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ABSTRACT

NUMERICAL SIMULATION OF LAMINAR
REACTING FLOWS

Tarhan, Tanıl

Ph.D., Department of Chemical Engineering

Supervisor: Prof. Dr. Nevin Selçuk

September 2004, 198 pages

Novel sequential and parallel computational fluid dynamic (CFD) codes based on

method of lines (MOL) approach were developed for the numerical simulation of

multi-component reacting flows using detailed transport and thermodynamic models.

Both codes were applied to the prediction of a confined axisymmetric laminar co-

flowing methane-air diffusion flame for which experimental data were available in

the literature. Flame-sheet model for infinite-rate chemistry and one-, two-, and five-

and ten-step reduced finite-rate reaction mechanisms were employed for methane-air

combustion sub-model. A second-order high-resolution total variation diminishing

(TVD) scheme based on Lagrange interpolation polynomial was proposed in order to

alleviate spurious oscillations encountered in time evolution of flame propagation.

Steady-state velocity, temperature and species profiles obtained by using infinite-

and finite-rate chemistry models were validated against experimental data and other

numerical solutions. They were found to be in reasonably good agreement with

measurements and numerical results. The proposed difference scheme produced
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accurate results without spurious oscillations and numerical diffusion encountered

in the classical schemes and hence was found to be a successful scheme applicable to

strongly convective flow problems with non-uniform grid resolution. The code was

also found to be an efficient tool for the prediction and understanding of transient

combustion systems. This study constitutes the initial steps in the development of

an efficient numerical scheme for direct numerical simulation (DNS) of unsteady,

turbulent, multi-dimensional combustion with complex chemistry.

Keywords: Computational Fluid Dynamics, Method of Lines, Parallel Computing,

Laminar Diffusion Flames, High-Resolution Schemes
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ÖZ

KARGAŞASIZ REAKSİYONLU AKIŞLARIN
SAYISAL BENZETİŞİMİ

Tarhan, Tanıl

Doktora, Kimya Mühendislig̃i Bölümü

Tez Yöneticisi: Prof. Dr. Nevin Selçuk

Eylül 2004, 198 sayfa

Çok bileşenli reaksiyonlu akışların sayısal benzetişimi için detaylı taşınım ve

termodinamik modelleri kullanarak çizgiler yöntemi yaklaşımına dayalı yeni seri

ve paralel hesaplamalı akışkanlar dinamiği (CFD) kodları geliştirilmiştir. Kodlar,

üzerinde deneysel çalışma yapılmış olan kapalı, simetrik, kargaşasız, ortak akışlı

metan/hava yayılım alevinin öngörülmesinde denenmiştir. Metan-hava yanmasının

modellenmesi için sonsuz hızlı alev levhası modeli ile bir, iki adımlı ve beş ve

on adımlı indirgenmiş reaksiyon mekanizmaları kullanılmıştır. Alevin zamanla

yayılması esnasında ortaya çıkan osilasyonları gidermek için ikinci dereceden,

yüksek çözünürlü, toplam değişimi azaltan (TVD) bir yöntem önerilmiştir.

Sonsuz ve sonlu hızlı reaksiyon modelleri ile elde edilen yatışkın durumdaki hız,

sıcaklık ve bileşen profillerinin doğruluğu, deneysel veri ve başka sayısal çözümlerle

karşılaştırılarak belirlenmiştir. Elde edilen sonuçların ölçüm ve sayısal sonuçlar

ile çok iyi bir uyum içerisinde olduğu tespit edilmiştir. Önerilen fark yöntemi

gerçekçi olmayan osilasyonları gidererek doğru sonuçlar üretmiş olup, yöntemin
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düzgün olmayan ağ dağılımlarının uygulandığı zorlu akış taşınım problemlerinde

başarılı sonuçlar vereceği belirlenmiştir. Geliştirilen kodun aynı zamanda zamana

bağlı yanma sistemlerinin öngörülmesi ve anlaşılmasında yararlı bir araç olacağı

saptanmıştır. Bu çalışma, karmaşık reaksiyonlar içeren, zamana bağlı, kargaşalı,

çok boyutlu yanma problemlerini doğrudan sayısal benzetişim tekniği (DNS) ile

çözebilecek bir yöntemin geliştirilmesi için atılan ilk adımları oluşturmaktadır.

Anahtar Kelimeler: Hesaplamalı Akışkanlar Dinamiği, Çizgiler Yöntemi, Paralel

Hesaplama, Kargaşasız Yayılım Alevleri, Yüksek Çözünürlü Yöntem
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High Performance Computing Center. All supports are gratefully acknowledged.

ix



TABLE OF CONTENTS

PLAGIARISM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
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CHAPTER 1

INTRODUCTION

The recent growing demands for more efficient combustion and low pollutant

emissions and increasing consumption rate of limited energy sources necessitate

detailed investigation of the combustion processes for the improvement of thermal

and emission performances of systems burning natural gas, oil and coal. However,

investigation of various physical and chemical processes involved in these systems

is difficult due to complex, multi-dimensional and multi-phase interaction between

fluid dynamics, heat transfer and chemical reactions. In the past, such processes were

investigated by the use of simple experimental methods, theoretical modeling and

empirical correlations based on experience and knowledge accumulated over the years

and hence, were limited to the study of effect of only a small number of parameters.

Presently, modern experimental techniques and numerical simulations are used for

detailed understanding of the fundamentals of combustion.

Development of non-intrusive experimental techniques has made it possible to

investigate the combustion systems without disturbing the system itself which is a

major problem associated with traditional measurement tools. However, they are

costly and time consuming, impractical to use in large scale facilities and require

careful design, image processing and interpretation of the results. Nevertheless,

higher spatial and temporal resolution of physical and chemical variables can be

achieved by non-intrusive experimental techniques. Detailed information obtained

from these experiments is valuable for the verification of numerical models and

provides necessary confidence for the extension of these models to systems of

increasing complexity. Thus, experimental studies are performed along with the
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numerical simulations for the design and evaluation of new, more complex, more

efficient and less polluting combustion systems.

Computational fluid dynamics (CFD), on the other hand, provides detailed

information on flow characteristics and chemistry for a better understanding of

complex combustion phenomena and enable parametric studies to be performed.

Continuous advances in the computer capabilities in terms of speed and memory and

the development of efficient numerical algorithms and post-processing environments

have lead to the detailed numerical simulations of chemically reacting flows for

understanding of turbulent flame structures and dynamics. The three routes

for simulation of turbulent reacting flows are Reynolds averaged Navier-Stokes

simulation (RANS), large eddy simulation (LES) and direct numerical simulation

(DNS). RANS simulations are carried out by solving averaged transport equations

closed with turbulence models. The main drawback of RANS is that it relies on

the turbulence closures which are not universal. The DNS approach consists of

solving exactly all the spatial and time-scales embedded in the representative flow

equations, without any model for turbulence and hence it is the most accurate and

straightforward technique. LES can be seen as an intermediate between DNS and

RANS. In LES, the largest structures of the flow field are explicitly computed as in

the case of DNS whereas the effects of small-scale structures are modeled. It should

be noted that accurate modeling of reacting flows relies not only on the simulation

technique but also on the models needed to describe chemical reactions, transport

and thermodynamics properties. Many different models, with different accuracy and

complexity are available in the open literature.

As majority of practical combustion devices operate with non-premixed (diffusion)

flames in the presence of turbulent flow, modeling of non-premixed turbulent

combustion has become a central issue in understanding the combustion systems. The

computational modeling of turbulent diffusion flames with today’s limited computer

resources becomes difficult due to the presence of broad range of time and length

scales [1] and large number of species and hence the majority of turbulent diffusion

flame simulations were confined to RANS and LES [2–15]. DNS of turbulent
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reacting flames including complex chemistry is still beyond the capabilities of current

computational resources and hence has been limited to simple geometries and models

[16–25]. Due to the fact that fine space and time resolutions are needed for DNS

in the presence of wide range of flow and length scales, both accurate and efficient

numerical techniques and high performance computers are required for simulation

in affordable computational times. The former can be achieved by increasing the

order of spatial discretization method, resulting in high accuracy with less grid

points, and using not only highly accurate but also a stable numerical algorithm

for time integration. The method of lines (MOL), the superiority of which over

finite difference method had already been proven [26], is an alternative approach that

meets this requirement for the time dependent problems. The latter requirement is

met by either supercomputers or parallel computers which require efficient parallel

algorithms. In the MOL approach, the system of partial differential equations (PDEs)

is converted into an ordinary differential equation (ODE) initial value problem by

discretizing the spatial derivatives together with the boundary conditions using a high-

order scheme and integrating the resulting ODEs using a sophisticated ODE solver

which takes the burden of time discretization and chooses the time steps in such a

way that maintains the accuracy and stability of the evolving solution. The most

significant advantage of MOL approach is that it has not only the simplicity of the

explicit methods but also the superiority of the implicit ones unless a poor numerical

method for the solution of the ODEs is employed.

Considering the emphasis on the prediction of transient turbulent reacting flows,

a novel CFD code satisfying the abovementioned requirements was developed in

this Department for the DNS of two-dimensional internal flows in regular and

complex geometries. The code uses the MOL approach in conjunction with a

higher-order intelligent scheme and a parabolic pressure algorithm for the simulation

of time-dependent incompressible separated internal flows in complex geometries

using general curvilinear coordinate system. The requirement of high performance

computing was also met by developing an efficient parallel algorithm for the

code. Predictive accuracies and performances of both sequential and parallel codes
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were assessed on various laminar and turbulent isothermal/non-isothermal flow

problems by validating its predictions against either measurements or numerical

results available in the literature [27–36]. Favorable comparisons were obtained on

these non-reacting flow problems. Comparisons also showed that the flow fields

predicted by parallel code agreed well with those of serial code at considerably less

execution times. Encouraging agreements obtained between the predicted flow fields

and measurements for non-reacting flows and high performance of the parallel code in

the prediction of transient flows have initiated the present study for the development

of an efficient algorithm based on MOL for direct simulation of unsteady reacting

flows.

While the ultimate goal in combustion modeling is the DNS of turbulent reacting

systems, it is still the objective of future studies due to the fact that excessive central

processing unit (CPU) time and memory requirements involved can not be met by

the present day computers. On the other hand, simulation of steady and time-varying

laminar diffusion flames is an intermediate step towards modeling unsteady turbulent

flames, since these laminar flames enable detailed understanding of dynamic and

complex interaction between the chemistry and fluid flow and hence they are suitable

for the application of the algorithm developed for DNS of turbulent reacting flows.

With regard to the development of the code, stages followed have been to:

• Modify the code based on MOL for cylindrical geometries by incorporating the

energy and species conservation equations for reacting flows,

• Incorporate CHEMKIN [37] and TRANSPORT [38] packages for the

evaluation of transport and thermodynamic properties,

• Develop a high-resolution total variation diminishing (TVD) scheme based on

Lagrange interpolation polynomial for the spatial discretization of convective

terms in time-dependent convection-dominated reacting flow problems,

• Parallelize the code and evaluate its performance with respect to accuracy and

central processing unit (CPU) time,
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• Apply the code to the prediction of velocity, temperature and species profiles in

a confined, axisymmetric, laminar methane-air diffusion flame using infinite-

and finite-rate chemistry models,

• Validate its predictions against available experimental data [39, 40] and

numerical predictions [41].
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CHAPTER 2

LAMINAR DIFFUSION FLAMES

2.1 General

Combustion applications often involve three-dimensional, unsteady, turbulent flames

which are classified as either premixed or non-premixed (diffusion) depending on the

state of mixedness of the reactants (Figure 2.1). In premixed flames, the fuel and

the oxidizer are thoroughly mixed before entering the reaction zone. Non-premixed

combustion occurs in all systems where fuel and oxidizer are initially separated before

entering the combustion chamber.

Fuel/Air

Mixture FuelAir Air

premixed flame diffusion flame

Figure 2.1: Schematics of co-flowing premixed and diffusion flames.
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Laminar diffusion flames constitute a problem of practical and fundamental

importance that can be analyzed in detail with current computational resources. They

also constitute a basic component of flamelet models which interpret the structure of

turbulent diffusion flames as being comprised of an ensemble of stretched laminar

diffusion flamelets [12, 14, 42–46]. Therefore, detailed experimental and numerical

investigation of multi-dimensional steady and time-varying laminar diffusion flames

have been the subject of intensive research in the last two decades for better

understanding of detailed laminar flame structure and dynamics, and for predicting

more complicated flames, and consequently, a considerable number of experimental

and numerical studies have been performed and presented in the literature. The next

section provides an extensive survey on the laminar diffusion flame studies.

2.2 Previous Work on Laminar Diffusion Flames

The detailed experimental and numerical investigation on laminar diffusion flames

have been carried out to i) provide data for related investigations, ii) obtain enhanced

insight into the complex physical and chemical structure of these flames, iii) develop,

test and validate physical models, e.g. full and reduced reaction mechanisms,

transport, radiation and soot models, etc., and iv) develop, test and validate numerical

methods and algorithms for combustion problems. These studies either focused

on one of abovementioned objectives or addressed more than one at a time. In

the present study, experimental and numerical studies on multi-dimensional co-

flowing axisymmetric diffusion flames, in which methane is used as the fuel, were

reviewed under the subsections of steady-state and time-varying flames, grid-adapting

strategies, NO formation, radiation and soot formation, and parallel computations,

although some of these investigations can be placed in more than one of these

categories.

2.2.1 Steady-State Diffusion Flames

In 1928, Burke and Schumann [47] reported the first successful quantitative analysis

of a diffusion flame problem. The problem is a cylindrical diffusion flame formed

by a fuel stream flowing from a small round inner jet into an air stream flowing
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at the same velocity in a large concentric outer tube. The flame was confined by

the extended outer tube wall. Photographs were used to measure the flame length

of some typical cylindrical laminar diffusion flames. A one-dimensional radial

diffusion equation was obtained by introducing a series of assumptions such as

uniform density, thermal and molecular diffusivities, negligible axial diffusion and

radial convection. With this simple model of diffusion flames, they were able to

adequately predict the flame length, shape and the influence of many variables on

the flame length. The significant success of Burke and Schumann formulation has

attracted many researchers to employ a similar approach to other flames. However,

as also reported by Mitchell et al. [40], these studies were either one-dimensional or

partial and did not provide a complete representation of the velocity, temperature

and concentration fields established in laminar diffusion flames as the simulation

of these flames requires the calculation of a large system of highly non-linear

stiff coupled equations governing multi-dimensional flames. Mitchell et al. [40]

employed Burke and Schumann flame-sheet concept for the calculation of a confined

cylindrical laminar diffusion flame. Convection and diffusion in both axial and radial

directions and variable thermodynamics and transport properties were included in

their computations compared to previous work. The steady-state governing equations

in the stream function-vorticity form were solved using finite difference method. An

extensive experimental investigation of a confined laminar diffusion flame carried out

by Mitchell [39] was also included. The numerical results showed fair agreement

with measurements and the model was found to be useful in predicting the effects of

flow rate, equivalence ratio, fuel and air preheat, and nozzle size on the thermal and

aerodynamic fields established in confined, axisymmetric, laminar diffusion flames.

The work of Smooke et al. [48] is apparently the first successful attempt in numerical

modeling of two-dimensional co-flowing laminar diffusion flames with a realistic

detailed reaction mechanism. The governing equations in the form of stream function-

vorticity formulation were kept as complete as possible. The chemical reaction

mechanism employed was a C1-chain mechanism including 42 elementary reactions

and 15 chemical species. Detailed transport and thermodynamic models were utilized.
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Steady-state governing equations were solved using finite difference and Newton’s

methods. A time-dependent approach in conjunction with adaptive gridding was

employed to obtain converged numerical solutions. Flame-sheet model was used

to provide initial solution estimates for calculations with detailed chemistry model.

The numerical solutions were obtained for a confined and an unconfined co-flowing

axisymmetric methane-air diffusion flame and compared with the experimental data

of Mitchell et al. [40] for the confined case. They have found that computed solutions

agreed well with the experimental results. In an accompanying study, Smooke et

al. [49] investigated the structure of an unconfined co-flowing axisymmetric methane-

air diffusion flame both experimentally and computationally. Spontaneous Raman

spectroscopy was used to generate profiles of the major species. Computations were

carried out by following the same numerical approach discussed above with a 79

reaction, 26 species reaction mechanism including C2 chemistry. Results of the study

included a detailed quantitative description of the flow-chemistry structure of the

flame.

The approach used in these calculations was limited to a stream function-vorticity

formulation. This approach eliminates the pressure as a dependent variable but often

has difficulties in implementing complex boundary conditions. Furthermore, it is

intrinsically limited to two-dimensional configuration. On the other hand, a primitive

variable formulation can be applied easily to two- and three-dimensional flow

problems with complex boundary conditions. With this consideration in mind, Xu

and Smooke [41] employed a primitive variable Newton’s method to calculate fully

coupled elliptic model for confined axisymmetric, methane-air, laminar diffusion

flame. Chemistry was approximated by flame-sheet model. The transport coefficients

were evaluated with simple empirical formulae. Their numerical results agreed well

with mole fraction profiles of the major species from the experimental data [40]. In a

following study, Xu and Smooke [50] used the same algorithm to simulate two model

jet flames with complex transport and detailed chemistry models. The reactions were

modeled by a C1 mechanism involving 45 steps and 15 species. The first problem was

an unconfined, methane-air, lifted, laminar jet diffusion flame with a triple flame ring
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near the circular burner surface. The second one was a similar flame except that it is

confined and stabilized at the burner base [40]. The computed solutions were found

to agree well with the experimental results. Comparison of their primitive variable

solutions with previously reported stream function-vorticity computations showed

that the primitive variable approach is robust and yields a more accurate solution

due to its implementation of the flow boundary conditions [51].

In another study by Smooke et al. [52], OH and CH radical fields were investigated

both experimentally and computationally on the unconfined co-flowing axisymmetric

methane-air diffusion flame [49] using the same numerical approach for steady-

state governing equations in primitive variables form. Detailed transport coefficients

and an 83 reaction, 26 species kinetic mechanism were used in calculations. OH

and CH radicals were measured by laser induced fluorescence. A two-dimensional

comparison of the location and magnitude of the OH and CH radicals showed an

excellent agreement in terms of general shapes and the spatial location of both

radicals. The peak experimental and computation mass fractions of OH were within

20% of each other.

The governing equations in the numerical solutions of two-dimensional,

axisymmetric laminar diffusion flames reported above were in the form of either

stream function-vorticity formulation or primitive variables. A relatively new

formulation called the vorticity-velocity has been used by Ern et al. [53] in the

context of chemically reacting flows. In this formulation pressure is eliminated

by replacing the continuity and momentum equations with second-order equations

using the definition of vorticity. Steady-state conservation equations were solved

using finite difference technique on serial and distributed memory parallel computers.

Complex transport models and a C1-chain mechanism involving 46 reactions and

16 species were considered along with the vorticity-velocity formulation of flow

equations. Numerical results for an unconfined methane-air laminar diffusion flame

were compared with both experimental and numerical data [50] and found in good

agreement. Performance of the algorithm was demonstrated by comparing speedup

of sequential and parallel codes. Speedups as high as 20 were obtained using
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6 processors. The influence of thermal diffusion on the structure of methane-air

diffusion flame and hydrogen-air premixed flame was investigated numerically by Ern

and Giovangigli [54] employing detailed transport models and the same finite-rate

chemistry and the numerical approach used in [53] on the same unconfined flame.

Numerical results showed that thermal diffusion only exerts a minor influence on

flame structure. It was found that thermal diffusion plays a more important role in the

premixed flames than in the diffusion flames.

Temperature, concentrations of 31 hydrocarbons ranging from CH4 to C12H10 and

soot were measured by McEnally and Pfefferle [55] in an axisymmetric laminar

confined co-flowing methane-air diffusion flame at atmospheric pressure. The results

demonstrated that the flame contains several hydrocarbon intermediates and aromatic

species at ppm levels. Acetylene was found to be the most abundant intermediate

hydrocarbon. The study provided useful data for validation purposes.

In order to alleviate stability and convergence problems due to the stiffness resulting

from detailed chemical models, a finite volume formulation for the steady-state

solution of a laminar methane-air flame was presented by Riedel [56]. Detailed

transport and chemistry models were considered. The same reaction scheme

comprising 42 reactions and 15 species as given in [48] were utilized. Governing

equations in primitive variables form were discretized using triangular elements and

marched in time using an implicit extrapolation method. An artificial compressibility

method was employed. The model was applied to the confined diffusion flame of

Mitchell et al. [40]. Temperature and H2 profiles were presented, however, results

have not been validated against measurements.

Regarding to recent steady-state combined experimental and numerical studies on

diffusion flames, Walsh et al. [57] investigated CH, CH∗ and OH∗ in an axisymmetric

laminar diffusion flame [49]. Steady-state solutions were obtained using the

computational model of Ern et al. [53]. GRI-Mech 2.11 reaction mechanism were

utilized in the computations. The results for ground-state species profiles were

found to be in excellent agreement with the experimental results while excited-
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state species predictions showed poor agreement with the experiments. Luque et

al. [58] redetermined the steady-state concentration of these excited-state species

experimentally and computationally using the same model including transport and

modified chemistry. Computations showed that predicted concentrations of excited

CH and OH agree with the measurements within a factor of 6 or better, producing a

significant improvement compared to the results of Walsh et al. [57].

2.2.2 Time-Varying Diffusion Flames

A number of investigations have considered laminar, time-varying methane-air

diffusion flames [59–67] as well as those with other fuels, such as hydrogen [68, 69],

propane [70] and ethylene [71]. These investigations, where fuel and air streams

were forced mechanically, have been experimental [59,60,62,63], computational [61,

65–67] or have combined both experimental and numerical techniques in their

approach [64]. Planar imaging measurements of OH laser induced fluorescence and

elastic scattering from soot particles were carried out by Smyth et al. [59] in time-

varying, unconfined co-flowing laminar methane-air diffusion flames at atmospheric

pressure. The methane fuel flow has been acoustically forced to produce a flickering

flame. Qualitative results showed that the soot scattering intensity at time-varying

flame was significantly greater than that observed for steady flame. The time evolution

of the flickering OH exhibited a large range of combustion conditions including

different residence times, temperature histories, local stoichiometries, and strain and

scalar dissipation rates, which are difficult to study and observe in steady flames.

Quantitative soot volume fraction profiles have been obtained for the first time

by Shaddix et al. [60] in the flickering flame mentioned above. Measurements

showed that instantaneous peak soot volume fraction in the flickering methane-air

flame increases by a factor of 4-5 over that in the steady-state case. Everest et

al. [62] performed one-dimensional fluorescence imaging measurements to quantify

changes in the CO concentrations that occur in flickering methane-air diffusion

flames. Maximum concentrations of CO were found to be approximately equal in

the steady and flickering flames burning at the same fuel flow rate. Increase in the CO
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production is small compared to the factor of 4-5 enhancement observed in the soot

volume fraction [60]. Spatially and temporally resolved measurements of temperature

and CO concentrations were carried out by Skaggs and Miller [63] in both steady

and time-varying unconfined methane-air diffusion flames. Slightly higher CO levels

were observed in time-varying flame like in the study of [60]. Time development of

temperature field was found to be structurally similar to that of CO concentrations.

These experimental time-varying methane-air flame studies were followed by a

numerical work by Kaplan et al. [61]. They have investigated soot production by finite

difference solution of time-dependent conservation equations in primitive variables

form coupled with a soot formation model and an optically-thin radiation model for

steady and time-varying methane-air diffusion flames. The computations were carried

out by a simplified reaction and energy release model using a fuel consumption rate

based on Bilger’s formulation for chemical reaction in diffusion flames. Simple

transport models were employed. Both quantitative and qualitative comparisons

between the steady-state computations and measurements of Shaddix et al. [60]

showed good agreement. In time-varying case, the simulations successfully predicted

four times increase in soot volume concentration observed in the experiment.

In 1998, Mohammed et al. [64] have presented an original study in which complex

chemical kinetics were incorporated into a model for the first time to study forced,

time-varying methane-air diffusion flames. Detailed transport coefficients and an

83-reaction, 26-species kinetic mechanism [52] were used in the calculations. The

time-dependent governing equations were solved in primitive variables formulation

using finite difference method. They have investigated both computationally

and experimentally the structure of an acoustically forced, axisymmetric laminar

methane-air diffusion flame. The overall structure of the computed temperature

and CH profiles were found to be in very good qualitative agreement with the

experimental measurements. Calculated mole fractions of species indicative of soot

production (C2H2,CO) were also compared against those levels in the corresponding

steady flame and were observed to increase in peak concentration values and spatial

extent.

13



Katta and Roquemore [65] performed detailed calculations for time-dependent

laminar methane jet diffusion flames using different chemical kinetics models.

Primitive variables form of time-dependent conservation equations were solved in an

uncoupled manner using an implicit scheme for flow equations and finite differencing

for species and energy equation. Pressure field were determined at every time step

from Poisson equation. Detailed transport and thermodynamics properties were

considered. The ability of three chemistry models, namely, C1 mechanisms with

and without C2 chemistry and GRI-Mech 1.2 in predicting the structure of the flame

were investigated. Comparisons were made with experimental data for a steady-

state flame [40]. In general, predicted velocity, temperature and species profiles

were found to be in good agreement with measured values. It was found that C1

mechanisms were sufficient for the simulation of jet diffusion flames for a wide range

of fuel-jet velocities. Pember et al. [66] presented adaptive projection algorithm for

modeling unsteady, low-Mach reacting flow in an unconfined region, using one- and

two-step mechanisms and an assumed Lewis number of one. Numerical results were

presented for three test cases, two steady and one flickering flames. It was reported

that the computed temperatures were higher than those reported elsewhere for the

same flows. They speculated that the high temperatures might be due to the use

of reduced kinetics mechanism and/or species-independent mass diffusivities. Day

and Bell [67] proposed an adaptive algorithm which uses an alternative numerical

approach similar to the methods used by Pember et al. [66], Najm et al. [72], and

Knio et al. [73]. The key elements in the extension of the algorithm of Pember et

al. [66] are the use of symmetric operator-split approach that is second-order accurate

in time and treatment of differential diffusion. The algorithm utilized the 83 reactions,

26 species chemistry mechanism of Smooke et al. [52] in conjunction with detailed

transport models and was applied to the steady and transient unconfined laminar

diffusion flame modeled by Mohammed et al. [64]. The experimentally observed

flame lift-off height for both steady and time-dependent inlet fuel flows was correctly

predicted, however, requiring a restrictive numerical time step. Excellent agreement

between the shape of the predicted and experimental CH profiles was obtained.
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2.2.3 Grid-Adapting Strategies

Majority of the steady-state computations of laminar methane-air diffusion flames

described above were based on structured globally refined rectangular solution-

adaptive grids. During the last decade, numerical methods featuring unstructured

local grid refinement technique were introduced into the solution of steady and

unsteady laminar flames and have been studied by a number of authors. In local

refinement technique, the governing equations are solved first on a coarse grid and

then refinement is introduced either manually or automatically into the high activity

locations designated by the features of the coarse-grid solution. In the study carried

out by Coelho and Pereira [74], axisymmetric steady laminar confined diffusion flame

with a 13-species chemical mechanism was explored using the finite volumes, with

the globally refined non-uniform rectangular base grid. Refinement regions were

selected manually based on prior knowledge of flame location. Detailed transport and

thermodynamic properties were considered in the calculations. The predictions were

found to be in good agreement with the experimental measurements of Mitchell [40].

A local rectangular refinement (LRR) method has been developed by Bennett and

Smooke [75] for the steady solution of coupled non-linear elliptic partial differential

equations for laminar reacting flows. The automatic-refinement method employs

finite difference stencils to discretize the governing equations in velocity-vorticity

formulation and incorporates Newton’s method to solve the discretized system

simultaneously at all grid points. The method has been successfully applied to an

unconfined axisymmetric laminar diffusion flame [49, 52] using detailed transport

properties, three finite-rate chemistry mechanisms and a radiation model. Reaction

mechanisms used were i) a C1 mechanism involving 16 species and 46 reactions,

ii) GRI-Mech 2.11 with all nitrogen-containing species removed, except for N2,

resulting in 31 species and 173 reactions, and iii) the full GRI-Mech with 50 species

and 275 reactions. Solution contours of temperature, and major species calculated

using GRI-Mech without NOX chemistry were compared with experimental data [76].

Numerically computed and experimentally determined flame structures showed

excellent agreement. Flame lift-off height, computed as the smallest distance from
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the inlet at which T ≥ 1000 K, was predicted well by the GRI-Mech mechanism.

The method has been also successfully applied to Bunsen flames [75, 77, 78]. An

adaptive finite-element technique involving local refinement of quadrilateral elements

has been applied by Becker et al. [79] to the simulations of an unconfined methane

flame [49, 52] using flame-sheet model for chemistry. The performances of different

mesh refinement strategies were tested without any validation against experimental

data.

2.2.4 NO Formation in Diffusion Flames

Due to increasing environmental regulation of pollution emissions, understanding,

control and reduction of NOX have been a crucial issue and hence have been

investigated by several researchers in detail in many practical combustion systems.

The emphasis of these investigations was confined largely to premixed flames. The

first comprehensive study on NO formation in laminar diffusion flames was carried

out experimentally by Mitchell [39] in 1975. Zeldovich mechanism was found to be

predominant mechanism of NO formation in the post-flame region of the flame under

consideration.

Smooke et al. [80] investigated experimentally and numerically NO formation

in an unconfined co-flowing laminar methane-air diffusion flame. NO radical

concentrations were measured using laser-induced fluorescence. Two-dimensional

steady-state calculations were carried out by employing velocity-vorticity formulation

of Ern et al. [53] and Newton’s method with adaptive global grid refinement and using

detailed transport models. Reaction mechanism was based on GRI-Mech 2.1 and a

NOX submechanism. Excellent agreement was obtained for the structural features

of the computed and measured NO. Computational results showed that prompt

production path is the dominant formation route of NO. It was also found that thermal

NO and N2O submechanisms play minor roles in total NO production.

In a recent study, the conversion of volatile fuel-nitrogen species was investigated

by Sullivan et al. [81] both experimentally and numerically on laminar ammonia-

enriched, nitrogen-diluted, methane-air diffusion flames. The objective of the work
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was to understand how the fuel-nitrogen routes for NO formation differ from those

of flames without fuel-nitrogen. The numerical and modeling approaches of Day and

Bell [67] were used for the steady-state computations in a confined flame. Simulations

were performed using two different reaction mechanisms: Glarborg mechanism

containing 447 reactions and 66 species and GRI-Mech 3.0. The measured data

were compared with the predictions for three ammonia concentrations. Glarborg

mechanism was found to produce more accurate and consistent results. A two-zone

NOX formation structure was observed for ammonia-free flame. Formation of NOX

was primarily based on prompt mechanism while thermal NO formation was limited

due to low temperatures. Significant amount of NO was consumed at the fuel side

of the flame through the reactions with hydrocarbon radicals. In the ammonia-seeded

case, more NO was produced and then converted to N2.

2.2.5 Radiation and Soot Formation

A number of experimental and computational studies described in the previous

subsections included both qualitative and quantitative soot volume fraction

measurements [55, 59, 60] and simple models for radiation and soot formation [61,

64, 75]. A computational and experimental study of soot formation in which a

detailed soot growth model and detailed transport and finite-rate chemistry were

coupled for the first time was performed by Smooke et al. [82] in a co-flow,

laminar diffusion flame. Experiments were conducted on an atmospheric pressure,

confined methane-air diffusion flame burner [55]. Calculations were carried out by

solving two-dimensional steady-state conservation equations formulated by velocity-

vorticity approach [54, 75]. The chemical kinetic mechanism used in the work

was derived from GRI-Mech 2.11 by removing and adding reaction paths that were

considered to have minimal impact on the overall chemistry. NO chemistry was

also removed from the mechanism. An optically thin radiation model was included

in the computations. Predictions and measurements of temperature, soot volume

fractions, and selected species were compared at different heights. In general,

discrepancies between the experimental data and the computed results were observed.

Flame heights were overpredicted while temperatures and volume fractions were
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underpredicted. Radiation effects were found to be significant. In a following

study, Bennett et al. [83] conducted a computational and experimental study on the

same burner to determine the fundamental effects of partial premixing on six co-

flowing laminar, nonpremixed/partially premixed methane-air flame. Numerical and

modeling approaches were similar to those of Smooke et al. [82]. Probe and optical

diagnostics methods were used to measure the temperature and species concentrations

along the centerline. Most experimentally measured trends were well predicted by the

numerical model. Results showed that partially premixed flames contain two flame

fronts: an inner premixed front with varying strength depending on equivalence ratio

and an outer nonpremixed front.

Recently, Liu et al. [84] showed the effects of radiation models on the modeling

of laminar co-flow methane-air diffusion flame studied by Smooke et al. [82].

Detailed steady-state numerical calculations were conducted using complex thermal

and transport properties. GRI-Mech 3.0 without reactions and species related to NOX

formation resulting in a mechanism consisting of 219 reactions and 36 species was

utilized for the chemical reaction mechanism. Soot kinetics was also incorporated.

Nongray radiative heat transfer by CO2, H2O, CO, and soot was calculated using the

discrete-ordinates method (DOM) coupled with several statistical-narrow-band-based

correlated-k (SNBCK) models. The calculated temperature and soot volume fraction

distributions were compared with the experimental data [55]. Excellent agreement

were observed in the centerline region, however, a relatively large discrepancy was

found near the flame edge. The calculated radial temperature and soot volume

fractions at several heights were in much better agreement with the experimental

data than the predictions of Smooke et al. [82]. The effect of radiation absorption

in methane-air flames was found to be relatively unimportant as compared to more

heavily sooting flames and it was also found that neglecting radiation leads to a

cooler flame with a maximum error of about 17 K in contrast to the error of 122

K reported by Smooke et al. [82]. Computational efficiency of the radiation models

were also compared. DOM/optimized 9-band using four-quadrature was found to

18



be very accurate and efficient and recommended for the calculation of radiative heat

transfer in sooting flames.

