X(r,0)

such that, M (r) might include mass m, charge g or cosmo-
logical constant A.

q2 Ar3
Mr)y=m——+ —.

Al5
2r 6 ( )

The line element can be written as
ds®> = f(r,0)du® + 2dudr + 2asin®0[1 — f(r,0)]dud¢
—2asin® 0drd¢ — X (r, 0)do* —
x [(ﬂ +a®) +a®sin0[1 — f(r, 9)]] de>.

sinZ @

(A16)

This line element is not finalized; we can gauge away g,¢
and g,y components by an appropriate coordinate transfor-
mation. Let us transform our metric into Boyer—Lindquist
type such that it becomes Hamilton—Jacobi Separable [44],
whereas, in the spherically symmetric form, it is also Klein-
Gordon separable [45]. One has to find a transformation
(u,r,0,¢) — (t,r,0,¢):

du = dt + g(r)dr,

d¢ = de + h(r)dr. (A17)

Hence, the line element becomes:

ds® = £(r,0) (dt + g(r)dr)? + 2(dt + g(r)dr)dr
+2asin?0 (1 — f(r,0)) (dt + g(r)dr)(d$ + h(r)dr)
—2asin® 0dr(d¢ + h(r)dr) — (r, 0)d6?
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—sin26 ((r2 +d®) +a%sin0(1 — £, 9)))
(do + h(r)dr)>. (A18)

If g; = gry = 0, one can uniquely solve g(r) and i (r) as:

") s

) =

& f(r,0)Z(r,0) +a?sin?6’

h(r) = - . (A19)

f(r,0)Z(r,0) + a?sin® 6

For simplicity, let the denominator be A(r,0) = f(r,0)
X(r, 0) +a? sin? 0, which is called the discriminant for Kerr-
like metrics in the Boyer-Lindquist coordinates. By substi-
tuting (A19) into (A18), the metric can be simplified.

_ X(r, 9)
= —f(r,0)dt* + 7= AG 9)
+2a(f (r,0) — 1) sin® 6dtd¢
20, 0)d0* + (r2 + a2+ (1= f£(r,0)a%sin® 9)
sin” 0d¢? (A20)

Appendix B: Some important transport coefficients for
various theories

Appendix 1: Lorentz violating spacetime

The components of the shear tensor become

= 5o (A (—16a2(Z — 1)3m33 (sin49 . 1)
0% 44 — 1)2m*2s ((—4a2 sin* 0

+sin20 (—azz ra? r2> —3d2(t — 1)) 3,3
12430 — ym (sin49 Ty 1))

+sin26%3 ((r2 a0 — 1)) 3% +2(6 — Dm

x (a2 sinf — 4r2>> 400 — Dmrx? ((—a2 sin* 0
—a?sin? 6¢ + a® sin® 0 + 12 sin0) 3, %

26— Dm (a sin® 6 + a%(¢ — 1) — r¥sin 9))
—2r sin2924)> (B1)
Cpp = ﬁ (A (—8a2(€ 432 0, S — 3)

+8a%(t — 1)’m?*r?0, (T + 2(¢ — Dmr)
+0,2(—% — 2(€ — Dmr)

(—sm 0(— z—z(e—l)mr)«r —a2(£—1)>

@ Springer

—24%(t — Dymr sin29> —4d2 (L — 1)3m? 2)
+25in?2 0(T 4 2(£ — Dymr)? <a2(£ — Dymr sin 69,
S — a%(¢ — Dmsin® 0% +r22)

—8a2(t — 13 m*rE(S +2(0 — 1)mr))) . (B2

where

B(r,0)
=43%(2 4 2(¢ — Dymr)?

(2a2(e — Dmr (sin49(—2) —2(¢ = Dmr (sin49 Ny 1))

(X + 2 — lymr)

+sin20 <r2 — - 1))) ,

C(r,0) =433(S +2(6 — DHmr)?. (B3)

And the non-zero momentum will become:

. 1

- G(r,0)
2% (X + (£ — hymr))

(a(z — 1)m(A ro, (3 + 4(¢ — Dymr)

S0, A(S 4 2(0 — 1)mr)>), (B4)

where

G(r,0)

— 16 (2 1 omr
B A 1-¢ X

x (sinz 0% ((az(Z — 1) — 2

(—a2 0826 4+ a>(20 — 1) — 2r2>)

>E+(£—l)mr

l 200 10\2,,2,2, _
—|—2a € —1)"m“r“(—4cos26 4+ cos46 + 8¢ —5) | .
(BS)

The null expansion of the black hole is:

A
- N(,0)
+4a®( — 1)3m?

