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ABITRACT

In this thesis a new method, based upon integral equation
gsolution is developed for the prediction of far-field radiation
patterns of optically large antennas from near-field measurements.

A general formula of transmission between two antennas is
derived using the concept of angular spectrum of plane waves and
Brown'’s generalized reciprocity theorem.

It is shown that, in the application of the well known
Fourier transform method of radiation-pattern determination, the
error produced by neglecting the directivity of the measuring
probe can be corrected by a simple and rigorous method described
in this thesis.

The technigue of antenna synthesis is presented and an
integral equation is odtained whose solution yields the far~
field radiation-pattern. It is shown that, if the near-field
measurenents are performed employing the antenna synthesis
technigue, then the spatial filtering action of the synthesized
pattern reduces the computational work needed in patiera
prediction considerably. The phase factor in the integrand
also contributes to the filtering action of the synthesized patiern.

The solution to the integral equation is obtained by
expanding the unknown angular spectrum function into an orthogonal
series making use of the sampling theorem. Thus, the problem of
solving the integral equation is converted into the problem of
simultaneous solution of a set of linear algebraic equations.

- iii -~



For the detailed numerical study of errors in the
solution of integral equation, a digital computer (IBM 360)
is utilized.

The theory presented in this thesis is tested experi-
mentally by predicting various H-plane far-field radiation-
ratterns. The experimental results reveal a very good
agreement between the direct-measured and predicted far-field
patterns.
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Ie 0 ¢ ON

In thia thesis the determination of far-field rsdiation-
patterns of antennas with large aperture size to wavelength ratio
(optically large) are considered.

In order to measure the far-field pattern of an antenna, the
neasurements have to. be performed at so called hayleigh dis-
tance, This distance is given by 2&2/}\ ([ecor 1], Ch.2), where a
and )\, stand respectively, for the maximum linear dimeansion of
the antenna and the free space wavelength.

As it is well known, Rayleigh distance for some optically
large antennas can be g0 large that it may be very difficuit if
not impossible to find a proper test site. In such cases, one of
the ways of meaeuriné fai-field patterns is to employ radio-
astronomicael eantenna pattern measurement methods which are based
on the utilization of extraterrestial bodies as radio emission
sources [KUZ | .

Several investigators have worked om the problem of
determining antenna far-field radiation patterns from measurements
made in the near and Fresnel zones of the antenna.

The methods in the literature which enable the determination
of far-field radiation-patterns from measurements made at smpaller
distances than the Rayleigh distance, fall into one of the two
main categories below;



(1) direct methods that provide direct measurement of
the far-field patterns at distances smaller than the Kayleigh
distance,

(11) indirect methods that base upon the proceasing of
the data obtained from near or Fresnel zone measurements to
determine far-field patterns.

YWethods such as focusing, utilization of metal lenses
for plane wave generation fall into the first category whereas
the methods of Pourier transformation, mode expansion, etc.
fall into the second category.

Woonton et.al. [ WO 17 have experimentally shown that, by
utilizing a metal microwave lens, the nearly spherical wavefront
generated by a waveguide opening can be converted into an
approximate plane wavefront and then the E-plane far-field
pattern of a horn placed in the plane wave region can be measured
by rotating it around its aperture center. In this mewhod, to
obtain accurate results, the metal lens need be considerably
larger than the aperture dimensions of the antenna being measured.
For this purpose the method is suitable to make indoor patiern
measurements of some primary feed antennas for which laboratory
pattern measurements are inconvenient to perform. Afterwards
various errors arising in the utilizatién'of the method were
studied [ WO 2 ],

Bickmore [ BIC 1| developed a focusing criterionm for antennee
whose aperture planes can be wmolded about a spherical surface.
Iater he showed that the far-field patterns of the cless of
antennas mentioned above can be measured in the Fresnel region
by means of focusing. Thus the usual minimum distance requirement
could be reduced from 2a2/§ to about 0.132/3 where a stands for
the maximum linear dimemsion of the aperture of ths entenna whcze
far-field pattern is intended to be measured [31¢ 2] ,



Another method of focusing is based upon displacing the
primary feed radiator of the reflector type anteanas from the
focus along reflector axis [BRA] , [TSE] . Braude and Yesepkina
derived relations which permit the determination of the minimum
admissable distance at which it is possible to measure far-field
pattern with a prescribed error. Their focusing method was
developed for parabolic reflectors [BRA| . They also pointed out
that due to the impossibility of obtaining accurate focusing, phase
errors are generated which can be of decisive importance.

Iseytlin [TSE] considered the effect of amplitude changes
in the reflector aperture field due to primary radiator off-setting
to accomplish focusing, and the effects of the directivities of the
primary radiator and the measuring probe.

A classical method of obtaining far-field patterms of
aperture antennas from near-field measurements is taking the
Fourier transform of the aperture electric field distribution

[RAM] . 1In this method various errors can be introduced if the
directivity of the measuring probe is not considered and if the
interaction between the probe and the antenna is large. It may be
very difficult to make measurements at the apertures of some types
of antennas owing to the presence of the feed-gystems, ete. Sous-
times® a precise aperture definition may not exist.

A method of accounting for the directivity of the measuring
probe is given in this thesis (See [BIR 1] ).

The method introduced by Hamid is based upon taking the
Fourier transform of the autocorrelation function of the aperture
eleectriec field distribution whieh yields the far-field power
patiern [HAN] » A8 the iransverse near-field is pointed out to
fall off repidly, the measurements were performed on a finite
region of a plane parallel to the aperture of the measured antenn=.



His method is restricted, since in his investigation the aperture
field distribution is considered as real and seperable. The
dirsctivity of the measuring probe was not taken into account.

In Kern's method, which accounts for the directivity of

the measuring probe, far-field pattern is obtained by taking the
Fourier transform of near-field data measured on a plane paraliel
to the aperture of the antenna whose pattern is to be estimated

[KER l] « For practical reasons, measurements are performed over
a finite region of the transverse plane and therefore the resuits
obtained are approximate. The order of the approximation depends
upon how rapidly the transverse field decays exterior to the region
within which the méasurements are carried out. 1In an other
publication which utilizes fhis theory, results of experimental
work giving the far-field pattern of an optically lsrge horn
lens and a standard gain horn were reported,[KER 3] o

Bates and Elliott derived the Fresmel region pattern ss a
function of the far-fisld polar-diagrem [BAT| . Then making
certain gimplifying assumptions connected with the form of the
polar-diagram, they have shown how (o estimate tkhe true sidelobe
levels of long broadside arrays from Fresrnel region measurements.
Application of their theory reauires apriori knowledge of the
width of the main-beam, between its zeros, which can be approxi-
mately determined from measurements in the Fresnel region. ike
method resulted after the assumptions made about the form of the
far-field pattern is an approximate one and is applicabdle only to
arrays whose patteras satisfy certain requirements.

Martsafey showed that a quasi-plane wave can be syntnesized
at the aperture of a measured antenna, by means of a single probs-
radiator which travels over a plane surface to synthesize a large
planar array [MAKT| . In other words, a probe-radimtor can be



moved to various positions to describe a planar space lattice
and then the responses of the measured antenna, corresponding

to various radiator positions, can be summed up to obtain the
response of the antenna to an incident quasi-plane wave. The
idea utilized in his work is similaxr to the idea of producing
a quasi-plane wave by the utilization of a metal lems [ WO 1] ,
but differs in the way of achieving it. It is pointed

cut that, in order to determine the radiation pattern in any
Plane, a knowledge of a single set of responses of measured
antenna corresponding to all radiator positions in the space
lattice is adequate, and that the data corresponding to rotations
of the measured antenna can be generated from that set by giving
proper phase shifts to the individual respomses. But of course,
this argument is valid only approximately, since the amplitude of
the field of the synthesized array varies with the rotation of
the synthesized wave's wave-front [MART | . In this method, the
directivity of the probe-radiator is not considered. It should
be noted that a true-plane wave would be generated only if the
synthesized erray was of infinite extent.

Brown's method in which the radiated field is expanded in
a series of radially expanding wmodes, consists of determining
a number of unknown complex coefficients of the expansion which
are also shown t0 correspond to the unknown coefficients in the
series expansion for the far-field radiation pattern [BR 1] .
These coefficients can be calculated from a Fourier analysis of
the near-field data. In order to account for the directivity
of the measuring probe the s0 called "response constant" need be
evaluated. Brown's analysis was for a two dimensional system.

Martin applied Brown's two dimensional theory to determine
the far-field pattern of a line source antenna having seperable
aperture distribution [MAR] . The measurements were performed



ot the far-field of one aperture dimension and in the near-fielid
of the other. Comparison of predicted and direct measured faxr-
field patterns were given. Agreement over the main beam was
good but became less over the sidelobe regiomns. A4s it can be
clearly seen from the investigation of the two and three
dimensional transmission equations of Jull (Eq. 10 [JUL 1} )
and Brown (Eq. 28, BR 2| ) respectively, the two dimensional
theory will not give the same receiving probe response as the
three dimensional one. Thus, utilization of cylinderical mode
expangion in three dimensional systems, for radiation pattera
estimation, is actually an approximation.

dJull [JUL 2] developed a series expansion for the near-field
rattern of an antenna measured with a directive probe from a
eylinderical-mode expansion of the radiated field. First three
terms of the expansion containing the far-field pattern and
its derivatives were inverted ito yield the far-field patteram in
terms of the near-field pattern and its derivatives. fThe
accuracy of the method was theoretically checked for an assumed
cosine aperture distribution of the measured antenna. It is
pointed out that small errors in near-field measurements may lead
to very large errors in the derivatives causing the predicted
pattern to be inaccurate,

Some of the described metuods were observed tc have the
disadvantége of being applicable to only restricted classes of
antennas. The results obtained by the utilization of some of
the more general indirect methods are also bound %0 be approximate
as the predicted patterns are obtained from a process of a limited
near-field data, The limitidness of the integration limits in the
methods basing upon transform technigues and the truncation of the

series in mode expansions are the causes of some severe errors.



The results obtained by using any of these methods share
the property of yielding far better results around main-beams
centered at zero degrees, than the results in sidelobe regions.

In this thesis using the concept of angular spectrum of
plane waves ( [BO], [c1] ,[coL 1] ,[S?]) a transmission formula
is derived. This formula gives the expression of the signal in
the waveguide of & probe antenna illuminated by a radiating one
making use of Brown's general reciprocity theorem [BR 3] o The
derived formula is the more general form of Browns transmission
equation (Eg. 24 [BR 2] ), and is valid for arbitrary positionings
-and any kind of aperture electric field polarizations of the
transmitting and receiving antennas. The gemeral transmisesion
equation is then used to develop a correction method for the
errors which arise in the Fourier transform technigue [RAH] of
far-field prediction due to receiving probe directivity.

It is proved that the response of a large array can te
synthesized by making & number of amplitude and phase measuremenis
over a plane surface. Then an integral eguation involving the
unknown angular spectrum functions (which correspond to far-field
pattern under certain conditioms [BOO] , [CL] ), phase factor,
.pattern of synthesized antenna and measurement values is obtained.
The solution of that integral equation is obteined by expanding
the unknown spectrum functionse in series of orthogonal functions
by making use of the sampling theorem.

It is known that the angular spectrum function determining
the far-field pattern and the aperture electric field distribution
are Fourier transform pairs [CL], [Boo] , [coL 1] .

On the other hand, for optically large aperture antennas,
the transverse field on the aperture plane decays very rapidly
away from the radiator [COL 1] . Thus, with very litile error the



apverture electric field distribution can be considered to be
limited in space. Therefore the Fourier transform pair of this
"space limited" function can be expanded in a sampling series.
Once the complex coefficients of this expansion are evaluated,

the far-field pattern can be easily obtained. By the orthogonal
function expansion of the unknown, the solntion of the integral
eguation is converted into the solution of a set of simultaneous
algebraic linear equations whose solution is enforced at a
discrete number of measurement values. A number of integrals
whose integrands are composed of known functions need be evaluated.
Por this purpose a digital computer is utilized. Through the use
of & set of linear equations which are written in matrix form, the
coefficients are obtained by matrix inversion. The minimum number
of terms in the sampling expansion is determined by the largest

optical size of the measured antenna.

The pattern of the synthesized antenna introduced into the
integrand of the integral equation by the measurement method
provides an angular filtering action [BIR 2] , [BIR 4] enabling the
reduction of the original integration limits. Thus the necessary

computational work can be considerably reduced.

The individual orthogonal functions of the sampling expansion
are of decaying nature. Hence the neglection of the tails of the
truncated terms will give rise to very small errors for small angles.
Aperture synthesis technique, due to its filtering action further

assists to this truncation error minimization for small angles.

The integral matrix is defined to be the matrix which is
composed of integrals with known integrands. The diagonal eatries
of the integral matrix can be made considerably larger than the
off-diagonal entries 6f the same row by a pfe-selection of the
angular positions of the measured antenna. In applications

to fanned-beam antennas it is shown that



some off-diagonal entries can be taken equal to zerc without

much affecting the mean-percent error in the predicted patterns

[ Ch. IV, Table 4.1 ]. In the prediction of radiation patterns

of optically very large antennas, the inversion of very large
matrices will be required. The computation of the inverse integral
matrix is simplified considerably if a number of oft-diagonal
entries could be considered as zero [TOK:].

The accuracy of the integral equation solution for fanned-beam type
antennas is checked by computer simulation. 7The results for the
assumed cosine aperture distribution are much more accurate
compared to the results obtained by Jull [JUL 2 ].

The method is proven experimentally by predicting the
patterns of various fan-shaped patterns. Aperture blockings were
used to produce different H-plane patterns. Comparison of
predicted and direct measured patterns are givemn. The resulis
obtained &are very satisfactory.

It is important to note that the same integral matrix, which
is computed for anantenna of specifie optical-size, can be utilized
in the prediction of the far-field patterns of smaller optical-size
anteanss as well. This ié due to the fact that the integral matrix
is not dependent upon the measurement values. However the integral
matrix is determined by the charadteristics of the synthesized and
receiving antennas and tﬁa geometry associated with the problem.
Hence, provided that measurements are performed utilizing a
specific measuring probe, and that the seperation between the
measured and the synthesized antennas is kept fixed, the same
integral matrix can be utilized for antennas whose ontical sizes
lie in a certain range.



0f course, although the integral matrix computed for &
very large optical-size antenna may be employedé for an antenna
with a much smaller optical-size, it is not necessary; since
utilization of an integral matrix of smaller size will suffice
the purpose.

Neither the methods presented in the literature, nor the
bpresent theory given in this thesis account for the efrfect of
maltiple reflections which may be present between the measured
and measuring antennas. However, in the present method, the
measurements can be performed at distances at which this inter-
action problem can be made negligible and the far-field pattern,
with the same accuracy can be obtained.



