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ABSTRACT

BOUNDARY VALUE PROBLEMS FOR HIGHER ORDER LINEAR
IMPULSIVE DIFFERENTIAL EQUATIONS

Ugur, Omiir
Ph.D., Department of Mathematics
Supervisor: Prof. Dr. Marat AKHMET
Co-Supervisor: Prof. Dr. Hasan TASELI

August 2003, 81 pages

The theory of impulsive differential equations has become an important area of
research in recent years. Linear equations, meanwhile, are fundamental in most
branches of applied mathematics, science, and technology. The theory of higher
order linear impulsive equations, however, has not been studied as much as the cor-

responding theory of ordinary differential equations.

In this work, higher order linear impulsive equations at fixed moments of impulses
together with certain boundary conditions are investigated by making use of a Green’s
formula, constructed for piecewise differentiable functions. Existence and uniqueness

of solutions of such boundary value problems are also addressed.

Properties of Green’s functions for higher order impulsive boundary value prob-
lems are introduced, showing a striking difference when compared to classical bound-
ary value problems of ordinary differential equations. Necessarily, instead of an or-
dinary Green’s function there corresponds a sequence of Green’s functions due to

impulses.

Finally, as a by-product of boundary value problems, eigenvalue problems for
higher order linear impulsive differential equations are studied. The conditions for

the existence of eigenvalues of linear impulsive operators are presented. Basic prop-

iii



erties of eigensolutions of self-adjoint operators are also investigated. In particular,
a necessary and sufficient condition for the self-adjointness of Sturm-Liouville opera-
tors is given. The corresponding integral equations for boundary value and eigenvalue

problems are also demonstrated in the present work.

Keywords: Theory of Differential Equations, Impulsive Differential Equations, Bound-
ary Value Problems, Eigenvalue Problems, Green’s Functions, Linear Operators, Ad-

joint Operators, Sturm-Liouville Systems.
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Oz

YUKSEK MERTEBEDEN LINEER IMPALSIF DIFERANSIYEL
DENKLEMLER ICIN SINIR DEGER PROBLEMLERI

Ugur, Omiir
Doktora, Matematik Bolimi
Tez Yoneticisi: Prof. Dr. Marat AKHMET
Ortak Tez Yoneticisi: Prof. Dr. Hasan TASELI

Agustos 2003, 81 sayfa

Impalsif diferansiyel denklemler teorisi son yillarda énemli bir aragtirma alani olarak
ortaya ¢ikmaktadir. Ote yandan, lineer denklemler, teknoloji, bilim ve uygulamal
matematigin bircok dalinda temel konulardan biridir. Fakat, yiiksek mertebeden
impalsif denklemler teorisi siradan diferansiyel denklemler teorisinde oldugu kadar

aragtirilmamaigtir.

Bu ¢aligmada, belirli sinir kogullariyla birlikte impals anlari1 sabit zamanlh yiiksek
mertebeden lineer impalsif denklemler, parca parca tiirevlenebilir fonksiyonlar igin
yapilandirilan Green formiilii yardimiyla incelenmigtir. Bu tiirdeki sinir deger prob-

lemlerinin ¢oziimiiniin varlig ve tekligi de belirtilmistir.

Klasik sinir deger problemleriyle kargilagtirildiginda sasirtici farkliliklar gosteren
yiiksek mertebeden impalsif sinir deger problemleri i¢in Green fonksiyonlarinin 6zel-
likleri verilmigtir. impals etkileri sonucu, ahgilagelen Green fonksiyonu yerine, Green

fonksiyonlarindan olugan bir sisteme ihtiya¢ duyulmaktadir.

Son olarak, bir tiir sinir deger problemi olarak ele alabilecegimiz yiiksek mer-
tebeden lineer impalsif diferansiyel denklemler icin 6zdeger problemleri calisilmistir.
Yiiksek mertebeden lineer impalsif operatorlerin 6zdegerlerinin varligi i¢in gerekli

kogullar gosterilmistir. Bu arada, kendine-es operatorlerin 6zdeger ve 6zfonksiyonla-



rinm temel ozellikleri de aragtirilmigtir. Ozel olarak, Sturm-Liouville operatorlerinin
kendine-egligi icin gerek ve yeter kogulu belirtilmigtir. Yine bu ¢aligmada, sinir deger

ve 6zdeger problemlerine karsilik gelen integral denklemler de sunulmustur.

Anahtar Kelimeler: Diferansiyel Denklemler Teorisi, Impalsif Diferansiyel Denklem-
ler, Sinir Deger Problemleri, (")zdeger Problemleri, Green Fonksiyonlari, Lineer Ope-

ratorler, Es Operatorler, Sturm-Liouville Sistemleri.
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To my little one, Oykii
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CHAPTER 1

INTRODUCTION

Many evolution process are characterized by the fact that they are subject to short-
time perturbation whose duration is negligible in comparison with the duration of
the process. This results with a sudden change of the state of the process. For
example, when a hammer hits a string which is already oscillating, it experiences
a rapid change of velocity; a pendulum of a clock, meanwhile, undergoes a sudden

change of momentum when it crosses its equilibrium position; and so on.

For the description of the continuous change of such processes, ordinary differ-
ential equations are used, while the short-time perturbations of those processes are
described by sudden changes of their states at certain times. It becomes, therefore,
necessary to study dynamical systems with discontinuous trajectories, or with im-
pulse effect, for the sake of brevity as they called, impulsive differential equations, or

sometimes, differential equations with impulse actions.

The theory of impulsive differential equations has become an important area of
research in recent years because of the needs of modern technology, engineering and
physics. Moreover, impulsive differential equations is richer in applications compared
to the corresponding theory of ordinary differential equations. Many of the mathe-
matical problems encountered in the study of impulsive differential equations cannot
be treated with the usual techniques within the standard framework of ordinary dif-
ferential equations [10, 13, 15, 42, 45]. A basic peculiarity of the impulsive differential
equations occurs when the impulses are not at fixed moments of time, but satisfying
a certain space-time relation. In the presence of unfixed moments of impulse actions,
the possibility of appearance of the so-called beating of solutions is one peculiarity of

the theory of impulsive differential equations, for instance, see [7].

However, the basic principles of solutions of higher order impulsive differential



equations have not yet been sufficiently elaborated when compared to that of first
order equations, even in the linear case. Especially, boundary value problems for
higher order impulsive differential equations have been studied by some authors in
some special cases, see [1, 2, 16, 20, 22]. Among them there are also some studies on
the eigenvalue problems [32, 50, 51] and construction of Green’s functions for some

higher order linear impulsive differential equations [20, 21].

The main aim of the present work, however, is to study the theory of higher
order linear impulsive differential equations together with the boundary value and
eigenvalue problems, and to emphasize some of the distinguishing properties of such

problems from the ones of ordinary differential equations.

In this chapter, meanwhile, we shall state some basic theory of first order impul-
sive differential equations with fixed moments of impulse actions. The theory and
auxiliary assertions within this chapter, will be used in the subsequent chapters to
develop the theory of boundary value and eigenvalue problems for higher order linear

impulsive differential equations.

1.1 Linear Homogeneous Equations

The theory of linear equations are fundamental in most branches of applied math-
ematics, as well as in science and technology. Very often, complicated nonlinear
problems are studied through linearization in order to understand the basic proper-

ties of the dynamical systems.

In this section, we will establish some basic properties of linear system of impulsive
differential equations of homogeneous type. These results, and the results in the

following section, are mostly based on the studies in [18, 43].

Let J be an interval of R, and {#;} be the given strictly increasing sequence
of impulse points in J, such that it has no finite accumulation point. Then, it
follows that {6;} is a finite sequence of isolated points such that 6; < 6;41 in the
case when J is a bounded interval of R. However, the sequence {6;} may be an
infinite sequence of such points having no finite accumulation point when J is an
infinite interval. Throughout the present work, therefore, we will always assume the

following assumption.

Assumption 1. Any compact interval J C R contains only a finite number of impulse

points 6;.



Later, in the development of the theory of linear impulsive differential equations

we will impose other conditions, mainly to simplify the argument therein.

Let I denote either the complex field C or the real numbers R. We will denote by
PLC(J,{6;};F") the set of all functions ¢ : J — F" that are continuous for ¢ # 6;,
left continuous and having discontinuities of the first kind at the points ¢t = 6; of J.

A linear impulsive differential equation on J is an equation of the form

{ o' = Atz + f(t), t#0;,

(1.1)
A$|t:9i = B;x + a;,

where A(t) is an n X n matrix with a;; € PLC(J,{6;};F), f(t) € PLC(J,{0;};F"),
and B; is an n X n and a; is an n X 1 constant matrices for every i. Also, A:c|t:9i =

z(0;7) — x(6;) denotes the jumps of = at the points of impulses 6;.

When f(t) # 0 for some t € J, or a; # 0 = [0, ...,0]T for some i such that 6; € J,
(1.1) is called a nonhomogeneous impulsive differential equation. On the other hand,

the equation

{ o= A(t)x, t# 6, 12)

Ax|t:9i = Bi$7
is called the corresponding homogeneous impulsive differential equation.

The zero function, z(t) = 0 for all ¢ € J, is obviously a solution of (1.2); this
function is called the trivial solution of the homogeneous linear impulsive differential
equation. It is worth nothing that any solution x(¢, to, xo), passing through the point
(to,z0) € J x F", of (1.1) or (1.2) is uniquely continuable to the right of ¢, if ¢¢ is
not the right end point of J. In particular, if J = R, the whole real line, then for any
to € R, a solution of a linear impulsive equation is defined for all ¢ > t¢. However,
for any given interval J we will define Jt'g to be J;g = J N [tg,00). Similarly, we will
denote by J; the interval J N (—o0,t]. Clearly, J = J;5 U J, .

Unlike the classical ordinary differential equations, a solution of linear impulsive
differential equation is not necessarily continuable to the left of an impulse point, say
0, for some j. Even if, it is continuable to the left of 6; this continuation need not
be unique. This is because of the impulse condition in (1.1): If det(E + B;j) = 0 at
that point of impulse action then either the solution is not continuable to the left
of 0;, or if continuable then this continuation is not unique. In the latter case the
solution splits into an infinite set of solutions to pass left of impulse point ¢;. See,

for instance [43].

One of the main results of the theory of linear impulsive differential equation is



the existence and uniqueness of solutions, defined in the interval J. In other words,
at every point (to, z9) € J xF™, there passes one and only one solution. This is stated

in the following theorem.

Theorem 1.1 (Existence and Uniqueness). Let A(t) € PLC(J, {6;};F"*™) and
B; € F"*". Then, for any (to,xo) € J x F", there exists a unique solution z(t) =
x(t,to, x0) of (1.2) such that

z(ty) = (o, to, x0) = o,

and this solution is uniquely defined for all t € Jt'g.

If, moreover, det(E + B;) # 0 for every i, then the solution x(t) = z(t,t9,x0) is
uniquely defined for allt € J.

Proof. Proof is trivial, however, we refer to [43] for a complete discussion. O

Because of the existence and uniqueness theorem, namely Theorem 1.1, and the
discussions preceding it, we will always assume the following condition holds in order
to have unique solution that is defined for all t € J. For a given linear impulsive
differential equation of the form (1.1), the following assumption is satisfied, unless

otherwise stated explicitly.

Assumption 2. For every i such that 6; € J, the matrices E + B; are all nonsingular.

Therefore, if 2 = z(t) is any solution of (1.2) such that x(tp) = 0 for some ¢y € J
or z(#) = 0 for some i, then the uniqueness requires that z(¢) = 0 for all t € J.
Namely, x(t) is the trivial solution. This observation, however, leads to the following
fact about the structure of the set 2 of all solutions of a linear homogeneous impulsive

equation on an interval J.

Theorem 1.2. The set Q of all solutions of (1.2), which are defined on the interval

J, is an n-dimensional vector space over F.

Recall that, in any finite dimensional vector space of dimension n, any set of n
linearly independent vectors forms a basis. If {¢1,...,¢,} is any set of n linearly
independent solutions of (1.2) on J, then this set is said to form a basis, or a fun-
damental set of solutions for the linear homogeneous impulsive equation (1.2). The
linearly independent solutions ¢1, ..., ¢, of (1.2) are called fundamental solutions.
Also, a matrix ®(¢) will be called a solution matriz for (1.2) if its n columns are

solutions of the equation.



On the other hand, if ®(¢) is a matrix solution whose columns are n linearly
independent solutions of (1.2), for all ¢ € J, then ®(¢) is called a fundamental matriz
of the homogenous equation (1.2), and the inverse, ®~1(t), exists for all t € .J.
Moreover, ®(6;) is invertible for all . Hence, any solution z(t) of (1.2) can be

written as

where c is an arbitrary column vector in F".

In fact, a fundamental matrix ®(¢) of the linear homogeneous impulsive differen-
tial equation (1.2) satisfying the condition that ®(tg) = E is called the matriciant for
(1.2), and denoted by ®(t,tp). Moreover, the matriciant, ®(¢,to) for (1.2) is unique
and satisfies the equality

O(t,t0) = B(t)~ (t0)

for all ¢y and t in J, and for any fundamental matrix ®(¢). In other words, the
matriciant for a linear homogeneous impulsive equation is independent of the choice
of a basis for the space € of solutions. The solution of (1.2) passing through the
point (tg,zo) € J x F™ is the function z = x(t), given by

:c(t) = (I)(t, to) xQ.

Therefore, if one chooses the fundamental solutions ¢y, ..., ¢, of (1.2) in such a
way that they satisfy the initial conditions ¢;(ty) = e;, where e; is the column vector
whose components are zero except the jth, which is 1, then the matrix [¢1,. .., ¢

becomes the matriciant for (1.2).

Using the theory of ordinary differential equations it is possible to determine,
explicitly, the fundamental matrices as well as the matriciant for an impulsive dif-
ferential equation. Let X (t,s) be the solution of the matriz initial value problem,
formally defined by

X'=At)X, X(s,s)=E, (1.3)

then a fundamental matrix ®(¢) of (1.2) can be expressed in terms of the matrix
X(t, s) as follows:

1

O(t) = X (t,0;44) (E + Bjsr) [ [ X010, 0540-1) (B + Bjro1)X (05, t0) X (to) (1.4)
v=k

for 0,01 <ty < 0; <81k <t < 0j4p41, where X (1) is any fundamental matrix of

the ordinary differential equation

x = A(t) x, 9]'_1 <t< Hj'



Hence, the matriciant ®(¢, o) for (1.2) can be expressed similarly, namely

1

O(t,to) = X(t,0,11)(E + Bjsx) [ [ X(0j40,05401)(E + Bjs—1)X (05, t0)
v=~k

provided that 0,1 <tp < 0; <01 <t < 04,41 holds. In particular,

o O(t, tg) = X(t,t), for 0j—1 <to <t<0;,

o O(t, ty) = X(t,ﬁj)(E + Bj)X(Hj,to), for Hj_l <ty < Hj <t< 9]‘_1_1.

Equation (1.4) describing a fundamental matrix ®(¢) of (1.2), and the fact that
O (tg) = X(to) follows the Abel’s formula,

" k+1
det ®(t) = det ®(tg) exp </ trA(s) ds) H det(E + Bjiy—1)

to v=1

for ;1 <t9 <0 <041 <t <61r41, and hence, ®(t) is nonsingular if and only if
®(to) is nonsingular as required, because (E + B;) are assumed to be nonsingular by

the Assumption 2 for every i. Hence, the following theorem for fundamental matrix,
O(t), of (1.2) is valid.

Theorem 1.3. Suppose ®(t) is any fundamental matriz of the (1.2). Then ¥(t) =
®(t) C is a solution matriz of the corresponding matrixz equation to (1.2) for every

constant n X n matriz C.

Conwversely, for any solution matriz ¥ (t) of (1.2), there exists a unique constant
n X n matrix C such that ¥(t) = ®(t) C' holds. Moreover, the solution matriz ¥(t)

is a fundamental matriz of (1.2) if and only if C is nonsingular.

For some other basic properties of fundamental matrices and the matriciants of

linear homogeneous systems of impulsive differential equations, we refer to [18, 43].

We conclude this section by defining the adjoint equation to the linear homoge-
neous equation (1.2), and stating a theorem about the properties of the solutions.

