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abstract

KUMMER EXTENSIONS OF FUNCTION FIELDS
WITH MANY RATIONAL PLACES

GÜLMEZ TEMUR, Burcu

Ph.D., Department of Mathematics

Supervisor: Assoc. Prof. Dr. Ferruh ÖZBUDAK

Co-Supervisor: Prof. Dr. Mehpare BİLHAN

July 2005, 33 pages

In this thesis, we give two simple and effective methods for constructing

Kummer extensions of algebraic function fields over finite fields with many

rational places. Some explicit examples are obtained after a practical search.

We also study fibre products of Kummer extensions over a finite field and

determine the exact number of rational places. We obtain explicit examples

with many rational places by a practical search. We have a record (i.e the

lower bound is improved) and a new entry for the table of van der Geer and

van der Vlugt.

Keywords: Function Fields, Kummer Extensions, Rational Places
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öz

FONKSİYON CİSİMLERİNİN RASYONEL ASAL
BÖLENİ ÇOK OLAN KUMMER GENİŞLEMELERİ

GÜLMEZ TEMUR, Burcu

Doktora, Matematik Bölümü

Tez Yöneticisi: Doç. Dr. Ferruh ÖZBUDAK

Ortak Tez Yöneticisi: Prof. Dr. Mehpare BİLHAN

Temmuz 2005, 33 sayfa

Bu tezde, sonlu cisimler üzerinde tanımlanmış cebirsel fonksiyon cisim-

lerinin rasyonel asal böleni çok olan Kummer genişlemelerinin inşası için ba-

sit ve etkili iki metot veriyoruz. Pratik bir araştırma sonucunda bazı açık

örnekler elde ettik. Ayrıca, sonlu bir cisim üzerinde Kummer genişlemelerinin

lif çarpımlarını çalıştık ve rasyonel asal bölenlerinin kesin sayısını belirledik.

Pratik bir araştırmayla rasyonel asal böleni çok olan açık örnekler elde ettik.

Van der Geer ve van der Vlugt’un tablosu için bir rekor (alt sınır iyileştirildi)

ve yeni bir kayıt elde ettik.

Anahtar Kelimeler: Fonksiyon Cisimleri, Kummer Genişlemeleri, Rasyonel

Asal Bölenler
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chapter 1

introduction and

preliminaries

1.1 Introduction

Let F be an algebraic function field defined over a finite field Fq with

q elements. Let N(F ) denote the number of rational places of F and g(F )

denote the genus of F . The Hasse-Weil bound implies that

N(F ) ≤ q + 1 + 2g(F )
√

q.

It was improved later by J. P. Serre substituting 2
√

q by its integer part

[2
√

q]. If q is a square then the function field F over Fq is called maximal if

N(F ) = q + 1 + 2g(F )
√

q.

The number of rational places of a function field F of genus g over Fq

have attracted pure mathematicians for many years. But after Goppa’s con-

struction of algebraic-geometric codes in 1980, see [3], the interest in the area

was greatly renovated. The books of Stepanov [7] and Tsfasman and Vladut

[9] are devoted to algebraic-geometric codes. There are also many important

applications for function fields over finite fields in cryptography and related

areas. The book of Niederreiter and Xing [5] not only gives the applications

to coding theory but also cyrptography and low-discrepancy sequences.

There are many books written on function fields but there is an excel-

lent reference, the book of Stichtenoth [8], which gives a detailed and self-

contained interpretation of the theory of algebraic function fields.
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In recent years, many mathematicians searched for function fields over

finite fields with many rational points. In [2], van der Geer and van der Vlugt

constructed a table of results for 0 ≤ g(F ) ≤ 50 and q a small power of 2

or 3. There are good examples of explicitly defined algebraic function fields

with many rational places in [1], [4], [6] which are constructed by Kummer

extensions.

In this thesis, we concentrate on a Kummer extension of the rational

function field Fq(x), which can be expressed as ym = f(x) ∈ Fq(x)[y] where

m is a divisor of q − 1.

In Chapter 2, we will give two methods for constructing Kummer exten-

sions of algebraic function fields with many rational places. Some explicitly

defined examples with many rational points found by the given methods will

also be presented in details.

In Chapter 3, we shall study fibre products of Kummer extensions over a

finite field. In Section 1, the exact number of rational places is determined,

in Section 2 there are good examples of fibre products of Kummer extensions

with many rational places. Example 3.2.1 is a record (i.e the lower bound is

improved) and Example 3.2.13 is a new entry in the table [2] of van der Geer

and van der Vlugt.
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1.2 Preliminaries

In this section we will introduce some basic definitions and fundamental

properties of algebraic function fields that will be used in the following chap-

ters. We will follow the book of Stichtenoth [8]. Throughout the section k

denotes an arbitrary field.

1.2.1 Algebraic Function Fields and Valuations

Definition 1.2.1. A finite algebraic extension F of k(x) for some element

x ∈ F is called an algebraic function field of one variable over k, if x is

transcendental over k. Moreover, k is called the full constant field of F if

every element of F that is algebraic over k is in k.

Definition 1.2.2. A discrete valuation of F/k is a surjective map

v : F −→ Z ∪ {∞}

satisfying the following:

(i) v(x) = ∞ iff x = 0.

(ii) v(xy) = v(x) + v(y) for all x, y ∈ F .

(iii) v(x + y) ≥ min{v(x), v(y)} for all x, y ∈ F .

(iv) v(u) = 0 for any 0 6= u ∈ k.

Definition 1.2.3. (a) A subring O such that k ⊂ O ⊂ F is called a valuation

ring of the function field F/k if for any z ∈ F , either z ∈ O or z−1 ∈ O. O
is a local ring.

(b) A place P is the maximal ideal of some valuation ring O of F/k.

(c) FP = O/P is called the residue class field of P .

(d) deg P = [FP : k] is called the degree of P . Moreover, a place of degree

one is called rational.
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Let P be a place of F and vP : F −→ Z ∪ {∞} be the discrete valuation

corresponding to the place P in F . Then its valuation ring is

OP = {x ∈ F : vP (x) ≥ 0}

and its maximal ideal is

P = {x ∈ F : vP (x) > 0}.

Definition 1.2.4. Let x ∈ F . P is called a zero of x if vP (x) > 0 and a pole

of x if vP (x) < 0.

