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ABSTRACT

PERIODIC SOLUTIONS AND STABILITY OF LINEAR
IMPULSIVE DELAY DIFFERENTIAL EQUATIONS

ALZABUT, Jehad
Ph.D., Department of Mathematics
Supervisor: Prof. Dr. Agacik ZAFER
Co-Supervisor: Prof. Dr. Marat AKHMET

April 2004, 96 pages.

In this thesis, we investigate impulsive differential systems with delays of

the form
()= At)x(t)+ B(t)x(t — 1), t#0;

and more generally of the form

x'(t) = / dsn(t,s)z(t+s), t#6;

-7

Ax(0;) = Apz(0;)+ Y Apx(0ir), i, k€L

—j<k<—1

The dissertation consists of five chapters. The first chapter serves as an introduc-
tion, contains preliminary considerations and assertions that will be encountered
in the sequel. In chapter 2, we construct the adjoint systems and obtain the vari-
ation of parameters formulas of the solutions in terms of fundamental matrices.
The asymptotic behavior of solutions of systems satisfying the Perron condition
is investigated in chapter 3. In chapter 4, we give a result that characterizes the

behavior of solutions in the case there is a bounded solution. Moreover, a nec-

il



essary and sufficient condition for the existence of periodic solutions is obtained.
In the last chapter, a series of consequences on the existence of periodic solutions

of functionally equivalent impulsive systems with delays is established.

Keywords: Impulse, Delay, Adjoint System, Variation of Parameters, Perron

Condition, Periodic Solution, Functional-Equivalence.
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Oz

LINEER "IMPULSIVE” GECIKMELI DIFERENSIYEL
SISTEMLERININ PERIYODIK COZUMLERI VE KARARLILIGI

ALZABUT, Jehad
Doktora, Matematik Bolimii
Tez Yoneticisi: Prof. Dr. Agacik ZAFER
Ortak Tez Yoneticisi: Prof. Dr. Marat AKHMET

Nisan 2004, 96 sayfa.

Bu tezde
¥(t) = Alt)x(t) + B(t)z(t —7), t#6;

ve

2 (t) = / dsn(t,s)z(t+s), t#6,

-7

Ax(0;) = Awx(0:)+ > Awx(liw), i,k €L
—j<k<-1
“impulsive” gecikmeli diferensiyel sistemleri incelenmistir. Tez beg bolimden
olugmaktadir. Birinci boliim, daha sonraki boliimlerde kullanilacak bazi temel
kavramlar ve sonuclar icermektedir. Ikinci boliimde, es sistemleri kurduk-
tan sonra coziimler icin bazi gosterimler elde edilmigtir. Daha sonra, Perron
kosulunu saglayan ¢oztimlerin asimtotik davraniglar: ticlincii boliimde verilmistir.

Dordiincii boliimde ise, periyodik ¢oziimiin varhig i¢in gerek ve yeter kosullar elde



edilmistir. Son olarak, beginci boltimde, fonksiyonel denk sistemlerin yardimiyla

periyodik ¢oziimlerin varligi hakkinda sonuclar elde edilmistir.

Anahtar Kelimeler: Gecikmeli, Eg Sistem, Perron Kosulu, Periyodik ¢oziimii,

Fonksiyonel Denklik.
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CHAPTER 1

INTRODUCTION AND PRELIMINARIES

1.1 Introduction

The impulsive differential systems describe evolution processes which at certain
moments change their state rapidly. In the mathematical simulation of such
processes it is convenient to assume that this change takes place momentarily and
the process changes its state abruptly. In certain cases the motion of the processes
described by the impulsive differential systems might depend on the data used
previously, and this often turns out to be the cause of phenomena substantially
affecting the motions. This past dependence causes the presence of delay in the
considered equations. To describe such processes impulsive differential systems
with delays are used. These systems have plenty of applications in the theory of
automatic control, the theory of self oscillating systems, the study of problems
connected with combustion in rocket motion, the problem of long range planning
in economics, a series of biological problems and in many other areas of science
and technology the number of which is steadily expanding, see for instance [14,
18, 21, 22, 29]. The abundance of applications is recently simulating a rapid

development of the theory of impulsive differential systems with delays.

The first use of impulsive differential systems was the well known elegant ex-
ample of model of a clock introduced by N. M. Kruylov and N. N. Bogoliubov
in their classical monograph Introduction to Nonlinear Mechanics 1937, in which
they showed that by studying systems of impulsive differential systems, it is pos-
sible to apply approximation methods used in nonlinear mechanics. However, the

most systematic and in-depth studies started in the middle of the last century by



the Kiev school of Nonlinear Mechanics. It is the mathematicians of this school
who could broadly approach this problem, consider it in a general form, formulate
and solve a number of problems which are important for applications. The theory
of delay differential equations, meanwhile, has been under considerations. It was
Minorsky who first pointed out clearly the importance of the considerations of the
delay in the feedback mechanism. The fifties and the sixties of the last century
witnessed the first monographs appearance of delay differential equations by A.

D. Myshkis, R. Bellman, J. M. Danskin, N. N. Krasovskii and K. L. Cooke.

The great interest in applications during these and later years has certainly
contributed significantly to the rapid development of the theory of impulsive dif-
ferential systems and the theory of delay differential equations, and recently these
theories have been elaborated to a considerable extent. In 1989, there appeared
the first article of impulsive differential systems with delay [83]. In that article,
sufficient conditions are obtained for the asymptotic stability of solution and for
the existence of a nonoscillatory solution. During the last two decades, several
articles dealing with stability, periodicity and oscillation of solutions of impulsive
differential systems with delays have been published. Most of the systems con-
sidered in these articles have involved the delays only in the differential equation,
some rather, have the same delay in the differential equation as well as at discon-
tinuity points, see for instance [37, 39, 40, 41, 43, 45, 51, 53, 74, 83]. The theory
of impulsive differential systems with delays, however, has been rarely considered
with comparison to the theory of impulsive differential systems and the theory of

delay differential equations.

In the present work we deal with impulsive differential systems that involve

delays in both the differential equation and the impulse condition. The classical



and the general linear systems are considered. We will construct adjoint systems
and obtain the variation of parameters formulas of these systems. The properties
of these systems with the emphasis on the qualitative behavior of the solutions

are to be investigated.

1.2 Impulsive Delay Differential Equation

In the study of ordinary and delay differential equations, the solutions are con-
tinuous functions over the domain of definitions. Unfortunately, this is not the
case for systems involving impulses. Usually, a solution z(t) of a given impulsive
differential system is a piecewise continuous function with points of discontinu-
ities, say {0;}, i € Z. These discontinuity points are often referred to as moments
of impulses. According to the way in which the moments of impulses are deter-

mined, the impulsive differential systems are classified as follows [17, 18]:
(i) Equations with fixed moments of impulses;
(ii) Equations with variable moments of impulses.

Throughout the present work, however, we shall restrict ourselves to the inves-
tigations of systems involving fixed moments of impulses. Therefore, in order to
simplify the statements of the assertions later, we introduce a set PLC' of func-
tions defined as follows. Let J C R and a sequence {6;}, i € Z, be fixed in J
such that ;1 > 60; with lim; ., 6; = co. We denote by PLC(J,R") the set of all
piecewise left continuous functions v : J — R” for ¢t € J having discontinuities
of the first kind at 6; € J, i € Z. By PLC*(J, R™) we mean as usual the set of
functions 1 : J — R™ such that ¥, 1" € PLC(J, R").



The mathematical model of a real process which experiences certain impulses

at fixed moments {6;} could be given by an impulsive differential system

x'(t)

) (1.1)

where 2’ = dz/dt and Ax(6;) = z(0;") — x(;). For an impulsive differential sys-
tems, we suppose that the solution x = ¢(t) of system (1.1) is always continuous

from the left, that is, ¢(0;, ) = ¢(0;) where ¢(0;") = lim, - ¢(t).

The rate of change of physical system might depend not only on their present
state but also on their past history. This dependence may take place in the
differential part as well as in the jump. In this case, system (1.1) may be written

2(t) = f(t,z(t),z(r(t), t+06;
Az(0;) = (0, 2(0,), 2(0us)), i€Z

(1.2)

where the following conditions (C1.1) are assumed :

(a) 7 € PLC(J,R"), v : Z — Z such that 7(t) < ¢t and v(i) < i respec-

tively, and lim; .o, 7(t) = oo;

(b) f(-,z,y) € PLC(J,R™) and f(t,-,-) € C(Q,R™) where 2 C R" x R";

(c¢) I; € C(TxQR"), i € Z.
System (1.2) contains delays both in the differential equation and in the im-
pulse condition whereas most of the systems considered in the literature have
involved a delay only in the differential equation. Some, rather, have the
same delay in the differential equation as well as in the impulse condition, see
(33, 37, 39, 40, 41, 45, 51, 53, 74, 83| for further information. We shall refer to

system (1.2) as the impulsive differential system with delays.



For each initial point £, € R, we let
tnin = Inf{7(t) : t > to}

then, the function

z(t) = ¢(t), t € [tmin,to] (1.3)
is referred to as initial function associated with the impulsive differential system
with delays (1.2). If to € R, ¢(¢) is continuous on [tn, to] and (C1.1) is satisfied,
then a solution of the initial function problem (1.2), (1.3) is equivalent to solving
the integral equation [33]

z(t) = xg—i-/ f(s,x(s ))ds + Z (0, 2(6), 2(003))), t>to

to<6;<t

.’B(t) = 7 [tmzm tO]

1.3 Existence and Uniqueness of the Solutions

Consider system (1.2) associated with the initial function (1.3). Let J C R and
{6;}, i € Z, be fixed in J. Denote by i(a,b) the number of 6; in (a,b). Assume
the conditions (C1.2):

(a) 0,41 > 0;, 1 € Z with no finite accumulation points;
(b) i(tmin, to) > r where r = sup(i — v(7)).

i

Definition 1.3.1 A function z(t) is said to be a solution of (1.2) defined on
an interval [ty, T) where to < T < +oo if & € PLCY([timin, T),R"™) and satisfies

system (1.2).



Definition 1.3.2 A function x(t) is said to be a solution of the initial function
problem (1.2), (1.3) in the interval [ty, T') where ty < T < +o0 if x(t) is a solution

of system (1.2) in the interval [ty,T) and satisfies (1.3).

We also need the following conditions (C1.3):

(a) There exists a constant L > 0 such that

Ity = ft.a” ) < Lo =]+ Iy = o)

for all t € J and o/, 2"/, y" € R™;

(b) There exist constants L; > 0, ¢ € Z such that
12812 o) = LBy | < Li(|a” ="+ Iy = o)

for all §; € J and 2/, 2",y ,y" € R".

The following theorem on global existence and uniqueness of the solutions of the
initial function problem (1.2), (1.3) is valid. For existence and uniqueness the-
orems for delay differential equations and for impulsive differential systems, we

refer to [12, 14, 20] and [17, 18, 21], respectively.

Theorem 1.3.1 Let conditions (C1.1)-(C1.3) be fulfilled. Let t, € R and
¢ € PLC([tmin, to], R™) be given. Then, the initial function problem (1.2), (1.3)

has a unique solution defined on J.

Example 1.3.1 Consider the linear system

)= At)x(t)+ Bt)x(t—7), t#£6;
Ax(0;) = Cix(0;) + D;x(6;—;)

(1.4)



under the assumptions that A(t), B(t) € PLC (J ,R™") and C;, D; € R™",

i,j € Z. Then (1.4) has a solution defined on the interval J .

1.4 Basic Definitions and Theorems

We shall provide some basic definitions and some auxiliary results needed in
the subsequent chapters. As most of them can be easily found in the plentiful
literature, we give only the necessary references without including their proofs,

except that of Arzela-Ascoli Lemma.

Definition 1.4.1 Let f be a real valued function on an interval |a,b] of R. If

A = {x;}o<j<n 15 a partition of |a,b], we write

n—1

V(A) =D [ (@) — f))];

=0
we also write V(f,a,b) = supp V(f,A). We say that f is of bounded variation

on [a,b] if there exists N such that

[V (f,a,0)| < N.

Theorem 1.4.1 [16] (Banach-Steinhaus Theorem) Let {T,} be a sequence
of bounded linear operators T,, : X — Y from a Banach space X into a normed

space Y such that (||T,x||) is bounded for every x € X, say,
I Tx| < Cq, neN
where C, is a real number. Then, there is a real number C' > 0 such that

1T <C,  neN.



One of the most important results that arises when dealing with theory of oper-
ators is the Arzela-Ascoli Lemma. This result was first stated in [10] and then
proved in [11]. Indeed, the author considered the general case where different
functions of a family F have different points of discontinuities. In what follows,
however, we shall give the proof of a simple version of this theorem which is
stated without proof in [33]. Consider the space PLC(J, R") where J C R. Let
the sequence {6;},i € Z have a finite number of terms lying in the interval [to, 7]

with no accumulation points.

Definition 1.4.2 Let F' denote the set of functions f, € PLC([ty,T],R™). Then,
the set F' is said to be quasi equicontinuous in [to, T| if for a given € > 0 there
exists § > 0 such that t1,ts € (0;,0;11)(\[to,T], @ € Z, and |t; — t3] < & then
| f(t1) — fu(t2)| < € for all f, € F.

Lemma 1.4.1 (Arzela-Ascoli Lemma) Let FF C PLC([ty,T],R"). If F is
quasi equicontinuous in [ty, T] and uniformly bounded, that is, || f.| < ¢ for all

fn € F and for some ¢ > 0, then it is relatively compact.

