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ABSTRACT

STUDIES ON THE GENERALIZED AND REVERSE
GENERALIZED BESSEL POLYNOMIALS

Polat, Zeynep Sonay
M.Sc., Department of Mathematics

Supervisor: Prof. Dr. Hasan Tageli

April 2004, 73 pages

The special functions and, particularly, the classical orthogonal polynomials
encountered in many branches of applied mathematics and mathematical physics
satisfy a second order differential equation, which is known as the equation of the
hypergeometric type. The variable coefficients in this equation of the hypergeo-
metric type are of special structures. Depending on the coefficients the classical
orthogonal polynomials associated with the names Jacobi, Laguerre and Hermite
can be derived as solutions of this equation.

In this thesis, these well known classical polynomials as well as another
class of polynomials, which receive less attention in the literature called Bessel

polynomials have been studied.

Keywords: Differential Equations of the Hypergeometric Type, Functions of the
Hypergeometric Type, Orthogonal Polynomials, Bessel, Generalized Bessel and

Reverse Generalized Bessel Polynomials.
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OZ

GENELLESTIRILMIS VE TERS CEVRILMIS BESSEL
POLINOMLARI

Polat, Zeynep Sonay
Yiiksek Lisans, Matematik Bolimi

Tez Yoneticisi: Prof. Dr. Hasan Tageli

Nisan 2004, 73 sayfa

Uygulamali matematigin ve matematiksel fizigin pek ¢ok alaninda kargilagilan
ozel fonksiyonlar ve 6zellikle klasik ortogonal polinomlar hipergeometrik tipi den-
klem olarak bilinen ikinci mertebeden lineer bir diferansiyel denklemi saglarlar.
Bu hipergeometrik tipi denklemin degisken katsayilar1 belirli 6zel bir yapidadir.
Bu katsayilara bagh olarak, klasik ortogonal polinomlar diye bilinen Jacobi, La-
guerre ve Hermite polinomlar: hipergeometrik tipi denklemin c¢oziimleri gseklinde
elde edilirler.

Bu tezde, ¢ok iyi incelenmis bu klasik polinomlarla, Bessel polinomlari
olarak adlandirilan ve literatiirde daha az ilgi toplayan bir bagka polinom sinifi

tizerinde ¢aligilmigtir.

Anahtar Kelimeler: Hipergeometrik Tipi Diferansiyel Denklemler, Hipergeometrik
Tipi Fonksiyonlar, Ortogonal Polinomlar, Bessel, Genellestirilmis Bessel ve Genel-

lestirilmis Cevrilmig Bessel Polinomlar:
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CHAPTER 1

INTRODUCTION

Modern engineering and physics applications demand a more through knowl-
edge of applied mathematics. In particular, it is important to have a good under-
standing to the basic properties of special functions. These functions commanly
arise in such areas of applications in physical sciences. The study of special func-
tions grew up with the calculus and is consequently one of the oldest branches of
analysis.

In this century, the discoveries of new special functions and applications
of special functions to new areas of mathematics have initiated a resurgence of
interest in this field. In recert years particular cases of long familiar special
functions have been clearly defined and applied to orthogonal polynomials.

In this thesis, before the discussion of Bessel polynomials (BP) firstly we
have studied the foundation of special functions, equations of the hypergeometric
type (HG) and their solutions. Afterwords we review the classical orthogonal
polynomials.

Bessel polynomials arise in a natural way in the study of various aspects of
applied mathematics. Enough literature on the subject has accumulated in the
recent years to make these polynomials a respectable sub-area of special functions.
The polynomials occur in surprising ways in problems in diverse fields; number
theory, partial differential equations, algebra and statistics.

The importance of these polynomials was seen in 1949 by Krall and Frink
[18] who introduced the name Bessel polynomials because of their close relation-
ship with the Bessel functions. They initiated a systematic investigation of what
are now well known in the mathematical literature as the Bessel polynomials.

The main object of the thesis is to discuss Bessel polynomials and also gen-

eralized and reverse generalized Bessel polynomials. We shall introduce general



properties of these polynomials systematically, which are accepted along with the
classical orthogonal polynomials.

In Chapter 2 we review the foundation of special functions and differential
equations of the hypergeometric type and functions of the hypergeometric type.

Chapter 3 is concerned with a study of orthogonal polynomials. We define
firstly orthogonality and orthogonal polynomials. The classical sets of Jacobi,
Laguerre and Hermite polynomials are discussed and a brief summary of their
general properties is given.

Finally, Chapter 4 is devoted to Bessel polynomials. These polynomials
form a set of orthogonal polynomials on the unit circle in the complex plane.
Thus they may be viewed as an additional member of family of classical or-
thogonal polynomials. We study in some detail properties of these polynomials.
In particular, we define generalized Bessel polynomials and reverse generalized
Bessel polynomials and introduce their orthogonality properties, generating func-

tions, recurrence relations and interrelations to the other orthogonal polynomials.



CHAPTER 2

FOUNDATION OF THE THEORY OF
SPECIAL FUNCTIONS

2.1 Equations of the Hypergeometric Type

Almost all special functions can be introduced as solutions of a differential
equation of the type
,  du

u=0,(u :E’ZGC) (2.1)

where, 7(z) is a polynomial of degree at most 1 and o(z), d(z) are polynomials
of degree at most 2. This equation may be reduced to a simpler form by means

of the transformation
u = ¢(2)y.

Actually, substituting u , v’ = ¢'(2)y + ¢(2)y’ and
u// — ¢//(z)y+¢/(z)y/+¢/<z>y+¢(z)y// — ¢,/(Z)y+2¢,<z>y,+¢(z>y”

into (2.1) we obtain

A
0

7’: , <é// 7’:¢// (’j’. B
W+ (ot Sy =0, (2.2)

Y+ (2 5 o o

7(2)

o(2)’

Require that the coefficient of 3 is of the form

with 7(z) a polynomial of

degree at most 1, we have




or

¢'(2)  7(2)
5z~ o() 23)
where
1 -
m(z) = Slr(2) = 7(2)]. (2.4)

Note that 7(z) is also a polynomial of degree at most 1. By using the identity,
¢// ¢/ / ¢/ 2
r | = + | =
5= (5)+(5)

" {27r(z) %(z)} L { w2 m'(z)o — o'n(z) N a(z)m(z)  o(z)

(2.2) takes the form

+

a(z) " a(z))?

which can be written as

y' + ;8 Y+ ;(é))y =0 (2.5)
where
7(2) = 2m(2) + 7(2), (2.6)
and
5(2) = 7 (2) + [7(2) — o' (2)]7(2) + [6(2) + 7' (2)0(2)). (2.7)

Here &(z) is a polynomial of degree at most 2. From (2.5) and (2.1), we see that

we have derived a class of transformations induced by the substitution

u = ¢(2)y



that do not change the type of the differential equation under consideration. Now,
for simplicity, we shall choose 7(2) so that & in (2.7) is divisible by o(z). That

is,
5(z) = Xo(z), A: constant (2.8)
which makes it possible to write (2.5) in the form
o)y +7(2)y + Iy =0. (2.9)

Equation (2.9) is referred to as a differential equation of the hypergeometric type
(HG) and its solutions are referred to as the functions of the hypergeometric type.
The starting equation in (2.1) may be called a generalized differential equation
of hypergeometric type. Now we have to determine what 7(z) is. We can write
from (2.8) and (2.7)

P+ (F -0+ (6 —ko)=0 (2.10)
where k is another constant,
=\ —7(2). (2.11)

So, we find that

(z) = % {a/(z) - %(z)} ¥ \/ [M] o 5(2) — ko(2)].  (2.12)

The expression under the square root term is a quadratic polynomial in z. Since
7(z) defined in (2.4) is a linear polynomial, this expression must be the square of
a linear polynomial. That is, the discriminant of the quadratic polynomial under
the square root sign should be zero, from which we determine k. After that
equation (2.12) gives us really a linear polynomial for 7(z). Then from (2.3),
(2.6) and (2.11) ¢(z), 7(z) and A can be determined. Therefore, the differential



equation

7(z) ., 9(2)
o(z) o%(z)

can be reduced to a differential equation of the hypergeometric type

u//+ :0

o(2)y" +7(2)y + y=0 (2.13)

in several ways corresponding to the different selections of k£ and the sign in (2.12)
for m(2)[29].

Without any loss of generality we assume that o(z) in (2.1) does not have
a double root. If o(z) has a double root, i.e o(z) = (2 — a)? then (2.1) can be

transformed into

d*u N 2+ s7(a+1/s)du N s’G(a+1/s)

o -0
ds? S ds 52 Y

by the substitution z — a = %, which can be treated in a different way. We shall
discuss this situation in detail in Chapter 4.
Basic properties of solutions of the differential equations of the hypergeo-

metric type are summarized in the following theorems.

