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ABSTRACT

*

A CYLINDRICAL SHELL WITH A FIXED END CONTAINING A
CIRCUMFERENTIAL PART-THROUGH OR THROUGH CRACK
UNDER THE GENERAL LOADING

GULGEC, Miifit
Ph.D. in Mechanical Engineering
Supervisor: Prof. Dr. O. Selguk YAHSI
January, 1993, 183 pages

In this study, the problem of a cylindrical shell with a fixed end
containing a circumferential part-through or through crack under the general loading
is analyzed. The problem is formulated for a specially orthotropic material by using
Reissner’s shell theory. The part-through problem is treated by using a line-spring
model. By using the Fourier integral transform technique ,the problem is reduced to
five simultaneous singular integral equations. The system of singular integral
equations is further reduced to a system of linear algebraic equations which is solved
numerically by using Gauss-Chebyshev quadrature formula. The primary objective
is to study the effect of the end constraining on the stress intensity factor which is the
main fracture mechanics parameter. Also, the effect of the shell curvature and
thickness, material orthotropy, and the Poisson's ratio on the stress intensity factors
are investigated.

Keywords: Cylindrical Shell, Circumferential Part-Through Crack, Circumferential
Through Crack, Fixed End.

Science Code: 625.03.02
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GENEL YUKLEMENIN ETKISINDE BIR UCUNDAN
SABITLENMIS KISMI CATLAK VEYA CATLAK
IHTIVA EDEN SILINDIRIK BIR KABUK

GULGEC, Miifit
Doktora Tezi, Makina Miihendisligi Anabilim Dal1
Tez Yoneticisi: Prof. Dr. O. Selcuk YAHSI
Ocak, 1993, 183 sayfa

Bu tezde, genel yiiklemenin etkisi altinda, bir ucundan sabitlenmis ve
cevresel kismi catlak veya catlak ihtiva eden silindirik bir kabuk incelenmistir.
Problem, 6zel ortotropik bir malzeme igcin Reissner Kabuk Teorisi kullanilarak
formiile edilmistir. Kismi ¢atlak problemi line-spring modeli kullanilarak
goziilmiistiir. Fourier integral donligim teknigi kullamlarak, problem bes tekil
integral denklemine indirgenmigtir. Tekil integral denklemleri daha sonra lineer
denklem takimina indirgenmis ve Gauss-Chebyshev integral denklemi kullanilarak

“sayisal olarak goziilmiigtir. Bu g¢aligmada asil amag, sabit ucun ana kirilma
mekanigi parametresi olan gerilme siddeti ¢arpanina olan etkisini incelemektir.
Ayrica, kabuk egriliginin ve kalmhiginin, malzeme ortotropisinin ve Poisson oraninin
gerilme siddeti garpanina etkisi de incelenmigtir.

Anahtar Kelimeler: Silindrik Kabuk, Cevresel Kismi Catlak, Cevresel Catlak, Sabit
Ug.

Bilim Dali-Say1sal Kodu: 625.03.02
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CHAPTER1
INTRODUCTION

Pressure vessels, pipelines, containers, ship hulls etc. are all shell like
structures which may fail by fracture. The designers. of these components must take
this into account as such failures are often catastrophic and endangering lives and the
environment. The fracture process typically starts with a small material defect or
weld imperfection that grows in fatigue which is driven by mechanical or
environmental conditions. Eventually the flaw may be characterized as a
macroscopic surface crack. This surface or part-through crack then continues its
growth through the thickness, leading to failure by leaking or an unstable fracture.

In the discipline of fracture mechanics, one usually assumes an initial
flaw configuration, and then secks to obtain certain fracture parameters that are
believed to govern the tendency of crack to grow. In the case of brittle fractures and
more importantly, fracture by fatigue, the stress intensity factor is the most
commonly used parameter.

Up to now, fracture mechanics research as applied to cylindrical
containers and pipelines has dealt mostly with longitudinal flaws in the component.
There is, of course, a good reason for this, namely, in pressurized cylinders under
normal operating conditions, the hoop stress is by far the dominant stress
component. On the other hand, any secondary load caused by known and unforeseen
factors would be primarily in the axial direction. Some of the sources of these
stresses are support misalignment, variety of thermal fluctuations, earthquake,
vehicle vibrations and installations mistakes, which cause the different loading
conditions. One may also pointed out that axial stresses would be much more time-
varying than basically pressure induced hoop stresses and hence would tend to
facilitate the formation and propagation of fatigue cracks in the circumferential
direction.



Due to the three-dimensional nature of the problem, the crack problem in
shells appears to be, at least at the present time, analytically intractable. However,
the through crack problem can be treated within the confines of various shell
theories. In fracture problems related to shells, the classical shell theory has been
used in most of the existing solutions. In the classical shell theory, the transverse
shear effects are neglected and eighth order classical shell theory is used to formulate
the problem. Due to this approximation, one can have only four boundary conditions
on the shell boundary. Hence, the crack surface boundary conditions are

approximated by using the Kirchhoff assumption (i.e. instead of satisfying the
conditions M, , V =0 separately, the condition V +dM, /ds = 0 is satisfied where

n,s are the coordinates normal and parallel to the crack surface, M, is the twisting

moment and V is the transverse shear). -

The first analysis of cracks in shells was presented by Folias in 1965 for
a cracked sphere [1], [2] and for an axially cracked cylinder [3]. The circumferential
cracked cylinder was investigated in 1967 .[4]. The results in these papers are
asymptotic in nature for short cracks. A shallow shell theory was also used which
linearizes the governing equations.

In late 1960's Erdogan and Kibler [5] provided a more complete solution
to the problems studied by Folias. In this study, shallow shell equations are
employed, the numerical techniques for the solution of the singular integral
equations are exact.

The major shortcoming of these early shell solutions, was the neglect of
transverse shear deformation. In shells, since extension and bending are coupled, the
elasticity concept of stress intensity factor cannot be used with these 8th order
theories without redefinition. It was Sih and Hagendorf [6] in 1974 who first solved
cracked shell problems by including the transverse shear effects. Later papers, which
include the transverse shear effect use the shallow shell equations given by Naghdi
[7]1, provided more exact and extensive results. For axially cracked cylinder, Krenk
[81, and for the circamferentially cracked cylinder, Delale and Erdogan [9]. It was
shown in these papers that the asymptotic stress field obtained is compatible with the
solution obtained by the theory of elasticity; therefore standard fracture parameters
such as stress intensity factors could be used. The skew-symmetric shell problem
was studied by Delale [10] and it was shown that the mode II and III stress intensity



factors also have the same elasticity definition. Therefore, it appears that the simplest
shell theory that may be used to study cracks in shells to obtain stress intensity
factors, is the one that includes transverse shear deformation [11,12,7]. In 1983,
Yahsi and Erdogan [13] solved the shallow shell problem for an arbitrarily oriented
crack with respect to a principal line of curvature. They used Reissner's higher order
shell theory which was used by Delale and Erdogan [9], but the analysis involved the -
in-plane and out-of-plane stress, moment and shear resultants because of the
generality of the problem.

The problem of surface cracks in shells is inherently a three-dimensional
elasticity problem that appears to be analytically intractable. There are, however
,some numerical solutions based on the techniques of finite elements [14], [15] or
boundary integral equations [16]. Rice [17], [18] introduced the so-called line-spring
model which transformed the part through crack into a through crack by making use
of the plane strain solution for an edge-cracked strip. This model has been shown to
give very good results in spite of its simplicity. Therefore, within the limitations of
this model, both through and part-through crack problems can be solved with the
same plate or shell theory formulation. Delale and Erdogan [19] have used the
samemodel, with a shallow shell formulation to predict stress intensity factors for
surface cracks in cylinders. In the study of Joseph and Erdogan [20], the problem of
shallow shell containing a surface crack and subjected to general loading conditions
by using line-spring model is considered. They used the displacement quantities as
unknowns, rather than their derivatives which were used in most of similar
investigations.

The above mentioned solutions for part-through or through crack
problems, which are based on either the classical shallow shell theory or a Reissner
type transverse shear theory have all been given for infinite shells in the sense that
the crack is assumed to be located sufficiently far from the boundaries and all other
sources of stress disturbances so that all interaction effects may be neglected. The
first analysis of fixed end problem was presented by Yahsi and Erdogan in 1985 for
a pressurized cylindrical shell which contains an axial part-through or through crack
[21].

The primary objective of this dissertation is to study the influence of a
stiffened end on the stress intensity factors in a cylindrical shell containing a



circumferential through or a part-through crack under general loading conditions.
Such problems may arise in pipes and cylindrical containers having flanges or end
plates the stiffnesses of which are very high in comparison with those of the shell
itself. Thus, in formulating the problem it may be assumed that the end of the shell is
“fixed", that is all components of displacement and rotation vectors are zero. Then
the problem is formulated for a specially orthotropic material by using Fourier
integral transform technique. Similar to other crack problems, this mixed boundary
value problem is reduced to a system of five simultaneous singular integral equations
and they are solved numerically.



CHAPTER I
BASIC FORMULATION OF THE PROBLEM
In this problem the general shallow shell equations developed in [7] for

an isotropic medium will be used. The equilibrium equations for a shallow shell may
be expressed as,

Nyy=0 2.1)
Vi H{Z, N,,),,+0(X,,X;) 2.2)
M, ~V=0, (ij=12) @23)

where X, X,, X, are the rectangular coordinates, X, X, plane being tangent to the
middle surface of the shell, Z = Z(X;,X,) is the equation of the middle surface, q is
the surface loading, and N;, M; and V; (i,j=1,2) are respectively , membrane,
moment and transverse shear resultants. The indicial notation and the summation
convention are used in the formulation of the problem. The components of strains
can be given by

1 . .
&= (Ut Upp 2 WsZ, W], 17=12 @4)

where U,, U, and W are the displacement components in X;, X, and Z directions.

The normals of the shell in its original configuration change directions by the angles
B, and B,. The slope of the middle surface changes by W,;, and thus the effect of

the transverse shear is expressed by

0,=W,+B,, i=12 @5)



If U, and U, are eliminated from equation (2.4), a compatibility equation can be
obtained in the following form

exe e+ Zy W) =0 2.6)

where e, is the permutation symbol (i.e. ¢,, = e,, =0 and ¢, =—e,, =1) By using of
the stress function F(X,,X,) defined by

N, =e;efF., @7

the equilibrium equation (2.1) is satisfied. If the generalized Hooke's law, which is
expressed as

£, = @y Nuf h 2.8)

is used, the equations (2.2) and (2.6) reduce to
My, + Z, enef g =0 2.9)
1€ CiCi it s mpg THZ, s €58 W 1= 0 (2.10)

Even with simple geometries for anisotropic materials the differential equations are
not tractable. However, as shown in [8] if one assumes a special orthotropy, the
related differential operators in these equations can be factorized and the problem
can be made analytically tractable. This factorization condition can be expressed as
follows;

2G, = (552)}{ / [1+(vlv2)}{ } @.11)

where E, E,, v,, v, and G,, are the material constants of the orthotropic material.
The material which satisfies the condition (2.11) is called "specially orthotropic”.



Defining

E=\EE,. v=\vv,. c=(E/E)" .12)

the relations between stress and displacement quantities in the shell may be
expressed as

1
£, = h—‘&_(c’N22 VN, 2.13)

By using the assumption of linear variation of stress components o; over the

thickness, the moment resultants can be expressed by

M, =D(Cz[31,1 +Vl32,2)

1-v
i)

My, = 4"61,1 '*'Bz,z/cz) (2.14)

Mzz

where D= Er*[12(1- v?) and B is the effective shear modulus. Referring to [12]
it will be assumed that

B= 3_£ (2.15)
62(1+v)
Defining now the operator
2 2
= 9 9 (2.16)

c—+
> & coX’

equations (2.9), (2.10) and (2.3) may be reduced to



2 2 2 2 2 2
ViViF+h 9Z 9 -2 0z C +az d W=0 @17
e aX aX?  3XdX, 0XpX, 0X.oX

2 2 2 2 2 2
vy |1 Py | T2, P2 @ 2 |,
e Bh € |aX'aX! ~aXaX,aXaX, oX X’

D

=[1-Zv2

Bh 2.18)

g W _D vip,+ (1+v) 2 (3B, 3B, 2.19)
aX, hB 2c ax,\aX, 9xX,
aWw D L+v) 3 (9B, 9B,

+ 2 =2y - 2.20

P: ax, [‘Bz 2 axl(ax2 axl)] @20

Equations (2.17)-(2.20) provide the formulation for an arbitrary shallow shell in
terms of the unknown functions F, W, B, and §,.

Now let us assume that in the domain of interest the curvatures of the
shell are constant. Then in (2.17) and (2.18) the terms involving Z may be replaced

by

Z__ 1

ax” R

*Z_ 1

X R

2

oz __ 1 @.21)
aXaX, R,

Also, following [13], if one introduces the dimensionless quantities given in
Appendix A, equations (2.17)-(2.20) may further be simplified to



V'o-— x, X 2 +A— Ca (2.22)
N axay 2 ox? '

2 2
v4w-;e(1-xv2{z:é-ay7-zx§2638y e a"’xz)mx(l-xvz.)%q @.23)

o) L 1+v 2[R, ap,)
(1-xv?)p.+ —=x— CRY 2.24)

( \
3
Jow_ 1+va|op OB (2.25)
v 2 a(y ox)

(1 -xV° )By

The constant a used in Appendix A to normalize various quantities is a
characteristic length parameter in the shell. Usually in crack problems the shell is
assumed to be "infinitely large" and a is taken to be half of the crack length.

Introducing new unknown functions Q and ¥ defined as follows

9B, 9B,
Q — 2.26
(x) = v ox (2.26)
aB, ﬁ
Y(x,y)= '{ax ayJ w 2.27)

equations (2.24) and (2.25) may be expressed as follows

B, =xV'B, —%_KHTV%;:Q (2.28a)
B, =<V, -%%ml-‘-;l%il (2.285)



Then by using equations (2.26) and (2.27), V*B, and V*f, terms in (2.28a,b) can be

written as follows

2 32
VB, -9, 9B, +——B Y (2.29a)
dy ox* oxdy '

o 9B, P,

v, =
By ox 9dy* Odxoy

(2.29b)

Finally from equations (2.28a,b), and (2.29a,b), following relations can
be obtained '

p, =¥ _l-vo (2.302)
ox 2 dy

y = Q\z _ K}i_ag_ (2_30b)
0 2 ox

In (2.30a,b), eliminating Q and then using (2.27) the following differential equation
can be found

V¥ -¥-w=0 (2.31)

Similarly, by eliminating w, equations (2.28a,b) yield
xli‘ivzg —Q=0 2.32)

The solution of the shell problem must then satisfy the differential equations (2.22),
(2.23), (2.31) and (2.32) and all the necessary boundary conditions.

10



CHAPTER III

A CYLINDRICAL SHELL WITH A FIXED END WHICH
CONTAINS A CIRCUMFERENTIAL THROUGH CRACK

3.1. Formulation of the Problem

Consider a specially orthotropic cylindrical shell with a fixed end which
contains a circumferential through crack of length 2a as shown in Figure 1. Let the
shell be loaded with membrane forces, moments and transverse shear forces far away
from the crack region, and let the surface loading g be zero.

To solve the problem, one may first consider a cylindrical shell without a
crack which is fixed at X, =0 plane and which is subjected to the given set of
external loads. Since the problem under consideration is linear, the solution of the
cracked shell problem may then be obtained by adding to this uncracked shell results
a perturbation solution obtained from the cracked shell with a fixed end by using
equal and opposite stress, moment and shear force resultants from the first solution
as the crack surface tractions.

For a cylindrical shell with a circumferential crack, 4, =0=24,,, and
equations (2.17), (2.18), (2.31) and (2.32) simplify to the following set of differential
equations

2
A, ) o’w
Vio-| 22| 2% 3.1.1
(x) o GLD
4 2 2 azq)_
Viw+ (M) (1-xv )5}2—_0 (3.1.2)
KVY - — =0 (3.13)

xlizlvkz—s::o (3.1.4)



SYNYSENSSY S AVANANY

Figure 1. Geometry of a Cylindrical Shell Containing
Circumferential Through Crack with a Fixed End
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By eliminating @from equations (3.1.1) and (3.1.2), following equations
can be obtained ‘

d'w _

VAV (1 KV’)E)?

0 (3.1.5)

In the present study, the primary interest is in the problem of a
cylindrical shell with a fixed end which contains a circumferential crack. So, for the
shallow shell under consideration the solution of (3.1.5) may be expressed as

1% oy 1° oy
wlxp)=-— [ Alxo)e ™ dot—— j” £(x,Ble® o (3.1.6)

Assuming the solution of the ordinary differential equations resulting from (3.1.6)
and (3.1.5) of the form

Alx,0) = Ma)e™ (B.1.7)
£(x,B)= SB)e™=" (3.1.8)
the characteristic equations giving m and n may be obtained as follows:

mt = (kA + 402 )t + (60t +2% +a%As st — 4o +0* =0 (3.19)
- (xx; +4p? )n6 +(6B*+25+ ﬁ’xx;)n‘ — 47 +B =0  (3.1.10)

It should be emphasized that the roots of (3.1.9) and (3.1.10) are in
general complex, and, of course, are not known as a function of & and f in closed

form. Note that, ordered properly, the roots of (3.1.9) and (3.1.10) have the
following property

Re(m)<0, m,,=-m;, j=1,2,3,4 (3.1.11)

Re(n)<0, n,,=-n, j=1234 (3.1.12)

13



then the solution of f,(x, ) and f,(x,f), which also satisfy the regularity condition
at x = oo may be expressed as

4
Y Rlo)e™ x>0

Slxo) =44 (3.1.13)
Y Rla)e™ x<0
S
AxB)= iS,(B)e””‘*” x>0 (3.1.14)
1

Similarly, by expressing the solution
17 - fay 17 - By .
o(x,p)=— [ glx.a)e™ da+— [ g,(xBle™ dB (3.1.15)
2n 7 2n °,
from (3.1.1) and (3.1.13), (3.1.14), the functions g,and g, may be obtained as

4
Y R{a)Ke™ x>0
gx,o)=14 (3.1.16)
Y Rla)Ke™ x<0
55

4
& xB) =Y SPM" x>0 (3.1.17)
sl

where

2 2
K,:{ﬁ) [Z&] (3.1.18)
P )\ A

2
Ay
—2 (3.1.19)
x )

14



py=n-o’ (3.1.20)
s =1t P 3.121)

Expressing now Qin the form
Qx,y)= L jfa(x,a)e‘“” do+ L I/zz(x,B)e"B’ aB (3.1.22)
2n ", 2n -,

and assuming that

h(x,0)= Ala,r)e”
h(x,B)= BB,t)e* (3.1.23)

from (3.1.24), it can be shown that the functions &, and h, satisfying the conditions

at x = *ee may be expressed as

_JAeT x>0
h(x,0) —{ A x<0 (3.1.24)
h(x,B)= BB x>0 (3.1.25)
where
R=-n= -[a’ 4 ]/
x(1-v)
VA
4= —[132 +—2 ]

x{1-v) (3.1.26)

Finally, it may be shown that the remaining differential equation (3.1.3)
will also be satisfied and the solution will have the proper behavior at x = tee, if it is
assumed that

Y(x,y) = 1 jel (x,0)e™ dow+ L jez (x,B)e ¥ aB (3.1.27)
2n = 2n -,

15



e
' 2'——"‘31(0‘) ™ x>0
1 ¥p;—1

|~ Pl

(3.1.28)
x<0

0,(x,p) = if&e”f‘**” x>0 (3.1.29)

1 Ksj_l

Thus, the problem is reduced to the determination of the unknown
functions Rj(at) (j=1,...,8), Sj(B) (=1...,4), Aj(a) (=1,2) and B1(B) from the
boundary conditions of the problem.

As mentioned earlier, the only external loads in the problem are the self-
equilibrating force and moment resultants on the crack surfaces. Therefore ,these
fifteen unknowns are obtained by using the following continuity and boundary
conditions:

xl:n(;l N, - jl:l(’)l N,=0 —co<cy<+too (3.1.30)
llzanxx—li_l:l(;l_Mn=0 —00 < I < +00 (3.1.31)
}1_{? [/,'(—-li_r)?_ V.=0 —00 < P < oo (3.1.32)
311)1: N, -—31_1)101 N,=0 —co<y<too (3.1.33)
}EMJ,—EEMI;O —00 < [ < +00 (3.1.34)
xli_)n_lru= 0 —o0 < Y < oo (3.1.35)
xlir?rﬁ‘ =0 —00 < < oo (3.1.36)

16



limw=0 —oo < Y < +oo (3.1.37)

x—>-F

limpv =0 ~00 < Y < +oo (3.1.38)
hme =0 —oo < Y < +oo (3.1.39)

fm N+ im N, =2,(3) M«/Z

x=0*

i u- xlg?-":() MM/; (3.1.40a,b)
Im M.+ lim M, =2£,() ,4«5
fﬂﬂ"_fﬂ—ﬂ‘_o "i”/; (3.1.41a,b)
Im U+ lm V,=2F(0)  [f<Ve
e L bf> Ve (3.1.42a,)
ll_mN +th ,=2F,(v) y<\/;
Pﬁ"—lf?—":o o> (3.1.43a,b)
lm M,,+ lm M,, =2F(y) < Ve
lim B, - | hm B =0 bf> Ve (3.1.44a,b)

where Fj, (j=1....,5) are known crack surface loads.

Using (3.1.6), and (3.1.13)-(3.1.29), from the basic expressions given in
Chapter 2, the components of the stress and moment resultants and, the
displacements and rotations may be obtained as:

17



M, (x,y) =1

ja’ZK,Rj((x) e doy —

JB’ZM,S(B) e o
N (x,p) =1

__IG2ZK/R(a)emlxe'hy da_ (3.1.45)

-0

—Q-J'BZZMS Bl e aB , x<0

e & (1-v)a? +p, gt
K (o)e™ J’doc—
2 /z?L‘ J;g{ g )
1 a x(1-v)* v)2 -
aorne e ™ do+
2717/77»4 2 JIAl(
3 (1- V)B +sj ) g
S, (Be” Py
2n /W_JZ’ ; aB-
i__a_x(l -V’ J',&(ﬁ)ﬁt alerl) g ﬁyaB
2r AN 2

; jz(l V)a +ij ) mjxe-nyda_
21t/17\. Sers  Kp-l

1 a x(1-vP'7
2n /zx‘ 2
4 (1- v)62+s

) n/(x+l’)e-ﬁy _
2 /zx‘ j,, ; y 5B B (3.1.46)

jzAz(oz)ar € e ™ do. +

1 _a x(1-v?*F

w2 j’&(ﬁ)ﬁt Mg ™ aB , x<0
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Vix,p) =4

N x,p)=:

4= g

J Z Kpjm/]?(a)em,x ~ ey da_,
21t_,,j=1 Kp, - -1

1 nc(l V)
21:

JAfolaere ™ dot

mTi KS/n/ St(ﬁ) 71 x4 1} ‘51’(’B_.

A xS~

_LK(I*V) I,E(ﬁ)ﬂet.(xme-ﬁ”ap , x>0
2n -
LTS 2 e

R w5 Py =

1 K(l ~V) flAz(a)aerzx ~ % do+

21:

Tﬁ: KS/)/ 5. 5) ](x+l’) 6y43

2n > F1 K8~

1 K(l V)J‘a(B)Bet,(erf)e ﬂy@

27t

(_LT(xi KR (o)me™ e do+
2n oo f—l

Z[BEMs e, x>0

...., Foi

L [oX AR folmenre s das

—eo 1“5

LB M5 @ne v, x<o

. i‘l
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(3.1.47)

(3.1.48)



r 1 (l - V)ﬂ x ~ &y,
—— R y Y do. ~
2n M j Z fole *

—t0 jbl

1 ax (1 V) 1X 5
YR j(a +rf)A,(a)e’ e do~
1 (1-\))0 n(x+l’) -8,
— _________S 7} y
2n A [,IBZ' Bl ®-
1 ox (1-v) tx4) - B
2n AN 4 I(Bz“z)ﬂ(ﬁet‘ ‘B, x>0
M (x,y)=
1 (1 V j R g by
T _f,, g (e T
1 axK (1 V) X - &Y, —-
P (o +f:)Az<a>e’ s
1 (1~v)a'f )= g B oy (3.1.49)
2 AN [’BZ P
1 V) ARSI P )
21 /;;.‘ 4 i(ﬂutz)&(me” y
wjzfm(anf e o+
Tc_wrl
LIS msprieres R,
n_”;-;
N p) =S
m"'z}{}?(a)”’z mx ..;u,yda_*_ (3.1.50)
-,,f-s
jiM/'S; nzen,(x-w’) ﬁyaB
T .
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M, (x,y)=+

|2 2

too 4 —(1- 2
J‘ vaj (1-v)a ‘R)(a)em,xe-ﬁy do +
211: /77»4 oo f=1 ‘ij 1

2+
21 < x(12V) f’Al Youre e ™ do+
n

VS/ (1 V)B nlx+F) _-By

e’ e +
2nhx‘ I_,Z‘ ks, ~1 > »
1 ax(1-vP7F

4 (x+7) - By
e [

T3 vp,—(1- V)G
21: fﬂf _'[% Kp;—
1 a x(1-v)?7f
27 /7)»4 2
szsj (1 V)B SR o +

21t /17»4 Jer1 Xs;—1

Rlo)e™ e ™ do+

J iA(o)ore e ™ dou+

1 ax(i-v’¥

J‘ﬁ ﬁ)Bt et‘(XHl) —ﬁyaB

21

(3.1.51)



V(x,0) =+

j 0y LR (a)em e ™ doi
21t A Kp,—1

Zln K(l V) IA(a)reﬁx -klyda_

LT85 L5 prerise® ap-

= F1KS

lx(l ' Hlx+F) By
- j& (Bse B,

J‘ 2 p/ R(a)em/x —kxyda_
2m rsxp;—1

zln x(1-v) ¢ jAz(a)re’*‘ Y oy —
__J"BE KS; S(B 7 (x4 F) g 8 o —

-~ F1KS

_}_K(l V) #(x+l) By
— :[ﬁ(ﬁ)tle e¥dB,
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u(x,y) =+

( 1+o° 4 m3
/
-— [ LE|@+Em, - K2+

2R .
2
M7y e ™ e™ do -
Aol
17 @ ”13
LT 35| @emp-M; e

21t_,, j=1
2
& _ni en,(x+l)e—Axyda , x>0
x )P

3

1T S plaevkm -K L+
‘_121 vism =8

2n ", =S p
2
Lo ] e” e™ do—
A ) ol

17 & ”13
— ] XS|@evMp- M,

A )P

215_,‘, j=1
2
(&] _’:’/_ en,(x«vl)e-nyda , X<0
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B, (xy) =+

- [Z

2r | m

2n "

Bm,
Kpj—l

X K(I—V)

A (oc)aie”"Je""" do+

__l_ [Z Sﬁ/ en,(x+l)_

J=1 Ksj—l
x{(1-v)
2

BI(B)BfeG(xH) jle-ﬁy dB ,

4oof g H
1 z-l,—n-’—e’“ k(- V)Az(a)oue”" 2 do+
2r | s xkp,—1
j 2 S/’f o™ _ 3.1.54)
—eo| /=1 Ks/
K(l V) {x22) | -8B
, B, (B)Bre" e¥dp, x<0
( 4o 4
——_[zi?e”’f" o+
275__,/—1
LS 5o do | x>0
275_”]'—1
w(x,y) =
Ti Re™r ™ du+ (3.1.55)
275_”;-5
_jZSen,(x+l) ~By dB
T .=

24



2 ]
l"-) L lemerios dor+
A o

2
1 le =g ™ dB | x>0

)

:
%} L lemre o dov+

(3.1.56)

Lignngmap, x<o



1TI & R .. dl-V) 1
—— i), —L—e"" + Aflo)re™ ™ do—
2 l. 1—1 Kp; -1 2 Je

_‘]’ lﬁz — e

2n . j=1
K(l V)

B(p)te' " ’] PdB , x>0

;;II"’%E,L‘* 2 "I"

_T I‘ 2_:__,3" o), (3.1.57)

2r . =1 KS

(
|-
I
I
|
I
I
B, (x,y) !I
I
I
I
|
I
I

———-““2‘ V)Bl(ﬁ)tle""“‘"’]e“‘””dﬁ :

From (3.1.40)-(3.1.44), it is seen that mixed boundary conditions are
given in terms of complementary stress and displacement quantities and the
displacement quantities would be the natural new unknown functions in the system
of integral equations to be derived. However, in order to avoid kernels with strong
singularities in the resulting integral equations, it is necessary that the new unknown
functions be selected as the derivatives of the displacement quantities rather than
displacements and rotations themselves. In the present problem, the derivation of
the integral equations and the asymptotic analysis become relatively simple if the
complementary displacement quantities (which are the new unknowns) are selected
as follows:

G =ImZ_im | —wcy<to (3.1.58)

G,(y) = lim 9B, _ Iimﬁg"- , —o0< Y< too (3.1.59)
x-0* ay x—=0" ay
G,(y) = lim ow_ hméﬁ} , —00< Y< oo (3.1.60)
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2 2
ou |[A ow ou |[A ow
G()=lim| —- |2 |y— |- lm|——|-2 |y— |, —oco<y<+es (3.1.61)
¢ x—)o*[ay ()\' ] ay x—0" ay A ay d

%]
Gi(y) = lim —=-lim—% | —~o<y<+oo (3.1.62)

By using the dimensionless quantities given in Appendix A, the
functions G; (j=1...,5) may be. expressed in terms of the unknown functions R;

(=1.....8) and A;(j=1,2) as follows [13]:

. 4 )\'2
G = —f [ [;j—— ,p,]m/?,(a)—'

=1

8 {22
2{;:— -K p,]m ,&(a)]e‘“’ do ,

s=5 (3.1.63)
G(,V)——'T Ia[ H(a)mj ZR(a)m’]e'“’d
R_,, /=1 Kpj_l =5 Kp/ 1
1 *Fok(l-v) s
— | ———|A(a) - A,(a) g™ do ,
2n_J,, 2 [ ] (3.1.64)
G,(y) = -—n j [ZR(a) ZR(oc)Jz“”da (3.1.65)
=5
1 4rfe )
Gy) =—T12R,(a)K,[p,+(1+v)a -
27 . =
3R (0K [p, +(1+v)e? ]1 -9 do,
=5 J (3.1.66)
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&Ko)

Rla)
Giy)=-— | o
g -{a I:E'Kp/ 1 Expj ]ﬁ
1 ]‘ K(lz V) z'a[qA,(a)—eAJa)]e'“” do.

2

(3.1.67)

Substituting from (3.1.45)-(3.1.49) into (3.1.30)-(3.1.34) and (3.1.53)-

(3.1.57) into (3.1.35)-(3.1.39) and inverting the results, the homogeneous boundary
conditions (3.1.30)-(3.1.39) become

Y KR (0) - KR () =0 | (3.1.68)
J=1 =5
: [p,+(1+V)oz] [p,+(1+v)a]
’ By, £jfe) -
F1 xp,—1 J=s Kp;—
x(l—v)’z‘ar

KEl (a)] =0 (3.1.69)

Z 27 Ra) Zp’ ’R( )= V)’“[Al( ) Aza)] 0 (3.170)
/

1 %p =1
4 8
Y KmR ()Y Km R (a)=0 (3.1.71)
sl 55
ioci mR (o) —ioci mR, (o) N

 Kpy -l j=s ¥py—1

K(I;V)ia(az +G2HAl(a)_A2(a)]=0

(3.1.72)
sl m (Y m b
él-(z-*-v)KJml—Kj a2+ 2 aleRfe "t
4 [ 3 )‘7 2n 1
Y (2+v)M,n,—Mj 2+(—-J—§-|S,=O
| A ] (3.1.73)
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7 s X0 4 (oiprs 3 7 L pEpr=0 G

~sKp,—1 j=1 KS;—
8 4
Y Re™ +YS,=0 (3.1.75)
=5 =1

(3.1.76)
8 H _
’-az J lem/1+K(12 V)lql’(a),z,ef2
=5 KP/ -
4 S _
2 o K(l V)BZ(B)tl—O
FiKs=1 2 (3.1.77)

Also, inverting the Fourier integrals (3.1.63)-(3.1.67) and observing that G, =0
(i=1,...,5) for —eo < y<—fc , +/c <y <o, following expressions may be obtained

g (o) = (x] ":f [Zf(p,m/?(a) ZKpjm .(a)} (3.1.78)

J=1 J=5

& (@) =A1(L;Al@ =;a[i m,&(a)—im/?,(a)] (3.179)
= /=5

ALK [Zl?(a) ZR(Q)] (3.1.80)
q4(a)=ip,K ,(a)—ip,l( (o) (3.1.81)
s =5
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gs(ar) = ! [ﬁ PA) -zs,p 'R’(a)] (3.1.82)

(I—V) Fl KP,—I /=5 Kpj—l
where

+e

alw) = [Gle™dt (3.1.83)
e
e :

g,(0) = [G,(He™ dt (3.1.84)
&
+e

glo)= [GHe™dr (3.1.85)
4z

g.(0) = [G,(e™dt (3.1.86)
Ve

g;(0) = [G(He™ dt (3.1.87)
e

The algebraic equations (3.1.68)-(3.1.77) can now be solved to give
R}.(i=1,...,8), S; G=1....,4), A; (j=1,2) and B, interms of g,,...,qs as follows:

R (o) = { Qo) gy (@) + V(@) g, (o) + G (@) g () +
[)j(a)q4(a)+}§(a)q5(a)], 212008 e

5/(8) ={Q (B (B)+ 1V, (B)g(B) + C; (Ba, (B) +
DEa@+YBa®)],  /=1234 o

A (a) = Ula)g (o) + U (a)g, (o) + Usa) g, (o) +
Ui()g, (o) + Us(a)gs (@) (3.1.90)
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BB =U(Pa )+, (B1a,(B)+ U, (B)g;(B) +
U;(B)%(B) + U;(m% (B) (3.1.91)

A (a) = Yla)g (o) + V(o) g, () + V() gy (o) +
Vil g, (o) + V(o) gy (o) (3.1.92)

where 0,(a), N(@), C;(@), Dy(@), Y,(@) (=1....8), G(B), N;B), C;(B),
DB, Y;(B) G=1,..4), Uy(@) (i=1.....5), U; (B) (i=1,....5) and V;(B) (i=1,...,5) are

known functions and are given implicitly by the system of equations (3.1.63)-
(3.1.77). Then all the unknowns of the problem are expressed in terms of G,,..., G;.