2.2.6 Parallel Computations

Due to prohibitive CPU time and memory requirements of the computations

involved in the combustion applications, most of the detailed numerical simulation

of laminar diffusion flames described above were performed on workstations

and supercomputers. In a few studies, parallel computations were carried out

in distributed memory parallel workstations [52, 53]. Recently, increase in the

computational power of personal computers (PCs) has lead to the development of

parallel computing systems based on PCs with lower cost compared to workstations

and supercomputers. These systems the so-called Beowulf clusters have been very

attractive for the researchers and have been utilized recently in the simulation of

large scale problems. Consul et al. [85] developed a parallel multiblock algorithm

for the detailed calculation of steady two-dimensional laminar flames. Finite volume

technique was used for the discretization of governing equations on staggered grids. A

SIMPLE-like method was employed for velocity-pressure coupling while the species

equations were solved using an operating-splitting technique. Domain decomposition

was used as the parallelization strategy in conjunction with MPI for message passing

between the sub-domains. Reactions were modeled by four different mechanisms:

full GRI-Mech (version 1.2, 2.0 and 3.0), a skeletal mechanism comprising 42

reactions and 15 species, a four-step global reduced mechanism and the flame-sheet

model. Diffusion fluxes were evaluated by means of Fickian formula. Detailed

transport and physical properties were utilized. Performance of the algorithm was

tested on a confined methane-air diffusion flame of [55]. A quantitative analysis on

the accuracy of the algorithm and its validation were not reported, however, it was

stated that numerical results obtained by all the mechanisms agree with the expected

ones. The algorithm was found to be efficient in terms of CPU time. This study

showed that parallel computing is an attractive option for the detailed calculation of

combustion problems.
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2.3 Overview of the Studies

Prominent features of the laminar diffusion flame studies described above were

summarized in Table 2.1. In all the numerical studies, classical finite difference

(FD), finite volume (FV) and finite element (FE) methods were used to solve the

governing equations. With sufficient care and effort, any one of these three types of

methods can be formulated with a desired level of accuracy and conservativeness.

In practice, however, they have several drawbacks, particularly when applied to

complex reacting flows. Although the favored discretization methods used in the

flame calculations are FD methods due to their implementation with ease, they are

difficult to use on irregularly shaped domains while FV and FE methods can easily be

applied to irregular geometries. However both FV and FE methods require additional

computation for the intrinsic coordinate transformation and are more CPU time and

memory intensive. Furthermore, the presence of elements and cells with extreme

aspect ratios in FV and FE methods degrades the solution accuracy.

Several studies utilized stream function-vorticity and vorticity-velocity formulations

for the governing equations in the numerical solutions. However, these formulations

have difficulties in implementing complex boundary conditions. Detailed reaction

mechanisms, complex transport and thermodynamic models, and radiation and soot

modeling were considered in a considerable number of the studies. However, these

studies were based on the steady-state solution of governing equations for laminar

diffusion flames or solution of the equations were performed in an uncoupled manner.

Furthermore, numerical results obtained in some of these studies were not validated.

Parallel computation was carried out only in a few studies.

Present study provides a new parallel algorithm based on method of lines for

simultaneous solution of time-dependent governing equations in primitive variable

form for the simulation of transient reacting flows using detailed transport and

thermodynamic models and reduced reaction mechanisms.
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Table 2.1: Summary of experimental and computational studies on laminar co-flowing axisymmetric methane-air diffusion flames

Year Reference Subject Study Geometry State Reaction Mechanism Transport Formulation Method Validation

1980 Mitchell et al. [40]
Improvement of flame-sheet model
and its validation

E, N C S flame-sheet detailed ω-ψ FD QU

1989 Smooke et al. [48]
Detailed chemistry and transport
models and their validation

N C, UC S
C1 mechanism
(42 rxn., 15 species)

detailed ω-ψ FD QU

1990 Smooke et al. [49]
Measurements and detailed
combustion modeling

E, N UC S
C1-C2 mechanism
(79 reactions, 26 species)

detailed ω-ψ FD QU

1992 Smooke et al. [52]
Computational and experimental
study of OH and CH radicals

E, N UC S
C2 mechanism
(83 reactions, 26 species)

detailed u-v-p FD QU

1993 Xu and Smooke [41]
Application of primitive variables
form of governing equations

N C S flame-sheet simple u-v-p FD QU

1993 Xu and Smooke [50]
Application of primitive variables
form of governing equations

N C, UC S
C1 mechanism
(45 reactions, 15 species)

detailed u-v-p FD QU

1993 Coelho & Pereira [74]
Application of local grid refinement
technique on non-staggered meshes

N C S
Peter’s mechanism
(18 reactions, 13 species)

detailed u-v-p FV QU

1993 Smyth et al. [59]
Qualitative OH and soot scattering
measurements in flickering flames

E UC F - - - - -

1994 Shaddix et al. [60]
Quantitative soot scattering
measurements in flickering flames

E UC F - - - - -

1995 Ern et al. [53]
Vorticity-velocity formulation and
parallel computing

N UC S
C1 mechanism
(46 reactions, 16 species)

detailed ω-u-v FD QU

1996 Everest et al. [62]
Quantitative CO measurements in
flickering flames

E UC F - - - - -

E: experimental; N: numerical; C: confined; UC: unconfined; S: steady-state; F: flickering; T: transient; ω-ψ: vorticity-stream function; u-v-p: primitive variables; ω-u-v: vorticity-velocity;
FD: finite difference; FV: finite volume; FE: finite element; QU: quantitative; QL: qualitative; UV: unvalidated
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Table 2.1: Summary of experimental and computational studies on laminar co-flowing axisymmetric methane-air diffusion flames (cont’d)

Year Reference Subject Study Geometry State Reaction Mechanism Transport Formulation Method Validation

1996 Skaggs and Miller [63]
Quantitative CO and temperature
measurements in a flickering flame

E UC S, F - - - - -

1996 Kaplan et al. [61]
Computations of soot production in
flickering flames

N UC S, F
global mechanism based on
Bilger’s formulation

simple u-v-p FD QU

1996 Smooke et al. [80]
Computational and experimental
study of NO formation

E, N UC S
GRI-Mech 2.11 and a NOX

submechanism
detailed ω-u-v FD QU

1996 McEnally & Pfefferle [55]
Aromatic and linear hydrocarbon
concentration measurements

E C S - - - - -

1998 Mohammed et al. [64]
Measurements and detailed reaction
modeling in a flickering flame

E, N UC S
C2 mechanism
(83 reactions, 26 species)

detailed u-v-p FD QU

1998 Katta and Roquemore [65]
Dynamic simulation using different
finite-rate chemistry models

N C S, T
C1 and C1-C2 mechanisms,
GRI-Mech 1.2

detailed u-v-p FD QU

1998 Pember et al. [66]
An adaptive projection method for
unsteady combustion and its validation

N UC S, F 1- and 2-step mechanisms simple u-v-p FD QU

1998 Ern and Giovangigli [54]
Numerical investigation of thermal
diffusion effects in flames

N UC S
C1 mechanism
(46 reactions, 16 species)

detailed ω-u-v FD QU

1998 Bennett and Smooke [75]
Development of a solution adaptive
gridding method and its validation

N UC S
C1 mechanism, GRI-Mech
2.11 w/o NOX chemistry

detailed ω-u-v FD QU

1998 Walsh et al. [57]
Experimental and computational study
of CH, CH∗ and OH∗ E, N UC S GRI-Mech 2.11 detailed ω-u-v FD QU

1998 Riedel [56]
Development of a finite volume
scheme and its application

N C S
C1 mechanism
(42 reactions, 15 species)

detailed u-v-p FV UV

E: experimental; N: numerical; C: confined; UC: unconfined; S: steady-state; F: flickering; T: transient; ω-ψ: vorticity-stream function; u-v-p: primitive variables; ψ−u− v: vorticity-velocity;
FD: finite difference; FV: finite volume; FE: finite element; QU: quantitative; QL: qualitative; UV: unvalidated
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Table 2.1: Summary of experimental and computational studies on laminar co-flowing axisymmetric methane-air diffusion flames (cont’d)

Year Reference Subject Study Geometry State Reaction Mechanism Transport Formulation Method Validation

1999 Becker et al. [79]
Development and application of an
adaptive finite element method

N UC S flame-sheet simple u-v-p FE UV

1999 Smooke et al. [82]
Measurements and detailed modeling
of soot formation

E, N C S
GRI-Mech 2.11 without
NOX chemistry

detailed ω-u-v FD QU

2000 Bennett et al. [83]
Computational and experimental study
of effects of partial mixing

E, N C S
GRI-Mech 2.11 without
NOX chemistry

detailed ω-u-v FD QU

2000 Luque et al. [58]
Measurements and calculation of
excited CH and OH

E, N UC S GRI-Mech 2.11 detailed ω-u-v FD QU

2000 Day and Bell [67]
Development of an adaptive grid
refinement algorithm and its validation

N UC S, F
C2 mechanism
(83 reactions, 26 species)

detailed u-v-p FD QU

2002 Sullivan et al. [81]
Ammonia conversion and NOX

formation
E, N C S

Glarborg (447 reactions, 66
species)
GRI-Mech 3.0

detailed u-v-p FD QU

2003 Consul et al. [85]
Development of a parallel multiblock
algorithm

N C S
flame-sheet, 1-step, a skeletal
mech., GRI-Mech 1.2, 2.0,
3.0

detailed u-v-p FD QL

2004 Liu et al. et al. [84]
Computational study on effects of
radiation model

E, N C S
GRI-Mech 3.0 without NOX

chemistry)
detailed u-v-p FD QU

E: experimental; N: numerical; C: confined; UC: unconfined; S: steady-state; F: flickering; T: transient; ω-ψ: vorticity-stream function; u-v-p: primitive variables; ψ−u− v: vorticity-velocity;
FD: finite difference; FV: finite volume; FE: finite element; QU: quantitative; QL: qualitative; UV: unvalidated
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CHAPTER 3

PHYSICAL MODELING

3.1 General

The problem to be investigated is a confined, vertical, two-dimensional, laminar,

co-flowing methane-air diffusion flame at atmospheric pressure. In this chapter,

the detailed derivation of governing equations representing the conservation laws,

simplifying assumptions employed, transport and thermodynamic models utilized,

and initial and boundary conditions are presented for a complete description of the

multi-component reacting system under consideration. The conservation laws for

chemically reacting flows in multi-component systems are

1. Conservation of mass,

2. Conservation of momentum,

3. Conservation of energy.

Application of the law of conservation of mass to a small volume element within a

flowing mixture results in the continuity equation. Equation of motion, also known

as momentum equation, is a generalization of the momentum balance obtained by

application of the Newton’s second law representing the momentum conservation.

The law of conservation of energy is identical to the first law of thermodynamics and

the resulting fluid dynamic equation is named the energy equation. Application of

the law of conservation of mass to each species within a flowing mixture yields the

species equation. Addition of an equation of state to these equations completes the full

description of a reacting flow system. These equations are given below for a mixture

of N chemical species in terms of the combined fluxes with respect to stationary axes.
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At this point it is assumed that all species are acted on by the same external force per

unit mass, g, and that the mixture is an ideal gas.

3.2 Conservation Equations for Multi-Component Systems

Equations of change for multi-component mixtures in terms of the combined fluxes

are

Continuity:
∂
∂t

ρ = −(∇ ·ρv), (3.1)

Momentum:

∂
∂t

ρv = −(∇ ·Φ)+ρg, (3.2)

Energy:

∂
∂t

ρ(Û + 1
2v2) = −(∇ · e)+ρ(v ·g), (3.3)

Species:

∂
∂t

ρYk = −(∇ ·nk)+ ω̇k, k = 1,2, ..,N. (3.4)

Equation of state:

ρ =
pW
RT

, (3.5)

The three combined fluxes which appear in Equations (3.2)-(3.4) can be written

as the convective fluxes plus the molecular (or diffusive) fluxes as shown in Table

3.1. In addition to these conservation equations and combined fluxes, one needs

Table 3.1: The combined, molecular, and convective fluxes for multi-component
mixtures

Combined flux = Molecular Flux + Convective Flux

Momentum Φ = πππ + ρvv

Energy e = q+[πππ ·v] + ρv(Û + 1
2v2)

Species nk = jk + ρvYk
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also to have the expressions for the fluxes in terms of the gradients and the

transport and thermodynamic properties that are functions of temperature, pressure,

and composition. Finally one needs also the information about the rates of any

homogeneous chemical reactions occurring. In the following subsections, the

abovementioned governing equations are described in detail.

3.2.1 Equation of Continuity

Equation of continuity (Equation (3.1)) describes the time rate of the mixture density

at a fixed point in space:

∂
∂t

ρ = −(∇ ·ρv).

rate of increase
of mass per unit
volume

net rate of mass
addition per unit
volume

(3.6)

Here (∇ · ρv) is called “divergence of ρv”. The vector ρv is the mass flux, and its

divergence has a simple meaning, it is the net rate of mass efflux per unit volume.

3.2.2 Equation of Motion

In momentum equation (Equation (3.2)), the combined momentum flux tensor, Φ, is

the sum of the convective momentum flux tensor, ρvv, and the molecular momentum

flux tensor, πππ. The term ρvv represents momentum transported by the bulk flow

of the mixture, and this process is called convective transport. The term πππ stands

for momentum transferred through the mixture by viscous action caused by pressure

and the viscous forces and can be written as the sum of pδδδ and τττ. The pressure

forces are exerted when the mixture is stationary as well as when it is in motion.

The viscous forces come into play only when there are velocity gradients within the

mixture. Replacing the combined momentum flux tensor Φ in Equation (3.2) with

ρvv+ pδδδ+τττ yields equation of motion

∂
∂t

ρv = −[∇ ·ρvv] −∇p −[∇ ·τττ] +ρg.

rate of increase
of momentum
per unit volume

net rate of mass
addition per unit
volume

rate of momentum addition
by molecular transport per
unit volume

external force on
the mixture per
unit volume

(3.7)

In this equation ∇p is a vector called the gradient of the scalar p. The symbol [∇ ·τττ]
is a vector called the divergence of the tensor τττ and [∇ · ρvv] is a vector called the
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divergence of the dyadic product ρvv. Viscous stress tensor τττ is related to velocity

gradients by viscosity µ and dilational viscosity κ coming from kinetic theory, and

written as

τττ = −µ(∇v+(∇v)t)+(2
3µ−κ)(∇ ·v)δδδ (3.8)

in which δδδ is the unit tensor with components δi j, ∇v is the velocity gradient tensor

with components (∂/∂xi)υ j, (∇v)t is the transpose of the velocity gradient tensor with

components (∂/∂x j)υi, and (∇ ·v) is the divergence of the velocity vector. Usually, in

solving fluid dynamic problems, it is not necessary to know κ. If the fluid is a gas, it

is often assumed that fluid acts as an ideal monoatomic gas, for which κ is identically

zero. Hence, Equation (3.8) becomes

τττ = −µ(∇v+(∇v)t)+ 2
3µ(∇ ·v)δδδ. (3.9)

3.2.3 Equation of Energy

In energy equation (Equation (3.3)), the e vector is the sum of the convective energy

flux, the rate of doing work per unit area by molecular mechanisms and the rate of

transporting heat per unit area by molecular mechanisms. Inserting the expression for

the e vector appearing in Table 3.1 into Equation (3.3) results in

∂
∂t

ρ(Û + 1
2 v2) = −[∇ ·ρv(Û + 1

2 v2)] −(∇ ·q) −[∇ · pv]

rate of increase of
energy per unit
volume

rate of energy addition per
unit volume by convective
transport

rate of energy
addition per unit
volume by heat
conduction

rate of work done on the
mixture per unit volume
by pressure forces

−(∇ · [τ ·v]) +ρ(v ·g).
rate of work done on the
mixture per unit volume by
viscous forces

rate of work done on the
mixture per unit volume by
external forces

(3.10)

It should be noted that this equation does not contain a source term to describe

the thermal energy released by homogeneous chemical reactions as it is included

implicitly in function Û . The most useful form of the energy equation is one in which

the temperature appears. In order to obtain an equation in terms of temperature,

first the following mechanical energy equation is subtracted from energy equation

(Equation (3.10)).
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∂
∂t

(1
2ρv2) = −[∇ ·ρ1

2v2v] −(∇ · pv) −p(−∇ ·v)

rate of increase
of kinetic energy
per unit volume

rate of addition of
kinetic energy by
convection per unit
volume

rate of work done
by pressure of
surroundings on
the mixture

rate of reversible
conversion of
kinetic energy into
internal energy

−(∇ · [τ ·v]) −(−τ : ∇v) +ρ(v ·g)
rate of work done
by viscous forces
on the mixture

rate of
irreversible
conversion from
kinetic to internal
energy

rate of work done
by external force
on the mixture

(3.11)

This subtraction leads to the following equation of change for internal energy:

∂
∂t

ρÛ = −(∇ ·ρÛv) −(∇ ·q) −p(∇ ·v] −(τ : ∇v).

rate of
increase of
internal energy
per unit
volume

net rate of
addition of
internal energy
by convective
transport per unit
volume

rate of energy
addition by
heat
conduction per
unit volume

reversible rate of
internal energy
increase per unit
volume by
compression

irreversible rate of
internal energy
increase per unit
volume by viscous
dissipation

(3.12)

Expressing internal energy in terms of enthalpy, Û = Ĥ + pV̂ = Ĥ − (p/ρ),

Equation (3.12) takes the following form

∂
∂t

ρĤ = −(∇ ·ρĤv)− (∇ ·q)− (τ : ∇v)+v ·∇p+
∂p
∂t

. (3.13)

Utilizing the following standard equilibrium thermodynamics formula

dĤ = ĈpdT +

[

V̂ −T

(

∂V̂
∂T

)

p

]

dp (3.14)

and neglecting pressure terms for the laminar flow under consideration,

Equation (3.13) becomes

Ĉp
∂
∂t

ρT = −Ĉp(∇ ·ρvT )− (∇ ·q)− (τ : ∇v)+
N

∑
k=1

Ĥk(∇ · jk)−
N

∑
k=1

Ĥkω̇k. (3.15)

The last two terms appearing in Equation (3.15) are the source terms for the

volumetric production of internal energy due to diffusion and the volumetric

production of heat due to chemical reactions, respectively. These terms included

implicitly in function Û are introduced when energy equation is written in terms of

temperature.
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The heat flux vector q given below for multi-component mixtures consists of four

terms.

q = −λ∇T +
N

∑
k=1

H̄k

Wk
jk +

N

∑
k=1

RT
WkXk

DT
k dk +qr (3.16)

The first term is the heat transport by conduction based on Fourier’s Law where λ is

the thermal conductivity of the mixture. The second term describes the heat transport

by each diffusing species. The third term also known as Dufour term represents the

heat transfer produced due to the concentration gradient. The final term is the flux of

energy due to radiative transport.

The heat conduction and heat diffusion terms are generally important in diffusing

systems. The Dufour term is usually small and can be neglected. Radiative transport

term is also usually neglected. Then, Equation (3.16) becomes

q = −λ∇T +
N

∑
k=1

H̄k

Wk
jk. (3.17)

For ideal gas mixtures, this expression can be further simplified by replacing the

partial molar enthalpies, H̄k, by the molar enthalpies, Ĥk, yielding

q = −λ∇T +
N

∑
k=1

Ĥk jk. (3.18)

Substituting Equation (3.18) into Equation (3.15) and neglecting the viscous

dissipation term lead to

Ĉp
∂
∂t

ρT = −Ĉp(∇ ·ρvT )+∇ · (λ∇T)−
N

∑
k=1

Ĥk jk +
N

∑
k=1

Ĥk(∇ · jk)−
N

∑
k=1

Ĥkω̇k.(3.19)

The third and fourth terms appearing on the right hand side of Equation (3.19) may

be combined to yield a single heat source term due to the diffusive flux, i.e.,

−
N

∑
k=1

Ĥk jk +
N

∑
k=1

Ĥk(∇ · jk) = −
N

∑
k=1

jk ·Ĉp,k∇T . (3.20)

This combination results in the following final form of energy equation

Ĉp
∂
∂t

ρT = −Ĉp(∇ ·ρvT )+∇ · (λ∇T)−
N

∑
k=1

jk ·Ĉp,k∇T −
N

∑
k=1

Ĥkω̇k. (3.21)
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3.2.4 Equation of Species

In species equation (Equation (3.4)), combined mass flux vector nk is sum of the

molecular mass flux vector jk and convective mass flux vector ρvYk. Inserting the

expression for the nk appearing in Table 3.1 into Equation (3.4) gives

∂
∂t

ρYk = −(∇ ·ρvYk) −(∇ · jk) +ω̇k. k = 1, ...,N

rate of increase
of mass of
species k per
unit volume

net rate of addition
of mass of species
k per unit volume
by convection

net rate of addition
of mass of species
k per unit volume
by diffusion

rate of production
of mass of species k
per unit volume by
reaction

(3.22)

It is worth noting that addition of all species equations gives the equation of continuity

for the mixture (Equation (3.6)).

The expression for the mass flux vector jk in a multi-component system can be written

as

jk =
ρk

XkW

N

∑
j 6=k

WjDk jd j −DT
k

∇T
T

. (3.23)

where Dk j is the multi-component diffusion coefficient, DT
k is the thermal diffusion

coefficient of species k. Diffusional driving forces d j in the first term of

Equation (3.23) take into account the three contributions associated with mechanical

forces:

d j = ∇X j +(X j −Yj)
∇p
p

+
ρ
p

N

∑
i=1

Yi Yj(gi−g j). (3.24)

The terms on the right hand side of this equation are concentration diffusion term,

pressure diffusion term and forced diffusion term, respectively. The pressure diffusion

term indicates that there may be a net movement of the kth species in a mixture if

there is a pressure gradient imposed on the system. This term is usually negligible

compared to other terms. The forced diffusion term is of primary importance in ionic

systems. If gravity is the only external force then all the gi are the same and this term

is identically zero. The second term in Equation (3.23) represents the Soret effect

accounting for the diffusion of mass due to temperature gradients. This effect tends

to drive light molecules towards hot regions and heavy molecules towards cold region
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of the mixture. It is neglected as it is relatively expensive in terms of computing times.

With these assumptions, Equation (3.23) simply becomes

jk =
ρk

XkW

N

∑
j 6=k

WjDk j∇X j (3.25)

Multi-component diffusion coefficients Dk j are non-linear functions of the local

composition, temperature and pressure of the mixture and hence their evaluation is

very costly in terms of CPU time. Hence, Equation (3.25) is related to the species

gradients by a Fickian formula as

jk = −ρk
Dkm

Xk
∇Xk (3.26)

Here, Dkm is the mixture–averaged diffusion coefficients between species k and the

remaining mixture. The species mole fractions Xk are related to mass fraction Yk by

Xk = Yk
W
Wk

(3.27)

Using this relation Equation (3.26) can be written in terms of Yk as

jk = −ρk
Dkm

Yk
∇Yk (3.28)

or

jk = −ρDkm∇Yk (3.29)

The mixture–averaged diffusion formula does not have the property that the sum of

the diffusive fluxes is zero, i.e, the condition,

N

∑
k=1

jk = 0 (3.30)

Therefore, a correction is necessary to ensure mass conservation. For this purpose,

rather than solving the species equation for the excess species, its mass fraction is

computed simply by

YN = 1−
N−1

∑
k=1

Yk (3.31)
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The diffusive flux of excess species is computed by the following formula to ensure

the mass conservation constraint (Equation (3.30)):

jN = −
N−1

∑
k=1

jk (3.32)

3.3 Governing Equations in Cylindrical Coordinates

For two-dimensional axisymmetric, laminar diffusion flames, equation of continuity

(Equation (3.6)), momentum (Equation (3.7)), energy (Equation (3.21)) and species

(Equation (3.22)) in primitive variables form can be written in cylindrical coordinates

as follows;

continuity;

∂ρ
∂t

+
1
r

∂
∂r

(ρrv)+
∂
∂z

(ρu) = 0, (3.33)

z-momentum;

∂
∂t

(ρu)+
1
r

∂
∂r

(rρuv)+
∂
∂z

(ρuu) = −∂p
∂z

−
(

1
r

∂
∂r

(rτrz)+
∂τzz

∂z

)

+ρgz, (3.34)

r-momentum;

∂
∂t

(ρv)+
1
r

∂
∂r

(rρvv)+
∂
∂z

(ρuv) = −∂p
∂r

−
(

1
r

∂
∂r

(rτrr)+
∂τzr

∂z
− 1

r
τθθ

)

+ρgr, (3.35)

energy;

Ĉp

(

∂
∂t

(ρT )+
1
r

∂
∂r

(rρvT )+
∂
∂z

(ρuT )

)

=

[

1
r

∂
∂r

(

rλ
∂T
∂r

)

+
∂
∂z

(

λ
∂T
∂z

)]

−
N

∑
k=1

Ĉp,k

(

jk,r
∂T
∂r

+ jk,z
∂T
∂z

)

−
N

∑
k=1

Ĥkω̇k, (3.36)

species;

∂
∂t

(ρYk)+
1
r

∂
∂r

(rρvYk)+
∂
∂z

(ρuYk) = −
(

1
r

∂
∂r

(

r jk,r
)

+
∂ jk,z
∂z

)

+ ω̇k. (3.37)

The stress tensor components appearing in Equations (3.34) and (3.35) for Newtonian

fluids considered in the present study are

τrr = −µ

(

2
∂v
∂r

)

+ 2
3 µ(∇ ·v), (3.38)
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τzz = −µ

(

2
∂u
∂z

)

+ 2
3 µ(∇ ·v), (3.39)

τθθ = −µ
(

2
v
r

)

+ 2
3µ(∇ ·v), (3.40)

τrz = τzr = −µ

(

∂u
∂r

+
∂v
∂z

)

, (3.41)

where

∇ ·v =
1
r

∂
∂r

(rv)+
∂u
∂z

. (3.42)

Expanding the derivatives appearing on the left hand side of Equations (3.34)-(3.37)

gives

z-momentum;

ρ
∂u
∂t

+u
∂ρ
∂t

+
u
r

∂
∂r

(rρv)+ρv
∂u
∂r

+u
∂
∂z

(ρu)+ρu
∂u
∂z

=

−∂p
∂z

−
(

1
r

∂
∂r

(rτrz)+
∂τzz

∂z

)

+ρgz, (3.43)

r-momentum;

ρ
∂v
∂t

+ v
∂ρ
∂t

+
v
r

∂
∂r

(rρv)+ρv
∂v
∂r

+ v
∂
∂z

(ρu)+ρu
∂v
∂z

=

−∂p
∂r

−
(

1
r

∂
∂r

(rτrr)+
∂τzr

∂z
− 1

r
τθθ

)

+ρgr, (3.44)

energy;

Ĉp

(

ρ
∂T
∂t

+T
∂ρ
∂t

+
T
r

∂
∂r

(rρv)+ρv
∂T
∂r

+T
∂
∂z

(ρu)+ρu
∂T
∂z

)

=

[

1
r

∂
∂r

(

rλ
∂T
∂r

)

+
∂
∂z

(

λ
∂T
∂z

)]

−
N

∑
k=1

Ĉp,k

(

jk,r
∂T
∂r

+ jk,z
∂T
∂z

)

−
N

∑
k=1

Ĥkω̇k, (3.45)

species;

ρ
∂Yk

∂t
+Yk

∂ρ
∂t

+
Yk

r
∂
∂r

(rρv)+ρv
∂Yk

∂r
+Yk

∂
∂z

(ρu)+ρu
∂Yk

∂z
=

−
(

1
r

∂
∂r

(

r jk,r
)

+
∂ jk,z
∂z

)

+ ω̇k. (3.46)

Rearranging the terms in Equations (3.43)-(3.46) yields

z-momentum;

ρ
(

∂u
∂t

+ v
∂u
∂r

+u
∂u
∂z

)

+u

(

∂ρ
∂t

+
1
r

∂
∂r

(rρv)+
∂
∂z

(ρu)

)

=

−∂p
∂z

−
(

1
r

∂
∂r

(rτrz)+
∂τzz

∂z

)

+ρgz, (3.47)
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r-momentum;

ρ
(

∂v
∂t

+ v
∂v
∂r

+u
∂v
∂z

)

+ v

(

∂ρ
∂t

+
1
r

∂
∂r

(rρv)+
∂
∂z

(ρu)

)

=

−∂p
∂r

−
(

1
r

∂
∂r

(rτrr)+
∂τzr

∂z
− 1

r
τθθ

)

+ρgr, (3.48)

energy;

ρĈp

(

∂T
∂t

+ v
∂T
∂r

+u
∂T
∂z

)

+ĈpT

(

∂ρ
∂t

+
1
r

∂
∂r

(rρv)+
∂
∂z

(ρu)

)

=

[

1
r

∂
∂r

(

rλ
∂T
∂r

)

+
∂
∂z

(

λ
∂T
∂z

)]

−
N

∑
k=1

Ĉp,k

(

jk,r
∂T
∂r

+ jk,z
∂T
∂z

)

−
N

∑
k=1

Ĥkω̇k, (3.49)

species;

ρ
(

∂Yk

∂t
+ v

∂Yk

∂r
+u

∂Yk

∂z

)

+Yk

(

∂ρ
∂t

+
1
r

∂
∂r

(rρv)+
∂
∂z

(ρu)

)

=

−
(

1
r

∂
∂r

(

r jk,r
)

+
∂ jk,z
∂z

)

+ ω̇k. (3.50)

The second terms in Equations (3.47)-(3.50) are actually the continuity equation

(Equation (3.33)) multiplied by the dependent variable in the corresponding equation,

and hence become zero. Therefore, Equations (3.47)-(3.50) can be written as

z-momentum;

ρ
(

∂u
∂t

+ v
∂u
∂r

+u
∂u
∂z

)

= −∂p
∂z

−
(

1
r

∂
∂r

(rτrz)+
∂τzz

∂z

)

+ρgz, (3.51)

r-momentum;

ρ
(

∂v
∂t

+ v
∂v
∂r

+u
∂v
∂z

)

= −∂p
∂r

−
(

1
r

∂
∂r

(rτrr)+
∂τzr

∂z
− 1

r
τθθ

)

+ρgr, (3.52)

energy;

ρĈp

(

∂T
∂t

+ v
∂T
∂r

+u
∂T
∂z

)

=

[

1
r

∂
∂r

(

rλ
∂T
∂r

)

+
∂
∂z

(

λ
∂T
∂z

)]

−
N

∑
k=1

Ĥkω̇k

−
N

∑
k=1

Ĉp,k

(

jk,r
∂T
∂r

+ jk,z
∂T
∂z

)

, (3.53)

species;

ρ
(

∂Yk

∂t
+ v

∂Yk

∂r
+u

∂Yk

∂z

)

= −
(

1
r

∂
∂r

(

r jk,r
)

+
∂ jk,z
∂z

)

+ ω̇k. (3.54)
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The stress tensor components appearing in Equations (3.51) and (3.52) are replaced

by the Equations (3.38)-(3.41) yielding

z-momentum;

ρ
(

∂u
∂t

+ v
∂u
∂r

+u
∂u
∂z

)

= − ∂p
∂z

+
1
r

∂
∂r

[

rµ

(

∂u
∂r

+
∂v
∂z

)]

+
∂
∂z

{

µ

[

4
3

∂u
∂z

− 2
3

(

1
r

∂
∂r

(rv)

)]}

+ρgz, (3.55)

r-momentum;

ρ
(

∂v
∂t

+ v
∂v
∂r

+u
∂v
∂z

)

= − ∂p
∂r

+
1
r

∂
∂r

{

rµ

[

4
3

∂v
∂r

− 2
3

(

∂u
∂z

+
v
r

)]}

+
∂
∂z

[

µ

(

∂u
∂r

+
∂v
∂z

)]

− µ
r

[

4
3

v
r
− 2

3

(

∂v
∂r

+
∂u
∂z

)]

+ρgr. (3.56)

For laminar reacting flows at low-Mach numbers the flow can be considered to be

hydrodynamically incompressible while strong heat release due to chemical reactions

yields thermodynamics changes [79]. Hence rather then Equations (3.55) and (3.56),

incompressible momentum equations introduced below are solved for flow field. For

incompressible flows continuity equation (Equation (3.33)) becomes

continuity;
∂u
∂z

+
∂v
∂r

+
v
r

= 0. (3.57)

The term ∇ ·v appearing in Equations (3.38)-(3.41) can be omitted for incompressible

flows, hence the stress tensor components become

τrr = −µ

(

2
∂v
∂r

)

, (3.58)

τzz = −µ

(

2
∂u
∂z

)

, (3.59)

τθθ = −µ
(

2
v
r

)

, (3.60)

τrz = τzr = −µ

(

∂u
∂r

+
∂v
∂z

)

. (3.61)

Inserting Equations (3.58)-(3.61) into Equations (3.51) and (3.52) yields
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z-momentum;

ρ
(

∂u
∂t

+ v
∂u
∂r

+u
∂u
∂z

)

= − ∂p
∂z

+
2
r

∂
∂r

[

rµ

(

∂u
∂r

+
∂v
∂z

)]

+
∂
∂z

(

2µ
∂u
∂z

)

+ρgz, (3.62)

r-momentum;

ρ
(

∂v
∂t

+ v
∂v
∂r

+u
∂v
∂z

)

= − ∂p
∂r

+
2
r

∂
∂r

(

rµ
∂v
∂r

)

+
∂
∂z

[

µ

(

∂u
∂r

+
∂v
∂z

)]

−2µ
v
r2 +ρgr. (3.63)

Expanding the derivatives in Equations (3.62), and (3.63), dividing both sides by ρ

and rearranging give

z-momentum;

∂u
∂t

+u
∂u
∂z

+ v
∂u
∂r

= − 1
ρ

∂p
∂z

+
µ
ρ

(

∂2u

∂r2 +
1
r

∂u
∂r

+
∂2u

∂z2

)

+
1
ρ

(

∂u
∂r

+
∂v
∂z

)

∂µ
∂r

+
2
ρ

(

∂u
∂z

)

∂µ
∂z

+gz, (3.64)

r-momentum;

∂v
∂t

+u
∂v
∂z

+ v
∂v
∂r

= − 1
ρ

∂p
∂r

+
µ
ρ

(

∂2v

∂r2 +
1
r

∂v
∂r

− v
r2 +

∂2v

∂z2

)

+
2
ρ

(

∂v
∂r

)

∂µ
∂r

+
1
ρ

(

∂u
∂r

+
∂v
∂z

)

∂µ
∂z

+gr, (3.65)

Similar treatment of the derivatives in energy and species equations (Equations (3.53)

and (3.54)) and division by ρĈp and ρ, respectively lead to final forms of these

equations;

energy;

∂T
∂t

+u
∂T
∂z

+ v
∂T
∂r

=
λ

ρĈp

(

∂2T

∂r2 +
1
r

∂T
∂r

+
∂2T

∂z2

)

+
1

ρĈp

(

∂T
∂r

)

∂λ
∂r

+
1

ρĈp

(

∂T
∂z

)

∂λ
∂z

− 1

ρĈp

N

∑
k=1

Ĉp,k

(

jk,r
∂T
∂r

+ jk,z
∂T
∂z

)

− 1

ρĈp

N

∑
k=1

Ĥkω̇k. (3.66)
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species;

∂Yk

∂t
+u

∂Yk

∂z
+ v

∂Yk

∂r
= −1

ρ

(

∂ jk,r
∂r

+
jk,r
r

+
∂ jk,z
∂z

)

+
ω̇k

ρ
. (3.67)

Spatial components of mass-flux vector appearing in energy and species equations are

determined by using Equation (3.29)

jk,z = −ρDkm
∂Yk

∂z
(3.68)

jk,r = −ρDkm
∂Yk

∂r
. (3.69)

3.4 A Noniterative Procedure for the Calculation of Pressure

The computation of pressure is the most difficult and time-consuming part of

the overall solution of the Navier-Stokes equations and there are various pressure

correction methods which are applicable to both stationary and time-dependent

incompressible flow equations. Basically, most of them involve an iterative procedure

between the velocity and pressure fields through the solution of Poisson-type equation

for the pressure to satisfy the global mass flow constraint and the divergence-free

condition for confined incompressible flows. Therefore, in the present study, a non-

iterative procedure proposed recently [27, 28] for the treatment of pressure gradients

is applied. This procedure is described briefly below.

