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ABSTRACT

OPTIMAL TRIANGULATION BASED OPTICAL CELESTIAL
NAVIGATION FOR DEEP-SPACE MISSIONS

Muratoğlu, Abdurrahim

Ph.D., Department of Aerospace Engineering

Supervisor: Assoc. Prof. Dr. Halil Ersin Söken

January 2026, 189 pages

Autonomous navigation for deep-space missions has become increasingly critical as

spacecraft venture further into the solar system, where communication delays render

real-time ground-based control impractical. Triangulation-based vision-aided naviga-

tion systems employing line-of-sight measurements to celestial bodies offer promis-

ing solutions for onboard position estimation. Existing approaches face particular

challenges: triangulation accuracy, and thus position estimation reliability, varies

dramatically with the geometric configuration between the spacecraft and observed

bodies throughout the trajectory; the trade-off between beacon utilization and com-

putational efficiency remains poorly characterized. This research addresses these lim-

itations through a framework based on the Cramér–Rao Lower Bound (CRLB). A ge-

ometric performance metric is developed to quantify the theoretical minimum achiev-

able estimation error variance for any observation count and configuration, enabling

systematic evaluation of triangulation quality. Within the Linear Optimal Sine Trian-

gulation (LOST) framework, the proposed Improved-LOST algorithm employs this

metric to optimize beacon pairs, demonstrating substantial accuracy improvements,

particularly during geometrically challenging trajectory segments. An adaptive mea-
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surement covariance adjustment methodology is introduced for Kalman Filters, uti-

lizing the CRLB-based metric to characterize measurement reliability under dynamic

geometric conditions. Additionally, a threshold-based beacon selection methodology

is established to systematically determine a sufficient number of beacons, demonstrat-

ing that carefully selected subsets can approach maximum theoretical accuracy while

avoiding substantial computational burden. Computational efficiency analyses reveal

that optimal beacon configurations are most effectively determined during mission

planning rather than through real-time onboard processing. The developed frame-

works provide mission designers with systematic tools for enhancing autonomous

navigation performance in resource-constrained deep-space environments, enabling

informed decisions regarding sensor utilization, filter tuning, and trajectory design

accounting for geometric observability.

Keywords: Optical Navigation, Deep-Space Navigation, Optimal Triangulation, Bea-

con Optimization, Cramér–Rao Lower Bound
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ÖZ

DERİN UZAY GÖREVLERİ İÇİN OPTİMAL ÜÇGENLEME TABANLI
OPTİK GÖKSEL SEYRÜSEFER

Muratoğlu, Abdurrahim

Doktora, Havacılık ve Uzay Mühendisliği Bölümü

Tez Yöneticisi: Doç. Dr. Halil Ersin Söken

Ocak 2026 , 189 sayfa

Uzay araçları Güneş sisteminde daha derinlere ilerledikçe, iletişim gecikmelerinin

gerçek zamanlı yer tabanlı kontrolü uygulanamaz kıldığı derin uzay görevleri için

otonom seyrüsefer giderek daha kritik hale gelmiştir. Gök cisimlerine doğru görüş

hattı ölçümlerini kullanan üçgenleme tabanlı görüntü destekli seyrüsefer sistemleri,

araç üzeri konum kestirimi için umut verici çözümler sunmaktadır. Mevcut yakla-

şımlar belirli zorluklarla karşılaşmaktadır: üçgenleme doğruluğu ve dolayısıyla ko-

num kestirim güvenilirliği, yörünge boyunca uzay aracı ve gözlemlenen cisimler ara-

sındaki geometrik konfigürasyona bağlı olarak ciddi ölçüde değişmektedir; işaretçi

kullanımı ile hesaplama verimliliği arasındaki denge yetersiz şekilde incelenmiştir.

Bu araştırma, söz konusu kısıtlamaları Cramér-Rao Alt Sınırı’na (CRAS) dayalı bir

çerçeveyle ele almaktadır. Herhangi bir gözlem sayısı ve konfigürasyonu için teorik

olarak ulaşılabilir en düşük kestirim hata varyansını nicelleştirmek üzere geometrik

bir performans metriği geliştirilmiş, böylece üçgenleme kalitesinin sistematik değer-

lendirilebilmesi sağlanmıştır. Doğrusal Optimal Sinüs Üçgenlemesi (DOSÜ) çerçe-

vesinde, önerilen İyileştirilmiş-DOSÜ algoritması, işaretçi çiftlerini optimize etmek
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için bu metriği kullanmakta ve özellikle geometrik açıdan zorlu yörünge kesimlerinde

önemli doğruluk iyileştirmeleri sağlamaktadır. Ayrıca Kalman Filtreleri için, dinamik

geometrik koşullar altında ölçüm güvenilirliğini karakterize etmek amacıyla, doğ-

rudan bu CRAS tabanlı metriği kullanan uyarlamalı bir ölçüm kovaryans ayarlama

metodolojisi sunulmuştur. Ek olarak, yeterli sayıda işaretçiyi sistematik olarak belir-

lemek için eşik tabanlı bir işaretçi seçim metodolojisi oluşturulmuş, dikkatle seçilmiş

alt kümelerin, önemli hesaplama yükünden kaçınırken maksimum teorik doğruluğa

yaklaşabileceği gösterilmiştir. Hesaplama verimliliği analizleri, optimal işaretçi kon-

figürasyonlarının gerçek zamanlı araç üzeri işlemlerden ziyade, en etkili şekilde görev

planlama aşamasında belirlenebildiğini ortaya koymaktadır. Geliştirilen çerçeveler,

kaynak kısıtlı derin uzay ortamlarında otonom seyrüsefer performansını artırmak için

görev tasarımcılarına sistematik araçlar sağlamakta; sensör kullanımı, filtre ayarlama

ve geometrik gözlemlenebilirliği hesaba katan yörünge tasarımı hususlarında bilinçli

kararlar alınmasına olanak tanımaktadır.

Anahtar Kelimeler: Optik Seyrüsefer, Derin Uzay Seyrüseferi, Optimal Üçgenleme,

İşaretçi Optimizasyonu, Cramér–Rao Alt Sınırı
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CHAPTER 1

INTRODUCTION

1.1 Background and Motivation

Guidance, navigation, and control systems are essential for the success of space mis-

sions, in�uencing mission outcomes and operational costs. Position and attitude es-

timation represent fundamental capabilities with critical applications across various

mission phases, including deep-space cruise, soft and hard landing on celestial bodies,

sample return operations, formation �ight, rendezvous, and docking procedures with

both cooperative and uncooperative spacecraft. Modern spacecraft employ various

techniques and sensors for position and attitude determination, with Inertial Measure-

ment Units (IMU), star trackers, magnetometers, cameras, sun sensors, and antennas

being among the commonly utilized instruments in space applications.

Navigation in space involves determining the spacecraft's current state with respect

to a central celestial body (absolute navigation) or with respect to another object (rel-

ative navigation) [3]. Spacecraft navigation typically comprises three interconnected

components: designing and planning a reference trajectory during the mission de-

sign phase, tracking the spacecraft's actual position through orbit determination, and

performing maneuvers to guide the spacecraft back to its reference trajectory [4].

While navigation and control can be performed either onboard or from ground sta-

tions, communication delays between Earth and distant spacecraft may render real-

time offboard control impractical. For instance, radio signals may exceed 20 minutes

to traverse the distance between Earth and Mars, depending on their relative orbital

positions [5]. Such communication latencies make real-time ground-based control

unfeasible during critical mission phases, such as entry, descent, and landing.
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Furthermore, crewed �ights are not applicable for most deep-space missions due to

constraints related to mission duration, safety requirements, logistical challenges, and

cost considerations. Although astronauts performed relative navigation and �ight

control during the Apollo lunar landing missions, the development of autonomous

navigation and control technology has become essential for future deep-space ex-

ploration. Therefore, the advancement of autonomous capabilities in spacecraft and

robotic systems holds particular signi�cance for future mission designs.

Vision-aided autonomous navigation has emerged as an increasingly important tech-

nology, not only for spacecraft but also for all autonomous vehicles. This approach

appears particularly critical for missions where Global Navigation Satellite System

(GNSS) signals are unavailable or unreliable. Vision-aided navigation systems offer

several practical advantages that make them particularly attractive for spacecraft ap-

plications. Leveraging existing onboard devices and sensors instead of introducing

new ones can help provide accurate position and attitude information without sub-

stantially increasing mission costs. Cameras represent an effective choice for Optical

Navigation (OPNAV) systems due to their numerous practical advantages. As pas-

sive sensors, they require relatively low power consumption, contributing favorably

to spacecraft power management considerations [6]. Their compact size, lightweight

nature, and cost-effectiveness make them particularly attractive for space applications

where mass and budget constraints are critical [7, 8]. Cameras are already widely uti-

lized on spacecraft for various purposes, and the ongoing advancements in image

processing algorithms and computational capabilities have further enhanced their ef-

fectiveness for navigation applications.

When combined with IMUs, cameras can create effective integrated navigation sys-

tems. While other sensors, such as star trackers, sun sensors, horizon sensors, LI-

DAR, and laser altimeters can also contribute to navigation solutions, cameras offer

a versatile solution that leverages existing onboard resources and provides absolute

measurements to bound IMU error accumulation. By utilizing established concepts

and sensor technologies, the implementation of vision-aided navigation systems can

enhance the capability for entry, descent, and landing, potentially making missions

more feasible both technologically and economically while contributing to improved

mission outcomes.
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1.2 Problem De�nition

The autonomous navigation capabilities for deep-space missions present several in-

terconnected challenges that must be addressed to enable reliable spacecraft localiza-

tion throughout interplanetary trajectories. While vision-aided navigation systems of-

fer promising solutions for position estimation without requiring continuous ground-

station support, their implementation faces some limitations that affect estimation

accuracy and operational feasibility.

A primary challenge in optical deep-space navigation is the accurate determination of

spacecraft position using Line-of-Sight (LoS), i.e., angular measurements of celestial

bodies with known ephemerides. When a spacecraft observes multiple celestial bod-

ies simultaneously, the geometry between the observer and observed beacons signif-

icantly in�uences position estimation accuracy. The triangulation problem becomes

ill-conditioned when these LoS vectors approach collinearity, causing small angular

measurement errors to propagate into substantial position uncertainties. This geo-

metric sensitivity suggests that not all observation con�gurations provide equivalent

navigation performance. However, systematic methods for evaluating and selecting

optimal measurement con�gurations appear to be limited in the existing literature.

For triangulation-based position estimation with multiple observations, existing meth-

ods face a trade-off between statistical optimality and computational ef�ciency. Con-

ventional approaches, such as the Direct Linear Transform (DLT) or standard Least-

Squares (LS) methods, provide computationally ef�cient solutions but may produce

suboptimal results by failing to properly weight measurements according to their un-

certainty characteristics. While statistically optimal methods based on Maximum

Likelihood Estimation (MLE) frameworks have been proposed [9], their practical im-

plementation encounters challenges related to initial range estimation requirements

and measurement pair selections. The impact of these implementation choices on

�nal estimation accuracy has not been thoroughly investigated, leaving gaps in un-

derstanding how to achieve optimal performance in practice.

The integration of triangulation-based measurements into recursive state estimation

frameworks presents additional challenges. For instance, an Extended Kalman Filters
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(EKF) require accurate speci�cation of measurement covariance matrices to achieve

optimal performance. However, in vision-aided navigation systems employing celes-

tial triangulation, measurement accuracy varies continuously with changing geomet-

ric con�gurations throughout the trajectory. When LoS vectors approach parallel or

anti-parallel alignment (collinearity), triangulation accuracy degrades substantially.

Without proper adjustment of measurement covariance, a mismatch can occur be-

tween actual measurement reliability and �lter assumptions. This mismatch can lead

to suboptimal state estimates, with the �lter either over-weighting erroneous measure-

ments during poor geometric con�gurations or rejecting the accurate measurements

during favorable observation conditions.

Another challenge concerns the optimal utilization of available celestial beacons.

While using all visible celestial bodies theoretically provides maximum estimation

accuracy [10], this comprehensive approach may incur signi�cant computational

overhead that may not be justi�ed by proportional accuracy improvements. Con-

versely, using only the minimum number of beacons reduces computational require-

ments but may sacri�ce substantial accuracy that could be achieved with additional

available observations. The relationship between beacon quantity and achievable

accuracy remains poorly characterized, making it dif�cult to establish a systematic

framework for beacon selection that balances estimation performance against com-

putational constraints. Furthermore, the computational cost of identifying optimal

beacon subsets through combinatorial search [11, 1] has not been adequately evalu-

ated relative to the computational requirements of the position estimation algorithms

themselves.

These challenges become particularly pronounced in deep-space environments where

spacecraft travel diverse geometric con�gurations relative to observable celestial bod-

ies. Mission phases with unfavorable observation geometries require robust naviga-

tion solutions that maintain acceptable accuracy despite poor measurement condi-

tions. Similarly, during critical operations such as orbital insertions or planetary ap-

proaches, navigation systems must provide reliable position estimates while operating

under strict computational constraints imposed by spacecraft processing capabilities.

This research addresses these interconnected challenges by developing systematic
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methodologies for optimizing celestial triangulation performance, adaptively select-

ing beacon con�gurations, and adjusting measurement uncertainty representations

throughout spacecraft trajectories. The proposed approaches aim to enhance navi-

gation accuracy while maintaining computational ef�ciency suitable for autonomous

onboard implementation.

1.3 Research Contributions and Proposed Methodologies

This research addresses the identi�ed challenges through �ve principal contribu-

tions that advance the state of celestial triangulation-based optical spacecraft navi-

gation. Each contribution provides both theoretical insights and practical tools for

autonomous navigation system design.

1.3.1 Cramér–Rao Lower Bound - Based Geometric Performance Metric

A fundamental contribution is the development of a Cramér–Rao Lower Bound

(CRLB) based performance metric, not limited to but speci�cally formulated for

celestial triangulation applications using LoS measurements, which is presented in

Section 3.9. While information-theoretic metrics exist in other domains, which may

be restricted to speci�c scenarios or lack theoretical optimality, their systematic ap-

plication to deep-space celestial triangulation appears limited in the existing litera-

ture. The proposed performance metric extends the Fisher Information Matrix (FIM)

framework to quantify the minimum achievable position estimation error variance for

any geometric con�guration between the spacecraft and observed celestial bodies.

The novelty of this contribution lies in its comprehensive treatment of both angular

geometry and range-dependent effects, together with measurement uncertainty char-

acteristics within a uni�ed theoretical framework. Unlike existing geometric met-

rics that may emphasize angular separation through simpli�ed analytical expressions,

some limited to two-body observations, the CRLB-based approach captures the com-

plete observability characteristics of the triangulation problem for any number of

simultaneous observations. The metric naturally extends from two-body to multi-

body con�gurations by aggregating individual measurement contributions through
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the FIM. The formulation evaluates the information content through a 3×3 matrix

inversion.

This framework enables systematic evaluation of observation con�gurations before

position calculations are performed, providing mission planners with quantitative

tools to assess expected navigation performance along proposed trajectories. The

metric also facilitates direct comparison of different beacon combinations, supporting

optimal beacon selection strategies for autonomous navigation systems. The detailed

formulation and analysis are presented and published in [10].

1.3.2 Improved Linear Optimal Sine Triangulation Algorithm Through Opti-

mal Triangle Selection

The second contribution involves addressing a practical limitation in the imple-

mentation of statistically optimal triangulation methods, which is detailed in Sec-

tion 3.10. While the Linear Optimal Sine Triangulation (LOST) method provides

an MLE framework, its implementation requires initial range estimates that appear

in the weighting terms of the LS solution. The original formulation suggested that

an arbitrary selection of measurement pairs for these range calculations would yield

equivalent performance. This research challenges that assumption through theoretical

analysis and numerical validation.

The proposed Improved-LOST algorithm employs the CRLB-based performance

metric to systematically evaluate all possible triangulation con�gurations and identify

measurement pairs that minimize theoretical error variance for initial range calcula-

tions. Rather than random or arbitrary selection, this approach bases the choice on

estimation theory, selecting geometrically favorable con�gurations that provide the

most reliable range estimates.

The novelty lies in demonstrating that triangle selection signi�cantly impacts �nal

position estimation accuracy, particularly in scenarios with diverse geometric con�g-

urations. Monte Carlo simulations reveal that optimal triangle selection can reduce

position error variance substantially compared to worst-case selections. The work

with numerical validation is presented and published in [10].
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1.3.3 Adaptive Measurement Error Covariance Adjustment for Dynamic Ob-

servation Conditions

The third contribution is the development of an adaptive measurement error co-

variance adjustment methodology for recursive �lters such as EKF operating with

triangulation-based measurements, which is presented in Section 3.13.3. Rather than

employing static measurement covariance speci�cations or using sub-optimal adap-

tive approaches such as range-based scaling methods, this research demonstrates how

the CRLB-based performance metric can be directly utilized as the measurement co-

variance matrix in recursive �ltering frameworks. Since the CRLB establishes the

theoretical lower bound on achievable estimation accuracy, representing the maxi-

mum information content extractable from measurements given the geometric con-

�guration, its use as measurement covariance provides a theoretically grounded char-

acterization of measurement reliability that adapts naturally to varying observation

conditions.

The novelty and effectiveness of this contribution are demonstrated through translunar

trajectory simulations, where the CRLB-based adaptive method achieves substantial

reductions in position and velocity estimation errors compared to distance-based ap-

proaches. The method proves particularly effective during geometrically challenging

trajectory phases where LoS vectors approach collinearity, conditions under which

conventional adaptive methods may inadequately characterize measurement uncer-

tainty. By dynamically adjusting measurement covariance to re�ect instantaneous

geometric conditions based on theoretical performance bounds, the �lter maintains

consistency between its uncertainty representation and actual estimation performance

throughout the trajectory. The results were presented and published in [12].

1.3.4 Trajectory Optimization for Optical Navigation

The fourth contribution is the demonstration of the application of the CRLB-based ge-

ometric performance metric as a tool for evaluating and comparing trajectories during

mission planning phases. The methodology and systematic analysis framework are

presented in Section 3.3, with comprehensive performance evaluations across differ-
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ent trajectory sets demonstrated in Chapter 7. While trajectory design traditionally

focuses on optimizing propellant consumption and transfer duration, the geometric

observation con�gurations encountered throughout a transfer can substantially in-

�uence the achievable navigation accuracy for autonomous OPNAV systems. This

research extends the performance metric framework to systematically evaluate LoS-

based OPNAV performance across different trajectory sets in the translunar environ-

ment.

The analysis examines how transfer trajectory geometry in�uences LoS-based OP-

NAV accuracy throughout the transfer. Systematic evaluation of trajectories with

varying inclinations and orientations identi�es con�gurations that provide more fa-

vorable observability conditions by maintaining better angular separation and range

pro�les in the observation information. The investigation also demonstrates that navi-

gation performance characteristics remain consistent across different temporal launch

windows from identical parking orbits, suggesting that geometric relationships rather

than absolute timing determine achievable accuracy. Additionally, the evaluation ex-

amines the contribution of celestial bodies beyond the Earth-Moon pair to navigation

performance in the translunar environment.

The novelty lies in establishing a methodology for incorporating the performance of

the OPNAV system into trajectory design. By evaluating the CRLB-based metric

alongside traditional objectives such as propellant consumption and transfer dura-

tion, mission planners can identify trajectories that balance ef�ciency with OPNAV

capability, supporting informed decisions about departure con�gurations that may

improve system reliability during critical mission phases.

1.3.5 Systematic Framework for Beacon Number Optimization

The �fth contribution involves addressing the trade-off between navigation accuracy

and computational ef�ciency when multiple celestial beacons are observable, which

is described in Sections 3.11 and 3.12, with validated results through a representative

deep-space trajectory presented in Chapter 8. While using all available beacons theo-

retically provides maximum accuracy, this approach may incur unnecessary computa-

tional overhead. Conversely, using only optimal beacon pairs minimizes computation
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but may sacri�ce substantial achievable accuracy.

This research develops a threshold-based selection framework that systematically de-

termines the minimum beacon count necessary to achieve a speci�ed fraction of max-

imum theoretical accuracy. The methodology evaluates beacon subsets of increasing

size using the CRLB-based performance metric, terminating when the performance

ratio exceeds a predetermined threshold, indicating that additional beacons would

provide only marginal accuracy improvements. This threshold parameter serves as

an adjustable design variable, enabling mission planners to balance computational

constraints against navigation accuracy requirements according to mission-speci�c

needs.

The novelty lies in providing a quantitative characterization of how estimation accu-

racy scales with beacon count along realistic trajectories. Numerical analyses along

deep-space trajectories reveal that substantial improvements occur when transitioning

from pairs to triplets, while diminishing returns emerge beyond certain thresholds.

