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ABSTRACT

A DATA-DRIVEN NONLINEAR VISCOELASTICITY MODEL FOR
RUBBERY POLYMERS

Durna, Recep
M.S., Department of Mechanical Engineering

Supervisor: Prof. Dr. Hiisnii Dal

June 2026, 108 pages

Rubbery polymers exhibit nonlinear elastic behavior together with time- and rate-
dependent viscous effects arising from irreversible energy dissipation mechanisms.
Capturing these responses through predefined analytical forms is challenging, as
such conventional constitutive frameworks often lack sufficient versatility across
diverse material classes. In this work, a thermodynamically consistent, data-driven
constitutive framework is proposed for finite viscoelasticity. Previous studies have
shown that B-spline-based formulations can effectively represent hyperelastic material
behavior. Herein, the spline-based approach is extended to nonlinear viscoelasticity
to determine the form of the evolution of internal variables within a multinetwork
setting. The equilibrium response is modeled using either an extended eight-chain
formulation, when sufficient to represent the data, or a spline-based modified invariant
formulation when a more flexible and form-free representation is required. In the
latter, control points are selected to satisfy necessary polyconvexity constraints. The
nonequilibrium response is addressed through Maxwell-type branches incorporating
hyperelastic and dashpot elements. Eight-chain or extended eight-chain formulations

are employed for the hyperelastic spring elements, depending on the need for a second



invariant term. For the inelastic flow, a form-free B-spline-based formulation is
developed that satisfies the second law of thermodynamics and is compatible with
finite element implementations. The predictive capability of the proposed framework
is demonstrated through validation against experimental datasets for three distinct
rubber types. Furthermore, calibrated parameters are utilized to extrapolate secondary
datasets, showcasing the framework’s robustness. Overall, the proposed framework
provides a flexible, physically grounded alternative to classical phenomenological

models for describing viscoelastic behavior under finite deformations.

Keywords: Data-driven constitutive modeling, Finite viscoelasticity, Thermodynamic

consistency, Polyconvexity, Algorithmic setting
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0z

KAUGUKSU POLIMERLER ICIN VERI TABANLI DOGRUSAL OLMAYAN
VISKOELASTISITE MODELI

Durna, Recep
Yiiksek Lisans, Makina Miihendisligi Boliimii

Tez Yoneticisi: Prof. Dr. Hiisnii Dal

Haziran 2026 , 108 sayfa

Kauguksu polimerler, dogrusal olmayan elastik davraniglarinin yani sira geri dondiirii-
lemez enerji soniimleme mekanizmalarindan kaynaklanan zaman ve hiza bagh viskoz
davranig sergilerler. Bu tepkileri 6nceden tanimlanmig analitik formlar araciliiyla
modellemek oldukga giictiir, zira geleneksel biinye denklemi ¢erceveleri farklt mal-
zeme siniflari icin gereken esnekligi saglamakta genellikle yetersiz kalmaktadir. Bu
calismada, sonlu viskoelastisite i¢in termodinamik ag¢idan tutarli veri-giidiimli bir
biinye cercevesi gelistirilmistir. Onceki ¢alismalarda B-spline tabanli formiilasyon-
larin hiperelastik malzeme davranigini etkili bicimde temsil edebildigi gosterilmistir.
Burada, spline tabanli yaklasim, ¢oklu ag yapisi icerisinde i¢ degiskenlerin evrim
davranigini belirlemek amaciyla dogrusal olmayan viskoelastisiteye genisletilmisgtir.
Denge tepkisi, veriyi temsil etmek i¢in yeterli oldugu durumlarda genisletilmis sekiz
zincir formiilasyonu ile, daha esnek ve formdan bagimsiz bir yaklasim gerektiren
durumlarda ise spline tabanli degistirilmis invaryant formiilasyonu ile modellenmistir.
Ikinci yaklasimda, kontrol noktalar1 gerekli polikonvekslik kisitlamalarini saglayacak

sekilde secilmistir. Denge dis1 tepki ise hiperelastik ve soniimleyici elemanlar ice-

vii



ren Maxwell tipi dallar araciligiyla ele alinmustir. Ikinci invaryant terimine duyulan
gereksinime bagl olarak, hiperelastik yay elemanlarinda sekiz zincir veya genisletil-
mis sekiz zincir formiilasyonlar kullamlmustir. Inelastik akis igin, termodinamigin
ikinci yasasini saglayan ve sonlu eleman uygulamalariyla uyumlu formdan bagimsiz
bir B-spline formiilasyonu gelistirilmistir. Onerilen ¢ercevenin tahmin yetenegi, ii¢
farkli kauguk tiiriine ait deneysel veri setlerine yapilan kalibrasyonlarla gosterilmistir.
Ayrica, kalibre edilmis parametreler kullanilarak ikincil veri setleri i¢in gercekles-
tirilen tahminler ¢ercevenin saglamligini ortaya koymustur. Genel olarak, onerilen
cerceve, sonlu deformasyonlar altindaki viskoelastik davranigin modellenmesi i¢in
klasik fenomenolojik modellere kiyasla esnek ve fiziksel temellere dayali bir alternatif

sunmaktadir.

Anahtar Kelimeler: Veri-giidiimlii biinye modellemesi, Sonlu viskoelastisite, Termodi-

namik tutarlilik, Polikonvekslik, Algoritmik yap1
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CHAPTER 1

INTRODUCTION

Rubbery polymers exhibit distinctive mechanical characteristics, including pro-
nounced rate-dependency, that make them indispensable across the automotive,
railway, aerospace, and soft robotics industries. Their viscoelastic nature is particularly
effective for energy dissipation, leading to their widespread use in critical damping
components such as shock absorbers and vibration isolators. However, developing
an accurate and generalized constitutive model for these materials under finite defor-
mations remains a persistent challenge in computational mechanics. These materials
exhibit coupled elastic and inelastic (viscous) behavior under deformation, and
their response can be decomposed into equilibrium and nonequilibrium components.
While the equilibrium part represents purely elastic and recoverable response, the
nonequilibrium part is commonly described through a multiplicative decomposition of
the deformation into elastic and inelastic contributions governed by internal variables

under finite strains [1].

1.1 Hyperelastic Behavior

Consequently, an accurate characterization of both the ground-state equilibrium and
the elastic components within the non-equilibrium response is essential for developing
robust finite viscoelastic models. In this regard, hyperelastic free energy functions
are commonly formulated by using either (i) phenomenological approaches or (ii)

micromechanically motivated models.

Phenomenological models typically formulate the free energy function using either

principal stretches or invariants derived from the Cauchy-Green deformation tensors,



in view of material objectivity. The mathematical constructs are determined based on
the experimentally observed stress-strain response. These mathematical forms may
include polynomial combinations [2, 3, 4] or more advanced mathematical functionals
[5, 6,7, 8,9, 10] of the first and second invariants; together with the various functions
of principal stretches [11, 12, 13]. Moreover, it is also possible to formulate the
free energy function as a mixed representation involving both principal stretches and

invariants [14, 15].

Conversely, micromechanical models physically link the macroscopic material be-
haviour to the molecular microstructure of rubbery polymers through statistical me-
chanics principles. The foundational neo-Hookean model, derived by Treloar [2]
using Wall’s statistical approach [16] represents the most elementary formulation
extending linear elasticity into the finite deformation regime, grounded in the Gaussian
distribution of polymer chain lengths. In this context, the mechanical response of
an individual free chain is derived from the distribution of its end-to-end distance,
using the principle of entropic elasticity. To this end, originally Gaussian distribution
functions are developed to describe a free chain of infinite length. However, due
to the infinite chain assumption, the Gaussian distribution fails to capture behavior
under severe deformations, particularly as the chain approaches its extensibility limit
[17]. To overcome these limitations, non-Gaussian distribution functions derived from
Langevin statistics were employed following the work of Kuhn and Griin [18]. In
this setting, the three-chain [19], the four-chain [20], the full network [21], and the
eight-chain [22] models were established. These models leverage a fixed link between

microscopic and macroscopic strains, thereby relying on affine kinematics.

More recently, based on the full-network model developed by Treloar and Riding [21],
Miehe et al. [23] developed a non-affine micro-sphere model. Their formulation incor-
porates a non-affine average network stretch measure together with a tube-constraint
to account for the topological entanglements that restrict chain kinematics. Similar
topological constraints were incorporated in the tube and the extended tube models
of Heinrich and Kaliske [14], Kaliske and Heinrich [15], Khiém and Itskov [24],
as well as the constrained-junction formulation of Erman and Flory [25], Flory and
Erman [26]. These tube-like constraints reflect the physical reality that polymer chains

are not completely free entities, but rather interact through mutual topological con-



straints. Neglecting these interactions typically leads to an underestimation of the
stress response under biaxial loading within the moderately large stretch regime. More
recently, Dal et al. [27] extended the classical eight-chain model by introducing a tube-
constraint contribution. By additively decomposing the free energy into free-chain
and tube-constraint contributions, the formulation captures lateral chain constraints
through average network stretch measures. This extended eight-chain model demon-
strates a fitting capability comparable to the micro-sphere model while significantly
reducing the computational cost associated with the integration over the unit sphere.
For a comprehensive overview of the previously mentioned models and the broader

fundamentals of hyperelasticity, the reader is referred to the review papers by [28, 29].

However, the aforementioned models are constrained to specific functional forms,
limiting their versatility. To address this, data-driven approaches have emerged in
computational solid mechanics over recent years. These modern paradigms generally
fall into two primary categories: (i) distance-minimization techniques, and (ii) explicit
data-driven methodologies. The distance-minimization strategy, pioneered by Kirch-
doerfer and Ortiz [30], reformulates the classical boundary value problem to minimize
the gap between the states in the material and constraint sets. Through this framework,
the traditional reliance on material parameters is eliminated; instead, the solution
is obtained by solving a global distance-minimization problem that directly utilizes
discrete experimental data points. For a similar framework, the reader is referred to
Ibanez et al. [31]. It is worth briefly noting that extensions of the distance-minimization
strategy to inelasticity have been developed by Ibanez et al. [32] and Eggersmann et
al. [33]. Despite its conceptual advantages, this completely model- and parameter-free
strategy necessitates the development and implementation of specialized solvers to
accommodate the implicit data-driven formulation. Conversely, implementing explicit
data-driven strategies, such as spline- and neural-network-based methods, into classi-
cal finite element solvers is relatively straightforward. Explicit data-driven strategies
reduce material data to a set of variables, such as weights in neural network methods or
control points in spline-based methods, rather than directly exploiting the raw material
data itself. The data-driven modeling through the use of neural networks was pioneered
by Ghaboussi et al. [34], and subsequently advanced by Lefik and Schrefler [35] who

introduced a novel nonlinear neural network framework to characterize elastoplastic



behavior. The first neural network study to incorporate consistent tangent moduli and
finite element implementation was conducted by Hashash et al. [36]. In this context,
early approaches did not put emphasis on thermodynamic considerations and convexity.
More recent contributions by Xu et al. [37] and Linka et al. [38] incorporated energy
functional convexity, followed by polyconvex formulations for anisotropic materials
by Linka and Kuhl [39] and Tac et al. [40]. Another explicit data-driven strategy is to
use spline interpolations instead of neural networks, which was initially proposed by
Sussman and Bathe [41] on isotropic materials through the use of cubic splines based
on logarithmic strain. This strategy was subsequently extended to account for material
anisotropy, including transversely isotropic and orthotropic constitutive responses, as
presented by Latorre and Monténs [42, 43]. Thereafter, a canonical framework for
isotropic hyperelasticity based on (i) principal stretches, (ii) principal invariants, and
(1i1) modified invariants is formulated by Dal et al. [44]. In the following part, a canon-
ical anisotropic data-driven framework is proposed by Tikenogullar1 et al. [45] through
the use of dispersion-type anisotropic formulation. In these canonical frameworks, a
convenient algorithmic treatment for the finite element implementations is formulated,

and an optimization software is published in Durna et al. [46].

1.2 Viscoelastic Behavior

The theoretical foundations of both linear and nonlinear viscoelasticity in polymers
are comprehensively reviewed in the seminal texts by Christensen [47] and Phan-
Tien [48]. The finite linear viscoelasticity model of Coleman and Noll [49], developed
by extending linear viscoelasticity theory to the finite deformation regime, provides one
of the earliest frameworks for describing viscoelastic behavior in rubber-like materials.
The principle of fading memory, formalized by Coleman [50] and complemented by
the work of Truesdell and Noll [51], is employed in most theoretical frameworks for
finite viscoelasticity. It postulates that the current state of the material is primarily
governed by the recent deformation history, while the influence of past configurations
gradually diminishes over time. Recently, stress-type internal variables have been
employed in the finite linear viscoelasticity formulations, as demonstrated in [52, 53,

54]. For an excellent review, the reader can be referred to Haupt and Lion [55], and
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Miehe and Goktepe [56]. Within the finite viscoelasticity literature, the multiplicative
decomposition of the deformation gradient is widely employed in internal variable
based formulations to partition the kinematics into elastic and viscous parts [57, 58,
1, 27]. An alternative kinematic description for finite viscoelasticity was proposed
by Miehe and Keck [59] through the introduction of a viscous metric tensor in the
Lagrangian setting. Following the foundational works on finite elastoplasticity by
Simo and Miehe [60] and viscoplasticity by Simo [61], the algorithmic treatment
of internal variable based representations of finite viscoelasticity is demonstrated in
Reese and Govindjee [1], Dal and Kaliske [62], and Dal et al. [27]. In this context,
the evolution equations are integrated via an exponential mapping-based predictor-
corrector approach within a discrete-time setting through the use of unconditionally
stable backward Euler schemes, see Weber and Anand [63] and Cuitino and Ortiz [64].
An alternative method for modeling the finite viscoelasticity of rubber-like materials
involves micro-sphere kinematics, which derives the three-dimensional response by
integrating one-dimensional rheological models over a unit sphere using numerical
quadrature. In this regard, Miehe and Goktepe [56] extended the micro-sphere model to
describe the finite viscoelastic behavior by introducing two families of micro-kinematic
scalar internal variables. These internal variables are evaluated at discrete points on
the microsphere through affine stretch measures. Within their framework, the two
families of internal variables, governed by nonlinear evolution laws in logarithmic
space at each spatial orientation, represent two distinct micro-mechanisms. Specifically,
the first family characterizes the relaxation of superimposed entanglements, while
the second accounts for the release of topological constraints. Subsequently, Dal
et al. [65] extended this framework to finite viscoplasticity for the characterization
of the complex rheological behavior of uncured green rubber. For comprehensive
experimental investigations on the viscoelastic behavior of rubber-like materials, the

reader is referred to [53, 56, 27, 66].

