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ABSTRACT

HILBERT FUNCTIONS OF GORENSTEIN MONOMIAL CURVES

Mete, Pmar (Topaloglu)
Ph.D., Department of Mathematics

Supervisor: Assist. Prof. Dr. Sefa Feza Arslan

July 2005, 46 pages

The aim of this thesis is to study the Hilbert function of a one-dimensional Gorenstein
local ring of embedding dimension four in the case of monomial curves. We show
that the Hilbert function is non-decreasing for some families of Gorenstein mono-
mial curves in affine 4-space. In order to prove this result, under some arithmetic
assumptions on generators of the defining ideal, we determine the minimal generators
of their tangent cones by using the standard basis and check the Cohen-Macaulayness
of them. Later, we determine the behavior of the Hilbert function of these curves,
and we extend these families to higher dimensions by using a method developed by
Morales. In this way, we obtain large families of local rings with non-decreasing

Hilbert function.

Keywords: Monomial curves, Standard basis, Hilbert function, Gorenstein rings
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Oz

GORENSTEIN TEKTERIMLI EGRILERININ HILBERT FONKSIYONLARI

Mete, Pmar (Topaloglu)
Doktora, Matematik Boliimii

Tez Yoneticisi: Assist. Prof. Dr. Sefa Feza Arslan

Temmuz 2005, 46 sayfa

Bu tezde amacimiz, tekterimli egriler durumu i¢in 4. gomme boyutunda bir boyutlu
yerel Gorenstein halkalarimin Hilbert fonksiyonunu ¢galigmaktir. 4 boyutlu afin uzayda,
Gorenstein tekterimli egrilerinin bazi ailelerinin Hilbert fonksiyonunun azalmayan
oldugunu gosterdik. Bu sonucu ispatlamak igin, tanimlayan idealin tiretegleri iizerine
baz1 aritmetik kabuller altinda standart baz kullanmak suretiyle bunlarin teget koni-
lerinin minimal tireteglerini belirleyerek bu konilerin Cohen-Macaulay olup olmadigini
test ettik. Ayrica, bu egrilerin Hilbert fonksiyonlarimin davranigini belirledik ve bu
egri ailelerini Morales’in gelistirdigi metot ile daha yiiksek boyutlara genislettik. Bu

sekilde, Hilbert fonksiyonu azalmayan olan, genis yerel halka aileleri elde ettik.

Anahtar Kelimeler: Tekterimli egriler, Standart bazlari, Hilbert fonksiyonu, Goren-

stein halkalar
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CHAPTER 1

INTRODUCTION

The behavior of the Hilbert function Hgr(n) of a local ring (R, m) has remained as
an important problem to be determined for a long time. The importance of this
problem comes from the fact that the Hilbert function Hg(n) of a local ring (R, m)
is a good measure of the singularity of (R, m) at m [29]. Nevertheless, relatively little
is known about the behavior of the Hilbert function Hg(n) of a local ring (R, m).
Since the Hilbert function Hg(n) of a local ring (R, m) is the Hilbert function of the

associated graded ring,
grR=gr, R=R/m&m/m*&m’/m’> & - -

we need to find grR, in order to determine the Hilbert function of R. The toughness
to get grR for a given local ring (R, m) makes the direct computation of Hg(n)
difficult. If grR is Cohen-Macaulay, the computation of the Hilbert function of a local
ring can be reduced to a computation of the Hilbert function of an Artin local ring,
which has a Hilbert function with finite number of nonzero values. Besides, Cohen-
Macaulayness of the associated graded ring guarantees that the Hilbert function is
non-decreasing [39]. In this case we need to check the Cohen-Macaulayness, which
assures this reduction.

In spite of the fact that the Hilbert function of a graded k-algebra is well-
understood, when it is Cohen-Macaulay, very little is known in the local case even if

this has a close relation with the well developed theory of singularities. This stems



from the fact that the associated graded ring of a local Cohen-Macaulay ring can be
very bad [41, p44].
The main related open problem was stated by Sally as the following conjecture

[35]:

Sally’s conjecture. 1f R is a one-dimensional Cohen-Macaulay lo-
cal ring with small enough embedding dimension, then Hg(n) is non-

decreasing.

This conjecture is well known for embedding dimension less than or equal to 2.
Matlis proved the Sally’s conjecture for the embedding dimension two [28]. Moreover,
the non-decreasing property of the Hilbert function of a local ring for the embedding
dimension 3 case was also proved by Juan Elias [15]. In the literature, there are
several examples showing that Cohen-Macaulayness of a local ring does not neces-
sarily assure the non-decreasing behavior of its Hilbert function. The first examples
of local rings with decreasing Hilbert function were given by Herzog-Waldi [23] and
Eakin-Sathaye [13]. Besides, Orecchia showed that for all b > 5 there exists a re-
duced one-dimensional local ring of embedding dimension b with decreasing Hilbert
function [31]. Thus, the Cohen-Macaulayness of a local ring does not guarantee that
its Hilbert function is non-decreasing. Moreover, nothing is known even for Goren-
stein local rings, which are special Cohen-Macaulay rings, so Sally’s conjecture can
be restated for Gorenstein rings: If R is a one-dimensional Gorenstein local ring with
small enough embedding dimension, then Hg(n) is non-decreasing.

The aim of this thesis is to study the Hilbert function of a one-dimensional

Gorenstein local ring of embedding dimension four in the case of monomial curves.



A monomial affine curve C'in the affine space A¢ over a field k is given parametrically

by x; = t™, that is , we have

C={{tm,...,t")eAd|tek}

where niq,ng,...,ng are positive integers with ged(ng,ng,...,ng) = 1. The addi-
tive semigroup , which is denoted by < ni,ne,...,ng >, generated minimally by
ni,Na,...,ng and is defined as < ny,ng,...,ng >= {n | n = Ele a;n;, a;'s are

non-negative integers}. There is a connection between a monomial curve and the
additive semigroup depending on the semigroup ring k[[t",¢"2, ... t"]]. From this
standpoint, monomial curves can be seen as a common ground where geometric,
algebraic and arithmetical techniques apply.

In order to proceed, it is possible to consider either the associated graded ring
of R = K[[t"™,t",...,t"]] which is denoted by grR = gr,, (k[[t"",t"*,...,t"]]), or
the ring k[xq, xo, ..., 24]/1(C).. We prefer the latter, namely, the ring to study the
problem, since we have tools to find the generators of I(C),. This ring is called
coordinate ring of the tangent cone of the monomial curve C. We also have methods
to check the Cohen-Macaulayness of the associated graded ring by using standard
basis theory, which provides crucial information about the Hilbert function.

Knowing the defining ideal explicitly by the work of Bresinsky [8], we investigate
and determine the behavior of the Hilbert function of Gorenstein monomial curves in
the case of embedding dimension four. Based on the standard basis theory, we find
the minimal generators of the tangent cone of a monomial curve C' in affine space
A* under some arithmetic conditions on the generators of defining ideal. By using

the Cohen-Macaulayness of the tangent cone, we determine the Hilbert function of



the associated graded ring of these curves.

In chapter 2, we introduce basic concepts required to study our problem by giving
the definitions of the Hilbert function of a local ring and of the Gorenstein ring, and
we give a survey of the literature. Then, we describe the relation between Hilbert
function and Gorenstein rings and also Cohen-Macaulay rings, respectively.

Chapter 3 is devoted to the monomial curves and Cohen-Macaulayness of the
tangent cone. We give the definitions of monomial curve and symmetric semigroup,
and mention some very important results. After defining the tangent cone, we es-
tablish the criteria for determining the Cohen-Macaulayness of the tangent cone of
a monomial curve.