IT. TRANSMISSION BETWEEN TWO ANTENNAS

2.1. Plane Wave Spectrum Representation of Electromagnetic Fields
and the Relstion between lar ectrum and Far-Field

hadiation Pattern

It is known that the solution to the wave equation in a
source free region can be represented as an angular spectrum of
plane waves which primarily is an integral type of representation
of the solution to Maxwell's equations [B0] , [sr],[cor], [Boo],

[KER 2],[:CL], In this kind of representation, the source that
gives rise %0 the electromagnetic field is taken to be an electric
planar current sheet and electric or magnetic field distribution

over a suitably chosen plane.

To represent the field at any point in space, the plane
waves travelling in all directions are superposed after each one
is multiplied by an appropriate complex weightening factor which
is a function of the propagation direction. In three dimensional
coordinate systems, direction cosines are used to specify the
directions of propagation and in two dimensional coordinate systems
it is usually more convenient to use angles directly. Therefore,
in order to express the electromagnetic field, the general
vectorial expression of the plane wave, after being multiplied
by a weightening function called the "angular spectrum function",
is integrated over all angles or direction cosines. Fnr the
complete representation of the field, it is however necessary to
integrate the general vectorial expression over the complex angles.
By this integration one obtains the "evanescent waves". No energy
is propagated by the evanescent waves. These waves just represent

an exponential decay of the field as one moves away from the source

- 11 -



[BOO], [CI{L [BO]. On the other hand, if there exists a harmonic
time dependence, then the integration is only over the direction
cosines. However for representing fields having arbitrary time
dependences , it is also necessary to integrate over all
frequencies[STJ.

From the above introductory remarks, it can be easily seen
that, to specify the field, first the angular spectrum function
is to be determined. This is achieved by expressing the surface
source distribution as a Fourier integral. Then the "angular
spectrum function" happens to be the Pourier transform of the
planar source distribution. The source distribution can be
resolved into tangential components over the source plane and
furthermore an angular spectrum function can be associated with
each component. If the source is an electric surface current
sheet, then two independent tangential component of the electric
or magnetic current densities are sufficient to determine the
angular spectrum functions. If, on the other hand, the source is
of the form of an aperture distribution, then the angular
spectrum functions may be associated with the tangential compo-
nents of either E or the E field over the aperture plane. How-
ever, in some diffraction problems a linear combination of the
electric and magnetic surface current densities should be

utilized to determine the angular spectrum functions[CL].

If the source distribution is a localized one, then at
sufficiently large distances from the source, a radiation field
(or far-field) may be defined. At the radiation zone, the dis-

tance and angular dependences become seperable; i.e.,

J — —
rag K £ F(6,9). F(0,¢) is the vectorial far field
radiation pattern of the source. Using the "stationary phase"

method of integration, the above form of the radiation field can
easily be obtained from the angular spectrum representation of
the electromagnetic field provided that the conditions

- 12 -



(1) xr» 1 and (ii) r>> D are satisfied. In condition (ii), D
stands for the maximum linear dimension of the source. Hence,

for planar source distributions that are confined to a finite

area in space, the angular spectrum function is also equal to

the far-field radiation-pattern. On the other hand, for infinitely
extending aperture distributions, the concept of radiation field
fails as the far-field conditions cannot be satisfied. But even
then, the angular spectrum concept is applicable, and an angular

spectrum function can exist which will have a singularity.

One must note that i(O,Q)) is a vectorial spectrum. It
consists of a combination of the spectrum functions associated
with the transverse components of the aperture field distribution.
Therefore, in practical applications, as the source distributions
are considered to be localized in space, in the solution of antenna
problems,a knowledge of two independent spectrum functions is

sufficient to specify the far-field radiation patterns.

2.2, Derivation of the Transmission Formula between Two Antennas
of bitrar erture Electric Field Distributions

2.2.1., Representation of the Electromagnetic Field in Terms of
Spectrum Fanctions

Usually microwave antennas are aperture type antennas. Hence
it is more convenient to determine angular spectrum functions using
two of the tangential components of the aperture electric or magnetic
field. Referring to Fig.2.l,if Ex(x, y) and E&(x, y) are the x and y
components of the aperture electric field, respectively; being con-

sistent with Clemmow's normalization[CL], one has

jk(s,x+8,y)
F (sl, 32) = . f Ex(x’ y) e 1 2 dxdy (2.1)

X }2

OO0 OO0
0P —oP

- 13 -



Pig. 2.1 BRadiating Aperture

- 14 -



Jk(s x+8, y)
¥ (sl, s, ) = \J:[\E (x, y) e dxdy (2.2)
?s

where Fx(sl, s,) and Fy(sl’ sz) denote the angular spectrum
functions associated with the x and y components of aperture
electric field distribution and S S, stand for the direction
cosines. As the time dependence is harmonic, phasor notation will
be used to represent the fields. In region =z ) O, Fx(sl’ 32) and
Fy(sl, 32) are the spectrum functions that are responsible for the
X and y components of the electromagnetic field. The third field

component follows through the use of Maxwell's equations.

A spectrum function Fz(sl, 32), associated with the z-compo-
nent (normal component) of the aperture electric field may also be
defined. Again, from Maxwell's equations Fz(sl’ 52) can be deter-
mined from a knowledge of F& and Ey.

If any component of the aperture electric field is identically

equal to zero, then the same component is zero everywhere in region

z >0, [Br2].

A8 Egs. 2.1 and 2.2 imply, the angular spectrum functions
P (s S, 8, ) and F (sl, 8, ) are defined to be equal to the Fourier
t qzorms of the X and y components of the aperture electric
field distribution respectively.

For the complete representation 6f the electromagnetic field
in region z) 0, six components associated with the E and E fields
should be specified. Two of the spectrum components were associated
by the X and y components of the aperturelﬁ-field. Then the spectrum
functions for the other four components will follow from Maxwell's
equations. The three components of the electric field in region

z > O can then be expressed as follows:

- 15 -



Y -jk [slx+52y+cz]
Ex(x,y,z) = ffﬁ‘x(sl,sz) e . ds,ds, (2.3)
-o? -o° “
A ~-jk [s1x+szy+cz]
Ey(x,y,z) = ffl“y(sl,sz) e ds,ds, (2.4)
—oP -0
=R -jk[slx+szy+cz]
Ez(x,y,z) = Fz(sl,sz) e ds.ds, (2.5)
- -
in which ¢ = \/l-si-sg and these expressions are consistent with
Clemmow's normalization factor [CL] . The components F and F_ are

y
determined from Egs.2.1l, 2.2 and F will follow from the relation

V.E = 0. The components of H are obtained from VxE -,]W,(,H.
This derivation is given in Appendix I. Thus, with §
exp [—,jk(slx+52y+cz)] = exp [-,{E.;] , the E and H field in region

z » 0 are expressed as:

-Jkor
E(x,y,2) = ﬂ[ci‘ e +cF e (s F_+8, F )e ]e is_lf.i.s_z (2.6)

c

H(x,y,2) = Y, ‘j—\f {[—slszl"‘x-(l-si)}"y] ;x+ [ (- -8, 2y +5132Fy ey

- -0

1 2
+ [082Fx+cley] ezi e ~—= (2.7)

2.2,2., The Formula for Determining the Received Signal

In Fig.2.2, the antenna T is assumed to be the transmitting
antenna whose E and H fields, respectively, at any point P in
space, are given by Eqs. 2.6 and 2.7.

The transmission equation between the transmitting antenna T
and the receiving antenna R can be derived by making use of Brown's

generalized reciprocity theorem [BR 3].
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Fig:2él Coordinate systems associatéd with the transmitting and receiving antennas



The complex amplitude of the received signal D, at a reference cross
section in the waveguidé of the receiving antenna R, when illuminated

by a plane wave; is given by}

- %}
D=dade— F (70).F Mal, o) (2.8)

A is a normalization constant defined in reference [BR 3].

E; is the electric field of the incident pl§ne wave expressed w.r.t
the (x'y'z')-system 3

-fR(si,sé) is the vectorial angular spectrum Xunction of antenna R
expressed w.r.t (x'y'z') system y |
It should be noted that in the expression of D the dot product of the
incident field and the vectorial spectrum appears. This implies that
the receiving antenna R does not accept the waves that are incident in

directions in which fR does not have a component.

In order to derive the general transmission formula, first any
rlane wave defined in xyz-system must be expressed in the x'y'z'-system.
Then in order to account for the contribution of all plane waves that
are considered to form the general electromagnetic field, integration
must be carried out over all these plane waves, each of which is

weighted by a proper angular spectrum function.

2.2.3. Expression of the Electric Field Radiated by Antenna T w.r.t
x’x'z'—sxstem o

From Eq. 2.6, the electric field at a point P(x,y,2) in region
z ),0, which is due to a plane wave travelling in a direction specified
by the propagation vector E, caused by a general aperture distribution
of antenna T, can be expressed as:
o _ _ _ -jk.r
E, (r) =:[F¥(51’32)93+F}(51’s2)ey - % (lex+52§y)gz] e (2.9)

where ; = ;;x+g§y+;¥z is the position vector in xyz-system.
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Referring to Fig.2.2unit vectors in (x,y,z) and (7.§,Q)

systems are related as;

] - -

ex 9,7 |

e, | = [R] EE (2.10)
L. ezJ R ag‘J

where [R_ is the rotation matrix given by;

~ -t

Sin o(J. 0 -Cos o(j

(] = -Sing Cosel; Cosp, -Sing Sina (2.11)

CosPiCoso( 3 Sin Pi COSPiSinOKJ-

-

and simple relations exist between the unit vectors in (/,%,§) and
(x',y',2') systems;

e

= e

7 x' ? eé"-" ‘ey‘ ’ eg = ez'

- = - -

e e,
X X
e, | = [ ]|, (2.12)
L ez L-ez,
Since the direction cosines Sl’ 8, and ¢ are the components,
respectively, of the unit propagation vector -X. on X, y and 2

axes, the matrix [R] also governs their |k| transformation;i.es,



‘s | -s° ]
1 1
s, | = [R]]|-s) (2.13)
c ~c!

b - . -

The relation between x,y,z and x',y',z' consists of a rotation plus

translation which can be expressed as;

I X T -x'+4?m ]
y = [R] -y'-f-é,n (2.14)
z o -T+gd

Then -ﬁo(;) in Eq.2.9 can be expressed in x'y'z'-coordinate

system to read;

-jk [slx+szy+cz]

- = - - - )
Eo(r ) = [bx‘ex'+by'ey'+bz'ez'] e (2.15)

where

s
_ y 1 _ -
bx,—Fx(sl,sz)(Snz dj = CospiCos akj) Fy(sl’SZ)( Sinp ,Cos "(*,j

+s200sp iCos A 3 )

(2.168)
o} Z2 ) (2.16b)
- 4 'l -— 2c
by, Fx(sl,se)(Cosg(j-i» = Slnpi)w'y(sl,sz)( . SlnP i Cosﬁi 16b
P y 21 So
b o= s s . + . . . ’ . .
20Ty (8108,) = CosP131no<j+Fy(sl,sz)(SmPiSznoCJ-r = CosFiSchJ)

(2.16¢)
in which x,y,2 and x',y',2' are interrelated by Eg. 2.14 and
Eg. 2.13 relates 819 Sy C to s_.'L, sé, c'.



ular Spectrum of the Receiving Antenns

2,2.4. 2The Vectorial Ang

The receiving antenna R in Fig. 1.2 is located at the origin

of the x'y'z'-system with its aperture lying in x'y'-plane.

According to the reciprocity theorem, the transmitting and
receiving characteristics of an antenna and identical. Therefore
to deterwmine thé angular spectrum of antenna R it may be considered
23 & transmitting antenna. Then at a point P(x',y*,z°') in region
z' > 0, the electric field will be given by a similar expression to
that in Eq. 2.6. Denoting this field by E%(x“,y’,z"), one has the
expression:

o .

P R - Yy R

[ L} ] - [ [} ] A8 [} ] - ] [} [
ER(X 1J 0B ) = f[c an(slasz)exo"’c F;l.(slssz)eya (Sler(Slpsz)

- p2 —a
- Y Y S Ry
jk[slx +8)y'+e Z:]dsidsé
o

+séF§. (Si, Sé))] e

(2.17)

At large distaﬁces, i.€., at the radiation zone, the electric field

may be represented in its asymptotic form as:

_jkre

- (2.18)

L] . 1] ]
Eﬂ(r ) = F (51’52)
far field

where §R(si,sé) is the far-field radiation pattern of antenna R
expressed as g function of direction cosines, which also corresponds

to the vectorial angular spectrum function of R.

'Therefoye, in order to determine the vectorial angular

aspectrum g'ﬁ(sigsé)a the asymptotic form of Eﬁ in Eg. 2.17 must be

evaluated and this result must be compared with that in Eq. 2.18,



The method of stationary phase can be utlllzed to obtain the radiation
" field which is given by the first term of the evaluation as discussed
in Appendix II. The result is:

i l s "
J ekar

2
krt

=t ’B —_— ! [}
ER(r ) .='2Tc'e

R -
| (sl,s )e +FR (sl,s )ey,
far field

R am—

] [ ] ’

- __ [- F (sl,s )+52Fy.(sl,s2)] Cgt (2.19)
Hence in the right hand side of the above equation the vectorial

—ikr'
angular spectrum of antenna R is the part except the term e d o The

kr'

transmitting antenna will, in general, have exactly the same form

radiation field expressed w.r.t the (xyz) -system.