Two molecular approaches have been developed to describe the viscoelastic dynamics
of polymer chains. Transient network theory, originally introduced by Green and To-
bolsky [67], describes the stress relaxation phenomenon with the continuous breakage
and reformation of the cross-links. This approach was further advanced through the

works of Lodge [68], Phan-Tien [69], and Tanaka and Edwards [70, 71]. Afterwards,



Linder et al. [72] integrated these molecular network concepts into the micro-sphere
framework. Reptation-type tube models, established by de Gennes [73] and Doi and
Edwards [74], were developed to characterize the constrained dynamics of a single
polymer chain within an entangled network. While the lateral motion of a single chain
is qualitatively restricted by an effective tube-like topological confinement, its dynam-
ics are characterized by a combination of local Brownian fluctuations and curvilinear
reptation along the tube contour. Thereafter, Bergstrom and Boyce [58] successfully
adopted reptational motion within a finite viscoelasticity framework. Building upon
these developments, the extended eight-chain model proposed by Dal et al. [27] char-
acterizes finite viscoelasticity by elucidating the relaxation kinetics of an individual
chain within a network-based framework, effectively bridging molecular dynamics

with macroscopic continuum mechanics.

More recently, data-driven approaches have emerged to overcome the limitations
of prescribed empirical constitutive laws. Within the context of automated model
discovery, Flaschel et al. [75] introduced the EUCLID framework based on generalized
standard materials, which combines sparse regression with mechanical constraints to
identify parsimonious free-energy and dissipation potentials and to select the internal
variables required from a broad candidate library. As a neural network based approach,
Tag et al. [76] proposed a physics-informed constitutive framework for anisotropic
finite viscoelasticity, employing neural ordinary differential equations (NODEs) to
represent the governing potentials and distinct evolution laws for the matrix and fiber
phases. In the small-strain regime, Rosenkranz et al. [77] proposed physics-augmented
neural networks within a generalized standard material framework. Their approach
eliminates the need for prescribed internal-variable histories in the training data by
leveraging an auxiliary recurrent neural network to infer the evolution of the latent

internal state during training.

1.3 Problem Definition and Motivation

The aforementioned investigations primarily rely on the specific forms for the time-
dependent behavior of the materials. However, recently form-free, spline-based, and

versatile data-driven approaches have emerged and have proven to be successful in
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determining the hyperelastic behavior of isotropic, anisotropic, and compressible
materials. These approaches have been demonstrated to integrate seamlessly into
conventional finite element frameworks with minimal complexity. Even though some
data-driven approaches for viscoelasticity exist in the literature, the investigation
of data-driven inelasticity frameworks based on splines remains largely unexplored.
Therefore, a spline-based approach can be applied to finite viscoelasticity by employing
a successful and thermodynamically consistent algorithmic formulation as a baseline,
ensuring a form-free but physically feasible model. Moreover, the integration of such a

model into conventional finite element frameworks can be achieved with relative ease.

1.4 Scope and Outline

In this work, building upon the algorithmic framework of Dal et al. [27], a data-driven
model is proposed for finite viscoelasticity. The model a priori satisfies thermodynamic
consistency. The goal is to obtain a data-driven framework that can accurately predict
multiaxial deformation states with time-dependent behavior. The proposed framework
is modular, utilizing B-splines to provide the flexibility needed to adjust both the form

and the number of parameters for an optimal fit to experimental data.

To evaluate the performance of the proposed model, three distinct experimental datasets
for finite viscoelasticity are selected from the literature, each primarily targeting a
different aspect of the model. The proposed framework is calibrated and validated using
these experimental datasets, representing different loading conditions and material
responses. The study aims to evaluate the predictive capability and generalization

performance of the model across multiple data sources.

The thesis is organized as follows: In Chapter 2, fundamentals of continuum mechanics
and kinematics for an inelastic solid are summarized alongside the utilized computa-
tional geometry, namely, the concept of B-splines. The proposed data-driven finite
viscoelastic framework is presented in Chapter 3, along with the complete algorithmic
formulation required for its implementation within a large-strain finite element setting.
Chapter 4 is dedicated to the identification of model parameters and the training of the

data-driven framework against experimental results, accompanied by a comprehensive
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discussion of the identified material responses and the predictive capability of the
proposed model. Finally, the thesis closes with a summary of the key findings and

concluding remarks in Chapter 5.



CHAPTER 2

THEORETICAL BACKGROUND

In this chapter, the foundational principles of continuum mechanics are established.
The essential kinematics and fundamental maps of the continuum for inelastic solids
are summarized. Subsequently, hyperelasticity and constitutive relations alongside
polyconvexity and thermodynamic constraints are discussed. Additionally, the compu-

tational geometry utilized in this work, the concept of B-splines, is introduced.

2.1 Fundamentals of Continuum Mechanics

2.1.1 Kinematics of a deformable solid

This subsection outlines the governing field equations and internal state variables for

an isotropic inelastic solid undergoing finite deformations.

Figure 2.1: Nonlinear deformation of a solid. The reference (Lagrangian) configuration

By 2 R? and the spatial (Eulerian) configuration B 2 R®attimet 2 T  R,.



2.1.1.1 Geometric mappings and the field variables

Let B represent the reference, or Lagrangian configuration; and B represent the
spatial, or Eulerian configuration of the body at time ¢t 2 T R., see Figure 2.1.

The response of an inelastic body can be described as
State( X, t) := fp(X 1), Z(X,t)g, (2.1)

where (X, t) is the deformation map, and Z(X , ¢) is the internal field variable in
generic form. In this context, the deformation map
B, T 'B R

©: (2.2)
(X’t> A= 90t<X)

represents the deformation field that transforms the material points X 2 By in the
Lagrangian/reference configuration onto spatial points = ¢,(X ) attime t 2 T

R, in the Eulerian/current configuration of the material point. The material and
spatial gradient operators Ii.[ | and [ | depict the spatial derivatives with respect
to reference X and current @ space, respectively. In the reference/Lagrangian and
current/Eulerian, define the tangent spaces as T'x B, and 7B, and the co-tangent

spaces Ty By and T, B, respectively. The deformation gradient
F:TxBy ! T,B; F :=ryp,(X) (2.3)

maps the tangents in the reference setting onto the tangents in the Eulerian setting.
Similarly, the cofactor of the deformation gradient cof [F] = JF T is a map between
the Lagrangian and Eulerian co-tangent spaces. For the unit normal vectors, the

determinant .J := det[F'] factor is normalized to obtain a unit vector map
FT.1.B, " T,B; n=F'N. (2.4)

Moreover, the determinant J := det[F'] describes the volume map. These tangent,

area, and volume maps can be depicted as

F:T7xBy ' 7,.B dX A dex=FdX,
cof[F]:TxBy ¥ T,B dA A da = cof[F|dA, (2.5)
det[F]: R T R, dV A dv = det[F]dV .
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() (b) (©)
Figure 2.2: The infinitesimal (a) tangent line, (b) area, and (c) volume elements. Taken

from [27].

Herein, dx, da, dv depict the infinitesimal elements for line, area, and volume in
the Eulerian setting, whereas d X, dA, dV depict the infinitesimal elements for line,
area, and volume in the Lagrangian setting, see Figure 2.2. Also, the condition on the
Jacobian J > 0 is required to ensure non-penetrable deformations, such that volume

remains always positive.

Furthermore, in the neighborhoods of the Lagrangian X and the Eulerian & spaces,
the manifolds are locally equipped with the covariant Lagrangian G' and Eulerian
g metrics, respectively. To generate a consistent map between the covariant and
contravariant entities in the Lagrangian and Eulerian settings, these metric tensors are
essential, and they effectively serve as the index-raising and index-lowering operators
[78]. In the Cartesian coordinate system, the terms of metric tensors reduce to the
Kronecker delta such that G;; = 97, gij = d;;. Note that superscripts and subscripts
are utilized for contra- and covariant objects, respectively. However, in the Cartesian
coordinate system, there are no differences between these objects, and subscripts are
generally preferred in the subsequent sections. Herein, the pull-back ¢ ( ) operations

are given as

@ (V=F'()F ad o ()=F'()F T, (2.6)
and the push-forward ¢ ( ) operations are

¢ (V=FT(VF' and ¢ () =F()F" 2.7)

where ( )’ and ( ) depict covariant and contravariant objects, respectively. Subse-
quently, the right Cauchy-Green and the inverse of the left Cauchy-Green tensors

are given by the pull-back of the current metric g, and push-forward of the reference
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metric G

C=F"gF and ¢=F TGF ', (2.8)

respectively. The Finger or left Cauchy-Green tensor b is expressed as b = ¢ . These

manifolds and their relations are shown in Figure 2.3.

F F F
TX‘%U—> Tw B TX'%O—> Tm P TX*%O—> Tw B
C g G c S P T

-T -7 -T
(@) IxBo—— T % b) IxBo———»= T % ) IxBo— T %

Figure 2.3: Lagrangian and Eulerian manifolds with (a) current metric in Lagrangian
setting C = FTgF, (b) reference metric in Eulerian settingc = F "GF '. (c)
The Kirchhoff stress 7 = FSF” is dual to g and c in the Eulerian setting. The
2nd Piola-Kirchhoff stress S = F' ' P is dual to C and G in the Lagrangian setting.
Taken from [27].

2.1.1.2 Invariants and principal stretches

To satisfy the principles of material objectivity and material frame indifference, the con-
stitutive equations are formulated using frame-invariant quantities, such as the principal
stretches or the invariants of the deformation tensors. This ensures that the material
response remains independent of the observer’s motion and superposed rigid-body
rotations of the Eulerian setting. In the principal space, the spectral decompositions of

relevant metrics are given as

3 3
b:=> \Nn, n, C:=)» AXN° N°
a=1 , a=1 (29)
and  cof[C] := ZugNa N,,
a=1

where v, = J/\, are the areal stretches. Moreover, IN, and n, represent the principal

directions in the reference and current settings, respectively.

Furthermore, three isotropic invariants of the right Cauchy-Green tensor are
1

L =trC, I ::tr[cof[C]]zé[lf tr[C?)], and I:=det[C], (2.10)
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Figure 2.4: Geometric demonstration of the eigenvalues and eigenvectors of the
deformation where principal stretches are \; alongside principal areal stretches v; =

J/\;. Taken from [27].

or in terms of principal stretches

L=X+MN+), L=vi+vi+v;, and I3= A\ (2.11)

2.1.1.3 Multiplicative decomposition of the deformation gradient

Within relevant frameworks, the kinematics of finite viscoelasticity are governed by the
multiplicative decomposition of the deformation gradient into elastic F' and viscous
F* components, expressed as

F =F°F". (2.12)

This multiplicative decomposition splits the total deformation gradient into two distinct
components by introducing a fictitious intermediate configuration. This configuration
is characterized by tangent T'xB and corresponding co-tangent TXB spaces, and
serves as an intermediate state between the Lagrangian and the Eulerian configurations.
Similar to the reference metric, a metric tensor G : TsB & TX B can be defined in
the intermediate setting as a map between tangent and co-tangent spaces as illustrated
in Figure 2.5. Through the intermediate configuration, the elastic right Cauchy green
tensor and the elastic inverse left Cauchy green tensor are given by the pull-back of the
spatial metric g to the intermediate setting and the push-forward of the intermediate

metric G to the Eulerian setting
C°=F"gF° and c¢*=F° GF°', (2.13)
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F F
— | —
TX’@O—> TX%—>TQU‘@ TX%0—> TX”@—>Tm'%

F Fe F Fe -
C c* g ok & !
befl
" FU—T = Fe—T N F'U—T ok Fe—T
IXBoL g T3P L g T>%A Ix%B Lt g T3# L 1%
| |
(a) FT (b) T

Figure 2.5: Pull-back and push-forward mappings of the spatial and intermediate
metric tensors. (a) Pull-back of the spatial metric g to the reference C = F gF
and the intermediate C¢ = F“TgF° settings. (b) Pull-back of the intermediate
metric G to the reference C° = F*7GF" and its push-forward to the spatial setting
¢ = F° TGF° '. Taken from [27].

respectively. Furthermore, the viscous metric C* = F”c°F is expressed as the
pull-back of the inverse left Cauchy-Green tensor to the Lagrangian setting, which
can equivalently be interpreted as the pull-back of the intermediate metric G to the

Lagrangian manifold.

Note that for the elastic measures, similar principal stretch and invariant expressions
can be written. In view of (2.9), the spectral decompositions of elastic metrics are

given by

3 3
b =) X'n, m, C°:=» AN" N
o=l ., (2.14)
and cof[C°] := Z v'N, N,
a=1

where v = J¢/\¢ with J¢ = det F°. Recalling (2.10), three isotropic invariants of
the elastic right Cauchy-Green tensor can be expressed as

1 2 2
I} == tr C, I = trfeof[C]) = 5 [If tr[C]|, and I¢ := det[C°], (2.15)

or in terms of elastic principal stretches
=X 40 +X, =0 +05 +0v5, and IS=XMNS. (2.16)
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2.1.1.4 Material and spatial rates of stress and deformation tensors

The material and the spatial velocity gradients are defined by
F=ry& and l=ra&=FF ' (2.17)

respectively. Then, the elastic and viscous components of the spatial velocity gradient

can be described as
I°=FF°' and I'=F'F" ", (2.18)

respectively. Insertion of (2.12) into (2.17), yields the relationships between spatial

velocity gradients [, I, and "
l=1°4+1" where ['= F'F°". (2.19)

To establish the rate of deformation tensor d and the vorticity tensor w, respectively,
the decomposition of the spatial velocity gradient [ into covariant symmetric and

skew-symmetric parts is given by
l=d+w where d=symgl and w = skew gl (2.20)

Following the decomposition in (2.19), the rate of deformation tensor, i.e. the symmet-
ric part of the spatial velocity gradient, is also additively partitioned into elastic and

viscous components

d=d°+d . (2.21)

For an Eulerian object, the Lie derivative is given by the push-forward of the material
time derivative of corresponding Lagrangian pull-back object, i.e. ¢ ff()g. This
derivative provides an objective rate by evaluating the temporal changes of a spatial
field within its associated material frame, thereby filtering out the contributions arising
from superposed rigid-body motions. Accordingly, the objective Lie derivative of a

contravariant second-order tensor is given by
£,0)=0) 1) (0" (2.22)
Thereby, the objective Lie derivative of the Kirchhoff stress is obtained through
£r=7 lr I, (2.23)
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where 7 is the total or the material time derivative of the Kirchhoff stress tensor. Also,
note that the symmetric rate of deformation tensor is half of the objective Lie derivative

of the Eulerian metric, such that

1 1 :
d= 5£.9= §F TCF . (2.24)

In the same sense, the elastic component of the symmetric rate of deformation tensor

in the fictitious configuration can be written as

1 7.c
= F 'CF . (2.25)

Rearranging (2.24) and (2.25), the material time derivative of the right Cauchy-Green

tensor and its elastic counterpart can be obtained as
C =2F"dF and C°=2F°d°F°, (2.26)

respectively.

2.1.2 Hyperelasticity and constitutive relations

A hyperelastic material is governed by the Helmholtz free energy function, or strain
energy density function W. Hyperelastic elements dissipate no energy and result in
reversible processes. Hence, through the second law of thermodynamics for reversible

processes, stress relations can be derived as

ov ov
S = 28_07 and T = 2% (227)

Their relations with each other can be described by

r=Jo=FSF' and P=FS, (2.28)

see Figure 2.3. Herein, stress measures are represented by the Kirchhoff 7, the Cauchy
or true o, the first Piola-Kirchhoff or nominal P, the second Piola-Kirchhoff S stress

tensors.