Theorem 2.1. All deriwatives of functions of the hypergeometric type are also

functions of the hypergeometric type

Proof. Differentiating (2.13) with respect to z, we obtain
a(2)y" + (o' +7)(2)y" + (7" + N)(2)y = 0. (2.14)
Letting /'(2) = v1(z), we have
o(z)v] + 11 (2)v] + pvr =0

where, 1 = 7/ + X : constant and 71(2) = 0’(2) + 7(2) is a polynomial of degree
atmost 1. Clearly equation (2.14) is a differential equation of the hypergeometric
type. By mathematical induction, we find that an equation, of the HG type for



vn(2) = y™(2) which can be obtained as follows:

o(2)vy + T (2)v), + v, =0, vg 2y (2.15)
where,
T(2) =0'(2) + 1u1(2) = no'(2) + 7(2), 70(2) 2 7(2) (2.16)
1
pn(2) = pn1+ 70 1 =A+n7t + En(n —1)o", o 20\ (2.17)
forallmn=1,2,.. O

Theorem 2.2. The differential equation (2.9) has polynomial solutions, say

y(2) 2 yn(2), of degree n for particular values of \ so that,
/ 1 1
A=\, =-n7"—-n(n—1)o

2

Proof. Obviously, o(2)v]l(z) + 7.(2)v),(2) + unvn(z) = 0 has a constant solution,
that is

v, = Cy, if p, =0. (2.18)
But we know
v, = y™(2) = Cy. (2.19)
So if we integrate both sides of (2.19) successively, then we get

y"Y(2) = Coz+C4
(n—2) _ @ 2
Yy (Z) = 5 25+ 012 + OQ

y(2) = 2"+ a2+t an 1z + an = Ya(2) (2.20)



which a polynomial of degree n. Indeed, u,, = 0 implies that
/ 1 " / ]‘ 1
A+nT —|—§n(n—1)a =0=> A=\, =—n7 —§n(n—1)a

which completes the proof. O]

2.1.1 Rodrigues Formula

Let us consider the self-adjoint forms of

o(2)y" +7(2)y + Ay =0 (2.21)
and
o(2)v) + T (2)v), + v, = 0. (2.22)
They can be written as
p(2)o(2)y" + p(2)7(2)y + p(2)Ay =0 (2.23)
and
pn(2)0(2)0; + pu(2)Tu(2)0) + pu(2) ptntn = 0 (2.24)

where p(z) and p,(z) are analytic functions. So, by using (op)’ = 7p and (op,)" =
TnpPn, the self adjoint forms of (2.21) and (2.22) can be obtain

(apy) + Xy =0, A=)\, (2.25)
and
(Upnv;l), + nPr¥Un = 0. (226)

In fact, there is a connection between p,, and p(z) 2 po(2).



From (2.24) and (2.25), we have

! /
) S S R )
Pn p
which leads to
P, '
ot = —o' +no’ +o0' +o0-.
Pn p

By calculation we obtain

pulz) = " (D)p(z), =012, pol2) = pl2).

Then we see that, op, = " "'p = p,,1. Since v/, = v, 11, (2.25) can be written as

—1
(pn—i—lvn-‘rl), + HnPrnUn = 0= PnUn = M_(pn—i-lvn—i-l)

n

/

Therefore for m < n, we get successively

—1 (=1)
PmUm = _(pm-i-lvm-i-l)I = (pm+1vm+1)/
— (D (pnsatmsa) = (D' (psatnsa)”
Hm m41 " Hm m41 m4-2
Finally .
PmUm = (_1)n (pm+nvm+n)(n)
Hm Bm4+1 Bm+42 0 bm4n—1
Replacing n by n — m, we find that
—1)n—m
PmUm = (=1) (ann)(nim)
Hm o417 Un—1
—1)m T B
(=1)™k0 p1 +* Han b1+ i
That gives
A, d"m ( )
mUm = —— nUn
P A, dzn—m P



where
7j—1
Aj(A) = (1) H,uk(/\)7 A21 o=\ (2.28)
k=0

If y(z) is a polynomial of degree n, say y(z) = y,(z) and v,,(2) = ynm)(z) we

obtain a formula for the v,,(2)

_ () — g Amn n 2.29
where
Apn = An(An), B = on(z) _ yén)(z) = constant (2.30)
mn — m njls n - An()\n) - Ann - . .

In particular when m = 0, we derive an explicit representation polynomials
of the HG type, ie

1 ar
(2)=B,—— (o" , 2.31
n(z) = Bus i (7 (2(2) (231)
This formula is known as the Rodrigues formula for n = 0,1,--- with B, a

normalization constant which can be specified for historical reasons and these

polynomials correspond to the values u,, = 0, that is

1
A=\, =—n7' — in(n —1)o” (2.32)

2.1.2 Integral Representation of Functions of the Hyper-
geometric Type

Firstly let us remind Cauchy Integral Theorem. Let f be analytic in a
simply connection region R and let ¢ be a simple closed contour in R. If 2 is a

point inside ¢ then

270 s — )t

FO(2) = Ris / (Ads neN (2.33)

10



In particular, for n = 0, we have

f) .

i s—z

f(2) = (2.34)

So from Cauchy Integral Theorem, the integral representations of the polynomial

solutions in

Yn(2) = Bnmﬁ(an(z)/)(z)) (2.35)

Cn o™ (s)p(s) n!
n(2) = ds, ¢, = —B, 2.36
yn(2) / (s — z)ntl 271 (2.:36)
where ¢ is a simple closed contour surrounding the point at s = z. This repre-
sentation of a particular solution valid for A = \,, makes it possible to propose a

particular solution of the form

e) =) = = [ 2 g, (2.37)

for an arbitrary value of A\, where ¢, is a normalization constant, and v is a

parameter which will be in the form

1
A= —vur’ — 51}(1} —1)o". (2.38)

Theorem 2.3. Consider the function

u(z) = / (”Lds (2.39)

s — Z)erl

where v is a root of the equation, X+ 7'v + %v(v —1)o” = 0. Then the differential
equation of the hypergeometric type

o(2)y" +7(2)y + Ay =0

11



has a particular solution of the form

y(2) 2 Yu(2) = u(z), ¢, : constant

provided that,

(i) Differentiation of u(z) up to the second-order under integral sign with

respect to z is valid, i.e.

W'(z) = (v+1) / pv—(s)ds (2.40)

. (s — z)vt2

u'(z)=(v+1)(v+2) / pv—(s)ds (2.41)

o (s — 2yt
(ii) The contour ¢ is chosen in such a way that

o (s)p(s)
(8 _ Z)v+2

S=S2
=0 (2.42)

s=s1

where s; and sy are the boundary points of .

Proof. Consider the equation
a(2)y" +7(2)y + Ay = 0.
In the self adjoint form we can write
(apy’) + Aoy =0
where

[O’(S)pv(s)]/ = TU(S),OU(S),

and

12



Let us multiply both sides of [0(5)p,(5)] = 7(5)pu(s), by (s—2)7""2 and integrate
with respect to s along ¢ to get

d ds [ Tu(8)pu(s) .
[ ool T = [ s (2.43)

S

Integrating the integral on the left hand side by parts, we obtain

vy [EO S [ROR ea

(s _ Z)v+3 - (s _ Z)v+2 )

RO

(S _ Z)v+2

S1

By hypothesis, boundary terms vanish since p, = ¢”p. Furthermore, by Taylor’s

Theorem we can write the expansions of o(s) and 7,(s) about s = z which are

(i1) o(s) = o(2) +0(2)/(s —2) +
and
7o(8) = 7o(2) + 7 (2)(s — 2). (2.45)
Using u(2), @/(2), «"(z) and (i), (i) can be written as
() + [20'(2) — () — (v + 1)[%0"(2) FPu=0.  (2.46)
By using the identity, [(op)y] = (0p)'y + opy’ we may write
opy = (opy) = (op)'y = [o(py)] — 7(py)
and by putting py = c,u, we find that

opy = loc,u]) —Te, = ¢,[(ou) — Tu] (2.47)

13



and on differentiation we have

(opy) = col(ow)” = (ru)’]
= allv+ 1)(%0”(2) +7(2)u+[0"(2) =T ()] (2.48)

then it follows

1
o) = allow-Do"+ortu=deu= My (249

and (opy’)’ + Apy = 0 which is the self-adjoint form of (2.21) and that completes
the proof.
The theorem is of fundemental importance in the particular of special func-

tions. The theorem is valid for

Tui1(8)p(s)

S (2.50)

5=51,82

at both end points of ¢. Indeed, ¢ can be choosen so that (2.50) is satisfied at

its end points at s = s; and s = s9 [29]. O

2.2 Hypergeometric Functions

2.2.1 Hypergeometric Equations

In part 1 we define differential equation of the HG type
o(2)y" +7(2)y + Ay = 0. (2.51)

There are 3 different cases corresponding to the degree of o(z2).
CASE 1: Let 0(2) = (2 — a)(b — z) with a # b, under the substitution
z=a+ (b—a)s, (2.51) can be written as

s(1= )y’ + [y — (a+B+1)sly —afy = 0. (2.52)

14



Here a, 3 and « are some constants. This equation is known as the Gauss
HG differential equation. Actually,
z—a b—z

1—s5= )
b—a:> 5 b—a

S =
From Taylor Expansion Theorem, 7(z) = A + Bz can be written as
7(2) = 7(a) + 7'(a)(z — a) (2.53)

s0 if we substitute %, o(z), % and 7(z) , then (2.51) becomes

s(1 — s)% + [% + T’(a)s]% + Ay = 0.
Let v = % and choose o and 3 satisfying
(i) af = =X and
i Ja+p+1 = -7 (2.54)
so we get
s(I—=s)y" +[y—(a+B+1)sly’ —afy =0. (2.55)

CASE 2: Let o(z) = z — a. By the substitution z = a + bs, (2.51) is

transformed into the differential equation
sy’ +(vy—s)y —ay=0 (2.56)
which is known as the Confluent hypergeometrik equation. Actually, since
1

s:g(z—a)

and

7(2) =7(a) + 7'(a)(z — a)

15



we have

which leads to
sy” + [t(a) + 7' (a)bsly’ + Aoy = 0. (2.57)
If 7/ # 0 then we set 77b = —1 and we obtain
/! / )\
sy’ +[r(a) = sly’ — Sy =0.

By putting 7(a) = v and % = a we get (2.56). But if 7/ = 0 the differential equa-
tions (2.51) leads to the so-called Lammel equation. And if o(z) is independent

of z it can be taken as o(z) = 1, in this case if 7/ = 0, we obtain
y'+7(a)y + Xy =0 (2.58)

a second-order differential equation with constant coefficients. So we assume that
7' #£ 0.
CASE 3: Let 0(2) =1 and 7" # 0. By the substitution z = a + bs, (2.51)

can be written as
y" —2y's + 20y = 0. (2.59)
Actually by the transformation z = a + bs and the equality
7(2) =7(a) + 7'(a)(z — a)
we get
d*y

d
T+ lbr(a) + bQT’(a)s]d—g + by =0, (2.60)

If 7/ # 0 then we set b*7/(a) = —2 and choose a so that 7(a) = 0, and then
putting A = 2%, we obtain (2.59) [29].