In chapter 4, we first present the results about the generators of the defining
ideals of Gorenstein monomial curves in affine A* space. We find the minimal gen-
erators of the tangent cone of Gorenstein monomial curves C' under some arithmetic
assumptions on their defining ideals. Showing the Cohen-Macaulayness of the tan-
gent cones of these families gives us the opportunity to obtain families of Gorenstein
local rings with non-decreasing Hilbert function. We also consider families of Goren-
stein monomial curves, whose associated graded rings are not Cohen-Macaulay. By
extending the Gorenstein monomial curves to higher dimensions, we obtain large

families of local rings with non-decreasing Hilbert function.



CHAPTER 2

COHEN-MACAULAY RINGS AND HILBERT

FUNCTION OF A LOCAL COHEN-MACAULAY RING

In this chapter, we introduce the basic definitions of Cohen-Macaulay and Gorenstein
rings. After giving the main related facts about the Hilbert functions of a graded
ring, we also give some results about the Hilbert functions of Cohen-Macaulay and
Gorenstein rings respectively. Then we define the Hilbert function of a local ring
and give a literature summary of the main problem: Hilbert function of a Cohen-

Macaulay local ring.

2.1 Cohen-Macaulay and Gorenstein Rings

First, we need some definitions to define a Cohen-Macaulay ring.

Definition 2.1.1. Let R be a ring. A regular sequence on R(or an R-sequence) is a

set ay,as, ..., a, of elements or R with the following properties:
(i) R# (ay,a9,...,a,)R,

(ii) The jth element a; is not a zero divisor on the ring R/(ay,az,...,a;—1)R for

j=1,2,...,n, where for j =1, we set (a1, as,...,a,) to be the zero ideal.

The lengths of all the maximal R-sequences(where R is Noetherian) in an ideal
are the same. This gives us the opportunity to define the depth of an ideal of a

Noetherian ring.



Definition 2.1.2. Let R be a Noetherian ring. The depth of an ideal I is the length

of any maximal R-sequences in [.

The definition of height of any ideal is given as follows:

Definition 2.1.3. Let R be a commutative ring, and P be a prime ideal. The height

of P is the supremum of the lengths [ of strictly descending chains

P=FD>OP D...0F

of prime ideals. The height of any ideal I is the infimum of the heights of the prime

ideals containing I.

Now, we can define the Cohen-Macaulay ring.

Definition 2.1.4. A Noetherian ring R is Cohen-Macaulay, if depth(/)=height(I)

for each ideal I of R.

We can now give the definition of Gorenstein rings, which are special Cohen-
Macaulay rings. Gorenstein rings constitute an important class of local rings. These
are distinguished from the others by their ubiquity and various characterizations of
rings which belong to this class. From the point of such properties, they have been
considered as the nicest rings.

Bass made invaluable contributions to algebra and geometry such that he is the
first to characterize Gorenstein rings in terms of the type [4]. Hence, he is given
respect for developing the theory of these rings [5].

In [16] Foxby gives a remarkable characterization of Gorenstein rings by proving

the conjecture of Vasconcelos :



Suppose (R,m, k) is a Noetherian local ring of dimension d containing a

field; then R is a Gorenstein ring if uq(m, R) = 1.

where j14(m, R) is d'" Bass number of R with respect to m.

Geometrically, Gorenstein rings are common and significant as the title of Bass’
foundational paper, [14, p526].

The characterization of the class of Gorenstein rings usually involves homologi-
cal algebra. The fundamental definition states that a Noetherian local ring R is a
Gorenstein ring if it is of finite injective dimension [10, p94]. On the other hand,
we prefer another approach that follows an elementary way to the most important
facts of the theory by avoiding the use of structure theorems of injective modules
and duality theorems. In order to define Gorenstein rings based upon our approach,

we need to give some required definitions.

Definition 2.1.5. [3, p35] Let (R, m) be a local ring of dimension d = dim R. Any
d-element set of generators of an m-primary ideal is called a system of parameters

(or a set of parameters) of the local ring (R, m).

Definition 2.1.6. [3, p137] An irreducible ideal is a proper ideal which can not be

expressed as an intersection of two ideals properly containing it.

Then the definition of Gorenstein rings reads,

Definition 2.1.7. A local ring (R, m) is Gorenstein if and only if every system of

parameters of the ring R generates an irreducible ideal.

Alternatively, one can define Gorenstein rings to be the rings of type equal to 1.

This is the main homological characterization. It can be shown that this is equivalent



to the one in the Definition 2.1.7. In order to make the equivalence clear we need to

give the definition of the type.

Definition 2.1.8. If (R, m) is a local Cohen-Macaulay ring of dimension d, then the
number

dimp/m, ExtG(Rm, R)

is called as the type r(R) of the ring R.
Now the following theorem shows the equivalence.

Theorem 2.1.9. /3, p140] The following properties are equivalent for a local ring

(R,m):

(i) The ring R is Cohen-Macaulay and there ezists a system of parameters of R

generating an irreducible ideal, i.e. R is a Cohen-Macaulay ring of type 1,
(i) Every system of parameters of the ring R generates an irreducible ideal.
Proof. See [3, p140]. O

We will be interested in monomial curves, therefore we will consider the ring
R =[[t™,...,t"]] of dimension one. As a result, R is Gorenstein, if every principal

ideal (1) generated by an element r € R with \/(r) = (t™,...,t™) is irreducible.

Remark 2.1.10. Knowing that Gorenstein rings are Cohen-Macaulay rings, one way
to check if a ring is Gorenstein is to first check its Cohen-Macaulayness. If it is a
Cohen-Macaulay ring, the procedure follows as to find a system of parameters, to
kill it and then to compute the Socle. In order to get the type, it is required to

determine how many linearly independent elements are in the Socle.



Example 2.1.11. Let A = k[X,Y]/(X? XY,Y?), which has dimension zero, and
hence A is a Cohen-Macaulay ring. Now, Soc(A) = (0 : m)4 = {z € A | mz =
(0)} = m. Since there are two linearly independent elements are in the socle, type

of A is greater than 1. Therefore, A can not be Gorenstein.

2.2 Hilbert Function of a Graded Algebra

Before we define the Hilbert function of a local ring, we need to define the Hilbert

function of a graded k-algebra.

Definition 2.2.1. The Hilbert function Hg(n) of a graded k-algebra R is defined as

where R, is the homogeneous piece consisting of elements of degree n.

The assertion of Hilbert is that it is possible to extract all the information con-
tained in infinitely many values of the function H(n) using a set of finite number of

its values. The following theorem shows Hilbert’s approach :

Theorem 2.2.2. (Hilbert) If R is a finitely generated algebra over k[xy, ..., x|, then

Hg(n) agrees, for large S, with a polynomial of degree < r —1

Definition 2.2.3. The polynomial Pr(n) satisfying Pr(n) = Hg(n) for sufficiently

large n is the Hilbert polynomial of R.

There is more to say about the Hilbert polynomial.

Theorem 2.2.4. [}2, p342] Let the graded ring R have dimension d



(i)

where hg(t) is a polynomial

(ii) the Hilbert polynomial Pr(n) of R is of degree d — 1 with leading coefficient

ha(1)/(d—1)!.

Proof. See [42, p342] O

Definition 2.2.5. The multiplicity of a graded ring R is defined to be hr(1) and it

is denoted by e(R). The polynomial hg(t) is called the h-polynomial of R.

Definition 2.2.6. [10, pl69] Let R be a positively graded k-algebra where k is a
field. Then the degree of the Hilbert function of R is denoted by a(R) and called the

a-invariant of R.

Before giving the first criteria for checking the Cohen-Macaulayness of a graded

ring, we need the following definition:

Definition 2.2.7. Let A be a graded ring of dimension d. A system of parameters

for A is a set of homogeneous elements ay, ..., a4 € A such that dim (A/(ay,...,aq))
is zero.