2.1.3 Second law of thermodynamics and polyconvexity

For isothermal processes, the second law of thermodynamics can be expressed through

the Clausius-Duhem dissipation inequality as

. 1. .
D:=P ¥ 0 with P::S:EC:T:d:P:F. (2.29)
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Here, D denotes the internal dissipation per unit reference volume, P represents the
stress power term, and W is the rate of Helmholtz free energy density. Accordingly, the
second law dictates that reversible processes correspond to the limit D = 0 whereas
all irreversible processes must satisfy the strict inequality D > 0 to remain physically

admissible.

Another physical restriction imposed on the material is called polyconvexity. The
requirement of strict convexity ensures mathematical stability [79]; however, this
condition is often considered overly restrictive and physically inconsistent in the
context of finite elasticity. Therefore, the notion of polyconvexity was introduced
by Ball [80] as a weaker, yet physically and mathematically robust, condition. The

requirement for polyconvexity is satisfied if
U = U(F, cof [F], det [F]). (2.30)

is convex with respect to F', cof [F], det [F|. Further investigation of the polycon-
vexity of the invariant-based models can be conducted by noting that the invariants
are functionals of the deformation gradient F'. Hence, for invariant-based models,

polyconvexity is guaranteed if the free energy is a non-decreasing,

ov ov
_ d =2 231
(00 ol 0 and 1)y oL, 0, (2.31)
and convex, \ ,
0% 0*v
Y1 = 8_112 0 and g = 0—122 0, (2.32)

function of the invariants [81].

2.2 Computational Geometry: Concept of B-splines

B-spline curves can be interpreted as a series of piecewise Bézier curves joined with a
specified degree of continuity. A key advantage of B-splines over global Bézier curves
is their local controllability, which allows additional control points to be introduced to
enhance fitting capability without increasing the polynomial order. A B-spline curve,
C(€), and its derivative, C°(£), can be defined as linear combinations of n control

points P, weighted by the corresponding basis functions of degree p,

CO=Y_NIEPy and CY) =D N'(OP,  (233)
k=1 k=1
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where N/ (¢) and NY "(¢) denote the B-spline basis functions of degree p and their
derivatives with respect to the parameter £, respectively. The Cox-de Boor recursion
formula is utilized to obtain N} (£) and N/ 0(5 ). For the zero degree case (p = 0), the

basis functions are defined as

1 if
NO(E) = ) it & §<&n (2.34)

0, otherwise

along the given knot span. For higher degrees (p > 0), basis functions N/ and their

. . 0 .
derivatives N/ are recursively computed through

NP () = %N e+ %N&f(@, (2.35)
N7'(€) = &Hp’;&ch Le) m%f(@, (2.36)

where the so-called m number of knots are denoted by &; with k= f1, 2,...mg. Note
that a B-spline curve of degree p with n control points consists of n  p piecewise
Bézier segments joined with C? * continuity, where k denotes the multiplicity of the
associated knot. A fundamental property of B-splines is evident from the Cox—de Boor
recursion formula given in (2.34), where each basis function N (§) remains nonzero
only within the interval [{, &+p+1), implying that the support of each basis function
spans p + 1 knot intervals. Therefore, modification of a single control point P;, affects
the response only locally over p+ 1 knot spans of the B-spline, thereby enhancing local
controllability of the curve. For a B-spline of polynomial degree p defined by n control
points, the total number of knots is given by m = p 4+ n + 1. Based on the Cox-de
Boor formula, B-spline curves are not fully supported over the first and last p knot
spans of a general knot sequence. To ensure the spline is well-defined over the entire
interval, the open-knot vectors are utilized, where all interior knots are distinct, while
the first and last knots are repeated p 4 1 times. In this way, a fully supported domain
can be obtained. At a knot with multiplicity r, such that the knot is repeated r times,
basis functions of degree p exhibit C” " continuity. In this study, the intermediate
knots are not repeated, resulting in C? ! continuity across the corresponding knot
spans, whereas only the first and last knots are repeated p + 1 times according to the

definition of open knot vectors. Furthermore, basis functions satisfy the partition of
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Figure 2.6: (a) First, (b) second, and (c) third degree B-spline curves with (d) first, (e)

second, and (f) third order basis functions. Taken from [45].

unity property expressed as

n

SONF(E) =1 826, 6u). (2.37)

i=1
Additionally, basis functions are non-negative over the entire domain. Together, these
properties ensure that the resulting spline curve remains within the convex hull of
its control points, thereby providing a stable and physically consistent interpolation.
Representative examples of B-splines, featuring various degree and control point

configurations, are illustrated in Figure 2.6.
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CHAPTER 3

A DATA-DRIVEN FRAMEWORK FOR FINITE VISCOELASTICITY

In this section, the data-driven formulation for a finite viscoelastic constitutive model
is outlined. The focus is on developing constitutive equations that describe both
the equilibrium and non-equilibrium behavior of rubbery polymers, based on the

generalized Maxwell-Wiechert model, within the framework of finite deformations.

3.1 Rheology of the Constitutive Model

L
j_O_WN\N“U.El@_‘;

F =F{F}

Figure 3.1: The generalized Maxwell-Wiechert viscoelastic solid composed of n
elements, with £ 2 f1, ... ng, illustrated in a finite deformation context. The spring
Ve represents the equilibrium elastic response, whereas the spring ¢/;¢ together with
the dashpot characterized by the creep rate 7, in each Maxwell branch describe the

non-equilibrium (viscoelastic) behavior of the material. Taken from [27].
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Herein, the free energy density function is additively decomposed into equilibrium

(elastic) and non-equilibrium (inelastic) contributions as
V(g,F,F°) =V¢g, F)+ V"(g, F°) = V°(C) + ¥"(C°) , (3.1

which represents the standard viscoelastic solid rheology, where a set of n Maxwell
elements is arranged in parallel with a nonlinear spring describing the ground-state
elastic behavior. Following the generalized Maxwell-Wiechert structure illustrated in
Figure 3.1, the non-equilibrium part of the free energy in (3.1) is expressed as the sum

of the individual contributions from each Maxwell element
U"e(g, F€) = Zw (g, F$) or U"(C°) Z¢ (3.2)

where k 2 f1...ng denotes the index of the respective Maxwell element. Recalling
(2.12), the deformation gradient is multiplicatively decomposed in the non-equilibrium

branches as

F=F.F!. (3.3)

Recalling (2.27) in the view of the additive partition of the free energy, the total
Kirchhoff 7 and second Piola-Kirchhoff S stresses for the inelastic material admit an

additive decomposition into equilibrium and nonequilibrium components as
T:=20,V(g, F,F)=71°+7" and S§:=20,¥(C,C°)=S8°+5", (34

where superscript e and ne denote the equilibrium (ground-state elastic) and the
non-equilibrium (viscoelastic) contributions to the corresponding total stress tensors,

respectively.

3.2 Equilibrium Part of the Constitutive Model

Considering (3.4), the equilibrium part of the stress response is expressed as

7¢:=29,0°(g,F) and S°:=20,V°(C). (3.5)
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3.2.1 Extended eight-chain formulation

The free energy function of the compressible extended eight-chain model [27] is

defined as
Ue(g, F) = US(g, F) + U5(g, F) + V(g F) = U5(J) + U5(\,) + Ue(v) (3.6)

with volumetric, free-chain, and tube-constraint contributions, respectively,

) 3N 1 4
()= Y2+ 1?7 & InJ —pnJ,
4 3N 1 9
) P ) 3.7)
Ui (A\r) = ulN ()\Tﬁ +1In Sinhﬁ) and VUi(v,) = pc(v, 1)

where 8 = L '(\,) represents the inverse Langevin function, N is the number of
segments, A, = \,,/ N denotes the relative average network stretch, and y = & % 1
is the first Lamé parameter. The shear modulus terms, ;2 and . are related to the
free-chain response and the tube constraint part, respectively. Moreover, the average
kinematic quantities \,, and v, are defined according to Arruda and Boyce [22] and

Dal et al. [44] as

PR EED Rk SO Y At Rl S VA BT
3 3 3 3

Considering the free energy function in (3.6), the equilibrium Kirchhoff stress can be

derived as
e e A~ N 2/,LC
¢ =120,¥%(g, F) = &(J)g 1+u()\n)b+§;([1b b%), (3.9)
where the related terms are given by
X _
R(J) = 5 (nJ+J(J 1) g,
3.10)
_ u3N 1 4 . W3N A2 (
= - — e d Ap) = -————.
=g N 1 Tote ad AW =55

In the preceding derivations, the inverse Langevin function is approximated using the
Padé formulation, L '()\,) A\.(3 A?)/(1 \?), as defined by Cohen [82]. This
approximation is adopted hereafter for all subsequent derivations involving the inverse

Langevin function.
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3.2.2 Data-driven modified invariant-based formulation

The free energy function of the data-driven modified invariant-based formulation [44]

is characterized through the definition of partial derivatives given by

oUeaN, 11 - OV Oy, 11 - Owe
e _ — T a.he e__ - “'n __ — — e e _ 7~ 11
M= onan ent T g an ot M vr=gr GID

where effective stretch measures A, and v, are utilized similar to the extended-eight
chain model. The partial derivatives of the free energy functions with respect to the

stretch measures \,, and v,, are interpolated with the use of B-splines as
Uf =Y N;(A)PS and 4§ =) Ny(v,)Py? (3.12)

where n is the number of control points, P; ! and P’ 2 are the control points regarding
data-driven equilibrium response. Considering the partial derivatives of the free energy

function in (3.11) and (3.12), the equilibrium Kirchhoff stress can be derived as
TC=JP5g 205+ Lvs)b 2050 T (3.13)
with partial derivatives of the invariants and the normalization term
5= (207 + 405" +95")g ! (3.14)
where w?&’ Jg are initial values of partial derivatives for [; = 3, [, = 3, and J = 1.

Polyconvexity of the elastic data-driven contribution is guaranteed by satisfying the
relations in (2.32). Substitution of partial derivatives from (3.11) into the chain rule
expansions, such as

oYy OYf oA,
oI, O\, Ol

s _ Oy vy

0 and _
W BL T v, 0L,

0, (3.15)

yields the following identities after further algebraic manipulations
M ¢ 0 and v, 205 0. (3.16)

While these conditions generally serve as numerical restrictions within the data-driven
scheme, rigorous polyconvexity regarding the second strain invariant is intentionally
omitted. This is driven by the observation that several well-established physically

motivated formulations, which exhibit excellent correlation with experimental data, do
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not strictly satisfy polyconvexity requirements for the second invariant. Consequently,
adopting a simple non-decreasing constraint 1) 0 ensures basic physical consistency

while preserving model flexibility.

For a comprehensive overview of several volumetric free energy functions and their
finite element implementations under quasi-incompressible conditions, the reader is

referred to Kadapa and Hossain [83].

3.3 Non-Equilibrium Part of the Constitutive Model

Following the rheological structure shown in Figure 3.1 and considering (3.4), the
non-equilibrium part of the stress response is expressed through the summation of

branchwise stress contributions

¢ =20, (g, F*) = Z’T and 8™ := 20, U"(C*) Zs”e (3.17)

Herein, the individual overstress contribution associated with each Maxwell branch is

expressed as
7= 20,01°(9, Ff) and 8" =200.01°(C}) (3.18)

in line with the rheology illustrated in Figure 3.1. Hereafter, the subscript k£ denoting
the specific Maxwell branch is omitted from the relevant quantities, e.g., ¥2°(g, F'}),

to simplify the notation and avoid unnecessary repetition.

3.3.1 Compressible eight-chain formulation

The non-equilibrium free energy contribution for an individual Maxwell branch can be

formulated using the compressible eight-chain model as

v v NU 1
g, 1) =X e (e 1] PPN Ly e
1 3 Nv 1 519
p :
'UNU e l
T (A’ﬁ—i_ nsinhﬂ

where the network and the relative network stretches for the non-equilibrium defor-

mations are represented in terms of the first elastic invariant by \¢ = /If/3 and
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A= \/W respectively. Moreover, 3 = L 1()\¢) denotes the inverse Langevin
function, p” represents the shear modulus, NV is a measure of the number of chain
segments constrained by the surrounding network within the nonequilibrium branch,
and " 1s the first Lamé parameter. Consequently, for the compressible eight-chain

model, the Kirchhoff stress is written as

F1e = 20 e (J°, IT) = %(1nJ6+J6(J6 1) g '+ at(A0)be, (3.20)

where the shear modulus like terms are given by

2

. uY3Nv 1 ) [ 3NY )
LR — d YN = ——— . 3.21
/‘L 3 N,U 1 an lu ( TL) 3 NU )\%2 ( )

3.3.2 Compressible extended eight-chain formulation

The non-equilibrium free energy contribution for an individual Maxwell branch can be

formulated using the compressible extended eight-chain model as
Wre(Je T, 1) = Wpe(J€) + Wi (A7) + W ee(vy,) (3.22)

with volumetric, free-chain, and tube-constraint contributions, respectively,
u’ 3NV 1
3 Nv 1
ne e v v e B ne e v e
WO =N (X ) and 00 = )

v 4
\DZE(JE):XZ[(InJe)2+(JE 1) nJ* Spfne,

(3.23)

where 8 = L '()\¢) denotes the inverse Langevin function, NV is the number of
segments, X = \°/ Nv represents the relative average network stretch for the
non-equilibrium deformations. Moreover, ;¥ and p¢ are shear modulus terms associ-
ated with the free chain and the tube constraint part in the non-equilibrium network,

respectively. Accordingly, the Kirchhoff stress can be derived as

s ne ne (& e (& U (& ~U e € 2 g
T = 20,0 (I I I5) = R(J%)g ()b + 5L

n

(I ), (3.24)

where the related terms are given by

v

R = e+ (e 1)
~y Mv 3N" 1 n 4 v and Av()\e) B Mv 3NV )‘1612 (325)
W= Ne 1 gl ) =53 e
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3.4 Thermodynamic Consistency

The second law of thermodynamics physically constrains the constitutive response

through the dissipation inequality given in (2.29), as
D=P ¥ 0. (3.26)

Considering the material time derivative of the free energy function given in (3.1), and
incorporating the definitions in (3.5), and (3.17),, the rate expression can be obtained
as
U = 20,0° : %C + 205, 0" %C“’ —5° %C + 8" %C“’ . (3.27)
After incorporating (2.26) into (3.27), necessary manipulation can be carried out as
U = S [F'dF]+ 8™ :[F"dF*
= FS°F":d+ F‘S"“F" . d°
= 71°:d+T1":d° (3.28)

~U

=" r°:d+T1":[d dJ]

~v

= [T°+71":d T":d

~U

= T:d T":d.

Considering power term P in (2.29), and the result of (3.28), the dissipation inequality
is reduced to

v

D,y=7+":d 0. (3.29)

The non-negativity of the reduced dissipation D,..4 guarantees thermodynamic consis-
tency. Consequently, the evolution equation governing the viscous rate of deformation
tensor d must be formulated such that the reduced dissipation inequality (3.29) is

satisfied a priori.