Proof. Without loss of generality, let [to, T] = U_,I; where Iy = [to, 0], [, =
(01, 65] and Iy = (62, T). That is, F'has two points of discontinuities ¢; and . For
arbitrary number of points of discontinuities, the proof is similar. Consider the
sequence {f,} C F C PLC([0,T],R"). Let f° = f.|r, then {f°} C F|;, € C(ly)
where C(Ip) is the space of continuous functions on I;. From the hypothesis
of the lemma, F' is quasi equicontinuous and uniformly bounded which implies
that F|;, is equicontinuous and uniformly bounded, therefore, by Arzela-Ascoli

Lemma for continuous functions, F'|j, is relatively compact, so there exists a

8



subsequence {fp } C {fJ} such that f) — go(t) € C(Iy). Thus, one can say
that the subsequence {f, } C {f.} uniformly converges to gy on . On the

interval Il = (91, 02], let
1 fnk (t)a te (917 92]
fnk <9f)7 t= 61

then {f, } C F|;, C C(I1), but F|;, is equicontinuous and uniformly bounded.
Hence, by Arzela-Ascoli Lemma, F|;, is relatively compact, so there exists

{fr.} C{fL} such that f! — gi(t) € C(I,). Let

fnkl(t)7 te (927T]

=
oy n
fnkl (‘92 )7 t =0,

then, similarly, there exists {fﬁklm} C {f7 } such that f7 = — gao(t) € C(I3).

Therefore, we end up with the subsequence

iy} © {3 © i} © {Fn}

which converges to g(t) on [0, 7] where

go(t), t e I() = [t0,91]
9(t) = { ai(t), tel = (61,6,
gz(t), tel, = (QQ,T]

This completes the proof. O



CHAPTER 2

THE ADJOINT SYSTEMS

The adjoint systems as well as the variation of parameters formulas play an
important role in studying differential equations. In particular, they provide an
essential and significant insights for the investigations of stability and periodicity
of solutions. Therefore, in the study of impulsive differential systems with delays,

the need for these two notions also arises.

In this chapter, and on the basis of the results obtained in the literature for
delay differential equations, we study impulsive differential systems with delays
in the differential equation and in the impulse condition. We obtain the adjoint
systems and the variation of parameters formulas for these systems. Moreover,

some generalizations of the main results are established.

2.1 Introduction

The results of this chapter stems from the studies in [12, 14, 17, 18, 20]. Indeed,

it was shown in [12] that the equation
y'(t) = —A"()y(t) — B (t + 1)y(t +7), (2.1)
is the adjoint equation for
Z'(t) = A(t)z(t) + B(t)z(t — 1) (2.2)
with respect to the function
t+1
Sultha() >=y e+ [ OB -nds (23)
t

10



that is, < y(t), z(t) >= C for all solutions y(¢) and z(t) of systems (2.1) and (2.2)
respectively. Moreover, it is also known [17] that the system

y(t) = —AT()y(), t#6,
Ay(0;) = —(I+CT)"\CTy(9,), ieZ

is the adjoint system for

()= A(t)x(t), t#6;

(2.5)

in the sense that y” (t)z(t) = C for all solutions y(¢) and x(t) of (2.4) and (2.5)
respectively. Furthermore, the representations of the solutions of (2.2) and (2.5)

are available, see [12, 17, 18, 20].

We consider the linear impulsive differential system with delays of the form

() = Alt)x(t) + B(t)z(t —71), t#6;

(2.6)
where the conditions (C2.1) hold:
(a) A(t), B(t) e PLC( J ,R™™);
(b) C;, D; e R 4 € Z.

We should remark that in the case when C; = D; = 0, system (2.6) reduces to
(2.2) and if B(t) = D; =0, it reduces to system (2.5).

2.2 The Adjoint System

The purpose of this section is to construct an adjoint system for (2.6). To

do this, we introduce a function which is analogous to (2.3) as follows
t+7
Sutha)> = v @O+ [y OBl - r)ds
t

11



Y D). (2.7)

n(t)<k<n(t)+j

where

n(t) = min{k € Z : 0, > t}.

Theorem 2.2.1 Let x(t) be a solution of (2.6). If y(t) is a solution of
y(t) = —AT0y(t) = B+ 1)yt +7), t#0;
Ay(0:) = —(I+CH)71Cly(0:) — (I + CI) ' DL y(07,), i€Z

then < y(t),z(t) >= C where < y(t),z(t) > is given by (2.7).

(2.8)

Proof. Taking the derivative of function (2.7), for t € (6;,0;41), we get

% <y(t),z(t) > = y"(Bxt) +y" ()" (t) +y" (¢t +7)B(t+ 7)2(t)
— Y (O)Bt)x(t — 1),
that is,
% <yt),z(t) > = —yt ()AL x(t) —y" (t +7)B(t + 7)x(t)

+ Y (OAWB(t) +y" () B()a(t — 1)
+ YTt +7)B(t+1)z(t) — y' () B(t)z(t — 7)
= 0,

therefore,

< y(t),x(t) >= CZ‘, t e (02‘,91'4_1).

It remains to show that the constants C; are all equal, that is, C; = C for all
1 € Z. Clearly
A <y(t),z(t) > |z, = Cix1 — Ci.

12



In view of function (2.7), we get

Cinn—Ci = y" (07)x(07) —y" (0:)2(6:) + > Y O)Dwa(Ony)

n(0F)<k<n(07)+j

- > YO Dra(0y).

n(0;)<k<n(0;)+j
Since n(6;") =i+ 1 and n(6;) = i, we have
Cip1 = Ci = ' (0)2(07) — y" (0:)2(0:) — y" (6;) Dz (i)
+ Y (0] ) Dy (6)).
Using
z(0) = x(6;) + Cix(60;) + D;ix(0;—;),

and
DI y(07,,) = y(6;) — y(6;7) — CTy(67),

we deduce that C; 11 — C; =0 for all i € Z and thus < y(t),z(t) >=C. O

Definition 2.2.1 System (2.8) is called the adjoint of (2.6).

2.3 The Variation of Parameters Formula

The representations of the solutions of differential systems were derived by
many authors using various techniques, see [12, 17, 18, 20]. In this section,
however, we derive a variation of parameters formulas for impulsive differential

systems with delays in terms of their fundamental matrices.

13



Consider the nonhomogeneous impulsive differential system with delays

()= A@t)x(t)+ B(t)z(t —7)+ f(t), t#6;

where in addition to (C2.1), we assume the conditions (C2.2):
(a) f(t) € PLC(JR");

(b) J; € R, i € Z.

Let X (a,t) be matrix solution of (2.6) defined for a > t where t € R is fixed.
This matrix satisfies the conditions X («,t) =0 for a < ¢t and X (¢,t) = I, where
I is the identity matrix. Such a matrix is called a fundamental matrix of (2.6).
Similarly, one can define the fundamental matrix of the adjoint system (2.8).
Indeed, a matrix Y («,t) which satisfies system (2.8) for o < ¢, the conditions
Y(a,t) =0 for o >t and Y (¢,t) = I, is a fundamental matrix of (2.8). It is clear
that the matrix X (a,t) is defined for all @ > ¢, o € J while Y (a,t) is defined

foralla <t, a € J.

Remark 2.3.1 The fundamental matrices can be simply constructed by the

method of steps, see [12, 27].

The following two lemmas are required in the proofs of the main theorems

Lemma 2.3.1 Let Y («,t) be the fundamental matriz of (2.8) and z(t) a solution

of (2.9). Then, we have

> [YT(OZJ)I(&,;“) - YT(Qk,t)x(ek)]:

n(o)<k<n(t)

14



Y. Y0, ) Diys(0r)

n(o)—j<k<n(o)

+ ) YT

n(o)<k<n(t)
Proof. We observe that
S YD) Y 020 = Y YT DD(0y)
n(o)<k<n(t) n(o)<k<n(t)
- Z YT(HL_j? t) Dk-i—jm(ek)
n(o)<k<n(t)
+ > YOS (2.10)
n(o)<k<n(t)

where the impulse conditions of systems (2.8) and (2.9) are, respectively, used.
In view of the right side of (2.10), substituting m = k — j in the first summation
and using Y(0;,;,t) = 0 for n(t) — j < m < n(t) in the second summation

complete the proof. O

Lemma 2.3.2 Let X(a,t) be the fundamental matriz of (2.6) and y(t) be a so-
lution of (2.8). Then, we get

S X G0 — X7 0w =

n(o)<k<n(t)

Z XT(Hk,t)DZHy(QZH)

n(o)<k<n(t)

- > X"(Oyt)DLy(B)).

n(o)<k<n(t)

The proof of this lemma can be accomplished simply using the impulse conditions

of systems (2.6) and (2.8) respectively.

15



One of the main results in this section is contained in the following theorem

Theorem 2.3.1 A solution x(t) of (2.9) has the representation

o

z(t) = X(t,o)x(o)+ X(t,a+7)B(a+ 7)r(a)da + / X(t,a)f(a)da

o—T

+ > X0 )DerO) + Y X600k,

n(o)—j<k<n(o) n(o)<k<n(t)

where X (t,r) is the fundamental matriz of (2.6) and x(c) is fived.

Proof. Multiplying the differential equation in (2.9) by the matrix Y7 (a, t) from

left and integrating with respect to o from o to ¢, we obtain

t

/ Y7 (0, )7 (a)da = / Y7 (0, ) A()z(a)da + / Y7 (a,)B(a)z(a — T)da

(e

+ /t YT (a,t) f(a)da.

Clearly, the left side of the above equation can be written as

00 1

/Uenl Yi(a,t)2' (a)da + /9:1 Y7 (0, )7/ (a)da + . ..
+ /99;2 yT(a,t)x’(a)da+/t Y (o 1) () e

+ +
ng—1 9n2

Integrating by parts and taking into account that Y (a, ) is a fundamental matrix

of (2.8), we get

w(t) = Y7(0,0)a(0) - / YT (0 + .t)Bla + r)a(a)da

t

+ /YT(a,t)B(oz)x(a—T)da+/ Y(a,t)f(a)do

g

+ Y [YT(eg,t)x(e,‘:)—YT(9k7t)x(9k)]-

n(o)<k<n(t)

16



Substituting v = « — 7 in the second integral and using Y7 (« + 7,t) = 0 for

t—7 < a<t, we have

x(t) = YT(U,t)SIJ(U)+/U YT(oz—l—T,t)B(a—l—T)x(a)doz—l—/ YT (a,t) f(a)da

a—T g

+ Y [yT(e,j,t)x(e;j)—YT(Hk,t)xww]

n(o)<k<n(t)
Using Lemma 2.3.1 in the summation leads to

x(t) = YT(U,t)x(U)+/U YT(oz—l—T,t)B(a—l—T)x(a)doz—l—/ Y (a,t) f(a)do

a—T g

+ > YO D) + Y YO 1) (2.11)

n(o)—j<k<n(o) n(o)<k<n(t)

If the solution z(t) is defined to be zero for t < o and if f =0, J; =0, then
z(t) =Y (0,t)x(0).

Therefore, using X (0,0) = I, we see at once that X (t,0) = YT (o,t).

Thus, (2.11) becomes
x(t) = X(t,o)x(o)+ /i X(t,a+ 7)B(a+ 7)z(a)da +/ X(t, ) f(a)da

+ > X405, ,)Der0) + Y X605 O (212)

n(o)—j<k<n(oc) n(o)<k<n(t)

The representation in this form will be referred to as the variation of constants

or the variation of parameters formula.

Remark 2.3.2 [In the case when the impulses are absent, (2.12) is reduced to a

well known formula

z(t) = X(t,0)x(o) + /i X(t,a+7)B(a + 7)x(a)da
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given in [12, 20].

In a similar manner, we may use the matrix X («,t) to obtain the variation of

parameters formula for the solution of the adjoint system (2.8).

Theorem 2.3.2 A solution y(t) of (2.8) has the representation

W) = Yoo+ | T Y(ts - 1)B(s)y(s)ds

— Y Y(6,)Dy)),

n(o)<k<n(o)+j

where Y (t,r) is the fundamental matriz of (2.8) and y(o) is fized.