1.2.2 The Rational Function Field

An algebraic function field F/k is called rational if F = k(x) where x

is transcendental over k. Let p(x) ∈ k[x] be an arbitrary monic, irreducible

polynomial. Then we can uniquely determine a discrete valuation vP of F

by defining:

vP (r(x)) = n if r(x) = p(x)n f(x)

g(x)
∈ k(x)\{0}

where f(x), g(x) ∈ k[x] with p(x) - f(x), p(x) - g(x) and n ∈ Z. Then

Op(x) =

{
f(x)

g(x)
: f(x), g(x) ∈ k[x], p(x) - g(x)

}
is a valuation ring of k(x)/k with maximal ideal

Pp(x) =

{
f(x)

g(x)
: f(x), g(x) ∈ k[x], p(x)|f(x), p(x) - g(x)

}
. (1.1)

Thus p(x) produces a place Pp(x) for k(x)/k. There is another uniquely

determined discrete valuation vP∞ of F which is defined as:

vP∞

(
f(x)

g(x)

)
= deg g(x)− deg f(x)

4



where f(x), g(x) ∈ k[x]. Then

O∞ =

{
f(x)

g(x)
: f(x), g(x) ∈ k[x], deg f(x) ≤ deg g(x)

}
is a valuation ring of k(x)/k with maximal ideal

P∞ =

{
f(x)

g(x)
: f(x), g(x) ∈ k[x], deg f(x) < deg g(x)

}
. (1.2)

P∞ is called the infinite place of k(x).

Theorem 1.2.5. [8, p. 10] There are no places of the rational function field

k[x]/k other than the places Pp(x) and P∞, defined by (1.1) and (1.2).

Proposition 1.2.6. [8, p.9]

(a) Let P = Pp(x) be the place defined by (1.1), where p(x) ∈ k[x] is an irre-

ducible polynomial. The residue class field k(x)P = OP /P is isomorphic to

k[x]/(p(x)). Consequently, deg P = deg p(x). In the special case p(x) = x−u

with u ∈ k, we write Pu = Px−u and deg Pu = 1.

(b) Let P = P∞ be the infinite place of k[x]/k defined by (1.2). Then

deg P∞ = 1.

1.2.3 Algebraic Extensions of Function Fields

Let F/k be an algebraic function field of one variable with full constant

field k.

Definition 1.2.7. If F
′ ⊇ F is an algebraic field extension and k′ ⊇ k then

F
′
/k

′
is called an algebraic extension of F/k.

Definition 1.2.8. Let F
′
/k

′
be an algebraic extension of F/k. Let P

′
be a

place of F
′
/k

′
and P a place of F/k. P

′
lies over P if P ⊆ P

′
.

Proposition 1.2.9. [8, p.60] If P
′
lies over P , then there exists an integer

e ≥ 1 with vP ′ (x) = e.vP (x) for all x ∈ F .

5



Definition 1.2.10. (a) The integer e in Proposition 1.2.9 is called the rami-

fication index of P
′
over P . It is denoted by e(P

′|P ). P
′
is said to be ramified

if e > 1, unramified if e = 1.

(b) Let F
′

P
′ and FP be the residue class fields of P

′
and P respectively. The

extension degree [F
′

P ′
: FP ] is called the relative degree of P

′
over P , denoted

by f(P
′|P ).

Theorem 1.2.11. [8, p.64] Let F
′
/k

′
be a finite extension of F/k, P a place

of F/k and P1, ..., Pm all the places of F
′
/k

′
lying over P . Then

m∑
i=1

e(Pi|P )f(Pi|P ) = [F
′
: F ].

Theorem 1.2.12. [5, p.15] Suppose that F
′
/F is a finite Galois extension.

Let P a place of F/k and P1, ..., Pm all the places of F
′
/k

′
lying over P .

Then for 1 ≤ i, j ≤ m we have

e(Pi|P ) = e(Pj|P ), f(Pi|P ) = f(Pj|P ).

6



chapter 2

some kummer extensions with

many rational places

In this chapter we will present two methods for the construction of Kum-

mer extensions with many rational places and we will give some explicit

examples.

2.1 First Method

Let f(x) and l(x) be two polynomials in Fq[x] and m be a divisor of (q−1)

such that deg f(x)m ≥ deg l(x). By the Euclidean division of f(x)m by l(x)

we get

f(x)m = h(x).l(x) + r(x)

for some polynomials h(x), r(x) ∈ Fq[x] with deg r(x) < deg l(x). We assume

that f(x)m is not a multiple of l(x), i.e. r(x) 6= 0.

Let F = Fq(x, y) be the algebraic function field defined by

ym = r(x) , with m a divisor of (q − 1). (2.1)

Let u ∈ Fq and Pu = Px−u be the rational place of Fq(x) corresponding to

the zero of x− u. Let mu be an integer. Then we can write (2.1) as

ym = (x− u)muk(x), (2.2)

or equivalently (
ym/du

(x− u)mu/du

)du

= k(x)

7



where k(x) ∈ Fq[x] with k(u) 6= 0 and du = gcd(m,mu).

Theorem 2.1.1. There exist either no or exactly du rational places of F

over Pu. There exists a place of F over Pu if and only if k(u) is a du-power

in Fq.

Proof. By [8, Proposition III.7.3], the ramification index of a place lying over

Pu is

eu =
m

gcd(m, vPu(r(x)))
=

m

gcd(m, mu)
=

m

du

.

Let P1, P2, ..., Pr be the rational places of F lying over Pu. By Theorem

1.2.12, we know that the relative degrees, say fu, of P1, P2, ..., Pr are the

same and r.eu.fu = m. Since deg Pi = 1 for all i = 1, ..., r; the residue class

field of each Pi is Fq. Therefore fu = 1. Then we get

r.eu.fu = r.
m

du

.1 = m.

This implies that r = du = gcd(m,mu). So there are either no or exactly du

rational places lying over Pu.

For the second part of the theorem let F1 be the subfield of F given by

F1 = Fq(x, y0), ydu
0 = r(x),

or equivalently (
y0

(x− u)mu/du

)du

= k(x). (2.3)

As gcd(du, vPu(k(x)) = du, Pu is unramified in F1/Fq(x). So there exists a

rational place of F1 over Pu if and only if k(u) is a du-power in Fq. Assume

that k(u) is a du power in Fq. Let P
′
u be a place of F1 over Pu. We have

vP ′u
(x− u) = 1, vP ′u

(y0) =
mu

du

Let F2 be the intermediate field with F1 ⊆ F2 ⊆ F given by

F2 = Fq(x, y0, y) , ym/du = y0.