The linear homogeneous impulsive differential equation

{ y'=—A(t)y, tF 0,

. (1.5)

is called the adjoint equation to (1.2), where “*” represents the complex conjugate
transpose of a matrix in the case when F = C; however, if F = R, then it represents

only the transpose of a matrix.



Theorem 1.4. Any fundamental matrices ®(t) and Y(t) of the equations (1.2) and
(1.5), respectively, satisfy the identity

T (4)D(t) = C (1.6)

for allt € J, where C' is a constant n x n matrix.

If (1.6) holds, where ®(t) is a fundamental matriz of (1.2) and C is nonsingular,
then W(t) is a fundamental matriz of the adjoint equation (1.5).

Proof. See [18, 43]. O

1.2 Linear Nonhomogeneous Equations

In this section we will consider the following linear nonhomogeneous impulsive dif-

ferential equation

{ af = A(t)x + f(t), t#0;, (1.7)

Am|t:9i = Bz + a;,
where f € PLC(J,{0;};F") and a; € F" for every i. Here, we also remark that
A€ PLC(J,{0;};F™™) and B; € F"*" are such that det(E + B;) # 0 for every i.

The relationship between nonhomogeneous equation (1.1) and the corresponding

homogeneous one

{ = Az, t+ 0, 18)

Aa:|t:9i = B;x
is the following: if ¢(t) is a solution of (1.8) and 1 (t) is a solution of (1.7), then
the function ¢(t) + 1 (t) is again a solution of (1.7). Conversely, if p1(t) and ¢o(t)
are two solutions of (1.7), then the difference ¢1(t) — ¢2(t) is a solution of (1.8).
Hence the following theorem on the space €2 of solutions of linear nonhomogeneous

equation (1.7) can easily be proved.

Theorem 1.5. Let Q be the set of solutions of (1.8) on J, then the set Q' of all
solutions of (1.7) on J is the affine space

Q' ={z:z@t)=v)+ult), ue}

where Y(t) is a particular solution of (1.7).

As in the classical theory of ordinary differential equations it is possible to define a

particular solution of the nonhomogeneous equation (1.7) by the help of the linearly



independent solutions of the corresponding homogeneous equation. The following
theorem, however, is known as the variation of parameters or variation of constants
formula for linear impulsive differential equations. Moreover, it implicitly gives such
particular solutions of (1.7) in terms of the fundamental solutions of the corresponding

homogeneous equation. For the proof of this theorem, however, we refer [43].

Theorem 1.6 (Variation of Parameters). Let ®(t) be a fundamental matriz of
(1.8). Then every solutions v = x(t) of the associated nonhomogeneous equation (1.7)

s given by the formula

@()(c—i—/t W) f(s)ds+ S @716 az), to <t

£(t) = y to<hist (1.9)
@(t)(c—i—/ o () f(s)ds — Y @ N0))ar). <ty
to t<0; <to

In particular, if ®(t,ty) is the matriciant for the homogeneous equation (1.8),

then the solution x(t) = z(t, to, xo) such that x(ty) = o is given by the formula

t
q)(t,t())l‘o—i-/ L, 8)f(s) ds + Z Ot 01)a;, to<t
x(t) = t(;s to<0;<t (1.10)
(I)(t,t())l'o—l-/ L, 8)f(s)ds — Z oYt 01)a;, t<tg
to t<0;<to

Here, we remark that the summations are taken to be zero when t = ¢y in the
variation of parameters formulas above. One may see [18] for variation parameters

formula for nonlinear impulsive equations.



CHAPTER 2

HicHER ORDER LINEAR
EQUATIONS

In most areas of applied sciences there arise the higher order differential equations
which govern the behavior of the state of an observable. In some cases, however,
these observable quantities undergo sudden change of their state depending on the
nature of the problems that they characterize. For example, when a hammer hits a
string that is oscillating, it experiences a rapid change, only of its velocity. However,
consider a fish population in a pool, and every week some fish, male or female, are
taken out to be sold. This action will affect not only the number of population of fish
in the pool, but it will also affect the rate of change of the population, depending on

the number of male or female fish remained within the pool for reproduction.

Therefore, it is of great importance to investigate higher order impulsive differ-
ential equations not only to characterize such problems in applied sciences and tech-
nology, but also it is interesting in mathematical point of view. In fact, there are re-
searches on the higher order impulsive differential equations such as [20, 32, 48, 50, 51]
among which the boundary value and eigenvalue problems are also studied to some
extent. However, the theory of higher order linear impulsive differential equations
has not yet been fully studied as much as the corresponding theory of linear ordi-
nary differential equations. In contrast, the theory of first order impulsive differential
equations has been studied to a great extent in recent years, and has proved to be

much richer than the theory of first order ordinary differential equations.

In this chapter of the present work we will see that with some simple modifications,
the theory of higher order impulsive differential equations become very similar to

that of first order system equations with impulse actions, and it can be extended in



parallel to the theory of higher order ordinary differential equations. However, we
should always keep in mind that the trajectories of impulsive differential equations

are in general discontinuous.

However, it is important how to define a higher order impulsive differential equa-
tion and construct its corresponding system of first order equations, since the solution,
if any, is not necessarily continuous at the points of impulse actions. In the following

introductory section, therefore, we will introduce some basics of such construction.

2.1 Introduction

The problem of defining a higher order impulsive differential equation is mainly, due
to the fact that a function having a discontinuity of the first kind at an impulse point
will not possess a derivative at that point. Moreover, there is no way to define it unless
the jump is zero. Hence, to talk about the jumps of the derivatives of such functions
at impulse points is ambiguous. However, as some researches [18, 39] suggest one
may consider the jumps of the limits of the derivatives at the impulse points. Similar
arguments, hence, can be made for higher order derivatives. Moreover, one might
consider functions which are not even defined at the impulse points, but have limits
from the left and the right at the points of impulse actions. In this case, unfortunately,
one needs to redefine the concept of a solution to an impulsive differential equation

on an interval.

Logically, it is important, however, to keep the property that a solution to an
impulsive differential equation is left continuous at the points of discontinuities. This,
being defined at the points of discontinuities, also preserves the uniqueness concept
of a solution. Otherwise, one can define the values of such solutions (if we can call

them as solutions!) in an arbitrary way at the points of impulses.

Fortunately, if a function is left continuous at a point one may consider the
left derivative at that point. Similarly, the right derivative can be considered when
the function is right continuous. To be consistent with the natural development
of impulsive differential equations we will, mainly, deal with functions that are left

continuous at the points of their discontinuities.

Let C([a,b]) = C([a,b];F) denotes the set of all functions f : [a,b] — F that are
continuous on the closed interval [a,b], and let C'([a,b]) = C*([a,b];F) be the set

of all functions f € C([a,b]) that are continuously differentiable in the open interval

10



(a,b) and the left and the right derivatives, respectively,
f(b+h)— f(b)

f2(0) = hli%{ h ’
h —
0 g FE D10

exist. We define, similarly the higher order left and right derivatives of such functions,

respectively, as follows:

™(a) = lim

recursively for every n > 1.

Therefore, let C™([a, b]) = C™([a, b]; F) denotes the set of all functions f € C([a, b])
that are continuously differentiable in (a,b) and fﬁn)(b) and fJ(rn) (a) exist. Recall
that the existence of the left (respectively, right derivative) of a function f at a point

implies that the function itself is left (respectively, right continuous) at that point.

Conversely, if a function f € C([a,b]) is continuously differentiable in (a,b) and
is such that
'(b7) = lim f'(b+h
Fo7) = lim f(b+h)
exists, then by the Mean Value Theorem, there exists a £ € (b + h,b), h < 0, such
that

’ g S+ h) — f()
f20) = . h

= lim f(9)

§—b~
= f'(b7)
holds. Namely, f (b) = f’(b™). Similarly the existence of f'(a™) implies the existence
of the right derivative f} (a) and f/ (a) = f'(a™).

These observations leads us to the following discussion. Let J be any interval of
R, and {6;} C J be any sequence of points 6; such that §; < 6;41, and have no finite
accumulation point. As in Chapter 1, let PLC = PLC(J,{0;};F) denote the set of
all functions f : J — F that are left continuous for all ¢t € J, with discontinuities of

the first kind at ¢ = ;. In other words,

PLC={f:J—=TF|feC(J\{6}) is left continuous on J and Af|,_, < oo},

11



where Af|,_q. = f(0F) — f(6;) is the difference of the right and left limits at the
point t = 6;, with f(0,) = f(6;).

Similarly, for a function f : J — [ that is jth times continuously differentiable for
t # 0; we define the jumps Af(j)|t:9i = f(j)(ﬁi*) — f<j>(9;) at the points of impulses
t = 6, for every i. Then, PLC" = PLC"(J,{0;};F) will denote the following set of

functions:

pLen — {f € PLC: f € C"(J\ {6:}) such that Af™],_, < oo} .

It should be remarked that we will not distinguish between f&j) (6;) and fU)(0;) for
any 7 =0,1,...,n, provided that f is left continuous at the point 6;. The existence
of f&n)(ﬁi) for a function f € C™(J \ {6;}) for n > 1 implies that ij)(QZ-) = fU(6;)
for all 7 < n, and hence f is continuous from the left at ¢ = 6; for every i. The
converse is also true by the arguments above, if the function is left continuous at the
points ¢ = #;. Within this work, we will prefer limits rather than left derivatives, to

be consistent with the conventions.

So, an impulsive differential equation on J of order n > 1, with fixed impulses at

t = 0;, is of the following form

{ 2 — f(t,x,x’,...,w(nil)); t # 0;, (2.1)

Az g = Lij(e(87),2'(67), ..., 2 (67), j=1,....n

where f is a function of (n + 1) variables, defined for all t € J \ {6;}, and I; ; is a

function of n variables for each ¢ and j. Moreover, the jumps

AUV, =2UD(0f) —2U=D(07), j=1,....n

()

are defined by the differences of the right and the left limits of 2U~1)(#) at the point
t = 0;. By a solution of an impulsive differential equation (2.1), of order n, we mean

the following definition.

Definition 2.1. The function ¢ : J — F is said to be a solution of an nth order

impulsive differential equation (2.1) on J if it satisfies the following conditions:

1. The function ¢ € PLC" ! and ¢(™(t) exists at every point t # 6; on .J.

2. The function ¢ satisfies the following equalities

(a) (1) = f(t,p(t),..., " (1)), for all t € J\ {6:},

12



(b) @U=D(0F) = U=1(07) + Lij(0(67), ..., " 1(07)), for all 1 < j < n,

and for all <.

Now, as is done in ordinary differential equations, [26, 27], let & = [x1,...,z,]T

with components formally defined by z;(t) = zU=1(t) for all j = 1,...,n, in such a

way that
x1(t) x(t)
#(t) = “:(t) - x:(t)  fort 40, (2.2)
T (t) (=1(¢)

xl(@) :E(QZ)
#(0;) = $2('0i) _| =l , fort=0; (2.3)
Zn(6;) x(”*l)(ﬁi_)

for every i. Then, one can transform an nth order impulsive differential equation (2.1)
to a first order impulsive differential equation of the form
{ ¥ =7, t#0;

- 24
ATy, = T(E(6;)) 24

—

where the functions f(t, Z) and I;(Z) are defined by

€2
17;71(.%'1,...,.%'”)
€3
N o Lio(xzy,...,x
Ft,7) = : and I,(%) = o2l n)
X
f(t . " . ) ILn(:El,...,l'n)
sy Llyeeeydn

for all t # 6; and for all 4, respectively.

It should be noted, however, if Z is a solution of (2.4), then the first component
of it, x1(t), is a solution of the nth order impulsive differential equation (2.1). Con-
versely, if z(t) is a solution of (2.1), then Z(t), defined by (2.2) and (2.3), is a solution

of the corresponding first order equation (2.4).

Therefore, it is possible to investigate the basic properties of higher order impul-
sive differential equations, as well as their solutions, by the help of the properties of

the corresponding first order system of impulsive equations. However, in the next

13



section will consider higher order linear impulsive differential equations, and establish

only some of their basic features.

2.2 Linear Impulsive Equations

The theory of linear equations are fundamentals in most branches of applied mathe-
matics, as well as engineering and other natural sciences. Very often, one deals with
linearization of nonlinear complicated problems in order to understand basic struc-

ture, and properties of the systems which are governed by some nonlinear equations.

In the present section of the current work, we will study the fundamental proper-

ties of higher order linear equations with impulse actions at fixed moments of time.

In order to simplify the discussion throughout this section, and within the rest
of the work, we will fix the interval J = [«, ], and the sequences {6;}!_; of impulse

points 0; € (a,3) in such a way that the following assumption holds.

Assumption 3. Let J = [a, 8] and {6;} satisfy the following condition

90:a<01<92<---<0p<ﬁ: 'p+1- (2.5)

An nth order linear impulsive differential equation on J is an equation of the form

po(®)z™ + py ()Y 4 (D = f(t), tF# 6,

n .
, =1,...,n 2.6
AUy = b0 = ayy, T 20
1 1=1,...,p
where the functions pg, p1,...,p, and f are assumed to be at least left continuous on

J with discontinuities of the first kind at ¢t = 6;; and the scalars b;;; and a;; are in IF
foreveryi=1,...,p; j=1,...,n; k=1,...,n. The jumps Ax(j_l)]t:(;i at 0;, for
each j =1,...,n are, defined by

AzUD| _, =20 (0F) —2U=D07), j=1,....n
for every i =1,...,p.

If f(t) # 0 for some t € J, or a;; # 0 for some 1 <7 <pand 1 < j < n, then the
linear equation (2.6) is called a nonhomogeneous linear impulsive differential equation.

While, the equation of the form
po(t)z™ +p1 ()" - 4 p, (D =0, t#6,

, - i=1,... 2.7
ALy — 3 b0 (67) = 0, J=Lm (2.7)
1 i=1,...,p
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is called the corresponding homogeneous impulsive differential equation.

It should be noted, however, that in (2.6) we have n number of impulse conditions,
apart from the nth order linear differential equation. So, it is helpful to rewrite
the impulse conditions in (2.6) using matrices and column vectors. As is done in

the first section of this chapter, let  denotes the column vector with components

z,2,..., 2™ Namely,
x(t)
a'(t)
z(t) = _ for t # 0;, (2.8)
x(”_l)(t)
and
T(0F) = Jim, Z(6; +h), fori=1,...,p. (2.9)

Then, the impulse conditions in (2.6) can be written simply,
AR,y — BEO7) = ai, i=1,....p,

where B; are n X n constant matrices, and a; are n x 1 column vectors defined,

respectively, by

biir bz 0 biin a1
bior  biz2 -+ bion a2
B = . . . A
bin1 bit2 -+ binn Qi
for i = 1,...,p. Hence an nth order linear impulsive differential equation on J can

be written equivalently in the form

po)at™ +pr(8)a" "V 4t pa(t)e = (), t# 0 (2.10)
AZ|,_y, — Bi#(0; ) =a;, i=1,...,p, '
where Z(t) = [z(t),2/(t),..., D@7, for t # 6;, B; are n x n constant matrices

and a; are constant n x 1 column vectors. Throughout the work, by Z, we mean,
for a function x € C*1(J \ {6;};F), the vector valued function defined by (2.8),
and 2(6F) will denote the limits in (2.9). Of course, in the case when the function

x € PLC™ ! and has left derivatives at t = 6;, we have the following equality,



Moreover, it is also possible and helpful to rewrite the ordinary differential equa-
tion

po)x™ + p1 )z 4 () = f(1), tH£6;

in its corresponding first order form, provided that po(t) # 0 for all ¢t € J, as follows

Y (O D
Z _A(t) +p0(7§) ns t;é@w

where e, = [0,...,0,1]7. The n x n matrix A(t), defined by,

0 1 0 . 0
0 0
A(t) = : : : KR (2.11)
0 0 0 . 1
_pn®®)  _pna®  _pn—2@) . _pi(?)
po(t) po(t) po(t) po(t)

is the so-called [27] companion matriz for the nth order linear differential equation.
We should note that this matrix A(t) is, in general, piecewise left continuous with

discontinuities of the first kind at ¢t = 0;.