Proof. Multiplying the differential equation in (2.8) by X7 (s,t) from left and

integrating from ¢ to o, we have
/ XT(s,t)y(s)ds = —/ X (s,t)AT(s)y(s)ds
t t
— / XT(s,t)BT (s + 1)y(s + 7)ds.
t

The left side of the above equation can be written as

0

Onq S
XT(s,t)y/(s)ds + / XT(s,t)y/ (s)ds + ...
t 0%,
Oy, o
+ X (s, 1)y (s)ds + X (s, )y (s)ds.
912_1 0%,

Further, we have
W) = XTotyle) ~ [ XIGspeds+ [ X7 (504 (o)y(s)ds
+ /ta X (s,t)BT (s 4+ 7)y(s + 7)ds

+ Y [XT(ek,t)y(ek)—XT(H,?,t)y(@i)],

n(o)<k<n(t)
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where X7 (s,t) = 0/dsXT(s,t). Taking into account that X (s, t) is a fundamental
matrix of (2.6), changing the variable of the third integral » = s + 7, and using

XT(s—71,t) =0 for s — 7 < t, we deduce

o+T
y(t) = XT(o,t)y(o) +/ XT(s —7,t)B(s)y(s)ds
Y [KTOn ) - X760y

n(o)<k<n(t)

Using Lemma 2.3.2 in the summation gives

y(t) = XT(o,t)y / X (s —7,t)BY (s)y(s)ds

+ ) XT(Ont)DLy(6f)

n(o)<k<n(t)

_ Z XT(Qk_j, t)Df; y(0;)-

n(o)<k<n(t)
Substituting 7 = k + j in the first summation and using X7 (6;—;,t) = 0 for

kE—j <mn(t), we get

yt) = XT(0,t)y / X7(s — 7 £) BT (s)y(s)ds
- Z XT(0r—j, ) DEy(0)).
n(o)<k<n(o)+j

From the identity X7 (o,t) = Y (t,0), it follows that

y(t) = Ymawww+/oTyms—ﬂBW@wﬁw

- > Y(t6,)Dyf). O (2.13)

n(o)<k<n(o)+j
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2.4 Some Generalizations

In this section we carry out the results obtained in the previous sections for
the system of the form
0
2 (t) = / dsn(t,s)x(t+s), t#0;
- (2.14)
Ax(6) = Az(0)+ Y Awx(fi), i€Z,
—j<k<—1
where the conditions (C2.3) are assumed to hold:
(a) n(t,s) is measurable in (¢,s) € R? normalized so that n(t,s) = 0 for
s> 0and n(t,s) =n(t,—7) for s < —7;
(b) n(-,s) € PLC(J,R™™), uniformly with respect to s € [—,0];
(c) n(t,s) has bounded variation in s € [—7,0] for t € J so there exists a

positive constant N such that Varp_,on(t,-) < N,t € J;

n
(d) There exists a positive constant W such that Z |Air| < W fori € Z.
k=1

The above hypothesis on 7 guarantees that for any ¢ € C([—7,0],R"), system
(2.14) has a unique solution on [—7,00). The integral in (2.14) is often referred

to as Stieltjes integral.

The following property of the Stieltjes integral proves very useful.

Theorem 2.4.1 [12] If z(s) € PLC([a,b],R™), v(t) is of bounded variation in
[e,d], n(-,s) € PLC(J ,R"™™) uniformly with respect to s € [a,b] and is of bounded

variation in s € [a,b] fort € [c,d], then

/Cd[ /ab dsn(t,s)x(s)}dv(t): /abds[ /Cdn(t,s)dv(t)]g;(s).
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Let us note that the same result remains valid in the case when the functions

which occur are matrix valued. Indeed, we have

/ / Vdyn(a, s — a)y(a)do = / de(s)ds / bn(a,s — a)y(a)de.

Remark 2.4.1 System (2.6) considered in section 2.2 is a particular case of

(2.1)).

By virtue of the generalized linear system (2.14), the analogous form of function

(2.7) becomes

<alnp)> = Ouo+ [ G [ s - a(a)da
+ oo 0. > Al y(6h). (2.15)

n(t)—j<m<n(t) n(t)<i<m+j

The following theorem is similar to Theorem 2.2.1.

Theorem 2.4.2 Let x(t) be a solution of (2.14). If y(t) is a solution of

() = —d / 0Tt — s s)y(t—s), t#£0, (2.16)

—T

Ay(0;) = _(I‘|‘A') AzOy(Q) [+A Z AT ky )

—j<k<-1

then < x(t),y(t) >= C where < x(t),y(t) > is given by (2.15).

We will rely on the following two lemmas. The first lemma can be simply verified

by interchanging the order of summations.
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Lemma 2.4.1 For any functions z(t),y(t) : R — R" and a matriz A;,, € R"*",

we have

S X a0 AL|uen) =

n(o)<i<n(t) i—1<m<i—j
2 (On) Z Ag(mfz')y(ej)

n(o)—j<m<n(o) n(o)<i<m+j
n(o)<m<n(t)—j m+1<i<m+j

+ xT(em) Z Asz 1) (9+)
n(t)—j<m<n(t) me1<i<n(t)

Lemma 2.4.2 Let x(t) and y(t) be solutions of systems (2.14) and (2.16), re-

spectively. Then, we get
S [TEnwen — 6] =
n(o)<i<n(t)
2 [ > (B AL yo)

n(o)<i<n(t) —j<k<-1

- Z z’ 0;) Z A(i—k)ky(‘gg_—k)‘

n(o)<i<n(t) —j<k<-1

Proof. It suffices to note that

2(07) = x(6:) + Az (0:) + Y Auw(0irr)

—j<k<—1

and

Z A%;—k)ky(gztk) =y(0;) — (I + AD)y(6). O

—j<k<-1

Proof of Theorem 2.4.2. Multiplying the differential equation in (2.14) by
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y(t) and integrating from o to ¢, we get
t t 0
/ 2T'(@)y(a))da = / [ / 2T (o + 8)do T (a, s)] y(a)da.
Clearly, the left side of the above equation can be written as

/:nl 2" (@)y(a)da + /09n1+1 T (a)y(a)da + ..

ni

o [T @t [ e ey

nog—1

It follows that

0o - ole) = [ / a+s>dsnT<a,s>}y<a>da
[

S [w (67)5(67) — o (6:)0(01)].

n(o)<i<n(t)
Using Lemma 2.4.2 in the summation and taking into account the system verified
by y, we have

0w - o) = [ [ [ (@ 9’ (@9)]u(a)ia

—T

- [ @ [ s e - s)as
+ Z [ Z (0ix)A } ((92*)

n(o)<i<n(t) —j<k<-1

_ Z z7(0;) Z Al iy (07 4)-

n(o)<i<n(t) —j<k<-1
Substituting » = « + s in the first integral, » = o — s in the second integral,
m = 1 + k in the first summation and m = ¢ — k in the second summation, we

obtain



_ / L), / T (s — a)y(a))da
FY Y AL ue)

n(o)<i<n(t) i—1<m<i—j

— Z () Z Am(z TICAE

n(o)<i<n(t) i+1<m<i+j
Using Theorem 2.4.1 in the first integral and Lemma 2.4.1 in the first summation,

we have

SOy - o) = [ S [ e - ayyla)da

[ [ s - aylapta

+ xT(em) Z Asz 1) (9+)
n(o)—j<m<n(o) o)<i<m+

LD DR O Z Allm-yy(67)
n(o)<m<n(t)—j m+1<i<m-+j
n(t)—j<m<n(t) m+1<i<n(t)

— 2T (0n) Y Al yy(67).(2.17)

n(o)<m<n(t) m+1<i<m+j

The last integral and the last summation in (2.17) can be written, respectively,

/J ds/ T(a, s — a)y(a)da
/ s, [ T (as — a)yla)da,

as

and

n(o)<m<n(t)—j m+1<i<m+j
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+ S S0 AL 6.

n(t)—j<m<n(t) m41<i<m+j

Thus, (2.17) becomes

Syt o' ie) = [ / (a5 — @)y(a)da
+ / o7 ds/nTozs—oz y(a)da
- / 2T (s)d, / (@, s — a)y(a)da

+ ) D Alny(®)

n(o)—j<m<n(o) n(o)<i<m+j
+ O D Algy(®)
—j<m<n(t) m+1<i<n(t)
_ 2T (6,) Z ALy (675).
n(t)—j<m<n(t) m+1<i<m+j

Therefore

Sy - oulo) = [ S [ e - ayyla)da

+ Y. 2l Y A6

n(o)—j<m<n(o) n(o)<i<m-+j
n(t)—j<m<n(t) t)<i<m+j

or

t s+7
<alu®)> = OuO+ [ Gl [ s = ala)da

+ oo 20 > Al y(6h). (2.18)

n(t)—j<m<n(t) n(t)<i<m+j
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Remark 2.4.2 For any two solutions x(t) and y(t) of systems (2.14) and (2.16)

we have

— < x(t),y(t) >=0. (2.19)

Definition 2.4.1 In view of (2.19), system (2.16) is called the adjoint of (2.14).

Remark 2.4.3 In comparison with the results obtained in the literature for de-
lay differential equations without impulses, relation (2.18) closely resembles the

function considered in [12, 28]. In particular, the function (2.18) reduces to

< x(t),y(t) >= 2 (t)y(t) + /t_ 27 (s)d, /ts TnT(a, s — a)y(a)da

whenever no impulse is imposed.

We shall now consider the nonhomogeneous system

2 (t) = / dan(t, )z(t + ) + F(), 40,
- (2.20)

—j<k<-1

where conditions (C2.2) and (C2.3) are assumed to hold.

Before introducing the representation of the solution of system (2.20) we need
to give the following lemma whose proof is similar to that of Lemma 2.4.2 and

hence is omitted.

Lemma 2.4.3 Let Y(a,t) be the fundamental matriz of (2.16) and x(t) be a

solution of system (2.20). Then, we have

S [y een) — YTe.ne0)] =

n(o)<i<n(t)
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Z YT(H;F,t) Z Aik$(9i+k)

n(o)<i<n(t) —j<k<-1

_ Z [ Z YT(Hj_k,t)A(i_k)k]x(ez‘)

n(o)<i<n(t) —j<k<-1

+ > Y65 )

n(o)<i<n(t)

Theorem 2.4.3 A solution x(t) of (2.20) has the representation
o s+T
x(t) = X(t,a)x(a)+/ ds|:/ X(t,a)n(a,s—a)da}x(s)

+ /:X(t,a)f(a)da
Y Y X A6,

n(o)—j<m<n(o) n(o)<i<m+j
) X6,
n(o)<i<n(t)

where X (t,r) is the fundamental matriz of (2.14) and x(c) is fived.

Proof. Multiplying the differential equation in (2.20) by Y7 (a,t) from left and

integrating from o to t, we get
0

/: Y (o, )2 (a)do = /gt Y7 (a,t) [/_T dsn(a7$)gj(a+3)] da+/t Y7 (a, 1) f(a)do.

o

Integrating by parts and taking into account that Y (a, t) is a fundamental matrix

of (2.16), we have
0

z(t) — Y (o, t)x(0) = /Ut Y(a,t) [/ dsn(a, s)x(a + s)] da

—T

_ /gt d, [/0 Yi(a —s,t)n(a —s, s)dS}l’(Oé)

-7

+ / Y(a,t)f(a)do

+ > [YT(Qj,t)x(G;r)—YT(Hi,t)x(Qi)]

n(o)<i<n(t)
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Using Lemma 2.4.3 in the summation, we obtain

z(t) =Y (o, t)x(0) = /Ut YT (a,t) [/O dsn(a, s)x(a + s)}da

—T

_ /Ut d., [/j YT (a — s, t)n(a — s, S)dS]l‘(Oé)
+ [ VM@0
- Z YT (6, t) Z Airz(0iy 1)

n(o)<i<n(t) —j<k<—1

- Z Y YT DA 2(0)

o)<i<n(t) —j<k<-1

- Z YT, ).

n(o)<i<n(t)
Substituting » = « + s in the first integral, » = a — s in the second integral,

m =i+ k in the first summation and m = i — k in the second summation, we get

«

z(t) = Y7(o,t)z(0) —l—/at YT(a,t)[/ dsn(a,s—a):c(s)] da

o—T

_ /at da[/aaH YT (r t)n(r,a — 'r)dr} z(a)

o R
+ > YT(ej,t)[ > Ai(mfox(@m)}

n(o)<i<n(t) i—1<m<i—j

_ Z [ Z Yier, t)Am(i—m)} (0;)

n(o)<i<n(t) i+1<m<i+j

+ Z YT (0F, t).J;.

o)<i<n(t)
Using Theorem 2.4.1 in the first integral and changing the order of summations

in the first sum leads to

z(t) = Y¥(o,t)x(o) + /J: ds [/:H Y (a, t)n(a, s — a)da|z(s)
+ /:_T ds [/:JrT Y (a, t)n(a, s — a)da]x(s)
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+ /ttT ds[/t Y (a, t)n(er, s — a)da}f(s)

_ /t ds[/;T YT (o, t)n(a, s — a)da}fﬂ(é‘)

+ [ Y70, 5()da

g

4 [ Z (8 t)Ai(m—i)] z(0m)

n(a’)—j< <n(o’) n(o)§z<m+j

+ i [ Z YT(Q;F, t)Ai(m—i)} z(0m)

n(o)<m<n(t)—j ~m+1<i<m+t;

+ Z [ Z Y6, t)Ai(mfi):| z(0m)

n(t)—j<m<n(t) m+1<i<n(t)

3

_ Z [ Z Yo, t)Ai(m—i)] z(0n)

n(o)<m<n(t) m+l<i<m+j

+ > YT ) (2.21)
n(o)<i<n(?)
However,
/Ut ds[ /:M YT (o, t)n(a, s — a)da]x(s)
= /:_T ds [/:M Y (a, t)n(a, s — a)da} x(s)
+ /:T d, [/:JFT Y (a,t)n(a, s — a)da} x(s), (2.22)
and

2 [ > Y t)Aum_i)} 2(6,)

n(o)<m<n(t) m4+1<i<m+j

= Z [ Z YT(Q;_, t)Ai(m—i)]x(em)

n(o)<m<n(t)—j m+l<i<m+j

+ Z [ Z Yo}, t)Ai(mfi)} z(0,). (2.23)

n(t)—j<m<n(t) m+l<i<m+j

The second integral in (2.22), nevertheless, can be written as

/: ds[ /stYT(O‘at)ﬁ(%S—a)da]x(s)
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+ /ttT ds [/ts+7 yT(a7 n(a, s — a)doz] x(s), (2.24)

while the second summation in (2.23) is

2 [ > Y, t)Ai(m—i)] z(0,)

n(t)—j<m<n(t) m+1<i<n(t)

T Z [ Z YO0 ) Aign—iy | 2(0,).  (2.25)

n(t)—j<m<n(t) n(t)<i<m+j
The second integral in (2.24) and the second summation in (2.25) vanish since
YT (a,t) =0 for @ >t and Y7 (0 ,¢) = 0 for i > n(t) respectively. Thus, (2.21)

becomes

o

z(t) = Y'(o,t)z(0o) +/ ds [/:JFT Y (a,t)n(a, s — oz)doz}x(s)

o—T

" /;YT(a,t)f(oz)da
Y [T YA a0

n(o)—j<m<n(c) n(o)<i<m+j
+ > Y05 )
n(o)<i<n(t)
If the solution z(t) is defined to be zero for t < ¢ and if f =0, J; =0, then
x(t) = YT (0,t)z(0).