3.5 Evolution Law

To ensure the a priori satisfaction of the reduced dissipation inequality (3.29), the
evolution of the inelastic rate of deformation tensor in the Eulerian setting is formulated
as

d =4N (3.30)



where ~ represents the effective creep rate. The non-equilibrium Kirchhoff stress
governs the flow direction through

e P

N= ' with ki"k:= 777", (3.31)
k7T"k

Furthermore, the specific norm of the non-equilibrium Kirchhoff stress 7" is defined

as

7_7’L8

k7K
2
Note that incorporation of (3.30) alongside (3.31), in the reduced dissipation relation

(3.32)

(3.29) yields the result that ¥ 0 is sufficient to ensure thermodynamic consistency.

In what follows, the use of B-splines is proposed to determine the effective creep rate

as a function of the specific norm 7"¢

57 = YN, (2 ) P,. (3.33)
j=1

where N; represents the basis functions of the B-spline, while P; denotes the 5™ control
point of the B-spline with a total number of n control points. Also, a normalization

factor 7 is introduced, which may differ for each Maxwell branch.

Because B-splines require bounded domains for their input variables, explicit limits
for the non-equilibrium stress 7" must be established. In this case, the normalization
factor is taken as 7 = 1 MPa. Alternatively, mapping the B-spline domain onto a unit
interval [0, 1] is achievable by setting the upper limit to 1 MPa and 7 77¢_, which

max?

scales the input space relative to the maximum expected non-equilibrium stress.

At equilibrium, the dashpot must do no work and must not dissipate energy such that

7"™¢ and * are zero, hence the initial control point P is fixed to zero to ensure
4(0) =0 with P; =0. (3.34)

Moreover, the control points are constrained to be nonnegative to ensure that the

effective creep is nondecreasing and thermodynamically consistent, i.e.
P, 08j2f.,2,....ng =» 7§ 0. (3.35)

Furthermore, control points are selected to be monotonically increasing to obtain a

nondecreasing effective creep rate with respect to the non-equilibrium stress measure,
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such that

Pi P, 08j2fl,2....n 1g =) AN (3.36)

orne

In this way, a monotone and stable dissipative flow consistent with physical relaxation
mechanisms is obtained. Note that the upper bound of the B-spline argument must be
predetermined empirically at the initial stage based on the maximum expected stress.
For the normalized case where 7 7%, this upper bound is mapped directly to 1.

Beyond this predefined range, whether operating on an absolute scale or restricted to

the unit interval [0, 1], the B-spline functions are formulated to extrapolate linearly.

3.5.1 Effective viscosity

In the proposed configuration, effective viscosity and differential viscosity measures
can be respectively defined as

7_716 dTne
and Ngg = ——.
dy

n= (3.37)

Herein, shear rate is represented by effective creep rate in our formulation. Then,
change of viscosity in regard to effective creep rate leads to different viscous flow

behaviors
<0 =) Shear-thinning

d
%1 > (0 =) Shear-thickening (3.38)

=0 =) Shear-rate-independent
Algebraic manipulations of this derivative are given by

dﬁ _ dr"® 1 ned(ﬁy 1) _ Naifr Ui
=< +tT = =~
dy  dy 7y dy Yoo (3.39)

. dn
=) Vd—. =MNaix 7N
8
Considering (3.38) in view of (3.39) results in
Naig <7 =) Shear-thinning

Naig > 1 =) Shear-thickening (3.40)
naig =N =) Shear-rate-independent

Hence, viscous shear-thinning and -thickening flow behavior of each branch can be

evaluated through inequalities (3.38) or (3.40).
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Conventional evolution laws are typically either linear or formulated in terms of
power laws, e.g. 4 = K (7"¢)". Linear evolution laws, such that n = 1, can be
associated with shear-rate-independent viscosity behavior. On the other hand, power
evolution laws yield shear-thinning viscous flow over the entire range when n > 1,
whereas 0 < n < 1 yields shear-thickening type viscous flow. Exponents greater
than unity are commonly adopted in models for rubber relaxation to represent stress-
accelerated relaxation kinetics. Accordingly, conventional evolution laws are generally
restricted to either shear-rate-independent or globally shear-thinning type effective
viscosity behavior. In contrast, the proposed model allows local transitions between
different viscous flow regimes across the considered range of the non-equilibrium

stress measure.

3.6 Algorithmic Setting for the Constitutive Model

This section details the algorithmic formulation of the proposed model tailored for
finite element implementation. Specifically, the algorithmic structure for the current
stresses and the corresponding spatial tangent moduli terms of both equilibrium and
non-equilibrium contributions is demonstrated in the time-discrete setting. Further-
more, an efficient implicit update scheme for the principal elastic stretches of the
non-equilibrium Maxwell elements, proposed in [27] by conceptually following the

approaches in [84, 1, 85] will be detailed.

The Eulerian stresses and the consistent tangent expressions are evaluated over a time-
discrete interval with time increment At = ¢"*1  ¢". By employing the consistent
tangent moduli in place of the objective stress rate and eliminating the explicit division
by the time increment, the continuous expression in (2.23) can be expressed in the

time-discrete setting as
1
AT = Cugo : 5209 + r.(Ap) T+ 7 ri(Ayp) (3.41)

where A( ) denotes the incremental change of () over the time increment At. In
this context, a consistent formulation for the total Eulerian algorithmic moduli tensor
Cago must be developed. The accurate determination of the moduli tensor is essential

for maintaining the quadratic convergence of nonlinear finite element analyses when
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utilizing global iterative schemes, such as the Newton-Raphson method. Afterwards,
the additive decomposition of the total algorithmic moduli term into equilibrium and

non-equilibrium parts is expressed as

Cago 1= C° + €1 (3.42)

algo -

In the algorithmic setting, the value of the left Cauchy-Green tensor b at the current
time t = t,.1, explicitly required for the evaluation of the equilibrium Kirchhoff
stresses in (3.9) and (3.13), is readily available at each iteration of the global iterative

solution procedure.

3.6.1 Stress and moduli terms for the elastic part

In the subsequent treatment, the Eulerian elasticity moduli C¢ in (3.42) is defined as
€ =400, V°(J, I, I,) or C°=29,7°. (3.43)

3.6.1.1 Compressible extended eight-chain formulation

Employing the particular form of the free energy (3.6) through the stress expression

(3.9), the spatial equilibrium tangent moduli is explicitly obtained as

Qe :(ge —i—ﬁe)g 1 g 1 2ﬁel+ﬁeb b

. (3.44)
+f4nLb b)) (b b))+ b b 1)
Herein, the terms regarding the Jacobian J are
ove
Fo=Jo =X mJ+J(J 1) i and
o7 2 3.45
. anle X ) ~ ( . )
3:2]28J2:§[J an—i—l}—i—,u,
and the terms related to /; and /5 are given by
o Ap 1 ; 8 1 o dpe 1
e=_LT__ ~ € = — d ¢°= —. 3.46
EoNa e s1p 09 T g (3.46)

The fourth-order tensor |, is obtained through the push-forward of the fourth-order

identity tensor |, given by

|ijkl=%(5“ﬂ5ﬂ +0"0%) and 1,9 = = (bF 4 00F) (3.47)

1
2
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3.6.1.2 Data-driven modified invariant-based formulation

Employing the particular form of the free energy (3.11) through the stress expression

(3.13), the spatial equilibrium tangent moduli is explicitly obtained as

C=(5+pg ' g' 2p1+45b b

(3.48)
+45,(Ib bY)  (Iib b)) +2¢5(b b 1y).
Similarly, the terms regarding the Jacobian .J are
e owve e , 02 W
pfi=J 37 and 35°:=J 577 (3.49)
wherein second-order partial derivatives are written as
. oY§ oA, 11 /-, 1 %e
Y] = ox, Ol = %A_% (% A 1/11) and
(3.50)
we 01/)5 81/71 11 (Q&e 9 11[}8>
= ———: = — — U
22 ayn 8[2 81 Vﬁ 22 n 2/
with relevant B-spline representations given by
U5 =Y N/ )P and g5, =) N (v, )P (3.51)

The fourth-order tensors | and |, are described in (3.47).

3.6.2 Stresses and moduli terms for the nonequilibrium part

In the following discussions, to eliminate the unnecessary repetition of the subscript
k in the mathematical expressions, an individual Maxwell element is considered for
the calculation of the non-equilibrium stress and moduli terms. The evaluation of the
non-equilibrium Kirchhoff stresses in (3.20) and (3.24) requires the determination
of the elastic left Cauchy-Green tensor b° at the current time ¢t = t,,1. Since the
computation of b° is governed by the algorithmic implementation of the evolution
equation (3.30), the corresponding integration scheme is detailed in the following

subsections.
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3.6.2.1 Integration of the evolution equation

This subsection begins by introducing the kinematic identity that serves as the founda-

tion for the following formulations, namely

1 e pe 1 _ Y

§£Vb b " =d . (3.52)
The evolution equation (3.30) is integrated by employing an operator split approach
applied to the total time derivative of b°. This decomposition separates the total rate
into an elastic predictor step (E) and an inelastic corrector step (1), expressed as

b = 1b° + b1" + £,b° . (3.53)
——

E 1

Since the pull-back of elastic Finger tensor b° corresponds to C* ', the Lie time

derivative of b® in (3.52) and (3.53) is defined as

£b:=FC’ 'FT. (3.54)

v

In the elastic predictor or trial step E, C* ' is equal to zero. Hence,
Elastic predictor (trial) step E: Cj.'=C} ! ! b, =FC; 'F". (3.55)

Note that, for simplicity, the subscript n+ 1 associated with the quantities at the current
time step ¢, is hereafter omitted. Subsequently, the spatial velocity gradient [ is
taken to be zero during the inelastic corrector step I, hence only the Lie time derivative
contribution is taken into account such that b = £,b°. Incorporating this relation into
(3.52) with the form of the evolution defined in (3.30) for c~lv, the subsequent evolution

expression is obtained
Inelastic corrector step 1 : b = 2/IND ;. . (3.56)

Utilizing the so-called exponential mapping and approximating the integral for a small

time step At, the inelastic corrector step | can be expressed as

tna1
b = exp ( 2/ "yth) b;, exp( 29NAt)b;, . (3.57)
tn

Note that, for the case of isotropy, the non-equilibrium Kirchhoff stress 7"¢ and the

flow direction N share the same eigenspace as b and bj,. Consequently, by employing
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the spectral decomposition in (2.9);, this approximation is expressed in the principal

stretch directions as

2At &
)\22 exp ( anekf'yTa> )\thr with 7" = Z TaMq Mg . (3.58)
a=1

Furthermore, this relation can be expressed in an additively decomposed form by
introducing the elastic principal logarithmic stretches in the current ¢, = In A and

trial €44 = In AG ;. steps, i.e.

At A
Eq pe !

2 Tne

Ta + Ea, tr - (359)

Finally, the residual expression for the local Newton iteration can be defined as

At A
Fo = o+ pilTa Eorr=0. (3.60)
7—77/6

Note that terms with subscript a represent vectors in the principal coordinates. The
algorithmic steps for the local Newton-Raphson iteration are outlined in the Table 3.1.
Furthermore, the rigorous derivation of the local consistent tangent K is elaborated in

Appendix A.

Table 3.1: Local Newton-Raphson iterations.

1.Set initial value Eq = Eqtr
DO
2. Compute residual T i= Eq + %%Ta €a,tr
3. Linearise Linr, =71, + gg‘b Agy
4. Compute tangent Kab = gzz
5. Compute increment  Ag, = (K1) my
6. Update €a  Eat+ Acgq
WHILE jri TOL

3.6.2.2 Algorithmic moduli for the non-equilibrium part

In this subsection, an expression is established for the consistent algorithmic tangent

moduli associated with the non-equilibrium contribution in the closed-form. The trial
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elastic deformation gradient is expressed in the principal space as

F = ZAW n, N°. (3.61)

Afterwards, a fictitious second Piola-Kirchhoff stress tensor is introduced in the
intermediate configuration via a pull-back operation of the non-equilibrium Kirchhoff

stress using the trial elastic deformation gradient as

3

S" =F;'v"F; " where §"=) 5N* N (3.62)
a=1

with the fictitious second Piola-Kirchhoff stress values in the principal directions given

by 5, = 7a/NE

relation in the trial configuration can be defined as

Following the definition in (3.62),, the incremental constitutive

a,tr®

AS™ =cCr

algo °

: ACY,  where CJf

algo 7

=200 8. (3.63)

Subsequent consideration of (3.63), with the use of (3.62), yields the fictitious moduli

tensor as s s
ne Cab 2740 ab a o2
Calgo Z Z e N aCteT ()‘b, tr)
a=1 b=1 atr/\btr (364)
3 27, .
£ e (N N,
a=1 "‘a,tr

where the corresponding partial derivatives with respect to the trial elastic right Cauchy-
Green tensor given by
2 b b
Ice (Np ) =N° N’ and

3
) ) 1 ) ) (3.65)
Oce (N® N7) = E: 20 Aizt)(cgucgb).
b a,ir r

Therein, the fourth-order tensor G-, := M& MY, + M¢ MY, is introduced along-

side with the following definitions
M®:=N* N¢ where M7, := N; N5 . (3.66)

Incorporating the derivatives in (3.64) together with the definitions in (3.66) into (3.65),

the final definition of the fictitious moduli expression is obtained as

3 3 3 3 ~ ~
ne __ Cab 27—(15@17 a b Sa Sb ab ba
CalgO o Z Z A2 \e? M M” + Z Z 2()\e2 /\gzt ) (G +G ) )

(3.67)
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Therein, the moduli-like term c,; has the following definition

01, 01, Oe,
Cap = ——— = )
¢ agb, tr aEc a517, tr

(3.68)

For the derivation of this term, the total derivative of the residual expression for the

local Newton iteration (3.60) with respect to trial logarithmic stretches is evaluated as

dr, or, or, Oe, e
_ T 0= §,+Ke—. 3.69
dgb,tr agb, tr * 880 agb, tr b agb, tr ( )

Consequently, the required term is related to the local tangent through

Oe,
85b, tr

=K, (3.70)

Utilizing the definition T, := g%‘z and the relation (3.70) in (3.68), a compact form for

Cqp 1S Obtained as

Cab = Tac chl . (3.71)

The detailed expressions for the corresponding tensorial quantities T,. and K,. are

provided in (A.4), (A.5), and (A.6).

It should be noted that the fictitious moduli expression in (3.67) exhibits a singularity

in the case of repeated eigenvalues A&, \f ,,. resulting in an indeterminate form

s .
lip. U (3.72)

2
e (& e
>‘a, tr b, tr )\a7 tr )\b7 tr 0

To resolve this issue, L"Hopital’s rule is applied to obtain

. ga gb Caa 27—a5aa
lim = —— = = . (3.73)
e e
)‘a-,tr ! )‘b, tr /\a, tr Ab,tr 2Aa, tr

Finally, the algorithmic non-equilibrium moduli in the current configuration can be
obtained through a push-forward operation via F;,. on the algorithmic non-equilibrium

moduli in the fictitious intermediate configuration described by (3.67), i.e.