8



We observe that F2 = F . Note that gcd( m
du

, vP ′u
(y0)) = gcd( m

du
, mu

du
) = 1, since

du = gcd(m, mu) and hence P
′
u is totally ramified in F2/F1. This completes

the proof.

Let P∞ be the pole of x in Fq(x). We define m∞ = deg r(x) = −vP∞(r(x)).

Let d∞ = gcd(m, m∞). By [8, Proposition III.7.3], the ramification index of

a place lying over P∞ is

e∞ =
m

gcd(m, vP∞(r(x)))
=

m

gcd(m, m∞)
=

m

d∞
.

Assume that r(x) = anx
n+an−1x

n−1+...+a1x+a0 ∈ Fq[x] with an ∈ Fq\{0}.

Theorem 2.1.2. There exists either no or exactly d∞ rational places of F

over P∞. There exists a rational place of F over P∞ if and only if an is a

d∞-power in Fq.

Proof. We write

r(x) = xn(an + an−1
1

x
+ ... + a1

1

xn−1
+ a0

1

xn
).

Let t =
1

x
. Then we can write (2.1) as

ym =
an + an−1t + ... + a1t

n−1 + a0t
n

tn

or equivalently,

ym = t−n(an + an−1t + ... + a1t
n−1 + a0t

n).

Now we can apply the proof of Theorem 2.1.1 for t = 0 and we get the

result.

9



We will now compute the genus of the function field F . By [8, Proposition

III.7.3] we have:

g(F ) = 1 + m.

[
−1 +

1

2

∑
P

(
1− gcd(m, vP (r(x)))

m

)
deg P

]
(2.4)

where P runs through all places of Fq(x).

We know by Theorem 1.2.5 that the only places of the rational func-

tion field Fq(x)/Fq are Pp(x) and P∞, where p(x) ∈ Fq[x] is an irreducible

polynomial and deg Pp(x) = deg p(x), deg P∞ = 1 by Proposition 1.2.6.

If p(x) ∈ Fq[x] does not divide r(x), then vP (r(x)) = 0, which implies

that gcd(m, vP (r(x))) = m. This means the sum over P is a finite sum over

only the zeros and poles of r(x).

2.2 Examples Based on Section 1

Example 2.2.1. This is an example of a function field F = F8(x, y) given

by

y
7

= x(x + 1)(x2 + x + 1)2

with g(F ) = 9 and N(F ) = 45. This is the best value known in [2].

Proof. Taking f(x) = x2 + x, l(x) = x8 − x and m = 7, by the Euclidean

division of f(x)m by l(x), we get

r(x) = x(x + 1)(x2 + x + 1)2.

Let p1(x) = x, p2(x) = x + 1, p3(x) = x2 + x + 1 and P1, P2, P3 be the

corresponding places of F8(x) where deg P1 = deg P2 = 1 and deg P3 = 2.

We have vPi
(r(x)) = 1 for i = 1, 2 and vP3(r(x)) = 2. Then

gcd(m, vPi
(r(x))) = gcd(7, 1) = 1 for i = 1, 2

10



and gcd(m, vP3(r(x))) = gcd(7, 2) = 1. For P∞, gcd(m, m∞) = gcd(7, 6) = 1,

where m∞ = deg r(x) = 6.

Thus g(F ) can be computed using (2.4) as follows:

g(F ) = 1 + 7

[
−1 +

1

2

3∑
i=1

(
1− 1

7

)
+

1

2

(
1− 1

7

)
2

]
= 9

We observe that P1, P2 and P∞ are the only rational places of F8(x) which

are zeros and poles of r(x). There exists one place lying over P1 and also

one place lying over P2. Both of them are rational places of F/F8(x). There

is one place of F/F8(x) lying over P∞ which is rational. We have computed

the number of rational places which are neither zeros nor poles of r(x) by

a computer search. This gives 42 extra rational places. Adding all these

rational places we get N(F ) = 45.

Example 2.2.2. This is an example of a function field F = F16(x, y) given

by

y5 = x2(x + w4)2(x + w9)2(x + w14)2

where w4 + w + 1 = 0, with g(F ) = 6 and N(F ) = 65. This is a maximal

function field.

Proof. Taking f(x) = x4 + w12x, l(x) = x16 − x and m = 5, by the

Euclidean division of f(x)m by l(x) we get

r(x) = x2(x + w4)2(x + w9)2(x + w14)2.

Let p1(x) = x, p2(x) = x+w4, p3(x) = x+w9, p4(x) = x+w14 and P1, P2, P3,

P4 be the corresponding places of F16(x) where deg Pi = 1 for i = 1, 2, 3, 4.

We have vPi
(r(x)) = 2 for i = 1, 2, 3, 4. Then

gcd(m, vPi
(r(x))) = gcd(5, 2) = 1 for i = 1, 2, 3, 4.

11



For P∞, d∞ = gcd(m, m∞) = gcd(5, 8) = 1, where m∞ = deg r(x) = 8.

Thus g(F ) can be computed using (2.4) as follows:

g(F ) = 1 + 5

[
−1 +

1

2

5∑
i=1

(
1− 1

5

)]
= 6

We observe that P1, P2, P3, P4 and P∞ are the only rational places of F16(x)

which are zeros and poles of r(x). Each Pi has only one extension in F

for i = 1, 2, 3, 4 and they are all rational over F16. There is one place of

F/F16(x) lying over P∞ which is rational. We have computed the number

of rational places which are neither zeros nor poles of r(x) by a computer

search. This gives 60 extra rational places. Adding all these rational places

we get N(F ) = 65.

Example 2.2.3. This is an example of a function field F = F16(x, y) given

by

y15 = (x + w8)(x + w13)(x3 + w8x2 + w11x + w14)2(x3 + w13x2 + wx + w4)2

where w4 + w + 1 = 0, with g(F ) = 49 and N(F ) = 213. This is the best

value known in [2].

Proof. Taking f(x) = x4 + w9x2 + w8x + 1, l(x) = x16 − x and m = 15, by

the Euclidean division of f(x)m by l(x) we get

r(x) = (x + w8)(x + w13)(x3 + w8x2 + w11x + w14)2(x3 + w13x2 + wx + w4)2.