16



2.2.2 Gamma and Beta Functions

One of the simplest but very important special functions is the gamma func-
tion, denoted by I'(z). It appears occasionally by itself in physical applications,
but much of its importance stems from its usefulness in developing other functions
such as hypergeometric functions.

The gamma function can be defined by Euler’s integral
I'(z) = /OO e 't*7tdt, R(z) > 0. (2.61)
0
The basic and important functional relation for the gamma function is
I(z+1)=zI(2)
and since I'(1) =T'(2) =1,
Fn+1)=12.--- n=nl

It is important to note that I'(z) is continued anallytical over the whole
complex plane except the negative integers and zero.

A formula involving gamma functions that is somewhat comparable to the
double-angle formulas for trigonometric functions is the Legendre duplication

formula

2z

2U'(22) = —T(2)T'(z +

1
U o). (2.62)

2

The Euler reflection formula is,

™

L)1 —2) = (2.63)

sin(mz)’

A particular combination of gamma function is given a name because it has

a simple and useful integral representation. The beta function is defined by

17



B(a, ) = /01 (1 — )Pt (2.64)

where R(a) > 0 and R(() > 0.

This function has symmetry property

B(e, f) = B(3, @)

and it can represented by

(2.65)

2.2.3 Pochhammer Symbol

In dealing with certain product forms, factorials and gamma functions, it is

useful to introduce the abbreviation.

(@o=1, (a)o=ala+1)---(a+n—1), n=123-

called the Pochhammer (Apell) symbol. By the properties of the gamma function,
it follows that this symbol can also be defined by

I'(a+n)

= =123,
(a) I(a) n

The Pochhammer Symbol (a),, satisfies the identities:
(i) (1), =n!
(ii) (a +n)(a), = ala+ 1),
(i) (@)nix = (@)r(a+ k) = (a)n(a +n)i
Another symbol (a)™ is defined by

(@™ =a(a—1)---(a—n+1), n=1,23,---

18



2.2.4 Hypergeometric Series

The series

1+

arag-ag 2z a(an F Dag(ag + 1) ag(aa +1) 22
My ys 1 mln + 1)+ 1) ys(ve +1) 2!

_ < (a1)n(c)n - - (O‘A)nz_
B Z Dn(¥2)n - (vB)n ! (2:66)

n=0

is called the generalized hypergeometric function. It has A numerator parameters
a1, Qo, 03, -+ , s, B denominator parameters v, 2,73, -+ ,yg and one variable
z. Any of these quantities may be real or complex but the v parameters must
not be negative integers, as in that case the series is not defined. The sum of this

series, when it exists, is denoted by the symbol

AFB[OQ,OCQ,O@, A1, Y2, Y3y 7VB;Z]‘

If any of the a parameters is a negative integer, the function reduces to a poly-

nomial. These notations can be shortened still further to

It can be shown that such a series can converge only for A < B + 1. If
A = B+ 1 it is convergent only for |z| < 1.
It is often convenient to employ a contracted notation and write (2.66) in

the abbreviated form

aFp(aa;vp;2) = aFp
B

) fj[ fal]. @60

The derivatives of hypergeometric series are series of the same kind. The
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following relations are of this type

d «
e Al 4
< VB

aA)n « n

o GE) W T2 (2.68)
(’VB)n VYB+n

Many of the elementary functions have representations as hypergeometric

series. Here are some examples:
1
—log(1+2)= oF(1,1;2;—2)
z

1 3
Sarctanz = oFy(=, 1,2 —22
~ arctanz 9 1(2, 5 z%)

2F1(0‘,0§’Ya Z) = 1F1(0;7; Z) =1
1Filasasz) =e® 1F1(0;a;—2) = €.

We shall confine ourselves to the two seperate cases:

A = B =1, in which case the function will be called the Confluent hyper-
geometric function and A = 2, B = 1, we shall merely call it the hypergeometric
function.

The integral representations can be found by Euler’s formula which are,

oFi(a, 8573 2) = F(’YE(—;))F(&)/O (1 =) (1 — 2t) P,
R(v) > R(a) >0, |arg(1—2)<m (2.69)
1Fi(asy;2) = %/0 et P 1dt,  R(y) > R(a) > 0. (2.70)
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Gauss hypergeometric differential equation,

(1=2)y' + v —(a+B+1D))y —aBy=0

has two linearly independent solutions which can be denoted by generalized hy-

pergeometric functions as

w, = 2F1(04,5§7§Z)
wy = 277 SF(l+a—B3,1+0—72—72)

provided that « is not an integer or zero.

The linearly independent solutions of confluent differential equations,
'+ (v =2y —ay =0,
are proportional to

wy = 1Fi(a;v;2)
wy = 277 R4+ a—7,2-7;2)

provided v is not an integer.
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CHAPTER 3

ORTHOGONAL POLYNOMIALS

It is important to remember that the classical orthogonal polynomials are
the solutions of differential equatons of hypergeometric type. Firstly let us define

the orthogonality.

3.1 Orthogonality

Definition 3.1. An orthonormal set of functions ¢g(x), ¢1(x),- - , ¢¢(x), £ finite

or infinite, is defined by the relation

b
(¢m (bm) = / (bn(l')(bm(m)d@(l') = 5mna n,m= 07 17 27 e 76

Here ¢,(x) is real-valued and belongs to the class L2 (a,b) and a(z) is a
fixed non-decreasing function which is not constant in the interval [a, b].

Functions of this kind are necessarily linearly independent. If a(z) has only
a finite number N of points of increase (that is, points in the neighborhood of

which «(z) is not constant), ¢ is necessarily finite and ¢ < N [28].

Theorem 3.1. Let the real-valued functions

f0<x),f1($>,f2<l’),--' ,fg(l’), (31)

( finite or infinite, be of the class L2(a,b) and linearly independent. Then an

orthonormal set

¢0($)7¢1(I),¢2($),~-- ,Qﬁg(l‘) (32)
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exists such that, form =0,1,2,--- (,
On(@) = Ao fo(2) + Any f1(2) + -+ + Aunfu(2),  Ann > 0. (3.3)

The set (3.2) is uniquely determined.
The procedure of derving (3.2) from (3.1) is called orthogonalization.

3.2 Orthogonal Polynomials

Definition 3.2. Let a(z) be a fixed non-decreasing function with infinitely many

points of increase in the finite or infinite interval [a, b] and let the moments

Cn :/bx”da(x), n=0,1,2--- (3.4)
exist. If we orthogonalize the set of non-negative powers of x:
La,a? - 2", (3.5)
we obtain a set of polynomials

po(x), pi(2), pa(2), - -, pu() (3.6)

uniquely determined by the following conditions:
(a) pn(z) is a polynomial of precise degree n in which the coefficient of z"
is positive;

(b) the system {p,(z)} is orthonormal, that is

b
/ (@) pm(z)da(z) = 0pyy nym =0,1,2,--- (3.7)

The existence of the moments (3.4) is equivalent to the fact that the func-

tions 2™ are of the class L,(a,b) [28].

Theorem 3.2. If the p,(x) form a simple set of real polynomials and w(x) > 0
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ona < x <b, anecessary and sufficient condition that the set p,(x) be orthogonal

with respect to w(x) over the interval a < x < b is that

/bw(x)xkpn(x)da: =0, k=0,1,2,---(n—1) (3.8)

Proof. Suppose (3.8) is satisfied since z* forms a simple set, there exist constants
b(k,m) such that

= b(k,m)a" (3.9)

k=0

For the moment, let m < n. Then

/abw(x)pn(x)Pm(x)dx = /km b(k,m) /abw(ib)wkpn(a:)dx —0

=0

since m, and therefore each k is less than n. If m > n, interchange m and n in
the above argument. We have shown that if (3.8) is satisfied, it follows that

b
/ w(z)pn(T)pm(z)de =0, m #n. (3.10)

Now suppose (3.10) is satisfied. The p,(z) form a simple set, so there exist

constans a(m, k) such that

oF = Z a(m, k)pm(z). (3.11)

m=0

For any k in the range 0 < k <n

/ab (e pla)ia = 3 /ab (#)pm()pn(2)dz = 0,

m=0
since m < k < n so that m # n. Therefore (3.8) follows (3.10) and the proof of

theorem is complete [25]. O

From Teorem 3.2 we obtain at once that orthogonal set p, has the propety
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that

b
/ w(x)P(x)py(z)dx = 0,
for every polynomial P(x) of degree < n. It is useful to note that since
b
[ ks # 0
it follows that also

b
/ w(z)x"py(x)dx # 0.

3.3 Classical Orthogonal Polynomials
From Chapter 2 we know that, the differential equation of the HG type,
o(2)y" +71(2)y + Ay =0 (3.12)

has polynomial solutions which given by Rodrigues formula,

B, d
vn(z) = 205 gl (2] (3.13)

for particular values of A = A, = —n7'(z) — sn(n — 1)0”(z), n =0,1,2,--- and

the function p(z) saties the seperable differential equation

[0(2)p(2)] = 7(2)p(2) (3.14)

By some choice of o(z), 7(z) and A in (3.12), we obtain classical orthogonal

polynomials.

3.3.1 Jacobi Polynomials

Let 0(2) =1 — 22 and p(z) = (1 — 2)*(1 + 2)?. From (3.14)

[(1=2%)(1 = 2)*(A+2)") = 7(2)(1 = 2)*(1 + 2)°
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one obtains
7(z2)=—(a++2)z2+ 06—« (3.15)

and

which leads to
Ap=n(n+a+5+1). (3.16)

From Rodrigues formula the corresponding polynomials are denoted by

Ped) (2) = (2_72!" (1—2)(1+ z)—ﬂ%[(l — )" (1) (317)

where B,, = (7n1!)n is chosen for historical reasons. By substituting o(z), 7(z) and

A we obtain
1= +[B—a—(a+B8+2):z]y +nn+a+B+1)y=0 (3.18)

that P? satisfies. The differential equation (3.18) can be transformed into a
Gauss hypergeometric equation by substitution of z = 1 — 2s. Actually, (3.18)

takes the form
s(=s)y" + [y =@+ 5 +1sly —a'B'y=0 (3.19)
with o =n, '/ =n+a++1and ¥ = o+ 1. The equation (3.19) has

polynomial solutions,

11—z

y(z) = 2F(-nn+a+B+La+1; 5

) (3.20)

which leads to

11—z

2)'

POB)(2) = Cp oFi(—nyn+a+B+1; a+1;

n

(3.21)
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Let us remember the Leibnitz’s rule for the derivatives of product

d" o =~ (n k n—k o d E_ndta (a+1)n n+a—k
%[u(z)v(z)] = % (k) [DFu][D"*v], D = - Diate = TS .

