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Abstract Massless or massive particles in unstable orbits
around a Kerr black hole exhibit exponentially unstable
motion when perturbed. They either plunge into the black
hole or escape to infinity after making some oscillations
around the equatorial plane. This exponentially unstable
motion causes information production. In the case of the pho-
tons that escape to infinity, it was recently suggested that this
information can be used to resolve the subring structure of the
shadow image and obtain more precise data about the black
hole mass and spin (Johnson et al. in Sci Adv 6(12):eaaz1310,
2020). Here, we extend this method to obtain more precise
results by including the non-equatorial contributions to the
Lyapunov exponents. For massive particles plunging into the
Kerr black hole, we show that the associated Kolmogorov–
Sinai entropy derived from the Lyapunov exponents can be
interpreted in the context of black hole thermodynamics and
obeys Bekenstein’s bound on the entropy of a physical sys-
tem. Thus, the perturbed unstable orbits, either ending inside
the black hole or at the observer’s screen, have physical con-
sequences.

1 Introduction

The Event Horizon Telescope (EHT) collaboration published
the images of the environments of two supermassive black
holes, the one at the center of the M87 galaxy [2] and our own
Sagittarius A* [3]. What makes these images possible at all
is the existence of unstable null orbits around the black hole:
light revolves around the black hole like a planet in certain
orbits, but either plunges into the hole or escapes to infinity
when slightly perturbed. So, a black hole with an environ-
ment is prone to observation. As noted in [1], the images
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captured by the EHT Collaboration resolve the diameters of
these black holes (40μas for M87 and 51.8μas for Sgt A*)
but not the subring structure that is produced by photons,
which complete, say n/2 complete orbits before they escape
to the telescope. It was shown in [1] that the first few sub-
rings (produced by the n = 1, n = 2, and n = 3 orbits) leave
strong and universal signatures carrying information about
the black hole parameters. These subrings are expected to
be resolved by space-based sparse interferometric detectors.
Here, one of our goals is to show that the addition of non-
equatorial contributions from the accretion disc yields more
precise information, especially for lower subring considera-
tions. The contributions of the non-equatorial orbits were not
considered in [1].

In addition to the orbits of light, we also study the orbits of
massive particles that are slightly perturbed and end up inside
the black hole, and interpret the information content of these
orbits and their relation to entropy. Possible connections
between information theory and black hole thermodynamics
were first proposed almost half a century ago [4]. The subject
started with the question of what happens if a spin-1/2 parti-
cle, of which every parameter is known except its spin, falls
into the black hole. Unknown parameters introduce entropy
according to information theory, and one should account
for all possible states. In this particular question, the spin
is unknown, and because there are only two possibilities, the
associated entropy contains an ln 2 term in units of the Boltz-
mann constant. We follow the same path here. We consider a
particle with well-known position, mass, and energy orbiting
in the vicinity of a Kerr black hole with given mass and rota-
tion parameter. Then, we consider what happens if this par-
ticle is in an unstable orbit that is slightly perturbed, causing
it to plunge into the black hole. In this case, we demonstrate
that it will exhibit exponentially unstable motion, producing
an enormous amount of information. We should note that
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all causal geodesics are Liouville-integrable around a Kerr
black hole owing to the existence of four conserved quan-
tities, including Carter’s constant, energy, z component of
angular momentum, and the value of g(p, p), where g is the
metric and p is the four-momentum. Nevertheless, integra-
bility does not require stability, and we are studying unstable
orbits here. This increase in information can be associated
with an increase in entropy, the Kolmogorov–Sinai entropy
[5]. It is crucial to state that this entropy is a mathematical
concept based on the Lyapunov exponents of the exponen-
tially unstable motion. Nevertheless, here we suggest that it
can be interpreted as a physical entropy, and, as a check, we
show that it respects the theory’s bounds. This interpretation
means that there is a significant increase in the total entropy
of the particle-black hole system when the particle undergoes
exponentially unstable motion and passes the event horizon.
The bound we consider is the Bekenstein bound [6], which
puts dimensional constraints on the physical system that is
orbiting the black hole with a known energy and entropy, to
protect the generalized second law of black hole thermody-
namics when it plunges into the black hole [7]. We assign the
same amount of entropy that is produced by the exponentially
unstable motion of the particle to a spherical volume by the
method suggested in [8] in Einstein’s theory and extended
to higher derivative gravity in [9]. We show that the entropy
associated with this method satisfies the Bekenstein bound
for a material system. This may be a new connection between
information theory and black hole thermodynamics, and the
concepts of this theory could be employed to explore statisti-
cal black hole thermodynamics, which may be a crucial step
in finding a quantum gravity theory.