Let p1(x) = x + w8, p2(x) = x + w13, p3(x) = x3 + w8x2 + w11x + w14,

p4(x) = x3 +w13x2 +wx+w4 and P1, P2, P3, P4 be the corresponding places

of F16(x) where deg Pi = 1 for i = 1, 2 and deg Pi = 3 for i = 3, 4. We have

vPi
(r(x)) = 1 for i = 1, 2 and vPi

(r(x)) = 2 for i = 3, 4. Then

gcd(m, vPi
(r(x))) = gcd(15, 1) = 1 for i = 1, 2

and

gcd(m, vPi
(r(x))) = gcd(15, 2) = 1 for i = 3, 4

12



For P∞, d∞ = gcd(m, m∞) = gcd(15, 14) = 1, where m∞ = deg r(x) = 14.

Thus g(F ) can be computed using (2.4) as follows:

g(F ) = 1 + 15

[
−1 +

1

2

3∑
i=1

(
1− 1

15

)
+

1

2

2∑
i=1

(
1− 1

15

)
3

]
= 49

We observe that P1, P2 and P∞ are the only rational places of F16(x) which

are zeros and poles of r(x). Each Pi has only one extension in F for i = 1, 2

and both of them are rational over F16. There is one place of F/F16(x) lying

over P∞ which is rational. We have computed the number of rational places

which are neither zeros nor poles of r(x) by a computer search. This gives

210 extra rational places. Adding all these rational places we get N(F ) =

213.

Example 2.2.4. This is an example of a function field F = F9(x, y) given

by

y8 = 2(x + w3)(x + w5)5

where w2 + 2w + 2 = 0, with g(F ) = 3 and N(F ) = 28. This is a maximal

function field.

Proof. Taking f(x) = x3 + 2x2 + w3x + w3, l(x) = 2x9 + 2x3 and m = 8, by

the Euclidean division of f(x)m by l(x) we get

r(x) = 2(x + w3)(x + w5)5.

Let p1(x) = x+w3, p2(x) = x+w5 and P1, P2 be the corresponding places of

F9(x) where deg Pi = 1 for i = 1, 2. We have vP1(r(x)) = 1 and vP2(r(x)) = 5.

Then

gcd(m, vP1(r(x))) = gcd(8, 1) = 1 and gcd(m, vP2(r(x))) = gcd(8, 5) = 1.

For P∞, d∞ = gcd(m, m∞) = gcd(8, 6) = 2, where m∞ = deg r(x) = 6.

Thus g(F ) can be computed using (2.4) as follows:

g(F ) = 1 + 8

[
−1 +

1

2

2∑
i=1

(
1− 1

8

)
+

1

2

(
1− 2

8

)]
= 3

13



We observe that P1, P2 and P∞ are the only rational places of F9(x) which

are zeros and poles of r(x). Each Pi has only one extension in F for i = 1, 2

and both of them are rational over F9. There are two places of F/F9(x) lying

over P∞ which are rational. We have computed the number of rational places

which are neither zeros nor poles of r(x) by a computer search. This gives 24

extra rational places. Adding all these rational places we get N(F ) = 28.

Example 2.2.5. This is an example of a function field F = F9(x, y) given

by

y8 = w2(x + w6)2(x2 + w2x + w5)

where w2 +2w +2 = 0, with g(F ) = 5 and N(F ) = 32. This is the best value

known in [2].

Proof. Taking

f(x) = x2 + 1 , l(x) =
x9 − x

x(x + 1)(x + w)(x + w2)

and m = 8, by the Euclidean division of f(x)m by l(x) we get

r(x) = w2(x + w6)2(x2 + w2x + w5).

Let p1(x) = x + w6, p2(x) = x2 + w2x + w5 and P1, P2 be the corresponding

places of F9(x) where deg P1 = 1 and deg P2 = 2. We have vP1(r(x)) = 2 and

vP2(r(x)) = 1. Then

gcd(m, vP1(r(x))) = gcd(8, 2) = 2 and gcd(m, vP2(r(x))) = gcd(8, 1) = 1.

For P∞, d∞ = gcd(m, m∞) = gcd(8, 4) = 4, where m∞ = deg r(x) = 4.

Thus g(F ) can be computed using (2.4) as follows:

g(F ) = 1 + 8

[
−1 +

1

2

(
1− 2

8

)
+

1

2

(
1− 1

8

)
2 +

1

2

(
1− 4

8

)]
= 5

We observe that P1 and P∞ are the only rational places of F9(x) which are

zeros and poles of r(x). There are no rational places of F/F9(x) lying over P1

and P∞. We have computed the number of rational places which are neither

zeros nor poles of r(x) by a computer search. This gives 32 rational places.

We get N(F ) = 32.
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2.3 Second Method

Let f(x), l(x), l1(x) be polynomials in Fq[x], m be a divisor of (q−1) and

s be an integer such that deg f(x)m+s ≥ deg l(x) and deg f(x)s ≥ deg l1(x).

By the Euclidean division of f(x)m+s by l(x) we get

f(x)m+s = h(x).l(x) + r(x)

for some polynomials h(x), r(x) ∈ Fq[x] with deg r(x) < deg l(x). We assume

that f(x)m+s is not a multiple of l(x), i.e. r(x) 6= 0. By the Euclidean division

of f(x)s by l1(x) we get

f(x)s = h1(x).l1(x) + r1(x)

for some polynomials h1(x), r1(x) ∈ Fq[x] with deg r1(x) < deg l1(x). We

assume that f(x)s is not a multiple of l1(x), i.e. r1(x) 6= 0.

Let F = Fq(x, y) be the algebraic function field given by

ym =
r(x)

r1(x)
, with m a divisor of (q − 1). (2.5)

Let u ∈ Fq and Pu = Px−u be the rational place of Fq(x) corresponding to

the zero of x− u. Let mu be an integer. Then we can write (2.5) as

ym = (x− u)muk(x), (2.6)

or equivalently (
ym/du

(x− u)mu/du

)du

= k(x),

where k(x) ∈ Fq(x) with k(u) 6= 0, k(u) 6= ∞ and du = gcd(m,mu).

Theorem 2.3.1. There exist either no or exactly du rational places of F

over Pu. There exists a place of F over Pu if and only if k(u) is a du-power

in Fq.
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Proof. The proof of Theorem 2.1.1 can be applied, since in both cases we

assume that mu is an integer.

Let P∞ be the pole of x in Fq(x). We define

m∞ = deg r(x)− deg r1(x) = − vP∞

(
r(x)

r1(x)

)
.