Applying Leibnitz’s rule for the derivatives of a product, it’s seen from (3.17)
that

- S (e e o

e
Il

or equivalently

3.23)

n

P(a’ﬁ)(z) o F(Oz + 1+ n)F(ﬁ +1+ TL)” " /n (Z N 1)”7]6(2’ + 1)k )
2! = \k)T(a+14+n—kT(B+1+k)
Particularly we have

Pled)(1) = M’ pled(—1) = (_1)n(ﬁ + 1) (3.24)

n! n!

Hence we can write the Jacobi polynomials in terms of the Gauss hypergeometric

function

1—=2

1
PP ()= —(a+ 1), o Fi(—n,n+a+B+1; a+1;

== ) (3.25)

By using the derivative of Gauss HG function in (3.25) we find

%‘f@@)Z %Uaznd_mmiifﬁ+mQE@m+Ln+a+ﬁ+za+21;ﬂ
1 (v +1), (v +2)p1
— §(n+a+ﬁ+1)(a—|—l)(a+2)n_l 1]
2F1(—<n—1),(n—1)+(a+1)+(ﬁ+1)+1;(a+1)+1;1;”2)
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follows by

d 1 o
d—P,(f‘ﬁ)(z) — §(n Fa+ B+ )P ) (3.26)
zZ

which is the differentiation formula for Jacobi Polynomials.

3.3.2 Laguerre Polynomials
Let 0(z) = z and p(z) = 2% ?, from (3.14) we find
T(z)=a+1—2 and X\, =n. (3.27)
These poynomials are the generalized Laguerre polynomials denoted by
1 d"

@ _ Lz —a [ nta —z
LY (z) = ez dz”[z e’ (3.28)

where B, = 4. The differential equation that L (z) satisfies can be found by
substituting o(z), 7(z) and A which is

2y + (a+1—2)y +ny=0. (3.29)

If we apply Leibnitz’s rule for derivatives of a product, we get

Lo(z) = @t n Xn: <Z> ((_ZLIC (3.30)

n! — a+1),
So we have
[o(z) = (O‘; Y Fcniat12) (3.31)
Particularly
Le(0) = %(a +1), = Pl@A(1). (3.32)
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L;‘”(z) form a simple set of polynomials as

L% =1, L@ =14a-2
. 1 1
L) = s(1+a)2+a)~(2+a)z+ 52"
N 1 1 1 1
L:(), '(2) = 6(1 +a)2+a)B3+a)— 5(2 +a)3+a)z+ 5(3 +a)2? — 623.
(3.33)
Differentiating both sides of (3.32) with respect to z we get,
d oo y_ (=1) (@t 1) , ,
EL"(Z>_Q+1 ol 1F1(—n+1,a+2,z)
or
Y p— 2)-1 1 F 1); (@ +1) +1;
% n(z) - (n+ 1)|(a+ )n—l 1 1(—(7’L— )a (a+ )+ ,Z).
Then one obtains
iLa(z) = L2 () (3.34)
dz"" n—1 : ’

3.3.3 Hermite Polynomials

These are the last class of polynomials that we study on. Let o(2) =
1, p(z) = e**. From the equality [0(2)p(2)] = 7(2)p(z) and (2.32) we obtain
7(z) = —2z and A = 2n. Then the corresponding polynomials are defined by

22 ar 2

H,(z) =(—1)"e T ], where B, =(-1)".

The derivation of the following properties of Hermite polynomials presents

no difficulty:

, (2m)!
m/!

m(2m +1)!

Hom(0) = (=1) (m+1)!

, Hy,10(0) = (1)
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We notice the following individual properties:

H,.(z) =2nH,_1(2)
Hy(2) = 22H,(2) — H,_,(2)

The differential equation that Hermite polynomials satisfies,
y' =22y + 20y =0, with v=n=0,1,2,--- (3.35)

It’s seen that Hermite polynomials are the solutions of Hermite differential equa-

tion.
3.4 Basic Properties of Polynomials of the Hy-

pergeometric Type
Suppose y,(z) be a polynomial of order n and it is written in the form,
Yn(2) = an2" + bp2" 4o po(2) =ap, a, #0 (3.36)

where a,, and b,, are the coefficient of the highest order terms. Let us differentiate
with respect to z both side of (3.36) k times,

! —1)!
ky(y 1 n—k (n n—k—1 ,
yn (2) = L oy s T + (3.37)

we have
Yy (2) = playz + (n — 1)b,. (3.38)

For k =n — 1, from (2.29) we get

An—l,an d

y D (z) = o1 (2)p(2) 4z [0"(2)p(2)] (3.39)
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which leads to
Yy (2) = A1 Bpl(n — 1)0’(2) + 7(2)] (3.40)
By equation (3.38) and (3.40) we obtain

nlayz + (n— D)lb, = Ay_1.Bu{[(n — 1)0”"(2) + 7'(2)]z + (n — 1)’ (0) + 7(0),

0 = %AnlmBn[(n —1)o”(2) + 7(2)] (3.41)
and
by . (n—1)0’(0) + 7(0)
an  (n—1)0"(2) +7'(2) (342)
where
Ay = (nf—'m)' L[O[T’ + %(n + k- 1)o"]. (3.43)

For Hermite polynomials, o(z) = 1, 7(2) = —2z and \,, = 2n then by using (3.41)
and (3.42) we get

n—2

n! , 1 B 1
Apin= T ]I[O[(—%) ot k=10 =nl(=2)"", (3.44)
ap = %n!(—Q)”—l(—U”[O —2] = (-2)"(~1)" =2" where B, = (—1)"
and
b  (n—=1)0'(0)+7(0)
. = (S 0. (3.45)
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For Laguerre polynomial o(z) = z and 7(2) = v+ 1 — z. Then one obtains

n—2
n! , 1
Apry = i{ﬁm+¢—z>+§m+k—nm

n—2
= nl [J(-1) =nl(-1)"" (3.46)
k=0
and
1 " / (_1)n
a, = —'An,Lan[(n —1o"+ 7] = —, B, =1/n!, (3.47)
n! n!

b (n=10(0)+7(0) _

a, (n—1)0" + 1/

—n(n+ ). (3.48)

For Jacobi polynomials if we substitute o(z) =1 — 22 and 7(2) = 8 — o —
(a+ B+ 2)z into (3.41) and (3.42) then we obtain

Apin = n‘H (a+B+2)+ ;(n—i-k:—l)(—Z)]

= n!(—l)" Na+B+n+1), (3.49)
and
tn = Ay nBaln—1)0"+ 7] = ——(a+B+n+1)  (3.50)
n nl n—1,nPn — o n .
where B,, = (2n )7 and
b, —1)d'(0 0 —
b (-DIO)FT0) __ f-a .
ap (n—1)0" + 1/ a+(G+2n

3.4.1 Generating Function

A function ®(z,t) is called generating function for each polynomial of the
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hypergeometric type, such that

2z 0) = D a0y, 9a(2) = Buil2) (352)
where
U —L "o (2)p(z
n(2) = S5 D" (o) (3.59)

It can be shown that the generating function so defined is a function of two
variables whose coefficients of its expansion in powers of ¢ consist of polynomials
of the HG type. Such an expansion is valid at least for sufficiently small |¢|.

Let us recall the integral form of polynomial solutions

g Lot [ ons)ols)
Un(s) = () 2ri / 5=z (3.54)

where ¢ is a closed contour surrounding the point at s = z then we can write,

SlfEs e

n=0 P

For some z fixed and sufficiently small |¢|, we can justify the interchange of

summation and integration which follows that

O(z,t) = p(;m/gojf)z{ni[f@ﬁ]"}ds

=0

- / ) (3.56)

2mip(s) J, s —z — o(s)t
= o(s)t, 1 B s—z
g[s—z] 11— [Z(_S)Zt] Cs—z—o(s)t (3:57)

We suppose that there is only one zero of the denominator of the integrand
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located at s = &y(z,t) which is in the near vicinity of s = z and we assume that

such a single pole of the integrand of (3.54) lies inside ¢ so that

L pLs) ] (3.58)

O(2,t) = p(Z)RGS&J [—s o)t

where, s —z — o (s)t| =0, hence Resg, f(s) = limy ¢, (s — &) f(s).

s=&o

Resg, [L] — lim(s _gO)L

s—z—o(s)t s—0 s—z—o(s)t
— lim p(s)+ (s —&o)p'(s) _ p(s)
s—8o 1—o'(s)t 1—o'(s)t s=€o(2,1)
which leads to
1
oz, 1) = ¥ (3.59)

p(2) 1 =o' ($)t] ey o

for sufficiently small |¢t|. By the principle of analytic continuation, this is valid
for |[t| < R. For a fixed z where R is the distance from the origin to the nearest

singular point of ®(z, ) with respect to t.

Generating Function for Laguerre Polynomials

If we substitute o(z) = z and p(z) = 2%~ * into (3.59) then we have

p(s) 1
p(z)1—d'(s)t

S o Z2—S 1
— (%)

O(2,t) = _

(3.60)
s=&o

s=&0

&o is the root of s — z — zt, so it can be found & = z + zt. If we insert & into
(3.60) then we get

B(z,t) = (1+t)aezt(1_t)1—iL;;(z) (3.61)
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which is the generating function for Laguerre Polynomials.

