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ABSTRACT

ROBUST RELATIVE NAVIGATION FOR SMALL SATELLITES USING
LINE-OF-SIGHT MEASUREMENTS

Koç, Elif

M.S., Department of Aerospace Engineering

Supervisor: Assoc. Prof. Dr. Halil Ersin Söken

January 2026, 142 pages

Relative navigation is essential for small-satellite formation flying, rendezvous, and

docking. Reliable state estimation must be achieved with limited sensing and non-

ideal measurements. This thesis investigates robust multiplicative extended Kalman

filtering for camera-aided relative navigation using line-of-sight (LOS) unit-vector

measurements. A relative dynamics model is fused with LOS observations to esti-

mate relative position, velocity, and attitude, along with gyroscope biases, in a two-

spacecraft scenario. The deputy (chaser) carries an onboard monocular camera, and

the chief (target) is equipped with active light sources (beacons) that enable LOS-

based measurement construction. A multiplicative attitude error representation is

used to preserve quaternion consistency and improve numerical stability. Robust-

ness is incorporated to mitigate the effects of faulty LOS observations through adap-

tive measurement downweighting, and two robustness mechanisms are considered: a

single global scale factor and multiple scale factors applied at the beacon level. Sim-

ulation studies under nominal and biased-measurement scenarios demonstrate that

robust filtering improves estimation accuracy and consistency under directional mea-

surement faults, with the multi-scale formulation providing the greatest benefit when

v



only a subset of beacons is corrupted, while the single-scale formulation is compet-

itive under common-mode corruption. These results support robust close-proximity

operations for small satellites.

Keywords: Relative Navigation, Line-of-Sight Measurements, Small Satellites, Ro-

bust Multiplicative Extended Kalman Filter, Pose Estimation.
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ÖZ

KÜÇÜK UYDULAR İÇİN GÖRÜŞ HATTI ÖLÇÜMLERİ KULLANILARAK
GÜRBÜZ BAĞIL NAVİGASYON

Koç, Elif

Yüksek Lisans, Havacılık ve Uzay Mühendisliği Bölümü

Tez Yöneticisi: Doç. Dr. Halil Ersin Söken

Ocak 2026 , 142 sayfa

Bağıl seyrüsefer, küçük uyduların formasyon uçuşu, randevu ve kenetlenme görevleri

için kritik öneme sahiptir. Sınırlı algılama imkânları ve ideal olmayan ölçümler al-

tında güvenilir durum kestiriminin sağlanması gerekir. Bu tezde, kamera destekli ba-

ğıl seyrüsefer için görüş hattı birim vektör ölçümlerini kullanan gürbüz çarpımsal ge-

nişletilmiş Kalman filtreleme yaklaşımı incelenmektedir. İki uzay aracı senaryosunda,

bağıl dinamik modeli LOS gözlemleriyle birleştirilerek bağıl konum, hız ve yönelim

ile birlikte jiroskop biasları kestirilmektedir. Takipçi araç üzerinde tek kameralı bir

kamera taşımaktadır. Hedef araç ise LOS tabanlı ölçüm oluşturulmasına imkân veren

aktif ışık kaynakları ile donatılmıştır. Kuaterniyon (dördey) tutarlılığını korumak ve

sayısal kararlılığı artırmak için çarpımsal yönelim hata gösterimi kullanılmaktadır.

Hatalı LOS gözlemlerinin, özellikle yönsel (açısal) ölçüm bozulmalarının, etkisini

azaltmak amacıyla ölçüm ağırlıklarını yenilik tutarlılığına göre uyarlayan gürbüzlük

mekanizmaları filtre güncellemesine dâhil edilmiştir ve iki farklı yaklaşım ele alın-

mıştır: tek bir küresel ölçek katsayısı ve beacon düzeyinde uygulanan çoklu ölçek

katsayıları. Benzetim çalışmaları, nominal ve yanlı ölçüm senaryoları altında gürbüz
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filtrelemenin kestirim doğruluğunu ve tutarlılığını artırdığını; ölçüm bozulmaları be-

aconların yalnızca bir kısmını etkilediğinde çoklu-ölçek yaklaşımının daha belirgin

fayda sağladığını, tüm beaconlar ortak bir bozulmaya maruz kaldığında ise tek-ölçek

yaklaşımının rekabetçi olduğunu göstermektedir. Elde edilen sonuçlar, küçük uydular

için hatalara karşı dayanımlı yakın mesafe operasyonlarını desteklemektedir.

Anahtar Kelimeler: Bağıl Seyrüsefer, Görüş Hattı Ölçümleri, Küçük Uydular, Gürbüz

Çarpımsal Genişletilmiş Kalman Süzgeci, Konum-Yönelim Kestirimi.
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CHAPTER 1

INTRODUCTION

1.1 Motivation and Problem De�nition

The increasing availability of small satellites and low-cost spacecraft platforms has

accelerated interest in autonomous on-orbit operations such as formation �ying, ren-

dezvous and docking, proximity inspection, and cooperative tracking. In these mis-

sions, navigation performance is not determined solely by the ability to propagate

an orbit, but by the ability to estimate relative motion and attitude accurately and

continuously using onboard sensors under practical constraints (limited mass, power,

computation, and sensor availability). Reliable relative state knowledge is a prereq-

uisite for safe closed-loop guidance and attitude control, especially when the target is

observed at close range and line-of-sight geometry changes rapidly.

Vision-based sensing is an attractive option in this context because a compact camera

can provide rich geometric information with minimal hardware complexity. When the

target carries identi�able features (e.g., beacons), image measurements can be con-

verted into line-of-sight (LOS) direction observations and fused with inertial prop-

agation to estimate relative states. However, camera-based navigation is inherently

intermittent and non-ideal: measurements can be unavailable due to �eld-of-view

constraints, occlusion, illumination conditions, or image-processing dropouts. More

critically, real image pipelines may occasionally output corrupted LOS updates (e.g.,

misassociations, spurious detections, or systematic angular bias), which violates the

nominal Gaussian measurement assumption and may in�ate innovations enough to

degrade estimation quality or even cause �lter divergence.

These realities motivate the need for a sequential estimator that respects the nonlinear
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geometry of attitude kinematics, supports multi-rate fusion between high-rate inertial

propagation and lower-rate camera updates, and maintains stable performance under

occasional measurement faults. In this thesis, the estimation framework is built on

a multiplicative extended Kalman �lter (MEKF), where attitude is represented by a

reference quaternion and a minimal three-parameter error state, which is well suited

to Kalman �ltering implementations. The overall design is grounded in standard

optimal estimation principles (state/measurement modeling, covariance propagation,

and innovation-based correction).

In this thesis, spacecraft attitude and relative translational state are estimated in real

time by fusing inertial measurements with intermittent camera-derived LOS direc-

tion measurements to multiple target features. To ensure resilience against occa-

sional LOS measurement faults, a robustness mechanism is investigated and incor-

porated into the measurement update, where the update weighting is adapted when

innovation-based consistency statistics indicate an abnormal measurement condition.

The proposed estimation framework is studied in representative simulation scenarios

that include injected LOS corruptions, and its performance is evaluated in terms of

estimation accuracy and statistical consistency.

Scope and assumptions. This thesis focuses on the navigation and estimation prob-

lem after geometric measurements have been formed. Speci�cally, the camera front-

end is assumed to provide associated line-of-sight (LOS) direction measurements to

known beacons on the chief; the image-processing steps required to detect features in

pixel coordinates, perform data association, and convert image-plane measurements

into LOS unit vectors are outside the scope of this study. Accordingly, the LOS mea-

surements are treated as unit vectors expressed in the deputy/camera frame and are

directly used in the �lter measurement model.

Both spacecraft are assumed to carry gyroscopes. The �lter uses inertial-rate infor-

mation to propagate the relative attitude estimate between camera updates, and it

estimates the gyroscope bias terms as part of the augmented state. No constraint is

imposed on the relative attitude between the chief and deputy; the estimation frame-

work is formulated for general relative orientation and relative motion, and the simu-

lation scenario is selected only to provide a representative time-varying measurement
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geometry.

1.2 Literature Review

Reliable relative navigation for on-orbit proximity operations typically requires the

joint estimation of attitude, angular rate, and relative translation using heterogeneous

sensors. Inertial measurements, such as those from gyroscopes, are frequently sup-

plemented by vector observations from star trackers, magnetometers, sun sensors, or

by image-derived line-of-sight data from monocular or stereo cameras. The nonlinear

nature of rotational kinematics and the evolution of the attitude state on a manifold ne-

cessitate careful estimator design. Speci�cally, stable and numerically robust estima-

tion depends on the selection of attitude parameterization and error state, consistent

stochastic modeling and discretization, and robustness to measurement imperfections

such as bias and faults.

1.2.1 Attitude determination and nonlinear �ltering

Modern spacecraft attitude estimation is frequently formulated as a combination of

continuous-time attitude propagation using gyroscope data and discrete-time mea-

surement updates from vector observations. The general theory of optimal state esti-

mation and Kalman �ltering provides the foundation for this architecture, incorporat-

ing linearization principles, covariance propagation, and statistical consistency tests

[1]. Unlike generic Euclidean-state estimation, attitude estimation lacks a globally

nonsingular three-parameter description. Consequently, practical �lters either esti-

mate quaternions directly with explicit unit-norm enforcement or estimate a reference

quaternion with a minimal three-parameter attitude error state.

A signi�cant advancement in this area is the systematic analysis of attitude error

representations for Kalman �ltering [2]. Markley examines various error-state for-

mulations and demonstrates how small-angle error vectors can be incorporated into

quaternion-based �lters to maintain local linearity and avoid singularities. This ap-

proach is consistent with the broader literature on spacecraft attitude determination

and control, which highlights the geometric interpretation of attitude, the importance

3



of quaternion kinematics, and the interaction between rotational dynamics and sen-

sor models [3]. In batch attitude determination, the classical approach of extracting

attitude from multiple vector observations is closely related to Wahba-type problems.

The TRIAD/QUEST family of algorithms is based on this framework, and early three-

axis solutions continue to in�uence both standalone attitude determination and pre-

processing for sequential �lters [4]. Shuster further discusses how QUEST-based

processing can be integrated with Kalman �ltering, emphasizing modeling decisions

for sequential estimation from vector observations [5].

In relative spacecraft estimation, the �lter must account for the coupled dynamics

between two vehicles. Kim et al. present a Kalman-�ltering framework that simulta-

neously estimates relative attitude and position, illustrating how inertial propagation

and measurement updates can be organized to support formation-�ying applications

[6]. Beyond estimator design, observability is a critical issue: certain con�gurations

of vector observations may not provide suf�cient information to recover all states,

particularly when relative motion or excitation is limited. Sun and Crassidis conduct

a detailed observability analysis for six-degree-of-freedom con�guration determina-

tion using vector observations, identifying the conditions for state observability and

emphasizing the in�uence of sensor geometry and system dynamics [7]. These �nd-

ings motivate both the selection of measurements and the design of maneuvers to

prevent unobservable or weakly observable system con�gurations.

1.2.2 Vision-based geometry, photogrammetry, and camera calibration

When cameras are used as navigation sensors, the estimation problem expands from

attitude determination to the recovery of relative pose using image features. Clas-

sical photogrammetry establishes the link between image measurements and three-

dimensional geometry, encompassing models for image formation and the mapping

from pixel coordinates to spatial rays [8]. In computer vision, the multi-view geom-

etry framework formalizes epipolar constraints, projective models, and triangulation,

and continues to serve as a foundational reference for designing estimation pipelines

based on correspondences across frames [9].

Accurate camera calibration is essential, as geometric estimation is highly sensitive
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to intrinsic parameters such as focal length, principal point, distortion, and camera-

frame alignment. Tsai's calibration method is a widely recognized approach for high-

precision machine vision metrology, offering a practical baseline for mapping im-

age measurements into consistent bearing vectors [10]. In simulation-based research,

graphics rendering can generate controlled imagery for testing image-processing and

estimation pipelines. Standard graphics references provide the mathematical frame-

work for rendering and projection that aligns with the pinhole camera model used in

vision-based navigation [11].

Recent spacecraft applications increasingly utilize image-based estimation for both

navigation and control-related tasks. For instance, Felicetti and Emami investigate

image-based attitude maneuvers for space debris tracking, demonstrating the inte-

gration of visual measurements into guidance and control loops to address complex

target-tracking scenarios [12]. Collectively, these studies suggest that camera-based

relative navigation systems should be approached as integrated pipelines, in which

calibration and image processing directly in�uence the quality of geometric measure-

ments, which, in turn, determine �lter consistency and control performance.

1.2.3 Vision-aided relative navigation for proximity operations

Vision sensors are widely used in close-range proximity operations, where relative

pose must be estimated at rates compatible with guidance and control. In cooperative

scenarios, the target can carry engineered markers or beacons, allowing the camera

measurements to be processed into line-of-sight (LOS) unit vectors or pose observ-

ables with well-structured geometry. Early work on vision-based rendezvous and

proximity operations established how bearing measurements can be integrated with

inertial propagation in a sequential estimator, and highlighted practical issues such as

measurement dropouts and the coupling between translational and rotational estima-

tion [13, 14].

Flight demonstrations further show that, even with cooperative targets, camera-based

proximity sensors operate under hard visibility constraints. In practice, relative navi-

gation measurements can be intermittent due to �eld-of-view (FOV) limitations, oc-

clusions, unfavorable illumination, or temporary loss of detectable features. These
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effects can lead to time-varying measurement availability and non-Gaussian resid-

uals, which must be handled explicitly to prevent �lter inconsistency or divergence

[15].

For uncooperative targets, the measurement model generally depends on monocular

pose estimation from natural features, edges, or model-based rendering. Comprehen-

sive surveys indicate that robustness is primarily affected by real-image phenomena

such as background clutter, illumination changes, specularities, and feature misasso-

ciation, as well as by limited excitation, which can result in weakly observable direc-

tions in the relative state [16]. Hardware-in-the-loop and cooperative CubeSat dock-

ing studies also emphasize the necessity of robust outlier handling and conservative

covariance modeling when visual features are corrupted or temporarily unavailable

[17]. Collectively, these �ndings motivate �lter designs that respect measurement

availability constraints, such as �eld-of-view or visibility gating, and incorporate ro-

bust update strategies to address faults and outliers while maintaining statistical con-

sistency.

Relation to Perspective-n-Point (PnP) pose estimation. In cooperative settings

with known beacon geometry, an alternative to sequential �ltering is solving the

Perspective-n-Point (PnP) problem at each measurement epoch, using the known

three-dimensional beacon coordinates together with their image observations to di-

rectly estimate the instantaneous relative pose by minimizing a reprojection error

[18, 19]. Robust variants of PnP often employ outlier-rejection strategies, such as

RANSAC-style sampling, to mitigate the effect of misdetections, misassociations, or

spurious measurements [20].

The present work addresses a closely related geometric problem, but with a differ-

ent objective and structure. Rather than estimating only an instantaneous pose from

a single camera frame, the proposed framework performs real-time sequential esti-

mation by combining inertial propagation with intermittent LOS direction updates.

This enables the estimator to maintain a continuous navigation solution through mea-

surement gaps and to estimate additional states that are not naturally produced by

per-frame PnP, including relative translational velocity, gyro-bias terms, and selected

chief orbital parameters. In this sense, robustness is introduced at the �lter-update
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level by adapting the measurement weighting based on innovation consistency statis-

tics, providing an estimation-side analogue to outlier-robusti�cation in per-frame pose

solvers.

1.2.4 Propagation, discretization, and statistical consistency

Both absolute and relative spacecraft estimation require dynamic propagation models,

typically based on orbital mechanics and rigid-body dynamics. Standard references

in aerospace dynamics provide the analytical basis for modeling orbital and relative

motion [21, 22]. In practice, numerical integration is essential for propagating nonlin-

ear dynamics. Classical references on ordinary differential equation solvers discuss

the stability and accuracy of explicit Runge-Kutta methods, the impact of step size,

and error control [23]. Practical notes on orbit simulation further detail common

fourth-order Runge–Kutta implementations in orbital contexts [24].