Using X (0,0) = I, we see at once that X(¢,0) = Y (0,t). Thus

z(t) = X(t,o)x(o)+ /U: ds [/:HX(t,a)n(a, s — a)da}x(s)

+ /tX(t7Oé)f(a)da
Z Z X(t, ef)Ai(m_i)] z(0)

n(o)—j<m<n(c) n(o)<i<m+j

+ > X6 O (2.26)

n(o)<i<n(t)
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Corollary 2.4.1 A solution xz(t) of the homogeneous system (2.14) can be writ-
ten in the form

x(t) X(t,o)z(o) + /:T ds [/SJrTX(t, a)n(a, s — oz)doz}x(s)

Y Y X6 A aOn), (2.27)
n(o)—j<m<n(o) n(o)<i<m+j
where X (t,r) is the fundamental matriz of (2.14) and x(0) is fized.

Remark 2.4.4 The presence of the summations in the formula above is due to

the impulses. If there is no impulse, then we get

z(t) = X(t,0)x(o) + /U: ds [/:M X(t,a)n(a, s — a)da]x(s)
as in [12, 28].

To give an analogous result for the solution of the adjoint system (2.16) we

need the following lemma.

Lemma 2.4.4 Let X(a,t) be the fundamental matriz of (2.14) and y(t) be a
solution of system (2.16). Then, we have

3 [XT(e,-,t)yw,) — X5 y(6; )} =

n(t)<i<n(o)

Yo XMt > A + )

n(t)<i<n(o) —j<k<-—1

- > X X nakye))].

n(t)<i<n(o) —j<k<-1

The proof of this statement is similar to the proof of Lemma 2.4.2 and hence is
omitted.
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Theorem 2.4.4 A solution y(t) of (2.16) has the representation

g

B+
ut) = Ytowo)+ [ Y(t.A)ds / 77(0, B — a)y(a)da

o—

+Y V(e Y AL ),
j<m

n(o)— <n(o) n(o)<i<m+j

where Y (t,r) is the fundamental matriz of (2.16) and y(o) is fized.

Proof. Multiplying the differential equation in (2.16) by X7 («,t) from left and

integrating from ¢ to o, we get

/XTat /XTat /n%—s,s)y(a—s)ds},

which implies that
o 0
W) = XT(o.p(0)+ [ X7 0] [ a"(a = s s)yta—s)ds
t —T

_ /ta [/_OT XT(a+ s,t)dsnT(a,S)]y(a)da
S [XT e - X0 o).

n(t)<i<n(o)

Using Lemma 2.4.4 in the summation results in
o 0
o) = XT(o.p(0)+ [ X7 0] [ a"(a = s.s)yla— s)ds
t —T

_ /t ’ [ / : XT(a+s,t)dsnT(a,s)]y(a)da
n Z XT(0:,t) > Al (05,
(@)

t)<i<n —j<k<—1

- Z [ Z Oivrst my(eﬂ}

t)<i<n(o) —j<k<-1

Similar to the proof of Theorem 2.4.3, we change the variables and the indices to

obtain
BT
t) = XT(o,t)y XT(p,t)d T, 5 — d
o) = XTo0yto) + [ XTE0d[ [ 0 (05— alylado
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- [ xte.0dnt @5 - o]ueda
+ 2 X0 D Afye-my(0h)

n(t)<i<n(o) i+1<m<i+j

- Y [T X0 0AL, )]

n(t)<i<n(o) i—j<m<i-—1
Using Theorem 2.4.1 in the second integral and changing the order of summations

in the second sum, we have

B+T
yt) = XT(o,t)y( /XT Bt dg/ n" (o, B — a)y(a)da

B4
— [ X7 / 77 (0, 6 — a)y(a)da

t—1
o—T B+T
- [ XTEd [ (a8 - ay(a)da
t B
- [ X7G.0ds [ es - alyfa)da
o—T B
n(t)<m<n(o) m+1<i<m+j
- Yoo XTOmt) D Afay(6))
n(t)—j<m<n(t) n(t)<i<m+j
n(t)<m<n(o)—j m+1<i<m+j
n(o)—j<m<n(c) m+1<i<n(o)

The second integral and summation in (2.28), however, vanish since X% (o, t) = 0
for « < t and X7(6],t) = 0 for i < n(t). Moreover, it is possible to write,

respectively, the first integral and the first summation in (2.28) as

o-T B+t
/ XT(5,1) dy / 7 (0, B — a)y(a)da
t B8

o B+T
+ XT(3,t)d "o, 3 — dov,
X, [ o5~ apeyda
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and

S X0ty S AL w(6)

n(t)<m<n(o)—j m+1<i<m-+j
n(o)—j<m<n(o) m+1<i<m-+j

Thus, (2.28) becomes

G+r

W) = XTonue)+ [ X0, [0 (00 - alyfa)da

- [ x4, /ﬁ 1" (0, 8 — a)y(a)da
FY X6 Y AL 0

n(o)—j<m<n(o) m+1<i<m-+j
n(o)—j<m<n(o) m+1<i<n(o)

It follows that

Bt
W) = X' ulo)+ [ XG0 [ (a5 alyla)da
+ Z X0 t) Y Al ay(6).

n(e)—j<m<n(o) n(o)<i<m-+j

Therefore

(e

B+
u(t) = Y(toylo)+ | Y(tB)ds / 7(a, 6 — a)y(a)da

q

+ Y(t,6m) Y Alugy(6). O (2.29)

n(o)—j<m<n(o) n(o)<i<m+j
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CHAPTER 3

THE PERRON CONDITION

3.1 Introduction

An important condition for examining the asymptotic behavior of solutions of
differential systems without impulses or delays is the one obtained by O. Perron
in [12, 44]. Specifically, he proved that if for every continuous function f(¢),

bounded on the semi axis ¢t > 0, the solution of the initial value problem

?'(t) = Al)x(t) + (1),

is uniformly asymptotically stable. This condition is referred to as the condition
of Perron. The same condition was defined analogously for delay differential
equations having the initial function equal to zero on [—7, 0], see [12, 52, 68, 70,

76).

In this chapter, by using the results obtained in chapter 2, we obtain a Perron
condition for impulsive differential systems with delays of the form
0
2 (t) = / don(t,)a(t +s), ¢+ 6,
- (3.1)

—j<k<—1

Conditions (C2.3) on page 20 are assumed to hold throughout this chapter.
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As usual, |z| will denote a norm of x. Also, if A is any real m X n matrix,

then |A| will denote the norm of a matrix A induced by the norm in R™, that is,

A
|A| = sup |Az| = supﬂ.
|z|=1 w0 ||

The norm of a linear operator is defined similarly. Very often we will use the fact

b
/ day(t, $)z(t + 8)| < V(0 a,5)] - |1z, (3.2)

where

x| = sup |z(t+ s)l.
s€a,b]

Definition 3.1.1 System (3.1) is said to verify the condition of Perron if for
every vector function f(t) € PLC(RT,R™) bounded on t > 0 and every bounded

sequence {J;}, the solution of

2 (t) = /Odsn(t,s):c(t+s)+f(t), t#0;,t>0

—T

Az(0;) = Awpz(0:)+ > Apx(0yx)+Ji, €N (3.3)

—j<k<—1

z(t)= 0, te]-71,0]

18 bounded on t > 0.

3.2 Auxiliary Assertions

In preparations for the main results, three essential lemmas are presented. The

first result is analogous to Fubini’s theorem
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Lemma 3.2.1 Let X(t,r) be the fundamental matriz of system (3.1) and

C(n(o),0;) = Z Ai(mfi)x(em;tm ),

i—j<m<n(o)

where x is a solution of (3.1). Then, we have

/ X X)) o) 0)]ar -
3 /Xtm )Qi)da]

n(to)<i<n(to)+

ez [ [ x.0ct000),0010).

n(to)+j<i<n i=J

Proof. Changing the order of integration and summation and using X (¢,6;") = 0

for n(t) < i complete the proof. O

The following lemma provides condition for boundedness of the fundamental ma-

trix Y (a, t) of (2.16).

Lemma 3.2.2 Let Y(«,t) be the fundamental matriz of solutions of the adjoint

system (2.16). If there is a constant C > 0 such that

t
/\Y(a,t)|da+ S Y@ nl<C for t>0,
0

0<i<n(t)
then

Y (a,t)] < M for 0<a<t.

Proof. Using formula (2.29) we have

g

B+
Y(at) = Y(to)Y(o.t) + / Y(t, B)ds / 7 (8 — )Y (1. )y

o—T
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Y Ye Y AL Y6,

n(o)—j<m<n(o) n(o)<i<m-4+j
Using Theorem 2.4.1 and interchanging the order of summations, we get
o+T7 o T
Yo = 1+ [ [ [ Yesd .- )]veodm
o Y—T
+ > [ >yt em)A;{m_i)}Y(ej,t).

n(o)<i<n(o)+j i—j<m<n(o)

Taking the norm of both sides leads to

Y{eyt)] < 14

/:M [/: Y(t, B)dgn" (v, — 7)]Y(%t)d7

" Z [ Z Y(t’ em)Aim—i)} Y<92‘+7 t) :

n(o)<i<n(o)+j i—j<m<n(o)

Conditions (C2.3) and relation (3.2) yield that

o+T
Yol £ LNl [ Yl Wlel X vl

n(o)<i<n(o)+j
where
o]l = sup [Y' (2, 7)].

Using that Y(v,t) =0 for v > t and Y (6;",¢) = 0 for i > n(t), it follows that
t
Y(a,t)] < 1+ N / Y (v t)ldy + Wllell Y Y (67,1)],
0 0<i<n(t)
hence
t
Yol < v+ lelma{N vy [ Yeoolare Y vierol).
0 0<i<n(t)
By the condition of the lemma, the right side of the above inequality is bounded

and, thus we have

Y(a,t)| <M for 0<a<t,
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where

M <1+ ¢l max{N,W}C. O

Remark 3.2.1 A similar result can be obtained for the fundamental matriz

X(a,t) of (3.1).

The following result is similar to the one obtained by Bellman and Cooke in
[23] for delay differential equations. It provides a useful information for systems

satisfying the Perron condition.

Lemma 3.2.3 If system (3.1) verifies the Perron condition, then there exists a
constant C such that
/\Xta|da+ Z X(t,05) <C for t>0,
0<m<n(t)

where X (t,r) is the fundamental matriz of (3.1).

Proof. In view of formula (2.26), the solution satisfying x(0) = 0 is given by
t
= / X(t,a)f(a)da+ > X(t,6)J (3.4)
0 0<m<n(t)
The Perron condition implies that x(t) is bounded. For fixed ¢ > 0, consider
the operator U(f, J,,) on the Banach space of the bounded vector functions f on

t > 0 and bounded sequence {J,,} defined by
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Let {tx} be the sequence of the rational positive numbers, and
tg
Vo) = [ Xt o)f@dat Y X(tw,63)
0 0<m<n(ty)

From the boundedness of x(t), it follows that

|Uk(f7 Jm)| S Mf,Jm7

where My ;. is a positive real number. Therefore, we may apply Theorem 1.4.1

and deduce that there exists an M such that

U, )l < M (1] + 1)

for every f and J,,,. Hence

[ X as@aat X 050 < M (1514 )

0<m<n(ty)
For any real ¢ > 0 there exists a sequence {t,, } of rational numbers whose limit

is t. It follows from

[ Xt s@at Y X000 < {151+ 1)
0

0§m<n(tnk)

that

/OtX(t,a)f(oz)donr ST OX(405) T §M<|f|+|Jm|) (3.5)

0<m<n(t)

for every f and J,,.

Let @, be the elements of matrix X (¢, ) and y,; be the elements of X(¢,6).
For fixed ¢ > 0, we consider the vectors f" and J], whose components are equal
to signx,) and to signy,, respectively. The vectors X f" and X.J), will have, re-

spectively, their r-th components
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n n
Z Tk and Z | Y-
k=1 k=1

From (3.5), we can write

/Xtaf’“ Yoo+ > X(t,0,,) 5| < My,
0<m<n(t)
where
My =M (11 +17;).
Hence

/Z|xrktoz|doz+ Z Z|yrkt0 )| < M.

0 k=1 0<m<n(t) k=

Since this relation is true for every r, taklng the summation over r of both sides,
we deduce that there exists C' such that

/|Xta|da+ > X6 <,

0<m<n(t)

which completes the proof. O

Remark 3.2.2 The result of Lemma 3.2.2 is an immediate consequence of

Lemma 3.2.3. Indeed, Lemma 3.2.3 provides the condition

/|Xta|da+ S X <,

0<m<n(t)

which is sufficient by Lemma 3.2.2 to have | X (t,a)| < M fort > .