In the numerical solution of the Navier-Stokes equations for internal flows, the

streamwise pressure gradient must be known in such a way that the mass conservation

at each cross-section is satisfied. In order to accomplish this, the static pressure

p(r,z, t) in the momentum equations is split into two parts

p(r,z, t) = p̂(z, t)+ p̃(r,z, t). (3.70)

As can be seen from Equation (3.70), p̂ is independent of r-direction. Hence, the

derivative of Equation (3.70) with respect to z- and r-directions yields

∂p
∂z

=
∂p̂
∂z

+
∂p̃
∂z

, (3.71)

and
∂p
∂r

=
∂p̃
∂r

. (3.72)
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The physical assumption in this decoupling procedure is that ∂ p̃
∂z is very small

compared with ∂ p̂
∂z . Therefore, when the pressure field is split into two in this manner,

the momentum equations (Equations (3.64) and (3.65)) can be written as

∂u
∂t

+u
∂u
∂z

+ v
∂u
∂r

= −1
ρ

∂p̂
∂z

+
µ
ρ

(

∂2u

∂r2 +
1
r

∂u
∂r

+
∂2u

∂z2

)

+
1
ρ

(

∂u
∂r

+
∂v
∂z

)

∂µ
∂r

+
2
ρ

(

∂u
∂z

)

∂µ
∂z

+gz, (3.73)

∂v
∂t

+u
∂v
∂z

+ v
∂v
∂r

= −1
ρ

∂p̃
∂r

+
µ
ρ

(

∂2v

∂r2 +
1
r

∂v
∂r

− v
r2 +

∂2v

∂z2

)

+
2
ρ

(

∂v
∂r

)

∂µ
∂r

+
1
ρ

(

∂u
∂r

+
∂v
∂z

)

∂µ
∂z

+gr. (3.74)

The pressure gradient in Equation (3.73), ∂ p̂
∂z , can be determined with the aid of

global mass flow constraint combined with the discretized form of the z-momentum

equation. For this purpose the temporal derivative in Equation (3.73) is discretized,

and the following equation is obtained.

un+1
i, j −un

i, j

∆t
= − 1

ρ

(

∂p̂
∂z

)n

j
−
[

un
i, j

(

∂u
∂z

)n

i, j
+ vn

i, j

(

∂u
∂r

)n

i, j

]

+
µ
ρ

[

(

∂2u

∂r2

)n

i, j
+

1
r

(

∂u
∂r

)n

i, j
+

(

∂2u

∂z2

)n

i, j

]

+
1
ρ

[

(

∂u
∂r

)n

i, j
+

(

∂v
∂z

)n

i, j

]

(

∂µ
∂r

)n

i, j

+
2
ρ

(

∂u
∂z

)n

i, j

(

∂µ
∂z

)n

i, j
+gz. (3.75)

Rearranging Equation (3.75) yields

un+1
i, j = Φn

i, j +

(

∂p̂
∂z

)n

j
Ψn, (3.76)

where

Φn
i, j = un

i, j − ∆t

{

un
i, j

(

∂u
∂z

)n

i, j
+ vn

i, j

(

∂u
∂r

)n

i, j

− µ
ρ

[

(

∂2u

∂r2

)n

i, j
+

1
r

(

∂u
∂r

)n

i, j
+

(

∂2u

∂z2

)n

i, j

]

− 1
ρ

[

(

∂u
∂r

)n

i, j
+

(

∂v
∂z

)n

i, j

]

(

∂µ
∂r

)n

i, j

− 2
ρ

(

∂u
∂z

)n

i, j

(

∂µ
∂z

)n

i, j
−gz

}

, (3.77)
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and

Ψn = −∆t
ρn . (3.78)

where n and n + 1 represent the present and advanced time levels. Equation (3.76)

is then multiplied by the density ρn+1 and the resulting equation is subsequently

integrated numerically over the cross-sectional area perpendicular to the streamwise

direction. This yields
∫

A
ρn+1un+1

i, j dA = ṁ =

∫

A
ρn+1Φn

i, jdA+

(

∂p̂
∂z

)n

j

∫

A
ρn+1Ψn

i, jdA, (3.79)

where

dA = rdrdθ, (3.80)

in cylindrical coordinates.

Since the mass flow is prespecified by the problem inlet boundary condition, the

pressure gradient ∂ p̂
∂z can be computed from the following expression obtained by

rearranging Equation (3.79)

(

∂p̂
∂z

)n

j
=

2πρ
∫ R

0 Φn
i, jrdr− ṁ

πR2∆t
. (3.81)

Here, ṁ is mass flow rate prescribed as inlet condition and R is the radius of the

burner.

3.5 Computation of Radial Velocity Component

In the present investigation, in order not to bring an extra burden to the ODE solver,

the r-component velocity v(r,z, t) is determined with the direct utilization of the

continuity equation. For this purpose the continuity equation (Equation 3.57) is

discretized as
1
ri

(

ri+1vn
i+1, j − rivn

i, j

∆r+
i

)

= −
(

∂u
∂z

)n

i, j
, (3.82)

and Equation 3.82 is rearranged to yield

vn
i+1, j =

ri

ri+1

[

vn
i, j −∆r+

i

(

∂u
∂z

)n

i, j

]

, (3.83)

where

i = 1, . . . ,NR−2, j = 2, . . . ,NZ, ∆r+
i = ri+1 − ri. (3.84)
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Hence, by this formulation, not only the r-component velocity is computed without

bringing an extra burden to the ODE solver used for time integration, but also the

divergence-free condition for incompressible flows is satisfied automatically.

3.6 Equation Summary

Governing equations for the simulation of a two-dimensional axisymmetric, laminar

diffusion flame are summarized below. The governing equations to be solved

are the continuity (Equation (3.57)), z-momentum (Equation (3.64)), energy

(Equation (3.66)) and species (Equation (3.67)) equations with associated initial and

boundary conditions. As the code involves direct utilization of the continuity equation

for the solution of r-component velocity through Equation (3.83), there is no need to

use r-momentum equation (Equation (3.65)) for this purpose.

For convection-dominated problems, since the stability problem arises because of the

presence of convective terms, the convective derivatives on the left-hand-side and the

first-order derivatives on the right-hand-side in the z-momentum and energy equations

are rearranged,

continuity;
∂u
∂z

+
∂v
∂r

+
v
r

= 0, (3.85)

z-momentum;

∂u
∂t

+ ú
∂u
∂z

+ v́
∂u
∂r

= −1
ρ

∂p̂
∂z

+
µ
ρ

(

∂2u

∂r2 +
∂2u

∂z2

)

+
1
ρ

(

∂v
∂z

)

∂µ
∂r

+gz, (3.86)

where

ú = u− 2
ρ

∂µ
∂z

, (3.87)

v́ = v− 1
ρ

∂µ
∂r

− µ
ρr

, (3.88)

energy;

∂T
∂t

+ ù
∂T
∂z

+ v̀
∂T
∂r

=
λ

ρĈp

(

∂2T

∂r2 +
∂2T

∂z2

)

− 1

ρĈp

N

∑
k=1

Ĥkω̇k (3.89)
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where

ù = u− 1

ρĈp

∂λ
∂z

+
1

ρĈp

N

∑
k=1

jk,zĈp,k, (3.90)

v̀ = v− 1

ρĈp

∂λ
∂r

− λ
ρĈp

1
r

+
1

ρĈp

N

∑
k=1

jk,rĈp,k. (3.91)

species;

∂Yk

∂t
+u

∂Yk

∂z
+ v

∂Yk

∂r
= −1

ρ

(

∂ jk,r
∂r

+
jk,r
r

+
∂ jk,z
∂z

)

+
ω̇k

ρ
. (3.92)

where

jk,z = −ρDkm
∂Yk

∂z
, (3.93)

jk,r = −ρDkm
∂Yk

∂r
. (3.94)

Mass fraction of N2 and its diffusive fluxes are computed by

YN = 1−
N−1

∑
k=1

Yk (3.95)

and

jN = −
N−1

∑
k=1

jk (3.96)

3.7 Initial and Boundary Conditions

The initial and boundary conditions define the specific problem to be considered.

Therefore they are essential part of the computation.

For flows that are statistically steady, the initial conditions are relatively unimportant.

Usually, they may consist of large amplitude perturbations superposed on a realistic

mean flow, or of a fully developed flow in a similar configuration. Typically, the flow

is allowed to develop in time until a steady-state is reached. For transient problems,

more care should be used when assigning the initial conditions, and physically correct

and reasonably accurate initial conditions must be provided.

In most of physical situations boundary conditions consist of wall conditions,

symmetry conditions, in- and outflow conditions.
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No slip velocity boundary conditions are used at solid surfaces for velocities.

Therefore, the surface velocity is imposed at the boundary. For most applications

where there is no motion between the solid surface and the fluid, the velocity

components are set to zero according to the no slip condition which is a Dirichlet type

boundary condition. For temperature Dirichlet type boundary condition is imposed

at the wall if it is isothermal. In the case of adiabatic walls, so called Neumann

type boundary condition is applied by setting temperature gradients normal to the

boundary to zero
(

∂T
∂n = 0

)

where n denotes the direction normal to the centerline.

Impermeable condition is imposed for all species at the wall by Neumann type

boundary condition as they can not diffuse through the walls.

For applications where the configuration and the domain of solution are symmetrical,

the axis of symmetry may be used as a boundary. In this case the net flow across

the symmetry line is zero. Therefore, the component of the velocity normal to the

boundary is set to zero. Gradients of all dependent variables normal to the boundary

are also set to zero to vanish
(

∂φ
∂n = 0

)

.

The formulation of inflow and outflow boundary conditions continues to be one of

the most difficult tasks in the numerical simulation of internal flows. Ideally it

would be desirable to apply boundary conditions at upstream infinity and downstream

infinity where all of the flow properties are known. However, memory capacities

of even the most modern high speed computers restrict placement of computational

boundaries to immediately upstream and downstream of the region of interest. For

flow systems with rather short length, the implementation of the fully developed

condition is not appropriate, since that kind of boundary condition is generally used

for internal flow systems with considerably long length. Therefore, in the case of

dealing with flow systems with short length, generally the so-called soft boundary

condition [27, 32, 86, 87], which requires the second-order streamwise derivatives to

vanish
(

∂2φ
∂n2 = 0

)

, is used.

Implementation of these boundary conditions are described below. Dirichlet type

inlet and wall boundary conditions are usually much easier than that of Neumann
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type outflow, symmetry and wall boundary conditions. Since they are already

specified a priori, their implementation can be achieved by excluding the dependent

variables and associated time derivatives from the solution. On the other hand,

in order to implement the Neumann type outflow, symmetry and wall boundary

conditions, the governing equations are reduced by dropping relevant derivative terms

at the boundaries. Hence the following reduced equations arise as a consequence of

implementation of these boundary conditions.

Case 1: Centerline Boundary Conditions

At the symmetry axis, boundary conditions are v = 0, ∂u
∂r = 0,∂T

∂r = 0 and ∂Yk
∂r = 0.

Derivatives of the transport and thermodynamic properties with respect to symmetry

axis are considered to be zero. The governing equations contain a singularity at the

centerline r = 0 which can be circumvented by applying L’Hôpital’s rule, i.e,

lim
r→0

∂2u

∂r2 +
1
r

∂u
∂r

= 2
∂2u

∂r2 , (3.97)

lim
r→0

∂2T

∂r2 +
1
r

∂T
∂r

= 2
∂2T

∂r2 , (3.98)

lim
r→0

∂ jk,r
∂r

+
jk,r
r

= 2
∂ jk,r
∂r

. (3.99)

Therefore, Equations (3.86), (3.89) and (3.92) become

∂u
∂t

+ ú
∂u
∂z

= −1
ρ

∂p̂
∂z

+
µ
ρ

(

2
∂2u

∂r2 +
∂2u

∂z2

)

+gz, (3.100)

∂T
∂t

+ ù
∂T
∂z

=
λ

ρĈp

(

2
∂2T

∂r2 +
∂2T

∂z2

)

− 1

ρĈp

N

∑
k=1

Ĥkω̇k, (3.101)

and

∂Yk

∂t
+u

∂Yk

∂z
= −1

ρ

(

2
∂ jk,r
∂r

+
∂ jk,z
∂z

)

+
ω̇k

ρ
. (3.102)

Case 2: Wall Boundary Conditions

At the wall, boundary conditions are u = 0, v = 0, T = Twall which are Drichlet-type

and ∂Yk
∂r = 0 which is Neumann-type. Implementation of the Drichlet-type boundary

conditions is achieved by excluding the governing equations at the wall from the
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solution. Neumann-type boundary condition for species is applied by setting species

wall concentration equal to concentration at the neighbor grid point, i.e.,

Yk|NR = Yk|NR−1 (3.103)

Case 3: Exit Boundary Conditions

The governing equations at the exit are reduced by applying outflow boundary

conditions. For this purpose, ∂2u
∂z2 , ∂2T

∂z2 and ∂ jkz
∂z are dropped from the z-momentum,

energy and species equations. Hence, Equations (3.86), (3.89) and (3.92) become

∂u
∂t

+ ú
∂u
∂z

+ v́
∂u
∂r

= −1
ρ

∂p̂
∂z

+
µ
ρ

(

∂2u

∂r2

)

+
1
ρ

(

∂v
∂z

)

∂µ
∂r

+gz, (3.104)

∂T
∂t

+ ù
∂T
∂z

+ v̀
∂T
∂r

=
λ

ρĈp

(

∂2T

∂r2

)

− 1

ρĈp

N

∑
k=1

Ĥkω̇k (3.105)

and

∂Yk

∂t
+u

∂Yk

∂z
+ v

∂Yk

∂r
= −1

ρ

(

∂ jk,r
∂r

+
jk,r
r

)

+
ω̇k

ρ
. (3.106)

It should be noted that for species equation first derivative of jkz was set to zero ( jkz
∂z =0)

as it does already have first derivative of Yk by its definition.

The entrainment of air into the burner at the exit is specified by setting the the

following boundary conditions for species when flow reversal occurs:

for u < 0: YO2 = 0.232, YN2 = 0.768, Yk = 0, k = 1,2, ...,K and k 6= O2,N2.

Case 4: Centerline and Exit Boundary Condition

At the intersection of centerline and exit boundaries, centerline and exit boundary

conditions are applied simultaneously to governing equations. Therefore, Equations

(3.86), (3.89) and (3.92) become

∂u
∂t

+ ú
∂u
∂z

= −1
ρ

∂p̂
∂z

+
µ
ρ

(

2
∂2u

∂r2

)

+gz, (3.107)

∂T
∂t

+ ù
∂T
∂z

=
λ

ρĈp

(

2
∂2T

∂r2

)

− 1

ρĈp

N

∑
k=1

Ĥkω̇k (3.108)
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and

∂Yk

∂t
+u

∂Yk

∂z
= −1

ρ

(

2
∂ jk,r
∂r

)

+
ω̇k

ρ
. (3.109)

For the sake of integrity, the governing equations and associated initial and boundary

conditions are given in Table 3.2.

3.8 Transport and Thermodynamic Properties

One of the major tasks in the simulation of reacting flows is the evaluation of

transport and thermodynamic coefficients of the species and the mixture which are

non-linear functions of local composition, temperature and pressure of the mixture.

This evaluation is highly computationally intensive and reserves expensive part of

the computations. In the present study, CHEMKIN (Chemical Kinetics) [37] and

TRANSPORT [38] packages which are ready-to-use FORTRAN codes are utilized

for the evaluation of transport and thermodynamic coefficients. The CHEMKIN

Gas-Phase Subroutine library provides equation of state variables, thermodynamic

properties and the chemical production rates while the TRANSPORT packages

evaluates the transport properties, such as the viscosities, the thermal conductivities,

and the diffusion coefficients. The details of the models used in these packages are

described below.

The general equation of state of an ideal, multi-species gas is used in CHEMKIN for

the calculation of mass density defined by

ρ =
pW
RT

, (3.110)

Mean molecular weight W can be calculated by

W =
1

∑N
k=1 Yk/Wk

, (3.111)

CHEMKIN presumes that standard-state thermodynamic properties are thermally

perfect, in that they are only functions of temperature, and are given in terms of

polynomial fits to the molar heat capacities at constant pressure:

Co
p,k

R
= a0k +a1kTk +a2kT 2

k +a3kT 3
k +a4kT 4

k . (3.112)
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Table 3.2: Governing equations and associated initial & boundary conditions

Governing Equations

Continuity ∂u
∂z + ∂v

∂r + v
r = 0

z-momentum ∂u
∂t +u∂u

∂z + v∂u
∂r = − 1

ρ
∂p
∂z + µ

ρ

(

∂2u
∂r2 + 1

r
∂u
∂r + ∂2u

∂z2

)

+ 1
ρ

(

∂u
∂r + ∂v

∂z

)

∂µ
∂r + 2

ρ

(

∂u
∂z

)

∂µ
∂z +gz

r-momentum ∂v
∂t +u∂v

∂z + v∂v
∂r = − 1

ρ
∂p
∂r + µ

ρ

(

∂2v
∂r2 + 1

r
∂v
∂r −

v
r2 + ∂2v

∂z2

)

+ 2
ρ

(

∂v
∂r

)

∂µ
∂r + 1

ρ

(

∂u
∂r + ∂v

∂z

)

∂µ
∂z +gr

Energy ∂T
∂t +u∂T

∂z + v∂T
∂r = λ

ρĈp

(

∂2T
∂r2 + 1

r
∂T
∂r + ∂2T

∂z2

)

+ 1
ρĈp

(

∂T
∂r

)

∂λ
∂r + 1

ρĈp

(

∂T
∂z

)

∂λ
∂z

− 1
ρĈp

∑N
k=1 Ĉp,k

(

jk,r
∂T
∂r + jk,z

∂T
∂z

)

− 1
ρĈp

∑N
k=1 Ĥkω̇k

Species ∂Yk
∂t +u∂Yk

∂z + v∂Yk
∂r = − 1

ρ

(

∂ jk,r
∂r +

jk,r
r +

∂ jk,z
∂z

)

+ ω̇k
ρ

Initial & Boundary Conditions

Initial condition @ t = 0 ∀r∧∀z : u = 0, v = 0, T = Tre f , Yk = Yk,o

Boundary condition 1 @ the center ∀z∧∀t : ∂u
∂r = 0, v = 0, ∂T

∂r = 0, ∂Yk
∂r = 0

Boundary condition 2 @ the wall ∀z∧∀t : u = 0, v = 0, T = Twall,
∂Yk
∂r = 0

Boundary condition 3 @ the inlet ∀r∧∀t : u = uin, v = 0, T = Tin, Yk = Yk,in

Boundary condition 4 @ the outlet ∀r∧∀t : ∂2u
∂z2 = 0, ∂2v

∂z2 = 0, ∂2T
∂z2 = 0, ∂ jk

∂z = 0
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where superscript o refers to standard-state one atmosphere. For ideal gases, the heat

capacities are independent of pressure, and the standard-state values are the actual

ones. Another thermodynamic property, molar enthalpy is evaluated by

Ho
k =

∫ Tk

298
Co

p,kdT +Ho
k (298). (3.113)

In the present study, mass units are utilized and hence these properties are converted

to mass units as

Ĉp,k =
Cp,k

Wk
(3.114)

and

Ĥk =
Hk

Wk
(3.115)

The mixture-averaged specific heats are evaluated by

Ĉp =
1

Wk

N

∑
k=1

Cp,kXk (3.116)

CHEMKIN package uses NASA thermodynamic data base [88] that contains

polynomial fits to thermodynamic properties of many species involved in combustion

and other applications.

TRANSPORT package provides pure species transport properties as well as multi-

component gas mixture properties. In the TRANSPORT package, evaluation of single

component viscosities µk and binary diffusion coefficients D jk are based on standard

kinetic theory expressions which can be found in [38, 89]. TRANSPORT package

evaluates gas mixture properties from these pure species properties by certain mixture

averaging rules [38, 89]. The mixture averaged viscosity is determined by

µ =
N

∑
k=1

Xkµk

∑N
j=1 X jΦk j

(3.117)

where,

Φk j =
1√
8

(

1+
Wk

Wj

)−1/2
[

1+

(

µk

µ j

)1/2(Wk

Wj

)1/4
]2

. (3.118)
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The mixture diffusion coefficient for species k is computed as

Dkm =
1−Yk

∑N
j 6=k X j/D jk

. (3.119)

The mixture-averaged thermal conductivity λ is evaluated using an averaging formula

that combines the values of individual pure species, λk [38]:

λ =
1
2





N

∑
k=1

Xkλk +

(

N

∑
k=1

Xk

λk

)(−1)


 . (3.120)
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CHAPTER 4

METHANE-AIR CHEMICAL REACTION
MECHANISMS

4.1 General

The purpose of this chapter is to describe the methane-air reaction mechanisms

utilized in the present study. The mass production rate, ω̇k, for the kth species

appearing in energy and species equations can be evaluated using an Arrhenius

reaction rate model based on a reaction mechanism. Reaction mechanisms may

involve only a few steps (i.e., elementary reactions) or as many as several hundred.

For example, methane combustion mechanism evolved in the period of 1970-1982,

from less than 15 elementary step with 12 species to 146 elementary step with 144

reversible reactions and 33 species [90]. Presently, a full GRI-Mech version 3.0

mechanism containing 325 elementary chemical reactions of 53 species exists for

methane-air system [91]. On the other hand, the addition of detailed mechanism

with large number of species makes the solution practically difficult or impossible.

Furthermore, the purpose of using detailed chemistry usually lies in the prediction of

minor species and other radicals. In this study, only simplified chemistry models are

utilized to avoid excessive CPU consumption required by detailed chemistry while

still allowing the use of finite-rate kinetics in the code developed within the scope of

this thesis.

In order to investigate the performance of the code in the presence of combustion,

both infinite- and finite-rate reaction models available in the literature were employed.

The flame-sheet approximation was used as an infinite-rate reaction model in which

a single equation (conserved scalar) is solved for both energy and species equations.
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For finite-rate chemistry 1-, 2-, 5- and 10-step reaction mechanisms for methane-air

combustion were selected.

4.2 Infinite-Rate Reaction Mechanism: Flame-Sheet Model

In diffusion type flames, the burning rate is controlled by the rate which the fuel and

the oxidizer are brought together in the proper proportions. In the flame-sheet model,

the chemical reactions are described with a single one-step irreversible reaction

corresponding to infinitely fast conversion of reactants into stable products. This

reaction is assumed to be limited to a very thin exothermic reaction zone located at the

locus of stoichiometric mixing of fuel and oxidizer, where temperature and products

of combustion are maximized. This assumption results in absence of fuel in oxidizer

side and oxidizer in the fuel side. Details of the flame-sheet model can be found

elsewhere [1, 41, 90]. However, for the sake of clarity, it will briefly be summarized

below.

In the presence of inert gas (N), overall irreversible reaction of fuel (F) and oxidizer

(X) to form product (P) can be written as

νFF +νX X +N → νPP+N, (4.1)

where νF , νX and νP are the stoichiometric coefficients of species i. To further

simplify the governing equations, it is assumed that i) thermal diffusion is negligible,

ii) the specific heats, Cp and Cp,k (k = F,X ,P,N), are constant, iii) the ordinary mass

diffusion velocities obey Fick’s law, iv) the Lewis number of all the species are equal

to unity.

With these approximations, the energy equation and the species equations take the

similar forms. By introducing mixture-fraction approach, one can derive source free

convective-diffusive equation for a single conserved scalar

ρ
∂S
∂t

+ρv ·∇S = ∇ · (ρD∇S). (4.2)

The temperature and the stable major species profiles can be obtained from the

solution of the conserved scalar equation coupled to the flow fields equations. In
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primitive variables, where r and z denote radial and axial coordinates, conserved

scalar equation can be written as follows:

∂S
∂t

+u
∂S
∂z

+ v
∂S
∂r

= D

(

∂2S

∂r2 +
1
r

∂S
∂r

+
∂2S

∂z2

)

+

(

∂S
∂r

)

∂D
∂r

+

(

∂S
∂z

)

∂D
∂z

. (4.3)

The advantage of the flame-sheet model is its ability to recover the temperature and

major species profiles from the conserved scalar solution. Denoting variables at the

flame front with subscript f , the location of the flame front at the axial coordinate z is

determined by the following expression

S f =
YXO

YXO + WX νX
WFνF

YFI

(4.4)

where the subscript I and O refer to the inner jet and the outer jet, respectively.

The following expressions are used for the determination of temperature and species

mass fractions on the fuel and oxidizer sides of the flame.

On the fuel side:

T = TIS +

[

TO +YXO

Q
Cp

WFνF

WX νX

]

(1−S), (4.5)

YF = YFI S +YXO

WFνF

WX νX
(S−1), (4.6)

YX = 0, (4.7)

YP = YXO

WPνP

WX νX
(1−S), (4.8)

YN = YNO(1−S)+YNI S. (4.9)

On the oxidizer side:

T = TO(1−S)+

[

YFI

Q
Cp

+TI

]

S, (4.10)

YF = 0, (4.11)
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YX = YXO(1−S)+YFI

WX νX

WFνF
S, (4.12)

YP = YFI

WPνP

WFνF
S, (4.13)

YN = YNO(1−S)+YNI S. (4.14)

In the case of two products, product mass fractions YP1 and YP2 can be determined by

YP1 =

(

WP1νP1

WP1νP1 +WP2νP2

)

YP, (4.15)

YP2 =

(

WP2νP2

WP1νP1 +WP2νP2

)

YP. (4.16)

Momentum equations (3.64), (3.65) and conserved scalar (4.3) are solved together

for the velocities and conserved scalar. For a calculated profile of the conserved

scalar, the Equations (4.5)-(4.16) are utilized to obtain solutions for temperature T

and species concentrations YF , YX , YP and YN .

Recalling that all the Lewis numbers are equal to unity, mixture diffusivity is

calculated by D = λ/ρCp. The heat release parameter Q/Cp can be determined from

an estimate of the peak temperature (e.g., from an experiment) or from the heat of

combustion and a representative heat capacity.

As mentioned above, conserved scalar equation is solved together with momentum

equations. Initial and boundary conditions for momentum equations have already

been given in Table 3.2 and those for conserved scalar are listed in Table 4.1. At the

fuel inlet Sin has the value of 1, at the oxidizer inlet Sin is 0. Before the sudden start

of the flow (t = 0), a zero velocity field is prescribed in the entire domain filled with

room temperature air. Initial conserved scalar field is set to 0 due to presence of air

everywhere. At the fuel and oxidizer inlet uniform velocity profiles are prescribed.
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Table 4.1: Initial & boundary conditions for conserved scalar

IC : @ t = 0, ∀z∧∀r; S = So,

BC 1 : @ the center, ∀z∧∀t; ∂S/∂r = 0,

BC 2 : @ the walls, ∀z∧∀t; S = 0,

BC 3 : @ the inlet, ∀r∧∀t; S = Sin,

BC 4 : @ the outlet, ∀r∧∀t; ∂2S/∂z2 = 0.

4.3 Finite-Rate Reaction Mechanisms

For a total M number of reversible elementary reactions with N chemical species, the

general form of a single arbitrary chemical reaction may be written as

N

∑
k=1

νR
jkXk ⇀↽

N

∑
k=1

νP
jkXk, j = 1,2, ...,M, (4.17)

where νR
jk and νP

jk are the stoichiometric coefficients on the reactants and products side

of the equation, respectively, for the kth species in the jth reaction and Xk represents

the chemical symbol for the kth species. The net production rate ω̇k for the kth species

is the summation of the rate of progress for all reactions involving the kth species:

ω̇k =
M

∑
j=1

(νP
jk −νR

jk)q j. (4.18)

The rate of progress, q j, for jth reaction is given by the difference of the forward rates

minus the reverse rates:

q j = k fj

N

∏
k=1

[Xk]
νR

jk − kbj

N

∏
k=1

[Xk]
νP

jk
. (4.19)

where [Xk] denotes the molar concentration of the kth species in the mixture and k fj

and kbj are the rate constants for the forward and reverse rate constants of the jth

reaction, respectively. The forward rate constants are expressed by the following

semi-empirical relation based on Arrhenius law:

k fj = A jT
β j exp

(−Ea, j

RT

)

. (4.20)

where A j, β j and Ea, j are the pre-exponential factor, the temperature exponent and the

activation energy, respectively. These three parameters are usually determined from

the experiments.
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The reverse rate constants are usually expressed in terms of the forward rate constants

and the equilibrium constants, Ke, j, as

kbj =
k fj

Ke, j
. (4.21)

Equilibrium constants are determined by thermodynamic measurements and

calculations.

Detailed simulation of reacting flows relies on complete reaction mechanisms

including many elementary reactions illustrated by Equation (4.17). However, such

complete mechanisms are too complex to be used in detailed multi-dimensional

computational studies. Considerable amount of computational time is required to

calculate the chemical species concentrations involved in the detailed chemistry as the

incorporation of multi-step chemistry requires the solution of a large set of extremely

stiff equations resulting from the fact that each of the component reactions occurs at

vastly different time scales. Moreover, it is well known that many chemical steps

are not relevant for specific conditions. Therefore, it is desirable to reduce the

total number species and chemical reaction steps in order to keep to computations

manageable and hence, a huge literature has been devoted to reduction of complete

methane-air mechanisms [92–97]. Three different techniques are used to simplify

detailed reaction mechanisms: quasi-steady states, partial equilibrium and sensitivity

analysis.

The quasi-steady state assumption relies on the fact that the rates of production

and consumption of some very reactive intermediate species are equal. These

rates generally involve different elementary reactions. Using quasi-steady state

assumption, the corresponding intermediate radicals can be removed from the original

complete mechanism and replaced by implicit relations. In the case of partial

equilibrium, it is assumed that the reaction rates of a sub-set of forward and backward

elementary reactions are so fast that one obtains partial equilibria for these reactions.

In this case, direct algebraic relations may be derived for concentrations of the

species involved in these reactions and replace the classical equations. Finally,

sensitivity analysis identifies the rate-limiting reaction steps. This is done by changing
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slightly the input value of one parameter and computing how the final concentrations

are affected by this change. Of course, for very large complete mechanisms, this

procedure should be automated. The information gained in this way can be used to

eliminate unimportant or irrelevant information and generate a simplified mechanism.

An example of using steady-state and partial equilibrium approximations for

calculating the rate of production of NO using Zel’dovich mechanism [90] with

partially-equilibrated reaction of O2 is discussed below. The reactions can be written

as

O+N2 → N +NO (R1), (4.22)

N +O2 → O+NO (R2), (4.23)

O2 ⇀↽ 2O (R3). (4.24)

Using the Equation (4.18), the net production rates of NO and N can be written as

ω̇NO = k fR1[N2][O]+ k fR2[O2][N] (4.25)

and

ω̇N = k fR1[N2][O]− k fR2[O2][N]. (4.26)

In this mechanism N is formed by a slow endothermic reaction, (R1), and removed

by a fast exothermic reaction, (R2). This implies that the steady-state approximation

can be applied to N and hence,

d
dt

[N] = 0. (4.27)

Then, Equation (4.26) can be rewritten for steady concentration of N as

[N] =
k fR1[N2][O]

k fR2[O2]
. (4.28)

Substitution of Equation (4.28) into Equation (4.25) for net rate of NO leads to

ω̇NO = k fR1[N2][O]+ k fR2[O2]
k fR1[N2][O]

k fR2[O2]
(4.29)

or

ω̇NO = 2k fR1[N2][O]. (4.30)
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By steady-state approximation, the rate of second reaction (R2) is excluded and the

species N is eliminated from the mechanism.

