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ABSTRACT

ISOMORPHISMS OF /-KOTHE SPACES

KARAPINAR, Erdal
Ph.D., Department of Mathematics
Supervisor: Prof. Dr. Murat YURDAKUL
Co-Supervisor: Prof. Dr. Vyacheslav ZAHARIUTA

October 2004, 76 pages

In this thesis, we study on ¢-Kothe spaces. By the help of interpolation
theory, we use linear topological invariants to get isomorphisms of Carte-
sian products of f-power series spaces. We also see that multirectangular
n-equivalent characteristics is linear toplogical invariant for power ¢-Kothe

spaces of first type.

Keywords: ¢-Kothe Spaces, ¢-Power Series Spaces.
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oY/

{-KOTHE UZAYLARININ ES
YAPILARI

KARAPINAR, Erdal
Doktora, Matematik Boltimii
Tez Yoneticisi: Prof. Dr. Murat YURDAKUL
Ortak Tez Yoneticisi: Prof. Dr. Vyacheslav ZAHARIUTA

Ekim 2004, 76 sayfa

Bu tezde, (-Kothe uzaylari tistiinde calistik.  Enterpolasyon teori
yardimiyla, topolojik degigmezler kullanip /-Kéthe uzaylarinin ¢carpimlarinin
es yapilarin1 gozlemledik. Ayrica, n-denkli ¢oklu dikdortgenseller karak-
terlerin, birinci tipte karigmig uzaylarin topolojik degismezi oldugunu

gozlemledik.

Anahtar Kelimeler: ¢-Kothe Uzaylari, (-Kuvvetli Seri Uzaylar
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CHAPTER 1

INTRODUCTION

In chapter 2, we not only collect the necessary background for the se-
quence spaces with unconditional bases and monotone norm, but also obtain
some of their simple but important properties. By using the method of an-
alytic scale we observe that they have a very nice interpolation property
(see Lemma 2.2.9) which enables us to study the isomorphic classification of
Cartesian products of /-power series spaces.

In chapter 3, we recall definition of ¢-Kothe spaces and give the modifi-
cations of necessary background to be able to use topological invariants as
well as modifications of some their basics. As one application we obtain a
criteria for quasidiagonal isomorphism of /-power series spaces. Besides that
we observe the usual Kothe space K (A) is nuclear when it is complenment-
edly embedded in K'(B) for 1 <p<g<oowithp<2orl<g<p<oo
with p > 2. Finally, we use both results J. Prada and V.P. Zahariuta and
get that any stable complemented subspace of E2(a) x E% (b), with a; or b;
tends to infinity, is basic.

In chapter 4, we consider properties d; — ds on /-Ko6the spaces. We study
on isomorphisms of Cartesian products of /-power series spaces of finite and
infinite type.

In chapter 5, we recall the first type power /-Kothe spaces and give some
basic properties. After that, using n-equivalent multirectangular character-
istic invariants we consider the problem of quasidiagonal isomorphisim of the
first type power (-Kothe spaces. We see that the system of all m-rectangle
charactersitics pu,, is a complete quasidiagonal invariant on the class of all

first type ¢-Kothe spaces.



CHAPTER 2

PRELIMINARIES

2.1 Banach Sequence Spaces

A basis for a Banach space X is a sequence (z,,)5°; of vectors in X such
o0

that every vector in X has a unique representation of the form Zanxn
n=1
with each «a,, a scalar and where the sum converges in the norm topology.

The mapping = +— «, then defines for each n a linear functional z/ on

n
X. Tt is easy to check that the expression ||z|| := sup| Zx%(m)xﬁ defines
n
a stronger complete norm on X, so that |- | and || - |T_;re equivalent by
the open mapping theorem. We deduce from this that the biorthogonal
functionals for a basis are necessarily continuous. Infact, all bases in Banach
spaces are Schauder bases, that is, all biorthogonal functionals for a basis are
continuous. Moreover, the biorthogonal functionals are a basic sequence in

X*: that is, they form a basis for their closed linear span. When it is useful
/ )OO

to specify the biorthogonal functionals, we refer to the "basis” (z,,x] )% .

[e.o]

A series E x, in a Banach space is said to converge unconditionally

n=1
provided every rearrangement of the series converges. This is equivalent to

o
(a) Z xy, converges for each subsequence (k,), and also to

n=1
(b) Z 0,x, converges for any sequence (6,,)5°, with 6, = £1, n=1,2, ...
n=1



A basis (z,,)92, in a Banach space X is said to be an unconditional basis

provided that Z a,T, converges unconditionally whenever it converges.
n=1
This is equivalent to saying that every permutation of (z,,)5°, is also a basis.

For any two sequences, x = (&;),y = (7;), we use the notation zy := (§m;).
Similarly, for any three sequences, z = (&),y = (m:),z = (), we notate
ryz = (&n;(;). Let X be Banach sequence space. The norm ||| is called
monotone (see [14]) (unconditionally monotone (see [18])), if the following
implication holds: for any z = (&,),y = (,) € X, || < ||, n € N implies
Il < Iyl

It is known that every Banach space X with an unconditional basis (x,,)
has a monotone norm | - ||x which is equivalent to its original norm | - |.
Indeed, it is enough to put

lz]lx = sup
|Bn|<1

n

Throughout this work we denote by ¢ a Banach sequence space in which
the canonical system (e,) is an unconditional basis, with a monotone norm
|| - || satisfying ||e,|| = 1 for each n. Let A be the class of all such spaces; in

particular, [,, ¢y are in this class.

Proposition 2.1.1. Let (X, |.||,) be a Banach space with an unconditional

S
n=1-

basis (x,, x),) Then there exists a space { € A such that the map

T -X — /¢
vi=Y 2 (1), — €= (@ (@), ze€X
n=1

s an isomorphism.

Proof. Let £ be the space of all sequences (2 (2))5,, = € X, endowed with

n=1»

am| < 1}
0

the norm

(2 (@)l := sup { >l (@)anz,




In X, we have a norm || - ||; which is equivalent to the original norm || - ||,
(see [14], [18]) and defined as

oo
]l = sup{ Z$;L($)anxn
n=1

We want to show that the map

,\anlgl}, r e X.
0

T: X =/

=Y @) €= (@), veX
n=1

is an isomorphism.
Since /¢ is defined as the image of T', then the map T is onto. It is also
clear that 7' is one-to-one. Now, it is sufficient to show that 7" and its inverse

are continuous. Since

(5o

T is isometry.

[e.9]

||TxH£ = = ||$||17

0

= || (zn(@))[l, = sup
|an|<1

z (),
1

n=

L

The norms ||.||, and ||.||; are equivalent in X, so there exists C' > 0 such
that

1
clello < llzlly < Cllllo, (2.1)

that is,
1
clelle < 1Tzl < Cllall,. (2.2)

Hence T is an isomorphism. Since ¢ is isomorphic to X, then ¢ is a Banach
space.

To see that the norm ||.|[, is monotone; we take & = (&,),n = (n,) €
¢. Since T is onto, there exist z,y € X such that (¢,) = (2/,(x)) and



(m,) = (2 (y). If |&] < |na| holds for each n, then there there exists
0 =(0,), 0, = £1 such that =/ (z) < 0,2/ (y) which satisfies

y

T) Ty

€1, = (=7 (x)ll, = sup {

|an|<1

= sup ix;(w)x%(y)&nxn < sup Y)nbn,
lan|<1 n=1 xn(y) 0 |an|<1 0

:iﬁsugl{ zx ), }=H<x;<y>>||@=||nug-

Canonical system (en)n 1 1s a basis in ¢ . Indeed, since 7" is an isomor-
phism, the image of the basis (z,)2, in X, which is (e,)5%,, is a base for
(. O

Hereafter, we prefer to use || - || instead of || - |[,.

Lemma 2.1.2. Let { € A. If x = Ze'n(x)en €l and o = () 1s such that

n=1

la,| < 1Vn, then ax = Ze;(x)anen is also in (.

n=1
Proof. Let Sp( Z e/ (x)e, and Sy, (z) = Z e (z)anen.
n=1 n:l
From Proposition 2.1.1 we have ||z|| = sup Z e, (x)ape,|| . For k <m
lan|<1 0
5@~ Sl = | 3 hlwae,
n=k+1
= sup egm(x)ﬁnanen < sup €,n<x>r>/n€n
|Bn|<1 n=k4+1 [yn <1 n=k+1 0
= || 2= en(@en|| = l1Sm(@) = Su(@)]
n=k+1




where v, := (,a, for each n.

Since the series Ze;(:c)en converges ( i.e. [|[Sp(z) — Sk(z)|| — 0, as

n=1

m, k — o0), the sequence (S,,(2))2, is a Cauchy sequence. Since { is com-

plete, (S’m(:ﬁ));’ozl converges in £, say to au. O]

Lemma 2.1.3. Let ¢ : [0,00) — R be a convex and non-decreasing function.
If p(t1) = (t2) forty < tq, then p(0) = p(t) for 0 <t <t,.

Proof. Assume the contrary, that is, for t; < ta, p(t1) = ¢(t2) but ¢(0) #
©(to) for some ty € [0, ts]. Since ¢ is non-decreasing this means that ¢(0) <
e(to) < p(t2). Thus ©(0) < p(t2).

By convexity of ¢, we have p(t) < (1 — A)p(0) + Ap(t2) where 0 < A < 1
and 0 < t < ty. If we take \ = % and t = t;, we obtain that

Since (0) < ¢(ts) we obtain that ¢(t) < (1—2)p(t2)+(2)p(ta) = p(t2)
which contradicts our assumption that ¢(t1) = ¢(t3). Hence ¢(0) = ¢(t) for
all t € [O,tg]. UJ

Let (e,).-, be an unconditional basis of £ in A. For x € ¢ define

T = teg + Z er (z)en
n=2

o0

for all ¢ in R. Since the series Z e, (x)e, converges to x in ¢, then e} (z)te; +

n=1
Z el (x)e, converges to in /.
n=2
Lemma 2.1.4. Let { € A. Ifx #0 isin £ and o = (o), |an| < 1,Vn, then
o ]| < ]}



Proof. By monotonicity of the norm, it is sufficient to prove that ||az|| # ||z||.

Assume the contrary that

[l ]| =[] (2.3)
Let r,(z) := Z e;(x)e; and
i=m-+1

om(t) = lled| = llteg, (w)em + rmi (2]

form=1,2,...
First, we show that ¢,,(t) is convex. For A € (0,1) it follows from the

triangular inequality that
Om (M4 (1= N)E) = || (At + (1 = M) e, (2)en + Tmi (@) ]|
= || Mter, (@)em + Armia (@) + (1 = Ntel, (2)em + (1 = A)rmsa ()]
< Allter, (@)em + rma (@) + (1 = Nllter, (@)em + rmsa ()]
< Apm(t) + (1= Nem(t).
It is clear that ,,(t) is non-decreasing. Indeed, if ¢ < ¢ then
[ter, (2)em| < [tel, (2)en]

By monotonicity of the norm it follows that ¢, (t) < ¢ (f).

We want to prove by induction that for every positive integer n,

lra(@)|| = [l]]-

In the first step, we need to show that this assumption holds for n = 1.

From the definition,

pr(1) = [l]l- (2.4)
By monotonicity of the norm and by the assumption |a,| < 1 for each n,

we get that
pr(n) = [l (@)er +ra(2)]| = 1) el (@)anencu|l = [laz] (2.5)



If we combine (2.3), (2.4 ), (2.5) we obtain that
pr(1) = llzll = [loz]| < @i(ar) < [l]

which implies that ¢1(1) = ¢1(a1). Since ¢1(t) is non-decreasing and convex,

then by Lemma 2.1.3 we have

©1(0) = ¢1(1) (2.6)

From (2.6) we conclude that || (z)|| = ||z||.

Now, assume that the property is true for some integer n, i.e.

lra(@) [} = ] (2.7)

We must prove that it is also true for n + 1 ie. ||r,11(z)] = ||z
Let y = r,(x). By (2.7), since z # 0, y # 0. It is obvious that

nr1(1) = [ly| (2.8)
By monotonicity
lnr1(ensa)ll = ll€n 1 (2)ansrer + ropa(2)]]
> Y eh(@arerar] = fayl (2.9)
k=n+1

If we combine (2.7), (2.8) and (2.9) we obtain that

Pria(D) = [yl = llayll < vnsa(@nn) <yl

which implies that ¢,11(1) = @pi1(ane1). Since @, 41(t) is convex and
non-decreasing, then by Lemma 2.1.3 we have ¢, 11(1) = ¢,4+1(0). Hence
|rns1(z)]| = ||z]|. Thus by induction ||r,(z)| = ||z| for all positive integer
n. Since (e,) is a basis, ||r,(x)|| — 0. But this contradicts the assumption
that = # 0. Hence we have proved that ||z|| > ||az]|. O



With Lemma 2.1.4, we can conclude that the monotone norm is also
strictly monotone, that is, ||azx|| < ||z|| for all z € £ and a = (ay,), such that

la,| < 1, n € N.

Proposition 2.1.5. If {1,{, € A then there exists a Banach sequence space
¢, satisfying 2.1.2 such that ¢ ~ 01 X {5, where the norm in the Cartesian
product of {1 and {5 is defined as follows:

1Y)y xe, = max {{[ (@)l 1)l (2.10)

x €l andy € ly.