3.3 The Main Results

In this section, we provide stability theorems for impulsive differential sys-

tems with delays which satisfy the Perron condition.
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Theorem 3.3.1 If system (3.1) verifies the condition of Perron, then its trivial

solution s uniformly stable.

Proof. To emphasize the dependence of the solution x on the initial point ¢, and
the initial function ¢, we denote x(t) by x(¢; o, ¢). The solution of system (3.1)

equal with ¢ on [ty — 7,to] has the form

t

4 Z [ Z (jX(t, Qf)Ai(m—i)] ¢(0n)-

n(to)—j<m<n(to) n(to)<i<m+j

it d) = X+ [ a[ [ X amtes - ada]ots

Using Theorem 2.4.1 and changing the order of summations lead to

(it d) = X(Lio)olto)+ | X(t.a) / " din(a, s — a)é(s)da

to —T

+ Z X(t,65) Z Aitm—iy9(Om)-

n(to)<i<n(to)+j i—j<m<n(to)

By Lemma 3.2.2, | X (¢,r)] < M. Moreover, using conditions (C2.3) and relation

(3.2), we have

|z(t;to, @) < M[o]| + TMN |||l + MW |||
= M@A+7N+ W]

= Mol

where

My = M(1+7N+W) and [6] = sup |o(r)].

Thus, the zero solution of (3.1) is uniformly stable. O

Furthermore, and on the basis of the result of Theorem 3.3.1, systems satis-

fying the Perron condition possesses the following property
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Theorem 3.3.2 If system (3.1) verifies the condition of Perron, then its solution

x(t; to, @) equal with ¢ on [to — T,to] satisfies the inequality

Proof. For o > t,, the solution z(¢;t, ¢) has the form

z(t;to, 0) = X(t 0)z(oito,d)
+ /U+TX(t,oz) /U dsn(a, s — a)x(s; to, ¢)do

n(o)<i<n(o)+j i—j<m<n(o)

Integrating both sides from ty to t with respect to o we get
t
(t=tetitn,) = [ Xlt.o)a(oito oo

+// X(t, )€ (o, a)da}d

+/ > X(t,emn(a),ei)}d@

to n(o)<i<n(o)+

where we set
5(0-7 Oé) - / dsn(a,s—a)x(s;to,gb),
and

g(n(a),el) = Z Ai(m—i)x(em;tm (b)
i—j<m<n(o)

Changing the order of integrations and using Lemma 3.2.1 we get

t

(t —to)x(t;to, ) = X(t,0)x(o;tg, d)do

to

N /t o [ /t " X(t. )0, a)do | do
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N Z /Xtm (), 6:)do
.S /Xt0+ ((n(0),0)da],  (3.6)

n(to)+j<i<n(t J

where we have used that X(t,a) = 0 for t < a. The stability of the trivial

solution yields

E(o, )| SN sup fa(s;to, @) < NMy|[g]],

s€[a—T,0]
and
¢(n(o), 0:)] < W sw |2 (0m: to, )] < WMo].
me1—7,n(o

Thus, we obtain

) &(o,a)do

/g )do

< TNM|l],

and

< kWL l¢],

where k = 9, — Qi—j

From (3.6), we also get

t

(t —to)lx(t; to, 9)| < X(t, 0)x(o;to, o)do

to

+ /tO+T [ OtX(t,oz)f(U, a)da} dov

i /;T [/i X(t, a)é(o, a)da} da

n 3 / X(t,65)¢(n(o), ei)da]

n(to)<i<n(to)+

+2/

n(to)+j<i<n(t 0i—

X(t,05)¢(n(o )ei)da} .
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Then, it readily follows that

(t — to)le(t:t0.0)| < Millé| / X(t,0)|do

n /ttw [ Xt o)|E(o, a)|dg} da

to

" /;j/; [ X (¢, a)[E(o, oz)\da} a
" 2 / Xt o011¢( ()@)MU]

n(to)<i<n(to)+j

+2/

X(t,69)[C(n(o ),Qi)|da],

)+ji<i<n(t) 0i
which implies
t
(t —to)lz(t;to, )] < T*MNM|o|| + TNM[|¢] | X (t, @) |da
to+T1
+ GEMWM 6| + kWMl > X (t,6)]
n(to)+j<i<n(t)

+

t
Mo [ 1X(t,0)ldo
to
Hence
t
(¢ to)la(tito, 8)) < MM(N + K)ol + Mol [ X (t.0)ldr
to

t
—|—||<;§HM1maX{TN,kW}(/O X(to)lda+ 3 IX(.69)]).
0<i<n(t)

In view of Lemma 3.2.3, the right side of the above inequality is bounded. Di-

viding both sides by t — t;, we obtain

M.
(5 to, 0)] < —II¢ll, (3.7)
t—to
where M, is chosen so that
My < MM, (7N + jkW) + MyD + My max{7N,kW}C. O
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We are now in a position to give the main theorem of this chapter on the uniform

asymptotic stability of the trivial solution of (3.1).

Theorem 3.3.3 If system (3.1) verifies the condition of Perron, then its trivial

solution 1s uniformly asymptotically stable.

Proof. The uniform stability of the trivial solution follows from Theorem 3.3.1.
It remains to prove that lim;_. z(t; to, ¢) = 0 uniformly with respect to ¢y and ¢
and this follows simply by taking the limit as ¢ tends to oo of both sides of (3.7).

Thus the trivial solution is uniformly asymptotically stable. O
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CHAPTER 4

EXISTENCE OF PERIODIC SOLUTIONS

Periodic solutions of differential equations are of great interests both in appli-
cations and theory. Various methods have been developed in order to ensure the
existence of periodic solutions, see for instance [12, 14, 15, 20, 29] for functional
differential equations and [7, 8, 9, 10, 17, 18, 21, 24] for impulsive differential
systems. However, little has been done concerning the periodicity of impulsive

differential systems with delays [37, 43, 53].

It is known from the theory of ordinary differential equations that if the equa-
tion

2 (t) = A(t)z(t) (4.1)
admits periodic solutions of period w, then the adjoint equation
y'(t) = AT (t)y(t) (4.2)

admits the same number of linearly independent periodic solutions as equation

(4.1). Moreover, a necessary and sufficient condition in order that the equation

w'(t) = A()x(t) + f(t)

admits periodic solutions is that f be orthogonal to all periodic solutions y(t) of

period w of equation (4.2), namely,

/Ow yT(t)f(t)dt = 0. (4.3)

For further details, see [12, 29, 49, 50, 56]. In [12] Halanay considered this prob-

lem for delay differential equations. In [13], however, Samoilenko and Perestyuk
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considered the same problem for impulsive differential systems. The techniques
that they have used to prove this result were totally different. In this chapter we
shall study this problem in parallel to the terminology used by Halanay adapted
to systems involving impulses and delays. Moreover, a result that characterizes

the behavior of solution in the case it admits a bounded solution is given.

4.1 Introduction

Consider the system

0
(1) = / dun(t, s)x(t +5), 140,
- (4.4)
—j<k<-1
where the conditions (C4.1) are assumed:
(a) n(t,s) is periodic with respect to t of period w > T;

(b) There exists p € N such that Ao+, = Ao, Aiktp = Aix and 0,1, = 0;+w
for i,k € Z.

We define an operator U through the relation U¢(s) = z(w + s;¢), s € [—T,0]
where z(t, ¢) is a solution of system (4.4) which coincides with ¢ on [—7,0]. By

the solution representation (2.27) obtained in chapter 2, we have

Up(s) = X(w+s,0)0(0)+ /_i dy [/OU+TX(w + s, a)n(a, 0 — a)da| (o)
+ Y [ S X(w+ s,ej)Ai(m_i)}¢<em).

—j<m<0 0<i<m—+j

The operator U is compact: it maps every bounded set into a relative compact

set. Indeed, from ||¢|| < M we obtain |U¢|| < M; and from w > 7 we obtain
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w+s >0 for s € [—7,0], therefore
0
d/dS x(w—i—s; ¢) :/ do77(57‘7)$(w+5+0§ (b)? s € (9k79k+1)
hence |d/ds z(w + s;¢)| < My. The set of functions {U¢}, thus, forms a set

of uniformly bounded and quasi equicontinuous functions, consequently, on the

basis of Lemma 1.4.1, it is a relative compact set.

The following lemma provides a classical condition for periodicity of solutions

of (4.4)

Lemma 4.1.1 [29] Let conditions (C4.1) be satisfied. Then (4.4) has a solution
of period w if and only if there is a to € R and ¢ : [to — 7,tg] — R"™ with

z(t + w;ty, @) = P(t) forto — 1 <t <tp.

Proof. Suppose that z(t;t, ¢) is a solution of period w of (4.4). Then z(t +
w;to, ®) = x(t;to, @) = P(t) for tg — 7 < t < ty. Next, suppose that there is a ¢
and ¢ with

x(t + w; t(), ¢) = Qb(t) f07’ to—7 <t <t

Then z(t; ty, ¢) and z(t + w; tg, ¢) are both solutions with the same initial condi-

tion. By the uniqueness of solutions, they are identical. O
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4.2 A Massera Type Theorem

Consider the nonhomogeneous system corresponding to (4.4)

0
(1) = / don(t, $)z(t + 5) + F(t), t 40,
T 4.5
Az(6;) = Ajx(6;) + Z A (Oir) +Js, i €Z, 4
_j<k<—1

where in addition to (C4.1) the following conditions (C4.2) are assumed to be

valid:

(a) f(t)is continuous for t # 6;, f #Z 0 for all t € (6;,0;,1) and f is periodic

of period w > T;
(b) There exists p € N such that J; 1, = J; for i € Z.

Moreover, we assume that conditions (C2.3) on page 20 are valid throughout this

section.

Let z(t; ¢) be the solution of (4.5) defined for t > 0 by the function ¢ given in
[—7,0]. From conditions (C4.1)-(C4.2), it follows that x(t + w; ¢) is likewise a so-
lution of (4.5) defined for t+w > 7. Lemma 4.1.1 implies that z(t+w; ¢) = x(t; @)
for all ¢ > —7 and hence the solution is periodic. Thus, the periodicity condition
of the solution is written as x(w + s;¢) = ¢(s) for s € [—7,0]. Let V be the
operator defined by V¢ = z(w + s; ¢); the function ¢ is an initial function for a
periodic solution of the system if and only if V¢ = ¢, in other words, the periodic
solutions of the system correspond to the fixed points of the operator V. Let
z(t; @) be the solution of the corresponding homogeneous system (4.4), defined
for t > 0 by the initial function ¢ given in [—7,0]. Then

az(t;q§):z(t;qﬁ)—i—/otX(t,a)f(a)da—i— > X(t,6:):.

0<i<n(t)
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If U is the operator defined by the relation U¢p = z(w + s; ¢), we have
w+Ss
Vo=Uo+ [ Xwtsaf@da+ Y Xw+sb)
0 0<i<n(w)+s
where n(w) = p. The periodicity condition implies that
w+s
¢:U¢+/ X(w+s,a)f(a)da+ Z X(w+s,0;)J;,
0 0<i<n(w)+s
that is,
w—+s
(-Up= [ Xw+salfedas 3 Xtso)k
0 0<i<n(w)+s
The operator U is compact, hence, I — U has inverse if and only if the equation
(I — U)o = 0 has no other solutions except ¢ = 0. The equation U¢ = ¢ deter-
mines the initial functions of the periodic solutions of the homogeneous system.

We have, thus, proved the following theorem

Theorem 4.2.1 Let conditions (C4.1)-(C4.2) be satisfied. Then a necessary and
sufficient condition in order that system (4.5) have a periodic solution of period
w, 1is that the corresponding homogeneous system (4.4) does not have periodic

solutions of period w different from the zero solution.

Remark 4.2.1 The above theorem was proved for delay differential equations

without impulses and for impulsive differential systems without delays, see [12,

17].
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Existence of periodic solutions of period w of system (4.5) is closely related to
this having bounded solutions. This relation was proved by Massera for differen-
tial equations without delays and without impulses, see [17, 29, 50, 78]. Indeed,
the system

2(t) = A(t)x(t) + f(t) (4.6)
was considered. It was shown that if system (4.6) does not have periodic solutions
of period w, then all the solutions are unbounded. This result is obtained for de-
lay differential equations [12] and for impulsive differential systems [17]. In what
follows, we shall show that this theorem can be applied for impulsive differential

systems with delays.

Theorem 4.2.2 If system (4.5) does not have periodic solutions, then all the

solutions are unbounded.

Proof. Let 1 be defined by

w—+s
P(s) = /o X(w+ s, ) f(a)da + Z X(w+ s,0;)J;,

0<i<n(w)+s

where n(w) = p. The initial functions of the periodic solutions of system (4.5)
verify the relation (I —U)¢ = 1. If system (4.5) does not have periodic solutions,
this equation does not have solutions, hence i does not belong to the space
(I — U)® where ® is the space of initial functions ¢(t), t € [—7,0]. But the
operator U is compact and thus (I — U)® is a closed subspace of ®. Therefore,
there exists a linear functional y such that y[¢| = 0 for ¢ € (I—-U)® and y[¢)] = 1.
For every ¢ € ® we have y[(I — U)¢| = 0, hence y[p — U] = y[o] — y[U¢p] = 0
and y[¢] = y[U¢|. From z(w + s;¢) = U¢p + 1, we obtain

ylr(w +s:0)] = ylU] + yly] = ylo] + 1. (4.7)
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We have the relation

2t trwid) = 2(ta(nw + 50) + / X(t, 0) f(a)da
+ Y X(t,6):

0<i<n(t)
Indeed, in the second member we have a solution of system (4.5), and this solution

coincides in [—7, 0] with x(t 4+ nw; ¢). From this relation we deduce that
z[(n+ Dw + s; 0] = Uz(nw + s; ) + 1.