Generating Function for Hermite Polynomials

By substituting o(z) = 1 and p(z) = e*" into (3.60) we get

-3

s=o (Zat) n=0

n

O(z,t) =e* ¢

Here & is the root of s — z — a(s)t. So s = § = z + t. From (3.60) we have

2in? | . t"
et T =Y (1) Hy(2)
n=0
or
o0

3

Substituting ¢ = —t we obtain

—QZE £2 Z H

and instead of s putting ¢ one obtains
e =N "H, . (3.62)
n=0

Generating Function for Jacobi Polynomials

Generating function for Jacobi Polynomials can be found by using (3.60)

as

28 (1 — 22t + 1)1 —t + V1 — 22t +£2)7*(1 + t + V1 — 22t + t2)—ﬂ
—Zp " (3.63)
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3.4.2 Orthogonality of Polynomial of the Hypergeometric
Type

Let us consider the orthogonality properties of classical polynomials by the
following theorem

Theorem 3.3. Let the coefficients in the differential equation
o(x)y" +7(x)y + Ay =0
be such that

o(z)p(x)r" =0 for k=0,1,--- (3.64)

r=a,b

at the boundaries of an x-interval (a,b). Then the polynomials of the HG type

which constitute a sequence of real functions of the real argument x

{yO(x)vyl(x)v T >ym(x)’ T 7yn<x)7 o } (365)

corresponding to different values of A = \,, i.e.
)\Oa)\la"'7>\m7"'7)‘n7"' (366)
are orthogonal on (a,b) in the sense that
b
| ol =0 (3.66)

for m # n where p(x) is now called the weighting function.

Proof. The elements y, and y,, of sequence satisfy the differential equations

Ym /1o (2)p(x)y,]" + Anp(x)yn = 0 (3.67)
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Yn/lo(2)p(2) Y] + Amp(2)Ym = 0 (3.68)

multiplying the first by y, and second by y,, and subtracting we obtain

Ym(opYy) — Yn(opyr,) = (A — An) PYUmUn

which is equal to

LW ()] = O = Aot (3.69)

where W (Y, yn) is the wronskiyen. Integrating both sides from a to b, we get

(= ) / D)y () (2)dz = 0(2)p(&)W (Ynr )| =0.  (3.70)

a

From the hypothesis the left hand side is equal to zero. Hence, for m # n
(A # ) we must have

b
| o@hn(alunads =0 (3.71)
and more specifically we may write

0 , m#n

3.72
N2 m=n (3.72)

/ ()Y (2) Y (2)dt: = N6,y = {

where N, is a normalization constant [29]. O

Orthogonality of Laguerre Polynomials

We know for Laguerre polynomials o(z) = = and p(z) = e "z so by using
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Theorem 3.3 one obtains

::efxxa+1+k

a,b

=0

x=0,00

where (a,b) = (0,00), then these polynomials are orthogonal provided that o >
-1
Orthogonality of Hermite Polynomials

For Hermite Polynomials o(z) =1 and p(z) = e, so

where (a,b) = (—o0, +00).

Orthogonality of Jacobi Polynomials

For Jacobi Polynomial o(z) = 1 — 2% and p(z) = (1 + 2)%(1 — 2)®, then

o(x)p(x)z”| = (1—2)*TH 1+ z)7 ok =0
a,b rz=7F1

where (a,b) = (—1,1). So Jacobi polynomials are orthogonal provided that a >
—1land 6 > —1.
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CHAPTER 4

BESSEL POLYNOMIALS

4.1 Generalized and Reversed Generalized Bessel

Polynomials

We have mentioned in Chapter 2 that the case in which o(z) has a double
root, i.e. o(z) = (2 — 29)?, can be treated in a different way.

Clearly the differential equation of the HG type
o)y +7(2)y + y=0 (4.1)
with o(z) = (2 — 29)? has polynomial solutions y,(z) of the HG type whenever
A=\, =-—n7'(2) — %n(n —1)o"(z) = —n[7'(2) + n —1]. (4.2)

Taking 7/(z) = a and writing the Taylor polynomial of 7(z) about z = zy, we

have
7(z) = 7(20) + a(z — 20) (4.3)

so that the differential equation (4.1) can be written as

" a + T(ZO) / + /\n

Yy Z— 2 (z — ZO)2 m Yy = 0. (44)

If we introduce a new variable s such that

1 1
or z—zp=—,
S

S =
zZ — 20
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ds , d%s

- " =9 3

dz 5 dz? s
dy oy Py APy sdy
2% Il 938
dz ° ds’ dz? ° ds? +es ds’

then, the differential equation in (4.4) is transformed to

d2
s2d—8‘Z +5[2—a—1(2)s]

dy

Ay = 0. 1.
7 Ty =0 (4.5)

This is not an equation of the HG type but it is a generalized differential equation.

Therefore, by means of the substitution

y = ¢(s)u (4.6)
and the identities
y/ QSI u/ yl/ u// ¢/ , ¢I/
—=—4— —=—42—u + —
y ¢ u Yy ou ¢ 0

we transform the last differential equation into the HG type. Actually we obtain,

u// 2¢/ ul <bl/ 9 ¢/ ul _ (8)
R R | L Fa

| n=t

leading to

/ i / )\n
u”—i—[2%—@]u/+{%—@%+s—2}u—0 (4.7)

where f(s) = 7(29)s + a — 2 is a polynomial in s of degree 1. A suitable form for

¢(s) is s7". Actually, since

¢/_ n ¢//_n2+n

¢(5) =s", é _ga & 2 n=01---.
we obtain the differential equation
su” — [2n + f(s)]u +n7(z0)u =0 (4.8)
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which is an equation of the HG type with
g(s)=s, T(s)=—-[2n+a—2+7(z0)s], \=mn7(z).

This equation has also polynomial solutions because,

A=\, = —n7 — %n(n —1)6" = —n[—7(20)] + 0 = n7(20). (4.9)

The self-adjoint form of (4.8) implies that

[sp(s)]' = =[2n+ f(s)lp(s) = —[2(n — 1) + a+ 7(z0)s]p(s)

which leads to
p(s) _ Sl—2n—ae—7—(zo)s'
Rodrigues formula defining polynomial solutions, say wu,(s), of (4.8) is

dn
un(s) — Bn8a+2n—167—(20)s_

y [Sl—a—ne—T(zo)s] (410)
gn

where B, is a constant. In fact these polynomials are closely related to the
Laguerre polynomials L%. With ¢ = 7(2)s, @ = 1 — a — 2n, the differential
equation (4.8) takes the form

tu"(t) + (a+ 1 —t)u'(t) + nu(t) =0 (4.11)

which is the Laguerre differential equation. Thus the polynomial solutions are
given by
u(t) = Ly(t)

so the polynomials in (4.10) are expressible as

un(s) = Cr Ly (7(20)s) (4.12)

41



in terms of the generalized Laguerre polynomials. It follows then that,

1u() = —unls) = 5L (r(z0)s)
and
Uul2) = Cu(z — zo)Lio-n( 1) ) (4.13)

Z— 20

standing for the polynomial solutions of the original equation in (4.1), where C,,
is a constant. It is important to note that we have still polynomials of degree
n even if 7(zy) = 0, in which case the differential equation (4.1) reduces to a
Cauchy-Euler equation. The best known polynomials of the HG type falling into
this catagory, where o(z) = (2 — 29)? are the generalized Bessel polynomials
denoted by y,(z;a,b). More specifically the generalized Bessel polynomials are

the solutions of the equation

2y + (b+az)y —nla+n—1)y=0. (4.14)

in which 20 =0, 7(29) =band o(z) = 22, 7(2)=b+az, A\, =-n(a+n-—1).

The connection with the Laguerre polynomials is written as

b -1
Yn(z;a,b) = Cp2" L7472 (=), C, = (T)”n' (4.15)
z
and the weighting function p(z) satisfies
[2*p(2)] = (b +a2)p(2)
from which
p(z) = e b/7,02 (4.16)

is obtained. Therefore
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1
UYn(z;0,0) = B,22 % * D2 ta"2e7b7 B = (5)" (4.17)

is the Rodrigues formula for the generalized Bessel polynomials [29].
In fact the value of the constant b is not important and a linear transfor-

mation for z transforms (4.15) into

2y +(2+a2)y —n(a+n—1)y=0. (4.18)

In this case instead of y,(z; a, b) we can consider a one parameter family of func-
tions denoted by y,(z,a). All formulas above can be reproduced for y,(z,a) if b
is taken 2. Notice that we get polynomial solutions for each n, n =0,1,2,---
provided that a is not negative integer or zero.

As a more special case, if a = b = 2 then y,(z, a) reduces to Bessel polyno-

mials y,,(z) which satisfy the differential equation
2y + (24 22)y —n(2+n—1)y=0. (4.19)
The Rodrigues formula can be found as
Un(2) = yn(2,2) = B,e?*D"[z*"e”¥?], where B, = (%)” (4.20)
and in terms of the Laguerre polynomials, it can be written as
Yn(2) = nl(—z/2)" L, " (2/2), C, = (—1/2)"n! (4.21)

Thus normalization is obvious when we introduce the coefficients of the leading
order terms of classical polynomials.
If we replace s by z and set 7(z9) = b in (4.8), (4.10), (4.12) the polynomial
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solutions u,(z) denoted and defined by

On(z;a) = 2y (27h a)

O0n(z;a,b) = 2"y (27" a,b) (4.22)

are called the reverse generalized Bessel polynomials. These polynomials satisfy

the differential equation

20" — (2n — 2+ a + bz)0 + bnh = 0. (4.23)
The phase reverse can be justified because, if
Yn(z;0) = bpz" 4+ b12" "+ + by12 + by
then

1 1 1
bu(z:0) = 2"bo(0)" +bi(2)" + -+ baa (D) + b
= bo+biz+-F by 12"+ by2" (4.24)

Clearly it is seen that reverse generalized Bessel polynomial is a polynomial with
the same coefficients but in reverse order. The differential equation for the gen-
eralized and reverse generalized Bessel polynomials in (6) and (8) respectively
have a basic difference. In (4.17) z = 0 is irregular singular point and z = oo is
regular singular point. However in (4.23) the point at the origin z = 0 is a reg-
ular singular point while the point at infinity represents an irregular singularity
which is more preferable. If we use (4.22) we obtain, by routine computations,

the differential equation satisfied by 6,, = 0,,(z; a) namely

200 — (2n — 2+ a + 2z)0n’ + 2nh,, = 0. (4.25)
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For a = b =2, (4.25) reduces to