Proof. Let x = (&) € ¢1 and y = (n;) € 2. Then we define z = (¢,) such

that
if n=2k—-1
¢, =4 S Hom ! (2.11)
ne if n=2k.

Let ¢ be the space of all such sequences ((,). Define I : ¢; X {5 — ¢ such that

(x,y) — z. Define a norm in ¢ as:

Gl = T (s ) = max {1 (€, » 1[0 )], ¥

By definition, I is one-to-one and onto. Since

(ks i)l = max{ [ ()l » 1)l 3 = 1@ ), s

I is isometry. Hence we get a canonical isomorphism ¢4 x ¢5 ~ (. Let (¢;) € ¢4
and (€;) € {5 be the bases of the related spaces. Then the sequence, we want
to denote it again by (e,), which is just the image of the (egx_1,€2) under
I, becomes a basis in /.

Let o = (ov,), and 8 = (3,), be sequences of constants such that |a,| < 1

and |3,| <1 for all n. Then by monotonicity of the norms H-Hzl and H-H@ we

get
1, BY)ll gy, = max {|[(ez)]l,,, 1(5y)l,, }
< max {[[(2) |, , 1W)lle,} = (@ 9) g,
Thus ||.||, satisfies Lemma 2.1.2. O



2.2 Methods of Interpolation

In this section, we want to collect the necessary background from the In-
terpolation Theory which is necessary to obtain some interpolative property

of linear maps between ¢(-Ko6the spaces. Our main reference is [16].

2.2.1 Interpolation Spaces

A Banach couple (A, B) is two Banach spaces A and B algebraically and
topologically imbedded in a separated topological linear space S. With any

Banach pair we may associate a couple of imbedded Banach spaces:

1. The space A N B consists of the elements common to A and B; the

norm is ||z|| 4op = max {||z|| 4, ||| g}, where x € AN B.

2. The space A+ B consists of the elements of the form = = u + v, where
u € Aand v € B and norm is ||z]| 4, 5 = inf{||ul| , + ||[v[| 5} where the
infimum is taken over all elements u € A and v € B whose sum is equal

to x.

The first of these spaces is called the intersection of the spaces of the Banach
couple, and the second is called the sum of the spaces of the Banach couple.

The Banach space F is said to be intermediate for the spaces of Banach
couple (A, B) if the imbeddings AN B C E C A+ B hold. It is easy to see
that any space L,(0, 1) of p-integrable real (complex) valued functions on the
interval (0, 1), is an intermediate space between L, (0, 1) and Ly, (0,1) (po <
p1) if (po < p < p1).

Let (A,B) and (C,D) be two Banach couples. A linear map-
ping T acting from the space A + B to C 4+ D is called a
bounded operator from the couple (A, B) to (C, D) if the restrictions of
T to the spaces A and B are bounded operators from A to C' and B to D,

respectively.

10



We denote by L(AB,CD) the linear space of all bounded operators from
the couple (A, B) to the couple (C, D). This is a Banach space equipped

with the norm

1T as.cpy = max{[[ Tl a—c 1Tl 5 p}-

Indeed, if the operators T}, form a Cauchy sequence in L(AB,CD), then
their restrictions to A and B converge in L(A, C') and L(B, D) to operators T"
and T", respectively, which obviously coincide on A N B. Then the sequence
T,, converges in L(AB,CD) to a uniquely defined operator T' acting from
A+ B to C + D according to the formula Tz = T'u +T"v (v = u +v,u €
A,v € B).

Definition 2.2.1. Let (A, B) and (C, D) be two Banach couples, and E (re-
spectively F') be intermediate for the spaces of Banach couple (A, B) (respec-
tiwely (C,D)). The triple (A, B, E) is called an interpolation triple relative
to (C, D, F) if every bounded operator from (A, B) to (C, D) maps E to F.

Lemma 2.2.2. If a triple (A, B, E) is an interpolation triple relative to
(C,D,F), then there exists a constant ¢ = ¢(E,F) > 0 (interpolation con-
stant) such that

1T gp < CHTHL(AB,CD)

for any T € L(AB,CD,).

Definition 2.2.3. The triple (A, B, E) is said to be interpolation triple of
type (0 < a < 1) relative to (C, D, F) if it is an interpolation triple and
the following inequality holds:

1—
TN g < el TNAZ5 - 1Tl b

for some interpolation constant c.

If the spaces A, B, E coincide with C, D, F), respectively, then F is said

to be an interpolation space of type o between A and B. If the constant

11



c is equal to one, then (A, B, E) is said to be a normalized interpolation
triple relative to (C, D, F).

Theorems which establish that one triple of Banach spaces is an inter-
polation triple relative to the another are called interpolation theorems.
Historically, the first interpolation theorem was obtained by M.Riesz and G.
O. Thorin, and the whole theory of interpolation for linear operators began
to develop in the direction of generalizations of this theorem. Here we give a

general formulation of this first interpolation theorem. (See [16], Chapter I.)

Theorem 2.2.4 (Riesz-Thorin). Let (Qy,),, 1), and (Q2,Y ,, 12) be
two measure spaces, and let L,($;)(i = 1,2;p > 1) be Banach spaces of
complez-valued functions, p-th power summable with respect to p;. Then
(Lpo (1), Ly, (821), L,(21)) is a normalized interpolation triple of Banach
spaces of type a relative to the triple (Ly,(€22), Lg, (), Ly(€22)), if% =
o) o) ) (g<a<1)

(
D P14 q0 Q1

Definition 2.2.5. An interpolation functor is a functor & acting from the
category of Banach couples into the category of Banach spaces and assigning
to every Banach couple (A, B) a Banach space (A, B) which is intermediate
for the spaces of Banach couple (A,B): ANB C $(A,B) C A+ B and to
every operator T' € L(AB,CD) assigning its restriction (T to (A, B).

If the above correspondence is a functor, then the operator I(7") belongs
to the set of morphisms Mor (S (A, B),S(C, D)), i.e. is a bound linear opera-
tor from (A, B) to I(C, D). In other words, the triples (A, B, (A, B)) and
(C, D,3(C, D) must be interpolation triples for any Banach couples (A, B)
and (C, D).

An interpolation functor <& is said to be normalized if the interpolation
constant for any triples (A, B,3(A, B)) and (C, D,S(C, D)) is not greater
than one. Simple examples of normalized interpolation functors from the cat-
egory of Banach couples into the category of Banach spaces are the functors

of the sum and intersection of spaces in a Banach couple.

12



2.2.2 Calderon’s Complex Method

The modern approach to the Riesz-Thorin theorem proceeds via a con-
struction called the complex method. (See [16], Chapter IV.)

Let A be a complex Banach space. We denote with F(A), the collection
of all analytic functions inside II : 0 < Rez < 1, with values in A, and
continuous and bounded in the closed strip.

Let (Ap, A1) be a Banach couple of complex spaces. By F(Ag, A1) we
denote the linear space consisting of all functions f(z) defined in the strip II

with values in the space Ay + A; and having the following properties:

1. f(z) is continuous and bounded in the norm of Ay + A; in the closed

strip II.
2. f(z) is analytic relative to the norm of Ay + A; inside the strip.

3. f(iT) assumes values in the space Ay and is continuous and bounded
in the norm of this space, while f(1 + i7) assumes values in A; and is

continuous and bounded in the norm of A;.

The norm of F(Ao, A;) is defined by

11l ag,a0) 7= max {sup (| f ()| 4 sup (L (1 +47)]] 4, }-

We note that, by maximum principle for an analytic function, we have
1L agsa, < max{sup [[f(7)l gpsa,, 500 11+ i) 4044,
T T

< max{sup |[f(i7)[| 4,500 [|F(L+07)[ 4} = [[fll 245,41 (2.12)

for f € F(Ao, A1). From this it follows in particular that |[|f]|z4, 4,y = 0
implies f(z) = 0, and that F(Ap, A;) is complete.

We denote by [Ag, A1], (0 < a < 1) the collection of all elements = € Ag+
A; representable in the form x = f(«) for some function f € F (Ao, A;).This

collection is linear. The space [Ay, A1], is endowed with the norm:

||9C||[A0,A1}a = |zl = I:ﬂ}}(fa) ||f||]-‘(A0,A1)

13



It follows from (2.12) that the linear manifold N, of all functions from
F(Ap, A1) vanishing at z = a, is a closed subspace of F (A, A1). The above
definition of the norm shows that [Ag, A;], is isometric to the quotient space
of F(Ap, A1) modulo N,, and consequently it is a Banach spaces. Also with
the help of (2.12), we have:

Theorem 2.2.6 (Interpolation Theorem). Let (Ag, A1) and (Bo, By) be
two Banach couples. The triple (Ao, A1, [Ao, A1],,) of Banach spaces is a nor-

malized interpolation triple of type o relative to the triple (By, By, [Bo, Bi],)
1.€. fOT T e L(A()Al, BDBl)

1—
1Tl g 5, < NN gy TN~y [12]lag a1,

Theorem 2.2.7. The space Ay N Ay is densely imbedded in any space
[Ag, Aq], for 0 <a < 1.

2.2.3 Method of Analytic Scales

We need to introduce the notion of the analytic scale of spaces. Let M
be a normed linear space in which a family of linear operators T'(z) acts in

such a way that the following conditions are satisfied:

(1) Forevery x € M the function T'(z)z is an entire function of the complex

variable z.

(¢7) The function ||T°(2)z||,, is bounded on every straight line parallel to

the imaginary axis.
(13i) T(0)x = x.

(iv) sup [|[T(a +ip)T(6 +iv)x||,, <sup ||[T(a+ B+ im)z|,,
8% T

(v)
T(z4+ Az)x —T(z)x

Az

T(ip) — T(in)(T(2)x)

uniformly in @ as Az — 0.
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We define the family of norms

lelly = sup [T (a+ir)z(y,

—o0o<T<0
in the space M and complete M to a Banach space E, in each of these
norms. The family F,, (—oo < a < o0), of Banach spaces will be called an
analytic scale of spaces.

Property (iv) can be written as
176 + i)zl g, <lllag (2.13)

Also, from property (ii7), it follows that

)3 = T (O] < [l g, (2.14)

As an example of an analytic scale; we consider the set of all continuous
functions on [0,1], equal to zero in some neighborhood of zero which may vary
with the function. On this set we define the family of operators T'(z)x(t) =
t7*z(t). The operators T(z) will be considered as linear operators in the
space M equipped with the norm of L,(0,1) (1 < p < 00). We denote by L
(—o00 < a < o0) the scale of spaces constructed from these operators. The

space Ly consists of measurable functions for which

lellzg = (/ o |pdt) < .

Theorem 2.2.8. Let E,, (0 < a < 1), be an analytic scale of spaces, and let
Ey be normally imbedded in Ey. The space E, coincides isometrically with
[E07 El]a-

Proof. Let x belong to the set M from which the scale E, is constructed.
The function f(z) := T'(av— z)x is analytic in the norm of Ey, by the property
(v). Also by using the property (iv) we get

1 (), = 1T(e = 2)ll g, = sup [T(r)T (o = 2)z]]
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< sup [[T(a — Rez +ip)z|,, < max{[lz]g  |zlg,_,},
I

for 0 < Rez <1, and so [|f(2)||g, is bounded in the strip II. So by (2.13),

on the boundary II we have

1F @) gy = 1T (a0 = iT)2| g, < |2l g,
[F(L+im)llg, = T (e =1 —ir)z| g, <[z]lg,

Finally, by property (iii), we have f(a) = T'(0)x = x. Consequently, x €
[Bo, Er], and [lall gy, < 2],

For the reverse inequality: For 2 € M we may construct a function f(z) =
Zszl ar(2)xy such that ay is complex-valued function which is analytic inside

I1, continuous and bounded in the closed strip; zy € M, f(«a) =z and

||f||}'(E0,E1) < ||$||[EO,E1]Q + € (2.15)
Set U(z) :=T(z+iu)f(z), where u is a fixed real number. This function

is analytic in Ej inside II and continuous and bounded in the closed strip.
We further have

175, < sup I TG@)f(ir)llg, < sup I (i)lg, < 1/l 7 m)

(1 +i7)l g, < sup [IT(L + ) f(1 +i7)l g, < sup IF (L +i7)l| g, < W1l 7 1)
By the maximum principle, taking account of (2.15), we obtain

¥ g, = 1T +ip) f( @) g, = 1T(a+ip)zl g, < 2llg,p, +e€

Finally, from (2.14) it follows that
[zl s, = sup |T (o + ip)z|ly, < sup [|T(e + ip)zl| g, < l|zllg, g, T €
It 0

Thus [|z]/(g, 5, = [zl on M. On the other hand, since M is dense in all

spaces E, and also in [Ey, E4], by Theorem 2.2.7, the theorem is proved. [
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For a sequence a = (a;), we use notation a® := (af").

Lemma 2.2.9. Let £ € A and a9, aM) be positive sequences of numbers.
Then £(a®) = [((a®), £(a™)], where a® := (a®)=2(aM)*, 0 < a <1,

This result is obtained from the interpolation theory by using the method
of the analytic scale. In that case, it is enough to take the normed linear

space M as a dense subspace of £(a(?), that is,
M = {z = (&) € £(a®) : Tky = ko(x), & = 0,k > ko

@\ *
We define an operator T'(z) : M — M such that T'(z)x := (ék %) )
g
where © = (&,). Clearly the conditions (i) — (v) in the definition of the

analytic scale are satisfied.