The adaptive selection strategy achieves performance approaching maximum theo-

retical accuracy while requiring notably fewer beacons than the comprehensive ap-

proach. Furthermore, the research evaluates the computational costs of both position

estimation and the combinatorial beacon selection process itself, revealing the com-

putational challenges associated with exhaustive combinatorial search for onboard

implementation. The analysis indicates that computation of optimal beacon con�g-

urations along nominal trajectories during the mission planning phase could offer a

viable strategy for resource-constrained spacecraft systems. The methodology and

results with comparative analysis were presented in [13].

1.3.6 Validation of Navigation Performance for Translunar Mission Scenarios

The proposed LoS navigation methodologies are validated through comprehensive

applications on translunar trajectory scenarios. These trajectories present diverse ge-

ometric con�gurations between the spacecraft and observed celestial bodies, includ-

ing challenging phases where LoS vectors approach collinearity. The cislunar envi-

ronment provides a test case for evaluating the performance of triangulation-based

LoS navigation techniques. Numerical simulations incorporate three-body dynam-
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ics for trajectory propagation and practical measurement error models. Monte Carlo

analyses assess the statistical properties of position and velocity estimates, enabling

quantitative comparison of the proposed adaptive measurement covariance methods.

Navigation performance results are presented in Chapters 4 and 6, with related �nd-

ings published in [14, 12].

1.4 The Outline of the Thesis

This thesis is organized into nine chapters that progressively develop the theoret-

ical foundations, methodologies, and validation analyses for vision-aided celestial

navigation systems. Chapter 2 presents a comprehensive review of the literature on

spacecraft navigation techniques, with emphasis on vision-aided systems and LoS-

based celestial navigation. The chapter examines triangulation localization methods,

geometric performance evaluation metrics, state estimation approaches, and beacon

selection strategies, identifying the research gaps that motivate this work.

Chapter 3 establishes the methodological foundations employed throughout the the-

sis. The chapter begins with orbital mechanics fundamentals, including reference

frame de�nitions and transformations, followed by the patched-conics method and

three-body numerical integration formulation for translunar trajectories. A compre-

hensive translunar trajectory design methodology is presented using patched-conics

approximation, with a grid search algorithm for identifying trajectories that satisfy

desired mission constraints. The chapter then transitions to celestial navigation prin-

ciples, formulating basic triangulation geometry and extending it to multiple simulta-

neous observations. Measurement error models based on the QMM are established.

The LOST method is presented. A CRLB-based geometric performance metric is

derived from Fisher Information theory to quantify theoretical accuracy limits. The

Improved-LOST algorithm is introduced, utilizing CRLB-based triangle selection for

enhancing the accuracy of the LOST. The computational requirements of the LOST

method and CRLB-based metric are characterized. An adaptive beacon selection

framework is developed to optimize the trade-off between estimation accuracy and

computational load. The chapter concludes with EKF formulation, including adap-

tive measurement covariance adjustment strategies.
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Chapters 4 through 8 present the core research �ndings, including detailed perfor-

mance analyses, methodological validations, and discussion of results. Chapter 4

investigates celestial triangulation-based LoS navigation along translunar trajectories

using Earth and Moon as the primary beacon pair. A baseline trajectory is designed

using the patched-conics methodology and validated through three-body numerical

integration. The triangulation technique is implemented within an EKF framework

with range-weighted measurement covariance adjustment. Performance analysis re-

veals that measurement and estimation accuracy vary considerably throughout the tra-

jectory, with signi�cant degradation occurring when LoS vectors approach collinear

alignment. This geometric sensitivity demonstrates that observation con�guration

fundamentally affects triangulation accuracy, motivating the systematic development

of geometric performance evaluation methods in subsequent chapters.

Chapter 5 investigates the relationship between geometric con�guration and posi-

tion estimation accuracy systematically in the celestial triangulation problem using

CRLB theory. The CRLB-based performance metric is employed to quantify theoret-

ical error variances across various geometric con�gurations, revealing that estimation

accuracy depends critically on angular separation between LoS vectors, ranges to ob-

served bodies, and measurement precision. The analysis identi�es a limitation in the

LOST algorithm, which suggests arbitrary measurement pair selection yields equiva-

lent performance. The Improved-LOST algorithm is developed, utilizing the CRLB-

based �gure of merit to systematically select geometrically favorable measurement

pairs for initial range calculations present in the LOST. Monte Carlo simulations and

translunar trajectory analyses with multiple celestial body observations validate the

enhanced performance, demonstrating signi�cant accuracy improvements.

Chapter 6 investigates adaptive measurement error covariance adjustment strategies

for the EKF framework in vision-aided LoS navigation. An adaptive method is pro-

posed that dynamically adjusts the measurement error covariance matrix based on

theoretical error variance bounds via the CRLB-based metric, addressing limitations

observed with the range-weighted method in Chapter 4. Performance evaluation

through Monte Carlo analyses along the baseline translunar trajectory demonstrates

that the CRLB-based approach maintains consistent estimation accuracy during geo-

metrically challenging phases.
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Chapter 7 shows the application of the CRLB-based geometric performance metric

to evaluating and optimizing translunar trajectories for angles-only navigation. The

chapter �rst assesses the observational utility of additional celestial beacons beyond

the Earth-Moon pair and investigates the temporal sensitivity of navigation perfor-

mance across recurring launch windows. Subsequently, a systematic analysis of de-

parture trajectory parameters is presented, examining how variations in orbital incli-

nation and orientation relative to the lunar orbital plane in�uence estimation accuracy.

The study concludes by identifying speci�c geometric con�gurations that maximize

observability and enhance autonomous navigation performance alongside traditional

mission objectives.

Chapter 8 addresses the beacon optimality and beacon number optimization problem

for deep-space optical navigation, investigating the trade-off between estimation ac-

curacy and computational load. A representative heliocentric trajectory is employed

to evaluate the performance of varying beacon counts using the CRLB-based metric.

The analysis identi�es optimal beacon con�gurations through combinatorial evalua-

tion, revealing that optimal sets are dynamic and that relying solely on beacon pairs is

often suboptimal. A threshold-based adaptive selection methodology is introduced to

determine the minimum beacon count required to satisfy speci�ed accuracy require-

ments. Monte Carlo simulations utilizing the LOST algorithm validate the adaptive

strategy, demonstrating that it approaches the performance of a comprehensive all-

beacons con�guration. The chapter concludes with a computational cost analysis,

highlighting the feasibility of the proposed approach for mission planning and on-

board implementation.

Finally, Chapter 9 summarizes the principal research �ndings and contributions pre-

sented throughout the thesis, discussing their implications for future autonomous

deep-space missions.
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CHAPTER 2

LITERATURE REVIEW

2.1 Overview of Spacecraft Navigation

Space exploration missions demand reliable navigation estimation systems for suc-

cessful operations, ensuring precise positioning, guidance, and autonomy in challeng-

ing trajectories and mission phases [15]. As spacecraft journey deeper into space, the

development of autonomous navigation capabilities becomes essential for improving

mission resilience and minimizing operational expenses. These capabilities enable

higher levels of autonomy, particularly since the signi�cant light-time delays render

Earth-based real-time control impractical during key mission operations [16]. Such

autonomous systems enable spacecraft to determine their position and trajectory in-

dependently through onboard measurements and computations, reducing reliance on

continuous ground support while enhancing mission ef�ciency and reliability [17].

Spacecraft navigation in deep-space represents signi�cant challenges that can directly

affect mission outcomes and overall success. Traditionally, most deep-space mis-

sions depend on ground-based navigation using standard radiometric tracking mea-

surements, along with onboard optical observations of nearby bodies when necessary

[18, 19]. This approach has shown its reliability and achieved a remarkable navi-

gation accuracy over many years of space exploration, achieving position accuracies

on the order of meters in low Earth orbit and on the order of kilometers in deep

space [20]. However, ground-based navigation experiences unavoidable delays due

to round-trip signal propagation. For an interplanetary mission, this delay can ex-

tend from tens of minutes to hours, unlike the negligible delays experienced in Earth

orbiting operations. Beyond this physical constraint, additional latency arises from
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ground-based data processing, including orbit determination, maneuver planning, op-

erational decision-making, and command preparation [21].

Additionally, navigation systems may incorporate IMU measurements, particularly

during high-acceleration phases such as propulsive maneuvers, entry, descent, and

landing operations, which rely on accurate initialization of system states and integra-

tion. However, this approach leads to the accumulation of noise and errors, which

restricts the reliability of position estimates during extended mission phases. Gravita-

tional perturbations and uncertainties in the gravity �elds of celestial bodies also add

to error growth [22]. Also, employing IMUs with highly sensitive accelerometers for

continuous orbit determination in deep-space missions may present signi�cant practi-

cal and economic challenges [23, 24]. Therefore, navigation systems must either rely

on absolute measurements from onboard sensors or incorporate them to complement

IMU measurements and bound the error accumulation.

2.2 Vision-Aided Navigation Systems for Spacecraft

2.2.1 Fundamentals of Vision-Aided Navigation

Vision-aided navigation systems have emerged as promising solutions to overcome

the limitations of conventional navigation approaches presented in Section 2.1. These

operational drawbacks have motivated the development of autonomous onboard nav-

igation systems that can provide accurate position estimation without requiring con-

tinuous ground station support. Vision-aided navigation has emerged as a promising

solution that employs optical sensors such as cameras, telescopes, star trackers, and

other optical instruments to observe celestial bodies with known locations to perform

spacecraft localization [25]. Onboard processing of the in situ optical navigation data

reduces dependency on the ground-based operations and can help maintaining the

accuracy required for successful mission execution [26]. By utilizing information

acquired from optical sensors, these systems can provide absolute position measure-

ments that complement IMU data, providing more accurate pose estimations [27].

Navigation systems utilizing optics-based images in spacecraft navigation applica-

tions are commonly referred to as Optical Navigation (OPNAV) or Vision-aided Iner-
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tial Navigation Systems (VINS) to address the fusion of imagery data with the Inertial

Navigation System (INS) [7, 28]. These systems effectively complement traditional

IMUs, which suffer from error accumulation over time, by providing absolute or rel-

ative measurements [29].

Various VINS techniques have been developed to address different mission require-

ments and operational constraints throughout all mission phases, from interplanetary

cruise to entry, descent, and landing operations. In proximity operations near celes-

tial bodies, optical and LIDAR-based systems provide accurate position estimation

for rendezvous and close-range maneuvers [30, 31]. For missions involving descent

and landing on celestial bodies, Terrain Relative Navigation (TRN) has proven to be

particularly effective by processing surface features captured through optical sensors

[32, 33, 34, 35, 36, 37]. These techniques enable precise orbital maneuvers and au-

tonomous landing capabilities by utilizing and tracking identi�able surface features.

Horizon-based navigation methods utilizing visible limbs of celestial bodies have

been developed to provide position and attitude information when celestial body

edges are observable [38, 39, 28]. Apparent planetary disk measurements offer al-

ternative positioning techniques by analyzing the observed size and shape of celestial

bodies [40, 41, 20, 42]. For deep-space cruise phases and interplanetary transit, celes-

tial localization approaches using images of resolved or unresolved celestial bodies

such as planets, moons, and asteroids provide valuable navigation references through

the utilization of ephemeris data [43, 44, 45, 9].

For missions venturing into the outer solar system, where conventional optical refer-

ences may become less effective, alternative techniques have been proposed. These

include navigation using stellar spectra shift, which exploits the Doppler effect on

starlight [46], and aberration of starlight (StarNAV) techniques that utilize relativistic

effects on stellar observations [47]. Each of these approaches offers distinct advan-

tages depending on the mission phase, target type, and environment, required nav-

igation accuracy, operational constraints, and mission budget. The development of

these diverse techniques signi�cantly enriches the solutions available for autonomous

spacecraft navigation across different mission scenarios, from interplanetary voyages

to precision pinpoint landing operations.
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2.2.2 Line-of-Sight Based Celestial Navigation

Among various OPNAV techniques, Line-of-Sight (LoS) navigation, also referred to

as angles-only navigation or bearing-based navigation, has emerged as a particularly

valuable approach for spacecraft localization during deep-space cruising phases. This

technique utilizes angular measurements to celestial bodies such as planets, moons,

and asteroids with known position information, as navigation references to determine

spacecraft position throughout interplanetary trajectories. Unlike methods requiring

direct range measurements, which are often impractical or imprecise in long-range

interplanetary missions, LoS navigation relies on triangulation principles (a resection

problem), where measurement errors and noise present signi�cant challenges that

necessitate effective solutions, making it an active research area.

The fundamental principle of LoS navigation involves acquiring bearing angles from

optical sensors directed toward celestial bodies, commonly referred to as beacons,

whose positions are well-established through ephemeris models [48, 44, 45, 49, 9].

These angular measurements are obtained through onboard optical instruments such

as cameras, telescopes, and star trackers. The LoS measurements, initially acquired

in the sensor frame of the optical measurement device, must be transformed into the

desired localization frame. Since the relationship between the spacecraft body frame

and sensor frame is known through calibration or mounting speci�cations, the LoS

vectors can be transformed into any preferred reference frame, with the inertial frame

being the most commonly adopted for celestial navigation applications. The space-

craft's attitude, and consequently the camera orientations, are typically assumed to

be known through star tracker measurements or other attitude determination systems

[9].

While LoS navigation has been predominantly applied to natural celestial bodies, the

approach has also been extended to track arti�cial targets in space. This extension

includes observations of orbiting passive markers around asteroids for proximity op-

erations [50] and well-known arti�cial objects for cislunar space navigation applica-

tions [51, 52]. These developments demonstrate the versatility of LoS-based methods

beyond traditional planetary navigation scenarios.
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Beyond spacecraft navigation applications, LoS-based triangulation localization con-

cepts are widely employed in many �elds, such as photogrammetry [53, 54, 55],

computer vision [56, 57, 58], and navigation [59]. The mathematical techniques and

error analysis frameworks developed in these �elds have contributed to the advance-

ment of spacecraft navigation methods, demonstrating the cross-disciplinary nature

of LoS-based positioning approaches.

2.3 Spacecraft Localization Methods

2.3.1 Triangulation

Triangulation represents a fundamental geometric approach for position determina-

tion that has evolved from ancient surveying techniques to modern spacecraft naviga-

tion applications. The method's historical development and contemporary implemen-

tations in space missions have been documented across various research domains.

The basic principle relies on estimating position through angular measurements to

known reference points, a concept that has proven remarkably adaptable across di-

verse applications.

While triangulation remains a fundamental technique in navigation and positioning

systems, it remains an active area of research, with recent advances focusing on posi-

tion estimation accuracy through improved algorithmic approaches. In the absence of

measurement noise, the triangulation is straightforward; however, measurement noise

introduces signi�cant challenges [60].

The geometric foundations of triangulation have been extensively studied, with two

primary formulations in the literature: resection and intersection con�gurations [9].

Research on intersection-based approaches has demonstrated applications in orbit de-

termination [61, 60] and computer vision tasks such as 3D scene reconstruction from

image sequences [56, 62, 63]. On the other hand, resection-based formulations have

gained prominence in spacecraft navigation systems, where observers at unknown

locations utilize measurements to known reference points [64, 45].
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2.3.2 Optimal Triangulation Techniques

The challenge of achieving accurate position estimates from noisy angular measure-

ments has driven the development of various triangulation solution methods. The

primary challenge is to balance between statistical optimality and computational ef�-

ciency. While conventional methods such as the DLT or other standard LS solutions

are computationally ef�cient, they often produce statistically suboptimal results be-

cause they do not properly weight the measurements according to their uncertainty

level [9]. These traditional approaches typically treat all measurements equally or ap-

ply simple weighting schemes that fail to account for the varying geometric quality of

different observation con�gurations. As a result, measurements obtained during unfa-

vorable geometric conditions may disproportionately in�uence the position estimate,

degrading overall accuracy.

To achieve statistically optimal solutions without iteratively solving a nonlinear LS

problem (i.e., bundle adjustment), the polynomial method of Hartley and Sturm [56]

can be employed as a MLE. While this approach ensures optimality for two mea-

surements, its extension to three or more simultaneous observations becomes com-

putationally impractical due to the increasing complexity of polynomial root-�nding.

The method requires solving polynomial systems with 6 and 47 roots for 2 and 3

observations, respectively, making it non-scalable for scenarios involving multiple

observations [65, 66].

To overcome these computational challenges, Henry and Christian [9] developed the

LOST method, which provides a statistically optimal, non-iterative alternative. The

method reformulates the triangulation problem as an optimally weighted DLT, achiev-

ing the same error covariance as Hartley and Sturm's approach for two measurements

while signi�cantly reducing computational complexity. This makes LOST suitable

for scenarios involving multiple simultaneous observations(n > 3). The LOST for-

mulation achieves statistical optimality by applying the MLE framework through a

double application of the law of sines. This approach combines the computational

ef�ciency of LS solutions with the statistical advantages of MLE in a non-iterative

scheme, making it appropriate for triangulation localization with any number of ob-

servations.
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2.3.3 Limitations of the Linear Optimal Sine Triangulation Method and the

Research Gap in Optimal Triangulation

Despite the theoretical optimality of the LOST framework, a critical limitation

emerges in its practical implementation. The weighting terms in LOST depend on

the unknown ranges, which are the quantities the method seeks to determine. For

this implementation aspect, it has been suggested that calculating these ranges from

any possible triangulation, even a random selection, would yield the same localiza-

tion performance [9]. However, this assumption appears to overlook the potential

in�uence of geometric con�guration on triangulation accuracy.

The method's weighting scheme fundamentally depends on range estimates that ap-

pear in the error covariance matrix, but the original formulation does not system-

atically address how these initial ranges should be calculated when multiple trian-

gulation options exist. The geometric con�guration between the observer and ob-

served bodies has been shown to substantially in�uence triangulation accuracy in

various navigation contexts. When LoS vectors approach collinearity, either paral-

lel or anti-parallel alignment, the triangulation problem becomes ill-conditioned, and

small measurement errors can lead to large variations in estimated position [67, 68].

This geometric sensitivity suggests that using poorly conditioned triangles for initial

range calculations could propagate errors through the LOST algorithm, potentially

degrading performance despite its maximum likelihood framework.

Research on beacon selection has demonstrated that geometric factors can cause po-

sition accuracy to vary by orders of magnitude [45, 11], indicating that the choice

of measurement pairs for range calculations may signi�cantly impact the �nal es-

timation accuracy. Furthermore, existing literature lacks a systematic method for

evaluating which measurement pairs provide the most reliable geometric con�gura-

tions for range calculations. While beacon selection studies have developed metrics

for choosing optimal observation subsets [45, 11, 69], these approaches focus on

selecting which beacons to use rather than optimizing the internal calculation steps

within comprehensive triangulation methods. The gap between optimal beacon se-

lection strategies and optimal implementation of comprehensive methods like LOST

represents an unexplored area in the literature requiring further investigation.
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2.4 Geometric Performance Evaluation Metrics

The accuracy of position estimation in navigation systems depends not only on sensor

precision but also on the geometric con�guration between the observer and reference

beacons. This geometric in�uence acts as an ampli�cation factor, where unfavorable

con�gurations can magnify the measurement errors into substantial position uncer-

tainties. Quantifying this geometric effect has led to the development of various per-

formance metrics, commonly referred to as geometric dilution factors or Figures of

Merit (FoM), which have evolved signi�cantly across different navigation domains.

2.4.1 Dilution of Precision Metrics

The formalization of geometric performance evaluation traces back to satellite nav-

igation systems, where the Dilution of Precision (DOP) emerged as the standard

metric for assessing constellation geometry [70]. DOP provides a scalar multiplier

that relates measurement errors to position uncertainties, enabling users to evalu-

ate the quality of a navigation solution independent of speci�c sensor characteris-

tics. Lower DOP values indicate more favorable geometric con�gurations and cor-

respondingly higher positioning accuracy, with the relationship typically expressed

as � pos � DOP� � meas [71]. The metric includes several variants in applications:

Geometric DOP (GDOP) for combined position and time solutions, Position DOP

(PDOP) for three-dimensional positioning, Horizontal DOP (HDOP) and Vertical

DOP (VDOP) for speci�c dimensional components, and Time DOP (TDOP) for tim-

ing applications [71, 72, 73, 74].

The mathematical foundation of DOP rests on the assumption of homoscedastic mea-

surement errors, where all observations share identical noise characteristics. Under

this assumption, the position error covariance simpli�es to a scalar multiple of the

geometry matrix inverse, allowing DOP to be expressed as the square root of the

trace of this cofactor matrix [72]. While this simpli�cation has proven valuable for

rapid assessment in operational systems, it presents limitations when applied to het-

erogeneous measurement scenarios or multi-sensor fusion applications. Furthermore,

the classical DOP formulations do not explicitly account for the ranges between the
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observer and tracked objects, which can signi�cantly in�uence the accuracy of posi-

tion solutions. In angular measurement systems, such as those employed in celestial

navigation, the sensitivity of position estimation to measurement errors scales with

the distance to observed bodies. This range-dependent error ampli�cation, which be-

comes particularly pronounced in deep-space scenarios where the distances span mul-

tiple astronomical units, remains unaddressed in the standard DOP framework. These

limitations motivate the development of more comprehensive geometric performance

metrics that can capture both angular con�guration effects and range-dependent fac-

tors in triangulation-based navigation systems.