For stochastic �ltering, a persistent source of inconsistency is the mismatch between

continuous-time process-noise models and their discrete-time equivalents. When the

continuous-time system and noise are assumed to be constant over a sampling in-

terval, the discrete-time process noise covariance can be computed through integrals

involving the matrix exponential. Van Loan's method provides an ef�cient and nu-

merically reliable way to compute these integrals, enabling consistent discretization

of continuous-time noise models in Kalman �ltering [25]. This discretization step is

especially important in attitude estimation, where minor modeling errors in gyro noise

or bias dynamics can result in overcon�dent covariance estimates or �lter divergence.

Estimator credibility relies not only on point accuracy but also on statistical con-

sistency. Classical statistical references provide the basis for hypothesis testing and

innovation-based fault detection [26]. In practice, chi-square thresholds are widely

used to monitor innovation or residual statistics for outlier rejection and fault de-

tection, with tabulated critical values supporting their implementation [27]. This

is closely related to fault-tolerant estimation in �ight control systems. Hajiyev and

Caliskan review diagnosis and recon�guration strategies, while robust Kalman �l-

tering methods explicitly account for measurement faults and sensor degradation

[28, 29]. These themes are particularly relevant for vision-aided navigation, where
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intermittent feature loss, misassociation, or biased image measurements can intro-

duce non-Gaussian errors that violate standard �lter assumptions.

1.2.5 Summary

The literature provides a comprehensive overview of the �eld. Quaternion-based atti-

tude representation is widely adopted, but effective sequential estimation depends on

careful error-state design to avoid singularities and ensure stable linearization [2, 3].

Relative con�guration estimation adds complexity by coupling two-body attitude and

translation states and by introducing observability constraints that are sensitive to ge-

ometry and system excitation [6, 7]. The inclusion of camera measurements requires

explicit integration of calibration and projective geometry into the estimation pipeline

[10, 9, 8], and proximity-operations studies show that vision measurements are often

affected by intermittent availability and outliers that violate standard Gaussian as-

sumptions [15, 16].

1.3 Contributions and Novelties

The main contributions of this thesis may be summarised as follows:

� A camera-aided relative navigation framework based on a multiplicative ex-

tended Kalman �lter (MEKF) is implemented to estimate spacecraft attitude

and relative translational states by fusing inertial propagation with intermittent

line-of-sight (LOS) direction measurements to multiple beacons.

� A robust measurement-update mechanism is integrated into the MEKF using

innovation-based fault detection (NIS/chi-square) and adaptive covariance in-

�ation. Two robust variants are implemented and compared: a single global

scale-factor MEKF and a multi-scale-factor MEKF .

� The proposed estimators are evaluated in representative simulation scenarios,

including nominal (noise-only) conditions and injected directional LOS faults

applied over �nite fault windows. Performance is assessed in terms of esti-

mation accuracy (RMSE) and statistical consistency (NIS), demonstrating the

conditions under which per-beacon scaling provides the strongest fault isolation

8



and recovery.

1.4 The Outline of the Thesis

This thesis is organised into six chapters.

Chapter 1 introduces the problem, motivation, and scope, and summarises the main

contributions of the study.

Chapter 2 presents the background material, including the reference frames, attitude

kinematics, relative motion dynamics, and the camera/LOS measurement model.

Chapter 3 formulates the estimation approach, �rst developing the baseline MEKF

and then introducing the proposed robust MEKF variants and the angular-bias fault

model.

Chapter 4 describes the simulation setup, including scenario de�nition, initial condi-

tions, and sensor modelling for nominal and faulty measurements.

Chapter 5 presents and discusses the results, comparing MEKF, SSF–RMEKF, and

MSF–RMEKF using time histories, �3� bounds, RMSE, and NIS statistics.

Chapter 6 concludes the thesis and outlines future research directions.
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CHAPTER 2

PRELIMINARIES

2.1 Reference Frames

Reference frames provide a means to describe the orientation, position, and velocity

of a rigid body in space. The speci�c reference frames relevant to this thesis are

introduced in the following subsections.

2.1.1 Earth-Centered Inertial Frame

Figure 2.1: Earth–Centered Inertial Reference Frame

An inertial frame is a frame that is non-accelerating and non-rotating (i.e. not moving

or moving with constant velocity). Newton's laws take their simplest form in inertial

frames, and although measurements are resolved in the body frame, quantities such

as ! b
bi denote the angular velocity of B relative to the inertial frame, expressed in

B. The Earth-Centered Inertial (ECI) frame, whose origin coincides with the center

of mass of the Earth, is used widely in space applications and treated as inertial for

the time scales considered here (i.e., neglecting slow precession and nutation effects).

11



ECI frame is illustrated in the Fig. 2.1, and its axes are de�ned as:

� The x-axis is directed toward the vernal equinox, which is the point where the

Sun's path crosses the Celestial equator.

� The z-axis, which is pointed toward the North pole, coincides with the Earth's

rotational axis.

� The y-axis completes the right-handed orthogonal coordinate system.

2.1.2 Spacecraft Body Frame

The spacecraft body frame is �xed to the spacecraft, moving and rotating with the

body, i.e., a vehicle-carried reference frame. Its origin is the spacecraft's center of

gravity. Sensors such as gyroscopes, magnetometers, and sun sensors provide mea-

surements resolved in the body frame. The body frame is demonstrated in the Fig. 2.2.

The axes of the body frame can differ depending on the spacecraft's geometry. The

x-axis is called the roll axis, while the y-axis is called the pitch axis, and the z-axis is

called the yaw axis.

Figure 2.2: Spacecraft Body Frame
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2.1.3 Local Vertical/Local Horizontal Frame

The Local Vertical/Local Horizontal (LVLH) frame is attached to the spacecraft; how-

ever, its axes are conveniently aligned with the instantaneous orbit geometry. It can

function as the local navigation frame for attitude determination and control, partic-

ularly for satellites operating in a nadir-pointing con�guration. The LVLH frame is

demonstrated in the Fig. 2.3, and its axes are de�ned as [1]:

� The y-axis points opposite to the orbital angular momentum direction.

� The z-axis points downward towards the Earth's center; hence, it is nadir point-

ing.

� The x-axis completes the right-handed orthogonal coordinate system, aligning

with the along-track direction (approximately the velocity direction for near-

circular orbits).

Figure 2.3: LVLH and Hill Frames

2.1.4 Hill Frame

Similar to the LVLH frame, the Hill frame is �xed to the spacecraft. It is primarily

used for relative navigation and control purposes. It is also referred to as the Radial–

Transverse–Normal (RTN) frame. The Hill frame is illustrated in the Fig. 2.3, and its

axes are de�ned as follows:

� The x-axis is pointed outward in the spacecraft's radial direction.

� The z-axis points upward, perpendicular to the orbital plane, coinciding with

the angular momentum vector.

� The y-axis completes the right-handed orthogonal coordinate system.

13



2.2 Reference Frame Transformations

Resolving a vector within a speci�c reference frame is necessary to give it physi-

cal meaning. Transforming vectors from one reference frame to another is carried

out using transformation matrices denoted by Axy , where the transformation is from

the frame Y to the frame X. The following subsections describe the transformation

matrices used in this thesis.

2.2.1 Hill Frame to ECI

The axes of the Hill frame are represented in the ECI frame according to their de-

scriptions in Eq. (2.1) where r is the orbital position vector and h = r �_r is the

angular momentum. The transformation matrix from the Hill frame to the ECI frame

constructed with these vectors is given in Eq. (2.2).

ôr =
r

krk

ô� = ôh � ôr

ôh =
r � _r

kr � _rk

(2.1)

A io =
h

ôr ô� ôh

i
(2.2)

2.2.2 Hill Frame to Body Frame

The transformation matrix from the Hill frame to the spacecraft body frame is derived

in Eq. (2.3) using three successive rotations. The angle � corresponds to the �rst

rotation about e3, � corresponds to the second rotation about e2, and  corresponds

to the �nal rotation about e1. This rotation sequence is referred to as the 3–2–1
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rotation.

Abo = A 321(�; �;  ) = A (e 1;  ) A (e 2; �) A (e 3; �)

=

2

6
6
4

1 0 0

0 c s 

0 �s c 

3

7
7
5

2

6
6
4

c� 0 �s�

0 1 0

s� 0 c�

3

7
7
5

2

6
6
4

c� s� 0

�s� c� 0

0 0 1

3

7
7
5

=

2

6
6
4

c�c� c�s� �s�

�c s� + s s�c� c c� + s s�s� s c�

s s� + c s�c� �s c� + c s�s� c c�

3

7
7
5

(2.3)

Relation between the LVLH and Hill frames. The LVLH frame and the Hill (RTN)

frame used for relative motion differ only by a permutation and sign changes of axes.

With Hill frame fOg � ( ôr ; ô� ; ôh) and LVLH frame fLg � ( l̂ 1; l̂ 2; l̂ 3) de�ned by

l̂ 1 = ô� , l̂ 2 = � ôh, andl̂ 3 = � ôr , the transformation from Hill to LVLH is then

A lo =

2

6
6
4

0 1 0

0 0 �1

�1 0 0

3

7
7
5 ; (2.4)

and Aol = A T
lo.

2.3 Attitude Representations

Attitude describes the orientation of one coordinate frame with respect to another.

The following subsections introduce the different ways in which attitude can be rep-

resented.

2.3.1 Direction Cosine Matrix

The direction cosine matrix (DCM), also referred to as the attitude matrix, de�nes

the orientation of one orthonormal reference frame (i.e., with mutually orthogonal

unit basis vectors) with respect to another. Each element of the matrix represents the

cosine of the angle between a pair of basis vectors from the two frames.
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Considering two reference frames B � f̂b1; b̂2; b̂3g and N � f n̂ 1; n̂ 2; n̂ 3g, each

basis vector of B can be expanded in the basis of N as

b̂i =
3X

j=1

�
b̂i � n̂ j

�
n̂ j ; i 2 f1; 2; 3g: (2.5)

Stacking the three relations yields
2

6
6
6
4

b̂1

b̂2

b̂3

3

7
7
7
5

=

2

6
6
4

b̂1 � n̂ 1 b̂1 � n̂ 2 b̂1 � n̂ 3

b̂2 � n̂ 1 b̂2 � n̂ 2 b̂2 � n̂ 3

b̂3 � n̂ 1 b̂3 � n̂ 2 b̂3 � n̂ 3

3

7
7
5

| {z }
A bn

2

6
6
6
4

n̂ 1

n̂ 2

n̂ 3

3

7
7
7
5

: (2.6)

where Abn is the DCM that maps any vector resolved in frame N to frame B. Since

the sets of vectorŝn 1; n̂ 2; n̂ 3 and b̂1; b̂2; b̂3 are unit vectors, their norms are equal

to one. Consequently, each entry of the matrix Abn corresponds to the cosine of the

angle between the associated pair of basis vectors (i.e.,b̂i � n̂ j = k b̂i k kn̂ j k cos � ij =

cos � ij ) . Using this relation, Eq. (2.6) may be written in matrix form as

2

6
6
4

b̂1

b̂2

b̂3

3

7
7
5 =

2

6
6
4

c11 c12 c13

c21 c22 c23

c31 c32 c33

3

7
7
5

2

6
6
4

n̂ 1

n̂ 2

n̂ 3

3

7
7
5 = A bn

2

6
6
4

n̂ 1

n̂ 2

n̂ 3

3

7
7
5 (2.7)

The DCM is commonly referred to as a rotation matrix or a coordinate transforma-

tion matrix, as it provides a mapping between two orthonormal frames. An important

property of Abn is that it is orthogonal, meaning that its transpose reverses the trans-

formation. Hence,

Anb = A �1
bn = A T

bn: (2.8)

Rotations can be combined by multiplying their corresponding DCMs. For example,

the transformation from frame N to frame Z is obtained through

Azn = A zbAbn: (2.9)

2.3.2 Euler Angles

Euler angles provide a widely used method for representing attitude by expressing

the orientation change between two frames as a sequence of three ordered rotations.
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Depending on the selected rotation axes and their order, twelve different Euler angle

sets exist, categorized as symmetric or asymmetric, each with its own characteristics.

Regardless of the set used, this parametrization is subject to singularities because it

relies on three angles; the ambiguity arises in the second rotation angle, occurring

at ��=2 for asymmetric sequences and at 0 or � for symmetric ones. In the general

case where three rotations are required to relate two frames, the �rst rotation may be

taken about any axis, the second about one of the remaining two axes, and the �nal

rotation either repeats the �rst axis (symmetric sequence) or uses the third unused

axis (asymmetric sequence). Each choice leads to a different rotation matrix. For

example, in the 3–2–1 sequence used in this thesis, the rotations proceed about the

third, second, and �rst axes, respectively.

Notation convention. Following [1], the Euler-angle symbols (�; �;  ) are associated

with rotations about axes (3; 2; 1), respectively. This differs from the common aircraft

roll–pitch–yaw labeling in which � denotes the rotation about the 1-axis and  about

the 3-axis. Throughout this thesis, � denotes the rotation about the 3-axis, � about the

2-axis, and  about the 1-axis.

Since Euler angles do not combine linearly, addition or subtraction of rotations is

typically carried out by converting the angles to a DCM, performing the matrix mul-

tiplication, and then converting the resulting DCM back to Euler angles.

A (e3; �) : N ! N 0;

A (e2; �) : N 0 ! N 00;

A (e1;  ) : N 00! B:

(2.10)

2

6
6
6
4

n̂ 0
1

n̂ 0
2

n̂ 0
3

3

7
7
7
5

=

2

6
6
4

cos � sin � 0

� sin � cos � 0

0 0 1

3

7
7
5

2

6
6
6
4

n̂ 1

n̂ 2

n̂ 3

3

7
7
7
5

= A (e 3; �)

2

6
6
6
4

n̂ 1

n̂ 2

n̂ 3

3

7
7
7
5

: (2.11)

2

6
6
6
4

n̂ 00
1

n̂ 00
2

n̂ 00
3

3

7
7
7
5

=

2

6
6
4

cos � 0 � sin �

0 1 0

sin � 0 cos �

3

7
7
5

2

6
6
6
4

n̂ 0
1

n̂ 0
2

n̂ 0
3

3

7
7
7
5

= A (e 2; �)

2

6
6
6
4

n̂ 0
1

n̂ 0
2

n̂ 0
3

3

7
7
7
5

: (2.12)
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2

6
6
6
4

b̂1

b̂2

b̂3

3

7
7
7
5

=

2

6
6
4

1 0 0

0 cos  sin  

0 � sin  cos  

3

7
7
5

2

6
6
6
4

n̂ 00
1

n̂ 00
2

n̂ 00
3

3

7
7
7
5

= A (e 1;  )

2

6
6
6
4

n̂ 00
1

n̂ 00
2

n̂ 00
3

3

7
7
7
5

: (2.13)

where N0 and N00represent intermediate frames introduced during the rotation se-

quence, and �, �, and  are the Euler angles. The direction cosine matrix relating

frame B to frame N, introduced in the previous section, is given by

Abn = A (e 1;  ) A (e 2; �) A (e 3; �) (2.8)

Using the abbreviations c� = cos � and s� = sin �, the matrix Abn can be rewritten as

Abn =

2

6
6
4

c�c� c�s� �s�

�c s� + s s�c� c c� + s s�s� s c�

s s� + c s�c� �s c� + c s�s� c c�

3

7
7
5 (2.14)

2.3.3 Quaternion

Figure 2.4: Euler Axis and Euler Angle

The quaternion is another attitude representation that can be de�ned in terms of the

Euler axis e and the rotation angle # shown in Fig. 2.4 [1]. It is represented as a

vector with four components, as follows:

q =

2

4 %

q4

3

5 (2.15)
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where
% =

h
q1 q2 q3

i T
= e sin(#=2);

q4 = cos(#=2).
(2.16)

It should be noted that the quaternion obeys the unit-norm constraint, i.e. kqk = 1.

Two consecutive rotations can be represented by the product of the associated quater-

nions. The de�nition of quaternion multiplication is essential for implementing these

rotations.