(1) a—+iT
. a 0
ol = _suwp T+ in)ellm = s I( <_a'50>> )l

—00<T<00 —oo<LT<00 E

0)\1—a—ir \a+ir .
= sup  [[(&(@) (@) = sup T2y oy @y

—oo<T<00 —00<T<00

= Sup Hx”g( (@)™ (a(1))*):

—00o<T<00

With this observation, we obtained that E, := £(a®) = £( (@) ™* (a®)*).
In the same way, we get that Ey := £(a?), E; := £(aV)). After getting the

analytic scale E, in this way, we conclude the result just by Theorem 2.2.8.
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CHAPTER 3

/-KOTHE SPACES

3.1 (—Kothe Spaces

A matrix A := (a;,)inen of real numbers is called a Kdthe matriz if
0 < a;pn < ajpyr for each ¢,n € N; and for each 7 € N, there is n € N such
that a;, > 0.

Definition 3.1.1. Let £ € A. The (-Kéthe space K“(A) , defined by the
Ko6the matrix A = (a;,)inen, is a Fréchet space of number sequences £ = (§;)
such that (§;a;,) € ¢, for each n, with the topology generated by the system
of seminorms {|(&)|, := ||(&ain)|| - n € N}.

Note that |(e;)|ln = |[(eiain)|| = ain. Hereafter the notation e =
(€i)ien, € = (0ix)ren, Will be always used for the canonical basis of K‘(A)
regardless of a matrix A.

When /¢ is an [,,, we obtain the usual Kothe space

P

K"(A) ={(&) = (&) - [(&)ln = (Z |€i|p(ai,n)p> < +00,Vn € N}.

In some sources, usual Kothe spaces are also denoted by AP(A).

Due to [19], it is known that every Fréchet space with an absolute basis
is isomorphic to some ¢;-Kothe space.

Let A := (a;n)inen and B := (b;,)jnen be Kothe matrices. Then the
Cartesian product of (-Kéthe spaces K (A) and K*(B) is naturally isomor-
phic to the space K*(C) where £ ~ {1 x {y, (1,05 € A (see Proposition 2.1.5)
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and C' = (¢gn)knen such that cg, is equal to a;, if k£ = 2i — 1 and b;,, if
k = 2i.
For a given sequence of positive real numbers a = (a;);en and A, — «,

—o0 < a < 00, we call the (-Kothe space
E’(a) :== K*(exp(Ma;)),

l-power series space of finite (respectively, infinite) type if a < oo (re-
spectively, a = 00).

The sequences a = (a,) and @ = (a,) of positive numbers are weakly
equivalent (a < a) if there is a C' > 0 such that —a,, < a, < Ca, for each n.

For any set S, we denote by |S| the number of elements in S if it is finite
and the symbol oo if S is infinite.

Let X = KY(A) and X = K!(A) be (-Kéthe spaces with the canonical
bases (e;). We say that X is quasidiagonally isomorphic to X and write
X L X if there exists T : X — X such that

T€7; = tiew(i), 1€ N, (31)

is an isomorphism, where ¢; is a sequence of numbers and ¢ : N — N is a bi-
d ~

jection. Also, we denote by X X , a quasidiagonal isomorphic imbedding,

for which ¢ in (3.1) is an injection.

The following statement is proved in [37] (see also [21]), for K6the spaces.

Lemma 3.1.2. Let X and X be (-Kdithe spaces with X & X and X & X
then X ?:d X .

Proof. Let (e;)ien and (e;);en be bases of X and X, respectively. Let the
quasidiagonal embeddings X & X and X & X be defined respectively by
(ri), ¢ : N — N, and (¢;), ¢ : N — N. By Cantor-Bernstein theorem, there
exist complementary subsets I, I, C N and Jy, J, C N such that (1) = J;
and ¢(Jy) = I,. Since, any part of an unconditional basis is a basis in

its closed linear span, and any permutation of an unconditional basis is also
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basis, then (e, ))icr, U(ey-1(:) )icr, is a basis in X. We define the quasidiagonal
isomorphism 7 between X and X as
Te, — { 717“1-6@(14) lf Z e, u
tw_l(i)ew—l(i) if i€l
Let a = (a,) where a,, > 1. In [20], [21] Mitiagin investigated isomorphism
of some non-Montel power series spaces by using the following counting func-
tion:

pa(t,7) i ={neN:7<a, <t}, 0<7<t<o0.

We use the notation p, =~ pa if both p,(t,7) < pa(At, X) and pa(t,7) <
ta(At, %) hold for some constant A > 0.

The following two propositions are proved in the survey [37].

Proposition 3.1.3. Let the number sequences a = (a;),b = (b;) be such that
a; > 1,b; > 1, lim;_,ca; = 00,lim; .o b; = 00, and satisfy the following
condition:

pa(t, 7) < pp(At, %) 1<7<t< (3.2)

with some constant A > 1 . Then there exists an injection o : N — N such

that the inequalities
1
ZCLZ' S bg(i) S ACLZ' ,\V/Z S N. (33)

hold.
Lemma 3.1.4. Let for arbitrary sequences a = (a;),b = (b;), a; > 1,b; > 1,

the condition (3.2) hold. Then there ezists an injection ¢ : N — N such that

the inequalities

1
Pai S b@(z) S A2ai y 1€ N, (34)

hold.

Proof. Let us define following sets ( s € Z,) :

N, = {i: A < q; < A%}
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Ny ={i: A% <q; <A}
M, ={j: A" < b; < A%}
M,={j: A% <b; <A
Let S:={s € Z; : M| = oo} and I :=J,.4 Ny , J := U,cq Ms

Then both the sequences @ := (a;)ienys and b= (bj)jen\s have no limit

seS

points and satisfy the condition
-
) Z)
So by the Proposition 3.1.3, there exists an injection A : N\ I — N\ J
such that

palt, ) < (At (3.5)

1
Zai<b,\(i)§Aai, ZEN\[

On the other hand, we construct an injection 7, : Ny — M for any s € S.

By the same taken we have got the many-valued mapping:

7(2) = {] eN:3s, j= ’Ys(i)}v el

such that v(i) # 0,7 € I and (i) N y(i') = 0, i # . Therefore, we can
obtain an injection p : I — J simply by choosing of one element in each set

v(2),7 € I. So it satisfies the condition u(Ny) C M, which implies that

1
F(li < bll(l) < A2CL1‘.
Thus the injection o : N — N, defined as g on I and A on N\ [ is that

what required. Il

Lemma 3.1.5. If a = (ax) and b = (by) are sequences of positive num-
bers satisfying (3.2), then E%(a) can be quasidiagonally imbedded into E%(b),

where v =0 or oo.

Proof. Because of the similarity, we restrict ourselves to the case v = co. By

Lemma 3.1.4, there exists an injection o : N — N satisfying

1
Eai < bg(i) < AQai, Vi. (36)
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Define an operator T : EX (a) — E% (b) by €; — €4(;).-
i 1
By (3.6), we obtain that exp (pEai) < exp (pbo(s)) < exp (AAZ%q;). By

monotonicity of the norm , we get that

1
I(exp (prz00))&ll < 1(exp (Pho@)) 2o || < [ (exp (AA%a)) &

From which continuity of 7" and T !| gz follow.
[

Proposition 3.1.6. If a sequence a = (a,) of positive numbers is bounded,

qd
then Ef(a) = ¢, where v =0 or oo .

Proof. Tt is sufficient to show that identity operator from £ to E§(a) is qua-

sidiagonal isomorphism. Let I be identity operator from

C={z = (&) : [I(&)ll, < o0}

to

Efa) = {z = (&) : [I(& exp<‘7“”>>ué < o0}

Let z = (&,) € Ef(a). Since a = (a,) is bounded, then there exists
C1,Cy > 0 such that ¢} < (exp(=22)) < Cy. By monotonicity of the norm,

P
we get C1[(&)], < (& exp(_;”))HE < (5|(&n)]], from which continuity of J
and ! follow. I is quasidiagonal, because (i) =i and t; = 1 for each i € [
in (3.1). O

3.2 Some Geometric Invariant Characteris-
tics

Let X be a class of locally convex spaces and I' a set with an equivalence
relation ~ . We say that v : X — [ is a linear topological invariants if
X~ X=49X)~yX), X, X eX.
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In the isomorphic classification of Fréchet spaces, A.N.Kolmogorov and
A. Pelczynski gave the first examples of linear topological invariants. They
introduced the approximative dimensions and used them to show that the
spaces of analytic functions A(H), A(G) where H C C*, G C C™ are not
isomorphic if n # m [15] and A(D") # A(C"™) where D" is the unit poly-
disc in C" [23]. Later C. Bessaga, A. Pelczynski, S. Rolewicz [3] and B.S.
Mitiagin [19] considered the diametral dimensions which are more conve-
nient for investigation of Koéthe spaces (see also M.M. Dragilev [12], [13],
T.Terzioglu [26]). But both approximative and diametral dimensions are
not enough powerful to distinguish non-regular Kéthe spaces. In (][20],[21])
B.S. Mitiagin used counting function p, to investigate the quasiequiva-
lence property of bases in non-Montel power series spaces E,(a). p(t,7)
is the strongest invariant in the category of power series spaces (see [35],
22]). In [29] V.P. Zahariuta introduced some general invariant characteris-
tics as generalizations of Mitiagin’s invariants ([20],[21]). These character-
istics are convenient especially in the isomorphic classification of Cartesian
or tensor products of Kéthe spaces. In ([33], [35]) new geometric invari-
ants are considered. Those are based on the asymptotic behaviour of n-
diameters of pairs of synthetic neighborhoods of zero, built, in an invariant
way, by neighborhoods taken from a given fundamental system of neighbor-
hoods of zero; for example d,,(A\ U1 NA3Us, \yUs), d,, (A2Us, cono (A Uy UA3Us))
dy, (MU N A3U3, conv(AUs U A\yUy)), ... where conuL denotes the closed con-
vex hull of the set L. In some sense, these geometric invariants are equivalent
to the previous characteristics for Kothe spaces and this equivalence gives the
desired invariance. For more details concerning the general theory of linear
topological invariants we refer the reader to [37].
Suppose E is a linear space, U and V are absolutely convex sets in £ and
Ey is the set of all finite dimensional subspaces of E that are spanned on
elements of V. Then the characteristic 3(V,U) is

BV,U):=sup {dim L:Le& LNUCV}.
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It is obvious that V C V and U C U implies

BV, U) < B(V,U). (3.7)
and that .
BCV.U) = BV, =U). (3.8)

holds for any positive constant C'.
Lemma 3.2.1. If T is an injective linear operator on E then
BI(V),TU)) =p\V,U). (3.9)

Proof. Let
BV,U)=sup{dimL:Leé&, LNUCV}

B(T(V), T(U)) = sup{dim M : M € Erpy, MNTU) CT(V)}

Ev={> ct:ceK&eV}
=1

Erwvy = {Z cyi €Ky eT(V)}

=1
=) cyic€eKy=T(%).&eV}
=1

Since the operator T' is injective, it sends finite sets to finite sets and
hence dim M = dimT(L) = dim L. O

Lemma 3.2.2. Let F' be a subspace of a linear space E. Then
Br(VNEUNF) < Bp(V.0).

Proof. Let U,V be absolutely convex sets in E. Set U := UNF and V :=
VNF. Since L € & implies L € &y, then

{dim L:Le&,LnUcV}c{dim L:Le€&,LNUCV}.
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Hence,
Bp(V,U) :=sup {dim L:Lec&, LNUCV}

<sup {dim L:Le & LNUCV}=:pgV,U).
U

Let E be ¢-Kothe space and w, be the set of all sequences with positive

terms. For any a,b € w, and « € (0,1) we set

a-b:=(a;b;), a® = (af), aAb:= (min {a; b;}),

(2

aVb:= (max {a;b;}).

For any x = (§;) € E and a € wy we put ||z||, = ||(z;a;)| where || - || is the

monotone norm on E and B! ={x € £ : ||(z;a;)| < 1}.

Lemma 3.2.3. Let a,b € wy, then

B!, C B:nNB; c2B,. (3.10)
Proof. Let x € B., = {x ¢ B : |2|,, < 1}. By definition
|zl .o = I(& max {a;,b;})]]. Since ||.|| is monotone and max {a;, b;} > a; ,

max {a;,b;} = b;, then, [l[|,,, > [|zll, and ||z, = [l2[l,- Hence z € B,
and z € B} i.e. x € B: N BY.
To show the second inclusion, assume z € BS N B, i.e. ||z]|, < 1 and

||z]|, < 1. Since ||.|| is monotone and
max {CLZ', bz} S a; + bl
for each ¢ € N, we obtain

1€ max {as, bi})[| < [[(&ai + &)l < [lll, + [l]],-

So we get, ||z||,.,, < 2 which implies = € QBﬁ\/b. Hence, BN B; C QBﬁvb. 0
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Lemma 3.2.4. Let a,b € wy, then

1
2

Proof. Let us show the first inclusion. Let I := {i € N : a; < b;} and
J:=N\I. Let x = (§)ien € Bt,,. We define u = (u;) and v = (v;) as

—Bt,, C conv(B:UB) Cc B, (3.11)

&G it 1el & if e J
folows: u; = ) o v = ) .
0 if otherwise 0 if otherwise
From the construction of u,v and from the monotonicity of the norm,
we obtain that [lull, = [[ull,n, < lu+vllop, = [Zll4n and [vll, = ol <

|w+ ]|y = 7]l 4pp- Hence u,v € BEUB] and 1o = su+3v € conv(BLUBY).