2.4.2 Geometric Performance Metrics for Deep-Space Navigation

The application of geometric performance metrics to deep-space OPNAV presents

unique challenges distinct from proximity applications. In deep-space environments,

spacecraft primarily rely on angular measurements of celestial bodies rather than

ranging observations, creating specialized geometric considerations for beacon se-

lection and trajectory planning.

Broschart et al. [45] developed a kinematic framework for assessing localization ac-

curacy using LoS measurements to distant objects. Their analysis constructed an in-

formation matrix from measurement sensitivities, providing closed-form expressions

for position uncertainty with two-body observations. The framework demonstrated

that estimation accuracy depends critically on both the angular separation between

observed bodies and the spacecraft's ranges to those bodies.

Franzese and Topputo [11, 1] formulated a �gure of merit speci�cally for deep-space

beacon selection that incorporates both geometric con�guration and measurement

noise characteristics. Their metric, derived from trace minimization of the position

error covariance, explicitly accounts for the angle between celestial bodies as ob-

served from the spacecraft. The formulation reveals that triangulation performance

degrades severely when observation vectors approach collinearity, with error variance

increasing as the fourth power of the inverse sine of the separation angle. This metric

has been successfully applied to identify optimal celestial beacon pairs for interplan-

etary navigation, demonstrating substantial accuracy improvements over blind pair
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selection, and suggesting that carefully chosen pairs can achieve navigation accuracy

comparable to computationally more demanding multiple-beacon observations.

Casini et al. [69] proposed a semi-analytical approach for geometric observability

assessment through eigenvalue analysis of the information matrix. Their method

quanti�es how geometric factors including angular separation, relative phasing, and

inter-body distances in�uence navigation performance throughout a trajectory. The

eigenvalue-based analysis provides insights into directional observability and poten-

tial degeneracies in the estimation problem.

2.4.3 Limitations and Research Gaps in Performance Metrics

Current geometric performance evaluation approaches, while theoretically sound for

speci�c scenarios, exhibit several limitations when extended to general multi-body

celestial triangulation systems.

Most closed-form geometric metrics and analytical solutions are derived speci�cally

for two-body observations. While valid for identifying the single "best pair" of bea-

cons, these metrics do not naturally extend ton-body con�gurations. There is a lack

of uni�ed metrics that can evaluate the geometric quality of an entiren-body obser-

vation set in a single scalar calculation, rather than analyzing beacon pairs.

While FIM-based methods theoretically support varying measurement weights, sim-

pli�ed geometric metrics often emphasize general rules (e.g., angular separation) that

may not fully account for simultaneous tracking scenarios with signi�cantly different

sensor characteristics. In operational reality, a spacecraft may track a nearby asteroid

with a high-precision narrow-angle camera and a distant planet with a lower-precision

wide-angle sensor simultaneously. Existing metrics rarely provide a computationally

ef�cient way to weight these contributions by both their speci�c sensor accuracy and

their individual ranges. A metric is needed that penalizes distant, noisy observations

while rewarding close, precise ones within the same calculation.

Covariance-based analyses often serve as mission planning tools. The potential for

lightweight geometric metrics to function as active components within real-time esti-

mation algorithms remains underexplored.
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2.5 Beacon Selection and Optimization

In deep-space missions, multiple celestial bodies are typically observable during dif-

ferent phases of the trajectories. These visibility conditions present both an oppor-

tunity and a challenge: while additional observations can potentially improve nav-

igation accuracy, they also increase computational demands, which may be critical

for resource-constrained spacecraft systems. The literature on celestial triangulation

navigation has consequently developed around two primary approaches for handling

these observations.

The �rst approach prioritizes computational ef�ciency through selection of optimal

beacon pairs along investigated trajectories [44, 45, 11, 1, 69]. This approach in-

vestigates methodologies for identifying the most favorable celestial body couple at

each observation epoch that yields the most accurate position estimate. A common

suggestion across these studies is that carefully chosen pairs of celestial bodies can

yield navigation accuracy comparable to using more beacons simultaneously. The

studies also reveal that position accuracy can vary by orders of magnitude depending

on selection criteria [1]. The performance metrics employed in these selective meth-

ods, which are typically constrained to two-body observations, incorporate geometric

factors such as angular separation of observations and ranges to the observed bodies.

These selective methods offer advantages in computational simplicity, as they delib-

erately exclude unfavorable geometric con�gurations. However, they inherently dis-

regard potentially useful information and redundancy, which may reduce robustness

in dynamic environments where beacon visibility and geometry constantly evolve.

The second approach adopts a comprehensive strategy, utilizing all available mea-

surements to maximize estimation accuracy. Methods such as LS and DLT based

techniques [67, 9, 10] aim to incorporate all measurements simultaneously into their

solution framework. Rather than discarding potentially valuable information from

additional observations, these methods maximize information usage and provide nat-

ural redundancy, enhancing fault tolerance when one measurement is degraded or

lost. While this strategy ensures the highest possible theoretical accuracy, it inher-

ently demands signi�cantly higher computational resources compared to selective

approaches.
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2.5.1 Research Gaps in Beacon Selection and Optimization Strategies

Despite the clear distinction between these two approaches, signi�cant gaps remain

in the literature regarding the trade-offs between computational burden and achiev-

able accuracy. While optimal pair selection minimizes computational load and the

all-beacons approach achieves maximum accuracy, the relationship between beacon

quantity and the resulting accuracy improvements remains poorly characterized.

A critical gap exists in evaluating the precise threshold at which additional beacons

beyond the optimal pair provide meaningful accuracy improvements versus when

their contribution becomes marginal relative to the increased computational cost. For

instance, Franzese and Topputo [1] suggested that optimal pair selection can achieve

navigation performance comparable to comprehensive methods with minimal com-

putational cost. However, this suggestion has not been comprehensively quanti�ed

through a systematic analysis of how accuracy scales with beacon count. The mag-

nitude of potential accuracy gains from incorporating a third or fourth beacon, and

whether these gains justify the additional computational expense, remains unclear in

the existing literature.

This uncertainty presents several speci�c challenges for mission planners seeking to

balance navigation accuracy against limited onboard computational resources. When

using only two optimal beacons, the approach requires minimal processing but may

sacri�ce substantial accuracy that could be gained from additional observations. Con-

versely, processing all available measurements incurs maximum computational cost

but may yield only marginal improvements beyond a certain beacon count. Without

quantitative guidelines on these trade-offs, determining an appropriate beacon selec-

tion strategy for speci�c mission requirements remains problematic.

An often-overlooked consideration is the computational overhead of the selection pro-

cess itself. When employing the optimal pair approach, a combinatorial search over

all available beacon combinations must be performed to identify the best pair. This

search increases the total computational burden beyond what would be required for

simply processing a �xed beacon con�guration. The practicality of performing such

combinatorial searches under strict spacecraft computational constraints, and how
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these search costs relate to the computational requirements of the position estimation

algorithms themselves, have not been adequately evaluated in the literature.

Furthermore, how computational costs scale systematically with beacon count has

not been thoroughly characterized. While it may be intuitive that processing more

beacons requires more computation, the speci�c functional relationship between bea-

con count and processing requirements for both the position estimation algorithms

and the beacon selection procedures remains poorly documented. This information

would be valuable for mission designers seeking to establish realistic computational

budgets for autonomous navigation systems.
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CHAPTER 3

METHODOLOGY

3.1 Fundamentals from Orbital Mechanics

3.1.1 Reference Frames and Transformations

3.1.1.1 International Celestial Reference Frame

The International Celestial Reference Frame (ICRF), illustrated in Figure 3.1, serves

as the fundamental celestial reference frame for modern astrometry and has been

adopted by the International Astronomical Union (IAU) since 1997 [75]. Unlike ear-

lier dynamical frames (FK5) that relied on the equinox and equator, the ICRF is con-

structed using the positions of extragalactic radio sources observed through very long

baseline interferometry [75, 76].

The frame is epochless and located at the origin of the Solar System Barycenter

(SSB). It is realized through three mutually orthogonal axes: Z-axis, the pole di-

rection; X-axis, the right ascension origin; and Y-axis, the orthogonal direction. The

axes are almost identically oriented relative to Earth's equator and vernal equinox

at the J2000.0 epoch [77]. Variable quantities in this system are referenced to the

standard epoch J2000.0, de�ned as Julian Date 2451545.0 (January 1, 2000, 12:00

TDB). The fundamental time scale for these time-dependent variables is Barycentric

Dynamical Time (TDB), which is typically measured in units of days (86,400 SI sec-

onds) or Julian centuries (36,525 days). For practical purposes, TDB is considered

roughly equivalent to Terrestrial Time (TT) in both rate and epoch [2].

Several realizations of the ICRF have been released to incorporate improved obser-
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vations and additional sources. The ICRF-3 realization represents the most recent

version and is closely aligned with the JPL planetary ephemeris solution DE440/441,

with differences estimated to be at most 0.0002 arcseconds [77].

Figure 3.1: International Celestial Reference Frame (ICRF) de�ned by extragalactic

radio sources with origin at the solar system barycenter.

3.1.1.2 Earth Mean Equator and Equinox of J2000

The Earth Mean Equator and Equinox of J2000 (EME2000), often referred to simply

as the J2000 frame, is a widely used realization of the Earth-Centered Inertial (ECI)

reference system. The EME2000 is a dynamical frame de�ned by the orientation of

the Earth at the speci�c J2000 epoch [78, 76].

The frame is �xed at the standard epoch J2000.0, de�ned as 12:00 TT on January 1,

2000 (Julian Date 2451545.0). The basis vectors are de�ned as follows:

� The Z-axis is normal to the Earth's mean equator at the J2000.0 epoch, aligned

with the Earth's spin axis.

� The X-axis points toward the vernal equinox� , de�ned by the intersection of

the Earth's mean equatorial plane and the ecliptic plane at J2000.0.

� The Y-axis completes the right-handed orthogonal set.
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3.1.1.3 Earth Centered Inertial Frame

The Earth Centered Inertial (ECI) frame, illustrated in Figure 3.2, also referred to as

Geocentric Equatorial Inertial (GEI) or Geocentric Inertial (GCI), represents a general

class of reference frames with its origin at Earth's center that does not rotate with

respect to the stars. However, since Earth's actual equator and equinox move over

time due to precession and nutation, ECI frames are de�ned at a speci�c epoch to

maintain this non-rotating characteristic [79].

Different realizations of ECI frames exist, including J2000, Geocentric Celestial Ref-

erence Frame (GCRF, which is the geocentric counterpart of the ICRF), and True

Equator Mean Equinox (TEME), which differ in their epoch de�nition or treatment

of Earth's precession and nutation [79]. The J2000 is used as the ECI frame through-

out this thesis.

It should be noted that the ICRF and ECI frames are not strictly inertial. While their

alignments remain �xed in space, their origins experience acceleration: the ECI origin

accelerates as the Earth orbits the Sun, and the ICRF origin at the SSB accelerates as

it orbits the galactic center. However, for most spacecraft navigation applications,

these frames are treated as suf�ciently inertial [31].

Figure 3.2: Earth Centered Inertial (ECI) frame. The X-axis points toward the vernal

equinox� through the equatorial plane, and the Z-axis aligns with Earth's spin axis.
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3.1.1.4 Right Ascension and Declination Frame

Right ascension� and declination� form a spherical coordinate system used to spec-

ify the direction of celestial objects on a hypothetical sphere, analogous to longitude

and latitude on Earth's surface [80]. The geometric relationship between these angles

and the celestial sphere is illustrated in Fig. 3.3.

Right ascension is measured eastward along the celestial equator, ranging from0� to

360� (equivalent to 0 – 24 hours), starting from the vernal equinox� , which serves

as the origin of measurement. Declination is measured perpendicular to the celestial

equator along a meridian, with positive values toward the north celestial pole and

negative values toward the south, ranging from+90� to � 90� .

The position of a celestial object at distanceR relative to Earth, speci�ed by� and� ,

can be expressed in Cartesian coordinates in the ECI frame as:

R I = R
h
cos� cos� cos� sin� sin�

i >
(3.1)

Figure 3.3: Celestial sphere showing right ascension� , measured from the vernal

equinox� along the celestial equator, and declination� , measured from the equatorial

plane.
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3.1.1.5 Heliocentric Inertial Frame

Though the Heliocentric Inertial Frame (HCI) refers to another system, for interplane-

tary applications within this thesis, the HCI frame is de�ned as a Sun-centered system

that maintains the orientation of the ECI axes. This frame serves as an inertial refer-

ence for spacecraft motion relative to the Sun while preserving the geometry of the

Earth's equator as the fundamental plane.

Since the axes are aligned with the ECI frame, a position vector to bodybrelative to

the Earth, resolved in the ECI frame,R I
Ib can be transformed to the HCI frameR H

Hb

via a simple translation, subtracting the Earth-to-Sun position vector,R I
IH :

R H
Hb = R I

Hb = R I
Ib � R I

IH (3.2)

3.1.1.6 Moon Centered Inertial Frame

Analogous to the HCI frame de�ned above, the Moon Centered Inertial Frame (MCI)

is de�ned as a Moon-centered system that maintains the orientation of the ECI axes.

This frame serves as an inertial reference for spacecraft motion relative to the Moon,

particularly during lunar mission phases.

3.1.1.7 Principal Axis and Mean Earth Frames

For lunar applications, two rotating body-�xed frames are commonly employed: the

Principal Axis (PA) frame and the Mean Earth (ME) frame. The PA frame is a se-

lenocentric Moon-�xed rotating coordinate system that maintains alignment with the

Moon's physical shape and mass distribution [81]. This body-�xed frame rotates with

the Moon and is particularly useful for lunar gravity modeling, surface mapping, and

ranging operations [82]. The orientation of the PA frame is illustrated in Figure 3.4,

where the axes are de�ned as follows:

� The ZP-axis points from the center to the northern spinning pole (aligned with

the axis of maximum moment of inertia).

� The XP-axis points from the center to the intersection of the PA Equator and
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prime meridian (aligned with the axis of minimum moment of inertia).

� The YP-axis axis completes the right-handed orthogonal set [83].

Figure 3.4: Illustration of the Moon-centered Principal Axis (PA) reference frame.

The ME frame is de�ned by the geometry of the Earth-Moon system. The orientation

of the ME frame aligns the XME -axis at the average point on the surface, pointing to-

wards Earth [84]. The ME frame is commonly employed by the lunar surface science

community for spatial data, terrain and elevation modeling, and referencing surface

features, as it maintains consistency with historical datasets [81]. Its axes are de�ned

as follows:

� The ZME -axis is aligned with the Moon's mean rotational pole.

� The XME -axis is directed toward the mean Earth direction along the prime

meridian (the mean Earth direction).

� The YME -axis completes the right-handed triad.

The distinction between these frames arises from the Moon's orbital characteristics,

such as eccentricity, inclination, and some other factors. While the Moon is tidally

locked with a nearly constant rotational angular velocity, its orbital angular velocity

varies due to the eccentricity of its orbit. This mismatch causes the Moon to exhibit

libration relative to the Earth-Moon line. Consequently, the ME and PA axes do not

perfectly align, resulting in positional differences of less than 1 km at the lunar surface

[82, 85].
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3.1.1.8 Vector Transformation between Rotating Frames

The translunar trajectory analyses presented in this thesis primarily employ the ECI

and MCI frames for design and propagation. However, the evaluation of lunar orbital

parameters requires a reference frame aligned with the Moon's geographic equator

and north pole to properly characterize orbital inclination and other classical ele-

ments. The PA frame serves this purpose by rotating with the Moon, analogous to

Earth-Centered Earth-Fixed (ECEF) frame.

Transforming spacecraft states between the inertial ECI frame and the rotating PA

frame necessitates accounting for frame rotation effects. When the position and ve-

locity of an object are known in a rotating reference frame, the corresponding quanti-

ties in an inertial frame must include contributions from the Coriolis and centripetal

terms inherent to the rotating frame's motion. The transformation requires not only

the relative orientation between frames but also knowledge of the angular velocity

vector describing the PA frame's rotation rate.

Before detailing the vector transformation, the following notation is adopted:R c
ab

represents the position vector of objectb (or origin of a coordinate system), relative

to the origin of coordinate systema, resolved in the coordinate system ofc. Similarly,

V c
ab represents the velocity, andT ac represents the coordinate transformation matrix

transforming a vector from framec to framea. If the �rst subscript and superscript of

object b are not denoted, such asRb, then it is relative to the preferred inertial frame

and resolved in that inertial frame, unless the details are explicitly indicated. To avoid

ambiguity when transforming between rotating frames, the complete subscript and

superscript notation is maintained here throughout this derivation, though a simpli�ed

notation may be adopted in subsequent sections where the reference frame context is

clear.

The position vector of a spacecraft (denoted byb) in the ECI frame (I) can be ex-

pressed as the sum of the position of the PA frame origin (P) and the spacecraft's

position relative to the PA frame:

R I
Ib = R I

IP + R I
Pb = R I

IP + T IP R P
Pb (3.3)

whereT IP represents the transformation matrix from the PA to the ECI frame, and
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R P
Pb denotes the spacecraft's position relative to the origin of the PA frame and re-

solved in the PA frame. The transformation matrix relates the two frames through

their relative orientation and can be constructed from the known geometry of the

Earth-Moon system at any given epoch.

The velocity transformation requires accounting for both the relative motion and the

frame rotation effects. Taking the time derivative of the position relationship yields:

V I
Ib =

d
dt

R I
Ib =

d
dt

(R I
IP + T IP R P

Pb) = V I
IP + _T IP R P

Pb + T IP V P
Pb (3.4)

The term _T IP represents the time rate of change of the transformation matrix due to

the frame's rotation. This can be expressed using the angular velocity vector! of the

PA frame:
_T IP = [ ! � ]IIP T IP (3.5)

where[! � ]IIP denotes the skew-symmetric matrix formed by the angular velocity of

the PA frame, relative to and resolved in the ECI frame. Substituting this relationship

into the velocity equation provides the complete transformation from PA to ECI:

V I
Ib = V I

IP + T IP
�
V P

Pb + [ ! � ]PIP R P
Pb

�
(3.6)

Conversely, transforming from the ECI to the PA frame follows a similar procedure.

The position vector in the PA frame can be obtained through:

R P
Pb = T PI

�
R I

Ib � R I
IP

�
(3.7)

whereT PI = T >
IP represents the inverse transformation matrix. For the velocity

transformation, the derivation follows the same principles but accounts for the oppo-

site rotation direction:

V P
Pb = T PI

�
V I

Ib � V I
IP

�
� [! � ]PIP R P

Pb (3.8)

These transformation equations enable the conversion of spacecraft states between

the two reference frames throughout the analysis. The parameters required for con-

structing the transformation matrix between ECI and PA frames, including the ori-

entation angles and angular velocity components, along with detailed mathematical

derivations of these relationships, are provided in Appendix B.
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3.1.2 Patched-Conics Method

The patched-conics method is a fundamental analytical technique used to simplify

the multi-body problem of ballistic interplanetary transfers. The method takes its

name from the geometric property of orbital paths that follow conic sections under

the gravitational pull of a central body at the focus, and from the process of patching

together the distinct conic phases of a multi-body transfer mission. The approach

relies on the concept of the Sphere of In�uence (SoI) and assumes that a spacecraft

follows an unperturbed Keplerian (two-body) orbit around the dominant central body

within its SoI [80]. This motion is governed by the fundamental equation:

•R = �
�

R3
R (3.9)

whereR is the position vector relative to the central body,R is its magnitude, and�

is the standard gravitational parameter.

Despite simpli�cations, the method provides suf�ciently accurate results for most

interplanetary applications. The method's analytical nature allows quick evaluation

of multiple trajectory alternatives, which proves especially useful during preliminary

mission design when many options need comparison. The approach helps design-

ers to understand fundamental relationships between mission parameters and explore

trade-offs between �ight time, required injection velocity, and arrival conditions [86].

3.1.2.1 Patched-Conics Method for Interplanetary Trajectories

When a spacecraft travels beyond the SoI of a celestial body, it starts to orbit around

the Sun. Due to the vast astronomical distances in the heliocentric system, the physi-

cal extent of planetary SoIs can be treated as negligible compared to the orbital radii.

This simpli�cation allows each planet to be approximated as a point mass located

at its center [80]. The method effectively reduces the complex four-body problem

(Sun, departure planet, arrival planet, and spacecraft) into a sequence of manageable

two-body problems.