�q 
 q =

2

4
q4 �% + �q4% � �% � %

�q 4q4 � �% � %

3

5 ; (2.17)

�q � q =

2

4
q4 �% + �q4% + �% � %

�q 4q4 � �% � %

3

5 : (2.18)

Remark. These de�nitions differ only in the sign of the cross product term, from

which it follows that

�q 
 q = q � �q: (2.19)

Multiplying a quaternion by its inverse produces the unit quaternion, Iq = [ 0 0 0 1 ]T ,

as shown in Eq. (2.20), since the inverse of a quaternion describes the rotation that

cancels the original rotation.

q 
 q �1 = I q (2.20)

The inverse of a quaternion is de�ned in Eq. (2.21),

q�1 =
q�

kqk2
(2.21)

where q� is the conjugate of the quaternion obtained as follows.

q� =

2

4�%

q4

3

5 (2.22)

2.4 Transformation Between Attitude Representations

Different attitude representations may be employed within a study to leverage the

strengths of each. When multiple parametrizations are used, conversion between them

becomes necessary. This subsection outlines the transformations between attitude

representations implemented in this thesis.
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2.4.1 Quaternion to DCM

The attitude matrix can be expressed in terms of the quaternion as follows:

A(q) =
�
q2

4 � k%k 2
�

I 3 + 2%%T � 2q 4[%�]

=

2

6
6
6
6
4

q2
1 � q 2

2 � q 2
3 + q2

4 2(q1q2 + q3q4) 2(q1q3 � q 2q4)

2(q2q1 � q 3q4) �q 2
1 + q2

2 � q 2
3 + q2

4 2(q2q3 + q1q4)

2(q3q1 + q2q4) 2(q3q2 � q 1q4) �q 2
1 � q 2

2 + q2
3 + q2

4

3

7
7
7
7
5

(2.23)

The transformation from quaternion to DCM can also be conducted by implementing

two 4 � 3 matrices �(q) and 	(q).

A(q) = � T (q)	(q) (2.24)

where

�(q) =

2

4 q4I 3 + [%�]

�% T

3

5

	(q) =

2

4 q4I 3 � [%�]

�% T

3

5

(2.25)

Furthermore, the cross product matrix [%�] is de�ned as:

[%�] =

2

6
6
4

0 �%3 %2

%3 0 �%1

�% 2 %1 0

3

7
7
5 (2.26)

2.4.2 DCM to Euler Angles

The attitude matrix obtained from 3-2-1 rotations are given in Eq. (2.14). The Euler

angles can be extracted from this DCM using its components aij :

� � = atan2(a 12; a11)

� � = arcsin(�a 13)

�  = atan2(a 23; a33)

Here, atan2(�) returns an angle in (��; �], and arcsin(�) returns an angle in
�
� �

2 ; �
2

�
.

Moreover, the 3–2–1 parametrization is singular at � = ��
2 (gimbal lock), where �

and  are not uniquely de�ned.
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2.5 Relative Attitude Kinematics

The quaternion time derivative is de�ned as

_q(t) = lim
�t!0

q(t + �t) � q(t)
�t

: (2.27)

The angular rate (or angular velocity) vector is similarly de�ned as

!(t) � lim
�t!0

�#
�t

(2.28)

where # a small incremental rotation vector. For a small time step, this incremental

rotation may be applied to the current quaternion as [3]

q(t + �t) = �q(�#) 
 q(t); �q(�#) , exp
�

1
2

�#
�

; (2.29)

where exp(�) denotes the quaternion exponential map. Substituting this expression

into the limit de�nition and letting �t ! 0 yields

_q(t) =
1
2

[!(t)
]q(t) =
1
2

!(t) 
 q(t) =
1
2


(!(t)) q(t) (2.30)

The quaternion kinematics equation implemented in this thesis is then obtained and

given in Eq. (2.31). For compactness, the explicit time dependence (t) is omitted:

_q =
1
2


(!)q =
1
2

�(q)!; (2.31)

where


(!) �

2

4 � [!�] !

�! T 0

3

5 ;

�(q) �

2

4 q4I 3 + [q 1:3�]

�q T
1:3

3

5 :

(2.32)

Considering two spacecraft in a formation, the relative attitude quaternion of the

deputy with respect to the chief, �q, will be obtained via quaternion multiplication.

�q = q d 
 q �1
c (2.33)

where qc represents the chief's attitude quaternion, and qd represents the deputy's

attitude quaternion. The corresponding relative attitude kinematics are then given in

Eq. (2.34).

� _q =
1
2

�(�q)! d
dc (2.34)
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where ! d
dc denotes the angular velocity of the deputy relative to the chief, expressed

in the deputy body frame. With !d � ! d
di and ! c � ! c

ci ,

! d
dc = ! d

di � A(�q) ! c
ci : (2.35)

2.6 Orbital Elements

Classical orbital elements (shown in Fig. 2.5 [22])provide a widely used parametriza-

tion for characterizing a Keplerian orbit by de�ning its geometry, spatial orientation,

and the spacecraft's location within the orbit. In the following subsections, these

orbital elements are introduced.

Figure 2.5: Classical Orbital Elements

2.6.1 Semi-major Axis

The semi-major axis a de�nes the size of the Keplerian orbit. For an elliptical trajec-

tory, it corresponds to longest radius of the ellipse. It is directly related to the speci�c

mechanical energy,

" = �
�
2a

; (2.36)

where � is the gravitational parameter of the central body. Larger values of a corre-

spond to higher orbital altitudes and less negative orbital energies.

22



2.6.2 Eccentricity

The eccentricity e characterizes the shape of the orbit and its deviation from circular

shape. It is computed from the eccentricity vector,

e =
_r � (r � _r)

�
�

r
r

; (2.37)

The eccentricity is the norm of the eccentricity vector.

e = kek: (2.38)

The orbit is classi�ed according to the values of e as:

� e = 0 (circular),

� 0 < e < 1 (elliptical),

� e = 1 (parabolic),

� e > 1 (hyperbolic).

2.6.3 Inclination

The inclination i is the tilt of the orbital plane with respect to the reference plane. It is

de�ned as the angle between the orbital angular momentum vector (h = r �_r) and

the reference-plane normalk̂:

i = cos�1

 
h � k̂
khk

!

: (2.39)

2.6.4 Right Ascension of the Ascending Node

The right ascension of the ascending node (RAAN) denoted by 
, speci�es the rota-

tion of the orbital plane about the reference axis. It is measured from the reference

x-axis to the ascending node. De�ning the ascending node vector

n = k̂ � h; (2.40)

the RAAN is obtained as


 = atan2(n y; nx ): (2.41)
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2.6.5 Argument of Periapsis

The argument of periapsis ! de�nes the orientation of the orbit within the orbital

plane. It is the angle between the ascending node vector and the eccentricity vector:

! = atan2

 
e � (k̂ � n)

knk
;

e � n
knk

!

: (2.42)

2.6.6 True Anomaly

The true anomaly � speci�es the spacecraft's position in its orbit. It is de�ned as the

angle between the eccentricity vector and the position vector r: Letĥ , h=khk. The

true anomaly � is computed as

� = atan2
�

ĥ � (e � r); e � r
�

: (2.43)

For an elliptical orbit, the range of true anomaly is � 2 [0; 2�), and it uniquely

determines the orbital position.

2.7 Relative Orbital Dynamics

The relative motion of two spacecraft is expressed in the Hill frame de�ned in Sec-

tion 2.1.4. Figure 2.6 illustrates the con�guration of a chief spacecraft and a deputy

spacecraft, along with the Hill frame whose origin is �xed at the chief.

For Keplerian motion and in the absence of disturbances, the relative equations of

motion are given in Eq. (2.44) [21] where the relative position vector � = (x; y; z)T

is resolved in the Hill Frame.

•x � 2 _�
�

_y � y
_rc
r c

�
� x _� 2 �

�
r 2

c
= �

�
r 3

d

(r c + x)

•y + 2 _�
�

_x � x
_rc
r c

�
� y _� 2 = �

�
r 3

d

y

•z = �
�
r 3

d

z

(2.44)
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Figure 2.6: Relative Formation

Assuming that the separation between the spacecraft is much smaller than the chief's

orbital radius, the equations are linearised as

•x � x
�

_�2 + 2
�
r 3

c

�
� y•� � 2 _y _� = 0;

•y + x•� + 2 _x _� � y
�

_�2 �
�
r 3

c

�
= 0;

•z +
�
r 3

c
z = 0:

(2.45)

The true anomaly acceleration and chief orbit-radius acceleration are given by [6]

•� = �2
_rc
r c

_�; (2.46a)

•r c = r c _�2
�

1 �
r c

p

�
; (2.46b)

where p = h2=� is de�ned as the semilatus rectum of the orbit.

When the chief spacecraft is in a circular orbit, _rc = 0 and _� = n, the equations

become the well-known Clohessy-Wiltshire (CW) equations:

•x � 2n _y � 3n 2x = 0

•y + 2n _x = 0

•z + n 2z = 0

(2.47)

where

n =
r

�
a3

c
(2.48)
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is the mean motion.

In the presence of zero-mean Gaussian acceleration disturbances !x ; ! y; ! z, Equa-

tion (2.44) becomes [6]:

•x � x _� 2

�
1 + 2

r c

p

�
� 2 _�

�
_y � y

_rc
r c

�
= ! x ;

•y + 2 _�
�

_x � x
_rc
r c

�
� y _� 2

�
1 �

r c

p

�
= ! y;

•z + z _� 2 r c

p
= ! z:

(2.49)

2.8 Geometric Concepts

Vision–based attitude estimation is inherently geometric: objects or �ducial beacons

are observed in the image, and these observations are related to three–dimensional

directions through a perspective projection model. This section introduces the co-

ordinate frames and the ideal pinhole projection model used throughout the thesis,

together with the intrinsic calibration matrix that maps camera–frame coordinates to

homogeneous image-plane coordinates (up to scale).

2.8.1 Coordinate Frames and Image Measurements

Camera frame fcamg. The camera frame has its origin at the camera centre. Its

axes (Xcam ; Ycam ; Zcam) form a right–handed orthogonal coordinate system. The

Zcam–axis is aligned with the principal (optical) axis of the camera, Ycam points up-

ward, and Xcam completes the triad, as illustrated in Fig. 2.7 [9]. A point P expressed

in camera coordinates is written as

r cam =

2

6
6
4

X

Y

Z

3

7
7
5 ; Z > 0; (2.50)

where Z denotes the distance from the camera centre along the optical axis.

Image frame fimg. The image frame is a two-dimensional coordinate system at-

tached to the image plane. In this thesis, Xim points to the right and Yim upward. The
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Figure 2.7: Pinhole camera geometry and coordinate conventions

origin of fimg is chosen at the principal point p, i.e., the intersection of the principal

axis with the image plane, and an image coordinate is denoted by rim = [ x y ] T .

For completeness, a general image-plane coordinate system may be de�ned with an

arbitrary origin; in that case the principal point has coordinates (px ; py) in the cho-

sen image coordinates. With the present convention (origin at the principal point),

px = p y = 0.

Pixel coordinates. Image measurements are ultimately available as discrete pixel

indices. Let (u; v) denote pixel coordinates, with u increasing to the right and v

increasing downward, as is standard in digital images. The pixel and image-plane

coordinate descriptions are related by the af�ne mapping

u =
x
sx

+ cx ; v = �
y
sy

+ cy; (2.51)

where sx and sy are the pixel pitches (m/pixel), and (cx ; cy) are the pixel coordinates

of the principal point. Pixel coordinates are not used in the subsequent developments;

(2.51) is included for completeness.

2.8.2 Pinhole Camera Model (Perspective Projection)

In the ideal pinhole model, the camera is represented as a central projection from

the camera centre onto an image plane located at distance f (the focal length) along

the Zcam–axis. For a point rcam = [ X Y Z ] T , the corresponding image-plane

coordinates satisfy

x =
fX
Z

+ p x ; y =
fY
Z

+ p y; (2.52)
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where (px ; py) denote the coordinates of the principal point in a general image-plane

coordinate system. Under the image-frame convention adopted in this thesis (origin

at the principal point), px = p y = 0, and Eq. (2.52) reduces to x = fX=Z and

y = fY=Z. In (2.52), (x; y), (px ; py), and f are expressed in the same metric units on

the image plane (e.g., meters).

It is convenient to express the projection in homogeneous coordinates. De�ne

~r cam =

2

6
6
6
6
6
4

X

Y

Z

1

3

7
7
7
7
7
5

; ~r im =

2

6
6
4

x

y

1

3

7
7
5 : (2.53)

The intrinsic calibration matrix K 2 R3�3 encodes the focal length and the principal-

point offset in the chosen image coordinates [9]:

K =

2

6
6
4

f 0 px

0 f py

0 0 1

3

7
7
5 : (2.54)

To keep K as a purely intrinsic 3 � 3 matrix, the 3 � 4 embedding matrix [I j 0] is

introduced explicitly, giving

� ~r im = K [I j 0] ~r cam ; � = Z; (2.55)

which expands to 2

6
6
4

x

y

1

3

7
7
5 =

1
Z

2

6
6
4

fX + Zp x

fY + Zp y

Z

3

7
7
5 : (2.56)

Normalizing by the third component recovers the perspective projection in (2.52).

Under the image-frame convention used in this thesis (origin at the principal point),

px = p y = 0 and the matrix in Eq. (2.54) reduces accordingly.

Lens distortion is neglected in this thesis, under the assumption of a suf�ciently nar-

row �eld-of-view and that any residual distortion has been compensated through prior

off-line calibration.
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CHAPTER 3

ROBUST VISION-BASED RELATIVE ATTITUDE AND POSITION

ESTIMATION

3.1 Attitude Estimation

Attitude estimation is a stochastic state-estimation problem that is solved by imple-

menting Kalman �ltering techniques. In this sense, the spacecraft attitude and sensor

biases are modeled as the system state, while gyroscopes and attitude sensors provide

noisy measurements. The Kalman �lter then combines the dynamic model with these

measurements to produce an optimal estimate of the attitude and its uncertainty. This

section brie�y introduces the Kalman Filter (KF) and the Extended Kalman Filter

(EKF), then explains the Multiplicative Extended Kalman Filter (MEKF) used in this

thesis.

3.1.1 Kalman Filter

Many physical processes evolve in continuous time but are observed at discrete sam-

pling instants by digital sensors. This leads to the continuous–discrete Kalman �lter

formulation [1].

_x(t) = F (t) x(t) + B(t) u(t) + G(t) w(t); (3.1a)

~y k = H kx k + v k ; (3.1b)

where x(t) is the n � 1 state vector of the system and u(t) is the p � 1 deterministic

control input vector, the n � n matrix F (t) denotes the system (state) matrix that

models how system dynamics evolve in time, and the n � p matrix B(t) represents

the input matrix that models the effect of inputs on the system dynamics. Moreover,
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the s � 1 vector w(t) is called the process noise, which is a zero-mean, Gaussian

white noise with known spectral densities, arranged in an s � s matrix Q(t) such that

E
�

w(t) w T (� )
	

= Q(t) �(t � � ); (3.2)

where �(t � � ) denotes the Dirac delta function. The n � s matrix G(t) distributes

the components of the process noise to the corresponding terms in the state dynamics.

Thus, the product G(t) w(t) represents the stochastic effect of unmodeled dynamics

on the system.

In Eq. (3.1), ~yk denotes the m � 1 measurement (observation) vector, and Hk is the

m � n measurement matrix that relates the system states with the observations. The

term vk accounts for random measurement errors and is modeled as an m � 1 vector

of zero-mean, white Gaussian noise with known covariance Rk 2 Rm�m and no

correlation with the process noise:

E
�

v k vT
j

	
= R k � kj ; (3.3)

where �kj denotes the Kronecker delta.

The continuous–discrete KF is initialized with an initial state estimatex̂(t 0), and an

initial state error covariance P0 which is the expectation of the difference between the

estimated and true states such that

P0 = E
�

~x(t 0) ~x T (t 0)
	

; (3.4a)

~x(t) , x̂(t) � x(t): (3.4b)

The KF propagates the initial state estimate and its associated covariance forward in

time until the next measurement becomes available. This time propagation is carried

out by numerically integrating

_̂x(t) = F (t) x̂(t) + B(t) u(t); (3.5a)

_P(t) = F (t) P (t) + P (t) F T (t) + G(t) Q(t) G T (t); (3.5b)

which yields the a priori state estimatêx �
k and covariance P�k at the measurement

time tk . When a measurement is obtained, the n � m discrete Kalman gain Kk is

calculated to updatêx �
k :

K k = P �
k H T

k

�
HkP �

k H T
k + R k

� �1
: (3.6)
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The a priori state estimate and its covariance are updated with standard discrete–time

updates to obtain the a posteriori state estimate,x̂ +
k , and covariance, P+k , such that

x̂ +
k = x̂ �

k + K k
�
~y k � H k x̂ �

k

�
; (3.7a)

P+
k =

�
I n�n � K kHk

�
P �

k ; (3.7b)

In Eq. (3.7) the term (~yk � H k x̂ �
k ) is known as the innovation ek . The posteriori

state estimate is then used as initial condition in the next time step. This process is

illustrated in Fig. (3.1).