Let us show the second inclusion. Let x € conv(B: U Bf), ie. = =
au+ (1 —a)v where u,v € BEUBf and a € (0,1). From monotonicity of the
< [lull, and [ul

<||v||,- Hence

norm, we have, ||u|| < |lull,- Similarly, [[v][,,, < (v,

a/Nb a/b

and [[v][,, <

2llaps = llow + (1 = @)vllopy < afluflgn, + (1 = alv]pp, S @+ (1 —a) =1,
that is, z € B:,,. O

Lemma 3.2.5. Let ¢ be a Banach sequence space with the monotone norm
IIll. If a,b € wy then

B(Ba, By) = i —<1}\

Proof. Let I ={i:a; < b;} and Px := Z&ei. Let M be the linear span of
el
the set {e; : i € I'}. For x € M, by the monotonicity of the norm, we have

l2lla = I (@ao)ll < izl = [l

which implies that M N Bf ¢ B and (B!, BY) > dim M = |I|.

Conversely, suppose L is a finite dimensional subspace in F, satisfying
LN Bf C B, that is, ||z||, < ||z|, for all # € L. If dim L > |I|, then there
exists T = Zzl e € L, x # 0 such that Pr = 0. But then & = 0 for
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i € I and & # 0 for some ¢ ¢ I. Since a; > b; for ¢ ¢ I, and the norm
is strictly monotone (by 2.1.4) , we get |[(&as)|| > [|(&b)]] = =], > =],
which is a contradiction. Hence 3(BY, Bf) = |1|. O

Lemma 3.2.6. Suppose E and E are (-Kithe spaces, (e;) and (é;) are their
canonical bases, and T : E — E is a linear operator. If a®,a®) € w, where
v=20,1 and

T(Byw) C By » T(Byw) C B

then for any o € (0,1) we have
T((Bio) " “(Biw)®) C (B a0)" *(B%w)™

This result follows from the Interpolation Theorem 2.2.6 and Lemma

2.2.9.

3.3 Isomorphisms of /-Power Series Spaces

Proposition 3.3.1. Let a = (a;) and a = (a;) be sequences of positive
numbers such that a; > 1 and a; > 1, for allt. Then the following statements

are equivalent:
(i) E,(a) = E(a);
(i1) there exists A > 0 such that fort > 7 > 1 we have

T
Ma(Ta t) S M&(Z) At)u

(iii) there exists an injection o : N — N such that

1

ElA: p

< Ay < Aay;

(iv) El(a) %> EX(a),
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where v = 0, 00.

Proof. The implications (ii7) = (iv) and (iv) = (i) are obvious. By Lemma
3.1.4 we have (i) = (ii7). To complete the proof, it is sufficient to show
Because of the similarity, we restrict ourselves to the case v = co. Suppose
that T : E(a) — E%(a) is an embedding. Let (U,) and (V},) be the systems
of unit balls in E%(a) and E%(a), respectively.
Let W, := V,NR(T), where R(T') denotes the range of 7. Choose indices

PSPPI S@ESqgSqa<r<r<n

so that
CpWpy D CyT(Up) D Cp, Wy, D C W
> Cc,ru,) o> C,Ww, o C,W,, >C.TU,)DC. W,

Then, from the elementary properties of the characteristic 4 and Lemma
3.2.1, Lemma 3.2.2 it follows that

Ble U, N eV, Uy) = Ble"T(U,) N e'T(U,), T(U,))
< B(Cpre "Wy, N CrpetW,,, Cpy W)
= B(Cpoe [V, N R(T)] N Oy’ [V, N R(T)], Cgy [V N R(T)))
< B(Cpae Vi, N Crae'Viy, Gy, V)
= B2y, 0 2

a Co
Cpy  Crgy
Cq’ Cqy

et‘/"?? %1)

Choose C' := max { } then we observe that
Ble™ Uy Ne'Uy, Ug) < B(C(e7 Vi, NeVi), Vi) (3.12)

Using Lemma 3.2.5, Lemma 3.2.3 and Lemma 3.2.4 we estimate both

sides of the inequality (3.12) from below and above respectively, and obtain
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max {exp (7 + pa;),exp (—t + ra;)}

i exp (qa;) su
< Rt oy g

This inequality is equivalent to

[{i s exp (T + (p — g)a;) < Lexp (—t + (r — g)a;) < 1}
< Hirexp(r+ (p2 — q)@) < 2C,exp (=t + (ra — q)a;) <2C}H  (3.14)
Taking logarithms we obtain that
(i T <a< Ly < T80 5 L 10820, g g
qg—>p r—q Q1 — P2 T2 —q1
Set 7':= = and ' := ;.. Then, from the equation ( 3.15) we get that

— 1 QC t(r — log 2C'
|{Z.:T,§ai§t/}|§‘{i27(q p) —log i < (r—q) +log !
q1r — P2 T2 —q1
(3.16)
From the upper bound of the right hand side of the inequality (3.16 ) we
get the following estimation:
tr —q) +1og2C _ t[(r - q)* + log 20

To — 1 o To — 1

< At

From that we conclude that our A must satisfy

(r —q)? +log2C

o — 1

A >

(3.17)

From the lower bound of the right hand side of the inequality (3.16) we get
the following estimation: If (q—p > log 2C' then we have

(g —p) ~log2C _ (g —p)’ —log2C  Tg—pf T
q1 — P2 g1 — P2 2(Q1 P2) A
Thus, we get
2 _
A Aoz p) (3.18)
(¢ —p)
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If not, i.e. < log 2C' then lower bound is less than 0. So only we need
2log 2C

A(g—p)?

' (q—p)>
2

<1or

A must satisfy TZ/ < 1. This is possible when

2log 2C'

8=z (¢ —p)*

(3.19)

If we combine the estimations (3.17), (3.18), and (3.19), we choose

(r—q)* +10g2C 2(q; — p2) 2log2C

A :=max { p— =P (q—p)g}' (3.20)
Thus, by (3.20) the inequality (3.16 ) terminates the proof :
7_/
Ma<7/a t/) < MEL<K7 At/)
[

Corollary 3.3.2. Let a = (a;) and a = (a;) be sequences of positive numbers
such that a; > 1 and a; > 1, for all ©. Then the following statements are

equivalent:
(i) E,(a) ~ E,(a) ;
(i1) there exists A > 0 such that fort > 7 > 1 we have

T T
:ua(Tv t) < M&(Z7At)7 H&(Ta t) < Ma(zaAt>;

(iii) there exists an bijection o : N — N such that

1

ElA: p

<,y < Aaj;

(iv) El(a) £ E(a),

where v = 0, 00.
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3.4 Complemented Imbeddings

Lemma 3.4.1. Let a,b € wy and one of the cases
(i) 1<p<q<oo withp <2
(1)) 1 < q<p<oo withp > 2

be held. If the diagram

lq 5 Cy(b)

commutes and all operators are linear and continuous, then
1

1
b 1\r a
(—") < <—) where g, := min(2, q).
an n

Proof. Let us consider the case (¢). From the diagram, we have
1Syl < Cillyll, Yy €1y, (3.21)

1Tz, < Colz)i,@) Vo € ly(a) (3.22)
That is, |STz|;,) < C1||Tx|, < C1Cs|x], ()

Without loss of generality we assume that ( ") is decreasing. (If not,
one can reorder it.) Using (3.21) , (3.22) and the fact that the space [, is
of the type ¢ = min(2,q) [see [18], Vol.2, p.72] we obtain for any n and
(6;);_,, 0; = £1 such that

ST@i

bn 1 u bz P % u
—nr | < E — < average 1 0; = £1
a , a;

n =1 v i=1 v lp(b)

L Tell, \ ™\
:Hi:il}gMQ( (_

q

Tei
< average A

7

< M0102<Z (‘e’hp ) ) < MCyCynnr (3.23)
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Ne
Thus (b—") < (—) )
ay, n

For the case(ii), we use duality argument. It is easy to get
(lp(a)) =1y (3), (lg) = Ly, (1p(b))) = Ly (3) where L+ > =Tand { + 5 = 1.
From the above diagram one can obtain the following diagram which

commutes:
gﬁ(%)
e
S/
[Ty
Then %+ = 2 is estimated as in (3.23). O
bn n

From the above lemma, we conclude also that ai € [, for any r > % -1

q1
and n € N.

Lemma 3.4.2. K'(ay) is nuclear if and only if

IrvkIo(k) i( Qnk ) < o0 (3.24)

i—1 Uno (k)

where o : N :— N s an injection map.

Proof. Tt is well known fact that (see [25]) K'?(an) is nuclear if and only if

Yo I <o, (3.25)
i=1 and)(k‘)

So it is sufficient to show that (3.24) implies (3.25). Assume that (3.24)
holds. Fix r € N, for any k € N there exists an injective map ¢ : N — N such

that Z ( Qnk ) < 00, that is, <aank ) € l.. In the same way, for ¢(k),
=1

n(k) e

there exist ¢?(k) such that Z <an¢(k) ) < 00, that is, (M> €l,.
i=1

an¢2(k) g2 (k)
If we determine recursively ¢°(k), for s = 1,..,r so that
(o] T
Aoy ps— s
Z (M) < 00, that is, (M) €l,.
o1\ Gngs(k) net )
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n k Apgr—1
So we have, |~k | = (s | ( Gne(®) ) dnor- o)
Angr (k) g (k) g2 (k) Angr (k)

By generalized Holder’s inequality
()| Ss ) -
Ane(k) An? (k Angr (k)

o))
(ng(k) (ng? (k)

Since all factors are finite, product is finite. m

n=1

<C

Iy Iy

Theorem 3.4.3. Let A = (a;,), B = (bin) be Kothe matrices and one of the

cases
(i) 1 <p<q<oo withp <2
(1)) 1 < q<p<oo withp > 2

be held. If K'»(A) complementedly imbedded in K9(B) then K%(A) is nu-

clear.

Proof. 1t is sufficient to check whether the criteria of the Lemma 3.4.2 is
satisfied.

Let E := K%(a;) and F := K'4(b;,) with the systems of seminorms
(I-]n)nen and (||.|[m)men, respectively. Let T : E — F be a complemented
isomorphic embedding, that is, ' = T(E) @ M. Let P : F — T(E) be a
continuous projection and S = T~!P : F — FE be the left inverse of T i.e.
ST =T~ PT = Idg, that is, kerS = M and F/kerS ~ E.

F

N
T(E) )
By continuity of T"and S we get for each k, there exists m, ki, C, Cy such
that [Sylx < Ci||lyllm , y = Tx and [|Tz||,, < Co|z|g,-
Hence, for the weights a* = (a), a® = (aj,) and b™ = (a;,) the

following diagram commutes:
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Hence, if we apply the Lemma 3.4.1, we get that (;L’V) < (

nkq

where ¢ = min(2, p)

3.5 Complemented Subspaces of E2(a)x E'2(b)

In this section, we use the result [24] (or see e.g. [28]) of J.Prada about
complemented subspaces of Cartesian products of Fréchet spaces and the
result [30] of V.P. Zahariuta about isomorphisms of Cartesian products of
locally convex spaces to observe that any stable complemented subspace of
El(a) x E(b) with a; — oo (or b; — 00) is isomorphic to the product of

basic supspaces of E{2(a) and E'2 (b), respectively.

Definition 3.5.1. Let X and Y be topological vector spaces. A linear oper-
ator T : X —'Y is called a compact (respectively, bounded) if there exists a
neighborhood U in X such that its image T'(U) is precompact (respectively,
bounded) in Y.

We say that an ordered pair of locally convex spaces (X,Y) satisfies
condition K(respectively, B), (X,Y) € K(respectively, (X,Y') € B), if every
linear continuous operator 7' : X — Y is compact (respectively, bounded).
We also say that (X, Y') has the compact (respectively, bounded) factorization
property and write (X,Y) € KF (respectively, (X,Y) € BF) if each linear
continuous operator T': X — X that factors over Y (That is, T' = 5155 such
that So: X — Y and S; : Y — X) is compact (respectively, bounded).

Definition 3.5.2. Let X and Y be locally conver spaces. A linear operator

T : X — Y is called a near-isomorphism if T is an open map with finite
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dimensional kernel and finite codimensional closed range. X and Y are said
to be nearly isomorphic (X ~Y ) if there exists a near-isomorphism T from
X onto Y.

Proposition 3.5.3. Let X, Y be locally convex spaces and (X,Y) € K. Then
(Xo,Ys) € K for every subspace Xy which is topologically complemented in
X, and any subspace Yy of Y.

Proof. Let T : Xg — Yy be an arbitrary linear, continuous operator. By the

assumption, there exists a subspace X; in X such that X = Xy ® X;. Let
Tox if z € X,
0 if zeX;.
Since (X,Y’) € K, this operator is compact and therefore Tj is compact
too. Hence (X, Yy) € K.

T : X — Y be the linear, continuous operator T'(z) =

Proposition 3.5.4. ([24]) A complemented subspace of X; x Xs, where
Xy, Xy are Fréchet spaces such that (X1, Xs) € K is isomorphic to a subspace
of X1 x Xy of the form Ly x Lo, where Ly, respectively Lo, is complemented
subspace of X1, respectively X .