Therefore, the first order linear impulsive differential equation corresponding to

an nth order linear impulsive equation (2.10) or (2.6), can be written as follows

7 = ~ S )
¥ =At)zx+ po () En t #6;, 2.1
AZ|,_p. — BiZ(0;) =a;, i=1,...,p.
The corresponding homogeneous equation is given by
o — A t A, t 0"
V= AR A0 -

It is easy to investigate the existence and uniqueness of solutions of a linear nth
order impulsive differential equations that is written in the form (2.12). Since a
function « = x(t) is a solution of (2.10) if and only if y = Z(¢) is a solution of the

associated first order impulsive equation (2.12).

Theorem 2.1. Let pio,pl,...,pn and f be functions in PLC. For any ty € J, and
E=1[&,...,6]7 € T, there exists a unique solution z(t) = z(t,to,&) of (2.10) on J,

satisfying the initial condition
x(J_l)(tO) :é.]a J=1...,n, (214)

provided that det(E + B;) # 0 for alli=1,...,p

16



Proof. The proof of this theorem is similar to the proof of the existence and unique-
ness theorem for systems of first order equations. Using the equivalent form (2.12),

the proof follows. O

Example 2.1. Consider the following initial value problem

2" =0, t#1,

R N 00
Az|,_, — Bz(17) =0, B = ( . ) )
z(0) = 2/(0) =1,

The unique solution 2z = x(t) of this problem can easily be computed as

1+, t<1
x(t):{ + <

24+4(t—1), t>1
&

In this work, beside the basic assumptions on the interval J and the sequence of
impulse points 6;, explicitly stated in (2.5), we will always assume that for a given
nth order linear impulsive differential equation of the form (2.12) the hypothesis of
the existence and uniqueness theorem 2.1 holds, unless otherwise stated explicitly.
Namely, all the functions pio, p1,...,pn and f are of class PLC. Note that since
p% € PLC the following two conditions hold for py(t) automatically:

po(t) #0, teld,
po(0;) #0, i=1,...,p.

2.2.1 Homogeneous Equations

In this subsection, we will establish some simple properties of higher order linear
homogeneous impulsive differential equations given by (2.7), which could be written

more simply as

po(H)z™ +pr ()2 4 L, (D =0, tF#6;, (2.15)
AZl,_yg — BiZ(0;) =0, i=1,...,p, '
where p%’ p1,...,pn are assumed to functions in PLC, J = [a, (], and the sequence

{6;} are such that
90:a<01<~--<9p<ﬂ: p+1-

Furthermore, the matrices B; are n x n with det(E + B;) # 0 for every i = 1,...,p to
ensure the existence, uniqueness, and continuability of solutions throughout J. The

first order equivalent for (2.15) is given by (2.13) in the previous section.
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Clearly, z(t) = 0 for all ¢ € J is a solution of (2.15). The solution z(¢) = 0 is
called the trivial solution of the homogeneous equation. Moreover, if (¢) is a solution
of (2.15) with the initial data Z(ty) = 0 for some ty € J or Z(#;") = 0 for some i,
then it follows from the uniqueness of solutions that x(¢) = 0 for all ¢ € J, since
det(E+ B;) #0 for all i = 1,...,p. This leads to the following theorem on the space

of solutions of homogeneous impulsive equations.

Theorem 2.2. The set §2, of solutions of an nth order linear homogeneous impulsive

differential equation (2.15) on J is an n-dimensional vector space over F.

In view of the theorem above, we may identify n linearly independent solutions
¢1,...,¢, of the homogeneous impulsive differential equation as fundamental so-
lutions. The set {¢1,...,¢,} of fundamental solutions, therefore, will be called a

fundamental set of solutions, or simply a basis for €,,.

Let {¢1,...,¢n} be any set of n solutions of linear homogeneous equation (2.15).

Then, we define a vector valued function ® = ®(¢) as follows

O(t) = [¢1(t), -, Pn(t)], (2.16)
whose components are fundamental solutions, and a associated matrix valued func-
tion ® = P(t) defined by

o(t) = [B1(t), - fn(t)]. (2.17)
Hence, the columns of </15(t) becomes solutions of the corresponding first order equa-

tion (2.13). The determinant, det ®(t), is called the Wronskian of solutions of higher

order linear homogeneous equation (2.15).

Moreover, the matrix ®(t) defined by (2.17) is a fundamental matrix of (2.13) if

and only if its first row ®(¢) consists of n linearly independent solutions of (2.15).

For brevity, if {¢1,...,¢,} is a fundamental set of solutions of linear homoge-
neous equation (2.15), then we will call the row vector, ®(¢), defined by (2.16), as
a fundamental row vector or a row vector of fundamental solutions, and the n X n
matrix, ®(t), defined by (2.17), as a fundamental matriz for (2.15), see [27).

Hence, by the above theorem, any solution x = x(t) of a linear homogeneous

impulsive differential equation (2.15) is of the form
z(t) =P(t)c=c101(t) + - - + cnon(t),

where ¢ = [c1,...,¢,]7 is any column vector, and the functions ¢1,..., ¢, are any

fundamental solutions of (2.15).
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Moreover, since EI;(t) is a matrix solution of the corresponding first order equa-
tion (2.13), the Wronskian, det @(t), satisfies the following equality

t n (S) k+1
w)[l%ﬂE+BF%ﬂ

v=1

det ®(t) = det (o) exp (_/t

o Po(s)

for 0,1 < to < 0; < 044 < t < 0j1k41, which follows from the discussion in

Section 1.1 and the fact that the companion matrix A(t) satisfies

0 =350

for all t € J. Therefore, we proved the following theorem.

Theorem 2.3. The vector valued function ®(t) = [¢1(t),...,Pn(t)] is a row vector
of fundamental solutions of linear homogeneous impulsive differential equation (2.15)
if and only if det ZI;(to) # 0 for some tg € J.

Example 2.2. Consider the following impulsive differential equation with a single

impulse point 6 € R,

2" =0, t40 00
z'=0, 176, B= . 14+b#£0.
AZ|,_, — BE(07) =0, a b

The fundamental solutions = ¢1(¢) and & = ¢2(t) can be calculated as,
1, t<0 t, t<0
¢1(t) = Pa(t) =
1 +at—0), t>0 0+ (ab+1+b)(t—0), t>0

In general, we can construct the row vector, ®(t), of fundamental solutions and the

fundamental matrix, ®(t), for this problem as follows

1, t), t<4
o(t) =
Lta(t—6), 6+ (b +1+b)(t—0) ), t>0

(1 t)) <
O(t) = 0

B <1+a(t—9) 9+(a0—|—1+b)(t—9)> .y
a (a0 +1+0) 7

and

Notice that det 6(t) # (0 for all £ € R. So, the general solution of the problem can
be written as a linear combination of these fundamental solutions ¢1(t) and ¢2(t),

namely any solution x = z(t) is of the form,

z(t) = c191(t) + caa(t).
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In particular, when 6 = ¢ = b = 1, we have the unique solution in Example 2.1, that

14t t<1
z(t) =
24+4(t—1), t>1

is,

which satisfies the initial conditions x(0) = 2/(0) = 1. &

Finally, in this subsection, we remark that it is possible to construct an adjoint of
the nth order homogeneous impulsive equation (2.15), using its corresponding first
order system (2.13), as in the Section 1.1 of Chapter 1. However, in the next chapter
we will establish such adjoint problems for nth order linear boundary value problems
by constructing a Green’s formula [27, 41] for functions which have discontinuities of
the first kind at the impulse points ¢ = 6; of the interval J = [« 5]. So, we postpone

the discussion of adjoint equations to Chapter 3.

2.2.2 Nonhomogeneous Equations

In this subsection, we will consider an higher order linear nonhomogeneous impulsive

differential equations of the form

{pdﬂﬂm+pﬂﬂﬂ””+~~+paﬂ$=f@% t# 0, (2.18)

A/x\’t:(}i - Biz(0;)=a;, i=1,...,p,

together with the relationship between its corresponding homogeneous equation (2.15),

which has been studied in the previous subsection to some extent.

Because of linearity of (2.18) it follows immediately that if ¢(t) is a solution of
the corresponding homogeneous equation (2.15) and (¢) is a solution of (2.18), then
the sum ¢(t) + 1 (t) of the functions ¢(t) and 1 (t) is again a solution of (2.18). Con-
versely, if ¢1(t) and ¢a(t) are two solutions of the nonhomogeneous equation (2.18),
then the difference ¢1(t) — @2(t) is a solution of the corresponding homogeneous

equation (2.15).

By the above observation, therefore, the following theorem about of the solutions

of a nonhomogeneous impulsive differential equations can easily be proved.

Theorem 2.4. The set QU of solutions of an nth order linear nonhomogeneous im-

pulsive equation (2.18) on J is the affine space
Q= {z:2(t) = () +ut), ueQ},

where ¢ is a particular solution of (2.18).
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As in the theory of differential equations, it is possible and helpful in many ap-
plications, to define a particular solution of an nth order nonhomogeneous equa-
tion (2.18) by means of the fundamental solutions of the corresponding homogeneous
equation (2.15). To see this, we prove the following theorem; known as the variation

of parameters formula.

Theorem 2.5 (Variation of Parameters). Let ®(t) = [p1(t),...,Pn(t)] be row
vector of fundamental solutions of (2.15), then there is a solution ¥(t) of the nonho-

mogeneous impulsive differential equation (2.18) of the form

W(t) = D(t) /t&>1(3) f(s)) ends+ Y &0 )as

pO(S to<0;<t
fortg and t in J, such that ty < t.

Similarly,

fort < tg.

Proof. Let us consider the case when tg < ¢, first. Since ¢1, ..., ¢, are fundamental
solutions of (2.15), it follows that &D(t):l\)_l(t) = F so that

UV () =€l =1[0,...,0,1,0,...,0], j=1,...n

for t # 6;, therefore, we have

! _ / t/\fl s f(S) e S F—1/pn0+ @
W) = @ | [ #01 ed + 3 e
1 f(S) e
< o(d D,
— / t/\fl f(S) e S —1/p+ a
- o[ e 3w

and hence, similarly we get

$UD () = dUD 1) / t‘f‘%s);(? ends+ Y &0 o

to 0 ( ) to<0;<t
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for all j =1,...,n. However,

M) = dM(1) /t > 1(s) f(S)) en ds + Z </IS_1(9;F)CL¢

S
Po ( to<6;<t

+ oD ()d1(1) /() en

po(s)
= M) /tfﬁ‘l(s)pfo((i)) ends+ > ®M61)a
to to<6;<t
f(s)
- po(s)

Substituting the functions v (t) into (2.18) we see that 1(t) satisfies the differential

equation.

On the other hand, by the above calculations we have

() = D(t) /t<’15—1(5)f(‘°’)ends+ > o0 )as

to pO(S) to<O;<t
for t # 6;, and hence it follows, remembering that ; are isolated points in J,

Do) = lim DO+ h)

= B(0;) /ek&rl(s)f(s) ends+ @70 ai |

to Po(s) t0<0;<0%
but R
567) = lm D0+ h)
)
_ Eip+ oy f(s)
- aon () 80 g e

for all k =1,...,p. Therefore,

AYl,_g, — Brp(0),) = ax,
holds. That is, ¢(t) also satisfies the impulse condition in (2.15).

The case t < tg is similar. O

The following corollary of the variation of parameters formula proves helpful in
investigation of the general solutions of an nth order linear impulsive differential

equations.
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Corollary 2.1. Any solution x = x(t) of (2.18) is of the form

z(t) = ®(t) c+/t€15—1(3) /() ends+ > 70 )a

to pO(S) to<0;<t

forto <t, where ®(t) is any row vector of fundamental solutions of the corresponding

homogeneous equation (2.15).

In particular,

=00 (F0e+ [ 89 L0 :

to ( ) to<0;<t

for ty <t satisfies the initial conditions
x(jfl)(to):é-j, j=1...,n,

where the column vector € is € = [£1,..., &7,

A similar result holds for ¢g > t.
Example 2.3. A particular solution, x = v(t), of the following problem,

—2"=2 t#60, 0eR,

00
~ - 0 B = , 14+b#0
Az|,_y —Bz(17) = -2 , a b

a+b
can be written as follows,
vy ={ " '=r
2(a+b)0 +260% + af3 — (2(a +b) + 20 + ab*)t — 2, t >0

Hence, the general solution, x = z(t), of the impulsive differential equation can be

given as
z(t) = c11(t) + caa(t) + ¥ (1),

where ¢y, ¢ are arbitrary constants and ¢ (¢) and ¢2(t) are the fundamental solutions
and given in Example 2.2. In particular, therefore, if @ = b = 6 = 1 the general

solution of the nonhomogeneous problem can be given as

c1 + cot — 12, t<1
x(t) =
cit +ca(3t—2)+ 7Tt -2, t>1

Hence, the solution satisfying the initial conditions



becomes

x(t) =

14+t —t2, t<1
24+4(t—1)+T7-Tt 12, t>1

o

Finally, in this section we will establish an integral representation for the solutions
of nonhomogeneous impulsive differential equations, using the variation of parameters

formula.
Let s € J be fixed, and let

()" (s)
zs(t) = —2— o te
+() po(s) "
where ®(t) is a row vector of fundamental solutions of (2.15). Then, clearly, x(t)

satisfies the corresponding homogeneous equation (2.15) and

holds. Denoting xs(t) by g(t, s), namely

g(t, S) = zs(t) (2'19)

for all ¢t and s in the interval J, it follows that the function ¢(¢,s) is independent of
the choice of a fundamental solutions of (2.15). For, if ®;(¢) is another row vector
of fundamental solutions, then there would exists a nonsingular constant matrix C
such that

®1(t) = D()C, and D1(t) = S(£)C

hold for all ¢t € J. Thus,
1 ()07 (5) = B(H)C(D(s)C) " = ()" (s)
for all s and ¢ in the interval J.

Similarly, we define, for each ¢ =1, ..., p, the functions

; i 2.20
h(t,07) = 2+ (1), i=1,....p. (220

The functions h(t,0;") for i = 1,...,p become solutions of (2.15), and they are also
independent of the fundamental solutions of (2.15). Also notice that, Z,+(0;") = E,

and h(t,0]) for i = 1,...,p are 1 x n matrices, say, of the following form,

h(t,07) = [hi(t,07),....ho(t,0)], i=1,...,p.
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Now, for any row vector, ®(¢), of fundamental solutions, the solution = = z(t) of

nonhomogeneous impulsive differential equation (2.18) can be written as

t
z(t) = ®(t) | 2 (to)¢ —l—/ g(t,s)f(s)ds + Z h(t, 0 )a; | , (2.21)
to to<0;<t
where € = [€1,...,&,]7, and this solution satisfies the initial condition

l‘(j_l)(to)zgj, j:1,...,n.
The representation (2.21), of the solution of nonhomogeneous impulsive differen-

tial equation (2.18) will be significant in the study of Green’s functions for boundary

value problems for higher order impulsive equations in the next chapter.
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CHAPTER 3

BOUNDARY VALUE PROBLEMS

In Chapter 2, we have been concerned with the existence and uniqueness, and proper-
ties of solutions of initial value problems for impulsive differential equations. However,
the study of physical problems, and applications of impulsive differential equations
also require consideration of boundary value problems for impulsive differential equa-
tions. Throughout this chapter, we will define boundary value problems for higher
order linear impulsive differential equations, and study the basic characteristic nature
of them, as well as their solutions, which are forced to satisfy mostly homogeneous

boundary conditions at the end points of an interval.

We will develop this chapter in parallel with the development of the corresponding
theory of boundary value problem for classical ordinary differential equations so that

the differences and similarities between them become much clearer.

Although the theory of boundary value problems for ordinary differential equa-
tions is widely known, the corresponding theory for impulsive differential equations
has not been studied as much, especially for higher order impulsive differential equa-
tions. The use of Green’s functions for first order periodic boundary value problems
is extensively studied by several authors (see [17, 20, 43| and references therein).
Also, there is some research on the construction of Green’s functions for specific
problems [44, 46], among which are the problems with nonlinear boundary con-
ditions, or nonlinear first order impulsive differential equations. As an output of
boundary value problems the inverse eigenvalue problems are also studied by several
authors [32, 50, 51]. However, the general theory for linear boundary value problems

for higher order impulsive differential equations has not been considered.