Let us note that the exponentially unstable motion around
a black hole has been studied in the literature before: see
[10–13] and more recently [14], whose conventions as well
as the conventions of [1,15] have been followed here. The
layout of the paper is as follows: in the next section, we dis-
cuss the basics of Lyapunov exponents and geodesic motion
of the unstable orbits around the Kerr black hole. In Sect. 3,
we consider the case of massive orbits for which we calculate
the associated Lyapunov exponents, the Kolmogorov–Sinai
entropy, and its relation to the Bekenstein bound. In Sect.
4, we investigate the massless orbits that escape to infinity
and demonstrate the connection between Lyapunov expo-
nents and the subring structure of the shadow image. The
current work appears to discuss two separate topics: entropy
and shadow. However, from our vantage point, the unifying
theme is the study of the physical and, perhaps, observable
consequences of the unstable orbits of massless and massive
particles around a Kerr black hole.

2 The setup

2.1 Lyapunov exponents and instability

We start with the problem of instability for the particular case
of geodesic motion around the Kerr black hole described by
the metric in the (t, r, θ, φ) coordinates with h̄ = c = G = 1
units

ds2 = −
(

1 − 2Mr

�

)
dt2 − 4Mar sin2 θ

�
dtdφ

+�

�
dr2 + �dθ2

+
(
r2 + a2 + 2Ma2r sin2 θ

�

)
sin2 θdφ2, (1)

where a is the rotation parameter, and the metric functions
read as

� := r2 − 2Mr + a2, � := r2 + a2 cos2 θ. (2)

Using the two Killing symmetries ξ(t) = ∂t and ξ(φ) = ∂φ of
the metric, we can reduce the phase space of the dynamics to
the essential coordinates. Hence, the state vector of a particle
or light can be defined as χμ := (r, θ, pr , pθ ) of which
Hamilton’s equations govern the time evolution:

χ̇μ = 	μν ∂H
∂χν

, (3)

where H represents the Hamiltonian and 	μν represents the
symplectic matrix of the form

	μν =
(

02 I2

−I2 02

)
, (4)

where I2 and 02 represent the identity and zero matrices of
rank 2, respectively. To quantify instability, let us assume
that there are two trajectories in the phase space, denoted as
χμ(0)(t) and χμ(t), infinitesimally close at the initial time
t = 0; and at a later time t , their separation can be defined as
δχμ(t) := χμ(t)−χμ(0)(t). The time-evolution of this sepa-
ration follows from the linearization of Hamilton’s equations
(3)

δχ̇μ(t) = Jμ
ν(t)δχ

ν(t), where

Jμ
ν(t) := 	μρ∂ν∂ρH. (5)

Here Jμ
ν(t) is the evolution-Jacobian for the system. Direct

integration yields

δχμ(t) = e
∫ t

0 Jμ
ν(t ′)dt ′δχν(0) =: Lμ

ν(t)δχ
ν(0), (6)

where in the second equality, “Lyapunov matrix” is defined

Lμ
ν(t) := e

∫ t
0 Jμ

ν(t ′)dt ′ . (7)
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The Lyapunov exponent is generically a complex number
defined as a particular limit of this matrix

λ := lim
t→∞

1

t
log

Lμ
μ(t)

Lν
ν(0)

. (8)

A positive λ means that there is an instability in the system.
Equivalently, the Lyapunov spectrum of the system can be
analyzed by considering the eigenvalues of the evolution-
Jacobian matrix Jμ

ν(t), and the largest eigenvalue corre-
sponds to the Lyapunov exponent. We shall use this approach
in what follows. Next, we calculate the evolution matrix for
the geodesics around the Kerr black hole.