It can be seen that the equations (3.1.40a), (3.1.41a), (3.1.42a), (3.1.43a),

(3.1.44a) related to the crack surface loading would then give the integral equations
to determine G,....,G,. By substituting (3.1.45)-(3.1.49) into (3.1.40a)-(3.1.44a)

following integral equations can be obtained:

+eo 4
tim{-—— [ a2Y KR (o)e™"e™ o~
x=0" 1 2; =

1°%

2 (B3 M, Brentnes dB} *
e A1

4 g
lim 1 I azzk;l?j(a)e”'/‘e""” do.—
x—0" 2n e S

— fﬁziﬂ@@(ﬁ)e”"”"e“’” Bb=2F,0), ~Ve<y<e
2n. (3.1.93)
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R(o)e™ e™ do—

p+(1- v)oa
""0 21£ /77\.‘ {_{% /

K(l v)’ IA ()i e™ do+
oo 2
J- Zs/"'(l V)B S(B)e',](x+,)e_ﬂyd3—
~a0 f=1 j
x(1- v)2 J- BB\, i ¥+ g8y aB}
i L Ti pj+ (1- v)a R(0)e™ ™ dou—
x-0" 2 AN |2 s Xp; =
K(l v

j A, ()iore e™ dou+

s,+(1 v)Bz

T3 s prene® o -

~o0o =1

K(l v)2 JB(B /Btet‘(x+,) c’”dB 2]:;0(};) —\/;<y<\/_c_'

(3.1.94)

x=0* 2 w j=1

lim _{ j‘ Z Kp}m/}?/ () e " e gy — ——-—K(l =v) TAl (o)iee™™ e™ dlou+

J? E‘-‘KS," (ﬁ) g8 B K(l v) JB (B)Pe =N e® dﬁ}

—o0 #=1

LT 2"””””?" U grrre s KN | M T o)erre™ s

x—)O Zn oo J=5

]szﬁ (B) ey K(I;V) JBI(B),BeA(H')e-ﬁy dB}

—oo =1
=2F, (1) , Ne<y<ie (3.1.95)

i 4o 4
. {I (X.ZK m R (o)e” e™ do+ j BZM/zj.S}(B)e"’ =N by B+
x—>0 T

S j=l e

lim _{j GZK m,R(a)e” " e™ do.+ I BZM/’/S (Ble™**"e™® oy

02| |2, g8 ~= JA
=2F,(v) , - c<y<\/; (3.1.96)
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- lim _1.0(1“’) {J’ Z m (o) " e doy —

o ;1 KP— 1
x(l v) 7

_“(a +’2)A1(0.)€" e do +I}B2nj5(m n,(x+/) e B+

—00 j-l j

] [ +g)amerre dB}—

nm_l_au—w{ 7 Zmﬂ,(a) by g

=021 AN L = xp—1
x(l v)*

n (x+l)e-5y dB“‘"

J( +12)A (o)™ —nyda+J’B2 I ,(ﬁ)

1 KS;— 1

-00

K(14—V)—J;(Bz+t12)Bl(ﬁ)eq(x+I)e—ﬁydB}___2F50(y) , —'J:'<_V<'\/;

(3.1.97)

By using equations (3.1.83)-(3.1.87) and (3.1.88)-(3.1.92) and observing
that G;(y) =0 for |[y|>Vc (j=1.....5}, equations (3.1.93)-(3.1.97) can be writien as

+J_ 5 4o0
lim J ZG(I) dt{jok (o, x)e R COLPS S JZkl (B,x)e—I(t—y)B QB}'*'

x—=0"* ._J;j“l
+e s
lim I .G dt{f O, (o, x)e” 19 o+ jZ‘ (B, x)e1+¥® aﬁ}
x—=07 _.J_j—l
= 21"'}(1/) H k: 1,2,...,5 (3.1.98)

where Oy, O, Z,, and Z, are complicated but known functions and contain
exponential damping terms of the form e™* (j=1,...,8), € (=1,...,4), 7" (j=1,2)
and ¢"“*"’ However, in the limiting case of x — 0 for y =1 and also the case of
(x,0"y—> 0 for (y,t) = 0, this damping does not insure the convergence of the inner
integrals if the functions G, 0,;., Z;, and Z; do not decay sufficiently fast as
o, B| — o= in equation (3.1.98). For this particular problem, the case of (x,!) — 0
for (y,t) — 0, (i.e. circumferential crack touches the fixed end), is not taken into
consideration. To extract the singularities for the case of x— 0 for y=1t, (i.e.
circumferential crack does not touch the fixed end), asymptotic behavior of the inner
integrals has to be examined. This can be done in closed form by first extracting the
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asymptotic values of m (@), n;(B), r;(@) and #(B) from the characteristic

equations (3.1.9), (3.1.10) and (3.1.26) and then by substituting these values into the
-expressions of O, Oy, Z;, and Z; . From the characteristic equations it can be

shown that for large values of [ and B, we have,

m {a) ——{at 1+—£’;—g&’7 ...... . U=1...,4)
m,(a)-lal(ﬂ;%’;--é—é; ...... } , (/=5....8)
s
n,(8) =—ﬁ[ ZZ%;_EI;TF ...... } , (/=1,...,4)
rlo) = —‘al(u v — .. } ,
(o) = [o| 1 |
r{o) lcxl( +K —— ]
£(8) =B 14— |,
x(1-v)p

(3.1.99)

(3.1.100)

(3.1.101)

(3.1.102)

(3.1.103)

(3.1.104)

The asymptotic values of O;, 0> Z,;, and Z; for large values of o]
and 3, may then be obtained by using (3.1.99)-(3.1.104). It should be noticed that as
x~— 0, the second inner integrals in (3.1.98) are convergent because of the

exponential damping term ¢ . By adding and subtracting the asymptotic values
O,. and Zfor large values of |a], the singular parts of the kernels can be

separated. As an example, consider the equation (3.1.96). It can be rewritten as

follows:
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lim - j Zl(m/?j(a)e’"/"a-ZKm,Rj(a)e * le™ do+
x-0" 271 ° = =5

im L T B3 M1, Blem="e® df = 2F, (1)
ORI (3.1.105)

If one notices the equation (3.1.73), it is clear that
4 8 ’
Y MnSB) ==Y KmRo)e ™ (3.1.106)
= /=5

Substituing (3.1.106) into (3.1.105) and using the asymptotic expansion of m, given

in (3.1.99) and (3.1.100), and separating the leading terms in the right hand side of
equation, (3.1.105) can be expressed as

= lim jz E;K R(a)e el e do+

x—-0*

J’ o szj !al(x‘l-lf)e_‘w da
*"° (3.1.107)

It should be noticed that as x — 0, the second integral in (3.1.107) is convergent
because of the exponential damping term e, So it is seen that to separate the

8
singular part of (3.1.107), the asymptotic value of ZK ;m;R, as |a]— e should be
1

8
known. By using (3.1.99) and (3.1.100), EK ;m;R; can be expressed as
1

iKmR (o) = —aszgn(a){lﬁ:KR (o) - iKR(a)J+

J=1 j=1 §=5

[ZK p,R,(0) };Kij @ o

= (3.1.108)

4 8
From (3.1.68), we know that ZK,.Rj —ZK ;R; =0, so equation (3.1.108) can be
1 5

rewritten as
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8 T 8 1 ]
1
Y. K,mR,(0) =_i3i(£‘lgl [ZKI p,R(0) -X2.K.p,R,(o) [ J} (3.1.109)

=1 j=1 j=5

“Also by using (3.1.81) and neglecting the lower order terms, equation (3.1.109) can
be expressed as follows:

ka B () = -S9m) (3.1.110)
20

Then, equation (3.1.107), can be rewritten as

+o0

[ [ [kajﬁj a)emf*+21(m,ﬁj(a)e "'f*)

Esz@;m(a)qAa) e_‘"""]e-“wa-

x—-»O‘

lim J’ ’slgn(oc)q (@)e e do -

x—0*

lim meZij}?j(a =732 ook ey, = AFr (v)
30" 3 (3.1.111)

If the expression of g,(cr) given in (3.1.86) is substituted into (3.1.111) one obtains,

400

lim j [n{il(jmjﬁj "X +2Km (a)e '"/x}!-
x—-0* e =1

ésign(a)% (a)e‘lal”]e“’”da-

lim j ! sigr) j G, (e e dr o -

x—=0*

lim j 21(12[( m, j(a)e’ "2 g oy = 4oy ()
#2307 (3.1.112)

By changing the order of integration, (3.1.112) can be rewritten as
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+oo

J[ (ZK'""@‘“"?'"""ZK/m,&(a) '"”xlr

x—->0’ e
Eszjgn(a) g,(o) e’Mx]e""' do.—
+e :
lim jG f5) dtf —s{gn(a) ple-v) g ol do. —
x>0 —‘J_ _m
) J'ZtaZl(m/?}(a)e"”f“*"’ e do=4nF,(y)
""° e (3.1.113)
Finally, by evaluating the second integral as follows
i olx T . (t— j/)
—sign{a)e™ Ve -] do = —|sinjo(t- y) e do. = ———————— (3.1.114
I { [ ] -y +2° ( )

and by taking the limit x — 07, the singular integral equation (3.1.113) is reduced to
the following form

f G"(t) dt+Tlla2K mR, +— szgn(a)q4( ot)] ~*do—

TZiaZK(nj&e'zm"'e“’“” do. =4nF,(y) , Ve« y< \/;
AN (3.1.115)

where the second and third integrals are now uniformly convergent. Finally by using
(3.1.88), the equation (3.1.115) is reduced to the following form

S +9c
’fG4(t) dt+z k4}(yt)G )dt=4nF,(y) , - c<y<1l(: (3.1.116)
__f( _y) j=1-dc

Similarly, the remaining integral equations can be reduced to the following singular
integral equations.

fq(t))dt+ fk, (v.t)G,(t)dt = 4rF(y) , - c<y<\/; (3.1.117)
y j=1 e
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1-v* f(G’(;))dt+2fk2,(y,t)6j(t)dt=41:%F20(v), Ae<y<de @11y
£t -

5 +gc
Ton Gs‘*y’ dt+3] ] b (0.6, 01 = 2085050 Ve<y<de  @ainy)
JE A

1-v JE(G_(;))dt+2f&j(ytﬁj(t dt= 41: Eyfy), ~Je<y<ve (3.1.120)

where the kernels k; (y,t) (i,j=1....,5) are bounded in the interval —Jc< (< Ve

and their expressions can be found in Appendix B. To complete the formulation of
the problem, one must also require the single-valuedness of the rotations and

displacements. In order to get the continuity of the displacements outside the crack,
G,,..., G5 must satisfy the following conditions:

e
[G#dt=0 (3.1.121)
e
+e
[G.(9 dt=0 (3.1.122)
Ve
+e
[Gdi=0 (3.1.123)
e

e 2

| G(x)+&}:@sm dt=0 (3.1.124)
e
[G.(9 de=0 (3.1.125)
e
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Thus, by solving the singular integral equations (3.1.116)-(3.1.120) with the single-
valuedness conditions (3.1.121)-(3.1.125), the unknown functions G;(y), (=1,...,5)

can be found.

3.2 Numerical Solution Method

To solve the system of singular integral equations, (3.1.105)-(3.1.109) ,
the quadrature technique given in [22] will be used.

It is convenient to apply the technique to these singular integral
equations, they should be normalized. To do so, the following normalized quantities
are introduced:

T= t/\/; c<t<\[;

-1<t<l (3.2.1)
n =.V/J; s _‘J;<t<‘J;
-l1<n«l1 (3.2.2)
p:x/J:’ , —o0 L X< oo
—o<p<e (3.2.3)
HW=GWer), (i=1,...5) (3.2.4)

By using the normalized quantities given in (3.2.1)-(3.2.4), the equations
(3.1.105)-(3.1.114) can be rewritten as follows

JELD g V2 T 3k, (WeneoH (x)dt = dnFem)

1 TN -1 j=1
-1<n<l1 (3.2.5)
lxv J—L(Tldw\/_]ikz, J;—l,J-t)Hj(t)d‘c 41:—1-‘20 (Vem)
21 TN -1 j=1
-1<n<1 (3.2.6)
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| —%%dcﬂ/;jiky(\/;n,\/;t)lﬂt) e = 2nF (Vo)
-1 -1 1
-l<n<1i 327

jde \/;ji/c”(w/;n,\/;t)flj(t) dr= 41tF4o(\/;n) ,

4 T™M -1/
-l<n<l1 (3.2.8)

1=V (58D o[ 3k o en, Ve 21,0 s = 4l Fytlem)

A Lt-n 11 a
-1<n<1 (3.2.9)
1
[Himd=0 (3.2.10)
-1
1
jH,(x)a&:O (3.2.11)
-1
1
[Hm =0 (3.2.12)
-1
1 A. 2
[10AGE: (—f) VetH,(m) |dr =0 (3.2.13)
-1
1
[Hin =0 (3.2.14)

In equations (3.2.5)-(3.2.9), the kernels k; (i.j=1....,5) are in the form of
infinite integrals. To evaluate these integrals, it is possible to use one of the known
integration techniques. However, before evaluating the value of the integrals, it is
possible to find the asymptotic value of the integrand as the variable of integration
approaches infinity. From the asymptotic analysis, it is found that the integrands of
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the kernels are not exponentially decaying functions for large values of the variable
of the integration. To be able to cope with the convergency problem, these infinite
integrals will be evaluated as follows,

A 00
I= [ Fla) do+ [ @(a) dor (3.2.15)
0 A

where A is a large enough number and ®() is the asymptotic value of F(&) as
@ — oo, To solve the problem, in addition to numerical evaluation of the first
integral in equation (3.2.15), the values of the second integral is found in closed
form by sine and cosine integral as stated in [23].Further details of the evaluation of
&(a) is given in Appendix D. '

The crack tips, 7=z=1, are the points of singularity. Behavior of the
unknown functions H; (j=1....,5) in the neighborhood of these singular points is one

of the main objectives in solving the problem. Since the unknown functions H(7)

(=1,...,5) are infinite but integrable at 7=+l , the index of equations (3.2.5)-(3.2.9)
is +1. The fundamental functions G;(7) will then be in the following form [22]

HW)=h@1-1)% , (j=1,..,5) (3.2.16)
where h;(7) (j=1....,5) are bounded in ~1< <1. Observing that (1— 72)°% is the
weight of Chebyshev polynomials of the first kind and applying the Gauss-

Chebyshev integration formulas, equations (3.2.5)-(3.2.14) can be reduced to the
following set of simultaneous algebraic equations:

[L— J—ﬁk (Wen, Wet,) h,,,(t,J =4nF(Wen) ,

i=1,...,n-1 (3.2.17)

=1

2l
+J—ik (v/;nf,\/—t)h (t)J =4n— Fz(,\/-n, ,

4
j=1 )" m=]

i=L...,n-1 (3.2.18)
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[_h:’_(_}l.;.fik (Jc-r]l J_’L' )h (T,J ZﬂFw(\,—ﬂ: ’
j=

tj T\f m=l
i=1L...,n-1

ilh hiy)  J ikm(\/— nVet, b, (1,) J = 4nF,(Jen),

Py Tl " m=1

i=l...,n-1

Z[l X‘V ?%+J-2k5m(\rn,wr‘c )h,, (tj:lle 41tF§0(\,-cnf
Tk

i=1...,n-1

S Aty =0

J=1

i/’z (t)hw; =0

=

Y Ayt ), =0
=1

n 2 -l
¥l hz)+ ( JJZﬂ:hs(z)Jh, -0

I

=il
YAt =0
J=1

where

T, =cos(n/;11) , j=L..,n
n—

'1) , i=1...n-1
2n-2

n,=cos(xn
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(3.2.20)

(3.2.21)

(3.2.22)

(3.2.23)

(3.2.24)

(3.2.25)

(3.2.26)

(3.2.27)

(3.2.28)



n 14
w=uw, = , wy=——, j=2..n-1 (3.2.29)
' 2(n-1) 7 n-1

By solving the set of 5n simultaneous algebraic equations given in (3.2.17)-
(3.2.26), 5n discrete values for h(7;) (i=1,...,5; j=1....,n) can be found. By using

these values, it is possible to find every physical quantities of the problem.

3.3 Asymptotic Fields Around the Crack Tips

In order to obtain the asymptotic stress field in a neighborhood of the
crack tip, the following formula is used [24]

VA
A7) & T o
I ‘/I_T_ dr = l al Al)exp| 4 o — ) IOLI

+A(-1)exp| -] o0 — = , (lol = o)
el = B

(3.3.1)

Using the asymptotic expansions of m; (j=1....8), n; (=1.....4) r;, r, and
t, given in (3.1.99)-(3.1.104) and equations (3.3.1), (3.1.45)-(3.1.52), one can obtain

the asymptotic expressions for stress and moment resultants around the crack tip
n =1, p=0. The leading terms of the asymptotic stress and moment resultants may

be expressed as
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L /’2(1) (l+a|p)e “sin a(l—n)—lt- do, (335)

1204\/5— 4]

n

M, L 112(1) (1 alpl)e ¥l sin a(l—n)—ﬂ do., (3.3.6)

g 1204\/-2_ \/—

h A() T J ( lsm alt-n-Z|de, (337

1204\/;— i 4 |

_—
V= A1) Ie sin[(x(l—n)—-ﬂda , (3.3.8)
0

A1) 7 M

2\/5;{\/_

Defining the. new coordinates r, @ in 7, p plane by p=rsin8,
1 —1=rcos@ and using the relation [25]

cos [a(l -n)- —]a’a (3.3.9)

| ”z"-le-“{sm }()z) dz = —%—{Si" }(ptan“’ 5y (s>0, p>0) (3.3.10)
¢ cos (& + P)” s

equations (3.3.2)-(3..3.9) can be reduced to the following form

N, = h‘\/(ﬂ [—cos—-—lcos?zg] , (3.3.11)
4V2r
N, = () [——cos -+ lcos—ésg} , (3.3.12)
4
N, = (1) [— cos— +lcos-§29] , (3.3.13)
4
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M, =- (1) i[%cos S_ —l—cos 2@] , (3.3.14)

42r12a 2 4 2
: ]
M, = A1) A gcosg+lcos-5-9 , (3.3.15)
Caarizdla 2 4 2]

. -

M =- A —h- écosg— + lcos kil , (3.3.16)

Y 224 2 4 2]

hy(1)
V.= ———cos (3.3.17)
2\] 2r
Ay(1)
V, = m— (3.3.18)
2\/ 2r

By observing that the membrane and bending components of the stresses
are given by (see Appendix A)

IZaz
o7 =N, , o, =—— P M, , (ij=xy) (3.3.19)

from equations (3.3.11)-(3.3.16), the asymptotic stress distribution may be obtained

as,

__AW+zhm)5 8 1 50

—C0S$——~—Cco0s— | , (3.3.20)
WNar |4 2 4 2

XX

- 7
4\/_ 4 2 4 2

4(1)+zhs(l)r3cOS +lcos591, (3.3.22)
b 15

similarly, for the transverse shear stresses by using
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3 J az ¥
o, =—VJ1—( J | , (i=x,y) (3.3.23)
2 ) |
the following asymptotic stress distribution can be found

xz =

2
3 A0) az ;

cos—- 1- , (3.3.29)
2 2-\} 2r 2 [ J

=3 A) sin ——1 [ T (3.3.25)
O™ 22\/_; /1/2

374 Numerical Results and Discussion

For the problem under consideration, Modes I, II and III stress intensity
factors at the crack tip are defined by:

k(x3)—hm 2Ax-a) o,(0,x,,x), (j=12,3) (3.4.1)

x,a

Then, from equations (3.3.20), (3.3.22), (3.3.24) and Appendix A, the stress intensity
factors can be written as

ki(x;) = ——Cf\/c_r[/a(l) + ’—\3/22'(1)] ; (3.42)

ke (x;) = —f \/;[/L,(l) + -)(—3/25(1)} ; (3.4.3)
a

ky(x,) =—%B\/;\/;h3(l) 1—(7;;;) : (3.4.4)
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The main interest in this study is the evaluation of the stress intensity
factors in shells for various crack geometries and loading conditions. For each crack
geometry the problem is solved by assuming only one of the possible crack surface
loadings to-be non zero at a time. For a general loading the results may then be
obtained by superposition. From (3.4.2) and (3.4.3) it is seen that the in-plane stress -
intensity factors k; and k, have "membrane” and "bending” components, since A, -
and h, are related to the membrane and h, and kg are related to the bending
stresses. For simplicity, the related stress intensity factors are defined separately. The

calculated results are normalized with respect to a standard stress intensity factor
~0'j\/5 (=1,...,5) where o, stands for any of the following five nominal

" ns

("membrane”, "bending”, "transverse shear", "in-plane shear" and "twisting")

stresses:

(3.4.5)

o, = o} 0—3
1=, 27T, 3T 4
2

where crack lies in X,X; plane and N,;, M,,, V|, N,, and M,, are the crack surface

tractions.

The normalized stress intensity factors are then defined and calculated in
terms of A;(1) (j=1....,5) as follows:

k. oi,% —/2,(1) (3.4.6)
ki = -::—‘\% = —4—":/; (3.4.7)
k=5 (/’/021 \/;k (0 _ 4‘:: 2’; A1) , (3.4.8)
b= K2~k cE & A, 5.49)

oNa  40,2a
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kO __3B.[
k, = =-=Z+eh1) , (3.4.10)
0'3\/; 4o,
k=50 _ 38, (B.4.11)
ocNa 40,
k=20 _ 38 op, (3.412)
oNa 40;s
k) E
k=2t =— A1), (3.4.13)
03\/; O,
k.= k0 =—£h4(1) , (3.4.14)
o,Na 40,
& (0) E
k,=—t==-——An(1), (3.4.15)
05\/_0_ GS
k(h2)-k0) _ E h
k, = =—=2A(), 3.4.16
“ o\a 46, 2ah’( : G410
k, =k2(/’/ 2-60___£ ihs(l), (3.4.17)
o 04\/; 404 2a
g - BAA-HO LA (3.4.18)
“ 65\/—; 465 2a

where for each individual loading o, is given by (3.4.5).In the case of uniform crack
surface loads N,;, M,,, V,, N, and M,,, referring to (3.1.40a)-(3.1.44a), Appendix

A, and (3.4.5) the input functions of the system of integral equations (3.1.105)-
(3.1.109) are given by
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2 c
FEw=—=, Ry =—"2, F="—"3-,
3;\16

Fo=2% | Fyy=2,
w(y) 6E () 6E (3.4.19)

The normalized stress intensity factors are obtained for various values of
the dimensionless Iengih parameters h/R, afh and [ fa of the problem and they are
given in Tables 1 through 13 and Figures 5 through 15. In all of these examples it is
assumed that the material is isotropic and Poisson's ratio is v=0.3. To show the
material orthotropy on the stress intensity factors , graphite, a strongly orthotropic
material, is considered and results are given in Table 15 for I /a=0.5, afh=1 and
R/h=10. Also the effect of Poisson's ratio on the stress intensity factors is analyzed
and results are tabulated in Table 14 for [ ja=0.5, a/h=1 and R/h=5.

From the Tables 1 through 15 and Figures S through 15, one can make
the following observations:

As [ ja— o, the values of the stress intensity factor ratios are in
excellent agreement with the results given for infinite cylinder in [9] and [13].

If the crack surface is under the effect of uniform membrane loading, the
membrane component of the stress intensity factor ratio, k,,, is larger than k,,, . The

value of k,, increases with decreasing R/h and increasing a/h ratios as shown in
Table 1 and Figure 10. When the crack approaches to the fixed end, i.e. I'/a gets
smaller, significant increase in k,, can be observed in Figure 5. For small afh
ratios, increase in £, is larger as the crack approaches to the fixed end.

If the crack surface is under uniform bending moment, the bending stress
intensity factor ratio k,, is the dominant one. The value of k,, decreases with

decreasing Rfh and afh ratios. The effect of the fixed end on k,, decreases as crack

length increases.
In the shell theories used the stress intensity factor in a shell containing a

through crack and subjected to pure bending is found to be function of the thickness
coordinate X; meaning that for X; <0, the stress intensity factor would be
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negative. Therefore the through crack bending results would be meaningful only if
the shell is also under tension and the applied loads satisfy following inequality

o L K(n12) (3.4.20)
(e} O'; '\/;

It is then clear that if the shell under pure bending or if the tensile stress is not
sufficiently high to satisfy the above inequality, the crack surfaces may be in contact
on the compression side. In this case the problem may be treated as a part-through
crack problem with the crack forming a cusp along the boundary of contact region.

Equations (3.2.7), (3.2.8) and (3.2.9), respectively, correspond to
transverse shear, uniform in-plane shear and twisting moment loading of the shell
with a fixed end containing a circumferential crack. Since the integral equations are
coupled, for each loading there will be a primary and two secondary stress intensity
factors. In each case primary stress intensity factor are normalized with respect to
both secondary stress intensity factors and primary stress intensity factor obtained
from the corresponding two dimensional elasticity solution of the infinite plate with
a central crack problem.

In the case of uniform transverse shear loading, the twisting moment
component and the transverse shear component of the stress intensity factor ratios k,,

and k,, are the dominant factors, and k,, increases with increasing R/h. For large
afh ratios, as crack gets closer to fixed end, k,, values decrease. For small a/h
ratios, a weak interaction between fixed end and circumferential crack can be
observed in Figure 7.

Tables 8 through 10 show some sample results for a cylindrical shell
subjected to uniform membrane shear loading Ny, away from the crack region. This

represents by far the most important antisymmetric loading in practice as in, for
example, cylinders subjected to torsion. The stress intensity factor ratio kg is the

dominant component and its value increases as h/R and a/h increases. As //a ratio
gets smaller, kg, values increase and as I/a gets larger, it asymptotically approaches

the results obtained for infinite cylindrical shells.
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In the case of twisting moment, the twisting component of the stress
intensity factor ratio k, is the dominant one and its value is practically insensitive to

the change in A/R ratio but it increases with decreasing afh values. The effect of the
fixed end in reducing the stress intensity factor k, can be observed in Figure 14.

The effect of Poisson's ratio v on the stress intensity factors for a
specific geometry a/h=1, R/h=5 and lfa=0.5 is shown in Table 14. From the table
the effect of Poisson's ratio on the primary stress intensity factors does not seem to
be very significant. Even though under membrane loading, the effect of v (varying
between 0 and 0.5°) on k;,,, may be as high as 40% , for practical variations in v and
for most crack geometries, the influence of Poisson's ratio is not expected to be
significant.

It should be noted that the Poisson's ratio v in isotropic shells and
v= m and orthotropy parameter ¢ =(E, /E, )1/4 in specially orthotropic shells
appear in the expressions of the kernels of the integral equations. Thus, in general, to
investigate the effect of the material orthotropy on the stress intensity factors both v
and ¢ must be varied. However, as seen from table 14, the influence of v is rather
insignificant. Therefore, to study the effect of material orthotropy it may be
sufficient to vary ¢ only. The effect of material orthotropy on the stress intensity
factors is shown in Table 15 for a/h=1, R/h=10 and lfa=0.5. It is seen that all
stress intensity factor ratios are affected considerably by the material orthotropy.
Except, the twisting component of stress intensity factor ratio, k,,, when. E, / E, <1
the values of stress intensity factor ratios are smaller than that of isotropic case, and
if Ey / E,>1 then they are larger than that of isotropic case.
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CHAPTER IV

A CYLINDRICAL SHELL WITH A FIXED END WHICH CONTAINS A
CIRCUMFERENTIAL PART-THROUGH CRACK

In this part of the study, a cylindrical shell with a fixed end which
contains a circumferential part-through crack subjected to the five possible loadings -
is considered. The problem will be treated by using the line-spring model [17].

The local geometry of the surface crack for the cylindrical shell under
consideration is shown in Figure 2. Let 63(0,X,,X,), (7=1,2,3) be the stresses acting
on the net ligament (X, =0, —a< X, <a, —hf2<X,<[hf2-1(X,)]). Let the net
ligament stresses oy be statically equivalent to the resultants Nl,(O, X,), M,(0,X,),
Vi(0,X;), N,,(0,X,), M,(0,X;) acting on the neutral surface X;=0 along
(X; =0, —a < X, <a). Note that in expressing the boundary conditions for the three
dimensional surface crack problem the conditions of zero displacements on the

uncracked part of the boundary X, =0 may be replaced by the traction boundary
conditions 0;(0,X;,X;) = 0;(0,X,,X,), provided that o; are known. One of the
major assumptions in developing the line spring model is that the net ligament
tractions o (which are unknown functions of X, and X,) may be replaced by their
statically equivalent resultants N,,, M,,, V|, N,, and M,, which are now functions
of only one variable, X,. This assumption also implies that, for the purpose of
determining the unknown resultants, the part-through crack problem may be replaced
by a through crack problem. If the following matrix is defined

T [N, M, 120+ N, M .
Ey)| ={=w, 2, L2 Tl o=1,,5) @l
[‘(y )] {Ehc Etc’ semlc | ER E/f} ) @D

by taking into consideration the contribution coming from the net ligament stresses ,
the system of singular integral equations (3.1.105)-(3.1.109) may now be modified
as



Figure 2. Geometry of a Semi-Elliptical Part-Through Crack in a Shell
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FO 43Tk (016,00t = 4n{Fuls)Fiw)]
B Ll ¥ B

~Ve<y<ie 4.2)

1V I; (Gi‘;’)dt+2sz,(y,t)e )= 4x2[Fuly)-Fao)]

- c<y<J; 4.3)

S +9¥c
FEO 4.3 Fi 16 (k=20 Ful)-Fio)] |
L=V Ak

- C<y<J; 4.4)

j f_‘ dt+2+f ky (9)G, () dt =4n{ Fuly)- F(y)] ,
= c<y<\,; 4.5)

v Ji (G_(;’)dwifkﬁ(y G, (t) dt = 4n—[1-;o(y> W) .

Ve<y<le  we

To solve the integral equations (4.2)-(4.6), the two sets of unknown
functions G; and F; (j=1....,5) must be somehow related. The key to this
relationship is another important assumption made in developing the model to the
effect that the stress intensity factors at a location X, along the crack front (Figure 3)
may be approximated by the corresponding Modes I, II and III values obtained from
the plane elasticity solution of a strip containing an edge crack of depth /(X,) and
subjected to stress and moment resultants [N, (X,),M,,(X,)], V,(X,) and [N,,(X,),
M,,(X,)] away from the crack region. To obtain the relationship between the
functions G; and F; (j=1....,5), the energy G available for fracture along the crack
front is expressed in two ways. First, it is noted that for coplanar crack growth G is
equivalent to the crack closure energy per unit thickness which may be expressed in
terms of the stress intensity factors as follows:
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Figure 3. The Notation for a Part-Throu gh Crack in Shells
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G=—§—I(U- v):igﬁ[xqupr_l;kg] @

where U is the work done by the external loads, V is the strain energy, and %, k,
and k, are, respectively, the Modes I, II, and III stress intensity factor defined by

(3.4.1).

Referring now to Figure 3, let §; be the relative crack surface
displacements and rotations corresponding to the resultants, f; (i=1,...,5) defined by

) = [V M, YN 0,

sEmc

EhcF, EclF,,~="NC_F. EKF, ERFE} (i=1,...,5)
12(l+v)‘ 4

(4.8)

o) <lu-u. -8, w-w, -, BB} =15 49

" Also, let d&; be the change in §, (i=1,...,5) as the crack length increases from I + dl

under "fixed load" conditions. From Figure 3 it may then be seen that the changes in
U and V may be expressed as

dU=Y Edb, , (4.10)
1

511 1 1
dav=y -1-;(8,+ da,.)——F,B, ==Y Fb, @.11)

112 2 24

giving the energy available for crack growth dl as
1 5

diU-V) =-2-Zﬁ ds, . 4.12)

=1

By observing that under constant loads,
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B i (i=1...5) | @.13)

a/

ad, =

from (4.7), (4.12) and (4.13), it follows that

G=—(U V)= —ZF , (4.14)
25 dl
and
1 2 35 K(I-V)I— 2 ) 1 2-|
lypoo _m-v — 1
2; - = [k,+k2+1_vk3J @.15)

It will be now assumed that the plane edge crack problem under
(uniform) resultants f; away from the crack region shown in Figure 3 has been

solved and the stress intensity factors are known as functions of I/h. Defining the
stress amplitudes in the shell by

o ={y£ 6M, 3V, N, 6M,
' h' K '2n h’ K

(4.16)
we express the siress intensity factors as
k= \//:[GIPI(E,H o, pz(i)] , @.17)
b =VHoun8)] “.18)
k= \/;[04 p(E)+o; ps(i)] (4.19)

where & =1/h and p; (i=1....,5) are known functions given in Appendix E. From
(4.7) and (3.4.1) it is seen that
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2
G= ﬂMIE Y )[cxzp2 +20,0,p.p, + 0.7, +

03p3 5 (c p4 +20,06:0,0s + crsp5 )]
= {°} T[P ]{"} (4.20)

The matrix {o} is given by (4.16) and the square matrix [P] is defined by

P,z pp, O 0 0
pp, P 0 0 0
1-v? 2
[P] _ A - Vi e o 2 0 0 4.21)

0 0 0 pgfu-v) 2.5 (1-V)
0 0 0 ppfu-v) Afu-v)

In terms of the matrices {8} and {o} defined by (4.9) and (4.16) from (4.14), G may
also be expressed as

6=514 5{e}={e} 315,08} “22)
where the diagonal matrix [d] is given by

[d|= diad .17 [6,20/3,1.47 6] @.23)

From (4.20) and (4.22) it now follows that

4261

By observing that [C] is constant, {6} =0 for /=0, [P] is a function of / and {c} is
independent of [, from (4.24), following expression can be obtained

[ |} U 7] d’) ”(Ja[/’(é ) 4.25)
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From (4.21), if the following matrix is defined

[A=lou]= 5 e 426

o,=[po,d, (ij=12) and (i=j=3) 4.27)
a,,=J':p,p,d§ v (5j=4,5) (4.28)
equation (4.25) becomes
E 11
e -

which, considering the definitions of {6} and {F} given by (4.16) and (4.1) and {8}
and {G} given by (4.9) and (3.1.58)-(3.1.62) provides the needed relationship
between {F} and {G}.