2.2.5. Received Signal in the nggggide of the Receiving Antenna

By using Egs. 2. 8 and 2.19, the received signal, D, at a
reference cross-section in the waveguide of antenna T, when illuminated

by a plane wave given by Egs. 2.15 and 2,16, can be expressed as,

~-jk| s, x+8,y+C&
D= Klic'b .FR +c b FR -b, [s'F +s'FR ]g [ 2 ] (2.20a)
x''x'
xu..y =7'=0
Y A)
where K = =3 (2.200)
k

Therefore using Eqs. 2.13 and 2.14, after some laborious manipulations,

one obtains

exp {’—jk [ slx+32y+cz] %‘ = exp a—jk(siqm—sé gn—c' 9 d)} (2.21)
x'=y'=2 =0

The signal received by the antenna R when antenna T is radiating, is
obtained by integratlng D in Eg. 2.20 over all possible directions of
propagation. In other words, in the angular spectrum representation,

the contribution of all plane waves that build up the resultant field
have to be considered.
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Thus using Egs. 2.16a,b,¢ and kg. 2.21 in kEq. 2.20, the

resultant received signal, D(A& j? ﬂi, ¢m, Qn) can be expressed as

—jk[s' -s,g -c'¢ ]
FR 0 SRS Sl S St o S Sttt ol 1Tn 252" S
x y'y 4

fo=

x' 1 ya2ay''x3
-0 Soo
ds.ds
-—l-—-g-(z 22)
where
T T
P = (llgs )  angular spectrum function of x-component of
aperture electric field of T
F§ = Fg(sl.sz) angular spectrum function of y-component of
aperture electric field of T
F§.= Fﬁ;(si,sé) angular spectrum function of x“component of
aperture electric field of R
F§.= F?.(si,sé) angular spectrum function of y-component of
aperture electric field of R
|2 L
=f.(s,,s.,8',s!) ~c'zsi A °a os cosa( slslc cosg. si
£1=f108085081,85) = B 4 L cosp, . Sp, sind,
(2.23a)
£, w_& g,
2 2 sl,sz,sl,sz = -¢ sinF&cosﬁj - 3 cospicosdj
c's!
_2 8% - 2,2
. cosp, sindb s}c'sing, 51n¢ (2.23pb)
'2 c.
f,=f.(s,,8,,8!,8!) = c'zcos + ¢ : sinp 8251 cosp.sinak. (2.23¢)
1371318)18;08,,8; 08 1T T e p1S10%,
c‘2s
. 2 ’
= ' vy = et —a'o'si .
£, f4(sl,§2,sl,s2) : -c'“cosp, + sinp, -s)c'sing, sind,
'
_g_g__ cosp, sind, (2.234)
[ 1 dJ

and the relations between sl, 8,y © and sl, 82, c' are given by
E(l° 2 130



Denoting the combination of the terms in brackets by

P(sl, 859 Si, sé) » Eq. 2.22 takes on a simpler form given below
o2 oo

- J —c ! - ! )
mn _ : S ik [si?m sZ?n ¢ ?&] ds,ds,
Da r Kl P(Sl, 82’ sl, s.) e

i) 2 c?
oo (2.24)

Eq. 2.22 gives both the amplitude and phase of the signal

received by antenna R whose position is shown in Fig. 2.2

The formula in Eg. 2,22 is valid for any distance between
the transmitting and the receiving antennas. Also the aperture

distributions over the two antennas may have any polarization.

As the angular spectrum functions for the transmi#ﬁiqg
_antenng is only defined for the waﬁe propagating into the half-
épaée'z > 0, the multiple reflections between the two antennas are
not taken into account. The neglection is valid provided that the
seperation between the antennas is considerably larger than the
maximam antenné dimensions and the wavelength, hence the effect of
the multiple reflections may be ignored. Usually in the Fresnel
region of the antenna, the effect of multiple reflections are
negligible[KER 2].

The exponential term in Eq. 2.22 corresponds to the phase
factor. It is a function of c¢. Hence for values of 84 and 8,
that make ¢ purely imaginary, an exponential decay factor is obtained
which yields the contribution of the evanescent waves to the received
signal. But it has been shown that the amplitude of the evanescent
‘waves at a few wavelengths away from the transmitting aperture
becomes negligible compared to the uniform plane waves[BIR 3]0
Therefore in practical applications, the integration range in
Eq. 2.22 may be restricted without much affecting the value of the
integral. ”



3

2.3. Comparison of the hadiation Field with the Received Signal
in the Far-~Zone

In making direct far-field radiation pattern measurements the
output of the measuring probe can be obtained by using Eq. 2.22. It
should be noted that the asymptotic forms of Egs. 2.6 and 2.7 which
correspond to the far field expressions for the ﬁ and ﬁ-fields

respectively, do not represent the output of the measuring device.

The amplitude of the received signal, at the far field of the
radiating structure is proportional to [Eéﬂ-E%P] 1/2 in which EQ. and E(p
can be found from the asymptotic form of the E-field. Hence to take
the dot product of the unit vector denoting the polarization of the
receiving probe with the far zone E-field is not sufficient to

describe the response of the measuring device to the radiated field.

In order to be more precise Eq. 2.22 need to be utilized
directly because the asymptotic forms of thé E and H fields hold
exactly only at infinite distance. The transmission formulg.2f22
which is valid at any distance, takes into account the directivify
of the measuring probe as well, which can affec¢t the received signal.
qonsiderably specially in the sidelobe regions. Brown was the first
one who demonstrated this point for the case in which the radiating antenna
and the receiving probe are assumed to have unifbrm and Gaussian
illuminations respectively[BR 2].

2

2.4. Error Correction in the Fourier Transform Method of Radigtion
Pattern Determination

One of the classical and well known techniques of determining
far-field radiation patterns of aperture type antennas is the Fourier
transform technique[RAM].



It is known that the Fourier transform of the aperture
electric field distribution yields the far-field radiation
pattern. But the probe utilized to measure the electric field
mainly introduces two types of errors. (i) It distorts the
original electric field configuration (ii) it does not measure the

true electric field as it possesses a directivity pattern.

In this section a method for rigorously correcting the
errors mentioned in (ii) is presented. The correction method for
the two dimensional systems has been also proposed [BIR 1] . To
suit the most general case, the general transmission formula

derived in Section 2.2 will be used.

The measuring probe antenna travels over the aperture of
the transmitting antenna T. At all positioms. +tnhe apertures of
two antennas are parallel. For the present configuration
O(j = 900, gd’ Pi are always équal to zero. Hence the measured
signal D, is a function of x =4 and y =§n, Since

8, = s!, s, = - sé, c = -c'

Eg. 2.22 takes the following form

o0 o .
jk[xs,-ys,]ds. ds
_ R 5l pRple . pR pToocR ol 17Y8plds,ds,
D(x,y) = Ki \Jiyw[ x'?xfl+x'F}f2+Ey'Fxf3'y'Fyf4] e —

c

et (2.25)

where
2

2
1 =f (sl,sz)esl—c
£,=1,(s,,8,)=8;8,
f3=f3(sl,s )=sls2

4 4(5 aS )=(1- S )
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The aperture measurements can be performed by using a linearly
polarized probe. Two independent sets of measurements may be per-
formed by the same probe, rotating it by 90o in xy-plane w.r.t. its
orientation in the first set of measurements. In that way, two
spectrum functions associated with the'antenna T may be determined.
In the first set, aperture electric field of receiving probe will
be polarized in y-direction and in the second set in x-direction.
tlence for the first set of measurements FR. will be equal to zero
and in the second set FR will be identically equal to zero.
Denoting the functions g1v1ng the received signal, corresponding to
independent positions of the measuring probe by I&(x,y) and D&(x,y),
and in Eq. 2.25 replacing s, by -s,, one obtains:

D (x,y) = K fFR (8,090 (2-c)F0(s,,8,)+(1-82) (s, ,8,)]
Jk|xs +ys ds.d
Jeberved aeds, Lo
and c
ol o
D (x,5) = -K:'Lffsls2F§'(sl’sz)[F:(sl’s2)+F§(sl’52)]

P ,jk[xs +ysz]
ds_ds
e 1 172 (2,26D)
c

R
in which FR (81’92) = Fy.(sz,sl).

-jk[§3x+sby]
Now both sides of Eqs. 2.26a,b may be multiplied by e
and integrated over < x 2 , -2 y £ 0@ ,
Then, after substituting 8, for sa_and sl for sb one can show

that:



of ~o

% F?e(sl,sz)[ﬁs )FT(sl,s )+(l-si)?§(sl,sz)] =K I&(x wy )
=0 =
~Jk|s,x+s ]
and e L i dxdy (2.27a)
8,8, gt (Sl’s )[F (sl,s )+F (sl,s )] = K j]‘D x
-jk| s x+s ]
e Loy xrapy dxdy (2.27b)

in which Ki is a new constant. The right hand sides of the

kgs. 2.27a,b correspond to the double Fourier transforms of the
functions I&(XaY) and Dx(x,y).

Defining Gr to be the double Fourier transform operator,

from Egqs. 2.27a,b the expressions for F, (s 'S, ) and F (sl,s ) can be
obtained as follows:

c[l-sg] —xviD (xly)g GE;V{P (x,y)g

)
2 22 o
281-c ~1 [1 -8 ]FR (sl,s sls2F (31’52)

o
Fx(sl,

(2.28a)

'Fg;‘(Sl,sg) ) c[s —?] Gl’ iD (x,y) . G:x %Dx(x,y)z

5 P AT SRS NS (2.28b)
8279 [32.” Z]Fy'(sl’SQ) 819,F (8105)

where X is a constant. The above two equations give the corrected

angular spectrums of the antenna T from which the vectorial

radiation pattern can be easily obtained as discussed in Section 2.2.4.

Therefore in order to correct for the errors due to measuring
probe directivity it suffices to divide the uncorrected pastierns by
the directivity patterns of the probes. Also the factors such as
Ls;-c ] etc, need to be taken into account as given in the above

equations.
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Usually the probes utilized have patterns which deviate from
isotropic characteristics for large angles. Hence as the above
eguations imply, the use of directive probes in the Fourier trans-
form method of pattern determination may give rise to considerable
errors specially in the sidelobe region of the radiation pattern of

the measured antenna.

If the measurements were made on a transverse plane, at a
certain distance, say z = 1, away from the aperture of T, then the
correction procedure would still be the same, and the Egs. 2.28a,b

giving the corrected spectrums would not be much different.

~Jometimes, it is more convenient to carry out the measuirements
on that plane parallel to the aperture provided that the transverse
field decays rapidly exterior to some finite region close to the
measured anienna [KER l:}. In this case, the factor exp [fjkcl] in
the integrand of Eg. 2.22 need to be considered also. Then to
account for the seperation between the aperture and measurement
planes the right hand side of Egs. 2.26a,b should be multiplied by
the inverse of exp [7jkcl].



IITI. DETERMINATION OF FAR-FIELD RADIATION-PATTERNS FROM NEAR FIELD
MEASUREMENTS

3.1. Integral Equation Formulation and Antenna Synthesis

Ianectign 2.2 of Chapter II it is shown that the vectorial
three dimeasional far-field radiation pattern can be expressed in
terms of two independent angular spectrum functions which were
associated with the tangential components of the aperture electric
field. Hence the determination of these two spectrum functions
completely specifies the far zone fields. Furthermore through the
use of Egs. 2,6 and 2.7 the complete electromagnetic field at any
point in region z > O can be determined.

In this chapter, it is shown that the two independent

angular spectrum functions Fﬁ(s ) and Eg(sl,sz) can be obtained

)8
from the general transmission firmila 2.22. Eq. 2.22 is a Fredholm

type integral equation of the first kind which can be solved for

~F§ and Fg by expanding these functions into orthogonal series. Then

the integral equation can be enforced at a discrete number of

measurement values, D's. As the spectrum functions of the receiving
antenna are present in the formulation, the directive properties of

the megsuring probe are taken into account also. Measurements can beper-
formed at any distance to the measured antenna. The only restriction

is that the ratio of the maximum linear dimension of the measuring

probe to the seperation distance should not be too large to distort

the original field configuration.

As it is well known, the condition to measure directly, the
far-field radiation pattern of a microwave antenna, is to illuminate

its aperture by a plane wavefront. This can be accomplished either
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by going to the far-zone of the antenna and utilizing a nearly
isotropic probe, so that the wavefront is approximately plane, or
by using an infinitely large probe so that it can produce a plane
wave-front at any distance to the measured antenna. ' In the latter
case, the probe, due to the antenna reciprocity theorem, can

either be a transmitting antenna or a receiving one.

The infinitely large receiving antenna will hgve infinitely
large gain and hence infinitely‘narrow beam~width. In other words,
she pdttern of that antenna will be in the form of a delta function.
Thus in the transmission Eq. 2,22 the receiving antenna may be
considered to be functioning as aninfiniteli'narroﬁ-band space
filter for the angular spectrum of the measured-antenna T shown
.in Fig. 2.2. Therefore, if an infinitely large receiving antenna

iz employed, there will be no need to solve the integral equation.

‘However, the use of such a big antenna is neither practical
nor thé interaction between the‘two antennas will be small. But
the effeect of a large antenna may be simulated‘By'vébtbfialiy‘ﬁ
summing up the.signéls measurea over a large portion of a plane
surface as illustrated in Pig. 3.1. Then a peaked function
correspénding to the pattern of the "synthesized antenng“ can be
introdueced into the integrand of the transmission formula. Thé
special case of infinitely large synthesized antenna, then
corresponds io Martsafey's proposal for directly measuring far-
field patterns [MARﬂ .

In practice, the synthesized antenna will be limited in size.
Therefore, for the accurate determination of the spectrum functions,
solution of the integral equation is necessary. However the synthe-
sized pattern can serve the ﬁufpose of reducing the integration

limits, hence reducing the computational work.



Fig.2.1 Antenna  Syntheals



One other advantage of the integral equation solution is the
possibility of determination of the angular spectrum functions by
means of which the far-zone vectorial fields can be expressed
explicifly.

Now it will be shown that for a specific position of antenna
T, by making phase and amplitude measuremeﬁts over a plane surface
8 = ﬂ (See Fig. 3.1) at suitable spacings to form a planar space
array and summing these up vectorially, it is possible to produce
the effect of a receiving antenna having a selective pattern. TFor

this purpose the form of the transmission. formula given by Eq. 2.24
will be utilized.

Consider that for a specific position of antenna T in Fig.3.1,
specified by the angles (tk pi), the probe R travels over the plane
P such that it describes a (2M+1)(2N+l) measurement lattice.

; R _ y R y .
Then with ”?m = md, én = nd' and gd f , the signal
measured by R is given by:

02 o9 3 ] ] ] .e]
mn ;A -Jk[slmd—sznd ~c ds,ds,
Dij = K, | 9(31’32’51{32) e ———= (3.1)

— o0 -0

Then by summing up the signals measured at all points in the lattice,
the response of the synthesized antenna will be:

N M

mn
Dy Z Z Diy = Z ffp(sl’SZ’sl’sz)

n=-N m=-M m_ e

-jk[ﬁimd-sénd'-c'e] dsld32

e —= (3.2)

c|



The order of the summation and the integration operations
can be interchanged to yield

4

©2 oo M N N B
jkec' fakslmd ANy Jksznd
o= ' ’
Dij =¥ p(s)48,,8),8))e Z € L ©
-0 -2 ==~M n=-N
ds.ds
2
. (3.3)
kxpressing the summation terms in closed form, one obtainst
co oo
’ = v G YRS e at *jkec' dsle
Dij K, \J“ p(sl,sz,sl,sz)F (31,32) e —= (3.4)
where Fs(si,sé) denotes the angular spectrum function of the
synthesized antenna which is given by:
: 7 €
‘ Sin|{kR s! Sin{kR’ s
P(sl,8)) = [ %}3 [rrg 2] (3.5)
= sin [ 2512 kedd !
. [ ) ] sin | 2 ]
where D7
Rg = ..23 = (2M+1)d/2 (3.6a)
p§
Rg = ..513 = (2N§+1)d'/2 (3.6b)

Therefore, the effect of the antenna synthesis is to insert the
function Fs(si,sé) into the integrand of Eq. 3.1l. Iarger M and N,
i.e., larger the synthesized antenna, larger is the filtering effect.
3.2,

Integral hguation Solution to Determine Far-Field Radigtion-Pattern

The integral equation involving the unknown spectrums and the

pattern of the synthesized antenns is given by:
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2
_ 8 T Tr R R
Dij =% \[\F (si,sé){.FX [Fi'f1+F§'f3] ¥ F} [Fi'f2+Fy'f4]}

ejkec ) dsldsz

- (3.7)
- ;

The solution to the above integral equation can be obtained
by expanding the unknown functions in orthogonal series and thus
converting the solution of the integral equation to a solution of

a set of linear algebraic equations.