2.2 Hamiltonian of geodesic motion

The Lagrangian of the massless and massive point particles
can be taken to be

L = 1

2
gμν

dxμ

ds

dxν

ds
, (9)

where s is an affine parameter. The corresponding Hamilto-
nian is

H = pμ

dxμ

ds
− L = 1

2
gμν pμ pν = −m2, (10)

where m is the mass of the particle with m ≥ 0. Explicitly,
one has

H = 1

2
(V + K ) = −m2, (11)

with the kinetic and potential parts given as

K := p2
r

grr
+ p2

θ

gθθ

, V := L2
z gtt + E2gφφ + 2ELzgtφ

gtt gφφ − g2
tφ

, (12)

where E = −pt and Lz = pφ are the conserved energy and
angular momentum of the particle obtained from ξ(t) and
ξ(φ), respectively. With this Hamiltonian, one can calculate
the corresponding evolution-Jacobian as

Jμ
ν = 1

2

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

∂r

(
pr
grr

)
∂θ

(
pr
grr

)
1
grr

0

∂r

(
pθ
gθθ

)
∂θ

(
pθ
gθθ

)
0 1

gθθ

−∂r ∂r (K + V ) −∂θ ∂r (K + V ) −∂r

(
pr
grr

)
−∂r

(
pθ
gθθ

)

−∂r ∂θ (K + V ) −∂θ ∂θ (K + V ) −∂θ

(
pr
grr

)
−∂θ

(
pθ
gθθ

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (13)

The explicit form of this matrix is highly cumbersome to
depict here. Consider the case for circular orbits, for which
pr = 0:

Jμ
ν = 1

2

⎛
⎜⎜⎜⎜⎜⎝

0 0 1
grr

0

∂r

(
pθ
gθθ

)
∂θ

(
pθ
gθθ

)
0 1

gθθ

−∂r ∂r (K + V ) −∂θ ∂r (K + V ) 0 −∂r

(
pθ
gθθ

)
−∂r ∂θ (K + V ) −∂θ ∂θ (K + V ) 0 −∂θ

(
pθ
gθθ

)

⎞
⎟⎟⎟⎟⎟⎠

. (14)

If we further constrain this motion to the equatorial plane,
θ = π

2 and pθ = 0, we can redefine the state vector as
χμ = (r, pr ) and the evolution-Jacobian becomes a 2 × 2
matrix

Jμ
ν = 1

2

(
0 1

grr−∂r∂r V 0

)
, (15)

which was studied in [14]. As noted above, the maximum
eigenvalue of the evolution-Jacobian matrix is the Lyapunov
exponent. Next, we study massive orbits.

3 Massive orbits

Let us investigate massive particle orbits on the equatorial
plane [16]. To do that, we need to focus on the radial part of
the geodesic equation, which reads as

dr

ds
= ±r− 3

2
√
P, (16)

where

P : = E2
(
r3 + a2r + 2a2M

)
− 4aMELz

− (r − 2M) L2
z − rm2�. (17)

For the special case of the circular orbits, one can write the
energy and angular momentum as a function of the indepen-
dent parameter r = rcirc

Ecirc,± = m
r2 − 2Mr ± a

√
Mr

r
√
r2 − 3Mr ± 2a

√
Mr

,

Lz,circ,± = m
±√

Mr
(
r2 ∓ 2a

√
Mr + a2

)

r
√
r2 − 3Mr ± 2a

√
Mr

, (18)

where + sign corresponds to the prograde orbits, while −
sign corresponds to retrograde orbits. We study the stable
and unstable orbits in the next two subsections as illustrative
examples.
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3.1 Stable orbit case

For the special case of the innermost stable circular orbits
(ISCO), one can find the r = rISCO as the solution of the
polynomial

r2 − 3a2 − 6Mr ± 8a
√
Mr = 0. (19)

For the case with prograde innermost stable circular orbits
with M = 1, m = 1, and a = 0.5, one finds

rISCO,+ = 4.233, Ecirc,+ = 0.917882,

Lz,circ,+ = 2.90287. (20)

The corresponding Lyapunov exponents (8) turn out to be

λpro,± = 0, (21)

as expected because these orbits are stable. (In what fol-
lows, we shall define entropy using the Lyapunov exponents;
hence, stable orbits with vanishing exponents, such as the one
studied above, will be assigned a zero entropy.)

3.2 Unstable orbit case

Among the equatorial circular orbits, for the special case of
the binding orbits for which E = m, one can find the radius
as

rbind,± = 2M ∓ a + 2
√
M (M ∓ a), (22)

which should be used to determine the particle’s energy
and angular momentum. One can calculate the potential and
kinetic terms by using (12) as

V =
r
(
L2
z − a2E2

)
− 2M(Lz − aE)2 − E2r3

r
(
a2 + r(r − 2M)

)
∣∣∣∣∣∣
r=rbind

, K = 0.