Proposition 2.2.8. [42, p56] Suppose that ay,...,aq is a homogeneous system of
parameters for a graded ring A. Then A is a Cohen-Macaulay if and only if a4, ..., a4
is a regular sequence. Moreover, if aq,..., a4 are of degree 1, and if Ha(t) = (ho +

hi+ ...+ ht")/(1—1t)4, then the polynomial hg+ hy + ...+ h,t" is the Hilbert series

of the Artin ring A/(ay,...,aq). In particular, h; > 0.

10



The following proposition is another useful test to check the Cohen-Macaulayness

of a graded ring which is in the form k[z1,...,x,]/I, where I is a homogeneous ideal.

Proposition 2.2.9. [6, p117] Let A = k[xy,...,2,]|/I, where I is a homogeneous
ideal, and let dim A = d. Then, the ring A is Cohen-Macaulay if and only if e(A) =
dimy(A/(a1,...,aq)), for some (and hence all) system of parameters ay,...,aq of

degree 1.

It would not be surprising that additional properties of R will put further con-
straints on the Hilbert function. Here, it is suitable to draw attention to a discussion

on this feature for Gorenstein properties.

Theorem 2.2.10. (Stanley’s Gorenstein Criterion) [10, p170] Let k be a field, R
18 a d-dimensional C-M positively graded k-algebra. Suppose that R has the Hilbert

series

2 iz hit’
ITj_i(1 —to)
(i) If R is Gorenstein, then Hg(t) = (—1)4* B Hg(t71).

Hg(t) =

(ii) Suppose R is a domain, and Hg(t) = (—1)% Hg(t™1) for some integer q. Then

R is Gorenstein.

Proof. See [10, p170]. O

Remark 2.2.11. Assume that the positively graded k-algebra R is Gorenstein, and

hr(t)

el = {0 =)

where ay,...,aq € Z*. Then, the functional equation in Theorem 2.2.10(i) for Hp(t)
is equivalent to the equation hp(t) = t4°8 "2hp(¢~1), that is, to the symmetry of the

polynomial hg(t).

11



2.3 Hilbert Function of a Local Ring

The Hilbert function of a d-dimensional local ring (R, m) proves to be important
since it is a good measure of the singularity at (R, m). Sally summarizes the idea
behind this fact by saying that the Hilbert function measures the degree to which R
deviates from a regular local ring, or equivalently measures the degree to which grR

deviates from a polynomial ring over R/m [36].

Definition 2.3.1. The Hilbert function of (R, m) is the function H(n) which is the

dimension over R/m of the n'® component of the associated graded ring
gr,R=R/mom/m*@m?*/m* @ -
Thus, Hg(n) = dimpgy, m"/m"! for all n € Zs. Hilbert series of R is defined as

Hp(t)= > Hp(n)t"

neZZO

Here, dimp/,, represents the ordinary vector space dimension over the field R/m.
This graded algebra gr,, R corresponds to a relevant geometric structure. If R is the
localization at the origin of the coordinate ring of an affine variety passing through
0, then the associated graded ring gr,,R turns out to be the coordinate ring of the
tangent cone of this variety at the origin, which is the cone containing all lines that
are the limiting positions of secant lines to the variety in 0. Consequently, they both

have the same Hilbert function, as well as the Hilbert series.

Remark 2.3.2. 1t is very difficult to get the associated graded ring, grR, for a given
local ring since grm = m/m? & m?/m? @ ... may involve zero divisors. Now, in this
case, all the R/m-vector space homomorphisms of m"/m"*! to m"*!/m"*? given

by multiplication by elements of m have nontrivial kernels for some n. As will be

12



seen below, the Hilbert function of a one-dimensional local domain even may satisfy

H(2) < H(1).

2.3.1 Literature

In general, very little is known about the Hilbert function of a Cohen-Macaulay local
ring, since the associated graded ring of a local Cohen-Macaulay ring can be very
bad.

The first obvious question was to understand, whether the Hilbert function of a
local Cohen-Macaulay ring was non-decreasing, and this was stated by Sally as the

following conjecture [35]:

Sally’s conjecture. 1f R is a one-dimensional Cohen-Macaulay lo-
cal ring with small enough embedding dimension, then Hg(n) is non-

decreasing.

Matlis proved the Sally’s conjecture for the embedding dimension two [28]. Elias
proved Sally’s conjecture for the embedding dimension three in the equicharacteristic
case [15].

The very first examples of rings with decreasing Hilbert function were given by
Herzog-Waldi [23] and Eakin-Sathaye [13] in the literature. In the first example,
R = K[t30, ¢35 442 44T (148 4153 4157 4169 3181 4193 g the ring of regular functions of a
monomial curve with embedding dimension 10 and the corresponding Hilbert func-
tion is Hg = {1,10,9, 16,25, ...}. The second one in [13] is the ring of regular func-

tions R = k[t15, 121 123 47 48 449 450 452 454 455 156 58] of 3 monomial curve of em-

bedding dimension 12 with decreasing Hilbert function Hg = {1,12,11,13,15,...}.

13



Moreover, these two rings are one-dimensional Cohen-Macaulay local rings, whose
associated graded rings are not Cohen-Macaulay. In [31], Orecchia showed that for
all b > 5 there exists a reduced one-dimensional local ring of embedding dimen-
sion b with decreasing Hilbert function. Later, ordinary singularities with decreasing
Hilbert function and embedding dimension at least 7 were constructed by Roberts
[32]. Gupta and Roberts gave examples of one-dimensional local rings with decreas-
ing Hilbert functions with embedding dimension b > 4 in [20].

These examples show us that the Cohen-Macaulayness of a local ring does not
necessarily assure that its Hilbert function is non-decreasing. Therefore Sally’s con-
jecture can be restated as, if R is a one-dimensional Gorenstein local ring with small

enough embedding dimension, then Hg(n) is non-decreasing.

2.3.2 Hilbert Functions and Cohen-Macaulayness

It is important to discover which local rings (R, m) have Cohen-Macaulay associated
graded rings, since Cohen-Macaulayness reduce the computation of the Hilbert func-
tion of (R, m) to the computation of the Hilbert function of an Artin local ring, the
latter function having only a finite number of nonzero values. Sometimes the key to
whether gr(R) is Cohen-Macaulay lies in the embedding dimension, which is H (1),
of the local ring. One may find several articles in the literature about this approach
[36]. Besides, knowing which local rings have Cohen-Macaulay associated graded
rings with respect to the maximal ideal enables us to make a rough classification of
singularities such as Gorenstein singularities, normal singularities, etc. Also, the va-
rieties all of whose local rings are Cohen-Macaulay manifest some special properties

27].

14



Suppose that R is a graded algebra of dimension d. (If Ry = k is a field and
so that R is a k-algebra, then one can say that R is a graded algebra). R is said
to be Cohen-Macaulay if and only if R has a homogeneous R-sequence of length d
[39, p66]. If depth(R)> 1, we have H(0) < H(1) < H(2) < .... This is clearly
seen, because multiplication by a homogeneous non-zero divisor of degree one is a

monomorphism from R, into R,1.

Remark 2.3.3. If grm = m/m?*®m? /m>®. . . includes a zero divisor, then it, naturally,
contains a homogeneous nonzero divisor Z € m!/m!*! for some ¢t > 1. Also, multipli-
cation by Z is a one-to-one vector space homomorphism of m™/m"™*! to m™*t /mn i+l
for all n > 0. Thus, if z is any lifting of Z to R, then gr,,(R)/(Z) = gr,,(R/(x))
where dim(R/(z)) = dim R — 1. If gr,,(R) is Cohen-Macaulay and dim R =d, then
grm contains a regular sequence Ty, ..., %4 of length d. By the argument above, if
Ty,...,xq are liftings of Z1,...,z4, then gr, (R)/(Z1,...,Zq) = gr,,(R/(x1,...,24q)).