Cne ikl :Fteril Ft% Fteri;( EilL Ccre IJKL (3.74)

algo algo
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CHAPTER 4

PARAMETER IDENTIFICATION AND MODEL VALIDATION

4.1 Parameter Identification

The individual error expressions are defined using predicted stresses P, or stretches
A and their experimental counterparts P and A" as follows
NP
Ea(X) =) wa(N) (Pa(X, X)) PSP(N))° with @ 2me, and
Nj .1)
Es(X) = ws(\) (As(X, ) AP(P))” with 82 ey,
i=1

where ., denotes the set of experiments in the dataset, including the uniaxial,
equibiaxial, relaxation, and cyclic experiments; and 1., denotes the set of creep
experiments in the dataset. Moreover, ws, gg are the inner weights to change the
importance of the regions during the identification process; if each region is equally
important, they are simply one over all regions. Also, X is the parameter space to
be identified in the optimization process. Afterwards, the total error expressions are
defined as

EX)= Y waa(X)+ > wsEs(X) (4.2)

aZmexp ﬁzmcrccp
where wr, gg are the overall weights between the different types of experiments. The
identified parameters are defined as the parameter set that minimizes the total error

through
Xopt = arg {)%IZIfD E(X)} 4.3)

where D is defined as the physically admissible domain for the parameter space.
The error is minimized through MATLAB with the necessary equality and inequal-
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ity constraints. Main optimization procedure is done through the gradient-based

Tmincon function of MATLAB as
Xopt = Fmincon(E, Xy, A, b, A, b.,, LB, UB) 4.4)

where X is the initial starting point of the optimization, AX b is the inequality
constraints, and A.,X = b, is the equality constraints. Lower bounds LB and upper
bounds UB on the parameters are also defined. For the options of the fmincon,
sequential quadratic programming (sgp) algorithm is utilized as it showed superior
performance to the default optimization algorithm. Moreover, as the parameters
have high variation in order of magnitude, TypicalX values are given based on the

expectations, and ScaleProblem option is opened with obj-and-constr.

If the gradient-based approach, fmincon, cannot decrease the error further, a sec-
ondary optimization procedure is utilized in sequence. This following optimization is

handled by the patternsearch function of MATLAB as
Xt = patternsearch(E, X,, A,b, A,,,b.,,LB,UB) 4.5)

using the same inputs as fmincon. However, this algorithm lacks the TypicalX or
ScaleProblem options, which proved useful as the parameters have high variation in or-
der of magnitude. Nevertheless, to overcome the stagnation encountered by fmincon,
patternsearch is applied, and the resulting parameters are subsequently used as
an initial point to resume fmincon optimization. This procedure can be repeated

multiple times, depending on the convergence, and is illustrated in Figure 4.1.

E < Tol
. E Tol E < Tol
Xo »[ fmincon ]—)—)[patternsearch]—r—> Xopt
E Tol

Figure 4.1: Hybrid optimization procedure using fmincon and patternsearch.

Furthermore, the choice of the initial guess can significantly influence the convergence
and the quality of the identified parameters. To mitigate this dependency, global

optimization strategies such as the Genetic Algorithm (ga) and Surrogate Optimization
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(surrogateopt) are initially employed to scan the parameter space. However,
complete exploration of the entire domain can occasionally lead to non-physical
parameter combinations, resulting in an ill-conditioned or singular tangent matrix. For
this reason, a multi-start approach is adopted for the global optimization. Sequentially,
the Latin Hypercube Sampling (LHS) [86] is utilized to generate a near-random
distribution of initial parameter sets in the domain. LHS ensures that each parameter
range is divided into equal-probability intervals, with only one sample drawn from
each interval, such that a more uniform coverage of the parameter domain is obtained.

Herein, lhsdesign function of MATLAB is utilized as
X= I hSdeS i gn(Nsamplesa Nparameters) (46)

where Xis @ Nygmpies  Nparameters array of initial points whose i row correspond to
nonscaled parameters X;, between 0 and 1. In the optimizations, Nggmpies are selected

in [100, 500] depending on the need. The nonscaled parameters X;, are scaled through
X;=LB+ (UB LB) X,. (4.7)

Subsequently, each initial point X;, is put through fmincon in (4.4). To facilitate
the global exploration with computational efficiency, the maximum iteration limit
(Maxlter) is truncated to a range of [100, 250]. Finally, the initial sample that yields
the minimum objective function value after optimization is selected as the initial
point, X, = arg {min E(X” t)}, for the subsequent local convergence through the
main optimization algorithm. Note that the upper bound of the non-equilibrium
Kirchhoff stress norm and the normalization factor 7 are not considered as optimization
parameters within the multi-start approach. The procedure for initial point sampling is

illustrated in Figure 4.2.

, X ot
lhsdesign : : Xo

Nsamples

N, parameters

LB UB

Figure 4.2: Determination of a feasible initial point using LHS sampling and

fmincon.
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4.1.1 ldentification of range for the non-equilibrium stress

To enhance the stability and tractability of the optimization, the range of the specific
norm of the non-equilibrium Kirchhoff stress 7,,. is determined through a decoupled,
iterative procedure rather than by directly incorporating these bounds as active variables
within the optimization algorithm. Initially, a uniform range for the specific norm of
the non-equilibrium stress measure is applied across all Maxwell branches, where the
upper bound is initialized to a sufficiently high yet physically representative value. This
upper bound is empirically inferred from the peak stress observed in the experimental
datasets that exhibit significant viscous effects. Following a preliminary optimization
phase, the peak norm of the overstress within each Maxwell branch is evaluated. The
upper bounds for the subsequent optimizations are then set to approximately two to
three times these observed peak values, providing sufficient flexibility for the optimizer
while maintaining physical relevance. This procedure is repeated iteratively to identify
an optimal range that maximizes the utility of the available control points, and a few
iterations are practically sufficient to achieve a well-posed range. By refining the upper
bounds, the B-spline functions are effectively concentrated within the most relevant
regimes, thereby enhancing the local resolution and overall fidelity of the data-driven

evolution law.

Alternatively, a normalized B-spline formulation can be implemented by setting 7 =

TTLE

e following a preliminary assessment of the operational stress range. This scaling

factor is subsequently integrated into the optimization framework, as it yields enhanced
numerical stability when compared to the upper bound for the specific norm during the

parameter identification process. A schematic representation is shown in Figure 4.3.

Remark: For the purposes of parameter identification, a numerical local tangent is em-
ployed within the local Newton-Raphson iterations, see Appendix A.1. This approach
offers enhanced robustness when navigating the unstable parameter regimes often
encountered during optimization, which can lead to ill-conditioned systems. By virtue
of small but finite perturbations, the numerical tangent provides finite approximations
in regions where the analytical formulation may encounter numerical singularities,
such as Inf or NaN values, thereby facilitating the stability and convergence of the

optimization routines.
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Figure 4.3: Schematic representation of the iterative data-training procedure for upper

bounds or normalization factor of B-splines.
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4.2 Model Validation

The proposed data-driven model is validated through three different experimental
datasets. These datasets include uniaxial and equibiaxial tension experiment data
for the main hyperelastic behavior. For the viscous behavior, there are additional
relaxation, creep, and cyclic experiment data in the datasets. To demonstrate the
predictive capabilities of the model, three distinct experimental datasets are selected,

each serving a specific evaluative purpose.

The performance is assessed with the quality of fit metric x?, and it is computed using

predicted stresses P, or stretches Az and their experimental counterparts PSP and )\exP

as follows
NP

) i Pexp .
X = Z Z JPexp )J( o) and

2Mexp 1=2

(4.8)
Aexp(P ))

NP
X2 = Z Z Z/\exp )

Bzmpreep 1=2

where m., denotes the set of experiments in the dataset, including the uniaxial,
equibiaxial, relaxation, and cyclic experiments; and 1M, denotes the set of creep

experiments in the dataset.

It should be highlighted that in all validations, the volumetric " parameters are
assigned a nominal value of 1 MPa for the nonequilibrium part, in order to ensure
numerical stability while remaining consistent with the predominantly deviatoric
nature of the viscous network. Moreover, a bulk modulus of x = 10° is adopted for

the equilibrium branch of the extended eight-chain model to enforce incompressibility.

4.2.1 NBR dataset

In this subsection, data from the Dal et al. [27] are utilized, and model predictions
are compared with those of the extended-eight chain model. Herein, our model incor-
porates the extended eight-chain model in equilibrium spring and the compressible
eight-chain model in nonequilibrium springs. B-splines are utilized in the effective

creep rate formulation for the viscoelastic dashpots. Hence, the relevant model predic-
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tions show the capabilities of the proposed data-driven framework by solely focusing

on the performance of the data-driven evolution law.

This dataset includes quasi-static uniaxial and equibiaxial data, as well as relaxation
and creep data for four different loading magnitudes, separately. For the equilibrium
response, identified parameters reported in Dal et al. [27] are directly employed, and

results are shown in Figure 4.4.
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Figure 4.4: Model predictions of NBR [27] against the experimental data of quasi-

static monotonic tension tests.

In the nonequilibrium network, due to a lack of information, the number of segments
in the non-equilibrium branches is assumed to be identical to that of the equilibrium
branch following the approach of Dal et al. [27]. When NV parameters are treated as
independent optimization variables during parameter identification, they tend toward
infinity, N ¥ 1. In this limit, the eight-chain contribution simplifies to a neo-
Hookean-type response, effectively neglecting the finite extensibility of the polymer
chains in the nonequilibrium branches; consequently, fixing N" to the equilibrium

value maintains physical consistency.

Herein, two Maxwell branches with dashpots whose effective creep rates are selected

as quadratic B-splines with 5 control points, are utilized.
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4.2.1.1 Identification for only relaxation tests

For the nonequilibrium response, the model parameters are initially identified for the

relaxation data; creep data is not included in the validation but used exclusively for

prediction. The results are shown in Figures 4.5 and 4.6.
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Figure 4.5: Model predictions of NBR [27] with 5 control points identified for the quasi-
static monotonic tension and relaxation tests compared with experimental relaxation

data at different loading magnitudes A = 1.05,1.15,1.45,2.20 for a) the full test
duration (600 s) and b) the initial 100 s.
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Figure 4.6: Model predictions of NBR [27] with 5 control points identified for the
quasi-static monotonic tension and relaxation tests compared with experimental creep

data at different loading magnitudes P = 0.1,0.25,0.5, 1 [MPa] for a) the full test
duration (600 s) and b) the initial 100 s.
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Although the model is not calibrated for the creep response, its creep predictions
are satisfactory. This demonstrates the robustness of the data-driven framework
in capturing time-dependent behavior beyond the specific loading cases used for
parameter identification. The form of effective creep rates attained by B-splines are
shown in Figure 4.7. For the identified parameters, see Table D.1, and for quality of

fits, see Table D.2.
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Figure 4.7: Effective creep rate < with 5 control points identified for the quasi-static

monotonic tension and relaxation tests of NBR [27] in the a) 1% and b) 2" Maxwell

branches. Black lines show the overall behavior of the dashpot across the full range,

while dashed blue lines show a zoomed-in view of the range observed during the

relaxation experiments.

4.2.1.2 ldentification for both relaxation and creep tests

Herein, the model parameters are identified for both the relaxation and creep data. The
results are shown in Figures 4.8 and 4.9. The results demonstrate improved creep
predictions without a significant loss in relaxation accuracy compared to relaxation-
only identification. The form of effective creep rates attained by B-splines are shown

in Figure 4.10.

Note that to ensure an objective comparison, the viscous parameters of the extended
eight-chain model [27] are identified using the same optimization weights employed
in the data-driven framework described in Appendix B. The proposed B-spline forms

and the extended eight-chain forms [27] of the effective creep rates attained during
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relaxation and creep experiments are demonstrated in Figures 4.11 and 4.12, respec-

tively. Both the attained range and shape differ for the two models, especially for the
2" Maxwell branch.
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Figure 4.8: Model predictions of NBR [27] with 5 control points identified for the
monotonic tension, relaxation, and creep tests compared with experimental relaxation

data at different loading magnitudes A = 1.05,1.15,1.45,2.20 for a) the full test
duration (600 s) and b) the initial 100 s.
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Figure 4.9: Model predictions of NBR [27] with 5 control points identified for the
quasi-static monotonic tension, relaxation, and creep tests compared with experimental

creep data at different loading magnitudes P = 0.1,0.25,0.5, 1 [MPa] for a) the full

test duration (600 s) and b) the initial 100 s.

Furthermore, as a result of [\¢2

1] multiplier in the effective creep rate formulation,

the extended eight-chain model [27] can obtain different paths during loading and

relaxing of the viscous branches.
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Figure 4.10: Effective creep rate y with 5 control points identified for the quasi-static
monotonic tension, relaxation, and creep tests of NBR [27] in the a) 1** and b) 2
Maxwell branches. Black lines show the overall behavior of the dashpot across the full
range, while dashed blue lines show a zoomed-in view of the range observed during

the relaxation and creep experiments.

For the identified parameters, see Table D.1, and for quality of fits, see Table D.2. For
the quality of fit metrics of the extended eight-chain model [27], see Table B.2.
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Figure 4.11: Effective creep rate 4 behavior of the dashpot in the a) 1% and b)
2" Maxwell branches for extended eight-chain [27] and data-driven model simu-
lations with 5 control points identified for the quasi-static monotonic tension, re-
laxation, and creep tests of NBR during relaxation simulations at stretch values of

= 1.05,1.15, 1.45, 2.20.
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Figure 4.12: Effective creep rate  behavior of the dashpot in the a) 1% and b) 2™
Maxwell branches for extended eight-chain [27] and data-driven model simulations
with 5 control points identified for the quasi-static monotonic tension, relaxation, and
creep tests of NBR during creep simulations at stress values of P = 0.1,0.25,0.5,1

[MPal.
4.2.2 Silicone-filled rubber dataset

In this subsection, silicone-filled rubber of shore-70 data from the PhD thesis of
Yayla [66] are utilized. This dataset includes uniaxial and equibiaxial data with
considerable viscoelastic effects, as well as 2-hour relaxation data for three different

loading magnitudes, separately.

Herein, our model incorporates the extended eight-chain model in equilibrium spring
and the compressible eight-chain model in nonequilibrium branches with data-driven
dashpots. The model parameters are identified for the whole dataset, considering the

viscoelastic effects in monotonic tension tests for the total response.

Initially, two Maxwell branches with dashpots whose effective creep rates are selected
as quadratic B-splines with 5 control points, are utilized. The results are shown in
Figures 4.13 and 4.14. The validation demonstrates the capability of the data-driven
model to predict long-term response through the two-hour relaxation data. This
indicates that even with only two Maxwell branches, the broad relaxation spectrum
associated with extended temporal scales can be effectively captured using data-driven

dashpots.
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It is also observed that fitting the monotonic tension and relaxation data independently
yields an excellent agreement with experimental results. However, since the viscous
response is inherently active during monotonic loading, any statistical mismatch
between these two types of experiments can negatively impact the simultaneous

calibration process.