(23)

The Lyapunov spectrum can be found as the eigenvalues of
the evolution-Jacobian (15), which are found for r = rbind

λ± = ± 1

r5/2
(
a2 + r(r − 2M)

)
×

(
2a4M(Lz − aE)2

+r3
(
a2L2

z − 4M2(Lz − aE)(9Lz − 7aE)
)

+6Mr2
(
a2 + 4M2

)
(Lz − aE)2

−12a2M2r(Lz − aE)2

+6Mr4(aE − Lz)(aE − 3Lz)

+2E2Mr6 − 3L2
z r

5
)1/2

. (24)

Fig. 1 The Lyapunov exponent for the prograde binding orbit where
the black hole parameter is M = 1 with Ecirc,+ = m = 1 is plotted as
a function of the rotation parameter

Even though we have an analytical formula, it is more illumi-
nating to proceed numerically. However, one can analytically
study various limits. For example, in the slowly rotating limit
of the black hole, one has

λ± = λSch±

(
1 + a

(Lz − 4EM)(80EM + 9Lz)

4
(
3L2

z M − 64E2M3
)

)

+O
(( a

M

)2
)

, (25)

where the Schwarzschild black hole limit is given as

λSch± = ±
(

32E2M2 − 3L2
z

2

)1/2

16M2 . (26)

For this purpose, consider the prograde binding orbit:

rbind,+ = 2M − a + 2
√
M (M − a), (27)

and assume the black hole parameters as M = 1 and a = 0.5.
These values yield

rbind,+ = 2.91421, rhorizon = 1.86603,

Ecirc,+ = m = 1, Lz,circ,+ = 3.41421. (28)

As a result, from (24), the Lyapunov exponent can be com-
puted to be

λpro,+ = 0.284271. (29)

So, we can say that with a slight perturbation, a massive par-
ticle following the prograde binding orbit performs an expo-
nentially unstable motion. One can see the relation between
the Lyapunov exponent and the rotation parameter for the
prograde binding orbit in the Fig. 1.

Similarly, for the retrograde binding orbit, we have

rbind,− = 2M + a + 2
√
M (M + a), (30)
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Fig. 2 The Lyapunov exponent for the retrograde binding orbit where
the black hole parameter is M = 1 with Ecirc,+ = m = 1 is plotted as
a function of the rotation parameter

for the same black hole parameters M = 1 and a = 0.5, one
finds

rbind,− = 4.94949, rhorizon = 1.86603,

Ecirc,− = m = 1, Lz,circ,− = −4.44949. (31)

As a result, the positive Lyapunov exponent is found to be

λretro,+ = 0.128432, (32)

which shows that, for the retrograde binding orbit, perturba-
tions lead to an exponentially unstable motion. One can see
the relation between the Lyapunov exponent and the rotation
parameter for the retrograde binding orbit in Fig. 2.

We stress that these results are for the equatorial-plane lim-
its of the binding orbits. We can extend these results to the
non-equatorial binding orbits for 2.91421 < r < 4.94949.
To do this, one can consider the radial part of the geodesic
equation without the equatorial plane assumption. In this
case, it reads as

�
dr

ds
= ±√

R(r), (33)

where

R(r) :=
(
E

(
r2 + a2

)
− aLz

)2

−
(
r2 − 2Mr + a2

) (
m2r2 + Q + (Ea − Lz)

2
)

, (34)

and Q is the Carter’s constant related to a symmetric rank
two Killing tensor. Explicitly, it reads

Q := p2
θ + cos2 θ

(
L2
z

sin2 θ
+ a2

(
m2 − E2

))
. (35)

Defining the dimensionless quantities,

α := a

M
, x := r

M
, � := Lz

Mm
, Q̃ := Q

M2m2 ,

Ẽ := E

m
, (36)

one can rewrite (34) as

R(x) :=
(
Ẽ

(
x2 + α2

)
− α�

)2 −
(
x2 − 2x + α2

)

×
(
x2 + Q̃ +

(
Ẽα − �

)2
)

. (37)