200 — 2(z +n)On’ 4+ 2nb,, = 0. (4.26)

4.2 Recurrence Relation

We shall show that there is a connection between the Bessel function and the
Bessel polynomials. It is well known that the general solution of Bessel differential

equation
2y + 2y 4+ (0?22 — 1?2z =0 for fixed v, Reel v >0 (4.27)
is given by
y = C1J,(bz) + O, (bz) (4.28)

where C and C5 are arbitrary constants. J, and Y, denote Bessel functions of

the first and second kinds, respectively. The related differential equation

2y + 2y — (2 + 1)y =0, Reelv>0 (4.29)

which bears great resemblance to Bessel’s equation, is modified Bessel equation.
It is of the form (4.27) with o®* = —1 . The function I,(z), K,(z) are independent
solutions of the modified Bessel equation for all values of v and its general solution

can be taken to be

y(z) = A1l (2) + A2 K, (2). (4.30)

Let y be a solution of (4.29). Under the transformation y = z="e *6, by
substituting y" and 3" into (4.29), we obtain

(20" — (22 +2v — 1)0" — (2v — 1)0]zy = 0. (4.31)
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As zy(z) # 0, it follows that 0(z) satisfies the differential equation
20" — (22 + 20— 1) + (20 — 1)0 = 0 (4.32)

which is nothing but the differential equations in (4.26) for reverse Bessel poly-
nomials whenever 2v — 1 = 2n. This is why the polynomial solutions of (4.14)
and (4.23) are called Bessel polynomials.

By the general theory of linear differential equations, z = 0 is a regular
singular point and Ci}n general there exist two independent particular solutions of

the form 6 = z¢ Z cmz™. By Frobenius’ method one finds that the indicial

. . m:()
equation 1s,

ala—2v) =0. (4.33)

The solution of (4.33) are indeed distinct, except for v = 0. For v # 0, set

0 =0(zv)= Z cn2™ and 0 = 0(z,v) = 22 3% ¢, 2™, After differentiation
m=0

and substituting them into (4.32) then we obtain

(2v —1)(2v — 3) 22
o) = CO[H'H(2y—1)(2u—2)§+”'+
2v—1)2v—=3)---(2v —2m + 1) 2™ ]

2v—1)(2v—2)---2v—m) m!

(4.34)

similarly,

(2v+1)(2v +3) 2*

(2v+1)(2v +2) 2!

2v+1)2v+3)---2v+2m—1) "
2v+1)20+2)--- (2w +m) m!

0(z,v) = cpz* [1 + 2+

NI +} (4.35)

It is obvious that 6(z, ) reduces to a polynomial of exact degree n if 2v =

2n+1,n=0,1,--- and 2_2”5(z, v) reduces to a polynomial of exact degree n if

2v=—-2n—1,n=20,1,--- In general, it will be sufficient to consider only non
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negative values for the half integral second parameter so, for v =n + %

2n(2n — 2)2*

2n(2n — 1)2!

2n(2n —2)(2n —4)---(2n —2(m —1)) 2"
2n(2n—1)2n—2)---(2n — (m — 1)) m!
2n(2n —2)(2n —4)---4.2 2"

Tt G- mimr ] 430

1
0(z,n+§) = cl|l+z+

The polynomial defined in (4.36) is the solution of (4.32) while v = n + 1. The

(2n)!

. If we select cp = 577, the leadlng

co2™-n!
(2n)!
coefficients becomes unity. With this normalization we shall denote 6(z,n + 5)

coefficient of 2" in 6(z,n + 3) equals

simply by 6,(z). One now easily verifies that

n n
= E A 2 = E amz""™.
m=0 m=0

In (4.36) if we substitute ¢q then we find

2m"(2n — m)!
Ap—m = ( - m) ) (437)
(n —m)!m!
and if we replace m by n —m we get
|
N 1) R I (4.38)
2m(n —m)!m!

The coefficients of generalized Bessel polynomial, y,(z;a,b) could be found by

using the some procedure. The solution of (4.14) is of the form

Y =Yn(z;a,b) = Z

where

(n) _ n!(n+k+a— 2)(k)
P Kl — k)b

(4.39)
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One verifies that for a = b =2 [17],

n n+k)!
A (4.40)

l(n — k)!12k

The corresponding generalization of 6,(z;a, b) is obtained most conveniently by
setting
yn(z;a,b) = 2"0, (2 a,b)

The functions K,(z) and I,(z) satisfy some recurrence relations [26], [31]

such as
I'(2) + g]l,(z) =1,1(2), (4.41)
I(2) = 21(2) = L (2), (4.42)
L1 (2) + L (2) = 21 (2), (4.43)
and
Loi(2) = Laa(2) = %”uz). (4.44)

By the remarkable identity

EI—I/(Z) — L,(Z)

K,(z) = : 4.45
2) 2 sin v (4.45)
and above recurrence formulas for 7, (z) one obtains

Ky (2) = Ko (2) = —(2v/2) Ky (2), (4.46)

48



KL(2) = —K,1(2) — (v]2) K (2), (4.47)

Ky 1(2) + Ky () = —2K0(2), (4.48)
K (2)=—-K,1(2)+ (v/2)K,(2). (4.49)
In general the modified Bessel function of half integral order written as
1 (=) (n A+ ) e (n+r)!
I =——|¢° —1)"tle 4.50
nt3(2) 22 {e ; (n—r)lrl(22) =) ; (n—r)lrl(22) (4.50)
1 " (=1 (n+r) e (n+r)!
I i1y(2) = {ez + (—=1)"e? (4.51)
(nta) Vomz | = (n—n)lrl(2z) TZ:; (n—r)lrl(22)
thus, we have
1 e (n+r7)!
1 =1, 1= 2(—=1)"e* . 4.52
lrta) - Ts) 21z (=1)e ; (n—r)lrl(22)" (4.52)
Substituting this identity into (4.45) by taking v = n + 3, we get
n .—z n n+r)!
K, i(2) = mloiyn = Loy w202 Gt
TL+§ 2 Sln(n + %)ﬂ' 2 A /27TZ Sln(n —I— %)7{ .
Therefore,
oz —n-1 - (TL + ’T‘)' n—r
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We know from (4.38) that

So we have

and

K

n—

N[

If we insert (4.55) in (4.54) we get

V2 PTG (2) — /7 /2e7F (D20 (2)
2 1
_ _( n+ )\/W_/Qe—zz—n—l/Zen(Z)’
z

which leads to

or

Oni1(2) = (2n 4+ 1)0,(2) + 2%0,_1(2).

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

This is a recurrence relation for ,,(z). If we replace in (4.58) z by z~! and multiply

the result by 2" we have

00z = 2n+ D)2, () + 27 2, (27,

(4.59)

By using (4.22) we can obtain the following recurrence relation for the BP y,,(2)
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as

Yns1(2) = 20+ 1)2n(2) + s (2). (4.60)

By starting from 6y(z) = 1 and 61(z) = 1 + z it can be written, recursively, that

0o(2) = 301(2) + 2%0p(2) = 2> + 32 + 3,
03(2) = 5Oy(2) + 2°01(2) = 2° + 62° + 152 + 15, (4.61)

Similarly, starting from yo(z) = 1 and 3;(2) = 1 + z we have

y2(2) = 32y1(2) +yo(2) =322 + 32 + 1,
y3(2) = Bzya(z) + y1(2)152° + 152 + 62 + 1. (4.62)

Let us differentiate both sides of (4.54) with respect to z. We obtain

, ——vge%'””%uwwn+§vge%”3%@)
+\/§e—zz—"—1/29;(z). (4.63)

In recurrence relation (4.46) if we take v = n + 5 we obtain

~
+
.
N
~—
|

ne1(2) ==K, 1 (z) = (n+ %)%KM;(Z) (4.64)
Using (4.54) and (4.64)
0 (2) = 0,(2) — 20,,_1(2) (4.65)

1

can be found. If we replace z in (4.65) by z~' and multiply the result in 2" we

have

2Yn(2) = (2 = D)ya(2) + Yo (2)- (4.66)
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So, we found the differentiation formula for y,(z) and 6,(z). Similarly by using

(4.46) we have the following recurrence relations:

220/ (2) = (22 4+ 2n + 1)0,(2) — (2*0,_1(2) + 0,11(2)), (4.67)

22°y,(2) = Yn-1(2) = (24 2)ya(2) + Ynta(2), (4.68)
and finally combining (4.65) and (4.67) we get
200’ (z) = (24 2n 4 1)0,(2) — 041 (2). (4.69)
Also by using (4.66) and (4.68) we get the corresponding relation
2yp_1(2) = yn(2) = (L +n2)yn-1(2). (4.70)

By the explicit formulas for generalized Bessel polynomials y,(z,a,b) the

first four of these polynomials are therefore given by

Yo(z) = 1,

n(z) = 1+a(), (4.71)

p(x) = 1+2a+DE)+(a+Da+2)(;)

w(x) = 1+3(a+2)(5)+3a+2)(a+3)(7)" +
(a+2)(a+3)(a+4)(7)"
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and by using (4.22) we get

bo(2) = 1,

e = Z+%’ (4.72)
O(2) = Z2+2(a%b—1)z+(a~l—1[))§a—|—2)7

03(2) = +39F 22 glat2@td) | (at+2(atI)atd)

b b? b3

4.3 Orthogonality and the Weight Function of

Bessel Polynomials

The classical sets of orthogonal polynomials of Jacobi, Laguerre and Hermite
satisfy second order differential equations, and also have the property that their
derivatives form orthogonal system. There is a fourth class of polynomials with
these two properties and similar in other ways to the other three classes. This
fourth class of polynomials are Bessel polynomials. They are orthogonal, but not
in quite the same sense as the other three systems [18].