The forms of effective creep rates attained by B-splines are shown in Figure 4.15. Note
that the 2™ Maxwell branch dissipates rapidly at high stress levels, whereas the 1%
Maxwell branch remains active with nearly constant dissipation, particularly in the
high stretch region of uniaxial test data. This behavior can be attributed to changes in
the viscous response at high stretches; however, these deformation levels lie beyond

the range covered by the relaxation data.
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Figure 4.13: a) Model predictions of silicone-filled rubber with 5 control points
identified for the monotonic tension and relaxation tests compared with experimental

data of monotonic tension tests, and b) experimental loading of monotonic tests.

For the identified parameters, see Table D.5, and for quality of fits, see Table D.6.

For further investigations regarding the number of control points, effective creep rates
are selected as quadratic B-splines with 6, 7, and 8 control points, separately, see
Appendix C.1. The results suggest that increasing the number of control points yields
only marginal improvements in the quality of fit, while significantly increasing the
complexity of the optimization process. Furthermore, an excessive number of control
points may lead to overfitting, where the model begins to capture numerical noise

rather than the underlying physical response.
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Figure 4.14: Model predictions of silicone-filled rubber with 5 control points identified
for the monotonic tension and relaxation tests compared with experimental relaxation
data at different loading magnitudes A\ = 1.5,2.0, 2.5 for a) the full test duration (120

min) and b) the initial 10 min.
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Figure 4.15: Effective creep rate y with 5 control points identified for the monotonic
tension, and relaxation tests of silicone-filled rubber in the a) 1% and b) 2" Maxwell
branches. The vertical dotted lines demonstrate the range observed during the relax-

ation experiments.

4.2.3 HNBR50 dataset

In this subsection, HNBRS50 data from Miehe and Goktepe [56] are utilized. This
dataset includes uniaxial and equibiaxial tension data, as well as cyclic experiment

data for three different rates of loading.
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Due to the nature of the material and the extent of the dataset as investigated in [56],
a need for a tube constraint term related to I or v, in some of the viscous branches
is realized. As a result, the compressible extended eight-chain model is selected in
nonequilibrium branches. Furthermore, similar to [56], the model parameters are
identified for the monotonic tension tests obtained after long relaxation periods and
cyclic tests with the highest and lowest loading rates. Owing to the relaxation periods,
the monotonic tension tests are assumed to represent a purely hyperelastic equilibrium
response. Following the use of six internal variables with three relaxation times by

Miehe and Goktepe [56], three Maxwell branches are selected.

4.2.3.1 Model | for HNBR50

Herein, our model incorporates the extended eight-chain model in equilibrium spring
and the compressible extended eight-chain model in nonequilibrium branches with
data-driven dashpots. In the identifications, three Maxwell branches with dashpots
whose effective creep rates are selected as quadratic B-splines with 6 control points,

are utilized. The results are shown in Figures 4.16, 4.17, 4.18, and 4.19.
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Figure 4.16: Model I predictions of HNBRS50 [56] compared with experimental data

of monotonic tension tests obtained after relaxation periods.
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Figure 4.17: Model I predictions of HNBRS50 [56] with 6 control points identified for
the monotonic tension and cyclic tests at highest and lowest loading rates compared
with experimental data of cyclic tests at loading rates of a) j)'\j = 5min !, b) j)\j =

0.5min !, and ¢) jAj = 0.05 min 1.
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Figure 4.18: Extrapolated model I predictions of HNBRS50 [56] with 6 control points
identified for the monotonic tension and cyclic tests at highest and lowest loading rates
compared with experimental data of compressive cyclic tests at loading rates of a)

jAj = 5min 1, b)jA\j = 0.5 min !, and ¢) jAj = 0.05 min 1.

The proposed model successfully characterizes the material response under cyclic
histories that include compressive regimes, and demonstrates robust extrapolatory
capabilities across diverse loading states. Nevertheless, high-stretch loading rates under
fully compressive cyclic paths might benefit from further investigation. Additionally,
equibiaxial tension predictions of the hyperelastic equilibrium response could be
enhanced by introducing a more flexible framework, such as a data-driven modified

invariant formulation, which is explored in the subsequent section.
The forms of effective creep rates attained by B-splines are shown in Figure 4.20.
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Figure 4.19: Extrapolated model I predictions of HNBRS50 [56] with 6 control points
identified for the monotonic tension and cyclic tests at highest and lowest loading rates
compared with cyclic tension-compression uniaxial test data obtained at an absolute

loading rate of j/'\j = 3 min ! with relaxation breaks.
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Figure 4.20: Model I effective creep rate 4 with 6 control points identified for the
monotonic tension and cyclic tests at highest and lowest loading rates of HNBRS50 [56]
in the a) 1*, b) 2™, and c) 3" Maxwell branches. Black lines show the overall behavior
of the dashpot across the full range, while dashed blue lines show a zoomed-in view of

the range observed during cyclic tests at the highest and lowest loading rates.

For further investigations regarding the number of control points, effective creep
rates are selected as quadratic B-splines with 5, 7, and 8 control points, separately,
see Appendix C.2. The results indicate that increasing the number of control points
beyond 6 does not lead to any noticeable improvement in fitting performance, while
significantly increasing the complexity of the optimization process. Additionally,
the highest predictive accuracy is achieved with six control points. Furthermore, an
excessive number of control points may lead to overfitting, where the model begins to

capture numerical noise rather than the underlying physical response.
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For the identified parameters, see Table D.16, and for quality of fits, see Table D.13
and Table D.17. Note that the second extended eight-chain branch simplifies to a neo-
Hookean response, meaning that both the finite chain extensibility and tube-constraint

contributions vanish.

4.2.3.2 Model Il for HNBR50

Herein, our model incorporates the modified invariant-based data-driven model in
equilibrium spring and the compressible extended eight-chain model in nonequilibrium
branches with data-driven dashpots. In the identifications, the ground state response is
characterized by 7 separate control points for the first and second modified invariants.
Note that polyconvexity with respect to the first invariant is fully imposed, whereas it
is relaxed with respect to the second invariant. Furthermore, three Maxwell branches
with dashpots whose effective creep rates are selected as quadratic B-splines with 6
control points, are utilized. The results are shown in Figures 4.21, 4.22, 4.23, and 4.24.

The forms of effective creep rates attained by B-splines are shown in Figure 4.25.
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Figure 4.21: Model II predictions of HNBRS50 [56] with 7 separate control points
for the first and second modified invariants in the equilibrium branch identified for
monotonic tension tests compared with experimental data of monotonic tension tests

obtained after relaxation periods.
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Figure 4.22: Model II predictions of HNBRS5O0 [56] with 7 separate control points for
the first and second modified invariants identified for the monotonic tension tests and
6 control points for the evolutions identified for the monotonic tension and cyclic tests
at highest and lowest loading rates compared with experimental data of cyclic tests at

loading rates of a) jA\j = 5 min ', b) jAj = 0.5 min ', and ¢) jAj = 0.05 min .
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Figure 4.23: Extrapolated model II predictions of HNBRS50 [56] with 7 separate
control points for the first and second modified invariants identified for the monotonic
tension tests and 6 control points for the evolutions identified for the monotonic tension
and cyclic tests at highest and lowest loading rates compared with experimental data

of compressive cyclic tests at loading rates of a) j)\j = 5min !, b) j)\j = 0.5 min !

and ¢) jAj = 0.05 min 1.

Notably, the utilization of the data-driven formulation in the equilibrium branch yields
superior fitting performance compared to the extended eight-chain model, particularly
in the case of the equibiaxial tension experiment. However, a slight reduction in
predictive performance is observed since the extended eight-chain model is based on

physically motivated network mechanics. Nevertheless, the data-driven equilibrium
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formulation demonstrates satisfactory predictive capabilities even beyond the range in

which the extended eight-chain model is applicable.
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Figure 4.24: Extrapolated model II predictions of HNBRS50 [56] with 7 separate
control points for the first and second modified invariants identified for the monotonic
tension tests and 6 control points for the evolutions identified for cyclic tests at highest
and lowest loading rates compared with cyclic tension-compression uniaxial test data

obtained at an absolute loading rate of j)\J = 3 min ! with relaxation breaks.
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Figure 4.25: Model 11 effective creep rate ¥ with 7 separate control points for the first
and second modified invariants identified for the monotonic tension tests and 6 control
points for the evolutions identified for cyclic tests at highest and lowest loading rates
of HNBR50 [56] in the a) 1, b) 2™, and c) 3™ Maxwell branches. Black lines show
the overall behavior of the dashpot across the full range, while dashed blue lines show
a zoomed-in view of the range observed during cyclic tests at the highest and lowest

loading rates.

For the identified parameters, see Table D.23, and for quality of fits, see Table D.22 and
Table D.24. Notably, the second extended eight-chain branch recovers the eight-chain

response such that tube-constraint term is eliminated.
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While the third dataset suggests the need for higher fidelity, a fully data-driven formu-
lation, encompassing ground-state, elastic, and viscous responses, results in excessive
over-parameterization and numerical intractability, potentially compromising the phys-
ical consistency of the model. These remarks are based on preliminary analyses of a
fully data-driven formulation, which failed to consistently produce visibly improved
or physically admissible results during optimization; consequently, these exploratory
findings are omitted from the present work. A more suitable strategy may involve
increasing the number of Maxwell branches, as originally Miehe and Goktepe [56]
employed six evolution equations, comprising three for free-chain relaxation and three

for tube-constraint relaxation.

4.3 Effective Viscosity Characteristics

In this section, the effective viscosity characteristics of each branch are discussed using

the validated parameter sets obtained for each dataset.

4.3.1 NBR dataset

4.3.1.1 Identification for only relaxation tests

For the NBR identifications, effective creep rate with highlighted flow regions can be
seen in Figure 4.26. The first Maxwell branch demonstrates globally shear-thinning
behavior, whereas the second Maxwell branch demonstrates shear-thickening flow at

low non-equilibrium stresses and transitions to shear-thinning flow.

4.3.1.2 ldentification for both relaxation and creep tests

For the NBR identifications, effective creep rate with highlighted flow regions can be
seen in Figure 4.27. The first Maxwell branch demonstrates globally shear-thinning
behavior, whereas the second Maxwell branch demonstrates shear-thinning behavior

with a small shear-thickening region in the middle.
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Figure 4.26: Effective creep rate y with 5 control points identified for the quasi-static
monotonic tension and relaxation tests of NBR [27] in the a) 1% and b) 2" Maxwell
branches. Black lines show the overall behavior of the dashpot across the full range,
while dashed lines show a zoomed-in view of the range observed during the relaxation
experiments with vertical axes on the right. Red demonstrates shear-thinning regions,

blue demonstrates shear-thickening regions.
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Figure 4.27: Effective creep rate ¥ with 5 control points identified for the quasi-static
monotonic tension, relaxation, and creep tests of NBR [27] in the a) 1* and b) 2™
Maxwell branches. Black lines show the overall behavior of the dashpot across the
full range, while dashed lines show a zoomed-in view of the range observed during
the relaxation and creep experiments with vertical axes on the right. Red demonstrates

shear-thinning regions, blue demonstrates shear-thickening regions.
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4.3.2 Silicone-filled rubber dataset

For the silicone-filled rubber identifications, effective creep rate with highlighted
flow regions can be seen in Figure 4.28. The first Maxwell branch initially demon-
strates shear-thinning behavior and transitions to shear-thickening flow at higher

non-equilibrium stresses, whereas the second Maxwell branch is fully shear-thinning.
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Figure 4.28: Effective creep rate v with 5 control points identified for the monotonic
tension, and relaxation tests of silicone-filled rubber in the a) 1% and b) 2™ Maxwell
branches. The vertical dotted lines demonstrate the range observed during the re-
laxation experiments. Red demonstrates shear-thinning regions, blue demonstrates

shear-thickening regions.

4.3.3 HNBR50 dataset
4.3.3.1 Model | for HNBR50

For the HNBRS5O identifications with model I, effective creep rate with highlighted
flow regions can be seen in Figure 4.29. The first Maxwell branch demonstrates shear-
thinning behavior with a small shear-thickening region in the middle, and the second
Maxwell branch demonstrates shear-thinning behavior with small shear-thickening

region, finally the third Maxwell branch have global shear-thinning flow.
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Figure 4.29: Model I effective creep rate 4 with 6 control points identified for the

monotonic tension and cyclic tests at highest and lowest loading rates of HNBRS50 [56]

in the a) 1°, b) 2™, and c) 3" Maxwell branches. Black lines show the overall behavior

of the dashpot across the full range, while dashed lines show a zoomed-in view of

the range observed during cyclic tests at the highest and lowest loading rates with

vertical axes on the right. Red demonstrates shear-thinning regions, blue demonstrates

shear-thickening regions.

4.3.3.2 Model Il for HNBR50

For the HNBR50 identifications with model II, effective creep rate with highlighted

flow regions can be seen in Figure 4.30. The first Maxwell branch demonstrates shear-

thinning behavior with a small shear-thickening region in the middle, and the second

Maxwell branch demonstrates shear-thinning behavior with small shear-thickening

region, finally the third Maxwell branch have global shear-thinning flow.
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Figure 4.30: Model II effective creep rate ¥ with 7 separate control points for the first
and second modified invariants identified for the monotonic tension tests and 6 control
points for the evolutions identified for cyclic tests at highest and lowest loading rates
of HNBR50 [56] in the a) 1%, b) 2", and ¢) 3™ Maxwell branches. Black lines show
the overall behavior of the dashpot across the full range, while dashed blue lines show
a zoomed-in view of the range observed during cyclic tests at the highest and lowest
loading rates with vertical axes on the right. Red demonstrates shear-thinning regions,

blue demonstrates shear-thickening regions.
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CHAPTER 5

CONCLUSION

In this thesis, a thermodynamically consistent data-driven constitutive framework
for finite viscoelasticity has been developed. The data-driven model builds upon
the algorithmic framework of the extended eight-chain model by incorporating the
B-splines. Previously, B-spline-based formulations have been proven to be effective in
determining hyperelastic forms for isotropic, anisotropic, and compressible materials.
Herein, B-splines are utilized to determine the form of the evolution of internal
variables within a multinetwork setting. The ground-state, or equilibrium response, is
represented either by an extended eight-chain formulation or a spline-based modified
invariant-based formulation. The choice heavily depends on the observed ground-state
response of the experimental data, and whether quasi-static data exists. Polyconvexity
of the spline-based formulation is ensured through the proper choice of control points
for the first invariant. However, since physically motivated hyperelastic models that
involve the second invariant term are usually not polyconvex, polyconvexity with
respect to the second invariant is not strictly imposed. The nonequilibrium time-
dependent part is represented by additional Maxwell-type branches that include a
hyperelastic spring element and a dashpot element with a data-driven evolution law
in series. Herein, the form of the nonequilibrium spring elements assumes the form
of the eight-chain or the extended eight-chain formulations, depending on the need
for a second invariant related term for the viscous branches. Evolution of the internal
variable is spline-based and completely form-free. Therefore, the form of inelastic
flow is directly determined by the experimental data without a specific functional
form. Therefore, the inelastic flow is not restricted, and high versatility is achieved
with a consistent and interpretable structure. Moreover, thermodynamic consistency is

rigorously enforced through the formulation. To ensure applicability in finite element
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implementations, a fully consistent algorithmic formulation is derived and provided.