Conditions for spherical orbits,

R(x) = 0,
dR(x)

dx
= 0, (38)

can be solved for dimensionless angular momentum

� = −
α3 Ẽ + α2

√
α2x

((
Ẽ2 − 1

)
x + 1

)
+ (x − 2)x

√
α2x

((
Ẽ2 − 1

)
x + 1

)
− α Ẽ x2

α2(x − 1)
, (39)

and the dimensionless Carter’s constant as

Q̃ = x2

α3(x − 1)2

(
α3

((
2Ẽ2 − 1

)
x + 1

)

+2α3 Ẽ

√
x

((
Ẽ2 − 1

)
x + 1

)

+αx
(
x

(
−

(
Ẽ2((x − 4)x + 5)

)
+ (x − 5)x + 8

)
− 4

)

+2α Ẽ(x − 2)x

√
x

((
Ẽ2 − 1

)
x + 1

))
. (40)

For the special case of binding orbits, E = m or Ẽ = 1,

� = α2 − 2x3/2 + x2

α − α
√
x

, (41)

and

Q̃ =
x2

(
α2 − (√

x − 2
)2

x
)

α2
(√

x − 1
)2 . (42)

To illustrate these relations, we plotted the angular momen-
tum and Carter’s constant as a function of radius for the case
where M = 1, m = 1, and α = a = 0.5 in Figs. 3 and 4,
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Fig. 3 The angular momentum is plotted as a function of radius for
the case where M = 1, m = E = 1, and α = a = 0.5

Fig. 4 The Carter’s constant is plotted as a function of radius for the
case where M = 1, m = E = 1, and α = a = 0.5

respectively. Since there is a non-zero Carter’s constant, the
motion is not bounded to the equatorial plane, which means
pθ �= 0 and hence we must use (13) instead of (14) to calcu-
late the Lyapunov exponents. As a result, instead of (24), we
have to find the largest eigenvalue of the matrix (13) and use
it as the Lyapunov exponent. The analytical formula is more
complicated than (24), hence, we shall proceed numerically.
As an example, let us concentrate on the previous case where
M = 1 and E = m = 1, so x = r = 3 and α = a = 0.5.
For this case, we have

� = 3.12083, Q̃ = 2.32497. (43)

By assuming that the particle is on the equatorial plane when
it is perturbed, the Lyapunov exponent can be computed to
be

λnon-eq,+ = 0.310321, (44)

which is larger than the Lyapunov exponents of both prograde
and retrograde binding orbits. For non-equatorial spherical
binding orbits, i.e., for particles which are not on the equa-
torial plane when perturbed, one can see the angular depen-

Fig. 5 The angular dependence of the Lyapunov exponent for the case
where M = 1, E = m = 1, x = r = 3 and α = a = 0.5 is plotted

Fig. 6 The radial dependence of the Lyapunov exponent for the case
where M = 1, E = m = 1, θ = π/2, and α = a = 0.1 is plotted

dence of the Lyapunov exponent in Fig. 5. As the figure
shows, the instability first increases slightly for low orbital
inclinations (around π/2, i.e., the equatorial plane), then
decreases sharply for higher inclinations. Figures 6 and 7
show the radial dependence of the Lyapunov exponents for
the binding orbits on the equatorial plane when they are per-
turbed, for different values of the rotation parameter. Figure
8 shows the relation between the Lyapunov exponent and the
energy of the particle for the case where M = 1, m = 1,
x = r = 3, and α = a = 0.5, and the particle is on the
equatorial plane when it is perturbed. It is crucial to note that
for higher energy values, the Lyapunov exponent is positive,
indicating instability.

3.2.1 Normalization of the Lyapunov exponents

The Lyapunov exponent found via the evolution-Jacobian is
not invariant under changes in the (time) parameterization.
Hence, we need to find a relevant timescale to make it invari-
ant. To achieve this, let us first study the angular part of the
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Fig. 7 The radial dependence of the Lyapunov exponent for the case
where M = 1, E = m = 1, θ = π/2, and α = a = 0.5 is plotted

Fig. 8 The plot shows the relation between the Lyapunov exponent and
energy for the case where M = 1,m = 1, x = r = 3, and α = a = 0.5,
and the particle is on the equatorial plane when it is perturbed

geodesic equation. The angular dependence is in radians.