As represented in Figure 3.5, the method divides an interplanetary mission into three

parts: hyperbolic departure, elliptic cruising, and hyperbolic arrival phases [87]. The
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Figure 3.5: Patched-conics representation of an interplanetary transfer trajectory

showing departure hyperbola, heliocentric transfer ellipse, and arrival hyperbola with

planetary spheres of in�uence.

patching occurs at the SoI boundaries, where the velocity vector relative to the Sun is

matched with the velocity vector relative to the planet. The method assumes instan-

taneous transitions between central bodies and ignores the gradual shift in gravita-

tional dominance. However, it provides a robust initial estimate for� V requirements

and launch windows. For most interplanetary mission design purposes, the patched-

conics approximation yields suf�ciently accurate results, with negligible deviations

from numerical solutions remaining within acceptable bounds for preliminary analy-

sis and mission planning [86].

3.1.2.2 Patched-Conics Method for Lunar Trajectories

When applying the patched-conics method to lunar missions, the geometry shifts

from a Sun-centered system to an Earth-Moon system. Unlike interplanetary trans-

fers, where the primary gravitational in�uence changes from a planet to the Sun, a

lunar transfer remains largely within Earth's gravitational dominance until entering
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the Moon's SoI. The Sun's in�uence is neglected because Earth's SoI extends well

beyond the Moon's orbital radius of approximately 384,400 km [80].

For translunar mission analysis, the patched-conics method acknowledges the Moon's

SoI and requires trajectory patching at this boundary. The lunar SoI radius can be

calculated as:

RSoI = RM

�
mM

mE

� 2=5

(3.10)

whereRSoI represents the radius of the lunar SoI,RM denotes the distance between

the centers of mass of Earth and Moon, andmE and mM are the masses of Earth

and Moon, respectively. The calculation corresponds to approximately 66,200 km, or

one-sixth of the Earth-Moon distance.

In a translunar problem, the trajectory is modeled in two primary segments, as illus-

trated in Figure 3.6. The geocentric phase begins with the spacecraft departing Earth

on a highly elliptical orbit. This segment comprises the majority of the �ight time, as

the spacecraft travels toward the Moon's orbit against Earth's gravitational pull. The

selenocentric phase commences when the spacecraft crosses the Moon's SoI. At this

patch point, the trajectory is recalculated as a hyperbola relative to the Moon.

Figure 3.6: Representation of a translunar trajectory using the patched-conics method,

showing geocentric and selenocentric segments.

For lunar missions, the proximity of the lunar SoI to Earth implies that the patched-

conics approximation should be applied with appropriate caution. The method does

not achieve the same level of accuracy for translunar trajectories as it does for inter-

planetary cases. For higher precision, numerical analyses incorporating a three-body

approach may be performed.
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Despite the imperfections, the patched-conics method serves as an effective trajectory

design tool for translunar missions. The approach provides physically meaningful so-

lutions that capture the essential characteristics of transfer orbits. The analytical so-

lution establishes feasible initial conditions that can serve as starting points for more

accurate numerical methods and provide reference trajectories against which more

detailed simulations can be compared. Attempting to design feasible trajectories

through numerical methods alone, without the guidance of the analytical patched-

conics approximation, would cause considerable computational challenges. In the

present investigation, the patched-conics method establishes the baseline lunar trajec-

tory that serves as the foundation for subsequent navigation performance analysis and

estimation �lter development.

3.1.3 Three-Body Numerical Integration for Lunar Trajectories

While the patched-conics method provides valuable analytical insight into the prob-

lem, it relies on simplifying assumptions. The method assumes instantaneous tran-

sitions between gravitational regimes at SoI boundaries and employs a two-body

approximation throughout the trajectory. For enhanced trajectory accuracy, a more

rigorous approach incorporating the simultaneous gravitational effects of multiple

bodies can be employed through numerical integration methods. The geometric con-

�guration of the three-body system, showing the spacecraft, Earth, and Moon with

their respective position vectors, is illustrated in Figure 3.7.

To obtain a more precise representation of the spacecraft trajectory, a three-body for-

mulation is utilized, accounting for the gravitational in�uences of both Earth and

Moon simultaneously. The Sun's gravitational effect, other planetary and solar radia-

tion pressure perturbations are neglected for the analyses in this thesis, as these effects

remain relatively small compared to the gravity of Earth and Moon. The equation of

motion for the spacecraft in the ECI frame can be expressed as [80]:

•R 10 = � � E
R 10

R3
10

� � M

�
R 20

R3
20

+
R 12

R3
12

�
(3.11)

whereR 10 represents the position vector of the spacecraft relative to Earth's center,

� E and� M denote the gravitational parameters of Earth and Moon respectively,R 12 is
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Figure 3.7: Three-body system showing the spacecraft, Earth, and Moon with posi-

tion vectors de�ned in the ECI frame of reference.

the position vector of the Moon relative to Earth, andR 20 represents the spacecraft's

position vector relative to the Moon, given by:

R 20 = R 10 � R 12 (3.12)

To facilitate numerical integration, the second-order differential equation given in

Eq. (3.11) is reformulated as a system of �rst-order differential equations. The state

vector is de�ned as:

x(t) =
h
x(t) y(t) z(t) _x(t) _y(t) _z(t)

i >
=

2

4R 10(t)

V10(t)

3

5 (3.13)

whereV10(t) denotes the velocity of the spacecraft relative to Earth. To track the

states, the output function is de�ned as:

y(t) =

2

4y1(t)

y2(t)

3

5 =

2

4R 10(t)

V10(t)

3

5 (3.14)

The corresponding �rst-order system becomes:

_y1(t) = y2(t)

_y2(t) = � � E
y1(t)
y3

1(t)
� � M

�
y1(t) � R 12(t)

ky1(t) � R 12(t)k3
+

R 12(t)
R3

12(t)

� (3.15)
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The initial conditions for the numerical integration are established immediately fol-

lowing the Translunar Injection (TLI) maneuver performed:

y (t0) =

2

4R 10;0

V10;0

3

5 (3.16)

whereR 10;0 andV10;0 represent the position and velocity vectors of the spacecraft at

the TLI point, as determined from the patched-conics solution.

For the numerical integration procedure, two different methods can be employed

depending on the application requirements. The Runge-Kutta-Fehlberg (RKF45)

method with adaptive step size control may be utilized for trajectory design and

analysis, where computational ef�ciency and high accuracy are both desired. This

variable-step integration algorithm automatically adjusts the step size based on local

truncation error estimates, with an error tolerance speci�ed to ensure suf�cient pre-

cision. Alternatively, the classical fourth-order Runge-Kutta (RK4) method with a

constant time step may be employed in applications requiring �xed-frequency state

propagation, such as within the EKF, where measurements arrive at regular intervals.

Appropriate time steps for the RK4 integration are selected to match the measurement

frequency while maintaining adequate integration accuracy.

The numerical integration approach offers several advantages over the analytical

patched-conics method. It accounts for the continuous variation in gravitational

forces throughout the trajectory rather than assuming abrupt transitions at SoI bound-

aries. It incorporates the combined gravitational effects of multiple bodies without

requiring patching procedures. These features result in improved trajectory accuracy,

which becomes particularly relevant when the spacecraft operates in regions where

the gravitational in�uences of Earth and Moon are comparable in magnitude.

3.2 Delta-V Calculation for Trajectory Maneuvers

The� V represents the magnitude of velocity change required to execute an impulsive

maneuver, which serves as a fundamental metric for assessing mission feasibility and

propellant requirements. The calculation of� V is essential for trajectory design, as

it directly relates to the spacecraft's propellant budget and overall mission cost.
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Figure 3.8 illustrates the geometric relationship between the initial and �nal velocity

vectors. For a general impulsive maneuver where the velocity is changed fromV1 to

V2, the� V is computed as the magnitude of the velocity difference vector:

� V = k� V k = kV2 � V1k (3.17)

Figure 3.8: Geometric representation of velocity change for a coplanar impulsive

maneuver.

This formulation applies to maneuvers where the �ight path angle and thus the ve-

locity direction may change during the burn. For coplanar maneuvers where no plane

change occurs, the calculation is governed by the law of cosines:

� V =
q

V 2
1 + V 2

2 � 2V1V2 cos � 
 (3.18)

where� 
 represents the change in �ight path angle betweenV1 andV2.

For the most ef�cient orbital transfers, such as the Hohmann transfer, maneuvers are

typically performed tangentially at the apsides, either apogee or perigee. In these

cases, the change in �ight path angle is zero, and the velocity vectors remain aligned.

Consequently, the calculation simpli�es to the scalar difference of the velocity mag-

nitudes:

� V = jV2 � V1j (3.19)

3.3 Translunar Trajectory Design

The design of translunar trajectories requires systematic analytical methods to estab-

lish feasible transfer paths between Earth and lunar orbits. Attempting to identify

suitable trajectories through purely numerical approaches becomes computationally
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intensive. It may fail to converge to viable solutions, particularly when exploring

various mission scenarios with different departure conditions and arrival constraints.

The patched-conics method provides an ef�cient analytical framework that divides

the transfer into distinct gravitational regimes [80, 87]. The methodology presented

here follows a two-phase approach: a geocentric departure trajectory governed by

Earth's gravity from TLI until the spacecraft enters the Moon's SoI (the patch point),

followed by a selenocentric approach trajectory governed by lunar gravity within the

SoI. The translunar trajectory plane is de�ned by the spacecraft's position vector at

TLI and its position vector at the SoI crossing point, rather than being constrained

to the Moon's orbital plane. The methodology employs the patched-conics approach

developed in Section 3.1.2.

3.3.1 Initial Design Parameters and Assumptions

The translunar trajectory design requires speci�cation of several initial parameters

that de�ne the departure-arrival conditions and mission constraints. The methodol-

ogy employs a three-dimensional patched-conics approximation, where the transfer

is decomposed into two sequential two-body problems. Throughout the transfer, a

ballistic �ight is assumed, meaning no propulsive maneuvers occur between TLI and

Lunar Orbital Insertion (LOI) at perilune. The positions and velocities of celestial

bodies are obtained from planetary ephemeris models at speci�ed epochs. The space-

craft is assumed to depart from a circular Earth parking orbit and, if captured, is

captured into a circular lunar orbit. The translunar transfer is illustrated in Figure 3.6

and 3.9.

The design is initiated by selecting values for the following independent variables:

� Altitude hE and initial parking orbit radiusREc

� Right ascension� and declination� , the angles describing the geocentric TLI

positionR 0 in the ECI frame.

� Flight path angle
 0, the angle between the local horizon and the spacecraft's

velocity vectorV0 after TLI burn (before the burn wasVEc). Positive
 0 values

indicate outbound �ight away from Earth.

� SoI interception dateTSoI, the target epoch for crossing the Moon's SoI.
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� Arrival angle� , the angle between the Earth-to-Moon vectorR M and the Moon-

to-spacecraft vectorR 2 at the SoI patch instant, measured in the plane formed

by theR 0 (at TLI instant) and Moon vectorR M at the patch instant.

� Arrival angle� , the angle between the Earth-to-Moon vectorR M and the Moon-

to-spacecraft vectorR 2 at the SoI patch instant, measured in a plane perpendic-

ular to the plane performed by theR 0 (at TLI instant) and Moon vectorR M at

the patch instant. This angle facilitates �nding solutions when the desired lunar

orbital parameters are constrained.

The position vectorR 0 of the spacecraft at TLI point is calculated from the speci�ed

orbital radius,� and� angles in ECI frame as:

R 0 = REc (cos� cos� i + sin � cos� j + sin � k ) (3.20)

wherei , j , andk represent the unit vectors along X, Y, and Z directions of the ECI

frame, respectively.

It is important to note that the inclusion of the angle� represents a speci�c mod-

i�cation to the methodology described by Curtis [80] where it is assumed that the

translunar trajectory coincides with the plane de�ned byR 0 and R M. While this

planar assumption simpli�es the geometry, it may restrict the achievable inclination

of the lunar capture orbits. By introducing the additional elevation angle� , the pro-

posed methodology decouples the lunar arrival vectorR 2 from the TLI-Moon plane,

providing additional geometric freedom.

3.3.2 Geocentric Departure Trajectory

The geocentric departure trajectory extends from the TLI point to the lunar SoI patch

point, where the spacecraft transitions from Earth to Moon gravitational in�uence.

The trajectory lies in a plane determined by the initial position vectorR 0 and the

target patch point locationR 1. The design of the geocentric departure trajectory

represents a Lambert problem formulation. The following procedure establishes the

geocentric departure ellipse and computes the required velocities at both endpoints

using the Lagrange coef�cients. The geocentric translunar transfer from the TLI to

the SoI patch point is illustrated in Figure 3.9.
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Figure 3.9: Illustration of three-dimensional translunar trajectory geometry showing

departure from Earth parking orbit at TLI and arrival at lunar SoI patch point.

1. Retrieve Moon's state vectorR M, VM at SoI patch dateTSoI in ECI frame.

2. Compute the unit vectors along the Earth-Moon line:

s =
R M

RM
(3.21)

3. Compute the unit normalw to the plane formed byR 0 andR M:

w =
R 0 � R M

kR 0 � R Mk
(3.22)

4. Compute the unit normalb to the plane formed byw ands, which lies on the

plane formed byR 0 andR M, rather than geocentric departure trajectory plane.

b =
w � s

kw � sk
(3.23)

5. Compute the Moon's SoI radiusRSoI, provided in Eq. (3.10), for the patch date:

6. Compute the unit vectorn from Moon's center to the SoI patch point by using

the de�ned arrival angles:

n = � cos� cos� s + sin � cos� b + sin � w (3.24)

7. Compute the relative position vectorR 2 from the center of the Moon to the SoI

patch point:

R 2 = RSoIn (3.25)
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8. Compute the vectorR 1 from the center of the Earth to the patch point:

R 1 = R M + R 2 (3.26)

9. Compute the unit normalw1 to the geocentric departure trajectory plane:

w1 =
R 0 � R 1

kR 0 � R 1k
(3.27)

10. Compute the sweep angle� � , the difference between the true anomalies of the

positionsR 0 andR 1:

� � = cos� 1

��
R 0

R0

�
�
�

R 1

R1

��
(3.28)

11. Compute the magnitude of speci�c angular momentumh1 of the geocentric

elliptic departure trajectory:

h1 =
p

� ER0

vu
u
u
t

1 � cos � �
R0

R1
+ sin � � tan 
 0 � cos � �

(3.29)

The expression under the square root must be positive for a feasible trajectory.

12. Compute the Lagrange coef�cientsf , g, and _g:

f = 1 �
� ER1

h2
1

(1 � cos � � ) (3.30)

g =
R0R1

h1
sin � � (3.31)

_g = 1 �
� ER0

h2
1

(1 � cos � � ) (3.32)

13. Compute the velocity vectorsV0 and V1 at the TLI and at the patch points,

respectively:

V0 =
1
g

(R 1 � f R 0) (3.33)

V1 =
1
g

( _gR 1 � R 0) (3.34)

14. Compute the eccentricity vectore1 of the geocentric trajectory:

e1 =
1
� E

V0 � h 1 �
R 0

R0
(3.35)

The eccentricity magnitude must satisfye1 < 1 for an elliptical trajectory.
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15. De�ne the perifocal unit vectors of the geocentric trajectory:

p1 =
e1

e1
; w1 =

h 1

h1
; q1 = w1 � p1 (3.36)

16. Compute the true anomaly� 0 atR 0, the TLI point:

� 0 = cos� 1

�
p1 �

�
R 0

R0

��
(3.37)

17. Compute the true anomaly� 1 atR 1, the SoI patch point:

� 1 = � 0 + � � (3.38)

18. Compute the semimajor axisa1 and periodT1 of the geocentric trajectory:

a1 =
h2

1

� E(1 � e2
1)

(3.39)

T1 = 2�

s
a3

1

� E
(3.40)

19. Calculate the timet0 since perigee at the TLI point:

t0 =
T1

2�
[E0 � e1 sinE0] (3.41)

where the eccentric anomalyE0 is given by:

E0 = 2 tan � 1

� r
1 � e1

1 + e1
tan

� 0

2

�
(3.42)

20. Calculate the timet1 since perigee at the patch point similarly, with the same

eccentric anomaly function fore1 and� 1:

t1 =
T1

2�
[E1 � e1 sinE1] (3.43)

21. Calculate the �ight time� t1 from TLI to the patch point:

� t1 = t1 � t0 (3.44)

This procedure yields the complete state vector(R 1; V1) at the lunar SoI boundary in

the ECI frame, establishing the conditions for transition to the selenocentric phase.
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3.3.3 Selenocentric Arrival Trajectory

Within the Moon's SoI, the spacecraft's motion is governed by lunar gravity, and

the trajectory is analyzed in the MCI frame. The approach trajectory is hyperbolic

due to the spacecraft's excess velocity relative to the Moon at the SoI crossing. The

following procedure determines the characteristics of the hyperbolic lunar approach

hyperbola and computes the state at any speci�ed time within the SoI, including the

perilune pass. The selenocentric translunar trajectory within the lunar SoI is illus-

trated in Figure 3.10.

1. Compute the spacecraft velocityV2 relative to the Moon at the SoI patch point:

V2 = V1 � VM (3.45)

2. Compute the speci�c angular momentumh 2 of the selenocentric trajectory,

using the positionR 2 (already calculated in Eq. (3.25)) and velocity vectorV2

at the SoI patch point.

h 2 = R 2 � V2 (3.46)

3. Compute the eccentricity vectore2 of the selenocentric trajectory:

e2 =
1

� M
V2 � h 2 �

R 2

R2
(3.47)

Figure 3.10: Illustration of selenocentric trajectory within the Moon's SoI.
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Note that the magnitude of the eccentricity must satisfye2 > 1 for a hyperbolic

trajectory.

4. Compute the perilune radiusRp and altitudehp:

Rp =
h2

2

� M(1 + e2)
(3.48)

hp = Rp � rM (3.49)

whererM is the radius of the Moon.

5. De�ne the perifocal unit vectors of the hyperbolic lunar approach trajectory.

Note that these unit vectors are de�ned in the MCI frame:

p2 =
e2

e2
; w2 =

h 2

h2
; q2 = w2 � p2 (3.50)

6. Compute the true anomaly� 2 at the patch point:

� 2 = 2� � cos� 1

�
p2 �

R 2

R2

�
(3.51)

The angle is measured in reverse order (clockwise), from the patch point to the

perilune due to the inbound approach.

7. Calculate the timet2 from the patch point to perilune using the hyperbolic time

equation:

t2 =
h3

2

� 2
M(e2

2 � 1)3=2
[e2 sinhF2 � F2] (3.52)

where the hyperbolic eccentric anomalyF2 is:

F2 = 2 tanh � 1

� r
e2 � 1
e2 + 1

tan
� 2

2

�
(3.53)

8. Calculate the �ight time� t2 from the patch point to perilune:

� t2 = 0 � t2 (3.54)

where the time at perilune is zero by de�nition, and due to the approach to

perilune from the patch point,t2 is negative.

So far, the trajectory parameters from the TLI to the LOI at perilune have been spec-

i�ed. The total �ight time from TLI to LOI is obtained by summing the geocentric

and selenocentric phases:

� t = � t1 + � t2 (3.55)
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If the perilune altitudehp > 0 is greater than zero, and the spacecraft is not captured

at the perilune, it will execute a �yby and require an additional time intervaljt2j to

exit the Moon's SoI. This trajectory segment mirrors the approach phase but follows

the outbound branch of the hyperbolic selenocentric trajectory beyond perilune.

To determine the spacecraft state vectors at any time within the Moon's SoI, the hyper-

bolic trajectory equations must be evaluated at the desired epoch. Time is measured

relative to the perilune passage, which is de�ned ast = 0. Negative times (t < 0)

correspond to the approach phase between the SoI entry and perilune, while positive

times (t > 0) represent the departure phase after perilune for �yby trajectories. The

following procedure outlines the computational steps to determine the spacecraft state

at any speci�ed time within the selenocentric phase of the trajectory.

1. To evaluate the spacecraft state at any timet within the SoI, �rst compute the

hyperbolic mean anomalyM t :

M t =
� 2

M

h3
2

(e2
2 � 1)3=2t (3.56)

2. Solve Kepler's equation for the hyperbolic eccentric anomaly forFt at timet :

M t = e2 sinhFt � Ft (3.57)

3. Compute the true anomaly� t at timet :

� t = 2 tan � 1

� r
e2 + 1
e2 � 1

tanh
Ft

2

�
(3.58)

4. Compute the position vectorR t and velocity vectorVt , of the spacecraft rela-

tive to the Moon in the MCI frame, at timet within the Moon's SoI:

R t =
h2

2

� M(1 + e2 cos� t )
(cos� t p2 + sin � t q2) (3.59)

Vt =
� M

h2
(� sin� t p2 + ( e2 + cos� t ) q2) (3.60)

5. Retrieve the Moon's state vectorsR M;t andVM;t relative to the Earth, att .

6. Transform the spacecraft states to the ECI frame relative to the Earth:

R I
t = R M;t + R t (3.61)

V I
t = VM;t + Vt (3.62)
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This procedure completes the translunar trajectory design, providing the spacecraft's

complete state history from departure from the TLI point through lunar approach and

the perilune passage.