Let d∞ = gcd(m,m∞). By [8, Proposition III.7.3], the ramification index of

a place lying over P∞ is

e∞ =
m

gcd(m, vP∞(r(x)))
=

m

gcd(m, m∞)
=

m

d∞
.

Assume that r(x) = anx
n+an−1x

n−1+...+a1x+a0 ∈ Fq[x], with an ∈ Fq\{0}
and r1(x) = bsx

s + bs−1x
s−1 + ... + b1x + b0 ∈ Fq[x], with bs ∈ Fq \ {0}.

Theorem 2.3.2. There exists either no or exactly d∞ rational places of F

over P∞. There exists a rational place of F over P∞ if and only if
an

bs

is a

d∞-power in Fq.

Proof. We write

r(x) = xn(an + an−1
1

x
+ ... + a1

1

xn−1
+ a0

1

xn
)

and

r1(x) = xs(bs + bs−1
1

x
+ ... + b1

1

xs−1
+ b0

1

xs
).

Let t =
1

x
. Then we can write (2.5) as

ym =

(
an + an−1t + ... + a1t

n−1 + a0t
n

tn

)(
ts

bs + bs−1t + ... + b1ts−1 + b0ts

)
.

or equivalently,

ym = ts−n (an + an−1t + ... + a1t
n−1 + a0t

n)

(bs + bs−1t + ... + b1ts−1 + b0ts)
.

Now we can apply the proof of Theorem 2.1.1 for t = 0 and we get the

result.
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We will now compute the genus of the function field F . By [8, Proposition

III.7.3] we have:

g(F ) = 1 + m.

−1 +
1

2

∑
P

1−
gcd

(
m, vP ( r(x)

r1(x)
)
)

m

 deg P

 , (2.7)

where P runs through all places of Fq(x).

We know by Theorem 1.2.5 that the only places of the rational func-

tion field Fq(x)/Fq are Pp(x) and P∞, where p(x) ∈ Fq[x] is an irreducible

polynomial and deg Pp(x) = deg p(x), deg P∞ = 1 by Proposition 1.2.6. If

p(x) ∈ Fq[x] does not divide r(x) and r1(x), then we get

vPp(x)

(
r(x)

r1(x)

)
= 0,

which implies that gcd(m, vPp(x)
(r(x)/r1(x))) = m. This means the sum over

P is a finite sum over only the zeros and poles of r(x)/r1(x).

2.4 Examples Based on Section 3

Example 2.4.1. This is an example of a function field F = F8(x, y) given

by

y7 =
(x + 1)4(x + w)2

w4
,

where w3 + w + 1 = 0, with g(F ) = 3 and N(F ) = 24. This is the best value

known in [2].

Proof. Taking f(x) = x3 + wx2 + x + w, l(x) = x8 − x, l1(x) = x + w6,

m = 7 and s = 2, by the Euclidean division of f(x)m+s by l(x) we get

r(x) = (x + 1)4(x + w)2.

By Euclidean division of f(x)s by l1(x) we get r1(x) = w4.

Let p1(x) = x + 1, p2(x) = x + w, and P1, P2 be the corresponding places of

17



F8(x) where deg P1 = deg P2 = 1 . We have

vP1(r(x)/r1(x)) = 4 and vP2(r(x)/r1(x)) = 2.

Then

gcd(m, vP1(r(x)/r1(x))) = gcd(7, 4) = 1

and

gcd(m, vP2(r(x)/r1(x))) = gcd(7, 2) = 1.

For P∞, gcd(m, m∞) = gcd(7, 6) = 1, where m∞ = deg r(x)− deg r1(x) = 6.

Thus g(F ) can be computed using (2.7) as follows:

g(F ) = 1 + 7

[
−1 +

1

2

3∑
i=1

(
1− 1

7

)]
= 3

We observe that P1, P2 and P∞ are the only rational places of F8(x) which

are zeros and poles of r(x)/r1(x). There exists one place lying over P1 and

also one place lying over P2. Both of them are rational places of F/F8(x).

There is one place of F/F8(x) lying over P∞ which is rational. We have

computed the number of rational places which are neither zeros nor poles of

r(x)/r1(x) by a computer search. This gives 21 extra rational places. Adding

all these rational places we get N(F ) = 24.

Example 2.4.2. This is an example of a function field F = F16(x, y)given

by

y5 =
w9(x + w7)3

(x + 1)(x + w2)2

where w4 + w + 1 = 0, with g(F ) = 2 and N(F ) = 33. This is a maximal

function field.

Proof. Taking f(x) = x6 + w5x5 + w14x3 + w11x2 + w7x + w13, l(x) = x4 +

x3 + x2 + x + 1, m = 5 and s = 7, by the Euclidean division of f(x)m+s

by l(x) we get r(x) = w9(x + w7)3. By Euclidean division of f(x)s by l(x)

we get r1(x) = (x + 1)(x + w2)2. Let p1(x) = x + w7, p2(x) = x + 1,
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p3(x) = x + w2 and P1, P2, P3 be the corresponding places of F16(x) where

deg P1 = deg P2 = deg P3 = 1 . We have

vP1(r(x)/r1(x)) = 3 , vP2(r(x)/r1(x)) = −1 and vP3(r(x)/r1(x)) = −2.

Then

gcd(m, vP1(r(x)/r1(x))) = gcd(5, 3) = 1,

gcd(m, vP2(r(x)/r1(x))) = gcd(5,−1) = 1

and

gcd(m, vP3(r(x)/r1(x))) = gcd(5,−2) = 1.

For P∞, gcd(m, m∞) = gcd(5, 0) = 5, where m∞ = deg r(x)− deg r1(x) = 0.

Thus g(F ) can be computed using (2.7) as follows:

g(F ) = 1 + 5

[
−1 +

1

2

3∑
i=1

(
1− 1

5

)]
= 2

We observe that P1, P2, P3 and P∞ are the only rational places of F16(x)

which are zeros and poles of r(x)/r1(x). There exists one place lying over

P1, one place lying over P2 and also one place lying over P3. All of them

are rational places of F/F16(x). There are no rational places of F/F16(x)

lying over P∞. We have computed the number of rational places which are

neither zeros nor poles of r(x)/r1(x) by a computer search. This gives 30

extra rational places. Adding all these rational places we get N(F ) = 33.

Example 2.4.3. This is an example of a function field F = F9(x, y) given

by

y4 =
1

w3(x + w7)2(x2 + w3x + 2)(x2 + w3x + w7)

where w2 +2w +2 = 0, with g(F ) = 5 and N(F ) = 32. This is the best value

known in [2].