From here, by the induction principle, we obtain

yle(nw + 5;.9)] = y[¢] +n.

Indeed, we have previously obtained this relation in (4.7) for n = 1. Further,

ylr((n+Dw +5;0)] = y[Uz(nw + s;¢) + ]
= ylUz(nw + s; )] + y[¢]
= ylz(nw + s;9)] + y[¢]

= ylg|+n+1

and the relation is proved by induction. From this we deduce that the sequence
ylx(nw + s;¢)] is unbounded, which shows that the solution x(¢; ¢) can not be

bounded. O

Corollary 4.2.1 (Massera) If the system (4.5) admits al least one bounded

solution, then it also admits a periodic solution.

Remark 4.2.2 The homogeneous system (4.4) corresponding to system (4.5) can

only have a finite number of linearly independent periodic solutions. Indeed, the
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corresponding initial functions are solutions of the equation U¢ = ¢ and from the
fact that the operator U 1is compact it follows that this system has only a finite

number of independent solutions.

4.3 A Necessary and Sufficient Condition

In this section, we shall establish a necessary and sufficient condition for the
nonhomogeneous impulsive differential systems with delays to have periodic solu-
tions. In particular, a refinement of condition (4.3) adapted to systems involving
impulses and delays is obtained. Meanwhile, it will be shown that the number
of linearly independent periodic solutions of impulsive differential system with
delays is the same as those of the corresponding adjoint system. We shall present
this study in details for the classical linear impulsive differential systems with
delays, the arguments can be carried out for the general linear case in the same

way.

Consider the nonhomogeneous system

()= A@t)x(t)+ B(t)x(t —7)+ f(t), t#6;

where in addition to (C4.2) the following conditions (C4.3) are fulfilled:
(a) A(t),B(t) e PLC( J,R™") and A(t), B(t) are periodic of period w >
T
(b) Ci, D; € R™™ and there exists p € N such that C;y, = C;, Dy, = D;

and 0,1, =0, +w, 1 € Z.
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First, we shall give a result that provides a necessary condition for the existence
of periodic solutions of period w. The proof of this result follows simply using

the function (2.7) constructed in chapter 2.

Theorem 4.3.1 If system (4.8) has periodic solutions of period w, then
[ vrwswds Y e -
0 0<i<n(w)

for all periodic solutions y(t) of period w of the adjoint system

y(t)= —AT(y(t) = B (t+7)y(t +7), t#6;

(4.9)
Ay(0;) = —(I+CH)'Cly(0:;) — (I +CF)'DLy(0),), i€k

Proof. Let z(t) be a solution of system (4.8) defined for ¢ > —7 and y(t) a
solution of the adjoint system (4.9) defined for t < w+ 7. For 0 < t < w, we

define the function < y(t), z(t) > as in chapter 2, then

d

= <y(t)a(t) >= yT () f(t), tH#6, (4.10)

If 2(t) and y(t) are periodic solutions of period w then we see at once that <
y(t), z(t) > is a periodic function of period w, thus, we obtain, by integrating
relation (4.10) from 0 to w, the following

/ dt—l—ZyG*—
0

0<i<n(w)

where we have used the fact that

A <y(8;),x(0;) >=y' (6)J;. D

(2
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We shall prove now that the homogeneous system

P = AWa(t) + BOelt—7), {6

(4.11)

has the same number of independent periodic solutions as the adjoint system
(4.9). Moreover, it will be shown that the condition of Theorem 4.3.1 is sufficient
in order that system (4.8) have periodic solutions. To do this we will need a series

of preliminaries.

Let y(t;4) be the solution of system (4.9) defined for t < w + 7 such that
y(t; ) = ¢ for t € [w,w+ 7]. Tt follows from the periodicity of the system
that y(t — w; ¢) will likewise be a solution defined for ¢ < 2w + 7. Using Lemma
4.1.1 we have y(t—w; 1) = y(t; ¢) and hence the solution will be periodic. Taking

into account the solution formula (2.13), the periodicity condition becomes

b(t) = XT@at—aow@»%—/W+7XT@——ﬂt—uoBT@nwads

- Y Xt -w)DIN(E), tefww]

n(w)<k<n(w)+j

where n(w) = p. Setting t = s + w + 7, we have

w+T
b(stwr) = Xﬁ%s+fwma+/‘ XT(¢ — s+ 7)BT(E)b(€)de

— > X (O, s+ T)DLU(O]).

n(w)<k<n(w)+j

Writing ¢(s) = (s + w+ 1), s € [—7,0], we get

B5) = XMoo b))+ [ XT(E=mos 4 )BT ER(E - - T

- > X0k, s+T)DLG0F —w — 7).

n(w)<k<n(w)+j
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Changing the variable n = { —w—7 and the index 7;” = 0" —w—7 for k = i+p+7,

we obtain
B(s) = XT(w,s+7)@(— / XT(n+w, s+ 7)BT (5 + 7)@(n)dn
- Z X" (Oirp, s + 1) Dl 0(137). (4.12)
—j<i<0

The problem, thus, is reduced to proving that equation (4.12) has the same
number of linearly independent solutions as the equation ¢(s) — Up(s) = 0 and

that the equation ¢(s) — Up(s) = ¢(s) has a solution if and only if

o7(0)7 /¢T BT+ 1gmydn— S 67 (6)DL5(r) =0,

—j<i<0
for all the solutions ¢ of (4.12).

Lemma 4.3.1 Let X (t,«) be the fundamental matriz of system (4.11) and (t)

an initial function of the adjoint system (4.9) defined fort € [w,w + 7]. Then

> W (T +w+1)Dyy ( /OMT X(w+6,, a)f(a)da)

—j<r<0
/ > W tw+ T)De X (W + 0y, 0) fa)da, (4.13)
—1<r<0

and

o rw+nBo+n (Y Xw+n60)%)dy

0<i<n(w)+n

= Z /zp n+w+7)Bn+7)X(w+n,0)Jdn.

0<i<n(w)

-7

Proof. Changing the order of summation and integration in (4.13), we obtain

that the left side is equal to

/ > Wt w+T)De X (W + 6, 0) f()da

—i<r<0
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-i-/“’ Z VIt +w+T)De X (W + 0, a) fa)da.

—J a—w<r<0

However, since X (w+ 0", a) =0 for w+ 6, < «, the second member of the above

relation can be written as
/ Y T w0+ 1) Dy X (w by, 0) f (@) da.
w=J _j<r<0

Thus, (4.13) is obtained by summing up all the members. The proof of the second

statement is similar and hence is omitted. O

It is convenient to make use of the following notation in the remainder of this

section. That is, for the matrix functions ¢) and ¢ defined in [—7, 0] for which
multiplication is possible, we define the operation
0
<UEp(s) > = Ve + [ OB+ TR

— D W) Desypl6r). (4.14)

—j<k<0

Using the above notation we have the following lemma which will be a key tool

in later analysis.

Lemma 4.3.2 For the matriz functions N, M, L € R"*" we have

(< L(o),M(a,0) >, N(a)) = (L(c), < M (a,0), N(a) > ).
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Proof. Let K(«)

=<

L(o),M(a,0) >T. Then

< K(a),N@)> = /KT B(€ + 7)N(€)d¢

and

Therefore

< K(a),N(«) >

which implies that

< K(a),N(«a) >

- Z K*(7")Diy;N(0;),

—7<1i<0

L7(—)M(a,0) + / L7(€)B(E +7)M(a, €)d¢

-7

Y LT )DisM(a6:).

—Jj<i<0

0

L7 ()M (—7.0) + / LT(6)B(€ + )M (—.)de

-7

N LT ) Digy M(~ T,@Z-)}N(O)

—j<i<0

/_ [LT(—T)M(&OH/_ LT(n)B(n + )M (€, n)dny
Z LY (") Dy M8, 9)}B(£+7)N(g)dg

Z [LT(—T)M(Ti+,O)+/ LY(&)B(E+7)M(7,",€)de

> L) Das M, 0) | Dis N (6),

—j<k<0

= LM ONO) + [ LB+ M N 0

S LT Diy M=, 6)N(0)

—j<i<0

(—7) / M(E0)B(E +1)N(€)de

/i (/i LT (n)B(n+7)M(E, n)dn) B(&+T)N(&)de
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_ / ST L5 D M(E6:)) BIE + )N (€)dé

—j<i<0
— L'(=7) ) M(7",0)Di;N(6;)
—7<i<0
S /LT B¢+ 7)M(r},€)d€ ) Diy;N(6)

—j<i<0

. ( > LT (5 DM (7}, 0) Dis N (6;).

—j<i<0  —j<k<0
Changing the order of integrations, the order of summations and the order of sum

and integration, we obtain

< K(a),N(a)> = LT(—T)[M(—T,O)N(O)—I—/ M(,0)B(E+ T)N(€)dE
— > MG 0)DiN(6)]

+ [ Lo+ ) MmN )
[ e mBie £ v

- > M(Ti+a77)Di+jN(9i)] dn

—7<i<0

— 2 L0 Dy [M(=7, 8N (0)

—j<k<0

n / M(E,6,) B(E + 1IN (€)de
— Y M6 ,ﬂN(ei)]

—7<i<0

Hence

(< L(o),M(a,0) >, N(a)) = (L(0),< M*(a,0), N(a) > ). O

Thus, with this notation, the operator U can be written as

Up=<X"(w+s,n+7),0(n)>.
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If we define U by

Up=<¢(n),X(w+n,s+7)>T,

then we observe the relation < U@, ¢ >=< @, Up > which is valid for every pair

of functions @, ¢ continuous in [—7,0]. Indeed, we have
<U@,p>=<< o), X(w+n,5+7) >, 0(s) >
Using Lemma 4.3.2, we obtain

<U@, o >=<¢(n),< XT(w+n,s+7),0(s) >>=< $,Up > .

Lemma 4.3.3 Let K, K, € R™™ be defined by

Kl(s7 77) =< K?(S, Oé), Kl—l<a7 77) >7
and

f(l(na S) =< Kljll(rh Oé), Kl(au 8) >7

where K, € R™™. Then

K (77’ S) = Kl(nv 5)'

Proof. We have Ky(n,s) =< KT (n,a), Ki(a, s) >= Ky(n, s). Suppose that the

equality holds for 7 < [. That is,

Kl<n75) = <K1T(77705)7Kl*1(a78) >
= Kl<n7s)

= < Klrlil(rrba)?Kl(O‘aS) >
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Hence

Kl+1(7]75) = <K1T(7],04),Kl(a,s) >

= < K1T(77704)7 < Kljil<auﬁ)7Kl(ﬁ)S) >>
Using Lemma 4.3.2, we get

Kl+1(7773) = << K1T<7770‘)7Kl*1(0576) >T>K1(67 3) >
= < KlT(nvﬁ)7K1(57 8) >

= f{l+1(777 5)- 0

Let V be defined by Vi) = y(o — w;1)), 0 € [w,w + 7] where 9 is continuous
in [w,w+ 7]. If p is an eigenvalue of V we will say that % is a multiplier of the
adjoint system. This definition is justified by the fact that if p is an eigenvalue of
V then system (4.9) admits a solution with the property y(t + w; ) = %y(t; V)
and conversely. Indeed, if Vi) = pi then y(o — w;1h) = py(o;1p), since both
members of the equality are solutions of system (4.9) and these solutions coincide
in [w,w+ 7]; conversely, if this relation holds for ¢ € [w,w+ 7], it yields Vi = pi.
The relation obtained can also be represented in the form y(o +w; 1) = %y(a; V).

We have for ¢ € [w,w + 7],

o - XT@%U—WWﬁ@4:/W¢X”f—ﬂ0—%®3q®¢ﬁﬂf

_ Z XT(Qk,j,U—W)D]zw(Q:)’

n(w)<k<n(w)+j
where n(w) = p. If p is an eigenvalue of f/, then there exists a nonzero solution

of the equation
w—+T
p(o) = X'wo—w)+ [ X7~ o - )BT

62



- Y. X (0o —w0)DIU(G;):

n(w)<k<n(w)+j
Setting ¢(s) = (s +w+7),s € [—7,0], we may write
w+T
po(s) = XTwis+n)p(-r)+ [ XT(E=ms BT - w - )

= D> X'Oeys +TIDEGO; —w - 1),
n(w)<k<n(w)+j
or

pp(s) = XT(w,s+7)5(~7)+ / XT (0 +w, s +7)BT( + 7)(n)dn

— Y X"(Oigp, s+ 7)D] (7).

—j<i<0
The right side of the above equation is nothing but U@ which implies, conse-
quently, that the eigenvalues of the operators U and V coincide and in addition,
if 1 is an eigenfunction for V, then @ = Y(s+ w + 1) is an eigenfunction for U.
In the following lines, we shall prove that the eigenvalues of the operators U and
U coincide and that for each eigenvalue p both operators have the same number

of linearly independent eigenfunctions. Thus, for p = 1 the assertion relative to

periodic solutions will follow since the equation (4.12) is just @(s) — Up(s) = 0.