Our aim in the present chapter, which constitutes for the main part of the present

work, is to investigate linear boundary value problems for higher order impulsive dif-
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ferential equations. We note that a solution of an impulsive differential equation
has jump discontinuities at the impulse points. In the case of higher order impul-
sive differential equations not only solutions but their derivatives may possess jump

discontinuities at the impulse points.

3.1 Green’s Formula

Let J = [, 8] be an interval of R, and let {6;}}_,, 6; € J, be the sequence of impulse
points such that
bo=a <t < <0, <B=0p1.

Let ¢ be the differential operator of order n (n > 1) defined by
U(x) = po(t)a™ + -+ pu(t)z, t#£0;, (3.1)

where py, : J — F are functions of class PLC" % for k =0,1,...,n and po(t) # 0 for
all t € J, and po(6;7) # 0 for i = 1,...,p. In short, pio e PLC.

At the impulse points 6;, we define the linear impulse actions, d;, formally by
i(w) = ATl — BiZ(0;), i=1,...,p, (3.2)

where Z = [z,2/,..., 2" V)T is as defined in the previous chapter, and AZ|,_py =
Z(0;) — Z(0; ). Furthermore, we will always assume that B; are constant matrices
satisfying the conditions that

det(E+ B;) #0

foralle=1,...,p.

Moreover, at the end points a and 3 of the interval J we define linear boundary

forms U, as follows
U(x) = ZMij(jfl)(a) + N,z D), v=1,...,m, (3.3)
j=1

where M,,; and N,; are constants in I, and m is a positive integer. These boundary

forms may also be written as
U(x) = MzZ(a) + Nz(8), (3.4)

where M and N are m x n matrices with entries M,; and N, ;, respectively.
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It is worth noting here that when the impulse actions, §;, defined by (3.2), can

also be written in the form
51(1') 2@\(9:_)—(E+Bz>§?\(92_), t=1,...,p,

which resembles, for each fixed i, the boundary form defined by (3.4). In the subse-

quent sections the differences and similarities will be more clearer.

In the theory of boundary value problems for ordinary differential equations,
the fundamental results follow from two important formulas: the Green’s formula
and the boundary form formula [27, 40, 41]. Unfortunately, these formulas require
continuously differentiable functions on an interval. In this section, we shall introduce
the Green’s formula for functions belonging to PLC™; in other words, continuously
differentiable functions up to of order n (inclusive) for ¢ # 6;, and whose derivatives

have discontinuities of the first kind at the impulse points t = 6;.

Let u and v be functions of class PLC", then k times integration by parts yields

B p 0it1
/ @pn_ku(k) ds = Z/ @pn_ku(k) ds
a i=0 /0i
p

=Y { [Upn_kuw—l) — @ppp) w4y
i=0 (3.5)
s=0,
(=14 @pn ) B ]

_pt+
5=0]

0it1
-1—(—1)’“/ (Epn,k)(k)uds}
0;

for every k = 0,...,n. Here, ¥ denotes the complex conjugate of the function v in
the case when F = C. Summing these integrals over k form 0 to n, it follows that

8 n P

/ @f(u) dS = Z Z {ﬁpniku(k_l) — (ﬁpnik)’u(k_2) + . +
@ k=0 i=0 (3.6)
8=0; 14 B
+(—1)k*1(®pn,k)(’f*”u} N +/ 0t (v) uds,
[e%

i

where the formal adjoint differential operator 7 denotes
() = (=)"E0)™ + (D" Ew) "V P, t£ 6

similar to the adjoint operator in ordinary differential equations [27, 41]. If we set

S(u,v) = 3 [oon D = (<) (p ) D (3.7)
k=0
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then (3.6) becomes

B8 I¢] t— p
/ vz(u)ds—/ ﬁ(v)uds:S(u,v)‘t:i—ZAS(U,@)]t:(,Z_. (3.8)

i=1
It is readily seen that the right hand side of (3.8) depends on the values of u and v
not only at the boundary points «, 8, but also at the impulse points 6;, i =1,...,p
in the interval J = [a, §]. Similar results were obtained in [1, 13] for first order

equations.

The equality in (3.8) will be called the Green’s formula for functions u and v in
the space PLC of functions. The form S(u,v), however, is a bilinear form in the
variables (u,/,...,u(" V) and (v,7/,...,v™ 1), and is said to be the bilinear form
associated with the linear operator {. See, for instance [27]. Moreover, this S can be

written as follows

n k—1
S(u,v) = Z (—l)j(ﬁpn,k)(j)u(k_j_l)
=0 (3.9)
= (_1)j (apn—m)(j)u(k)
m=1 j+k=m—1
and hence .
S(u,v) = U S5 w1t = 5% 57, (3.10)

jk=1
where S is an n x n triangular matrix with entries S, and it will be named as the
matriz of the bilinear form S. The form of the matrix S of the bilinear form & can

be given as follows

S11 S12 o+ Sim-1) Do
So1 Sa0 - —po O
S = : : : : N (3.11)
Stm-11 (=1 ?po 0
(=)™ 'po 0

Since po(t) # 0 for all ¢ € J, and po(0;") # 0 for every i = 1,...,p, it follows that the
matrix S of the bilinear form S is nonsingular for all ¢ € J. To be specific, S satisfies

the following conditions,

det S(t) = (po(t))*#0, foralltelJ,

(3.12)
det S(07) = (po(0;)"#0, foralli=1,...,p.

The entries S of the matrix S can be given in the following proposition:
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Proposition 3.1. The entries Sji, j+k < n+ 1, of the matriz S in (3.11) are
defined by

n—k
Sik=">_ (_1)s<jil)pv(f—sj_+;3)v jtk<n+1 (3.13)
s=j—1

forg=1,....nandk=1,...,n—j5+1.
In particular,
Sijk=0, fj+k>n+1, and

Sik = (=1)7"'py, ifj+k=n+1.

Proof. By using (3.9), the result follows. O

Now we return (3.8) in which the summation contains the jumps, AS(u,v)|,_g. , of
S(u,v) at the points ¢; of impulses. It is interesting to write these jumps, AS(u, v)|,_,,,
in terms of the impulse actions, d;, defined by (3.2) and its adjoint actions, say (SiT )

assuming they have the same form as §;. In other words, we write
51(y) = Aflimg, — Ci6,), i=1,....p, (3.14)

where y € PLC" ! and C; are n x n constant matrices to be determined. To find Cj,
we observe that

AS(u,v)]i—p, = S(u, v)(0F) — S(u, ) (6;).
In view of (3.10),

AS ()]s, 67)S(6;

7 7

0(0;)S(6)a6;") — 5(6,)S(0; )a(e;)
= 0N0;)S(0]) [Adl—y, — Biti(6;)]
(67) = 57(67)S(67) [SO(E + B)] '}
xS(07)(E + Bi)u(6;),
from which it follows that the jumps of the bilinear form S(u,v) at the points of

impulses 6; can be written as follows
AS(u,0)|,g, = 7SO )5:(w) — (31 (0))" [-SO; ) (E+Ba(6;)],  (3.15)

where
61(y) = A, — {[(B+BS™(0)] 7 $°(67) — E}5(6;)  (3.16)
for y € PLC" L and foralli=1,...,p.

When (3.16) is compared with (3.14), the n x n matrices C; are uniquely deter-

mined by the matrices B; and S as follows

Ci = [(E + B})S*(6:)] ' 5*(6;) - E.
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Moreover,

E+C;= [(E+B)S*(6,)] ' 5*(67), i=1,....p

are nonsingular if and only if £ + B; are nonsingular for ¢ = 1,...,p, because
det S*(0;7) # 0 and det S*(6;) # 0 for every i = 1,...,p.

Therefore, an equivalent form of Green’s formula (3.8) can be presented in the

following way

/ ’ vl(u)ds + Y T (0;)S(6;)6:(u)
o 1

1=

_i/ﬁﬁ@gump—ﬁi(ﬁ@oyf—swijL%Bgaw;ﬂ (3.17)
@ i=1
=7 (@) Sty a)|_

so that the left hand side of (3.17) depends on the operators £ and §;, and their adjoint
operators ¢ and (53 ; the right hand side of it, however, depends on the boundary points
« and [, respectively.

It should be noted that, (3.15) or the Green’s formula (3.17) uniquely determines

the adjoint impulse actions 53, but the calculation of AS(u,v)|,_,. can be carried out

in different ways in order to find 53 in a form other than (3.14). However, in the next
section we will show that those adjoint impulse actions are equivalent to (53 , given in

(3.16), in some way. To be specific, if Sj are other adjoint impulse actions, then
5l =Fel, i=1,....p

holds for some nonsingular n x n constant matrices Fj.

3.2 Boundary Forms and Impulse Actions
This section is about the properties of linear boundary forms
U,(x) = ZMij(j_l)(a) + N,z D), v=1,...,m, (3.18)
j=1

where M,; and N,; are constant in IF; and m is a positive integer, and «, 3 are the
left and right boundary points of the interval J = [a, (], respectively. The properties
of such boundary forms are extensively investigated in [27, 41], and within this work

we will restate those properties in order to make the work be self-contained.
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A set {Uy,...,Un} of boundary forms (3.18) is said to be linearly independent if
and only if

i c¢iUy(z) =0
v=1

for all z € PLC" ! on J implies that ¢; = ¢y = -+ = ¢, = 0.

It is helpful to write the boundary forms U, defined by (3.18) in a vector form as
follows
U(z) = Mz(a) + Nz(B), (3.19)

where U = [Uy,...,Up]" is a column vector with components Uy, ..., U,,, and M, N
are m x n matrices with entries M, ;, N, ;, respectively. The vector boundary form U
is said to have rank m if U,, v =1,...,m are linearly independent boundary forms.

In other words, the vector boundary form U is of rank m if and only if
rank(M : N) = m,
where the matrix (M : N) is defined by

My -+ My, N -+ Nig
(M:N)=
Mml an le Nmn

Unless stated otherwise, we assume that a set of boundary forms is a linearly inde-

pendent set.

For any given vector boundary form U of rank m with components Uy, ..., Uy, it is
always possible (in many ways) to construct a vector boundary form U, of rank 2n—m
with components Uy, 41, .. ., Usy, such that the combined boundary forms Uy, ..., Us,
constitutes a set of 2n linearly independent forms. If U is any vector form of rank
m, and U, is any form of rank 2n — m such that the vector boundary form with
components Uy, ..., Us, has rank 2n, then U and U, are said to be complementary

boundary forms [27].

The following theorem relates the bilinear form S(u,v), defined by (3.10), ap-
pearing in the Green’s formula, with the complementary boundary forms U and U,
of ranks m and 2n — m respectively. Also, the theorem below states, explicitly, the
existence of adjoint vector boundary form U' of rank 2n — m for a given vector
boundary form U of rank m. The theorem and its proof can be found in [27]. For
determination of such adjoint boundary forms for higher order ordinary differential

equations, see also [41].
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Theorem 3.1 (Boundary Form Formula). Given any boundary form U of rank
m, and any complementary form U., there exist unique boundary forms UCJr and U'

of rank m and 2n — m, respectively, such that,

t=p

t=a

Stuw)| = (Ug(v))* Uu) + (UT(U))* Us(u) (3.20)

holds for any functions u,v of class PLC" L.

If U, is any other complementary form to U, and UCT, Ut are the corresponding

forms of rank m and 2n — m, respectively, then
Uty) = C*U'(y) (3.21)
holds for some nonsingular matriz C'.

Since the impulse actions for each fixed ¢,
8i(x) = (0) — (E + B:)2(6;)

is similar to the boundary form U(z) = MZ(«) + NZ(3), and the jumps S(z,y)|,_y,

can be considered as a bilinear form in the variables

54;(3:(9;)) n:<yw;>>
Co\eeh ) e

with the nonsingular matrix S; defined by

- [ -s6;) o
Sl_( 0 s<0j)>’

where 0’s in the above matrix are n X n zero matrices. Since J; is of rank n for each

fixed 7, it follows that

holds, and hence for a given complementary impulse action, say d;, of rank n, there
exist unique 5? and (53, each have rank n, for each fixed ¢, by Theorem 3.1. So, the

following theorem is true.

Theorem 3.2 (Impulse Form Formula). Let i € {1,...,p} be fized. Given any

impulse action §; of the form

bi(z) = AZl,_y, — Bix(0;)
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with E+B; being nonsingular, and let 63 be its complementary impulse action, defined

by
of(x) = —S(0;)(E + B;)z(6;)

where S is the matrixz of the bilinear form S(x,y). Then there exist unique impulse
actions 5? and 52, with
57 () = 57 (07)3(0;),
51) = Adlcy, — { [(B+ B)S™(07)]) ' 87(67) — B} 3(67)
such that
AS( 9, = (6w)) 0it2) — (5]) 6 ()

holds for all x,y in PLC" .

Recall that the adjoint impulse actions 53 for ¢ = 1,...,p were obtained already
by computation of AS(z,y)|,—e, in Section 3.1, see the equations (3.15) and (3.15).
From (3.15), however, one can extract also the complementary impulse actions &Y, as

well as the §7 T, which are explicitly given in Theorem 3.2.

In the following section, we will define homogeneous boundary value problems for
higher order linear impulsive differential equations and establish some basic features

of such problems.

3.3 Homogeneous Boundary Value Problems

For any vector boundary form U of rank m, we consider the homogeneous boundary

condition

U(z) =0= Mz(a) + Nz(3)

for any function x in PLC"!. Similarly, the homogeneous impulse conditions
5@(%):0:Af‘t:9i—B{$\(9;), 1=1,...,p.

The problem of finding a function x € PLC™ which satisfies

K(x) =0, t#0;,
(BVP),, 0i(x) =0, i=1,...,p,
U(x)=0
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is called a homogeneous boundary value problem of rank m. The associated boundary

value problem,

(A-BVP),, . §(x)=0, i=1,...,p,
Ut(x) =0

is called the adjoint boundary value problem of rank 2n—m, associated with (BVP), .

Here,
My) = (=1)"@oy)™ + ()" )"V + -+ Dy, £ 0

and

o) = Adlg, — {[(E+ BNS 0] ' 8°0;) - E}ae;)  (3:22)
for i = 1,...,p, and the adjoint vector boundary for UT of rank 2n — m is defined
by the boundary form formula, Theorem 3.20. In fact, If UT is assumed to be of the
following form

Ut(y) = Pg(e) + Q*5(5),

where P and @) are matrices having n rows and 2n —m columns such that the matrix
(P* : Q%) is of rank 2n — m. It is possible to characterize the adjoint boundary

conditions UT(y) = 0 directly in terms of these matrices P and @, as well as the

matrices M and N of the boundary condition U(z) = 0.
The following theorem, see [27], relates the boundary conditions U(x) = 0 and
Ut(y) = 0.
Theorem 3.3. The boundary condition U(z) = 0 is adjoint to UT(y) = 0 if and only
if
MS Ha)P=NSHB)Q (3.23)

where S is the matriz associated with the bilinear form S.

In view of the theorem above, it should be noted that from the impulse actions

0; and 6} , when compared to the boundary forms U and UT, the relation similar to

(3.23) naturally holds, because

STUOF) = (E+B)S~H07)S(0F) [S(0;)(E+ B)] ™
S ()

holds for i = 1,...,p.

On the other hand, the theorem above yields the following corollary on the self-
adjoint boundary conditions U(z) = 0.
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Corollary 3.1. If m = n, the boundary condition U(x) = 0 is adjoint to itself if and
only if the equality
MS Y a)M* = NS (B)N* (3.24)

holds.
In terms of the impulse actions, however, equality (3.24) can be replaced by
E+B; = [(E+B)S*(67)] 7 °(6;)

for i = 1,...,p, which simply means that the impulse actions §; and 63 are exactly
of the same forms. In the following corollary we state a necessary and sufficient

condition for an impulse action J; to be self-adjoint; that is, adjoint to itself.
Corollary 3.2. Leti € {1,...,p} be fixzed. An impulse action §;, defined by
0i(x) = AZl,_y. — BiZ(0; ), i=1,...,p
1s self-adjoint if and only if
S7H6F) = (B + B)S0,)(E+ BY), (3.25)

where S is the matriz associated with the bilinear form S.