The final reaction (R3) is assumed to be in partial equilibrium so that both its forward

and backward rates are equal and very much faster than those of the other reactions.

Therefore, the rate expression for reaction (R3) becomes

k fR3[O2] = kbR3 [O]2. (4.31)

The net production rate of O can be written as

[O] =

(

k fR3

kbR3

[O2]

)1/2

. (4.32)

Replacing [O] in Equation (4.30) by Equation (4.32) leads to a final equation for net

production rate of NO:

ω̇NO = 2k fR1[N2]

(

k fR3

kbR3

[O2]

)1/2

. (4.33)

The reduced mechanism resulting from the application of steady-state and partial

equilibrium approximations to reactions (R1) to (R3) is

N2 +O2 → 2NO. (4.34)

As this simple example illustrates, deployment of the steady-state and partial

equilibrium approximations leads to elimination of many species from the reaction

rate expressions by relating their concentrations to those of other species. However, in

more complicated chemical systems, employment of these approximations to develop

reduced mechanisms requires considerable human time and skill due to a large

number of species and elementary reaction steps. Therefore, many studies focused

on development of computer algorithms that automatically constructs reduced

mechanisms [97–99].

Global (one-step) and quasi-global (two-step) mechanisms are sometimes used

to specify the overall kinetics. These mechanisms represent the stoichiometric

relations among the major species including fuel, oxidizer and the most stable
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combustion products. Basic information related to flow and chemistry, such as peak

temperature and major species profiles, can be obtained relatively accurately with

these mechanisms.

4.3.1 One-Step Reaction Mechanisms

As a starting point to the incorporation of finite chemistry model, one-step, global

reaction for a methane-air system with a inert gas (N2) is considered:

CH4 +2O2 +N2 → 2H2O+CO2 +N2. (4.35)

Three different one-step models available in the literature were tested. These models

are briefly described below.

Model 1:

Khalil et al. [100] studied turbulent combustion in furnaces for which experimental

data for velocity and temperature are available. Turbulence and combustion were

modeled by two-equation turbulence and one-step chemistry models, respectively.

The rate of fuel consumption for the one-step methane-air mechanism used in [100]

is given by

−ω̇ f u = ρ2Yf uYoxAexp(−Ea/RT ) (4.36)

where ρ is density, fu fuel, ox oxidizer, Y mass fraction, A = 1010 m3/kg·s and Ea/R =

1.84×104 K. The code developed in the present study is based on cgs units. Therefore,

the pre-exponential factor, A, was converted to cgs units as 1013 cm3/g·s.

When their predictions were compared with the experimental data, it was found that

the results are in good agreement with measurements but that deficiencies still remain.

It was concluded that the agreements are sufficient to justify calculations for many

engineering purposes.

Model 2:

Westbrook and Dryer [94] examined simplified reaction mechanisms for the oxidation

of hydrocarbon fuels using a numerical laminar flame model. Reaction rate
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Table 4.2: Reaction rate parameters for Equation (4.37)

A E
a b

(cm3/gmol)1−(a+b)s−1 kcal/gmol

Set 2 1.3×108 48.4 -0.3 1.3

Set 3 6.7×1012 48.4 0.2 1.3

parameters of single step mechanisms were determined to provide the best agreement

between the computed and experimental laminar flame speeds. A general rate

expression of the single step reaction is given by [94] as follows:

kov = AT n exp(−Ea/RT )[Fuel]a[Oxidizer]b. (4.37)

A simple procedure was followed to evaluate the parameters in the overall rate

expression. Values are assumed for the concentration exponents a and b. Then with

n set to zero and Ea, a and b held fixed, the pre-exponential A is varied until the

model correctly predicts the flame speed for an atmospheric pressure, stoichiometric

methane-air mixture. Table 4.2 provides the reaction parameters leading to the best

agreement between the model and experiment. Results obtained by the use of these

parameters for a 1-D premixed flame showed that the best choice of rate parameters

suitably reproduces rich and lean flammability limits. It was concluded that none of

the simplified mechanisms studied accurately describes the chemical structure of the

flame itself.

Examination of parameters in Table 4.2 shows that the fuel concentration exponent

for CH4 has a negative value in Set 2. From a numerical point of view, this

creates problems since the rate of methane consumption increases without limit as the

methane concentration approaches zero. Therefore, Set 3 was utilized as the single

step reaction rate parameters in this thesis study.

Model 3:

The time-dependent flame response to interaction between a pair of counter rotating

fuel vortices and an initially, planar, laminar, unstrained flame was studied by Hsu
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and Mahalingam [101] using reduced mechanisms. The rate of fuel consumption for

one step methane-air reaction mechanism is given by

−ω̇ = Bexp(−Ea/RT )[CH4][O2] (4.38)

where B = 5.20×1013 cm3/gmol·s and Ea = 123.98 kJ/gmol.

A detailed examination of the unsteady flame structure by Hsu and Mahalingam [101]

showed that several transient features of a flame-vortex interaction can be successfully

captured by three- and four-step mechanisms, but not the one-step mechanism due

to the inherent limitations of the scheme. The one-step methane-air mechanism was

found to be computationally more efficient than flames modeled using three- and four-

step mechanisms. Finally, it was stated that one-step mechanism failed to predict the

flame structure correctly under steady and unsteady laminar conditions.

4.3.2 Two-Step Reaction Mechanism

Pember et al. [66] presented an adaptive projection algorithm for modeling unsteady,

low-Mach number reacting flow in an unconfined region, using reduced chemistry

and an assumed Lewis number of one. The following two-step methane-air reaction

mechanism was used:

CH4 +(3/2)O2 →CO+2H2O (4.39)

CO+(1/2)O2 ↔CO2. (4.40)

Two different expressions for the rate of CH4 oxidation were considered. The first

expression is:

(I) − d[CH4]

dt
= 1014.49T 0.5 exp(−Ea/RT )[CH4][O2] (4.41)

where Ea = 39 895 cal/gmole, and the second one,

(II) − d[CH4]

dt
= 1013.2 exp(−Ea/RT )[CH4]

0.7[O2]
0.8 (4.42)

where Ea = 48 400 cal/gmole. The following rate expression was used for the forward

oxidation step for CO

(III) − d[CO]

dt
= 1014.6 exp(−Ea/RT )[CO][H2O]0.5[O2]

0.25, (4.43)
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and the following was used for the reverse rate

(IV ) − d[CO2]

dt
= 5×108 exp(−Ea/RT )[CO2] (4.44)

where Ea = 40 000 cal/gmole. Rate expressions have the units of gmole/cm3s.

This two-step mechanism was applied to three test cases, two steady and one

flickering unconfined flames. It was reported that the computed temperatures were

higher than those reported elsewhere for the same flows. They speculated that the

high temperatures might be due to the use of reduced kinetics mechanism and/or

species-independent mass diffusivities. It was found that for the CH4 oxidation

Equation (4.41) provides more accurate results. Therefore, in the present study

Equation (4.41) was chosen for the oxidation step. Based on the reaction steps (I),

(III) and (IV ), rates of species are determined by the following equations:

ω̇CH4 = +ω̇I (4.45)

ω̇O2 = +1.5ω̇I +0.5ω̇III −0.5ω̇IV (4.46)

ω̇H2O = −2ω̇I (4.47)

ω̇CO = −ω̇I + ω̇III − ω̇IV (4.48)

ω̇CO2 = −ω̇III + ω̇IV . (4.49)

4.3.3 Reduced Five- and Ten-Step Reaction Mechanisms

An interactive Computer Assisted Reduction Mechanism (CARM) code was

developed by Chen [99] for automatic generation of reduced chemistry with the ability

to produce source codes compatible with CHEMKIN package. CARM automates

the following basic procedure of generating a reduced mechanism: (i) Identification

of a short mechanism containing only the most essential species and reactions.

(ii) Identification of appropriate steady-state approximations. (iii) Elimination of

reactions through use of the algebraic equations obtained in the previous step. (iv)

Solution of the coupled and non-linear set of algebraic equations obtained in the

previous step to find the reaction rates of the remaining species. CARM uses

an existing detailed mechanism and produces FORTRAN source code needed for

computing the reaction rates, which can be linked to CHEMKIN package.
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4.3.3.1 Five-Step Mechanism

Using CARM code Mallampalli et al. [102] developed a five-step global methane-

air mechanism from a skeletal mechanism based on the full GRI-Mech version

2.11 mechanism containing 277 elementary chemical reactions of 49 species. The

resulting 5-step global mechanism containing 9 species, H2, O2, OH, H2O, CH4, CO,

CO2, NO and N2, is shown below:

(I) 3H2 +O2 +CO2 ⇀↽ 3H2O+CO (4.50)

(II) H2 +2OH ⇀↽ 2H2O (4.51)

(III) 3H2 +CO ⇀↽ H2O+CH4 (4.52)

(IV) H2 +CO2 ⇀↽ H2O+CO (4.53)

(V ) 3H2 +CO2 +2NO ⇀↽ 3H2O+CO+N2 (4.54)

The global rates of the above 5 reactions are functions of both the rate constants

and the species present in the skeletal mechanism generated from the full GRI 2.11

mechanism. These global reaction rates are determined assuming that the species

C2H, H2CN, HCNN, C2H3, C2H5, C, CH3O, CH, CN, N, C2H6, NH, HCCO, NNH,

CH2OH, NH2, HCCOH, CH2(S), NCO, C2H2, HOCN, C2H4, HNO, HCO, CH2CO,

NO2, CH2, CH3OH, H2O2, HCNO, HO2, HNCO, HCN, CH2O, CH3, N2O, H, and O

are at steady-state. The (V ) global step incorporates the total NOx formed including

thermal NOX , prompt NOX and NOX formed via the nitrous oxide pathway.

The derived 5-step mechanism was tested by Mallampalli et al. [102] on perfectly

stirred reactor (PSR) and premixed code calculations by comparing its predictions

with full chemistry. It was found that predictions of temperature, CO, CH4 and

NO by 5-step global mechanism agree within 5 percent of the predictions of the

full GRI 2.11 mechanism in considerably less CPU times. It was concluded that

5-step global mechanism appears to be a promising reduced mechanism which can be

utilized in multi-dimensional codes.

The source code produced by CARM for 5-step global mechanism is fully compatible

with CHEMKIN and hence it was easily incorporated into the present code. The
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source code is available in the web site: http://www.et.byu.edu/∼tom/Papers/Hemant-

WSS96/WSS.html.

4.3.3.2 Ten-Step Mechanism

Chen [99] has developed 10-step global methane-air mechanism to cover a wide range

of flame conditions including rich combustion and auto-ignition using CARM code

mentioned above. The global steps containing 14 species, H, H2, O2, OH, H2O, CH3,

CH4, CO, CO2, CH2O, C2H2, C2H4, C2H6 and N2, is shown below:

(I) O2 +2CH3 +C2H4 ⇀↽ H +2CH4 +CO2 +1/2C2H2 (4.55)

(II) O2 +2CH3 ⇀↽ H2 +CH4 +CO2 (4.56)

(III) O2 +3CH3 ⇀↽ H +2CH4 +CO2 (4.57)

(IV ) O2 +CH3 +CO ⇀↽ H +CO2 +CH2O (4.58)

(V ) O2 +CO+C2H6 ⇀↽ CH4 +CO2 +CH2O (4.59)

(V I) O2 +2CO ⇀↽ 2CO2 (4.60)

(VII) H +O2 +CO ⇀↽ OH +CO2 (4.61)

(VIII) H2 +O2 +CO ⇀↽ H +OH +CO2 (4.62)

(IX) O2 +H2O+CO ⇀↽ 2OH +CO2 (4.63)

(X) O2 +1/2C2H2 ⇀↽ H +CO2 (4.64)

The derived 10-step reduced mechanism has been extensively tested on the prediction

of a wide range of flame phenomena including general flame characteristics,

flame extinction limits, flame propagation speeds and auto-ignition delay times

[99]. Comparison of the results obtained by reduced and the full GRI 2.11

mechanisms showed favorable agreement. The source code of 10-step global

mechanism was obtained from the web site http://firebrand.me.berkeley.edu/reduced/

and incorporated into the present code for the flame simulations.
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CHAPTER 5

NUMERICAL SOLUTION TECHNIQUE

5.1 General

Numerical analysis of large-scale scientific and engineering problems has gained

significant interest in the last two decades due to advancements in the processing

and storage capabilities of modern computers. Several numerical techniques and

computational schemes have been proposed for the solution of partial differential

equations (PDEs) governing the transport processes in these systems. Among these

techniques method of lines (MOL) [103], which is a semi-discrete method, has

proven to be a very accurate and efficient approach for a diverse range of applications

including unsteady isothermal/non-isothermal, laminar/turbulent flows [27,29,30,32,

34, 35] and radiative heat transfer [104–107]. MOL, the superiority of which over

finite difference (FD) method had already been proven [26], enables explicit/implicit

solutions with higher-order approximations in temporal discretization and provides

the flexibility in utilization of well established difference schemes for spatial

discretization without additional effort in formulation. Hence, in the present study, the

governing equations are solved using the MOL technique. In the following sections,

the MOL is described.

5.2 The Method of Lines

The method of lines, consists of converting the system of partial differential

equations (PDEs) into an ODE initial value problem by discretizing the spatial

derivatives together with the boundary conditions via Taylor series, or weighted

residual techniques and integrating the resulting ODEs using a sophisticated ODE

solver which takes the burden of time discretization and chooses the time steps

in such a way that maintains the accuracy and stability of the evolving solution.
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The most important advantage of the MOL approach is that it has not only the

simplicity of the explicit methods but also the superiority (stability advantage) of

the implicit ones unless a poor numerical method for the solution of ODEs is

employed. The advantages of the MOL approach are two-fold. First, it is possible

to achieve higher-order approximations in the discretization of spatial derivatives

without significant increases in computational complexity, and without additional

difficulties with boundary conditions. Second, the use of highly efficient and reliable

initial value ODE solvers means that comparable orders of accuracy can also be

achieved in the time integration without using extremely small time steps.

In fact, many existing numerical algorithms for transient PDEs can be considered

as MOL algorithms. The most important difference of the MOL approach from

the conventional methods is that, in the MOL approach higher-order, implicit and

hence stable numerical algorithms for time integration are used. For the numerical

solution of the same PDE system, the MOL approach and the conventional methods,

in which a lower-order either explicit or implicit time-integration methods are used,

have the same system of ODEs as a result of spatial discretization. Therefore, stability

of the ODE problem should be satisfied not only for the MOL approach but also

for the conventional methods. However, note that satisfaction of the stability of

the ODE system as a result of spatial discretization does not necessarily mean that

the final solution as a result of time-integration will also be stable. So, in order

to have absolutely stable and accurate solutions, the first condition is to satisfy the

ODE problem stability, and the second one is to use sophisticated (higher-order and

implicit) time-integration methods. In this study, the first is provided by utilizing a

second-order TVD scheme based on Lagrange interpolation polynomial developed in

this thesis study, and the second, time integration, is achieved by using higher-order

and stable schemes embedded in quality ODE solvers, ROWMAP and LSODES.

5.3 Spatial Discretization

In the MOL approach, first the spatial derivatives in the system of PDEs together with

the boundary conditions are discretized using any spatial discretization technique.
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Available algorithms and library routines for one-dimensional discretization can be

applied to spatial derivatives in each direction on a dimension-by-dimension basis,

which makes the MOL flexible for utilization of various discretization schemes. The

treatment of the convective terms in the governing equations for time-dependent

convection-dominated flow and transport problems with propagating sharp fronts

and discontinuities is a matter of utmost importance due to spurious oscillations and

excessive numerical diffusion in the solutions produced by the standard discretization

schemes used not only in MOL [103,108] but also conventional methods [109,110]. A

numerical scheme for solving strongly convected problems should be consistent with

the direction of propagation of information. Central difference schemes do not always

follow the proper flow information throughout the flow field. In smooth region of the

flow, where the flow variables can be considered as continuous, the central schemes

with any order of accuracy can be applied. On the other hand, when discontinuities

exist in the flow, such as flame propagation, these schemes cause undesirable severe

oscillations around the discontinuity. This problem gives rise to upwind methods in

which the information for each variable is obtained by looking in the direction from

which this information should be coming.

The upwind methods use a one-sided approximation to the first derivatives instead of

the centered approximation. In the first-order upwind methods, a monotone variation

can be achieved for the numerical solution in the vicinity of discontinuities. However,

these first-order schemes are diffusive and tend to smooth the solution. Second-order

upwind schemes give much better accuracy on smooth solutions by diminishing the

diffusive character of the solution, but they introduce dispersive effects that lead

to large oscillations in the vicinity of discontinuities similar to that encountered in

second-order central difference schemes. Even the use of higher-order schemes do

not decrease the oscillations. Attempts have been made to remove these spurious

oscillations by combining both centered and upwind schemes called biased-upwind

difference schemes [103]. This approach was successfully applied to the MOL

solution of flow and radiative heat transfer problems [29,32,111,112]. Furthermore, a

class of more sophisticated discretization schemes referred to as high-resolution total
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variation diminishing (TVD) schemes have proven to be monotonicity preserving and

accurate methods for convection-dominated problems solved by both MOL [107,108]

and conventional methods [109, 110, 113]. High-resolution schemes are based on

preventing the generation of oscillations and undesired over- and under-shoots around

the discontinuities, by introducing non-linear correction factors, called flux limiters.

These schemes enable use of high-order accurate upwind schemes and yet produce

well resolved non-oscillatory solutions satisfying the TVD condition. A numerical

scheme is said to be TVD if the total variation does not increase in time. That is,

TV (un+1) ≤ TV (un) (5.1)

where TV (un) is the total variation of the numerical solution at a time level tn written

as follows

TV (un) = ∑
i
|ui+1−ui|. (5.2)

Here ui stand for the approximate solutions at mesh nodes xi. Any numerical scheme

that causes oscillations does not satisfy the TVD.

In the present study, a second-order TVD scheme based on Lagrange interpolation

polynomial was developed for the discretization of convective terms in non-uniform

grid applications as well as uniform ones. In 1991, Yang [114] proposed a third-

order FD scheme by utilizing Lagrange’s formula with van Leer’s smoothness

monitors and tested on Euler equations of gas dynamics in general curvilinear

coordinates. Numerical results obtained by this scheme for steady and unsteady

problems with strong shocks demonstrated its stability and high-resolution of flow

fields. The contribution of the scheme developed in the present study over that of

Yang [114] is that present scheme can be applied to problems in which non-uniform

grid distribution has to be utilized. Such a requirement is commonly encountered

in the presence of local steep gradients and in the complex geometries. The

performances of the classical and TVD based FD schemes, higher-order Lagrange

interpolation polynomial based schemes and the proposed scheme were investigated

on the MOL solution of a simple one-dimensional convective flow. In the following
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subsections difference schemes investigated in the present study are described briefly.

Formulations for 1-D discretization are presented for positive x-direction.

5.3.1 Finite Difference Schemes

Finite difference schemes are derived by using the well-known Taylor series, the

mathematical basis for the approximation of polynomials in numerical analysis. In

the present study, four different finite difference schemes applicable to uniform grid

spacing were investigated. These are presented below.

2-point (first-order) upwind FD scheme is given by

∂u
∂x

∣

∣

∣

∣

i
=

ui−ui−1

∆x
. (5.3)

3-point (second-order) upwind FD scheme can be written as follows

∂u
∂x

∣

∣

∣

∣

i
=

3ui −4ui−1 +ui−2

2∆x
. (5.4)

3-point (second-order) centered FD scheme is

∂u
∂x

∣

∣

∣

∣

i
=

ui−1 −2ui +ui+1

2∆x
. (5.5)

3-point (second-order) FD based TVD scheme with flux limiter is given below

∂u
∂x

∣

∣

∣

∣

i
=

ui−ui−1

∆x
+

1
2∆x

[Ψi(ui−ui−1)−Ψi−1(ui−1 −ui−2)] . (5.6)

The first term on the right hand side of Equation (5.6) is the first-order accurate

monotone scheme. The second term represents the extension of the numerical flux

to second-order accuracy via a non-linear limiting function Ψ. The limiters Ψ are

defined as a function of ratios of consecutive variations given by

ri =
ui+1 −ui

ui −ui−1
. (5.7)

Equation (5.6) can be rearranged as follows

∂u
∂x

∣

∣

∣

∣

i
=

Fi −Fi−1

xi − xi−1
(5.8)
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where

Fi = ui +
Ψi

2
(ui−ui−1) and Fi−1 = ui−1 +

Ψi−1

2
(ui−1−ui−2). (5.9)

Among various limiter functions available in the literature [109, 113], van Leer and

Superbee flux limiters, which are second and third-order accurate in smooth regions,

respectively, were tested by Ayranci and Selçuk [107] on MOL solution of discrete

ordinates method for solution of the 3-D transient radiative heat transfer equation. Van

Leer flux limiter was found to provide stable, accurate and more efficient solutions.

Hence, in this study, van Leer flux limiter was utilized for the limiting function given

by

Ψi =
ri + |ri|
1+ |ri|

. (5.10)

5.3.2 Lagrange Interpolation Polynomial based Difference Schemes

Lagrange interpolation polynomial makes it possible to investigate the solutions of

the governing equations by a higher-order discretization scheme on both uniform

and non-uniform grid topologies. In the present study, a new TVD scheme based

on Lagrange interpolation polynomial was tailored for non-uniform grid applications

using flux limiter concept. The details of the derivation can be found in Appendix A.

The resulting schemes for upwinding and downwinding are given by the Equation

(A.34)

∂u
∂x

∣

∣

∣

∣

i
=

ui −ui−1

xi − xi−1
+

1
xi − xi−2

[

Ψi(ui−ui−1)−Ψi−1
xi − xi−1

xi−1 − xi−2
(ui−1−ui−2)

]

(5.11)

and Equation (A.35), respectively:

∂u
∂x

∣

∣

∣

∣

i
=

ui−ui+1

xi− xi+1
+

1
xi − xi+2

[

Ψi(ui−ui+1)−Ψi+1
xi − xi+1

xi+1 − xi+2
(ui+1 −ui+2)

]

.

(5.12)

The limiters Ψ are function of ratios of consecutive variations given by the Equation

(A.36)

ri =
(ui+1 −ui)/(xi+1− xi)

(ui−ui−1)/(xi− xi−1)
(5.13)

for upwind scheme, and Equation (A.37)
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ri =
(ui−1 −ui)/(xi−1− xi)

(ui−ui+1)/(xi− xi+1)
(5.14)

for downwind scheme, respectively.

It can be noted that Equations (5.13) and (5.14) account for the non-uniform grid

distribution as opposed to Equation (5.7). For flux limiter Ψ, van Leer (Equation

(5.10)) is considered.

In the present study, 5-point (fourth-order) discretization schemes based on Lagrange

interpolation polynomial were also investigated. If n in Equation (A.4) is set to 5, then

it becomes representation of derivative of u by fourth-order Lagrange interpolation

polynomial, i.e,

∂u
∂x

∣

∣

∣

∣

x
=

[(x− x2)(x− x3)(x− x4)+(x− x2)(x− x3)(x− x5)
+(x− x2)(x− x4)(x− x5) +(x− x3)(x− x4)(x− x5)]

(x1 − x2)(x1 − x3)(x1− x4)(x1 − x5)
u1

+

[(x− x1)(x− x3)(x− x4)+(x− x1)(x− x3)(x− x5)
+(x− x1)(x− x4)(x− x5) +(x− x3)(x− x4)(x− x5)]

(x2 − x1)(x2 − x3)(x2− x4)(x2 − x5)
u2

+

[(x− x1)(x− x2)(x− x4)+(x− x1)(x− x2)(x− x5)
+(x− x1)(x− x4)(x− x5) +(x− x2)(x− x4)(x− x5)]

(x3 − x1)(x3 − x2)(x3− x4)(x3 − x5)
u3

+

[(x− x1)(x− x2)(x− x3)+(x− x1)(x− x2)(x− x5)
+(x− x1)(x− x3)(x− x5) +(x− x2)(x− x3)(x− x5)]

(x4 − x1)(x4 − x2)(x4− x3)(x4 − x5)
u4

+

[(x− x1)(x− x2)(x− x3)+(x− x1)(x− x2)(x− x4)
+(x− x1)(x− x3)(x− x4) +(x− x2)(x− x3)(x− x4)]

(x5 − x1)(x5 − x2)(x5− x3)(x5 − x4)
u5. (5.15)

Substitution of x = x1, x = x2, x = x3, x = x4 and x = x5 into Equation (5.15) gives

fourth-order downwind, biased-downwind, centered, biased-upwind and upwind

difference schemes based on Lagrange interpolation polynomial, respectively. Details

can be found in [28, 29, 32].
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5.3.3 Discretization of Convective Terms

The discretization of convective terms in the governing equations requires particular

consideration when the flow field has recirculation zones. Inappropriate discretization

of these terms leads to an unstable ODE problem for both conventional and MOL

algorithms. This bottleneck is alleviated by tailoring an adaptive stencil scheme

which employs directional differentiation. Hence, in the present study, an adaptive

spatial discretization scheme which decides whether to use upwind or downwind

discretization in a zone-of-dependence manner for the approximation of convective

terms [29] is utilized. The adaptive stencil scheme is accommodated into the code

as follows. The code checks the signs of the coefficients (ú, v́, ù, v̀, u, v) of the

convective derivatives ( ∂u
∂z , ∂u

∂r , ∂T
∂z , ∂T

∂r , ∂Yk
∂z , ∂Yk

∂r ) and decides whether an upwind

or downwind discretization scheme is to be used. If the coefficient is positive,

discretization of convective derivatives are carried out by an upwind scheme as the

information is gathered from the upstream direction. If the coefficient is negative, a

downwind scheme is used as the zone of dependence is downstream of the point under

consideration. Implementation of this procedure into the computer code is performed

by writing convective derivatives as follows

∂φ
∂ x̄

∣

∣

∣

∣

i
=

C
2

[

(1− εC)
∂φ
∂ x̄

∣

∣

∣

∣

d
+(1+ εC)

∂φ
∂ x̄

∣

∣

∣

∣

u

]

(5.16)

where φ is the pseudo one-dimensional dependent variable at any point along the

x̄ direction at any time. C denotes the coefficients of the convective derivatives.

Subscripts d and u denote downwind and upwind stencils, respectively, and

εC = sign(C) =
C
|C| . (5.17)

In the present study, spatial derivatives near and at the boundaries were evaluated by

the first-order approximation irrespective of the order of scheme.

5.3.4 Discretization of Diffusive Terms

Diffusive terms appearing in the governing equations include second-order derivatives

of the dependent variables. Since they correspond to diffusive effects, they are
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always centrally discretized [109]. One approach in approximating a second-order

derivative is the stagewise differentiation of the first-order derivatives [103]. In the

present study this approach is followed for evaluation of diffusion terms by stagewise

differentiation of first-order centered derivatives obtained from fourth-order centered

scheme based on Lagrange interpolation polynomial. Hence, more accurate solutions

can be obtained by high-order discretization of diffusive terms.

5.4 Time Integration

In Section 5.3 the first step, spatial discretization in the MOL solution of the governing

equations, has been considered. In this section, the second step, time integration, will

be described in detail.

Substitution of the approximations of spatial derivatives into the governing equations

yields the following set of ODEs in time;

dφ̄
dt

= f
(

φ̄
)

, φ̄ = (φ1,φ2, . . . ,φNEQN) , (5.18)

where NEQN denotes the number of equations to be solved and φ̄ is a one-

dimensional dummy vector containing the dependent variables φ. The resulting

system with suitable initial and boundary conditions is integrated by any of the ODE

integration methods, e.g, explicit Euler’s method, Runge-Kutta method, Backward

Differentiation Formula (BDF), etc.

As mentioned before, the most important feature of the MOL approach is that it

has not only the simplicity of the explicit methods but also the superiority of the

implicit ones as the higher-order implicit time integration methods are employed in

the solution of the resulting stiff system of ODEs. The stiff ODE concept is well

established and various efficient and reliable stiff ODE solvers, having the advantage

of the use of variable time steps and order of the method, are available in the open

literature [103, 115–117]. However, it is very important to select a suitable one

considering type and dimension of the physical system, desired level of accuracy

and execution time. Therefore, in the present study, performances of various ODE

solvers were investigated on the flame-sheet problem. For this purpose, six ODE
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solvers, explicit RKF45, semi–implicit Runge–Kutta algorithm embedded in the ODE

solver ROWMAP, implicit Adams-Moulton and BDF methods embedded in the ODE

solvers LSODE, LSODES, LSODA and VODE were selected and tested in terms of

CPU time providing the same order of accuracy. The solvers are fully documented

elsewhere and will be discussed below briefly.

RKF45:

RKF45 is a higher-order non-stiff ODE solver based on the Runge-Kutta-Fehlberg

numerical integration algorithm [103]. The 45 indicates that a fourth-order Runge-

Kutta (RK) method is embedded in a fifth-order RK method. Essentially, a solution

to the ODEs is computed with the fourth-order RK algorithm, and also with the fifth-

order RK algorithm. The two solutions are then compared to estimate the error in the

numerical solution. If the estimated error exceeds the user specified error tolerance,

the solution is repeated with a smaller time step to improve the accuracy of the time

integration.

ROWMAP:

ROWMAP is based on the ROW-methods of order 4 and uses Krylov techniques for

the solution of linear systems [117]. By a special multiple Arnoldi process the order

of the basic method is preserved with small Krylov dimensions. Step size control is

done by embedding with a method of order 6.

LSODE:

LSODE (Livermore Solver for Ordinary Differential Equations) solves stiff and non-

stiff systems of the form dy/dt = f (t,y) [116]. In the stiff case, it treats the Jacobian

matrix d f/dy as either a dense (full) or a banded matrix, and as either user-supplied or

internally approximated by difference quotients. It uses Adams methods (predictor-

corrector) in the non-stiff case, and BDF methods (the Gear methods) in the stiff case.

The linear systems that arise are solved by direct methods (LU factor/solve). LSODE

supersedes the older GEAR and GEARB packages, and reflects a complete redesign

of the user interface and internal organization, with some algorithmic improvements.
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LSODES:

LSODES solves systems dy/dt = f and in the stiff case treats the Jacobian matrix

in general sparse form. It determines the sparsity structure on its own (or optionally

accepts this information from the user), and uses parts of the Yale Sparse Matrix

Package (YSMP) to solve the linear systems that arise. LSODES supersedes, and

improves upon, the older GEARS package.

LSODA:

LSODA solves systems dy/dt = f with a full or banded Jacobian when the problem is

stiff, but it automatically selects between non-stiff (Adams) and stiff (BDF) methods.

It uses the non-stiff method initially, and dynamically monitors data in order to decide

which method to use.

VODE:

VODE is a “Variable Coefficient Ordinary Differential Equation” solver based on

the implicit BDF formulas [115] and a successor of the LSODE. VODE uses the

variable-order, variable-coefficient Adams-Moulton method for non-stiff systems and

the variable-order, fixed-leading-coefficient BDF method for stiff systems.

5.5 Comparison of Spatial Discretization Schemes

In the preceding sections two stages of MOL approach, spatial discretization and time

integration, were described. In this section, a comparative evaluation of several spatial

discretization schemes is demonstrated on a simple one-dimensional convective flow

of a property (such as density, temperature) modeled by a well known scalar, linear

advection equation [103, 109, 113] using MOL approach. The linear advection

equation can be written as follows

∂u
∂t

+ v
∂u
∂x

= 0 (5.19)

Here u is the dependent variable, t and x are independent variables, time and space,

respectively, and v is the scalar velocity. Although Equation (5.19), which is a scalar,

linear, constant-coefficient PDE of hyperbolic type, seems to be a very simple PDE,

its numerical integration is one of the most difficult tasks in the field of numerical
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community. Equation (5.19) is subject to the following general initial and boundary

conditions:

IC : u(x,0) = f (x), (5.20)

BC : u(0, t) = g(t). (5.21)

A general solution to Equation (5.19) satisfying the above initial and boundary

conditions, is given by

u(x, t) = g(x− vt). (5.22)

When a step function is considered for the boundary condition, starting from the

boundary this step propagates with time either in positive or negative x−direction

depending on the sign of the velocity v. This yields advection of a finite discontinuity

in the domain of interest. Numerical solution of such a discontinuity becomes

challenging due to infinite slope at the discontinuity. In the present study accuracies

of space discretization schemes were examined on the solution of a square wave

produced by introducing two unit step changes at one boundary. The advection

equation was solved in one-dimensional domain Ω = [0, l] within the time interval

T = [0, t f ] for the following initial and boundary conditions.

IC : u(x,0) = 0, x ∈ Ω, (5.23)

BC : u(0, t) =











0, t ≤ t0
1, t0 < t ≤ t1 t, t0, t1 ∈ T

0, t > t1

. (5.24)

The scalar velocity v, length of the domain l, intermediate times t0 and t1, and final

time t f were set to 1, 3/2, 1/2, 1 and 3/2, respectively. By setting these values

a square wave can be produced at the center of the domain under consideration at

t = t f .

The spatial discretization schemes tested are the first- and second-order upwind,

second-order centered and flux limited FD schemes and second-order flux limited,
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Table 5.1: Summary of characteristics of spatial discretization schemes

Scheme Stencil Equation
Order of
accuracy

FD1UP (5.3) O(∆x)
FD2UP (5.4) O(∆x2)
FD2CT (5.5) O(∆x2)
FD2VL (5.6) O(∆x2)
LG2VL (5.11) O(∆x2)
LG4CT (5.15) with x = x3 O(∆x4)
LG4BU (5.15) with x = x4 O(∆x4)
LG4UP (5.15) with x = x5 O(∆x4)

fourth-order centered, biased-upwind and upwind schemes based on Lagrange

interpolation polynomial. Abbreviation, stencil, equation number and order of

accuracy of these schemes are presented in Table 5.1.