Theorem 4.3.2 Systems (4.11) and (4.9) have the same number of linearly in-

dependent periodic solutions of period w > 7. Moreover, if

/0 S rma S 65 =0,

0<i<n(w)

for all periodic solutions y of period w of system (4.9), then system (4.8) has

periodic solutions of period w.

Proof. Consider the equation

pe(s) — Up(s) = F(s). (4.15)



Since X (w+s,n+7) is uniformly piecewise continuous for s,n € [—7, 0] x [—T, 0],
we may write

Xw+s,n+71)= Zak(s)bk(n) + Ki(s,m),

where ay(s) are column vectors and by(n) are row vectors, linearly independent

vectors, K7 is a matrix and |K7| can be taken arbitrarily small. Clearly, we have
X w+s,n+71)= ZbT n)ai (s) + Ki (s,n).

Then, by using the fact that < bl (n)al (s), p(s) >= ax(s) < bl (n), ¢(s) >, (4.15)

becomes
po(s) = 3 anls) < B, ol) > — < KE(s,m), o) >= F(s).
Setting -
Zak <), o) > +%F(s), (4.16)
we obtain
) = pls) = 5 < KT (s, 0(0) > (4.17)

Now consider equations of the form

v(s) = @(s) = A < K[ (s,1),0(n) > . (4.18)

We seek a solution of the form p(s) = > 77 Ap;(s). Substituting this into (4.18)

and identifying the coefficients of the powers of A, we obtain

po(s) =v(s) and @i(s) =<Kj(s,a),pi1(a) >, i=12. ...

It follows that |p;(s)] < Mtsup|v(s)|, where M = sup |KI| and i = 1,2,....
Therefore, using the Weierstrass M-test, the series converges uniformly and ab-

solutely if [A\|[M < 1. We have
©1(s) =< KT (s,a),v(a) > .
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By the induction principle, we obtain
pu(s) =< K| (s,a),v(a) >,

where

Kl(S,U) =< K?(SaOC)?Kl—l(avn) >

Indeed, we have

@l-l—l(s) =< K?(Saa%gpl(a) >=< K1T(87O~/)7 < KlT<aan)7V(n) >>.

Using Lemma 4.3.2, we have

QOH-l(S) =<< K1T(87a>’Kl<avn) >T7V(77) >=< Klﬁ-l(&”%”(ﬁ) >

It follows that, if [A| < 5 then the solution of equation (4.18) can be written as

o(s) =v(s) + Z Moy(s) = v(s) + Z M < K (s,a),v(a) > .

Thus

o(s) = v(s)+ < T (s,a),v(a) >,

where
I'’(s,a) = Z)\lKlT(s,oz).
=1

Therefore, if ‘—[1)‘ < 5 and sup |K{ | < |p|, we deduce that
ols) = vls)+ < T7(s,0), v(a) >

is a solution of (4.17).
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On the other hand, consider the equation

=
p3(s) = SHE(S) < Gl an(a) 57 + < pla), Ki(a,s) 57
Setting -
v(s) = % kzn; bl (s) < @la), ap(a) >T, (4.20)
we obtain
5(s) = G(s) — % < 3(a), Ky(a,s) T . (4.21)

We again seek a solution of the form p(s) =37 A'@;(s). Substituting this into

(4.21), we obtain

Po(s) =v(s) and @i(s) =< ¢i_1(a), Ki(a,8) ST i=1,2,....

Likewisely, the series converges uniformly and absolutely if ﬁ < % By the

induction principle, we get
oi(s) =< v(a), Ki(a,s) >,

where

f(’l(n, s) =< Kﬁl(n,a),Kl(a, s) > .

We finally obtain that the solution of (4.21) is in the form

@(s) = v(s)+ < v(a),T(a,s) >T, (4.22)
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where

= Z)\I}N(l(oz,s).
I=1

Applying Lemma 4.3.3, we obtain

L(n,s) =T(n,s).

From equation (4.16), we have
Z ax(s) < bE(n),o(n) > +F(s). (4.23)

But ¢(s) = v(s)+ < I'T'(s,a),v(a) >. So

n

pr(s) =Y ar(s) <0 (n),v(n)+ < I7(n,a),v(a) >> +F(s),

k=1
which can be written as

n

pv(s) = > ax(s)( < B0 v(m) > + < b (n), < T (n, @), v(a) >> ) + F(s).

k=1
Using Lemma 4.3.2, we obtain

n

pv(s) = > an(s) (< BE ). v(m) > + << B (), T, @) >, v(@) > ) + F(s),

k=1
pr(s) =) _ai(s) <b(a)+ < by (n),T(n,a) >" v(a) > +F(s)
Hence :
pv(s) = Z ar(s) < bt (a),v(a) > +F(s), (4.24)
where



Setting \y =< bl (a), v(a) >, it follows from (4.24) that

p(s) = F(s) = > Mua(s)

is the form of the solution of (4.24).

Analogously, from (4.20)

n

pi(s) = 3OWE(s) < bl anlo) ST

k=1

But, ¢(s) = #(s)+ < #(a),[(a,s) >T. Therefore,

pis) =Y Ui (s) < pla)t+ < i(n),(n,a) >, ax(a) >7,

which we may write

where
ar(n) = ar(n)+ < TT(n, ), ap(a) > .

The solution of (4.26) has the form

pi(s) =D by (s),

where

e =< v(n), ar(n) > .

In view of (4.24), (4.25) becomes

n n

Z/\kak(s) =Y an(s) < bi(a), lF(oz) + % Z Ajaj(a) > .

k=1 P j=1
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Similarly, from (4.26), (4.27) can be written as
n n 1 n ~
D mbi(s) =D bi(s) < ;Zujbf(n),ak(n) ST (4.29)
k=1 k=1 j=1

Taking into account that the vectors {ay} are linearly independent, we obtain

from (4.28) the algebraic equation

p)\k: = Z")/kj)\j + fk, (430)

j=1
where

my =< b (a).a;(a) > and  fi =<b(a),F(a) >.

Similarly, the vectors {b;} are linearly independent, thus we get from (4.29) the

algebraic equation
Pk =D by, (4.31)
j=1

where

Y =< by (n),ar(n) > .

We know that equation (4.30) for A, has a solution if and only if Y, uxfi =0

for all the solutions py of the equation
Pk = Y Vikily- (4.32)
j=1
But, we have %Tk = Yjk, since
Vi =< by (), ax(n)+ < I (n, @), ax(ar) >>

or

A =< bF(n), ax(n) > + < b (n), < TT(n, @), ar(a) >> .
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Using Lemma 4.3.2, we have
T =< bl (), ax(n) > + << b (), T(n,a) >", ap(@) >
or
e = <bl(a)+<bl(n),Ina)>" ala) >
< l;f(oz),ak(a) >= Yk,

where we have used that I'(n, a) = I'(5), a). Therefore, systems (4.31) and (4.32)

coincide.

The systems

PA =D VA (4.33)
j=1
and
ik =D Vikhs (4.34)
j=1

have the same number of linearly independent solutions. To a solution of system
(4.33) corresponds v(s) = %22:1 Arag(s), and to this corresponds the solution
o(s) = v(s)+ < T'T(s,a),v(a) > for the equation pp(s) — Up(s) = 0, linearly in-
dependent solutions corresponding to the linearly independent solutions of system
(4.33). Likewise, a solution of the equation p@(s) — U(s) = 0 will correspond to
a solution of system (4.31), which coincides with (4.34), linearly independent so-
lutions corresponding to linearly independent solutions. It follows from here that
the equations pp(s) — Up(s) = 0 and pp(s) — U@(s) = 0 have the same number
of independent solutions, which implies in particular the fact that U and U have
1

the same eigenvalues, hence if p is a multiplier of the system, 2 is a multiplier of

the adjoint system.
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The condition
> fi=0 (4.35)
k=1

which is a necessary and sufficient in order that pp(s) — Up(s) = F(s) has

solutions can be explicitly written as
> e < b (@)+ < bl (n),T(n, ) >, F(a) >=0.
k=1
In view of (4.27), condition (4.35) becomes
p < 5(a), F(a) > +p << #(n),T(,a) >T, F(a) >= 0.

However, v(a)+ < v(n),T(n,a) >T= @(a) where we have used that T'(n,a) =

I'(n, @), therefore, we obtain the condition < @(a), F(a) >= 0. We have,
thus, shown that a necessary and sufficient condition in order that the equa-

tion pp(s) — Up(s) = F(s) have solutions is < ¢(«), F'(a) >= 0 for all solutions

B of p@(s) — Ud(s) = 0.

In the equation pp(s) — Up(s) = F(s) consider the case where p = 1, there-
fore, F(s) = ¢(s) — Uyp(s), that is,

w+s
F(s):/o X(w+s,a)f(a)da+ > X(w+s,60)J;

0<i<n(w)+s
where n(w) = p. In view of formula (4.14), we deduce that
0

<), F(@)> = FT(-r)F(0)+ / ST(E)B(E + 1) F(E)de

-7

— 3 F D F(6) = 0.

—j<k<0

Therefore

< pla), Fla) > = @T(—T)[/OMX(w,oz)f(oz)da—f— Z X(w,Qf)JZ-]

0<i<n(w)
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%
Y X6 de

0<i<n(w)+£

w0y
_ Z (71 Dy [/ X(w+ 0, a)f(a)da
i<h 0

[ eenern] [ X gws

+ X(w + Oy, Qj)Ji] —0.

< 5(a), Fla) > — /Xwa Qda+ 97 (wW) S X(w,07)J
0<i<n(w)
+ ¢T(n+w+7 (n+7) / X(w+n,0)f(a )da>dn

X(w+ eT,ej)Ji) — 0.

—j<r<o0 0<i<n(w)+0r

Interchanging the order of integrations in the second integral and the order of

summations in the last sum, we have
<pl).F) > = VW) [ Xwa)f(@da
w—T 00
+ / / VI +w+T)Bn+17)X(w+n,a)f(a)dnda
0 -7
w 0
+ / Y (n+w+7)B(n + 7)X(w + 1, a) f(a)dnda
w—T Ol*: . erer
_ D, : X 0,, d
> et nD( [ X+ 0,0) f(a)da)

—j<r<0

+ PTw) Y X(w,60)J;

0<i<n(w)
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= Y (X e et DX (@ 0,67) ;)

0<i<n(w)—j —J<r<0

-

n(w)—j<i<n(w)

X Z V() + w4+ 7)Dr i X (w + 0,07 J;

i—n(w)<r<0

/_i¢T(n+w+T)B(77+T)< Z X(WWL??’@;F)Ji)dn:O.

0<i<n(w)+n

Looking at the third integral and the fourth summation we have for a > w + 7,

X(w+mn,a) =0 and for i > n(w)+r, X(w+6F5, 607) =0, soin the third integral

T

and in the fourth sum we can replace —7 instead of @« — w and —j instead of

i — n(w) respectively. The condition, thus, can be written as

< @), Fla) > = ¢ (w) /OwX(w,a)f(a)da
" /0/ Wi+ w+ 1) Bl + 1) X (w + 1, 0)f(a)dnda

- > Y HwtT) r+j(/0w+9rX(w+9r,a)f(a)da>

—j<r<0

+ PTw) D X(w,60)J;

0<i<n(w)

- Y D W e+ T)De X (@ 6,,67)J;

0<i<n(w) —j<r<0

0
+ _¢T(77+w+7')B(7]+7')( Z X(W+7779;F)Ji>d7]:().

0<i<n(w)+n

Using Lemma 4.3.1 in the third and the last line, we have
< pla),Fla) > = wT(w)/ X(w,a)f(a)da
0
w 0
+ [ ] wta et B+ DX+ g0 f@)dnda

w60,
_ /+ Z wTT +w+T)Dp i X(w+6,, ) f(a)do

—7<r<0

+ PTw) Y X(w.6)J;

0<i<n(w)
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- > D WTE HwtT)D X (W + 6,0 ;

0<i<n(w) —j<r<0

t Z /¢T77+W+T)B(77+T)X(W+n,6+)J,-dn:0_

0<i<n(w)

It readily follows that

<o) Fla)> = [ [p@xwa)
+ /_ YI(n+w+7)Bn+7)X(w+n,a)dy

- ) V(R +w+T)D X (W 6r,0) | fa)da

—7<r<0

Y @)X @)

0<i<n(w)
0
+ / VI +w+7)B(n+1)X(w+n,0)dn

_ Z W + w4+ T) D X (@ + 6,,0) ] J; = 0.

—7<r<0

Changing the variable £ = n+w+7 and the index 6 = 7,7 +w+7 for k = r+p+j

where n(w) = p, we have

<o P> = [ [Texea+ [ OBOX(E- o
- Y vw >DkX<0k_j,a>}f<a)da

n(w)<k<n(w)+j

+ > [Pwxwe

0<i<n(w)

+ / T ( )X (€ —7,0;)d¢
- Z v (9;:)DkX<0k_j,e;>] Ji = 0.

n(w)<k<n(w)+j
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In view of formula (2.13), we obtain

/Ow y' (o) f(a)da + Z y (05)J; =0,

0<i<n(w)

for all periodic solutions y of system (4.9). O
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CHAPTER 5

FUNCTIONALLY EQUIVALENT SYSTEMS

5.1 Introduction

In general, the possibility of reducing impulsive differential systems with delays
into impulsive differential systems without delays in such away that they have in
common the same periodic solutions remains an ambiguous problem. However,
in the case when the delays satisfy certain functional relations, this property

becomes possible and could be achieved.