Proposition 3.5.5. ([30]) Let X = X; X X5, Y =Y; x Y5 be locally convex
spaces and (X1,Ys) € K, (Y1,Xs) € K. Then X =Y if and only if X1 = Y]
and Xo = Y.

Theorem 3.5.6. Let L be a complemented subspace of E2(a) x E2(b), where
a,b € wy. If L = L% and a; — oo (or by — 00), then L is isomorphic to
basic subspace of B (a) x E2(b).

Proof. Let X; = Ef2(a) and X, = E®(b). By Proposition 3.5.4 we have that
if L is complemented subspaces of X; X X5, then there exists L, Lo such
that L, are complemented subspace of X, where v =1, 2.

Due to Mitiagin [21], we know that any complemented subspace of a finite

type power series space is basic, that is, L ~ E?(a) where @ := (a;,).
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Since a; — 0o, we have (X1, X3) € K (Theorem 3 [30]) and by Proposition
3.5.3, we get (Lq, L3) € K, (L3, Ls) €K .

Taking into account Proposition 3.5.5, we obtain that L ~ L? iff [, ~ L?
and Ly ~ L3.

By Wagner [27] (see also [2]), if Ly ~ L2 then L, has a basis. Hence
Ly = E(b), where b := (b;,). O
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CHAPTER 4

CARTESIAN PRODUCTS OF
/-POWER SPACES

4.1 d; — d; properties

Invariant of the type Dy, Dy were used in various forms by Dragilev, Za-
hariuta, Dubinsky, Robinson, Vogt, Wagner. Definition of the Dragilev’s
invariants were for Fréchet spaces with regular basis. In 1973, Zahariuta de-
fined the classes dq, dy for Fréchet spaces with an absolute basis. Later, Za-
hariuta (1974, 1978, 1980) improved the definion of d;, dy for Fréchet spaces
without adding an extra condition to the bases. Here, we will use the no-
tation of Zahariuta (1980). Vogt (1982), Vogt and Wagner (1980), Wagner
(1980) used DN for Dy, DN for Q, , Q for Q, and Q for D,.

Definition 4.1.1. (¢f [30],[36]) Let X be a Fréchet space, {|z|, : p € N} a
system of norms defining the topology of X, and

2|5 := sup{|2’(x)] : € X, |z], <1} (4.1)

a polar system of norms in the strong dual X*. We define four classes of

spaces by means of relations:

X €D, :=3p Vg I3C: |z|,° < Clalylzl, ,z € X, (4.2)

X €Dy :=VpIgVraC: (|o']})? < Cla'[}]2'|; 2’ € X* (4.3)

X e :=VpIgVraC3la>0: |2} <C'[5)'(|2'[})* 2’ € X* (4.4)
X €Qy:=3p Vg 3a<133C: 2|, < O(|z],) *(|z|)* ,z € X, (4.5)

37



Theorem 4.1.2. Let A = (akn)pnen be an Kéthe matriz and ¢ € A.
K*(ay,) € Dy if and only if one of the following conditions is satisfied

(i) 3p Vg Ir AC :  ar,® < Cagpa,
(1) Ip Vg Ir 3C : ap, < C’a,lq/fa,lﬂ/n2
(117) 3p Vg Va >0 3 Ir 3C: apy < Ca,lg;“a%,

Proof. 1t is clear that (7), (i7) and (ii7) are equivalent.
Necessity. Take x = (eg)ren. Since |ex| = ay, the definition 4.2 gives (7).
Sufficiency. Without loss of generality, ag, # 0(Vk,n). Assume (i)

holds. By monotonicity of the norm in ¢, we get that
I lltan < Cllelrz,zy (46)

Now we consider an analytic scale of spaces Gy, := £(a;, “aj..) (see section

1.2 and section 1.3) with the norm

Qg .
[zlla = l2zllc. = sup (&) ()" (arp) -
—00<T<00 A

By Theorem 2.2.6 and Theorem 2.2.8 we have
lzlla < Cllzllo) = (llxfl)™. (4.7)
Combinin the equation (4.7) and the equation (4.6) we obtain that
[ty < Cllallaoag < Ol (e, )

Taking o = 1/2 and usuing the definition of the seminorm, |z|, = ||z||¢(ay,)
we get that |z|, < C(|2|,)2(|z|,)/%. Hence, K*(a,) € D;. O

Let ¢ € A. Define

=o' = () : |l

g*<OO}
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with the norm

|2/

¢+ = Sup {

pRe
=1

The class of such ¢* spaces denoted by A*.

< C@)|[z|le, Vo = (&) € E}

Proposition 4.1.3. Let (* € A*. Then the norm ||.|| is monotone.

Proof. Let o' = (&) and ¢ = () € ¢* with n} = «¢, |a;| < 1. It is

3
e < |2

sufficient to show that ||y’

MWHZ{

£x -

Nmle < 1} - { 4

Z aifém
=1
PR e

=1

> g
=1

|
|

> &
=1

e < 1}

:szm,mmmél}

By Lemma 2.1.2

£x -

:HKMhél}sz

]

Theorem 4.1.4. Let A = (akn)pnen be an Kdéthe matriz and ¢ € A.
K*(ay,) € Dy if and only if one of the following conditions is satisfied

(i) Vp g Vr 3C :  agpag, < Cag,?

(ii) Vp 3¢ Vr 3C : 4_§(7(L)U2&iqw2

Qg Akp

mﬁwwmwa%w;iquywly

q Akp ALy

The theorem is proved by using a simple duality argument and Proposi-
tion 4.1.3.
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4.2 Cartesian Products of /-Power Series

Spaces

In this section we obtain a complete isomorphic classification of the Carte-
sian products of the kind Ef(a) x E’ (b), where Ef(a) is a finite ¢-power
series space and E’_(b) is an infinite /-power series space. In the case where
at least one of the Cartesian factors is a Schwartz space, such a classification
is known by the result of Zahariuta obtained in [30] by using the theory of
Fredholm operators. If both Cartesian factors are non-Schwartz spaces we
use the method of generalized linear topological invariants developed in [29],
[32], [37] as a generalization of the classical invariants [3], [15],[19], [23].

Theorem 4.2.1. Let £ € A. If E(a'”) x Ef (aV) ~ Ef@") x Ef (a),
then the following relations hold:

HM,TO>0:|{k:r§a§f)§t}|§|{k:%§a§f)§Mt}|, T>70; (4.8)
HM,TO>O:\{k:rga,(:)gt}\§|{k:%§&§j)§Mt}\, r>1. (4.9)

where o), a") € wy, v=0,1

Proof. The Cartesian product Ef(a!”) x EX (V) and E§@®) x E¢ (a™)
are naturally isomorphic to -Kéthe spaces X = K%(c;,) and X = K*(d,,)

where

Cip = (1) _(1)

() 7
exp(—%) if i=2k-1 d - exp(—%) if i=2k-1
exp(pa’) if =2k exp(pa;,’) if =2k

Assume that X and X are isomorphic and that 7 : X — X is an iso-
morphism. Let (U,) and (V) be the systems of unit balls in X and X,

respectively. We choose indices

P<p<PI<P<qg< @ <ry<r<r <s<s<si,
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for which we have the following properties 2p; < ¢q2, 2¢; < o and also
Cpy Vi, D T(Uy), CoT(Up) D Vi Cp Vi D Vo, ConVo, D T(Uy),
CT(Uy) D Vg, CyVo D Vi, CL,V,, DTU,), CT(U,)DV,,
Cr\Vi, DV, Cy, Vi, DT(Uy), CT(Us) D Vi,

for some constants C,,C,,,Cp,,Cy, Cy, Cy,, Cr, Cry, Cyy, Cs, C,, C,.
Since T is an isomorphism, we use (3.9) and we consider the system of unit
balls (U,) instead of T'(U,) in the following estimations:

UyNe'Us = B(, Ne'B, = B,NB

Ciq Qs iq e_tcis)'

If we apply the Lemma 3.2.3 we obtain that
¢
B

cigVe~tegs

) C B, NeB,, C 2B

(cigVetes):
In the same way, from

1
conv(U, WU U? Ue'U,) == conv(BfCiq) U B* 13 U eTBfCZ_r))

( ip ir)

= comj(BfCiq) UB', , UB; )

(c.% c2) (e77eir)

ipir

by Lemma 3.2.4 we get that
1
-B* ., C com;(BfCiq) UuB’, , U eTBfCZ_T)) cB" ., :
2 (ciq/\cicg/\e—fcir) (c?pcz) (ciq/\cg)cg/\e—"'cir)

From our choice, we observe the following:

4 t Rt 4 t Rt
B(ciq) Ne B(Cis) - Ci(DB(dti) N Ci82€ B( ) (410)

diSQ

com;(chiq) U ch% S U eTB(eCi'r)>
ip AT
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1 1
¢ U =By, ))- (4.11)

1
O conv(—B!, \U——-=oB", | e
( qu (digy) /Opl Crl (dfp1 di27‘1 ) Crl
If we combine (3.7) with the above observations (4.10) and (4.11)
ﬁ(chiq) N etB(eCis), conv(chiq) U B’

1 1 1
< B(Cye, BE, \NCis, !B, conv(—BY, \U————B* U —e B .
= UGBl (G Bl oG Pra G50 b ) @, Pla)
(4.12)

Set Crpin = min (Cy,, Cp,, Cy)) and Cpey = max (Cjy,, Cis,) then

6(35%) N eth%), com)(BfCiq) U B* 13 Y eTBfCir)))

(CipciT)

4 4 T Rl
ipp iry

Y t pl _—
< 5(07”%3(%2) Ne B(dm), conv(cmm

If we set C' := Cpap- Coin and use (3.8 ) then we get more simple form,

as follows
ﬁ(B(Zciq) N etB(éCiS)7 COTLU(B(C, ) U ch% C%) U eTB(ZciT)>> <

ipir

6<Cdeiq2) M ethdiSQ), COnU(B(d, ) U B( % % ) U eTdeir1)>> (414)
ipy Ty

ﬁ(B(ec Ve~te; )’Bf 11 ) < ﬁ(Qde Ve~td; )’1 ‘ 53
4 ‘8 (ciq/\cg)c?r/\e*‘r(cir) - 192 is2)" ) (diql/\d?pld?'f‘l Ne=T(diry )
(4.15)

In that step, if we use the Lemma 3.2.5, then we observe

max (d;g,, e 'd;s,) <acH]

11
3 2 2 —
min (dig, , d3, di.. ;e " dir, )

max (Ciq, € '¢;s) <1<

{i: 11

: 3.3 -
min (cig, ¢,C0, €77 Cir)

(4.16)

42



If we proceed the estimation as omitting the trivial inequalities, we get

. C; C;
{i: %zq% <1, e—TuIC, <1, . <1}
chCZT r 1q

< il < g0, Yie cy0f T o g0y
dZ dZ e din, dig,

wp1 T

If we repeat all steps for the following

B (U,NUZU2 Ne'U,,conv (U, UeUy))
11
< B (Ve NV Vig Ne'Viy, conv (Vg Ue'Vy,),

we similarly obtain the following;

1 1
. 2 .2 —T ..
max (cig, ¢ Ciry €7 Cir)

{i :

< 1}

min (c;q, €77¢5)

max (diqmd% d-% e "dir,)

< |{i: "2 e’ < e
< It min (d;q,, e "d;s,) < dedl,
and L
c2c2 ) —tn.
i 2 <1, <, 0 <y
Cig € "Cis Cig
11
<|{i: Ol g iy € ina AC}.
N diql B 76_tdi$1 N ’ di!h -

(4.17)

(4.18)

(4.19)

(4.20)

Let us analyze these. The left-hand side of (4.17) (respectively (4.20) )
is equal to the left-hand side of (4.16) (respectively (4.19)). The right-hand
side of (4.17) (respectively (4.20) ) is greater than or equal to the right-hand
side of (4.16) (respectively (4.19) ). Also (4.17) implies the relation (4.16) .
The first inequality in the left-hand side of (4.17) is ¢;y < c-% c-% For the odd

ipir:

indices ¢« = 2k — 1 this is equivalent to the inequality (—é + 2ip + 2—1r)a,(€0) <0,

which is impossible because ¢ > 2p. For the even indices ¢ = 2k this is
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equivalent to (2¢— p—r)ag) < 0, which is always true since r > 2¢q. Therefore

the left-hand side of (4.17) equals

T 1) t
k:——< < — 4.21
{ T_q—ak _s—q}l ( )

Consider the right-hand side of (4.17) .
11
The first inequality there is d;, < 4Cd7, d7 . For odd indices i = 2k — 1

this is equivalent to the inequality

7 —log4C ©) _ t+logdC
1 _ 1 e

q2 T1 q1 82

Therefore, for 7 > 75 := 7'(qi2 — % + log4C'), the triple of inequalities in the

right-hand side of (4.17) does not hold for odd indices.

For the even indices ¢ = 2k, the first inequality in the right-hand side of

(4.17) is equivalent to the inequality (2¢g2 — p; — rl)&gj) < log 4C, which is

always true because r1 > 2¢, ( we can assume without loss of generality that

C'is bigger than 1). Thus for 7 > 7 the right-hand side of (4.17) equals
’{k:T—lOgZICS&S)St-i-logllc}’ (4.22)

T — Q2 S2—q1
Since for 7 > 7, the expression (4.21) is less than the expression (4.22), there

exist a constant M > 0 and a 7y > 7o such that the relation (4.9) holds. In

the same way, (4.20) implies (4.8). O
Due to Proposition 3.3.1, Theorem 4.2.1 implies that span{e : a,(:) >

d 14 . . “ 7.
To} Bt span{ey, : EL,(C) > 35} where v = 0,1. That is X, is quasidiagonally

imbedded in X, (v =0,1) up to Banach subspaces.
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4.3 Infinite Dimensional Complemented Ba-

nach Subspaces Of /-Kothe Spaces

In this section we follow [10] and [1] and try to get the ¢-Kothe space

analogue of Proposition 13 in [1].