�
dθ

ds
= ±√

�(θ), (45)

where

�(θ) := Q − cos2 θ

(
a2

(
m2 − E2

)
+ L2

z

sin2 θ

)
, (46)

of which the non-dimensional form is

�̃(θ) := Q̃ − cos2 θ

(
α2

(
1 − Ẽ2

)
+ �2

sin2 θ

)
. (47)

We first determine the angular turning points by solving
�̃(θ) = 0. For simplicity, we define u = cos2 θ and rewrite
it as

�̃(u) = Q̃ − u

(
α2

(
1 − Ẽ2

)
+ �2

1 − u

)
= 0, (48)

of which the solutions are

u± = �θ ±
√√√√�2

θ − Q̃

α2
(

1 − Ẽ2
) ,

�θ = 1

2

⎛
⎝1 + Q̃ + �2

α2
(

1 − Ẽ2
)
⎞
⎠ . (49)

Let us define the function1

Gθ := ±
∫ θ f

θi

dθ√
�

, (50)

along the trajectory where θi and θ f are the initial and final
points. For one complete orbit, we can write

G1
θ = 2

∫ θ+

θ−

dθ√
�

, (51)

where θ− and θ+ are the angular turning points defined as
θ± := arccos (∓√

u+). As a result, the number of oscilla-
tions around the equatorial plane, along the trajectory, can be
found as

n = Gθ

G1
θ

. (52)

In Sect. 2, subsection A, we defined the Lyapunov exponent
as a measure of temporal instability. To make this exponent
an invariant quantity, we can redefine it with respect to the
number of oscillations as

δr(n) = eλPnδr(0), (53)

where δr(0) is the perturbation around the initial orbit. This
new Lyapunov exponent, or the principal Lyapunov expo-
nent, λP , is related to the old one as

λP = λ+τ, (54)

where λ+ is defined in (8) and τ = G1
θ . For the special case

of the binding orbits, E = m or Ẽ = 1,

�̃(u) = Q̃ − u�2

1 − u
= 0. (55)

Therefore,

u = Q̃

Q̃ + �2
. (56)

1 This integral can be expressed in terms of elliptic functions; we do
not need the explicit forms here. For details, see [15].
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For the normalization of our exemplary case with M = 1,
E = m = 1, a = α = 0.5, r = x = 3, we can find

G1
θ := 2

∫ θ+

θ−

dθ√
�̃(θ)

= 0.355709. (57)

In conclusion, the principal Lyapunov exponent becomes

λP = λ+τ = λ+G1
θ = 0.114918. (58)

3.3 Kolmogorov–Sinai entropy of the unstable orbits and
the Bekenstein bound

The Kolmogorov–Sinai (KS) entropy is a useful concept in
quantifying the randomness of a deterministic dynamical sys-
tem. Its full definition would constitute a long discussion for
which we refer to Chapter 9 of the book [5]. We only need
Pesin’s theorem here, which states that under certain condi-
tions, the KS entropy, hK S , is equal to the sum of the positive
Lyapunov exponents:

hKS =
∑
i

λi+. (59)

For the non-equatorial binding orbit with M = 1, E =
m = 1, r = x = 3 and a = α = 0.5, we found that
λnon-eq,P = 0.114918. The corresponding Kolmogorov–
Sinai entropy becomes

hKS = 0.114918. (60)

The question is this: can we interpret this rather mathemat-
ical entropy from a physical point of view? If so, does this
entropy satisfy the Bekenstein bound? To do this, we need to
“resolve” the point particle in this unstable orbit, i.e., assign
it a volume. For this purpose, we shall use the method of
[8] in which one assigns an entropy to a bounded spherical
volume2 with a process very similar to the one suggested by
Gibbons and Hawking [17]. Making proper adjustments in
the action to introduce the volume constraint, one obtains the
following saddle point approximation for the action,

Isaddle = − 1

16πG

∫
dDx

√
gR = −	D−2

RD−2
V

4G
= − AV

4G
.

(61)

Using this, the spherical volume has the associated entropy

S = AV

4G
. (62)

2 Note that the robustness of this nice method was tested as it also works
for some higher derivative gravity theories [9].