Figure 3.1: Kalman Filter Flow Chart

3.1.2 Extended Kalman Filter

Many estimation problems, such as spacecraft attitude estimation, involve nonlinear

system dynamics or measurement models. In these situations, the linear Kalman

�lter formulation presented in Eq. (3.1) is not applicable. The extended Kalman �lter

(EKF) addresses this by linearizing the nonlinear models around the current estimate

and applying the Kalman �lter to the resulting locally linear representation.

The continuous nonlinear system with discrete measurements is written as [1]

_x(t) =f
�
x(t); u(t); t

�
+ G(t) w(t); (3.8a)

~y k = h k(x k) + v k ; (3.8b)
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where f (�) describes the nonlinear state dynamics and hk(�) maps the state to the

measurement space. The process noise w(t) and measurement noise vk have the

same properties de�ned in the previous subsection.

Around the current estimatêx(t), the nonlinear functions are approximated using

�rst–order Taylor expansion. This introduces the Jacobian matrices

F (t) =
@f
@x

�
�
�
�
x̂(t); u(t)

; Hk(x̂ �
k ) =

@h
@x

�
�
�
�
x̂ �

k ; t k

;

which play the same role as the system and measurement matrices in the linear

Kalman �lter. By utilising these Jacobians, the EKF prediction step is formulated

by substituting the linear dynamics in Eq. (3.1) with the nonlinear model f (�):

_̂x(t) = f
�
x̂(t); u(t); t

�
; (3.9a)

_P(t) = F (t) P (t) + P (t) F T (t) + G(t) Q(t) G T (t); (3.9b)

which yields the a priori state estimatêx �
k and covariance P�k at the measurement

time tk , as in the linear case.

When a measurement ~yk is available, the innovation is formed using the nonlinear

measurement function,

ek = ~y k � h k
�
x̂ �

k

�
; (3.10)

and the Kalman gain is computed with the linearized measurement matrix Hk ,

K k = P �
k H T

k (x̂ �
k )

�
Hk(x̂ �

k )P �
k H T

k (x̂ �
k ) + R k

� �1
: (3.11)

The posteriori state estimate and covariance are then updated with Eq. (3.12).

x̂ +
k = x̂ �

k + K k
�
~y k � h k

�
x̂ �

k

��
; (3.12a)

P+
k =

�
I n�n � K kHk

�
x̂ �

k

��
P �

k ; (3.12b)

Thus, the EKF retains the same algebraic structure as the continuous–discrete Kalman

�lter illustrated in Fig. (3.1), but the matrices F (t) and Hk are recomputed at each

step from the Jacobians of the nonlinear dynamics and measurement models.

3.1.3 Multiplicative Quaternion Error Formulation

In attitude estimation problems, the quaternion q is often selected for attitude rep-

resentation because it avoids singularities. A common approach with the Extended
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Kalman Filter (EKF) is to model the quaternion as a four-component state and apply

an additive correction during the update step:

q̂+ = q̂� + �q:

This process is followed by explicit renormalization to enforce the unit-norm con-

straint k̂q+ k = 1. However, this approach is not very natural, since a valid attitude

quaternion must always satisfy the unit-norm constraint, and its components are not

independent. A purely additive correction does not suit this constraint or the �lter's

covariance structure. As noted in [2], it is more convenient to describe the attitude er-

ror as a three-parameter vector and update the estimated quaternion multiplicatively.

This idea forms the basis for the multiplicative quaternion error formulation used in

this thesis.

Let q denote the true attitude quaternion andq̂ the estimated quaternion. The attitude

error is de�ned multiplicatively as

�q = q̂�1 
 q; (3.13)

where 
 denotes quaternion multiplication. If̂q = q, then the error is the iden-

tity quaternion �q = [ 0 0 0 1 ]T . By de�nition, �q is also a unit quaternion, so

normalization is automatically preserved.

The quaternion kinematics are given in Eq. (2.31) as

_q =
1
2


(!) q; (3.14)

where ! is the true angular velocity expressed in the body frame and 
(!) is the

4 � 4 angular–rate matrix. The estimated quaternion obeys

_̂q =
1
2


( !̂) q̂; (3.15)

where!̂ is the angular rate used in the �lter which is calculated from gyro measure-

ments and bias estimates.

By differentiating the error de�nition (3.13) and substituting the kinematic equations

for q andq̂, one obtains an evolution equation for �q that depends on both ! and!̂

(see, for example, [1, 2]). For Kalman �ltering, it is more practical to work with a
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three–dimensional attitude–error vector. For small attitude errors, the error quaternion

can be de�ned in terms of a small rotation vector �� 2 R3 as

�q �

2

4
1
2 ��

1

3

5 ; (3.16)

which corresponds to a rotation of magnitude k��k about the direction ��=k��k.

By assuming the true quaternion is close to the estimated quaternion, the scalar com-

ponent of the error quaternion remains near 1. Therefore, only the three-vector com-

ponent needs to be estimated. Moreover, components of �� correspond to roll, pitch,

and yaw error angles with small angle assumption for any rotation sequence [1].

Substituting (3.16) into the error–quaternion kinematics and retaining only �rst–order

terms in �� yields the linearized attitude–error dynamics

� _� = �
�
!̂�

�
�� + �!; (3.17)

where �! , ! � !̂ is the error angular velocity, and [̂!�] is the skew–symmetric

cross–product matrix associated with!̂.

3.1.4 Multiplicative Extended Kalman Filter

The multiplicative extended Kalman �lter (MEKF) is an EKF formulation that em-

ploys quaternions for nominal attitude representation, while the �lter operates on a

three-parameter attitude-error vector. This approach preserves the unit-norm con-

straint of the quaternion, and expresses the linear error dynamics in terms of a mini-

mal attitude parameterization [1, 2].

3.1.4.1 State and Process Model

For a single spacecraft, the nominal states relevant to attitude estimation are taken as

the attitude quaternion̂q and the gyro bias estimatê�. The gyro measurement model

is written as

~!(t) = !(t) + �(t) + � v(t); (3.18a)

_�(t) = � u(t); (3.18b)
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where~! is the measured angular rate, ! is the true angular rate, � is the gyro bias, and

� v(t) and � u(t) are zero–mean white–noise processes with known spectral densities

� 2
v I 3�3 and � 2

uI 3�3 , respectively.

The estimated bias is extracted from the measurement as

!̂(t) = ~!(t) � �̂(t) (3.19)

in the quaternion kinematics de�ned in Eq. (2.31),

_̂q(t) = 1
2 


�
!̂(t)

�
q̂(t): (3.20)

The MEKF does not includêq in the linear �lter state. Instead, it uses the multi-

plicative error quaternion �q de�ned in Eq. (3.13), and represents this error using the

small rotation vector �� introduced in Eq. (3.16). The error–state vector is de�ned as

follows:

�x =
h
�� T �� T

i T
; �� , � � �̂: (3.21)

Starting from the linearized attitude–error dynamics in Eq. (3.17),

� _� = �
�
!̂�

�
�� + �!; (3.22)

and using the gyro model (3.18),

�! = ! � !̂ = �
�
�� + � v

�
;

Eq. (3.23) is obtained:

� _� = �
�
!̂�

�
�� � �� � � v; (3.23a)

� _� = � u: (3.23b)

These equations can be written in the standard linear form

� _x(t) = F (t) �x(t) + G(t) w(t); (3.24)

with

w(t) =
h
� T

v (t) � T
u (t)

i T
; (3.25)
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and

F(t) =

2

4�
�
!̂(t)�

�
�I 3�3

03�3 03�3

3

5 ; G(t) =

2

4�I 3�3 03�3

03�3 I 3�3

3

5 ; (3.26)

and process noise covariance

E
�

w(t) w T (� )
	

= Q(t) �(t � � ); Q(t) =

2

4� 2
v I 3�3 03�3

03�3 � 2
u I 3�3

3

5 ; (3.27)

following [1]. Between measurements, the MEKF therefore propagates the error co-

variance by integrating

_P(t) = F (t) P (t) + P (t) F T (t) + G(t) Q(t) G T (t): (3.28)

3.1.4.2 Measurement Model and Update

Most attitude sensors provide unit-vector observations expressed in the body frame.

These vectors can be expressed in a known reference frame. Let ri be a known unit

vector in the inertial frame, while bi represents the corresponding unit vector in the

body frame. The relationship between these vectors is given as follows:

bi = A(q) r i ; (3.29)

where A(q) is the attitude matrix associated with the true quaternion. The actual

measurement is written as
~bi;k = b i;k + v i;k ; (3.30)

with v i;k zero–mean measurement noise. The predicted measurement based on the

estimated attitude is

b̂i;k = A
�
q̂�

k

�
r i : (3.31)

Using the small-angle approximation for the error attitude, A(q) � A(q̂)
�
I 3�3 �

(���)
�
, the measurement residual for the i-th vector can be linearized as [1]

~bi;k � b̂i;k �
�
A( q̂�

k ) r i �
�

�� k + v i;k : (3.32)

For N independent vector measurements at time tk , the stacked measurement model

becomes

~y k = h k(x k) + v k ; (3.33)
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with innovation

ek = ~y k � h k
�
x̂ �

k

�
; (3.34)

and linearized sensitivity matrix

Hk(x̂ �
k ) =

2

6
6
6
6
6
4

�
A( q̂�

k ) r 1�
�

03�3
�
A( q̂�

k ) r 2�
�

03�3
...

...
�
A( q̂�

k ) r N �
�

03�3

3

7
7
7
7
7
5

: (3.35)

The Kalman gain and error–state update are calculated as

K k = P �
k H T

k (x̂ �
k )

�
Hk(x̂ �

k )P �
k H T

k (x̂ �
k ) + R k

� �1
; (3.36a)

� x̂ +
k = K k ek ; (3.36b)

where Rk is the measurement noise covariance for the vector measurements.

The �rst three components of �̂x +
k give the attitude–error estimate ��̂ k . Using

the small–angle representation in Eq. (3.16), this vector is converted to a correction

quaternion

� q̂k �

2

4
1
2 � �̂ k

1

3

5 ; (3.37)

and applied multiplicatively to the predicted quaternion,

q̂+
k = � q̂k 
 q̂�

k : (3.38)

Using the quaternion multiplication matrix �(�) introduced in Eq. (2.31), this update

can also be written, to �rst order, as

q̂+
k = q̂�

k + 1
2 �

�
q̂�

k

�
� �̂ k ; (3.39)

which makes the connection with a standard additive correction. Afterwards,q̂+
k

is renormalized to enforce the unit–norm constraint. The bias estimate is updated

additively,

�̂
+
k = �̂

�
k + � �̂ k ; (3.40)

and the covariance is updated using the standard Kalman formula

P+
k =

�
I � K kHk(x̂ �

k )
�

P �
k : (3.41)
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After the correction step, the error state is reset to zero, and the updated nominal state

x̂ +
k and covariance P+k serve as the initial conditions for the next propagation interval.

This procedure de�nes the classical MEKF for attitude and gyro–bias estimation.

3.1.5 Discrete-Time MEKF Implementation

The error-state MEKF derived in the previous subsection is formulated in continuous

time as

� _x(t) = F (t) �x(t) + G(t) w(t); (3.42)

with continuous-time process-noise spectral density matrix Qc de�ned by

E
�

w(t) w T (� )
	

= Q c �(t � � ): (3.43)

In practice, the �lter operates at discrete sampling instants tk = k�t, where the

sampling period �t is approximately constant. To avoid numerically integrating the

covariance differential equation at each step, it is useful to convert the continuous-

time model to an equivalent discrete-time form

�x �
k+1 = � k �x +

k + w k ; E
�

w k w T
k

	
= Q k ; (3.44)

where � k is the state–transition matrix that maps the states at time instant tk to the

states at tk+1 , and Qk is the discrete-time process-noise covariance over the interval

[tk ; tk+1 ].

Following the van Loan method [25] as presented in [6], the matrices �k and Qk are

derived from the matrix exponential of an augmented system. The matrices F (t),

G(t), and Qc are held constant over the interval at their values at tk , resulting in the

following 12 � 12 block matrix

A k =

2

4�F k GkQcGT
k

0 FT
k

3

5 �t; (3.45)

where Fk , F (t k) and Gk , G(t k). The matrix exponential

Bk = eA k �

2

4B11;k B12;k

0 B22;k

3

5 (3.46)
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is then computed numerically. The state–transition matrix and discrete process-noise

covariance are given by [6]

� k = B T
22;k; (3.47a)

Qk = � k B12;k: (3.47b)

If the sampling period �t is suf�ciently small, the simpler approximation

Qk � �t G kQcGT
k (3.48)

provides a good estimate of the discrete covariance.

Using (3.47), the MEKF covariance propagation between measurements is carried

out in discrete time as

P �
k+1 = � k P+

k � T
k + Q k : (3.49)

Because the error state is reset to zero after each update, the error-state prediction is

simply

� x̂ �
k+1 = � k � x̂ +

k = 0; (3.50)

since � x̂ +
k = 0 after the update. The measurement update at time tk+1 then follows

the MEKF equations in the previous subsection, with P�
k+1 as the a priori covariance

and the quaternion/bias corrections applied to the nominal states.

Discrete Quaternion Propagation

The continuous–time quaternion kinematics were given in Eq. (2.31) as

_q(t) = 1
2 


�
!(t)

�
q(t); (3.51)

where 
(!) is the 4 � 4 rate matrix. Over a sampling interval [tk ; tk+1 ] we assume

that the bias–compensated angular rate

!̂ +
k = ~! k � �̂

+
k (3.52)

is constant. The exact solution of the kinematics is then

q̂�
k+1 = exp

�
1
2 


�
!̂ +

k

�
�t

�
q̂+

k ; (3.53)

so the problem reduces to evaluating this matrix exponential.
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Using the power–series expansion of the exponential, it can be shown (see [1]) that

exp
�

1
2 
( !̂) t

�
= I 4�4 cos

�
1
2k!̂kt

�
+ 
( !̂)

sin
�

1
2k!̂kt

�

k!̂k
: (3.54)

The exponential can be expressed in block form by setting t = �t as

exp
�

1
2 


�
!̂ +

k

�
�t

�
=

2

4
cos

�
1
2




 !̂ +

k




 �t

�
I 3�3 �

�
 ̂

+
k �

�
 ̂

+
k

�  ̂
+T
k cos

�
1
2




 !̂ +

k




 �t

�

3

5 ; (3.55)

where

 ̂
+
k �

sin
�

1
2




 !̂ +

k




 �t

�




 !̂ +

k




 !̂ +

k : (3.56)

Numerical note. When k̂! +
k k�t � 1, the factor sin(x)=x (with x = 1

2k!̂ +
k k�t) is

evaluated using its series limit sin(x)=x � 1 for numerical stability.

For convenience, we de�ne the 4 � 4 matrix

�

�
!̂ +

k

�
�

2

4
cos

�
1
2




 !̂ +

k




 �t

�
I 3�3 �

�
 ̂

+
k �

�
 ̂

+
k

�  ̂
+T
k cos

�
1
2




 !̂ +

k




 �t

�

3

5 ; (3.57)

so that the discrete quaternion propagation law can be written compactly as

q̂�
k+1 = �


�
!̂ +

k

�
q̂+

k : (3.58)

In implementation,̂q�
k+1 is renormalized after propagation to enforce the unit–norm

constraint.

3.1.6 Visual Navigation System

The attitude �lter uses line-of-sight (LOS) unit vectors provided by a monocular cam-

era rigidly mounted on the deputy spacecraft; hence, the camera frame is assumed to

be coincident with the deputy body frame. In each image, a set of active light sources

(beacons) mounted on the chief spacecraft body (Fig. 4.5) is detected. The detec-

tor outputs pixel coordinates for each beacon, which are �rst mapped to calibrated

image-plane coordinates by principal-point correction and intrinsic calibration (with

lens distortion assumed to be compensated of�ine). Each calibrated image measure-

ment is then back-projected through the pinhole model from the camera optical center

to obtain a bearing direction. Normalizing this bearing direction yields a unit LOS
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Figure 3.2: Chief Satellite Frame and Beacons

vector expressed in the camera/deputy frame, which is used as a vector observation

in the MEKF measurement model. This subsection details the construction of these

LOS vectors and the associated measurement-noise model.