Proof. Taking f(x) = x3 + wx + w3, l(x) = x9−x
x+w7 , m = 4 and s = 4, by the

Euclidean division of f(x)m+s by l(x) we get r(x) = 1. By Euclidean division
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of f(x)s by l(x) we get r1(x) = w3(x+w7)2(x2 +w3x+2)(x2 +w3x+w7). Let

p1(x) = x+w7, p2(x) = x2+w3x+2, p3(x) = x2+w3x+w7 and P1, P2, P3 be

the corresponding places of F9(x) where deg P1 = 1 and deg P2 = deg P3 = 2.

We have

vP1(r(x)/r1(x)) = −2 and vPi
(r(x)/r1(x)) = −1 for i = 2, 3.

Then

gcd(m, vP1(r(x)/r1(x))) = gcd(4,−2) = 2

and

gcd(m, vPi
(r(x)/r1(x))) = gcd(4,−1) = 1

for i = 2, 3. For P∞, gcd(m,m∞) = gcd(4,−6) = 2, where

m∞ = deg r(x)− deg r1(x) = −6.

Thus g(F ) can be computed using (2.7) as follows:

g(F ) = 1 + 4

[
−1 +

1

2

2∑
i=1

(
1− 2

4

)
+

1

2

2∑
i=1

(
1− 1

4

)
2

]
= 5

We observe that P1 and P∞ are the only rational places of F9(x) which are

zeros and poles of r(x)/r1(x). There are no rational places of F/F9(x) lying

over P1 and P∞. We have computed the number of rational places which are

neither zeros nor poles of r(x)/r1(x) by a computer search. This gives 32

rational places. We get N(F ) = 32.
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chapter 3

fibre products of kummer

extensions

3.1 Main Theorems

Let u ∈ Fq and P0 be the rational place of Fq(x) corresponding to the

zero of x−u. Let n1, n2 ≥ 2 be integers with gcd(n1, q) = gcd(n2, q) = 1. Let

f1(x), f2(x) ∈ Fq(x) with vP0(f1(x)) = vP0(f2(x)) = 0. Let a1, a2 be integers.

Let E = Fq(x, y1, y2) be the algebraic function field with

yn1
1 = (x− u)a1f1(x),

yn2
2 = (x− u)a2f2(x).

(3.1)

We assume that Fq is the full constant field of E and [E : Fq(x)] = n1n2. Let

n̄1 = gcd(n1, a1), n̄2 = gcd(n2, a2) and m = gcd(n1

n̄1
, n2

n̄2
).

Let f1(u) and f2(u) be the evaluations of f1(x) and f2(x) at P0.

Theorem 3.1.1. There exist either no or exactly n̄1n̄2m rational places of E

over P0. There exists a rational place of E over P0 if and only if the following

conditions C1, C2, C3 and C4 hold simultaneously:

C1: f1(u) is an n̄1-power in Fq.

C2: f2(u) is an n̄2-power in Fq.

C3: (m.lcm (n̄1, n̄2))
∣∣(q − 1).
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C4: Under the assumptions of C1 and C2, let α and β be elements of Fq

with αn̄1 = f1(u) and βn̄2 = f2(u). Let A and B be integers satisfying

A
n1

n̄1

+ B
a1

n̄1

= 1. (3.2)

Then we have

β

α
a2
n̄2

B
is an m-power in Fq. (3.3)

Proof. Let P be a place of Fq(x, y1) lying over P0. Then by [8, Proposition

III.7.3], the ramification index of P is

eP =
n1

gcd(n1, vP0((x− u)a1f1(x)))
=

n1

gcd(n1, a1)
=

n1

n̄1

.

Let P ′ be a place of Fq(x, y2) lying over P0. Then again by [8, Proposition

III.7.3], the ramification index of P ′ is

eP ′ =
n2

gcd(n2, vP0((x− u)a2f2(x)))
=

n2

gcd(n2, a2)
=

n2

n̄2

.

Let P ′′ be a place of E lying over P0. It follows from Abhyankar’s Lemma

([8, Proposition III.8.9]) that the ramification index of P ′′ is

eP ′′ = lcm(eP , eP ′) = lcm

(
n1

n̄1

,
n2

n̄2

)
Let P1, P2, ..., Pr be the rational places of E lying over P0. By [8, Corollary

III.7.2], we know that the relative degrees, say fPi
, of P1, P2, ..., Pr are the

same and r.ePi
.fPi

= n1n2. Since degPi = 1 for all i = 1, ..., r, the residue

class field of Pi is Fq, so the relative degree fPi
is 1. Then we get

r.ePi
.fPi

= r.lcm

(
n1

n̄1

,
n2

n̄2

)
.1 = n1n2.

That is

r = n̄1n̄2.gcd

(
n1

n̄1

,
n2

n̄2

)
= n̄1n̄2m.
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This implies that there are either no or exactly n̄1n̄2m rational places of E

lying over P0.

Now we will prove the second part of the theorem. Let E1 be the subfield

of E given by

E1 = Fq(x, z1), zn̄1
1 = (x− u)a1f1(x),

or equivalently (
z1

(x− u)a1/n̄1

)n̄1

= f1(x). (3.4)

As gcd(n̄1, vP0(f1(x))) = n̄1, P0 is unramified in E1/Fq(x). There exists a

rational place of E1 over P0 if and only if C1 holds. Assume that C1 holds.

Let P1 be a place of E1 over P0. We have

vP1(x− u) = 1, vP1(z1) =
a1

n̄1

.

Let E2 be the intermediate function field with E1 ⊆ E2 ⊆ E given by

E2 = Fq(x, z1, z2), zn̄2
2 = (x− u)a2f2(x),

or equivalently (
z2

(x− u)a2/n̄2

)n̄2

= f2(x). (3.5)

As gcd(n̄2, vP1(f2(x))) = n̄2, P1 is unramified in E2/E1. There exists a ratio-

nal place of E2 over P1 if and only if C2 holds. Assume that C2 holds. Let

P2 be a place of E2 over P1. We have

vP2(x− u) = 1, vP2(z1) =
a1

n̄1

, vP2(z2) =
a2

n̄2

.