Proof. The adjoint impulse action 53 is defined by (3.22), hence substituting the
condition (3.25) into (3.22) we obtain

[(E+ B;)S*(6:)] ' 5*(6;) — E
= (E+B;)S™'(0; )(E+ B)(E+B;) 'S™'(0;) - E
= B;.
Thus, 53 = ¢; and the proof is complete. O

In view of the above discussion, we call the boundary value problem

0i(x) =0, i=1,...,p,
U(x)=0

a self-adjoint boundary value problem if and only if

(a) £ =¢F,
(b) S~YOF) = (B + B;)S~Y(0;)(E + BY), for all i = 1,...,p,
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(c) MS™Ha)M* = NS~ (B)N*,

where S is the matrix associated with the bilinear form S. It should be remarked
that for a self-adjoint boundary value problem, the rank m of the boundary form U
equals to the order n of the differential operator. Also, the adjoint impulse actions

53 are identical with the impulse actions 9; for i = 1,...,p.

Let us define two linear subspaces D and Dg of PLC as follows:
D ={xePLC:U(x) =0}, and

Dy ={x € PLC:di(x)=0, i=1,...,p}.

Clearly,
DNDy={xePLC:U(x)=0 and 0;(z) =0, i=1,...,p}

is again a linear subspace of PLC. Let £ : Dy — PLC be a linear operator defined
on Dy by the differential operator ¢,

then a homogeneous impulsive differential equations can simply be written as
Lx = 0.
Similarly, we define £ : D{ — PLC by
Ly ='(y)
for y € Dg where
D} = {yepcc:af(y) —0, i= 1,...,p}.

The space D' is similarly defined.

Let the functions ¢q,..., ¢, be fundamental solutions of Lx = 0, and let ® be a

fundamental matrix for Lz = 0. That is,

¢1 - (pn
R & .. "
(b:[¢15"'7¢n]: -1 . :
¢§TL—1) ¢$Ln_1)
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Similarly, if ¢1,...,%, are the fundamental solutions of the corresponding adjoint

impulsive differential equation £y = 0, then a fundamental matrix T for Lfy=0is

given by
v iy
- Yooy
ql:[wla"'7¢n}: :1 . .
¢£n71) o wgnfl)

Thus, we may extend, (see [27]), the definitions of vector boundary forms U and UT

to matrices by defining

Ud = M®(a) + NO(),
and
Ut = MU(a) + NU(8),
respectively. Similar extension is possible for the impulse actions §; and 53 .

The following theorem ascertain a necessary and sufficient condition for the ex-
istence of nontrivial solutions of homogeneous boundary value problems for higher

order linear impulsive differential equations.

Theorem 3.4. The problem (BVP), has exactly k, 0 < k < n, linearly independent
solutions if and only if U® has rank n — k, where d is any fundamental matriz for
Lz =0.

Proof. The function ¢ satisfies Lz = 0 if and only if the corresponding vector ¢ with

n—1)

components ¢, ¢, ... ,go( is of the form @ = Zﬁc, where c is a constant vector, and

D is any fundamental matrix for Lx = 0. Thus, U(p) = 0 if and only if

The number of linearly independent vectors ¢ satisfying (U ‘/I\))C = 0 is, however,
n — rank(U®),

On the other hand, if ®; is any other fundamental matrix for Lx = 0, then we

know that </151 = dC , for some nonsingular matrix C'. Therefore,
rank(U®,) = rank(U®C) = rank(U®)

completes the proof. O
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If the boundary value problem (BVP),  has exactly k linearly independent solu-

tions, say @1, ..., g, then any linear combination

k
= cipi,
=1

where ¢; are constants in [, is again a solution. Moreover, any solution of the problem
(BVP),, is of the form ¢ for some constants ¢;. That is, the solutions of linear

boundary value problem (BVP), form a vector space over F with dimension k.

Example 3.1. Consider the following boundary value problem for an impulsive dif-

ferential equation,

2" =0, t+#80, 0 0

Al Ba(0") =0, Bz( b>, b £0
a

z(0) = z(7) =0,

on the interval [0, 7]. We may state the following:

(a) If 4 (ad + 1 + b)(m — 0) # 0, then the problem has only the trivial solution,
z(t) = 0 for all ¢ € [0, 7], and

(b) If 0 + (af + 1 4+ b)(7 — 0) = 0, then the problem has a nontrivial solution,

t, t<6
z(t)=c cel.
0+ (ab+14+0b)(t—-0), t>0

In particular, if # = 1, and the matrix B is as follows

0 0
B = 1 )
-1 —
Tm—1
1 . .
then we have 1 — p—] = 0, and hence, the one-parameter family of solutions of the
given problem becomes
£, t<1
z(t) =c t—1 ceF.
(®) - t>1
m—1
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There exists a certain duality between the number of nontrivial solutions of

(BVP),,, and its corresponding adjoint problem (A-BVP) We close this sec-

2n—m*

tion by presenting this duality in the following theorem.

Theorem 3.5. If (BVP),, has k linearly independent solutions, then the adjoint
problem (A-BVP),, .. has k+m —n linearly independent solutions.

In particular, if m = n, they have the same number of linearly independent solu-

tions.

Proof. See [27]. O

3.4 Nonhomogeneous Boundary Value Problems

A nonhomogeneous boundary value problem associated with the problem (BVP),  is

the problem

(N-BVP),_ 5;
U

(x)=a;, i=1,...,p,

(x) =,

where f € PLC, and a;,7y are column vectors if F” such that f(¢) # 0 for some
teJ=|ap, ora;#0 for some i =1,...,p, or v # 0. Here the vector boundary

form U is assumed to be of rank m.

Clearly, if ¢ and ¢ are two solutions of the nonhomogeneous boundary value prob-
lem (N-BVP), . the difference ¢ — ) is a solution of the corresponding homogeneous

problem (BVP), ., namely

f(f) = 0, t 75 91',
(BVP), 5i(x) =0, i=1,....p,
U(z) =0.

Hence, if the homogeneous boundary value problem (BVP), has k linearly indepen-

dent solutions, say 1, ..., ¥, then
k
p=v+> ¢y
j=1
holds for some constants c1, ..., cg.

It is well-known from the theory of boundary value problems for ordinary dif-

ferential equations that a nonhomogeneous boundary value problem does not always
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possess a solution, see for instance [27, 41, 47], which is of course the case in boundary
value problems for impulsive differential equations. The following theorem provides a
necessary and sufficient condition for the existence of a solution of (N-BVP), .. A sim-
ilar theorem for the existence of a periodic solution of periodic first order impulsive

equations can be found in [43].

Theorem 3.6. The nonhomogeneous boundary value problem (N-BVP),  has a so-

lution if and only if the condition,
B_ LN
[ o)) s+ Y0080 as = (W) (3.26)
@ i=1
holds for every solution of the adjoint homogeneous problem (A-BVP),, . .

Proof. Let ¢ be a solution of problem (N-BVP), . and v be any solution of the adjoint

homogeneous problem (A-BVP) then the Green’s formula (3.17), together with

2n—m>

the boundary form formula (3.20) gives (3.26) immediately, proving the necessity.

Conversely, suppose (3.26) holds for every 1 of the problem (A-BVP) We

know that every solution ¢ of the nonhomogeneous impulsive differential equation

2n—m"

Lx)=f(t), t+80;,
(@) = £(t), t#0, o)
51-(13):(11-, iZl,...,p
is of the following form
n
o= cigi+ op,
i=1
where ¢1, ..., ¢, are fundamental solutions of the corresponding homogeneous equa-

tion to (3.27), ¢; are constants, and ¢, is a particular solution of (3.27). Thus, the

problem (N-BVP),  has a solution only if there exists constants ci, ..., ¢, such that

Zcz (Zsz +U @p) Vs

or equivalently,

(U®)c=~v—Ulpp), (3.28)
where ® = [Z&l, ey g/b\n] is the fundamental matrix corresponding to ¢1, ..., ¢,, and
c = e, .. ,cn}T is a column vector with components ci,...,c,. Since the sys-

tem (3.28) has a solution c if and only if v — U(¢y),) is orthogonal to every solution u

of the corresponding adjoint homogeneous system, we have
u(y = Ulgp)) =0 (3.29)
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for every u satisfying

(U®)*u = 0. (3.30)

On the other hand, if (A-BVP),, has exactly k linearly independent solu-
tions v1,...,9;. It can easily be shown, (see for instance [27]) that the vectors
Ul (Y1), -, Ui(w,;) are linearly independent column vectors in F™, which are solu-

tions of (3.30). However, (3.30) has m —rank(U®) = m— (n—k) lincarly independent
solutions, where k is the number of linearly independent solutions of (BVP), . Thus,

Theorem 3.5 in the previous section implies that k=m—n+k.

Hence, (3.29) holds for every u satisfying (3.30) if and only if

(Ul ;))" (v = U(pp)) = 0

holds for every j = 1,...,k. Applying Green’s formula to the functions p and Yy,

we have 5 ,
| B8 ds+ Y 55671567 s = (Ul(w3))" Uy

« i=1
foreach 7 =1,..., k. But, condition (3.26) is assumed to be true for every solution
¢ of (A-BVP),, .. Thus, we obtain

(UL ()" Ulpp) = (UL (),
or
(UL ;)" (v = Ulgpp)) = 0

for every j = 1,...,k. Therefore, there exists a constant vector ¢ = [c1, ..., ¢,]T such
that the (3.28) holds. This completes the proof. O

The case m = n is of great interest in many applications of differential equations
in science, since well-posed problems require uniqueness of solutions as well as the

existence.

Corollary 3.3. If m = n and the only solution of (BVP), is the trivial one, then

the nonhomogeneous boundary value problem (N-BVP), has a unique solution.

Proof. Let m = n, and (BVP), has only the trivial solution. Then, rank(UCTJ) =n,
and hence (3.28) can be solved uniquely for ¢. This completes the proof. U
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Example 3.2. Consider the nonhomogeneous boundary value problem,

-2 =0, t#0,

N 0
Ax]t:9:< 1), 0<f<m.
z(0) = z(7) =0,

This problem has a unique solution, since the corresponding homogeneous equation

has only the trivial solution. For,
O+ (@l +1+b)(m—0)=0+(m—0)=71#0

by the previous Example 3.1, with a = b = 0. The unique solution, z = x(t), can be
written as follows,

_0
o(t) = (1-9¢ 0<t<o
9(1—%), f<t<m

¢
Example 3.3. Consider the nonhomogeneous boundary value problem,
" =2, t#1,
0 00
Az|,_, —Bz(17) = ) B =
—4 11
z(0) = z(7) =0,

with homogeneous boundary conditions at ¢ = 0 and ¢ = 7. This problem has also a

unique solution, = x(t), and defined by

M t— t2, t<1
z(t) = (7 iﬂQ;)%r n 3m? -7 P2 i
3m—2 3 —2 ’
which can be obtained by the use of Example 2.3. &

We will show, however, by the use of Green’s functions for impulsive differential
equations, the unique solution of the problem above, in Example 3.3, can be obtained
by taking an integral over the region [0,7]. This will be studied in the following

section.

3.5 Green’s Functions

Suppose that the rank m of the vector boundary form U is equal to the order n of

the differential operator ¢, that is m = n, and that the homogeneous boundary value
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problem (BVP), has only the trivial solution. Then, it is possible to express the

unique solution of the nonhomogeneous boundary value problem

o) =f(t), t#6;,
'ZL’): ) iZl,...,p, (331)

with v = 0, explicitly, in terms of the so-called Green’s Functions.

Clearly, because of the impulse conditions in (3.31) Green’s function for an im-
pulsive boundary value problem differs from the one for an ordinary boundary value
problem. The former becomes a function which is defined piecewise, at the least.
Moreover, within this section it will be shown that the name Green’s functions for an
impulsive boundary value problem will mean more than just a single function when

the order of the differential operator is more than unity.

Green’s function for a first order impulsive differential systems was studied,
mainly, in [43] for periodic equations. However, the theory constructed therein needs

some improvement.

If ®(t) is any row vector of fundamental solutions of

(3.32)

(57;(.%'):0, i:L...,p,

then the variation of parameters formula obtained in Chapter 2 yields that the so-
lution z = z(¢) of the nonhomogeneous boundary value problem (3.31) is of the

form,

f(s)
po(s)

t

(1) = B(t) ¢ + B(1) / 5L eds+ Y 0N ey |, (3.33)
(03

where ¢ is a constant column vector that is to be determined from the boundary

conditions U(z) = 0 in (3.31). As it has already been computed in Section 2.2.2 we

have

' f(s)

Z(t) = B(t) e+ D(b) / qu(s)po(s)

and thus, by using the homogeneous boundary conditions we deduce that

~ ~ ~ f@/\ S ~
[M®(a) + N®(8)] ¢ = —N®(p) / D () f(s) ends+ > OO0 )ay

po(s) a<t, <
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Letting

we obtain

Therefore, the solution z(t) of the nonhomogeneous boundary value problem (3.33)

can be written simply as

3 P
z(t) = / G(t,s)f(s)ds+ Y H(t,07)aj, (3.34)
o j=1
where the functions G(t,s) and H (t, 9J+) are uniquely defined by the following equa-
tions.
D) (F+ K d1(s Len, s<t
G(t,s) = (1) - ) ) )50 (3.35)
(KD (s)po(s) €n, s>t
and
OH)E + K)d 10, 0, <t
D(t)KD1(0)), 0; >t

for all t € [o, 3] and 6; for j = 1,...,p. Simply the couple {G, H} of functions G
and H is called Green’s couple, or each of the functions G(¢,s) and H (¢, 6;) for any

j=1,...,pis going to be called Green’s function for the homogeneous problem
f(.l‘) =0, t#0;,
5%(1;):07 1= 9 7p7
U(x)=0

It can also be shown that the functions G(¢, s) and H (¢, 0;), j=1,...,p, are indepen-

dent of the choice of the fundamental solutions of the linear homogeneous impulsive
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differential equation (3.32). For, if ®;(¢) is any other row vector of fundamental so-
lutions, then there exists a nonsingular matrix C' such that ®;(¢) = ®(¢)C holds for
all t € [a, ). Hence, if

K = ~[M®1(a) + NO1(8)] ' N®1(6)

~ ~ ~

i (HEDNs) = d(t)C {—0—1[M¢(a) + N@(ﬁ)]—1N¢(ﬁ)C} C-11(s)
d

Kd~1(s)

holds for j =1,...,p.

It is readily seen from (3.35) that the function G(¢,s) is a scalar function of
the variable (t,s) in the square J? = [a, 3] x [a, 3]; and on the other hand, from
(3.36) it follows that the function H (¢, 9?) is a vector (1 x n matrix) valued function
defined on [a, 3] for each fixed j € {1,...,p}. Indeed, the term (9j+ in H(t, H;F)
must be understood as an index (of summation). In other words, for each j €
{1,...,p} there corresponds a function H(t, 9;), hence a finite sequence of functions

H(t,07),..., H(t, 9;), each of which is a row vector.

Although the properties of the Green’s function G(¢, s) is similar to that of cor-
responding Green’s function for ordinary differential equations, see for instance [27,
41, 47], we should remark that the functions G(t, s) and H (¢, HJJF) forj=1,...,p are
all piecewise continuous, and have discontinuities of the first kind at the points of

impulses.

3.5.1 Properties of Green’s Function G
Let us consider the regions
Ry = [, 01] X [, 04]
Riy = (0i-1,0;] x [a,61], i=2,...,p+1
Rij =[o,01] X (0j-1,65], 7=2,...,p+1

RZ] = (9i—170i] X (ej—hej]? Za.] = 277p+]—
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with 0,41 = 3. Among these subregions R;; of J% = [a, 8] x [, 3] we have regions
R;ifori =1,...,p+1 in the form of squares which are divided into two triangles 7T};
and Tili by the line ¢t = s defined by

Ty ={(t,s) € Ri; : s > t}, T, ={(t,s) € Ry : s < t}. (3.37)

Also, the line ¢t = s divide the whole square J? into two triangles that are similarly
defined as

T ={(t,s) e J*:s>t}, T'={(t,s)eJ?:s<t}. (3.38)

Now, consider the case n > 2, for convenience. The case n = 1 can be treated
similarly. In each of these rectangles R;; the function G(¢, s) is continuous and n — 2
times differentiable with respect to ¢, and have jump discontinuity in its (n — 1)st
derivative with respect to t at ¢ = s. That is, in each of the triangles T and Tili of
the squares R;;. In the rectangles R;;, ¢ # j, however, the Green’s function G(t, s) is
differentiable up to of order n — 1 with respect to t. Moreover, the Green’s function,

G(t, s), for every fixed s € J satisfies the homogeneous boundary conditions U (z) = 0.