In the earlier part we show the orthogonality of Jacobi, Laguerre and Her-
mite polynomials by using Theorem 3.3. From this theorem it can be seen that
Bessel polynomials are not orthogonal in the real-axis since we can not find an

interval in the real-axis. As we know the BP satisfy the differential equation
22y 4+ (24 22)y —n(n+ 1)y =0. (4.73)
The weighting function p(z) satisfies

[2°p(2)]' = (2+22)p(2)

resulting in
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From Theorem 3.3 the condition of orthogonality in the real-axis is

o(x)p(z)z® =0 k=0,1---
If we substitute o(x) and p(x) of BP into the condition we can not find an
interval in the real-axis. We shall now show that the Bessel polynomials form an

2/z

orthogonal system, the weight function being e™*/# and the path of integration

the unit circle in the complex plane. The weight function and the path are not
unique; an arbitrary analytic function may be added to the weight function, it
may be multiplied by a non-zero constant, and the unit circle may be replaced
by an arbitrary curve around the origin [18]. To prove orthogonality we first note

that the differential equation (4.73) may be written in the form
e 2 1 (24 22)e7 7y = n(n + 1)e Y3y,
Furthermore,
(2e7 2y ) = n(n + 1)e ¥y, (4.74)

If we multiply both sides of (4.74) by y,, and integrate around the unit circle we
find:

/ (2%e 2/Zy,’l) Ymdz = / n(n + 1)6’2/Zynymdz
c c

and by integrating by parts we have

/(ze 2/z Yr) Ym dz = z%e” 2/Zy;ym
c

- / 2y, dz
c C

From fundemental theorem of calculus, the first term vanishes since it is analytic

in the unit circle then we obtain

n(n + 1)/ e~y yndz = —/ e~22yly dz. (4.75)
c c

o4



Interchanging m and n, that is

n(n + 1)/ Ymime 7dz = —/ e 27yl ! dz
c c

m(m +1) / Yntme 27z = — / “Ey oyl dz
C C

and substracting we get
[n(n+1) —m(m+ 1)] / Ymtne 2/ *dz = 0. (4.76)
C

So, for m # n we have

/ Ymime /Tdz = 0. (4.77)
c

This is the reguired orthogonality relation. Let us discuss the orthogonality of
generalized bessel polynomials. For arbitrary real or complex a # 0, —1, -2, ---
and z # 0, set p(z) = p(z;a,b)

1 —b
= n 4.78
2me 2 I'(a —i— n— 1 ) ( )
which satisfies the related nonhomogeneous equation [18]:

(22p) = (az +b)p — %75?_2)2. (4.79)

We shall show that the generalized Bessel polynomials form an orthogonal system
with path of integration an arbitrary curve surrounding the origin, and with the
weight function p(z) given by (4.78). Expanding (4.78) gives:
1 —b 1,-b 1 —b
_ -1 7 (72 (73
plz) = 27rz[a —{—(z)—i_a(,z)+a(a—|—1)(z)jL
— e 4.80
Ter ey ) T (4.80)
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The series in (4.80) converges for all z except zero. And this formula would

clearly have to be modified for the excluded cases a = 0,—1,—2,---. It can be
e=2/

5 ~ for the case a = b = 2
e

seen that p(z) reduces to the previous weight function
of Bessel polynomials proper.
As we know generalized Bessel polynomials satisfy the differential equa-

tion:

2y + (az +b)y =n(n+a—1)y. (4.81)

The function p(z) differs, except when a =1 or a = 2, from o(z) given by

xa72€fb/:r

o) =5

It is the factor needed to make equation (4.81) self-adjoint, and it is therefore a
natural candidate for a weight function. When a is not an integer, it is inconve-
nient if we wish to integrate around the point z = 0. The function o(z) satisfies

the differential equation

(%0) = (az + b)o. (4.82)

The equations (4.82) and (4.79) are the same if a is 1 or 2 and we treated the
case a = 2 in the earlier part. If equation (4.81) is multiplied by p(z), we have

(2%py) = (2%p)'y' + (az + b)py' = n(n+a — 1L)yp.

and using (4.79)

a—1)(a—2
(22py) — (az + b)py + (az + b)py + %zy’ =n(n+a—1)yp
can be obtained. Futhermore
zla—1)(a — 2
(2*py,) + ( 271(2 )y; =n(n+a—1)py,. (4.83)
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If we multiply equation (4.83) by y, and integrate around the unit circle we get

—1 —2
/ (*py.) ypdz —|—/ 2 2>(,a )y;ykdz =n(n+a— 1)/ PYnyrdz. (4.84)
c c m c

By integrating by parts we have

z(a—1)(a—2
—/ 2oyl y,dz —|—/ ( )( )y;ykdz =n(n+a—1) / PYnyrdz.
o C C 271 C

22 pyl Y

From Cauchy’s Theorem, one obtains

/ z(a — 1)(‘a - Q)y;ykdz _0
c

271

and z?py’ yx is analytic so by the fundemental theorem it vanishes. Then (4.84)

becomes

n(n+a— 1)/ PYnyrdz = —/ 2 pylyidz. (4.85)
c c

Interchanging n and k , that is

n(n+a—1) / YnYupdz = — / 2 pyypdz
c c

k(k+a—1) / YrYnpdz = — / 22 pyryndz
C C

and substracting gives:
n(n+a—1)—k(k+a—1)] / YrYnpdz = 0. (4.86)
c

Finally, for n # k we have
/ YrYnpdz = 0,
c

which shows that the polynomials are orthogonal with weight function p(z). As
we show before, in real-axis Bessel polynomials are not orthogonal and also gen-

eralized Bessel polynomials are not orthogonal in the real-axis with the function
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p(z) = e7%/#2972 because we can not find an interval that satisfies condition which

is given in Theorem 3.3. Let us calculate for n = k ;the value of

/ Yn(z;a,b)p(z;a,b)dz
c

and
/ 2 yn(2;a,0)p(z; a, b)dz.
C

n

Suppose p,(z) = Z cmz™ be an arbitrary polynomial of degree n. The weight

m=0
function p is defined by

So,

/Z|:1 kan(Z)P(Z)dz = L zkpn(z)(; %(;)r)dz

211 |z|=1

We may interchange summation and integration since » < I(a) )(_717)7" con-

r=0 [(a+r—1
verges.

k 1 o ()b (a) .
/|Z1 : pn(Z)p(Z)dz - 2_71'2 Z % Z Cm~Z dz

Using Cauchy’s Integral Formula and Cauchy’s Teorem we obtain,
/ Frmrdy =0, for k4+m—r# -1
|z]=1

and
/ gy = omi for k4+m—r=—1.
|z]=1
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Therefore,

/|Z P = Hmz,;:f’"—ﬂai(?— ()
_ S o L)
IR e

We are interested in the case when p,(2) = y,(z;a,b) = Z fimm From (4.39)
m=0

we have
fin) = (n)b_m(n+m+a—2)(n—l—m+a—3)---(n—|—a—1),
m

so that the sum may be written as [17], [24]

n+k+1
Fyn(2; L0, b)dz = e —k—14a—2
[ Amebptani= 3 v (|} Joer—k-1va—2)

r=k+1

['(a)

k-1 —3)... S Y Sl Gl B v
m+r—k—14+a—3)---(n+a—1)b Tatr—1)

n+k+1

B - nln+r—k+a—-3)---(n+a—1)(a—1)!
B Z (=1) r—=k—D!n—r+k+1a+r—2)---(a+ 1)a(a —1)!

- k17 k41 v_nntvta—2)--(nta—1)
=2 (UMD oln —v)i(k+v+a—1)---(a+1)a

v=r—k—1=0

This leads to

(=Dt
(k- nta—1)(a+1)(a)

/|_1 Zkyn(z; a,b)p(z;a,b)dz =
Z(—l)”(Z)(n—i-v—i—a—2)-..(n+a— D(k+v+a) - (k+n+a—1(4.87)

29



Lemma 4.1.

Proof.

By changing v + w = t,
k k n
AN . n k—n
g <t)x = g x <v) ( L ) [17] (4.88)
t=0 t=0 v=0

Lemma 4.2. The function

R e(n I'k+n+z+1)
f(x)_;( Y (U)F(n+x)(k+v+x)(k—1+v+x)---(n+v+x) (4.89)

is independent of x, and has the value k(k —1)---(k —n + 1); in particular, for
k <n one has f(x) = 0.

Proof. For k > n (4.89) is equivalent to

\ w(n\(ktnt+z)(k+vta)--(ntvta)---(nta)
f<$>_2( 1)() (k—I—v—i—x)(n—i—v—i—x)

(4.90)

Clearly f(z) is a rational function and could have poles at most for z = —m,

n < m < k+n. In fact, as seen from (4.90), all these poles cancel and f(x) is
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a polynomial of degree at most n. We shall show that lim f(z) exists for all

these k + 1 values of m in the given range and that all these limits equal W’
1ndependently of m. It then follows that the polynomial f(x) of degree n < k+1
equals Tt n, identically, as claimed.

To find the limit, set m =n+1¢,0<t <n,t €Z, x = —n —s. Then by

(4.90)

D(k—s+1) " (_Dv(n)( (t—35)--(=s)

kE+v—n—s)---(v—ys)

S
I

s (n) () (o))
= lim ;( 1) ( )(kJrv_n_s) (v =35)T(—s)

= F(k‘ -1+ 1) lim (_1)U (Z) (k’ + it__nS)_‘ S)(_S()UF(—_;))T(—S)

v=0
because for t < v < n, —s <t —s < v — s and the vanishing factor of the
numerator not cancelled by a corresponding factor of the denominator. It follows
that therefore

limf(—n—s) = D(k—t+1)lm» (1) (Z) L(t —;();12]3__”11.8.).(_8)

C TE—t4+1) Z(_l)v (Z) (v _;(; 1+)U_(Tll - 2(—75)

= (k—1) O(n) o) (kfu—n—t)

- ﬁ‘—i’fﬁo(:)(f_:).