In [15], El’sgol’ts and Norkin considered the delay differential equation

()= ft,x(t),z(t —71),...,x(t — 7)) (5.1)

where the following conditions (C5.1) are satisfied:
(a) There exists m; € N such that 7, = mw wherew > 0andi=1,...,n;

(b) f € C(Ix,R") is periodic of period w with respect to the first

argument where J C R and Q2 C R” x ... x R".

Conditions (C5.1) imply that the periodic solutions of period w of equation (5.1)

are also solutions of the equation

2(t) = f(t,z(t), z(t),...,x(t)) (5.2)

and the periodic solutions of period w of equation (5.2) satisfy (5.1). In this case,
equations (5.1) and (5.2) are said to be functionally equivalent relative to the

functional relation

z(t+w) = x(t). (5.3)
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Using this remarkable property, El’sgol’ts and Norkin obtained several results
concerned with the existence of periodic solutions of these equations. In this
chapter, we obtain similar results for impulsive differential systems with delays.
Moreover, some general remarks on impulsive differential systems with deviating

arguments are presented.

Consider the impulsive differential system with delays

)= flt,x(t),x(t —7),...,x(t — 7)), tF#b
A[E(Qk) = Ik(9k>$(9kz)ax(9k—jl)> . ,x(@k_jn)), keZ

(5.4)

where the conditions (C5.2) hold:
(a) There exists m; € N such that 7; = m;w for some w > 0 and i =
1,...,s;
(b) There exists n, € N such that j, = n,p and 0y, = 6x + w for some
p>0andr=1,...,s;
(¢) f(t,-...,) € C(QR") and f(-,21,...,z,) € PLC(J,R") is periodic
of period w;

(d) I; € C(JxQ,R™) are periodic of period p, i € Z.

Before starting the formulation of the main results, we introduce the definition

of functional equivalence for systems involving impulses.

Definition 5.1.1 Conditions (C5.2) imply that the periodic solutions of period

w of system (5.4) are also solutions of

Z(t) = ft,x(t),z(t),...,z(t), t#0b
Al'(@k) = Ik(ek,x(Qk),x(é’k),,x(@k)), kel

7



and the periodic solutions of period w of system (5.5) satisfy (5.4). In this sense,
systems (5.4) and (5.5) are said to be functionally equivalent relative to the func-

tional relation (5.3).

Remark 5.1.1 In those cases when system (5.4) is functionally equivalent to
system (5.5), the periodic solutions of (5.4) may be obtained by the method of

steps.

5.2 Existence of Periodic Solutions

In this section, we shall use the definition of functional equivalence in the con-
sidered sense of systems (5.4) and (5.5) to establish the existence of periodic
solutions of impulsive differential systems with delays. A series of nontrivial con-
sequences are obtained. The first result is trivial and is simply verified by using

the results of the theory of impulsive differential systems.

Theorem 5.2.1 Let conditions (C5.2) be satisfied. Then system (5.4) does not

have more than an n-parameter family of solutions of period w.

Proof. Suppose that ¢ is a periodic solution of period w of (5.4). Then,

¢'(t) = [(t,0(t), ¢t —T1),...,0(t —Ta)), tF# bk
A¢(9k) = Ik(9k7 ¢(9k)7 (b(ek*jl)’ R (b(ek*jn))v kelZ

Conditions (C5.2) and the periodicity of ¢(t) imply that

¢,<t) f<t7 ¢(t)7 (b(t)? s 7¢<t>>7 t % ek
Ad(Ok) = 11Ok, 9(Ok), 6(Ok), ..., 0(0k)), kEZ
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System (5.6) is system of n first order impulsive differential equations whose gen-
eral solution containing n arbitrary constants. Thus, since (5.6) has not more
than n parameter family of solutions of period w, (5.4) can not have more than

n parameter family of solutions of period w. O

Let us now consider the linear system

/(1) + Ao(t) +ZA ot —7) = h(t), t+0;
Az(6;) + BPx( +ZBJ J;, i€

together with the following conditions (C5.3):

(a) There exist v; € N such that 7, = vw for some w > 0 and for all
s=1,2,...,m;

(b) There exist r; € N such that k; = rjp and 6;_, , = 0; — rjw for some
p>0andforj=1,2...,n

(¢c) he PLC(J,R"), h#0 for all t € (6;,0;11), and h is w-periodic;

(d) There exists p € N such that J;y, = J;, i € Z;

(e) As € PLC( J,R™") for s =0,1,...,m, Bj e R for j=0,1,...,n

and A,(t +w) = A,(t), s =0,1,...,m and B’

z+p_Bij:()717"-7n

and for 7 € Z.

Theorem 5.2.2 Let conditions (C5.3) be fulfilled. Then system (5.7) has a

unique w-periodic solution if

2 (t) + i A()x(t) = 0, t#6;
=5 (5.8)
Ax(0;)+ Y Bla(ti)= 0, i€



has no periodic solutions of period w, except the trivial one.

Proof. Consider the system

2(t)+ > Aa(t) = h(t), t+#6;
=0 (5.9)
Az(0)+Y Blz)= J, i€l

which is functionally equivalent to (5.7). However, in view of Theorem 4.2.1,
system (5.9) has a unique periodic solution of period w. Thus, system (5.7) has

a unique periodic solution of period w. O

In case n = 1, we may establish a more specific condition for (5.7) not to have

a periodic solution. Let us rewrite (5.7) as follows:

(1) + ao(t)x(t) + Zas(t) (t—7)= 0, t#£0
(5.10)
Axz(6;) + bx Qz—i-bezk 0, i€Z
where the conditions (C5.4) are satisfied:

(a) There exist v; € N such that 7, = vsw where w > 0;

(b) There exist ; € N such that k; = r;p and 0;_,, = 0; — rjw where

p>0;
(c) Z?:osz > -1
(d) ao(t),as(t) € PLC( J, R) are periodic of period w;

e) There exists p € N such that b, =¥ for j=0,1,...,n and i € Z.
i+p 7
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Define the function

Yigas(r) = g In(1+ 37, 00), v €0,61],
H(r) =1 Xlyas(r) - mln(l +20 b)), € (6:,0,41],
S gau(r) - A (L S0, 7€ (6.,

Theorem 5.2.3 Let conditions (C5.4) be satisfied. Then, system (5.10) has no

periodic solutions of period w if

measure{r € [0,w]: H(r)# 0} > 0.

Proof. Let system (5.10) have a periodic solution #(t) of period w. Clearly

0<6;<w 7=0
It readily follows that
/ Z as(r)dr — Z In(1 + Z bji))] =0,
0 s=0 0<0; <w j=0
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which can be written as

01 p—1 91'4_1 w
/ H(r)dr + Z / H(r)dr + H(r)dr = 0. (5.11)
0 i=1 0; 9?

Since, if measure{r € [0,w]| : H(r) # 0} > 0, then there exists an interval
I = (tg—0,t9+9) such that H(r) < 0 or H(r) > 0 for all » € I which contradicts

the equality in (5.11). O

Let us now consider a general relation
z(u(t)) = z(t) (5.12)

where u(t) < t. We consider a scalar system of the form

{ 2(t) = a(t)u(t) +b(t)a(u(t), t#6; (5.13)

where a,b € PLC(J,R) and u € PLC(J,R"). Let there exist a number ¢ > 0
and a monotonic differentiable function s = v (t) for ¢t # 6; such that (t) —

W(u(t)) = q and (0;) = 7; for t = 6;. Assume that z(t) = z(¥(t)) = z(s), t # 6,

then
?'(t) =2 (W)U (t) =2 () (W7 H(s)), s#T
and
w(u(t)) = 2(Y(u(?)) = 2(s —q), s# 7
Therefore
Z(s) = ai(s)z2(s) +ba(s)z(s —q), s#m
where



Moreover, since
Ax(0;) = Az((0:) = Az(r)  and  x(0i-x) = 2(P(0ik)) = 2(7i-k),
we have
Az(1) = ¢i2(1i) + diz(Tizk),
where
= (n) and di=di(¥(n).
Hence (5.13) is reduced to the system

Z(s)= a(s)z(s) +bi(s)z(s —q), s#m
Az(r) = cz(n) +diz(tieg), 1€Z

(5.14)

The system
2'(s) = (a1(s) +bi(s))z(s), s#m
Az(t)) = (i +di)z(m), 1€Z

is equivalent to system (5.14) relative to relation (5.12). Thus, if the function

(5.15)

A(s) = a1(s) + by(s) is periodic of period ¢ and B; = ¢; + d; > —1 is periodic
of period k ( the delays are the periods ) such that 7;,_ = 7; — ¢ and satisfy the

condition
/ A(s)ds + Z In(1+ B;)] =0,
0 0<1; <w

then, system (5.15) has the solution of period |¢|

SA d
z(s):ce/O (S)de H (1+B)).

Consequently, system (5.13) under the mentioned conditions has the solution

»(t)
/ A(s)ds
0

x(t) = ce H (1+ By),

0<0;<3(t)

possessing property (5.12).
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The presentations considered above can be extended to impulsive differential

systems with deviating arguments of the form

(™ = f(t,z(t), z(t — pi),z(t —q)), ... ,x(”)(t — i), m(")(t —qj)), t#Fb
Az = L0, 2(0k), 2(Ok—u, ) ©(0r—,), - - ., 2" (Ohy,), 2D (Or—y,))
(5.16)

provided that

(a) There exist m; such that p; = mw, i = 1,2,...,n, for w > 0 and the
constants g; >0, 7 =1,2,...,s;

(b) There exist z, such that w, = z.p, r = 1,2,...,n, for p > 0, the
constants v, > 0,¢=1,2,...,s and Oy, = 0 + w;

(¢) f(yx1,...,2,) € PLC(J,R") and f(t,-,...,:) € C(Q,R") is periodic
of period w, where 7C R and Q2 C R" x ... x R";

(d) I € C(J%xQ,R"™) are periodic of period p, k € Z.

In this case, we may consider a functionally equivalent system as

2 = fa(t),z(t),2(t — ;) ... 2 (1), 2t — q5)), t# b (5.17)

Az = Ik(x(gk), [L’(ek), :L‘(ek—vq% cee 71:(”71)(019)7 x(nil)(ek—vq))

where functional equivalence is understood in a similar manner.

We note that if system (5.16) is of neutral type, then its periodic solutions may
be n-times piecewise differentiable functions. Then, as for system (5.17), there is
a possibility of the case when its order turns out to be less than n, consequently,
some of its solutions may remain piecewise differentiable a smaller number of
times and may even be only piecewise continuous. There is also the possibil-
ity of the case, for instance if system (5.17) has order n and s = 0, for which

all solutions of system (5.17) are n-times piecewise differentiable. Consequently,
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generally speaking, it is impossible to assert that systems (5.16) and (5.17) have

in common all periodic solutions of period w.

If system (5.16) is system with delays, that is, the right side of this system does
not explicitly depend on 2™ (¢t — p;) and 2™ (t — ¢;), then all solutions of period
w of systems (5.16) and (5.17) are piecewise differentiable no more than n-times
and , consequently, systems (5.16) and (5.17) are equivalent to any solution of

period w.

A scalar system of neutral type of the form (5.16) for s = 0, has not more
than an n parameter family of solutions of period w. If ¢; = v, = 0 in system
(5.17), then any n-times piecewise differentiable periodic function of period w will

be a solution of system (5.16).

Remark 5.2.1 In those cases when system (5.17) equivalent, in the considered
sense, to system (5.16), the periodic solutions of (5.16) may be obtained by the

method of steps.

Example 5.2.1 Consider the system of neutral type

—l—ZOLZ 2'(t —p;) —i—Zb )= 0, t+#06

+Zc;;A;c(9k,u Zd (Op_v)= 0, keZ
r=1

where the following conditions are satisfied (C5.6):
(a) a;,b; € PLC( J,R) are periodic of period w;

(5.18)

(b) There exists p € N such that ¢}, = ¢ forr =1,2,....,m and dj ,, =

dj fors=0,1,...,n and k € Z;
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(¢c) pi, qj, u, and v are nonnegatives, p; = m;w, ¢; = m;w for some w > 0

Let

Denote

and u, = q,p, vs = rsp for some p > 0 such that Oy, = O + w.

m

1+Zai(t)7é0 for t#6; and 1+Zm:crk7£0. (5.19)

=1 r=1

Z?:O bj (t> Zgzo dsk

D= e ™ B=1iym o,

> —1.

In order that system (5.18) have a nontrivial periodic solution x(t) of period w, it

is necessary and sufficient that the functions A(t) and By are periodic of period

w and p, respectively, and

/w A(t)ydt — > [In(1+ By)] = 0. (5.20)

0<b<w

To show this, consider the system

o' (t) + A(t)x(t)
Ax(@k) + Bk$(9k) =

0, t#0
# b (5.21)
0,

keZ

which is equivalent to system (5.18), relative to relation (5.3). Then, the solution

of (5.21) has the form

- tAsds
:r;(t)—:coe/o ) II] a+By, t>o0 (5.22)

0<6 <t

where xq is an arbitrary constant. The necessity of the condition is obvious. Suf-

ficiency is proved by substituting the function (5.22) into system (5.18).
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