The proposed constitutive framework is validated against three distinctive experi-
mental data sets from the literature, each serving a specific evaluative purpose. The
NBR dataset focuses solely on the performance of the data-driven evolution and its
capacity for extrapolation in relaxation and creep modes. The silicone-filled rubber
dataset is utilized to assess the overall constitutive response with long-term creep and
the effectiveness of simultaneous parameter identification. Finally, the third dataset
evaluates the capability of the model in capturing cyclic loading that extends into
the compressive regime, while simultaneously assessing its extrapolatory predictive
performance under complex loading histories. Moreover, the effect of the increase
in the number of control points is investigated and discussed. Quadratic B-splines
were ultimately selected for the final parameter identification. Higher-order B-splines
were briefly investigated during the preliminary stages but are omitted from this thesis,
as they yielded no significant improvements in fitting accuracy, particularly when
weighed against the substantial increase in computational cost incurred during the

viscous evolution updates.

In summary, the proposed data-driven framework yields physically consistent and
promising results for the viscoelastic modeling of rubbery polymers. While the com-
plete algorithmic derivations for a finite element implementation have been established
within this work, the execution of large-scale finite element simulations remains

outside the present scope and is identified as a primary direction for future research.
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APPENDICES

A Derivation of the local tangent for Newton iteration

In this appendix, the determination of the local tangent K is discussed. To begin with,

the residual expression in (3.60) is recalled

At A
P = £y 4 Pe—Ty E4p=0. (A.1)
9 Tne )
The local tangent is given by
Or
Koy = =% (A2)
85b
and can be obtained from (A.1) via
At T, 07 At y ot At g 01,
Kabzéab+p:7— _/y —7—0LL . = 12T
2 7" Oy, 2 (T"e>2 Osy, 2 7€ gy,
. . : (A.3)
P At | 1, 0y o™ v or"e 4 01,
=0+ P=|— Ta — .
b 2 | 7€ 017 Ogy, (T"e)2 ey 7€ Jgy,

Employing the respective derivatives in (A.3),, the final definition for the local tangent

1s obtained

One

T . .
Kap = 0up + P | ——L7,Dp + ——Ta, (A4)
2 2(7-ne)3 Tne

3
along with the associated terms defined as D, = Z T.Tepand Ty = 2_75-2 which can

c=1
be derived in the nonequilibrium branch for the eight-chain model as

9NU(1—/\52)2>\2 5, (AD)

v 4 1Y 1
T = 2207 0%+ D)+ 2 NN + 5

and for the extended eight-chain model as

X’U

4 v ]’e
Tap = (27 J+ 1)du + (2[/’(%2) + ;7 y—1> AaApOab

2 n
4 u” 1 u” 1162 2 .2
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where data-driven evolution relations read

. Tne 0 1 0 Tne

A.1 Numerical approximation of the local tangent

To facilitate the implementation of various constitutive models in the formulation, a
numerical tangent can be employed to bypass the complex analytical derivation of the

derivatives of the respective metrics. To this end, the residual expression in (3.60) is
At 7
Ta =€+ P=——Ta Eatr= 0. (A.8)
2T
Afterwards, the numerical perturbation of logarithmic stretches ¢, in each principal
direction is introduced

egemb =g, + 5b (A9)

where 0, represents a small perturbation typically on the order of 10 6 to 10 ®in b

direction. Substituting (A.9) into (A.8) the residual leads to the perturbed residual,

,}/
7—ne

At
Tgen,b _ 6gemb 4 pﬁ Ta Ea tr = 0. (AIO)

Finally, the local tangent operator is approximated via a finite difference scheme as

pert,b
K, = %N N°. (A.11)
b
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B Extended eight-chain model parameter identification

In this appendix, the extended eight-chain model is calibrated against the relaxation
and creep data of NBR reported by Dal et al. [27], using the same weights as in the
data-driven model to facilitate a direct comparison of the results. The equilibrium
response identification through quasi-static monotonic tension is directly incorporated

here as shown in Figure 4.4.

Note that Dal et al. [27] specified the constraint m 1 to ensure energy-activated
relaxation. However, during the parameter identification process, admissible solutions
withm 0 were also observed, as the multiplicative term [A\?> 1] compensates for
the effect of the exponent m < 1. Therefore, the constraint is relaxed to m 0 during
parameter identification in order to achieve improved agreement with the experimental

data.

The results are given in Figures B.1 and B.2. The extended eight-chain forms [27]
of the effective creep rates attained during relaxation and creep experiments are
demonstrated in Figures B.3 and B.4, respectively. For the identified parameters, see

Table B.1, and for quality of fits, see Table B.2.
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Figure B.1: Extended eight-chain model predictions of NBR [27] identified for the
monotonic tension, relaxation, and creep tests compared with experimental relaxation
data at different loading magnitudes A = 1.05,1.15,1.45,2.20 for a) the full test
duration (600 s) and b) the initial 100 s.
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Figure B.2: Extended eight-chain model predictions of NBR [27] identified for the
quasi-static monotonic tension, relaxation, and creep tests compared with experimental
creep data at different loading magnitudes P = 0.1,0.25, 0.5, 1 [MPa] for a) the full
test duration (600 s) and b) the initial 100 s.
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Figure B.3: Effective creep rate  behavior of the dashpot in the a) 1* and b) 2"
Maxwell branches for extended eight-chain model [27] identified for the quasi-static
monotonic tension, relaxation, and creep tests of NBR during relaxation simulations at

stretch values of A = 1.05,1.15,1.45, 2.20.
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Figure B.4: Effective creep rate  behavior of the dashpot in the a) 1* and b) 2

Maxwell branches for extended eight-chain model [27] identified for the quasi-static

monotonic tension, relaxation, and creep tests of NBR during creep simulations at

stress values of P = 0.1,0.25,0.5, 1 [MPa].

Table B.1: Identified material parameters for the extended eight-chain model calibrated

for quasi-static monotonic tension, relaxation, and creep tests of NBR [27]

Equilibrium part (Extended eight-chain model)

Parameter k [MPa] pu[MPa] N [-] e [MPa]
Elastic branch 10° 0.3448 20.001 1.3497
Nonequilibrium part
Elastic part (Eight-chain model)
Parameter X" [MPa] ¥ [MPa] NV [-]
1%t Maxwell branch 1 0.14311 20.0010
2" Maxwell branch 1 0.04637 20.0010

Viscous part (Extended eight-chain model)

Parameter
1%t Maxwell branch

2nd Maxwell branch

Fo0/7™ [MPa ™ s

0.972051
0.000745

]

m[ ]
0.323147
0.000000
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Table B.2: Quality of fit metrics for the extended eight-chain model calibrated for

quasi-static monotonic tension, relaxation, and creep tests of NBR in Dal et al. [27]

Overall quality of fit metric: X2, 2.8580
Relaxation tests
A 220 1.45 1.15 1.05 Total
X2 0.6281 0.4806 0.1828 0.2440  1.5355
Creep tests
P 1.00MPa 0.50MPa 0.25MPa 0.1 MPa Total
X2 0.1541 0.5527 0.5112 0.1044  1.3225
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C Sensitivity analysis of the number of control points in the evolution law

C.1 Silicone-filled rubber dataset

Herein, the model incorporates the extended eight-chain model in equilibrium spring
and the compressible eight-chain model in nonequilibrium branches with data-driven
dashpots. The model parameters are identified for the whole silicone-filled rubber
dataset [66], considering the viscoelastic effects in monotonic tension tests for the

total response.

Two Maxwell branches with dashpots whose effective creep rates are selected as
quadratic B-splines with different number of control points, are utilized. The results
are shown in Figures C.1 and C.2. In this study, the optimization procedures are
terminated upon reaching a feasible point. Although further optimization may yield

improved fitting performance, the resulting gains are expected to be marginal.

For monotonic tension experiments, the fitting performance changes marginally with
the number of control points, but the performance does not always improve with an
increased number of control points. A noticeable improvement is observed in the
equibiaxial tension when increasing the number of control points from five to six,
whereas further increases yield nearly identical results. On the other hand, the quality
of fit for the relaxation experiments deteriorates slightly at six control points, improves
at seven control points yielding results that are nearly identical to those obtained with
eight control points. In general, the total quality of fit improves as the number of
control points increases, although it remains essentially unchanged when the number

of control points is increased from seven to eight.

The forms of effective creep rates attained by B-splines are shown in Figure C.3. For
this dataset, increasing number of control points leads to greater plateau regimes in the
evolution law, especially for the first Maxwell branch. Moreover, a larger number of
control points increases the computational cost of the optimization process and makes

it more susceptible to local minima and overfitting.

For the identified parameters, see Table D.5, D.7, D.9, and D.11. For quality of fits,
see Table D.6, D.8, D.10, and D.12.
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Figure C.1: Model predictions of silicone-filled rubber with a) 5, b) 6, ¢) 7, and d) 8
control points identified for the monotonic tension and relaxation tests compared with

experimental data of monotonic tension tests.

C.2 HNBRS50 dataset

Herein, the model incorporates the extended eight-chain model in equilibrium spring
and the compressible extended eight-chain model in nonequilibrium branches with
data-driven dashpots. The model parameters are identified for the monotonic tension
tests obtained after long relaxation periods and cyclic tests with the highest and lowest

loading rates in the HNBRS50 dataset [56].

Three Maxwell branches with dashpots, whose effective creep rates are selected
as quadratic B-splines with different numbers of control points, are utilized. The
results are shown in Figures C.4, C.5, and C.6. Similar to previous investigation, the

optimizations are terminated at a feasible point, and further optimizations are expected
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Figure C.2: Model predictions of silicone-filled rubber with a) 5, b) 6, ¢) 7, and d) 8
control points identified for the monotonic tension and relaxation tests compared with
experimental relaxation data at different loading magnitudes A = 1.5, 2.0, 2.5 for 1)

the full test duration (120 min) and ii) the initial 10 min.
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Figure C.3: Effective creep rate v with a) 5, b) 6, ¢) 7, and d) 8 control points identified
for the monotonic tension, and relaxation tests of silicone-filled rubber in the i) 1% and
ii) 2" Maxwell branches. The vertical dotted lines demonstrate the range observed

during the relaxation experiments.
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Figure C.4: Model I predictions of HNBR50 [56] with a) 5, b) 6, ¢) 7, and d) 8 control
points identified for the monotonic tension and cyclic tests at highest and lowest
loading rates compared with experimental data of cyclic tests at loading rates of 1)

jAj = 5 min 1, i) jAj = 0.5 min !, and iii) jAj = 0.05 min .

to provide only marginal improvements.

It should be noted that in the optimization, the cyclic data corresponding to the lowest
loading rate is assigned three times the weight of the highest loading rate. Accordingly,
as the number of control points increases, the quality of fit worsens for the highest

loading rate but improves for the lowest loading rate for the cyclic tests. Beyond six
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control points, the fitting performance exhibits only marginal visible variations, and
overall predictive capabilities slightly diminish. It should be highlighted that, beyond
six control points, the first extended eight-chain branch also reduces to the standard

eight-chain model as the tube constraint terms are eliminated.
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Figure C.5: Extrapolated model I predictions of HNBRS50 [56] with a) 5, b) 6, ¢) 7,
and d) 8 control points identified for the monotonic tension and cyclic tests at highest
and lowest loading rates compared with experimental data of compressive cyclic tests

at loading rates of i) jA\j = 5 min !, ii) jA\j = 0.5 min !, and iii) jAj = 0.05 min L.

The forms of effective creep rates attained by B-splines are shown in Figure C.7. In

line with earlier investigations on silicone-filled rubber, increasing number of control
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points might lead to greater plateau regimes in the evolution law, especially for the first
and second Maxwell branches. Furthermore, the computational cost and susceptibility
to local minima and overfitting increase when an excessive number of control points is

used.

For the identified parameters, see Table D.14, D.16, D.18, and D.20. For quality of
fits, see Table D.13, D.15, D.17, D.19, and D.21.
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Figure C.6: Extrapolated model I predictions of HNBR50 [56] with a) 5, b) 6, ¢) 7,
and d) 8 control points identified for the monotonic tension and cyclic tests at highest
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Figure C.7: Model I effective creep rate v with a) 5, b) 6, ¢) 7, and d) 8 control points

identified for the monotonic tension and cyclic tests at highest and lowest loading rates

of HNBRS50 [56] in the i) 1%, ii) 2", and iii) 3¢ Maxwell branches. Black lines show

the overall behavior of the dashpot across the full range, while dashed blue lines show

a zoomed-in view of the range observed during cyclic tests at the highest and lowest

loading rates.
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D Identified material parameters and quality of fit metrics of the model

This appendix presents the identified material parameters for each dataset and model,

alongside the corresponding quality of fit metrics in tabular form

D.1 Identification of NBR

Table D.1: Identified material parameters with 5 control points calibrated for quasi-

static monotonic tension and relaxation tests of NBR [27]

Equilibrium part (Extended eight-chain model)

Parameter k [MPa] p[MPa] N [-] L [MPa]
Elastic branch 10° 0.3448  20.001 1.3497

Nonequilibrium part

= _/:g Parameter 1% Maxwell branch 2" Maxwell branch
§ § x' [MPa] 1 1
& E‘ w’ [MPa]  0.17376 0.07131
= é NV [-] 20.0010 20.0010

5 7 [MPa] 0.21245 0.33048
‘éé P, 0.000000 0.000000
§ é P, 0.000000 0.000435
25 P3 0.107421 0.000435
- § P, 0.617203 0.027092

Ps 50.00000 50.00000
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Table D.2: Quality of fit metrics for the model with 5 control points calibrated for

quasi-static monotonic tension and relaxation tests of NBR [27]

Overall quality of fit metric: X2, 6.0290

Relaxation tests

A 2.20 1.45 1.15 1.05 Total
X2 0.1936 0.1128 0.1927 0.8683  1.3674
Creep tests

P 1.00MPa 0.50MPa 0.25MPa 0.1 MPa Total
X2 3.3791 0.8775 0.3559 0.0492  4.6616

Table D.3: Identified material parameters with 5 control points calibrated for quasi-

static monotonic tension, relaxation, and creep tests of NBR [27]

Equilibrium part (Extended eight-chain model)

Parameter

Elastic branch

k[MPa] u[MPal N[-] p,[MPal
10° 0.3448 20.001 1.3497

Nonequilibrium part

Viscous part
(Data-driven model)

Elastic part
(8-chain model)