Equation (4.29) has the information that is needed for substitution into
integral equations of the form of (4.2)-(4.6). First it must be non-dimensionalized.

This is done according to the definitions in Appendix A.

Since the crack lies in a principal plane of curvature of the shell, the
crack opening displacements and rotations become,

5,=2p| . 8, =2|. 8,=2, 8,=2s|, 8, =2p| @30

Then, the final non-dimensional result is obtained as

1 a 1
F=———\v,—u+v,-B.1, 4.31)
i nc}{(l—\ﬂ)[‘yuh 7126[5 ) (
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1
E= —u+ L s 4.32)
67:0/1 7 )('sz 'Yn6B ]

F=x 1 4 9,, (4.33)
15mVe(l-v?) A
F= Ve Y20+ 75=B, (4.34)
4= V) “ s .
Ve 1
Fe_ V¢ 1 4.35)
5= 61— )(754/7 7556By]
where
Oy a, o) 1 Olss
Tu=" Yo=Yu="—"" Yo =" Y =" Yau=—"",
1 A A, 33 A,

o o
Yos = Yss = =2, Y55 =—0, A =00, - “m A; = 0005 —0‘,2,5
A, 2 (4.36)

If the crack opening displacements and the rotations are expressed in
terms of G; (j=1....,5) and using (4.31)-(4.35), the final form of the system of

integral equations are obtained as

+\l; +‘/_ y
Gl , < 4 a
G 4+ Y [k w060 dt+———— 7, 2 [G ) de+
_£;t—y Z‘_J:rjy c}’/(l—vz)[y "7-5;
ja(f dt}—ztnﬁo(y) Ae<y<ie
6. 4.37)
-V’ G(t)a’t+i+fk (1,AG() —-2———[7 2 (G dr+
A ety /—1&21 , 3(:}2/(1 ?) 21/74;
J‘G(t)dt}—étn £, —\/:‘<y<\/;
a_y; 4.38)
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+e e
| G_,(tldt+25: [&,.0G () d+ ——— 0 [733 jG (A dt|=
Y kM e-v)| A

2rF,(y) —\/;<y<‘/; (4.39)

- +Ve
D g+ 3 [k 0,0G) b+ - #e

t-y Az

+

f
Ve

a y
[ u= |G(Adt+
h

y

¥y
YM%J‘ (%) tG3(t)dt+’Y45% IGs(t)dt =4nF, () , -\/:'<.V<J;
¢ Ve

(4.40)

(1-v" st(t;dHZ']cks, (.t G(t)dt+3( J_ 754IG Yt +
1‘1 e

:
Yo T( ]t G3(t)dt+yss 1a ]G (t)dt I 4n;1-;0(y) . —de<y<ve
4.41)

where the Fredholm kernels k; (i,j=1,...,5) are given in Appendix C.

After normalizing the interval (—e,vc) and by using the numerical

solution method given in Section 3.2, the singular integral equation (4.37) through
(4.41) are solved for Gj.(i=1,...,5).Then the crack surface displacements and

rotations are evaluated as follows:

u(+0,) = TGl(t)a't,

-I
B, 4000 = [G(hat
e
wH0,9) = [Ghdt,
e
v(+0,y) = j%ﬂm{ }Gm}
3 A

¥
B,(+0,5) = [G,(Aat
e (4.42)
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By using (4.16), (4.1) and (4.31)-(4.35), 6; (j=1,...,5) can be written as

E a 1
(711 —u+vy,, —ﬁx) s

6, =——
b omea-w)L A 6

o} =—E-('Y £u+y .:.I_B )
2 R‘J—;(l_vz) 21h 226 x |

_2F yg
P an(l-v?) A

_\/;E[Ya 1),

o]

*

4 44—”"‘745—5,;

Ta-v)l %h 6
C. = CE 'Y gv+y lﬁ
B 2 L T e 4.43)

The stress intensity factors k;, k, and k; may then be obtained by
substituting from (4.42) and (4.43) into (4.17)-(4.19).

In the solution of singular integral equations (4.37)-(4.41), the input
functions F,- (j=1,...,5) are the same ones given in (3.4.19). Even though

I(X,)= l(ay/ Ve ) describing the crack shape can be any single-valued function, the

problem is solved only for a semi-elliptic surface crack given by

I(X;)=/M/1—Xzzc/a"‘, -a<X,<a (4.44)

The normalizing stress intensity factors are obtained from the solution of

the corresponding edge cracked strip shown in Figure 4. Under the same specified
perturbation load as for the shell. The normalizing stress intensity factor k,,,, k;,,

k,,, k,, and k, are corresponding value for the plane strain problem, under

membrane loading N}, bending moment M}, out-of plane shear V|”, in-plane shear
Nj; and twisting moment M,;, respectively, are defined as follows
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ki =0 Vhp(Es)

k=0 Vhp,(E,)

k=0 Vhp\E,)

ks, = c:\/;p4(§o) , .

k=0 VhpyE) . E=hh (4.45)

where o] (i=1,...,5) are the stress resultants as given in Appendix A.

The normalized stress intensity factors are calculated at the maximum
penetration point of a semi-elliptic inner or outer surface crack in the shell for
various combination of R/h, afh, I,/h and l/a which are the characteristic
dimensionless length parameters of the shell. In all calculations given in this part, it
is assumed that the Poisson's ratio v is 0.3 and the material is isotropic. In addition
to this, the effect of material orthotropy and Poisson's ratio on the normalized stress
intensity factors is investigated.

Results are presented to emphasize the effect of crack length (a/h), crack
depth (4, /h) and shell curvature (R/h) on the stress intensity factor. Variation of the
stress intensity factors is plotted against distance from the fixed end (//a). First the
stress intensity factors for different crack depths (J,/h) at fixed crack length (a/h=1)
and shell curvature (R/h=5) are plotted in Figures 14 through 19. In Figures 20
through 24, variation of the stress intensity factors with crack length (a/h) for fixed
crack depth ([, /2=0.2) and shell curvature ( R/h=5) are plotted.

As [ Ja—> oo, the normalized stress intensity factors are in excellent
agreement with the results given for infinite cylinder in [19], [20]. The results given
in Tables 16 through 55, it is clear that the part-through crack results are not very
sensitive to shell curvature. Consequently, the difference between the stress intensity
factors for the crack located inner and outside the shell is not significant.
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Figure 4. Development of the Line-Spring Model for a Part-Through Crack
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Tables 16 through 23 show some sample results for a cylindrical shell
subjected to uniform membrane loading, N;; away from the crack region. The value
of normalized stress intensity factor k /k, increases with increasing R/h and
decreasing a/h ratios for all crack depths. As seen in this figure, for [, /h=0.2 and
R/h=5 at small a/h values, while crack approaches to the fixed end, an increase in

the normalized stress intensity factor can be observed.

If the uniform bending moment M;; is applied to the shell away from the
crack region, the normalized stress intensity factor k, /k,, increases with increasing
R/h and decreasing afh ratios for all } /h values as seen in Tables 24 through 31.
As in the case of uniform membrane loading, when crack approaches to the fixed

end there seems an increase in the normalized stress intensity factor for small a/h
values, and R/h=5 and [, /h=0.2.

In Tables 27 through 31, for small crack length, a/h=1, the normalized
stress intensity factor k, [k, changes sign as crack gets deeper. Needless to say,
when the stress intensity factor becomes negative, the problem is no longer a simple
crack problem and must be treated as a crack-contact problem. In such a case the
solution given in this thesis is, of course, not valid. The crack contact problem is
highly nonlinear in which the additional unknown function I(y) has to be

determined by using the following condition
k =Vh|opi(€)+ op,(8)]=0 (4.46)

Even though the problem can be solved by a complicated iterative scheme, quite
clearly it has no practical value. From a viewpoint of structural failure, the important
problems in practice are those of crack opening not crack closing.

Unlike the mode I problem, the three-dimensional modes II and HI crack
problems are always coupled. For example, in a plate containing a surface crack of
finite length 2a and a constant depth [, and subjected to in-plane shear loading Ny3,
even though the primary mode of deformation along the crack front X3=constant is
mode IIT and X,=constant mode II, X, X; being the plane of the crack, the stress
intensity factors corresponding to the secondary modes (k, along Xj;=constant k;
and along X,=constant ) are not zero. Similarly, for a semi-elliptic surface crack the
primary stress intensity factor would be k3 in the central portion of the crack and %,
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near the ends. It is in the nature of the line-spring model that the "stress intensity
factors" k, and kj; are introduced into the model in the X, X5-plane, X; being the
coordinate perpendicular to the plane of the crack. On the other hand, the
conventional definition of the stress intensity factors refers to the local coordinate
system Xj, Xj, Xiat the crack front with X{=X; and X5 and Xjbeing,

respectively, tangent and normal to the crack front. Thus, the physically relevant
stress intensity factors k{, k5, and k3 may be expressed in terms of k;, k, and k;

given by line-spring model

kl’=kl

ks =k,cos0 —k,sin 0
2o 3 (4.47)
k3 =kysin@+k;cosO

where @ is the angle between X;, the normal to the shell and X} the normal to the
crack front. Since the line-spring model is most accurate in the center of the crack,
the normalized stress intensity factors are calculated for the deepest penetration point
of the crack (i.e. 8=0°)

Tables 32 through 39 show some example results for a cylindrical shell
subjected to vertical shear loading V;". The normalized stress intensity factor for the

vertical shear are nearly insensitive to R/h and a/h ratios. As crack approaches to
the fixed end, the normalized stress intensity factor k, /k,, first increases and then

decreases slightly for all a/h ratios at [, /h=0.2 and R/h=5 as secen in Figure 22.

If the shell under the effect of in-plane shear N;,, the normalized stress
intensity factor k,/k,  increases with increasing R/h and a/h ratios for all crack
depth values as given in Tables 40 through 47. As crack approaches to the fixed end,

a small decrease in the normalized stress intensity factor is observed for different
afh values for [, /h=0.2 and R/h=5 in Figure 23.

Tables 48 through 55 show the effect of loading of twisting moment on
the normalized stress intensity factor. The normalized stress intensity factor k,/k,,
decreases, as crack approaches to the fixed end for all a/h ratios at J,/h=0.2 and

R/h=5.
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Some physical explanation of sign reversal in mode III stress intensity
factor k5 in the cylindrical shell with relatively deep surface cracks under twisting

moment is needed (Tables 48 through 55 and Figure 19). Theoretically the problem
is a three-dimensional part-through crack problem in which the crack surface traction

6M;, X
0'12(0,X2,X3)= h212 (h /32) N |X2|<a
[(r12)-1]<X3<(n/2) (4.48)

is the only external load. Thus in shallow crack the negative shear tractions for
X3>0 would dominate giving k;(0)>0. Also, since part of the effect of the shear

tractions Oy, is balanced by the uncracked portion of the shell {Xl =0, |X2|>0,
[(n12)-1]<X3<(h/ 2)} , k3(0) would be less than &, which is obtained from the
anti-plane shear solution with a — . However, for very deep cracks, I > (h/2), the
shear traction ©;, for X3>0 would be balanced by the uncracked part of the shell,
|X,|> ato a much greater extent than for X3<0 and consequently the influence of the
tractions 0y (0, X,,X3) for X3<0 on the deformation behavior along the crack front
near X, =0 would be more dominant. Since 07,>0 for X;3<0, the resulting mode III

stress intensity factor would become negative.

For the five possible loading conditions, the influence of Poisson's ratio

-on the normalized stress intensity factors is given for a geometry of a/h=1 and

R/h=5 in Table 56. As in the case of through crack, the effect of v (varying

‘between 0. and 0.5) on the normalized stress intensity factors is found to be
insignificant.

The effect of material orthotropy on the normalized stress intensity

factors in a cylindrical shell under five possible loading is given in Table 57. The
table shows that the deviation from isotropic results can be considerable.
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CHAPTER V

CONCLUSION

In this study, the effect of fixed end on stress intensity factors for a
cylindrical shell containing a circumferential through and part-through crack are
determined. In the formulation of the problem, the line-spring model is used.The
problem is reduced to five simultaneous singular integral equations, and then solved
numerically by using Gauss-Chebyshev integration formulas. Normalized stress
intensity factors are obtained for five different loading conditions, The results of this
work can be summarized as follows ;

¢ In the through crack problem, under each loading condition (except transverse
loading) only one of the stress intensity factors is important, the others are
relatively insignificant.

* As crack approaches to the fixed end, considerable increase in the stress intensity
factors k,,, can be observed for all a/h ratios. Effect of fixed end on the stress

intensity factor kg, is significant for small a/h ratios and relatively small as crack
length decreases. Influence of the fixed end on the stress intensity factors kg, k,,
and k,, is relatively small.

» The stress intensity factors k,, and kg increase and kj, decrease with an
increase in the A/R and/or a/h ratios. The stress intensity factor k,, decreases
with an increase in the h/R ratio regardless of distance from the fixed end. The
stress intensity factor k, is nearly independent of the orientation of the crack and
h/R ratio.

e Whereas, in the part through crack problem, the influence of fixed end on mode 1
stress intensity factors k; / ky,, and k, / ky;, is significant, while mode II and III

stress intensity factors k, / ky,, k3 / k3, and k3 / k3, have nearly the same stress

intensity factor values as infinitely long cylinders. Therefore, it can be concluded
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that the influence of fixed end on Mode II and mode III stress intensity factors is
negligible.

Stress intensity factor for part-through crack are not very sensitive to shell
curvature. Consequently, the difference in the stress intensity factors for the crack
located inside and outside of the shell are not significant.

. The line-spring model used in the formulation of part-through problem is based
on two assumptions. The first involves replacing the net ligament by resultant
forces which are functions of X, only. The second assumption is that the stress

intensity factors along the crack front may be obtained from these resultant forces
as though the stress state were one of plane strain. The restriction at the ends of
the crack and the crack front curvature, both against this assumption. Since the
model is most accurate at the center of the crack, results obtained are best applied
to the problems where failure occurs when the surface crack grows through the
thickness leading either to leaking or to the development of a through crack which
then grows in length to critical size.

It is shown that the ortothropy of the material has a significant effect on the stress
intensity factors.

The effect of Poisson's ratio on the stress intensity factors does not seem to be
very significant.

It should be emphasized that all solutions presented in this study correspond to
the perturbation problem, where constant loading along the length of the crack
has been assumed. To make use of the results, the solution to the uncracked shell
must first be obtained along the plane of the crack, Then superposition principles

apply.

For the problem of crack touching the fixed end, it is not possible to obtain a
solution by current method, because of the change in boundary conditions on
crack surfaces. This is a different problem by itself.

For a future study, the problem of arbitrarily oriented crack with a fixed end can
be solved for five possible loadings, which is the general case.
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Table 1. Stress Intensity Factor Ratios In An Isotropic Cylindrical Shell With A
Fixed End Containing A Circumferential Through Crack Under Uniform Membrane
Loading N,;; v=0.3

lla

alh R/h o0.25 0.4 0.5 1.0 1.5 2.5 5.0 50.

5 2.455 1.867 1.670 1.282 1.164 1.08% 1.052 1.037

10 2.436 1,852 1.656 1.266 1.146 1.068 1.032 1.018

1 15 2.431 1.849 1.652 1.262 1.141 1.063 1.025 1.012
25 2.429 1,847 1.651 1.259 1.138 1.059 1.020 1.007

50 2.428 1.846 1.650 1.258 1.137 1.056 1.017 1.003

100 2.428 1.846 1.650 1.258 1.136 1.056 1.015 1.001

5 2.563 1.974 1.778 1.3%2 1.274 1.193 1.148 1.125

10 2.473 1.892 1.697 1.313 1.198 1.123 1.084 1.066

2 15 2.451 1.870 1.674 1.289 1.172 1.098 1.061 1.045
25 2.437 1.856 1.660 1.272 1.154 1.078 1.042 1.028

50 2.430 1.849 1.653 1.262 1.142 1.064 1.027 1.014

100 2.428 1.847 1.650 1.259 1.138 1.058 1.020 1.007

5 2.778 2.171 1.969 1.564 1.432 1.332 1.270 1.237

10 2.567 1.982 1.787 1.403 1.286 1.205 1.158 1.134

3 15 2.503 1.923 1.728 1.347 1.232 1.156 1.114 1.094
25 2.461 1.881 1.686 1.303 1.188 1.114 1.076 1.059

50 2.438 1.857 1.661 1.274 1.156 1.081 1.045 1.030

100 2.431 1.849 1.653 1.263 1.143 1.065 1.029 1.015

5 3.412 2,736 2.505 2.000 1.805 1.645 1.538 1.477

10 2.900 2.285 2.079 1.663 1.520 1.407 1.337 1.298

s 15 2.719 2.124 1.925 1.531 1.404 1.308 1.250 1.219
25 2.575 1.993 1.798 1.416 1.299 1.217 1.169 1.144

50 2.479 1.%01 1.707 1.326 1.212 1.137 1.097 1.078

100 2.444 1.864 1.669 1.283 1.167 1.093 1.057 1.041

5 5.792 4.740 4.319 3.282 2.848 2.459 2.171 1.990

10 4.234 3.462 3.179 2.500 2.219 1.977 1.807 1.705

10 15 3.663 2.968 2.725 2.172 1.950 1.764 1.637 1.562
25 3.174 2.534 2.319 1.862 1.691 1.552 1.460 1.409

50 2.773  2.177 1.977 1.579 1.447 1.346 1.283 1.249

100 2.567 1.987 1.793 1.413 1.297 1.215 1.167 1.143
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Table 2. Stress Intensity Factor Ratios In An Isotropic Cylindrical Shell With A
Fixed End Containing A Circumferential Through Crack Under Uniform Membrane
Loading N,; ; v=0.3

Ko

l/a

aflh R/h o0.25 0.4 0.5 1.0 1.5 2.5 5.0 50.

5 0.192 0.132 0.121 0.105 0.098 0.088 0.080 0.076

10 0.107 0.073 0.068 0.063 0.063 0.060 0.055 0.052

1 15 0.074 0.050 0.047 0.045 0.046 0.046 0.043 0.040
25 0.045 0.031 0.029 0.028 0.029 0.031 0.030 0.028

50 0.023 0.016 0.015 0.015 0.016 ©0.017 0.018 0.017

100 0.012 0.008 0.007 0.007 0.008 0.009 0.010 0.010

5 0.285 0.229 0.208 0.160 0.141 0.126 0.117 0.112

10 0.205 0.177 0.167 0.142 0.128 0.113 0.103 0.099

2 15 0.151 0.135 0.130 o0.118 0.109 0©0.097 0.088 0.085
25 0.098 0.089 0.087 0.085 0.082 0.076 0.069 0.065

50 0.051 0.047 0.047 0.048 0.050 0.049 0.046 0.043

100 0.026 0.024 0.024 0.026 0.027 0.029 0.029 0.026

5 0.225 0.160 0.141 0.118 0.111 0.101 0.094 0.09C

10 0.285 0.232 0.211 0.163 0.144 0.129 0.120 0.115

3 15 0.244 0.210 0.197 0.160 0.141 0.125 0.116 0.111
25 0.175 0.159 0.153 0.135 0.123 0.109 0.100 0.096

50 0.099 0.093 0.092 0.090 0.087 0.080 0.072 0.069

100 0.052 0.050 0.050 0.052 0.053 0.053 0.048 0.045

5 -0.399 -0.297 -0.237 -0.096 -0.064 -0.048 -0.042 -0.042

10 0.141 0.086 0.078 0.085 0.084 0.078 0.073 0.06°

5 15 0.268 ©0.1%7 0.174 0.139 0.128 0.116 0.108 0.104
25 0.290 0.237 0.216 0.168 0.149 0.133 0.124 0.119

50 0.211 0.191 0.182 0.154 0.138 0.121 0.112 0.108

100 0.124 0.118 0.117 0.111 0.104 0.094 0.085 0.081

5 -2.892 -1.861 -1.511 -0.837 -0.625 -0.477 -0.396 -0.359

10 -1.296 -0.876 -0.703 -0.373 -0.280 -0.222 -0.193 -0.182

10 15 -0.649 -0.465 -0.371 ~-0.174 -0.126 -0.098 -0.087 -0.083
25 -0.096 -0.092 -0.069 0.005 0.018 0.022 0.021 0.019

50 0.259 0.184 0.163 0.136 0.126 0.114 0.107 0.102

100 0.294 0.245 0.225 0.175 0.155 0.138 0.129 0.124
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Table 3. Stress Intensity Factor Ratios In An Isotropic Cylindrical Shell With A
Fixed End Containing A Circumferential Through Crack Under Uniform Bending
Moment M,;; v=0.3

Ko

l/a

aflh R/h o0.25 0.4 0.5 1.0 1.5 2.5 5.0 50.

5 0.086 0.042 0.038 0.032 0.030 0.027 0.025 0.024

10 0.047 0.023 0.021 0.019 0.019 0.018 0.017 0.016

1 15 0.032 0.016 0.014 0.013 0.014 0.014 0.013 0.012
25 0.019 0.010 0.009 0.008 0.009 0.009 0.009 0.008

50 0.010 0.005 0.004 0.004 0.005 0.005 0.005 0.005

100 0.005 0.002 0.002 0.002 0.002 0.003 0.003 0.003

5 0.091 0.075 0.069 0.055 0.048 0.042 0.039 0.038

10 0.058 0.050 0.048 0.042 0.038 0.033 0.031 0.029

2 15 0.041 0.037. 0.036 0.033 0.031 0.028 0.025 0.024
25 0.026 0.024 0.024 0.023 0.023 0.021 0.019 0.018

50 0.014 0.013 0.013 0.013 0.014 0.013 0.012 0.012

100 0.007 0.006 0.006 0.007 0.007 0.008 0.008 0.007

5 0.108 0.087 0.079 0.060 0.053 0.047 0.043 0.041

10 0.083 0.072 0.067 0.054 0.047 0.042 0.039 0.037

3 15 0.065 0.059 0.056 0.047 0.042 0.037 0.034 0.033
25 0.044 0.041 0.041 0.037 0.034 0.030 0.027 0.026

50 0.024 0.023 0.023 0.024 0.023 0.021 0.019 0.018

100 0.012 0.012 0.013 0.013 0.014 0.014 0.013 0.012

5 0.102 0.080 0.073 0.057 0.050 0.044 0.040 0.038

10 0.104 0.084 0.076 0.059 0.052 0.046 0.042 0.040

5 15 0.096 0.081 0.074 0.057 0.050 0.045 0.041 0.040
25 0.078 0.069 0.065 0.052 0.046 0.041 0.038 0.036

50 0.049 0.047 0.046 0.041 0.037 0.032 0.030 0.029

100 0.028 0.028 0.028 0.028 0.026 0.024 0.021 0.021

5 0.071 0.059 0.055 0.043 0.038 0.033 0.029 0.027

10 0.085 0.069 0.064 0.050 0.044 0.038 0.034 0.031

io 15 0.093 0.074 0.068 0.053 0.047 0.041 0.037 0.034
25 0.099 0.079 0.072 0.056 0.049 0.044 0.040 0.038

50 0.0%4 0.079 0.072 0.056 0.049 0.044 0.040 0.038

100 0.071 0.065 0.061 0.050 0.044 0.039 0.036 0.034
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Table 4. Stress Intensity Factor Ratios In An Isotropic Cylindrical Shell With A
Fixed End Containing A Circumferential Through Crack Under Uniform Bending .
Moment M,; ;v=0.3

Kss

l/a

‘afh R/h o0.25 0.4 05 1.0 1.5 2.5 5.0 50.

5 1.788 1.105 0.973 0.759 0.702 0.675 0.675 0.675

10 1.874 1.146 1.012 0.804 0.748 0.714 0.707 0.707

1 15 1.895 1.156 1.022 0.817 0.765 0.731 0.719 0.720
25 1.807 1.162 1.028 0.826 0.777 0.746 0.731 0.731

50 1.913 1.165 1.031 0.831 0.784 0.756 0.741 0.739

100 1.915 1.166 1.032 0.833 0.786 0.760 0.747 0.744

5 0.952 0.733 0.663 0.541 0.527 0.530 0.530 0.529

10 1.084 0.855 0.781 0.633 0.598. 0.592 0.593 0.593

2 15 1.124 0.897 0.824 0.678 0.636 0.620 0.622 0.622
25 1.151 0.926 0.856 0.717 0.674 0.650 0.649 0.649

50 1.165 0.943 0.875 0.745 0.706 0.680 0.672 0.673

100 1.169 0.948 0.881 0.756 0.721 0.698 0.686 0.686

5 0.666 0.519 0.476 0.429 0.433 0.433 0.433 0.433

10 0.863 0.680 0.618 0.514 0.505 0.509 0.508 0.508

3 15 0.943 0.758 0.693 0.568 0.546 0.548 0.548 0.548
25 1.005 0.824 0.761 0.630 0.585 0.588 0.590 0.590

50 1.043 0.870 0.811 0.689 0.650 0.629 0.630 0.630

100 1.056 0.886 0.830 0.718 0.683 0.659 0.653 0.654

5 0.371 0.319 0.312 0.321 0.323 0.323 0.324 0.324

10 0.549 0.436 0.406 0.387 0.3%1 0.391 0.3%1 0.391

5 15 0.668 0.525 0.481 0.431 0.435 0.436 0.436 0.436
25 0.800 0.639 0.584 0.493 0.488 0.492 0.491 0.491

50 0.912 0.756 0.698 0.580 0.555 0.555 0.556 0.556

100 0.961 0.815 0.762 0.648 0.613 0.599 0.601 0.601

5 0.197 0.208 0.213 0.220 0.222 0.224 0.225 0.226

10 0.252 0.246 0.251 0.261 0.263 0.265 0.265 0.266

10 15 0.309 0.280 0.280 0.292 0.293 0.294 0.285 0.295
25 0.415 0.345 0.332 0.338 0.339 0.339 0.339 0.340

50 0.602 0.478 0.441 0.408 0.413 0.412 0.412 0.412

100 0.770 0.625 0.573 0.487 0.483 0.487 0.486 0.486
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Table 5. Stress Intensity Factor Ratios In An Isotropic Cylindrical Shell With A
Fixed End Containing A Circumferential Through Crack Under Uniform Transverse
Shear Loading V, ; v=0.3

aflh R/h o0.25 0.4 05 1.0 1.5 2.5 5.0 50.

5 1.645 1.612 1.589 1.542 1.539 1.547 1.550 1.550

10 1.727 1.705 1.685 1.643 1.635 1.634 1.637 1.637

1 15 1.744 1.724 1.706 1.666 1.658 1.655 1.657 1.657
25 1.753 1.734 1.716 1.678 1.671 1.668 1.668 1.668

50 1.756 1.738 1.721 1.684 1.677 1.674 1.674 1.674

100 1.757 1.740 1.722 1.686 1.678 1.676 1.675 1.675

5 1.720 1.628 1.601 1.613 1.646 1.653 1.652 1.652

10 2.261 2.153 2.110 2.049 2.058 2.072 2.071 2.071.

2 15 2.414 2.312 2.269 2.195 2.190 2.198 2.200 2.199
25 2.503 2.408 2.368 2.292 2.280 2.280 2.283 2.283

50 2.544 2.453 2.415 2.343 2.329 2.325 2.326 2.326

100 2.555 2.465 2.427 2.357 2.344 2.339 2.338 2.339

5 1.276 1.248 1.263 1.368 1.384 1.380 1.380 1.380

10 2.269 2.135 2.099 2.117 2.156 2.159 2.158 2.157

3 15 2.733 2.569 2.514 2.462 2.487 2.500 2.497 2.497
25 3.078 2.910 2.847 2.750 2.749 2.760 2.760 2.760

50 3.262 3.100 3.039 2.931 2.914 2.913 2.915 2.915

100 3.313 3.155 3.096 2.991 2.971 2.965 2.965 2.965

5 0.626 0.702 0.746 0.798 0.796 0.795 0.795 0.795

10 1.461 1.472 1.514 1.662 1.664 1.662 1.661 1.661

5 15 2.249 2.161 2.167 2.309 2.336 2.329 2.329 2.329
25 3.332 3.112 3.057 3.081 3.129 3.130 3.127 3.127

50 4.338 4.040 3.940 3.807 3.817 3.832 3.829 3.829

100 4.729 4.426 4.321 4.144 4.120 4.123 4.124 4.124

5 0.136 0.167 0.174 0.3183 0.181 0.178 0.177 0.177

10 0.335 0.406 0.427 0.438 0.437 0.435 0.434 0.434

10 15 0.557 0.650 0.694 0.727 0.725 0.724 0.724 0.723
25 1.104 1.183 1.251 1.365 1.359 1.358 1.358 1.358

50 2.787 2.622 2.637 2.846 2.863 2.854 2.853 2.853

100 5.661 4.872 4.686 4.611 4.679 4.675 4.671 4.670
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Table 6. Stress Intensity Factor Ratios In An Isotropic Cylindrical Shell With A

Fixed End Containing A Circumferential Through Crack Under Uniform Transverse
Shear Loading V; v=0.3

aflh R/h o0.25 0.4 0.5 1.0 1.5 2.5 5.0 50,

5 -0.184 -0.173 -0.169 -0.158 ~0.155 -0.153 -0.153 -0.153

10 -0.097 ~0.092 -0.090 -0.085 -0.084 -0.082 -0.082 -0.082

1 15 -0.065 ~0.062 -0.061 -0.058 ~0.057 -0.056 -0.056 -0.056
25 -0.039 ~0.038 -0.037 -0.035 ~0.034 -0.034 -0.034 -0.034

50 -0.020 ~-0.019 -0.018 -0.018 ~0.017 -0.017 ~-0.017 -0.017

100 -0.010 ~0.009 -0.009 -0.009 -~0.009 ~0.009 -0.009 -0.009

5 -0.516 -0.464 -0.446 -0.418 ~0.417 -0.418 -0.418 -0.418

10 -0.347 ~0.318 -0.306 -0.282 ~0.276 -0.275 -0.275 -0.275

2 15 -0.248 -0.229 -0.222 -0.205 -0.200 -0.198 -0.198 -0.198
25 -0.155 -0.144 -0.140 -0.130 ~0.127 -0.125 -0.125 -0.125

50 -0.079 -0.074 -0.072 ~0.067 -~0.066 -0.065 -0.064 -0.064

100 -0.040 -0.037 -0.036 -0.034 -0.033 -0.033 -0.033 -0.033

5 -0.716 -0.648 -0.631 -0.625 -0.627 -0.626 -0.627 -0.627

3 10 -0.674 -0.602 -0.577 -0.538 -0.535 -0.535 -0.535 -0.535
15 ~-0.550 -0.495 -0.474 -0.434 -0.428 -0.427 -0.427 -0.427

25 -0.375 -0.342 -0.329 -0.301 -0.294 -0.291 -0.291 -0.291

50 -0.200 -0.184 -0.178 -0.164 -0.160 -0.158 -0.157 -0.157

100 ~0.102 -0.094 -0.091 -0.085 -0.083 -0.081 -0.081 -0.081

5 -0.747 -0.735 -0.743 -0.749 -0.748 -0.750 -0.751 -0.751

10 -1.023 -0.938 -0.922 -0.925 -0.923 -0.924 -0.925 -0.925

5 15 -1.105 -0.987 -0.9853 -0.924 -0.924 -0.923 -0.924 -0.924
25 -1.018 -0.901 -0.861 -0.797 ~0.791 -0.791 -0.791 -0.791

50 -0.677 -0.607 -0.580 ~0.526 ~0.513 -0.510 -0.510 ~0.510

100 -0.372 -0.337 -0.324 -0.296 -0.288 -0.283 -0.283 -0.283

5 -0.681 -0.694 -0.688 -0.678 ~0.679 -0.681 -0.682 -0.683

10 -1.004 -1.040 -1.048 -1.032 ~1.034 -1.037 -1.039 -1.039

10 15 -1.285 -1.295 -1.314 -1.308 ~1.309 -1.313 -1.315 -1.315
25 -1.758 -1.670 ~-1.675 -1.695 ~1.689 -1.694 -1.696 -1.696

50 -2.475 -2.152 -2.076 -2.034 ~-2.031 -2.029 -2.031 -2.031

100 -2.638 -2.159 -2.020 -1.825 ~1.810 -1.807 -1.807 -1.808

75



Table 7. Stress Intensity Factor Ratios In An Isotropic Cylindrical Shell With A
Fixed End Containing A Circumferential Through Crack Under Uniform Transverse
Shear Loading V,;v=0.3

alh R/h o0.25 0.4 0.5 1.0 1.5 2.5 5.0  50.

5 1.167 0.799 0.678 0.474 0.436 0.425 0.424 0.424

10 1.228. 0.849 0.724 0.511 0.469 0.454 0.453 0.452

1 15 1.240 0.859 0.734 0.519 0.477 0.462 0.459 0.459
25 1.247 0.865 0.739 0.524 0.482 0.466 0.463 0.463

50 1.250 0.867 0.741 0.526 0.484 0.468 0.465 0.465

100 1.250 0.868 0.742 0.526 0.484 0.469 0.466 0.466

5 1.414 1.084 0.986 0.860 0.856 0.854 0.851 0.851

10 1.891 1.472 1.341 1.132 1.104 1.102 1.100 1.100

2 15 2.026 1.589 1.452 1.224 1.186 1.178 1.177 1.177
25 2.105 1.661 1.520 1.286 1.242 1.229 1.228 1.227

50 2.141 1.694 1.553 1.318 1.272 1.256 1.254 1.254

100 2.151 1.703 1.562 1.327 1.282 1.265 1.262 1.262

5 1.152 0.960 0.918 0.912 0.913 0.%06 0.905 0.905

10 2.144 1.746 1.631 1.497 1.501 1.497 1.494 1.494

3 15 2.609 2.134 1.986 1.773 1.759 1.759 1.756 1.756
25 2.956 2.438 2.273 2.004 1.966 1.962 1.960 1.860

50 3.141 2.608 2.438 2.151 2.098 2.083 2.082 2.082

100 3.193 2.657 2.487 2.199 2.144 2.124 2.122 2.122

5 0.587 0.588 0.609 0.635 0.630 0.628 0.627 0.627

10 1.566 1.419 1.410 1.476 1.470 1.464 1.462 1.462

5 15 2.500 2.176 2.108 2.125 2.135 2.123 2.121 2.121
25 3.789 3.227 3.067 2.913 2.930 2.922 2.918 2.918

50 4.988 4.257 4.024 3.665 3.632 3.633 3.628 3.627

100 5.455 4.686 4.437 4.017 3.945 3.931 3.929 3.929

5 0.066 0.090 0.097 0.100 0.098 0.096 0.096 0.096

10 0.342 0.383 0.401 0.403 0.400 0.398 0.3%8 0.398

10 15 0.704 0.737 0.772 0.7%0 0.784 0.782 0.781 0.781
25 1.635 1.565 1.603 1.688 1.670 1.665 1.664 1.664

50 4.552 3.874 3.758 3.842 3.839 3.815 3.812 3.812

100 9.563 7.519 6.994 6.475 6.507 6.483 6.472 6.471
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Table 8. Stress Intensity Factor Ratios In An Isotropic Cylindrical Shell With A
Fixed End Containing A Circumferential Crack Through Under In-Plane Shear
Loading Nj,;; v=0.3

alh R/h o0.25 0.4 0.5 1.0 1.5 2.5 5.0  50.