In Section 1 of Chapter II it was emphasized that far-field
radiation patterns could be defined only for localized source
distributions. Therefore the aperture field distributions of
antennas for which a far-zone exits, are confined to a finite area
in space. It is also shown that the antenna patterns and aperturé
éiectric field distributions are Fourier transform pairs. Thus, the
angular spectrum function whose Fourier transform is the aperture
electric field distribution which is limited in space, can be

expanded into a sampling series by using Shannon's sampling theorem
[pap] .

The sampling expansions for the angular spectrum functions

T T
Fx(sl,sz) and Fy(sl,sz) as given in Appendix 3 arej

] .
T X
FK(SJ.'SZ) B i E ®nm hm(sl)gn(SZ) (3.8a)

=~M n=-N

N
;Ef ol hm(sl)gn(BZ) (3.8b)
n=—

N=

T
F&(Sl,sz) = nm

= =N N

1=

where

X , I ; h
cnm 8 and cnm 8 are complex coefficients to be determined and m(sl)

and hr§sz) correspond to the"composing function" which are given by:

- 35 -



. T
Sin ka(sliFPl)

h (s,) = (3.9a)
m 1 T
ka (sl-mPl)
Sin kkr(sz—nPé) f
&,(8y) = - (3.9b)

T .
kﬁy(sz-nP2)

in which Ri and 35 correspond to the sides of a rectangle which is
assumed to completely cover the aperture of antenna T. (Fig. 3.2a)

Pi and P2 refer to the "periods" in the sampling expansions and are

given by:
(3.10a)

o
]
e

kR

S

P = (3.101)

2

(=]

kR

L

If the rectangle determined by Ri and R§ just covers the
aperture of T, then the number of terms in the sampling expansion

will be minimum corresponding to the Nyquist rate of sampling.

By selecting larger rectangles, highep sgmpling rates may be
utilized and hence more terms can be obtained in the expansion.

On the other hand, if a circle with radius Rc is drawn to
cover the aperture of T as in Fig. 3.2b, the form of the sampling
expansions for F (Sl" ) and Fg(Si,sz) will then be given by
(Appendix III)

RS A VL] <S,_12P’2+<SQP’2]? (3.11a)

Fi(slgsz) = bn
, n ‘ 2 24
f==n J e )?[ (a,-um)%4(a,nB)? ]
5N ] g
#2(s a) = :zi AN o {\/(kR ) [ (s -mP) +(- -nP) ] (3.11)
y 172 Zﬁ. mn
n=-N m=-M \/(kR ) I:(s -mP) +(s -nP) ]
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Fig. 3.2b kegions Governing the Expansion in Eq. 3.11
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where

P = Lo (3.12)
ch

and Jlgn.g is the first order Bessel function of the first kind.

Due to the measurement limitations, all the sampling expansions
are truncated. The minimum number of terms in the sampling expansions
is determined by the maximum optical size, kDmax’ of antenna T. This

minimum number is equal to MM where MM is the integer just greater

than the ratio (2 Dmax + 1) where D ax is the wmaximum linear dimension

of T and A is the wavelength. (MM is defined over one of the summations.)

Two independent sets of measurements can be performed for two
independent orientations of probe R. If in the second set of
measurements, R is rotated by 90° around z'-axis, w.r.t its orientation

in the first set of measurements, then:

FR FR and F?"*‘Ez'

Hence substituting the expansions given by equations (3.8a,b) into
the integral Eq. 3.7 and interchanging the orders of integration and

summation operations, one obtains:

D" Z Z 1,]nm e Z ZII;jnm cim (3.13a)

n m
< 4 X < i y
ZZ £ Iijnm cnm + ;Z; Z IIijnm cnm (3.13b)

n m n m
where

D;j: refers to the received signal by the synthesized antenna when Rk
is oriented such that y'-axis of receiving system is parallel to the

§ -axis of fixed coordinate system.
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ij

¢ refers to the received signal by the synthesized antenna

when R is oriented such that the y'-axis of receiving system

is perpendicular to the § ~axis of the fixed coordinate systems.

and
o2 o< e ds.d
_ s jklet 98;98,
Winm = %1 F (si’sé)[Fi'fl‘“Fﬁ'fﬂ b, (s))g,(s;)e e’
-oD =00
(3.14a)
— jkﬂc' ds.ds
I1Y e JIF (3,0 2,472, ] (s g (s))e -
(3.14p)
) ‘
L ' 8 ] jkle® dsldsz
ijam - %1 ffF (si’sé)[Fﬁ'fl*Fi'fﬂ by (s))e,(s))e ot
-02 ~00
(3.14c)
oo o0
Log | e en[# e 0mR g, ] b (s)e (o edlet 221322
ijom ~ 71 1727y 2 " x' 44 "m 1 €p'\®2 c!
-0 =09
(3.144)

It should be noted that by using a linearly polarized probe it

is possible to perforﬁ two independent sets of measurements and

simplify the equations given by Eqs. 3.l4a,b,c,d further.
the first set of measurements FR £ 0, FR = 0 and in the

FR#OFR-O

Thus enforcing the integral equation at a discrete
measurement values, one obtains Egs. 3.13a,b which can be

the unknogn coefficients.

Then in

second set

number of

solved for



The integrals in Egs. 3.14a, b, c, d which consist of
known functions can be evaluated by using a digital computer. The

integration over s, and 8, exterior to the unit circle determined

by s§+s§+02 = 1 ma; be neglected since it corresponds to the contri-
bution of the evanescent waves to the received signal which is very
emall[BIR 3]. The filtering effect of the synthesized pattern
Fs(sl,sz) enables a further reduction of the integration limits.

The phase factor, exp [jkﬂc‘] has also additional filtering effect.

Since -N< n€ Nand -M< m € M, to determine the three
dimensional radiation pattern of antenna T, 2(2N+1)(2M+l) indepen-
dent measurement values are necessary. As pointed out earlier the
minimum of the limits M and N depend upon the size of the rectangle
in Fig. 3.2 which is just larger than the maximum optical dimensions

of the antenna.

Equations 3.13a,b can be put into a matrix form to read:
[o0] = [l ] + [mx9[ ¢'] (3.15a)
[p4] = [0 ] + [at]] &) (3.15D)

or combining these we have

(o] ey [ ) ] L]

S I b (3.16)
GIRISHEIE

Further with a simpler notation,

[p] =[2][¢] (3.17)

H

- - ——

where S

[D] is the 2(2N+1)(2M+1)x1 "measurement matrix"
[1] is the 2(2N+1)(2M+1)x2(2N+1)(2M+1) "integral matrix"
[ ¢] is the 2(2m+1)(2M+1)x1 "coefficient matrix"
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It can be shown that[Ijl exists and from Eq. 3.17 we obtain

[c] = (1] [2] (3.18)

Thus, once the coefficients [(f]are obtained from the above
equation, they can be used in Egs. 3.8a,b to determine the angular
spectrum functions. Then the three dimensional vectorial far-field
radiation psttern of antenna T can be expressed by using the

srectrum functions.

fhe angles (<xj, Pi) specifying the orientation of antenna T
can be selected such that the peaks of the composing functions coincide
with the peak of the synthesized pattern thus making the dicgonal
entries of the integral matrix larger than the other eantries of the

corresponding row.

It is also possible to obtain the angular spectrum functions
from integral equation solution without synthesizing an antenna.
Then in integrals 3.l4a,b,c,d the pattern of the synthesized antenna
should be taken to be equal to unity. But in that case no filtering
effect will be present and thus the computational work will increase.
Furthermore, the antenna synthesis technique, reduces the error in
values of the pattern near the x-axis, due to the truncation of the
sampling series. This error is maximum near the limits of integration
and decreases near zero angle values. The synthesized pattern, as it
reduces the integration limits, for near-axis cij and pi values,

causes the effect of this error 3o be less.

It should be noted that an integral matrix which is computed
for agn antenna of given optical size can be ubtilized for antennas

of smaller optical dimensions.



3.3. The Iimiti

o

Case of an Infinitely large

nthesized intenna

The 1ntegral given by kq. 3.7 can be expressed w.r.t the

varlables Sl’ s

00 O

) S, oy § T [oR R TR R
Dy =K 68[:[} (s ”2)'{F¥ [F&,fl+Fy,f3] + B [F},f2+Fy,f4]

[ =

20 in the follewlng form

,J(si,sé)' e

JkeC' dSidSé

(3.19)

where J(si,sé) is the Jacobian determinant of the transformation

between 818, and s!
?)sl
o s!
1
[} [ ] -
J(sl,sz) =
2)s1
ds,

From kq. 3.5, Fs(si,sé) can be written in the form:

Fs(si,sé)

ds,
2>Si

9s,
98,

Fl(sl)FQ(SZ) =

c.

1,sé whose expression is given by}

s!
4 1 -
= Co:spi o Cos::t:j SlnoLJ.)

- £ Sinp ;G082 °‘j

Sin [kRgs]'_] . kRgi
el [ 2]

Sln [ kR 2 ] kREsé
kRgs2 S:Ln[ ks ’ ‘_\

(3.20)

(3.21)

For the case of an infinitely large synthesized antenna, Eq. 3.19

takes on the form



N

3

Dy = K 11m v[:F (s1)F, (s} { FE,[Fﬁ,fl-rF;i,fd + F§[F§,f2+l?§,f4]§
oo-f v
. . , ds'ds/!
> |(ey1ay) fe sule -?%-—5-2- (3.22)
_ jkl( o P
D =Kje { F,( o\j, pi)[l":,fl+1“§,f3].+ Fy(ocj,pi)
si=sé=0
R
[ +F01,] ,g'J(0,0) | (3.23)
si—s2

where K3 is a new constant.

One can therefore observe the fact that when an infinitely
large ahtenna is synthesized, the response of the synthesized
antenna will be given by the expression in Eq. 3.23 which is not
directly equal to the far field radiation pattern. This contrasts
Martsafey's argument that by synthesyzing a very large antenna, it

is possible to measure far-field pattern directly.

Note again that making two independent sets of measurements
correspondlng to two independent orientations of the probve R,
B (d\ P ) and F (a& ﬁ ) can be obtained. Consequently the
vectorlal three dlmen91onal radigtion pattern can be expressed in

terms of themn.

In this limiting case, the synthesized pattern may be
considered to be functioning as an angular filter with infinitely

high resolution.



Iv. APPLICATION TO FANNED-BEAM ANTENNAS

In this chapter the determination of far-field radiation-
patterns of fanned beam microwave antennas with linearly polarized

aperture electric field distributions are considered.

Jome examples of antennas having fan shaped beams are:
sectoral horns, symmetrically cut paraboloids, parabolic cylinder

antennas, cheese and pillbox antennas [SIL] .

In order to determine the radiation-patterns from near-field
measurements, the theory developed in Chapter III is utilized.
Antenna synthesis is achieved by moving the receiving probe in the
rrineipal plane containing the narrow-beam of the three dimensional

radiation pattern.

4.1. ZIransmission Formula for Fanned-Beam Antennss Having Linearly
Polarized Aperture Electric Field Distributions

For the determination of H-plane far-field radiation-patterns
of fanned-beam antennas, consider antenna T, and the receiving probe
R, shown in Fig. 4.1. It is assumed that both of these antennas
have their aperture electric fields polarized in ‘?-direction. The
angular spectrum functions FT(s

s
y 1
respectively associated with the y~ and y'-components of the aperture

R . . -
2) and Fy,(sl,sz), which are
electric fields of antennas T and R are, equal to zero.

Hence Eq. 2.22 takes the form:

o0 oD p
R T "jk c' d51d92
= P "
bij= X% fffl(sl’s2’sl’s2)Fx'(SI’SZ)Fx(sl’s2)e o
-0 =00

(4.1)







As it is well known, the most common way of producing fanned
beams is to make the aperture dimensions in the two principal planes
highly different [SIL] . In the present case, antennas having much
larger aperture dimensions in the H-plane than the dimensions in the
E-plane are considered. Then the antennas T and R shown in Fig. 2.2
and Fig. 4.1 have much narrower beamwidths in H~-plane than their
beamwidths in E-plane. That is to say, Fﬁ(sl,sz) and Ez.(si,sé)
than they do with s;. Since the

2 1
antenna synthesis was performed in the H-plane with o( ?m = 90

varies much more rapidly with s
0
(Pig. 2.2 and Fig. 4.1), the synthesized antenna has a much narrower
beam in H-plane then its beam in E-plane. Under these conditions
the integrand in Eq. 4.1 excluding the exponential term, varies

much more slowly with s, compared to the rate of variation w.r.t S,e

1
Hence, provided that E, the seperation between the measured and
synthesized antennas is greater than some minimum value (which can be
taken as the Rayleigh distance for the smaller aperture dimension),

the integral with respect to s, can be evaluated by the method of

1
stationary phase to yield; (Appendix 4)

1 o :
-jkl[cosp, c~5ing_ s ]
f(l-sg Y (e Pl (s,) T (s)) PaS7F1%2

(1-séz)ds2 (4.2)

D(/B)

\/Cospl

where Fs(sé) is the H-plane pattgfﬂ of the synthesized antenna
which is given by:

Sin [kRssé] (4.3)

Fs(Sé) =
sin [ -1229"- s3]

with s, = Siny, Eq. 4.2 becomes:

D(Ia ) = ;{-;;—/;—-—fCos 2y Cos(Y+ Ig )F° [Sin('Y i )] F [sinvy]
~-J eos + B,
r, [sin(y+p )] e sl ) dy

(4.4)
where the integration contour F , is as illustrated in

Fig. 4.2a,

- 46 -



Ty

=t
L }

wiq

e
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Fig. 4.2b Integration Contour for kg. &.14
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The integration over the complex angles represents the
contribution of the evanescent waves to the received signal.
At a few wavelengths away from the source, this contribution is
negligible [BOO] . Therefore the integration will be restricted

to real angles only.

4.2. Determination of the Radiation Pattern by Integral Eguation
Solution

The angular spectrum function F;‘f [Sin'\y] can be determined
from the solution of the integral Eq. 4.4 in which D(P'i) represents

the response of the synthesized antenna.