Alternatively, for the geocentric trajectory segment, the state vectorsR andV at any

timet = t0 +� t can be obtained from the initial state vectorsR 0 andV0 at TLI using

Kepler's equation with universal variables. This approach propagates the trajectory

under Earth's gravity until the lunar SoI is reached. Similarly, for the selenocentric

trajectory segment, the state vectors within the lunar SoI can be computed under the

Moon's gravity using the initial conditionsR 2 andV2 at the SoI patch point. This

uni�ed approach handles elliptical, parabolic, and hyperbolic trajectories through

Stumpff functions, solving iteratively for the universal anomaly before computing

the propagated state via Lagrange coef�cients. For a comprehensive description of

this method and its implementation, Curtis [80] can be referred.

3.3.4 Grid Search for Translunar Trajectory Design

The translunar trajectory design methodology presented in Section 3.3 establishes an

analytical framework for computing trajectory parameters from a given set of initial

design parameters. However, identifying trajectories that simultaneously satisfy mul-

tiple mission constraints, such as desired geocentric departure trajectory characteris-

tics, lunar orbital inclination, and perilune altitude, requires systematic investigation

of the design parameter space. The injection pointR 0, SoI encounter timeTSoI, ar-

rival angles� and� , and �ight path angle
 0 are the major design parameters that

directly affect the resulting trajectory characteristics. Consequently, a numerical grid

search strategy is employed to systematically explore the solution space de�ned by

these parameters and identify feasible trajectory candidates.

The trajectory selection problem employed here seeks to determine the precise values

of the design variablesTSoI, � , � , 
 0 and associated departure pointR 0 (speci�ed by�

and� ), assuming a �xed Earth parking orbit altitude, that yield trajectories satisfying

target constraints on the selenocentric arrival inclinationi 2 de�ned in the Principal

Axis (PA) system of the Moon, perilune altitudehp, and geocentric departure inclina-

tion i 1 de�ned in the ECI frame. The geocentric departure inclination is constrained
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not only to ensure alignment with the Earth parking orbit to minimize out-of-plane

maneuver requirements, but also to establish consistent geometric conditions for sub-

sequent angles-only OPNAV performance analysis that will be performed in Chapter

7. Throughout this process, the geocentric departure trajectory is assumed to lie in

the same orbital plane as the Earth parking orbit, simplifying the departure geometry

and reducing velocity increment requirements.

The search procedure is �rst established by specifying the departure pointR 0 by

selecting it from feasible positions along the Earth parking orbit. To achieve a

propellant-ef�cient and direct (Hohmann-like) ballistic transfer, the TLI maneuver

is ideally located near the ascending or descending node of the parking orbit with

respect to the Moon's orbital plane, which corresponds to the perigee point of the

geocentric transfer ellipse. For a �xed parking orbit inclination, the appropriate TLI

position is determined by identifying the nodal crossings that occur in the temporal

vicinity of the speci�ed lunar SoI patch date. Additionally,
 0 can be taken as zero

to have a Hohmann-like trajectory, but this may lead to higher �ight durations. The

design variable ranges are then bounded and discretized into linearly spaced arrays,

creating a �nite set of parameter combinations to be evaluated. For the SoI intercep-

tion date, a search window is centered around a nominal epoch, typically spanning

one or two days to accommodate variations within the monthly launch windows.

For each node in the search grid, the trajectory design procedure described in Section

3.3.2 and 3.3.3 is executed to compute the complete trajectory solution. The pro-

cess yields candidate trajectories with resultingi 1, i 2, andhp parameters. To obtain

feasible direct transfers and reject unfeasible or undesired solutions, several valid-

ity checks can be performed. Flight time can be constrained to exclude trajectories

with durations exceeding the speci�ed time from TLI to the lunar SoI crossing, as ex-

cessively long transfers may indicate indirect or multi-revolution paths incompatible

with mission objectives. The eccentricity of the geocentric trajectory can also be con-

strained withe1 < 1, ensuring a parabola for ef�cient departure conditions. Similarly,

the selenocentric trajectory must satisfye2 > 1, con�rming a hyperbolic approach.

Additionally, solutions resulting in parameters with complex numbers indicating in-

feasibility or those with perilune altitudes below a threshold can be rejected. Only

trajectories that satisfy all the constraints should be retained as candidate solutions.
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The candidate trajectories are evaluated using a cost function that quanti�es devi-

ations from target values. The cost function is formulated as a weighted sum of

normalized squared errors:

C =
�

� i 1

� i 1

� 2

+
�

� i 2

� i 2

� 2

+
�

� hp

� hp

� 2

+
�

� V
� � V

� 2

(3.63)

where� i 1 = ji 1 � i 1;targetj, � i 2 = ji 2 � i 2;targetj, � hp = jhp � hp;targetj represent the

absolute deviations from target values, while� i 2 , � hp , and� i 1 denote the respective

tolerances for weighting and normalizing the parameters. The normalization allows

deviations in different physical quantities to be combined meaningfully despite their

different units and scales. The velocity change� V includes both the TLI and LOI

maneuvers, and enables the selection of more propellant-ef�cient trajectories among

those that satisfy geometric constraints, yielding more realistic mission scenarios.

The grid search routine iterates through the entire parameter space, calculating the

cost for each feasible node. The candidate solutions are ranked by their cost, with

lower values indicating closer adherence to all target parameters. It should be noted

that this approach may not constitute a true optimization in the sense of minimizing

propellant consumption or �ight duration. Rather, it identi�es parameter combina-

tions that best satisfy the speci�ed geometric constraints on inclinations and perilune

altitude while maintaining feasible transfer characteristics. When the grid search

yields solutions that do not adequately approach the desired trajectory characteristics,

the search domain may be re�ned by constraining the parameter ranges around pre-

viously identi�ed promising solutions. This re�nement process enables convergence

toward trajectories that more closely satisfy mission requirements. The algorithmic

description of this grid search procedure is provided in Algorithm 3.

3.4 Celestial Navigation

One of the notable deep-space OPNAV techniques is celestial LoS navigation. The

spacecraft localization relies on angles-only measurements to celestial bodies whose

locations are known through ephemeris data [69]. The geometric foundation of this

approach derives from the classical resection con�guration of the triangulation prob-

lem with two known vertices. The number of observed objects and the signi�cance
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Figure 3.11: Geometry of deep-space optical navigation using celestial observations.

A spacecraft at unknown positionP0 observes celestial bodies at known positions

P i with respect to an inertial frame through unit LoS vectorsr 0i with unknown or

estimated rangesR0i .

of measurement errors both necessitate careful analysis to obtain accurate position

estimates. The con�guration is illustrated in Figure 3.11.

A spacecraft at an unknown locationP0 observes at least two celestial bodies at loca-

tionsP i , acquiring unit LoS vectorsr 0i directed toward them. It is assumed that the

spacecraft's attitude is accurately determined (e.g., via star trackers), enabling these

LoS observations to be expressed in the inertial frame. The relative positions be-

tween these celestial bodies are already known via ephemeris information, while the

unknown rangesR0i from the spacecraft to each body or to the body of interest must

be determined. Although the developed framework maintains validity in any consis-

tent reference frame, for investigation, the ECI frame for translunar trajectories and

the heliocentric inertial frame (the ECI moved to the center of the Sun) for deep-space

trajectories are adopted. For beacon optimality analyses, ideal observation conditions

are assumed along trajectories, under which all tracked celestial bodies are visible to

the spacecraft's optical sensors. This assumption simpli�es the analysis by removing

visibility constraints encountered in actual mission scenarios, such as solar exclu-

sion angles, occultation effects, and �eld-of-view limitations. Methods for achieving

accurate position estimation are presented in the following sections.
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(a) (b)

Figure 3.12: Illustration of triangulation problem with LoS measurements: (a) re-

section, where the observer at an unknown positionP0 determines its location using

measurements to known reference pointsP1 andP2; (b) Intersection, where observers

at known locationsP1 andP2 determine the unknown position of target atP0.

3.5 Triangulation

Triangulation is a fundamental geometric technique for determining positions through

angular measurements and known distances, tracing its origins back to the 16th cen-

tury BC [9]. The method is widely utilized across various disciplines, including

spacecraft navigation, and can be categorized into two cases: resection and inter-

section, as illustrated in Figure 3.12. Both approaches rely on the geometric relation-

ships of triangles formed by observers and reference points. In the resection case,

an observer at an unknown locationP0, observes the two known reference pointsP1

andP2 with unit LoS vectorsr 01 andr 02 to determine its position with respect to

these vertices. On the other hand, in the intersection case, two observers at the known

locations determine the unknown location of a target object by measuring unit LoS

vectorsr 10 andr 20 toward it. While the intersection case of triangulation has vari-

ous implementations in orbit determination [61, 60] and reconstruction of 3D scenes

from sequenced images [62, 63], the resection case is commonly implemented in

space navigation applications [64, 45].
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Figure 3.13: Triangulation geometry for celestial navigation. The spacecraft atP0

forms a triangle with two bodies at known locationsP1 and P2. R 12 represents

the relative position vector between bodies, whiler 01 andr 02 are LoS unit vectors

from spacecraft to observed bodies. Interior angles� , � , and de�ne the geometric

con�guration of the triangulation.

In the celestial triangulation problem applied to spacecraft navigation, as illustrated

in Figure 3.13, the known quantities include the angular separations between celestial

bodies observed from the spacecraft and their relative positions in an inertial refer-

ence frame. The spacecraft's attitude, and consequently the camera orientations, were

assumed to be known through star tracker measurements. This approach eliminates

the need for direct range measurements, which are often infeasible or imprecise in

long-range interplanetary missions.

The solution to the triangulation is based on the principles of the law of sines, which

relates the known angles and range to the unknown ranges. The unknown rangeR01,

from the spacecraft at locationP0 to the �rst body atP1, can be calculated as:

R01 = R12
sin 
sin�

(3.64)

whereR12 is the range between two observed bodies, and� and are the interior

angles at verticesP0 andP2, respectively. The sine terms can be computed using

cross products of the unit vectors:
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sin� = kr 12 � r 01k (3.65)

sin� = kr 01 � r 02k (3.66)

sin = kr 12 � r 02k (3.67)

wherer 01 andr 02 are the unit LoS measurements towards �rst and second bodies,

andr 12 is the unit direction vector from the �rst to the second body:

r 12 =
R 12

R12
(3.68)

Finally, by combining these relations, the relative position vectors from the spacecraft

to each celestial body can be expressed as:

R 01 = P1 � P0 =
kR 12 � r 02k
kr 01 � r 02k

r 01 (3.69)

R 02 = P2 � P0 =
kR 12 � r 01k
kr 01 � r 02k

r 02 (3.70)

3.6 Triangulation with Multiple ( n > 2) Observations

In the �elds of photogrammetry and computer vision, utilizing multiple observations

enhances the stability of the reconstruction process and mitigates the risk of unstable

con�gurations that often arise when relying solely on two observations [57]. In par-

ticular, in the expanse of solar space, celestial bodies serve as critical reference points

for spacecraft navigation. While basic triangulation utilizes observations of two ce-

lestial bodies, spacecraft are likely to have simultaneous visibility of more than two

celestial bodies using multiple or wide-angle cameras and other sensors. This sce-

nario presents an opportunity to enhance navigation accuracy. Each triangle provides

an independent geometric constraint on the spacecraft's location as illustrated in Fig-

ure 3.14, potentially leading to more robust and accurate position determination. The

utilization of these multiple geometric constraints necessitates an optimal approach

to combine the triangulation solutions effectively.

There existn(n � 1)=2 triangles in total, where(n � 1) of them are primary triangles

at whose vertices is located the celestial body of interest. To calculate the range from
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Figure 3.14: Geometric con�guration showing triangulation possibilities with (n =

3) observed celestial bodies. The rangesRij represent the known ranges between

celestial bodies atP i andP j with respect to the inertial frame of reference, whileR0i

represent the unknown ranges from the spacecraft to each object.

the spacecraft to a celestial body of interest, any primary triangle formed with another

body can be used, which can be formularized as:

R 0i =
kR ij � r 0j k
kr 0i � r 0j k

r 0i (3.71)

whereR 0i is the unknown position vector from the spacecraft to thei -th body,R ij is

the known position vector from thei -th to thej -th celestial body, andr 0i , r 0j are the

measured unit LoS vectors.

3.7 Measurement and Error Model

The accuracy of position estimation based on observations of beacons with known lo-

cations fundamentally depends on the accuracy of LoS measurements to the observed

bodies. Under ideal conditions with error-free measurements, two LoS vectors can

de�ne exact geometric constraints which uniquely determine the spacecraft's posi-

tion. In practice, however, measurement errors introduce uncertainties that propagate
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to the estimated position, making error characterization crucial for realistic perfor-

mance evaluation. Without a proper error model, it is not possible to quantify the

theoretical performance bounds of angles-only navigation or to design optimal bea-

con selection strategies.

Among the available error representation frameworks for LoS measurements, the

Quest Measurement Model (QMM) has become widely adopted in spacecraft naviga-

tion applications, speci�cally in attitude estimation, due to its mathematical tractabil-

ity and its property of yielding Maximum Likelihood Estimate (MLE) solution for

Wahba's attitude determination problem from unit vector measurements [88]. This

model represents measurement errors as small angular perturbations orthogonal to the

true LoS direction, preserving the unit vector constraint of directional measurements.

The QMM formulation has been extensively validated in attitude determination prob-

lems and has proven effective for characterizing pointing errors in OPNAV systems.

The QMM model is based on the assumption that measurement errors lie on the tan-

gent plane to the unit sphere at tip of the true unit LoS vector, which holds well for

small angular deviations [89].

The measured noisy LoS unit vector~r 0i , from observer toward thei -th celestial body,

can be expressed as the normalized sum of the true LoS vectorr 0i and error compo-

nent! 0i :

~r 0i =
r 0i + ! 0i

kr 0i + ! 0i k
; i = 1; 2; :::; n (3.72)

The error component! 0i is modeled as a zero-mean Gaussian random variable as:

! 0i � N
�
03� 1; R QMM i

�
(3.73)

where the error covariance matrixR QMM under the QMM framework is given by [90]:

R QMM i
= E

�
! 0i ! >

0i

�
= � 2

i

�
I 3� 3 � r 0i r >

0i

�
(3.74)

which speci�es that the error covariance remains orthogonal to the true LoS direction.

The term� i denotes the standard deviation of the angular pointing error ofi -th mea-

surement (generally expressed in radians or arcseconds), andI 3� 3 the identity matrix.

Figure 3.15 illustrates the distribution of normalized noisy LoS measurements under

the QMM framework.
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Figure 3.15: Visualization of 1000 randomly generated noisy unit LoS vectors. The

red point represents the tip of the true unit vectorr 0i = [0 0 1]> , while blue points

show the tips of noisy unit vectors~r 0i with � = 0:001rad.

The Gaussian noise model provides a robust basis for quantifying the impact of the

errors on position estimates via celestial triangulation navigation. This error model

accounts for the following:

� The sensor noise in the optical measurements;

� Stochastic attitude determination uncertainties;

� Stochastic centroiding errors in detecting celestial body centers.

For major celestial bodies such as planets, location uncertainties are typically neg-

ligible compared to the measurement errors, as these objects have well-established

ephemeris models. For instance, the orbital parameters of the inner planets are known

with subkilometer precision, derived from radio tracking data collected by orbiting

spacecrafts [91]. This study assumes that systematic errors such as sensor biases, mis-

alignment of instruments, and temperature effects, have been compensated through

proper calibration. This leaves random measurement noise as the main source, which

is represented by the Gaussian distribution in the QMM framework. This assumption

is critical for the subsequent development of optimal triangulation methods. The an-

gular measurement uncertainty� i is assumed to be a known parameter, which could

be determined from sensor and beacon speci�cations or pre-�ight characterizations.
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3.8 Linear Optimal Sine Triangulation

Optimal triangulation methods aim to estimate an unknown location by minimizing

errors associated with LoS measurements. To estimate the unknown location of an

observer from two or more simultaneous LoS observations, an overdetermined system

of equations must be solved. Many popular approaches, such as conventional LS-

based techniques or the DLT, despite being computationally ef�cient, are often not

statistically optimal, as they fail to properly weight the measurements according to

their uncertainty level, leading to suboptimal results [92].

On the other hand, MLE approaches are statistically optimal, but are often computa-

tionally demanding. To obtain MLE solution without iteratively solving a nonlinear

LS problem (i.e. bundle adjustment), the polynomial method of [56] can be em-

ployed. However, this approach requires solving polynomial systems with 6 and 47

roots, for 2 and 3 observations, respectively, making it computationally inef�cient

and non-scalable for scenarios involving multiple observations [65].

To address these limitations while maintaining computational ef�ciency, Henry and

Christian [9] devised the LOST method, which achieves statistical optimality by for-

mulating the MLE framework as a linear system of equations through a double appli-

cation of the law of sines. This approach combines the computational ef�ciency of

LS solutions with the statistical advantage of MLE in a non-iterative scheme, making

it suitable for triangulation localization with any number of observations. The follow-

ing derivation is adopted from their work, though here we use normalized LoS unit

vectors in the inertial frame of reference, whereas the original derivation employed

non-normalized LoS vectors in sensor coordinates.

The derivation begins with the �rst implementation of the law of sines in the DLT

form.

[r 0i � ] (P i � P0) = [ r 0i � ] R 0i = 03� 1 (3.75)

This geometric relationship holds for ideal, noise-free measurements. In practice,

however, the noisy measurements lead to non-zero residuals. The residual� i in the

position calculation can be expressed through the measurement errors! 0i present in

the LoS vectors.
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� i = [ ~r 0i � ] R 0i = [ ! 0i � ] R 0i = � [R 0i � ] ! 0i (3.76)

The error covarianceR � i in the position calculations is de�ned as:

R � i = E
�
� i � >

i

�
= � [R 0i � ] R ~r 0i [R 0i � ] (3.77)

where the noise covarianceR ~r 0i in the LoS measurements is de�ned as:

R ~r 0i = E
�
! 0i ! >

0i

�
(3.78)

The �nal form of the position error covariance becomes:

R � i = � R2
0i [r 0i � ] R ~r 0i [r 0i � ] (3.79)

The cost function for locationP0 to be minimized is:

min J (P0) =
nX

i =1

� >
i R � 1

� i
� i (3.80)

After applying the �rst differential condition and equating the term to zero for the

necessary condition, the following equation is obtained:
 

nX

i =1

[~r 0i � ] R � 1
� i

[~r 0i � ]

!

P0 =
nX

i =1

[~r 0i � ] R � 1
� i

[~r 0i � ] P i (3.81)

which represents the normal equations for an optimally weighted DLT with weighting

matrix W i = R � 1
� i

. However, in practice, the computation ofR � 1
� i

presents several

challenges. First, the error covariance matrixR � i depends on the ideal LoS unit

vectorsr 0i , which are unavailable in practice; only the noisy measurements~r 0i can

be obtained. Second,R � i is rank-de�cient with rank two, making it non-invertible in

the conventional sense. Third, the covariance depends on the unknown rangesR0i ,

which are precisely what the triangulation seeks to determine [9].

Henry and Christian address these challenges through the following procedure. To

handle the dependence on ideal measurements, the noisy measurements~r 0i are used

in place ofr 0i when computing the error covariance~R � i . This substitution is correct

to �rst order and represents a standard practice in navigation, as true measurement

values are never available in real applications [93, 9]. To resolve the rank de�ciency

issue, the pseudoinverseR y
� i

� R � 1
� i

is employed, which can be computed through
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Singular Value Decomposition (SVD) or Moore-Penrose inversion techniques. Fi-

nally, the unknown rangesR0i are suggested to be determined through a second ap-

plication of the law of sines. Thus, the weighting matrix becomes:W i = ~R y
� i

.

Having the weighting matrix properly de�ned, the solution procedure can now be

completed. Following standard practices for solving LS systems [94], numerical sta-

bility can be enhanced by avoiding explicit formation of the normal equations (Eq.

3.81). Instead, the system can be solved directly using QR factorization or any other

technique. Finally, after introducing the matrix factorization~R y
� i

= B >
i B i [94, 9],

the following weighted linear system of equations is obtained:
2

6
6
6
6
6
4

1
� 1R01

[~r 01� ]
1

� 2R02
[~r 02� ]
...

1
� n R0n

[~r 0n � ]

3

7
7
7
7
7
5

P0 =

2

6
6
6
6
6
4

1
� 1R01

[~r 01� ] P1

1
� 2R02

[~r 02� ] P2
...