Explicit Euler’s method was used to provide identical time integration for each

difference scheme so that solutions are advanced at the same time steps. For the stable

time integration by explicit Euler’s method, however, a suitable time step selection is

required to satisfy CFL condition [109, 118]. Uniformly distributed 151 grid points

with a mesh size of ∆x = 0.01 was used and ∆t was set to 0.001 to satisfy CFL

requirement.

Numerical results computed using the spatial discretization schemes are presented in

Figures 5.1–5.8. In these figures the dotted lines denote the exact solutions and solid

lines the results of discretization schemes.

Figure 5.1 illustrates the numerical results of the second-order centered FD scheme.

As can be seen from the figure, centered scheme does not give an accurate

solution. Furthermore, it generates non-physical oscillations in the vicinity of

discontinuities. The reason for these spurious oscillations is that centered schemes

do not always distinguish the direction of physical propagation. In other words, the

flow of information is not recognized by the centered schemes and hence the use of

numerical information outside the domain of influence results in the generation of
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Figure 5.1: Comparison between exact and numerical solutions by second-order
centered FD scheme: Exact · · · · ·; FD2CT ——.

non-physical oscillations. Essentially, all the centered schemes produce undesirable

oscillations in the vicinities of discontinuities [118] while they can produce accurate

and non-oscillatory results in the smooth regions of the flow. This problem leads to

employment of upwind methods in which the direction of information is taken into

account. The upwind methods use a one-sided approximation to the first derivatives

instead of the centered approximation. Figure 5.2 shows the numerical results

obtained by the first-order upwind FD scheme. As can be seen from the figure,

spurious oscillations observed in the centered scheme are eliminated. However, the

scheme does not give an accurate solution for the discontinuities of the moving square

wave. The original discontinuities in the exact solution spread out. This numerical

distortion is called numerical diffusion [103,109]. First-order upwind scheme satisfies

the monotonicity property by suppressing the generation of oscillations with an

accuracy limited to first-order. Therefore, a second-order upwind FD scheme is

applied on the same test problem in order to see the effect of order of accuracy.

Numerical results of the scheme is demonstrated in Figure 5.3. Although the second-
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Figure 5.2: Comparison between exact and numerical solutions by first-order upwind
FD scheme: Exact · · · · ·; FD1UP ——.
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Figure 5.3: Comparison between exact and numerical solutions by second-order
upwind FD scheme: Exact · · · · ·; FD2UP ——.
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order upwind scheme provides better accuracy than the first-order one by diminishing

the diffusive character of the solution, it introduces dispersive effects that lead to

large oscillations in the vicinity of discontinuities of the square wave similar to that

encountered in second-order centered difference schemes.

The preceding results obtained by second-order centered and first and second-

order upwind FD schemes showed that these schemes produce either non-physical

oscillations or numerical diffusion in the solution. Therefore, attempts have been

made to remove these problems by combining both centered and upwind schemes

called biased-upwind difference schemes [29, 32, 103, 111]. For this purpose, higher-

order discretization schemes are utilized to enable the use of downwind grid points as

well as upwind ones. Spatial discretization schemes based on Lagrange interpolation

polynomial [29], which are easily applied to non-uniform grid topologies, are suitable

for this purpose. Three fourth-order discretization schemes based on Lagrange

interpolation polynomial, namely, centered, biased-upwind and upwind schemes,

were tested on the same problem. Figure 5.4 illustrates the numerical results of the

fourth-order centered scheme based on Lagrange interpolation polynomial. As the

figure displays, spurious oscillations are produced around the discontinuities. On

the other hand, the numerical diffusion effects can be less pronounced compared

to second-order centered FD scheme. The problem is more severe when fourth-

order upwind scheme based on Lagrange interpolation polynomial is used for the

discretization scheme as depicted in Figure 5.5. The scheme produces excessively

large spurious oscillations. This is the common problem in the case of higher-order

upwind schemes. Numerical results computed using fourth-order biased-upwind

scheme are presented in Figure 5.6. Here, it is clearly observed that the scheme

eliminates both excessive spurious oscillations and numerical diffusion except small

over- and under-shooting near discontinuities. This feature of the biased-upwind

scheme makes it useful in the strongly convective flow problems without sharp fronts.

Another approach to eliminate these non-physical oscillations and numerical diffusion

in the solution is to utilize high-resolution methods. Among these, flux limiters in

which non-linear terms are introduced into the classical difference schemes have been
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Figure 5.4: Comparison between exact and numerical solutions by fourth-order
centered Lagrange scheme: Exact · · · · ·; LG4CT ——.
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Figure 5.5: Comparison between exact and numerical solutions by fourth-order
upwind Lagrange scheme: Exact · · · · ·; LG4UP ——.
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Figure 5.6: Comparison between exact and numerical solutions by fourth-order
biased-upwind Lagrange scheme: Exact · · · · ·; LG4BU ——.

extensively investigated in convection-dominated problems. In the present study, a

second-order FD scheme with van Leer flux limiter and a newly developed second-

order scheme based on Lagrange interpolation polynomial with the same flux limiter

were tested. Results obtained by both schemes are shown in Figures 5.7 and 5.8. As

can be seen from the figures, flux limited schemes eliminate the numerical oscillations

and the diffusion effects. The results obtained by both schemes are the same as

Lagrange interpolation polynomial based schemes become essentially identical to FD

schemes when uniform grid is used. The most important advantage of the Lagrange

interpolation polynomial based schemes over classical FDs is that they can be directly

applied to non-uniform grid topologies as this is a difficult task for classical FD

schemes.

Total variation of all spatial discretization schemes determined by Equation (5.2)

within the time interval T is illustrated in Figure 5.9. As can be seen from the

figure, first-order upwind FD scheme (FD1UP), second-order flux limited FD scheme
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Figure 5.7: Comparison between exact and numerical solutions by second-order FD
scheme with flux limiter: Exact · · · · ·; FD2VL ——.
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Figure 5.8: Comparison between exact and numerical solutions by second-order flux
limited scheme based on Lagrange interpolation poynomial: Exact · · · · ·; LG2VL —
—.
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Figure 5.9: Variation of TV with time for different schemes.

(FD2VL) and second-order flux limited scheme based on Lagrange interpolation

polynomial (LG2VL) developed in the present study satisfy the TVD condition

(Equation (5.1)). Figure also displays the increase in TV of fourth-order biased-

upwind scheme based on Lagrange interpolation polynomial (LG4BU) and second-

order upwind FD scheme (FD2UP). However, the amount of the increase is very

low compared to those of the second-order centered FD (FD2CT), fourth-order

centered (LG4CT) and upwind (LG4UP) schemes based on Lagrange interpolation

polynomial. The worst case is of LG4UP which a consequence of the oscillations

shown in Figure 5.5.

Preceding results reveal that second-order flux limited scheme based on Lagrange

interpolation polynomial (LG2VL) developed in the present study can be utilized in

strongly convective flow problems without any oscillations.
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CHAPTER 6

DEVELOPMENT OF SEQUENTIAL AND
PARALLEL COMPUTER CODES

6.1 General

In this chapter, the capabilities, principles of organization and structure of both

sequential and parallel codes developed in the present study for the simulation of

transient two-dimensional axisymmetric diffusion flames are described.

6.2 Range of Applicability

The sequential and parallel codes developed in the present study are general programs

for simultaneous solution of continuity, momentum, energy and species equations

using MOL as the numerical solution technique for the simulation of diffusion flames

in non-uniform grid topologies. The codes have the capability of selection of infinite

chemistry model, i.e, flame-sheet and different finite-rate reaction mechanisms.

Various fuel/air flames can be simulated using codes with ease. The computation

of the isothermal/non-isothermal non-reacting flows can be also achieved by little

modification in the code. Because the programs are teaching-oriented, and are not

black-box production codes, the user must have some knowledge of, and experience

with, CFD and combustion, before attempting to use or modify them. However,

the programs were written in a relatively straightforward form which is readily

amenable to modification, and is easy to understand. Most subroutines are problem-

independent and in many instances only minor modifications are required to the

problem dependent subroutines, when applications are made to a situation differing

from that covered by the present version.
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6.3 Parallel Computing

Parallel computing is the concept of execution of a program on multi-processors by

dividing the large problem into smaller jobs. By allocating n processors, it is expected

for the same program to run n times faster than by using a single processor. Recently,

it is realized that very large scientific and engineering problems can only be solved by

using parallel computing in an acceptable time with a reasonable cost [22,34,53,85].

Parallel computing is applicable to many scientific and engineering problems not

only in terms of speeding up the program but also handling with large memory

requirements in an economic way. In the parallel computing the performance can be

defined by speed-up, efficiency and cost. Speed-up is the mostly used parameter for

defining performance of a parallel program and is the ratio of the total execution time

of the serial program to that of the parallel one. In serial programming the execution

time is equal to the computation time whereas in parallel programming it includes

both the computation time and the communication time.

6.3.1 Parallelization Strategy

Parallelization is carried out by decomposing a large problem into smaller parts. This

can be achieved in two ways, functional decomposition and domain decomposition.

In functional decomposition, the whole problem is analyzed and is divided into a

number of tasks, which can be considered as individual sub-programs. The sub-

programs, which can be executed simultaneously, are assigned to different processors.

These tasks may be considered as subroutines of the main program. In serial

computers these subroutines are executed sequentially. However, some of them can

be executed at the same time since they do not require the other’s outputs as the inputs.

In Figure 6.1 the implementation of functional decomposition method is given. Each

block defined by a letter represents a task. At the top of the figure the logical sequence

of the tasks is given, and at the bottom the way in which they are executed in the serial

and parallel cases are represented.

In domain decomposition, the main domain is divided into smaller domains, which are

called sub-domains. Each sub-domain can be considered as a domain. Calculations
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Figure 6.1: Functional decomposition.

are carried out independently in each sub-domain and their solutions are combined

to obtain solution for the main domain. In this technique, the neighbor sub-domains

require information exchange as they share the same boundary conditions in between

them. The schematic representation of the technique is shown in Figure 6.2.

Domain

Sub-domainSub-domain

Figure 6.2: Domain decomposition.
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In this study, considering that an implicit algorithm is used for time integration,

parallelization is performed using domain decomposition technique by means of

overlapping boundary at the intergrid regions to provide the information exchange

between the sub-domains (Figure 6.3). As can be seen from the figure, boundary

overlapping includes exchange of final three grid lines from sub-domain N to N + 1

and first three grid lines from sub-domain N +1 to N in order to preserve the accuracy

of the spatial discretization. Since in this study, five point discretization scheme is

utilized, at least three points from the neighbor sub-domains should be exchanged.

Each sub-domain is assigned with a type which is determined according to the

position of that sub-domain relative to the other sub-domains. In other words, the

first sub-domain near to inlet is assigned as type-1, which includes an inlet boundary

condition and an imaginary boundary condition; the last sub-domain near exit is

assigned as type-3, which includes an imaginary boundary condition and an outlet

boundary condition; and the intermediate sub-domains are assigned as type-2, which

include two imaginary boundary conditions.

Sub-domain N+1

Sub-domain N

Flow direction

6

nz

nz-1

nz-2

nz-3

nz-4

nz-5

5

3

4

2

1

Figure 6.3: Domain decomposition with boundary exchange.
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6.3.2 Message Passing

Message passing provides the information exchange between the processors. There

are some software tools that provide this exchange; Parallel Virtual Machine

(PVM) [119] and Message Passing Interface (MPI) are two of them. Both MPI

and PVM have FORTRAN and C libraries, which provide subroutines for adding

hosts, starting-up and killing processes, receiving and sending information between

the hosts. These subroutines are called inside the program for communication among

the processors. In this study PVM is used as the message passing software because of

its compatibility in different computer architectures, our experience in PVM and its

freeware distribution.

In a message-passing algorithm there are two processes: master process and slave

process. Master process starts necessary number of slave programs, coordinates their

jobs and communications between slaves and itself (Figure 6.4). The slave processes

are the parts where main task is performed. As many slave processes as required may

be started by spawning them in the master process. A task is assigned to each slave

by the master process and the slaves execute their own task with their own data by

making required communications during the runs. At some certain time steps they

send their intermediate solutions to master program and the master can obtain the full

solution by combining the intermediate solutions coming from all slaves.

master

slave

slave

slave

slave

Figure 6.4: Master-slave paradigm.
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6.4 Structure of Sequential and Parallel Codes

Figure 6.5 summarizes the organization of sequential and parallel codes with three

main units, sequential program, parallel program and common block called by either

sequential or parallel program for calculations. Sequential and parallel programs

are run separately for overall control of the problem by performing initial and

final operations and both call initial and time integration routines in the common

block to solve the problem. The code has been arranged as much as possible in a

modular fashion, with different programs with different tasks yielding large number

of subprograms. The modular structure of the code aids in both understanding

and simultaneous modification of sequential and parallel programs with ease. Any

modifications performed on the routines in common block regarding the physics

of the problem are taken into account by both sequential and parallel programs.

However, implementation of these modifications necessitates particular attention due

to presence of different types of sub-domains in the parallel algorithm.

Subroutines in the sequential and parallel programs are categorized in main parts

given in Table 6.1. The subroutines composing these main parts can be classified as

problem-independent and problem-dependent subroutines. The problem-independent

ones are spatial discretization routines (DLG4CC and DLG2VL2D), time integration

routines (ROWMAP, LSODES, FCN, JAC, FDT and SOLOUT), PVM, CHEMKIN

and TRANSPORT library routines. Some of the subroutines in these libraries will be

specified in the algorithms given below.

The main programs of both sequential and parallel codes are given in Appendices

B.1 to B.3. The source code of LSODES and its dependencies can be obtained from

the netsite, http://www.netlib.org/odepack/. Detailed description of LSODES can be

found elsewhere [116]. The source code of ROWMAP [117] can also be obtained

from

the netsite, http://www.mathematik.uni-halle.de/institute/numerik/software/. PVM

software is available at http://www.csm.ornl.gov/pvm/pvm home.html. CHEMKIN

and TRANSPORT library routines can also be obtained from internet.
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EXECUTION_DIRECTORY

MASTER

CPU_TIME

EXECUTION_DIRECTORY

READ_PARAMETER

ALLOCATE_PVM

PVMFMYTID

PVMFSEND

PVMFRECV

CPU_TIME

BOUNDARY_TRANSFER

PVMFSEND

AINITIAL

TIME_INTEGRATION B

AINITIAL

TIME_INTEGRATION B

B

ROWMAP

CONS_SCALAR_AUX_EQUATIONS

PHYS_DOM_MOMENTUM_EQN

PHYS_DOM_CONSERVED_SCALAR_EQN

CHEMICAL_REACTION_MECHANISM

HEAT_SOURCE

PHYS_DOM_MOMENTUM_EQN

PHYS_DOM_ENERGY_EQN

PHYS_DOM_SPECIES_EQN

PHYSICAL_AND_THERMO_PROPERTIES

DLG4CC

DLG2VL2D

DLG4

DLG2VL1D_UP

DLG2VL1D_DOWN

PHYSICAL_AND_THERMO_PROPERTIES

PHYS_DOM_Z_COMPONENT_VELOCITY

PHYS_DOM_R_COMPONENT_VELOCITY

PHYS_DOM_ENERGY

PHYS_DOM_SPECIES

PHYS_DOM_DIFFUSIVE_FLUX

INTLG2PHYS_DOM_AXIAL_PRESSURE_GRAD

INTLG2PHYS_DOM_AXIAL_PRESSURE_GRAD

PHYS_DOM_Z_COMPONENT_VELOCITY

PHYS_DOM_R_COMPONENT_VELOCITY

PHYS_DOM_CONSERVED_SCALAR

SLAVE

A

GRID_IDENTIFIER

FLOW_PARAMETERS

INITIAL_CONDITIONS

ODE_SOLVER_INITIATION

PRINT_PARAMETERS

PRINT_CHEM_RXN_MECH

PRINT_SOLUTION

DERV_FLAME_SHEET

DERV_FINITE_RATE

READ_PARAMETERS

OPEN_FILES

MESH_BOUNDARY

INDICES_CONSTANTS

CHEMKIN_INITIATION

MAJOR_SPECIES_IDENTIFIER

NUMBER_OF_EQUATIONS

ALLOCATION

GRID_GENERATION

SPATIAL_DISCRETIZATION

PVMFRECV

PVMFEXIT

ALLOCATE_PVM

FCN

PVMFSPAWN

PVMFEXIT

PVMFPARENT

PVMFMYTID

SEQUENTIAL PARALLEL

COMMON BLOCK

Figure 6.5: Organization of SEQUENTIAL and PARALLEL codes.
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Table 6.1: Subroutines used by SEQUENTIAL and PARALLEL codes

Subroutine Dependencies

SEQUENTIAL
to start, control and finish
sequential code

CPU TIME
EXECUTION DIRECTORY
INITIAL
TIME INTEGRATION

MASTER and SLAVE
to start, control and finish
the parallel code

CPU TIME EXECUTION DIRECTORY
READ PARAMETERS ALLOCATE PVM
PVMFMYTID PVMFSPAWN
PVMFPACK PVMFSEND
PVMFRECV INITIAL
TIME INTEGRATION PVMFEXIT
BOUNDARY TRANSFER

INITIAL
to initialize flow, time,
reaction, grid, ODE solver
and other parameters, to
generate grid, to set initial
conditions, to allocate the
arrays, to print input
information

READ PARAMETERS OPEN FILES
MESH BOUNDARY INDICES CONSTANTS
CHEMKIN INITIATION ALLOCATION
GRID GENERATION GRID IDENTIFIER
FLOW PARAMETERS INITIAL CONDITIONS
DERV FLAME SHEET DERV FINITE RATE
PRINT PARAMETERS PRINT SOLUTION
NUMBER OF EQUATIONS ODE SOLVER INITIATION
MAJOR SPECIES IDENTIFIER
PRINT CHEM RXN MECH

TIME INTEGRATION
to perform time integration
of ODEs resulting from
spatial discretization

ROWMAP LSODES
FCN JAC
FDT SOLOUT
DERV FLAME SHEET DERV FINITE RATE
PRINT SOLUTION

DERV FLAME SHEET
to assemble the governing
equations for flame-sheet
chemistry

CONS SCALAR AUX EQUATIONS
PHYSICAL AND THERMO PROPERTIES
PHYS DOM Z COMPONENT VELOCITY
PHYS DOM R COMPONENT VELOCITY
PHYS DOM CONSERVED SCALAR
PHYS DOM AXIAL PRESSURE GRAD
PHYS DOM MOMENTUM EQN
PHYS DOM CONSERVED SCALAR EQN

DERV FINITE RATE
to assemble the governing
equations for finite-rate
chemistry

PHYSICAL AND THERMO PROPERTIES
PHYS DOM Z COMPONENT VELOCITY
PHYS DOM R COMPONENT VELOCITY
PHYS DOM CONSERVED SCALAR
PHYS DOM DIFFUSIVE FLUX
CHEMICAL REACTION MECHANISM
PHYS DOM AXIAL PRESSURE GRAD
PHYS DOM MOMENTUM EQN HEAT SOURCE
PHYS DOM ENERGY PHYS DOM SPECIES
PHYS DOM ENERGY EQN PHYS DOM SPECIES EQN

DLG4CC and DLG2VL2D
to discretize the spatial
derivatives in the governing
equations

DLG4
DLG2VL1D UP
DLG2VL1D DOWN
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6.5 Mode of Operation

The general algorithm for the solution of governing equations for diffusion flame by

using MOL approach by sequential and parallel codes is presented in Figures 6.6 to

6.21. The solution algorithm is based on the evaluation of the time derivative vector

by which the solution is advanced from one time step to the next. The evaluation of

the derivative vector can be summarized as follows.

All dependent variables are known a priori at the beginning of each cycle, either as

a result of the previous cycle or from the prescribed initial conditions. First transport

and thermodynamics properties are calculated using the known temperature and

species fields. Then the spatial derivatives appearing in the governing equations are

evaluated using values of the present cycle, the normal component of the velocity is

determined by the direct utilization of the continuity equation, so that the divergence-

free condition is ensured automatically. Then the corresponding pressure gradients

along the axial direction are calculated to ensure that the mass flow is conserved. In

finite-rate chemistry calculations, rate of reactions, heat source due to reactions and

diffusive fluxes are also evaluated. Once these calculations have been made, the time

derivative vector is calculated over the spatial domain of interest, then it is sent to

the the ODE solver in the form of one-dimensional array to compute the dependent

variables at the advanced time level. This completes the progression of the solution to

the end of the new cycle having the new values of the velocity, temperature, species

and conserved scalar fields. This cyclic procedure is then continued until the steady-

state is reached.

In sequential algorithm this procedure is followed on a single overall domain. The

algorithm of parallel code is based on master-slave paradigm where the master process

decomposes the domain into sub-domains, sets type of each sub-domain (type) and

sends the related information to the slave processes. The slave processes perform the

calculations described above for the sub-domains assigned to them according to the

types set by the master process, advance in time and exchange necessary information

between each other at user defined time steps (t p) and send transient results to the
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master process for the development of the transient solution until the steady-state is

reached.

call CPU_TIME
to set start time of the program

call EXECUTION_DIRECTORY
to set the working directory

START

call INITIAL
to initialize the program

(t<tend)
?

A

call SYSTEM
('cd > path.in')

RETURN

call TIME_INTEGRATION
to perform time integration

call CPU_TIME
to set end time of the program

STOP

Yes

No

set sequential code parameters
nos = 0, nostype = 0

B

check for the end of
run time

Figure 6.6: Algorithm of the SEQUENTIAL program.
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call CPU_TIME
to set end time of the program

call CPU_TIME
to set start time of the program

call EXECUTION_DIRECTORY
to set the working directory

START

call ALLOCATE_PVM
to set the dimension of the arrays

call SYSTEM
('cd > path.in')

RETURNcall READ_PARAMETERS
to read input data from file 'data.in'

call PVMFMYTID
to start PVM and set the task identifier

call PVMFSPAWN
to start all slaves

call PVMFSEND
to sent the necessary information

to slaves (i.e.,nos, nostype)

call PVMFRECV
to receive necessary information

from master program

call INITIAL
to initialize the program

A

call PVMFSEND
to sent grid information to master

call PVMFRECV
to receive grid information

from slaves call TIME_INTEGRATION
to perform time integration

B

call BOUNDARY_TRANSFER
to exchange boundary information
between the neighbour domains

call CPU_TIME
to set end time of the current

time integration

call PVMFRECV
to receive desired solution from slaves

at the advanced time level

STOP

print the desired
solution

Yes

STOP

call PVMFEXIT
to stop master program

START

call PVMFSEND
to sent desired solution at the

advanced time level

call CPU_TIME
to set start time of current

time integration

(t<tend)
?

No

check for the end of
run time

call PVMFPARENT
to determine the task identifier
of the calling program (master)

call PVMFMYTID
to set the task identifier of slave

call ALLOCATE_PVM
to set the dimension of the arrays

check for the end of
run time

(t<tend)
?

call PVMFEXIT
to stop slave program

Yes

No

SLAVEMASTER

Figure 6.7: Algorithm of the parallel code with MASTER and SLAVE programs.
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A

call READ_PARAMETERS
to read input data from file 'data.in'

call OPEN_FILES
to open output and CHEMKIN and

TRANSPORT library files

set time parameters for time
integration and print time intervals

call MESH_BOUNDARY
to construct the boundary nodes

C

call INDICES_CONSTANTS
to set universal constants and indices

of arrays of dependent variables

call CHEMKIN_INITIATION
to initialize CHEMKIN and

TRANSPORT libraries

D

call MAJOR_SPECIES_IDENTIFIER
to set the major species indices

call DERV_FLAME_SHEET
to calculate initial temporal and spatial

derivatives as well as weighting
coefficients in the differentiation formulas

call NUMBER_OF_EQUATIONS
to set the number of equations (ODEs)

call GRID_IDENTIFIER
to set the types of spatial discretization

at each node

call FLOW_PARAMETERS
to set inlet conditions and flame-sheet

parameters

call ALLOCATION
to set the dimension of the arrays

call GRID_GENERATION
to generate the internal grid points

call INITIAL_CONDITIONS
to set initial conditions for velocity,

temperature and species either internally
or from data file 'input.plt'

set nc = 1
to specifiy the calculation of weighting

coefficients in the differentiation formulas

mech_no = 0
?

call DERV_FINITE_RATE
to calculate initial temporal and spatial

derivatives as well as weighting
coefficients in the differentiation formulas

mech_no > 0
?

call ODE_SOLVER_INITIATION
to set ODE solver parameters

transform the dependent variables to be
sent to ODE solver into 1D array

call PRINT_SOLUTION
to print initial conditions

call PRINT_CHEM_RXN_MECH
to print the information related to

reaction mechanism

call PRINT_PARAMETERS
to print the flow parameters

RETURN

set nc = 2
to specifiy not to calculate the weighting
coefficients in the differentiation formulas

anymore

Yes

No

Yes

No

E

F

transform the dependent variables
into 1D array

Figure 6.8: Algorithm of subroutine INITIAL.
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iodesolv = 1
?

call ROWMAP
to integrate the ODE system

call LSODES
to integrate the ODE system

iodesolv = 2
?

call FCN
to provide time derivatives to ODE solver

mech_no = 0
?

mech_no > 0
?

call DERV_FINITE_RATE
to calculate spatial and temporal

derivatives

call DERV_FLAME_SHEET
to calculate spatial and temporal

derivatives

call PRINT_SOLUTION
to print the solution at the

advanced time level

back-transform 1D array containing
dependent variables for calculation of

derivatives in the main program

transform 1D arrays containing
dependent variables and their

time derivatives for ODE solver

back-transform 1D array containing
the solutions at the advanced time

level to use in main program

mech_no = 0
?

mech_no > 0
?

call DERV_FINITE_RATE
to back-transfer dependent variables

from 1D array to 2D array for print

F

call DERV_FLAME_SHEET
to back-transfer dependent variables

from 1D array to 2D array for print

E

B

Yes

No

Yes

No

Yes

Yes

RETURN

RETURN

F

E

call JAC
dummy subroutine required

by ODE solvers

call FDT
dummy subroutine required

by ODE solvers

call SOLOUT
dummy subroutine required

by ROWMAP

No

No

No

No

Yes

Yes

Figure 6.9: Algorithm of subroutine TIME INTEGRATION.
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call MESHGEN

to generate clustered mesh

set the number of grid points
in each sub-domain for parallel code

read grid boundary data
from file 'mesgen.ini'

C

set the boundary nodes for
   i) the domain if sequential code is run
  ii) each domain if parallel code is run

RETURN

Figure 6.10: Algorithm of subroutine MESH BOUNDARY.

D

call CKLEN

to set CHEMKIN work array lengths

call CKINIT

to initiate CHEMKIN package by
reading its linkfile and generating

the internal storage and work arrays

call MCLEN

to set TRANSPORT work array lengths

call MCINIT

to initiate TRANSPORT package by
reading its linkfile and generating

the internal storage and work arrays

call CKSYMS

to determine the character strings
of species names

RETURN
RETURN

RETURN

TRANSPORT
Package

call CKWT

to determine the molecular weights
of species

CHEMKIN
Package

Figure 6.11: Algorithm of subroutine CHEMKIN INITIATION.
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E

back-transform the dependent variables
from1D array into 2D array

call PHYSICAL_AND_THERMO_PROPERTIES
to calculate the physical and
thermodynamic properties

call CONS_SCALAR_AUX_EQUATIONS
to compute the species and temperature

profiles from conserved scalar field

call PHYS_DOM_Z_COMPONENT_VELOCITY
to calculate the spatial derivatives of

z-component velocity

H

call PHYS_DOM_R_COMPONENT_VELOCITY
to calculate the spatial derivatives of

r-component velocity

call PHYS_DOM_CONSERVED_SCALAR
to calculate the spatial derivatives of

conserved scalar

call PHYS_DOM_AXIAL_PRESSURE_GRAD
to calculate the axial pressure gradients

call PHYS_DOM_MOMENTUM_EQN
to calculate the time derivatives of the

z-component velocity from z-momentum equation

call PHYS_DOM_CONSERVED_SCALAR_EQN
to calculate the time derivatives of the conserved

scalar from the conserved scalar equation

RETURN

G

transform the dependent variables and their time
derivatives into 1D arrays

I

J

call INTLG2
to calculate the integrant appearing
in the pressure gradient equation

RETURN

Figure 6.12: Algorithm of subroutine DERV FLAME SHEET.
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F

back-transform the dependent variables
from1D array into 2D array

call PHYS_DOM_Z_COMPONENT_VELOCITY
to calculate the spatial derivatives of

z-component velocity

call PHYSICAL_AND_THERMO_PROPERTIES
to calculate the physical and
thermodynamic properties

call PHYS_DOM_R_COMPONENT_VELOCITY
to calculate the spatial derivatives of

r-component velocity

I

call PHYS_DOM_ENERGY
to calculate the spatial derivatives of

temperature

call PHYS_DOM_SPECIES
to calculate the spatial derivatives of

species

call PHYS_DOM_AXIAL_PRESSURE_GRAD
to calculate the axial pressure gradients

call PHYS_DOM_MOMENTUM_EQN
to calculate the time derivatives of the

z-component velocity from z-momentum equation

call PHYS_DOM_ENERGY_EQN
to calculate the time derivatives of the
temperature from the energy equation

RETURN

H

transform the dependent variables and their time
derivatives into 1D arrays

K

L

call INTLG2
to calculate the integrant
appearing in the pressure

gradient equation

RETURN

G

call PHYS_DOM_DIFFUSIVE_FLUX
to calculate the diffusive fluxes of species

call CHEMICAL_REACTION_MECHANISM
to calculate the rate of reactions
based on input data mech_no

call HEAT_SOURCE
to calculate the heat sources in energy equation

call PHYS_DOM_SPECIES_EQN
to calculate the time derivatives of the

species from the species equation

M

call CKHMS
to calculate the

enthalpies of species

CHEMKIN
Package

RETURN

N

Figure 6.13: Algorithm of subroutine DERV FINITE RATE.
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G

call CKRHOX

to calculate mass densities of the mixture

call CKYTX

to convert mass fractions to mole fractions

call CKCPBS

to calculate mean specific heats

call CKCPMS

to calculate species specific heats

call MCAVIS

to calculate mixture dynamic viscosities

call MCACON

to calculate mixture thermal
conductivities

calculate mixture thermal diffusivities and
mixture mass diffusivities

call MCADIF

to calculate the species mass diffusivities

O

calculate mixture kinematic viscosities

call DLG4CC

to calculate the first-order derivatives
of dynamic viscosity w.r.t r-direction

using centered scheme

RETURN

call DLG4CC

to calculate the first-order derivatives
of mixture mass diffusivity w.r.t r-direction

using centered scheme

call DLG4CC

to calculate the first-order derivatives
of dynamic viscosity w.r.t z-direction

using centered scheme

call DLG4CC

to calculate the first-order derivatives
of thermal conductivity w.r.t r-direction

using centered scheme

call DLG4CC

to calculate the first-order derivatives
of thermal conductivity w.r.t z-direction

using centered scheme

call DLG4CC

to calculate the first-order derivatives
of mixture mass diffusivity w.r.t z-direction

using centered scheme

RETURN

RETURN

CHEMKIN
Package

TRANSPORT
Package

O

Figure 6.14: Algorithm of subroutine PHYSICAL AND THERMO PROPERTIES.
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O

H

set the Dirichlet type boundary condition
at the inlet (inlet velocity profile)

set the Dirichlet type boundary condition
at the wall (no slip condition)

set the Neumann type boundary condition
at the centerline (symmetry condition)

call DLG4CC

to calculate the first-order derivatives
of axial velocity w.r.t r-direction

using centered scheme

call DLG4CC

to calculate the first-order derivatives
of axial velocity w.r.t z-direction

using centered scheme

call DLG4CC

to calculate the second-order derivatives
of axial velocity w.r.t r-direction

using centered scheme

call DLG4CC

to calculate the second-order derivatives
of axial velocity w.r.t z-direction

using centered scheme

call DLG2VL2D

to calculate the first-order derivatives
of axial velocity w.r.t r-direction

using downwind scheme

call DLG2VL2D

to calculate the first-order derivatives
of axial velocity w.r.t r-direction

using upwind scheme

call DLG2VL2D

to calculate the first-order derivatives
of axial velocity w.r.t z-direction

using downwind scheme

call DLG2VL2D

to calculate the first-order derivatives
of axial velocity w.r.t z-direction

using upwind scheme

set the Neumann type boundary condition
at the centerline (symmetry condition)

RETURN

I

set the Dirichlet type boundary condition
at the inlet (no radial component of velocity)

set the Dirichlet type boundary condition
at the wall (no through-flow)

call DLG4CC

to calculate the first-order derivatives
of radial velocity w.r.t r-direction

using centered scheme

call DLG4CC

to calculate the first-order derivatives
of radial velocity w.r.t z-direction

using centered scheme

RETURN

set the Neumann type boundary condition
at the centerline (no cross-flow)

calculate the radial velocity component
using the equation with the direct utilization

of the continuity equation

set the Neumann type boundary condition
at the centerline (symmetry condition)

P

Figure 6.15: Algorithm of subroutines PHYS DOM Z COMPONENT VELOCITY
and PHYS DOM R COMPONENT VELOCITY.