From Proposition 2.2.8, Hg(t) = Hg)(s,, .2, (t)/(1 — t)* where Hg(t) is the Hilbert

.....

series of the ring R and Hp)(s, ... ,)(t) is the Hilbert series of the Artin local ring

R/(x1,...,z4). This relation manifests how the Cohen-Macaulayness of the asso-
ciated graded ring of a local ring with respect to the maximal ideal reduces the

computation of the Hilbert function of a local ring to a computation of the Hilbert

function of an Artin local ring.
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CHAPTER 3

MONOMIAL CURVES IN AFFINE SPACE

Our main geometric objects of interest in this thesis are the monomial curves. These
form an important class of curves in the sense that they interconnect geometry, al-
gebra and combinatorics. This is a direct consequence of the relationship between
the monomial curves and semigroups generated by integers. The close relation be-
tween numerical semigroups and monomial curves let us use the algebraic geometry
terminology in studying numerical semigroups.

In this chapter we, firstly, present some basic facts about monomial curves and
symmetric semigroups. Then, we discuss the Cohen-Macaulayness of the tangent

cone of a monomial curve.

3.1 Defining Equations of Monomial Curves

A monomial affine curve C' in the affine space A{ over a field k is given parametrically

by x; = t™, i.e., we have

L= {(tm,...,t)eAd |t ek}

Let R = k[xy,...,z,] and k[t] be two polynomial rings over k, graded by deg(x;) = n;
for all ¢ and deg(t) = 1, respectively. Let ® be the graded homomorphism of k-
algebras

bR — k[t],z; — t™.
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Now, the image of ®, denoted by k[S] or k[I'], is the semigroup ring. The additive
semigroup S generated minimally by nq, ns, ..., ng is represented by < ny,ng, ..., ng >

and is defined as

d
<Ni,MNa,...,Ng >= {n | n = g a;n;, a;'s are non — negative integers}. (3.1)
i=1

I(C) is the defining ideal of C' consisting of

{f(x1,...,xq) | flor, ... xq) € klxy, ... xq], f(E™, ... t") =0,

t transcendental over k} .

® gives an isomorphism for 1 <7 <d
klxy, ... x,)/1(C) = k[t"™, ... t"].

As a result, this isomorphism exhibits the relationship between the monomial

curve and the semigroup leading to isomorphism of local rings,

(k[ﬂ?l, s axn]/I(C))(Il,...,xd) = [tnla coee 7tnd](t"1,‘..,t"d)

which, subsequently, yields that the completions of the local rings give

(E[[z1, - .., 2] /T(C)) = K[[t™, ..., t74]].

3.2 Symmetric Semigroups

It is considered to be a classical problem to study the subsemigroups of N. This
is equivalent to investigate the sets of natural solutions of linear equations with
coefficients in N. The study of the subsemigroups of N has also gained motivation
by its interaction with algebraic geometry and commutative algebra after the works

of [21, 26] and others. The observation is that the properties of the semigroup S
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imply properties on the semigroup ring R = k[S]. For instance, Kunz showed that
R is Gorenstein if and only if S is symmetric [26].
A numerical semigroup S, as defined in equation (3.1), is said to be symmetric if

and only if the number of gaps is equal to the number of nongaps. A gap is given by

né¢<ng,ng,...,ng> 0<n<c,

and a nongap is,

ne<n,ng,...,ng> 0<n<ec

where the number c is the greatest integer not in S and is called the Frobenius number
of S. The problem of Frobenius number refers to determination of the integer c. The
problem of computing and estimating the Frobenius number has been examined by
several authors in terms of the generators for different classes of semigroups [18] and
the references therein. The formula for the Frobenius number ¢ = niny — ny — nea
first proved in [40], if S is generated by two elements, S =< ny,ny >.

For the case that S is generated by three elements, an algorithm is proposed
by Johnson [25] which incorporates subsequent improvements in [11], [37], and
[34].  Froberg derived an easier expression for ¢ for three-generated semigroups
< ny,ng,ng > and for four-generated < ny, ng, nz, ny > symmetric semigroups. These

are the following theorems :

Theorem 3.2.1. [17] Let S =< ny,na, ng > be non-symmetric. Then the Frobenius
number of S is ¢ = max{noa1a+nzaz—(n;+ng+mns), neae+nzas—(ng+ns+ng)} =
max{nsaiz + nz(ais + ass) — (ng +ng +n3), na(age + as) + ngagg — (N1 +ne +n3) }
Theorem 3.2.2. [17] Let S =< ny,na, ng,ny > be symmetric but k[S] not a complete

intersection. Then the Frobenius number of S is ¢ = noay + ngas + nyony — (ng +
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N + Ny + nyg) = nNa(ase + auz) + ns(ags + aus) + nyaqs — (ng + ng + ng + ny).

Based on the findings of Herzog and Kunz [22], Stanley realized that the follow-
ing theorem of Kunz on numerical semigroup rings can easily be derived from the

Stanley’s Gorenstein criterion 2.2.10.

Theorem 3.2.3. [10, p171] Let S be a numerical semigroup with Frobenius number

c. The following conditions are equivalent
(a) k[S] is Gorenstein;

(b) The semigroup S is symmetric, i.e., for all i with O <i < c—1 one hasi € S

if and only ifc—i—1¢&S.

Proof. Write R = k[S]. Then

Hp(t) =Y t/=1/1—t)= > t,

jeSs 1€N\S

and subsequently,
—Hp(t™) =t/(1—t)+ > 7.

Suppose Hg(t) = —t"Hg(t~!) which necessitates r = ¢ — 1, and

JA—t)= Yt =t/ —t)+ Yt

1€N\S 1€EN\S

Hence Hg(t) = —t“ 'Hg(t7') if and only if S is symmetric, and the assertion follows

from Theorem 2.2.10. O

This result gives us the opportunity that if we have a monomial curve corre-
sponding to a symmetric semigroup, we can call it a Gorenstein monomial curve.
The results show that there is a connection between the symmetric semigroups

and the number of generators of the defining ideals of corresponding monomial curves
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in affine 3- and 4-spaces. For a monomial curve C' with embedding dimension 3, Her-
zog shows that the defining ideal I(C') has 2 generators if and only if the semigroup
< my,ng,ng > is symmetric [21]. This shows that every Gorenstein monomial curve
with embedding dimension three is a complete intersection. In the same paper, he

also show that if S =< nq,ns,n3 > and not symmetric, then

k[S] ~ k[xq, x9, x3] /(] — x§223" 25? — i x3? 23 — o xd™?)

and o;; < «; for all 7, j. For the embedding dimensions greater than or equal to 4,
every Gorenstein monomial curve is not a complete intersection, which was shown in
[21] and [44]. Bresinsky not only proved that I(C') is generated by 3 or 5 elements
for a monomial curve C' with symmetric semigroups of integers generated by four
clements, but he also gave an explicit description of the generators of I(C) [§].
We use Bresinsky’s results extensively in this thesis. Herzog and Bresinsky’s results
show that in embedding dimensions 3 and 4, symmetry implies the existence of a
finite upper bound on the number of generators of the ideals of Gorenstein monomial
curves. This is not true for general monomial curves in embedding dimensions greater
than or equal to 4, as it was shown by Bresinsky [7]. In other words, in embedding
dimension 4, there are monomial curves with arbitrary large number of generators. It
is still an open question, whether symmetry always implies the existence of a finite
upper bound on the number of generators of the ideals of Gorenstein monomial
curves. Bresinsky has some contribution for embedding dimension 5 case, but even

this case has not been completed yet [9].

20



3.3 Tangent Cone of a Monomial Curve

The tangent cone of a variety at a point, which refers to the approximation of the
variety at this point, comes as a very important and useful geometric object. It
is possible to get local information, particularly, when the point is a singular one.
Naturally, a monomial curve C' has a singular point at the origin if n; > 1 for all
1 < i < d. In this case, the tangent cone of a monomial curve at the origin is

important to understand more about the monomial curves.