1
� n R0n

[~r 0n � ] Pn

3

7
7
7
7
7
5

(3.82)

The measurement error standard deviation� i , the unknown rangesR0i , noisy mea-

surements, and locations of the observed bodies with respect to any reference frame

are stacked into the devised equation system for each observation, respectively. To

determine the unknown ranges, the law of sines is again applied between selected

pairs of measurements.

The method's primary contribution lies in applying the MLE framework to the DLT

algorithm while utilizing the law of sines for measurement covariance determina-

tion. This approach acknowledges the fundamental importance of proper measure-

ment weighting in estimation problems, a consideration that traces back to Fisher's

early work on statistical estimation methods [9]. The LOST algorithm provides a

computationally ef�cient solution for a deep-space localization problem with multi-

ple observations.

A practical consideration may arise regarding the range termsR0i appearing in the

weighting scheme, which are indeed the quantities that the method seeks to deter-

mine. While Henry and Christian [9] suggest that any reasonable, arbitrary selection

of measurement pairs for the calculation of unknown ranges would yield the same

triangulation performance, this choice may cause a substantial impact on the estima-

tion accuracy, which will be investigated in the following sections. Two established

62



approaches may address this issue. First, in sequential estimation frameworks such as

Kalman �lters, propagated range estimates provide the required values. Second, for

standalone position determination, such as lost-in-space scenarios, the ranges can be

computed through two-body triangulations, where the triangulations that would give

the most accurate estimate could be determined via Improved-LOST method [10].

3.9 Cramér–Rao Lower Bound - Based Geometric Performance Metric

In the context of triangulation, the Cramér–Rao Lower Bound (CRLB) serves as a

valuable tool for evaluating estimation accuracy, whether in basic two-body observa-

tion or multiple-body (n > 2) observations, by quantifying how different measure-

ment combinations and geometric con�gurations affect the estimation performance.

When analyzing the LOST method's approach of arbitrary initial range determina-

tion for the unknown ranges present in the weighting terms, the CRLB framework

can reveal whether speci�c combinations of measurements yield solutions closer to

the theoretical optimum or not. This theoretical framework becomes particularly rele-

vant when considering that different geometric con�gurations between the spacecraft

and observed celestial bodies can signi�cantly impact estimation accuracy.

In this section, we develop a CRLB-based geometric performance metric (�gure of

merit) for celestial navigation using LoS measurements to quantify the theoretical

maximum achievable position estimation accuracy. The proposed metric incorpo-

rates both measurement noise characteristics and geometric con�guration via the FIM

framework, enabling systematic evaluation of observed celestial body con�gurations,

whether two or more measurements are incorporated. The complete mathematical

derivation of the FIM and resulting performance metric is presented.

The CRLB is a fundamental concept in estimation theory that establishes the theo-

retical lower limit for the error variance of unbiased estimators, providing a measure

of the maximum achievable accuracy of a system based on its known statistical prop-

erties. This bound is expressed through the inverse of the FIM, which captures the

sensitivity of measurement observations with respect to the parameters being esti-

mated. The FIM quanti�es this relationship through the expected curvature of the
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log-likelihood function, effectively measuring how much information the observable

data contain about the unknown parameters. It is important to emphasize that the

CRLB of the error variance is only valid in the case of unbiased estimators [95, 96].

For the celestial triangulation problem, the measurement model consists of noisy LoS

unit vectors~r 0i , from the observation location to thei -th body. The FIM captures

the sensitivity of these measurements with respect to the spacecraft positionP0. The

CRLB establishes that the error covariance for the position estimateP̂0 of any unbi-

ased estimator cannot be lower than the inverse of FIM [95, 96]:

E
� h

P̂0 � P0

i h
P̂0 � P0

i >
�

� F � 1 (3.83)

The FIM, (F), is expressed through the expectation of the partial derivatives of the

log-likelihood function,ln L ( ~r 0i j P0) of the measured noisy LoS vector,~r 0i , condi-

tioned on the true observation locationP0:

F = E

" �
@

@P0
ln L( ~r 0i jP0)

� �
@

@P0
ln L( ~r 0i jP0)

� >
#

(3.84)

The log-likelihood function is obtained from the conditional density function. The

conditional density function for an observation follows a multivariate normal distri-

bution:

p( ~r 0i j P0) =
1

p
(2� )3jR QMM i

j
exp

�
�

1
2

[~r 0i � r 0i ]
> R � 1

QMM i
[~r 0i � r 0i ]

�
(3.85)

where the error covariance matrix,R QMM i
, was previously de�ned in Eq. (3.74).

Since the measurements are independent, the joint likelihood function for a two-body

observation is obtained by multiplying their individual conditional density functions:

L ( ~r 0i j P0) =
2Y

i =1

p( ~r 0i j P0) (3.86)

Then, the log-likelihood function becomes:

ln L ( ~r 0i j P0) = �
1
2

2X

i =1

[~r 0i � r 0i ]
> R � 1

QMM i
[~r 0i � r 0i ]

+ 3 ln(2 � ) + ln
�
�R QMM i

�
�

(3.87)
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which can also be expressed by a simpler form as given in the following equation,

which includes constant terms that will disappear in the derivation process.

ln L ( ~r 0i j P0) = �
1
2

2X

i =1

! >
0i R

� 1
QMM i

! 0i + constant terms (3.88)

Using a denominator layout for the Jacobian vector/matrix, the partial derivatives are

calculated as follows :

@
@P0

(ln L ( ~r 0i j P0)) = �
1
2

2X

i =1

@! 0i

@P0

@(ln L ( ~r 0i j P0))
@! 0i

(3.89)

where the measurement noise in the LoS vector! 0i , can be expressed as:

! 0i = ~r 0i � r 0i (3.90)

The partial derivation of the log-likelihood function with respect to! 0i is:

@(ln L ( ~r 0i j P0))
@! 0i

= 2R � 1
QMM i

! 0i (3.91)

whereR QMM i
as de�ned in Eq. (3.74), represents the error covariance matrix of the

LoS measurements. Using the geometric relationship between the spacecraft and the

observed body, the unit LoS vector can be expressed as:

r 0i =
R 0i

R0i
=

P i � P0

kP i � P0k
(3.92)

whereP i is the position vector of the observedi -th body. Taking the derivative ofr 0i

with respect toP0, we obtain:

@
@P0

r 0i =
1

kP i � P0k

�
� I 3� 3 + r 0i r >

0i

�
=

1
R0i

�
� I 3� 3 + r 0i r >

0i

�
(3.93)

Thus, the derivative of the noise term with respect toP0 becomes:

@! 0i

@P0
=

1
R0i

�
I 3� 3 � r 0i r >

0i

�
(3.94)

Finally, substituting Eqs. (3.91) and (3.94) into Eq. (3.89), we obtain:

@
@P0

(ln L ( ~r 0i j P0)) = �
2X

i =1

1
� 2

i R0i
! 0i (3.95)

65



The FIM,(F), can now be computed as:

F = E

"
2X

i =1

1
� 2

i R0i
! 0i

2X

i =1

1
� 2

i R0i
! >

0i

#

(3.96)
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��
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� 2
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1
� 2
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� 2
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��
(3.97)

Since the observations are independent, the covariance matrices for cross-measurement

terms are zero.

F = E
�

1
� 4

1R2
01

! 01! >
01

�
+ E

�
1

� 4
2R2

02
! 02! >

02

�
+ 0 (3.98)

Finally, remembering the de�nition ofR QMM in Eq. (3.74) and the homogeneity

property of the expectation operator, the FIM,F, is calculated to be:

F =
2X

i =1

1
� 4

i R2
0i

R QMM i
(3.99)

Or, more explicitly:

F =
2X

i =1

1
� 2

i R2
0i

�
I 3� 3 � r 0i r >

0i

�
(3.100)

The lower bound on the error variance of the position estimation, obtained by apply-

ing the CRLB framework to two-body LoS triangulation, is expressed as:

J2 = � 12 (P0) =
1
2

Tr
�
F � 1

�
(3.101)

whereJ2 represents the value of the CRLB-based performance metric for2-body

evaluation and� 12 denotes the minimum achievable error variance for the position

estimateP0 when using observations from1st and2nd celestial beacons. The factor

1=2 in the error variance expression in Eq. (3.101) is introduced to compensate for the

factor1=2 used in the multivariate normal density function in Eq. (3.85). Multiplica-

tion of this factor with the trace of the inverse FIM ensures the correct mathematical

relationship in the resulting CRLB for the error variance in the position estimation.

The error variance in the position estimation for any unbiased estimator cannot be

lower than this bound, making it an ideal metric for evaluating the potential perfor-

mance of different triangulation con�gurations. Section 5.1 demonstrates how the

position estimation error variance varies with different triangulation con�guration for

two-body observations.
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The CRLB approach integrates the random measurement model described in Sec-

tion 3.7, providing a bound on the error variance of position estimation for an un-

known observer location. The CRLB-based performance metric can be extended to

more than two simultaneous observations by incorporating the independent measure-

ment contributions to the FIM, especially if there is a need to avoid comprehensive

methods due to computational resource constraints in space missions. For observedn

celestial beacons, the FIM becomes the sum of individual measurement contributions:

F =
nX

i =1

1
� 2

i R2
0i

�
I 3� 3 � r 0i r >

0i

�
(3.102)

where each measurement's contribution is appropriately weighted by its individual

geometry and accuracy(� i ), allowing the justi�cation of measurement accuracy dif-

ferences. The corresponding theoretical lower bound on the position estimation error

variance for the generaln-body case is then:

Jn = � ( P0) =
1
2

Tr
�
F � 1

�
(3.103)

While the CRLB-based metric requires ranges, by using this method, we demonstrate

how it optimizes the comprehensive LOST method (called as Improved-LOST and

devised in Section 3.10) to obtain the optimal position estimation. The unknown

ranges calculated by the Improved-LOST method (or simply retrieved from the ac-

companying navigation �lter) can then be used in the CRLB metric for multiple ob-

servation cases, enabling the selection of optimal observation pairs, triples, or larger

sets to be used for navigation. The method can also be applied during the mission

planning phase, where true range values from the designed trajectory can be used to

evaluate expected navigation performance and beacon selection strategies. This ap-

proach may help to alleviate the computational burden on onboard resources while

maintaining estimation accuracy. The method provides a quantitative assessment

of incremental accuracy improvements when introducing additional measurements,

allowing the evaluation of whether selected con�gurations approach the theoretical

accuracy bound or if supplementary observations would yield diminishing returns.

The CRLB-based approach offers several advantages. It provides a theoretical lower

bound on estimation error regardless of the speci�c estimation algorithm used, it has

a clear theoretical foundation in estimation theory, and it can be readily extended to
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handle multiple observations through the FIM. Some existing performance evalua-

tion methods provide closed-form solutions but are limited to two observations, and

others emphasize angular separation through projection matrices. The CRLB-based

approach quanti�es the in�uence of both measurement noise characteristics and geo-

metric con�guration on achievable estimation accuracy. While some semi-analytical

approaches incorporate dynamic evolution through state transition matrices but re-

quire more complex computation, the CRLB-based approach combines theoretical ro-

bustness with computational practicality by directly incorporating measurement noise

characteristics and range-dependent scaling within a compact 3 × 3 inverse operation.

Additionally, a remarkable advantage of this approach is that it enables the quantita-

tive assessment of incremental accuracy improvements when introducing additional

measurements, allowing the evaluation of whether selected beacon con�gurations ap-

proach the theoretical accuracy bound or if supplementary observations would yield

diminishing returns. The metric enables systematic comparison of different obser-

vation con�gurations and provides mission planners with quantitative tools to assess

expected navigation performance along proposed trajectories.

However, the CRLB-based metric has limitations as well. It assumes unbiased es-

timators and typically Gaussian measurement noise, which may not accurately re-

�ect conditions when dealing with systematic errors. It requires prior knowledge of

measurement noise statistics to be accurately computed, though this limitation is not

unique to the CRLB-based approach.

To contextualize our approach relative to existing work, it is worth examining how

various studies in deep-space LoS navigation have employed different methods to

evaluate beacon selection and estimate position accuracy. Broschart et al. [45]

developed a geometric framework to assess spacecraft localization accuracy using

LoS measurements from distant objects. Their approach constructed an informa-

tion matrix from partial derivatives of angular observations, which, when inverted,

yielded a position covariance matrix and a closed-form expression for estimation un-

certainty with two observations. This formulation related the geometric con�guration

to achievable accuracy, providing a quantitative �gure of merit where smaller covari-

ance values indicated more favorable triangulation conditions. Franzese and Top-

puto [11] developed a �gure of merit based on a covariance analysis that considered
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both the geometry matrix and input errors, de�ning optimal beacon selection crite-

ria by minimizing the trace of the solution error covariance matrix. Their approach

was scenario-dependent and incorporated both the angle between beacons and their

relative geometry to determine which pair of visible beacons provided the smallest

achievable error. Casini et al. [69] introduced a semi-analytical method for assess-

ing geometric observability through information matrix analysis. By examining the

eigenvalues and trace of the inverse covariance matrix, their approach quanti�ed how

geometric factors (such as de-phasing, separation angles, and inter-body distances)

affected navigation performance. The CRLB-based �gure of merit de�ned in Eqs.

(3.102) and (3.103) differs from these approaches by establishing theoretical limits on

estimation accuracy based on the FIM and naturally extending to multi-body obser-

vations, though all methods fundamentally examine the covariance or error analysis.

3.10 Improved Linear Optimal Sine Triangulation Algorithm

The LOST algorithm requires the calculation of unknown ranges for its implemen-

tation. Although the method incorporates all available measurements into its �nal

LS solution, the accuracy of the weights applied to these measurements directly in-

�uences the resulting LS estimates. While the method suggests that any arbitrary

selection of measurement pairs would yield similar performance, our analysis indi-

cates that the selection of measurement pairs for range calculation may considerably

impact the estimation accuracy, particularly with poorly conditioned geometric con-

�gurations.

This section introduces a systematic approach for selecting optimal measurement

pairs, leveraging the CRLB analysis to minimize error variance in position estima-

tion. By identifying measurement pairs that contribute to the most reliable geometric

con�gurations, the proposed method enhances the robustness and accuracy of trian-

gulation localization.

The proposed methodology addresses a key limitation in the original LOST imple-

mentation. Rather than randomly selecting measurement pairs to calculate the un-

known ranges that are the weighting terms of Eq. (3.82), this approach evaluates the
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error variance of possible triangulation con�gurations using the CRLB analysis. By

identifying the con�gurations that minimize the theoretical error bound, the method

ensures that initial range calculations are optimally chosen for improved accuracy in

the LOST algorithm.

The theoretical basis for this optimization approach stems from the relationship be-

tween triangulation geometry and estimation accuracy. When multiple celestial bod-

ies are observed, each pair of observations forms a potential triangulation con�gura-

tion with different geometric properties. The CRLB for each con�guration provides a

quantitative measure of the best achievable estimation accuracy under those geometric

conditions. For a system withn observed celestial bodies, there existn(n� 1)
2 possible

triangulation con�gurations. Each con�guration's CRLB value given in Eq. (3.101),

derived from its FIM, represents the theoretical minimum error variance achievable

for position estimation using that speci�c pair of observations. Based on this theo-

retical foundation, the Algorithm 1 presents the step-by-step procedure for selecting

optimal measurement pairs and calculating initial ranges based on CRLB value min-

imization, leading to an Improved-LOST implementation.

The Improved-LOST algorithm systematically evaluates all possible triangulation

con�gurations through the CRLB analysis, replacing the arbitrary selection process

of the original method. By evaluating the CRLB values of triangulation con�gura-

tions, the algorithm identi�es the geometric arrangement that theoretically promises

the lowest estimation error variance. This comprehensive evaluation ensures that ini-

tial ranges are calculated using the most favorable geometric con�gurations, leading

to more accurate position estimates while maintaining computational ef�ciency of the

LOST algorithm. The approach transforms what was previously an arbitrary choice

into an optimized selection process grounded in estimation theory.

The Improved-LOST algorithm combines CRLB-based measurement selection with

comprehensive utilization of all available measurements. It prevents performance

degradation from additional measurements through selecting optimal geometric con-

�gurations for initial range calculations based on CRLB minimization, and incorpo-

rating all available measurements in the statistically optimal weighted LS solution.

This approach preserves the theoretical information gain from each included mea-
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Algorithm 1: Improved Linear Optimal Sine Triangulation

Input: LoS measurements:f ~r 0kgn
k=1

Measurement uncertainties:f � kgn
k=1

Position vector fromi-th to j -th body via ephemeris:R ij

Output: Improved position estimate:P0

// Identify performances of possible triangulations

for i = 1 to n � 1 do

for j = i + 1 to n do

// Compute ranges from this triangle

R0i  kR ij � ~r 0j k
k~r 0i � ~r 0j k

R0j  kR ij � ~r 0i k
k~r 0i � ~r 0j k

// Compute the metric for the corresponding triangle

F  1
� 2

i R2
0i

(I 3� 3 � ~r 0i ~r >
0i ) + 1

� 2
j R2

0j
(I 3� 3 � ~r 0j ~r >

0j )

� ij  1
2Tr(F � 1)

Rank the computed CRLB values in ascending order

CalculateR0k from the triangle that has the lowest CRLB value� ij

Solve the LOST (Eq. 3.82) forP0, using computed initial rangesR0k

return P0

surement while mitigating potential issues from ill-conditioned observations. Con-

sequently, the algorithm maximizes the bene�t of all available observations without

compromising estimation accuracy.

3.11 Computational Cost Evaluation of the Linear Optimal Sine Triangulation

and the Cramér–Rao Lower Bound - Based Performance Metric

The computational ef�ciency of navigation algorithms is a decisive consideration for

autonomous spacecraft systems, where onboard processing resources are limited, and

power consumption must be minimized. In particular, on deep-space missions, com-

munication delays prevent real-time ground support, requiring navigation algorithms

to estimate position using onboard resources. This section analyzes the computa-
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tional requirements of the proposed beacon selection methodology, by evaluating the

computational cost required for the solution of both LOST (statistically optimal LS

estimator, given in Eq. (3.82), when the weighting range terms are accurate) and

CRLB-based �gure of merit given in Eqs. (3.102) and (3.103).

The LOST formulation can be solved using standard numerical methods. While the

normal equations approach requires less memory and fewer computations for large

dimensions, the QR factorization and Singular Value Decomposition (SVD) methods

are preferred due to their superior numerical stability, particularly when the angles

between LoS measurements become ill-conditioned [94, 9]. Although the SVD is

generally considered to be more stable than QR factorization, it also incurs a higher

computational overhead. For this study, the commonly adopted QR factorization is

employed to ensure robust performance across varying geometric con�gurations en-

countered during the deep-space trajectories and to avoid greater computational ex-

pense.

The proposed LOST method formulated in Eq. 3.82 is an overdetermined linear sys-

tem to be solved in the LS sense, which can be represented as:

A P0 = b (3.104)

where the data matrixA 2 Rm� k has full column rank and the observation vector

b 2 Rm with m > k (with n � 2 non-collinear observations), is solved for the

unknown position vectorP0 2 Rk such thatkA P0 � bk2 is minimized. The required

Floating Point Operation (FLOP) count to perform the Householder QR factorization

is approximately2k2(m � k=3), and after the factorization2mk + k2 FLOPs are

required to solve the LS problem [94, 97]. For this problem,m = 3n andk = 3,

wheren is the number of observed beacons used for localizing the observer. The

computational cost for solving the LOST with a given number of observations is

presented in Table 3.1.

The CRLB-based performance metric de�ned in Eq. (3.103) requires the construction

of the 3-by-3 FIM,F, from the contributions of a speci�ed number of observed bea-

cons, followed by a single inversion ofF. One advantageous property of the FIM is

that it is a symmetric positive semi-de�nite matrix, which means that all of its eigen-

values are non-negative. Speci�cally, in the presence of two or more non-collinear
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Table 3.1: Computational cost of solving the LOST equation for position estimation

usingn beacons

Operation Description FLOPs

Compute weight wi = 1=(� i R0i ) 2n

Scale the skew matrix wi [~r 0i � ] 9n

Computei -th row ofb (wi [~r 0i � ])P i 15n

Householder QR fact. A = QR 54n � 18

LS Solution P0 = A nb 18n + 9

Total 98n � 9

LoS vector measurements, the system becomes fully observable, and then the eigen-

values ofF are positive [89]. This property ensures the positive de�niteness ofF and

guarantees the existence of its inverse for at least two non-collinear observations.

For symmetric positive-de�nite matrices such asF, the Cholesky decomposition

provides an ef�cient inversion method. Although the SVD and Moore-Penrose ap-

proaches may yield more accurate results near singular cases, they incur substan-

tially higher computational costs. Among Cholesky methods,LDL > factorization

requires slightly more FLOPs than standard Cholesky (Gaxpy,LL > ) decomposition

but demonstrates better numerical stability near ill-conditioned matrices. This makes

LDL > factorization the preferred choice for explicit matrix inversion for this study.