Definition 4.3.1. Let U(X) denote a basis of absolutely convexr neighbor-
hoods of the origin in a locally convex space X. X has the property of small-
ness up to a complemented Banach subspace (the SCBS property) if for each
bounded subset M of X, for each U € U(X) and for each € > 0, there are
complementary subspaces B and E of X such that B is a Banach space and
McCcB+eUNE.

(-Kothe spaces satisfy SCBS property [1]. For the sake of completeness

we present a proof of:

Lemma 4.3.2. If X = K%(a;,,) is an (-Kdthe space and M C X is a bounded
set, then for any ng and any € > 0, there exists a Banach basic subspace B
such that M C B + €U, where Uy, = {x € X : ||z||,, < 1}.

Proof. Let X = K%(a;,) be an ¢-Kéthe space. Since M C X is a bounded

subset of X, then there exists a sequence of positive numbers (¢, ) such that

M cC{zxe X |z|, = |(&ain)il < cnyn=1,2,..}

Qi n

We can chose (¢,) big enough to satisfy that (7) tends to zero, for

each i. We set v; = sup{2—a—’} and v := (7). Since sup{2—a’ } <
n " cn n n C

n

1 a;
Z (2—n l’”), then by monotonicity of the norm in ¢, for any x € M we
Cn

n
obtain

<1

ai,n
Xz
Cn

1 a;, 1 a;, 1
— — < E T < § —
HwaH ‘ (Slj&p{zn Cn }) xH a H( n 2" cn ) xH - 2

n
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Hence M C ﬂBé(ag—’”) C B'(v).

Take any € > 0,n9 € N and set B := [e; : €7; < a;,] and
E :=e; : €v; > a;pn,] where the square brackets denote the closed linear

span of the corresponding vectors. For z € B and n € N, since

Qin

1
iQing| = 1&iviEl 2 |Si—
il 2 Il 2 [6i 22

el

for each n, then by monotonicity of the norm we get

1 aiyn

2" ¢,

a2 el = (63 222)|

Hence [|(&aino)l|€2"cn 2 || (§iin) || = l|2]ln-

Let x € M N E. Since |§;a; .| < |€:€| then by monotonicity of the norm
we obtain that [|zln, = [|(§iin,)ill < [[(§ig)ill < e

Thus, all norms are equivalent and so B is Banach basic subspace. This

completes the proof. O

Proposition 4.3.3. Let X be a (-Kdéthe space. If T : X — X is a bounded
operator (respectively, compact) operator, then there exists complementary

basic subspaces B and E such that :
(i) B is a Banach (repectively, finite dimensional) space; and

(i1) if mg and tg are the canonical projection onto E and embedding into

X, respectively, then the operator 1 — ngT'ig is an automorphism on

E.

Proof. Let {||.||, : p € N} be a fundamental system of norms in X. Since T’
is a bounded operator there exists a ko such that T'(Uy,) is a bounded set in
X, ie.

VEIC) | T|[p < Crlla]|r,

By Lemma 4.3.2, there exists a Banach (respectively, finite dimensional)
basic subspace B such that T'(Uy,) C B+ Uy, . Let E be the basic subspace
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that is complementary to B. Then, setting T} := ngTtg : E — E, we obtain
that .
1Tl < 5llzllk, V2 € E.

It is clear that the operator 15 — T} is an automorphism. Indeed, for any

x € F consider the series
Sr=x+Twx+Tlx+ TPz + ... +Tx + ... (4.23)

This series convergent in E because, for any k, we have
1 m—1
el < Tyl < Cu(3) Tl m =12,

and so, by Banach-Stheinhaus theorem, (4.23) defines a linear continuous
operator S : E — E. Since (1g — 1T1)Sz = S(1g — T1)x = z, the linear

operator S is inverse to the operator 15 — T7. ]

Lemma 4.3.4. ( [10]) Let X1, X5,Y; and Yy be topological vector spaces. If
T := (T;) : X1 x Xo = Y1 x Yy (where T;; : X; — Y;) is an isomorphism

such that T11 : X1 — Y; is also an isomorphism, then Xy >~ Y5.

Proof. Let T7! := (S;;) : Y1 x Y5 — X; X X5 and R : Xy — Y3 such that
R =Ty — Ty T, Tho.

Consider 7171512 + 112522 = 0 which implies that RSy = 15355 —
T21T1_11T12822 = T5S5% + 151512 = Iy,. We can also esaily see that
So1Ty1 + SopTo = 0 implies that SoyR = SoyTho — SaoTo1 T Tia = SaoThs +
So1T19 = Ix,. Thus, the spaces X5 and Y, are isomorphic. O

Now, we state a theorem which is a modification of generalized Douady

Lemma in [30] (section 6).

Theorem 4.3.5. Let Xy be a (-Kothe space and Xo,Y1,Ys be topological
vector sapces If X1 x Xy ~ Y] X Yy and (X1,Y2) € BF, then there exists
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complementary basic subspaces E and B in X1 and complementary subspaces
F and G of Yy such that B is Banach space and

F~F, B x X, ~GxYs.

In addition, if (X3,Y1) € BF, then G is Banach space.

Proof. Let T : (T;;) : X1 x X9 — Y7 x Y3 such that T;; : X; >~ Y; be an
isomorphism, and let 77! = (S;;). It is easy to get S11Th1 + S12To1 = Ix,.
Observe that (X7, Ys) € BF implies that the operator S1575; is bounded. Due
to Proposition 4.3.3 and boundedness of S1575, there exist complementary
basic subspaces E and B of X; such that B is a Banach space and the
operator A = wgSi11T11tg is an automorphism of E. It is clear that the

operator P = T, A~'r S, is a projection on Y;. Define now,
F=PY), G=P0).

Easily we observe that F' = Tj;(F) and the restriction of 7}; on E is an

isomorphism between E and F. Due to Lemma 4.3.4, we get that
B x X9~GxYs.

If, in addition, each operator acting in Y; that factors through X is
bounded, then each operator acting in G that factors through X, is also
bounded. Let H = (H;;) : G X Y5 — B x X, be an isomorphism and
H~' = (R;;). Then, easily we get that Ry1Hy1 + RioH2 = Ig. Observe that
R19H, is bounded because it factors through X, and the operator Ri;H;
since it factors through the Banach space B. Thus the identity operator I

is bounded. Therefore G is a Banach space. O
For ¢ = [,,, we have some useful facts:

(¢) Each infinite-dimensional complemented subspace of [, (1 < p < 00) is

isomorphic to [,,,
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(77) Each infinite-dimensional basic Banach subspace of an ¢(-Kéthe space

is isomorphic to I,,.

Due to the facts (z) and (i7), in [10] Djakov, Terzioglu, Yurdakul, Zahariuta
showed that infinite-dimensional Banach complemented subspace of an [,-
Kothe space is isomorphic to [,. Since the facts (i) and (i¢) are not true for
an arbitary ¢ € A, we can not generalize the above result to the ¢-Kéthe
spaces. We state the following result, instead:

Let C(¢) be the set of all complemented subspaces of /.

Proposition 4.3.6. Let X be an (-Kdthe space, and let F' and G be comple-
mentary subspaces in X. If G is an infinite-dimensional Banach space then
G ~ L where L € C(?).

Proof. Let X = K*(A) = F & G and G be a Banach space. So we have
X x {0} ~ F x G. By Theorem 4.3.5 there exists complementary basic
subspaces F and B in X and complementary subspaces F} and G in F' such

that B is a Banach space and

FI~F B~ B x{0}~G; xG.

Y

Hence G is complemented subspace of B. Since B is the basic Banach sub-
space of X, and so ¢, then there exists L € C({) such that G ~ L. ]
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CHAPTER 5

POWER /-KOTHE SPACES OF FIRST
TYPE

In this chapter, we consider the first type power (-K&the spaces and give
some basic properties. After that, using n-equivalent multirectangular char-
acteristic invariants we investigate quasidagonal isomorphisms of the first

type power (-Kothe spaces.

5.1 Power (-Kothe Spaces of First Type

Let &€ be the class of the /-Kothe Spaces of the kind

E'(\a) = K* (eXp K—% + )\ip) aD (5.1)

where a = (a;)ien, a; >0, A= (N\;), 0 < \; < 1. Spaces of that kind will be

called power (- Kothe spaces of first type.

We easily observe that if a; = 1+a; \ = max{\;, =} where a = (a;)

and A = (\;) then X := E‘(\,a) ~ E‘(\,a) = X.

Indeed, if 5\1 = ai then S\i&i = 1 then we can get the following inequalities

1 1 -
<—— + )\ip) a; < <—— + )\z‘p) a;
p p
~i . 1 : 1
= (_a_ + )\iaip> = (—— —— +p) < (—— + )\ip) a; +p
p p P p
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for any ¢,p € N. By monotonocity of the norm, for any p we obtain that

|l )= )|
[ (el el e [Eem)e]

1.e.
lzllx < [zl < Cllz|ly

Ix

X

= Cllzlx

14

where C' = exp(p). By inverse mapping theorem I~! is continuous. Thus [
and I~! are continuous, hence I is an isomorphism. So, we obtain E*(\, a) ~
EY(N Q).
The space E*()\, a) is said to be finite, infinite or mized respectively,

if it satisfies the following cases:

(1) A — 0;

(44) LimA; > 0;
(4ii) lim); = 0,limA; > 0.
The corresponding classes of the spaces to the cases (i), (i), (i7i) denoted by
gl? 627 53-

Proposition 5.1.1. (a) The case (i) is equivalent to E*(\,a) ~ Ef(a),
(b) The case (ii) is equivalent to E*(\, a) ~ E‘ (a).

Proof. Since (a) and (b) are proved in a similar way, we restrict ourselves
to prove only (a). It is sufficent to show that identity operator I is an
isomorphism between E*(\,a) and E§(a). Assume that \; — 0,7 € N, then
there exists 75 such that for all 7 > 7p, 0 < \; < 2?%

1 1 1

1 1
——a; < (== +Aip)a; < (== + ;5p)a = (—5-)ai.
p ( p ( p 2p2) 2p)

51



By monotonicity of the norm, for any p we obtain that

I exp[—}gai])ue <& exp[(—}g + )l

<& exp[(—% + ]%p)ai])nz - exp[—%aimu

O

For any given infinite set L = {i;,} C N we shall consider the correspond-

ing basic subspace as follows:
Ef (N a) :=3panie; 1 j € L} ~ E*(\p,ar),
where A\ = (\;,),ar = (a;,). From this definition, we get the following:
(1) \i, = 0 EX(\ a) ~ Ef(ar);
(ii) lim)\; > 0 < EY (N, a) ~ E (ar)
(iii) a;, < C < oo(Vi, k) = Ef ()N a) ~ Ef(ar) ~ E (ar) ~ (.

Proposition 5.1.2. Let a = (a;),a; / oo and b = (b;),b; /" 00, are given
7 =0,00. Then E{(a) ¢ E (b) always and

E'(a) ~ EX(b) & E(a) = EX(b) < a; < b

Lemma 5.1.3. The space EX(\, a) is isomorphic to E4'(¢) x E2(d) for some
c,d and £ ~ (1 x Uy if an only if there exist N1, No C N such that N =
N1UN2,N1QN2:@ cmd)\l Z5>Of07"i€ Nl;/\z_>0 Zf’L—>OO7Z€ Ns.

Let £ be the class of all locally convex spaces, which are isomor-
phic to some spaces in the class £  The spaces in £ are called
first type power spaces. In the same way, the classes €1, E,, E5 corresponds
to &1, &, E. Tt is clear that Ef(a) x EX (b) € s, for arbitrary a, b tending to
infinity.
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Lemma 5.1.4. The following conditions are equivalent:
(i) B'(\a) = B (4, b);
(i) E'O\a) & B (u,b)
(111) there exists a bijection o : N — N and a constant o > 1 such that

& < bg(i) < a;«v (5.2)
(%

and for any subsequence iy,

)‘ik —0& Ko (iy) — 0. (5.3)

Proof. (i) = (i1) is obvious. Let us show (iii) = (¢). We observe that
EY(\,a) = EY(\,b), since a; < b;. We need to prove that under conditions
a = b and o(i) = i the corresponding operator I : E*(\,a) — E‘(u,b) is an

isomorphism. Let us see that [ is continuous, i.e.
1 1
Vp3q3dC : exp | —— + wip | bs < Cexp | —— + \iq | a;. (5.4)
p q

From (5.3) there exists a function ¢ : (0,1] — (0,1] such that ¢(t) | 0 as
t | 0 and for any 0 € (0,1] u; > 0 = A\ > ¢(9). Fix an p and set

1

N1 = Nl(p) = {Z Ny Z 2—])2}, Ng = N\Nl

For ¢ = ¢(p) = max{p/e, 2p}, where e = p(1/2p?), we obtain the following
inequalities
—%+Mip§ _Il?+p§ —%—{—qeg —%—l—q)\i for ¢ € Ny;
1 1 1 1 -

which imply (5.4) even with C' = 1, hence [ is continuous. Since the condition
(i) is symmetric with respect to (a;) and (b;), the same arguments give us

that the operator I~! is continuous, . This conclude that (iii) = (i).
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Let us see that (7i) = (i27). Suppose that there exist a bijection o :
N — N and sequence of numbers ~; # 0 such that the linear operator T :
E*(X\,a) — E*(u,b) defined by T'e; = 7;€,(; is an isomorphism. We will show
that (¢ii) holds with the same o. If we assume that (5.3) does not hold for
some subsequence ik, then we obtain the existence of a subsequence j; = iy,
such that a;, — oo and either A\;, — 0 but pg;,) = 0 > 0 or p,(,) — 0 but
Aj, >0 > 0.
It is enough to consider the first case. Let us put L = {js}, M = o(L); then

Eg(a) = Ep (A a) = By (p,0) = EX (b)

where ar, = (a;,), by = (bo(),))-
This is a contradiction, since by Proposition 5.1.2 in the Montel case finite
and infinite power series spaces are not isomorphic. Hence (5.3) is proved for
any subsequence (ig).