Camera Geometry and Collinearity Equations

Let the known position of the ith beacon be pi = [ X i Yi Z i ]T , expressed in the

chief-centered Hill frame (object–space) fCg . The camera (optical) center is located

at the deputy spacecraft origin, and its position relative to the chief is the relative-

position vector � = [ x y z ]T expressed in the same Hill frame. The camera frame

is rigidly �xed to the deputy body and is assumed coincident with the deputy body

frame fDg, with its z–axis aligned with the optical axis (boresight). Under the ideal

pinhole model, the mapping from object–space to image–space coordinates can be

written as [8]:

� i = � f
A11(X i � x) + A 12(Yi � y) + A 13(Z i � z)
A31(X i � x) + A 32(Yi � y) + A 33(Z i � z)

; (3.59a)


 i = � f
A21(X i � x) + A 22(Yi � y) + A 23(Z i � z)
A31(X i � x) + A 32(Yi � y) + A 33(Z i � z)

; (3.59b)

where (� i ; 
 i ) are the image-plane coordinates of the beacon, f is the focal length,

and A = [A jk ] is the attitude matrix that maps the vectors from the object frame to the

camera (deputy) frame constructed from the relative attitude quaternion in Eq. (2.33)

as in Section 2.4.1.
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Sign convention. Following the photogrammetry collinearity equations, the image

plane is taken at z = �f , which introduces the leading minus signs in (3.59) and

yields the ray direction [�� i ; �
 i ; f ] T .

In practice, the detector provides pixel coordinates (ui ; vi ) for each beacon. After

subtracting the principal point and applying the standard intrinsic calibration (focal

length and pixel scale), these pixel coordinates are converted to (�i ; 
 i ) in Eq. (3.59)

[9, 10]. Lens distortion is neglected in the present work.

The LOS vector geometry in addition to chief and deputy satellite frames is illustrated

in Fig (3.3).

Figure 3.3: Deputy and Chief Frames, Image Plane

Unit Line-of-Sight Vectors

To obtain LOS vectors, each image measurement is converted into a unit vector in the

camera frame. For an ideal pinhole camera, the ray passing through (�i ; 
 i ) on the im-

age plane has direction proportional to [��i ; �
 i ; f ] T (consistent with the sign con-

vention adopted in Section 3.1.4.2). Here, (�i ; 
 i ) denote principal-point–corrected

image-plane coordinates expressed in the same units as f . Hence, the corresponding

unit vector is [6]
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; i = 1; 2; : : : ; N k ; (3.60)

where Nk is the number of available LOS measurements at time tk . The vector bi

is expressed in the camera frame, which is assumed aligned with the deputy body

frame; therefore, it is directly compatible with the body-frame LOS notation used in

Section 3.1.4.2. Under ideal (noise-free) conditions, the unit vectors in the two frames

satisfy

bi = A(q) r i ; (3.61)

where ri is the corresponding reference direction formed from known beacon geom-

etry.

It should be noted that the number and geometry of available LOS measurements af-

fect the solvability and conditioning of the coupled attitude–position estimation prob-

lem. With fewer than three LOS measurements the relative pose is underconstrained

and the estimator may exhibit weak observability and large uncertainty. With three

LOS measurements, the pose solution can be ambiguous (a �nite set of solutions

may exist), whereas additional LOS measurements help resolve ambiguities and im-

prove conditioning. In the simulations presented in this thesis, a unique and well-

conditioned estimate is assumed to require at least four well-separated LOS measure-

ments [7].

Measurement Noise Model

The actual LOS measurements are corrupted by sensor noise and occasional beacon

identi�cation errors. Following Shuster's analysis of unit-vector observations [4],

measurement errors are concentrated in a small neighborhood about the true direction,

so the unit sphere can be locally approximated by its tangent plane. Accordingly, the

noisy measurement is written as

~bi;k = b i;k + v i;k ; vT
i;k bi;k = 0; (3.62)
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with Efv i;k g = 0 and, to �rst order,

E
�

v i;k vT
i;k

	
� � 2

i

�
I 3�3 � b i;k bT

i;k

�
; (3.63)

which is singular because the noise lives in a two-dimensional subspace.

Shuster further shows that, by projecting the measurement onto a two-dimensional ba-

sis spanning the tangent plane and simplifying the resulting Kalman update, the same

�lter equations can be implemented in an equivalent three-dimensional (projection-

free) form using a non-singular isotropic covariance, as if the measurement noise

were in R3 [5]. This form is adopted in this thesis to avoid singular covariances and

to keep the MEKF measurement update in standard 3-D vector form. For Nk inde-

pendent LOS measurements, the stacked measurement covariance is therefore taken

as

Rk = diag
�
� 2

1I 3�3 ; � 2
2I 3�3 ; : : : ; � 2

N k
I 3�3

�
; (3.64)

where diag(�) denotes a block-diagonal matrix.

At each image time, the unit vectors~bi;k are passed to the MEKF as body-frame vector

measurements, while the corresponding reference directions ri are computed from the

known beacon locations. The MEKF prediction for each LOS isb̂i;k = A( q̂�
k ) r i , and

the innovation is formed accordingly.

Normalization in simulation. Because an ideal LOS is a unit vector, simulated mea-

surements may optionally be re-normalized after noise injection:

~bi;k  
~bi;k

k~bi;k k
: (3.65)

For the small angular noise levels satisfying vT
i;k bi;k = 0, this normalization has a

negligible effect on the statistics to �rst order, but it enforces the unit vector geometry

of the LOS measurement.

3.1.7 MEKF for Relative Attitude and Position Estimation

The previous subsections introduced the MEKF formulation for estimating a single

spacecraft's orientation and the bias in its gyroscope sensors; and described how

line–of–sight (LOS) direction vectors in the body coordinate frame are constructed
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from camera sensor data. In this subsection, the estimator is extended to address

the full relative navigation problem, which involves orientation, position and veloc-

ity. The �lter simultaneously estimates the relative orientation between the chief and

deputy spacecraft, their relative position and velocity, the chief's orbital elements,

and the gyroscope bias errors of both vehicles, closely following the methods from

[6, 1].

State Vector and Continuous-Time Model

The nominal navigation state consists of

� the relative attitude quaternion q, which maps vectors from the chief body

frame to the deputy body frame;

� the chief and deputy gyro bias vectors, �c and � d;

� the relative orbital state of the deputy with respect to the chief.

Following [6], the relative orbital state vector is written as

X =
h
x y z _x _y _z rc _rc � c

_� c

i T
; (3.66)

where (x; y; z) and ( _x; _y; _z) are the relative position and velocity components in the

chief–centered orbital frame, rc and _rc are the chief orbit radius and its time deriva-

tive, and �c, _� c are the chief orbit's true anomaly and its rate. The nonlinear relative

dynamics _X = f(X) follow directly from the equations in Section 2.7, and is given

by
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: (3.67)

The full nominal state of the estimator is therefore

x̂ =
h
q̂T �̂

T
c �̂

T
d X̂

T
i T

: (3.68)

The relative attitude quaternion obeys the kinematics described in Section 2.5, with

the true relative angular rate !dc expressed in terms of the chief and deputy angular

rates. In the estimator, these angular rates are obtained from the chief and deputy

gyros using the standard rate–integrating gyro model (Eq. (3.18)) and the current bias

estimateŝ� c and�̂ d.

Error-State De�nition

The MEKF operates on a small error state while the nominal quaternion is maintained

separately. As in Section 3.1.4, the relative attitude error quaternion is parameterized

by a three–component small rotation vector ��, so that �q � [12 �� T 1 ]T . For the

relative attitude and position problem, the linearized error state is chosen as

�x =
h
�� T �� T

c �� T
d �� T � _� T �r c � _r c �� c � _� c

i T
; (3.69)
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where �� c , � c � �̂ c, �� d , � d � �̂ d, �� , � � �̂, and similarly for the remaining

orbital quantities.

Using the linearized relative attitude dynamics from Section 3.1.4 and the orbital

dynamics _X = f(X), the error-state equations can be written in the compact form

� _x(t) = F (t) �x(t) + G(t) w(t); (3.70)

where w(t) includes the chief and deputy gyro–noise processes and the process dis-

turbances (wx ; wy; wz) in the relative orbit dynamics. The state matrix F (t) and

noise–distribution matrix G(t) are given by

F (t) =

2

6
6
6
6
6
6
4

�[ !̂ d�] A( q̂) �I 3�3 03�10

03�3 03�3 03�3 03�10

03�3 03�3 03�3 03�10

010�3 010�3 010�3
@f
@X

�
�
�
�
X̂

3

7
7
7
7
7
7
5

; (3.71a)

G(t) =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

A( q̂) �I 3�3 03�3 03�3 03�3

03�3 03�3 I 3�3 03�3 03�3

03�3 03�3 03�3 I 3�3 03�3

03�3 03�3 03�3 03�3 03�3

03�3 03�3 03�3 03�3 I 3�3

02�3 02�3 02�3 02�3 02�3

02�3 02�3 02�3 02�3 02�3

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

: (3.71b)

The continuous-time process–noise covariance Qc for w(t) is de�ned from gyro spec-

tral densities and the positional process noise as in Section 3.1.4. This continuous-

time model is discretized using the augmented matrix and matrix exponential exactly

as in Eq. (3.47), yielding �k and Qk for covariance propagation over one sampling

interval [25].

Measurement Model

The camera delivers N body–frame LOS measurements~bi;k at each image time tk ,

constructed as explained in Section 3.1.6. The corresponding reference directions ri

47



are functions of the relative position between the camera and the beacons,

r i =

h
X i � x Y i � y Z i � z

i T

p
(X i � x) 2 + (Y i � y) 2 + (Z i � z) 2

; (3.72)

so that the ideal, noise–free relationship is

bi = A(q) r i ; i = 1; : : : ; N: (3.73)

When measurement noise is present, the LOS vectors are modeled as

~bi;k = b i;k + v i;k ; vT
i;k bi;k = 0; (3.74)

with covariance as in Section 3.1.6. Stacking all LOS measurements at time tk gives

the measurement vector ~yk 2 R3N .

Linearizing the measurement model with respect to the error state (3.69) yields the

sensitivity matrix Hk(x̂ �
k ) of the form

Hk(x̂ �
k ) =

2

6
6
6
6
6
6
4

�
A( q̂�

k ) r̂ �
1;k �

�
03�3 03�3

@̂b
�
1;k

@̂� �
k

03�7

...
...

...
...

...

�
A( q̂�

k ) r̂ �
N;k �

�
03�3 03�3

@̂b
�
N;k

@̂� �
k

03�7

3

7
7
7
7
7
7
5

; (3.75)

wherer̂ �
i;k andb̂

�
i;k are computed from the predicted state, and @b̂

�
i;k =@̂� �

k is obtained

by differentiating the normalized line-of-sight with respect to the relative position, as

in [6, 8]. The resulting stacked measurement covariance Rk follows directly from the

single–vector covariance model in Section 3.1.6 and [4, 5].

For the relative–position part of the measurement Jacobian, the dependence of the

inertial LOS vector on the deputy position is used � = [ x y z ]T . Let the predicted

relative position at time tk be � �
k � [ x �

k y�
k z�

k ]T and evaluatêr i at � �
k using

Eq. (3.72). The partial derivative of the predicted body–frame LOS vectorb̂
�
i with

respect to ��k is then

@̂b
�
i

@��k
= A

�
q̂�

k

� @̂r i

@��k
; (3.76)

where A(̂q�
k ) is the attitude matrix constructed from the predicted relative quaternion.

Let

�X i = X i � x �
k ; �Y i = Y i � y �

k ; �Z i = Z i � z �
k ;
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and

ŝi =
�
�X 2

i + �Y 2
i + �Z 2

i

� 3=2
:

Here (Xi ; Yi ; Z i ) are the known coordinates of the ith beacon in the chief (object

space) frame, and (x�
k ; y�

k ; z�
k ) is the predicted camera position at time tk . The 3 � 3

matrix @̂r i =@��k is then given by [6]

@̂r i

@��k
=

1
ŝi

2

6
6
4

�(�Y 2
i + �Z 2

i ) �X i �Y i �X i �Z i

�X i �Y i �(�X 2
i + �Z 2

i ) �Y i �Z i

�X i �Z i �Y i �Z i �(�X 2
i + �Y 2

i )

3

7
7
5 : (3.77)

Discrete-Time MEKF Algorithm

At each sampling instant tk the �lter performs the standard EKF steps using the error-

state model (3.70) and measurement model (3.75):

1. Propagation: The nominal orbital statêX(t) is integrated with the nonlinear

dynamics _̂X = f( X̂), while the gyro biases are held constant and extracted

from the angular rate measurements. The covariance is propagated by

P �
k+1 = � kP+

k � T
k + Q k ;

with � k and Qk computed from Fk and Gk as in Eq. (3.47).

Let the relative attitude be represented by the unit quaternion in discrete time

q̂+
k . Since both vehicles rotate, the relative quaternion depends on both an-

gular rates (chief and deputy). Over one sampling interval �t, assume the

bias-corrected angular rates !+
dk

and ! +
ck

are constant. Then letting

 k ,
sin

�
1
2k! +

dk
k�t

�

k! +
dk

k
! +

dk
; (3.78a)

� k ,
sin

�
1
2k! +

ck
k�t

�

k! +
ck

k
! +

ck
; (3.78b)

the discrete propagation can be implemented in a compact matrix form:

q̂�
k+1 = �


�
! +

dk

� ��
�
! +

ck

�
q̂+

k : (3.79)

Numerical note. For x = 1
2k!k�t � 1, evaluate sin(x)=x using its limit

sin(x)=x � 1 to avoid division by a near-zero rate and loss of precision.
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After propagation,̂q�
k+1 is renormalized to enforce the unit–norm constraint.

The matrices�
(�) and ��(�) correspond to left and right quaternion multiplica-

tion, respectively:

�

�
! +

dk

�
,

2

4cos
�

1
2k! +

dk
k�t

�
I 3�3 � [ k �]  k

� T
k cos

�
1
2k! +

dk
k�t

�

3

5 ; (3.80a)

��
�
! +

ck

�
,

2

4cos
�

1
2k! +

ck
k�t

�
I 3�3 � [� k �] �� k

� T
k cos

�
1
2k! +

ck
k�t

�

3

5 : (3.80b)

2. Measurement update: When LOS measurements are available, the innovation

is formed as

ek = ~y k � h k
�
x̂ �

k

�
; (3.81)

where hk(�) stacks the predicted LOS vectorsb̂
�
i;k as

h k
�
x̂ �

k

�
=
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The Kalman gain is

K k = P �
k H T

k (x̂ �
k )

�
Hk(x̂ �

k )P �
k H T

k (x̂ �
k ) + R k

� �1
;

and the error state is updated by �x̂ +
k = K kek while the covariance is updated

using

P+
k =

�
I � K kHk(x̂ �

k )
�
P �

k ;

as in Section 3.1.4.

3. Nominal state correction: The �rst three components of �x̂ +
k give the small

attitude correction �̂� k . This vector is used in quaternion correction as in

Eq. (3.39).

The chief and deputy bias estimates and the orbital state components are up-

dated additively using the corresponding elements of �x̂ +
k . Finally, the error

state is reset to zero and P+
k is kept as the covariance for the next propagation

interval.

50



This formulation yields a uni�ed MEKF that consistently fuses gyro data, LOS mea-

surements and the nonlinear relative orbital dynamics to estimate relative attitude,

relative position and velocity, and the gyro biases of both spacecraft.

3.2 Robust Estimation Algorithm

Under nominal operating conditions, the MEKF provides accurate attitude and rel-

ative state estimates. In practice, however, occasional corruption of the LOS mea-

surements (e.g., misdetections, misassociations, or outliers) can in�ate the innovation

and lead to severe performance degradation, and in some cases �lter divergence. To

reduce sensitivity to such measurement faults while preserving nominal performance,

a robustness mechanism is introduced.