The volume regularization and the entropy associated with
a finite volume in spacetime require a complete discus-
sion on its own, which is beyond the scope of this work.
Here, we apply the technique found in [8] to Einstein’s
gravity, and extended to higher curvature theories in [9].
At this point, let us identify the Kolmogorov–Sinai entropy
(hKS = 0.114918) as the entropy of the bounded spherical
volume. Then, its area, volume, and radius are

AV = 0.459672, V = 0.0293053,

RV = 0.191258. (63)

The Bekenstein bound is defined as

S ≤ 2πER

h̄
(64)

where we take h̄ = 1, R = RV and E = m = 1 for the
binding orbit. This shows that

S = 0.114918 ≤ 2πER = 1.20171. (65)

The Bekenstein bound is satisfied. One can conclude that
interpreting the Kolmogorov–Sinai entropy as a physical
entropy is viable, and this example lends support to Beken-
stein’s conjecture on the maximum entropy of material sys-
tems. Note that the discussion on Bekenstein’s conjecture is
still not finalized; see [7] for a review of the problem. We
have finished our discussion of unstable massive orbits and
the associated entropy. Next, we shall discuss the unstable
light orbits, especially the connection between the Lyapunov
exponents and the subring structure on the black hole shadow.

4 Massless orbits

The radial and angular parts of the geodesic equations [18,19]
for a massless particle following an orbit that is not con-
strained to move on the equatorial plane are

�
dr

ds̃
= √

R,

�
dθ

ds̃
= √

�, (66)

where

R =
(
r2 + a2 − a�

)2

−
(
r2 − 2Mr + a2

) (
Q̃ + (a − �)2

)
,

� = Q̃ + cos2 θ

(
a2 − �2

sin2 θ

)
, (67)
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and s̃ := Es, � := Lz
E and Q̃ := Q

E2 . By using the spherical
orbit conditions,

R = 0,
dR
dr

= 0, (68)

one can write

� = −r3 − 3Mr2 + a2 (r + M)

a (r − M)
,

Q̃ = r3

a2 (r − M)2

(
4a2M − r (r − 3M)2

)
. (69)

On the equatorial plane, two specific analytical expressions
can be found, namely prograde and retrograde photon orbits,
which are

rphoton,± = 2M

(
1 + cos

(
2

3
arccos

(
∓ a

M

)))
. (70)

Between the prograde and retrograde orbits, one can find
orbits restricted between θ− ≤ θ ≤ θ+ whose values can
be found with the help of the angular part of the geodesic
equation [20]. By defining u := cos2 θ , one can solve

� = Q̃ + u

(
a2 − �2

1 − u

)
= 0 (71)

to find the angular turning points, θ± = arccos
(∓√

u+
)
,

where

u± = �θ ±
√

�2
θ + Q̃

a2 , �θ = 1

2

(
1 − Q̃ + �2

a2

)
. (72)

As an example, consider a black hole with a = 0.5 and
M = 1. For this case, we have

r+ = 2.3473, r− = 3.53209, (73)

as limiting cases of the equatorial plane. Therefore, there is
a non-equatorial orbit with r = 3. For this orbit, we have

Q̃ = 27, � = −1, (74)

so that is a retrograde orbit. For this orbit, the angular turning
points become

θ− = 10.8462◦, θ+ = 169.154◦. (75)

Next, we compute the Lyapunov exponents for these non-
equatorial light orbits and show their relation to the subring
structure.

4.1 Lyapunov exponents and shadow

For this case, we do not restrict the motion to the equatorial
plane. Henceforth, the evolution Jacobian becomes

Jμ
ν = 1

2

⎛
⎜⎜⎜⎜⎜⎝

0 0 1
grr

0

∂r

(
pθ
gθθ

)
∂θ

(
pθ
gθθ

)
0 1

gθθ

−∂r ∂r (K + V ) −∂θ ∂r (K + V ) 0 −∂r

(
pθ
gθθ

)
−∂r ∂θ (K + V ) −∂θ ∂θ (K + V ) 0 −∂θ

(
pθ
gθθ

)

⎞
⎟⎟⎟⎟⎟⎠

.

(76)

The kinetic and potential terms are

K = p2
θ

gθθ

, (77)

and

V = E2 �2gtt (r, θ) + gφφ(r, θ) + 2�gtφ(r, θ)

gtt (r, θ)gφφ(r, θ) − g2
tφ(r, θ)

. (78)

Since we are considering constant-radius spherical photon
orbits, we took pr = 0. The Lyapunov exponents are the
eigenvalues of this matrix. The expressions are too cumber-
some, so we did not write them here explicitly. For the specific
case of M = 1, a = 0.5, and the orbit with radius r = 3, let
us assume that a slight perturbation occurs on the particle at
the moment that the particle is at θ = π

3 . The corresponding
angular momentum can be found as

pθ =
√
Q̃ + cos2 θ

(
a2 − �2

sin2 θ

)
. (79)