Let E3 be the intermediate function field with E2 ⊆ E3 ⊆ E given by

E3 = Fq(x, z1, z2, y1), y
n1/n̄1

1 = z1.
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Note that gcd(n1

n̄1
, vP2(z1)) = gcd(n1

n̄1
, a1

n̄1
) = 1, hence P2 is totally ramifed in

E3/E2. Let P3 be the place of E3 over P2. We have

vP3(x− u) =
n1

n̄1

, vP3(z1) =
a1

n̄1

n1

n̄1

, vP3(z2) =
a2

n̄2

n1

n̄1

, vP3(y1) =
a1

n̄1

.

Now, since gcd(n1

n̄1
, a1

n̄1
) = 1, we can choose integers A and B such that

A
n1

n̄1

+ B
a1

n̄1

= 1.

Let t = (x− u)AyB
1 . We have

vP3(t) = 1, vP3

(
x− u

t
n1
n̄1

)
= 0

and

x− u

t
n1
n̄1

=

(x− u)
a1
n̄1

y
n1
n̄1
1

B

=

(
(x− u)

a1
n̄1

z1

)B

.

Therefore the evaluation EvP3

(
x−u

t
n1
n̄1

)
of x−u

t
n1
n̄1

at P3 is in the set

{c−B : cn̄1 = f1(u)}.

Using (3.5) we obtain that vP3

(
z2

t
n1
n̄1

a2
n̄2

)
= 0 and for its evaluation at P3 we

have

EvP3

(
z2

t
n1
n̄1

a2
n̄2

)
∈ {dc

− a2
n̄2

B
: cn̄1 = f1(u), dn̄2 = f2(u)}. (3.6)

Let E4 be the intermediate function field with E3 ⊆ E4 ⊆ E given by

E4 = Fq(x, z1, z2, y1, w2), wm
2 = z2,

or equivalently (
w2

t
a2
n̄2

n1
n̄1m

)m

=
z2

t
n1
n̄1

a2
n̄2

. (3.7)
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Note that m
∣∣n1

n̄1
. Therefore P3 is unramified in E4/E3 and using (3.6) and

(3.7) we obtain that there exists a rational place of E4 over P0 if and only if

dc
− a2

n̄2
B

is an m-power for each c and d satisfying

cn̄1 = f1(u) and dn̄2 = f2(u).
(3.8)

Let θ1, θ2 ∈ Fq be primitive n̄1-th and n̄2-th roots of 1 respectively, whose

existence follow from C1 and C2. Let α, β ∈ Fq with αn̄1 = f1(u) and

βn̄2 = f2(u). Then (3.8) is equivalent to

βα
− a2

n̄2
B
θl2
2 θ

−l1
a2
n̄2

B

1 is an m-power

for 0 ≤ l1 ≤ n̄1 − 1 and 0 ≤ l2 ≤ n̄2 − 1.
(3.9)

Substituting l1 = 0 and l2 = 1 in (3.9), we obtain that θ2 is an m-power in

Fq. Note that m|n2

n̄2
and hence gcd(m, a2

n̄2
) = 1. From (3.2) we also get that

gcd(m, B) = 1. Substituting l1 = 1 and l2 = 0 in (3.9), since gcd(m, a2

n̄2
B) =

1, we obtain that θ1 is an m-power in Fq. Therefore, under the assumptions

of C1 and C2, (3.9) implies C3 and C4. It is also clear that the assumptions

of C1 and C2, C3 and C4 imply (3.9). We assume C3, C4 and let P4 be a

place E4 over P3. We have vP4(w2) = a2

n̄2

n1

n̄1

1
m

.

Let E5 be the intermediate function field with E4 ⊆ E5 ⊆ E given by

E5 = Fq(x, z1, z2, y1, w2, y2), y
n2

n̄2m

2 = w2.

We observe that E5 = E. Let ρ be a prime dividing n2

n̄2m
. Then ρ - n1

n̄1m
. As

gcd(n2

n̄2
, a2

n̄2
) = 1, we also have ρ - a2

n̄2
. Therefore gcd( n2

n̄2m
, a2

n̄2

n1

n̄1

1
m

) = 1 and P4

is totally ramified in E5/E4. This completes the proof.

Remark 3.1.2. We observe that C4 is independent from the choice of the

integers A and B. Indeed let A′, B′ ∈ Z with A 6= A′ and B 6= B′ satisfying

A′n1

n̄1

+ B′ a1

n̄1

= 1.

Then we get

(A− A′)
n1

n̄1

= (B′ −B)
a1

n̄1

.
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As n1

n̄1
and a1

n̄1
are relatively prime, we get that B′−B is divisible by m. This

implies that C4 is independent from the choice of A and B.

Remark 3.1.3. Let w1 = y
n1

n̄1m

1 ∈ E. Using the tower Fq(x) ⊆ Fq(x, z1) ⊆
Fq(x, z1, z2) ⊆ Fq(x, z1, z2, y2) ⊆ Fq(x, z1, z2, y2, w1) ⊆ E instead of the tower

Fq(x) ⊆ E1 ⊆ E2 ⊆ E3 ⊆ E4 ⊆ E in the proof of Theorem 3.1.1, we obtain

the conditions C1, C2, C3 and C4′ instead of the conditions of the theorem,

where

C4′: Under the assumptions of C1 and C2, let α and β be chosen elements

of Fq with αn̄1 = f1(u) and βn̄2 = f2(u). Let A′ and B′ be chosen

integers satisfying

A′n2

n̄2

+ B′ a2

n̄2

= 1. (3.10)

We have

α

β
a1
n̄1

B′ is an m-power in Fq. (3.11)

Now we will show that these two sets of conditions are equivalent using ele-

mentary techniques, without algebraic function fields. By (3.2) we have

B
a1

n̄1

≡ 1 mod m. (3.12)

similarly by (3.10) we have

B′ a2

n̄2

≡ 1 mod m. (3.13)

From (3.12) and (3.13) we get that(
a1

n̄1

)(
B a2

n̄2

)
−
(

a2

n̄2

)
≡ 0 mod m,

(
a1

n̄1

)
−
(

a2

n̄2

)(
B′ a1

n̄1

)
≡ 0 mod m.

(3.14)
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Then (3.14) implies that(
β

α
B

a2
n̄2

) a1
n̄1

(
α

β
B′ a1

n̄1

) a2
n̄2

is an m-power in Fq. (3.15)

Using (3.15), gcd(m, a1

n̄1
) = 1 and gcd(m, a2

n̄2
) = 1, under the assumptions of

C1, C2 and C3 we prove that C4 is equivalent to C4′.