3.2.1 Single Scale Factor Approach

The simplest robusti�cation strategy is to “soften” the measurement update by in�at-

ing the measurement-noise covariance using a single scalar scale factor. Concretely,

the nominal innovation and its theoretical covariance are

ek , ~y k � h k(x̂ �
k ); (3.82)

Ce;k = H k(x̂ �
k ) P �

k H T
k (x̂ �

k ) + R k ; (3.83)

where Hk is the MEKF measurement Jacobian evaluated atx̂ �
k . In the absence of

faults, the innovation energy is consistent with Ce;k in expectation. Under a fault, the

empirical innovation energy typically increases, suggesting that the effective mea-

surement uncertainty is larger than modeled.

Following the single-scale-factor (SSF) robust �ltering idea (see, e.g., [30]), the mea-

surement covariance is modi�ed as

Rk 7! s kRk ; sk � 1; (3.84)

which directly reduces the Kalman gain during suspicious updates. The scalar sk is

selected by enforcing a trace-consistency condition between the measured innovation
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energy and the predicted (noise-free) part of the innovation covariance. Using the

instantaneous innovation energy eT
k ek , the SSF condition is written as

eT
k ek = tr

�
HkP �

k H T
k

�
+ s k tr(R k) : (3.85)

Solving (3.85) for sk yields

sk =
eT

k ek � tr
�
HkP �

k H T
k

�

tr(R k)
: (3.86)

Because (3.86) is computed from a single sample, it may �uctuate around its nominal

value; moreover, it can become smaller than unity due to random variations. To avoid

an arti�cial reduction of the measurement noise in fault-free conditions, the scale

factor is lower-bounded by one:

s�
k = max f1; s kg : (3.87)

Optionally, the scaling can be applied only when the innovation energy exceeds its

theoretical level, e.g., eTk ek > tr(C e;k), which prevents unnecessary gain reduction

during nominal operation.

Finally, the Kalman gain is recomputed using the in�ated measurement covariance:

K k = P �
k H T

k

h
HkP �

k H T
k + s �

kRk

i �1
: (3.88)

The remainder of the MEKF measurement update (state correction and covariance

update) proceeds as in the nominal �lter, except that Rk is replaced by s�kRk in the

gain calculation.

3.2.2 Multiple Scale Factor Approach

While the SSF approach is simple, it uniformly downweights all measurement com-

ponents whenever a fault is detected. This can be overly conservative when only a

subset of the LOS components is corrupted. Therefore, robustness is also enforced by

adapting the measurement-noise covariance using multiple (component-wise) scale

factors. The key idea is that, under a fault, the empirical innovation covariance ex-

ceeds its theoretical value; therefore, the effective measurement-noise level can be

increased until the two are consistent.

52



Let ek , ~y k � h k(x̂ �
k ) denote the innovation at time tk . Using a moving window of

width �, the empirical innovation covariance is

Ĉe;k ,
1
�

kX

j=k��+1

ej eT
j : (3.89)

The theoretical innovation covariance of the (non-robust) �lter is

Ce;k = H k(x̂ �
k ) P �

k H T
k (x̂ �

k ) + R k : (3.90)

Following [29], robustness is achieved by introducing a scale matrix Sk such that

Ĉe;k = H k(x̂ �
k ) P �

k H T
k (x̂ �

k ) + S kRk : (3.91)

Solving Eq. (3.91) for Sk yields

Sk =
h1

�

kX

j=k��+1

ej eT
j � H k(x̂ �

k ) P �
k H T

k (x̂ �
k )

i
R�1

k : (3.92)

In practice,Ĉe;k is computed from a �nite window and may �uctuate around its ex-

pected value. Therefore, the matrix Sk obtained from Eq. (3.91) is used only through

its diagonal entries, which scale the corresponding components of the measurement-

noise covariance Rk . Moreover, to prevent an arti�cial reduction of the measurement

noise in fault-free conditions, each scale factor is lower-bounded by unity:

S�
k = diag

�
s�

1;k ; s�
2;k ; : : : ; s�

z;k

�
;

s�
i;k = max f1; [S k ]ii g ; i = 1; : : : ; z;

(3.93)

where z = dim(ek) = dim(~y k) is the dimension of the innovation vector ek .

Finally, the Kalman gain is recomputed using the scaled measurement covariance:

K k = P �
k H T

k (x̂ �
k )

h
Hk(x̂ �

k ) P �
k H T

k (x̂ �
k ) + S �

k Rk

i �1
: (3.94)

3.2.3 Fault Detection Procedure

The robust covariance-scaling mechanism is activated only when a sensor fault is

detected; otherwise, the estimator runs as the nominal MEKF. Fault detection is for-

mulated as a statistical hypothesis test [28]:

� 
 0: the system is operating normally (fault-free),
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� 
 1: a malfunction exists in the measurement/estimation system.

A test statistic based on the normalized innovation squared (NIS) is de�ned as [28]

� k = e T
k

h
Hk(x̂ �

k ) P �
k H T

k (x̂ �
k ) + R k

i �1
ek : (3.95)

Under 
0, the statistic �k follows a � 2 distribution (see Appendix A) with z degrees

of freedom [26], where z = dim(ek). For a chosen signi�cance level � 2 (0; 1), the

detection threshold �2�;z is de�ned by

P
�

� 2
z > � 2

1��;z

	
= �: (3.96)

The decision rule is then
r0 : � k � � 2

1��;z ; 8k;

r1 : � k > � 2
1��;z ; 9 k;

(3.97)

i.e., the fault hypothesis 
1 is accepted whenever the normalized innovation energy

exceeds the threshold. In the proposed logic, the NIS test provides a global fault

trigger, whereas the diagonal scaling in Eq. (3.93) adapts the effective measurement-

noise level at the component level within the stacked LOS measurement vector.

Switching logic. When the test statistic satis�es the no-fault decision r0 in Eq. (3.97),

the �lter is operated in its nominal mode and the measurement-noise covariance is set

to its baseline value,

Rk = diag
�
� 2

1I 3�3 ; � 2
2I 3�3 ; : : : ; � 2

N I 3�3
�
; (3.98)

constructed from the assumed measurement standard deviations �i (see Section 3.1.6).

If a fault is detected (r1), the robust mode is activated and the effective covariance is

in�ated using the diagonal scale matrix, i.e., Rk  S �
k Rk , and the Kalman gain is

computed from Eq. (3.94).

3.3 Fault Injection to LOS Measurements

To assess the behaviour of the proposed fault-detection and robust covariance adap-

tation scheme, controlled faults are injected into the camera line-of-sight (LOS) mea-

surements. The objective is to emulate scenarios in which the camera does not report

the true beacon bearing, for example due to imperfect beacon identi�cation, glare, or
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confusion with another bright object in the scene. In such cases, the reported LOS

direction may be biased relative to the true line-of-sight, producing innovations that

are inconsistent with the nominal (Gaussian, small-angle) measurement-noise model.

Let bi;k 2 R3 denote the nominal unit LOS vector for beacon i at time tk , expressed

in the camera/deputy frame, with kbi;k k = 1. Under fault-free conditions, the mea-

surement is modelled as

~bi;k = b i;k + v i;k ; vT
i;k bi;k = 0; (3.99)

where vi;k is a zero-mean perturbation constrained to the plane tangent to the unit

sphere at bi;k .

3.3.1 Directional Bias Error Model

In practice, misassociation with a nearby light source, centroid bias, or other spurious-

detection mechanisms can be represented in the �lter as a systematic bias in the mea-

sured LOS direction. To emulate this effect, a fault is injected by applying a small but

persistent rotation to the LOS vector:

~b
fault
i;k = A err;i bi;k + v i;k ; (3.100)

where Aerr;i 2 SO(3) represents the directional bias associated with beacon i. The

matrix Aerr;i is chosen to correspond to small rotation angles so that the injected fault

produces an angular deviation, ��i between the nominal and corrupted LOS direc-

tions, i.e., \( ~b
fault
i;k ; ~bi;k ) = �� i = k� err;i k, while preserving the unit-vector geometry

of the LOS.

In implementation, Aerr;i may be parameterized using a yaw–pitch–roll sequence

(e.g., 3–2–1) or, equivalently for small angles, via a rotation vector �err;i 2 R3 [1]:

Aerr;i = exp
�
[� err;i �]

�
� I 3�3 + [� err;i �]; k� err;i k � 1; (3.101)

where [��] denotes the skew-symmetric cross-product matrix. Within the fault win-

dow, Aerr;i is held constant.

Because Aerr;i is a proper rotation, the mapping in Eq. (3.100) preserves the LOS

norm, i.e., kAerr;i
~bi;k k = k ~bi;k k. The corrupted measurement is formed by �rst ap-
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plying the directional bias and then adding nominal measurement noise; the resulting

vector is renormalized to unit length before being passed to the �lter.

~b
fault
i;k  

~b
fault
i;k





 ~b

fault
i;k








: (3.102)

In the simulations presented in this thesis, only a subset of the LOS measurements is

corrupted using Eq. (3.100) over a limited time interval t 2 [tstart
fault ; tend

fault ], while the

remaining measurements follow the nominal noise model. This setup enables evalu-

ation of the robust estimator under mixed conditions in which some beacons are sys-

tematically biased, consistent with practical misidenti�cation or spurious-detection

scenarios.

3.3.2 Field-of-View Availability Model

In addition to biased LOS faults, the estimator is evaluated under LOS unavailability

events, which occur when one or more beacons leave the camera �eld of view (FOV).

During such intervals, the corresponding LOS unit vectors cannot be constructed and

therefore are not provided to the measurement update.

At each image time tk , the predicted bearing to beacon i is projected onto the cal-

ibrated image plane using the pinhole model [9]. Let (�i;k ; 
 i;k ) denote the image-

plane coordinates obtained from Eq. (3.59) after principal-point correction (the prin-

cipal point is taken as the origin for simplicity). For a rectangular FOV centered at

the principal point, with half-width hx and half-height hy in image-plane units, the

beacon is considered visible if

j� i;k j � h x ; j
 i;k j � h y; (3.103)

and declared out-of-FOV otherwise.

The half-extent parameters (hx ; hy) are related to the focal length and the angular

FOV. In this thesis, a symmetric FOV with total angular width �FOV and a square

sensor is assumed, i.e. hx = h y = h, with

h = f tan
� � FOV

2

�
; (3.104)

which follows directly from pinhole geometry. A beacon is considered available only
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� if it lies in front of the camera, i.e. its depth in the camera (deputy) frame

satis�es Zcam
i;k > 0, and

� if its projection lies inside the square image-plane region � 2 [�h; h] and 
 2

[�h; h].

In implementation, the same visibility test can equivalently be carried out using a

polygon-inclusion check (with MATLAB command inpolygon) with the square

vertices (�h; �h), (h; �h), (h; h), and (�h; h).

When a beacon fails the visibility gate in Eq. (3.103), its LOS measurement is omitted

from the stacked measurement vector and the associated rows/columns are removed

from the measurement Jacobian and covariance matrix. Consequently, the update

step uses only the subset of visible LOS vectors at time tk , while the propagation step

remains unchanged.

Note on fault detection under time-varying visibility. Let Vk denote the set of visible

beacons at time tk , and de�ne Nk , jV k j. The stacked innovation vector then has

dimension zk , dim(e k) = 3N k , and the �2 test is evaluated using zk degrees of

freedom:

P
�

� 2
zk

> � 2
�;z k

	
= �; 0 < � < 1: (3.105)

Empty-measurement case. If no beacons are visible at time tk , then Nk = 0 and

~y k 2 R 0. In this case, no innovation can be formed and the measurement update

degenerates to the identity mapping:

x̂ +
k  x̂ �

k ; P+
k  P �

k : (3.106)

The �lter therefore executes propagation only until at least one LOS measurement

becomes available again.

3.3.3 Visibility Model with a Solid 3D Chief Satellite

The availability model in Section 3.3.2 captures the purely geometric FOV constraint:

a beacon is available if it projects onto the image plane and lies in front of the camera.

In practice, however, the chief spacecraft is a solid body and beacons mounted on its

surface may be self-occluded. That is, a beacon can satisfy the FOV gate yet remain
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invisible because it is located on a face turned away from the camera. To emulate

this effect, an additional surface-visibility test is introduced. This is a �rst-order self-

occlusion model and does not attempt to capture partial occlusion, shadowing, or

detailed optical effects.

Chief geometry and face normals

The chief spacecraft is approximated as a convex polyhedral body with beacons

mounted on a subset of its faces. Let fCg denote the chief body frame. In this thesis,

the chief-centered Hill frame is used for relative translation, and the chief body frame

is assumed to remain aligned with this Hill frame throughout the simulation; thus,

face normals are treated as constant in fCg. Assume that beacons are mounted on Nf

planar faces, and let̂n c
j denote the outward unit normal of face j expressed in fCg.

For the con�guration used in the simulations, six beacon-bearing faces are considered,

with outward normals

n̂ c
1 =

h
1 0 0

i T
; n̂ c

2 =
h
�1 0 0

i T
;

n̂ c
3 =

h
0 0 1

i T
; n̂ c

4 =
h
0 0 �1

i T
;

n̂ c
5 =

h
0 1 0

i T
; n̂ c

6 =
h
0 �1 0

i T
:

(3.107)

Face-to-camera visibility test

Let r i;k denote the relative position of the ith beacon with respect to deputy (camera),

expressed in the chief-centered frame at time tk . The vector from the beacon to the

deputy points toward the camera; hence, a face is treated as camera-facing if its out-

ward normal points generally in the same direction as ri;k . This is tested using the

dot product [11]

n̂ c T
j � (�r i;k ) > 0 () � j;k < 90� ; (3.108)

where �j;k is the angle between̂n c
j and (�r i;k ).

If n̂ c T
j � (�r i;k ) � 0, face j is treated as back-facing and beacons mounted on that

face are declared self - occluded.
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Combined availability logic

A beacon measurement is declared available at time tk only if it satis�es both:

1. the FOV gate of Section 3.3.2 (in-front condition and image-plane inclusion),

and

2. the surface-visibility test (3.108) for the face on which the beacon is mounted.

Beacons that fail either test are omitted from the stacked measurement vector at

that time. This combined model enables evaluation of the estimator under realistic,

time-varying LOS availability due to both camera FOV limitations and chief self-

occlusion.
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CHAPTER 4

SIMULATION

4.1 Orbital Position of the Spacecraft

The translational motion of a spacecraft about the Earth is described by its position

vector r(t) expressed in an Earth–centred inertial frame. In this thesis, r is de�ned

relative to the Earth's centre of mass and resolved in the geocentric equatorial inertial

(ECI) frame fIg with orthonormal basis vectorŝi; ĵ; k̂. The î axis points toward the

vernal equinox, thêk axis is aligned with the Earth's rotation axis (northward), and

ĵ = k̂ � î completes a right–handed triad.

Under the two–body assumption (i.e., neglecting all perturbations), the spacecraft

experiences only the central gravitational attraction of the Earth, so its inertial motion

satis�es [22]

•r = �
�
r 3

r; (4.1)

where � is the Earth's gravitational parameter, r = krk, and the dot over the vector

denotes differentiation with respect to inertial time. The orbital state is represented

by the position and velocity vectors,

r = x î + y ĵ + z k̂; (4.2a)

v = _r = _x î + _y ĵ + _z k̂: (4.2b)

Throughout the simulation study, r(t) and v(t) de�ne the reference (truth) orbit.
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4.2 Numerical Integration

The continuous-time equations of motion are propagated in time using numerical

integration in order to obtain discrete state samples at the required simulation and

sensor update instants.

General Runge–Kutta Formulation

Consider an initial value problem of the form

_x(t) = f (t; x(t)) ; x(t 0) = x 0; (4.3)

where x 2 Rn and f(�) is assumed suf�ciently smooth. A general explicit s-stage

Runge–Kutta (RK) method advances the solution from tk to tk+1 = t k + h with step

size h via the stage derivatives

k i = f

 

tk + c i h; x k + h
i�1X

j=1

aij k j

!

; i = 1; : : : ; s; (4.4)

followed by the state update

x k+1 = x k + h
sX

i=1

bi k i ; (4.5)

where faij ; bi ; ci g are the RK coef�cients (often presented as a Butcher tableau) [23].