The following proposition gives some of the properties of the Green’s function,
G(t,s), defined on the rectangle .J2.

Proposition 3.2. Let G(t,s) be the Green’s function defined by (3.35). Then, the
following properties hold.

G1) %G(t, s), (v =0,1,...,n —2) are continuous and bounded for (t,s) on the

rectangles R;j, 1,7 =1,...,p+ 1.

14

G2) @G(t, s), (v =n—1,n) are continuous and bounded on the rectangles R;;
with i # j and the triangles T} and TZZZ

G3)
anfl anfl 1
——G(sT,5) — ——G(s7,8) = —— 0, 3.39
8tn,1 (‘9 7‘9) 6t”*1 (S ’S) po(S)’ § 7é J ( )
G(07.0;) — (E + B)G(0; .0;) = (E + Bj)— en- (3.40)

po(0;)

G4) As a function of t, G(t, s) is left continuous and satisfies the following equations

(z) =0, teJ,\{6},
Si(z) =0, ie{i:b;el},
U(z) =0,

where Js is any of the intervals o, s) and (s, 3].
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Proof. From (3.35), it follows that G(t, s) is continuous in each of the rectangles R;;
fori,j=1,...,p+ 1. So, let s € [, 5] be fixed. Then from the definition of G(t,s),

considered as a function of ¢, we have

()(E+K)2(s) 5ty ens 5 <t

(t)KEI;_l(s)pol(s) €n, s>t

G(t, ) v
,8) =<
i)

So, using the continuity of the fundamental matrix </I\>(t) at s # 0;

~ ~ ~ ~ 1
G(sT,s)—G(s,s) = P®(s™ (s en-
(s7,5) —G(s,5) =P(s7 )2 ( )po(s)
Hence,
~ ~ 1
G(sT,s) —G(s™,8) = ——en, S#06;
( ) ( ) pO(S) # ]

proves the jump condition (3.39). Moreover, if s = 6; for fixed j € {1,...,p} we

consider the function

G(t,0;) = (3.41)

and direct calculation of the jump AG (t, 6j)|t:6]- at t =0, gives

Aa(tv ej)’t:(aj = é(gjrv 9]) - 6(0;’ 9])
= D)+ K)B10)) - en

R po(0;)
—(I)(QJ)K(I)_l(Hj)pO(IHj) €n
:(E+@%@ﬂ%+BQ@QK&y@%@Wn
= (E + Bj)po(9j) €én + BJG(QJ_,HJ)

which proves (3.40). The rest of the proof can easily be treated using the definition
of the matrix K. O

In other words, the properties G1)-G/) determine G(t, s) uniquely, defined for all
(t,s) € J? = [, B] x [, B] and so can be taken as a definition of the Green’s function

G(t,s). That is, we have the following theorem.

Theorem 3.7. If the boundary value problem (BVP), has only the trivial solution
then the properties G1)-GJ) uniquely determine the Green’s function G(t,s).

Proof. The condition G/) directly implies that

Git.s) = O(t)e(s), s<t
’ ®(t)d(s), s>t
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for every s € |a, 3], where ®(t) is any row vector of fundamental solutions of

(51'(.%):0, iZl,...,p,

and c(s) and d(s) are column vectors with n components.

It follows from G3) that if s # 6; for any j =1,...,p then,

1 P N
005) en = f(s*,s) — G(As ,S)
= PO(sT)c(s) — P(s7)d(s)
implies
1

c(s) — d(s) = D (s)——

On the other hand, however, if s = 6; for some j € {1,...,p}, then again the
property G3) yields

(E+ Bl = G07.0)) — (E+ B30 .6))
= B(0])cl0)) — (E+ B)®(O;)d(0))

= (E+B))®(0;) c(8;) — <E+B><f><e ) d(6;)

because ®(t) is a row vector of fundamental solutions. Hence,

~ 1
c(0;) —d(0;) =271 (0 en
( J) (J) ( ])po(ej)
holds for all j =1,...,p. Therefore,
~ 1
c(s) —d(s) = d (s en 3.42
(s) —d(s) ( )po(s) (3.42)

holds for ever s € [a, (], and further (3.42) uniquely defines the difference ¢(s) —d(s).

Now, the boundary conditions U(x) = 0, that G(¢, s) must satisfy as a function
of t, yields the relation,
0= MG(a,s) + NG(3,s) = M®(a)d(s) + NO(B)c(s).
By using (3.42), we get

(M(a) + NB(B)] d(s) = —N§>(ﬂ)§>1(s)pis)

én-

Since the homogeneous boundary value problem is assumed to have only the trivial

solution, we must have the rank of the matrix

Ud = Md(a) + NO(B)
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equal to n, exactly, and hence (U;I\D)_1 exists. Letting

we obtain uniquely that

and therefore,

c(s) = (E + K)®(s)

pols) "

is uniquely determined for every s € [«, 5]. Thus,

B(t)(E+ K)®~ (s) 3t en, s <1

G(t,s) = - ) po(s
O(t) KD (s)po(s) €n,s s>t
exists and uniquely determined. This completes the proof. O

The proof of the theorem, however, gives a practical approach for finding the

Green’s function G(t, s) in the form

n

S a()ailt), s <t

G(t,s) = T
> di(s)¢i(t), s>t
i=1
where ¢1,. .., ¢, are fundamental (piecewise) solutions of

E(SU)ZO, t#gi,
51(%)20, izl,...,p.

Also, the proof, suggests that it is enough to find the constants ¢;(s) and d;(s) for all
s # 0; forany j = 1,...,p. No need to consider the case, s = 6;. This does not mean
that the properties G1)-G4) without the condition (3.40) can determine the Green’s
function G(t,s) uniquely. For, at s = §; the jump condition (3.39) in the property
G3) is no longer valid. Instead, we have (3.40).

Example 3.4. Consider the following boundary value problem,

2" =0, t#1,

R N 00
Az|,_y — Bz(17) =0, B = ( 11 ) )
z(0) = z(m) =0,
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which has been studied in Example 3.1. The Green’s function, G(t, s), for the problem

can be given as follows,

s+ 575t 0<s<t<l1
t+ 575 5 0<t<s<l
1 m(2-3s) 1
—3 S t+ 5 st 0<t<l<s<m
G(t,s) =
R 0<s<l<t<m
L@ =3s)t+ HEE (24 31)), 1<s<t<nm
12 -3t)s+ 150 (24 3s)), 1<t<s<nm

\

¢

Finally, we close this subsection by the following corollary of Theorem 3.7, that
relates the Green’s function G(t, s) with the solution of the homogeneous boundary

value problem of the form
5i(x) =0, i=1,..p, (3.43)
( 0
Corollary 3.4. Under the assumptions of Theorem 3.7, there exists a unique solution
x = x(t) of (3.43) defined by
8
o(t) = [ Glt)f(5)ds

Proof. We use the properties of the Green’s function G(t,s). Let RQ- = (0;—1,0;) x
(0j—1,0;) be the interior of the rectangles R;;. The following four steps will lead us
to the proof.

1. If (t,5) € R); with i # j, then

0; v
(%V/ G(t,s)f(s)ds = ) 188tVG(t,s)f(s)ds, vr=0,1,...,n

2. If (t,s) € R, then

0; v
815"/1th8 s)ds = ;G(ts)f()ds, v=0,1,...,n—1,

and I
t

G(t,s)f ds—/ —Gts ds + —=.

atn / » 5 | Ot )f(5) po(t)

o1



3. Notice that for all ¢t € [, 5] = [0y, 0p+1], we have the following definition

O
G(t,s)f(s)ds, Oy <t<6b
Or—1
0 . O
/ G(t, 5)f(s) ds — Gt s)f(s)ds, Op 1 <t< 0
Gk—l 9}@71
.
G(t,s)f(s)ds, 6, <t<6bp1
Or—1

for every k =1,...,p+ 1. Therefore, we have

9
ot

aV

k Ok
G(t,s)f(s)ds:/ +5G(t,s)f(s)ds, v=0,1,...,n—1,

Or—1 Or—1

otv

but for v = n, we have the following equality,

om O O on f(t)
— Gt,sfstZ/ —G(t,s)f(s)ds + kit ,
i |, s = [ RG0S ds 4wt
where
1, te€ (0x_1,0
I{k(t) _ ) ( k.17 k)
0, otherwise
Finally,
4. The solution, z = x(t), is defined by
3 p+1 05
- / G(t, ) f(s)ds = 3 / G(t, 5)[(s) ds.
a k=1"0k-1
So
p+1 Gk I/
aW(t / —Gts Vf(s)ds, v=0,1,...,n—1, (3.44)
0,_, Ot”
and .
| e /(1)
() (4) — / o
V" (t) = G(t,s)f(s)ds + ki(t . 3.45
(1) kzlle“@t (1) () ds + relt) 2 (3.45)
Hence, the use of (3.44) and (3.45) will eventually complete the proof. O

3.5.2 Properties of Green’s Function H

As it is seen obviously from Corollary 3.4, the Green’s function G(t, s) is not suffi-

cient in order to represent the solutions of impulsive boundary value problems with
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nonhomogeneous impulse actions. Namely, to represent the unique solution of the

boundary value problem
x): Z" i: 7""p7 (3'46)

provided that the corresponding homogeneous problem (BVP), has only the trivial

solution, one needs the help of the Green’s functions H (t, 9;) foreach j =1,...,p.
Recall that for each j € {1,...,p}, the (row) vector valued function H (t, Qj) is
defined by (3.36), that is,

H(t,0F

%) :{ O(t)(E+ K)~L(0), 0; <t (3.47)

(KD (0)), 0, >t
for every t € [a,f(]. If we write the Green’s function H (t,@j) for each j in the
following form,
with components H;(t, G;T), oy Hil(t, 9;7), then it is readily seen from the definition
of H(t, 9;’) that each component Hy(t, 9;’), for (1 < k <n) is a linear combinations
of the fundamental solutions of the homogeneous impulsive equation,

E(x) = 0, t 75 9,‘,

6l(x)207 izla"'vpa

and hence satisfies
K(Hk(t, 9;_)) = 0, t 75 Gi, and t 75 9]‘
5¢(Hk(t,«9;r)):(), i=1,...,5—1,5+1,....p

for K = 1,...,n Moreover, the functions Hk(t,e;r), k = 1,...,n satisfy also the

boundary conditions, since

~

UH = MH(a,07)+ NH(B,07)
M®(a)KS~1(0]) + NO(B)(E + K)~(6])
(B)27L(0]) + [M®(a) + NO(B)KDL(0])

- 9
and hence, substituting K = —[M®(a) + N®(8)] "' N®(8) we deduce that
UH = 0.
An important property of the Green’s function H (t,G;r) is its behavior at the

point t = ;. The following proposition characterizes the Green’s functions H(t, 9;’)

for each j € {1,...,p}.
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Proposition 3.3. Let j € {1,...,p} be arbitrarily fized, and let H(t,@;r) be the
Green’s function defined by (3.47) with components Hl(t,Hj), . ,Hn(t,é?;-r). Then,
each Hk(t,Gj) is of class PLC™ and satisfies the following equation

lx) =0, t+#0;,

Si(x) =0, i=1,...,5—-1,7+1,...,p,
d;(x) = e,

U(z) =0

Proof. Directly, from (3.47) it follows that

H(0F.07) — (E+ By)H(9;,6])

_¢(9+)(E+K)cf> YoF) — (B + B))2(0; ) Ko~ (0))

(B + BI(O7)(E + K)S07) — (B + B)S(0-)KS-1(07)
— (B + B;)3(6;)37'(67)

— B(6;)371(6;)

=F

since ® is a fundamental matrix. Hence, this proves the jump condition at ¢t = ;.

The argument preceding the proposition completes the proof. O

We remark that the jump at ¢ = 6; of the Green’s function H(t, H;F) is similar to
the property of the function G(t,6;) at the point ¢t = 6; in (3.40). Also, the jump at

t = 0; can be written as

H(0F,07) — (E+ Bj)He(0;,07) = e, k=1,....n.

J7i
Moreover, Proposition 3.3 uniquely characterize the Green’s functions H (t, Q;F) for
each j € {1,...,p}.
Theorem 3.8. If the boundary value problem (BVP), has only the trivial solution,

then Proposition 3.3 uniquely determines the Green’s functions H(t, 9;) for each
je{1,...,p}.

Proof. Let j € {1,...,p} be arbitrary, and let ®(¢) be a fundamental row vector.
Then, it follows that

d(t)C(7), 0; <t

<I>(t)l)(])v 9]‘ >t
where C(j) and D(j) are n X n matrices for each j. The jump property of H (¢, 0;),

at t = 0;, or equivalently in terms of matrices
(«9+ 05 — (B + Bj)H(Oj_,H;f) =

3777
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leads to
®(07)C(j) — (E + B;)®(0;)D(j) = E,

and hence,
C(j) = D(j) = (6, (3.48)

that is, the difference C(j) — D(j) is uniquely determined. On the other hand, the
boundary conditions U(z) = 0 implies that

M®(a)D(j) + N®(B)C(j) = 0,

and hence, using (3.48) we obtain

~

[M®(a) + N®(B)]D(j) = —ND(3)2"(6]).

Since the homogeneous boundary value problem has only the trivial solution it follows
that
D(j)=K®7'(6)),  C() = (E+K)d'(6)).

Therefore, the Green’s functions H (t,@;r) are uniquely defined as in (3.47). This
completes the proof. O

The above theorem suggests a method for constructing Green’s functions H (t, 9;’)

for each j =1,...,p: Let ¢1,..., ¢, be fundamental solutions of

lz)=0, t+#6;,
0i(x) =0, i=1,...,p

Then, each Green’s function H (¢, 0]+) can be represented by the equation,

[Z c1i(4)¢i(t) Z Cni(j)®i(t) } 0; <t
[Z i ()it Z dni(J)Pi(t ] 0; >1

However, this formula is not practical at all, in general. Instead, we prefer using

(3.36). Also, we note that for every fixed j € {1,...,p}, the row vectors H(t, 0;) are

H(t,0)) =

piecewise continuous functions.

The following corollary gives the unique solution of the nonhomogeneous bound-

ary value problem,
E(l‘) = O, t 75 91',

52(1‘) = Qag, 1= 1,...,p, (349)
U(x) =0,
in terms of the Green’s functions H (¢, 9]+) for every j=1,...,p.
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Corollary 3.5. Under the assumptions of Theorem 3.8, there exists a unique solution

x =x(t) of (3.49). Namely,
2(t)=>_ H(t,0])a,
j=1

for all t € [a, (3].

Proof. Obviously, z(t) satisfies the differential equation ¢(z) = 0 and the boundary
conditions U(z) = 0. In the case of impulse actions ¢; for i = 1,...,p, however, by
the properties of H(t, 9;’) = [H; (t,H;r), oo Hy(t, Hj)] we have

0, i1#]
MHk(t?ej)):{ T k=1,
€L, Z_.]

and hence, the impulse actions
P
() = & | D H(t6])a

J
p
= N (A0, ~ BHE0)) )

j=1
= Eai = Qa;
for all i =1,...,p. This completes the proof. O

Example 3.5. Consider the following boundary value problem,
-2 =0, t#1,
R A# 00
Az|,_, —Bz(17) =0, B = L1 )
z(0) = z(m) =0,

which has been studied in Example 3.1 and Example 3.4. The Green’s function,
G(t,s), in fact, was given in Example 3.4. Now, the Green’s function, H(¢,17),

which is a row vector, can be given in the following form,

1 2 —242
2|:2_371—ta 2_371-7Tt:|7 0<t<1

H(t,11) =

L8042 (-2 430), —t— o (2430 |, 1<t<nm
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Consider, finally, the problem of finding solutions of the nonhomogeneous bound-

ary value problem (3.46), namely,
(z)=a;, i=1,...,p, (3.50)

provided that the corresponding homogeneous boundary value problem (BVP), has
only the trivial solution. Combining the properties of the Green’s functions G(t, s)
and H (t, 9j+) for j =1,...,p the unique solution of the problem (3.50) can be given in

terms of these functions. We state this result without proof in the following theorem.