Let P∞ be the pole of x in Fq(x). Using almost the same arguments as

in the proof of Theorem 3.1.1, we obtain the following theorem.

Theorem 3.1.4. Let f1,1(x), f1,2(x), f2,1(x), f2,2(x) be polynomials in Fq[x]

of degrees d1,1, d1,2, d2,1, d2,2. Let d1 = d1,1 − d1,2 and d2 = d2,1 − d2,2. Let

c1, c2 ∈ Fq \ {0}. Let F = Fq(x, y1, y2) be the algebraic function field with

yn1
1 = c1

f1,1(x)

f1,2(x)
, yn2

2 = c2
f2,1(x)

f2,2(x)
.

We assume that Fq is the full constant field of F and [F : Fq(x)] = n1n2. Let

n̄1 = gcd(n1, d1), n̄2 = gcd(n2, d2) and m = gcd(n1

n̄1
, n2

n̄2
). There exist either

no or exactly n̄1n̄2m rational places of F over P∞. There exists a place of

F over P∞ if and only if the following conditions D1, D2, D3 and D4 hold

simultaneously:

D1: c1 is an n̄1-power.

D2: c2 is an n̄2-power.

D3: (mlcm (n̄1, n̄2))
∣∣(q − 1).

D4: Under the assumptions of D1 and D2, let α and β be elements of Fq

with αn̄1 = c1 and βn̄2 = c2. Let A and B be integers satisfying

A
n1

n̄1

+ B
a1

n̄1

= 1.

We have

β

α
a2
n̄2

B
is an m-power.
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3.2 Examples Based on Section 1

We have done a computer search in order to find function fields with

many rational places using Theorem 3.1.1 and Theorem 3.1.4.

Example 3.2.1. Let E = F8(x, y1, y2) be the function field over F8 given by

the following equations:

y7
1 = w3(x + 1)4(x + w)2

y7
2 =

(x + 1)4(x + w)

x + w6

where w3 + w + 1 = 0. The genus of E is g(E) = 36 and N(E) = 112. In

this case the best known lower bound is 107 in [2].

Example 3.2.2. Let E = F16(x, y1, y2) be the function field over F16 given

by the following equations:

y3
1 =

w3x(x + 1)

x + w10

y5
2 = x3(x + 1)3(x6 + x5 + x3 + x + 1)

where w4 + w + 1 = 0. The genus of E is g(E) = 20 and N(E) = 127. This

is the best value known in [2].

Example 3.2.3. Let E = F16(x, y1, y2) be the function field over F16 given

by the following equations:

y5
1 = x3(x + 1)3(x6 + x5 + x3 + x + 1)

y3
2 =

x4 + x2 + x + w10

x2 + w5

where w4 + w + 1 = 0. The genus of E is g(E) = 34 and N(E) = 183.This

is the best value known in [2].
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Example 3.2.4. Let E = F64(x, y1, y2) be the function field over F64 given

by the following equations:

y3
1 = x3(x + 1)5(x3 + x + 1)

y3
2 = w60x2(x + 1)5

where w6+w4+w3+w+1 = 0. The genus of E is g(E) = 10 and N(E) = 225.

This function field is maximal.

Example 3.2.5. Let E = F9(x, y1, y2) be the function field over F9 given by

the following equations:

y2
1 =

x2 + w7x + w5

x + w3

y2
2 =

x4 + w5x3 + x2 + w3x + w3

x + w3

where w2 + 2w + 2 = 0. The genus of E is g(E) = 5 and N(E) = 32. This

is the best value known in [2].

Example 3.2.6. Let E = F9(x, y1, y2) be the function field over F9 given by

the following equations:

y8
1 = −(x6 + x5 + wx4 + 2x3 + w7x2 + x + 2)

y2
2 =

x4 + w6x3 + w7x + w5

x + w3

where w2 + 2w + 2 = 0. The genus of E is g(E) = 9 and N(E) = 48. This

is the best value known in [2].

Example 3.2.7. Let E = F27(x, y1, y2) be the function field over F27 given

by the following equations:

y2
1 = (x− 1)6(x3 + w11x2 + w11x + w15)

y2
2 =

x3 + w11x + w12

x2

where w3 + 2w + 1 = 0. The genus of E is g(E) = 4 and N(E) = 64.
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Example 3.2.8. Let E = F81(x, y1, y2) be the function field over F81 given

by the following equations:

y10
1 = x(x + 1)

y2
2 =

x2 + w3x + w6

x

where w4 +2w3 +2 = 0. The genus of E is g(E) = 8 and N(E) = 226. This

function field is maximal.

Example 3.2.9. Let E = F81(x, y1, y2) be the function field over F81 given

by the following equations:

y5
1 = x(x + 1)8

y2
2 =

x2 + x + 2

x + w60

where w4 + 2w3 + 2 = 0. The genus of E is g(E) = 11 and N(E) = 220.

This is the best value known in [2].

Example 3.2.10. Let E = F81(x, y1, y2) be the function field over F81 given

by the following equations:

y16
1 = x(x + 1)8

y2
2 =

x2 + w22x + w64

x

where w4 + 2w3 + 2 = 0. The genus of E is g(E) = 15 and N(E) = 292.

This is the best value known in [2].

Example 3.2.11. Let E = F81(x, y1, y2) be the function field over F81 given

by the following equations:

y5
1 = x(x− 1)5

y10
2 = x(x− 1)10(x + w35)

where w4 + 2w3 + 2 = 0. The genus of E is g(E) = 16 and N(E) = 370.

This function field is maximal.
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Example 3.2.12. Let E = F81(x, y1, y2) be the function field over F81 given

by the following equations:

y10
1 = (x− 1)2(x + w60)

y2
2 =

x2 + 1

x + w50

where w4 + 2w3 + 2 = 0. The genus of E is g(E) = 17 and N(E) = 288.

This is the best value known in [2].

Example 3.2.13. Let E = F81(x, y1, y2) be the function field over F81 given

by the following equations:

y10
1 = x(x + 1)

y2
2 =

x(x + w18)

x + w2

where w4 + 2w3 + 2 = 0. The genus of E is g(E) = 18 and N(E) = 306.

This is a new entry for the table in [2].

Example 3.2.14. Let E = F81(x, y1, y2) be the function field over F81 given

by the following equations:

y5
1 = x(x + 1)8

y10
2 =

x2 + x + 1

x

where w4 + 2w3 + 2 = 0. The genus of E is g(E) = 36 and N(E) = 730.

This function field is maximal.
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