To solve the integral equation, the unknown, Fi‘(sz), whose
inverse Fourier transform is "space limited" will be expanded into
a sampling series; (Appendix 3) with s, = Sin %y ,

N

F;’f [Siny] = Z c 8 [smy] (4.5)
n=-N .
where
&
g [ siny] - SinkR [%Yﬁ] (4.6)
n T
xR" [ Siny -nP]
with
| p=dL (4.7)
L. kRT

.The minimum number of terms in the expansion is determined by the
largest optical size.

In general ome must have BT )Rg, where the equality sign
of T holds for the sampling expansion containing the minimum

number of terms.



Using the expansion 4.5, Eq. 4.4 takes the form:

N
= .8
D(pi) E c I (4.8)
n=-N
In this summation the minimum number of terms,N,that must be

considered is given by (2N i +1) where N min is the least integer
greater -than the ratio __E. 3y stands for the largest linear
dimension of antenna T in y-direction measured from 0. (Fig.4.1)
The terms, Iin's in Eq. 4.8 are given by:

E+Ac
(o]

I

3
in = cas p f AoCosz-s'/ Cos('\,l + pi)FIs [Sin(’y +p i)]

~jilcos(¥ +p )
e, [ siny] Ff:. [ Sin(y+B iile p Py ay

(4.9)
In this last equation, the limits of integration are purposely

reduced due to the combined filtering effect of the synthesized
pattern and the exponential factor.

Now Eq. 4.8 can be expressed in matrix form as

[p] = [1][c] (4.10)

where

[b] is the "measurement" vector of order (2N+1):
' D(p_p)
[p1= [ 20RS) (4.12)
OBy

¢
_D( N)_




[Ij is the (2N+1)x(2N+1) "integral" matrix:

-

r
I-N’-N I"N,"N“'l. *T

[z1]=] To,-x To,0 (4.12)
* I,
¢ - - l,n
. ]
IN,"N v e . INN

And [C] is the "coefficient" vector of order 2N+1:
Cc
f
c = c (4.13)
C

To obtain the entries of [D] s for each specific angular
position, Pi’ of antenna T, the signals received by the probe R in

distinct positions are added vectorially.

The measurement angles, Pi" can be selected such that the
maximums of the composing functions &, [Sin‘?] coincide with the
peak of the synthesized pattern. Therefore, since the stationary
point occurs also at A = —in, the diagonal elements of the
matrix [I ] can be made considerably larger than the off-diggonal
elements if the filtering effect in sufficiently large. This
procedure enables the simplification of the matrix [I] s by
takingthe comparitevely negligible entries as zero. This point

is verified in Section 4.3 concerned with numerical investigations.
In Eq. 4. 9 u51ng the transformation © =Y+ Fi’ one obtains:

T (o-p )Cos © ¥* [sin 0] 7%, [ sin o]

in »/Gos Fl

g [ sin(e-p )] o-iidoos 0 o

- s - (4.14)



where Sin kRT[ Sin(0- Pi)-nl’]

" ['Sm‘(gﬁpi)] ) kR [ Sin(6- g,)-nF] e
. i
The measurement angles may be fixed according to the
relation:
Fi = Bin"T(iP) (4.16)

Thus, the use of the sampling expansion of the unknown pattern in
the integral equation solution has the following advantages:

(1) It enables the use of minimum number of terms to
represent the unknown. |

(11) By fixing the measurement angles according to the
relatibp given by Eq. 4.16, the integral matrix can be simplified
by setting‘some of the off-diagonal elements to zero. This can
faciliate the inversion of some large integral matrices.

(iii) As the composing functions in the expansion are of
decaying nature, fhe effect of the truncation error on the spectrum
of antenna T is decreased considerably around the near zero-degree
angles. This property is largely assisted by the restriction'of
integration range due to the combined filtering action of the phase
factor and the synthesized pattern.

The antenns synthesis technique, besides reducing the compu-
tational work, can thus provide means for accurate representation

of the angular spectrum of antenna T, near the zero-degree angles.

From Lg. 4.10, the coefficient wmatrix can be obtained as:

L[c] = [1]"l [ D] (4.17)



Then once the coefficients of the sampling expansion are
determined from Egq. 4.17, they can be used in Eg. 4.5 to

\ T
determine Fx. ~[ﬂSi.n »\y] .

The entries of the integral matrix can be determined from
Eq. 4.14 by using the digital computér. (Appendix V). It should
be noted that [I ] is not dependent upon the measurement values
and the integral matrix computed for an antenna of certain
optical-size can be used for antennas of smaller optical sizes
as well. This point is also demonstrated in Chapter V concerned
with the experimental results.

With g =T | Eq. 4.1 can be approximated by the first

2
term of the stationary phase evaluation [PmP:] to obtain the

response of a probe located at the far-field of antenna T.

The result is:

-ikr ,
D(B,) = KJ'!CosPiFi" [o,8,] r:, [0,0] [o,o]eki (4.18)

where Kf is a constant.

The power received by R is then:

2
2 |K" 5 2 2 2
lD( B, | = __é—'_ Cos™p IFE(O, Pi), Il«i‘. [0,0] l | FS(O,O)l
(4.19)
Therefore the far-field power pattern of antenna T can be

. . . T . 2 2
obtained by multiplying |Fx [Sln'\yjl by Cos Y .

4.3. DNumerical Investigations

This section deals with the computerized check-up of the
method of integral eguation solution to determine the far-field

radiation patterns. For this purpose, first the angular spectrum
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function, Fz[Sin'y] , of antenna T is taken to be a known function,
such as the one resulting from a uniform, cosine, cosine with
linear phase variation or cosine squared aperture electric field
distribution.

Then using the transmission formula given by Eq. 4.4, the
signals which would yield the response of the synthesized antenns
in the near-field of antenna T are computed by using the digital
computer. Afterwards these near field signals are fed into the
computer as input data specifying the “measurement" matrix. The
entries of the integral matrix are evaluated by using the Gaussian
quadrature method of numerical integration [FRO] . Integral matrix
is then inverted and the coefficients of the sampling expansion are
determined by using Eq. 4.16. Eq. 4.5 is then utilized to determine
the angular spectrum function Eﬁ [Sinﬁy] which can be compared with

the assumed spectrum function.

Extreme care should be taken in the numerical evaluation of
the entries of the integral matrix which may consist of integrals
with rapidly varying integrands[BIR 3] .

The effect of various size synthesized antennas in reducing
the computational work can be studied by means of this computer
simulation. However it should be noted that this simulation checks
the principle involved in far-field pattern determinations but not
the validity of the experimental modél associated with the mathema-
tical formulation.

In this thesis various errors that may be introduced in the
apprlication of the method to fanned beam antennas are studied by
using the IBM 360 digital computer.

This study may be classified in two categories:
(i) Investigation of errors in the solution of the integral

equation.
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(i1i) Computer simulation of the effect of the restricted
dynamic range of the measuring system on the accuracy of pattern

determination.

The érrors in the first category are mainly controlled
by the accuracy by which the entries of the integral matrix are
evaluated. 4Also the truncation of the sampling expansion of the
unknown pattern contributes to the errors in this category. How-
ever, the effect of the truncation error on the integral equation
solution is reduced due to thg'ébmbined filtering action of the
phase factor and the synthesized pattern. This is due to the
fact that, as the original integration limits are restricted, the
contrihution of the tails of the truncated composing functions
are smaller compared to the case in which the integration range is
given by - F Py LYL TPy

In the evaluation of the entries of the integral matrix,
the receiving antenna R is assumed to possess a cosine type
aperture amplitude distribution accompanied with a constant phase

distribution. Then the pattern of the receiving probe is given by:

R
. Cos(kR" Sin ©)
Fxxl@ [ sin 0] = (4.20)

R 2
1 - i;\i-smo)

in which RR denotes half of maximum linear dimensions of probe R,

measured from 0' (Fig. 4.1).

The pattern of the synthesized antenna is given by:

sin [ xR®Sin ©
F° [sin 6] = in| n 0]

(4.21)
Sin[-%d- sin 6] )

In cases of radiation pattern determination without employing
antenna synthesis technique, F° [sin @] is taken to be equal to
unity o
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The numerical check for the accuracy of the integral equation
solution was carried out for various patterns thatwere assumed to

be known.

The numerical investigation was carried out for the following

assumed aperture distributions of antenna T,

{1) Uniform aperture distribution with corresponding

angular spectrum function,

sin(kR® Siny)

F' [siny] = - (4.22)
kR~ Sin?Y
(ii) Cosine aperture distribution with corresponding
angular spectrum function
p Cos(kR" Sin¥y )
F* [siny] = ~ (4.23)

T
1-( i}f‘i- Simy)*

(1ii) Cosine squared aperture distribution with corresponding

angular spectrum function,

" sin[kr*(Sin y/)J
P* [ siny] = _ : (4.24)
T 2
siny [ 1-( &;.i_ siny)* |
(iv) Cosine aperture distribution with linear phase
variation whose corresponding angular spectrum is given by,
T
cos | k& (Sin¥ -Sin ©_ )]
FTrSin'\y] = [ —=sh _ (4.25)

T 2
1 —[if— (Sin+y ~-Sin Osh)]
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in which gsh denotes the angular shift of the pattern due to the

effect of the linear phase variation.

The rapidity of variation of the various terms in the
integrands of the entries of the integral matrix depends upon the

size of the associated parameters R?, Rs, RR and g.

The parameter RT, denoting the maximum linear dimension of
the aperture of antenna T, controls the rapidity of variation of

the composing functions in the sampling expansion.

The other three parameters RS, RR ande determine the
behaviour of the functions which exhibit the filtering action.
The restricted limits of integration, iAOO is determined by the
filtering property of these functions. Provided that 23R87 RT.
a good criteria in selecting A Go to maintain stable integral
matrix entries, is to choose the first null of the composing

function as AOO.

If the inequality R® D R® holds strongly, the above
criteria provides better stability. In the numerical integration
procedure, to obatin accurate results, sufficient number of
Gaussian abcissa points must be taken depending upon the behaviour
of the functions in the integration range. In the investigations
in this sectién, in which the maximum optical size of the measured
antenna ie takén to be 6 A , a Gaussian quadrature involving 160
abcissa points i§ utilized.

Table 4.1 gives the mean percentage error in the main-beam
and side-lobes for various assumed aperture illuminations as
functions of the parameters R, { ,AOO, and (2N+1). 1In table 4.1,
RT = 3)\. ~and the Hayleigh distance for this antenna is 72) . 1In
all cases the probe is assumed to have a cosine type of aperture
di.‘sﬁ;ribution given by Eq. 4.20, and its dimension is taken to be
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1.5 . fFhe case of cosine type of assumed aperture distribution

is investigated in detail.

The percentage error, éj.is defined as follows,

N,
Zl | ¥, (siny)-Fo(siny) | /,FE( siny) |
€ , = 100x Azl % (4.26)
N

where

-+
. . 1 S
N, vrepresents number of samples of percent error in the i sidelobe
(For Table 4.1 Ni=10)

, . .th .
€ 5 (i1 = 1, 2, 3) denotes the mean percent error in i = sidelobe
(e o denotes the mean percent error in the main-~beam)
| 3iny] is the assumed spectrum of T corresponding to the
. L . . T . .
narvicular aperture distribution and ¥ | Siny] is the spectrum

function of 2 obtained frow the integral eguation solution.

Hear the neighborhood of the znulls of the spectrum funciions,

[45]

.8 toe computer is handling considerably small numbers, the compu~
tation error becomes large. Hence, in computing percent errors,

the close neighborhoods of such points are not considered.

All the vatterns investigated in Table 4.1 are symmesrical
around the zero angle. Due 10 the choice of the measurement angles
according to the relation given by kg. 4.16, the off-diagonal
e_ements of the integral matrix are considerably smaller than the
diagonal ones. 4s it was emphasized before; some off-diagonal
elements may then be approximately taken equal to zero to simplify
the symmetrical integral matrix. In Table 4.1 the wean error
caused by this procedure is compared with the cases in which all
elements oif the integral matrix are non-zero. Tnis study is
given for the cosine type of arerture distribution. an denotes

the number of non-zero entries which are adjacent to the diagoanals.
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As observed from the case of cosine type aperture illumination,
the mean error increases if all elements of the integral matrix, other

than the diagonal terms are taken equal to zero.

On the other hand when the entries of the integral matrix
other than two neighboring are equated to zero, error is still not

much different than taking all elements as non-zero,

Since the integral matrix is independent of the particular
aperture distribution of antenna T, the above argument may be
generalized for other types of assumed aperture distributions.
Thus, for optically large antennas, the inversion of the integral

matrix may be faciliated by taking some of the entries as zero.

Numerical investigations have also shown that by the
utilization of more terms in the sampling expansion then the required
minimum number, the minima positionsof the pattern can be more
accurately predicted.

For the cosine aperture distribution Fourier series expan~
sions of FT(Sinvf) consisting of 13 and 25 terms are also tried but

no convergence was observed.

The results of error study for cosine type assumed aperture
distribution with linear phase variation is presented in Table 4.2.
In this case, since the pattern is a shifted one, mean errors for

sidelobes on both right and left hand sides of the main-beam are
given. In Table 4.2 it is assumed that RR = 1.5\ and R® = 4.5M .
The parameters are RT and Qsh which stand for the size of antenna
T and the angular shift of the main-beam, respectively. For

RT = 2,5) , investigation is made for two different values of ee

As observed from the table, the mean-errors for the positive

and negative values of Os are nearly identical as expected.

h
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4.3.2. trror Dependence on Dynamic_Hange of Measuring System

In physical applications of the method for determination
of radiation patterns of microwave antennas, the restricted
dynamic range of the measuring system is one of the most important

factors that determine the accuracy of the results obtained.

It is the purpose of this section to simulate this error

on a digital computer.

In the computer simulation, the dynamic range of the near-
field response of the synthesized antenna obtained by assuming the
bresence of a known aperture distribution is restricted by equating
the values below z limiting dynamic range to zero. This procedure
corresponds to the measurements performed by an'experimental set-up
having a limited sensitivity.

Table 4.3 gives the dependence of mean percent error in
different sidelobes for various values of the parameters DR and
,AGOe (Dk represents the dynamic range of the system.) The
investigation was made for an assumed cosine distribution with
corresponding spectrum function given by Eq. 4.25. Values of the
parameters RT, Rs, RR, ¢ ana (2N+1) are, respectively, equal to

30, 4.5, 1.5)0, 12) and 13.

The accuracy by which the unknown angular spectrum function
is determined is observed to be strongly depending upon the

dynamic range of the measuring system.