100



O

J

set the Dirichlet type boundary condition
at the inlet (for fuel S=1, for air S=0)

set the Dirichlet type boundary condition
at the wall (S=0)

set the Neumann type boundary condition
at the centerline (symmetry condition)

call DLG4CC

to calculate the first-order derivatives
of conserved scalar w.r.t r-direction

using centered scheme

call DLG4CC

to calculate the first-order derivatives
of conserved scalar w.r.t z-direction

using centered scheme

call DLG4CC

to calculate the second-order derivatives
of conserved scalar w.r.t r-direction

using centered scheme

call DLG4CC

to calculate the second-order derivatives
of conserved scalar w.r.t z-direction

using centered scheme

call DLG2VL2D

to calculate the first-order derivatives
of conserved scalar w.r.t r-direction

using downwind scheme

call DLG2VL2D

to calculate the first-order derivatives
of conserved scalar w.r.t r-direction

using upwind scheme

call DLG2VL2D

to calculate the first-order derivatives
of conserved scalar w.r.t z-direction

using downwind scheme

call DLG2VL2D

to calculate the first-order derivatives
of conserved scalar w.r.t z-direction

using upwind scheme

set the Neumann type boundary condition
at the centerline (symmetry condition)

RETURN

P

set the Dirichlet type boundary condition
at the inlet (inlet temperature)

set the Dirichlet type boundary condition
at the wall (constant wall temperature)

set the Neumann type boundary condition
at the centerline (symmetry condition)

call DLG4CC

to calculate the first-order derivatives
of temperature w.r.t r-direction

using centered scheme

call DLG4CC

to calculate the first-order derivatives
of temperature w.r.t z-direction

using centered scheme

call DLG4CC

to calculate the second-order derivatives
of temperature w.r.t r-direction

using centered scheme

call DLG4CC

to calculate the second-order derivatives
of temperature w.r.t z-direction

using centered scheme

call DLG2VL2D

to calculate the first-order derivatives
of temperature w.r.t r-direction

using downwind scheme

call DLG2VL2D

to calculate the first-order derivatives
of temperature w.r.t r-direction

using upwind scheme

call DLG2VL2D

to calculate the first-order derivatives
of temperature w.r.t z-direction

using downwind scheme

call DLG2VL2D

to calculate the first-order derivatives
of temperature w.r.t z-direction

using upwind scheme

set the Neumann type boundary condition
at the centerline (symmetry condition)

K

RETURN

Figure 6.16: Algorithm of subroutines PHYS DOM CONSERVED SCALAR and
PHYS DOM ENERGY.
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O

L

set the Dirichlet type boundary condition
at the inlet (inlet species mass fraction)

set the species mass fraction at the wall
equal to that at first inner node near wall

set the Neumann type boundary condition
at the centerline (symmetry condition)

call DLG4CC

to calculate the first-order derivatives of species
w.r.t r-direction using centered scheme

call DLG4CC

to calculate the first-order derivatives of species
w.r.t z-direction using centered scheme

call DLG4CC

to calculate the second-order derivatives of species
w.r.t r-direction using centered scheme

call DLG4CC

to calculate the second-order derivatives of species
w.r.t z-direction using centered scheme

call DLG2VL2D

to calculate the first-order derivatives of species
w.r.t r-direction using downwind scheme

call DLG2VL2D

to calculate the first-order derivatives of species
w.r.t r-direction using upwind scheme

call DLG2VL2D

to calculate the first-order derivatives of species
w.r.t z-direction using downwind scheme

call DLG2VL2D

to calculate the first-order derivatives of species
w.r.t z-direction using upwind scheme

set the Neumann type boundary condition
at the centerline (symmetry condition)

RETURN

P

set the Neumann type boundary condition
at the wall (no through-wall)

set the Neumann type boundary condition
at the centerline (no through-wall)

Figure 6.17: Algorithm of subroutine PHYS DOM SPECIES.
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O

M

calculate the diffusive fluxes of the species

call DLG4CC

to calculate the first-order derivatives
of diffusive fluxes of the species w.r.t r-direction

using centered scheme

call DLG4CC

to calculate the first-order derivatives
of diffusive fluxes of the species w.r.t z-direction

using centered scheme

RETURN

Figure 6.18: Algorithm of subroutine PHYS DOM DIFFUSIVE FLUX.

mech_no = 1
?

N

No

Yes calculate reaction rates using 1-step
mechanism [1]

mech_no = 2
?

CKWYP_5_STEP_CHEN
to calculate reaction rates using

5-step mechanism

mech_no = 3
?

Yes

Yes

No

calculate reaction rates using 1-step
mechanism [2]

calculate reaction rates using 1-step
mechanism [3]

No

mech_no = 4
?

Yes calculate reaction rates using 2-step
mechanism

mech_no = 5
?

mech_no = 6
?

mech_no = 7
?

call CKWYP_10_STEP_CHEN
to calculate reaction rates using

10-step mechanism

call CKWYP
to calculate reaction rates using
a reaction mechanism included

through CHEMKIN

No

Yes

No

Yes

No

Yes

determine the source term to be used
in species and energy equation

RETURN

No

call CKYTCP
to calculate the molar

concentrations of species

RETURN

CHEMKIN
Package

Figure 6.19: Algorithm of subroutine CHEMICAL REACTION MECHANISM.

103



nd = ?

O

21

call DLG4

to calculate the spatial derivatives

transfer the dependent variable
from 2D array to 1D array

transfer the spatial derivatives
of the dependent variable
from 1D array to 2D array

calculate the spatial derivatives
near and at boundaries using

first-order discretization stencil

RETURN

call DLG4

to calculate the spatial derivatives

transfer the dependent variable
from 2D array to 1D array

transfer the spatial derivatives
of the dependent variable
from 1D array to 2D array

calculate the spatial derivatives
near and at boundaries using

first-order discretization stencil

RETURN

calculate the spatial
derivatives for the second
independent variable, i.e., z

i = 1

n1

calculate the spatial
derivatives for the first
independent variable, i.e., r

j = 1

n2

ncall = ?
21

define the values of the collocation
points to calculate the weighting
coefficients in the differentiation
formulas according to the type of

discretization stencil

set the type of the discretization stencil
for the grid point under consideration

call DLG4A

to calculate the weighting coefficients in
the differentiation formula for grid point i

transfer the five weighting coefficients in
2D array to specify a grid point with

its weighting coefficients
ic = 1,2,…,5

RETURN

calculate the spatial derivatives by the
appropriate formula

set the type of the discretization stencil
for the grid point under consideration

RETURN

calculate the spatial derivatives
for n grid points using the
weighting coefficients
calculated previously

i = 1

n

to calculate weighting
coefficients in the
differentiation formulas

i = 1

n

select one of the types of
the differentiation formulas

set the appropriate grid point
location into a variable

calculate the weighting coefficients

Figure 6.20: Algorithm of subroutine DLG4CC.
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nd = ?

P

12

call DLG2VL1D_UP
to calculate the spatial derivatives

transfer the dependent variable
from 2D array to 1D array

transfer the spatial derivatives
of the dependent variable
from 1D array to 2D array

calculate the spatial derivatives
near and at boundaries using

first-order discretization stencil

RETURN

call DLG2VL1D_UP
to calculate the spatial derivatives

transfer the dependent variable
from 2D array to 1D array

transfer the spatial derivatives
of the dependent variable
from 1D array to 2D array

calculate the spatial derivatives
near and at boundaries using

first-order discretization stencil

RETURN

calculate the spatial
derivatives for the second
independent variable, i.e., z

i = 1

n1

calculate the spatial
derivatives for the first
independent variable, i.e., r

j = 1

n2

calculate the spatial derivatives
by the second-order upwind scheme

based on Lagrange interpolation
polynomial with van Leer flux limiter

RETURN

nt = ?
21

nd = ?
21

call DLG2VL1D_DOWN
to calculate the spatial derivatives

transfer the dependent variable
from 2D array to 1D array

transfer the spatial derivatives
of the dependent variable
from 1D array to 2D array

calculate the spatial derivatives
near and at boundaries using

first-order discretization stencil

RETURN

call DLG2VL1D_DOWN
to calculate the spatial derivatives

transfer the dependent variable
from 2D array to 1D array

transfer the spatial derivatives
of the dependent variable
from 1D array to 2D array

calculate the spatial derivatives
near and at boundaries using

first-order discretization stencil

RETURN

calculate the spatial
derivatives for the second
independent variable, i.e., z

i = 1

n1

calculate the spatial
derivatives for the first
independent variable, i.e., r

j = 1

n2

calculate the spatial derivatives
by the second-order downwind scheme

based on Lagrange interpolation
polynomial with van Leer flux limiter

RETURN

spatial derivatives
are calculated using

upwind scheme

spatial derivatives
are calculated using
downwind scheme

Figure 6.21: Algorithm of subroutine DLG2VL2D.
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6.6 CHEMKIN and TRANSPORT Packages

Present algorithm uses CHEMKIN [37] and TRANSPORT [38] packages for

evaluation of chemical reaction rates, thermodynamics and transport properties. The

necessary information about the species and reactions should be provided prior to

running the code to be able to use packages. The CHEMKIN Interpreter is a program

which first reads the user-supplied symbolic description of the species and reactions in

the problem from the input file chem.inp, a sample of which is given in Appendix C.1.

Then it extracts the appropriate thermodynamic information for the species involved

from the Thermodynamic Database file (therm.dat) which contains polynomial fits

of thermodynamic information for many species, most of which are not needed for

any given problem. The extracted information is stored in a file called Linking File

(chem.asc) to be used by CHEMKIN library subroutines. The next program to be

executed is the TRANSPORT Interpreter. It needs input from TRANSPORT Database

file (therm.dat) which contains molecular parameters for a number of species and

from the file chem.asc. Like the CHEMKIN Interpreter, it produces a Linking File

(tran.asc) that is needed by the TRANSPORT package.

Both CHEMKIN and TRANSPORT subroutine libraries are initialized before being

used in the code. This is accomplished by the subroutine CHEMKIN INITIATION

(Figure 6.11) . The Linking Files chem.asc and tran.asc are read in this subroutine

to create data arrays for use internally by the subroutines in CHEMKIN and

TRANSPORT libraries.

6.7 Pre- and Post-Processing

Both sequential and parallel codes read four input files to provide data for number

of grid points used, computational grid, initial, boundary and flow conditions, ODE

solver parameters, input data choice, specification of numerical parameters and post-

processing variables, selection of chemistry model and initiation of CHEMKIN and

TRANSPORT subroutine libraries. Grid points at the boundaries and refining ratio

coefficients are described in input file meshgen.ini given in Appendix C.2. The other

input parameters mentioned above and the path of the chem.asc and tran.asc files for
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initiation of CHEMKIN and TRANSPORT subroutine libraries are provided by the

input file data.in a sample of which is presented in Appendix C.3.

Generation of output files from parallel code is not as straightforward as that of

sequential code. There should be a systematic naming of output files to match

them with their own domain. This is achieved by generating output files in the

form domXall.dat where X changes between 1 and N, N being total number of sub-

domains. X is 0 when sequential code is run. Post-processing of the output files is also

a difficult task especially a large number of sub-domains are utilized in the parallel

code. Therefore, a FORTRAN program was developed to combine and analyze X

number of output files given in Appendix B.4. The program reads the each output file

produced by the sub-domains and combine them together to present results for whole

domain. It has 4 options for the analysis of instant and historical outputs from both

sequential and parallel code and produces input data for other runs.

6.8 Programing Language and Compilation

At the beginning of the present study, the programing language used in both sequential

and parallel codes was FORTRAN 77. When running the parallel program in

FORTRAN 77, a problem has appeared due to unequal number of grid points

distribution in each sub-domain. This problem has been alleviated by converting the

sequential and parallel codes from FORTRAN 77 to FORTRAN 90.

The most important and restrictive point in domain decomposition technique used

for parallelization strategy is the array declaration at the compilation level. Since

FORTRAN 77 does not support dynamic memory allocation, size of the arrays in

each task should be defined at the compilation step as large as possible to hold the

information of sub-domain having the largest size . This approach has two drawbacks.

First drawback is the definition of more than required size of the arrays for the sub-

domains which use less number of grid points. When the sub-domains are generated

providing that each has the same number of grid points, it will not cause any problem.

However, in many applications the user would rather prefer to divide the whole
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domain into unequal sub-domains when a good load balancing is required. This

provides smaller share of number of grid points in each sub-domain in the region

of sharp gradients of dependent variables.

Second drawback which is more important than the first one is the incorrect

information transfer between the subroutines. Due to the architecture of the

computers, all the arrays are allocated in the memory as one-dimensional array even if

they are multi-dimensional. If one allocates a two-dimensional array in the memory

with the size of largest sub-domain and utilize part of this array in the sub-domain

having smaller size, during the information transfer between the subroutines the

values shift resulting in incorrect information transfer and solution. This problem

can be alleviated either by defining new arrays to make correct information transfer

between different sized arrays which will bring extra burden to the present code,

or defining exactly the required size of each sub-domain that is not possible in

FORTRAN 77.

These have necessitated transformation of both sequential and parallel codes from

FORTRAN 77 to FORTRAN 90 in which the dynamic memory allocation is

supported. The library routines used in the present study are in FORTRAN 77 and

were not transformed to FORTRAN 90. FORTRAN 90 module procedures were used

instead of COMMON blocks to share the information between the subprograms due

to ease of code development and maintenance. IMPLICIT NONE statements were

defined in all routines to prevent coding errors. Routines were well documented by

in-code comment statements for understanding and modification with ease. Both

codes were designed to run on various machines. They were tested on Beowulf

clusters using both VAST/f90 compiler and Intel Fortran Compiler version 8.0. These

compilers and the options used are described in Appendix D.
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CHAPTER 7

RESULTS AND DISCUSSION

7.1 General

Both sequential and parallel codes developed in the present study were applied to the

prediction of a confined axisymmetric laminar co-flowing methane-air diffusion flame

using infinite- and finite-rate chemistry models and validated by comparing their

steady-state predictions with numerical solutions and experimental measurements

available in the literature. In the first section of this chapter, the test problem to

which codes were applied is described. In the second section, steady-state numerical

solutions obtained by flame-sheet model are discussed in detail and compared with

the results of another numerical study and experimental data available in the literature.

This is followed by the presentation of numerical results obtained by using various

finite-rate chemistry models. First, steady-state species and temperature profiles

produced by three one-step mechanisms are compared with the experimental data.

The one resulting in the most favorable agreement with the measurements is selected

as the one-step mechanism to be compared with the multi-step mechanisms. Then,

the predictive accuracies of the selected one-step, two-step, five-step and ten-step

mechanisms are tested by comparing their predicted steady-state species, temperature

and velocity profiles with the measurements. In the fourth section, the difference

between infinite- and finite-rate chemistry models is illustrated by comparing the

results of flame-sheet model and ten-step reaction mechanism. In the last section,

the ability of the code to predict the transient flow field is demonstrated.

7.2 Description of the Test Case

The problem under consideration is a confined, steady, atmospheric, axi-symmetric,

laminar methane-air diffusion flame studied by Mitchell [39] in a vertical, cylindrical
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laboratory flame burner. The burner, shown schematically in Figure 7.1, consists of

two concentric brass tubes of radii RF and RO. Fuel flows through the inner tube

and air enters the system through the outer tube. Flat velocity profiles inside the

tubes and uniform velocity distribution at the outlets are maintained by several screens

packed inside the tubes. A perforated brass plate with high thermal conductivity is

placed at top of the burner inlet to assure parallel inlet flows with uniform temperature

profile. A pyrex glass cylinder is used to produce a confined flame and to define the

boundaries of the combustion system.

Fuel
AirAir

r

L

VAir VFuel

RF

RO

z

VAir

Figure 7.1: Schematic diagram of confined axisymmetric laminar diffusion flame
burner.
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Technical grade methane (98% purity) and compressed air are fed to the burner

through their respective inlets. Critical orifices control the flowrates of the methane

at 5.7 cm3/s and air at 187.7 cm3/s. Upon ignition, a cylindrical methane-

air diffusion flame of definite shape and height is produced in the system. The

resulting temperature and concentration profiles of CH4, O2, H2O, CO, CO2, NO,

H2 and N2 at three axial locations above the burner (z = 1.2, 2.4 and 5.0 cm) and

along the centerline (r = 0 cm) are measured. Temperature measurements were

performed using platinum vs. platinum-13% rhodium thermocouples. Radiation and

conduction corrections were made to determine local gas temperatures. Samples were

withdrawn from the burner with a quartz microprobe and then analyzed using a gas

chromatograph. Velocities were determined by a laser Doppler velocimetry seeding

the flame with TiO2 particles. Details of the experimental apparatus and analytical

procedure are described in detail in [39, 40]. Geometrical parameters of the burner

and operating conditions used for the numerical simulations are summarized below.

Geometrical parameters:
RF = 0.635 cm
RO = 2.54 cm
L = 30 cm

Operating conditions:
Pressure at the exit of the burner: p = 1 atm

Shield temperature: Tw = 298 K

Inlet streams:

i) Inner tube (Fuel side):

Inflow axial velocity: uF = 4.5 cm/s

Inflow radial velocity: vF = 0.0 cm/s

Temperature: TF = 298 K

Composition: YCH4 = 1.0, Yk = 0, k = 1,2, ...,K and k 6= CH4

ii) Outer tube (Oxidizer side):

Inflow axial velocity: uO = 9.88 cm/s

Inflow radial velocity: vO = 0.0 cm/s

Temperature: TO = 298 K

Composition: YO2 = 0.232, YN2 = 0.768, Yk = 0, k = 1,2, ...,K and k 6= O2,N2
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7.3 Numerical Results of Flame-Sheet Model

The validity and predictive ability of both sequential and parallel codes were tested on

the test problem under consideration by first employing flame-sheet model. The grid

resolution requirement was determined by running the sequential code for two grid

resolutions. For this purpose, sequential code was run for 121× 121 and 151× 151

grid points. Figure 7.2 shows the comparison of the profiles of the conserved scalar,

axial velocity, mole fractions, and temperature at the centerline computed on two

different grid resolutions. As can be seen from the figure, results generated by

121×121 grid points are almost identical to those obtained by 151×151 grid points.

Furthermore, the CPU time requirement of finer grid resolution is 1.5 times more

than that of coarser grid resolution. Therefore, 121× 121 number of grid points was

selected as the grid resolution to be employed.
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Figure 7.2: Comparison of profiles of the conserved scalar, axial velocity, mole
fractions, and temperature at the centerline computed on 121× 121 and 151× 151
grid points.
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Grid distribution with 121 × 121 grid points is shown in Figure 7.3. Grid points

were non-uniformly distributed along the radial and axial directions allowing higher

number of grid points in entrance region, near the wall and along the intersection line

of the fuel and air inlet where high gradients are expected. All the runs with flame-

sheet model were carried out on a dedicated system containing two dual-processor

personal computers installed with Red Hat Linux release 7.3. One of them has two

Pentium III-700 MHz processors with 512 MB RAM, and the other has two Pentium

III-1000 MHz processors with 1024 MB RAM. They are on an ethernet network

through a 100 Mbps switch.

7.3.1 ODE Solver Test

Performances of six ODE solvers, mentioned in Section 5.4, were tested in terms

of CPU time. All ODE solvers use variable step size control, which requires the

choice of a relative error tolerance rtol and an absolute error tolerance atol. In all

the ODE solvers except for RKF45, both rtol and atol were prescribed as 10−3.

These tolerances caused RKF45 to fail integration. Therefore, 10−4 was used for

rtol and atol in RKF45. The input parameters required by the ODE solvers are given

in Table 7.1.

Table 7.1: Input parameters used by ODE solvers.

Parameters RKF45 ROWMAP LSODE LSODES LSODA VODE

itol - 0 1 1 1 1
rtol 1.0×10−4 1.0×10−3 1.0×10−3 1.0×10−3 1.0×10−3 1.0×10−3

atol 1.0×10−4 1.0×10−3 1.0×10−3 1.0×10−3 1.0×10−3 1.0×10−3

iflag 1 - - - - -
hs - 0.0 - - - -
ijacv - 0 - - - -
ifdt - 0 - - - -
iout - 0 - - - -
ifcn - 0 - - - -
rpar - 0.0 - - - -
ipar - 0 - - - -
iopt - - 0 0 0 0
itask - - 1 1 1 1
istate - - 1 1 1 1
mf - - 20 20 - 10
jt - - - - 5 -
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Figure 7.4 shows the comparison of CPU time of the solvers. As can be seen from

the figure, ROWMAP displays the best performance with a CPU time 2.5 times faster

than RKF45, 4 times faster than LSODE, LSODES and VODE, and 5.5 times faster

than LSODA. Examination of the CPU times required by the LSODE family solvers

shows that there is not much difference between the performances of LSODE and

LSODES, but a large gap between these and LSODA. VODE also shows the same

performance with LSODE and LSODES, since all are based on BDF methods. After

this test, it was decided to use ROWMAP for time integration in the codes. All the

flame-sheet model results presented below were obtained by using ROWMAP.

7.3.2 Sequential vs. Parallel Code Performance Test

At the beginning of the present study, the programing language used in both

sequential and parallel codes was FORTRAN 77. However, the problems discussed

in Section 6.8 have necessitated transformation of the codes from FORTRAN 77

to FORTRAN 90 in which the dynamic memory allocation is supported. When

developing and compiling the sequential and parallel FORTRAN 90 codes with the

ODE Solver
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Figure 7.4: Comparison of CPU times of ODE solvers.
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compiler flags (Flag Set A given in Appendix D.1) used in compiling FORTRAN 77

codes, this flag set has caused compilation to fail. Then parameters in Flag Set A

were examined and some of them were removed from this set leading to the Flag Set

B shown in Appendix D.1. Sequential FORTRAN 90 code compiled with Flag Set B

was found to be faster than sequential FORTRAN 77 code compiled with Flag Set A.

Then sequential FORTRAN 77 code was also compiled with Flag Set B and run in

order to see the effects of the compilers on the execution times using the same set of

flags. CPU times for all these cases are presented in Figure 7.5. As can be seen from

the figure, sequential FORTRAN 77 code compiled with Flag Set B is faster than

that compiled with Flag Set A. CPU time of parallel FORTRAN 77 code compiled

with Flag Set A is also presented in the figure. It was run for only two sub-domains

due to the problem discussed in Section 6.8. Sequential and parallel FORTRAN 90

codes presented in Figure 7.5 were compiled with Flag Set B. As can be seen from

the figure, sequential FORTRAN 90 code is faster than sequential FORTRAN 77

code, both compiled with the same set of compiler flags (Flag Set B). This difference

arises from the advantages of FORTRAN 90 programming. These results indicate the
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Figure 7.5: Comparison of CPU times of sequential and parallel codes.
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important effects of the compiler flags on the performance of a code.

Performance of the sequential and parallel FORTRAN 99 codes was investigated

by examining two performance criteria, speed-up and efficiency. For comparative

purposes, computations were carried out using the same grids, time steps, final time

and user specified error tolerances required by ODE solver for both codes. A static

load balancing strategy based on a priori knowledge of the runtime behavior of the

parallel code was used to improve the performance of the parallel code by minimizing

the runtime of the calculation. For this purpose, first the parallel code was run for

equally distributed number of grid points in each sub-domain and their CPU times

were determined. Then, depending on the CPU times, different number of grid points

was assigned to each sub-domain, i.e., larger number of grid points for sub-domains

with less CPU time and smaller number of grid points for those with higher CPU

time.

Figure 7.6 shows the effect of number of processors on the speed-up. Straight line

indicates the ideal case that could be obtained if all the processors were identical
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Figure 7.6: Variation of speed-up with number of processors.
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and if there were no communication losses during the information exchange between

the sub-domains. Circular and square symbols represent the speed-up obtained by

running parallel code with load balancing and without load balancing, respectively.

As can be seen from the figure, speed-up values for each case increase with the

number of processors but with a decreasing slope. Speed-up obtained with load

balancing is better than that obtained without load balancing.

Variation of efficiency with number of grid processors is illustrated in Figure 7.7. As

can be seen from the figure, efficiency decreases with increasing number of processors

due to use of processors with different speed and the communication delay between

the processors. Efficiency obtained with load balancing is higher than that obtained

without load balancing.

7.3.3 Comparison of Steady-State Results

The radial profiles of the species mole fractions predicted by the present study and

by Xu and Smooke [41] using flame-sheet model are plotted against the experimental
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Figure 7.7: Variation of efficiency with number of processors.
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data at three axial locations in Figure 7.8. The flame-sheet model predictions of both

studies compare favorably with the experimental data for most of the species. The

numerical solutions tend to give somewhat higher CH4 mole fractions in the fuel

side. Discrepancy between the predicted and measured O2 profiles in the fuel side

is expected as the penetration of oxidizer into the the fuel side is not allowed in the

flame-sheet model. The higher H2O concentration in the experimental data is caused

by the moisture carried by the re-entrant flow from the exit due to the recirculation

in the burner. Comparison of species profiles obtained by the present study and by

Xu and Smooke [41] shows that present predictions are in better agreement with the

experimental data at the fuel side, however, predictions of Xu and Smooke [41] at

the oxidizer side agree more favorably with the data than those of the present study.

This discrepancy may be considered to be due the difference between the forms of

the governing equations and the numerical solution techniques utilized in these two

studies.

The radial temperature profiles at three axial locations are illustrated in Figure 7.9.

As can be seen from the figure, at the first axial location, numerical solutions of

both studies agree reasonably well with the experimental data on the oxidizer side,

but they fail to match the experimental temperature on the fuel side. This may be

caused by the infinite reaction approximation in the flame-sheet approximation. It

can be noted that predictions of the present study agree better with the experimental

data than those of Xu and Smooke [41] at the fuel side and vice versa at the oxidizer

side. The same trend can be observed at the other two axial locations (z = 2.4 and

5.0 cm). Figure 7.10 shows the profile of the temperature along the centerline. As can

be seen from the figure, there exists a disagreement between the computed profiles

and experimental data. The numerical solution gives a much higher temperature.

Present predictions are closer to experimental data in the flame, however, predictions

of Xu and Smooke [41] are in better agreement with the data outside the flame. The

flame length, defined as the height of the maximum temperature at the centerline,

is predicted as 12 cm and 7.6 cm by the present study and Xu and Smooke [41],

respectively. Both values are higher than 5.8 cm determined experimentally [39]. It is
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Figure 7.8: Radial profiles of the species mole fractions at three axial locations
predicted by flame-sheet model. Symbols: experimental data [40]; − · − · − :
predictions by Xu and Smooke [41]; ———— : present study.
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Smooke [41]; ———— : present study.

worth nothing that all combustion models applied to the test case under consideration

in this study to date resulted in over-predicted temperatures both inside and outside

the flame [40, 48, 50].

The radial profiles of axial velocity for three axial locations are displayed in

Figure 7.11. As can be seen form the figure, predicted velocity profiles severely
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Figure 7.11: Radial profiles of axial velocity at three axial locations predicted by
flame-sheet model. Symbols: experimental data [40].
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over-predict the experimental results. This discrepancy between the numerical and

experimental data has also been observed by Xu et al. [50]. This over-prediction in

velocity profiles is considered to be physically consistent with the higher temperature

predictions and flame length which produces a larger buoyancy force and recirculation

zone in the burner.

7.4 Numerical Results of Finite-Rate Reaction Mechanisms

Results for infinite-rate chemistry presented in the preceding section show that

although the flame-sheet model predicts reasonable flow and species fields, a finite-

rate reaction model must be employed in order to obtain more detailed and accurate

solutions. For this purpose, three one-step global mechanisms and two-, five- and

ten-step reduced mechanisms described in Chapter 4 were applied to the test case

under consideration. Steady-state species and temperature profiles for three one

step mechanisms [94, 100, 101] were compared with experimental data [40]. The

one leading to the most favorable agreement with measured data was selected in

order to test its performance with respect to the performances of multi-step reaction

mechanisms. Then, the predictive accuracy of the selected one-step [100], two-step

[66], five-step [102] and ten-step [99] mechanisms were tested by comparing their

predicted steady-state species, temperature and velocity profiles with the experimental

data.

Calculations of finite-rate reaction mechanisms were performed using the parallel

code. All the runs were carried out on a Beowulf system containing 10 Intel(R)

PIV 2.66 GHz processors with 1 GB RAM connected by a Cisco Catalyst 6509

Gigabit Ethernet switch. The operating system on the machines is Debian (Linux-

2.6.3). It was not possible to determine CPU times of the runs as the system is

based on multiuser usage. However, it is worth nothing that CPU times of the runs

with one-step mechanisms are in the order of days, while CPU time requirement of

computations using multi-step mechanisms are in the order of weeks, even months.

A grid independency test was carried out for three grid resolutions using the one-step

reaction mechanism. Profiles of CH4, O2, temperature and axial velocity predicted by
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81× 81, 121× 121 and 151× 151 grid resolutions are illustrated in Figure 7.12. As

can be seen from the figure, predictions of three grid resolutions closely follow each

other. Furthermore, the profiles obtained by 121×121 and 151×151 grid points are

in favorable agreement. Although a precise CPU time measurement was not possible,

it was found that the finest grid resolution tested requires considerably more execution

time than the other two grid resolutions. Therefore, 121×121 number of grid points

was selected as the grid resolution to be employed in finite-rate chemistry model

calculations. The same grid distribution utilized in the flame-sheet model calculations

were employed for the finite-rate chemistry models (Figure 7.3).
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Figure 7.12: Comparison of species, temperature and axial velocity profiles computed
on 81×81, 121×121 and 151×151 grid points.
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7.4.1 One-Step Global Reaction Mechanisms

Three one-step mechanisms (Model 1, Model 2 and Model 3 described in Chapter 4)

were tested on the same test problem. Computations were performed for a suddenly

started flow of fuel and air ignited at the intersection of their inlets. The radial profiles

of the steady-state computed mole fractions of the species at two axial positions above

the burner inlet and the temperature profile along the centerline for these one-step

mechanisms are plotted against the experimental data in Figure 7.13. In the figure, the

symbols denote the experimental results. The solid lines refer to the solution of Model

1 whereas the dashed lines and the dashed-two-dotted lines represent predictions of

Model 2 and 3, respectively. As can be seen from the figure, at the first location

(z = 1.2 cm) methane diffuses from the centerline to the reaction zone where it is

completely consumed. The oxygen is convected to the reaction zone from the outside

of the flame and start to decrease due to combustion. The small increase of oxygen in

the fuel side is due to the relatively low temperature inside the flame near the burner

inlet. This behavior is well captured by all three mechanisms. Results for the second

location (z = 2.4 cm) show that both combustion products and nitrogen are predicted

reasonably well with all three mechanisms. The last plot in the figure demonstrates

that along the centerline the temperature increases steeply until it reaches a maximum

value at the flame height and then gradually decreases downstream. Temperatures

predicted by Model 1 show the best agreement with the measurements.

Comparative evaluation of predictions obtained by three models with respect to

both species and temperatures shows that Model 1 is the most accurate one-step

mechanism.

7.4.2 One-, Two-, Five- and Ten-Step Reaction Mechanisms

Numerical solutions obtained by two-, five- and ten-step reduced mechanisms are

presented below. The calculation of these mechanisms starts from the steady-state

velocity, temperature and major species solutions of one-step (Model 1) reaction

mechanism. Steady-state species, temperature and velocity profiles predicted by

reduced mechanisms are compared with the available experimental data. Results of
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Figure 7.13: Radial profiles of species mole fractions at two axial locations and axial
temperature profile along the centerline for three one-step mechanisms. Symbols:
experiment [40]; ——: Model 1 [100] ; −−−: Model 2 [94]; −··−: Model 3 [101].
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the selected one-step mechanism (Model 1) are also included in these comparisons

for a comprehensive analysis. The radial profiles of CH4, O2, H2O, CO2, CO, H2,

N2 and NO mole fractions at three axial locations above the burner inlet and their

axial profiles along the centerline predicted by the finite-rate reaction mechanisms are

plotted against experimental data in Figures 7.14-7.21. Comparisons of temperature

and velocity profiles at the same radial and axial locations are given in Figures

7.22 and 7.23. In these figures, the symbols denote the experimental results. The

solid lines represent the solution of one-step reaction mechanism (Model 1). The

dashed lines stand for the results of two-step reduced mechanism; the dashed-

dotted for five-step reaction mechanism; and the dashed-two-dotted lines for ten-

step reduced mechanism. Finally, steady-state contour plots of velocity, streamlines,

temperature and species isopleths for ten-step reduced mechanism are demonstrated

in Figures 7.24-7.26 for a global picture of the axisymmetric diffusion flame.

Figure 7.14 shows the radial profiles of methane mole fractions at three axial

locations and the axial profile along the symmetry axis predicted by four reaction

mechanisms. As can be seen from the figure, methane predictions are slightly higher

than measurements but closely follow the experimental data in the radial direction.

Absence of measured data for methane at the height of 5 cm indicates that almost

all the methane is consumed before it reaches to this location. Five-step mechanism

correctly predicts the depletion of methane at this location.

Outside the flame, oxygen concentration is almost equal to its inlet value at all heights

as shown in Figure 7.15. It decreases to a minimum value as the oxygen is convected

to the reaction zone where most of it is consumed by the chemical reactions. It then

slightly increases inside the flame. This penetration of oxygen into the fuel side due

to the relatively low temperature near the burner inlet for the consumption of oxygen

is observed experimentally and predicted well by all the mechanisms except two-step.

At the first two axial locations ten-step reduced mechanism produces the most

accurate predictions while results of five-step mechanism show the best agreement

with experimental data at the height of 5 cm. The centerline profile also indicate
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Figure 7.14: Radial and axial profiles of CH4 mole fractions at three axial locations
and along the centerline.

128



r (cm)

M
ol

e
fr

ac
tio

n

0 0.5 1 1.5 2 2.510-4

10-3

10-2

10-1

100

O2

1-step
2-step
5-step
10-step

@ z = 1.2 cm

r (cm)
M

ol
e

fr
ac

tio
n

0 0.5 1 1.5 2 2.510-4

10-3

10-2

10-1

100

O2

1-step
2-step
5-step
10-step

@ z = 2.4 cm

r (cm)

M
ol

e
fr

ac
tio

n

0 0.5 1 1.5 2 2.510-4

10-3

10-2

10-1

100

O2

1-step
2-step
5-step
10-step

@ z = 5.0 cm

z (cm)

M
ol

e
fr

ac
tio

n

0 10 20 3010-4

10-3

10-2

10-1

100

O2

1-step
2-step
5-step
10-step

@ centerline

◦ : experiment [40]
: 1-step mechanism [100]
: 2-step mechanism [66]

−·−·− : 5-step mechanism [102]
−··−··− : 10-step mechanism [99]

Figure 7.15: Radial and axial profiles of O2 mole fractions at three axial locations and
along the centerline.
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the presence of oxygen inside the flame at lower heights and its convection to

higher positions where it is completely depleted. Above the flame where complete

combustion is achieved, oxygen concentration increases asymptotically to its inlet

value.