5 0.175 0.161 0.156 0.146 0.145 0.145 0.146 0.146

10 0.088 0.081 0.078 0.073 0.073 0.073- 0.074 0.074

1 15 0.058 0.054 0.052 0.049 0.04%9 0.049 0.049 0.049
25 0.035 0.032 0.031 0.029 0.029 0.030 0.030 0.030

50 0.018 0.016 0.016 0.015 0.015 0.015 0.015 0.015

100 0.009 0.008 0.008 0.007 0.007 0.007 0.008 0.008

5 0.451 0.419 0.406 0.382 0.380 0.383 0.385 0.385

10 0.226 0.210 0.204 0.194 0.193 0.183 0.194 0.19%94

2 15 0.151 0.141 0.137 0.130 0.130 0.130 0.130 0.131
25 0.091 0.085 0.082 0.079 0.079 0.079 0.079 0.079

50 0.045 0.042 0.041 0.039 0.040 0.040 0.040 0.040

100 0.023 0.021 0.021 0.020 0.020 0.020 0.020 0.020

5 0.828 0.767 '0.743 0.700 0.699 0.704 0.707 0.708

10 0.415 0.387 0.376 0.355 0.353 0.355 0.357 0.357

3 15 0.277 0.259 0.252 0.239 0.238 0.239 0.240 0.240
25 0.167 0.156 0.152 0.145 0.144 0.145 0.145 0.145

50 0.083 0.078 0.076 0.073 0.073 0.074 0.074 0.074

100 0.042 0.039 0.038 0.037 0.037 0.038 0.038 0.038

5 1.883 1.721 1.660 1.573 1.571 1.581 1.590 1.593

10 0.941 0.869 0.841 0.795 0.795 0.800 0.804 0.805

5 15 0.628 0.583 0.565 0.533 0.533 0.536 0.538 0.539
25 0.378 0.352 0.342 0.324 0.322 0.324 0.325 0.326

50 0.18% 0.177 0.172 0.165 0.164 0.164 0.165 0.165

100 0.095 0.089 0.087 0.084 0.084 0.084 0.084 0.084

5 9.501 7.287 6.692 5.783 5.678 5.744 5.849 5.895

10 3.636 3.148 2.992 2.769 2.755 2.779 2.804 2.813

10 15 2.359 2.083 1.991 1.866 1.862 1.876 1.888 1.892
25 1.404 1.257 1.205 1.133 1.133 1.140 1.146 1.148

50 0.702 0.635 0.611 0.573 0.572 0.576 0.579 0.579

100 0.352 0.320 0.309 0.291 0.289 0.291 0.292 0.293
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Table 9. Stress Intensity Factor Ratios In An Isotropic Cylindrical Shell With A
Fixed End Containing A Circumferential Through Crack Under In-Plane Shear
Loading N;,;v=0.3

alh R/h o0.25s 0.4 05 1.0 1.5 2.5 5.0  50.

5 1.177 1.070 1.036 0.993 1.003 1.023 1.034 1.036

10 1.172 1.063 1.028 0.978 0.984 1.001 1.015 1.017

1 15 1.171 1.062 1.026 0.975 0.979 0.994 1.008 1.011
25 1.171 1.061 1.025 0.972 0.975 0.989 1.003 1.007

50 1.170 1.061 1.024 0.971 0.973 0.986 0.998 1.003

100 1.170 1.060 1.024 0.971 0.973 0.885 0.996 1.001

5 1.208 1.116 1.092 1.083 1.101 1.114 1.2120 1.121

10 1.183 1.079 1.048 1.018 1.034 1.053 1.061 1.063

2 15 1.176 1.070 1.037 0.998 1.010 1.031 1.040 1.042
25 1.173 1.065 1.030 0.983 0.992 1.011 1.023 1.026

50 1.171 1.062 1.026 0.975 0.980 0.996 1.010 1.013

100 1.171 1.061 1.025 0.972 0.%75 0.989 1.002 1.007

5 1.274 1.208 1.197 1.212 1.221 1.228 1.233 1.235

10 1.207 1.117 1.093 1.08% 1.108 1.120 1.125 1.126

3 15 1.190 1.091 1.063 1.044 1.063 1.080 1.086 1.087
25 1.179 1.074 1.042 1.009 1.024 1.044 1.052 1.054

50 1.173 1.065 1.030 0.985 0.994 1.014 1.026 1.028

100 1.171 1.062 1.026 0.976 0.981 0.9%8 1.011 1.014

5 1.516 1.509 1.516 1.507 1.501 1.506 1.511 1.514

10 1.306 1.256 1.253 1.273 1.277 1.283 1.288 1.289

5 15 1.247 1.177 1.16é4 1.181 1.193 1.200 1.205 1.206
25 1.207 1.119 1.096 1.096 1.115 1.126 1.131 1.133

50 1.183 1.082 1.051 1.027 1.045 1.063 1.070 1.071

100 1.175 1.068 1.034 0.993 1.005 1.026 1.035 1.037

5 3.748 3.326 3.168 2.852 2.776 2.768 2.7%8 2.817

10 1.978 1.975 1.959 1.877 1.856 1.857 1.867 1.873

10 15 1.631 1.636 1.641 1.609 1.599 1.603 1.610 1.613
25 1.403 1.380 1.387 1.395 1.392 1.397 1.402 1.404

50 1.262 1.198 1.189 1.210 1.219 1.225 1.230 1.231

100 1.204 1.115 1.093 1.093 1.112 1.123 1.128 1.129
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‘Table 10. Stress Intensity Factor Ratios In An Isotropic Cylindrical Shell With A.
Fixed End Containing A Circumferential Through Crack Under Uniform In-Plane
Shear Loading N, ; v=0.3

k,

I'la

alh R/h o0.25 0.4 0.5 1.0 1.5 2.5 5.0  50.

5 0.024 0.001 ~0.007 -0.024 -0.029 -0.029 ~0.026 ~0.025

10 0.012 0.000 -0.004 -0.014 -0.018 -0.020 -0.018 -0.017

1 15 0.008 0.000 -0.003 -0.020 -0.013 -0.015 -0.014 -0.013
25 0.005 0.000 -0.002 -0.006 -0.008 -0.010 -0.010 -0.009

50 0.002 0.000 -0.001 -0.003 -0.004 -0.006 -0.006 -0.006

100 0.001 0.000 0.000 -0.002 -0.002 -0.003 ~0.004 -0.003

5 0.139 0.083 0.065 0.034 0.033 0.038 0.040 0.040

10 0.068 0.039 0.029 0.008 0.004 0.007 0.010 0.010

2 15 0.045 0.025 0.018 0.002 -0.002 -0.001 0.002 0.002
25 0.027 0.015 0.010 -0.001 -0.004 -0.005 -0.003 -0.002

50 0.013 0.007 0.005 -0.001 -0.004 -0.005 -0.004 -0.003

100 0.007 0.004 0.002 -0.001 -0.002 -0.003 ~-0.004 -0.003

5 0.386 0.292 0.261 0.216 0.216 0.221 0.224 0.224

10 0.189 0.139 0.122 0.092 0.091 0.095 0.097 0.098

3 15 0.125 0.091 0.079 0.055 0.053 0.056 0.058 0.059
25 0.074 0.053 0.045 0.029 0.026 0.027 0.029 0.030

50 0.037 0.026 0.022 0.012 0.009 0.009 0.010 0.011

100 0.018 0.013 0.011 0.005 0.003 0.002 0.003 0.003

5 1.357 1.132 1.059 0.955 0.950 0.958 0.965 0.968

10 0.664 0.552 0.515 0.459 0.459 0.464 0.467 0.468

5 15 0.43%9 0.363 0.337 0.295 0.295 0.299 0.302 0.303
25 0.261 0.214 0.197 0.168 0.167 0.171 0.173 0.173

50 0.130 0.105 0.096 0.078 0.075 0.078 0.079 0.080

100 0.064 0.052 0.047 0.036 0.034 0.034 0.036 0.036

5 17.064 12.476 11.267 9.481 9.288 9.413 9.600 9.679

10 6.335 5.274 4.947 4.477 4.447 4.490 4.533 4.548

10 15 4.074 3.462 3.267 2.998 2.986 3.011 3.032 3.040
25 2.407 2.069 1.%58 1.803 1.800 1.813 1.824 1.827

50 1.195 1.032 0.%78 0.893 0.892 0.%00 0.%05 0.907

100 0.595 0.514 0.487 0.441 0.438 0.443 0.446 0.447
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Table 11. Stress Intensity Factor Ratios In An Isotropic Cylindrical Shell With A

Fixed End Containing A Circumferential Through Crack Under Uniform Twisting
Moment M, ; v=0.3

I'/a

aflh R/h o0.25 0.4 0.5 1.0 1.5 2.5 5.0  50.

5 -0.164 -0.121 -0.106 -0.078 -0.073 -0.070 -0.070 -0.070

10 -0.164 -0.121 -0.106 -0.079 -0.073 -0.071 -0.070 -0.070

1 15 -0.164 -0.121 -0.106 -0.079 -0.073 -0.071 -0.070 -0.070
25 -0.164 -0.121 -0.106 -0.079 -0.073 -0.071 ~0.070 -0.070

50 -0.165 -0.121 -0.106 -0.079 -0.073 -0.071 -0.070 -0.070

100 -0.165 -0.121 -0.106 -0.079 -0.073 -0.071 -0.070--0.070

5 -0.132 -0.113 -0.107 -0.095 -0.093 -0.092 -0.091 -0.091

10 -0.132 -0.113 -0.107 -0.095 -0.093 -0.092 -0.092 -0.091

2 15 -0.132 -0.113 -0.107 -0.085 -0.093 -0.092 -0.092 -0.092
25 -0.132 -0.113 -0.107 -0.0%96 -0.093 -0.0892 -0.092 -0.092

50 -0.132 -0.113 -0.107 -0.096 -0.093 -0.092 -0.092 -0.092

100 -0.132 -0.113 -0.107 -0.096 -0.093 -0.092 -0.092 -0.092

5 -0.117 -0.106 -0.102 -0.095 -0.094 -0.094 -0.093 -0.093

10 -0.117 -0.107 -0.103 -0.096 -0.094 -0.094 -0.094 -0.094

3 15 -0.117 -0.107 -0.103 -0.096 -0.095 -0.0%94 -0.094 -0.094
25 -0.118 -0.107 -0.103 -0.096 -0.095 -0.094 -0.094 -0.094

50 -0.118 ~-0.107 -0.103 -0.096 -0.095 -0.094 -0.094 -0.094

100 -0.118 -0.107 -0.103 ~0.096 -0.095 -0.094 -0.094 ~-0.094

5 -0.100 -0.094 -0.092 -0.089 -0.088 -0.088 -0.088 -0.088

10 -0.100 -0.095 -0.083 -~0.089 -0.089 -0.088 -0.088 -0.088

5 15 -0.101 -0.095 -0.093 -0.090 -0.089 -0.089% -0.088 -0.088
25 -0.101 -0.095 -0.093 -0.090 -0.089 -0.089 -0.089 -0.089

50 -0.101 -0.095 -0.094 -0.080 ~-0.089 -0.089% -0.089 -0.089

100 -0.101 -0.096 -0.094 -0.090 -0.089 -0.089 -0.089 -0.089

5 -0.0%94 -0.085 -0.083 -0.078 -0.078 -0.077 -0.078 -0.078

10 -0.086 -0.082 -0.080 -0.078 -0.077 ~0.077 -0.077 -0.077

10 15 -0.085 -0.082 -0.080 -0.078 -0.078 -0.078 -0.078 -0.078
25 -0.085 -0.082 -0.081 -0.079 -0.07% -0.079 ~0.078 -0.078

50 -0.085 -0.082 -0.081 -0.079 -0.079 -0.079 ~-0.079 -0.079

100 -0.085 -0.082 -0.081 ~-0.080 -0.079 -0.079 -0.079 -0.079
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Table 12. Stress Intensity Factor Ratios In An Isotropic Cylindrical Shell With A
Fixed End Containing A Circumferential Thriugh Crack Under Uniform Twisting
Moment M,,; v=0.3

kg

l/a

alh R/h o0.25 0.4 0.5 1.0 1.5 2.5 5.0 50,

5 -0.004 -0.005 -0.006 -0.009 -0.011 -0.011 -0.010 -0.010

10 -0.002 -0.003 -0.003 -0.005 -0.006 -0.007 -0.006 -0.006

1 15 -0.001 -0.002 -0.002 -0.004 -0.004 -0.005 -0.005 -0.005
25 -0.001 -0.001 -0.001 -0.002 -0.003 -0.003 -0.003 -0.003

50 0.000 -0.001 -0.001 -0.001 -0.001 -0.002 -0.002 -0.002

100 0.000 0.000 0.000 -0.001 -0.001 -0.001 -0.001 -0.001

5 -0.007 -0.010 -0.012 -0.014 -0.014 -0.013 -0.013 -0.013

10 -0.004 -0.006 -0.007 -0.009 -0.010 -0.009 -0.009 -0.009

2 15 -0.003 -0.004 -0.005 -0.007 ~0.008 ~-0.007 -0.007 -0.007
25 -0.002 -0.003 -0.003 -0.005 -0.005 -0.005 -0.005 -0.005

50 -0.001 -0.001 -0.002 -0.003 -0.003 -0.003 -0.003 -0.003

100 0.000 -0.001 -0.001 -0.001 -0.002 -0.002 -0.002 -0.002

5 -0.010 -0.013 -0.014 -0.015 -0.014 -0.013 -0.013 -0.013

10 -0.006 -0.008 -0.009 -0.011 -0.010 -0.010 -0.010 -0.009

3 15 -0.004 -0.006 -0.007 -0.009 -0.009 -0.008 -0.008 -0.008
25 -0.003 -0.004 -0.004 -0.006 -0.006 -0.006 -0.006 -0.006

50 -0.001 -0.002 -0.002 -0.004 -0.004 -0.004 -0.004 -0.004

100 -0.001 -0.001 -0.001 -0.002 -0.002 -~0.003 -0.002 -0.002

5 -0.012 -0.014 -0.014 -0.013 -0.013 -0.012 -0.012 -0.012

10 -0.008 -0.010 -0.010 -0.010 -0.010 -0.009 -0.009 -0.009

5 15 -0.006 -0.008 -0.008 -0.009 -0.008 -0.008 -0.008 -0.008
25 -0.004 -0.005 -0.006 -0.007 -0.007 -0.006 -0.006 -0.006

50 -0.002 -0.003 -0.003 -0.005 -0.005 -0.004 -0.004 -0.004

100 -0.001 -0.002 -0.002 -0.003 -0.003 -0.003 ~-0.003 -0.003

5 -0.017 -0.015 -0.024 -0.013 -0.012 -0.012 -0.012 -0.012

10 -0.010 -0.010 -0.010 -0.009 ~0.009 -0.009 -0.009 -0.009

10 i5 -0.008 -0.009 -0.009 -0.008 -0.007 -0.007 -0.007 -0.007
25 -0.006 -0.007 -0.007 -0.006 -0.006 -0.006 -0.006 -0.006

50 -0.003 -0.004 -0.005 -0.005 -0.005 -0.004 -0.004 -0.004

100 -0.002 -0.003 -0.003 -0.004 -0.003 -0.003 -0.003 -0.003
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Table 13. Stress Intensity Factor Ratios In An Isotropic Cylindrical Shell With A
Fixed End Containing A Circumferential Through Crack Under Uniform Twisting

Moment M,, ; v=0.3

ky
l]a
aflh R/h o.25 0.4 0.5 1.0 1.5 2.5 5.0 50.
5 0.481 0.504 0.511 0.523 0.524 0.523 0.522 0.522
10 0.481 0.505 0.512 0.524 0.525 0.525 0.523 0.523
1 15 0.481 0.505 0.512 0.524 0.526 0.525 0.524 0.523
25 0.481 0.505 0.512 0.524 0.526 0.526 0.524 0.524
50 0.481 0.505 0.512 0.524 0.526 0.526 0.525 0.524
100 0.481 0.505 0.512 0.524 0.526 0.526 0.525 0.524
5 0.327 0.341 0.345 0.351 0.352 0.351 0.351 0.351
10 0.327 0.342 0.346 0.353 0.353 0.353 0.353 0.353
2 15 0.327 0.342 0.346 0.353 0.354 0.354 0.353 0.353
25 0.327 0.342 0.346 0.354 0.355 0.354 0.354 0.354
50 0.327 0.342 0.346 0.354 0.355 0.355 0.354 0.354
100 0.327 0.342 0.346 0.354 0.355 0.355 0.355 0.354
5 0.253 0.263 0.266 0.271 0.271 0.271 0.271 0.271
10 0.254 0.264 0.267 0.272 0.272 0.273 0.272 0.272
3 15 0.254 0.264 0.267 0.272 0.273 0.273 0.273 0.273
25 0.254 0.264 0.268 0.273 0.274 0.274 0.273 0.273
. 50 0.254 0.264 0.268 0.273 0.274 0.274 0.274 0.274
100 0.254 0.264 0.268 0.274 0.275 0.274 0.274 0.274
5 0.181 0.187 0.189 0.192 0.193 0.193 0.193 0.193
10 0.181 0.187 0.189 0.193 0.193 0.194 0.194 0.194
5 15 0.182 0.188 0.190 0.193 0.194 0.194 0.194 0.194
25 0.182 0.188 0.190 0.193 0.194 0.194 0.194 0.194
50 0.182 0.188 0.190 0.194 0.194 0.195 0.185 0.195
100 0.182 0.188 0.190 0.194 0.195 0.195 0.195 0.195
5 0.056 0.074 0.079 '0.087 0.089 0.089 0.088 0.088
10 0.073 0.082 0.084 0.089 0.090 0.090 0.090 0.090
10 15 0.075 0.082 0.084 0.088 0.089 0.089 0.089 0.089
25 0.075 0.082 0.084 0.088 0.088 0.089 0.089 0.089
50 0.075 0.082 0.084 0.087 0.088 0.088 0.088 0.088
100 0.075 0.082 0.084 0.087 0.088 0.088 0.088 0.088
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Table 14. The Effect Of Poisson's Ratio On The Stress Intensity Factor Ratios In An
Isotropic Cylindrical Shell With A Fixed End Containing A Circumferential
Through Crack, I /a=0.5, af/h =1, R[h=3.

-0.111 -0.107 -0.203 -0.100 -0.096 -0.093
-0.008 -0.008 -0.007 -0.007 -0.006 -0.005

v 0.0 ° 0.1 0.2 0.3 0.4 0.5
Koo 1.668 1.668 1.669 1.670  1.671  1.671
K 0.095 0.102 0.110 0.117  0.125  0.132
Kot 0.027 0.030 0.033 0.035 0.038 0.041
Ky 0.873  0.899  0.922 0.943 0.962 0.978
k,, 1.662 1.647 1.632 1.618  1.605  1.592
k., -0.139 -0.150 -0.161 -0.172 -0.183 -0.194
k, 0.614 0.616 0.617 0.618 0.619  0.619-
k. 0.160  0.159  0.158  0.156  0.155  0.154
k. 1.035 1.036 1.036 1.036 1.036  1.036
ki -0.012 -0.012 -0.012 -0.011 -0.010 -0.009
kVi

k

k!l

0.478 0.499 0.519 0.538 0.555 0.571
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Table 15. The effect of material orthotropy on the stress intensity factor ratios in a

cylindrical shell with a fixed end containing a circumferential through crack,
l/a=0.5, a/h=1, RIh=10.

E /E, 0.037  1.000  26.667
Ko 1.388  1.656  2.056
Ky 0.048  0.066  0.091
ks 0.015  0.019  0.025
ks 0.938  0.978  1.046
Ky 1.449  1.719  2.132
ks, -0.068  -0.092  -0.138
k., 0.317  0.662  1.284
k. 0.067  0.078  0.097
kes 0.986  1.028  1.102
k. -0.013  -0.006  0.010
L -0.069  -0.100  -0.128
ke, -0.004  -0.004  -0.003
Ky 0.652  0.538  0.424
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Table 16. Mode I Normalized Stress Intensity Factor at the Center of a Semi-Elliptic
Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a Fixed
End Subjected to Membrane Loading; v=10.3 [ /a=0.25.

Kk (0)/k,,
OUTER CRACK INNER CRACK
& = Lk
afh Rfh 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.966 0.827 0.519 0.147 0.925 0.699 0.376 0.108
10 0.973 0.846 0.538 0.148 0.933 0.719 0.391 0.109
1 15 0.975 0.853 0.544 0.149 0.936 0.726 0.396 0.110
25 0.977 0.857 0.549° 0.149 0.939 0.731 0.400 0.110
50 0.978 0.861 0.552 0.149 0.940 0.735 0.404 0.111
100 0.979 0.863° 0.554 0.149 0.941 0.738 0.405 0.111
5 0.936 0.767 0.497 0.182 0.908 0.685 0.397 0.137
10 0.947 0.794 0.525 0.188 0.923 0.719 0.426 0.144
2 15 0.951 0.803 0.533 0.190 0.928 0.731 0.438 0.146
25 0.953 0.809 0.540 0.191 0.932 0.742 0.448 0.149
50 0.955 0.813 0.544 0.191 0.935 0.74% 0.456 0.151
100 0.956 0.815 0.545 0.191 0.937 0.753 0.460 0.152
5 0.930 0.758 0.501 0.198 0.906 0.686 0.408 0.151
10 0.947 0.801 0.547 0.213 0.927 0.734 0.452 0.162
3 15 0.953 0.816 0.564 0.218 0.935 0.753 0,471 0.168
25 0.957 0.827 0.577 0.222 0.941 0.770 0.490 0.174
50 0.960 0.835 0.585 0.224 0.946 0.783 0.505 0.179
100 0.961 0.838 0.583 0.225 0.948 0.790 0.513 0.182

5 0.%919 0.736 0.487 0.206 0.892 0.678 0.412 0.165
10 0.945 0.800 0.557 0.234 0.927 0.740 0.469 0.180
5 15 0.954 0.827 0.591 0.248 0.939 0.770 0.500 0.1%0
25 0.963 0.849 0.621 0.262 0.94%9 0.798 0.533 0.203
50 0.968 0.866 0.644 0.273 0.857 0.822 0.565 0.217
100 0.971 0.873 0.654 0.277 0.961 0.835 0.582 0.225
5 0.907 0.709 0.465 0.206 0.899 0.684 0.430 0.184
10 0.933 0.774 0.537 0.237 0.822 0.736 0.477 0.198
10 15 0.946 0.811 0.582 0.260 0.935 0.769 0.512 0.210
25 0.960 0.850 0.638 0.291 0.949 0.808 0.558 0.229
50 0.973 0.888 0.696 0.32%3 0.964 0.850 0.616 0.258
100 0.979 0.908 ©0.730 0.354 0.872 0.877 0.659 0.283
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Table 17. Mode I Normalized Stress Intensity Factor at the Center of a Semi-Elliptic
Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a Fixed
End Subjected to Membrane Loading; v=0.3, I/a =0.40.

k, (0)/k,,
OUTER CRACK INNER CRACK
&0 =h/h
afh  R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.902 0.665 0.365 0.107 0.867 0.587 0.298 0.090
: 10 0.908 0.677 0.372 0.106 0.876 0.603 0.307 0.090
1 15 0.910 0.681 0.374 0.106 0.880 0.609 0.310 0.090
25 0.912 0.684 0.375 0.105 0.882 0.613 0.313 0.091
50 0.913 0.686 0.376 0.105 0.884 0.617 0.315 0.091
100 0.913 ©0.687 0.377 ~0.105 0.885 0.619 0.316 0.091
5 0.908 0.696 0.420 0.149 0.880 0.625 0.346 0.120
10 0.920 ©0.721 0.439 0.150 0.897 0.658 0.370 0.123
2 15 0.924 0.729 0.445 0.151 0.903 0.671 0.380 0.125
25 0.927 0.735 0.450 0.151 0.908 0.682 0.389 0.127
50 0.929 0.739 0.453 0.150 0.911 0.691 0.396 0.128
100 0.929 0.741 0.454 0.150 0.913 0.695 0.400 0.129
5 0.911 0.708 0.443 0.170 0.885 0.641 0.367 0.135
10 0.928 0.746 0.477 0.177 0.907 0.685 0.402 0.142
3 15 0.934 0.761 0.490 0.179 0.916 0.705 0.419 0.146
25 0.939 0.773 0.502 0.181 0.923 0.723 0.436 0.150
50 0.943 0.781 0.509 0.182 0.929 0.737 0.450 0.154
100 0.944 ©0.784 0.512 0.182 0.932 0.745 0.458 0.156
5 0.910 ©0.714 0.460 ©0.190 0.890 0.658 0.392 0.155
10 0.932 0.764 0.508 0.205 0.914 0.707 0.431 0.163
5 15 0.942 0.788 0.534 0.213 0.925 0.733 0.456 0.169
25 0.950 0.810 0.559 0.221 0.936 0.761 0.485 0.178
50 0.957 0.827 0.580 0.228 0.945 0.787 0.515 0.189
100 0.960 0.836 0.589 0.231 0.950 0.801 0.533 0.196
5 0.910 0.716 0.470 0.206 0.901 0.690 0.434 0.184
10 0.933 0.773 0.532 0.232 0.922 0.735 0.474 0.195
10 15 0.944 0.801 0.565 0.246 0.932 0.759 0.498 0.201
25 0.955 0.831 0.604 0.264 0.943 0.789 0.531 0.212
50 0.966 0.864 0.649 0.288 0.956 0.825 0.577 0.231
100 0.973 0.884 0.680 0.305 0.965 0.852 0.616 0.251

86



Table 18. Mode I Normalized Stress Intensity Factor at the Center of a Semi-Elliptic
Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a Fixed
End Subjected to Membrane Loading; v=0.3, [/a=0.5.

k (0)/k,,,
OUTER CRACK INNER CRACK
& =1l/h
afh  R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.878 0.618 0.328 0.098 0.847 0.554 0.277 0.085
10 0.884 0.628 0.333 0.097 0.856 0.569 0.285 0.085
1 15 0.886 0.631 0.334 0.096 0.859 0.574 0.288 0.085
25 0.887 0.633 0.335 0.096 0.862 0.579 0.290 0.086
50 0.888 0.635 0.336 0.096 0.864 0.582 0.292 0.086
100 0.889 0.636 0.336 0.095 0.865 0.583 0.293 0.086
5 0.897 0.670 0.394 0.138 0.870 0.606 0.330 0.114
10 0.908 0.693 0.410 0.139 0.887 0.637 0.352 0.117
2 15 0.912 0.701 0.416 0.139 0.893 0.650 0.361 0.118
25 0.915 0.707 0.420 0.138 0.898 0.661 0.370 0.120
50 0.917 0.711 0.422 0.138 0.902 0.670 0.377 0.121
100 0.918 ©0.713 0.423 0.138 0.904 0.674 0.381 0.122
5 0.904 0.692 0.425 0.161 0.879 0.628 0.356 0.131
10 0.920 0.726 0.453 0.165 0.900 0.669 0.386 0.135
3 15 0.926 0.740 0.464 0.167 0.908 0.688 0.401 0.138
25 0.931 0.751 0.474 0.168 0.916 0.706 0.417 0.142
50 0.935 0.759 0.481 0.168 0.922 0.721 0.432 0.146
100 0.937 0.763 0.484 0.168 0.925 0.729 0.440 0.148

5 0.910 0.711 0.455 0.186 0.890 0.656 0.390 0.153
10 0.929 0.754 0.4%94 0.196 0.910 0.698 0.422 0.158
5 15 0.937 0.774 0.515 0.202 0.921 0.722 0.443 0.163
25 0.945 0.794 0.536 0.208 0.931 0.748 0.469 0.170
50 0.952 0.812 0.555° 0.213 0.%41 0.774 0.497 0.179
100 0.955 0.820 0.565 0.215 0.946 0.789 0.515 0.186
5 0.910 0.716 0.470 0.205 0.902 0.6%0 0.434 0.183
10 0.934 0.775 0.533 0.230 0.923 0.737 0.476 0.194
10 15 0.944 0.801 0.564 0.243 0.932 0.760 0.4%9 0.200
25 0.954 0.828 0.597 0.258 0.942 0.786 0.527 0.209
50 0.964 0.856 0.634 0.275 0.954 0.819 0.566 0.224
100 0.970 0.874 0.661 0.289 0.962 0.844 0.602 0.241
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Table 19. Mode I Normalized Stress Intensity Factor at the Center of a Semi-Elliptic
Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a Fixed
End Subjected to Membrane Loading; v=0.3, I/a=10.

k (0)/k,,
OUTER CRACK INNER CRACK
fo = Io/h
afh  R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.832 0.537 0.271 0.083 0.812 0.500 0.245 0.077
10 0.836 0.543 0.272 0.082 0.821 0.513 0.251 0.077
1 15 0.838 0.545 0.272 0.081 0.824 0.518 0.253 0.077
25 0.839 0.546 0.273 0.081 0.827 0.522 0.255 0.077
50 0.840 0.547 0.273 0.080 0.829 0.525 0.257 0.077
100 0.840 0.547 0.273 0.080 0.830 0.527 0.258 0.077
5 0.878 0.627 0.352 0.120 0.856 0.578 0.307 0.105
10 0.886 0.641 0.358 0.118 0.869 0.601 0.321 0.106
2 15 0.889 0.646 0.361 0.117 0.875 0.613 0.329 0.106
25 0.892 0.651 0.363 0.117 0.881 0.623 0.336 0.107
50 0.894 0.655 0.365 0.116 0.885 0.632 0.343 0.108
100 0.895 0.656 0.365 0.115 0.888 0.637 0.347 0.109
5 0.897 0.673 0.401 0.146 0.875 0.618 0.345 0.123
10 0.907 0.692 0.413 0.145 0.890 0.647 0.363 0.125
3 15 0.911 ©0.700 0.418 0.144 0.897 0.661 0.374 0.126
25 0.915 0.708 0.423 0.143 0.904 0.676 0.386 0.128
50 0.919 0.714 ©0.427 0.143 0.910 0.690 0.398 0.131
100 0.920 0.718 0.429 0.142 0.914 0.699 0.406 0.133
5 0.910 ©0.710 0.449 0.178 0.891 0.658 0.388 0.149
10 0.927 0.745 0.479 0.183 0.910 0.696 0.416 0.152
5 15 0.932 0.758 0.490 0.184 0.918 0.714 0.431 0.155
25 0.937 0.770 0.500 ©0.185 0.926 0.732 0.448 0.158
50 0.942 0.780 0.509 0.185 0.933 0.752 0.468 0.164
100 0.945 0.787 0.515 0.185 0.939 0.766 0.484 0.169
5 0.910 0.715 0.467 0.201 0.901 0.687 0.430 0.180
10 0.934 0.774 0.529 0.224 0.923 0.736 0.473 0.190
10 15 0.945 0.801 0.560 0.236 0.933 0.761 0.497 0.196
25 0.954 0.827 0.591 0.248 0.944 0.788 0.526 0.205
50 0.962 0.847 0.616 0.257 0.953 0.815 0.558 0.216
100 0.966 0.858 0.629 0.261 0.959 0.833 0.582 0.226
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Table 20. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Membrane Loading; v=0.3, [/fa=15

k (0)/k,,
OUTER CRACK INNER CRACK
& =h/h
afh  Rfh 0.2 0.4 0.6 _ 0.8 0.2 0.4 0.6 0.8
5 0.821 0.519 0.258 0.079 0.805 0.490 0.238 0.075
10 0.825 0.523 0.258 0.078 0.813 0.501 0.243 0.074
1 15 0.826 0.524 0.258 0.077 0.816 0.506 0.245 0.074
25 0.827 0.525 0.258 0.077 0.819 0.510 0.247 0.075
50 0.828 ©0.526 0.258 ©0.077 0.821 0.513 0.249 0.075
100 0.828 0.526 0.258 0.076 0.822 0.515 0.250 0.075
5 0.876 0.621 0.345 0.116 0.855 0.576 0.305 0.103
10 0.881 0.630 0.347 0.113 0.867 0.596 0.316 0.103
2 15 0.884 0.633 0.348 0.112 0.872 0.605 0.322 0.104
25 0.886 0.637 0.349 0.111 0.877 0.615 0.328 0.104
50 0.888 0.639 0.350 0.110 0.881 0.624 0.335 0.105
100 0.888 0.641 0.350 0.110 0.884 0.629 0.338 0.106
5 0.897 0.671 0.397 0.143 0.876 0.618 0.343 0.121
10 0.906 0.688 0.406 0.140 0.890 0.646 0.362 0.123
3 15 0.909 0.693 0.409 0.139 0.896 0.658 0.370 0.124
25 0.912 0.698 0.411 0.138 0.902 0.671 0.380 0.125
50 0.914 0.703 0.413 0.136 0.908 0.683 0.391 0.128
100 0.916 0.705 0.414 0.136 0.911 0.691 0.398 0.129
5 0.910 0.708 0.446 0.176 0.891 0.656 0.385 0.147
10 0.926 0.744 0.476 0.180 0.910 0.696 0.415 0.150
5 15 0.932 0.757 0.487 0.181 0.918 0.714 0.430 0.153
25 0.937 ©0.767 0.495 0.180 0.926 ©0.732 0.447 0.156
50 0.940 0.774 0.500 0.179 0.933 0.749 0.464 0.161
100 0.942 0.779 0.502 0.178 0.937 0.761 0.477 0.165
5 0.910 0.714 ©0.466 0.200 0.901 0.686 0.428 0.178
10 0.934 0.773 0.527 0.222 0.923 0.735 0.470 0.188
10 15 0.944 0.800 0.558 0.234 0.933 0.760 0.495 0.194
25 0.954 0.825 0.588 0.245 0.943 0.787 0.524 0.203
50 0.962 0.847 ©0.613 0.253 0.953 ©0.815 0.557 0.214
100 0.965 0.857 0.625 0.256 0.959 0.834 0.582 0.224
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Table 21. Mode I Normalized Stress Intensity Factor at the Center of a Semi-Elliptic
Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a Fixed
End Subjected to Membrane Loading; v=0.3, [/a=2.5

k (0)/k,,
OUTER CRACK INNER CRACK
Eo=bh/h

afh  Rfh 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.817 0.511 0.252 0.077 0.803 0.486 0.236 0.073