In the solution of the integral equation for radiation

patiern determination, the angular spectrum function FT[:Sin“w]
is approximated by a linear combination of (2N+1) terms of the

sampling expansion.
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HT/?\ pe, o 2wl l/(\ ep €% €% € 4 €4
3 0.167 -Tg-" 13 12 29.972 14.816 3.605 2.877 8.483
3 0.167 +T§‘ 13 12 8.38 2.863 3.847 15.06 25.41
2.5 0.1 +T.9‘.' 21 12 2.052 0.861 5.767 26.469128751
2.5 0.1 +T.$.' 21 16 2.022 0.798 5.251 26.561137.595
7 = 1.5)
R® = 4.5

Table 4.2 ZError Study for Cosine Aperture Distribution with
Linear Phase Variation

DR(db) Aco €o % éq % €_o % €3 %
20 Joﬁ.loo 15.023 386.938. 124,026  84.190
29 0.100 1.139 13.403 364.959 186.131
35 0.}100 | 0.650 4.098 20,896 926.811
41 0.100 0.600 2,755  9.509 29,798
50 0,100 0.572 3.021  7.295 17.814
20 0.167 6.077 54.765 79.552 121.103
29 0.167 1.331 16.131 79.804 221.033
35 6.167 0.458 4,898 21.901 249.211
41 0.167 0.451  3.074  9.376 28.682
50 0.167 0.412 3.043 7.501 17.396

Table 4.3 Dependence of Error on

Dynamic Range
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The number of terms to be used in the expansion depends
upon the rate of change of the function P [ Siny]. Higher
this rate of change, more is the required number of terms to
achieve a desired accuracy. On the other hand, the maximum rate
of variation depends upon the maximum optical size of the radia-
ting aperture. Therefore, the error introduced due to the
truncation of the series is proportional to the maxXimum optical
size of the aperture.

With 8, = Siny , the upper bound for the mean-square
error, leN(s) |2, in the truncated sampling expansion of the
angular spectrum function of antenna T is given by; (See p.183-184

[24r])

2 | T 2
en(sy) | MRS Z {stnla®_s,-a?)]{ (4.27)
L |n] >N {kRT (sz-nP) ; 2

where W is the energy of the function F' | Siny]and is given by;

oo D
o 2 R 2
W= fl F(s,) | ds, = E%F 1 E W | a(xy) (4.28)
2l LR

The function gx(y) corresponds to the aperture electric field
distribution of antenna T which is equal to the inverse Fourier

transform of the angular spectrum function.

Hence, when FT(s2) is approximated by (2N+1) terms of the
2 is bounded

by the expression given in Eq. 4.27. As it can be observed from

sampling expansion, the mean-square error for any s

Eq. 4.27, for optically large antennas, the mean-square truncation
error depends on the number of terms utilized and on the maximum

linear dimensions of the antenns.



V. EXPERIMENTAL INVESTIGATIONS

In this chapter a detailed experimental investigation for
the determination of radiation-patterns of fanned-beam antennas
ie presented. Both the transmitting antenna whose pattern is to
be determined and the measuring probe are chosen to be H~-plane
‘sectoral horm antennas which possess narrow beams in the H-plane
and relatively much wider beams in the E-plane. Deliberately
blocking the aperture of the measured antenna by means of inserting
a metel piece into its aperture, a wide variety of fanned-beam
patterns is generated from a single horn. Thus, it is possible
to experimentally verify the theory developed in the preceeding
chapters of this thesis for various types of radiation-patterns.

In the solution of the integral equation, for radiation-
‘pattern determination, the receiving probe is assumed t0 possess
a cosine aperture eleciric field distripution.

The dynamic range of the near-field measuring system is
about 25 db. But, as it was studied in Section 4.3 associated

“_‘with the numerical investigations, the restricted dynamic range

presents a big problem in the prediction of the low-level side-
lobes. Thus, aperture blocking, besides providing a large

variety of radiation-patterns, also serves to increase the
side-lobe levels to overcome the restricted dynamic range handicad
in the experimental verification of the theory. However, it
should be noted that radiation patterns having dominant sidelobes
generally is not desired. However, here such patterns are

purposefully utilized to overcome the dynamic range problem.



5.1. Description of the Measurement Set-Up's

The circuit diagram of near-field measurement set-up
utilized in the laboratory is given in Fig. 5.1.

A varian X-13 Klystron is used as the X-band source. A
reference signal is taken from the source using a 20 db cross
coupler. A calibrated attenuator and a calibrated phase shifter
is inserted in the path of fhe reference signal. This signal is
mixed with the received signal in a T-section and then the mixed
8ignal is detected. The isolators at both ends of the T~section
serve the purpose of preventing the penetration of tne signal
received by the probe into the reference arm and vice versa. The
output is observed on the meter of the VSWR-amplifier.

The relative amplitude and phase of the received signal is
measured by adjusting the calibrated attenuator and the phase
shifter to obtain a minimum. The relative amplitude and phase are
directly read from the dial of the attenuator and the phase shifter,

The signal measured for the positions of antennas T and R in
which their aperture unit normal vectors are colinear corresponds
to the reference value of received signal. 4ll other measured
signaib are defined w.r.t this reference signal. The coarse
variable attenuator in the reference arm serves the purpésé.of
adjgsting the amplitude of the reference received signal to a
desired level,

Initially, at the reference position both antennas are tuned
to obtain maximum received signal, i.e., minimum VSWR.

Antenna T is rotated about its aperture center. To avoid
pPhase errors due to cable bending, a coaxial rotary-joint is
employed in the feed-system of T. The angular position of T is
observed from a scale which is mounted on the rotating part of
the antenna rotator.
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?o enable antenna synthesis, the receiving probe is mounted
on the vertical supporting bar of a carriage which slides over two
parallel circular bars. Also, a mechanism for holding microwave
absorbing plates is provided on the vertical supporting bar. Thus,
by covering the supporting structure and the tuning components of
the prove, except its aperture,by absorbing material,the multiple
reflections between the transmitting and receiving structures are
minimized. The study of the axial field of antenna T shows that
the interaction between the transmitting and receiving antennas
is negligible in the Fresnel region of antenna T. The carriage

can provide the probe R, about 80 cm of linear movement.

The modulating 1 KHz square wave signal can cause the
klystron to give output at two different frequencies. This un-~
desiréd effect is checked for by observing part of the detected
klystron output on the screen of an oscilloscope. For this purpose
a 20 db directional coupler is inserted in the main signal path of
antenna T. Then the source is tuned so that only a single frequency

output exits.

. Ia performing the near-field measurements, environmental
objects that may give rise to reflections are covered with‘mioro—
wave absorbing plates. In the 25 db dynamic range,the phase measure-
ment efror is within I 5 degrees, and the amplitude measurement

error within - 0.5 db.

In making far-field radiation-pattern measurements a conven=
tional circuit shown in Fig. 5.2 is utilized. In each resding,
corresponding to a different angular position of antenna T, the
calibratedAattenuator is adjusted to yield a specific fixed output
on the VSWR indicator. Then the relative levels of the power
pattern are directly read from &he scale of the calibrated attenuator.
Again microwave absorbing plates are placed at critical positions to

avoid reilections.
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The seperation between the measured and measuring anitennas
are usually taken to be considerably larger than the kayleigh

distance for antenna T.

5.2. Determlnatlon of H—Plane Radiation-Patterns of Fanned-Beam
Ante nnas

In this section the determination of radiation-patterns
of H~plane sectoral horn antennas having fanned-beams are con-
sidered. The theory presented in Chapter IV is utilized to
determine the H-plane patterns. The horns used in the.experi—‘
ments are built such that the dimension in the H-plane is |
considerably gréater than the E-plane dimension which is equalr
to the smaller size of the waveguide, WGl6. Certain part of
the horn apertures are.blocked by metal pieces to produce;~ 

different radiation-patterns.

In order to show the reproducible property of the results,
the same far-field pattern is predlcted from dlfferent near-

field measurements performed at distinet distances°

“fo show the validity of the statemgﬁit that, "the iﬁteg{
ral matrix evaluated for an antenna of specific optical-size
can be used ‘for antennas of smaller optical sizes as well",
the integral matrix evaluated for the 18 cm horn was used to
predictithe far-field pattern of the 12 cm horn also.

Patterns predicted with an without employing antenna.
synthesis are plotted on the same graph to demonstrate the

importance of antenna synthesis. (Fig. 5.6)

Piots of the ‘same predicted pattern obtained using
different number of terms, NN, [NN—2N+1] in the sampling
expansion of the unknown are given. (Figs. 5.3, 5.4, 5. 5, 5 6,

5.7, 5.8)
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The necessity of integral equation solution iS‘demons—f
trated by plottlng the direct response of the synthesized L
antenna on the same graph showing the directly measured far~: 
field pattern and the one obtained from 1ntegralvequatipni |
solution. (Figs. 5.6 and 5.8)‘

. Different size measuring probes are utilized t0'pfediCt
the same pattern in order to show that in the tneory developed,

the directivity of the probe is taken into sccount.

Direct far-field measurements are performed using two
different probes to indicate that the probe directivity, in
far-field pattern measurements, can give rise to errors
specially in the sidelobe regions [BR 2 ] .

5.2.1. Determination of the Radiation-Pattern of 18 cm H-Plane
Sectoral Horn with Centvral Aperture Blocking

The far-field radiation pattern of a 18 cm (y;dimenSioh)
H-plane Sectoral Horm (HPSH) antenna whose aperture was blocked
by a 6.5 cm metallic ribbon was predicted from near-field
measurements performed at a distance, 8: 47.6 cm. The klystion
was tuned to a frequency f = 9.948 GHz. The half size, RR,.of"
the recelver HPSH probe was 4.5 cm. Plots of predlcted far—
field radlatlon patterns obtained using both NN.=- 13 and. -
NN .= 25 terms in the sampling expansion are given in Flg.5 3°:
For comparlson, plot of the H-plane far-field pattern dlrectly
measured at the far-field of the antenna is plotted in the
same figure. The direct measured far-field pattern 5y4no means
completely represents the true radiation pattern at infinity,
since the pattern measured at a finite distance depends upon the

size of measuring probe [BR 2] y and some undesired reflections
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from environmental objects can still exist in spite of the
microwave absorbing plates placed at some critical points.
However, still a good basis for checking the predicted

ratterns is provided by means of this comparison.

From Fig. 5.3 it can be observed that the patterns
calculated using 13 and 25 terms are not much different which
égrees with the discussion given in the numerical investigations.
( table 4.1).

The agreement between the directly-measured and predicted
far-field patterns is better in the main beam and in the first
sidelobes, but not so better in the second sidelobesg. The
positions of the minima and maxima of the pattern are observed
to be more accurately determined in the case where 25 terms in
the sampling expansions are used.
5.2.2. Qevermination of the Radistion-Pattern of 18 cm

H-Plane Sectoral Horn with Off-Central Aperture Blocking

Far-field pattern of the 18 cm HPSH whose aperture was
blocked by a metal piece of 6.5 cm long replaced in an off-
center position was determined from near-field measurements
performed at a distance,e , of 47.6 cm. The source was tuned
to a frequency of f = 9.7GHz. The main beam of the antenna

appears slightly shifted to the right; i.e., to positive angles.

Predicted patterns obtained by employing 13 and 25 terms
in the sampling expansion are plotted in Fig. 5.4. For compa-
rison the direct measured far-field pattern is also plotted on
the same graph. A very good agreement between the direct-
measured and predicted patterns is obtainéd for anglee in the
range of 130°.  For larger angles, the pattern obtained using
25 terms follows the direct-measured far-field pattern very
closely.
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m

Yolarances in near-field amplitude and phase ueasurenents
and reflections froa environmental ohjects are soe of the
factors which are responsible for the discrepancies hetween the
predicted and direct measured patterns. Some other causes of

the disagreeunent nay be due te the inconsistency of the far-
field pattern obtained from measureaents utilizing different

size probes and due to inaccuracies in integral equation solution
for radiation pattern deternination.

In perioruing hoth the far-field and the near-field

measureients «u IIPSH receiving probe of RR = 4.5 cm was utilized.

D.2.3. Determination of the Radiation-Pattern of 12 cm :I~Plane

Scectoral Horn with Central Aperture Blocking

Predicted far-field radiation patterns of a 12 cm centrally
hlocked 12 cm HPSH antenna obtained from near-field measureuents,
performned at distances Q = 59.8 cm and ﬂ = 47.6 cm, are plotted

irl ?igo 5.5’

A RR = 4.5 cm HPSH probe was utilized and the half-size of

the aperture of the synthesized antenna was RS = 13.5 cm. The

klystron was tuned to a frequency of 9.867 GHz.

The predicted patterns were ohtained by assuming that the
optical size of antenna T was 6) . Thus the integral matrices
compnted in the determination of far-field patterns in
Mgs. 5.3y 5.4 and 5.5 from measurements at @== 47.6 ci, are
identical. This illustrates the fact that the integral matrix
coaputed for an antenna of certain optical size may be used in
the estimstion of far-field patterns of smaller optical size

antennas as well.
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Direct far-field measurements were performed at the same
diatance using both the 9 cm HPSH probe and also the 7.5 cm x
7.5 cm Sanders pyramidal horn. A good sgreement between the twe
direct measured patterns is obtained for emall angles. The
agreement for the larger angles is smaller being in agreement
with Brown's work [BR 2] . The disagreement petween the predicied
and direct measured patterns is not much larger Hhan the dige
agreement between the two distinct direct measured curves. Bat
of course, additional errore may be introduced into the predicted
patterns due to various factors mentioned in the preceeding
sections.

In Fig. 5.6, the far-field patterans predicted without
employing antenna synthesis are ploiied. In oivainiag these
patterns the same integration limits in ohe orn2e witd the anvenna
synthesis were utilized. +The predicted patvtern obtained using
25 terms in the esampling expansion exhibiis much beiser agrecment
than the one ootained using 13 terms. As poinied ovut in the
earlier chapters, to obtain the same degree 5f accusscy; the
integration limits for the integrals constituting the entries of
the integral matrix should be iaken much larger. Pais, of courre,
implies more computational work.

The far-field pattern wea also prcaicted *rom near-Ficld
measurements performed employing a large (BE = Y em) HFSH probe.
The half size of the aperture of the synihesized antenns is
therefore 27 cm. In this case, as tie vatiern of the syntresized
antenna has a narrower beaw ©hedos eelln gyntnegized using a RR=4.5 cm
receiving norm, the integration limlits couvid be furwielr peduced.
But in that measuring range (‘Z= 47.5 cm) eimce Lh® MEABUTiILRE probe
was too large (even larger than the measured antenna), the inter-
action between the measured and measuring antennas was large. Thus
the disagreement between the predicted and direct measured patterns,
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specially in the sidelobe regions, is large. Therefore, in
order to minimize the interaction and at the same time to reduce
the computational work, it is more advantageous to use a small
measuring probe and synthesize a large antenna. But if the
seperation, 4, between the probe positions on contour AA' in
Fig. 4.1 is too large, then the synthesized pattern will contain
more than one main-beam. Then in the evaluation of the entries
in the integral matrix, the integration need be considered over
more than one integration range.