Parameter 1% Maxwell branch 2" Maxwell branch
X' [MPa] 1 1

©’ [MPa]  0.14528 0.04834

NV [-] 20.0010 20.0010

7 [MPa]  0.24302 0.25863

P, 0.000000 0.000000

Ps 0.000000 0.000000

Ps 0.061703 0.000808

P, 0.307841 0.000809

Ps 50.00000 50.00000
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Table D.4: Quality of fit metrics for the model with 5 control points calibrated for

quasi-static monotonic tension, relaxation, and creep tests of NBR [27]

Overall quality of fit metric: X2, 2.8324
Relaxation tests
A 2.20 1.45 1.15 1.05 Total
Xf 0.6841 0.4516 0.1724 0.4073 1.7153
Creep tests
P 1.00MPa 050MPa 0.25MPa 0.1 MPa Total
XE 0.1380 0.5259 0.3878 0.0653 1.1170
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D.2

Identification of silicone-filled rubber

Table D.5: Identified material parameters with 5 control points calibrated for monotonic

tension and relaxation tests of silicone-filled rubber [66]

Equilibrium part (Extended eight-chain model)

Parameter k [MPa] p[MPa] N [-] te [MPa]
Elastic branch 10° 0.59091 18.8237 1.71916
Nonequilibrium part
e @ Parameter 1% Maxwell branch 2" Maxwell branch

3 3
g E ' [MPa] 1 1
28 v [MPa] 0.16216 0.38608
[Sa
®  NY[-] 4.05203 1000.00
= 7 [MPa] 2.6455 0.8405
g é P, 0.000000 0.000000
; § P, 0.000000 0.000000
o .2
2 ‘~5 Ps 0.001198 0.033238
> S
8 Py 0.001412 1.885143
P, 0.001413 925.7939

Table D.6: Quality of fit metrics for the model with 5 control points calibrated for

monotonic tension and relaxation tests of silicone-filled rubber [66]

Overall quality of fit metric: X2, 8.9430
Monotonic tension tests
UT ET Total
an 0.5497 6.7180 7.2678
Relaxation tests
A 1.5 2.0 2.5 Total
Xf 0.7814 0.2407 0.6531 1.6752
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Table D.7: Identified material parameters with 6 control points calibrated for monotonic

tension and relaxation tests of silicone-filled rubber [66]

Equilibrium part (Extended eight-chain model)

Parameter k [MPa] pu[MPa] N [-] te [MPa]
Elastic branch 10° 0.58034 19.6225 1.66065

Nonequilibrium part

gg Parameter 1° Maxwell branch 2" Maxwell branch
gi Y’ [MPa] 1 1
cﬁ‘@g pt [MPa]  0.18109 0.40615
® NY[-] 4.58376 1000.00
7 [MPa]  3.5360 0.8664
@ P, 0.000000 0.000000
%é P, 0.000000 0.000000
gé P, 0.000905 0.013346
s & Py 0.000905 0.982389
§ Ps 0.001336 0.985924
Ps 0.001337 395.9126

Table D.8: Quality of fit metrics for the model with 6 control points calibrated for

monotonic tension and relaxation tests of silicone-filled rubber [66]

Overall quality of fit metric: X2, 7.9581

Monotonic tension tests

UT ET Total
2 0.4232 5.7374 6.1606

Relaxation tests

A 1.5 2.0 2.5 Total
X2 0.7056  0.4946 0.5973 1.7974
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Table D.9: Identified material parameters with 7 control points calibrated for monotonic

tension and relaxation tests of silicone-filled rubber [66]

Equilibrium part (Extended eight-chain model)

Parameter k [MPa] p[MPa] N [-] e [MPa]
Elastic branch 10° 0.60218 19.1737 1.69258

Nonequilibrium part

= ig\ Parameter 1% Maxwell branch 2" Maxwell branch
§ E Y’ [MPa] 1 1
&8 v [MPal  0.15565 0.40739
= é Nv [-] 4.15774 1000.00
7 [MPa]  3.6032 1.0082
= P, 0.000000 0.000000
gé P, 0.000000 0.000000
@ § Ps 0.001047 0.009568
é —S Py 0.001047 0.828913
~ § Ps 0.001407 0.828913
Ps 0.001407 382.4708
P 0.001407 5000.000
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Table D.10: Quality of fit metrics for the model with 7 control points calibrated for

monotonic tension and relaxation tests of silicone-filled rubber [66]

Overall quality of fit metric: X2, 7.6793

Monotonic tension tests

UT ET Total
X2, 0.4409 5.8039 6.2448

Relaxation tests

A 1.5 2.0 2.5 Total
2 0.5837 0.3751 0.4757 1.4345
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Table D.11: Identified material parameters with 8 control points calibrated for mono-

tonic tension and relaxation tests of silicone-filled rubber [66]

Equilibrium part (Extended eight-chain model)

Parameter

Elastic branch

# [MPa] p[MPa] N[-]  p[MPa]
10° 0.60462  19.1499 1.68228

Nonequilibrium part

= ig\ Parameter 1% Maxwell branch 2" Maxwell branch
§ E x' [MPa] 1 1
é g ¥ [MPa]  0.15380 0.40759
x NVI[] 4.13106 1000.00
7 [MPa]  4.2297 1.2271
P, 0.000000 0.000000
@ P, 0.000000 0.000000
% % Ps 0.001051 0.009779
g .é) P, 0.001051 0.881161
S s Ps 0.001412 0.881161
5 Ps 0.001412 646.5316
P 0.001412 2998.281
Ps 0.001412 3858.453
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Table D.12: Quality of fit metrics for the model with 8 control points calibrated for

monotonic tension and relaxation tests of silicone-filled rubber [66]

Overall quality of fit metric: X2, 7.6870

Monotonic tension tests

UT ET Total
X2, 0.4344 5.8082 6.2425

Relaxation tests

A 1.5 2.0 2.5 Total
2 0.5794 0.3655 0.4996 1.4445

D.3 Identification of HNBR50

Table D.13: Quality of fit metrics for the equilibrium response of model I with extended
eight-chain formulation calibrated for monotonic tension tests obtained after relaxation

periods of HNBRS50 [56]

Quality of fit metrics for equilibrium response

Monotonic tension tests

UT ET Total
X%@ 0.0165 0.0611 0.0776
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Table D.14: Identified material parameters for the model 1 with 5 control points
calibrated for monotonic tension tests obtained after relaxation periods and cyclic tests

with the highest and lowest stretch rates of HNBR50 [56]

Equilibrium part (Extended eight-chain model)

Parameter k [MPa] p[MPa] N [-] e [MPa]
Elastic branch  10° 0.11780 6.33295 0.91765

Nonequilibrium part (Maxwell branches)

@ Parameter 1% branch 2" branch 3™ branch
g é Y’ [MPa] 1 1 1
% g (¥ [MPa]  0.12164  0.61457  0.16357
m*® NY[] 1000.00 355.836 1000.00
é te [MPa]  0.22919 0.00000 0.30199
= 7 [MPa] 0.17973 0.10424 0.55660
‘éé P, 0.000000  0.000000  0.000000
% E P, 0.000000  0.000000  0.000000
2 —:IS Ps 0.004717 0.016365  0.000000
~ § P, 0.004717 0.123311  0.000161
Ps 0.016222 1000.000  0.193636
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Table D.15: Quality of fit metrics for the model I with 5 control points calibrated
for monotonic tension tests obtained after relaxation periods and cyclic tests with the

highest and lowest stretch rates of HNBRS50 [56]

Overall quality of fit metric: X2, 92.929

Cyclic tests

jAi 5min ! 05min ! 0.05min ! Total

X2 1.4884  8.7193 0.6733 10.885

Compressive cyclic tests

jAj 5min ! 0.5min ' 0.05min ' Total

X2 75243 16101 6.4339 15.568

Cyclic tension-compression UT with relaxation

X2 66.398
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Table D.16: Identified material parameters for the model 1 with 6 control points
calibrated for monotonic tension tests obtained after relaxation periods and cyclic tests

with the highest and lowest stretch rates of HNBR50 [56]

Equilibrium part (Extended eight-chain model)

Parameter k [MPa] p[MPa] N [-] e [MPa]
Elastic branch  10° 0.11780 6.33295 0.91765

Nonequilibrium part (Maxwell branches)

@ Parameter 1% branch 2" branch 3™ branch
§ é v’ [MPa] 1 1 1
% g 4 [MPa] 014042  0.44917  0.16402
m*® NY[] 1000.00 1000.00 1000.00
é pe [MPa]  0.08627 0.00000 0.29187
7 [MPa] 0.17169 0.10497 0.52456
@ P, 0.000000  0.000000  0.000000
g é P, 0.000000  0.000000  0.000000
§ .é Ps 0.002583 0.007442  0.000000
S s Py 0.002583  0.075896  0.000000
é‘; Ps 0.011923 0.075896  0.193636
Pe 0.171694 10000.00  22.41335
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Table D.17: Quality of fit metrics for the model I with 6 control points calibrated
for monotonic tension tests obtained after relaxation periods and cyclic tests with the

highest and lowest stretch rates of HNBRS50 [56]

Overall quality of fit metric: X2, T4.295

Cyclic tests

jAi 5min ! 05min ! 0.05min ! Total

X2 29710  5.5197 0.6348 9.1255

Compressive cyclic tests

jAj 5min ! 0.5min ' 0.05min ' Total

2 7.2368  0.9692 8.4781 16.684

Cyclic tension-compression UT with relaxation

X2 48.408
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Table D.18: Identified material parameters for the model 1 with 7 control points
calibrated for monotonic tension tests obtained after relaxation periods and cyclic tests

with the highest and lowest stretch rates of HNBR50 [56]

Equilibrium part (Extended eight-chain model)

Parameter k [MPa] p[MPa] N [-] e [MPa]
Elastic branch  10° 0.11780 6.33295 0.91765

Nonequilibrium part (Maxwell branches)

@ Parameter 1% branch 2™ branch 3™ branch
_ 3
5 E y'[MPa] 1 1 1
=
é %’ ©’ [MPa]  0.14347 0.43122 0.16651
< T
m *©  NYI[-] 118.086 102.349 1000.00
\Lﬁ te [MPa]  0.00000 0.00000 0.32907

7 [MPa]  0.14334  0.10291 0.50360

= P, 0.000000  0.000000  0.000000
gé Ps 0.000000  0.000000  0.000000
é E Ps 0.002342  0.001030  0.000000
25 Py 0.002342  0.070048  0.000000
~ =§$ Ps 0.002342  0.070048  0.000019
Ps 0.002342  0.070048  0.000940

P 0.143340  10000.00  12.9276
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Table D.19: Quality of fit metrics for the model I with 7 control points calibrated
for monotonic tension tests obtained after relaxation periods and cyclic tests with the

highest and lowest stretch rates of HNBRS50 [56]

Overall quality of fit metric: X2, 91.108

Cyclic tests

jAi 5min ! 05min ! 0.05min ! Total

X2 3.4673  3.7416 0.6277 7.8366

Compressive cyclic tests

jAj 5min ! 0.5min ' 0.05min ' Total

2 4.8789  1.0356 12.043 17.957

Cyclic tension-compression UT with relaxation

X2 65.237
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Table D.20: Identified material parameters for the model 1 with 8 control points
calibrated for monotonic tension tests obtained after relaxation periods and cyclic tests

with the highest and lowest stretch rates of HNBR50 [56]

Equilibrium part (Extended eight-chain model)

Parameter k [MPa] p[MPa] N [-] e [MPa]
Elastic branch  10° 0.11780 6.33295 0.91765

Nonequilibrium part (Maxwell branches)

@ Parameter 1% branch 2" branch 3™ branch
§ é v’ [MPa] 1 1 1
% g (¥ [MPa]  0.13769  0.40430  0.16461
m*® NY[] 169.255 115.498 1000.00
é te [MPa]  0.00000 0.00000 0.31039
7 [MPa] 0.20681 0.10601 0.56451
P, 0.000000  0.000000  0.000000
@ P, 0.000000 0.000266  0.000000
g % Ps 0.002414  0.000266  0.000000
g .é) P, 0.002414  0.065759  0.000000
> s Ps 0.002414 0.065759  0.000000
é Pg 0.013878  0.065759  0.000439
P~ 0.032924  0.065759  0.406751
Ps 0.032924 10000.00  41.0622
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Table D.21: Quality of fit metrics for the model I with 8 control points calibrated
for monotonic tension tests obtained after relaxation periods and cyclic tests with the

highest and lowest stretch rates of HNBRS50 [56]

Overall quality of fit metric: X2, 86.557

Cyclic tests

jAi 5min ! 05min ! 0.05min ! Total

X2 3.0715  3.7689 0.6114 7.4518

Compressive cyclic tests

jAj 5min ! 0.5min ' 0.05min ' Total
X2 4.0609  1.2021 12.035 17.298

Cyclic tension-compression UT with relaxation

X2 61.730

Table D.22: Quality of fit metrics for the equilibrium response of model II with data-
driven modified invariant-based formulation consisting 7 separate control points for
the first and second modified invariants calibrated for monotonic tension tests obtained

after relaxation periods of HNBRS50 [56]

Quality of fit metrics for equilibrium response

Monotonic tension tests

UT ET Total
X%@ 0.0116 0.0573 0.0689
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Table D.23: Identified material parameters for the model II with 7 separate control
points for the first and second modified invariants calibrated for the monotonic tension
tests obtained after relaxation periods and 6 control points for the evolutions calibrated

for cyclic tests with the highest and lowest stretch rates of HNBRS50 [56]

Equilibrium part (Mod. inv. based data-driven model)

Parameter 1=1 i=2

Py 0.543884  0.692197
Py 0.610948 0.692197
Py 0.745077  0.692197
Py 0.879207  0.692197
Ps 1.208187  0.692197
Ps” 1.758091 0.692197
Pe’ 2794807  0.702262

Nonequilibrium part (Maxwell branches)

Parameter 1% branch 2" branch 3" branch
X" [MPa] 1 1 1

p’ [MPa]  0.15089  0.44956 0.13032
NV [-] 1000.00  860.294 1000.00
pe [MPa]  0.04685  0.00000 0.43896

Elastic part
(Ext. 8-chain model)

7 [MPa] 0.16721 0.10534 0.51171

@ P, 0.000000  0.000000  0.000000
% % P 0.000000  0.000000  0.000000
§ ._qé Ps 0.002419  0.007138  0.000000
S s Py 0.002419  0.076187  0.000000

é Ps 0.002419 0.076187  0.001317

Ps 0.012874  1000.000  22.41355
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Table D.24: Quality of fit metrics for the model II with 7 separate control points for the
first and second modified invariants calibrated for the monotonic tension tests obtained
after relaxation periods and 6 control points for the evolutions calibrated for cyclic

tests with the highest and lowest stretch rates of HNBRS50 [56]

Overall quality of fit metric: X2, 69.996

Cyclic tests

jAi 5min ! 05min ! 0.05min ! Total
X2 3.0020  5.2885 0.7297 9.0202

Compressive cyclic tests

jAj  5min ! 05min ! 0.05min ! Total
X2 75091 1.0747  9.6428 18.047

Cyclic tension-compression UT with relaxation

X2 42.860
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