10 0.819 ©0.512 0.251 0.076 0.810 0.496 0.240 0.073

1 15 0.820 0.513 0.250 0.075 0.812 0.500 0.241 0.073
25 0.821 0.514 0.250. 0.075 0.815 0.504 0.243 0.073

50 0.821 0.514 0.250 0.074 0.817 0.507 0.245 0.073

100 0.821 0.514 0.250 0.074 0.818 0.509 0.246 0.073

5 0.875 0.620 0.342 0.114 0.856 0.576 0.303 0.101

10 0.880 0.627 0.343 ©0.111 0.867 0.596 0.315 0.102

2 15 0.882 0.628 0.343 0.109 0.872 0.604 0.320 0.102
25 0.883 0.630 0.342 0.108 0.876 0.612 0.325 0.103

50 0.884 0.631 0.342 0.107 0.879 0.619 0.330 0.104

100 0.885 0.632 0.342 0.107 0.881 0.624 0.334 0.104

5 0.897 0.670 0.395 0.141 0.875 0.617 0.341 0.120

10 0.906 0.687 0.404 0.138 0.891 0.646 0.360 0.122

3 15 °© 0.909 0.692 0.406 0.137 0.897 0.659 0.370 0.123
25 0.911 ©0.695 0.407 0.135 0.902 0.670 0.379 0.124

50 0.913 0.697 0.406 0.133 0.907 0.681 0.388 0.126

100 0.913 0.698 0.406 0.132 0.910 0.688 0.394 0.127

5 0.910 ©0.708 0.445 0.174 0.891 0.655 0.384 0.145

10 0.926 0.743 0.474 0.178 0.%10 0.694 0.413 0.149

5 15 0.932 0.756 0.484 0.178 0.918 0.713 0.429 0.152
25 0.937 0.766 0.492 0.178 0.326 0.732 0.446 0.155

50 0.940 0.773 0.496 0.176 0.933 0.750 0.464 0.160

100 0.941 0.776 0.497 0.174 0.937 0.760 0.475 0.163

5 0.910 0.714 0.465 0.199 0.900 0.686 0.427 0.177

10 0.934 0.773 0.526 0.221 0.922 0.734 0.469 0.187

10 15 0.944 0.800 0.557 0.232 0.933 0.759 0.493 0.193
25 0.954 0.825 0.587 0.243 0.943 0.786 0.522 0.201

50 0.961 0.846 0.611 0.251 0.953 0.814 0.556 0.213

100 0.965 0.856 0.623 0.253 0.960 0.833 0.581 0.223
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Table 22. Mode I Normalized Stress Intensity Factor at the Center of a Semi-Elliptic
Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a Fixed
End Subjected to Membrane Loading; v=10.3, [/a=5.0

k (0)/k,,,
OUTER CRACK INNER CRACK
& =bfn
afh Rlh 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.817 0.510 0.250 0.076 0.803 0.486 0.235 0.073
10 0.818 0.510 0.249 0.075 0.809 0.495 0.239 0.073
1 15 0.818 0.509 0.248 0.074 0.812 0.498 0.240 0.073
25 0.818 0.509 0.247 0.074 0.814 0.502 0.242 0.073
50 0.818 0.509 0.246 0.073 0.816 0.504 0.243 0.073
100 0.819 0.509 0.246 0.073 0.817 0.506 0.244 0.073
5 0.875 0.619 0.341 0.113 0.855 0.575 0.302 0.101
10 0.880 0.626 0.342 0.110 0.867 0.595 0.314 0.101
2 15 0.882 0.627 0.341 0.108 0.872 0.604 0.319 0.102
25 0.883 0.628 0.340 0.107 0.876 0.612 0.325 0.102
50 0.883 0.629 0.339 0.106 0.879  0.618 0.329 0.103
100 0.883 0.628 0.338 0.105 0.881 0.622 0.332 0.103
5 0.897 0.670 0.394 0.140 0.875 0.616 0.340 0.119
10 0.906 0.686 0.402 0.137 0.890 0.645 0.359 0.121
3 15 0.909 0.691 0.404 0.136 0.897 0.658 0.369 0.122
25 0.911 0.695 0.405 0.134 0.902 0.670 0.378 0.123
50 0.912 0.696 0.405 0.132 0.907 0.681 0.387 0.125
100 0.913 0.697 0.404 0.131 0.910 0.687 0.393 0.126
5 0.910 ©0.708 0.444 0.174 0.890 0.654 0.383 0.145
10 0.926 0.743 0.473 0.177 0.910 0.694 0.412 0.148
5 15 0.932 0.756 0.483 0.178 0.918 0.712 0.428 0.151
25 0.937 0.766 0.491 0.177 0.926 0.731 0.445 0.154
50 0.940 0.772 0.495 0.175 0.933 0.749 0.463 0.159
100 0.941 0.775 0.496 0.173 0.937 0.760 0.475 0.162
5 0.910 0.714 0.465 0.199 0.900 0.685 0.426 0.176
10 0.934 ©0.773 0.526 0.221 0.922 0.734 0.468 0.186
10 15 0.944 0.800 0.557 0.232 0.933 0.759 0.492 0.192
25 0.954 0.825 0.586 0.243 0.943 0.786 0.521 0.200
50 0.961 0.846 0.611 0.250 0.953 0.814 0.555 0.212
100 0.965 0.856 0.622 0.252 0.959 0.833 0.580 0.222
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Table 23. Mode I Normalized Stress Intensity Factor at the Center of a Semi-Elliptic
Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a Fixed
End Subjected to Membrane Loading; v=0.3, 1/a =350

k (0)/k,,
OUTER CRACK INNER CRACK
& =h/h

afh  R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.817 0.509 0.250 0.076 0.803 0.486 0.234 0.073

10 0.818 0.509 0.248 0.074 0.809 0.495 0.238 0.072

1 15 0.818 0.509 0.247 0.074 0.812 0.498 0.240 0.072
25 0.818 0.509 0.246 0.073 0.814 0.501 0.241 0.072

50 0.818 0.508 0.246 0.073 0.816 0.504 0.243 0.072

100 0.818 0.508 0.245 0.073 0.817 0.505 0.244 0.072

5 0.875 0.619 0.341 ©.113 0.855 0.575 0.302 0.100

10 0.880 0.626 0.341 0.110 0.867 0.595 0.314 0.101

2 15 0.882 0.627 0.341 0.108 0.872 0.603 0.319 0.101
25 0.883 0.628 0.340 0.107 0.876 0.611 0.324 0.102

50 0.883 0.628 0.339 0.106 0.879 0.618 0.329 0.103

100 0.883 0.628 0.338 0.105 0.881 0.622 0.332 0.103

5 0.897 0.669 0.394 0.140 0.875 0.616 0.340 0.119

10 0.906 0.686 0.402 0.137 0.890 0.645 0.359 0.120

3 15 0.909 ©0.691 0.404 0.135 0.896 0.658 0.368 0.122
25 0.911 0.694 0.405 ©0.134 0.902 0.670 0.378 0.123

50 0.912 0.696 0.404 0.132 0.907 0.681 0.387 0.125

100 0.913 0.696 0.403 0.130 0.910 0.687 0.393 0.126

5 0.910  0.708 0.444 0.173 0.890 0.654 0.382 0.144

_ 10 0.926 0.743 0.473 0.177 0.910 0.693 0.411 0.148
5 15 0.932 0.756 0.483 0.177 0.918 0.712 0.427 0.150
25 0.937 0.766 0.491 0.177 0.926 0.731 0.444 0.154

50 0.940 0.772 0.495 0.175 0.933 0.749 0.462 0.159

100 0.941 0.775 0.495 ©0.173 0.937 0.760 0.474 0.162

5 0.910 ©0.714 0.465 0.198 0.900 ©0.685 0.426 0.176

10 0.934 0.773 0.526 ©.221 0.922 0.733 0.468 0.186

10 15 0.944 0.800 0.556 0.232 0.933 0.758 0.492 0.192
25 0.954 0.825 0.586 0.242 0.943 0.786 0.521 0.200

50 0.961 0.846 0.611 0.250 0.953 0.814 0.554 0.211

100 0.965 0.856 0.622 0.252 0.959 0.833 0.580 0.222
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Table 24. Mode I Normalized Stress Intensity Factor at the Center of a Semi-Elliptic
Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a Fixed
End Subjected to Bending Moment; v =0.3, / /a = 0.25.

k (0)/k,
OUTER CRACK INNER CRACK
So=1h/h
afh  R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.965 0.815 0.469 0.075 0.921 0.666 0.293 0.023
10 0.973 0.838 0.493 0.078 0.930 0.689 0.312 0.025
1 15 0.975 0.845 0.501 0.078 0.933 0.698 .0.319 0.026
25 0.977 0.851 0.507 0.078 0.936 " 0.705 0.325 0.026
50 0.978 0.855 0.512 0.079 0.938 0.710 0.329 0.027
100 0.979 0.857 0.514 0.079 0.938 0.712 0.331 0.027
5 0.932 0.741 0.432 0.108 0.902 0.645 0.311 0.052
10 0.945 0.774 0.467 0.116 0.919 0.686 0.348 0.061
2 15 0.948 0.784 0.478 0.118 0.924 0.701 0.363 0.064
25 0.951 0.792 0.487 -0.120 0.929 0.714 . 0.376 0.068
50 0.953 0.797 0.492 0.120 0.932 0.723 0.386 0.071
100 0.954 0.799 0.494 0.120 0.934 0.728 0.391 0.072
5 0.925 0.727 0.429 0.121 0.899 0.644 0.320 0.065
10 0.944 0.779 0.489 0.140 0.922 0.702 0.375 0.079
3 15 0.951 0.797 0.510 0.148 0.931 0.725 0.400 0.087
25 0.955 0.811 0.527 0.153 0.938 0.745 0.423 0.094
50 0.959 0.820 0.539 0.156 0.943 0.761 0.442 0.101
100 0.960 0.824 0.543 0.157 0.945 0.769 0.452 0.105
5 0.912 0.696 0.404 0.122 0.891 0.631 0.319 0.075
10 0.940 0.773 0.493 0.158 0.921 0.706 0.389 0.095
5 15 0.951 0.806 0.536 0.177 0.934 0.741 0.429 0.109
25 0.960 0.834 0.575 0.1%5 0.946 0.775 0.470 0.125
50 0.967 0.854 0.604 0.210 0.955 0.804 0.510 0.142
100 0.970 0.863 0.617 0.215 0.959 0.819 0.532 0.153
5 0.898 0.661 0.369 0.111 0.890 0.635 0.334 0.091
10 0.927 0.738 0.457 0.151 0.915 0.696 0.393 0.110
10 15 0.942 0.782 0.514 0.179 0.930 0.735 0.435 0.125
25 0.957 0.829 0.584 0.219 0.945 0.781 0.492 0.149
50 0.971 0.875 0.658 0.267 0.961 0.832 0.564 0.185
100 0.978 0.900 ©0.701 0.299 0.970 ©0.863 0.617 0.217
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Table 25. Mode I Normalized Stress Intensity Factor at the Center of a Semi-Elliptic
Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a Fixed
End Subjected to Bending Moment; v=10.3, [/a=0.40.

K (0)/k,,
OUTER CRACK INNER CRACK
go =lh/h

aflh R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.897 0.629 0.281 0.028 0.859 0.536 0.197 0.004

10 0.904 0.643 0.290 0.027 0.869 0.555 0.209 0.005

1 15 0.906 0.648 0.293 0.026 0.873 0.562 0.213 0.005
25 0.908 0.651 0.295 0.026 0.875 0.568 0.217 0.005

50 0.909 0.654 0.296 0.026 0.877 0.572 0.220 0.005

100 0.910 0.655 0.296 0.025 0.878 0.574 0.221 0.006

5 0.902 0.658 0.339 0.069 0.872 0.576 0.249 0.033

10 0.915 0.689 0.364 0.072 0.890 0.616 0.280 0.038

2 15 0.919 0.699 0.373 0.073 0.897 0.631 0.293 0.040
25 0.923 0.707 0.379 0.073 0.902 0.644 0.304 0.043

50 0.925 0.712 0.383 0.073 0.906 0.655 0.314 0.045

100 0.926 0.714 0.384 0.072 0.908 0.660 0.318 0.046

5 0.904 0.669 0.361 0.089 0.876 0.591 0.271 0.047

10 0.923 0.716 0.405 0.099 0.900 0.645 0.314 0.056

3 15 0.930 0.734 0.423 0.103 0.910 0.668 0.336 0.061
25 0.936 0.749 0.438 0.106 0.918 0.690 0.357 0.067

50 0.940 0.758 0.448 0.107 0.925 0.708 0.376 0.072

100 0.941 0.763 0.452 0.107 0.928 0.717 0.386 0.075

5 0.903 0.671 0.373 0.105 0.881 0.607 0.296 0.066

10 0.927 0.732 0.436 0.126 0.907 0.666 0.345 0.076

5 15 0.938 0.761 0.469 0.137 0.919 0.698 0.376 0.085
25 0.947 0.788 0.501 0.148 0.932 0.731 0.412 0.096

50 0.954 0.810 0.528 0.158 0.942 0.762 0.449 0.110

100 0.958 0.820 0.541 0.162 0.948 0.780 0.472 0.119

5 0.902 0.669 0.376 0.113 0.893 0.642 0.340 0.093

10 10 0.927 0.737 0.453 0.146 0.915 0.695 0.390 0.107
15 0.939 0.770 0.495 0.165 0.926 0.724 0.419 0.116

25 0.951 0.808 0.545 0.189 0.939 0.759 0.453 0.130

50 0.963 0.847 0.603 0.220 0.953 0.803 0.517 0.154

100 0.971 0.872 ©0.642 0.243 0.962 0.835 0.565 0.179
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Table 26. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Bending Moment; v=0.3, [/a = 0.50.

k (0)/k,
OUTER CRACK INNER CRACK
& =1l/h

“afh  Rfh 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.870 0.573 0.236 0.017 0.837 0.497 0.172 0.000

10 0.877 ©0.585 0.242 0.016 0.847 0.515 0.182 0.000

1 15 0.879 0.589 0.244 0.016 0.85%1 0.521 0.186 0.000
25 0.881 0.592 0.245 0.015 0.853 0.526 0.189 0.000

50 0.882 0.594 0.246 0.015 0.855 0.530 0.192 0.001

100 0.883 0.594 0.246 0.014 0.856 0.532 0.193 0.001

5 0.890 0.628 0.309 0.058 0.861 0.552 0.230 0.027

‘ 10 0.903 0.657 0.330 0.059 0.879 0.591 0.257 0.031
2 15 0.907 0.667 0.337 0.059 0.886 0.606 0.270 0.033
25 0.911 0.674 0.343 0.059 0.892 0.620 0.281 0.035

50 0.913 0.679 0.346 0.058 0.896 0.630 0.290 0.037

100 0.914 0.681 0.347 0.058 ©0.898 0.636 0.295 0.038

5 0.897 ©0.651 ©0.340 0.079 0.870 0.576 0.257 0.042

10 0.915 0.692 0.376 0.086 0.893 0.625 0.295 0.049

3 15 0.922 0.709 0.392 0.088 0.902 0.648 0.315 0.053
25 0.927 0.723 0.405 0.090 ©0.9i1 0.670 0.335 0.058

50 0.931 0.733 0.414 0.091 0.918 0.688 0.353 0.063

100 0.933 0.738 0.418 0.091 0.921 0.697 0.363 0.066

5 0.902 0.668 0.369 0.102 0.881 0.606 0.293 0.064

10 0.923 0.720 0.420 0.116 0.903 0.656 0.334 0.071

5 15 0.933 0.746 0.447 0.124 0.915 0.685 0.360 0.078
25 0.942 0.770 0.474 0.133 0.926 0.716 0.393 0.087

50 0.949 0.791 0.499 0.140 0.937 0.747 0.428 0.099

100 0.953 0.801 0.511 0.143 0.943 0.765 0.451 0.107

5 0.902 0.670 0.377 0.113 0.893 0.642 0.340 0.092

10 0.928 ©0.740 0.455 0.146 0.916 0.698 0.392 0.107

10 15 0.939 0.771 0.495 0.163 0.927 0.725 0.420 0.115
25 0.950 0.804 0.537 0.182 0.938 0.756 0.455 0.127

50 0.961 0.838 0.585 0.206 0.951 0.795 0.504 0.146

100 0.968 0.860 0.619 0.224 0.960 0.825 0.548 0.167
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Table 27. Mode I Normalized Stress Intensity Factor at the Center of a Semi-Elliptic
Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a Fixed
End Subjected to Bending Moment; v=0.3, [/a=1.0.

k (0)/ Kk
OUTER CRACK INNER CRACK
So=1h/h
afh Rfh 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.820 0.476 0.165 0.001 0.798 0.432 0.132 -0.008
10 0.825 0.483 0.167 -0.001 0.808 0.448 0.140 -0.008
1 15 0.827 0.486 0.168 -0.001 0.812 0.454 0.143 -0.008
25 0.829 0.488 0.168 -0.002 0.815 0.459 0.146 -0.008
50 0.829 0.489 0.168 -0.002 0.817 0.463 0.148 -0.008
100 0.830 0.489 0.168 -0.003 0.818 0.465 0.149 -0.007
5 0.869 0.578 0.258 0.037 0.845 0.513 0.202 0.017
10 0.878 0.595 0.266 0.035 0.860 0.548 0.220 0.019
2 15 0.882 0.602 0.270 0.034 0.866 0.561 0.230 0.020
25 0.885 0.608 0.273 0.033 0.872 0.574 0.239 0.021
50 0.887 0.612 0.275 0.033 0.877 0.585 0.248 0.023
100 0.888 0.614 0.276 0.032 0.880 0.591 0.252 0.024
5 0.890 0.629 0.312 0.063 0.865 0.564 0.244 0.035
10 0.901 0.652 0.328 0.063 0.882 0.598 0.267 0.037
3 15 0.905 0.662 0.335 0.062 0.890 0.615 0.281 0.040
25 0.910 0.672 0.342 0.062 0.897 0.634 0.296 0.042
50 0.923 ©0.680 0.348 0.061 0.904 0.651 0.312 0.046
100 0.915 0.684 0.350 0.061 0.908 0.661 0.322 0.048
5 0.903 0.668 0.363 0.094 0.882 0.608 0.291 0.060
10 0.921 0.711 0.402 0.102 0.903 0.653 0.327 0.065
5 15 0.927 0.727 0.417 0.105 0.912 0.675 0.346 0.069
25 0.933 0.741 0.430 0.106 0.920 0.697 0.367 0.074
50 0.938 0.754 0.443 0.107 0.929 0.720 0.392 0.081
100 0.941 0.763 0.451 0.108 0.935 0.737 0.412 0.087
5 0.902 0.668 0.373 0.109 0.892 0.640 0.336 0.089
10 0.928 0.739 0.451 0.140 0.916 0.697 0.388 0.103
10 15 0.940 0.772 0.491 0.157 0.928 0.727 0.419 0.112
25 0.950 0.803 0.531 0.173 0.939 0.759 0.454 0.123
50 0.959 0.828 0.564 0.185 0.950 0.790 0.494 0.137
100 0.963 0.842 0.581 0.191 0.956 0.812 0.524 0.149
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Table 28. Mode I Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Bending Moment; v=0.3, [/a=15

k (0)/k,
OUTER CRACK INNER CRACK
So=h/h
afh  R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.808 0.454 0.149 -0.003 0.790 0.419 0.124 =-0.010
10 0.813 0.459 0.150 -0.005 0.799 0.433 0.131 -0.010
1 15 0.814 0.461 0.150 -0.006 0.803 0.439 0.134 -0.010
25 0.815 0.462 0.150 -0.006 0.806 0.444 0.136 -0.010
50 0.816 0.463 0.150 -0.007 0.809 0.448 0.138 -0.010
100 0.816 0.464 0.150 -0.007 0.810 0.450 0.140 -0.010
5 0.867 0.571 0.249 0.033 0.844 0.517 0.199 0.015
10 0.873 0.582 0.253 0.030 0.857 0.541 0.214 0.016
2 15 0.876 0.586 0.254 0.028 0.863 0.553 0.221 0.017
25 0.878 0.590 0.256 0.027 0.868 0.564 0.230 0.018
50 0.880 0.594 0.257 0.026 0.873 0.575 0.238 0.019
100 0.881 0.595 0.257 0.025 0.876 0.581 0.242 0.020
5 0.889 0.627 0.308 0.060 0.866 0.565 0.242 0.033
10 0.900 0.648 0.321 0.058 0.882 0.598 0.265 0.035
3 15 0.903 0.654 0.324 0.056 0.889 0.613 0.277 0.037
25 0.906 0.660 0.327 0.055 0.895 0.628 0.289 0.039
50 0.909 0.666 0.330 0.053 0.901 0.643 0.302 0.042
100 0.910 0.669 0.332 0.053 0.905 0.653 0.312 0.044
5 0.903 0.666 0.359 0.091 0.882 0.606 0.288 0.058
10 0.921 0.709 0.398 0.099 0.903 0.653 0.325 0.063
5 15 0.927 0.726 0.413 0.101 0.912 0.675 0.345 0.067
25 0.933 0.738 0.424 0.101 0.921 0.697 0.366 0.072
50 0.936 ©0.747 0.431 0.100 0.928 0.717 0.387 0.077
100 0.939 0.753 0.435 0.099 0.933 0.732 0.404 0.082
5 0.902 0.668 0.372 0.108 0.892 0.638 0.334 0.088
10 0.928 0.738 0.449 0.138 0.916 0.696 0.386 0.101
10 15 0.940 0.770 0.488 0.154 0.927 0.725 0.416 0.110
25 0.950 0.801 ©0.527 0.169 0.939 0.757 0.452 0.120
50 0.959 0.827 0.561 0.181 0.950 0.791 0.493 0.135
100 0.963 0.840 0.576 0.185 0.957 0.813 0.524 0.148
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Table 29. Mode I Normalized Stress Intensity Factor at the Center of a Semi-Elliptic
Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a Fixed
End Subjected to Bending Moment; v=0.3, [/a=2.5

k (0) /Ky
OUTER CRACK INNER CRACK
& =h/h
afh R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.804 0.445 0.142 -0.006 0.788 0.415 0.121 -0.011
10 0.806 0.447 0.141 -0.007 0.796 0.427 0.126 -0.011
1 15 0.807 0.448 0.140 -0.008 0.799 0.432 0.129 -0.011
25 0.808 0.448 0.140 -0.009 0.802 0.436 0.131 -0.011
50 0.809 0.449 0.140 -0.009 0.804 0.440 0.133 -0.011
100 0.809 0.449 0.139 -0.009 0.806 0.443 0.134 -0.011
5 0.866 0.569 0.245 0.030 0.845 0.517 0.197 0.014
10 0.872 0.578 0.247 0.027 0.857 0.541 0.212 0.015
2 15 0.874 0.580 0.247 0.025 0.862 0.551 0.219 0.015
25 0.875 0.582 0.247 0.023 0.867 0.560 0.226 0.016
50 0.876 0.584 0.247 0.022 0.871 0.569 0.232 0.017
100 0.877 0.585 0.246 0.021 0.873 0.575 0.237 0.018
5 0.889 0.625 0.305 0.058 0.866 0.563 0.240 0.031
10 0.899 0.646 0.317 0.055 0.882 0.598 0.264 0.034
3 15 0.903 0.653 0.321 0.054 0.889 0.613 0.276 0.036
25 0.905 0.657 0.322 0.051 0.895 0.627 0.288 0.038
50 0.907 0.660 0.322 0.049 0.900 0.640 0.299 0.040
100 0.908 0.661 0.322 0.048 0.904 0.648 0.307 0.042
5 0.902 0.665 0.358 0.090 0.882 0.604 0.286 0.056
10 0.921 0.708 0.396 0.097 0.903 0.652 0.323 0.061
5 15 0.927 0.724 0.410 0.098 0.912 0.674 0.343 0.065
25 0.932 0.737 0.421 0.098 0.921 0.697 0.365 0.070
50 0.936 0.746 0.427 0.096 0.928 0.718 0.387 0.076
100 0.938 0.749 0.428 0.094 0.933 0.731 0.401 0.080
5 0.902 0.668 0.371 0.107 0.892 0.637 0.332 0.086
10 0.928 0.737 0.448 0.137 0.916 0.695 0.384 0.100
10 15 0.940 0.770 0.487 0.152 0.927 0.724 0.414 0.108
25 0.950 0.801 0.526 0.167 0.939 0.756 0.450 0.119
50 0.959 0.826 0.558 0.179 0.950 0.790 0.491 0.133
100 0.963 0.839 0.574 0.182 0.957 0.813 0.523 0.146
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Table 30. Mode I Normalized Stress Intensity Factor at the Center of a Semi-Elliptic
Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a Fixed
End Subjected to Bending Moment; v=0.3, I'/a=5.0.

ki (0)/ Ky,
OUTER CRACK INNER CRACK
& =h/h
alh  Rf/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.803 0.443 0.140 -0.007 0.789 0.415 0.120 -0.012
10 0.805 0.444 0.138 -0.009 0.796 0.426 0.125 -0.012
1 15 0.805 0.443 0.137 -0.009 0.798 0.430 0.127 -0.012
25 0.805 0.443 0.136 -0.010 0.801 0.434 0.129 -0.012
50 0.806 0.443 0.135 -0.010 0.803 0.437 0.131 -0.011
100 0.806 0.443 0.135 -0.011 0.804 0.439 0.132 -0.011
5 0.866 0.568 0.244 0.029 0.844 0.516 0.196 0.013
10 0.872 0.577 0.246 0.026 0.857 0.541 0.211 0.014
2 15 0.873 0.579 0.245 0.024 0.862 0.551 0.218 0.015
25 0.875 0.580 0.245 0.022 0.867 0.560 0.225 0.016
50 0.875 0.581 0.243 0.021 0.870 0.568 0.231 0.017
100 0.875 0.581 0.242 0.020 0.873 0.573 0.235 0.017
5 0.889 0.625 0.304 0.057 0.865 0.562 0.238 0.031
10 0.899 0.645 0.316 0.054 0.882 0.597 0.263 0.033
3 15 0.902 0.652 0.319 0.052 0.889 0.612 0.275 0.035
25 0.905 0.656 0.320 0.050 0.895 0.627 0.287 0.037
50 0.907 0.659 0.320 0.048 0.901 0.640 0.298 0.039
100 0.907 0.659 0.319 0.046 0.903 0.648 0.306 0.041
5 0.902 0.665 0.357 0.08% 0.881 0.604 0.285 0.055
10 0.921 0.708 0.395 0.096 0.903 0.651 0.322 0.061
5 15 0.927 0.724 0.409 0.097 0.912 0.673 0.341 0.064
25 0.932 0.737 ©0.420 ©0.097 ©0.920 0.6%6 0.363 0.069
50 0.936 0.745 0.426 ©0.095 0.928 0.717 0.386 0.075
100 0.938 0.748 0.427 0.093 0.933 0.731 0.401 0.080
5 0.902 0.667 0.371 0.107 0.892 0.637 0.331 0.086
10 0.928 0.737 0.448 0.136 0.916 0.694 0.383 0.099
10 15 0.940 0.770 0.487 0.152 0.927 0.724 0.413 0.107
25 0.950 0.801 0.525 0.167 0.938 0.756 0.448 0.118
50 0.959 0.826 0.558 0.178 0.950 0.789 0.490 0.132
100 0.963 0.839 0.573 0.181 0.957 0.812 0.521 0.145
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Table 31. Mode I Normalized Stress Intensity Factor at the Center of a Semi-Elliptic
Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a Fixed
End Subjected to Bending Moment; v =10.3, I fa =50.0.

k(0)/k,,
OUTER CRACK INNER CRACK
Eo=h/h
alh  R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.803 0.443 0.139 -0.007 0.788 0.415 0.120 =-0.012
10 0.805 0.443 0.137 -0.009 0.785 0.426 0.125 -0.012
1 15 0.805 0.443 0,136 -0.010 0.798 0.430 0.127 -0.012
25 0.805 0.443 0.135 -0.010 0.801 0.434 0.129 -0.012
50 0.805 0.442 0.134 -0.011 0.802 0.437 0.131 -0.012
100 0.805 0.442 0.134 -0.011 0.803 0.439 0.132 -0.012
5 0.866 0.568 0.244 0.029 0.844 0.516 0.195 0.013
10 0.872 0.577 0.245 0.025 0.857 0.540 0.211 0.014
2 15 0.873 0.579 0.245 0.024 0.862 0.550 0.218 0.014
25 0.874 0.580 0.244 0.022 0.867 0.560 0.224 0.015
50 0.875 0.580 0.243 0.020 0.870 0.568 0.231 0.016
100 0.875 0.580 0.241 0.019 0.873 0.573 0.234 0.017
5 0.889 0.625 0.304 0.057 0.865 0.562 0.238 0.030
10 0.899 0.645 0.316 0.054 0.882 0.596 0.262 0.033
3 15 0.902 0.652 0.319 0.052 0.889 0.612 0.274 0.035
25 0.905 0.656 0.320 0.050 0.895 0.627 0.286 0.037
50 0.906 0.658 0.320 0.048 0.900 0.640 0.298 0.039
100 0.907 0.659 0.318 0.046 0.903 0.648 0.305 0.041
5 0.902 0.665 0.357 0.089 0.881 0.603 0.284 0.055
10 0.921 0.708 0.395 0.096 0.902 0.650 0.321 0.060
5 15 0.927 0.724 0.409 0.097 0.912 0.673 0.341 0.064
25 0.932 0.736 0.420 0.097 0.920 0.696 0.363 0.069
50 0.936 0.745 0.426 0.095 0.928 0.717 0.385 0.075
100 0.938 0.748 0.427 0.093 0.933 0.730 0.400 0.079
5 0.902 0.667 0.371 0.107 0.892 0.637 0.331 0.085
10 0.928 0.737 0.447 ©0.136 0.916 0.694 0.383 0.099
10 15 0:940 0.770 ©0.487 0.151 0.927 0.723 0.412 0.107
25 0.950 0.801 0.525 0.166 0.938 0.756 0.448 0.117
50 0.959 0.826 0.558 0.178 0.950 0.789 0.489 0.132
100 0.963 0.839 0.573 0.181 0.957 0.812 0.521 0.145
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Table 32. Mode II Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a

Fixed End Subjected to Out-of-Plane Shear; v= 0.3, I /Ja = 0.25.