Definition 3.3.1. Let I, be the ideal which is generated by the polynomials f,, where
the homogeneous summand of f of least degree, for f € I. The geometric tangent

cone C,(V') at p is V(I.), and the tangent cone is the pair (V(I,), k[z1,...,zq4]/L.).

One can study the tangent cone of the variety V' at the origin with a different ap-
proach by using the associated graded ring of the coordinate ring k[z1, ..., z4)/I(V)
of a variety V' with respect to the maximal ideal m. We can investigate the tangent
cone of a monomial curve C at the origin by studying either the associated graded
ring of k[[t",t"2, ..., t"]] with respect to the maximal ideal m = (", t"2, ... ")
which is denoted by gr,, (k[[t",t"2,...,t™]]), or the ring k[xy, xo, ..., x4 /I(C).. For

the details, see [1].

3.4 Cohen-Macaulayness of Tangent Cone

As we have mentioned before, it is an important problem to determine if the tangent
cone of the associated graded ring of a local ring is Cohen-Macaulay, (CM), because
this guarantees the non-decreasing property of the Hilbert function.

Since our main geometric objects are monomial curves, we will pay attention to
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the Cohen-Macaulayness of the tangent cone of a monomial curve. In this section,
we will discuss some results about checking the Cohen-Macaulayness of the tangent

cone of a monomial curve C' by considering the ideal I(C'),. For details, see [1].

Lemma 3.4.1. [19, Theorem7] gr,,(k[[t™,t"2, ... t"]]) is Cohen-Macaulay if and

only if t" is not a zero divisor in gr,, (k[[t",t"*, ... t"]]).
Then the useful result follows:

Theorem 3.4.2. [2, Theorem 2.1] Let C be a monomial curve. Let gi,...,gs be a
minimal Grébner basis for I(C'), with respect to a reverse lexicographical order that
makes xy the lowest variable. Then gr, (k[[t",t",...,t"]]) is Cohen-Macaulay if

and only if x1 fin(g;) for 1 < i < s, where in(g;) is the leading term of g;.
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CHAPTER 4

HILBERT FUNCTIONS OF GORENSTEIN

MONOMIAL CURVES

Our main aim is to study the Hilbert function of a one-dimensional Gorenstein local
ring of embedding dimension four which corresponds to a monomial curve. We have
mentioned that, it is a longstanding problem to determine the behavior of the Hilbert

function of a local ring, and we have restated the Sally’s famous conjecture as:

Sally’s conjecture. 1f R is a one-dimensional Gorenstein local ring

with small enough embedding dimension, then Hg(n) is non-decreasing.

This conjecture is open even for monomial curves in embedding dimension 4.
In order to study this problem in monomial curve case, we consider monomial
curves for which their semigroups are symmetric. We recall that a numerical semi-
group < ni,ng,...,ng >= {n | n = Ele a;n;, a;’s are non-negative integers} is
symmetric if and only if the number of gaps is equal to the number of nongaps
(n ¢< ny,ng,...,ng >,0 < n < cis called a gap, and n €< ny,ng,...,ng >,0 <
n < ¢ is called a nongap). Kunz [26] gives an algebraic characterization of sym-
metric semigroups by showing that < nq,neo,...,ng > is symmetric if and only if
E[[t™,t"2, ... t™]] is Gorenstein. Bresinsky shows that for a monomial curve C' with
symmetric semigroups of integers generated by four elements, I(C') is generated by

3 (complete intersection case) or 5 elements [8]. He also gives description of the
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defining ideal and arithmetic conditions for the generators of I(C').

Since the tangent cone may not be Cohen-Macaulay even in the complete in-
tersection case, almost nothing is known about the Hilbert function. For example,
the monomial curve having parametrization z; = t'2, 2y = t'4 23 = t*', 24 = t3 is
a complete intersection, but the associated graded ring of E[[t'2, ¢! 21 #3]] is not
Cohen-Macaulay, so that we cannot immediately conclude that its Hilbert function

is non-decreasing even in the complete intersection case.

Hence, our main aim is to investigate and try to determine the behavior of the
Hilbert function of Gorenstein monomial curves in the case of embedding dimension
four. Based on the standard basis theory, we find the minimal generators of the
tangent cone of a monomial curve C' with defining ideal as described in [8] under
some arithmetic assumptions. By using the Cohen-Macaulayness of these tangent
cones, we determine that the Hilbert function of these curves are non-decreasing

under these assumptions.

We can summarize the notation as the following: A monomial affine curve C' has

parametrization

1 =1t" oy =1t"2, L, xg =1t
where ny,no,...,ng € Z* with ged(ny, na,...,ng) = 1 and nq,no, ..., ng generate
minimally the semigroup < nq,na, ...,ng >. I(C) is the defining ideal of C' consisting
of

{f(x1,.. . xq) | f(x1,. . 2q) € k[z1, ... 2q], f{™, ... t") =0,

t transcendental over k},
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and I(C), is the ideal generated by the polynomials f, for f in I(C'), where f, is the
homogeneous summand of f of least degree, and p(I(C),) is the minimal number of
generators of ideal I(C'), which is also called the tangent cone of the monomial curve
C. In order to study the tangent cone of a monomial curve C' at the origin, it is possi-
ble to consider either the associated graded ring of k[[t",t"2, ... t"]] with respect to
the maximal ideal m = (¢"*,¢"2, ..., ¢") which is denoted by gr, (k[[t",t"2, ... t"d]]),

or the ring k[z1, za, ..., z4|/1(C),.

4.1 Generators of Tangent Cone

In this section, we find the minimal generators of the tangent cone of monomial curve
C' having the defining ideal as in Theorem 3 in [8] under some arithmetic assumptions
on the generators. First, we recall the Bresinsky’s theorem which gives the explicit

description of a Gorenstein monomial curve [8].

Theorem 4.1.1. (Bresinsky) [8, Theorem 3] S =< ny,no,ng,ng > symmetric and
I(C) is not necessarily generated by 3 elements if and only if I(C) = (f1 = z{* —

BTRITH, fy = 29— a5, fy = 2 — 2GR, fu = o5t — 25, fy = 2329
32 xy™) where the polynomials f;,1 < i < 4, are unique up to isomorphism and

0< Q5 < Q.
Remark 4.1.2. Here, ayn; €< nqy,...,N;,...,ng > such that o;, 1 < ¢ < 4, are
minimal.

Remark 4.1.3. Since the polynomials f; are unique up to isomorphism by Lemma 4
in [8], there are six isomorphic possible permutations which can be considered within

three cases :
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Case 1: fi = (1,(3,4)). Then
either fo = (2,(1,4)), f3 = (3,(1,2)), f1 = (4,(2,3))
or f=(2,(1,3)), f3 = (3,(2,4)), fu = (4,(1,2))
Case 2: f; = (1,(2,3)). Then
either fo = (2,(3,4)), f3 = (3,(1,4)), fu = (4,(1,2))
or f2=(2,(1,4), fs = (3,(2,4)), fa = (4,(1,3))
Case 3: f = (1, (2,4)). Then
either fo = (2,(1,3)), f3 = (3,(1,4)), fa = (4,(2,3))
or fy=(2.(3,4)). fy = (3,(1,2)), f1 = (4,(1,3))

In these cases the generators f; = (i, (4, k)) are denoted symbolically by the notation

o —

ik
1 7 :

Ly,

Now we want to show the relation between the defining ideal of Gorenstein mono-
mial curves generated by 5 elements and their tangent cone. In order to do this, we
construct examples by using the main characterization of [26]. First, we obtain
monomial curves whose semigroups are symmetric. Later, we compute their defining
ideals by using Macaulay2, then we find their tangent cones and determine their

Hilbert functions.