+5sin?0(T +2(¢ — DHmr)? (a2(e — Dymrsin® 69, %

(2 (—4a2(e — 3 0, T — %)

128, 2( +2(¢ — Hmr)

—a*(0 — Vymsin® 0% + rEz)
—4a2 (6 — 13 mPrE(S 4200 — 1)mr)>

9, 2(Z 4 2(¢ — Dmr)?
(2420 — Dmr)

(2a2(e — mr (sin4 0(—3)
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—2(6 = Dymr (sin49 . 1)) (S 420 = Dmr) +A(r 3% —4mr)9,T + 25 (mr — £)))).  (B12)
) 2 2
sin” & (r —a(t- 1)) E)) ’ (B6)  The null-expansion of the charged axion-dilaton black hole
is:
where
2 2 = !
NG, 6) = 2= éiz(zg“ ‘1)1)””) S NG.O)
mr (A (8,2 (Z <a2m +r (mr + q2)> (X —4mr)
x (2a2(e — Dmr
+2m?r? (a2m c0s 26 + a’m + 2r (mr + qz))>
x (sin49(—2) —2(¢ — Dymr (sin40 . 1))
+3 (2m2 (a2m sin20 — 2r (2mr n qz))
(S +2(¢ = Dymr)sin®6 <r2 —d2— 1)) 2) .
&N + (2mr +67) 22+ 4m*2 (2mr +6%)))). (BI13)
Appendix 2: Stringy solution where
The shear tensor becomes: 3 2mr 5 2
G@r,0)=% 1—T<E<am+r(mr+q>)
232 232
= 50 a (A (2a%m*r2, % + 207w cos 200, % e (am cos20 + aq + 2 (mr + 7)) ).
2.2 2.2
—2a"m r¥9,% — 2a"mr cos 2059, % N(r,0) = 232 Qmr — %) ((mr (azm cos 20 + a’m + 2r
+a2m228,2 —a*m?2? + a*m? cos 2022 5
34 2 2.3 (mr +a ))
+4m r" 0, X +4m=qr o, X
_4m2r3zar2 _ 4mq2r223r2 —Z (azm + r (mr + q2>))> . (B14)
+mr’2%9, T + ¢*r=%9, % — 8m3r3x
Appendix 3: Kaluza—Klein solution
—4m2q2r22 + 8m?r?x? PP
+4mg*r=? — 2mry’ — q2g3)) , (B8)  The shear tensor becomes:
1 .2 2( 2 2 A (9,2 1
Opp = (sm eA(a,z(—z (a m+r<mr+q>) _ 2o _ Bsin2 6
C(r.6) =3\ ) cro "
2 2 2
+2mr2(a mcos260 +a m+2r(mr+q)) x((az—i—rZ)arB
—2mr? (am cos20 + aPm + 2r (mr + 0%))) a?sin 07 (v>(~Z) +v* — 1) 3, B

(V2—1)B>*(Z-1)

a’sinf0(wZ —v—1DHE@WZ—v+ 19,2
+@mr + )T + 42 Cmr +67))), (B + 1Bz 17 +2rB).

+X (—mE <a2m 0820 — a’m + 4r 2mr + qz))

(B15)
where
sin A (( 2, 2) $5 B
(of = a r
D(r,0) = 43 2mr — £)(—a*mE — mr’E — ¢*r s Y35 ’

+ a’*m®r cos 20 +B (21’2 — (a2 + r2) 8,2)

+a*m?r +2m*r3 + 2mq2r2), (B10) +
C(r,0) = 4m=* (T — 2mr)>. (B11)

e Q)az sin2 037 (vz(—Z) +02— 1) 9, B

n a’sin?0
(v2=1)B(Z —1)?
(TWZ—-v—DWZ—-v+193,Z

(amz\/g(rE(Zmr— )8, A —(Z-1)Z (vZZ—v2+ 1)8,2)), (B16)

The non-zero component of the momentum will become:

7%

1
G(r,0)
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where

C(r,0) = (a2 + r2> sin?6B% + a’sin* 07

;_’_1
(V2-1)Z-1 ’

L(r.0) = (u2 - 1) B2(Z —1). (B17)

The non-zero component of the momentum will become:

%= ! av'1 —v2 (S (AB(Z —2)8,Z

Glr, 0]

+(Z — 1)Z (B3, A —2Ad,B))

—AB(Z - 1)Z,%), (B18)
where

1-Z

G(r,0) = 327 A?

(%)3/2 ( (v2 - 1) (a2 +r2) BX(Z - 1)

+asin? 67 (UZZ—v2+ 1)) (B19)

The null-expansion of the charged axion-dilaton black hole
is:

A sin?6%
2BX2 D(r,6)
X <<<a2 + r2) oy B

a’sin0Z (v2(-Z) +v* —1)9,B

(V2 —1)B>(Z—-1)
a’sin?0(wZ —v—1D(WwZ —v+ 19,2
(v2 — 1) B(Z — 1)?

e =

+2rB

+0,%), (B20)

where

(a2 2\ o a’sin*0z
D(r,0)=\a"+r")sin"0B + ———

z

@-nz-n "' (B2D
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