The corresponding Lyapunov exponents become

λ1 = 0 − 0.260123i, λ2 = 0 + 0.260123i,

λ3 = −0.597417, λ4 = 0.597417. (80)

For normalization, we can use

G1
θ := 2

∫ θ+

θ−

dθ√
�̃(θ)

= 1.16949. (81)

In conclusion, the principal Lyapunov exponent becomes

λM = λ+τM = λ+G1
θ = 0.698674. (82)

If, on the other hand, this particle is perturbed while it is on
the equatorial plane, θ = π

2 , we have

λ1 = 0 − 0.148783i, λ2 = 0 + 0.148783i,

λ3 = −0.580475, λ4 = 0.580475. (83)
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For normalization, we can use

G1
θ := 2

∫ θ+

θ−

dθ√
�̃(θ)

= 1.16949. (84)

In conclusion, the principal Lyapunov exponent becomes

λM = λ+τM = λ+G1
θ = 0.678861. (85)

The most important consequence of these results is that, even
though most particles from the accretion disc are assumed to
originate from the equatorial plane, considering deviations
from this plane is necessary for a more accurate result when
relaxing this assumption. This is best seen by focusing on
the black hole shadow. In our previous work, we investigated
the black hole shadows in detail [21]. Nevertheless, in that
paper, we assumed that photons emitted from an orbiting
black hole make an infinite number of turns around it. In
other words, we did not consider the subring structure of the
shadow image. Let us consider a photon hitting a point at
radius ρ = ρc + δρ on the image plane where the shadow
edge is at ρc. The radial deviation on the image plane, δρ, is
linearly related to the radial deviation around the black hole
caused by perturbation, δr(0) in 53. As a result, for such
a photon to orbit n

2 times before hitting the image, it must
satisfy

δρn

ρc
≈ e−λMn (86)

around the shadow edge [1]. This is an approximate relation
used in [1] as equation (11). One can understand this relation
as follows: Subrings corresponding to fewer oscillations are
visible and easier to interpret. Yet as the number of oscil-
lations increases, they come closer together and approach
the shadow limit, making them harder to resolve. Nonethe-
less, we are interested in a smaller number of subrings for
observational and interferometric details, where small devi-
ations in the Lyapunov exponent are important. Hence, the
visible and consequential difference between the Lyapunov
exponents considered on the equatorial (85) and on the non-
equatorial orbits (82) should be considered, which was one
of the main aspects of the current paper.

5 Conclusions

We considered some exponentially unstable motion under-
gone by massless and massive particles in the vicinity of
a Kerr black hole. This leads us to two significant conse-
quences. First, we showed that for massive particle orbits,
the exponentially unstable motion of the massive particles
that end inside the black hole can be interpreted in terms of

black hole thermodynamics via the relation between the Lya-
punov exponents and the Kolmogorov–Sinai entropy. Even
though the KS entropy is an a priori mathematical construct,
here we suggested a physical interpretation that obeys the
expected bounds of the theory, such as the Bekenstein bound
[6]. This interpretation required us to introduce a physical
volume for the particle on the unstable massive orbit. For
this purpose, we used the method of [8]. The fact that the
Kolmogorov–Sinai entropy can be interpreted as a physical
entropy that obeys the entropy bound conjecture is a promis-
ing result that may help build a bridge between information
theory and black hole thermodynamics. Second, we investi-
gated the instability of light and extended the method used
[1] to cover non-equatorial-plane contributions to the black
hole image. This addition provides nontrivial contributions to
the subring structure of the shadow image, enabling a precise
determination of the black hole mass and angular momentum.
In general, as a viable approximation, photons emanating
from the accretion disc on the equatorial plane are considered
when constructing the shadow image. This does not cause any
problems for the higher-order subrings or the shadow itself,
for which it is assumed (n → ∞). Nevertheless, deviations
caused by non-equatorial photons may be relevant for lower-
order subrings, especially for n = 1, n = 2, and n = 3, and
one should consider them to obtain more accurate results for
observable parameters. An outstanding problem we have not
solved is to assign a Kolmogorov–Sinai type entropy for the
null orbits: at this stage, we have not found a convincing vol-
ume regularization for these null orbits a la [8]. The method
discussed can also be applied to different theories of gravity
and to observational tools such as gravitational waves and
near-horizon studies [22–26].
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