The near-field response of the R®
is also plotted in FPig. 5.6. The optical size of synthesized
antenne is 4.5 times larger than the optical size of the measured
antenna T. According to Martsaféy[:MAR] s this direct respouse
will yield the far-field patterm. But it is obvious that the
pattern obtained through integral equation solution is much more

= 27 cm syanthesized antenna -

accurate and moreover a continuous pattern is predicted from 13
discrete values of the near-field response of the synthesized
antenna.

5.2.4.

Far-field pattern of 18 cm HPSH antenna whose aperture was
blocked by a 6.5 cm metal piece located off-center as shown in
Fig. 5.7, was predicted using the near-field data obtained at
distances - 47.6 cm and (= 55.2 em. The source wgs tuned to
a frequency of £ = 9,87 GHz. In Fig. 5.7 the predicted patterns
obtained using 13 termsin the sampling expansion of Fz [fSinﬂ/]‘
and the directly measured far-field patvern are plotted. In
measuring the far-field pattern directly, the same probe of
B - 4.5 om HPSH used in the near-field measurements was

utilized.



In an other measurement for small angles a good agreement
between the direct-measured and predicted patterns is obtained.
Agreement is less for large angles. For the majority of angles
utilized the two predicted patterns obtained from near-field
measurements at different distances agree gquite well. This
conclusion indicates that the pattern obtained through integral
equation solution is independent of the measurement distance, -
But naturally the distance f, a8 pointed out in Chapter IIi, neced
be greater than some minimum value which is the Haylileigh diastance
for the E-plane aperture dimension. The satisfactory agreement
obtained between the predicted curves is also an indication of the
fact that the measurements in the available dynamic range ave
accurata,

The predicted patterns obtained ueing 25 terms in the
sampling expansion of the unknown are plotted in Fig. 5.8. Direct
far-field measurements at the same distance were performed using
- two different receiving probes; the 9 cm HPSH and the Sanders
pyramidal horn. These patterns are alsc plotted in Fig. 5.8.

The half-size of the H-plane dimension of the aperture of
the synthesized antenna was R° = 13.5 cn} i.e.y, 1l.5 times larger
than the optical size of the aperture of antenna T. Direct near-
field responses of the synthesized antenna obtained both at
ga 47.6 om and l- 55.2 cm are plotted in Fig. 5.8. These plote
give some idea about the general nature of the far-field pattern
but obviously are too approximete. Hence the size of the synthesized
antenna is not large enough to yield a good representation of the
desired patterns. The importance of the integral eguation soluvion
becomes very clear here. Feeding the near-field response of
synthesized antenna to the computer for integral equation solution,
the continuous predicted patterms in Pig. 5.7 and Fig. 5.8 are
obtained which represent the far-field radiation pattern quite
accurately.
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One of the most important sources of error in obtaining
radiation patterns from near-field measurements is the limited
dynamic range. Evidently in order to overcome that problem,
powerful sources and semsitive microwave receivers with high
signal to noise ratios must be utilized. The same discussion
also applies for the direct far—field measurements.

Undesired reflections from the environmental objects are
also serious sources of error. To a certain extent such
reflections may be prevented by the utilization of microwave
ahsorbing material.

Utilization of a oversize receiving probe can give rise to
errors;as such a probe may be distorting the field seriously. Thie
effect can be clearly seen in Fig. 5.6 from the curve giving the
predicted pattern obtained using a 33 = 9 cm HPSH probe.

- The mechanical system associated with the near-field measuring
gset-up must be as accurate as possible  since the near-field
measurements are performed at pre-~-fixed angular positions of
anteana T. If the mechanical aligning is inaccurate, the mathema-~
tical formulation and the experimental model will not be consistent
and this will give rise to severe errors in the predicted patterns,
For example, if in the antenns synthesis procedure, the receiving
probe does not move on & contour which is parallel to the aperture
of antenne for the position f&i = 0, but, makes a small angle with
the true coatour AA' in Fig. 4.1, then effectively the measure-
ments would heve been performed at angles different than the pre-
fixed ones. But still the computer évaluates the integral matrix
as if the measurements were made at the pre-fixed p i"s° This, of
course causes errors in the predicted patterns. On the other hand
inaccurate angular poéitioning of antenna T and incorrect angle
measuring dials also give rise to serious errors.
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A stndy of the errors mentioned akcve wos muce by ailowing
the /6 i’s in the integral matrix to be different then the pre-
fixed angles according to e sinuscidal law. That is to say, the
error in P i‘s wae assumed to0 vary sinusoidally being zero at o
and maximum at = 90°, The maximum error vresent in the pre-iised
ﬁai's was assumed to be M 2°. The resultvs inaicate clearly taat
errors of the order oY bl i d&b in sidelobe regions can be obtained

due to these inaccurate geometrical alignments.

In pnear-field measurements to prevent the phase errors que
to the cable bendings, the rotary-junciions can be utilized. Witk
the present near-field measuring set-up the coaxial cable at the
receiving end was kept long in order to minimize the cable bending:

In direct far-field pattern measurement=, as it was pointed
out several times, the patterns obtained by using different size
receiving probes can be different. Also the reflections from the
environmental objects causes errors. In practice, the measurement
distance is usually kept sufficiently large and a probe with _
modergte directivity characteristics is used to overcome the provlem
of undesired reflections from the eavironuent.



Vi. CONCLUSIONS

A general transmission formula, which gives the phase
and amplitude of the received signal at a reference cross-
section in the waveguide of the receiving probe, when illuminated
by a transmitting antenna, is deriveil The formula is general
with regard to the type of aperture electric field polarizations
of the two antennas, and their positioning w.r.t each other.

Making use of this general transmission equation, a simple
and rigorous method for correcting the errors in Fourier trans-
form method of far-field radiation pattern prediction [RAM] is
proposed. It is showﬁ that, if the directive property of the
measurigg probe is overlooked, then the predicted pattern ma&
(contain conéiderably large errors. (Specially in the sidelobé
regions ifAthe probe possesses a pattern having its principai

maximum at zero degrees.)

The general transmission formula is also used to show
that the response of a plane array can be synthesized from
measurements'performed over a plane surface. Antenna synthes;s
technique, as it reduces the necessary computational work and
improves the accuracy of the predicted pattern, is proven to be

of great importance.

The use of sampling theorem enables the unknown spectrum
function to be represented by a minimum number of terms with
quite good accuracy. The minimum number of terms that must be
used in the expansion is determined by the largest optical size

of the aperture of the measured antenna.



Mumerical investigations show that the accuracy of the
integral equation solution, attained even by employing a
miniﬁﬁm sampliﬁg rate expansion is satisfactory. Making the
measurements at some pre-selected angles, some cff—diagonai
entries of the integral matrix become negligible. Hence, as
shown in Table 4.1 these entries can be taken as zero without
.much affecting the accuracy of the predicted patterns. Further,
investigation ean be carried out on this point as the prediction
of far-field patterns of very large optical size antennas will

require the evaluation and inversion of very large matrices.

H-plane radiation patterns of various HPSH-anterazs are
predicted using the theory developed in this thesis. Very
satisfactory agreement between the predicted and direct-

@gasured far-field patterns is obtained.

The method is observed to be sensitivé’io geometrical
alignment. Small errors (such as - 2°) in angular positionings
can give rise to considerably large errors in the predicted
pattern of the order of - 1 db.

) The integral matrix computed'for an antenna of specific
optical-size can be used to predict the far-field patterns of
smaller optical-size antennas as well. Therefore, some standard
"inverse integral matrices" can be prepared for the prediction
of radistion patterns of antennas which range between specific
optical-sizes. The entries of such integral matrices will be
dejermined by the maximum optical size of measured antenna,
angular spectrum function of receiving probe, pattern of
gynthesizéd“antenna and seperation between the measured and
synthesized antennas. Then the multiplication of the "measurement
matrix" with the "“inverse integral matrix® will be what it is
needed to determine the unknown sampling expansion coefficients
which in turan will‘yigld the unknown angular spectrum function.
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One obvious advantage of obtaining far-field patterns
from near-field measurements is that at near distances to thé
antenna, as the field strength is high, measurements will be"
easy to perform. However, if one gets too close to the antenna,
interaction becomes a prohlem. Therefore, a topic of furthef
study can be an attempt toaccount for the interaction problemr.
For the moment this seems to be a very complicated boundary
value problem to solve. Usually every precaution is taken to

prevent this undesired phenomenea.

The proposed theory is also applicable without synthe-
sizing an antennaj but as emphasized guite often in this thesis,
the computational work in evaluating the iptegral matrix will

be more.

Another subject of further investigation can be the effgct
of synthesizing arrays with different patterns; especially oneé
héving very low sidelobes. . In 6fhér words, if, in the measure-
ment, specific attenuations and phase shifts are given to thé
8ignal received by the probe, at its different locations on the
measurement plane, then the synthesized pattern may be caused
to have low sidelobes. Then the action of restricting the
original integration range will be more valid and hance the

integral equation solution more accurate.

It was observed in Section 3.3 that the pattern of the
synthesized antenna, in the limiting case of infinite size
aperture, behaves as a delta function. This fact suggests that,
with some degree of approximation, radiation patterns of optically-
large anten@as may bé determined from near-field amplitude measure-

ments only. This however requires further investigations.



APPRNDIX I: DERIVATION OF THE hXPRESSION FOR _THE GRNERAL
ELECTROMAGNLTIC FIELD IN TEAMS OF ANGULAR SPECTHUMS

A For the radiating antenna T, shown in Fig. 2.1 the three
components of the E-field are given by Egs. 2.3, 2.4 and 2.5,
The angular spectrum functions Fx and Fy are obtair_zed from
tgs. 2.1 and 2.2 respectively. Then FZ, in the source free

region z > 0, can be obtained from the divergence condition
V.E =0, Thus; |

Y = - 3 Jk r 3 -jEQ; _=ﬂa='= ‘j‘lze;
V.E-T\U[Fxbx( ) + F -53-;(3 )+anz(e )]
_— - O
ds,ds, = 0 (A.1.1)

Since exp [«3;.;] = exp [-;jk(s x+52y+'cz)] y Bq. A.1l.1 reduces to

V.E ==-ka [F s 4P 8, +F c] dsld52 =0 (4.1.2)
This equation is satisfied if one takes
F (sl,s ) = - —[ s, F. (sl,sz)+s2Fy(sl,sg)] (4.1.3)

which is the required expression for the angular spectrum function

Fz. Hence the expression for the E—field is;
E(x,y,z) f [cF e +cF e (s F_+s, F )e ] g dkeT a_al?_?.‘ (A.1.4)

Similarly the expression for the ﬁ—-field follows from the

curl expression: ex-ﬁ = —jw,;.ﬁ, or
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1 a EZ faE[

H":-W 37 "3 (4.1.5)
H = ( 9% _% ) (4.1.6)
Y ogwp  9x s

E
H = 1 oy BEJE) (4.1.7)

- = ( -
2 jwp " d3x  Jy
Then utilizing Eg. A.l.4 in Egs. A.1.5, A.1l.6 and A.1l.7 we obtain,

o0 0O
= ) 2 2.4 - 2 2 -
H(x,y,2) = Yoff{[—slszi‘x—(sz-rc )Fy] e+ [(sl+c )Fx+sl“2Fy] e,

-0 .
o ds.ds

- - "j‘l;er l 2 8
+ [ cstx+cley]eZ§ e --—-—-—c (A.1.8)

where Yo denotes the characteristic admittance of free space.



APPENDIX II: EVALUATION OF THE ASYMPTOTIC FAR-FIELD FORM OF
Eg. 2.17 BY THE METHOD OF STATIONAKY PHASE

Using the expressions of x!} y) z' in terms of polar coordi-

nates (r', Oé, 506),- Egq. 2.17 can be written as

0 o
e Tl s gty e Lrilremgen]
¥ = 'L -_ e ' Y
E(r*) ; [-Fx‘ex +Fy,ey, = (lex'+52Fy°)]
_70@00
] ]
dsjds) (4.2.1)

2 20
= i ' ' = i ' ’ = -y - = ¢
where €° = 8in Oo Cosvo, mo = Sin Oo Sin goo, n, 1 eo m, Cos Oo

2 2

and ¢' = \/le-si - sé .
Assuming that the condition kr' D>l is fullfilled, an

integral, I,can be represented by the first term of the stationary

phase method of integration [PAP] ., as shown below;}

oD o0

~-jkr' w(s!,s!) J
/ 2 -
I= Hg(si,sﬁ)e 1 dsjds; g AL =

ST =

~jkr pe (8] éo)
£ er (Ae2@2)
where (sio, séo) are called the critical points of the first
kind obtained from;
3'“' QW (A.2,3)

'Bs' ..%s



and

A = _3—3&2 . - 32& , r: B.—E&_
de} PT 3 2535
Sio’séo Sio’séo sio’séo
(A.2.4)
also

41 if «p > Y?  for «»0
a = -1 if O(F>’ )’2 for « O (A.2.5)
S8 if 0‘13<32

Since in Eg. A.2.1,

/).(s' st) = 'l +8t m +\/1-s‘2— s'? n (A.2.6)
1’72 1 o0 2 1 2 o
from Eq. A.2.3 one obtains
=L,
:séo =m (4.2.7)
68 = n,

and from the set of equations in Eq. A.2.4,

° 2
A= ..(1+£9..2.) ’ P: - (1+&>§.), Y = -n;nég (A.2.8)
@ %o %o

Furthermore Eg. A.2.5 yields T = -1.
Therefore using Egs. 2.18, 4.2.1, A4.2.2, A.2.6, A.2.T7, A.2.8 and’

with Qo—>s', mo»sé, n —> ¢', one obtains

j I
- - 2  —jkr' - -
ER(r‘) I = 2We' e e? iFf:, ex,+F§,ey,
far field | kr!
1 R R -
- = [sin,fséFy,] ez,} (4.2.9)
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APFENDIX III: SAMPLING EXPANSIONS FOR F 331,322 AND F g_gl_,_s_zl

Let the aperture of antenna T in Fig. 3.2 be denoted by A

T

TO
AT is contained in a rectangle, R, with sides 2R~ and 2R§

(Fig. 3.2a) or in a circle, O, with radius K. (Fige3.2Dp)

T

E(x,y) =0

Ey(x,y) = 0 o
and

Ez(x,y) = G:‘g'FT(sl,s )Z (4.3.1)

Eg(x,y) = F (sl,' ); (A0302)

where G-' is the double Fourier transform operator.