Figures 7.16 and 7.17 show the radial and axial profiles of major products H2O and

CO2 predicted by all the mechanisms. As can be seen from the radial profiles,

both species concentrations increase to their peak values at the flame front where

temperature also maximizes and then start to decrease along the radial direction

as the wall is approached. The agreement between the numerical solutions of all

mechanisms and the experimental data is reasonably good inside the flame except the

two-step one. However, outside the flame, predictions obtained by all the mechanisms

fail to match the experimental data. The discrepancy between the predicted H2O and

CO2 mole fractions and measured data can be attributed to the entrainment of moisture

from the exit to the burner due to presence of recirculation formed near the cold burner

which will also be illustrated in the contour plot of velocity.

The numerical simulation of confined flames has always been a more difficult case

than those of unconfined jet flames in which recirculation does not form around the

flame. Along the centerline, both H2O and CO2 concentrations increase steeply inside

the flame where they are produced and then they diffuse rapidly downstream the

burner. Predictions of five- and ten-step reduced mechanisms are in better agreement

with the experimental data especially for CO2 mole fractions.

The radial and axial profiles of minor species CO and H2 at the three axial locations

and along the centerline are illustrated in Figures 7.18 and 7.19. Figure 7.18 does not

include results for one-step mechanism as it does not contain species CO. Similarly,

one and two-step mechanisms do not contain species H2. Radial profiles of both

species show that they are produced inside the flame attaining maxima at the flame

front and then decrease sharply along the radial distance.

As can be seen from the figures, CO and H2 predictions of ten-step mechanisms are

in very good agreement with the experimental data at the height of 2.4 cm. Similarly
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Figure 7.16: Radial and axial profiles of H2O mole fractions at three axial locations
and along the centerline.
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Figure 7.17: Radial and axial profiles of CO2 mole fractions at three axial locations
and along the centerline.
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Figure 7.18: Radial and axial profiles of CO mole fractions at three axial locations
and along the centerline.
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Figure 7.19: Radial and axial profiles of H2 mole fractions at three axial locations and
along the centerline.
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five-step mechanism provides accurate results at 5 cm above the burner. However,

two-step mechanism fails to match the experimental data for CO. Axial profiles of

both species show that CO and H2 concentrations increase steeply in the lower region

of the burner due to combustion and reach to their maximum values where almost all

the methane is consumed. Then, they start to burn out and are completely depleted in

a short height yielding a relatively small energy release to sustain the flame. CO and

H2 mole fractions at the centerline are accurately predicted by both five- and ten-step

mechanisms.

Figure 7.20 illustrates the radial and axial profiles of N2 mole fraction. As can be

seen from the figure, nitrogen goes beyond the flame front and diffuses quickly to

the fuel side at each axial locations for all the mechanisms. Predictions of all the

mechanisms agree well with the measurements. Axial profile of N2 mole fraction

shows that nitrogen increases steeply just above the burner inlet and approaches to its

maximum value in a short distance from the inlet. Predictions by all the mechanisms

are in good agreement with the experimental data.

The radial and axial profiles of NO mole fraction predicted by five-step mechanism

are plotted against experimental data in Figure 7.21. Results of other finite-rate

chemistry models are not shown in this figure as they do not include a mechanism for

NO. The radial profiles of NO mole fraction exhibit a peak at the flame front similar

to trends observed in the radial major and minor species profiles. Then, they decrease

steeply away from the reaction zone suggesting that NO is primarily formed inside

and at the flame front where temperature and oxygen concentrations are suitable for

NO formation. Predictions at all axial positions are in very good agreement with

the experimental data. Axial variation of NO mole fraction is well matched by the

numerical results of five-step mechanism as well.

Figure 7.22 illustrates the radial and axial profiles of temperature at three axial

positions and along the symmetry axis, respectively. As can be seen from the radial

profiles, the temperature inside the flame increases to a maximum value around

2050 K at the flame front and decreases sharply in the radial direction towards the

135



r (cm)

M
ol

e
fr

ac
tio

n

0 0.5 1 1.5 2 2.510-4

10-3

10-2

10-1

100

N2

1-step
2-step
5-step
10-step

@ z = 1.2 cm

r (cm)
M

ol
e

fr
ac

tio
n

0 0.5 1 1.5 2 2.510-4

10-3

10-2

10-1

100

N2

1-step
2-step
5-step
10-step

@ z = 2.4 cm

r (cm)

M
ol

e
fr

ac
tio

n

0 0.5 1 1.5 2 2.510-4

10-3

10-2

10-1

100

N2

1-step
2-step
5-step
10-step

@ z = 5.0 cm

z (cm)

M
ol

e
fr

ac
tio

n

0 10 20 3010-4

10-3

10-2

10-1

100

N2

1-step
2-step
5-step
10-step

@ centerline

◦ : experiment [40]
: 1-step mechanism [100]
: 2-step mechanism [66]

−·−·− : 5-step mechanism [102]
−··−··− : 10-step mechanism [99]

Figure 7.20: Radial and axial profiles of N2 mole fractions at three axial locations and
along the centerline.
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Figure 7.21: Radial and axial profiles of NO mole fractions at three axial locations
and along the centerline.
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Figure 7.22: Radial and axial profiles of temperature at three axial locations and along
the centerline.
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wall which is at 298 K. Numerical solutions obtained by four mechanisms closely

follow the experimental data. Predicted temperature profiles by five- and ten-step

mechanisms are found to be in better agreement with the experimental data than those

of one- and two-step mechanisms. This can be attributed to the fact that presence of

minor species such as CO, H2 at equilibrium lowers the total heat of reaction leading

to lower adiabatic flame temperature. Computed axial profiles predicted by five- and

ten-step mechanisms are also in better agreement with the experimental data than

those predicted by one- and two-step mechanisms. The flame lengths predicted by

one-, two-, five- and ten-step mechanisms are 6.1, 7.2, 5.8 and 5.8 cm, respectively.

Flame height predictions of five- and ten-step mechanisms are in excellent agreement

with the the experimental value of 5.8 cm [39].

Radial and axial profiles of axial velocity at three axial locations and along the

centerline, respectively, are illustrated in Figure 7.23. As can be seen from the radial

profiles, numerical results of all the mechanisms over-predict the experimental data

inside the flame and under-predict outside the flame. In the lowest axial position

(z = 1.2 cm) the peak in the velocity is at the reaction region rather than at the

centerline due to the higher temperature encountered here. At the higher axial

positions the maximum velocity approaches to centerline. Profiles of axial velocity

along the centerline with the absence of measured data clearly show the high velocity

gradients in the system due to high temperatures resulting from the reactions.

The general structure of the axisymmetric diffusion flame is illustrated in

Figures 7.24-7.26 by plotting steady-state contours of velocity and temperature fields

and species isopleths for 10-step mechanisms. In Figure 7.24, contour plot of axial

velocity shows that the velocities along the centerline are higher due to the high

temperature around the centerline and the effects of natural convection. A maximum

velocity of 350 cm/s is achieved at the burner exit. It can be seen from the streamlines

pattern that fuel and air entering to the system flow towards the centerline near inlet of

the burner. Buoyancy force accelerates the flow inside the flame while air is entrained

into the system from the exit to balance the inlet momentum and to conserve the mass

flow rate. Flow reversal occurs near the wall due to large buoyancy force produced by
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Figure 7.23: Radial and axial profiles of axial velocity at three axial locations and
along the centerline.
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Figure 7.24: Contours of axial velocity field, streamline, temperature field and
isopleths of CH4, O2 and N2 for 10-step methane-air reaction mechanism.
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Figure 7.25: Isopleths of H2O, CO2, CO, H2, H and OH for 10-step methane-air
reaction mechanism.
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Figure 7.26: Isopleths of CH3, C2H2, C2H4, C2H6, CH2O for 10-step methane-air
reaction mechanism and NO isopleth for 5-step methane-air reaction mechanism.
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the heat release from the reaction as shown in the streamlines plot. Flow recirculation

causes a narrow and long flame shape in the confined system. High temperature

gradients starting form the near burner inlet are observed in the system as shown in

the temperature contour. Temperature raises in a short distance from inlet value of

298 K to near 2100 K.

Isopleths of methane and oxygen in Figure 7.24 show that they co-exist in a very

small region near inlet and almost all the methane is consumed as soon as it enters to

the burner. Oxygen penetrates to the fuel side at the intersection of air and fuel inlet

due to relatively low temperatures in this region. Nitrogen is the excess species and is

present everywhere in the system except in the fuel inlet region. Figure 7.25 displays

the isopleths of major and minor products H2O, CO2, CO, H2, H and OH. Water, CO2,

CO and H2 are mainly produced inside the flame and is convected downstream of the

burner. H and OH radicals are observed just above the flame front. CO produced

inside the flame is immediately oxidized to CO2 over the flame yielding further

increase in CO2 concentration and similarly, H2 is consumed on the boundary of the

flame to form H and OH radicals. Isopleths of carbon containing minor products CH3,

C2H2, C2H4, C2H6, CH2O obtained by 10-step mechanism and NO isopleth for 5-step

mechanism are demonstrated in Figure 7.26. As can be seen from the plots, chemical

production of CH3, C2H2, C2H4, C2H6, CH2O is limited to the flame and their shapes

agree well with the flame structure. Majority of NO production occurs at the locations

of high temperature and hence its isopleth shows the same trend with the temperature

contour. The calculated results of NO mole fraction exhibit similar behavior to the

steady-state NO isopleths obtained in a computational and experimental study of NO

in an unconfined laminar diffusion flame [80].

7.5 Comparison of Infinite- and Finite-Rate Chemistry

The effect of level of chemistry on the prediction of the laminar diffusion flame

under consideration is investigated by comparing steady-state results of the flame-

sheet model and ten-step reduced mechanism. Figure 7.27 shows the comparison of

temperature contours and O2 and H2O isopleths obtained using these two chemistry
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Figure 7.27: Comparison of temperature contours, O2 and H2O isopleths obtained by infinite- and finite-rate reaction mechanisms.
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models. As can be seen from the plots, infinite- and finite-rate chemistry models

produce significantly different results. The temperature contours show that flame-

sheet produces a longer and spreading flame while ten-step mechanism yields a

narrow and short one in which energy is released in a smaller reaction zone. Both

oxygen and water isopleths exhibit the same trend as temperature. Diffusion of

oxygen into the fuel side is clearly identified for ten-step mechanism. Due to

assumptions involved in the flame-sheet model oxygen can not penetrate into the

fuel side. Water concentrations predicted by the flame-sheet model are higher than

those calculated by ten-step mechanism as ten-step mechanism produces radicals

and hydrocarbons with hydrogen and oxygen molecules leading to decrease in water

concentrations.

7.6 Transient Results

The predictive ability of the algorithm developed in the present study is illustrated

in suddenly started diffusion flame using one-step global reaction mechanism. The

entire domain is initially filled with air at room temperature and flow is at rest.

Then fuel and air both at room temperature are allowed to enter from their inlets

to the burner. The flame is ignited at the intersection region of fuel and oxidizer

inlets providing a small hot region by setting a temperature of 1500 K higher

than the ignition threshold value for a time period of 50 ms. Combustion starts

immediately with ignition yielding high velocities and temperatures and the flame

propagates to the burner exit. The propagating hot flame and cold air present in

the burner lead to sharp discontinuities in both velocity and temperature as the flow

moves downstream. Hence, this situation makes the problem strongly convective and

necessitates particular attention to the spatial discretization of convective derivatives

in the governing equations. Among the difference schemes investigated in the

present study (Chapter 5), second-order flux limited (LG2VL) and biased-upwind

(LG4BU) schemes based on Lagrange interpolation polynomial were tested on the

laminar diffusion flame under consideration. Reasons behind selection of these

schemes are i) the difficulty in application of the classical FD schemes to non-

uniform grid distributions and ii) numerical dispersion and diffusion effects in fourth-
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order centered and upwind schemes based on Lagrange interpolation polynomial.

Numerical results computed using the two schemes are presented in Figures 7.28

and 7.29.

Figure 7.28 demonstrates the axial velocity and temperature profiles along the

centerline obtained by second-order flux limited and biased-upwind schemes based

on Lagrange interpolation polynomial at three different instants; 120, 200 and 360

ms. Inspection of the figure for t = 120 ms reveals that over- and under-shoots form in

the vicinity of steep velocity and temperature gradients when biased-upwind scheme

is used for spatial discretization. On the other hand, second-order flux limited scheme

based on Lagrange interpolation polynomial removes these over- and under-shoots as

expected. As the flame propagates downstream (t = 200 and 360 ms) these numerical

oscillations remain in the solution and discrepancies in the two solutions increase due

to the use of coarser grid distribution downstream. From the accuracy point of view,

both schemes produce almost the same results in the smooth region of the solutions

although the orders of accuracy of the schemes are different. These results show the

success of the LG2VL scheme developed in the present study.

The performances of two schemes are illustrated by temperature field contours at the

same instants as those selected for velocity and temperatures profiles (Figure 7.29).

Three contour plots at the top are the results obtained by biased-upwind scheme and

those below are the results of flux limited scheme. Early stages of flame development

can be clearly seen in this figure. Red color indicates the highest temperature in

the flame where combustion takes place. Flame propagation with sharp temperature

gradient and its broadening due to the flow recirculation are observed at each time.

An individual analysis of the above plots at each time shows that biased-upwind

scheme produces over- and under-shoots on both sides of the flame front. More

precisely, the small yellow colored spot just before the flame front in the plot at t

= 200 ms shows a non-physical increase in the temperature. Similarly, the light blue

separated regions appearing after the flame front at t = 200 and 360 ms prove the

over-shooting results obtained by biased-upwind scheme. These over- and under-

shoots are not observed for flux limited scheme shown on the lower plots in which the
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Figure 7.28: Axial velocity and temperature profiles along centerline for two schemes
at three different instants.
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sharp gradients of temperature can be clearly identified. Flux limited scheme removes

spurious oscillations and hence can be regarded as a successful scheme applicable to

strongly convective flow problems without any oscillations.

Figure 7.30 shows the time development of the axial velocity by color contours and

streamlines for 121× 121 grid points. As can be seen from the figure, as soon as

flow is started, the velocity increases in the inlet region along the centerline due to

increase in temperature. Vortices begin to form due to the confined system. As time

progresses the flame propagates to the exit of the burner with an accelerating velocity.

The flow starts to separate downstream yielding two large recirculation cells that are

established between the hot flame region and the cold wall. At steady-state these

recirculation cells take their final forms remaining in the system. Air is entrained

into the system at the shield outlet to balance the momentum of the inlet fuel and air

streams along with the frictional losses at the shield wall. The presence of these

recirculation cells reduces the total area available for the flow of the combustion

gases and hence the velocities are increased due to the combined effects of natural

convection and a reduced flow area. High velocity gradients appear in the whole

domain, axial velocity ranging in magnitude from −20 cm/s to 350 cm/s.

Time development of temperature field is shown in Figure 7.31. As can be seen

from the figure, as soon as flow is started, reaction starts to take place immediately

and high temperature region extends from the boundary of the fuel and oxidizer jets

to the symmetry axis. Thereafter, as the flow moves downstream, the temperature

field broadens to the walls due to the recirculations. Recirculations cause the fuel

and oxidizer to expand in the wall direction. As time progresses, fuel and oxidizer

flow donwnstream resulting in the formation of the shape of a typical flame. After a

distance from the inlet, fuel is depleted and therefore, temperature starts to decrease

further downstream. At steady-state it takes its final form yielding extremely high

temperature gradients in the system. In the vicinity of the inlet, temperature rises

form 298 K to nearly 2000 K in approximately 1 cm. In the radial direction, it is

observed that temperature rapidly decreases and ultimately approaches to inlet value.
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Figure 7.30: Time development of streamline pattern and axial velocity field for one-
step reaction mechanism (Model 1).
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Figure 7.31: Time development of temperature field for one-step reaction mechanism
(Model 1).
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Although it was not possible to validate the transient results owing to the absence

of experimental data in the open literature, the predictions show the physically

expected trends and also display similar behavior to those obtained numerically in

an unconfined diffusion flame of methane [66].
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CHAPTER 8

CONCLUSIONS

In this study, novel sequential and parallel computational fluid dynamic (CFD) codes

based on method of lines (MOL) approach were developed for the solution of

continuity, momentum, energy and species equations for multi-component reacting

systems using detailed transport and thermodynamic models. Both sequential and

parallel codes were applied to the prediction of a confined axisymmetric laminar co-

flowing methane-air diffusion flame for which experimental data were available in

the literature. Infinite- and finite-rate reaction models were employed for combustion

sub-model. Flame-sheet approximation was used as an infinite-rate reaction model

while one-, two-, and five- and ten-step reduced reaction mechanisms for methane-

air combustion were utilized for finite-rate reaction chemistry. Steady-state velocity,

temperature and species profiles predicted by the codes developed were validated

against measurements and other numerical solutions on the same test problem.

The effect of level of chemistry on the prediction of the laminar diffusion flame

was investigated by comparing steady-state results of flame-sheet model and ten-step

reaction mechanism. The predictive ability of the algorithm for transient reacting

flows was demonstrated in suddenly started diffusion flame using one-step reaction

mechanism.

Execution times resulting from the use of several ordinary differential equation (ODE)

solvers in the MOL algorithm were examined on the flame-sheet problem. A static

load balancing strategy was used to improve the performance of the parallel code.

A second-order high-resolution total variation diminishing (TVD) scheme based

on Lagrange interpolation polynomial was proposed in order to eliminate spurious
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oscillations originating from transient flame propagation. Performances of classical

and TVD based finite difference (FD) schemes, higher-order Lagrange interpolation

polynomial based schemes and the scheme proposed in this study were investigated on

the MOL solution of a simple one-dimensional convective flow. The proposed scheme

and biased-upwind scheme based on Lagrange interpolation polynomial were also

tested on the laminar diffusion flame under consideration. Following is a summary of

conclusions drawn from the above-mentioned study:

• The MOL has the simplicity of the explicit approach for spatial discretization

and the power of the implicit one for time integration and hence make it possible

the use of parallelism with ease.

• Selection of a suitable ODE solver based on the type and dimension of the

physical problem, desired level of accuracy and execution time is indispensable

for efficient computations.

• Static load balancing strategy improves the performance of the parallel code.

• Flame-sheet model provides reasonable results for the simulation of laminar

flames in considerably less CPU times and hence can be used to generate an

initial solution estimate for complex chemistry model calculations.

• The predicted steady-state velocity, temperature and species concentrations

obtained by using finite-rate chemistry models are in reasonably good

agreement with the measurements.

• Second-order TVD scheme developed in the present study produces accurate

results without spurious oscillations and numerical diffusion encountered in the

classical schemes and hence can be successfully applied to strongly convective

flow problems with non-uniform grid resolution. The scheme can readily

be incorporated into existing codes based not only on MOL but also other

numerical solution techniques.

• The code provides an accurate and efficient tool for the prediction and

understanding of transient combustion systems.
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This study constitutes the initial steps in the development of an efficient numerical

scheme for direct numerical simulation (DNS) of unsteady, turbulent, multi-

dimensional combustion with stiff detailed chemistry.

8.1 Suggestions for Future Work

Based on the experience gained in the numerical experimentation, the following

recommendations for future extension of the work are suggested.

The predictive accuracy of the present code can be tested on laminar diffusion flames

of other fuels for which experimental data is available.

Simple and complex soot models can be incorporated to the code to understand the

various physical and chemical processes involving soot formation.

A radiation code based on the same approach can be integrated to the present code

for application to strongly radiating/sooting flames.

In order to be able to treat complex geometries, the code can be modified by changing

the formulation for general curvilinear coordinate system.

Accurate experimental data should be made available in the open literature in order

to assess the predictive ability and validity of the code in the transient flames.

Finally, three-dimensional formulation of the code is required for accurate prediction

of turbulent reacting flows.
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[85] R. Cònsul, C. D. Pérez-Segarra, K. Claramunt, J. Cadafalch, and A. Oliva,
“Detailed numerical simulation of laminar flames by a parallel multiblock
algorithm using loosely coupled computers,” Combust. Theory Modelling,
vol. 7, pp. 525–544, 2003.

[86] Y. E. Egorov, A. E. Kuznetsov, M. K. Strelets, and M. L. Shur, “Subsonic
compressible flows of chemically reacting gas mixtures in cylindrical
and rectangular channels with sudden expansion,” Templofizika Vysokikh
Temperatur, vol. 28, pp. 1149–1155, 1990.

[87] X.-S. Bai and L. Fuchs, “Modelling of turbulent reacting flows past a bluff
body: Assessment of accuracy and efficiency,” Computers Fluids, vol. 23,
pp. 507–521, 1994.

[88] R. J. Kee, F. M. Rupley, and J. A. Miller, “The CHEMKIN thermodynamic
data base,” Tech. Rep. SAND87-8215B, Sandia National Laboratories, 1996.

[89] R. Bird, W. Stewart, and E. Lightfoot, Transport Phenomena. John Wiley and
Sons, Inc., 2. ed., 2002.

[90] S. R. Turns, An introduction to combustion. Singapore: McGraw-Hill, 1996.

[91] “http://www.me.berkeley.edu/gri mech/.”

[92] N. Peters and R. J. Kee, “The computation of stretched laminar methane-
air diffusion flames using a reduced four-step mechanism,” Combust. Flame,
vol. 68, pp. 17–29, 1987.

[93] N. Peters and F. A. Williams, “The asymptotic structure of stoichiometric
methane-air flames,” Combust. Flame, vol. 68, pp. 185–207, 1987.

[94] C. K. Westbrook and F. L. Dryer, “Simplified reaction mechanisms for the
oxidation of hydrocarbon fuels in flames,” Combust. Sci. and Technol., vol. 27,
pp. 31–43, 1981.

[95] R. W. Bilger, S. H. Starner, and R. J. Kee, “On reduced mechanisms for
methane-air combustion in nonpremixed flames,” Combust. Flame, vol. 80,
pp. 135–149, 1990.

165



[96] K. Seshadri and N. Peters, “The inner structure of methane-air flames,”
Combust. Flame, vol. 81, pp. 96–118, 1990.

[97] R. Hilbert, F. Tap, H. El-Rabii, and D. Thevenin, “Impact of detailed chemistry
and transport models on turbulent combustion simulations,” Prog. Energy
Combust. Sci., vol. 30, pp. 61–117, 2004.

[98] J. F. Griffiths, “Reduced kinetic models and their application to practical
combustion systems,” Prog. Energy Combust. Sci., vol. 21, pp. 25–107, 1995.

[99] J.-Y. Chen, “Development of reduced mechanisms for numerical modelling
of turbulent combustion,” in Workshop on Numerical Aspects of Reduction in
Chemical Kinetics, (France), September 1997.

[100] E. E. Khalil, D. B. Spalding, and J. H. Whitelaw, “The calculation of local flow
properties in two-dimensional furnaces,” Int. J. Heat Mass Transfer, vol. 18,
pp. 775–791, 1975.

[101] J. Hsu and S. Mahalingam, “Performance of reduced reaction mechanisms in
unsteady nonpremixed flame simulations,” Combust. Theory Modelling, vol. 7,
pp. 365–382, 2003.

[102] H. P. Mallampalli, T. H. Fletcher, and J.-Y. Chen, “Evaluation of CH4/NOX

reduced mechanisms used for modeling lean premixed turbulent combustion
of natural gas,” J. Eng. Gas Turb. Power, vol. 120, pp. 703–712, 1998.

[103] W. E. Schiesser, The Numerical Method of Lines: Integration of Partial
Differential Equations. New York: Academic Press, 1991.
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[111] I. Ayrancı and N. Selçuk, “Effect of spatial differencing schemes on the
performance of MOL solution of DOM in anisotropically scattering medium,”
in Proceedings of the 12th International Heat Transfer Conference, (Grenoble,
France), pp. 639–644, August 18-23 2002.
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APPENDIX A

A SECOND-ORDER TVD SCHEME BASED ON
LAGRANGE INTERPOLATION POLYNOMIAL

In a general form, Lagrange interpolation polynomial can be written for n points as

follows

u =
n

∑
i=1

n

∏
j=1
i6= j

x− x j

xi − x j
ui (A.1)

or

u(x) =
n

∑
i=1

ai(x)ui, (A.2)

where

ai(x) =
n

∏
j=1
j 6=i

x− x j

xi − x j
. (A.3)

Differentiation of Equation (A.2) with respect to x leads to

∂u
∂x

=
n

∑
i=1

d
dx

(ai(x))ui =
n

∑
i=1

bi(x)ui (A.4)

where

bi(x) =

∑n
k=1
k 6=i

∏n
j=1
j 6=i
j 6=k

x− x j

∏n
j=1
j 6=i

xi − x j
. (A.5)

If n is set to 3, then Equation (A.4) becomes representation of derivative of u by

3-point (second-order) Lagrange interpolation polynomial, i.e,

∂u
∂x

=
3

∑
i=1

∑3
k=1
k 6=i

∏3
j=1
j 6=i
j 6=k

x− x j

∏3
j=1
j 6=i

xi − x j
ui (A.6)

or

∂u
∂x

=
(x− x3)+(x− x2)

(x1 − x2)(x1− x3)
u1 +

(x− x3)+(x− x1)

(x2 − x1)(x2 − x3)
u2 +

(x− x2)+(x− x1)

(x3 − x1)(x3 − x2)
u3. (A.7)
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A.1 Second-Order Upwind Scheme

Substitution of x = x3 into Equation (A.7) yields 3-point (second-order) upwind

difference scheme based on Lagrange interpolation polynomial given below

∂u
∂x

=
x3 − x2

(x1 − x2)(x1 − x3)
u1 +

x3 − x1

(x2 − x1)(x2 − x3)
u2 +

(x3 − x2)+(x3 − x1)

(x3 − x1)(x3 − x2)
u3. (A.8)

The difference (x3 − x1) term in Equation (A.8) can written as follows

x3 − x1 = (x3 − x2)+(x2 − x1). (A.9)

Replacing the term (x3 − x1) in Equation (A.8) with Equation (A.9) gives

∂u
∂x

=
x3 − x2

(x1 − x2)(x1 − x3)
u1 +

(x3 − x2)+(x2− x1)

(x2 − x1)(x2 − x3)
u2

+
(x3 − x2)+(x3 − x1)

(x3 − x1)(x3 − x2)
u3. (A.10)

Dissociating the second and third terms on the right hand side of Equation (A.10) and

canceling the same terms from both numerators and denominators yield

∂u
∂x

=
x3 − x2

(x1 − x2)(x1− x3)
u1 −

u2

(x2 − x1)
+

u2

(x2 − x3)
+

u3

(x3 − x1)
+

u3

(x3 − x2)
. (A.11)

Third and fifth terms of Equation (A.11) are combined together as

∂u
∂x

=
x3 − x2

(x1 − x2)(x1 − x3)
u1 −

u2

(x2 − x1)
+

u3

(x3 − x1)
+

u3 −u2

(x3 − x2)
. (A.12)

Second and third terms in Equation (A.12) can be combined together as follows

∂u
∂x

=
x3 − x2

(x1 − x2)(x1 − x3)
u1 +

(x2 − x1)u3 − (x3 − x1)u2

(x2 − x1)(x3− x1)
+

u3 −u2

(x3 − x2)
. (A.13)

The difference (x3 − x1) term appearing in the numerator of the second term on the

right hand side of Equation (A.13) is replaced by Equation (A.9) yielding

∂u
∂x

=
x3 − x2

(x1 − x2)(x1 − x3)
u1 +

(x2 − x1)u3 − (x3 − x2)u2 − (x2 − x1)u2

(x2 − x1)(x3 − x1)

+
u3 −u2

(x3 − x2)
. (A.14)

Denominator of the the first term of Equation (A.14) can be rearranged as

∂u
∂x

=
x3 − x2

(x2 − x1)(x3 − x1)
u1 +

(x2 − x1)u3 − (x3 − x2)u2 − (x2 − x1)u2

(x2 − x1)(x3 − x1)

+
u3 −u2

(x3 − x2)
. (A.15)
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Dissociating the second term of Equation (A.15) and rearranging the resulting

equation result in

∂u
∂x

=
x3 − x2

(x2 − x1)(x3 − x1)
(u1−u2)+

(x2 − x1)

(x2 − x1)(x3 − x1)
(u3 −u2)+

u3 −u2

(x3 − x2)
.(A.16)

Further rearrangement in Equation (A.16) yields

∂u
∂x

=
(u3 −u2)

(x3 − x2)
+

(u3 −u2)

(x3 − x1)
− (x3 − x2)

(x2 − x1)(x3 − x1)
(u2−u1). (A.17)

Combining second and third terms of Equation (A.17) gives the final form of 3-point

upwind difference scheme based on Lagrange interpolation polynomial

∂u
∂x

=
(u3 −u2)

(x3 − x2)
+

1
(x3 − x1)

[

(u3 −u2)−
(x3 − x2)

(x2 − x1)
(u2−u1)

]

. (A.18)

Equation (A.18) can be written in general form in terms of node indices as follows

∂u
∂x

∣

∣

∣

∣

i
=

(ui−ui−1)

(xi− xi−1)
+

1
(xi− xi−2)

[

(ui −ui−1)−
(xi − xi−1)

(xi−1 − xi−2)
(ui−1 −ui−2)

]

. (A.19)

For equally spaced grid Equation (A.18) becomes classical second-order upwind

finite difference scheme. This can be shown by setting

∆x = x3 − x2 = x2 − x1 (A.20)

Then Equation (A.18) becomes

∂u
∂x

=
(u3 −u2)

∆x
+

1
2∆x

[

(u3 −u2)−
∆x
∆x

(u2−u1)

]

. (A.21)

Rearranging Equation (A.21) gives

∂u
∂x

=
1

2∆x
(3u3−4u2 +u1). (A.22)

A.2 Second-Order Downwind Scheme

Substitution of x = x1 into Equation (A.7) yields 3-point (second-order) downwind

difference scheme based on Lagrange interpolation polynomial given below

∂u
∂x

=
(x1 − x3)+(x1 − x2)

(x1 − x2)(x1 − x3)
u1 +

x1 − x3

(x2 − x1)(x2 − x3)
u2 +

x1 − x2

(x3 − x1)(x3 − x2)
u3.(A.23)
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Replacing term (x1 − x3) appearing in the second term on the right hand side of

Equation (A.23) with Equation (A.9) and rearranging the denominator of the same

term give

∂u
∂x

=
(x1 − x3)+(x1 − x2)

(x1 − x2)(x1 − x3)
u1 +

(x3 − x2)+(x2 − x1)

(x1 − x2)(x2− x2)
u2

+
x1 − x2

(x3 − x1)(x3 − x2)
u3. (A.24)

Dissociating the first and second terms of Equation (A.24) and canceling the same

terms from both numerators and denominators yield

∂u
∂x

=
u1

(x1 − x2)
+

u1

(x1 − x3)
− u2

(x1 − x2)
+

u2

(x3 − x2)
+

x1 − x2

(x3 − x1)(x3 − x2)
u3. (A.25)

First and third terms in Equation (A.25) can be combined together as follows

∂u
∂x

=
u1 −u2

(x1 − x2)
+

u1

(x1 − x3)
+

u2

(x3 − x2)
+

x1 − x2

(x3 − x1)(x3 − x2)
u3. (A.26)

Second and third terms in Equation (A.26) are combined yielding

∂u
∂x

=
u1 −u2

(x1 − x2)
+

(x3 − x2)u1 +(x1 − x3)u2

(x1 − x3)(x3 − x2)
+

x1 − x2

(x3 − x1)(x3 − x2)
u3. (A.27)

The difference (x1 − x3) term appearing in the numerator of the second term on the

right hand side of Equation (A.27) is replaced by Equation (A.9) and the denominator

of the last term is rearranged. Then, Equation (A.27) becomes

∂u
∂x

=
u1 −u2

x1 − x2
+

(x3 − x2)u1 − (x3 − x2)u2 − (x2 − x1)u2

(x1 − x3)(x3 − x2)

+
x1 − x2

(x1 − x3)(x2 − x3)
u3. (A.28)

Dissociating the second term of Equation (A.28) and rearranging the resulting

equation lead to

∂u
∂x

=
u1 −u2

x1 − x2
+

u1 −u2

x1 − x3
− x1 − x2

(x1 − x3)(x2 − x3)
(u2 −u3). (A.29)

Further rearrangement in Equation (A.29) gives the final form of 3-point upwind

difference scheme based on Lagrange interpolation polynomial

∂u
∂x

=
u1 −u2

x1 − x2
+

1
x1 − x3

[

(u1 −u2)−
x1 − x2

x2 − x3
(u2 −u3)

]

. (A.30)
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Equation (A.30) can be written in general form in terms of node indices as follows

∂u
∂x

∣

∣

∣

∣

i
=

ui −ui+1

xi − xi+1
+

1
xi − xi+2

[

(ui−ui+1)−
xi − xi+1

xi+1 − xi+2
(ui+1 −ui+2)

]

. (A.31)

For equally spaced grid Equation (A.30) becomes classical second-order downwind

finite difference scheme. This can be shown by inserting Equation (A.20) into

Equation (A.30) as

∂u
∂x

=
u1 −u2

(−∆x)
+

1
(−2∆x)

[

(u1 −u2)−
(−∆x)
(−∆x)

(u2−u3)

]

. (A.32)

Rearranging Equation (A.32) gives

∂u
∂x

=
1

2∆x
(−3u1 +4u2 −u3). (A.33)

A.3 Upwind and Downwind TVD Schemes

In the present study, a new TVD scheme based on Lagrange interpolation polynomial

was tailored for non-uniform grid applications using flux limiter concept. For this

purpose, non-linear limiting function Ψ was introduced into the second and third

terms on the right hand side of the Equation (A.19) for upwind difference scheme

based on Lagrange interpolation polynomial

∂u
∂x

∣

∣

∣

∣

i
=

ui −ui−1

xi − xi−1
+

1
xi − xi−2

[

Ψi(ui−ui−1)−Ψi−1
xi − xi−1

xi−1 − xi−2
(ui−1−ui−2)

]

(A.34)

and of Equation (A.31) for downwind difference scheme based on Lagrange

interpolation polynomial

∂u
∂x

∣

∣

∣

∣

i
=

ui−ui+1

xi− xi+1
+

1
xi − xi+2

[

Ψi(ui−ui+1)−Ψi+1
xi − xi+1

xi+1 − xi+2
(ui+1 −ui+2)

]

.