Theorem 3.9. If the homogeneous boundary value problem has only the trivial solu-
tion, then the solution x = x(t) of (3.50) exists and unique. Moreover, this solution

18 expressed by

Jéj p
:U(t):/ G(t, ) f(s) ds + S H(t, 00 )aj, (3.51)
a =1

where G(t,s) and H(t, 9;) for 5 =1,...,p are the Green’s functions.

Example 3.6. The following nonhomogeneous boundary value problem,

" =2, t#1,

. (0 (o0
AZ|,_, — Bz(1 )-(_4), B—<1 1);
z(0) = z(m) =0,

has a unique solution, = xz(t), that can be obtained by the help of the Green’s
functions G(t, s) and H (t,1") obtained in Example 3.4 and Example 3.4, respectively.
Specifically, we have

z(t) = 2/OWG(t,s)ds+H(t, 17) ( 04 >

" S S +
2/0 G(t,s)ds+ H(t,1 )<

" S S +
2/0 G(t,s)ds + H(t,1 )(

—t—t 0<
_ 3r—2 ’ -
(7T—2m)7  3n%2 -7
3m—2 3T —2

t—t2, 1<t<m
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CHAPTER 4

EIGENVALUE PROBLEMS

In some cases, especially when solving a partial differential equation by the method of
separation of variables one needs to deal with an ordinary differential equation con-
taining a parameter. That parameter stands, roughly speaking, for the eigenvalue
of that problem. However, it is of great importance to study, separately, the eigen-
value problems which mostly appear in many applications of differential equations in

science and technology.

This chapter, in fact, is a consequence of the previous chapters. Generally speak-
ing, eigenvalue problems for impulsive differential equations (or for classical ordinary
differential equations) are problems that are characterized by a boundary value prob-
lem containing a parameter, mostly a complex parameter . Since a boundary value
problem cannot have nontrivial solutions most of the time, nor even solutions at all,
the parameter A plays an important role for the existence of such nontrivial solutions

of so-called eigenvalue problems.

However, in most of the theory of eigenvalue problems one encounters with the
theory of operators, see [41, 47]. Eigenvalues of the problems, therefore, correspond
to the eigenvalues of the operators, and the eigenfunctions corresponding to those
eigenvalues are nothing but nontrivial solutions of the boundary value problems, in

the domain of those operators.

In the first section of the present chapter, therefore, we define the eigenvalues and
eigenfunctions for impulsive boundary value problems as well as their representative

operators together with their domain of definitions.

Of course, the determination of these eigenvalues, as in the classical theory [27, 41,

47], depends mainly on the holomorphic solutions of impulsive differential equations
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with respect to parameters. See for instance [3, 10|, for the investigation of the
analytic dependence on parameters. So, in the first section, we study holomorphic

solutions and their contribution to the determination of eigenvalues.

4.1 Eigenvalues and Eigenfunctions

In principal, one may consider the problem of finding the values of the parameter \ for

which the homogeneous boundary value problem for impulsive differential equation,

0i(z) =0, i=1,...,p, (4.1)
( 0

U

x) =

has nontrivial solutions. Each of these nontrivial solutions is called an eigenfunction
corresponding to the eigenvalue \. Here, we remark that the differential operator £,
and the impulse actions J; are as previously defined, and the vector boundary for U

is of rank m unless otherwise stated, explicitly.

Generally speaking, a number X is called an eigenvalue of an operator Ly if there

exists, in the domain of definition, Dy, of the operator Ly, a function z # 0 such that
Lox = Az

holds. The function x is called the eigenfunction, of the operator Ly, corresponding

to that eigenvalue \.

In our case of the eigenvalue problem (4.1) the operator Ly : Dy — PLC defined

by the differential operator ¢, on the linear subspace
Dy={zePLC":U(x)=0, 6i(z) =0, i=1,...,p} (4.2)

of the space PLC. In other words, if a function x € PLC satisfies the boundary
conditions U(x) = 0 and the impulse conditions ¢;(z) = 0 for every i = 1,...,p, then
Lox = ¢(x). In general, ¢(x) ¢ PLC, however, it can be continued from the left at
t = 0;. Therefore, it is possible to rewrite the eigenvalue problem (4.1) in a simpler
form as follows,

Loz = Az, (4.3)

and hence, the eigenvalues of an operator Ly are those values of the parameter A for
which the homogeneous boundary value problem (4.1) has nontrivial solution; each

of these nontrivial solutions is an eigenfunction of the operator Lg corresponding to
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the value of A. If X is an eigenvalue and z is the corresponding eigenfunction, then

the pair {\, 2} is called an eigensolution of Ly.

Linearity of the differential operator ¢, and the fact that the Dy is a linear sub-
space implies that the operator Ly is a linear operator, which may be called a linear
impulsive differential operator. Linearity of the operator Ly implies that a linear
combination of eigenfunctions which correspond to one and the same eigenvalue is

itself an eigenfunction corresponding to the same eigenvalue.

Moreover, since the homogeneous boundary value problem (4.1) can have, for a
given value of A, not more than n linearly independent solutions, it follows that the set
of all eigenfunctions which belong to one and the same eigenvalue of the operator Ly
forms a finite dimensional vector space with dimension not more than the order, n, of
the impulsive differential equation. The dimension of this space is simply the number
of linearly independent solutions of the homogeneous boundary value problem (4.1),
for the given value of A; and this number is called the multiplicity of the eigenvalue
A

The set o(Ly) of all eigenvalues of the impulsive differential operator Ly is called
the spectrum of Ly, and if \g € o (L) the eigenspace, E(Ly, \og) of Ly for the eigenvalue
Ao is the set of all solutions of (4.3), including the zero function. In other words,
E(Ly, Ao) is the null space of the operator Ly — A\gl, where 1 is the identity operator
from PLC™ to PLC.

In order to characterize the eigenvalues of the operator Ly, we need to investigate
holomorphic properties of solutions with respect to the parameter A. However, in [3]
it is presented that the holomorphic solutions with respect to the parameters of an
impulsive differential equations can be obtain by substitution of convergent power
series into another convergent power series with nonzero radii of convergence [38, 47].
In fact, this corresponds to the fact that the composition of holomorphic functions
is again a holomorphic one. More briefly, if f : Qy — F and g : Q; — F are two
holomorphic functions in their respective domains, and such that g(Qy) C Qy, then
(fog):Qy — F is holomorphic in its domain €2,. Let us denote by H(f2), the set of

holomorphic functions in a domain Q.

In our discussion of eigenvalue problems (4.1) for an nth order impulsive differ-

ential equation, we may simplify the argument of holomorphic solutions. For, if we
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transform the linear impulsive differential equation,

(1) = Av, t# -
61(1'):()7 ’L.Il,...,p,
into a first order system of equation of the form,
/ = A t’ )\ , t 92
w'=Alt,Nw, t# (4.5)
Awl,_p. = Biw(0;), i=1,...,p,

where A(t, \) satisfies the existence and uniqueness of solution w = w(t, &, \), defined
for all t € J = [o, ] and such that

w(te,E,N) =&, toeld, eCn (4.6)

provided that E + B; are all nonsingular for i = 1,...,p. More precisely, A(t, A) is

the companion matrix for the differential equation ¢(z) = Az and is defined by

0 1 0
0
A(t, )\) = ’
0 0 0
A=pn(t)  _pnoa(t)  _pa—2) . _pi(t)
po(t) po(t) po(t) po(t)
and the vector w = [wy, ..., w,]" is such that w;(t) = x™=D(t) for t # 6;, and

w;i(0;) = 2"V(07) = x(,n_l)(&) for each j =1,...,n.

The following lemma states the solution w = w(t, &, \) of (4.5) satisfying the
initial condition (4.6) is holomorphic in the variables ({, A) € C" x C for every fixed
teJ.

Lemma 4.1. The solution w = w(t,&, \) of (4.5) satisfying the initial condition (4.6)
is continuous for (t,&,\) € J; x C" x C, and for each fized t € J it is holomorphic in
the variable (§,\) € C" x C, where J = [o, 8] and the J; are such that

Jo:[a,él], Ji:(ei,ei_;_l], i:1,...,p,

provided that o =0y < 01 < --- < 0, < 0,11 = .

Proof. For simplicity, we will assume tg = «.

Let &y = £ and consider the following system of initial value problems for ordinary

differential equations,

L= A, N w, te
{w (5, A)w (4.7)

’LU(HZ):&“ izoala"‘7p7
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where & € F". Let p; = ¢;i(t,&;, \) be the solution of the (4.7) for eachi =0,1,...,p.
These solutions ¢;(t,&;, A) are all continuous for (¢,&,A) € J; x C" x C and are
holomorphic in the variable (&;, \) for fixed t € J;, by the general theory of ordinary
differential equations [27].

Now, let p = ¢(t, &, A), @(to, 0, A) = &o, be the solution of (4.5). That is,

{ w' = A(t,\)w, t#0; (4.8)

w(@f) = (E+B)w(0;,), i=1,...,p.

Clearly the restriction, ¢|; , of ¢ onto Jy is ¢o(t,&o,A), and hence holomorphic in
(€0, A) fixed t € Jy. In particular, it is holomorphic in (§p, A) for t = a, and t = 6;.
Moreover, at t = 0 the function ¢;(§p, \) defined by

C1(60,A) = (B + B1)wo(07, &0, A)

is holomorphic function for (&g, \).

Now, if & is chosen to be (; it follows from the composition of holomorphic

functions that
©1 (t7 50, )‘) = Qpl(tv Cl(g(]a )\)a )‘)

is holomorphic in (§p, A), for fixed ¢ € J1; moreover,
el = ¢

and hence, ¢ = ¢(t,&p, \) is holomorphic, for fixed t € [a, 0], in the variable (&, A).

In particular at t = #5. Continuing this argument until

el = ep,

we conclude that the solution ¢ = ¢(t, &y, A) of (4.5) satisfying ¢(t, &, A) = & = & is
holomorphic in (£, A), for fixed ¢ € [, 5]. The proof is completed. O

An immediate corollary of Lemma 4.1, above is the following:

Corollary 4.1. The solution ¢ = o(t,&§,\) of (4.5) satisfying o(t,§,\) = £ is an

entire function of the parameter \.

Proof. Proof directly follows from the fact that the companion matrix A(¢,\), for
fixed t € [o, 3], is an entire function of A € C. O
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The following theorem, however, states that the holomorphic solutions of linear
impulsive differential equations in the form (4.4) on an interval J = [« 3] are, in fact,

entire functions of the parameter \.

Theorem 4.1. Any solution © = x(t,\) of (4.4) is entire in the variable \, for fized
t € [a,B]. Moreover, zU)(t,\) for fived t # 0; and xU)(6F,)\), are entire in the

variable X for every j=1,....n—1, andi=1,...,p.

Proof. Proof directly follows from Lemma (4.1) and Corollary (4.1), by writing (4.4)
in the form (4.5). O

We turn our attention to conditions for the determination of the eigenvalues of
linear impulsive differential equations. in other words, the eigenvalues of the operator

Ly. In order to achieve this, let
Cﬂl(ta)‘)?' "axn(taA) (49)

denote the fundamental solutions of the linear homogeneous impulsive differential

equation,

(4.10)

51(33):07 i:1,...,p,

satisfying, in particular, the following initial conditions

$§V_1)(Q,A):{O’ ]#V jv=1,...,n
1, 7=v

at the left end point ¢ = a of the interval J = [, 5]. The fundamental solutions,
defined in (4.9), and their derivatives upto of order n — 1, inclusive, are all entire
functions of A by Theorem 4.1. In order to have nontrivial solutions of the boundary
value problem (4.1) we use the results of Chapter 3. Namely, since the solutions
xj(t,\) are linearly independent, the homogeneous boundary value problem (4.1)
has A as an eigenvalue if and only if there exist constants ¢;, j = 1,...,n, not all

zero, such that

2(t,A) =Y cjw;(t,N)
j=1

satisfies the boundary conditions U(z) = 0. However, this is the case if and only if

the system of equations

> eU(x;) =0, v=1,...,m (4.11)
7=1
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has nontrivial solutions, where U, are the components of the vector boundary form
U, that is U = [Uy, ..., Um]T. When the system of equations is written in terms of a

matrix equation,

Ui(z1) Ui(ze) - Ui(zn) 1
UQ('xl) UQ('$2) e U2(‘$n) 0'2 Y. (4.12)
Un(z1) Up(za) -+ Un(zp) Cn 0
it turns out that (4.12) has nontrivial solutions for ¢ = [c1, ..., ¢,]7 if and only if the
rank of the coefficient matrix,
U(z1) -+ Uil(an)
I'(A) = : : (4.13)
Um(w1) s Um(l‘n)

is less than n. On the other hand however, this matrix I'(\) is an entire function of

A. Therefore, we have the following immediate consequence.

Lemma 4.2. If m < n, then any value of X is an eigenvalue of the operator Ly.

Proof. If m < n then we have rankI'(A\) < m < n, which proves the lemma. U

Moreover, there can only be two possibilities for the values of A. This is proved

in the following theorem.

Theorem 4.2. For any impulsive differential operator Ly only the following two

possibilities can occur.

1. Every number X is an eigenvalue of Ly, or

2. The operator Ly has at most enumerable eigenvalues (in particular, none at

all), and the these eigenvalues can have no finite accumulation point.

Proof. The case m < n is already proved in Lemma 4.2. So, let m > n. Then, the
rank of the matrix I'(A) will be less than n if and only if all its minors of order n
vanish, See [41]. On the other hand, each of these minors are entire functions of
A, and hence we have either (a) all the nth order minors of the matrix I'(A) vanish
identically, or (b) at least one nth order minor of I'(\) does not vanish identically. In
the case (a) we have, by Lemma 4.2, that any value of A is an eigenvalue. However, in

the case (b), if there is an nth order minor which is not identically zero, then only the
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zeros of that minor can be eigenvalues of the operator L£y. But, a zero of this minor
can be eigenvalue only if it makes all the other minors of I'(A) not identically zero,
and the minors of order n vanish. If the latter cannot happen, then the operator £y
has no eigenvalues. On the contrary, if those zeros are eigenvalues, then these zeros
(zeros of a non-vanishing entire function) are isolated. So that they cannot have an
accumulation point. Hence, the operator £y has at most enumerable eigenvalues, and

these eigenvalues can have no finite accumulation point. This completes the proof.
O

The case, when m = n is of particular interest in many applications of eigenvalue
problems. In the rest of the work we shall consider this case, unless nothing to the

contrary is stated, precisely.

Hence, instead of the rank of the square matrix I'(\), we deal with the determinant
of this matrix,
v(A) = detT'(A), (4.14)

which is called characteristic determinant of the operator Ly, or of the boundary
value problem (4.1), simply written as Loz = Az. By the preceding discussion, the
characteristic determinant v(\) is an entire function of A, and the eigenvalues of the
operator Ly are the zeros of the function (), if there is any such zeros. Therefore,

we have the following theorem.

Theorem 4.3. The eigenvalues of the operator Lo are the zeros of the characteristic
determinant y(\). If v(X) vanish identically, then any number \ is an eigenvalue.
However, if v(\) is not identically zero, then the operator has at most enumerable

etgenvalues, and these eigenvalues can have no finite accumulation point.

If, in particular, the characteristic determinant v(\) has no zeros at all, then the

operator Ly has no eigenvalues.

It is also possible to have A as a multiple zero of the characteristic determinant
v(A). Recalling that the multiplicity of an eigenvalue is the number of linearly in-
dependent eigenfunctions corresponding to that eigenvalue, we state the following

theorem.

Theorem 4.4. If Ay is a zero of the characteristic determinant ~y(\) with multiplicity

k, then the multiplicity of the eigenvalue Ao cannot be greater than k.

Proof. Let r be the rank of the matrix I'()\g), corresponding to v(\g). Then, the

multiplicity of the eigenvalue \g is equal to n — . On the other hand, differentiating
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the determinant () shows that all derivatives of order less than n — r vanish for
A = Ag. But, we know that Ag is a zero of multiplicity k. Hence, n—r < k completing
the proof. O

In the case of a zero of the characteristic determinant v(\), of multiplicity 1, that

is a simple zero of v(\), we may state the following corollary.

Corollary 4.2. An eigenvalue of the operator Lo is simple if it is a simple zero of

the characteristic determinant y(\).