By Lemma 4.1 the last sum equals to (];), so that

(k-0 Kl k!

e T s Tl s
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as claimed. The lemma is proved [17]. O

Using Lemma 4.2, let us calculate the sum in (4.87): The sum becomes

n

Z(—l)”(Z)(n—l—v—i—x—1)---(n—|—x—1)(n+x)(k;+v+x—1)---(k+n+x)

v=0

( ) k+n+ax)k+n+x—1)---(k+v+x)---(n+v+x) - (n+x
(k+v+x)---(n+v+2x)

IIM

A\ T(k+n+x+1) 1
0”<_”<v) Dn+z)  (ktoto)(ktota—1)(nto+ta)

where £ = a — 1. This leads to

Rk—1)--(k—n+1) =

(k—n)!
by Lemma 4.2. If we inset this value in (4.87) we obtain

By (e . _ (=b)*+ k!
sz Il 0, D)plz; , D)z = (k+n+a—1)---(a+1)a(k—n)!
(=) Tk + 1) (a)

= . 4.91
Fk+n+a)l'(k+1—n) (4.91)
As a consequences of from Lemma 4.2 we have for 0 < k < n,
/ Fyn(z;a,b)pn(z;a,b)dz = 0. (4.92)
|2[=1

Ifa>0

(a —1)k!
(k+n+a—1)k—n)

/ Fyn(z:a,b)p(z;a,b)dz = (—b)FH
|z|=1

For a = 2,

p(z;2,b) Z b/z = e7b/%,
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Thus when a = 2 and k > n,

k!
Fyn(2:2,0)p(2:2,b)dz = (—b)*+! . 4.
[ e s = (O e G
For a = b =2 and k£ > n, we obtain
_2)k+1k!
Fyn(2:2,2)p(2:2,2)dz = ( 4.94
J R R e (4.94)

For n = k (4.94) can be written as

/| ya(za,b)p(z;a,b)dz = /| iy (za,b)p(z; a,b)dz
z|=1 z|=1
= fé")/ 2"yn(2;a,b)p(z; a,b)dz
|z|=1

From (4.37) we have

) @2n+a—-1)
(n) _ p—n . —9)... - 1)=p"—=
f=b"En+a=2)@nta=8) - (nta—1)=bT o

So by substituting fé") it follows that

Rl I e o
b™"T'(2n +a — 1)'(a)T(n + 1)(=b)"**
I'Cn+a)l(n+a—1)
(—1)""on!T(a)

= . 4.96
2n+a—1)IT'(n+a—-1) (4.96)
In particular, if a = b = 2, then
/ y2(22,2)e 2 *dz = (—1)”+1L. (4.97)
|z]=1 2n+1
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By using y,(z) = 2"0,(27*; a,b) and setting
22 & ['(a)
'b:—g——br 4.98
Pz a.b) mi = T(a+r— 1)( ?) (4.98)
we obtain, for k > n, that

(—1)FF 11D ()T (k + 1)

F(27"00(2;a,b ;a,b)dz = . (499
/l;llz (Z (270/7 ))pl(’z7a7 ) z F(k"‘a—i_n)r(k‘i_l_n) ( )
It follows that for k = n,
_ bn! [(a)
"0,(z;a,0))?p1(2; a,b)dz = (—1)"* 4.1
[T b s by = () e S (a100)

4.4 Relations of the Bessel Polynomials to the
Classical Orthogonal Polynomials and to Other

functions

4.4.1 Relations to Hypergeometric Functions

In Chapter 2 we give the definition of generalized hypergeometric series as

oo ar)n(
AFB(a17a27 AL, Y2, 773;2) = Z (('yig E’y;;

n=0

n"‘(OfA)nZ

Z (4.101)

For A =2 and B =0, (4.101) gives

= (« nlag), 2"
o Fo(ar, ;s 2) = Z %

n=0

=z

= in oFp(ay, ag, z), where n is a

Let us take a1 = —n, as =n+a—1and z —

natural number so 2 Fy(—n,n+a—1;37) is



(—n)1—n)2—-—n)---(k—n—1(a+n—-1)---(a+n+k—2)

NE

pr k!

()

(=D*an—1)--(n—(k—1)(a+n—1)---(a+n+k—2) 2~
= 2 (—1)FbkE]

ol

3l

o

nl(n+k+a—2)kF
kl(n — k)!bk

I
[e=]

This gives the generalized Bessel polynomials

Yn(z;a,b) = oFy(—n,n+a — 1;?). (4.102)

In particular, taking a = b = 2, we obtain

Un(2;2,2) = yp(z) = 2Fo(—n,n + 1; 7) (4.103)

4.4.2 Relations to Laguerre Polynomials

As we identified before Bessel polynomials can be defined by using Laguerre

polynomials. They may be defined by

L) =

m=0

(=1)"™(1 4 a)paz™
ml(n —m)!l(1+ &)y

(4.104)

It follows that, if we take « = —2n —a + 1 and = = g,

n

L%—Qa—a—l—l)(b/z) _ Z(_l)m

m=0

(—2n—a+2)-b"
m!(n —m)!|(=2n+2 —a),

z=™ (4.105)

and multiply both sides by n!(—z/z)" then n!(%)”L%ﬁZn*aH)(g) becomes
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1)+ 2n—a—|—2)( Mm—a+3)(—n—a+1) 2z,
mz— m)!(2n+a—2)---(2n+a—m—1) <5>
n (—1)m+"( D"2n4+a—-2)---2n+a-—m—1)---(n4+a—1Dn! z
s (=Dmml(n —m)!(2n+a—2)---(2n+a—m — 1) (g)
(2n+a—m—2 n+a—1n! 2z,
- mz m!(n)—m<)! ) (5) '

Here by changing the indices n — m — k we have

““(nt+k+a—-2)--(nta—-1n! , ~m+k+ta—2) ,
= . (4.106
2; Kl(n — K)ok : g% W=k (4106)

This leads to ;
(250, 0) = nl( 2P L),

z

In particular,

2
(z1a,2) = | nL( 2n—a+1) )
h(z0,2) = () )

For reversed generalized Bessel polynomials, we have

On(z;0,0) = 2"yn(z7 % a,b) = (—1)"nlb" L 274D) (b2) (4.107)

4.4.3 Relations to Jacobi Polynomials

Jacobi polynomials may be defined as

Q%fﬁ2ﬂbmﬂ+a+ﬂ+nﬂ+aﬁl_dﬂ%k

pless) _

Settinga =t—1,f=a—1—tand (1 —z2)/2 = —t(y/b) it follows
1—
oFi(-n,1+a+B+nl+a TZ> = 2Fi(—n,a+n— 1t —1(y/b))

n!

S Mp(t La—t—1)
1+ a),

PU=Le—t=1(1 4 9¢(y /b)) = In4+a+1)""

(14 2t(y/b)
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which is equal to

n————< PU=ta=t= (1 4 ot(y /b)).
Here, it is convenient to recall that,
tlim oF1(ay, ag; t;tz) = oFy(ay, ag; —; 2).

If we take the limit as ¢ — oo, in (4.108)

I'(x)’
lim nMPé‘”’l’“’x’l)(l +2z(y/b)) = 2Fo(—n,n+a—1;—

t—00 F(n + x)

By using the identity

we get

Yn(z;a,b) = lim nB(n, t)P 197D (1 4 2t(2/b))

n
t—o0

with z instead of y [17].

4.5 Generating Function

(4.108)

—_y)'

b

(4.109)

Generalized Bessel polynomials are the solutions of differential equation,

2y + (b+az)y —n(a+n—1)y=0

where the weight function is,
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From the definition of generating function in Chapter 3,

where §,(z) = 4-ya(2) with B, as normalization constant and

p(s) 1
p(z) 1 —o'(s)t

From equation (4.110), o(s) = 2s, ¢'(s) = 2, we have

O(2,t) =

s=£o

p(s) 1 597 2eb/s ]

p(z) 1 —a'(s)t

20-2e-b/2 ] — 9t

O(z,t) =

s=&o

Here s is a root of = s — z — st = 0. So

1—+/1—4zt 1++1—4zt

§g = —M———.

o 2% ’ 2

We choose s; because it satisfies the condition s; — z as t — 0,

S b, b 1
B(z,t) = (2)%es T
z 1 — 2¢(AvIet

We now substitute s; in (4.111) to obtain

=1) = { 22t

(1—VI-4:0)-

or

2zt 2z

B(ert) = |

For y,(z;a;b) B, = (%)” So, dividing and multiplying by 2",

2zt

Bz, 1) = {1_— ”_4“] S (i Z(%)nyn(z)(zt)”i.

n=0
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s=&0o

a—2
1—\/1—4zt} exp{bl V1 4Zt}(1—4zt)1/2.

(4.111)

1—1—4dzt]%? 1— 1 — 4zt — 22t
—Z} exp{b - : }(1—4215)_1/2

n!



and replacing 2t by s

1—1—225]"7% 1 vies — b 1
Sl il B C S )1 —228)"Y2 =Y (=) "yn(2)s"—=.
zs =2 n!
Futhermore,
[(1 \/1—2755)(1—1—\/1—223)] b (A-VITE) (1 _ 9,5)-1/2
zs(1++/1—2zs)

and replacing s by ¢, we obtain the generating function for y,(z;a,b) as

2

-3

n=0

Bz, 1) = (1— 2:4)" /2 [ﬂr exp{<ﬁ>(1 - m)}

)"t "y (z; a b) . (4.112)

l\DI@

For b = 2 generating function for y,(z;a,2) is
141 —2zt 1 n
(1—2tz)~1/2 {%]2_“ exp{—(l V1 —2z1) } E yn(z:a)t"
z

In particular, if a = b = 2, we have the generating function for Bessel polynomials

as

l(1—\/1—215:5)1/2}: (2 0

Z n!
n=0

(1 —2zt)71/2 exp{

If we replace y,(2;a,b) by 2"0,(z"1;a,b) in (4.111) we get

1+v/1 -2zt b
(1—2:4) V2 [%} exp{2—1 iy ta}
z
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We now replace z by 27! to get

(= >1/2[1”2—Z2t)”THexp{b—zm—(ﬁ)‘W}

z — 2t 2

If we insert b = 2 in (4.113) we have

(ﬁ)lﬂ[%]%aexp{z(l—( . 1/2} Ze 21a)

Particularly, for a = b = 2 one obtains

(el - ()= S0
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