TR

\

k,(0)/k,,
OUTER CRACK INNER CRACK
fo = o/h

afh  R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.996 0.958 0.865 0.714 0.996 0.958 0.866 0.717

10 0.996 0.958 0.865 0.715 0.996 0.958 0.866 0.718

1 15 0.996 0.958 0.864 0.715 0.996 0.958 0.866 0.717
25 0.996 0.958 0.864 0.714 0.996 0.958 0.866 0.717

50 0.996 0.958 0.864 0.714 0.996 0.958 0.865 0.717

100 0.996 0.957 0.864 0.714 0.996 0.958 0.865 0.716

5 0.999 0.987 0.954 0.880 0.999 0.987 0.954 0.882

10 0.999 0.987 0.955 0.885 0.999 0.987 0.955 0.886

2 15 0.999 0.987 0.955 0.886 0.999 0.987 0.955 0.887
25 0.999 0.987 0.955 0.886 ©0.999 0.987 0.955 0.887
50 0.999 0.987 0.955 0.886 0.999 0.987 0.955 0.887

100 0.999 0.987 0.955 (.885 0.999 0.987 0.955 0.887

5 0.999 0.994 0.977 0.935 0.999 0.994 0.977 0.934

10 0.999 0.994 0.979 0.942 0.999 0.994 0.979 0.942

3 15 0.999 0.994 0.980 0.943 0.999 0.994 0.980 0.943
25 0.999 0.994 ©0.980 ©0.944 0.999 0.994 0.980 0.944

50 0.999 0.994 0.980 0.944 0.9%9 0.994 0.980 0.944

100 0.999 0.994 0.980 0.943 0.999 0.994 0.980 0.944

5 1.000 0.998 0.990 0.969 1.000 0.997 0.989 0.967

10 1.000 0.998 0.993 0.977 1.000 0.998 0.992 0.976

5 15 1.000 0.998 0.993 0.979 1.000 0.998 0.993 0.978
25 1.000 ©0.998 0.993 ©0.980 1.000 0.998 0.993 0.979

50 1.000 0.998 0.993 0.980 1.000 0.998 0.993 0.980

100 1.000 0.998 0.993 0.980 1.000 0.998 0.993 0.980

5 1.000 1.000 0.998 0.992 1.000 1.000 0.998 0.991

10 1.000 1.000 0.998 0.994 1.000 0.999 0.998 0.993

10 15 1.000 1.000 0.998 0.995 1.000 0.999 0.998 0.994
25 1.000 1.000 0.999 0.996 1.000 1.000 0.998 0.995

50 1.000 1.000 0.999 0.996 1.000 1.000 0.999 0.996

100 1.000 1.000 0.399 0.996 1.000 1.000 0.999 0.996
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Table 33. Mode II Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Out-of-Plane Shear; v=0.3, [/a=0.40.

k,(0)/k,,
OUTER CRACK INNER CRACK .
fo = lo/ h

aflh Rfh 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.996 0.955 0.856 0.700 0.996 0.955 0.857 0.702

10 0.996 0.955 0.857 0.702 0.996 0.955 0.857 0.703

1 15 0.996 0.955 0.857 0.702 0.996 0.955 0.857 0.703
25 0.996 0.955 0.856 0.702 0.996 0.955 0.857 0.703

50 0.996 ©0.955 0.856 0.702 0.996 0.955 0.857 0.703

100 0.996 0.955 0.856 0.701 0.996 0.955 0.857 0.702

5 0.999 0.986 0.949 0.870 0.999 0.986 0.949 0.872

10 0.999 0.986 0.952 0.878 0.999 0.986 0.952 0.879

2 15 0.999 0.987 0.952 0.880 0.999 0.987 0.953 0.881
25 0.999 0.987 0.952 0.880 0.999 0.987 0.953 0.881

50 0.999 ©0.987 0.952 0.880 0.999 0.987 0.953 0.881

100 0.999 0.987 0.952 0.880 0.999 0.987 0.953 0.881

5 0.999 0.993 0.974 0.926 0.999 0.993 0.973 0.926

10 0.999 0.994 0.977 0.937 0.999 0.994 0.977 0.937

3 15 0.999 0.994 0.978 0.939 0.999 0.994 0.978 0.940
25 0.999 0.994 0.978 0.941 0.999 0.994 0.979 0.941

50 0.999 0.994 0.979 ©0.941 ©0.999 0.994 0.979 0.941

100 0.999 0.994 0.979 0.941 0.999 0.994 0.979 0.941

5 1.000 0.997 0.989 0.965 1.000 0.997 0.988 0.962

10 1.000 0.998 0.991 0.974 1.000 0.998 0.991 0.973

5 15 1.000 0.998 0.992 0.976 1.000 0.998 0.992 0.976
25 1.000 0.998 0.993 0.978 1.000 0.998 0.992 0.978

50 1.000 0.998 0.993 0.979 1.000 0.998 0.993 0.979

100 1.000 0.998 0.993 0.979 1.000 0.998 0.993 0.979

5 1.000 1.000 0.998 0.993 1.000 1.000 0.998 0.991

10 10 1.000 ©0.99% 0.998 0.994 1.000 0.999 0.998 0.992
15 1.000 1.000 0.998 0.994 1.000 0.999 0.998 0.993

25 1.000 1.000 ©0.998 ©0.995 1.000 1.000 0.998 0.995

50 1.000 1.000 0.999 0.996 1.000 1.000 0.999 0.996

100 1.000 1.000 0.399 0.996 1.000 1.000 0.999 0.996
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Table 34. Mode II Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Out-of-Plane Shear; v=0.3, [ /a =0.5.

k. (0)/k,,
OUTER CRACK INNER CRACK
So=h/h
alh-  R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.996 0.954 0.853 0.695 0.996 0.954 0.854 0.697
10 0.996 0.954 0.854 0.698 0.996 0.955 0.855 0.699
1 15 0.996 0.954 0.854 ©0.698 0.996 0.955 0.855 0.699
25 0.996 0.954 0.854 0.698 0.996 0.955 0.855 0.699
50 0.996 0.954 0.854 0.698 0.996 0.955 0.855 0.699
100 0.996 0.954 0.854 0.698 0.996 0.954 0.854 0.699
5 0.999 0.985 0.947 0.866 0.999 0.985 0.947 0.868
10 0.999 0.986 0.951 0.876 0.999 0.986 0.951 0.877
2 15 0.999 0.986 0.951 0.878 0.999 0.986 0.952 0.879
25 0.999 0.986 0.952 0.879 0.999 0.986 0.952 0.879
50 0.999 ©0.986 0.952 0.879 0.999 0.986 0.952 0.879
100 0.999 0.986 0.952 0.879 0.999 0.986 0.952 0.879
5 0.999 0.993 0.973 0.923 0.999 0.993 0.972 0.923
10 0.999 0.994 ©0.977 0.935 0.999 0.994 0.976 0.935
3 15 0.999 0.994 0.978 0.938 0.999 0.994 0.977 - 0.938
25 0.999 ©0.994 0.978 0.940 0.999 0.994 0.978 0.940
50 0.999 ' 0.994 0.978 0.940 0.999 0.994 0.978 0.940
100 0.999 0.994 0.978 0.940 0.999 0.994 0.978 0.941
5 1.000 0.997 0.989 0.964 1.000 0.997 0.987 0.962
10 1.000 ©0.998 0.891 0.973 1.000 0.997 0.990 0.972
5 15 1.000 0.998 0.992 0.976 1.000 0.998 0.992 0.975
25 1.000 0.998 0.992 0.978 1.000 0.998 0.992 0.977
50 1.000 ©0.998 0.993 ©0.978 1.000 0.998 0.993 0.978
100 1.000 0.998 0.993 0.979 1.000 0.998 0.993 0.979
5 1.000 1.000 0.998 0.992 1.000 0.999 0.998 0.991
10 1.000 0.999 0.998 0.994 1.000 0.899 0.998 0.992
10 15 1.000 1.000 0.998 0.994 1.000 0.999 0.998 0.993
25 1.000 1.000 0.998 0.995 1.000 1.000 0.998 0.994
50 1.000 1.000 0.993 ©0.396 1.000 1.000 0.998 0.996
100 1.000 1.000 0.999 0.996 1.000 1.000 0.999 0.996
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Table 35. Mode II Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Out-of-Plane Shear; v=0.3, [/a=10.

k,(0)/k,,
OUTER CRACK INNER CRACK
& =h/h
aflh  Rfh ‘0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.996 0.953 0.848 0.687 0.996 0.953 0.849 0.688
10 0.996 0.953 0.851 0.693 0.996 0.954 0.851 0.693
1 15 0.996 0.954 0.852 0.694 0.996 0.954 0.852 0.694
25 0.996 0.954 0.852 0.694 0.996 0.954 0.852 0.694
50 0.996 0.954 0.852 0.694 0.996 0.954 0.852 0.694
100 0.996 0.954 0.852 0.694 0.996 0.954 0.852 0.694
5 0.999 0.985 0.944 0.860 0.999 0.985 0.944 0.861
10 0.999 0.986 0.949 0.872 0.999 0.986 0.949 0.872
2 15 0.999 0.986 0.950 0.874 0.999 0.986 0.950 0.875
25 0.999 0.986 0.951 0.876 0.999 0.986 0.951 0.876
50 0.999 0.986 0.951 0.877 0.999 0.986 0.951 0.877
100 0.999 0.986 0.951 0.877 0.999 0.986 0.951 0.877
5 0.999 .0.992 0.972 0.921 0.999 0.992 0.971 0.920
10 0.999 0.993 0.976 0.933 0.999 0.993 0.975 0.933
3 15 0.999 0.994 0.977 0.936 0.999 0.994 0.977 0.936
25 0.999 0.994 0.977 0.938 0.999 0.994 0.977 0.938
50 0.999 0.994 0.978 0.939 0.999 0.994 0.978 0.939
100 0.999 0.994 0.978 0.939 0.999 0.994 0.978 0.939
5 1.000 0.997 0.989 0.964 1.000 0.997 0.987 0.961
10 1.000 0.998 0.991 0.973 1.000 0.997 0.990 0.971
5 15 1.000 0.998 ©0.992 0.975 1.000 0.998 0.991 0.974
25 1.000 0.998 0.992 0.977 1.000 0.998 0.992 0.976
50 1.000 0.998 0.993 0.978 1.000 0.998 0.992 0.978
100 1.000 0.998 0.993 0.978 1.000 0.998 0.993 0.978
5 1.000 1.000 0.998 0.992 1.000 0.999 0.998 0.990
10 1.000 0.999 0.998 0.994 1.000 0.999 0.998 0.992
10 15 1.000 1.000 0.998 0.994 1.000 0.999 0.998 0.993
25 1.000 1.000 0.998 0.995 1.000 0.999 0.998 0.994
50 1.000 1.000 0.999 0.996 1.000 1.000 ©0.998 0.995
100 1.000 1.000 0.999 0.996 1.000 1.000 0.999 0.996
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Table 36. Mode II Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Out-of-Plane Shear; v=10.3, {/a=15.

k,(0)/k,,
OUTER CRACK INNER CRACK
‘Eo = lo/h

afh  R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.996 0.952 0.847 0.685 0.996 0.953 0.848 0.686

10 0.996 0.953 0.850 0.691 0.996 0.953 0.851 0.692

1 15 0.996 0.953 0.851 0.693 0.996 ©0.954 0.851 0.693
25 0.996 0.954 0.851 0.693 0.996 0.954 0.852 0.693

50 0.996 0.954 0.852 0.694 0.996 0.954 0.852 0.694

100 0.996 0.954 0.852 0.694 0.996 0.954 0.852 0.694

5 0.999 0.985 0.944 0.860 0.999 0.985 0.944 0.861

10 0.999 0.986 0.949 0.871 0.999 0.986 0.949 0.872

2 15 0.999 0.986 0.950 0.874 0.999 0.986 0.950 0.874
25 0.999 0.986 0.950 0.876 0.999 0.986 0.950 0.876

50 0.999 0.986 0.951 0.876 0.999 0.986 0.951 0.877

100 0.999 0.98 0.951 0.877 0.999 0.986 0:.:951 0.877

5 0.999 . 0.992 0.972 0.921 0.999 0.992 0.971 0.920

10 0.999 0.993 0.976 0.933 0.999 0.993 0.975 0.932

3 15 0.999 0.994 0.977 0.936 0.999 0.994 0.976 0.936
25 0.999 0.994 0.977 0.938 0.999 0.994 0.977 0.938

50 0.999 0.994 0.978 0.939 0.999 0.994 0.978 0.939

100 0.999 0.994 0.978 0.939 0.999 0.994 0.978 0.939

5 1.000 0.997 0.989 0.964 1.000 0.997 0.987 0.961

10 1.000 0.998 0.991 0.973 1.000 0.997 0.950 0.971

5 15 1.000 0.998 0.992 0.975 1.000 0.998 0.991 0.974
25 1.000 0.998 0.992 0.977 1.000 0.998 0.992 0.976

50 1.000 0.998 0.993 0.978 1.000 0.998 0.992 0.978

100 1.000 0.998 0.993 0.978 1.000 0.998 0.993 0.978

5 1.000 1.000 0.998 0.992 1.000 0.999 0.998 0.990

10 1.000 0.999 0.998 0.994 1.000 0.999 0.997 0.992

10 15 1.000 1.000 0.998 0.994 1.000 0.999 0.998 0.993
25 1.000 1.000 0.998 0.995 1.000 0.999 0.998 0.994

50 1.000 1.000 0.999 0.996 1.000 1.000 ©0.998 0.995

100 1.000 1.000 0.9%9 0.996 1.000 1.000 0.999 0.996
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Table 37. Mode II Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Out-of-Plane Shear; v=0.3, I'/a=2.5.

k,(0)/kyy
OUTER CRACK INNER CRACK
So=b/h
afh  Rfh 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.996 0.952 0.847 0.685 0.996 0.952 0.847 0.685
10 0.996 0.953 0.850 0.691 0.996 0.953 0.850 0.691
1 15 0.996 0.953 0.851 0.692 0.996 0.953 0.851 0.692
25 0.996 0.954 0.851 0.693 0.996 0.954 0.851 0.693
50 0.996 0.954 0.851 0.693 0.996 0.954 0.851 0.693
100 0.996 0.954 0.851 0.693 0.996 0.954 0.851 0.693
5 0.999 0.985 0.944 0.860 0.999 0.985 0.944 0.861
10 0.999 0.986 0.949 0.871 0.999 0.986 0.949 0.872
2 15 0.999 0.986 0.950 0.874 0.999 0.986 0.950 0.874
25 0.999 0.986 0.950 0.875 0.999 0.986 0.950 0.876
50 0.999 0.986 0.951 0.876 0.999 0.986 0.951 0.876
100 0.999 0.986 0.951 0.877 0.999 0.986 0.951 0.877
5 0.999 0.992 0.972 0.921 0.999 0.992 0.971 0.920
10 0.999 0.993 0.976 0.933 0.999 0.993 0.975 0.932
3 15 0.999 0.994 0.977 0.936 0.999 0.994 0.976 0.936
25 0.999 0.994 0.977 0.938 0.999 0.994 0.977 0.938
50 0.999 0.994 0.978 0.939 0.999 0.994 0.978 0.939
100 0.999 0.994 0.978 0.939 0.999 0.994 0.978 0.939
5 1.000 0.997 0.989 0.964 1.000 0.997 0.987 0.961
10 1.000 0.998 0.991 0.973 1.000 0.997 0.990 0.971
5 15 1.000 0.998 0.992 0.975 1.000 0.998 0.991 0.974
25 1.000 0.998 0.992 0.977 1.000 0.998 0.992 0.976
50 1.000 0.998 ©0.993 0.978 1.000 0.998 0.992 0.978
100 1.000 0.998 0.993 0.978 1.000 0.998 0.993 0.978
5 1.000 1.000 0.998 0.992 1.000 0.999 0.998 0.990
10 1.000 0.999 0.998 0.994 1.000 0.999 0.997 0.992
10 15 1.000 1.000 0.998 0.994 1.000 0.999 0.998 0.993
25 1.000 1.000 0.998 0.995 1.000 0.999 0.998 0.994
50 1.000 1.000 0.999 0.996 1.000 1.000 0.998 0.995
100 1.000 1.000 0.999 0.996 1.000 1.000 0.999 0.996
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Table 38. Mode II Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Out-of-Plane Shear; v=10.3, I /a=5.0.

k, (0)/k,,
OUTER CRACK INNER CRACK
So=h/h
alh Rfh 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.996 0.952 0.847 0.685 0.996 0.952 0.847 0.685
10 0.996 0.953 0.850 0.691 0.996 0.953 0.850 0.691
1 15 0.996 0.953 0.851 0.692 0.996 0.953 0.851 0.692
25 0.996 0.954 0.851 0.693 0.996 0.954 0.851 0.693
50 0.996 0.954 0.851 0.693 0.996 0.954 0.851 0.693
100 0.996 0.954 0.851 ©0.693 0.996 0.954 0.851 0.693
5 0.999 0.985 0.944 0.860 0.993 0.985 0.944 0.861
10 0.999 0.986 0.949 0.871 0.999 0.986 0.949 0.872
2 15 0.999 0.986 0.950 0.874 0.999 0.986 0.950 0.874
25 0.999 0.986 0.950 0.875 0.999 0.986 0.950 0.876
50 0.999 0.986 0.951 0.876 0.999 0.986 0.951 0.876
100 0.999 0.986 0.951 0.877 0.999 0.986 0.951 0.877
5 0.999 0.992 0.972 0.921 0.999 0.992 0.971 0.920
10 0.999 0.993 0.976 0.933 0.999 0.993 0.975 0.932
3 15 0.999 0.994 0.977 0.936 0.999 0.994 0.976 0.936
25 0.999 0.994 0.977 0.938 0.999 0.994 0.977 0.938
50 0.999 0.994 0.978 0.939 0.999 0.394 0.978 0.939
100 0.999 0.994 0.978 0.939 0.999 0.994 0.978 0.939
5 1.000 0.997 0.989 0.964 1.000 0.937 0.987 0.961
10 1.000 0.998 0.991 0.973 1.000 0.997 0.990 0.971
5 15 1.000 0.998 0.992 0.975 1.000 0.998 0.991 0.974
25 1.000 0.998 0.992 0.977 1.000 0.998 0.992 0.976
50 1.000 0.998 0.993 0.978 1.000 0.998 0.992 0.978
100 1.000 0.998 0.993 0.978 1.000 0.998 0.993 0.978
5 1.000 1.000 0.998 0.992 1.000 0.999 0.998 0.990
10 1.000 0.999 0.998 0.994 1.000 0.993 0.997 0.992
10 15 1.000 1.000 0.998 0.994 1.000 0.999 0.998 0.993
25 1.000 1.000 0.998 0.995 1.000 0.999 0.998 0.994
50 1.000 1.000 0.999 0.996 1.000 1.000 0.998 0.995
100 1.000 1.000 0.999 0.996 1.000 1.000 0.999 0.996
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- Table 39. Mode II Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Out-of-Plane Shear; v=0.3, I /a = 50.

k,(0)/k,,
OUTER CRACK INNER CRACK
& =h/h
afh  R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.996 0.952 0.847 0.685 0.996 0.952 0.847 0.685
10 0.996 0.953 0.850 0.691 0.996 0.953 0.850 0.691
1 15 0.996 0.953 0.851 0.692 0.996 0.953 0.851 0.692
25 0.996 0.954 0.851 0.693 0.996 0.954 0.851 0.693
50 0.996 0.954 0.851 0.693 0.996 0.354 0.851 0.693
100 0.996 0.954 0.851 0.693 0.996 0.954 0.851 0.693
5 0.999 0.985 0.944 0.860 0.999 0.985 0.944 0.861
10 0.999 0.986 0.949 0.871 0.999 0.986 0.949 0.872
2 15 0.999 0.986 0.950 0.874 0.999 0.986 0.950 0.874
25 0.999 0.986 0.950 0.875 0.999 0.986 0.950 0.876
50 0.999 0.986 0.951 0.876 0.999 0.9856 0.951 0.876
100 0.999 0.986 0.951 0.877 0.999 0.986 0.951 0.877
5 0.999 0.992 0.972 0.921 0.999 0.992 0.971 0.920
10 0.999 0.993 0.976 0.933 0.999 0.993 0.975 0.932
3 15 0.999 0.994 0.977 0.936 0.999 0.994 0.976 0.936
25 0.999 0.994 0.977 0.938 0.999 0.994 0.977 0.938
50 0.999 0.994 0.978 0.939 0.999 0.994 0.978 0.939
100 0.999 0.994 0.978 0.939 0.999 0.994 0.978 0.939
5 1.000 0.997 0.989 0.964 1.000 0.997 0.987 0.961
10 1.000 0.998 ©0.991 0.973 1.000 ©0.937 0.990 0.971
5 15 1.000 0.998 0.992 0.975 1.000 0.998 0.991 0.974
25 1.000 0.998 0.992 0.977 1.000 0.998 0.992 0.976
50 1.000 0.998 0.993 0.978 1.000 0.998 0.992 0.978
100 1.000 0.998 0.993 0.978 1.000 0.998 0.993 0.978
5 1.000 1.000 0.998 0.992 1.000 0.999 0.998 0.990
10 1.000 0.999 0.998 0.994 1.000 0.999 0.997 0.992
10 15 1.000 1.000 0.998 0.994 1.000 0.999 0.998 0.993
25 1.000 1.000 0.998 0.995 1.000 0.999 0.998 0.994
50 1.000 1.000 ©0.999 0.996 1.000 1.000 0.998 0.995
100 1.000 1.000 0.999 0.996 1.000 1.000 0.999 0.996
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Table 40. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to In-Plane Shear; v=0.3, [ /a = 0.25.

k3 (0)/ ks,
OUTER CRACK INNER CRACK
& =h/h

alh  R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.773 0.617 0.589 0.539 0.794 0.649 0.621 0.551

10 0.773 0.617 0.589 0.538 0.793 0.648 0.620 0.549

1 15 0.773 0.617 0.589 0.537 0.793 0.647 0.619 0.549
25 0.773 0.617 0.589 0.537 0.793 0.647 0.619 0.548

50 0.773 0.617 0.589 0.537 0.792 0.647 0.618 0.548

100 0.773 0.617 0.589 0.537 0.792 0.646 0.618 0.548

5 0.820 0.680 0.667 0.662 0.836 0.708 0.699 0.682

10 0.821 0.681 0.667 0.661 0.835 0.706 0.695 0.677

2 15 0.821 0.682 0.668 0.660 0.834 0.705 0.694 0.676
25 0.821 0.682 0.668 0.661 0.834 0.704 0.693 0.675

50 0.821 0.682 0.669 0.661 0.834 0.703 0.692 0.675

100 0.822 0.683 0.669 0.661 0.833 0.703 0.692 0.674

5 0.831 0.699 0.697 0.722 0.844 0.723 0.726 0.743

10 0.831 0.699 0.697 ©0.718 0.843 0.720 0.722 0.737

3 15 0.832 0.700 0.697 0.718 0.843 0.719 0.720 0.735
25 0.832 0.701 0.698 0.718 0.842 0.718 0.719 0.733

50 0.833 0.701 0.699 0.718 0.842 0.717 0.718 0.732

100 0.833 0.702 0.699 0.718 0.841 0.717 0.717 0.73%

5 0.838 0.713 0.725 ©0.785 0.848 0.731 0.748 0.805

10 0.838 0.712 ©0.722 0.777 0.847 0.729 0.744 0.796

5 15 0.838 0.713 0.722 0.775 0.846 0.728 0.742 0.792
25 0.839 0.713 0.722 0.774 0.846 0.727 0.740 0.789

50 0.839 0.714 0.723 0.774 0.845 0.726 0.738 0.787

100 0.839 0.715 0.724 0.774 0.845 0.725 0.737 0.786

5 0.843 0.725 0.752 0.852 0.846 0.732 0.761 0.861

10 0.842 0.723 0.747 0.839 0.847 0.732 0.759 0.852

10 15 0.842 0.722 0.744 0.833 0.847 0.732 0.758 0.847
25 0.842 0.722 0.743 0.829 0.847 0.731 0.756 0.842

50 0.842 0.722 0.742 ©0.826 0.847 0.730 0.754 0.838

100 0.842 0.723 0.743 0.825 0.846 0.730 0.752 0.835
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Table 41. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to In-Plane Shear Loading; v=0.3, !/a =0.40.

k;(0)/k;,
OUTER CRACK INNER CRACK
50 = lo/h

af/h  Rfh 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.780 0.616 0.575 0.512 0.802 0.650 0.608 0.526

10 0.779 0.616 0.575 0.511 0.800 0.648 0.606 0.523

1 15 0.779 0.616 0.575 0.510 0.800 0.648 0.605 0.523
25 0.779 0.617 0.575 0.510 0.799 0.647 0.605 0.522

50 0.779 0.617 0.575 0.510 0.799 0.646 0.604 0.522

100 0.779 0.617 0.576 0.510 0.799 0.646 0.604 0.522

5 0.821 0.677 0.656 0.639 0.838 0.707 0.690 0.661

10 0.821 0.678 0.656 0.636 0.836 0.704 0.685 0.655

2 15 0.822 0.678 0.656 0.636 0.835 0.702 0.683 0.653
25 ©.822 0.679 0.657 0.636 0.835 0.701 0.682 0.652

50 0.822 0.680 0.658 0.636 0.834 0.700 0.681 0.651

100 0.823 0.680 0.658 0.636 0.834 0.700 0.680 0.651

5 0.831 0.696 0.689 0.705 0.845 0.722 0.721 0.730

10 0.831 0.696 0.688 0.699 0.844 0.719 0.715 0.720

3 15 0.832 0.697 0.688 0.697 0.843 0.717 0.713 0.717
25 0.832 0.698 0.689 0.697 0.842 0.716 0.711 0.715

50 0.833 0.699 0.690 0.697 0.842 0.715 0.709 0.713

100 0.833 0.699 0.690 0.698 0.841 0.714 0.708 0.712

5 0.837 0.712 0.722 0.779 0.848 0.731 0.747 0.801

10 0.838 0.710 0.717 0.766 0.847 0.729 0.741 0.787

5 15 0.838 0.711 0.717 0.762 0.847 0.727 0.738 0.782
25 0.838 0.711 0.716 0.760 0.846 0.726 0.735 0.778

50 0.839 0.712 0.717 0.759 0.845 0.725 0.733 0.774

100 0.839 0.713 0.718 0.760 0.845 0.724 0.732 0.772

5 0.843 0.725 0.752 0.852 0.846 0.732 0.761 0.862

10 0.842 0.723 0.746 0.839 0.847 0.732 0.759 0.852

10 15 0.842 0.722 0.743 0.831 0.847 0.732 0.757 0.846
25 0.842 0.721 0.741 0.824 0.847 0.731 0.755 0.839

50 0.842 0.721 0.740 0.819 0.847 0.730 0.752 0.832

100 0.842 0.721 0.740 0.817 O0.846 0.729 0.750 0.829
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Table 42. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to In-Plane Shear; v=0.3, //a=0.5.

ky(0)/ ks,
OUTER CRACK INNER CRACK
Eo=h/h
alh R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.784 0.618 0.571 0.503 0.804 0.650 0.603 0.517
10 0.784 0.618 0.571 0.501 0.803 0.648 0.600 0.514
1 15 0.784 0.618 0.571 0.501 0.802 0.647 0.600 0.514
25 0.784 0.618 0.572 0.501 0.802 0.647 0.599 0.513
50 0.784 0.619 0.572 0.501 0.802 0.646 0.598 0.513
100 0.784 0.61%9 0.572 0.501 0.801 0.646 0.598 0.512
5 0.822 0.677 0.653 0.632 0.838 0.706 0.686 0.655
10 0.822 0.678 0.653 0.629 0.836 0.702 0.681 0.648
2 15 0.823 0.678 0.653 0.628 0.835 0.701 0.679 0.646
25 0.823 0.679 0.654 0.628 0.835 0.700 0.678 0.644
50 0.824 0.680 0.655 0.628 0.834 0.699 0.676 0.643
100 0.824 0.680 0.655 0.629 0.834 0.698 0.676 0.643
5 0.831 0.696 0.688 0.701 0.845 0.722 0.719 0.726
10 0.832 0.696 0.686 0.694 0.844 0.718 0.713 0.715
3 15 0.832 0.697 0.686 0.692 0.843 0.716 0.710 0.711
25 0.833 0.698 0.687 0.691 0.842 0.715 0.708 0.709
50 0.833 0.698 0.688 0.691 0.842 0.714 0.706 0.707
100 0.834 0.699 0.688 0.692 0.841 0.713 0.705 0.706
5 0.838 0.712 0.722 0.779 0.848 0.731 0.746 0.801
10 0.838 0.711 0.717 0.764 0.847 0.728 0.740 0.786
5 15 0.838 0.711 0.716 0.759 0.847 0.727 0.737 0.779
25 0.839 0.711 0.715 0.756 0.846 0.725 0.734 0.774
50 0.839 0.712 0.716 0.755 0.845 0.724 0.731 0.770
100 0.840 0.713 0.717 0.755 0.845 0.723 0.730 0.768
5 0.843 0.725 0.752 0.852 0.846 0.732 0.761 0.862
10 0.842 0.723 0.747 0.839 0.847 0.732 0.759 0.852
10 15 0.842 0.722 0.744 0.832 0.847 0.732 0.757 0.846
25 0.842 0.721 0.741 0.824 0.847 0.731 0.754 0.838
50 0.842 0.721 0.739 0.818 0.847 0.730 0.751 0.831
100 0.842 0.721 0.739 0.815 0.846 0.729 0.749 0.827
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Table 43. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to In-PLane Shear; v=0.3, I /a =1.0.

k,(0)/k;,
OUTER CRACK INNER CRACK
50 = lo/h
afh R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.793 0.626 0.570 0.490 0.806 0.647 0.592 0.501
10 0.794 0.627 0.570 0.488 0.805 0.645 0.588 0.498
1 15 0.794 0.627 0.570 0.488 0.804 0.644 0.587 0.497
25 0.794 0.627 0.571 0.488 0.804 0.643 0.586 0.496
50 0.795 0.628 0.571 0.488 0.804 0.643 0.586 0.496
100 0.795 0.628 0.571 0.488 0.803 0.642 0.585 0.496
5 0.824 0.680 0.654 0.629 0.836 0.702 0.680 0.647
10 0.825 0.681 0.653 0.622 0.835 0.698 0.673 0.637
2 15 0.826 0.681 0.653 0.621 0.834 0.697 0.671 0.634
25 0.826 0.682 0.654 0.620 0.833 0.695 0.669 0.632
50 0.827 0.683 0.654 0.620 0.833 0.694 0.667 0.630
100 0.827 0.684 0.655 0.621 0.832 0.693 0.666 0.629
5 0.833 0.698 0.691 0.702 0.844 0.719 0.716 0.723
10 0.833 0.698 0.688 0.692 0.842 0.715 0.708 0.709
3 15 0.834 0.699 0.687 0.689 0.842 0.713 0.705 0.704
25 0.835 0.700 0.687 0.687 0.841 0.712 0.702 0.700
50 0.835 0.701 0.688 0.686 0.840 0.710 0.699 0.697
100 0.836 0.701 0.688 0.686 0.840 0.709 0.698 0.695
5 0.838 0.713 0.724 0.781 0.847 0.729 0.745 0.800
10 0.839 0.712 0.719 0.766 0.846 0.727 0.738 0.784
5 15 0.839 0.712 0.718 0.761 0.846 0.725 0.734 0.777
25 0.840 0.713 0.717 0.756 0.845 0.723 0.731 0.770
50 0.840 0.713 0.716 0.753 0.844 0.722 0.727 0.764
100 0.841 0.714 ©0.717 0.752 0.844 0.720 0.725 0.761
5 0.843 0.725 0.752 0.852 0.846 0.732 0.761 0.861
10 0.842 0.723 0.747 0.839 0.847 0.732 0.758 0.851
10 15 0.842 0.723 0.745 0.833 0.847 0.731 0.756 0.845
25 0.842 0.722 0.742 0.826 0.846 0.730 0.753 0.838
50 0.843 0.722 0.741 0.819 0.846 0.729 0.750 0.830
100 0.843 0.722 0.740 0.816 0.846 0.728 0.747 0.824
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Table 44. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to In-Plane Shear; v=0.3, //fa=15

ks (0)/ ks,
OUTER CRACK INNER CRACK
So=h/h

alh  Rfh 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.796 0.629 0.572 0.490 0.805 0.645 0.589 0.499

10 0.797 0.630 0.572 0.488 0.804 0.643 0.585 0.495

1 15 0.797 0.630 0.572 0.488 0.804 0.642 0.584 0.494
25 0.797 0.631 0.573 0.487 0.803 0.641 0.583 0.493

50 0.798 0.631 0.573 0.487 0.803 0.640 0.582 0.492

100 0.798 0.632 0.574 0.488 0.803 0.640 0.582 0.492

5 0.825 0.682 0.657 0.631 0.835 0.700 0.678 0.646

10 0.826 0.683 0.655 0.624 0.834 0.696 0.671 0.636

2 15 0.827 0.683 0.655 0.622 0.833 0.695 0.669 0.633
25 0.827 0.684 0.655 0.621 0.833 0.693 0.666 0.630

50 0.828 0.685 0.656 0.621 0.832 0.692 0.665 0.627

100 0.828 0.685 0.657 0.621 0.832 0.691 0.664 0.627

5 0.833 0.699 0.692 0.704 0.843 0.718 0.715 0.723

10 0.834 0.700 0.689 0.694 0.842 0.714 0.707 0.709

3 15 0.835 ©0.700 0.689 0.691 0.841 0.712 0.703 0.703
25 0.835 0.701 0.689 0.688 0.840 0.710 0.700 0.699

50 0.836 0.702 0.689 0.687 0.840 0.709 0.698 0.695

100 0.836 0.702 0.689 0.687 0.839 0.708 0.696 0.693

5 0.838 0.714 0.724 0.781 0.847 0.729 0.744 0.799

10 0.839 0.713 0.720 0.767 0.846 0.726 0.737 0.784

5 15 0.839 ©0.713 0.719 0.762 0.845 0.725 0.734 0.777
25 0.840 0.713 0.718 0.758 0.845 0.723 0.730 0.770

50 0.841 0.714 0.718 0.755 0.844 0.721 0.726 0.764

100 0.841 0.715 0.718 0.753 0.844 0.720 0.724 0.760

5 0.843 0.725 0.752 0.852 0.846 0.732 0.761 0.861

10 0.842 0.723 0.747 0.839 0.847 0.732 0.758 0.851

10 15 0.842 0.723 0.745 0.833 0.847 0.731 0.756 0.845
25 0.842 0.722 0.743 0.826 0.846 0.730 0.753 0.838

50 0.843 0.722 0.741 0.820 0.846 0.729 0.750 0.830

100 0.843 0.723 0.740 ©0.817 0.846 0.727 0.747 0.824

113



Table 45. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to In-Plane Shear; v=10.3, I /a =2.5.

k;(0)/ks,
OUTER CRACK INNER CRACK
o =h/h

alh R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.797 0.631 0.574 0.492 0.805 0.644 0.587 0.498

10 0.798 0.632 0.574 0.489 0.803 0.641 0.583 0.494

1 15 0.798 0.633 0.574 0.488 0.803 0.640 0.582 0.492
25 0.799 0.633 0.575 0.488 0.802 0.639 0.581 0.491

50 0.799 0.634 0.575 0.488 0.802 0.638 0.580 0.491

100 0.799 0.634 0.575 0.488 0.802 0.638 0.579 0.490

5 0.826 0.683 0.658 0.632 0.835 0.700 0.677 0.646

10 0.827 0.684 0.657 0.626 0.833 0.695 0.670 0.636

2 15 0.828 0.685 0.657 0.624 0.833 0.694 0.668 0.632
25 0.828 0.685 0.657 0.623 0.832 0.692 0.665 0.629

50 0.829 0.686 0.658 0.622 0.831 0.691 0.663 0.626

100 0.829 0.687 0.658 0.622 0.831 0.690 0.662 0.625

5 0.833 0.700 0.692 0.704 0.843 0.718 0.714 0.722

10 0.834 0.700 0.690 0.695 0.841 0.713 0.706 0.708

3 15 0.835 0.701 0.690 0.692 0.841 0.7i1 0.703 0.703
25 0.836 0.702 0.690 0.690 0.840 0.710 0.700 0.698

50 0.836 0.703 0.690 0.688 0.839 0.708 0.697 0.694

100 0.837 0.703 0.691 0.688 0.839 0.707 0.695 0.692

5 0.839 0.714 0.724 0.781 0.847 0.729 0.744 0.799

10 0.839 0.713 0.720 0.767 0.846 0.726 0.737 0.783

5 15 0.839 0.713 0.719 0.762 0.845 0.724 0.733 0.776
25 0.840 0.714 0.718 0.758 0.845 0.722 0.730 0.770

50 0.841 0.715 0.718 0.756 0.844 0.720 0.726 0.763

100 0.841 0.715 0.719 0.754 0.843 0.719 0.724 0.760

5 0.843 0.725 0.752 0.852 0.846 0.732 0.760 0.861

10 0.842 0.723 0.747 0.839 0.847 0.732 0.758 0.851

10 15 0.842 0.723 0.745 0.833 0.847 0.731 0.756 0.845
25 0.842 0.722 0.743 0.826 0.846 0.730 0.753 0.837

50 0.843 0.722 0.741 0.820 0.846 0.729 0.749 0.829

100 0.843 0.723 0.741 0.817 0.845 0.727 0.747 0.824
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Table 46. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to In-Plane Shear; v=10.3, [ /a =5.0.