Proof. Let Ay be a simple zero of y(A). Then, n —r < 1, follows from the above
theorem. On the other hand, n — r > 1, because 7(\g) = 0. Thus, the number of
linearly independent eigenfunctions corresponding to the eigenvalue \g isn —r =1,

and completes the proof. O

4.2 Adjoint Eigenvalue Problems

Adjoint operator, say E(T), of the impulsive differential operator Ly is operator ﬁg :
Dg — PLC defined by the linear differential operator ¢7, in the domain

Dj = {yePLe:Ul(y) =0, sl) =0, i=1,....p},

which is a linear subspace of PLC. Namely, if y € Dg; then Egy = ((y). Here, the UT
and 5} for each ¢ = 1,...,p are the corresponding adjoint vector boundary form to
U, and adjoint impulse actions to §;, respectively. We remark, again that the vector
boundary form U is of rank n, and hence the adjoint U is of rank n. The adjoint

eigenvalue problem, therefore, can be written in the form

0H(y) = py, t#06;,
S(y)=0, i=1,...,p, (4.15)
Ut(y) =0,
or simply
Lhy = py, (4.16)

where p is, in general, a complex parameter.

If \ is an eigenvalue of the operator Lo, then it is easy to show that x4 = X is an
eigenvalue of the adjoint operator Eg). For, if ¢1(z) = ¢(x) — Az, then by the Green’s
formula obtained in Section 3.1 it follows that KJ{ = (T(y) — My, since the bilinear
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form S(z,y) does not explicitly depends on the coefficient p,(¢) of x in ¢(z), and
the impulse actions J; does not depend on the parameter \. Moreover, the following

theorem on the multiplicity of \ of the adjoint eigenvalue problem is valid.

Theorem 4.5. If \ is an eigenvalue of multiplicity k, of the operator Lo, then X is

an eigenvalue of the adjoint operator [,T, and has the same multiplicity k.

Proof. Let A be an eigenvalue with multiplicity k, of the operator Lg5. Then, the

homogeneous boundary value problem,

has exactly k linearly independent solutions. But, this means the corresponding
adjoint problem,

(Fy) = xy =0, t#0;

Sy =0, i=1,....p,

Ut(y) =0,
has the same number k linearly independent solutions, since the vector boundary form
U is assumed to be of rank n. This means that X is an eigenvalue with multiplicity

k of the adjoint operator Eg. This completes the proof. O

Now, suppose that z is an eigenfunction of the operator £y corresponding to an
eigenvalue A and y is an eigenfunction corresponding to an eigenvalue p of the adjoint

operator E(T). That is, Loz = Az and Egy = py. By Green’s formula we obtain,

g B — B
0:/ yﬁoxdt—/ (E(T)y):rdt:()\—u)/ yx dt (4.17)

for x € Dy and y € D(T). If we further, denote the standard inner product, (f, g), of
functions f and g in PLC, by

o= o
then (4.17) can be written simply as
0= {Loz,y) = (. Liy) = A=7) (, 9). (4.18)
The following theorem is obvious.

Theorem 4.6. Figenfunctions x and y of the operators Ly and ES corresponding

to the eigenvalues \ and p, respectively, are orthogonal if X # [ in the sense that
(z,y)=0.
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It is easy to see that (4.18), and hence Theorem 4.6 has particular corollaries
in the case when the operator Ly is self-adjoint. The operator Lg is self-adjoint,
however, if and only if ¢! = ¢, and U(x) = 0 and &;(x) = 0 for every i = 1,...,p are
self-adjoint boundary form and impulse actions, respectively. For, when the latter
holds, it follows by the boundary form and impulse action formulas, see Section 3.2,
that the domains of formally adjoint operators Ly and Eg coincide. Since ¢f = ¢, it
follows that £} = Ly. Hence we may state the following theorem, similar to the one

for self-adjoint differential operators without impulse effect.

Theorem 4.7. Eigenvalues of a self-adjoint operator Ly are real.

Proof. For a self-adjoint operator Ly, we have immediately from (4.18) that
0= (Lox, x) —(x, Lo) = (\— ) (z, 2),

where x is the eigenfunction corresponding to the eigenvalue A of the self-adjoint
operator Lo. Since (x, z) # 0 for eigenfunctions, it follows A = )\, in other words, A

is real. O

Moreover, if x and y are eigenfunctions belonging to different eigenvalues A and

w, respectively, of a self-adjoint impulsive differential operator Lo, (4.18) implies that
0=A—-p(z, y).
This proves the following corollary.

Corollary 4.3. FEigenfunctions of a self-adjoint operator Ly corresponding to differ-

ent eigenvalues are orthogonal.

Since it is always possible to choose mutually orthogonal eigenfunctions corre-
sponding to one and the same eigenvalue (of an impulsive operator Ly) by the Gram-
Schmidt orthogonalization process, it follows from the above corollary that (in the
case when Ly is self-adjoint) it is possible to obtain a set of mutually orthogonal

eigenfunctions of a self-adjoint operator Lg.

4.3 Nonhomogeneous Problems Containing a Parameter

In the previous sections of this chapter we have studied the eigenvalue problems

Lox = Az, (4.19)
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where the domain of the operator is the linear subspace Dy of PLC", defined by
Dy={zePLC":U(x)=0, 6i(z)=0,i=1,...,p}.

However, these types of eigenvalue problems correspond to the study of homogeneous

boundary value problems of the form

Uz) = Av, 406,
Ux) = 0

z)
where A is a certain parameter, and U is a boundary form of rank n.

On the other hand, we studied nonhomogeneous boundary value problems in Sec-
tion 3.4 of Chapter 3, and their solutions represented by the Green’s functions G(t, s)
and H(t, Hj) for every j = 1,...,p. These nonhomogeneous problems, therefore,
necessarily force us to change the operator Ly to some other impulsive differential

operator, say L,, defined in a domain, say D,. We make this in the following way.

Let a = {a;} = {a;}!_; be a finite sequence of vectors a; € F", then we define

Ly : Dy — PLC to be an impulsive differential operator defined by ¢, on the domain
Doy ={xe€PLC":U(x) =0, §(x)=a;, i=1,...,p}

where U is of rank n. Clearly D, is not a linear space.

We consider the following problem, containing a parameter \:

Loz = Az + f(t), (4.21)

which corresponds to a nonhomogeneous boundary value problem of the form

Uzx) = de+ f(t), t#0;
9i( a;, i1=1,...,p, (4.22)
U(z) =0.

z)

The corresponding homogeneous problem for the problem in (4.21) is given by (4.19).

As in the classical theory of ordinary differential equations, the eigenvalues of the
operator Ly strongly effects the existence of solutions of (4.21). We recall that the
values of A for which the homogeneous problem (4.20) has nontrivial solutions are
obviously the eigenvalues of the operator Ly, and each nontrivial solution is a related

eigenfunction. Now, suppose A is not an eigenvalue of the impulsive differential
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operator Ly. This means the problem Loz = Az has only the trivial solution, and
hence, by the results of the homogeneous boundary value problems, it follows that
there exist unique Green’s functions G(t,s,\) and H (¢ ,9?, A) for each j =1,...,p,
depending on A. The unique solution x = z(¢,\) of (4.21) for every f € PLC and

a = {a;} with a; € F" can be given as follows,

) 7 )

B
x(t,)\):/ G(t,s,\)f ds+ZHt9+

in terms of the Green’s functions. Note that these functions, G(¢, s, A) and H (t, Hj, A)

for each j = 1,...,p, satisfy the properties of Green’s functions for every A, provided

that X is not an eigenvalue of £y. So, we have the following theorem.
Theorem 4.8. If X is not an eigenvalue of Ly, then for any f € PLC and a = {a;}

with a; € F™, the problem (4.21) has a unique solution x = x(t,\) defined by

) ] Y aZ?

B
a:(t,)\)—/ G(t, s, \)f ds+ZHt0+

where G(t,s,\) and H(t,@f, A) for each j = 1,...,p are the Green’s functions for
(4.19).

If X of the operator Ly, then we may rewrite the theorem 3.6 for the nonhomoge-

neous boundary value problems obtained in Section (3.4).

Theorem 4.9. If \ is an eigenvalue of Ly, then the problem (4.21) has a solution if
and only if the equality

B LN
[ B ) ds+ Y 06715167 Jas = 0
@ i=1

holds for every solution v of the adjoint homogeneous problem ﬁoy = \y.

Now, suppose that A = 0 is not an eigenvalue of the operator Ly. In other
words, suppose that Loz = 0 has only the trivial solution. This implies, however, the

existence of unique Green’s functions
G(t,s) = G(t,s,0)

and
H(t,0))=H(t,6],0)

) J )
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so that for any f € PLC and a = {a;} with a; € F" the unique solution z = x(t) of the
nonhomogeneous problem (4.21) can be written, formally, in terms of the parameter

A as follows

P
a;(t)—A/ G(t,s)x ds+/ G(t,s)f )dS‘f’ZH(tae;_)ai?
=1

and this yields the well-known Fredholm type integral equation,

/ G(t,s)z(s)ds+ g(t), (4.23)

where g(t) is a function of class PLC and defined by

8
—/ G(t,s)f ds+ZHt€+

Also notice that, the function g(t), nonhomogeneous part of the integral equation (4.23),
is identically zero function if and only if f(¢) = 0 for all ¢ € [, 3] and a; = 0 for
every i = 1,...,p. Since g(t) satisfies L,z = f(t) whose corresponding homogeneous

problem is assumed to have only the trivial solution.

Our aim, here, is not to investigate the corresponding integral equation (4.23),
where G(t, s) stands for the kernel of some integral operator. However, we emphasize
that this kernel G(¢, s) is of class PLC for fixed s or ¢ in the interval J = [« §]. Also,
the function g¢(t) is of class PLC. Moreover, G(t,s) and g(t) are square integrable
functions over the domains J? and J, respectively. Hence, the general theorems
concerning the these types of integral equations, namely Fredholm second type, can
be applied to (4.23). We refer [37] for the study of integral equations with Lo-kernels.
Also, [44, 46] includes such types of integral equations for functions with bounded

variations.

4.4 Sturm-Liouville Operators

In this section we shall investigate a special kind of impulsive operator Ly, which is

defined by a particular second order differential operator ¢ of the form

o) = 5 (w05 ) + a0z, 170 (1.21)

on the linear subspace

Dy={zePLC":U(x)=0, 6i(z)=0, i=1,...,p} (4.25)



of PLC, where py € PLCY, p% € PLC, and ¢ € PLC are real valued functions of
t € [a, ). Also, the boundary form U and impulse actions ¢; for i = 1,...,p are

defined in the general settings as follows,
U(z) = Mz(a) + Nz(B) (4.26)

and
§i(x) = AZ|,_y, — Biz(0;), i=1,...,p, (4.27)

where M = (M;;), and N = (N;;) are 2 x 2 matrices such that the rank(M : N) = 2,
and B; = (b;,(i)) are all 2 x 2 matrices such that

Ci=FE+ B;

are nonsingular for every i =1,...,p.

Our aim, in this section, is to give necessary and sufficient conditions for £y to be
self-adjoint. Then, we want to define Sturm-Liouville impulsive differential operator
in the case when F = R. We define

Ul(l‘) = Mnm(a)—l—Mlgx’(oz)

(4.28)
Us(z) = Norz(B)+ Naga'(6)

with Mgl = M22 == N11 = N12 = O, provided that

| My1 |+ | Mi2| # 0
| No1 |+ | Na2| # 0.

In order to achieve our goal we need to concentrate mainly on the impulse actions
d;, since the rest will follows from the classical theory of Sturm-Liouville boundary
value problems. Of course, the impulse conditions d;(x) = 0 play an important role

in the self-adjointness of the impulsive differential operator L.

In the case when py(t) and ¢(t) are real valued functions on [«, ], it follows from

the Green’s formula that ¢f = £. Moreover, we know from the Section 3.3 that

K(CC)ZO, t;éei,
(51(%):0, ’i:1,...,p,
U( 0

x)

is self-adjoint if and only if the conditions

(a) S7YOF) = (E+B;)S~Y(6; ) (E+B}), i=1,....p,
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(b) MS~Ya)M* = NS~Y(B)N*

hold. Here, S is the matrix of the bilinear form associated with the operator ¢. An

immediate calculation shows that S is

S<t):( 0 —po(t>>
po(t) 0

with det S(t) = (po(t))* # 0 for all ¢ € [a, 8], and det S(6;7) = (po(6;))* # 0 for all
i=1,...,p. Hence, a necessary condition for the operator Ly to be self-adjoint can

be obtained from (a) by taking the determinant of both sides, namely,

|det(E + B;)| (4.29)

Of course the necessary condition (4.29) becomes
|det(E + B;)|* =1

if po(t) is continuous on [, 3].

On the other hand, if we calculate directly from condition (a), denoting C; =

E + B; with entries ¢, (i), we see that

pow;)( 0 1 > :<m(z')cm(w—cu(z')cu(z') cu<z'>c22<z'>—cu<z'>cm<z'>>

po(6;7) \ -1 0 21(i)e12(i) — caa(i)ern (i) ca1(i)eaz(i) — can(i)ear (i)

holds as a necessary and sufficient condition for §; to be self-adjoint. In other words,

the impulse actions ¢; are self-adjoint if and only if the following three conditions,

cr1(i)erz(i) — ciz(i)enn (i) =0 (4.30)
C21 (’i)CQQ(’i) - CQQ(i)CQl(l) =0 (4.31)
c11(i)ea(i) — cra(i)car (i) = iggg}i (4.32)

holds for all ¢+ = 1,...,p. If B; for every ¢ = 1,...,p are real matrices, then the

necessary and sufficient condition reduces to

po(0;)

det(E + Bl) = y
po(6;")

i=1,...,p. (4.33)
Similar calculations can be carried out for the boundary conditions U to obtain
necessary and sufficient conditions for U to be self-adjoint. We state the following

theorem for self-adjointness of the operator Ly.
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Theorem 4.10. The impulsive operator Loy is self-adjoint if and only if the following

sixz conditions hold.

1. (14 b11(8)]b12(d) — bi2(8)[1 + b1 (8)] = 0,

2. by (i) [1 + baa (i)] — [1 + ba2(i)]ba1 () = 0,
=  po(B; .
9. [t b))+ 5] — bra(@or () = P2 o ami= 1, p,
pU(ei )
MMy — My Mz NiyNiz — NiiNio
4. = )
po(a) po(B)
5 Moy Moo — Moy Moo _ Noj Nog — Naj Nao
po(a) po(B) ’
M1 Mg — Moy Mo _ N11Nog — Noy Niao
po(a) po(B)
If all those matrices M, N and B; for every i = 1,...,p were real then we would

have only the conditions in (3) and (6). This is given in the following corollary.

Corollary 4.4. If M, N and B; fori = 1,...,p are real then Ly is self-adjoint if
and only if

po(0; )
(a) det(E + B;) LLoi=1,...,p,
po(6;")
) M1 Moy — Moy Myz  N11Nog — NoyNyo
po(a) po(B)

Now, the following homogeneous boundary value problem for impulsive differen-

tial equation is called homogeneous Sturm-Liouville boundary value problem. Namely,

4 (w05 ) +ae =0, t26,

AZz|,_y — BiZ(0;) =0, i=1,...,p, (4.34)
a1z(@) + azpo(a)a’(a) =0,

b1z(B) + bapo(B)2'(8) = 0,

provided that

i. po € PLCL, p% € PLC, and q € PLC are real valued functions of ¢ € [a, ],

ii. a;,b; are all real for ¢ = 1,2, such that a% + a% > 0 and b% + b% > 0,
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~—

po(0;

iii. The matrices B; are real 2 x 2 with det(E + B;) = yforalli=1,...,p.
The corresponding nonhomogeneous Sturm-Liouville problem can be defined in

an obvious manner.

Under the above assumptions, the impulsive differential operator L, defined by
£, on the domain prescribed by the homogeneous impulse and boundary conditions
is self-adjoint, and this operator is called Sturm-Liouville operator. Hence, all the
results obtained in Section 4.2 for self-adjoint operators are valid. In particular, all
eigenvalues of a Sturm-Liouville operator are real, and eigenfunctions corresponding

to different eigenvalues are orthogonal.
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