Classical Fourth-Order Runge–Kutta (RK–4)

In this work, the classical fourth-order explicit RK scheme is used. For a step from

(t k ; x k) to (t k+1 ; x k+1 ) with step size h, the intermediate slopes are computed as

k 1 = f(t k ; x k) ; (4.6)

k 2 = f
�
tk + h

2 ; x k + h
2k 1

�
; (4.7)

k 3 = f
�
tk + h

2 ; x k + h
2k 2

�
; (4.8)

k 4 = f(t k + h; x k + hk 3) ; (4.9)

and the state is updated according to

x k+1 = x k +
h
6

(k 1 + 2k 2 + 2k 3 + k 4) : (4.10)
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RK–4 for Orbit Propagation

The spacecraft translational dynamics form a three-dimensional second-order prob-

lem. For numerical propagation, this is written as two coupled �rst-order vector dif-

ferential equations,

_r = v; (4.11a)

_v = a tot(r; v; t) ; (4.11b)

where r 2 R3 and v 2 R3 are the inertial position and velocity vectors. In the

present work, under the two-body assumption, the total acceleration reduces to the

central-gravity model atot(r) = �� r=krk 3.

Following the RK–4 orbit-propagation formulation in [24], the intermediate slope

vectors for velocity and position are computed alternately. For a step from (tj ; r j ; v j )

to (t j+1 ; r j+1 ; v j+1 ) with t j+1 = t j + h,

k 1v = a tot(r j ; v j ; t j ) ; k 1r = v j ; (4.12)

k 2v = a tot
�
r j + h

2k 1r ; v j + h
2k 1v; t j + h

2

�
; k 2r = v j + h

2k 1v; (4.13)

k 3v = a tot
�
r j + h

2k 2r ; v j + h
2k 2v; t j + h

2

�
; k 3r = v j + h

2k 2v; (4.14)

k 4v = a tot(r j + hk 3r ; v j + hk 3v; t j + h) ; k 4r = v j + hk 3v: (4.15)

The state is then advanced using the standard RK–4 weighted sum applied to each

subsystem:

v j+1 = v j +
h
6

(k 1v + 2k 2v + 2k 3v + k 4v) ; (4.16)

r j+1 = r j +
h
6

(k 1r + 2k 2r + 2k 3r + k 4r ) : (4.17)

This procedure yields the discrete-time orbit trajectory frj ; v j g used as the truth prop-

agation in the simulation study.

4.3 RK4 Propagation of the Relative and Orbital States

To generate the discrete-time “truth” trajectory used in the simulation, the continuous-

time nonlinear relative dynamics_X = f(X) are numerically integrated. Here, the
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state vector

X =
h
x y z _x _y _z rc _rc � c

_� c

i T

collects both the deputy relative states in the chief-centered orbital frame and the

chief orbital parameters [6]. In the component form used throughout this chapter, the

correspondence is x1 = x, x 2 = y, x 3 = z, x 4 = _x, x5 = _y, x6 = _z, x7 = r c, x8 = _rc,

x9 = � c, and x10 = _� c. The vector �eld f (X) is given in (3.67).

Let tj+1 = t j + h denote the integration grid with �xed step size h, and let Xj �

X(t j ). Since the dynamics are autonomous in the present formulation, the classical

fourth-order Runge–Kutta scheme evaluates f (�) at four intermediate states:

K 1 = f(X j ); (4.18)

K 2 = f
�
X j + h

2K 1
�

; (4.19)

K 3 = f
�
X j + h

2K 2
�

; (4.20)

K 4 = f(X j + hK 3) ; (4.21)

and advances the state by

X j+1 = X j +
h
6

(K 1 + 2K 2 + 2K 3 + K 4) : (4.22)

Because X includes both the relative motion and the chief parameters (rc; _rc; � c; _� c),

the RK4 update in (4.22) propagates all coupled quantities consistently within a single

integration step [23].

4.4 Relative Attitude Propagation

The “truth” relative attitude between the deputy and chief is propagated in discrete

time using quaternion kinematics driven by the (true) body angular rates of each

spacecraft. The relative attitude is de�ned as

q , q d 
 q �1
c ; (4.23)

where qd and qc denote the deputy and chief attitude quaternions with respect to the

inertial frame. Let qk denote the relative attitude at time tk . Over the interval [tk ; tk+1 ]

with step size h = tk+1 � t k , and assuming the body angular rates are constant over
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one step, the relative attitude at the next time step is

qk+1 = �q d;k 
 q k 
 �q �1
c;k ; (4.24)

where �qd;k and �qc;k are the incremental quaternions constructed from the deputy

and chief angular-rate vectors, respectively.

Using the left- and right-multiplication matrices, (4.24) can be written compactly as

qk+1 = �
(! d;k ) ��(! c;k) qk ; (4.25)

where �
(! d;k ) represents left-multiplication by �qd;k and ��(! c;k) represents right-

multiplication by �q�1
c;k , as de�ned in Eq. (3.80). After propagation, the quaternion is

renormalized to enforce unit norm.

4.5 Scenario and Initial Conditions

This simulation considers a two-spacecraft formation in Earth orbit, consisting of a

chief spacecraft that de�nes the local orbital frame and a nearby deputy spacecraft

whose relative position and attitude are to be estimated from inertial and line-of-sight

(LOS) measurements. The relative translational states are expressed in the chief-

centered Hill frame, and the chief orbital parameters are included in the augmented

state vector X following [6].

Simulation Horizon and Sampling

The relative-motion simulation is run for 600 minutes with a �xed integration and

measurement update interval of h = 10 seconds, resulting in a discrete-time trajectory

fX(t j )gN
j=0 that is used to generate the synthetic inertial and LOS measurements in

the following sections.

Chief Orbit

The chief orbit is chosen to be representative of a low-Earth, near-circular trajectory.

The geometric parameters are taken from the Space-Track TLE for the Hubble Space
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Telescope (HST; NORAD 20580) at epoch 2026-01-02 16:33:19 UTC [31]. From this

record, the semi-major axis and eccentricity are a = 6;858;863 m and e = 0:0002579,

respectively (see derivation in Appendix B). The Earth gravitational parameter is � =

3:986008 � 1014 m3=s2. The semi-latus rectum and mean motion are

p = a(1 � e 2); n =

r
�
a3

: (4.26)

For convenience, the initial condition is de�ned at perigee (i.e., the orbital phase is

selected for the simulation), such that �c(t 0) = 0. The initial chief radius and true-

anomaly rate are then

r c(t 0) = a(1 � e); _r c(t 0) = 0; _� c(t 0) =

p
�=p (1 + e)

r c(t 0)
: (4.27)

The chief's orbit in ECI is illustrated in Fig. 4.1.

Figure 4.1: Chief Satellite Orbit in ECI
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Bounded Relative Orbit Condition and Initial Relative State

The deputy relative motion is initialized to satisfy the bounded relative orbit constraint

[6]

_y(t0)
x(t 0)

= �
n(2 + e)

p
(1 + e) (1 � e) 3

: (4.28)

Using this constraint together with the selected initial relative position and velocity

components, the initial augmented relative orbital state is set to

X(t 0)

=
h
x(t 0) y(t 0) z(t 0) _x(t0) _y(t0) _z(t0) r c(t 0) _rc(t 0) � c(t 0) _�c(t 0)

i T

=
h
200 200 100 0:01 �0:4448 0:01 rc(t 0) 0 0 _�c(t 0)

i T
;

(4.29)

where the relative position components are in metres and the relative velocity com-

ponents are in metres per second.

The simulated relative position is given in Fig. 4.2

(a) (b)

Figure 4.2: Relative Orbital Position (a) The Deputy's Orbit in Chief Hill Frame (b)

Relative Orbital Position with respect to Time.
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Initial Relative Attitude

The initial relative attitude is speci�ed by the initial deputy and chief attitudes through

q(t0) , q d(t 0) 
 q c(t 0)�1 : (4.30)

In the simulation, the initial relative attitude quaternion is chosen as

q(t0) =
hp

2
2 0 0

p
2

2

i T
: (4.31)

For a two-body chief orbit, the Hill (RTN) frame rotates about the orbital angular-

momentum axis with angular rate ! = _�. Expressed in the Hill frame, the angular

velocity of the Hill frame with respect to inertial is

! c
ic =

2

6
6
4

0

0

_�

3

7
7
5 ; _� =

h
r 2

; h =
p

�p; r =
p

1 + e cos �
: (4.32)

Since e � 1, the variation of _� over the orbit is negligible and we approximate this

rate as constant,

! c
ic �

2

6
6
4

0

0

n

3

7
7
5 ; n =

r
�
a3

� 1:11 � 10 �3 rad=s: (4.33)

In the truth model, the chief body axes are assumed to be �xed to the Hill frame,

hence the chief body rate is set to

! c � ! c
ic �

h
0 0 0:00111

i T
rad=s: (4.34)

Following [6], the deputy is assigned a small additional constant body-rate compo-

nent (about its x-axis) to avoid a near-stationary relative-attitude case and to provide

a time-varying LOS measurement geometry (persistent excitation) for the camera-

based estimator evaluation:

! d =
h
�0:002 0 0:00111

i T
rad=s: (4.35)

These quantities de�ne the truth relative-attitude trajectory via the propagation model

in Section 4.4.
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The Euler angles are obtained from attitude propagation as in Section 2.4 and given

in Fig. 4.3. Not that, for easier physical interpretation, the angles are (�; �;  ) 2

[0� ; 360� ) in the plot.

Figure 4.3: Relative Attitude with respect to Time

4.6 Gyro Measurements

This section describes how synthetic gyroscope measurements are generated for the

simulation study. The underlying continuous-time gyro model has already been in-

troduced in Eq. (3.18); here, it is adapted to the discrete-time setting used to construct

the measurements.

Discrete-Time Measurement Construction

Let tk denote the gyroscope sampling instants with sampling interval h = tk+1 � t k .

For each spacecraft, the measured angular rate is formed as
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~! k = ! k + � k + � v;k ; (4.36)

where ! k is the true body angular rate used in the truth attitude propagation, �k is the

gyro bias, and �v;k is a zero-mean white-noise sequence.

The bias is modelled as a random walk driven by the continuous-time noise process

� u(t) in Eq. (3.18). In discrete time, the bias is propagated as

� k+1 = � k + � u;k ; (4.37)

where �u;k is a zero-mean Gaussian sequence representing the integrated effect of

� u(t) over one sample interval. With �2v I and � 2
uI denoting the continuous-time

spectral densities, the corresponding discrete-time covariances are

E
�
� v;k � T

v;k

�
=

� 2
v

h
I 3�3 ; E

�
� u;k � T

u;k

�
= � 2

uh I 3�3 ; (4.38)

and the sequences are assumed mutually independent and independent across time.

Chief and Deputy Gyroscopes

With a gyroscope sampling interval of h = 10 s, the continuous-time noise densities

� u =
p

10 � 10 �10 rad=s3=2 and �v =
p

10 � 10 �5 rad=s1=2 correspond to discrete

standard deviations of �u

p
h = 10 �9 rad=s for the bias random-walk increment and

� v=
p

h = 10 �5 rad=s for the rate measurement noise. The initial bias on each gyro

axis is set to 1 deg=hr � 4:85 � 10�6 rad=s.

Separate gyro measurement sequences are generated for the chief and deputy space-

craft using (4.36)–(4.38). These measurements provide the inertial-rate information

required to propagate the attitude estimate between camera updates. The resulting

measured angular-rates are shown in Figure 4.4.

4.7 Camera Measurements

This section describes the construction of synthetic camera line-of-sight (LOS) mea-

surements to beacons mounted on the chief spacecraft. Beacon locations are �xed in

70



(a) (b)

Figure 4.4: Angular Rate Measurements with Respect to Time (a) The Chief's Gyro

Measurements (b) The Deputy's Gyro Measurements.

the chief centered Hill frame fCg and are assumed to be visible to the deputy payload

sensor (PSD) under nominal conditions throughout the simulation run. The nominal

case assumes all beacons are available; additional subsections then apply visibility

constraints (FOV gating and self-occlusion) and directional bias faults. Unless other-

wise stated, each LOS measurement is represented as a unit vector expressed in the

deputy/camera frame.

4.7.1 Beacon Geometry

The beacons' replacements on the chief can be seen in Fig. 4.5.

Figure 4.5: The Placement of the Beacons on the Chief

71



Eight beacons are placed on the chief with positions (in metres) expressed in fCg:

pc
B 1
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2

6
6
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0:0
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=
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4
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�0:5

0:0

3

7
7
5 ;

pc
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2

6
6
4

0:2

0:5
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7
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B 6
=

2

6
6
4

0:0

0:2

�0:1

3

7
7
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B 7
=

2

6
6
4

0:2

0:7

0:0

3

7
7
5 ; pc

B 8
=

2

6
6
4

0:2

�0:7

0:0

3

7
7
5 :

(4.39)

Let � k =
h
xk yk zk

i T
denote the deputy position relative to the chief, expressed

in the chief-centered Hill frame at time tk . The vector from the deputy to beacon i

expressed in fCg is then

r c
i;k = p c

B i
� � k : (4.40)

Using the relative attitude quaternion qk (deputy relative to chief), the corresponding

(nominal) unit LOS vector in the deputy/camera frame is

bi;k =
A(q k) r c

i;k


 A(q k) r c

i;k




 ; kbi;k k = 1; (4.41)

where A(qk) 2 SO(3) is the direction cosine matrix associated with qk . The simu-

lated LOS vectors can be seen in Fig. 4.6.

From Fig. 4.6, it might be seen as all the LOS vectors are identical. However, that is

due to the fact that the distance between beacons are small compared to the relative

distance. As an example, the difference between the LOS vectors associated with the

beacons B1 and B2 (i.e., b1 � b 2) is given in Fig. 4.7.
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Figure 4.6: Real Line of Sight Vectors with Respect to Time

Figure 4.7: The Difference Between the Line of Sight Vectors Associated with B1

and B2
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4.7.2 Nominal Measurements (Noise Only)

Under nominal conditions, each beacon measurement is constructed by perturbing the

true unit LOS vector bi;k with a small, zero-mean error that lies in the tangent plane

of the unit sphere at bi;k . Speci�cally,

~bi;k =
bi;k + v i;k

kbi;k + v i;k k
; vT

i;k bi;k = 0; (4.42)

where vi;k is generated as a Gaussian random vector with isotropic small-angle statis-

tics and then projected onto the plane orthogonal to bi;k . In implementation, this

corresponds to drawing v � N (0; � 2
m I) and setting v = (I � bb T )v, followed by

renormalisation, consistent with the unit-vector measurement model used by the �l-

ter [6]. The LOS measurement noise standard deviation is taken as �m = 0:0005�

(one-sigma), i.e.

� m = 0:02
�

180
rad � 3:49 � 10 �4 rad: (4.43)

Figure 4.8: Line of Sight Vector Measurements with Respect to Time
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The constructed measurements can be seen in Fig. 4.8. Unlike the real LOS vectors,

LOS measurements are modeled with noise. Due to the magnitude of this noise, it

can't be observed in Fig. 4.8. For reference, the noise on the LOS vector associated

with the beacon B1 is given in Fig. 4.9.

Figure 4.9: The Noise Injected on the Line of Sight Vector Associated with B1

4.7.3 Measurements with Directional Bias (Angle Bias)

To emulate persistent beacon-direction errors (e.g., centroid bias or beacon misasso-

ciation), a directional bias is injected by applying a �xed (or time-windowed) small

rotation to the nominal measurement. Using the fault model de�ned in Section 3.3,

the biased LOS measurement is

~b
bias
i;k = A err;i

~bi;k ; Aerr;i 2 SO(3); (4.44)

with the result renormalised to unit length if additional noise is applied after the rota-

tion. The rotation Aerr;i is parameterised via a small rotation vector (or yaw–pitch–roll

angles) as described in Section 3.3.1.

In the simulations, different cases for measurement error are simulated. The bias is

applied over the time window t 2 [tstart
fault ; tend

fault ] and only beacons some beacons are

assumed to be affected due to a bright light source as illustrated in Fig. 4.10.
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Figure 4.10: Camera, Beacons and Light Source

The bias is implemented as a small rotation Aerr;i = exp([� err;i �]) applied to the

noisy LOS vector, as in (3.100). As an example, let the error angle rotation vector

� err;3 for the 3th beacon be

� err;3 =
h
0:4� 0:8� �0:2 �

i T
; (4.45)

with the error window t 2 [300; 330]min. The constructed faulty measurements are

shown in Fig. 4.11.