The examples presented in tables 4.1 and 4.2 and tested by the Macaulay?2 code
implied that the generators of tangent cone can be obtained provided that some
restrictions are imposed on generators of the defining ideal. Generally speaking, one
can compute a set of generators of I(C), using the algorithm which is known as
the “tangent cone algorithm” (see [12, p.467]) by merely knowing the description

of the ideal I(C). This algorithm utilizes the Grobner basis which confines the
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Table 4.1: Some examples...

[Case 1(a)] f1 = (1,(3,4)), fo=(2,(1,4)), fs = (3,(1,2)), f1=(4,(2,3))

C (11, 16, 18, 26) (16, 17, 22, 26)
1) (2t — 2w, y® — 22w, 23 — 22y?, (% — 2w, y* — zw?, 23 — 2292,
w? — yz2,222% — y2w) w3 — 222,222 — yw)
(w3, 2w, 23, y?w?, y*z — ztw,
I(C). (w?, 2w, 23, y?w, y* — 2w) 6 5 5 o o
y° — 20z, zw?, 12 — yrw)
H(n) 1,4,8,10,11,. .. 1,4,9,12,14,16, . ..
[Case 1(b)] fl = (17 (334))7 f2 = (27 (133))7 f3 = (37 (234))7 f4 = (47 (132))
C (11, 14, 15, 18) (7, 8, 17, 18) (9, 10, 11, 23)
(3 — 2w, y* — 223, (2% — 2w, y3 — w2, (2% — 22w, y? — 2z,
I(C) 24— yPw, w? — 23y, 22 — 2w, w? — zty, 23— yw, w? — zy,
Yz — zw) Yz — zw) yz% — zw)
1) (w?, 2w, 2* — yPw, (w?, 2w, 2%, yz — 2w, (w?, 22w, 25, yw,
T yr—aw iyt - a2?) yiw,y", x2) yzty? — xz,aw)
H(n) 1,4,7,10,11, . .. 1,4,5,6,6,6,7,. .. 1,4,6,7,9,. ..

[Case 2(3)] h= (17 (273))a fa = (27 (374))a f3= (37 (174))a Ja= (47 (172))

c (14, 17, 22, 24)
I(C) (2% — 22,y — 22w, 22 — 23w, w? — 2y?, 222 — y2w)
I1(C). (w?, 22w, 23, y%2, ytw, vy — 2t2w, 22% — y?w)
H(n) 1,4,9,12,13,14, ...

[Case 2(b)] fl = (17 (273))7 f2 = (27 (174))7 fd = (37 (274))7 f4 = (47 (173))

C (5, 12, 13, 14)
oy
1(C). (w?, 2w, 22 — yw,yz,y?)
H(n) 1,4,5,. ..

(10, 11, 19, 24)

(xB - yzvy4 - xzwa 23 - y3w7
w? — x2% 2y® — 2w)
2 3 5 9 8
(w y AW, 27, Y2, YW, Yt — T,

22w, 2322 — ytw)

1,4,7,8,9,9,9,9,10,...
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Table 4.2: Some examples continued...

[Case 3(&)] fl = (1; (274))3 f2 = (2; (173)>a f3 = (3; (174)>a f4 = (47 (273)>

c (7, 8,9, 13) (13, 14, 17, 38)
(23 —yw,y? — 22, 2% — 22w, (2t —yw,y* — 232, 23 — 2w,
1(C) 2 2 .2 2_.3.2 .3
w* — yz?, 2%y — 2w) w* — Yo% xyd — 2w)
I(C)* (wQ,Zw,Z‘?' _J"2w>ywvy2 —xz) (w2>2wa247yw7y23,y4 —ZC3Z,ZEU})
H(n) 1,4,6,7, ... 1,4,6,10,12,13, ...

[Case 3(b)] f1 = (1, (2,4), fo=(2,(3,4)), fs = (3,(1,2)), fa = (4,(L,3))

C (9, 11, 14, 16) (8, 9, 22, 23)
(@ —yw,y* — 22w, 2% — ay?, (2! = yw,y® — 2w, 2 — ay?,
1(C) 2 _ .2 2 _ .3
w* — x°z,yz — TW) w* — x°z,yz — zw)

I(C)* (w2722w723ayw’yz_xU)7y5 _$3Z2) (w2a2w72’27?]w7?]2—37“)73/873”43)

H(n) 1,4,7,8,9, ... 1,4,5,6,7,7,7,8, . ..

computation only to global orderings, and this method was used by many authors,
see [1]. However, in our case, this method is not efficient and one must go to local
orderings to avoid imposing relatively larger number of restrictions and, therefore,
to achieve a better generalization. Hence, we use standard basis theory and for local

orderings, we use Mora’s tangent cone algorithm based on standard basis.

The standard basis of an ideal or a module is just a special set of generators,
which makes the computation of various invariants of the corresponding ideal or
module possible via only its leading monomials. A Grobner basis will be referred
as the standard basis for a global ordering. We use Buchberger‘s algorithm for the
computation of Grobner bases. The algorithm for computing the standard basis is
the same for any monomial ordering. Yet, only the normal form algorithm differs for

well-orderings, called as the global orderings and for non-global orderings, called as
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the local, respectively mixed, orderings. The reader should see the reference [24] for
the details of local orderings, normal form (/N F'), standard basis and Mora’s tangent
cone algorithm.

We give only the definition of the negative degree reverse lexicographical ordering

among the other local orderings.
Definition 4.1.4. [24, p.14] (negative degree reverse lexicographical ordering)
T >4 2P = degz® < degz”, where degz® = oy + ...+ an,
or (degx® = degz® and 31 <i<n:
Un = B, Qg1 = Biv1, a5 < Bi).

Proposition 4.1.5. Let C' be a Gorenstein monomial curve with defining ideal
I(C) — (fl — x?l . m313m2147f2 — :L,SQ o x?21x224’f3 — xgi’: _ x?31mg32,‘f4 — xjfél .
r2r3® ) fs = w3a® — r3*?a™) as in Theorem 4.1.1. Then, under the restriction

ag < (g + any, the defining ideal 1(C), of the tangent cone is generated by a set S,

consisting of the least homogeneous summands of f;’s in I(C') for 1 < i <5,
Sy = {agaf™, x3®, 25®, oyt xy it}
for ap < o1 + gy and
S* — {:E§13£E401147 xg@ _ x?21x324, x?37 xZAL’ ngszlél

for ag = 91 + vog.

Remark 4.1.6. A set of restrictions appear naturally from the structure of the sym-

metric group S =< ny,n9,n3,ng >. Then, we have the following extra conditions
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a1 > a3 + oy and ay < ays + aus, since nqy < ny < nz < ny. There is an-
other restriction a3 < a3; + ags which appears as a consequence of the inequality

N33 = N10i31 + NoQze < N33 + N3Qiz2.

Remark 4.1.7. The restriction ay < a9 + 94 implies another condition on the

generator fs so that ays + asy > ags + aqy.

In order to prove this proposition, we need the following remark and lemmas.

First, we give some definitions.

Definition 4.1.8. [24, p.46] (normal form) Let G denote the set of all finite lists
G C R, where the ring R = k[z1,...,x,]> is the localization of k[xy, ..., z,] with

respect to a monomial ordering >. A map
NF:RxG— R,(f,G)— NF(f | G),
is called a normal form on R if, for all G € G,

(0) NF(0 | G) =0,

and, for all f € Rand G € G,

(1) NF(O|G)#0=LM(NF(f | G)) ¢ L(G), where LM(NF(f | G)) and L(G)
are the leading monomial of normal form of f with respect to G and the leading

ideal of G, respectively.