To conclude the proof, we need to show a; < by(;). Assume that a; < b, ;)

is not true. Then there exists a subsequence (i) such that
(1) either a;, /by(i,) — 00 , OF by(iy)/as, — 00
(2) either A\;, — 0, 0or \;, > 6> 0.

We consider one of the four possible cases we get since the rest can be
treated analogously. Let a;, /by, — oo and A;, — 0. Then it follows

Uiy — 0 and we have for L = {iy}, p = o(L)
Eglar) ~ EL(\,a) = By (11,0) ~ Eg(ba)

where ar, = (a;,),bn = (bo(;,). But by Proposition 5.1.2 the isomorphism

Ef(ar) ~ E{(by) implies a; < by(;) contrary the assumption. O
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5.2 Multirectangular Characteristics and

Compound Invariants

In this section we consider the problem of quasidiagonal isomorphism of
first type (-power Kothe spaces [31], [37]: EY(\,a) where a = (a;)ien and
A = (\)ien are sequences of positive numbers. From [7],[5],[6] it is known
that the system of all m-rectangular charactersitics p,, (see 5.6 below) is a
complete quasidiagonal invariant on the class of all first type power Kothe
spaces, if the relation of equivalency of systems (1) and (1) be defined
by some natural estimates with constants independent of m. Here we prove
that the system of all m-rectangular charactersitics pu,, is also a complete
quasidiagonal invariant on the class of all first type /-Kothe spaces under the
same conditions as above.

Dealing with spaces (5.1) we always assume without loss of generality
that

G>1, L<n<l, el (5.5)

For given a = (a;)iens A = (Ai)ien with (5.5) and m € N we introduce
m-rectangular characteristic of pair (A, a) as the function

m

U{z’:5<)\i§5k,r<ai§tk}’, (5.6)

k=1

(8,57 t) =

defined for
5 = (5k>7 E = (€k), T = (Tk),t = (tk),

0<o <ep, 0<Tp <tp<oo, k=1,2,....,m. (5.7)

The function (5.6) calculates how many points ()\;, a;) are contained in the

union of m-rectangles:

CJ {z D(Miyag) € Pk}' = Hz S (Nisai) € ;ka}" (5.8)

k=1

HYD (6,5, 1) =

where Py, := (0, ex] X (T, tg), kK =1,2,...,m.
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Let a = (@;)iens, A = (S\i)ieN be another couple of positive sequences

and m a fixed natural number. Then the functions ,u,(ﬁ\’a) and u%’&) are

equivalent (or u%a) R~ ug’&) ) if there exists a strictly increasing function
¢ :10,2] — [0,1], ¢(0) = 0,p(2) = 1, and positive constant « such that the

following inequalities

- 3 T

i (0,87, 8) < iy (0(6), 71 (e); — o), (5.9)
~ _ T

Hi® (0,87, 8) < iy (10(6), 7 (e); — at), (5.10)

hold with ¢(6) = (¢(dk)), ¢ ' (e) = (¢ (er)), L = (), at = (aty) for all
collections of parameters (5.7) with e, < 1,7 > 1,k = 1,2,...,m (in line
with our agreement (5.5) we shall suppose always that the parameters (5.7)
satisfy this conditions.) If X = E*(), a), we write also 1 in place of uH®.

Recall that v : X — T' is called linear topological invariants if X ~
X = y(X) ~y(X), X,X € X, where X is a class of locally convex spaces

and I is a set with an equivalence relation ~ .

Lemma 5.2.1. Let X = E‘(\a) , X = E‘(\a),l e AneN. IfX ~ X,
then there ezists an increasing function ¢ : [0,2] — [0,1], ¢(0) = 0,(2) = 1,
a decreasing function M : (0,1] — (0,00) and a constant o > 1 such that the

inequality

M,g@_l(é) 1 m; g,at) (5.11)

X . < X .

holds for each m € N and the inequalities (5.9) and (5.10) hold for all collec-
tion of parameters (5.7) satisfying the following additional condition: among

all the numbers 91,0, ..., 0,, there are no more than n different.

Proof. Let T : X — X be an isomorphism. Consider two unconditional

bases of the space X:
(i) the canonical basis e = (e;);en, and

(ii) T-image of the basis of X:é= (€;)ien, €&; = Te;, for each 1.
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Hence, for each z € X, we have two representation:

o0 oo
T = E iei = E 1;€i-
i=1 i=1

For each x € X, the system of norms

2]l = [[(maip)|l (p € N),

is equivalent to the original system of norms in X :

2], = l[(&aip)ll (p € N),

where .
Qip = exp ([ ~ + )\ip]ai)7
_ |
Qjp 1= €Xp ([ — 1—9 + )\,;p]ai).

We define the weights

to get the balls
B(ay,) , BY(d,). (5.12)

We will use these weighted balls to build two pairs of synthetic neigh-
borhoods U,V and U,V in the form of certain compound geometrical and

interpolational constructions to provide the inclusions
UoU , vcVv (5.13)

and also, to make sure that the following estimations will be satisfied:

H (8, 7,1) < B(V, %U,), (5.14)
BV, %ﬁ,) < i ((0) — MT(é),so‘l(e) + MT((S); g,at). (5.15)

o7



Due to (3.7), the inclusion (5.13) implies the assertion (5.11) of the Lemma
5.2.1.

Construction of synthetic neighborhoods. Let n,m € N such that
n < m. Now, regarding the equivalence of the systems of norms, we can

choose an infine chain of positive integers
T <Pi <8 < Tig1, 1=0,1,....m+1;

Sm+1 < ¢ < gj+1, j=12 .. (516)

in a way that each consequent number of the chain is four times larger than

the preceding one and 4s¢q; < g;j11, and that the following inclusions
B%(a,,) C O(k)B(ay,); B¢(ap,) C C(k)B%(ay, )k =0,1,....,m+1; (5.17)

Bi(6y,.,) C Gy, B (04, B'(04,,,) € Gy, B(ay,), j=1.2,. (5.18)

are satisfied with some constants (C(k));2', (Cy,)52,.
Let all different values of (d;);~, be represented as a non-decreasing finite

sequence 0y < 09 < ... < 07 < ... Due to that, let us redefine the numbers

Pr ‘=Dl Tk =T, Sk = Sy,

where [, is such that 6, = 0y, k = 1,...,m. Obviously, the inclusions (5.17)

are still valid. Beside these, we consider also the sequence

1 .
Q=1 G=— j=12. (5.19)
q;

and choose indices ¢, and j; so that

CLk S 5k < CL;C,U Cjk+1 S € < Cjk ’ k= 1727 weey 0. (52())

Due to the construction above, we define the sets supplying as elementary
blocks in order to build the sets U, V, U, V. The first couple of the sets U,V
is built with the blocks (k = 1,2, ...,m)

M/l(k) _ Be(wl(k)), l = 1’ 9 : I/V'l(k) — Bé(wl(k)) | = 17 2’374 (521)
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where each weighted-sequence will be responsible for certain inequality for
(M) or (a;) in (5.6). We begin with the following blocks:

w%k) = w§’“) =aq, , k=12,.,m.

The estimations of \; from below and above in (5.11), (5.6) are linked with

the following two series of ”interpolational” weights (k =1,2,...,m):

1 1
k) _ 5 3 k) _ ) apog, i gp >3,
Wy~ = OQpyQg,, , Wy = ) ]

Qpy if gp < 3.

On the other hand, the estimations of a; by the parameters 7, and t; in

(5.11), we require the following series:

@ = exp (2%) Qpo @y = exp (= 2pmaite) @y, k=1,2,..m.
0

Finally, construct second couple of the sets U , V. For this goal, we use the
corresponding series of blocks which are balls with respect to the T-image
basis é: (k=1,2,...,m)

W =), 1=12; WY =B@") 1=1234

We define their weights by the same formulae as for the balls (5.21) but
with the following rules of substitution: to obtain weight tbl(k) and i;l(k) we
replace a,, with ﬁ&% (or, respectively C'(k)d,, ) and replace ay, (or, re-

spectively ag, ) with %dqbk (or, respectively C,. a
- quy,

For £k =1,2,...,m we put

ik—2 aqjkfz)'

2 4

Uk = conv( U VVl(k)) R VACO R ﬂ I/T/'l(k),
=1 =1

~ 2 - . 4 ~

Uk = com)( U V[/l(k)) R VA G ﬂ I/T/l(k)a
=1 =1
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to define the sets

Uv=U®, T=T®, V=conu(|JV®), V= conv(|JT®).
h=t h=1 k=1 k=1

On account of 5.17 we observe the inclusions (k = 1,2,...,m)
VVl(k) > V[/l(k) ’ | = 1,2;

W cw® 1=1,23,4.

which imply the inclusion (5.13).

Approximation of sets U,V,U,V with the weighted (-balls. Since
the sets U, V, U and V are not weighted balls, we cannot use Lemma 3.2.5
directly to calculate B(U, V) and ﬁ(U, f/) Nevertheless, using the Lemma
3.2.4 and Lemma 3.2.3, we derived some suitable weighted balls from these
sets. In the direction of this thought, we consider the sequences: (k =
1,2,...,m)

=), =@, d =P, dV=(@");
and the sequences
c=(c), e=(@), d=(d), d=(d),
defined in the following way:

M= min{wﬁ) =12} & = min{@bgﬁ) 1 =1,2},

7

(2 (3

dM = max{u_)ﬁ) =12y 4P .= max{uzjg) 1 1=1,2},
¢ = min{dgk) k=1,2,...,m} ¢ := min{czgk) tk=1,2,...,m},
d; = max{cgk) k=1,2,..,m} d;:= max{égk) tk=1,2,...,m}.

Taking into account of Lemma 3.2.4 and Lemma 3.2.3, and the above con-

strcution, we obtain the following relation:

By =Uu® | BEE®) =W | Bd®) cv® | T c 4Bi(d®),
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From the construction of (&;)7L,, 6 = 0, implies that jp = j, , pr =
Dy, wgﬁ) = wl(fl),l =1,2, cgk) = CEL) . 17 € N. By Lemma 3.2.4, Lemma
3.2.3 and the fact that there are no more than n different among the sets
U k=1,2,...,m, we conclude that

B(¢)cV, UcnBd), V c4B%e), Bd) cU.

Hence, owing to 3.7 and 3.8, we obtain

BUB(e), BY(d)) < BV, 1), (5.22)

-1~ i .
BV, ~0) < B(AnB (@), B*(d)). (5.23)
n
Estimation of (5.14). After the above construction of synthetic neigh-
borhoods U,V to prove the estimation (5.14) we shall prove the following
inequality:
WX(6,657,1) < BB (c), B(d)). (5.24)
By aid of 5.22, this gives the desired result.