For a symmetric positive (semi-)de�nite matrixF 2 Rk� k , the computational cost of

CholeskyLDL > factorization is5k(k2 � 1)=3 + 1 FLOPs [98]. Table 3.2 details the

complete computational cost breakdown for the CRLB-based performance metric,

including both matrix assembly and inversion operations.

The computational cost of the LOST method is more than double that of the CRLB-

based performance metric for a given number of beacons. Both methods demon-

strate linear scaling with respect to the used beacon count. However, identifying

the optimal beacon subset with a beacon count among all available beacons requires

an exhaustive combinatorial search at each observation epoch. For availablenmax

beacons, evaluating all possible combinations ofn beacons requiresC(nmax; n) =
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Table 3.2: Computational cost of calculating the CRLB-based metric usingn beacons

Operation Description FLOPs

Compute weight wi = 1=(� 2
i R2

0i ) 4n

Outer product ~r 0i ~r >
0i 9n

Matrix subtraction I � ~r 0i ~r >
0i 9n

Scale the matrix F i = wi (I � ~r 0i ~r >
0i ) 9n

Accumulate sum F = F + F i 9n

Subtotal 40n

Inverse ofF CholeskyLDL > 41

Trace ofF � 1 Tr(F � 1) 2

Scale the trace 0:5Tr(F � 1) 1

Total 40n + 44

nmax!=(n!(nmax � n)!) calculations. For instance, selecting the optimal pair from

nmax = 9 available beacons requires evaluating 36 different combinations, whereas

selecting the optimal triplet requires 84 evaluations. This combinatorial complex-

ity represents the primary computational challenge in optimal beacon selection (not

speci�c to CRLB-based metric). It applies to any combinatorial search-based ap-

proach, regardless of the performance metric employed. Although each evaluation

remains computationally modest, the cumulative cost of exhaustive combinatorial

search varies rapidly with both the number of available beacons and the count of the

desired optimal beacon subset. Practical implications of this computational challenge

and potential mitigation strategies are discussed in the following section.

3.12 Optimal Beacon Selection

A challenge in optical celestial navigation is determining the optimal number of bea-

cons to achieve a speci�ed level of accuracy while ef�ciently managing computa-

tional resources. Although using all available beacons(nmax) theoretically provides

the maximum achievable accuracy, this comprehensive approach may incur signif-

icant computational overhead that may not yield proportional improvements in po-

sition estimation accuracy. On the other hand, using only the optimal beacon pair
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(n = 2) minimizes the computational requirements but may sacri�ce substantial es-

timation accuracy. This section presents a systematic framework for adaptive beacon

number optimization based on a suf�cient performance threshold to balance estima-

tion accuracy and computational cost.

The proposed methodology employs the CRLB-based performance metric to evaluate

the navigation estimation accuracy for any beacon con�guration along the spacecraft

trajectory. For a given set ofnmax celestial bodies at an observation epoch, a com-

binatorial search is performed to �nd the optimal subset of beacons with speci�ed

beacon counts(2 � n � nmax). The value of the CRLB-based performance met-

ric J = �( P0) formulated in Eqs. (3.102) and (3.103) is computed for all possible

C(nmax; n) combinations and the con�guration having the minimum value is selected

as the optimal subset for that beacon count.

To determine the optimal number of beacons at each epoch, a threshold-based se-

lection criterion is implemented. The selection process begins with the optimal pair

(n = 2) , and additional beacons are considered sequentially if they provide suf�cient

improvement in the estimation accuracy. The relative improvement for increasing the

beacon count fromn to n + 1 is evaluated by examining how much of the maxi-

mum available accuracy has been achieved. For each beacon countn, the achieved

performance relative to the maximum available accuracy is quanti�ed through the

performance ratio:

� n =
Jnmax

J opt
n

(3.105)

whereJ opt
n represents the minimum achievable error variance when using the optimal

n-beacons, andJnmax denotes the achievable minimum error variance, if all available

beacons are used. This ratio� n ranges from 0 to 1, where the values approaching to

1 indicate performance close to the maximum. A beacon count ofn is regarded as

suf�cient if:

� n � � (3.106)

where� 2 (0; 1] is a previously speci�ed threshold value. This ensures additional

beacons are included only when they contribute a signi�cant improvement in accu-

racy, up to the speci�ed proportion� of the maximum available accuracy. This pre-

vents unnecessary computational expenditure for marginal improvements in accuracy.
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The procedure is given in Algorithm 2. The algorithm �rst computes the reference

CRLB-based performance metric using all available beacons, then iteratively evalu-

ates optimal con�gurations for incremented beacon counts. For each beacon count

n, a combinatorial search is performed to identify the optimal subset. The threshold

criterion is used to determine whether the current beacon count provides suf�cient

accuracy, and the search is terminated when the criterion is satis�ed.

Algorithm 2: Adaptive beacon number optimization
Input: Measurement uncertainties:f � i g

nmax
i =1

Ranges:f R0i g
nmax
i =1

LoS measurements:f ~r 0i g
nmax
i =1

Threshold:�

Output: Optimal beacon countnopt

Optimal beacon setBopt
nopt

Error varianceJ opt
nopt

Fnmax  Eq. (3.102) using allnmax beacons

Jnmax  1
2Tr(F � 1

nmax
)

for n = 2 to nmax do
J opt

n  1

// Combinatorial search

foreachbeacon combinationBn 2 C(nmax ; n) do
Fn  Eq. (3.102) using beacons inBn

Jn  1
2Tr(F � 1

n )

if Jn < J opt
n then

J opt
n  Jn

Bopt
n  B n

// Apply threshold criterion

� n  Jn max

J opt
n

if � n � � then
nopt  n

J opt
nopt

 J opt
n

break

return nopt , Bopt
nopt

, J opt
nopt
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Alternatively, the combinatorial search could be performed in the reverse order, start-

ing from nmax to 2, which may be computationally advantageous when the threshold

� is expected to be satis�ed with relatively large beacon counts, depending on the

geometry of the observations and beacon uncertainty characteristics.

An important practical consideration is that although the exhaustive combinatorial

search for optimal beacon subsets per epoch appears to be computationally costly

for a real-time onboard implementation, this process can be performed during mis-

sion planning phases for the intended trajectories. By pre-computing optimal bea-

con con�gurations, observations can be constrained to those beacons that provide the

necessary contribution to the speci�ed navigation accuracy. Subsequently, along the

trajectory, the speci�ed optimal beacon subsets can be implemented with minimal

onboard processing while maintaining expected estimation accuracy.

3.13 Extended Kalman Filter

Accurate state estimation of spacecraft position and velocity throughout deep-space

trajectories requires the integration of mathematical orbital models with physical

measurements. Kalman �lters recursively optimize the �lter gain to achieve optimal

state estimation for linear dynamic systems with noise. However, many real-world

systems, including spacecraft orbital dynamics, exhibit nonlinear behavior. The Ex-

tended Kalman Filter (EKF) provides a computationally ef�cient framework for this

task by extending the traditional Kalman �lter approach to accommodate nonlinear

system dynamics and measurement models. While the EKF can effectively accom-

modate nonlinearities, it may not achieve optimal performance for highly nonlinear

systems and requires the existence of Jacobians for implementation [99]. However,

the linearization approach allows the error dynamics to be represented with reason-

able accuracy through linear approximations. The �lter addresses the nonlinear nature

of orbital dynamics through linearization of the equations via �rst-order Taylor series

expansion about the current state estimate [96]. This linearization approach allows

the error dynamics to be represented with reasonable accuracy through linear approx-

imations. The EKF is particularly suitable for orbital space applications, provided

that the system dynamic model and measurements are correctly characterized [100].
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Although the EKF can effectively handle nonlinearities in orbital dynamics, uncer-

tainties and nonlinearities in measurements may cause degradation in �lter perfor-

mance. The measurement covariance matrix must be accurately speci�ed to achieve

optimal navigation estimation performance. When measurement uncertainties are

improperly characterized, the �lter may either overdepend on noisy measurements

or underutilize valuable observational information, leading to suboptimal state esti-

mates. This challenge becomes particularly pronounced in LoS-based vision-aided

navigation systems where measurement accuracy varies signi�cantly with changing

geometric con�gurations throughout the trajectory, necessitating adaptive approaches

to maintain consistent estimation performance. For the navigation system analyzed in

this study, the EKF recursively combines the three-body dynamics model presented in

Section 3.1 with triangulation-based position measurements derived from noisy LoS

observations of celestial bodies, continuously re�ning the state estimates through its

prediction and update cycles.

3.13.1 State Vector De�nition, System and Measurement Model

The state vector for the EKF implementation is de�ned as a six-dimensional vector

containing the spacecraft's position and velocity components in a preferred inertial

frame of reference:

x =

2

4 R

V

3

5 =
h
x y z _x _y _z

i >
(3.107)

wherex, y, andz represent the three components of the position vectorR , and _x,

_y, and _z denote the corresponding components of the velocity vectorV , relative to

the origin of the speci�ed reference frame. For the translunar trajectory analysis

conducted in this thesis, the ECI frame serves as the inertial reference frame.

The system dynamics and measurement models that govern the state estimation pro-

cess are expressed as:

xk = f (xk� 1; uk� 1) + wk� 1 (3.108)

yk = h(xk) + vk (3.109)

wheref (xk� 1; uk� 1) represents the nonlinear state transition function that propagates

the state from time steptk� 1 to tk , uk� 1 denotes the control input vector (which
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is zero for the ballistic trajectories analyzed in this thesis), andwk� 1 represents the

process noise vector accounting for mathematical modeling uncertainties and unmod-

eled dynamics. The state transition function incorporates the three-body gravitational

dynamics described in Section 3.1, numerically integrating the equations of motion

over the discrete time interval. In the measurement model,yk represents the three-

dimensional position measurement vector obtained through triangulation at time step

tk , h(xk) is the nonlinear measurement function, andvk denotes the measurement

noise vector.

The position components are extracted from the measurement function, which is

based on triangulation localization via measured unit LoS observations:

h(xk) =
h
x y z

i >
(3.110)

which provides position information only, as described in Section 3.5 and 3.6. Both

the process noise and measurement noise are modeled as zero-mean Gaussian white

noise sequences:

wk � N (06� 1; Qk) (3.111)

vk � N (03� 1; R k) (3.112)

whereQk represents the process noise covariance matrix andR k denotes the mea-

surement error covariance matrix.

3.13.2 Process Noise Covariance

The speci�cation of these covariance matrices is critical for achieving optimal �lter

performance. The process noise covariance matrixQ is maintained constant through-

out the trajectory, as the system dynamics are modeled through the three-body prob-

lem formulation with suf�cient integration time steps. While adaptive tuning of the

Q matrix could potentially improve performance, it is often kept constant in practice

when formal tuning procedures are not performed, and the impact on estimation accu-

racy remains acceptable [69, 101]. Furthermore, accurate tuning ofQ depends on the

propagation time step. For the suf�ciently small time step implementation employed

in this study, maintaining a �xedQ matrix provides adequate representation of the

modeling uncertainties. The process noise covariance matrix is speci�ed by:
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Q =

2

4
1
3 � t3I 3� 3 03� 3

03� 3 � tI 3� 3

3

5 q (3.113)

whereq is the spectral noise density [102], and� t represents the time step used for

numerical integration. This formulation re�ects the continuous-time noise assump-

tion discretized over the integration interval, with the upper-left block corresponding

to position uncertainty and the lower-right block to velocity uncertainty.

3.13.3 Measurement Error Covariance

While the process noise covarianceQ is typically maintained as a constant matrix,

the measurement error covariance matrixR in this study requires adaptive adjust-

ment at each recursive step. This necessity arises from the geometric nature of the

triangulation process used to derive the position vectoryk . Unlike direct sensor read-

ings, where noise characteristics are often static, the accuracy of a triangulation-based

position solution is inherently coupled to the spacecraft's instantaneous geometry rel-

ative to the celestial beacons. As the spacecraft travels on its trajectory, the distances

to the reference bodies and the relative angles between the LoS vectors change con-

tinuously, causing �uctuations in the reliability of the derived measurements.

The accuracy of triangulation-based position measurements depends fundamentally

on two geometric factors: the angular separation between LoS vectors and the ranges

to the observed celestial bodies. When LoS vectors approach being collinear, the

triangulation geometry becomes ill-conditioned, leading to substantial degradation

in position estimation accuracy. Similarly, as the spacecraft moves farther from ob-

served bodies, small angular measurement errors translate into proportionally larger

position uncertainties. If a staticR matrix were employed, the �lter would be un-

able to distinguish between high-precision and degraded measurements obtained at

different geometries. This would lead to suboptimal estimation results, as the �l-

ter might over-weight noisy measurements during poor geometric con�gurations or

under-weight precise ones during favorable observation conditions. To mitigate this,

the navigation algorithm should dynamically computeR k at every time steptk , scal-

ing the covariance matrix to re�ect the current observability conditions.
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Two adaptive strategies for measurement covariance adjustment are examined in this

study: a conventional distance-based approach and a novel CRLB-based method.

Both methods aim to capture the varying measurement reliability throughout the

trajectory, though they differ in their treatment of geometric factors affecting trian-

gulation accuracy. The comparative performance of these two adaptive strategies,

evaluated through Monte Carlo simulations on translunar trajectories, is presented in

Chapter 6.

3.13.3.1 Range-Weighted Covariance Update

A conventional approach to adaptive measurement covariance speci�cation employs

range-dependent scaling to account for the degradation of triangulation accuracy with

increasing distance. As the distance to an observed body increases, small angular

measurement errors translate into proportionally larger position uncertainties, fol-

lowing a linear relationship with range. The range-weighted method captures this

effect by averaging the error variances of individual observations, weighted by their

respective ranges.

The measurement noise covariance matrix is formulated by computing the weighted

average of individual observation error variances:

R k =

 
1
n

nX

i =1

� 2
i

~R2
0i

!

I 3� 3 (3.114)

wheren is the number of observed celestial bodies,� i is the error standard deviation

in the i -th LoS observation, and~R0i denotes the measured range (via triangulation)

from the spacecraft to thei -th body. Alternatively, range estimates from the previous

step of the �lter could be used, assuming small step sizes.

While this approach accounts for the degradation of measurement accuracy with in-

creasing noise and distances to celestial bodies, it fails to capture the complete ge-

ometric picture of triangulation performance, particularly the critical impact of an-

gular separation between LoS vectors on estimation accuracy. The method treats all

observation geometries with the same ranges as equivalent, regardless of whether the

LoS vectors are well-separated or approaching collinearity. This limitation can lead
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to overcon�dent estimates (smallerR k than necessary) during ill-conditioned geo-

metric con�gurations and conservative estimates (largerR k than necessary) during

favorable observation conditions.

3.13.3.2 Covariance Update Based on the Cramér–Rao Lower Bound - Based

Performance Metric

To address the limitations of range-only scaling, a more comprehensive approach can

incorporate both range effects and angular geometry through the CRLB framework.

The CRLB-based method provides theoretical lower bounds on estimation error vari-

ance that account for the complete geometric con�guration of the triangulation prob-

lem, as developed in Section 3.9.

The measurement error covariance matrix is speci�ed using the CRLB-based perfor-

mance metric:

R k = Jn;k I 3� 3 (3.115)

whereJn;k denotes the calculated CRLB value vian observations (see Eq. 3.103) for

the spacecraft position at the corresponding time step, computed from the FIMF:

F =
nX

i =1

1

� 2
i

~R2
0i

�
I 3� 3 � ~r 0i ~r >

0i

�
(3.116)

where~r 0i represents the measured unit LoS vector towards thei -th body. The term
�
I 3� 3 � ~r 0i ~r >

0i

�
captures the directional information content of each observation.

This adaptive adjustment enables the �lter to maintain performance by the most ap-

propriate weight for the measurements according to the theoretical accuracy limits.

The CRLB-based approach naturally incorporates the angular separation effects that

are absent in the range-weighted method, providing a more accurate representation of

the actual measurement reliability at each observation epoch.

3.13.4 Error State Transition Matrix

To implement the recursive estimation �lter, the nonlinear system dynamics presented

in Eq. (3.108) must be linearized about the current state estimate. This linearization
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is accomplished through the state transition matrix, which characterizes how small

perturbations in the state evolve over time under the in�uence of the system dynamics.

For a nonlinear system, the state transition matrix� (t; t k) maps the deviations from

the reference trajectory at timetk to timet. While the total state is propagated using

the nonlinear functionf (�), the error dynamics in the discrete-time EKF implementa-

tion are governed by the linear relationship [78, 79]:

� xk � � (tk ; tk� 1)� xk� 1 (3.117)

where� x represents the deviation of the true state from the estimated state. The state

transition matrix� (t; t k� 1) itself satis�es the matrix differential equation:

_� (t; t k� 1) = F(t)� (t; t k� 1) (3.118)

with the initial condition� (tk� 1; tk� 1) = I 6� 6, whereF(t) denotes the Jacobian

matrix of the system dynamics.

For suf�ciently small time steps� t = tk � tk� 1, a �rst-order Taylor series expansion

of the matrix exponential solution yields the approximation:

� (tk ; tk� 1) � I 6� 6 + Fk� 1� t (3.119)

whereFk� 1 represents the Jacobian matrix evaluated at the state estimatex̂k� 1 and

time tk� 1. This approximation becomes increasingly accurate as the integration time

step decreases, emphasizing the selection of suf�ciently small� t in the numerical

implementation.

3.13.4.1 Jacobian Matrix

The Jacobian matrixF characterizes how small perturbations in the state vector

evolve over time under the in�uence of system dynamics. This matrix is essential

for the linearization process in the EKF and appears in the covariance propagation

equation. For the spacecraft navigation problem, the Jacobian is derived from the

equations of motion by taking partial derivatives of the state transition function with

respect to the state vector.
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The structure of the Jacobian matrix for the six-dimensional state vector [79] is:

Fk =
@f
@x

�
�
�
�
x̂ k

=

2

6
6
6
6
6
4

@vx
@x

@vx
@y

@vx
@z

@vx
@vx

@vx
@vy

@vx
@vz

@vy
@x � � �
...

...
@az
@x

@az
@y

@az
@z

@az
@vx

@az
@vy

@az
@vz

3

7
7
7
7
7
5

(3.120)

wherevx , vy, vz represent the velocity components andax , ay, az denote the accel-

eration components in the respective coordinate directions. The partial derivatives

quantify how changes in each state variable in�uence the rate of change of other state

variables, forming the linearized system dynamics about the current state estimate.

For the two-body problem with Earth's gravitational �eld, the explicit form of the

Jacobian matrix is obtained by evaluating these partial derivatives. The upper-right

3� 3 block forms an identity matrix, representing the kinematic relationship_R = V .

The lower-left3 � 3 block contains the acceleration gradients, which capture the

spatial variation of the gravitational �eld. The resulting Jacobian matrix becomes:

F =

2

6
6
6
6
6
6
6
6
6
6
6
4

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

� �
R3 + 3�x 2

R5
3�xy
R5

3�xz
R5 0 0 0

3�xy
R5 � �

R3 + 3�y 2

R5
3�yz
R5 0 0 0

3�xz
R5

3�yz
R5 � �

R3 + 3�z 2

R5 0 0 0

3

7
7
7
7
7
7
7
7
7
7
7
5

(3.121)

where� represents the gravitational parameter of central body being orbited,x, y, z

are the position components, andR =
p

x2 + y2 + z2 is the position magnitude. The

diagonal terms in the acceleration gradient block re�ect the inverse-cube gravitational

force law, while the off-diagonal terms account for the directional coupling between

position components in the gravitational �eld.

3.13.4.2 Observation Matrix

Vision-based navigation systems may employ nonlinear observation models as de-

scribed in Eq. (3.110), that map state variables directly to angular measurements.
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However, the architecture adopted in this study (see Figure 3.16) utilizes a sequen-

tial processing approach. The nonlinear geometric calculation is directly performed

before the �lter update step through the triangulation of LoS vectors. Consequently,

the input to the EKF update phase is a derived three-dimensional position vector,

yk 2 R3, rather than raw angular data. The corresponding Jacobian is:

H k =
@h
@x

�
�
�
�
x̂ �

k

=
h
I 3� 3 03� 3

i
(3.122)

This structure indicates that the position components are directly observed, while the

velocity components are not directly measured. Despite the simplicity ofH k , the

measurement process remains complex due to the geometry-dependent uncertainties

in the triangulation calculations, which are re�ected through the time-varying mea-

surement covariance matrixR k . By decoupling the geometric triangulation from the

stochastic �ltering, the observation model is linearized, simplifying the EKF update

structure while retaining the ability to handle the nonlinear measurement noise char-

acteristics through the adaptiveR k matrix described in Section 3.13.3.