(2) It G =A{q1,...,9s}, then r := f — NF(f | G) has a standard representation

with respect to G, that is, either r = 0, or

r= Zle a;gi,a; € R,

satisfying LM (f) > LM/(a;g;) for all i such that a;g; # 0.
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Definition 4.1.9. [24, p.120] (ecart of a polynomial f) For a monomial z%¢; € K{[z|"

set

degx%e; :=degx® = a1 + ... +

For f € K[z]"\{0}, let deg f be the maximal degree of all monomials occurring in

f- We define the ecart of f as

ecart(f) := deg f — deg LM (f).

Remark 4.1.10. The Product Criterion [24, p.63]: Let f,g € Klz1,...,x,] be poly-

nomials such that lem(LM(f), LM(g)) = LM (f).LM(g), then

NF(spoly(f,g) | {f,9}) =0.

Lemma 4.1.11. The set S = {f1, f2, f3, [1, [5} where the polynomials f;’s are as in
Proposition 4.1.5. 1(C') is a standard basis with respect to the negative degree reverse

lexicographical ordering > 45, under the condition as < g + iy

Proof. We apply standard basis algorithm (Mora’s tangent cone algorithm) to the
set {f1, f2, f3, f4, f5}. We begin with f; and f,. Since

NF(spoly(fi, f2) | {f1, fo}) = 0 by remark 4.1.10, then

NFE(spoly(fi, fa) | {1, f2, f3, fa, f5}) = 0 and the algorithm terminates. Next, we
choose fi and fs. spoly(fi, f3) = ] a§* — 27 25> 2™ and since

a1 + ayg > azy + asy + ayg, LM{h = spoly(f1, f3) = 27*'25% 23" }. Then,

Ty = {fs = 25052 — a9 | LM(fs) | LM(h)} # 2.

ecart(fs)=aus + a1 — (32 + a14)

ecart(h)=a1 + auz — (g1 + sz + oua)

31



Since ecart( f5)=ecart(h) no h will be added to the finite list. spoly(fs,h) =0
causes the iterative steps to stop at this stage of the algorithm. In the same

manner, the algorithm is applied to all the 2-tuples in the list.

]

Lemma 4.1.12. [24, p.296] Let I C (x) C K[z], x = (21,...,2,), be an ideal, and
let {f1,...,fs} be a standard basis of I with respect to a local degree ordering >.
Then I, = (f1,,..., [s.), where I, is the defining ideal of the tangent cone f;, is the

homogeneous summand of least degree of f;.

Proposition 4.1.13. [24, p.296] Let I C (x) C K|[z|, x = (z1,...,z,), be an ideal,

let A:= K[z|;)/1, and let m be the maximal ideal of A. Then
gt (A) = Kla] 1.

We can now prove the Proposition 4.1.5.

Proof of Proposition 4.1.5. By the Lemma 4.1.11, S = {f1, fo, f3, f1, f5}, where fs

are as in theorem 4.1.1, is a standard basis of I(C') with respect to a local degree

ordering >4,. Then,
HO)s = (froy- o fo) = {agay™, a5?, o™, oy, wy™ ™
for ay < o1 + gy and
H(C)y = {ag™ ™, ay® — af™ g™, ug®, af*, a5 ai™
for ay = o1 + any by the Lemma 4.1.12. Finally, from the Proposition 4.1.13 and
gr,, (k[[t",t"2, .. t")]) = klxy, xa, ... xg) /I(C)y,
I(C), is generated by
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_ @13 ,.014 a2 a3 (%] 32,014
Se = {agBai™, xy?, 13®, a)", vyP ay

for ay < ag1 + apq and

_ Q13 .14 Q2 Q21,024 Q3 04 (32 Q14
S*—{ZE3 Ty s Tg™ —T" Ty, T37, Ty Lo Xy

for ag = g1 + vo4.

Remark 4.1.14. The same method can be applied to Case 1(b) with the restriction
agy < o + a3 and ag < gy + agy, Case 2(b) with the restriction ay < any + aog,
az < agy + agy and Case 3(a) with the restriction ag < a9y + aag, sz < asy + asy.
Thus, in all these cases, I(C), is generated by a set of five elements, which are the

homogeneous summands of least degree of the five generators of I(C').

Now, we can determine the behavior of the Hilbert function of the tangent cone
of C, with its defining ideal I(C') as in the Theorem 4.1.1 with the restriction of

Proposition 4.1.5.

Theorem 4.1.15. The Gorenstein monomial curve C' having parametrization

I = tnl, To = tn2, T3 = s Ty = ™

and with the defining ideal I(C) as in Theorem 4.1.1 under the restriction ay <
91 + gy has Cohen-Macaulay tangent cone at the origin. Therefore, the Hilbert

function of the corresponding Gorenstein local ring is non-decreasing.

Proof. We can apply the Theorem 3.4.2 to the generators of the tangent cone which

are given by the set
— Q13 .14 a2 a3 (0%} Q32 .14
Sy = {a§ay™, 25°, v3®, 2", 15w
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for ay < o1 + g and

— 13 .14 a2 Q21 .24 a3 Q4 Q32 .14
Sy =A{agPaiM vy® — afM a2y, 25 g

for ay = o1 + a9y. Both of these sets are Grobner basis with respect to the reverse
lexicographic order with x; > x4 > x5 > x3. Since z; does not divide the leading
monomial of any element in S,, the ring k[z, z9, x3,24]/I1(C), is Cohen-Macaulay
from Theorem 3.4.2. Since R = gr,, (k[[t",t"2,t"3, t"]]) = k[z1, xq, 23, 24]/1(C), is
Cohen-Macaulay, multiplication by a homogeneous non-zero divisor of degree one is

a monomorphism from R, into R,;;. This means H(0) < H(1) < H(2)<.... O

Remark 4.1.16. This result can be proved similarly when the defining ideal I(C) is

as in other isomorphic possible cases.

As a result, we can now give the general theorem:

Theorem 4.1.17. Let C' be a Gorenstein monomial curve having parametrization
T = tnl, To = th, T3 = s Ty = ™

with defining ideal 1(C) = (fi = 21" —my, fo = 25° —ma, fs = 25° —mg3, fi =
xyt —my, f5), where my, mg, m3 and my are monomials, and ny < ny < ng < ny. If
ag < total degree of mo and ag < total degree of mg, then the Hilbert function of the

local Gorenstein ring k[[t™,t"2 1" t"]] is non-decreasing.

4.2 Gorenstein Monomial Curves whose Tangent Cones are

non-CM

In this section, we try to understand what we can say about the Cohen-Macaulayness

of the tangent cone if we do not have the restriction on the generators of the defining
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ideal I(C') as given in Theorem 4.1.1. Hence, we only consider the remaining case

Qg > a1 + gy and we obtain the following Lemma:

Lemma 4.2.1. Let C' be a Gorenstein monomial curve with defining ideal 1(C') =

— aq @13 .14 J— a2 Q21 .24 — a3 Q31 .32 J— Qg Q42 .43 —
(fi=alt —ag®af™, fo = a® —ai®al™, f5 = 25° — 2™ 2™, fi = af* —23%25%, f5 =
1'343 @21 032 (14

x] 32 xi) as in Theorem 4.1.1. Then, under the restriction ay > oo + gy,

its tangent cone at the origin is not Cohen-Macaulay.

Proof. In this case, since ag > a1 + a4 the generators of I(C'), must either contain
the homogeneous summand of least degree of fy = x5? —2 7' x3**, which is 27! x§** or
this term must be a zero element in the ring k[zy, xq, x3, 24]/1(C).. But this is only
possible, if either there exists a generator z{x4 of I(C), satisfying x¢xf | x§2 g
or a generator x§ of I(C), satisfying x§|z3**. The second case is not possible,
because xy* — x5*? 25" is the binomial in /(C) with a4, the smallest possible value,
and agy < a4. Thus, x; is a zero divisor of the ring k[xq,xo, x3,24]/I(C),. and

this shows that R = gr,, (k[[t", t"2,t"3,t"]]) = k[x1, 22, 3, 4] /1(C). is not Cohen-

Macaulay O

Remark 4.2.2. Same observations show us that we can obtain same results for the
other three permutations;

fi=(1,03,4), f2=(2,(1,3)), fs = (3,(2,4)), fu = (4, (1, 2)),

fi=(1,(23), f2=(2,(1,4), fs = (3,(2,4)), fs = (4,(1,3)),

fi=(1,(24), 2= (2,(1,3), fs = (3,(1,4)), fa = (4,(2,3)).