4.7.4 Measurements with Field-of-View Constraints

In practice, only beacons that lie within the camera �eld of view (FOV) can be mea-

sured. The FOV availability test used in this thesis follows Section 3.3.2. At each

image time tk , the predicted bearing to beacon i is projected onto the image plane

using the calibrated pinhole model. Equivalently, given the unit LOS vector in the

camera frame bi;k =
h
bx by bz

i T
with bz > 0, the corresponding image-plane co-

ordinates (with principal point at the origin) may be written as

� i;k = �f
bx

bz
; 
 i;k = �f

by

bz
; (4.46)

consistent with the back-projection relation used to form LOS vectors in Section 2.8.

A beacon is declared visible if it lies in front of the camera (bz > 0) and satis�es
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Figure 4.11: Line of Sight Vector Measurements Associated with B3 in the Presence

of Directional Bias

the rectangular inclusion test Eq. (3.103); otherwise its LOS measurement is omitted

from the measurement update at that time. In this study, the FOV is set to �FOV =

120� with f = 0:1 (image-plane units), implying a half-extent h = f tan(�FOV =2).

Also, a symmetric square FOV is assumed, so the half–width and half-height are

equal.

4.7.5 Measurements with FOV and Self-Occlusion

The FOV test alone does not capture self-occlusion of beacons mounted on a solid

chief body. To emulate this effect, the solid-chief visibility model of Section 3.3.3

is applied in addition to the FOV gate. A beacon measurement is provided to the

�lter at time t k only if: (i) it passes the FOV availability test of Section 4.7.4, and

(ii) the beacon-bearing face is camera-facing according to the dot-product criterion

Eq. (3.108). Beacons that fail either condition are treated as unavailable and removed
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from the stacked LOS measurement vector for that update.

Beacon-to-face assignment. To apply the face-visibility test in (3.108), each bea-

con is associated with one chief surface (face) and inherits that face's outward unit

normal. In the present implementation, the beacon set is partitioned into six groups

corresponding to the �X, �Y , and �Z faces of the chief body (expressed in fCg

frame). For example, beacons assigned to the +X face usen̂ c
+X =

h
1 0 0

i T
,

those assigned to the �X face usên c
�X =

h
�1 0 0

i T
, and similarly for �Y and

�Z. Concretely, one possible assignment is

B+X = fB 1; B4g; B�X = fB 2; B3g;

B+Y = fB 7g; B�Y = fB 8g;

B+Z = fB 5g; B�Z = fB 6g;

(4.47)

where B�X denotes the set of beacons mounted on the corresponding face. The exact

beacon-to-face assignment is not critical to the estimator structure; it only determines

which beacons become unavailable under the self-occlusion model. The sets in (4.47)

are updated to match the con�guration used in the simulation �gures.
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CHAPTER 5

RESULTS AND DISCUSSIONS

5.1 Nominal Measurements Case

The continuous-time process noise is collected in the vector

w(t) ,
h
� T

cv � T
dv � T

cu � T
du wx wy wz

i T
; (5.1)

where � cv; � dv 2 R3 represent gyro-rate white-noise terms for the chief and deputy,

respectively, and �cu; � du 2 R3 represent the corresponding gyro-bias driving (ran-

dom walk) noise terms. The scalars wx ; wy; wz denote the process-noise components

associated with the translational dynamics (Eq. (2.49)).

The noise sources are modelled as mutually independent, zero-mean white-noise pro-

cesses with

E
�
w(t)w T (� )

�
= Q c �(t � � ); (5.2)

where the continuous-time process-noise intensity matrix is

Qc = diag
�

� 2
cvI 3�3 ; � 2

dvI 3�3 ; � 2
cuI 3�3 ; � 2

duI 3�3 ; wx ; wy; wz

�
: (5.3)

The numerical values used for these spectral densities are [6]

wx = w y = w z =
p

10 � 10 �11 m
s
p

s
; (5.4)

� cv = � dv =
p

10 � 10 �5 rad
p

s
; (5.5)

� cu = � du =
p

10 � 10 �10 rad
s3=2

: (5.6)

The discrete-time covariance in the propagation step is formed from Eq. (5.3).
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The �lter is initialized with the truth state values at t = t0, i.e., x̂(t 0) = x(t 0).

The initial covariance is chosen block-diagonal and isotropic within each 3-axis sub-

block:

P 0 = diag
�

� 2
�;0 I 3�3 ; � 2

� c ;0I 3�3 ; � 2
� d ;0I 3�3 ; � 2

�;0 I 3�3 ; � 2
_�;0I 3�3 ;

� 2
r c ;0I 3�3 ; � 2

_rc ;0I 3�3 ; � 2
�;0 ; � 2

_�;0

�
;

(5.7)

where the numerical values are selected as [6]

� 2
�;0 = 1 (deg)2; � 2

� c ;0 = 4 (deg=hr)2; � 2
� d ;0 = 4 (deg=hr)2;

� 2
�;0 = 5 m2; � 2

_�;0 = 0:02 (m=s)2; � 2
r c ;0 = 1000 m2;

� 2
_rc ;0 = 0:01 (m=s)2; � 2

�;0 = 1 � 10 �4 rad2; � 2
_�;0 = 1 � 10 �4 (rad=s)2:

(5.8)

3� covariance bounds. Let Pk denote the MEKF error-state covariance at time tk .

Assuming Gaussian errors, the component-wise 3� consistency bounds for the ith

state are computed as

�X i;k 2
�

�3
q �

Pk
�

ii
; +3

q �
Pk

�
ii

�
; i = 1; 2; 3; � � � ; N: (5.9)

These bounds are used in the plots to assess �lter consistency.

5.1.1 MEKF Results with Nominal Measurements

The estimation results of the standard MEKF using the nominal camera measure-

ments (noise only) in Sec. 4.7.2 are presented in Figs. 5.1 to 5.6.

The �lter is initialized at the true state, so the �gures primarily re�ect the steady-state

error levels driven by sensor noise and process modeling assumptions, rather than a

convergence-from-large-initial-error scenario. The red dotted curves denote the �3�

envelopes obtained from the corresponding diagonal elements of the state covariance

matrix.

Figure 5.1 shows the attitude estimation errors. After a short initial transient, the roll,

pitch, and yaw errors remain bounded within the predicted �3� limits. The envelope

exhibits a periodic behavior, which is expected in camera-aided relative navigation:
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Figure 5.1: Results for MEKF: Attitude Errors and 3� Bounds.

Figure 5.2: Results for MEKF: Chief Bias Errors and 3� Bounds.
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Figure 5.3: Results for MEKF: Deputy Bias Errors and 3� Bounds.

Figure 5.4: Results for MEKF: Relative Position Errors and 3� Bounds.
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Figure 5.5: Results for MEKF: Relative Velocity Errors and 3� Bounds.

Figure 5.6: Results for MEKF: Chief Orbit Parameters Errors and 3� Bounds.
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the information content of the measurement model varies with the relative geometry,

leading to time-varying observability and, consequently, a time-varying covariance.

The estimated gyro bias errors for the chief and deputy are shown in Figures 5.2

and 5.3. Although the estimates are initialized at their true values, the bias-error

responses reveal a brief transient driven by process noise and measurement noise.

Following this transient, the bias errors remain bounded and settle to small, approx-

imately constant levels within the �3� envelopes. Importantly, in the absence of

any measurement bias, no unbounded drift is observed in the bias estimates, and the

�3� limits contract rapidly to a steady level, indicating that the bias states remain

well-conditioned in the nominal case.

The relative position and velocity error histories are given in Figures 5.4–5.5. For all

components, the MEKF maintains bounded errors that remain consistent with their

�3� bounds. The y channel exhibits a noticeably larger uncertainty and a more pro-

nounced variation in the �3� width compared to the other axes. This behavior is

consistent with a temporary reduction in measurement sensitivity to that direction

due to the viewing geometry, rather than a divergence of the �lter, since the error

remains bounded and the covariance returns to its nominal level afterwards.

Finally, Figure 5.6 reports errors in selected chief orbit parameters. The correspond-

ing �3� bounds remain comparatively large and are periodically modulated, while

the realised errors stay bounded and close to zero. This is not unexpected: these

quantities are not measured directly and are inferred through the nonlinear mapping

from the estimated relative state, so the resulting uncertainty re�ects the geometry-

dependent sensitivity of this mapping. Overall, the nominal results demonstrate sta-

tistically consistent behavior of the standard MEKF under unbiased camera measure-

ments, providing a clean reference for the faulty-measurement and robust-�lter com-

parisons.

5.2 Angular Bias Cases

This section de�nes the directional-bias scenarios used to evaluate the conventional

MEKF against the proposed robust estimators (RMEKF with a single scale factor and
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RMEKF with multiple scale factors). The nominal LOS measurement noise standard

deviation is

� m = 0:02
�

180
rad � 3:49 � 10 �4 rad: (5.10)

Accordingly, the injected bias magnitudes are also reported in normalized form as

k� m to facilitate comparison across cases.

Directional faults are introduced using the rotation model in Sec. 3.3.1. In imple-

mentation, the bias rotation Aerr;i 2 SO(3) is generated via a 3–2–1 (yaw–pitch–roll)

Euler-angle triplet using angle2dcm. For reporting purposes, the equivalent single-

angle magnitude of the applied rotation is computed as

�� i , cos �1

�
tr(A err;i ) � 1

2

�
; (5.11)

and is expressed in degrees, radians, and �m units.

Based on a geometry/information check (innovation/Jacobian leverage), Beacon 1

(and similarly Beacon 4) provides slightly higher in�uence on the update, whereas

Beacon 2 is the least informative. Therefore, the cases below are chosen to (i) rep-

resent a localized fault on a high-leverage beacon, (ii) represent faults affecting mul-

tiple beacons with different severities, and (iii) represent a common-mode (global)

bias applied to all beacons. In all cases, the bias is applied only over the fault window

t 2 [t start
fault ; tend

fault ], while all other times follow the nominal measurement model.

Table 5.1: Angular-bias cases used in the robustness comparison (�m = 0:02� ).

Case Corrupted beacons Euler bias triplet (deg) �� [deg] (k�) [tstart
fault ; tend

fault ] [min]

I f1g (0:45; 0:8; �0:4) 1 (50� m ) [300; 310]

II f1; 2; 4g

B1 : (0; 0:2; 0)

B2 : (0:65; 0:63; �1:2)

B4 : (0:32; 0; �0:24)

B1 : 0:02 (10� m )

B2 : 1:5 (75� m )

B4 : 0:4 (20� m )

[350; 355]

III f1; : : : ; 8g (�30; 34:4; 32) 60 (3000� m )

[225; 225:5]

[250; 250:5]

[275; 275:5]

Case I represents a localized directional bias affecting only a single (high-leverage)

beacon. Case II introduces a multi-beacon fault scenario in which three beacons are
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corrupted with different severities, including a strong bias on the least-informative

beacon (Beacon 2) and milder biases on higher-leverage beacons (Beacons 1 and 4).

Case III applies a common-mode directional bias to all beacons during multiple short

fault intervals, providing a stress test for robustness against global corruption and for

the �lter's ability to recover promptly once nominal measurements resume.

5.2.1 Root Mean Square Error (RMSE)

The results for the proposed �lters are compared by calculating the root mean square

error (RMSE) of the each state estimation around the times of measurement error

such that

RMSE 
 =

vu
u
t 1

Ns

kfX

k i

[x 
 (k) � x̂ 
 (k)]2 
 = 1 : : : n: (5.12)

where ki is the initial step of error calculation interval, kf is the �nal step of error

calculation interval, and Ns is the number of samples on this interval.

5.2.2 NIS-Based Fault Detection

The consistency test mentioned in Sec. 3.2.3 is used in the fault detection algorithm.

� k = e T
k

h
Hk(x̂ �

k ) P �
k H T

k (x̂ �
k ) + R k

i �1
ek : (5.13)

Under nominal conditions, �k is approximately �2-distributed with m = dim(zk)

degrees of freedom. A fault is declared when �k > � 2
m;1�� for the chosen signi�cance

level � = 0:01 where m = 3N = 24 (i.e.� 2
24;0:99 = 42:9800)

In the robust �lters, the measurement covariance is in�ated after a fault is detected

with a scale factor (Rk ! S �
k Rk), and the corresponding innovation covariance is

used in the update. The post-scaling NIS,

� k;post = e T
k

h
Hk(x̂ �

k ) P �
k H T

k (x̂ �
k ) + S �

k Rk

i �1
ek ; (5.14)

therefore quanti�es consistency after robustness adaptation: during fault periods �k

may exceed the �2 bound, while �k;post remains closer to the expected range, indicat-

ing that the in�ated covariance effectively downweights the corrupted measurements.
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5.2.3 Angular Bias Case I

Case I represents an isolated angular-measurement fault affecting only a single bea-

con (Beacon 1) while the remaining beacons provide nominal LOS information. As

summarised in Table 5.1, Beacon 1 is corrupted by the Euler bias triplet chosen as

(0:45; 0:8; �0:4) deg over the interval t 2 [300; 310] min, corresponding to an equiv-

alent rotation magnitude of �� � 1� (50� m ). Although the fault window is short, the

applied directional bias is suf�ciently large relative to the nominal measurement noise

to produce a non-negligible innovation and to test whether the �lter can localise and

suppress the effect of a single bad measurement source.

The results for the MEKF, SSF–RMEKF, and MSF–RMEKF are shown in Figs. C.1

to C.6, Figs. C.7 to C.12, and Figs. 5.7 to 5.12, respectively.

Standard MEKF. The standard MEKF remains stable, but the biased LOS updates

introduce a clear transient at the start of the fault window. In the attitude channels, a

noticeable excursion appears around t � 300–310 min, consistent with the �lter at-

tempting to reconcile the biased direction measurement with the predicted geometry.

This behavior also propagates into the estimated gyro-bias states: the chief and deputy

bias-error traces (Figs. C.2 and C.3) show a visible deviation during the same inter-

val, indicating that the �lter partially misattributes the measurement inconsistency

to slowly-varying bias terms rather than treating it as a measurement abnormality.

The relative position/velocity errors (Figs. C.4 and C.5) exhibit the most pronounced

impact: a sharp deviation appears near the fault onset, followed by an oscillatory

residual after the fault is removed. Importantly, some of these excursions are not

fully captured by the nominal 3� envelopes, which is expected since the MEKF does

not model measurement bias/outliers and therefore tends to be overcon�dent during

corrupted-update periods.

SSF-RMEKF. Introducing a single robustness scale factor reduces sensitivity to

the corrupted LOS, but in Case I it also highlights the main limitation of a global

scaling strategy. Because the scale factor is shared across the entire measurement

set, the mechanism reacts to an outlier in Beacon 1 by downweighting all beacon
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updates. As a result, the �lter is less aggressively pulled by the corrupted beacon,

yet it also temporarily reduces the contribution of the seven healthy beacons during

the fault window. Consistent with this, the attitude and bias-state responses (Figs. C.7

to C.9) remain well-behaved and do not exhibit the pronounced excursions seen in the

standard MEKF, while the relative-state channels (Figs. C.10 to C.12) stay bounded

without the strong post-fault oscillatory behavior. Overall, SSF improves robustness

versus the nominal MEKF, but it cannot fully exploit the redundancy available in

Case I because it cannot localise the corruption to a speci�c beacon.

Figure 5.7: Results of MSF-RMEKF for Case I: Attitude Errors and 3� Bounds.

MSF-RMEKF. The MSF-RMEKF provides the cleanest response in Case I. Since

each beacon is assigned its own scale factor, the �lter can selectively in�ate the ef-

fective covariance of Beacon 1 while continuing to trust (and bene�t from) the re-

maining valid LOS measurements. Consequently, the attitude disturbance (Fig. 5.7)

during t 2 [300; 310] min is shorter and better contained, the chief/deputy bias es-

timates (Figs. 5.8 and 5.9) remain close to their nominal behavior, and the relative

position/velocity errors (Figs. 5.10 and 5.11) recover promptly without a pronounced

post-fault residual. The 3� bounds are also more consistent with the observed errors,

re�ecting a more appropriate uncertainty adaptation when only a subset of measure-
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