3.13.5 Recursive Extended Kalman Filter Algorithm

The EKF operates as a recursive prediction-correction algorithm, alternating between

propagating the state estimate forward in time and re�ning that estimate using in-

coming measurement data. This sequential architecture, summarized in Table 3.3,

ensures that the navigation solution continuously assimilates new observational data

while maintaining a coherent trajectory model.

The �ow of the EKF with celestial LoS triangulation is illustrated in Figure 3.16. In

the prediction step, the state estimatex̂ �
k is computed by numerically integrating the

equations of motion using the RK4 method with constant time steps, as discussed

in Section 3.1.3. The predicted error covariance matrixP �
k is propagated using the

state transition matrix� k;k � 1 de�ned in Eqs. (3.119 and 3.121), and the process noise

covariance matrixQk� 1 speci�ed in Eq. (3.113).

When a new measurementyk becomes available, the update step begins by computing

the Kalman gainK k , which determines the optimal weighting between the predicted
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Table 3.3: The recursive algorithm of the Extended Kalman Filter

Prediction Step

State propagation: x̂ �
k = f (x̂k� 1; uk� 1)

Covariance propagation: P �
k = � k;k � 1P k� 1� >

k;k � 1 + Qk� 1

Update Step (Measurement Correction)

Kalman gain: K k = P �
k H >

k

�
H kP �

k H >
k + R k

� � 1

State estimate update: x̂k = x̂ �
k + K k

�
yk � H k x̂ �

k

�

Covariance update: P k = ( I 6� 6 � K kH k) P �
k

state and the measurement information. The measurement residual (also called in-

novation)
�
yk � H k x̂ �

k

�
represents the difference between the actual measurement

and the predicted measurement based on the current state estimate. This residual is

weighted by the Kalman gain to update both the state estimate and its associated error

covariance matrix. The �lter recursively processes measurements to re�ne the posi-

tion and velocity estimates throughout the trajectory, with the measurement covari-

ance matrixR k being adaptively adjusted to re�ect the varying triangulation accuracy

as described in Section 3.13.3.

State Prediction

Covariance Prediction

Trajectory Model

State Update

Covariance Update

Kalman Gain

Triangulation

LoS
Observation

Measurement

Measurement Error
Covariance Update

Figure 3.16: Sequential Extended Kalman Filter architecture showing the prediction-

update cycle with dynamic measurement error covariance adjustment for angles-only

triangulation-based navigation.
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CHAPTER 4

VISUAL NAVIGATION FOR LUNAR MISSIONS USING SEQUENTIAL

TRIANGULATION TECHNIQUE

This chapter investigates the application of celestial triangulation for spacecraft navi-

gation along translunar trajectories. The method utilizes LoS unit vector measure-

ments from the spacecraft to celestial bodies, combined with ephemeris data, to

estimate observation position through geometric triangulation. For cislunar mis-

sions, where both Earth and Moon remain visible throughout the trajectory, this ap-

proach provides position estimation without requiring additional infrastructure or ac-

tive ranging measurements. The investigation focuses speci�cally on Earth-Moon

observations as the primary beacon pair, establishing a baseline case for evaluating

OPNAV performance in the cislunar environment.

A baseline translunar trajectory is designed using the patched-conics methodology

presented in Section 3.3, with subsequent validation through numerical three-body

integration to provide higher-�delity trajectory representation. The triangulation tech-

nique via LoS observations is implemented within an EKF framework to provide con-

tinuous position and velocity estimates throughout the transfer. Performance analysis

reveals that estimation accuracy varies considerably along the trajectory, with sig-

ni�cant degradation occurring in speci�c regions where the LoS vectors approach

collinear alignment. Investigation of this phenomenon indicates that the geomet-

ric con�guration between the spacecraft and observed bodies fundamentally affects

triangulation-based position measurement accuracy, and thus, the �lter performance.

This observation motivates the systematic investigation of geometric performance

evaluation methods presented in subsequent chapters, where the CRLB-based frame-

work is developed to quantify these geometric effects.
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4.1 Baseline Translunar Trajectory Design as a LoS Navigation Test Case

The baseline translunar trajectory for this investigation was designed using the three-

dimensional patched-conics methodology described in Section 3.3. The spacecraft

departs from a circular Earth parking orbit and executes a ballistic direct transfer

to a Lunar Orbit Insertion (LOI), where the spacecraft is captured into a circular

lunar orbit. The analytical solution provides the initial state vectors and trajectory

parameters that serve as a reference for subsequent navigation performance analyses.

The mission scenario assumes departure from a circular parking orbit at an altitude

of hE = 400 km. The TLI maneuver is sought in such a way to intercept the Moon's

SoI on 19 May 2023 at 12:00 UTC. The trajectory design parameters speci�ed for

the patched-conics solution are given in Table 4.1. The other parameters were se-

lected to achieve a target perilune altitude of approximately 100 km, suitable for LOI.

The design process, detailed in Section 3.3, determines the required velocity change

(� V1) at TLI and computes the complete state vectors from departure through lunar

approach.

Table 4.1: Baseline translunar trajectory initial design parameters

Parameter Value

Parking orbit altitude,hE 400 km

Right ascension,� � 82:26�

Declination,� � 25:47�

Flight path angle,
 0 12:5�

Lunar SoI arrival angle,� 50�

Lunar SoI arrival angle,� 0�

Lunar SoI intercept date,TSoI 19 May 2023, 12:00 UTC

The analytical patched-conics solution, using the parameters listed in Table 4.1, yields

the following initial state vectors at the TLI point in the ECI frame:

R 0 =
h
824:128 � 6063:500 � 2914:801

i >
km

V0 =
h

10:712 � 0:949 � 0:414
i >

km/s
(4.1)
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To validate the analytical solution and provide a more accurate trajectory model for

the navigation simulation, the trajectory was also computed through numerical inte-

gration of the three-body equations of motion presented in Section 3.1.3. The nu-

merical integration employs the RK4 method with a constant time step of� t = 30

s. The gravitational in�uences of both Earth and Moon are included, while solar

gravity and other perturbations are neglected. The numerical integration is initial-

ized with the state vectorsR 0 and V0 obtained from the analytical solution at the

TLI epoch. The positions of the Earth and Moon are retrieved using MATLAB's

planetEphemeris function [103] with the JPL DE423 ephemeris model [104].

Figure 4.1 presents a comparison between the analytical patched-conics approxima-

tion and the numerically integrated three-body trajectory. The numerical solution

reveals slight deviations from the two-body approximation, particularly in regions

near the Moon's SoI where the assumptions of the patched-conics method become

less valid. These differences, while relatively small for the present mission scenario,

shows the enhanced �delity provided by the numerical approach and validate the util-

ity of the patched-conics method as an ef�cient tool for preliminary mission design

and initial trajectory estimation. The overall trajectory geometries remain very simi-

lar, with both solutions following nearly identical trajectory patterns.

The key trajectory parameters obtained from both the analytical and numerical so-

lutions are summarized in Table 4.2. For an ef�cient capture, a LOI maneuver is

assumed to be performed at perilune(� V2) for both methods to insert the spacecraft

into a circular polar lunar orbit. Although the analytical solution provides initial esti-

mates for the mission design, which appears to be very reasonable, for the evaluation

of LoS triangulation-based vision-aided navigation performance in this chapter, the

numerically integrated trajectory is employed as the truth model to provide higher

�delity through continuous representation of multi-body gravitational effects. The

computational ef�ciency of the analytical approach, however, makes it particularly

suitable for parametric studies requiring the generation of multiple trajectory vari-

ants, as will be investigated in Chapter 7.
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Figure 4.1: Comparison of spacecraft trajectories computed using the analyti-

cal patched-conics method and numerical three-body integration, starting from the

translunar injection point over a 4-day duration. The Moon's positions are shown at

perilune passages.

Table 4.2: Comparison of translunar trajectory parameters for the two-body analytical

patched-conics and three-body numerical integration methods

Parameter Analytical (2-body) Numerical (3-body)

Flight time from TLI to perilune (h) 81.82 80.32

Inclination (deg) 89.96 100.89

Perilune altitude (km) 39.41 76.01

� V1 at TLI (km/s) 3.672 3.672

� V2 at perilune (km/s) 0.838 0.852
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The comparison reveals that despite the simplifying assumptions inherent in the

patched-conics approach, the two methods yield reasonably similar results for most

trajectory parameters. The� V1 requirements at TLI are identical by design, as both

trajectories are initialized with the same departure conditions. Approximately 1.5

hours difference in �ight time over an 80-hour transfer, and the perilune altitude dif-

ference of approximately 37 km, can be attributed to the continuous gravitational

in�uence of both bodies. The LOI burn maneuver� V2 differs by about 14 m/s, a

relatively small variation given the magnitude of the maneuver. The difference in the

inclination of the lunar hyperbolic trajectory is more signi�cant, implying the impor-

tance of the SoI patch point.

The following sections examine the navigation performance of the triangulation tech-

nique presented in Section 3.5, based on the LoS observations of Earth and Moon.

Having established the baseline translunar trajectory through both analytical and nu-

merical methods, the numerically integrated three-body solution serves as the truth

model against which navigation estimates are evaluated.

4.2 EKF Implementation and Measurement Processing

The implemented navigation �lter employs the EKF framework presented in Sec-

tion 3.13 to recursively estimate spacecraft position and velocity. At each epoch,

noisy unit LoS measurements toward Earth and Moon as illustrated in Figure 3.13,

are obtained following the QMM error model described in Section 3.7 by making use

of ground truth trajectory information. A measurement uncertainty of� = 0:001rad

(approximately 206 arcseconds) was assumed for both celestial bodies, representing

signi�cantly higher uncertainty than achievable performance with contemporary star

trackers and optical navigation cameras [49].

Position measurements are derived through the triangulation method presented in

Section 3.5, computing the spacecraft position from the pair of noisy LoS measure-

ments and the known Earth-Moon relative position vector. These triangulation-based

position estimates serve as measurement inputs to the EKF update step, as illustrated

in Figure 3.16.
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The �lter implementation employs a constant integration time step of� t = 30 s. The

spacecraft states are propagated using the numerical integration approach with three-

body dynamics described in Section 3.1.3, through the RK4 integrator. The process

noise covariance matrixQ is speci�ed according to Eq. (3.113) with a spectral noise

density ofq = 10� 6 to represent unmodeled dynamics and error state propagation.

The measurement error covariance matrixR requires adaptive adjustment throughout

the trajectory to account for the varying geometric con�guration between the space-

craft and observed bodies. For this investigation, a range-weighted approach was

employed as presented in Eq. 3.114. It captures the relationship between measure-

ment uncertainty and range, where angular measurement errors translate into propor-

tionally larger position uncertainties as range increases. While this method addresses

range-dependent effects, subsequent chapters will examine more sophisticated ap-

proaches that account for the complete geometric con�guration, including angular

separation between LoS vectors.

The �lter was initialized with perturbed state estimates to simulate realistic initial-

ization uncertainties. The initial position estimate was obtained by rotating the true

initial position vector relative to Earth through a random angle consistent with the

LoS measurement uncertainty, while the velocity estimate was perturbed with half

the proportional magnitude0:5� .

4.3 Celestial LoS Navigation Performance Results

Position estimation results obtained through the EKF, as provided in Section 3.13, are

presented in Figure 4.2. The �lter demonstrates satisfactory convergence from the ini-

tial conditions, with estimated positions tracking the true trajectory throughout most

of the transfer. However, a distinct degradation in measurement quality appears be-

tween approximatelyt = 0:5 andt = 4 hours, where triangulation measurements ex-

hibit substantially increased scatter relative to the true trajectory. Figure 4.3 provides

a closer view of the position estimation during this geometrically challenging phase.

The triangulation measurements (red points) show substantially increased variance

compared to other trajectory segments.
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Figure 4.2: EKF position estimation results given with triangulation measurements

via LoS observations of the Earth and Moon and the true position states.

Figure 4.3: A closer look at the EKF position estimation during the geometrically

challenging phase, showing increased measurement error variance.
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Figure 4.4: Evolution of the ranges from spacecraft to EarthR01 and MoonR02, and

the angle between LoS vectors� LoS throughout the translunar trajectory.

This phenomenon can be attributed to the geometric con�guration between the space-

craft and observed celestial bodies during this segment. As shown in Figure 4.4, the

angle between the LoS vectors to Earth and Moon approaches180� during this in-

terval. Under this con�guration, the sine function in the denominator of Eq. (3.64)

approaches zero, leading to numerical instability in the triangulation calculations.

This observation suggests that for more accurate results, the LoS vectors should not

be aligned as parallel or anti-parallel (collinear). Despite the increased error vari-

ance in triangulation measurements, the EKF manages to provide consistent position

estimations throughout the investigated translunar trajectory.

The velocity estimation results obtained by the EKF are presented in Figures 4.5

and 4.6. The estimated velocity aligns well with the true velocity states over the

trajectory. This indicates that the EKF effectively utilized the measurements and the

trajectory model to produce consistent velocity estimations. However, in the interval

with the increased measurement error variance due to approaching an anti-parallel

alignment of the LoS vectors, the velocity estimations exhibited �uctuations from the

true values.
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Figure 4.5: EKF's velocity estimation results given with the true velocity states.

Figure 4.6: A closer look at the EKF velocity estimation during the geometrically

challenging phase.
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The EKF exhibits acceptable performance in state estimation throughout most of the

trajectory. The position and velocity estimation errors relative to the true states are

presented in Figures 4.7 and 4.8, respectively. The results show that the estimation

errors remained bounded within the� 3� con�dence bounds except in the region of

increased measurement error variance, where the degraded geometric con�guration

causes temporary excursions beyond the predicted uncertainty boundaries.

For accurate triangulation solutions, it is evident that the angle between LoS vectors

should be aligned in such a way that not being close to0� or 180� to ensure numer-

ical stability. This �nding aligns with recent work [45, 9, 69]. Further analysis is

required to address this limitation and develop strategies to mitigate its impact on

navigation performance. Henry et al. [9] proposed optimization techniques in the

case of multiple triangulations; however, the effectiveness of the method should be

further analyzed with translunar trajectories in addition to interplanetary trajectories.

Figure 4.7: Errors for the position components of the state estimations of the EKF

and their associated� 3� boundaries.
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Figure 4.8: Errors for the velocity components of the state estimations of the EKF

and their associated� 3� boundaries.

4.4 Discussion and Evaluation of Findings

It should be noted that the estimation accuracy achieved through optical triangula-

tion may not compete with traditional ground-based radiometric tracking for cislunar

missions, where communication delays remain relatively short, and tracking infras-

tructure is well-established. However, the relative advantage of OPNAV becomes

more pronounced for deep-space missions beyond the Earth-Moon system, where

light-time delays can reach tens of minutes, rendering real-time ground-based nav-

igation impractical during critical mission phases. Furthermore, advances in opti-

cal instrumentation, including higher resolution cameras, improved centroiding algo-

rithms, and more precise attitude determination systems, could substantially enhance

the measurement accuracy and, consequently, the position estimation performance

achievable through triangulation-based approaches.
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The navigation performance analysis performed in this chapter reveals both the capa-

bilities and limitations of two-body triangulation for translunar missions. The method

appears to provide effective position estimation throughout most of the trajectory,

with the EKF integrating noisy LoS triangulation measurements with the three-body

dynamical model to maintain state estimates within acceptable bounds. However,

the results indicate that the geometric con�guration between the spacecraft and ob-

served celestial bodies signi�cantly affects triangulation accuracy. These considera-

tions form the foundation for the subsequent chapters, where systematic frameworks

were developed for evaluating geometric performance of the observations (Chap-

ter 5), adapting measurement processing strategies to varying observability condi-

tions (Chapter 6), evaluating trajectory design parameters for enhanced LoS naviga-

tion performance (Chapter 7), and optimizing the beacon selection and beacon count

(Chapter 8).
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CHAPTER 5

ERROR COVARIANCE ANALYSES FOR CELESTIAL TRIANGULATION

AND ITS OPTIMALITY: IMPROVED LINEAR OPTIMAL SINE

TRIANGULATION

This chapter investigates the relationship between geometric con�guration and posi-

tion estimation accuracy in celestial triangulation. Building upon the observations in

Chapter 4, where navigation performance was shown to degrade signi�cantly when

LoS vectors approached anti-parallel alignment, this chapter develops a systematic

framework for evaluating and optimizing triangulation geometry using CRLB theory.

The analysis begins with a comprehensive examination of how observer position rel-

ative to celestial bodies affects estimation accuracy. The CRLB-based performance

metric derived in Section 3.9 is employed to quantify theoretical minimum error vari-

ances across various geometric con�gurations. This investigation reveals that estima-

tion accuracy depends not only on the ranges to observed bodies and measurement

precision� but also critically on the angular separation between LoS unit vectors, and

thus the overall geometric con�guration of the observer-beacon system.

The chapter then addresses a limitation identi�ed in the LOST algorithm, which as-

sumes arbitrary selection of measurement pairs for initial range calculations yields

similar estimation performance. Through systematic CRLB evaluation of all possible

triangulation con�gurations, an improved selection strategy is developed that priori-

tizes geometrically favorable measurement pairs. This Improved-LOST approach is

validated through Monte Carlo simulations and translunar trajectory-based analyses

for various observation scenarios. The methods and �ndings presented in this chapter

have been published in [10].
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5.1 Analysis of Triangulation Geometry via Proposed CRLB - Based Perfor-

mance Metric

Position estimation accuracy in triangulation exhibits signi�cant sensitivity to the ge-

ometric con�guration between the observer and observed objects/beacons. This de-

pendency is mainly driven by the angular separation between LoS vectors and the

relative distances to the observed bodies. To quantify these relationships systemat-

ically, a comprehensive analysis was conducted using the CRLB-based framework,

evaluating theoretical error variances across various observation locations relative to

two �xed reference objects.

Figure 5.1 illustrates how the triangulation geometry affects the position estimation

accuracy. In this analysis, two objects were positioned at given �xed locations. For

simplicity and without loss of generality, it was assumed all the vertices of the trian-

gles lay on the same plane (z = 0). The observer positions, marked in red asP 1
0 , P 2

0 ,

andP 3
0 , established three different geometric con�gurations with varying angles and

distances relative to the reference objects. The analysis utilized measurements with

uniform standard deviations� 1 = � 2 = 0:001rad, for LoS measurement errors.

The error variance at each observation point was computed using the devised CRLB-

based performance metric, derived in Section 3.9, which provides a theoretical limit

on estimation uncertainty. A comparison of the uncertainties of locationsP 1
0 andP 2

0

reveals an important characteristic of triangulation geometry. For this example, the

error variance atP 1
0 (54:98km2) is larger by more than two orders of magnitude than

at P 2
0 (0:5 km2), despiteP 1

0 being positioned closer to both objects. This suggests

that proximity to observed objects alone may not necessarily lead to improved estima-

tion accuracy in all cases. The geometric con�guration between the observer and the

observed objects appears to have a signi�cant in�uence on estimation performance.

These �ndings motivate a more comprehensive analysis of geometric con�gurations

to identify optimal observation conditions. The analysis revealed that certain geomet-

ric arrangements consistently produce lower CRLB values, suggesting the existence

of optimal observation regions that could be systematically identi�ed and utilized for

improved navigation accuracy.
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Figure 5.1: Effect of triangulation geometry on position estimation error variance at

different observation locations relative to two �xed objects.

To further analyze the relationship between geometric con�guration and estimation

accuracy, a comprehensive evaluation was conducted across multiple observation

points. Figures 5.2 and 5.3 illustrate that analysis through different visualizations

of the position error standard deviation distribution obtained by the CRLB analysis.

Figure 5.2 presents a contour plot displaying the position estimation error standard

deviation distribution, computed as the square root of the CRLB values across dif-

ferent observation locations (as previously stated, for simplicity, the triangles were

assumed to be in the same plane). The two reference objects were �xed at their po-

sitions on the Y-axis. The plot uses a color-coded mesh grid where each intersection

point represents a potential observation location. The colors indicate the magnitude

of the error variance according to the scale bar on the right side. The grid lines help

visualize how the error variance changes continuously across the observation space.
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Figure 5.2: Contour plot of standard deviation for position estimation error across

different observation locations (assumed on the same plane) relative to two �xed ob-

jects based on LoS observations with measurement accuracy of� 1 = � 2 = 0:001rad.

The radial lines represent different observation angles� between the two LoS vectors,

ranging from25� to 175� (regular10� increments from30� to 170� ). The concentric

arcs represent varying ratios of distancesR01=R02 ranging from 0.1 to 10, i.e., varying

� and angles as shown in Figure 3.13.

Figure 5.3 provides a three-dimensional surface plot of the same error standard de-

viation distribution, offering additional insight into the magnitude of and variation in

estimation uncertainty across different observation locations. The X and Y axes rep-

resent the spatial coordinates of potential observation points, while the Z-axis shows

the corresponding error standard deviation.
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