k;(0)/k,,
OUTER CRACK INNER CRACK
& =h/h

afh Rfh 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.797 0.632 0.575 0.492 0.804 0.643 0.586 0.498

10 0.799 0.633 0.575 0.490 0.803 0.640 0.582 0.494

1 15 0.799 0.634 0.576 0.489 0.802 0.639 0.581 0.492
25 0.799 0.634 0.576 0.489 0.802 0.638 0.580 0.491

50 . 0.800 0.635 0.576 0.489 0.801 0.637 0.579 0.490

100 0.800 0.635 0.577 0.489 0.801 0.637 0.578 0.490

5 0.826 0.683 0.658 0.632 0.835 0.699 0.677 0.645

10 0.827 0.684 0.657 0.626 0.833 0.695 0.670 0.635

2 15 0.828 0.685 0.657 0.625 0.832 0.693 0.667 0.632
25 0.828 0.686 0.658 0.624 0.832 0.692 0.665 0.629

50 0.829 0.687 0.658 0.623 0.831 0.690 0.663 0.626

100 0.829 0.687 0.659 0.623 0.831 0.690 0.661 0.625

5 0.833 0.700 0.692 0.704 0.843 0.717 0.714 0.722

10 0.835 0.701 0.6%90 0.695 0.841 0.713 0.706 0.708

3 15 0.835 0.701 0.690 0.692 0.840 0.711 0.702 0.703
25 0.836 0.702 0.690 0.690 0.840 0.709 0.699 0.698

50 0.837 0.703 0.691 0.689 0.839 0.708 0.696 0.694

100 0.837 0.704 0.691 0.689 0.838 0.707 0.695 0.692

5 0.839 ©0.714 0.724 0.781 0.847 0.729 0.744 0.798

10 0.839 ©0.713 0.720 0.767 0.846 0.726 0.737 0.783

5 15 0.840 0.713 0.719 0.762 0.845 0.724 0.733 0.776
25 0.840 0.714 0.718 0.758 0.845 0.722 0.729 0.769

50 0.841 0.715 0.718 0.756 0.844 0.720 0.726 0.763

100 0.841 0.715 0.719 0.755 0.843 0.719 0.724 0.760

5 0.843 0.725 0.752 0.852 0.846 0.732 0.760 0.861

10 0.842 0.723 0.747 0.83% 0.847 0.732 0.758 0.851

10 15 0.842 0.723 0.745 0.833 0.847 0.731 0.756 0.845
25 0.842 0.722 0.743 0.826 0.846 0.730 0.753 0.837

50 0.843 0.722 0.741 0.820 0.846 0.729 0.749 0.829

100 0.843 0.723 0.741 0.817 0.845 0.727 0.747 0.824
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Table 47. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to In-Plane Shear; v =0.3, I'/a =50.0.

k;(0)/k;,
" OUTER CRACK INNER CRACK
50 = o/h
alh  Rfh 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.797 0.632 0.575 0.492 0.804 0.643 0.586 0.498
10 0.799 0.633 0.576 0.490 0.803 0.640 0.582 0.494
1 15 0.799 0.634 0.576 0.490 0.802 0.639 0.581 0.492
25 0.800 0.635 0.576 0.489 0.802 0.638 0.580 0.491
50 0.800 0.635 0.577 0.489 0.801 0.637 0.579 0.490
100 0.800 0.636 0.577 0.489 0.801 0.637 0.578 0.490
5 0.826 0.683 0.658 0.632 0.835 0.699 0.677 0.645
10 0.827 0.684 0.657 0.626 0.833 0.695 0.670 0.635
2 15 0.828 0.685 0.657 0.625 0.832 0.693 0.667 0.632
25 0.828 0.686 0.658 0.624 0.832 0.692 0.665 0.629
50 0.829 0.687 0.659 0.623 0.831 0.690 0.663 0.626
100 0.829 0.687 0.659 0.623 0.831 0.689 0.661 0.625
5 0.833 0.700 0.692 0.704 0.843 0.717 0.714 0.722
10 0.835 0.701 0.690 0.695 0.841 0.713 0.706 0.708
3 15 0.835 0.701 0.690 0.692 0.840 0.711 0.702 0.703
25 0.836 0.702 0.690 0.690 0.840 0.709 0.699 0.698
50 0.837 0.703 0.691 0.689 0.839 0.708 0.696 0.694
100 0.837 0.704 0.691 0.689 0.838 0.707 0.695 0.692
5 0.839 0.714 0.724 0.781 0.847 0.729 0.744 0.799
10 0.839 0.713 0.720 0.767 0.846 0.726 0.737 0.783
5 15 0.840 0.713 0.719 0.762 0.845 0.724 0.733 0.776
25 0.840 0.714 0.718 0.758 0.845 0.722 0.729 0.769
50 0.841 0.715 0.718 0.756 0.844 0.720 0.726 0.763
100 0.841 0.715 0.719 0.755 0.843 0.719 0.723 0.760
5 0.843 0.725 0.752 0.852 0.846 0.732 0.760 0.861
10 0.842 0.723 0.747 0.839 0.847 0.732 0.758 0.851
10 15 0.842 0.723 0.745 0.833 0.847 0.731 0.756 0.845
25 0.842 0.722 0.743 0.826 0.846 0.730 0.753 0.837
50 0.843 0.722 0.741 0.820 0.846 0.729 0.749 0.829
100 0.843 0.723 0.741 0.817 0.845 0.727 0.747 0.824
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Table 48. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Twisting; v=0.3, I /a =0.25.

ks (0)/ks,
OUTER CRACK INNER CRACK
& =h/h
alh R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.751 0.500 0.291 -0.208 0.774 0.543 0.356 -0.084
10 0.750 0.500 0.291 -0.210 0.773 0.541 0.353 -0.091
1 15 0.750 0.500 0.291 -0.210 0.773 0.540 0.352 -0.093
25 0.750 0.500 0.291 -0.209 0.772 0.539 0.351 -0.094
50 0.750 0.500 0.292 -0.209 0.772 0.539 0.350 -0.096
100 0.750 0.500 0.292 -0.209 0.772 0.539 0.350 -0.096
5 0.801 0.578 0.412 0.077 0.819 0.614 0.472 0.204
10 0.801 0.579 0.414 0.076 0.817 0.611 0.466 0.188
2 15 0.802 0.580 0.415 0.078 0.816 0.610 0.463 0.182
25 0.802 0.580 0.416 0.080 0.816 0.609 0.461 0.178
50 0.802 0.581 0.417 0.082 0.816 0.608 0.460 0.174
100 0.802 0.581 0.418 0.083 0.815 0.607 0.459 0.172
5 0.812 0.599 0.455 0.209 0.827 0.631 0.508 0:330
10 0.813 0.600 0.455 0.203 0.825 0.627 0.500 0.307
3 15 0.813 0.601 0.456 0.203 0.825 0.626 0.497 0.298
25 0.814 0.602 0.457 0.205 0.824 0.624 0.495 0.291
50 0.814 0.603 0.459 0.208 0.824 0.623 0.492 0.285
100 0.814 0.603 0.460 0.211 0.823 0.622 0.491 0.282
5 0.819 0.615 0.493 0.343 0.830 0.639 0.533 0.437
10 0.819 0.615 0.488 0.321 0.829 0.636 0.526 0.412
5 15 0.820 0.615 0.488 0.316 0.829 0.635 0.522 0.400
25 0.820 0.616 0.489 0.315 0.828 0.633 0.519 0.389
50 0.821 0.617 0.490 0.317 0.827 0.632 0.516 0.379
100 0.821 0.618 0.491 0.320 0.827 0.631 0.514 0.374
5 0.824 0.630 0.528 0.470 0.828 0.637 0.540 0.494
10 0.823 0.627 0.521 0.441 0.829 0.638 0.539 0.486
10 15 0.823 0.626 0.517 0.426 0.829 0.638 0.538 0.478
25 0.823 0.625 0.514 0.413 0.829 0.637 0.535 0.467
50 0.824 0.625 0.513 0.405 0.829 0.636 0.532 0.454
100 0.824 0.626 0.514 0.405 0.828 0.635 0.530 0.446
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Table 49. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Twisting; v=0.3, [/a =0.40.

k,(0)/k,,
OUTER CRACK INNER CRACK
S =h/h

aflh  R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.757 0.498 0.268 -0.287 0.782 0.544 0.337 -0.161
10 0.757 0.498 0.269 -0.287 0.780 0.541 0.333 -0.171
1 15 0.757 0.498 0.269 -0.287 0.779 0.540 0.331 -0.174
25 0.757 0.498 0.270 -0.286 0.779 6.539 0.330 -0.176
50 0.757 0.498 0.270 -0.285 0.779 0.539 0.329 -0.177
100 0.757 0.498 0.270 -0.285 0.778 0.538 0.328 -0.178

5 0.801 0.573 0.392 0.005 0.820 0.613 0.459 0.146

10 0.802 0.574 0.393 0.001 0.818 0.608 0.450 0.122

2 18 0.802 0.575 0.394 0.002 0.818 0.607 0.447 0.114
25 0.803 0.576 0.396 0.005 0.817 0.605 0.444 0.107

50 0.803 0.576 0.397 0.007 0.816 0.604 0.442 0.103

100 0.803 0.577 0.398 0.009 0.816 0.604 0.441 0.100

5 0.812 0.595 0.441 0.156 0.828 0.630 0.501 0.294

10 0.812 0.596 0.439 0.142 0.826 0.626 0.491 0.261

3 15 0.813 0.597 0.440 0.141 0.825 0.624 0.487 0.248
25 0.814 0.598 0.441 0.142 0.825 0.622 0.483 0.238

50 0.814 0.599 0.443 0.146 0.824 0.620 0.480 0.230

100 0.814 0.600 0.444 0.148 0.824 0.620 0.478 0.226

5 0.819 0.614 0.487 0.323 0.830 0.639 0.531 0.429

10 0.819 0.612 0.479 0.286 0.830 0.636 0.522 0.392

5 15 0.819 0.612 0.478 0.276 0.829 0.634 0.518 0.374
25 0.820 0.613 0.478 0.271 0.828 0.632 0.513 0.358

50 0.820 0.614 0.479 0.272 0.828 0.631 0.509 0.345

100 0.821 0.615 0.481 0.274 0.827 0.629 0.506 0.337

5 0.824 0.630 0.528 0.470 0.828 0.637 0.540 0.497

10 0.823 0.627 0.520 0.438 0.829 0.638 0.539 0.487

10 15 0.823 0.625 0.515 0.418 0.829 0.638 0.538 0.476
25 0.823 0.624 0.510 0.397 0.829 0.637 0.535 0.461

50 0.823 0.624 0.508 0.383 0.829 0.636 0.530 0.442

100 0.824 0.625 0.508 0.379 0.828 0.635 0.527 0.429
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Table 50. Mode III Normalized Stress Intensity Factor at the Center of -a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Twisting; v=0.3, l/a =0.5.

k; (0)/ks,
OUTER CRACK INNER CRACK
& =bh/h
alh Rfh 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.761 0.499 0.262 -0.316 0.784 0.544 0.328 -0.196
10 0.761 0.500 0.263 -0.316 0.783 0.541 0.323 -0.207
1 15 0.761 0.500 0.263 -0.316 0.782 0.540 0.321 -0.210
25 0.761 0.500 ©0.264 -0.315 0.782 0.539 0.320 -0.213
50 0.761 0.500 0.264 -0.314 0.781 0.538 0.319 -0.215
100 0.761 0.501 0.264 -0.313 0.781 0.538 0.319 -0.215
5 0.802 0.572- 0.387 -0.016 0.820 0.612 0.453 0.124
10 0.803 0.573 0.388 -0.022 0.818 0.607 0.443 0.096
2 15 0.803 0.574 0.389 -0.022 0.818 0.605 0.440 0.087
25 0.804 0.575 0.390 -0.020 0.817 0.603 0.437 0.079
50 0.804 0.576 0.392 -0.017 0.816 0.602 0.434 0.074
100 0.804 ©0.577 0.393 -0.015 0.816 0.601 0.433 0.071
5 0.812 0.595 0.438 0.144 0.828 0.629 0.498 0.283
10 0.813 0.595 0.435 0.125 0.826 0.625 0.487 0.244
3 15 0.813 0.596 0.436 0.122 0.825 0.623 0.482 0.229
25 0.814 0.597 0.437 0.122 0.824 0.621 0.478 0.217
50 0.815 0.598 0.439 0.126 0.824 0.619 0.474 0.208
100 0.815 0.599 0.440 0.129 0.823 0.618 0.473 0.203
5 0.819 0.614 0.488 0.322 0.830 0.638 0.531 0.427
10 0.819 0.612 0.478 0.279 0.829 0.636 0.521 0.386
5 15 0.819 0.612 0.476 0.266 0.829 0.634 0.516 0.366
25 0.820 0.613 0.475 0.259 0.828 0.632 0.511 0.347
50 0.821 0.614 0.476 0.258 0.828 0.630 0.506 0.331
100 0.821 0.615 0.478 0.260 0.827 0.628 0.503 0.323
5 0.824 0.630 0.528 0.469 0.828 0.637 0.540 0.497
10 0.824 0.627 0.520 0.438 0.829 0.638 0.539 0.487
10 15 0.823 0.625 0.515 0.418 0.829 0.638 0.537 0.476
25 0.823 0.624 0.510 0.396 0.829 0.637 0.534 0.459
50 0.824 0.624 0.507 0.378 0.829 0.636 0.529 0.438
100 0.824 0.624 0.507 0.372 0.828 0.634 0.525 0.423

119



Table 51. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Twisting; v=0.3, I /Ja =10.

ks (0)/k,,
. OUTER CRACK INNER CRACK
& =hfh
afh  R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.772 0.510 0.261 -0.353 0.787 0.540 0.307 -0.269
10 0.772 0.511 0.262 -0.355 0.785 0.537 0.300 -0.284
1 15 0.773 0.512 0.262 -0.354 0.784 0.535 0.298 -0.289
25 0.773 0.512 0.263 -0.353 0.784 0.534 0.296 -0.293
50 0.773 0.513 0.264 -0.352 0.784 0.533 0.295 -0.295
100 0.773 0.513 0.265 -0.351 0.783 0.533 0.294 -0.297
5 0.805 0.576 0.390 -0.024 0.818 0.606 0.441 0.088
10 0.806 0.577 0.388 -0.040 0.817 0.601 0.429 0.050
2 15 0.807 0.578 0.388 -0.042 0.816 0.599 0.424 0.037
25 0.807 0.579 0.389 -0.042 0.815 0.597 0.420 0.026
50 0.808 0.581 0.391 -0.040 0.815 0.596 0.417 0.018
100 0.808 0.581 0.392 -0.038 0.814 0.595 0.416 0.014
5 0.814 0.598 0.442 0.151 0.826 0.626 0.492 0.265
10 0.815 0.598 0.437 0.121 0.825 0.621 0.478 0.217
3 15 0.815 0.599 0.436 0.112 0.824 0.619 0.472 0.197
25 0.816 0.600 0.437 0.108 0.823 0.616 0.467 0.180
50 0.817 0.601 0.438 0.109 0.822 0.614 ~ 0.462 0.166
100 0.817 0.602 0.439 0.111 0.822 0.613 0.460 0.159
5 0.820 0.616 0.490 0.329 0.829 0.637 0.528 0.421
10 0.820 0.614 0.482 0.288 0.828 0.633 0.517 0.377
5 15 0.820 0.614 0.479 ©0.271 0.828 0.631 0.511 0.354
25 0.821 0.614 0.477 0.258 0.827 0.629 0.505 0.330
50 0.822 0.615 0.477 0.250 0.827 0.627 0.499 0.308
100 0.822 0.616 0.478 0.249 0.826 0.625 0.495 0.295
5 0.824 0.630 0.528 0.468 0.828 0.637 0.540 0.496
10 0.824 0.627 0.520 0.439 0.829 0.638 0.539 0.485
10 15 0.824 0.626 0.516 0.421 0.829 0.637 0.536 0.473
25 0.824 0.625 0.512 0.401 0.829 0.636 0.533 0.456
50 0.824 0.625 0.509 0.382 0.828 0.635 0.527 0.432
100 0.825 0.625 0.508 0.372 0.828 0.633 0.523 0.413
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Table 52. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Twisting; v=0.3  I/a=135

k;(0)/k,,
OUTER CRACK INNER CRACK
S =h/h
afh R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.774 0.514 0.266 -0.349 0.786 0.537 0.301 -0.285
10 0.775 0.516 0.266 -0.352 0.784 0.533 0.294 -0.302
1 15 0.776 0.516 0.267 -0.352 0.784 0.532 0.291 -0.308
25 0.776 0.517 0.268 -0.351 0.783 0.531 0.289 -0.312
50 0.777 0.518 0.269 -0.350 0.783 0.530 0.287 -0.315
100 0.777 0.518 0.269 -0.349 0.782 0.529 0.287 -0.317
5 0.806 0.579 0.394 -0.014 0.817 0.604 0.438 0.081
10 0.807 0.580 0.392 -0.031 0.816 0.599 0.425 0.041
2 15 0.808 0.581 0.392 -0.035 0.815 0.597 0.420 0.026
25 0.809 0.582 0.393 -0.037 0.814 0.595 0.416 0.014
50 0.809 0.583 0.394 -0.036 0.814 0.593 0.412 0.004

100 0.810 0.584 0.395 -0.034 0.813 0.592 0.410 -0.001

5 0.814 0.599 0.445 0.158 0.825 0.625 0.489 0.261
10 0.815 0.600 0.441 0.130 0.824 0.619 0.476 0.213
3 15 0.816 0.601 0.440 0.122 0.823 0.617 0.469 0.192
25 0.817 0.602 0.440 0.116 0.822 0.615 0.464 0.173
50 0.817 0.603 0.441 0.114 0.822 0.612 0.459 0.157
100 0.818 0.604 0.442 0.115 0.821 0.611 0.456 0.149
5 0.820 0.616 0.491 0.330 0.829 0.636 0.527 0.418
i0 0.820 0.615 0.483 0.291 0.828 0.633 0.516 0.374
5 15 0.821 0.615 0.481 0.277 0.828 0.631 0.510 0.351
25 0.821 0.616 0.480 0.265 0.827 0.628 0.503 0.327
50 0.822 0.616 0.479 0.257 0.826 0.626 0.437 0.303
100 0.823 0.617 0.480 0.254 0.826 0.624 0.493 0.289

5 0.824 0.630 0.528 0.468 0.828 0.637 0.540 0.495
10 0.824 0.627 0.521 0.439 0.829 0.637 0.538 0.484
10 15 0.824 0.626 0.517 0.421 0.829 0.637 0.536 0.472
25 0.824 0.626 0.513 0.402 0.828 0.636 0.532 0.454
50 0.824 0.626 0.510 0.385 0.828 0.634 0.526 0.430
100 0.825 0.626 0.509 0.376 0.827 0.632 0.522 0.412
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Table 53. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Twisting; v=0.3, [/a=2.5.

KOk,
OUTER CRACK INNER CRACK
go = lo/ h
afh R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.776 0.517 0.270 -0.340 0.785 0.535 0.297 -0.291
10 0.777 0.519 0.271 -0.345 0.783 0.531 0.290 -0.310
1 15 0.778 0.519 0.271 -0.345 0.782 0.530 0.287 -0.317
25 0.778 0.520 0.272 -0.345 0.782 0.528 0.285 -0.322
50 0.778 0.521 0.273 -0.344 0.781 0.527 0.283 -0.326
100 0.779 0.521 0.274 -0.343 0.781 0.527 0.282 -0.327
5 0.807 0.580 0.396 -0.008 0.817 0.603 0.436 0.077
10 0.808 0.582 0.395 -0.023 0.815 0.598 0.423 0.038
2 15 0.809 0.583 0.396 -0.026 0.814 0.595 0.418 0.022
25 0.809 0.584 0.396 -0.029 0.814 0.593 0.413 0.009
50 0.810 0.585 0.397 -0.029 0.813 0.592 0.409 -0.003
100 0.810 0.586 0.398 -0.028 0.812 0.591 0.407 -0.008
5 0.815 0.600 0.446 0.159 0.825 0.624 0.488 0.258
10 0.816 0.601 0.443 0.135 0.823 0.619 0.474 0.210
3 15 0.816 0.602 0.442 0.128 0.823 0.616 0.468 0.189
25 0.817 0.603 0.443 0.123 0.822 0.614 0.462 0.170
50 0.818 0.604 0.443 0.121 0.821 0.611 0.457 0.153
100 0.818 0.605 0.444 0.121 0.821 0.610 0.454 0.143
5 0.820 0.616 0.491 0.330 0.829 0.636 0.526 0.416
10 0.820 0.615 0.484 0.292 0.828 0.632 0.515 0.372
5 15 0.821 0.615 0.482 0.278 0.827 0.630 0.509 0.349
25 0.822 0.616 0.481 0.268 0.827 0.628 0.503 0.325
50 0.822 0.617 0.481 0.262 0.826 0.625 0.496 0.301
100 0.823 0.618 0.481 0.259 0.825 0.624 0.492 0.287
5 0.824 0.630 0.528 0.468 0.828 0.637 0.540 0.495
10 0.824 0.627 0.521 0.439 0.829 0.637 0.538 0.483
10 15 0.824 0.626 0.517 0.421 0.829 0.637 0.536 0.471
25 0.824 0.626 0.513 0.402 0.828 0.636 0.532 0.453
50 0.824 0.626 0.510 0.386 0.828 0.634 0.526 0.429
100 0.825 0.626 0.510 0.378 0.827 0.632 0.521 0.410
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Table 54. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Twisting; v=0.3, ! fa=5.0.

k;(0)/k;,
OUTER CRACK INNER CRACK
éo = lo/h

aflh  R/h 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.776 0.518 0.272 -0.336 0.784 0.534 0.296 -0.293
10 0.778 0.520 0.273 -0.339 0.782 0.530 0.288 -0.312
1 15 0.778 0.521 0.274 -0.340 0.782 0.528 ©0.285 -0.319
25 0.779 0.522 0.275 -0.340 0.781 0.527 0.283 -0.325
50 0.779 0.523 0.275 -0.340 0.781 0.526 0.281 -0.329
100 0.779 0.523 0.276 -0.339 0.781 0.525 0.280 -0.332

5 0.807 0.580 0.397 -0.007 0.817 0.603 0.435 0.076

10 0.808 0.582 0.396 -0.021 0.815 0.597 0.422 0.036

2 15 0.809 0.583 0.397 -0.023 0.814 0.595 0.417 0.020
25 0.810 0.585 0.398 -0.024 0.813 0.593 0.412 0.007
50 0.810 0.586 0.399 -0.024 0.813 0.5%1 0.408 -0.005
100 0.811 0.587 0.400 -0.024 0.812 0.590 0.406 -0.011

5 0.815 0.600 0.446 0.159 0.825 -0.624 0.488 0.257

10 0.816 0.601 0.443 0.135 0.823 0.618 0.474 0.208

3 15 0.817 0.602 0.443 0.129 0.823 0.616 0.467 0.188
25 0.817 0.603 0.443 0.125 0.822 0.613 0.461 0.168

50 0.818 0.605 0.445 0.124 0.821 0.611 0.456 0.152

100 0.819 0.606 0.446 0.124 0.820 0.609 0.453 0.142

5 0.820 ©0.616 0.491 0.330 0.829 0.636 0.526 0.416

10 0.820 0.615 0.484 0.292 0.828 0.632 0.515 0.371

5 15 0.821 0.615 0.482 0.278 0.827 0.630 0.509 0.348
25 0.822 0.616 0.481 0.268 0.827 0.628 0.502 0.324

50 0.823 0.617 0.481 0.262 0.826 0.625 0.496 0.300

100 0.823 0.618 0.482 0.261 0.825 0.623 0.491 0.286

5 0.824 0.630 0.528 0.468 0.828 0.637 0.540 0.495

10 0.824 0.627 0.521 0.439 0.829 0.637 0.538 0.483

10 15 0.824 0.626 0.517 0.421 0.829 0.637 0.536 0.471
25 0.824 0.626 0.513 0.402 0.828 0.636 0.532 0.453

50 0.824 0.626 0.510 0.386 0.828 0.634 0.526 0.429

100 0.825 0.626 0.510 0.378 0.827 0.632 0.521 0.410
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Table 55. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Part-Through Crack in an Isotropic Cylindrical Shell with a
Fixed End Subjected to Twisting; v=0.3, [ fa=50.0.

k3 (0)/k,,
OUTER CRACK INNER CRACK
S =hfh
afh  Rfh 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
5 0.777 0.518 0.272 -0.336 0.784 0.534 0.296 -0.294
10 0.778 0.520. 0.273 -0.339 0.782 0.530 0.288 -0.313
1 15 0.778 0.521 0.274 -0.339 0.782 0.528 0.285 -0.320
25 0.779 0.522 0.275 -0.338 0.781 0.527 0.282 -0.326
50 0.779 0.523 0.276 -0.338 0.781 0.526 0.280 -0.330
100 0.780 0.523 0.277 -0.337 0.780 0.525 0.279 -0.333
5 0.807 0.580 0.397 -0.008 0.817 0.603 0.435 0.076
10 0.808 0.582 0.396 -0.021 0.815 0.597 0.422 0.035
2 15 0.809 0.583 0.397 -0.023 0.814 0.595 0.417 0.020
25 0.810 0.585 0.398 -0.024 0.813 0.593 0.412 0.006
50 0.810 0.586 0.399 -0.023 0.812 0.591 0.408 -0.005
100 0.811 0.587 0.401 -0.022 0.812 0.590 0.405 -0.012
5 0.815 0.600 0.446 0.159 0.825 0.624 0.488 0.257
10 0.816 0.601 0.443 0.135 0.823 0.618 0.474 0.208
3 15 0.817 0.602 0.443 0.129 0.823 0.616 0.467 0.187
25 0.817 0.603 0.443 0.125 0.822 0.613 0.461 0.168
50 0.818 0.605 0.445 0.124 0.821 0.611 0.456 0.151
100 0.819 0.606 0.446 0.125 0.820 0.609 0.453 0.141
5 0.820 0.616 0.491 0.330 0.829 0.636 0.526 0.416
10 0.820 0.615 0.484 0.292 0.828 0.632 0.515 0.371
5 15 0.821 0.615 0.482 0.278 0.827 0.630 0.509 0.348
25 0.822 0.616 0.481 0.268 0.827 0.628 0.502 0.324
50 0.823 0.617 0.481 0.262 0.826 0.625 0.496 0.300
100 0.823 0.618 0.482 0.261 0.825 0.623 0.491 0.285
5 0.824 0.630 0.528 0.468 0.828 0.637 0.540 0.495
10 0.824 0.627 0.521 0.439 0.829 0.637 0.538 0.483
10 15 0.824 0.626 0.517 0.421 0.829 0.637 0.536 0.471
25 0.824 0.626 0.513 0.402 0.828 0.636 0.532 0.453
50 0.824 0.626 0.510 0.386 0.828 0.634 0.526 0.429
100 0.825 0.626 0.510 0.378 0.827 0.632 0.521 0.410
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Table 56. The Effect of Poisson’s Ratio on the Normalized Stress Intensity Factors at
the Center of a Semi-Elliptical Part-Through Crack in an Isotropic Cylindrical Shell

with a Fixed End, 1/a=0.5, afh=1, Rfh=5.

OUTER _CRACK INNER CRACK
| So
v 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
kl/klm 6.855 0.582 0.309 0.099 0.845 0.561 0.292 0.094
kl/klb 0.845 0.530 0.212 0.018 0.835 0.506 0.191 0.011
0.0 kz/kh 0.994 0.936 0.806 0.623 0.994 0.%936 0.806 0.624
k3/k3s 0.810 0.6?2 0.602 0.530 0.816 0.662 0.612 0.535
k3/kSt 0.790 0.543 0.314 -0.251 0.797 0.557 0.336 -0.211
kl/kim 0.862 0.592 0.315 0.09¢9 0.851 0.570 0.297 0.094
kl/klb 0.853 0.543 0.219 0.018 0.842 0.516 0.196 0.011
0.1 kz/kzv 0.994 0.941 0.819 0.643 0.994 0.942 0.820 0.644
k3/k3s 0.803 0.642 0.589 0.512 0.809  0.651 0.598 0.516
k3/k3g 0.783 0.530 0.294 -0.291 0.789 0.544 0.314 -0.256
kl/klm 0.869 0.605 0.324 0.101 0.859 0.582 0.304 0.096
kl/klb 0.862 0.558 0.230 0.020 0.850 0.530 0.205 0.012
0.2 k2/k29 0.995 0.947 0.834 0.665 0.995 0.947 0.835 0.665
k’&/kss 0.796 0.632 0.577 0.495 0.802 0.641 0.585 0.498
k3/k3: 0.775 0.518 0.275 -0.328 0.781 0.530 0.293 -0.296
kl/klm 0.879 0.622 0.336 0.104 0.868 0.597 0.314 0.098
kl/klb 0.872 0.578 0.245 0.024 0.860 0.548 0.218 0.015
0.3 k2/k2v 0.996 0.953 0.850 0.689 0.996 0.953 0.850 0.690
k3/k3s 0.790 0.623 0.565 0.479 0.795 0.631 0.573 0.482
k3/k3‘ 0.768 0.506 0.257 -0.361 0.774 0.517 0.273 -0.333
kl/klm 0.889 0.643 0.353 0.109 0.878 0.617 0.329 0.102
kl/klb 0.883 0.602 0.265 0.029 0.871 0.571 0.235 0.019
0.4 k2/k2v 0.996 0.959 0.866 0.716 0.996 0.959 0.867 0.717
k3/k3s 0.784 0.614 0.555 0.465 0.788 0.621 0.561 0.467
k3/k3: 0.761 0.455 0.240 -0.390 0.767 0.505 0.255 -0.367
kl/klm 0.902 0.670 0.375 0.117 0.891 0.643 0.349 0.108
kl/klb 0.897 0.633 0.292 0.036 0.885 0.601 0.259 0.025
0.5 kﬁ/kzv 0.997 0.965 0.884 0.747 0.997 0.966 0.885 0.748
k:*}/k:‘;s 0.777 0.605 0.545 0.452 0.781 0.611 0.550 0.453
k3/k3‘ 0.755 0.484 0.225 -0.417 0.759 0.493 0.237 -0.398
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Table 57. The Effect of Material Orthotropy on the Normalized Stress Intensity
Factors at the Center of a Semi-Elliptical Part-Through Crack in a Cylindrical Shell
with a Fixed End, v=0.3, I /a=0.5, a/h=1, R/h=10.

OUTER CRACK INNER CRACK
3
El/EZ 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
kl/klm 0.931 0.739 '0.441 0.140 0.929 0.731 0.431 0.136
kl/klb 0.928 0.711 0.368 0.060 0.925 0.701 0.356 0.055
0.037 k1/k7v 0.995 0.943 0.822 0.647 0.995 0.943 0.823 0.648
k3/k3s 0.662 0.348 0.046 -0.661 0.666 0.355 0.054 '~O.648
k3/k3: 0.693 0.501 0.432 0.321 0.697 0.506 0.435 0.322
kl/klm 0.871 0.609 0.327 0.103 0.865 0.596 ©0.316 0.099
kl/klb 0.863 0.562 0.234 0.021 0.857 0.547 0.220 - 0.017
1.000 kz/ka 0.996 0.955 0.856 0.702 0.996 0.955 0.857 0.702
k3/k33 0.783 0.525 0.268 -0.375 0.786 0.531 0.277 -0.360
kS/k:” 0.803 0.636 0.570 0.47¢6 0.806 0.640 0.575 0.478
kl/klm 0.784 0.483 0.250 0.083 0.774 0.467 0.239 0.080
kl/klb 0.771 0.416 0.142 0.005 0.760 0.398 0.128 0.004
26.667 kQ/kzv 0.997 0.968 0.893 0.764 0.997 0.968 0.893 0.764
k3/k3s 0.864 0.676 0.492 0.045 0.866 0.680 0.499 0.058
k3/k3t 0.877 0.752 0.704 0.644 0.878 0.755 0.707 0.646
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Figure 5. Stress Intensity Factor Ratio k,,, in an Isotropic Cylindrical Shell with a

Fixed end Containing a Circumferential Through Crack Under Uniform Membrane
Loading; v=0.3, R/h=5.
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Figure 6. Stress Intensity Factor Ratio ky, in an Isotropic Cylindrical Shell with a
Fixed end Containing a Circumferential Through Crack Under Uniform Bending
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Figure 7. Stress Intensity Factor Ratio k,, in an Isotropic Cylindrical Shell with a
Fixed end Containing a Circumferential Through Crack Under Uniform Out-of-
Plane Shear Loading; v=0.3, R/h=5.
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Figure 8. Stress Intensity Factor Ratio kg in an Isotropic Cylindrical Shell with a
Fixed end Containing a Circumferential Through Crack Under Uniform In-Plane
Shear Loading; v=0.3, R/h=5.
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Figure 9. Stress Intensity Factor Ratio k, in an Isotropic Cylindrical Shell with a

Fixed end Containing a Circumferential Through Crack Under Uniform Twisting

Moment; v=0.3, R/h=5.
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Figure 10. Stress Intensity Factor Ratio k,.m in an Isotropic Cylindrical Shell with a

Fixed end Containing a Circumferential Through Crack Under Uniform Membrane
Loading; v=0.3,[ /a=0.5.
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Figure 11. Stress Intensity Factor Ratio k, in an Isotropic Cylindrical Shell with a

Fixed end Containing a Circumferential Through Crack Under Uniform Bending
Moment; v=0.3,1 /a=0.5.
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Figure 12. Stress Intensity Factor Ratio k,, in an Isotropic Cylindrical Shell with a

Fixed end Containing a Circumferential Through Crack Under Uniform Out-of-
Plane Shear Loading; v=0.3,1 /a=0.5.
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Figure 13. Stress Intensity Factor Ratio ,, in an Isotropic Cylindrical Shell with a

Fixed end Containing a Circumferential Through Crack Under Uniform In-Plane
Shear Loading; v=0.3, ] /a=0.5.
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Figure 14. Stress Intensity Factor Ratio k, in an Isotropic Cylindrical Shell with a

Fixed end Containing a Circumferential Through Crack Under Uniform Twisting
Moment; v=0.3, 1 /a=0.5.
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Figure 15. Mode I Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Outer Part-Through Crack in an Isotropic Cylindrical Shell
with a Fixed End Subjected to Membrane Loading; v=0.3, R/h=5, alh=1.
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Figure 16. Mode I Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Outer Part-Through Crack in an Isotropic Cylindrical Shell
with a Fixed End Subjected to Bending Moment; v=0.3, R/h=5, a/h=1.
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Figure 17. Mode II Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Outer Part-Through Crack in an Isotropic Cylindrical Shell
with a Fixed End Subjected to Out-of-Plane Shear; v=0.3, R/h=5,a/h=1.
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Figure 18. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Outer Part-Through Crack in an Isotropic Cylindrical Shell
with a Fixed End Subjected to In-Plane Shear; v=0.3, R/h=5, al/ h=1.
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Figure 19. Mode III Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Outer Part-Through Crack in an Isotropic Cylindrical Shell
with a Fixed End Subjected to Twisting; v=0.3, R/h=5, alh=1.
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Figure 20. Mode I Normalized Stress Intensity Factor at the Center of a Semi-
Elliptic Circumferential Outer Part-Through Crack in an Isotropic Cylindrical Shell

with a Fixed End Subjected to Membrane Loading; v=0.3, R/h =35, I,/h=0.2
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Figure 21. Mode I Normalized Stress Intensity Factor at the Center of a Semi-

Elliptic Circumferential Outer Part-Through Crack in an Isotropic Cylindrical Shell
with a Fixed End Subjected to Bending Moment; v=0.3, R/h =35, L/h=0.2
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Figure 22. Mode II Normalized Stress Intensity Factor at the Center of a Semi-

Elliptic Circumferential Outer Part-Through Crack in an Isotropic Cylindrical Shell
with a Fixed End Subjected to Out-of-Plane Shear; v=0.3, R/h=5, I, /h=0.2
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Figure 23. Mode III Normalized Stress Intensity Factor at the Center of a Semi-

Elliptic Circumferential Outer Part-Through Crack in an Isotropic Cylindrical Shell
with a Fixed End Subjected to In-Plane Shear; v=0.3, R/h=5,1,/h=0.2

145



— o
a_lu
§F 04
3 . o
~ 03 ® ah=
0.2 AL
. =5
0.1
0.0 1 bl A 1 A -L 4 L

0.0 0.5 1.0 1.5 2.0 2.5 3.0 35 4.0

al/l

Figure 24. Mode III Normalized Stress Intensity Factor at the Center of a Semi-

Elliptic Circumferential Outer Part-Through Crack in an Isotropic Cylindrical Shell
with a Fixed End Subjected to Twisting; v=0.3, R/h =S5, L/h=0.2
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APPENDIX A

Dimensionless Quantities
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APPENDIX B
ASYMPTOTIC VALUES OF KERNELS OF INTEGRAL EQUATIONS

In this part, asymptotic values of kernels of integral equations (3.1.93)-
(3.1.97) for @ — = will be given.