Lemma 3.2.5 and the definitions of the sequences ¢ and d implies that

B(B¢(c), B¢(d U U{z : d,gk) < cgy)}‘.
k=1v=1
In the sequel,
B(B¢(c), BS( d® < ¢ }‘ (5.25)
Taking into account of the definitions d*) and ¢*), (k = 1,2,...,m), we
obtain
) o Ry g (k) o (k)
{i:d” <"} ={i: 1rr<1la<>iw y < 1%121210171 }. (5.26)

Due to the fact that w(kl) = wz(kl), we can write the right-hand side of 5.26

as follows:

{i:d” <y =N({i:w Dyafi:al) <w®). (5.27)
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We shall prove the following four inclusions to get (5.24) : (kK =1,2,...,m)

{i:\<ea}c{i:al) <w, (5.28)
{i: Ni>ep}C{i: wgﬁ) < wg;)}, (5.29)
{i:a; >m} C{i: wg) < wgﬁ)}, (5.30)
(i a; <t} C {ial) <wity, (5.31)

Let us show first (5.28). Due to the definition wék), we need to check two
cases: Jr < 3 and jr > 3. Since the case jp < 3 is trivial, let us consider
the case jr > 3: By definitions of the weights and (5.12) we observe that the
left-hand side of (5.28) is equivalent to

1 1 1 1 1

Ail5 %1+ 5P0 = Dk) < 5~ F -—
(i1 3P0 =) 20  2¢j,, Dk

(5.32)

The construction of the chains (5.16), (5.19) and (5.20) imply that the
left-hand side of (5.32) is larger than ﬁ. In the same way, we observe that

rihgt-hand side is less than

Nl ), ! <A ! -
4pg 4po(j, 4poey,

Thus we obtain the desired result (5.28). Analogously we can observe (5.29).
Now, let us consider the inclusion (5.30). By definitions of the weights
and (5.12) we observe that the left-hand side of (5.30) is equivalent to

Th o (Pe = o) (L + Aipopr)
2po PoPk '

It is easy to see that

2po — DoPk

1 < (Pr — po) (1 4 Xipopr)

which implies the (5.30). Analogously we can observe (5.31).
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After this estimation, we can conclude that (5.27)-(5.31) implies that

{Z . d(k) S Cz(k)} D {Z : (Sk < >\z S Eky Tk < Q4 S tk}

i

Regarding (5.25), we observe (5.24) which implies (5.14).
Estimation of (5.15). Taking account of (5.23), to estimate (5.15) we
check the following inequality:

BanB@), ) < i e0) — 2 o0+ T 4y (53)

Lemma 3.2.5 and the definitions of the sequences ¢ and d implies that

B(4nB*(¢), BX(d)) =

U UL d? < ancy|. (5.34)
k=1v=1
Taking into account of the definitions d® and é®, (k,v = 1,2,...,m),

we obtain

4
{i:d? <and”} c (Wi a) <d4na)} i@y <4niy)}.  (5.35)
=1

Due to the definition Qﬁgk), we need to check two cases: jp < 3 and j > 3.
Let us consider first case, ji > 3: By definitions of the weights and (5.12) we
observe that the inequality
@) < and) (5.36)

i)
is equivalent to following

1 1 ~ 1 1 1.
K?“E%2_MM_@g+MnJ§ﬁW§RWMa%J (5.37)

where R(C) := In(4n(C)). The construction of the chains (5.16), (5.19) and
(5.20) imply that

Qi 1 1
% < 57"0 - §ij,2 - SV?
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1 1 1 1

2ro  2q5,., S, To

1 4
By the definition ¢j, , = > , we obtain that

Qji,_5 T0dj),_»

4Cjk72R(02 )

Jk—2

{’i : U:)z(,’;) < 47“1)1(:/1)} C {Z : 5‘1 < Cjk73 +

1. (5.38)

7
Now, tet us consider second case, jr < 3: In that case, by definitions of the

weights and (5.12) we get that the inequality (5.36) is equivalent to
[(ro = su)\i — (= — —)]a; < R(C?). (5.39)

The construction of the chains (5.16), (5.19) and (5.20) imply that
{i: a0y <4nal)} c {i: N < G} (5.40)

Analogously we can observe

4§Ly+1 R<CL2V )

)

(i) <anal)y c {i: M <Cos + 1. (5.41)
At this step, we will prove that (5.11) is guaranteed if we take a constant
«, an increaing function ¢ : [0,2] — [0,1] and a decreasing function M :

(0,1] — (0, 00), satisfying the following conditions:

o > max{4pm1R(C?), 8Pmi15ma1 }; (5.42)

©(0) =0, p(2) =1, p() = (e, J=0,1,..5 (5.43)

M(G) > a2 R(CELy), J=0,1,2,3; (5.44)

M(¢;) > amax{C2R(C3,,),4¢2R(C: )}, j=4,5,.... (5.45)

When we combine (5.38) - (5.41), we obtain

. ~ ~(v . N _ . M ]
(i@l <danal)} € (i M < 07 (ag) + Ofg?k)}
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- v 3 M(G
(100 < i3} < {30 eloo) - Ty

Due to the definitions in (5.20), the above two inclusions becomes

M(€k)

(i@l <anal)y c i hi <o e + —, (5.46)
i ) - M(5,
(i) <analy)y c {i: N> p(0,) - a(d ) ). (5.47)

To complete the estimation (5.35), we have to check also the following
inclusions:
{i: 0 <d4na)} c {i:a, > %}, (5.48)

i al) <andl)} C {i:a; > aty). (5.49)

It is sufficient to prove only the inclusion (5.48), because the inclusion (5.48)
will be proved in the same way. Due to definitions of the weights, the left
hand side of (5.48) is equivalent to the following inequality:

T 1 1 <
T <R 4= — = 4 Ay — 7o) .
T R(C*) + [7"0 . + Ai(s, —1mo)]a (5.50)
If we consider (5.5), (5.20) and (5.42), we see that QL < aa;. Hence, this
Po
ensure (5.48).
By the aid of (5.46), (5.47), (5.48) and (5.49) the right-hand side of (5.35)

becomes

4
i@y < ana)} 0 {i:dl) < anwly} C Sy, (5.51)
=2
where
M6, ~ M .
Sk ={i:¢(d,) — ) <A <o ter) + ﬂ; KL a; < atg}. (5.52)
Tk Tk (6%

Regarding the definitions of the sequences ziﬁ’,@fﬁ and (5.12) we obtain
that
(i :a) <anal)y c T, (5.53)
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where

If we bring to mind (5.34), (5.35), (5.51) and (5.53) we get

B(anB(¢), B*(d)) < | | | (Skw N Th) (5.55)
k=1v=1
Due to (5.16), for v < k we have
1 1, - 1 1
— = =)+ Nk — s .
(51/ rk) * Oﬂk ° ) ” 251/ 4pm+1

Hence,
Tk’y = {Z : &i4pm+l < R(CQ)} Zf v<k.

By (5.42), this is equivalent to ( v < k)
Ty, C {i:a; < a). (5.56)

To complete the proof of the lemma, it is sufficient to show that for k,v =

1,2, ..., m, the following inclusions are true:

S;w, N Tky C Sk,k- (557)

For the case k = v,(k,v = 1,2,...,m) the inclusions are trival. Thus, we
need to check the cases k < v,k > v. Let us consider first, £ < v. So we
have 9, < 9,. Due to the definitions of the functions M and ¢ we observe
that M (0;) > M(0,) and ¢(d) < ¢(d,). Under this observation, for k < v
definition of Sy, implies (5.57). Now, let us check the last case, £ > v. By

-1
(5.5), we have \; > — for all i« € N. With the aid of this, we oberve from
a/.

(2

~ 1
(5.56) that \; > —. So, we obtain
a

< M
<A <M er) + @; % <a; <ot} (5.58)
k

SkJ, N Tkﬂ, C {Z .

RIr
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If we take into account the definitions of ¢, ¢, and (5.43) we observe that

M) - o5, < plc) = ¢o= L. (5.59)

Tk 44

@(0r) —

The constant depends on n, for this reason we may assume that the number

g4 chosen in the following way

1
— =<
qa
Combining (5.58),(5.59) and (5.59), we see the that (5.57) is valid. Due to
(5.55) it implies the inequality

QI»—‘

(5.60)

B(4nB* (@), BY(

Usksk;

Thus, the estimation (5.15) is obtained, due to the (5.11) which completes
the proof.

O
Proposition 5.2.2. Let X = E‘(\,a), X = E‘(\,a), me N. If X ~ X,
then pX ~ Mﬁ-

Systems of characteristics (MnX@) N and ( are equivalent if the

e
function ¢ and the constant a can be chosen so that the inequalities (5.9),

(5.10) hold for all m € N. We denote this equivalence by () ~ (u\).
Proposition 5.2.3. For spaces X = EX(\,a) and X = E'(\, a), the follow-

ing statment are equivalent:
d ~
(i) X =X
(i1) (1) ~ (p1m)-

Proof. Let us show first (i) implies (i). Let the spaces X and X be qua-

sidiagonally isomorphic. Then the condition the condition (¢) of Lemma
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5.1.4 holds. It follows from (5.3) that there is a strictly increasing function
0 :(0,1] — (0,1],(t) | 0 as ¢ | 0, such that the following inclusions

{i: X >0} C{i: Aoy = (0)},

(i : Moy =0} C {i s A > 0(6)} (5.61)

hold for any § € (0,1]. Without loss of generality we can assume that
©(1) < 1. Let us extend the function ¢ on the segment [0, 2] so that it will be
a strictly increasing function and ¢(0) = 0,(2) = 1. Then the function ¢
has the inverse function ¢! on the segment [0, 1] and ¢~ (0) = 0, p~ (1) = 2.
It follows from (5.4) (5.61) that the inclusions

{i:6<N<er<a<t}C{i:p() <t < 90—1(5),& < g < at},

{i:0 <Xy 6,7 <y <t} C{i:p(d) <N < gp’l(&t),g < a; < at},

holds for any parameters d,¢,7,t(0 < § < & < 1). Hence, taking into account
that o is the bijection, we obtain the (ii).

To complete proof, let us show that (iz) implies (7). The condition (i7)
means that the inequalities (5.9) and (5.10) hold for all collections of param-
eters d,e, 7 and t.

Let us define a multiple-valued function S : N — N by the rule:
S(i) = {j - e(0) < <7 (M),

It follows from (5.9) that the map S satisfies all conditions of the Hall-K&nig
Theorem. By this theorem there exists an injection ¢ : N — N such that
(i) € S(i),i € N. Therefore the operator 7 : X — X defined by Te; = e,
is a quasidiagonal embedding. By repeating this argument with (5.10), we
obtain that X & X.Then by the Lemma 3.1.2 we have X < X. [

We dont know whether the statment of the Proposition 5.2.3 remain

d
true if ~ is replaced by =~ | in other words, is the quasidiagonal invariant
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Y(X) = (uX)men also a linear topological invariant on the class £ with
the above notion of equivalence? Nevertheless it is shown in [6] that it is
possible to get new linear topological invariants, essentially stronger than
any invariant (5.6), simply by taking the same map ~(X) but introducing

new equivalence relations on the set ' := {(1X )nen : X € E}.

Definition 5.2.4. Letn € N. We say that systems of characteristics (1125 ) men
and (uX)men are n-equivalent, and we write (uX) = (uX), if there is a strictly
increasing function ¢ : [0,2] — [0,1],0(0) = 0,¢(2) = 1 and a positive
constant « such that for arbitrary m € N, the inequalities (5.9) and (5.10)
holds for all collection of parameters (5.7) satisfying the following additional
condition: among all the numbers 61,9, ...,0,, there are no more than n
different.

We consider the maps «, from X onto the set with equivalence (T, %)
which all coincide with the map ~ if considered as set maps, n € N. The

following theorem shows that the map =, is a linear topological invariant.

Theorem 5.2.5. Let the spaces X = EX(\,a) and X = E*(\,a) be isomor-
phic. Then (1) ~ (MWXZ) for each n € N.

Proof. We apply Lemma 5.2.1 to establish the estimates (5.9), (5.10) for each
m € N and arbitrary collections of parameters (5.7) satisfying the condition:
among the numbers d1, do, ..., d,,, there are no more than n different. There-
with the function ¢ will be chosen in the end of our proof, while the constant
a will be the same as in (5.11).

Because of symmetric we need to prove only the inequality (5.9). Let us

rewrite this estimate, using (5.8) in the form:

{rrovmeUn]=f{-ameyal]

Qr = (go(é}g),(p_l(ak)} X (%,atk}, k=1,2,...m

where
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We cover each rectangle P, by an appropriate couple of nonintersecting
rectangles P, and P (some of them may be empty) and the apply Lemma
5.2.1. For construction of above-mentioned rectangles we need to define the

decreasing function ¥ : (0,1] — R, so that

M(©)
v(€)

where M and v are as in Lemma 5.2.1. We are acting in a different way for

V(&) > 0<&<, (5.62)

each of three cases:
(CL)Tk < \I/((;k), (b)Tk < \Il(ék) < tg, (C)tk < \If(ék)

Setting the notation

e if > U(l
7= max{V(d), 7%}, t:=min{W (o), tr}, e} ::{ (1) if 7 > W(1),

1 otherwise,
we put
P :{ (Og,ek] X (T4, tx] in the cases (a) and (b),
0 otherwise,
and

pr_ 0 in the case (a),
g (Ok, €] X (Ti, )] otherwise.
Applying Lemma 5.2.1, we get

Hz D (Niyai) € U(P;;UP;;’)H < Hl (N, @) € U(ﬁéup];/)} 7
k=1 k=1
with
P (A}, Er] % (%,atk] in the cases (a) and (b),
* 0 otherwise,

70



and

P 0 in the case (a),
g (Ag, B x (2, oty otherwise,
where M5 M(e)
€
Ap=90) — —>, Ep=v"(en) + —,
Tk Tk
M5 M (e,
A=) — MO ey 4 M,
Tk Tk

It follows from (5.62) and the definition of the numbers 7] that
, 1
Ay 2 57(0%).
Since (£) < y71(€) when £ € [0, 1], we obtain also the estimate
3 _
E. <37 H(en)-

From \; > a% and (5.62) it follows that

{i: (i) e P!} C {z (@) € (mﬂ;} x (%mk] }

We can always assume that 7, > ﬁ, k=1,2,...,m. So, taking into account
(5.62), the definition of the numbers e; and the estimate y(§) < y71(€),
¢ €10, 1], we obtain that
3 3 1
E//<_—1/<_—1 \If_l— ]

Now we choose an increasing function ¢ : [0,2] — [0,1], ¢(2) =1, ¢(0) =0,
so that

1 2

©) < min { 39(0.1(59)

1 1
200(8) 29 (v(39))

Then the estimate (5.9) holds for each m € N and any collection of param-

},56 [0, 1].

eters (5.7) satisfying condition: among the numbers dy, da, ..., §,,, there are

more than n different. This completes the proof.
[
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