(A.35)

The limiters Ψ are function of ratios of consecutive variations given by

ri =
(ui+1 −ui)/(xi+1− xi)

(ui−ui−1)/(xi− xi−1)
(A.36)

for upwind scheme,

ri =
(ui−1 −ui)/(xi−1− xi)

(ui−ui+1)/(xi− xi+1)
(A.37)
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for downwind scheme, respectively.

It can be noted that Equations (A.36) and (A.37) account for non-uniform grid

distributions by space difference terms which are not present in FD-TVD schemes.
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APPENDIX B

SOURCE CODES

B.1 Program SEQUENTIAL

!###################################################################
program sequential
use common_header
implicit none

!###################################################################
!...
!... beginning of the program

call cpu_time(timestart)
!...
!... set working path

call execution_directory
!...
!... sequential code parameters

nos = 0
nostype = 0

!...
!... perform everything before time integration

call initial
!...
!... perform time integration
100 call time_integration
!...
!... check for the end of the run

tout = time + delt
if(time <= (tf-0.5d0*delt)) goto 100

!...
!... end of the program

call cpu_time(timeend)
!...
!... write the cpu time

cpu = (timeend - timestart)
write(*,920) cpu

!...
!... formats
920 format (1x,’cpu of program :’,1f12.2)
!...
!###################################################################

end program sequential
!###################################################################
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B.2 Program MASTER

!###################################################################
program master
use master_and_slave_header
use common_header
implicit none

!###################################################################
!...
!... beginning of the program master

call cpu_time(timestart)
!...
!... set working path

call execution_directory
!...
!... read input data from file ’data.in’

call read_parameters
!...
!... allocate the arrays used in master program

call allocate_pvm
!...
!... start pvm

write(*,901)
!...
!... set slaves

call pvmfmytid(mytid)
call pvmfspawn(pathmaster, pvmdefault,’*’, &

ndomain, itids, info)
!...
!... error check

if (info .lt. ndomain) then
write (*,902)
write (*,903) info
else
write (*,904) info
endif
write (*,905) mytid
nerror=0

!...
!... spawn slaves

do nos = 1, ndomain
nostype = 2
if (nos == 1 ) nostype = 1
if (nos == ndomain) nostype = 3
write (*,906) nos, itids(nos)
call pvmfinitsend (1, info)
call pvmfpack (integer4, ndomain, 1, 1, info)
call pvmfpack (integer4, itids(1), ndomain, 1, info)
call pvmfpack (integer4, lengthpathw, 1, 1, info)
call pvmfpack ( string, path, lengthpathw, 1, info)
call pvmfpack (integer4, nos, 1, 1, info)
call pvmfpack (integer4, nostype, 1, 1, info)
call pvmfsend ( itids(nos), 1, info)
enddo

!...
!... print slave and time information

write (*,912)
write (*,910)
write (*,912)
write (*,919) t0,tf,delt,nframe

!...
!... receive the number of grid points from slaves

do nos=1,ndomain
call pvmfrecv (itids(nos), 1, info)
call pvmfunpack (integer4, nostype, 1, 1, info)
call pvmfunpack (integer4, nz_12, 1, 1, info)
call pvmfunpack (integer4, nz_24, 1, 1, info)
call pvmfunpack (integer4, nz_50, 1, 1, info)
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call pvmfunpack (integer4, nr, 1, 1, info)
call pvmfunpack (integer4, nz, 1, 1, info)
write (*,912)
write (*,913) nos, nostype
write (*,912)
write (*,914) nz_12
write (*,915) nz_24
write (*,916) nz_50
write (*,917) nr
write (*,918) nz
if (nz_12 /= 0) n12 = nos
if (nz_24 /= 0) n24 = nos
if (nz_50 /= 0) n50 = nos
if (nz /= 0) nnz = nos
enddo

!...
!... unpack the informations sent by slaves

1 do nos = 1, ndomain
call pvmfrecv (itids(nos), 1, info)
call pvmfunpack (real8, time_nos(nos), 1, 1, info)
call pvmfunpack (real8, x_ch4_12_nos(nos), 1, 1, info)
call pvmfunpack (real8, x_ch4_24_nos(nos), 1, 1, info)
call pvmfunpack (real8, x_ch4_50_nos(nos), 1, 1, info)
call pvmfunpack (real8, u_12_nos(nos), 1, 1, info)
call pvmfunpack (real8, u_24_nos(nos), 1, 1, info)
call pvmfunpack (real8, u_50_nos(nos), 1, 1, info)
call pvmfunpack (real8, u_nz_nos(nos), 1, 1, info)
call pvmfunpack (real8, t_12_nos(nos), 1, 1, info)
call pvmfunpack (real8, t_24_nos(nos), 1, 1, info)
call pvmfunpack (real8, t_50_nos(nos), 1, 1, info)
call pvmfunpack (real8, t_nz_nos(nos), 1, 1, info)
write (99,*) ’time =’,time_nos(nos),nos
enddo

!...
!... write down the history

write (*,400) &
time_nos(1), x_ch4_12_nos(n12) &

, x_ch4_24_nos(n24), x_ch4_50_nos(n50) &
, u_12_nos(n12), u_24_nos(n24) &
, u_50_nos(n50), u_nz_nos(nnz) &
, t_12_nos(n12), t_24_nos(n24) &
, t_50_nos(n50), t_nz_nos(nnz)

!...
!... receive slave’s cpu time at each time step

do nos = 1, ndomain
call pvmfrecv (itids(nos), 1, info)
call pvmfunpack (real8, cpu_nos(nos), 1, 1, info)
enddo
cpu = cpu + maxval(cpu_nos)

!...
!... check for the end of the run

if(time_nos(1) <= (tf-0.5d0*delt)) goto 1
!...
!... end of the program

call cpu_time(timeend)
!...
!... write the cpu time

write (*,920) cpu
cpu = (timeend - timestart)
write (*,921) cpu

!...
!... finish the program

call pvmfexit (info)
write (*,*) ’Program Ends!’

!...
!... formats
901 format (1x,’PVM started’)
902 format (’Error in spawning the tasks!’)
903 format (’Only ’,I1,’ task(s) is(are) spawned!’)
904 format (1x,I2,’ tasks are spawned...’)
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905 format (1x,’Task ID of master :’, I7)
906 format (1x,’Task ID of slave’,I2,’ :’, I7)
910 format (1x,’time integration parameters:’)
911 format (1x,’domain’,I2,’ :’,’ delt= ’,1f6.5, &

’ tf= ’,1f6.4)
912 format (1x,’****************************’)
913 format (1x,’* domain’,I2,’ (nostype:’,I1,’)’,’ *’)
914 format (1x,’nz@1.2 cm :’,I8)
915 format (1x,’nz@2.4 cm :’,I8)
916 format (1x,’nz@5.0 cm :’,I8)
917 format (1x,’pts. in r dir. :’,I8)
918 format (1x,’pts. in z dir. :’,I8)
919 format (1x,’initial time :’,1f8.6/ &

1x,’final time :’,1f8.6/ &
1x,’time step :’,1f8.6/ &
1x,’# of frame :’,I8)

920 format (1x,’cpu of slaves :’,1f12.2)
921 format (1x,’cpu of master :’,1f12.2)
!###################################################################

end program master
!###################################################################
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B.3 Program SLAVE

!###################################################################
program slave
use master_and_slave_header
use common_header
implicit none

!###################################################################
!...
!... start slave

call pvmfparent (mtid)
call pvmfmytid (mytid)

!...
!... recieve task ID and nos info from master

call pvmfrecv (mtid, 1, info)
call pvmfunpack (integer4, ndomain, 1, 1, info)

!...
!... allocate the arrays used in master program

call allocate_pvm
call pvmfunpack (integer4, itids(1), ndomain, 1, info)
call pvmfunpack (integer4, lengthpathw, 1, 1, info)
call pvmfunpack ( string, path, lengthpathw, 1, info)
call pvmfunpack (integer4, nos, 1, 1, info)
call pvmfunpack (integer4, nostype, 1, 1, info)

!...
!... check for error

if (nos .lt. 0) then
nerror=-nos
call pvmfexit (info)
stop

endif
!...
!... perform everything before time integration

call initial
!...
!... send the number of grid points to master

call pvmfinitsend (1, info)
call pvmfpack (integer4, nostype, 1, 1, info)
call pvmfpack (integer4, nz_12, 1, 1, info)
call pvmfpack (integer4, nz_24, 1, 1, info)
call pvmfpack (integer4, nz_50, 1, 1, info)
call pvmfpack (integer4, nr, 1, 1, info)
call pvmfpack (integer4, nz, 1, 1, info)
call pvmfsend (mtid, 1, info)

!...
!... beginning of the time integration
100 continue

call cpu_time(timestart)
!...
!... perform time integration

call time_integration
!...
!... boundary exchange between the domains

call boundary_transfer
!...
!... send information to master

call pvmfinitsend (1, info)
call pvmfpack (real8, time, 1, 1, info)
call pvmfpack (real8,x(ich4,1,nz_12), 1, 1, info)
call pvmfpack (real8,x(ich4,1,nz_24), 1, 1, info)
call pvmfpack (real8,x(ich4,1,nz_50), 1, 1, info)
call pvmfpack (real8, u(1,nz_12), 1, 1, info)
call pvmfpack (real8, u(1,nz_24), 1, 1, info)
call pvmfpack (real8, u(1,nz_50), 1, 1, info)
call pvmfpack (real8, u(1,nz ), 1, 1, info)
call pvmfpack (real8, t(1,nz_12), 1, 1, info)
call pvmfpack (real8, t(1,nz_24), 1, 1, info)
call pvmfpack (real8, t(1,nz_50), 1, 1, info)
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call pvmfpack (real8, t(1,nz ), 1, 1, info)
call pvmfsend (mtid, 1, info)

!...
!... send cpu of slave

call cpu_time(timeend)
cpu = (timeend-timestart)
call pvmfinitsend (1, info)
call pvmfpack (real8, cpu, 1, 1, info)
call pvmfsend (mtid, 1, info)

!...
!... check for the end of the run

tout = time + delt
if(time <= (tf-0.5d0*delt)) goto 100

!...
!... end of the slave

call pvmfexit (info)
!...
!###################################################################

end program slave
!###################################################################

180



B.4 Program COMBINE

!###################################################################
!## ##
!## This program is for post processing of output files ##
!## This code was developed by Tanil Tarhan. ##
!## ver.3 created on 31st October, 2003. ##
!## ver.2 .... ##
!## ver.1 .... ##
!###################################################################
!###################################################################

module common_header
implicit none

!###################################################################
!...
!... double precision

integer, parameter :: prec = 8 !(double)
!...
!... number of subdomains

integer :: ndomain
integer, allocatable, dimension(:) :: ndom

!...
!... number of grid points in r- and z-direction in main domain

integer :: m
integer :: n

!...
!... integer parameters

integer :: i, j, k, ifile
integer :: is, nv, izone, nvar
integer :: noin, nocb, nost, nosy, noex, nws, nwe
integer :: status
integer :: ich4,io2,ih2o,ico2,ico,in2
integer :: icode

!...
!... name of the files

character (len = 2) :: char_nos
character (len = 120) :: inputfile
character (len = 16) :: name_unused

!...
!... variables to be read from the files

real (kind=prec), allocatable, dimension(:,:,:) :: variables
character(len = 16), allocatable, dimension(:) :: name_read

!...
!###################################################################

end module common_header
!###################################################################

!###################################################################
program output_analysis
use common_header
implicit none

!###################################################################
!...
!... choose the process to be carried out

write (*,1000)
write (*,1001) ’[1] : code : sequential | results: all ’
write (*,1001) ’[2] : code : parallel | results: all ’
write (*,1001) ’[3] : code : sequential | results: instant ’
write (*,1001) ’[4] : code : parallel | results: instant ’
write (*,1002)
read (*,1003) icode

!...
!... read input data from file [../data.in]

call read_parameters
!...
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!... open input and output files
call open_files
if( icode == 3) then
izone = 1
goto 100
endif
if( icode == 4) then
izone = 1
goto 100
endif

!...
!... enter the number of zone

write(*,*) ’(?) enter the number of zone =’
read (*,*) izone

!...
!... read all the zone
100 continue

if( icode == 1) call seq_combine
if( icode == 2) call par_combine
if( icode == 3) call seq_combine
if( icode == 4) call par_combine

!...
!... extract final zone from combined data

call extract_steady_state
!...
!... extract major variable

call extract_major_variables
!...
!... extract final zone from combined data

call create_symmetry
!...
!... formats
1000 format (45(’-’)/,1x,’SELECT ONE OF THE FOLLOWINGS:’&

,/,45(’-’))
1001 format (1x,A)
1002 format (45(’-’))
1003 format (i10)
!###################################################################

end program output_analysis
!###################################################################

!###################################################################
subroutine read_parameters
use common_header
implicit none

!###################################################################
character (len=100) :: datafile
datafile = ’../data.in’

!...
open (51,file=datafile)

!...
read (51,*)
read (51,*)
read (51,*)
read (51,*)
read (51,100) ndomain
read (51,100) m
read (51,100) n
close (51)

!...
!... formats
100 format (46x,1i16)
!...
!###################################################################

return
end subroutine

!###################################################################
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!###################################################################
subroutine open_files
use common_header
implicit none

!###################################################################
goto(100,200,300,400) icode

!-------------------------------------------------------------------
! sequential code output files (dom0all.dat)
!-------------------------------------------------------------------
100 continue

i = 0
write (char_nos, ’(I1)’) i
inputfile = ’dom’ // trim(char_nos) // ’all.dat’

!...
!... set the number of the files

noin = 10
nocb = 11
nost = 12
nosy = 13
noex = 14
open (noin,file=inputfile)
open (nocb,file=’seq_comb.plt’)
open (nost,file=’seq_stst.plt’)
open (nosy,file=’seq_symm.plt’)
open (noex,file=’steadyst.plt’)
goto 500

!-------------------------------------------------------------------
!-------------------------------------------------------------------
! parallel code output files (domXall.dat)
!-------------------------------------------------------------------
200 continue

do i=1,ndomain
!...
!... convert the nos number to character to use in naming the files

if (i <= 9) write (char_nos, ’(I1)’) i
if (i > 9) write (char_nos, ’(I2)’) i

!...
!... set the names of the files

inputfile = ’dom’ // trim(char_nos) // ’all.dat’
!...
!... set the number of the files

noin = 15 + i
!...
!... open the input files

open (noin,file=inputfile)
enddo

!...
!... open the output files

nocb = 11
nost = 12
nosy = 13
noex = 14
open (nocb,file=’par_comb.plt’)
open (nost,file=’par_stst.plt’)
open (nosy,file=’par_symm.plt’)
open (noex,file=’steadyst.plt’)
goto 500

!-------------------------------------------------------------------
!-------------------------------------------------------------------
! instant sequential code output files (output0.dat)
!-------------------------------------------------------------------
300 continue

i = 0
write (char_nos, ’(I1)’) i
inputfile = ’output’ // trim(char_nos) // ’.plt’

!...
!... open the output files

noin = 10
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nocb = 11
nost = 12
nosy = 13
noex = 14
open (noin,file=inputfile)
open (nocb,file=’seq_comb.plt’)
open (nost,file=’seq_stst.plt’)
open (nosy,file=’seq_symm.plt’)
open (noex,file=’steadyst.plt’)
goto 500

!-------------------------------------------------------------------
!-------------------------------------------------------------------
! instant parallel code output files (outputX.plt)
!-------------------------------------------------------------------
400 continue

do i=1,ndomain
!...
!... convert the nos number to character to use in naming the files

if (i <= 9) write (char_nos, ’(I1)’) i
if (i > 9) write (char_nos, ’(I2)’) i

!...
!... set the names of the files

inputfile = ’output’ // trim(char_nos) // ’.plt’
!...
!... set the number of the files

noin = 15 + i
!...
!... open the input files

open (noin,file=inputfile)
enddo

!...
!... open the output files

nocb = 11
nost = 12
nosy = 13
noex = 14
open (nocb,file=’par_comb.plt’)
open (nost,file=’par_stst.plt’)
open (nosy,file=’par_symm.plt’)
open (noex,file=’steadyst.plt’)
goto 500

!-------------------------------------------------------------------
!...
!... continue
500 continue
!###################################################################

return
end subroutine open_files

!###################################################################

!###################################################################
subroutine seq_combine
use common_header
implicit none

!###################################################################
write (*,1000)

!...
!... read the number of variables from the input file

read (noin,300) nvar
!...
!... allocate read arrays

allocate (variables(nvar,m,n), stat=status)
allocate (name_read(nvar) , stat=status)

!...
!... read the name of the variables

read (noin,*) name_unused,name_unused,(name_read(k), k=1,nvar)
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!...
!... write the variable names on the head of the output file

write (nocb,90) ’variables = "r" "z" "u" "v" "t" "s" ’&
,(’"’,name_read(k),’" ’,k=7,nvar)

!...
!... read all the zone from input file

do k=1,izone
write (*,1003) k

!...
!... skip the line containing "zone" in the input file

read (noin,400)
!...
!... write the zone information to the output file

write (nocb,100) n,m
!...
!... read data from input file

do i=1,m
do j=1,n
read (noin,200) (variables(nv,i,j), nv=1,nvar)
enddo

!...
!... write data to output file

do j=1,n
write (nocb,200) (variables(nv,i,j), nv=1,nvar)
enddo

enddo
enddo
close(noin)

!...
write (*,1002) ’ seq_comb.plt’
write (*,1001)

!...
!... formats
90 format (A,100A)
100 format (10h zone i=,i3,2h, ,6h j=,i3,2h, ,10h f=point )
200 format (100e16.5)
300 format (15x,i4)
400 format (10x,i3)
1000 format (45(’-’)/,1x,’Combining process started’&

,/,45(’-’))
1001 format (45(’-’)/,1x,’Combining process ended’&

,/,45(’-’))
1002 format (1x,’---> output =’,A)
1003 format (1x,’---> zone =’,1i4)
!###################################################################

return
end subroutine seq_combine

!###################################################################

!###################################################################
subroutine par_combine
use common_header
implicit none

!###################################################################
write (*,1000)

!...
!... read the number of variables from the input file

do i=1,ndomain
noin = 15 + i
read (noin,300) nvar
enddo

!...
!... allocate all the arrays

allocate ( ndom(ndomain ), stat=status)
allocate (variables(nvar,m,n), stat=status)
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allocate (name_read(nvar) , stat=status)
!...
!... read the name of the variables

do i=1,ndomain
noin = 15 + i
read (noin,*) name_unused,name_unused,(name_read(k), k=1,nvar)
enddo

!...
!... write the variable names on the head of the output file

write (nocb,90) ’variables = "r" "z" "u" "v" "t" "s" ’&
,(’"’,name_read(k),’" ’,k=7,nvar)

!...
!... read all the zone from input file

zone : do k=1,izone
write (*,1003) k

!...
!... write the zone information to the output file

write (nocb,100) n,m
!...
!... read the number of grid point of the current domain

do i=1,ndomain
noin = 15 + i
read (noin,400) ndom(i)
enddo

!...
!... read the data from each input file

do i=1,m
do is=1,ndomain
noin = 15 + is
nws = 4
nwe = ndom(is)-3
if(is == 1 ) nws = 1
if(is == ndomain) nwe = ndom(is)

!... read data from input file
do j=1,ndom(is)
read (noin,200) (variables(nv,i,j), nv=1,nvar)
enddo

!... write data to output file
do j=nws,nwe
write (nocb,200) (variables(nv,i,j), nv=1,nvar)
enddo

enddo
enddo
enddo zone
close(noin)

!...
write (*,1002) ’ par_comb.plt’
write (*,1001)

!...
!... formats
90 format (A,100A)
100 format (10h zone i=,i3,2h, ,6h j=,i3,2h, ,10h f=point )
200 format (100e16.5)
300 format (15x,i4)
400 format (10x,1i3)
1000 format (45(’-’)/,1x,’Combining process started’&

,/,45(’-’))
1001 format (45(’-’)/,1x,’Combining process ended’&

,/,45(’-’))
1002 format (1x,’---> output =’,A)
1003 format (1x,’---> zone =’,1i4)
!###################################################################

return
end subroutine par_combine

!###################################################################
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!###################################################################
subroutine extract_steady_state
use common_header
implicit none

!###################################################################
write (*,1000)

!...
!... read data from combined file

rewind (nocb)
read (nocb,*)

!...
do k=1,izone-1
read (nocb,*)
do i=1,m

do j=1,n
read (nocb,*)
enddo

enddo
write (*,1003) k
enddo

!...
read (nocb,*)
do i=1,m

do j=1,n
read (nocb,200) (variables(nv,i,j), nv=1,nvar)
enddo

enddo
write (*,1004) izone

!...
!... write steady state data to file

write (nost,80) ’# of variables:’,nvar
write (nost,90) ’variables = "r" "z" "u" "v" "t" "s" ’&

,(’"’,name_read(k),’" ’,k=7,nvar)
write (nost,100) n,m
do i=1,m

do j=1,n
write (nost,200) (variables(nv,i,j), nv=1,nvar)
enddo

enddo
!...
!...

if( icode == 1 ) write (*,1002) ’ seq_stst.plt’
if( icode == 2 ) write (*,1002) ’ par_stst.plt’
write (*,1001)

!...
!... formats
80 format (A,i4)
90 format (A,100A)
100 format (10h zone i=,i3,2h, ,6h j=,i3,2h, ,10h f=point )
200 format (100e16.5)
1000 format (45(’-’)/,1x,’Steady state results are being extracted’

,/,45(’-’))
1001 format (45(’-’)/,1x,’Steady state results were formed’&

,/,45(’-’))
1002 format (1x,’---> output =’,A)
1003 format (1x,’---> zone =’,1i4,2x,’skipped’)
1004 format (1x,’---> zone =’,1i4,2x,’is being extracted’)
!###################################################################

return
end subroutine extract_steady_state

!###################################################################
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!###################################################################
subroutine extract_major_variables
use common_header
implicit none

!###################################################################
!...

rewind(nost)
!...
!... start combining

write (*,1000)
!...
!... read first line from each input file

read (nost,10) nvar
!...
!... read the name of the variables

read (nost,*) name_unused,name_unused,(name_read(k), k=1,nvar)
!...
!... identify the species indices

call major_species_identifier
!...
!...

write (noex,*) ’ variables = "r" "z" "u" "v" "ch4" "o2" &
"h2o" "co2" "n2" "t" "s" ’

write (noex,100) n,m
!...
!... read a line from each input file

read (nost,400)

!... read from domXall.dat
do i=1,m

do j=1,n
read (nost,200) (variables(nv,i,j), nv=1,nvar)
enddo

!... write to fort.91
do j=1,n
write (noex,200) &
(variables(nv,i,j), nv=1,4) &
,variables(ich4,i,j),variables( io2,i,j) &
,variables(ih2o,i,j),variables(ico2,i,j) &
,variables( in2,i,j),variables( 5,i,j) &
,variables(6,i,j)

enddo
enddo
close (nost)
close (noex)
write (*,1002) ’ steadyst.plt’
write (*,1001)

!...
!... formats
10 format (15x,i4)
80 format (A,i4)
90 format (A,100A)

100 format (10h zone i=,i3,2h, ,6h j=,i3,2h, ,10h f=point )
110 format (10h zone i=,i3,2h, ,10h f=point )
200 format (100e16.5)
400 format (10x,1i3)
1000 format (45(’-’)/,1x,’Extraction process started’,/,45(’-’))
1001 format (45(’-’)/,1x,’Extraction process ended’,/,45(’-’))
1002 format (1x,’---> output =’,A)
!...
!###################################################################

end subroutine extract_major_variables
!###################################################################
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!###################################################################
subroutine create_symmetry
use common_header
implicit none

!###################################################################
!...
!... mirror creation starts

write (*,1000)
!...

rewind (nocb)
read (nocb,*)
write (nosy,90) ’variables = "r" "z" "u" "v" "t" "s" ’&

,(’"’,name_read(k),’" ’,k=7,nvar)
!...
!... ZONES

zone_sym : do k=1,izone
write (*,1003) k

!...
!... read from combined.plt

read (nocb,*)
do i=1,m

do j=1,n
read (nocb,200) (variables(nv,i,j), nv=1,nvar)
enddo

enddo
!...
!... write to symmetry.plt

write (nosy,100) n,m*2
do i=m,1,-1

do j=1,n
write (nosy,200) -variables(1,i,j), variables(2,i,j), &

variables(3,i,j),-variables(4,i,j), &
(variables(nv,i,j), nv=5,nvar)

enddo
enddo
do i=1,m

do j=1,n
write (nosy,200) (variables(nv,i,j), nv=1,nvar)
enddo

enddo
enddo zone_sym
close (nosy)
close (nocb)

!...
!... mirror creation ends

if( icode == 1 ) write (*,1002) ’ seq_symm.plt’
if( icode == 2 ) write (*,1002) ’ par_symm.plt’
write (*,1001)

!...
!... formats
80 format (A,i4)
90 format (A,100A)
100 format(10h zone i=,i3,2h, ,6h j=,i3,2h, ,10h f=point )
200 format(100e16.5)
1000 format (45(’-’)/,1x,’Symmetric output creation started’&

,/,45(’-’))
1001 format (45(’-’)/,1x,’Symmetric output were formed’&

,/,45(’-’))
1002 format (1x,’---> output =’,A)
1003 format (1x,’---> zone =’,1i4)
!###################################################################

return
end subroutine create_symmetry

!###################################################################
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!###################################################################
subroutine major_species_identifier

!... This subroutine determines the indices for major species
use common_header
implicit none

!###################################################################
do k=1,nvar
if(name_read(k) == ’CH4’) ich4 = k
if(name_read(k) == ’O2’) io2 = k
if(name_read(k) == ’H2O’) ih2o = k
if(name_read(k) == ’CO2’) ico2 = k
if(name_read(k) == ’CO’) ico = k
if(name_read(k) == ’N2’) in2 = k
enddo

!...
!###################################################################

return
end subroutine major_species_identifier

!###################################################################
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APPENDIX C

INPUT AND OUTPUT FILES

C.1 CHEM.INP
ELEMENTS
O H C N
END
SPECIES
H2 H O2 OH H2O CH3 CH4 CO CO2 CH2O C2H2 C2H4 C2H6 N2
END
REACTIONS
END

C.2 MESHGEN.INI
NR NZ Rs Rf Zs Zf aR aZ
************************************************************************
41 41 0.0000D0 0.6350D0 0.0000D0 1.2000D0 0.65D0 0.40D0
41 21 0.6350D0 1.5875D0 1.2000D0 2.4000D0 0.35D0 0.40D0
41 20 1.5875D0 2.5400D0 2.4000D0 5.0000D0 0.65D0 0.40D0
121 42 0.0000D0 0.0000D0 5.0000D0 3.0000D1 0.50D0 0.33D0
************************************************************************
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C
.3

D
A

T
A

.IN

===================================================================================================================

definitions of the parameters : value ! parameter ! unit

===================================================================================================================

program ID : CH4-O2 FLAME ! [progid] ! -

number of subdomains : 10 ! [ndomain] ! -

total number of grid points in r-direction : 121 ! [m] ! -

total number of grid points in z-direction : 121 ! [n] ! -

fuel inlet grid location : 1 ! [ibottom] ! -

fuel inlet grid location : 41 ! [itop] ! -

initial time : 0.0d+0 ! [t0] ! seconds

final time : 8.0d+0 ! [tf] ! seconds

time step : 1.0d-6 ! [delt] ! seconds

window time : 1.0d-5 ! [twind] ! seconds

number of frames : 200 ! [nframe] ! -

frequency of desired instant results : 100 ! [ip_freq] ! @ ip_freq*delt interval

length of array work used in odesolver : 8496390 ! [lrw] ! -

length of array iwork used in odesolver : 90 ! [liw] ! -

relative tolerance rtol for odesolver : 1.0d-5 ! [rtol] ! -

absolute tolerance atol for odesolver : 1.0d-5 ! [atol] ! -

reference temperature : 298.0d+0 ! [t_ref] ! Kelvin

reference pressure (p = 1atm) : 1.01325d+6 ! [p_ref] ! dyn/cm2

fuel inlet velocity : 4.50d+0 ! [u_fuel] ! cm/s

oxidizer inlet velocity : 9.88d+0 ! [u_oxid] ! cm/s

heat of reaction : 5.0016d+4 ! [Q_heat] ! ergs/g

average specific heat : 1.5980d+0 ! [cp_heat] ! ergs/g.K

initial data : 1 ! [incond] ! for internal : 0 / from file : 1

type of the solution domain : 1 ! [isolndom] ! pyhsical : 1 / computational : 2

odesolver to be used for time integration : 2 ! [iodesolv] ! rowmap : 1 / lsodes : 2

reaction mechanism (see below) : 5 ! [mech_no] ! see below

chemkin linking files path :lib/ch4-o2/5-step-chen/

------------------------------------------------------------------------------------------------------------------

[mech_no] | reaction mechanisms | chemkin linking files path

------------------------------------------------------------------------------------------------------------------

[0] | flame-sheet | 1-step/

[1] | 1-step rxn. mech. by Khalil et al. (1975). | 1-step/

[2] | 1-step rxn. mech. by Westbrook and Dryer, (1981) | 1-step/

[3] | 1-step rxn. mech. by Bui-Pham, (1992) (Thesis of Hsu) | 1-step/

[4] | 2-step rxn. mech. by Pember et al., (1998) | 2-step/

[5] | 5-step rxn. mech. by Mallampalli et al., (1996) (Chen) | 5-step-chen/

[6] | 10-step rxn. mech. by Chen, (1997) | 10-step-chen/

[7] | full chemistry | gri-mech-1.2/

------------------------------------------------------------------------------------------------------------------
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APPENDIX D

FORTRAN 90 COMPILERS

FORTRAN 90 is a new standard that incorporates modern programming

methodologies, such as new control structures, data structures, and data packaging.

In addition to standardizing many previous proprietary extensions, FORTRAN 90 has

added many features designed to increase programmer productivity. It also solves

many of the problems inherent in FORTRAN 77, such as allowing for dynamic array

sizing and flexible data structures. In addition, code written for parallel and vector

machines can now be more efficiently represented in FORTRAN 90. Here is a sample

of ”FORTRAN 90 features:

• New source form,

• New entity-style declarations,

• New control flow constructs (DO ... END DO, DO WHILE, Looping control-
CYCLE and EXIT, CASE),

• Dynamic storage,

• Interfaces, array syntax and many new intrinsics,

• Data structures (derived types),

• Internal and recursive procedures,

• Modules-structured access to data and code,

• User-defined operators.

FORTRAN 90 compilers with options used in the present study are given below.

D.1 Veridian FORTRAN 90 compiler – VAST/f90

VAST/f90 from Pacific-Sierra Research (PSR) is a FORTRAN 90 compiler which

uses FORTRAN 77 as an intermediate language. The Personal Edition of this
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FORTRAN 90 compiler for Linux operating systems is free (not any more) and

includes the VAST/f90 compiler, which works with g77, the f90 driver and library,

and documentation. It can be used only for non-commercial purposes. The VAST/f90

compiler options used during the compilation of codes developed in the present study

are given below:

Flag Set A

-O2 -malign-double -march=pentiumpro -w \
-ffloat-store -fforce-mem -fforce-addr -fno-inline \
-ffast-math -fstrength-reduce -frerun-cse-after-loop \
-fexpensive-optimizations -fdelayed-branch \
-fcaller-saves -funroll-all-loops \
-fno-move-all-movables -fno-reduce-all-givs \
-fno-rerun-loop-opt \
-mcpu=pentiumpro \
-fomit-frame-pointer \
-fno-exceptions \
-fno-automatic -fno-f2c \
-ff2c-library -fno-underscoring -fno-ident \
-fpcc-struct-return -freg-struct-return \
-fshort-double -fno-common -fpack-struct \
-fzegos -fno-second-underscore \
-fdebug-kludge -fno-emulate-complex \
-fargument-alias \
-fargument-noalias -fno-argument-noalias-global

Flag Set B

-O2 -malign-double -march=pentiumpro -w \
-ffloat-store -fforce-mem -fforce-addr -fno-inline \
-ffast-math -fstrength-reduce -frerun-cse-after-loop \
-fexpensive-optimizations -fdelayed-branch \
-fcaller-saves -funroll-loops \
-fno-move-all-movables -fno-reduce-all-givs \
-fno-rerun-loop-opt \
-mcpu=pentiumpro \
-fomit-frame-pointer \
-fno-exceptions \
-fno-automatic -fno-f2c \
-ff2c-library -fno-ident

D.2 Intel Fortran Compiler version 8.0

Intel Fortran fully supports the FORTRAN 77, FORTRAN 90, and FORTRAN 95

standards. It includes new optimization features and helps make the programs run

at top speeds on all Intel IA-32 processors and the Intel Itanium processors. The

compiler options used in the compilation of both sequential and parallel codes with

Intel Fortran Compiler are given below:

-O3 -tune pn4 -arc pn4 -tpp7 -axN -xN -unroll
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TÜBİTAK, MİSAG-CNRS-1/2, ODTÜ-CNRS, Turkey-France, May 2003.

• N. Selçuk, İ. H. Tuncer, T. Tarhan and A. B. Uygur, “Application of
PARMOLS4MEE Computational Fluid Dynamics Code to
Non-Reacting/Reacting Thermal Flow Problems”, BAP No. 2002-03-04-08,
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