Denote the inregrands of the infinite integrals of the integral equations
(3.1.93)-(3.1.97) as

8
K, =Y KA, (B.1)
J=1

18 pj+(1——V)0t2R__K(l“\’)2

K=o ; o= 40 ; ofAr+Az)|  ®2
8 Kp,m/?, K(I—V)
K_ .= - A .
D of A +4,) ®.3)
K,4= iazs:ijjR} B.4)
7=l

1-v [ o R, x{l-v 1

Kun,S =( x; ){iaé ,';n)j _j1+ (4 )(a2+r12)(A1+A2)—} (BS)

Let the asymptotic values of K, (i=1,..,5) for ¢ > be K ;
(i=1....,5), respectively. To be able to evaluate K, ; (i=1....,5), define the following
new auxiliary expressions in terms of B, B,...., B; as follows
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4 m,]i’, 8 m/?

2—-Y—5r=5
1 P, =5 P
& mA, m f,

- =B
% ’ R

ZmRZm

(B.6)
From equations (3.1.99) and (3.1.100), it is known that
F a,pr
= Iqu, /LN BTV
Mlocsen o o’
op,  ap
m|  =ld a‘pf 22 25678
P a4 a2n
B.7)
If one now substitutes the asymptotic values of m;(cr) given in (B.7) into
8 R 8 R. 8
(B.6) and solves for, Z = Z—’;, ....... , ZR]-p;, the following expressions can be
1 P 1 P 1

found

Z Ra)

2p3/?(0t) 5,5

o 20°

8
z,fﬁ,(a)=_§+_BL_3_Bs
el o 20° 8o’

B, B, 3B, 5B
Z p/ 1 ==+ - +
o 20 8 16a7
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B, B 35 5B 155
o 20° 8° 16a’ 640’

3 Ao = -
=

& K{o) B, B, 3B 5B, 15B,  23B
2 =B By 205 O0 + 8
- P a 20 80’ 160’ 640’ 128a"

il?,(a) __B _ B 3B 5B 155 235
- P o 20’ 8a’ 160’ 640’ 128a’!

il?,(a) __B.,B 3B 5B _ 15B; , 235,
- P a 20 8« 160’ 640’ 128aM

il?,(a) __B B 3B 5B 158, 235

4 3 s 7 9 11 (B.8)
PR X o 20 8 160’ 640 128a;
Thus the problem is reduced to the evaluation of By, B, ....., B;. From equation
(3.1.79), it is seen that
4 8 I'q
B, =Y mA0)-Y mE(a)=-=2 (B.9)
1 =5 o
recalling (3.1.18)
2 2
p+a
K, = &2_ _(__’__.._). (B.10)
v) 7

and using (3.1.78), B, and B, can be found as

2
5o ()@
A, ) o
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2
B, = (—7”—) 49 (B.11)

3
A, j o

In a similar way, using (3.1.68)-(3.1.72) and (3.1.78), (3.1.79), B,, B, can be
obtained as

K(l—v)iq_z_ (1—-2v),&'_(}_)2ﬁ;

B = Ao 2o oo &)«
(l_v)i% A ziq
= Zyl= = 12
b xoo (?»2 o’ ®12

Also, observing that

=1 Kp; -1

[4 7imRe) & P im o)

« P m. (o) & 2 -3 (o) 4 8
K(ij—’i Z :/RI ] (Zp;)%m/‘qj_zp;-‘tm/ﬁj}_l_
= =5

L 2; , n=0]1...8
=

m kPl ke, -1 (B.13)

and referring to (B.6), B, can also be expressed as,

s p"m s p"°m K s p'mER s p'm
B,,=x[2p’ ’R’—z L 7 —-{2 L ’—Zp’” ’? (B.14)
Xp,— :

1 K=l ks xp-1 F KD—l ks

By substituting the expression of p; given in (3.1.20) into (3.1.9), it can be shown
that

Am?
1 5 4’ (B.15)
Kpj*l P,

Using (B.15), (B.14), (B.11) and (B.12), remaining B; terms can be found as,
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B, = -—(1 v) (1q2)+x)~“ ( Z ) + XA o (1(]1)
B, = -k (3-v)oig, )+ a0 (i) + 227 s, ~ 1)od i)
B =\ (3 - 2v)a3(1’q2) + (31:2;;‘2 - 1))3212a3(fql) +0(ot!)

B, =—{1-v)ahia’(ig, )+ 362N 0’ (ig, )+ Ole?) (B.16)

By substituting (B.11), (B.12) and (B.16) into (B.8), one can obtain following
results,

28;5% = sigr{a)| -

- P xooaf 2 of

k(1-v) (iqz) + (3-5v) (iqz) +_3_5_(_7‘;)2@+qa—10):|
16\, ) o

(1-v) (iq2) _5(1+3v) (iqz) p
o! 64 o

1 P 7~4

(o)) ]

. [ i ! ]
55 spafiesils) s(a1la) s o), sofa)

2— = s:gn(a)[

— = o
2 sign( ):_ 6 o 2 %) o 6410"2

101 a

6]

S _ sionto )[ (1+83v)("72) gm(")

4 2 6
1 P
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3 &= sigria) ‘”"’(lqi) o (fql) +0a)

= o 8

242

ip Ay = sfgn(a)[(l ~Viq,) - % (i) +0( 0"2)]
j=1

28: PR =s fgfl(a)[—ld.zzkzaz (iql ) + qoﬁ )]
=)

) iR, =0o) (B.17)

8
Similarly, the asymptotic analysis of the terms Z p; m;R;, z '3mR ....... s
o

Z p;jm;R; as @ — oo have to be evaluated. By denoting

$5 35 .
/=1p; f=5p;

4 8
“L_N“L=¢C |,
25 %5 C

4 8
ZP;&‘ZP;HJ =G
1 55 (B.18)

also by substituting the expansions for m; given in (3.1.99) and (3.1.100),
8

asymptotic values of terms ij m;R;, Zp, mR;.,....... Zplm R; as & — oo can
1

be expressed in terms of auxiliary expressions C,, C,,-+, C; as follows,
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£, m (.1 1
37— o] ot 3G O

P, 2a 8o )
\
if’f_ﬁi - —|a| (cl +L202 -_l_;c3+...
TP L 2a 8ot )

P 20 8o’
& 1 1
> mR, = —Ial (a, +—Cy——Cyt
1 o So
ip,m,k,=—|a| c+—Lc -1 (B.19)
N 20 8a’

So, it is required to evalvate C,, C,,-+, C;. By using (3.1.80)-(3.1.82) and
boundary conditions (3.1.68)-(3.1.72), following expressions can be found as

(&.JZ&JI"’)&

Aol X af

I
7
o
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C, =% (B.20)

The remaining C; terms can be obtained by using the following identity

4 n—3A) -BR 4 -4R n-AR
C,,=’{Zp’ % 'HZP;] Ly ’J (B21)

1 kp,—-1 5 xp,—1 1 kp,—-1 75 xp—1

and equation (B.15) as follows

C = __LEJ_"?}_-(&T&J,K(‘"")_@ 2fi-v)q,

Mo o8 Aot A ot A af

Cs =dg, "(l‘v)%
C = %a("%) +da’q, + (a{‘é =~ ’*227"2 )% - aé(l - V)qs

€ = de(ig) (-1 )+ (s -
(e =203 Jo. -1 V), + 1-v) - Lo

G = (3 -x;)a3(fq3)+ (a; - dzl‘;)a(iqs)+3dlc4a‘q4
(2a?22 —4x; - 2)a{oz2q4 - (l - v)céa“qs
+(1 - v)(ZA‘; - 4d§)a2q5 + qa") B.22)
where
d = AN
d, = xk, (B.23)

Substituting (B.20) and (B.22) into (B.19), following expressions can be obtained
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2
SmR .
328 o)L Bl 31 ]a
1 P LMo 1280 16(A, ) o
+K(1—V)gs__§(l-V)gs_+0(a-w)]

.x; o 2 );‘2 of

‘ 2
8 m :, —
328 o signta)) -3, 32 %,0-Va
TP 16’ 8A, o A«

2

) o 2(A, ) a* 128 of
(1-v) g +0((X_8)]
16 of
8 2
m g (A g 1 029
LD 200 (A, Jo? 16 * o

; lig, . 3 (1-v) g
R =—asi B 228 Y2V G ~
Zl:m, , -aszgn(a)ta+8xu -5 5+0a )]

Z]s',am/?j =0 sfgn(a)[%*’%’»’% -(1-v)g,+Ofa?)+ O(a)] (B.24)

To be able to complete the asymptotic analysis, evaluation of the second terms
appearing at the righthand side of (B.2), (B.3) and (B.5) as @ — o is required. As an

example, lets evaluate the following term in (B.2)

_x(I-v)

w4 +4)

158



Recalling equation (3.1.69)

p+(1- v)a Pt (1-v)a?

_MG(AI,LA:) > R, Z 2707 R ®B26)

2 1 Kp,— Kp; =
and multiplying both sides by 1/(1- v)r,, following expression can be found as

& p+(1-v)a?
[Z Kpj—l
a2
2pj+(1 vio A’,}
s xp-l (B.27)

_x(1- \z)ou(A1 AQ) R -

(1- v)r

Using (B.15), (B.18), (B.20) and (B.22), righthand side of (B.27) can be expressed in
terms of g; as follows

_x{1=vloi (4 +A2) = l[—cws +x(1-v)o'gs + qs] (B.28)

5]

Using asymptotic expansion

AT AR fE _\ (B.29)
5 loz a(l-vja® 2x*(1-v)*a’

and neglecting lower order terms, asymptotic value of (B.25) can be found as
follows

__‘Z___+
K(1-v)o?

O()J

M”[—K(l viod A+A2)J—sxgn(a[xq3

K(l—V) 5

1
2k{l-v (B.30)
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In a similar way, also using the asymptotic expansions of r, and r,, given in
(3.1.102) and (3.1.103) respectively, asymptotic values of second terms appearing at
the righthand side of (B.2) and (B.5) can be written as follows

lir_)nﬁ {_.'i(l_'.é\_')z_w (nA, + rzAz)] = sign(o) [K(l -v)’olliq, )+

]
(1 ~VHig)+ 5B +00)

1 : 1 g
LK( 2 (oc +r )(A,+A )J—szgn(a [(1 -v)og m23+
]

mu—v)zof(qu)m-v)(fq5)+-%c-13-;-+or‘)

(!v—)”

(B.31)

Finally, using the results given in (B.17) and (B.24), and following the procedures
described above, asymptotic values as & — e for the first terms at the righthand

side of (B.1) through (B.5) can be obtained. Combining these and (B.30), (B.31)
asymptotic values of K, ; (i=1,...,5) can be found as

, 1,. 1 iq (1+v) ig b,
K, = signla)| = (ig,) +—xA! 2L~ —2 2+0(0L )
= [2 BTG e 16 (AJ

: (1-v?) 1 L 1+v) g »
K, ,= - ig,) - e B e §
=, sagn(oc)[ o (ig,) > az : (A] + ™)

16 x(1-v) o

{ 1Sk v)x}quo(a_ﬂ}
2K(1—V) 128 o’

Kxﬁ
Kms—-sqgn(a){—l%[ 2! } 8xx2x2q4+
(X
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2
A
K, = signia) —-iq4+—-1c7s.‘ 4, l—-z- g;
2 128 o A

16 l o’

(1-v?), 1 g f3(1 i, 1 11 %,
224 IQS+2KA,2a [ 128 21~ V)sza

g:xz[ )m .
16 }\2 a J

H the integration is performed from zero to infinity, it can be seen that only the first

K, = sign(a){

(B.32)

terms of equations given in (B.32) contribute to Simple Cauchy type singularities.
These terms which are the closed form solutions of the asymptotic integrals are
added as singular terms and those asymptotic integrals in the closed form are
subtracted from unbounded integrals under the integral sign as mentioned in Section
3.1
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APPENDIX C

KERNELS OF INTEGRAL EQUATIONS

ky(Verlen) = - LZQRe(;lKQ 2§;KQ, 2’"’) ]

8
sin alc(t ~-n) do+2 I;azlm[ZKjQ -
jo

: —2m I’ J—
—22K,Qje osave(t-n) do
j=5

b feelen) - 2eend S 25 e
sin a‘/;('c ~-n) do+ 2]0 aZI"{ZK (N, —
—228: K/Vje”2 ! )cos a\/;(t ~-1n) do
/=5

/(13('\/;5\/—5-'7]) [20 R{Z’KC 221{0 2! )

sin oc\/—c:('c ~-n) do+ 2]0 a’lrr{zl( C,—

8
—22 A’;C,e"2 71 lcos a\/;(t -1n) do

=5
tfeelen)= [ 3 25
/<1 =5
sin a\/:‘(‘c -n) do+ 2]: ol Ivr{i KD, -
F=1

=5

8
-2Y) KDe?"' (cos cxx/;(t -1 da
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0o 8 8
kxs('\/_‘;t,\/—m) = -"o 20’R Z[g}?_zzl(jyje—zm,/]
Vol Jj=5

sin aJ;('c -1n) do+ 2j:a2 In{zs:l(j}'; -

Jel

8
-2Y) KYe = lcos m/;('c -1) do.

s=5 (C.5)
+(1-v)o?
fo(Veem) -2 [ { S orUove
o Xp-l
1-
22“@52 =i lsin a\[;(’r -n) dou
ms  ¥p-l
_2 0 Zp,+(1 v)aQ_
)\'4 0 _ Pj"’l
8 _ 2
ZZM Qe” mt ]cos on/;('c -1) do
Fs %P1 (C6)
2 p+(1-v)o?
k(\ﬁv:,\fcn)=—— Ry Yy 2TV
§ A0 g xp,—1 ’
8 1-
2 wl\ge"m” sina\/::('c—n) do.
ms Kp—1
J. 2 p+(1~ via N-—
=1 Kpj_l
1~
22”’” vie” ‘2”’/ cosa\/—('c n) do.+
rs o Xp—l
1 e
;E-Jo [21((1-—\')2(!71'—(1-—\/2)
k1~ VWaze ™ Jsinoe(t-) de o
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foJorVom) =2 ~R{iwq _

A ¥p-l
p+(1-v)e

2y PR

/=3 Kp,— 1

— y oot e

FEEE ™ b
1-
2 py+ -V’ Ce’™ Icos a\/;(t ~n) do. -
= Kpj -1
8(1- v)j:ae‘z’” sin a\/_c-'('c -n) do

L Ce ]sin oz“/;('r -n) da

p+(1- v)a provie

(C.8)

b (Velon) -2 ] $ 2000

1 Kpj —1
p+(1-v)a?

2y HUNE

ms  kp—1

j Zp,+(1 v)aD_
A kp-1

pj+(l—v)(x

De?m’ }sin aw/;('c -n) do

22 De>m! Jcos on/;(t -n) dow
s %Pl (€9)

kzs(‘/z‘t\/;n) J 2pj+(l via

<1 Kp—

1-
22p’ +(1- Vo Ye?m/ ina\/;('c—n) do
/=5 Kpj_l
1-
,f 2 P+ v)o? y-

A Xp-l
+(1-v)o?
22'0’ v Ye?m/ os avc(z—m) doe -
rs o xp-l

s-v [rext-vio > cosalete-m o ¢
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ko(VerVen)=-[ R g—gj%o,-

2&4% Q/e‘2 ! }sin a\/;(t - 1) do
s KP; =

- ¥y
mX——

Fxp -1

Zi Py Qe?"’ }cos oc’\/;('c -1) da (C.11)
=5 Kp;— 1

kn(w/;t,\/;n) - [R4 YN, -

51 Kpj"l

228; —K;—’fin—’N,e'2 m, ! }sin a\/;('c -n) do
s KP;— 1

- $ xp,m,;
=1 N -
j° Expj—l d

228 5, ’Ne"'"f'Jcos u\] c(t-n) do+
J
= Kj),—l

2x(1 - V)J: oe 2’ sin a\[;( T—1) do (C.12)

k. (\/:.c e cn) —_ KR i xp,m, C,-

1 KD, -1

ziﬁf’i'ﬁc.e-z my! Jsin a\/;('c -1) do
-1’
75 XP;

-f v X077 0

J
m Pl
3 X } W
=3 Kpj -1
r 142420 o }in m/;(t—n) do. (C.13)
T S
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b fewolon) [ R 3527,

=1 KP,— 1
Ziije'z ! :|sin a\/;(t -1) do.
=5 Kpj -1
- I " 2‘;_% D,-
¢ |Axp-1
2}8_"?’—”710/52 7 lcos a\/;(t -n) do.
s %P1 (C.14)
- | & xpm,
Ven)=-['Re 3 X2y
k35 (J_&, m) J’O ; Kpf - 1
Ziﬁp—’f’—’ Ye?m/! }sin a\/;('c -n) da
kS Kpj -1
8
[ 32y
¢ |Axp -1
Zim Ye?m/! Jcos G\/;(T -n) do-
s Kp;—1
r[l +x(1- v)oa’](l + E e ! }os oc\/;(t -n) do. (C.15)
y o5
i $ J -2m,?
ky(VerVen) = -[20R 3. Km0, =23, Km Qe )
F 3
8
cos oﬂ/;('c— n) do+ 2]0 alv{z KmQ, -
=)
—228: Km ije’z m )sin a\/;('c -n) do (C.16)
75
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k&(\/z’tﬂ/;ﬂ) = -jo ZaRe(Ek;m ,N, - 2E’If;m ij e m,IJ
cosac(v-) do+ 2[0”0!1 i/(/m/N/ -
1

-228: Km ,N,e'i m! Jsin a\/;('c 1) dou
g (C.17)

. 8 8
/r43(\/;t,\/_cﬂ) = —Jl" 20Rd Y Km,C,-2Y KmCe” it ]
= =S
o 8
cos a\/;(t ~-n) do+ 2‘[0 olm Y KmC, -
=

8
-2 KmCe™"" }in on/;('c -n) do
/=5 (C.18)

(ol
F1 /=5
cos a\/;(t -n) do +J:'[2u1 i;gm/D/ _
=

8
-2y Km D™ m! ) - l}sin a\/;(*c -1 do
=5

(C.19)
- 8 8
k“(\/;t,\/;n) = -—fo 20Re Y Km,Y,~2Y Km,Y,e? ™" ]
s J=3
- 8
cos u\/:'(t -7) do+ jo 20dm Y K,m)Y, -
=
8
-2y Kim, e [sin aVclr-n) do
/=5 (C.20)
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m,

2(1-v) = .
ksx(\/;t,\/;n)= x;vjo R E‘Kp/_l

8
2y i Qe }os avelr- n) dou—

pp

2(1 Ay - h’(zxp

Q-

l

z)i——f—o,e-zmﬂ')sm ae(-1) do

s Kp; — C.21)
1-
b o) 29 o
= “P/“l
22 7y N/ez'"/’}oscz‘[_(t n) do—
=5 KP;—
2 -v) (- o m
xg JO am(j=l m} -1 i
22 Ne*m/! in o clz—n) dor—
/—stj"l
K(l V) 2,7
o ( +72)e cosa\[-('c n) do €22

ksa(\/;‘»\/—) 2(1- v)] i "7/ _

1 KP;—

8
23 g et osm/;('c—ﬂ) dlo -
=5 KP;— 1

2(1- VJ‘ h{z

j=1 ¥P

3

(l;v) jo”(a2+ )(1 += ‘2'2 }osa\/;('t—n) do (C.23)

non

Cez”’/ }moc\/—(‘t: n) do.+

168



o) 2 ond$

RS i

B (v-n) do—
22————0,@2 }osm/;

=5 KPP~ 1

20— ")f in(i-—L-mj D, -
=t

i——i—-D 2m }sm aclt-n) do
1

j=s ¥P;

kss(\{;t,\/_cn) AL~ ")j 2—-—-)/—

—t Y 2m,7 Los o c(t—1) dov—
2y
Fs XP;—

. Ly -
2(17?’) I"ah{ixp -1

Zt—f-—Ye'Z"" }m aye(t-n) do—

jos ¥P; 1
a-v) )I sinon/;('c—n) do.~
?h‘ 0

o+ 1,
(1-v) r[x(l—v)a2+1] e
A
1 e’ }m a\/ clt—n) do

/)
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APPENDIX D
EVALUATION OF SINE AND COSINE INTEGRALS

The exponential decaying property of the bounded kemels given in
Appendix C is no longer valid as y — ¢, since the power of exponent terms being

almost zero. Thus, some terms obtained in Appendix B, which have been
disregarded in the formulation of the problem, i.e. during singularity extraction, will
now be considered.

Analyzing B.32, it can be seen that the first terms have already been
considered to be able to extract singularities and to satisfy convergence. Their effects
were extracted from the unbounded kernels. The lower order terms, i.e. the
remaining ones, constitute the subject of this chapter.

Consider. for example, the typical kernel k,, which appear in the integral
equation (3.1.105). Referring to equation (C.19) in Appendix C, let

Fula) = 3, 0km,D/0)
=1

= (?ﬁ.) iampj(a)
= p; (D.1)

The asymptotic values of fourth integral equation were obtained as k,, ,
in Appendix B. By using (3.1.88) and (B.32), the asymptotic value of F,, can be
evaluated as

SkAt
£l LT
ase 20 128 o

(D.2)

Finally, by using equation (B.19), the kernel k,, can be expressed as
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telen) = 20md 3,23 Ky 7

cos a\/_c-('c -1) do+ j: (20:1 ik}m D, -
e Fl

8 1
=23 Km D™’ ] —1}sin on/;(’c —-1n) do. -
/=5 |
5kA; J»»esin avc(t-n) o
64 4 o? (D.3)

The value of the last integral is evaluated by using integration by parts as
follows

rsin a\/:'(’t -n o

; ! sin a\[;(t - n)l . \/; (t-m) rcos on/;('c -n) do. D.4)
o o ! ¢
A

The integral in (D.4) is given as cosine integral in [25] as follows

rcos (x‘/;(‘c ~7) dor = —C/{ A\/:‘(’L' _ ﬂ)] (D.5)

4 o

Substituting (D.S) into (D.4), following result can be obtained

A a2

[-sin ave(t-n) ;. _sin A‘E“‘"’ —Vete-nclave-n] @)

Similar analysis are done for the other kernels and they are reduced into the

following form

/ru(\/;t\/;n) = j:[ZQZR zs“ KQ, - 228“ KQe* m/']_

_1]sin a\/;(t -1) do+ 2]: o’ In{zsl KQ, -
1
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8
2y KQe ™’ )cos a\/;('c -7) do—-
=

KA r sin a\/;('t—n) o
32 4 o o)

/ﬁz(‘/;t,\/;n) = J:Za’R{iKM_ziK/Vje—zm,/)
s=1 =5
sinave(t-n) da+2j:a21,r{i1(/v/_
=

8
—2) KNe™ m”JCOS ave(t-n) do+
=

8 (A 2

(1+v) [lz_ TJ’” sin on/;(r -n oo
’ * ©.9)

kia(\/;‘,\/;n) = j:2a2R 28'[(/0! _2iK/CIe—2 m,/)
Fl 5
sinac(t—m) doc+2 j:azh{i KC, -
=

8
—22 K /C/e‘2 ml ]cos (l‘\/;(‘t -1) do
55

D.9)
J— ‘J— 4 2 ; . -2 m !
/fu( cT, cn):J'o 20°R Z{K/Dj_zgjgpje y
sina\/;(t—n) da+2j':a21r{zs"/(,pj_
=
8
'22 KDe” ”’"]cos 0!\/;(’5 -1) do
& (D.10)

8
k}s(\/—c:t,\/:‘n) = I:2a2R ik;yj'_zzj(jyje-zm,/
1 /=5

8
sin a\/;('c ~-n) do+ 2]: o? IN{EKIZ -
J=1
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8
2) K ye? ™’ )cos a\/;(‘c -1) do D.11)

=5

Jeeen)=-2 e[z———-——-"’*"“ )

A xp-l
p,+{1-v)a?

_22

=3 Kpj -1
jlrr{ijHl v)a Q
=1

Kp, -

2 Qe m ]sin a\/—c_(t -1n) do

_ZZM Q,e'z ”’J’jlcos a'\/;(‘t - n) do

j=5 Kp,— 1
_(1+v) A, i J--esin on/:'(‘t -n) do.
8 A 4 a’ D.12)

(Ve en) =2 [ {z———————”'*“ N,

J=1 Kpj -1
p+(1-v)o’

_22

55 Kp} >

I Z

_28 p/+(l—v)

rs Xp—l

Ne* m/'}sin oac(z-n) do

p,+(1 v)a N,

Ne?™! ]cos on/;(*c -n) do

+-—j [21(1 —VPor=(1-v?)

+4x(1-v)’ore™’ ]sin m/;(‘c n) do
=sin oz\/;(*c -n) ot

+—)
KA 74 o? D.13)
2 p+(1-v)a?
/r( \ )=——— Re Y —+——C,
[(VerVen =) :;1 e

8 p.+(1-v)a?
—22 ﬁ’——(———)——- C}e‘2 =7 lsin on/;('t -7) do
=3 Kpj -1
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p+(1- v)a

=l 322220

PR/
+(1-v)a?
_22 p+(1-v)
s xkp-l

~8(1-v) j 2/ gin e et =) dlx (D.14)

,ez'"/']cosa‘\/— (t-m) do

boffexem) =5 AR{i——————p’*“'v’“z D,

A kp—1
p+(1-v)a?

22—————1);‘2 m! ]sin on/;('c -1) do

s Kp— -1
p+(1-v)o?

__2_12

)&4 0 1 Kpj—l

_ 2
_228:&4-(1_\')0&_1)/82,,,} ]cosa\[_ (t—-m) do

Db,

(D.15)

t(Verlen)=-2 OR{}:————”’ ey,

=l Kpj_l
22p’+(1 v)a Ye?™/ isin on/— (t-7) do
=5 Kp/
p+(1- v)a

—k ; -

1-
_22p,+( v)oz Ye?™ lcos a\/;('c—n) do,

j=5 Kpj

-8(1-v) _[0 [1 +x(l- v)a2]e'2’” cos a‘/;(*c -1) do D.16)

ko(VerVen) = [ Re 3, Re[ 2170, -

=1 Kp;—

xp,m
22 i) Qe sma\/- (z—n) dk
i‘SKpj"l
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{320

22 KP/M, Q -2 m,l}(os (X'J;(T _ n) do

s %P1

D.17)

kn(\/:'t,‘/;ﬁ)——j R{ xP;mz

=1 Kp; =

xpm
22 2 ’Ne‘z"’f sma\/—t n) do
s Kp;—

o h{z KB o

j=1 ¥Xp;—

xp,m
22 by —L LNt cosa\/;(t—n) do+
~s¥p;=1

26(1-v) ae™sinac(c—) do .18)

kss(\/—c:t,\/:'n)——f Re[ KP/’”/C

F1Xp,—1

8
_225’2_/10/52 ™! lsin OL‘\/:‘(T ~n) do.
#s%kp;—1

Xp,m,
- —LC, -
J 2 = kp—1 g

22 p/m/cé””f cos alc(t—n) dot
s ¥p;~1

_j0“(1+ —+ -:z—-e'z'”}in (X\/;(‘C" n) do

r x

_[3(1—\:) 1 rsin oac(r- n

N
64 wf1-v)INt o (D.19)
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b (erlon) [ R0 32,

1 ¥p-1

8 xpm
-2y i) D"/ sin (11/;(1'—1’1) dot
s=s KD, -1

A 8 xp,m
_J'OI Z -/ /Dj

1 %P1
_ziije_z =i lcos oc‘/;('c -1) do
/=5 Kp/ -1
3N AP (=cOS a\/;('c -n)
- 42 L - dot (D.20)
8
kss(\/:‘t,\/;n) = _JOA R{Z% )j
1R
—Zim Ye?™ |sin m/:'('c -n) do
s=5 KP; = 1
A 8 xpm
b J’o I Z_f__f. Y,
1 ¥p;—1
—zim Ye?m/! ]cos a\/;(t -n) da
s ¥p;=1
- J A[l +x(1- v)oz’][l +2 el }os on/;(t -1) do
° 55
_[ 1 5“(1 _ ")"42 } rcos oelz-n) .
A 3
Ki-v) 64 ¢ D.21)
8 8
Ky ('\/—(:“C, ‘/;n) = "J: 20R 2/\;/77101 - sz;m fQje~2 m],J
1 =5
cos a\/;('c -n) do+ ZJ:aln{inm Q,
s
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ko («/;n/:-n) = 2aR{§K,m Y "'J’J
cos a\/:'(t -n) do+2 I: alw(i KmN, —
1

—Ziif;m ,N,e’2 ! )sin a\/Z(t -1n) do.
53 (D.23)

8 8
/(43(\/—6:’5,\/—6'“) = —JOAZ(IR Zl‘;mjcj" zz&mpje—z m,t]
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cos a\/;('c—n) da+2joAaI i/(;m/cj
sl

—zzs‘l KmCe™™' }sin on/;('c -1n) da
<5
_ifa)
4\ A
ki (\/—c:c\[;n) =- I:ZaR{Zs:l(jm D,~23 Km D’ '"/’Jx |
= 55
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D.24)
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64 A o (D.25)

8
/gs(‘/;‘c, \/;n) =’ 20{R€{i EmY,-2Y KmYe® ”’"]x
= =

cos a\/;('c -n) do+ j: 2alw{i KmY, -
=l
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2i 7 Ce>™' }ina\/—(t n) do+

s KD~ 1
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64 Kz(l—v) 7\,42 0 o

(D.29)

54(‘/;“/;“) 2(1- V)j oR 2“ ”’f —
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APPENDIX E
EDGE CRACK STRESS INTENSITY FACTOR CURVE FITTING

The line spring model is based on two assumptions. The first, previously
stated, involves replacing the net ligament (in which the state of stress is two
dimensional), by resultant forces which are functions of y only. The second
assumption is that the stress intensity factors along the crack front may be obtained
from these resultant forces as though the stress state were one of plane strain.

In order to make use of this analogy, the plane strain stress intensity
factor solution for an edge-cracked strip must be available for the five possible
loading conditions in a shell on a given surface. These solutions are presented along
with a curve fit in the form,

at) =( \E)s,z ﬁczé” . G=12)
1-g) o0

ple)= ‘E,,z YCE . G349

(-

where [ is the crack depth, and the variable & is the ratio of the depth ! to the strip
thickness 4, i.e. & =Ifh. The constants C, are given in Table E.1 and Table E.2.

181




Table E.1. The Compliance Coefficients for p,(£) and p,(£)
for tension and bending respectively.

Mode I

k G Cu

0 1.12152 1.12152
1 -1.67890 -3.04507
2 8.43058 10.49184
3 -29.46644 -36.66780
4 84.43442 110.09900
5 -182.95329 -255.68184
6 27445012 42197167
7 -252.12029 -440.50866
8 92.30672 199.37326
9 62.66657 123.93056
10 -88.30652 -23797164
11 37.54045 136.17068
12 -5.30201 -28.91005

Table E.2. The Compliance Coefficients for p,(&), i=3,4,5, for parabolic in-plane
shear, constant out-of-plane shear and twisting, respectively.

Modes II and III

k Cy Cur Csy

0 0.0 1.0 1.0
1 2.73069 -0.4999949 -1.773760
2 -3.44019 0.2860705 0.937496
3 0.33305 -0.2661996 -0.602894
4 2.80514 0.2193511 1.176914
5 -2.94406 -0.1731221 -2.183231
6 0.74775 0.1047768 2.906943
7 0.63860 -0.0418068 -2.121964
8 -0.32028 0.0075456 0.659759
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