1 for (x,y)& B
with PB(x,y) = (4.3.3)
0 for (x,y)é B

where B is an arbitrary contour encircling the aperture A

T.
Definings
jk(s,x+s,y)
k:a(sl’sz) = "—12 f e e dxdy (A.3.4)
4T
T T ) . [ J )
Fx and Fy can be expanded in a sampling series as follows [PAPJ :
o0 oo
T < x
Fx(sl.sz) = Z / Cnm kB(sl -uP, , sz-an) (A.3.5)
N==—p0 M=~o00 ‘“‘
'zs} o0 §
Fg(sl,sz) = L Z IYlm kB(sl mP19 sz-npz) (A'3a6)
n=-o00 f=- o0 i



y

x-
where c¢ and ¢
nm nm

and phase of the sampled function at the sampling points and P

and Pé refer to the sampling periods given by}

T
P =R
1
KR®
X
R P, = 1T7k3yr

If B is the rectangle, R, in Fig. 3.2a, then

. T .
kB(Slst) = Sln[sz Sl] Sin£k3§ 52]

L . T
ka 84 kR.y 8

2

are complex coefficients giving the amplitude

1

(4.3.8)

(4.3.9)

(A.3.10)

On the other hand if B is equal to the circle C in Fig. 3.2b then;

Hence using Egs. A.3.5, 4.3.6, A4.3.10, A.3.11.

expansions for Fz

obtained.

fhe sampling

(A.3.11)

and F; given by Egs. 3.8a,b and 3.1la,b can be



APPENDIX TV: STATIONARY PHASE EVALUATION OF THE INTEGRAL
w.r.t 8 IN.Eg.4.1

In Eq. 4.1, the integral w.r.t s, can be epproximated by

1
the first term of a stationary phase evaluation [PAP | . The

justification was given in Section 4.1.

8147 critical point of the first kind occurs at the value

of sl which maintains;

leL =0 -8 =8, = 8

= O (;Ao4al)
asl lo

And since measurements are done on the §g-plane;
Cos o‘j =0, SinO(J. = 1., Then
i = ' . 02
fll c (4.4.2)

sl=0

Then Egq. 4.1 can be written as

o0 oo 1
DB, =K Jf(l-sf)z 7°(0,85) F (0,8,) Fr, (0, 83)

-0 OO

-jkec' :
e ds.ds, (4.4.3)
Now c¢' must be expressed in terms of 81s 8, and c¢j
s! s
1 -1 1
— ' - o o
sh| - [R] s, (A.4.5)
-c' c



from which one obtains;

L 4.6
5] = 8 (A.4.6a)
sé = ~Cos Pi—sz-SinPic (A.4.6Db)
c' = Sinpis?_-Cospic (A.4.6c)
Since[PAP];
-;;ke(}os P Jl-si-s T L
ds; = 2 5
~o0 2 -—-‘-2’-
%1
slo
-JkQCosp c,
; S, ,8
Jd - lo’ 72 ’
e 4 € e (Ao4e7)
\/k(CosPi
and since;
2 -1
2°¢ = -(1-32) 2
62|, 2
1 %0

y m 2
..,jkeCo . C i j - -,jkﬁCos A.:'

fe sﬁl ds, = -——-—-A (1-32)4 e 4 Py 2

= eos B, (4.4.8)

Then Eg. A.4.3 reduces to;

o 1 1 )
2.4, 2.2 8¢ vl \
Bp,) = 00;{)&1 f(l-s2) (1-832)2 %) ¥ (8,) R, (o)
oo

. A 2«
e-—JkQ[Cos F’i l-sz-SlnlBisz‘l i

2
. I (A.4.9)
Ny
where K = -ﬁ_ 1

- 92 -



APPERDIX V: COMPUTER PROGRAM FOR THE SOLUTION OF THE INTEGRAL

QOO Q

EQUATION

MAIN PROGRAM

DETERMINATION OF ANTENNA RADIATION PATTERNS FROM NEAR FIELD
MEASUREMENTS USING ANTENNA SYNTHESIS TECHNIQUE
INTEGRAL LQUATION SOLUTION METHOD FOR SPECTKUM DETERMINATION
DETERMINATION OF UNKNOWN SPECTRUM FROM EXPERIMKNTAL RESULTS
INTEGER%4 KPSI(200) -

COMPLEX%8 COEF(25),#(25,25),TERS(25,25)

COMPLEX%8 CEY,F4(80),FPr4(80),F6,FF6,FPOS(80),FNEG(80)
COMFLEX%8 RLFSG

COMPLRX%8 F3,FF3

COMPLEX%8 SIGI(25),8I1G2(25),SIGNAL(25)

COMPLEX%8 CALSP(210)

COMPLEX%8 REFCO

REALs4 POWPT(40)

REAILx4 PPSI(210)

REALx4 VOLT(30)

REAL®x4 POWSP(210)

REALx4 WT(80),awW(80),T(80),17(80),aT(80),X(80),xx(80)
REAIx4 B(25),BETA(25)

REALx4 AMP2(25,3),ANG2(25,3)

REAL#%4 AMP(25,5),ANG(25,5)

INITIALIZATION OF CONSTANTS
PI=3.141592653589793238462643

HPI=0. 5%PI

TWOPI=PI+PI

PIN=1.0/TWOPI

KALT=-90

KSTEP=1

KMK=178

RR=4.5

RT=9.0

ALAM=30.0/9.87

AK=TWOPI/ALAM

JJJ=80

READ(1,109) (AD(J),AW(d),d=1,ddd)

DEL=1.0/6.0

CEY=CMPLX(0.,1.)

D=9.0

AIJ=5502



1S=13.5
C1=AK%RS
C2=AK%Dx0 .5
C3=AK#AL
C4=AK%RR
C5=4 ,0xRR/ALAM
TTCC=RT
C6=AK%RT
C7=3.0/(2.0%1TCC)
Cc8=C6
C1ll=4 .0%RT/ALAM
C1l2=AK%RT
KRAY=2,0
CACA=AKx%D
W0=C6
PER=PI/C6
W2=TWOPI/PER
RAT=WO/W2
1I=6
MM=II
KIKI=3
III=2%1II+1
MMM=23MM+ 1
DETERMINATION OF THE ANGULAR POSITIONS OF THE TRANSMITTING ANTENNA
DO 27 I=1,1IX
AAL=1I-1+1
BBB=AALxC7
27 B(I)=ARSIN(BBB)
DO 37 I=1,IIX
37 BETA(L)=(180.0%B(L)/PI
DO 1881 I=1,III
1881 READ(1,1883) (AMP(I,Jd),ANG(I,J),d=1,KIKI)
1883 FORMAT(6F10.5)
RAMP=5,0
DO 1884 I=1,III
DO 1884 g=1, KIKI
PRP=( RAMP-AMP(I,J))/20.
1884 AMP(I,J)=10,0%%PRP
REFAN=0.0
DO 1885 I=1,III
DO 1885 J=1,KIKI
1885 ANG(I,J)=PIx(ANG(I,J)-REFAN)/180.0
DO 1892 I=1,III
SIGI(I)=CMPLX(0.0,0.0)
DO 1892 J=1,KIKI
ABAB=ANG(I,J)
1892 SIGI(I)=SIGI(I)+AMP(I,J)%CEXP(CEY%ABAB)
DO 1895 I=1,I1II.
1895 SIGNAL(I)=SIGI(I) .
REFSG=SIGNAL(II+1)
DO 3377 I=1, III



3377 SIGNAL(I)=SIGNAL(I)/REFSG
PROGRAM TO PRINT OUT THE SIGNAL VALUES
WRITE(3,3333)

3333 FORMAT(/10X,4HBETA, 30X, 6HSIGNAL/)
WRITE(3,205) (BETA(I),SIGNAL(I),I=1,III)

205 FORMAT(5X,F15.8,10X,F15.8,2X,F15.8)
DO 1413 I=1,III
VOL=REAL( SIGNAL( I)%CONJG( SIGNAL(I)))

1413 VOLT(I)=10.0%AL0G10{VOL)
WRITE(3,1415) (vorLm(I),I=1,III)

1415 FORMAT(30X,F18.8)

MKMK=91.
READ(1,1883) (POWPT(I),I=1,MEMK)
REFPT=15.
DO 6998 I=1,MKMK
6998 POWPT(I)=POWPT(I)-REFPT
‘ WRITE(3,6980)

6980 FORMAT{20X,26HMEASURED AMPLITUDE PATTERN)
WRITE(3,1883) (POWPT(I),I=1,MKMK)
INITIALIZATION OF THE INTEGRAL MATRIX
DO 7 I=1,III
DO 7 M=1,MMM

7 F(I,M)=CMPLX(0.0,0.0)
DETERMINATION OF NEW INTEG. LIMITS AND NEW ABCISSA AND NEW WEIGHTS
DO 81 I=1,III
BI=B(I)

A9=DEL
BS=-DEL
CHECK FOR EVANESCENT WAVES
IF(DEL-(HPI-ABS(BI))) 25,45,45
45 IF(BI) 22,25,23
22 A9=HPI+BI
BY=-DEL
GO TO 25
23 A9=DEL
B9=-HPI+BI
25 A1=(A9-B9)x%0.5
A2=(A9+B9)x0.5
DO 31 KK=1,JJdJ
T(KK) =A1#AT(KK)+A2
PP(KK)=-Al%AT(KK) +A2
31 WE(KK)=4A1lx%AW(KK)
EVALUATION OF SOME OF THE FUNCTIONS IN THE INTEGRAND FOR A
SPECIFIC VALUE OF BETA
DO 61 N=1,JdJJ
F1=C0S(T(N))
FF1=COS(TT(N))
AF2=3QRT( COS(T(N)-BI))
AFPF2=SQRT(COS(TT(N)~BI))
F2=AF2%AF2%AF2
FF2=AFF2%AFPF2%AFF2



61

82

85
84

86
87

88
81

444

777

7112

7111

S=SIN({T(N))

$S=SIN(TT(N))

F5=1.0+RAY#COS(CACA%S)
FF5=1.0+RAY%COS(CACA%SS)
F6=CEXP(-CEY®%C3%F1)

FF6=CEXP(-CEY®%C3%FF1)

E=C4%S

EE=C4%SS

H=C5%8

HH=C5%SS

F4(N)=C0S(E)/(1,0-HxH)
FF4(N)=COS(EE)/(1.0-HHx%HH)
X(N)=SIN(T(N)-BI)

XX(N)=SIN(TT(N)-BI)

FPOS(N)=F1xF2xF4 (N)xFS5%F6

FNEG(N) =FF1%FF2%FF4 ( N)  FF5%FF6

BVALUATION OF THE INTEGRAL MATRIX

DO 81 M=1,MMM

BM=~MM-1+M

INTEGRATION BY THE METHOD OF GAUSSIAN QUADRATURE
DO 81 J=1,JdJd

Z=WO0x (X(J)-BM=PER)

%2=W0x(XX(J) -BMPER)

IF(ABS(2)-0.000001) 85,84,84

F3=RAT

GO TO 86

Y=RAT/Z

F3=SIN(Z)=Y

IF(ABS(22z)-0.000001) 87,88,88

FF3=RAT

GO TO 81

YY=RAT/%%

FF3=SIN(22)%YY
FOI,M)=F(I,MMWT(J)%(FPOS(J)%xF3+FNEG(J)#FF3)
PROGRAM TO PRINT OUT THE INTEGRAL MATRIX
WRITE(3,444)

FORMAT(/20X,15HINTEGRAL MATRIX/)
WRITE(3,202) ((P(I,M),M=1,MMM),I=1,III)
CALL INAL1(TERS,F,III)

PROGRAM TO PRINT OUT THE INVERSE INTEGRAL MATRIX
WRITE(3,777)

FORMAT(/20X,27HTHE INVERSE INTEGRAL MATRIX/)
WRITE(3,202) ((TERS(I,M),M=1,MMM),I=1,III)
EVALUATION OF THE UNKNOWN COEFFICIENTS

DO 7112 I=1,III

COEF(I)=CMPLX(0.0,0.0)

DO 7111 I=1,III

DO 7111 M=1,MMM

COEF(I)=COEF(I)+TERS(I,M)%SIGNAL(M)x=SQRT(COS(B(M)))
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WRITE(3,1773)
REFCO=COEF{II+1)
DO 557 I=1,III
557 COEF(I)=COEF(1)/REFCO
1773 FORMAT(/15X,20HCOMPLEX COEFFICIENTS/)
WRITE(3,679) (COEF(I),I=1,III)
679 FORMAT(5X,2F15.8)
EVALUATION OF UNKNOWN SPECTRUM FUNCTION USING THE FORMULATION
DO 5991 I=1,KMK
CALSP(I)=CMPLX(0.0,0.0)
KPSI(I)=KALT+I)
PPSI(I)=KPSI(I)
PSI=(PPSI(1)xPI)/180.0
DO 5991 M=1,MMM
CCM=-MM-1+1
ARG=WO=( SIN(PSI)-CCM=%PER)
IF(ABS(4RG)-0.000001) 15,14,14
15 FFRRY--RAT
GO TO 5991
14 FFRRY=RAT%SIN(ARG)/ARG
5991 CALSP(I)=CALSP(I)+COEF(M)=%FFRKY%COS(PSI)
DO 599 I=1,KNMK
599 POWSP(I)=REAL(CALSP(I)%CONJG(CALSP(I)))
ENBUY=POWSP(30)
DO 2970 I=1,KMK
2970 POWSP(I)=POWSP(I)/ENBUY
GUL=0.0
DO 5888 I=1,KMK
5888 POWSP(I)=GUL+10.0%ALOG10(POWSP(I))
WRITE(3,530)
530 FORMAT(10X,9HANGLE PSI,15X,19HCALCULATED SPECTRUM,15X,14HAMPL.
SPECTKUM)
WRITE(3,1030) (PPSI(N), CALSP(N),POWSP(N),N=1,KMK)
1030 FORMAT(10X,F10.5,12X,F10.5,4X,F10.5,7X,F10.5)
202 FORMAT(/10(2X,E10.2)/)
109 FORMAT(F34.32,2X,F35.33)
STOP
END

SUBROUTINE FOR COMPLEX MATRIX INVERSION

SUBROUTINE INAL1(E,F,N)
INTEGER#4 I,J,N,L,K,IR(25)
COMPLEX%8 E(25,25),F(25,25)
REAL#4 MAX,MAG
DO 3 I=1,N
DO 3 J=1,N

3 E(1,J)=F(1,d)
L=0
D0 8 I=1,N



15
17
14

IR(I)=0

MAX=0.0

D0 14 I=1,N
IF(I-IR(I))15,14,15
MAG=CABS(E(I,I))
IF(MAG-MAX)14,14,17

MAX=MAG

K=I

CONTINUE

E(X,K)=1.0/E(K,K)

D0 1 I=1,N

DO 1 J=1,N
IF(I.EQ.K.OR.J.EQ.K) GO TO 1
E(1,d)=E(1,J)-E(I,K)=HL,K)*EK,J)
CONTINUE

D0 2 I=1,N

IF(I.EQ.K) GO T0 2
E(I,K)=E(I,K)%E(K,K)
E(X,I)=-E(K,I)%E(K,K)

" GONTINUE

TR(K)-K
=1+l

-IF(L.NE.N) GO TO 20

END
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