Remark 4.2.3. Tn other two cases

fi=(1,(23),f2=1(2,34),fs = (3,(1,4), fs = (4,(1,2)) and

fi=(1,(24), f2=(2,3,4), fs = (3,(1,2), fa = (4,(1,3)),
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we produced several examples of Gorenstein monomial curves. While some of their

tangent cones are CM, the others come out to be not CM.

4.3 A Conjecture for Higher Dimensions

In this section, we consider the same problem first in embedding dimension 5 and
then in all higher dimensions. In order to do this, we construct examples using the
results of [9] and [33]. We obtain monomial curves in 5-space whose semigroups are
symmetric, compute generators of their defining ideals and tangent cone by using
Singular and determine the Hilbert function.

The examples 4.3 which are tested by Singular [38] show that our problem can
be extended to embedding dimension 5 within the same approach. We remind that
these examples are selected such that we impose restrictions on s, ag and a4 which
are the exponents of the generators starting with x,, 3 and x4, respectively. For
the generators z5%> — mo, 25° — ms3 and z3* — my, we have the restrictions ay <
total degree of ms, a3 < total degree of mgz and ay < total degree of my, and these
conditions can be considered as the generalization of the conditions in Theorem
4.1.17. If we consider these examples, it is interesting to observe that the tangent
cones are Cohen-Macaulay. Thus, these examples suggest that this can be stated as
a new conjecture even though we could not prove it since the explicit description of

the defining ideals in higher dimensions are unknown.
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Table 4.3: Examples in 5-space.

C (6,7,8,9, 10) (10, 11, 13, 14, 17)
2 2 2
(x5 — 2123, Ta®3 — X1 T4, T5 — T1T5, (Tox3 — T124, T3T4 — T1X5, L] — ToTs
2 3 2 2 2
I(C) Loy — T1T5, T3T4 — Tols, Ty — T3Ts, T3Ts — TY, T4l — TIT2, Ts — TTT4
3 2 2 2 3 2 2 2 3 2
XT3y — T, T4l — LT, TE — T1X3) Xy — TIT3, T1T5 — T5T4, T35 — THX5)
2 2
(73 — 2123, T2T3 — T1T4, T3 — T1T5, (273 — 2124, T3T4 — 2175,
Ic _ _ 2 2 2
( )* ToXy — T1T5,X3T4 — T2T5,Ty — T3Ts5, Ty — X2T5,T3T5,T4X5, Ty,
2 3 2 2 2 3 2
T3Ts5, LaTs, TE) Ty — TIT3, T1T5 — THT4, T§ — T5L5)
H(n) 1,5,6,... 1,5,9,10,...
C (10, 11, 12, 13, 14) (18, 19, 20, 21, 22)
2 2 2 2
(96‘2 — T1X3,T2X3 — X1T4, XT3 — T2T4, (1‘2 — X1X3,T2X3 — L1L4, L3 — T2T4
2 2
I1(0) T2Xy — T1T5,X3XL4 — T2T5,Ty — T3Ts5, T2Xy — T1T5,X3XL4 — T2T5,Ty — T35
2 4 2 3 3 3 4 6 4 5 5 5
T3Ty — X1, T4T5 — T{T2, Ty — T1T3 T3Tg — X1, T4T5 — T{T2, Ty — 1'11‘3)
2 2 2 2
(x5 — 2123, Ta®3 — X1 T4, TF — TaTg, (x5 — 213, Ta®g — X1 T4, T3 — ToTy
2 2
I(C)* ToTy — T1X5,T3L4 — X2X5, Ly — L35, Toly — 15, T3T4 — X255, Ty — T3T5
2 2 .3 4 4 .5
T3T5, T4TE, T I3T5,L4T5, x5)
H(n) 1,5,9,10, ... 1,5,9,13,17,18, . ..
C (19, 23, 29, 31, 37) (19, 27, 28, 31, 32)
3 2
(T374 — T275, 5 — T4, 3 2
2 2 2 2 (T374 — T2T5, T35 — 1175,
ToT3 — X1T5,T1T3 — T3T4, 5 2 2
9 5 3 ToT3 — X1X4T5,T2L3 — T1T5,
Tol3 — X1y, T3 — T1X4T5, 3 3 5 3
2 3 2 1‘3 —$1$2,$2I4 —.rll‘g,,
I(C) XToky — T1T3x5, Tf — T1XE, ) 3 5 5
2 5 o 4 Loy — T1x5,Ty — T1T2T3,
L3T5 — L1, Tyls — L1T2, 2 3 2 2 9
2 3.2 2 4 T3T5 — T1T4, TyTs — T1T3,
L35 — T1X3, L4y — T3, 2 2,2 2 5
5 T3TE — LTS, T4Ts — X7)
x5 — TiTaxy)
3 2
(1‘31’4 — X2T5,Ty — T1T4, 3 2
) ) Y (34 — o5, 5 — T12],
$2$3 - 331:1:57 3;‘15(:3 - $2$4, 2 2 2
2 2 3 T3 — X1X4T5,T2T3 — T1TF,
I1(C). Toly — T1Ty, Th — T1T4T5, 5 o 5 3 o
5 3 ) T3, X3T4, ToTG, T3, T3T5,
.’E21'4—£L'1£E35U5,.’E4—.’E11'5, 2 2 2 3
5 ) ) 5 3 TiT5, T3LE, TaTE, X3)
XT3T5, L L5, L35, L4Ls, 375)
H(n) 1,5,14,18,19, . .. 1,5,14,18,19, . ..
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Congecture. Let C' be a Gorenstein monomial curve having parametriza-
tion

ry=t", o =t", ... xy=1t", £>5H

with defining ideal /(C') containing the generators

(67 ap—1
fo= N foo1 = Ty 1 — My
, . . .
where «;’s, 1 < ¢ < { are minimal, mo, ..., my_; are monomials and
ny < ng < ... < ng If ap < total degree of may, ... a1 < total

degree of my_y, then the Hilbert function of the local Gorenstein ring

E[[t™ t"2, ... t™]] is non-decreasing.

4.4 Generalization to Higher Dimensions

In this section, we connect the ideas in [30] and [8] to obtain families of monomial

curves with Cohen-Macaulay associated graded rings in higher dimensions.
Theorem 4.4.1. Let C' be a Gorenstein monomial curve having parametrization
xr = tnl, To = th, T3 — s Ty = ™

and with the defining ideal I1(C) as in Theorem 4.1.1 under the restriction as <

Qo1 + oy, Let C" be a monomial curve in 5-space having parametrization,
T = tpn1’ To = tan, T3 = rns Ty = P Ty = "o

where ng = aing + asng + agns + agng # 0 is any element of the numerical semigroup
generated by ny,na,ng,ng and p is a prime satisfying ged(ns,p) = 1 and p < ay +
as + ag + ay. Then the Hilbert function of the local ring k[[tP™, P2 ¢P"3 {P™4 75]] s

non-decreasing.
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To prove this theorem, we need the following proposition.

Proposition 4.4.2. I(C") is generated by the set S = {f; = ' — z3%z{™, fo =
a2 Q21 .24 R as @31 .32 — Q4 Q42,043 — Q43 .21 Q32 .14 —
x5 — i ay™, fa = ay® — a7 ay®, fo =t —ayPas®, fs = agPay® —ayal™, fo =

a

vy al ,.a2,..a3 4
— LTy L3 Ty }

Ty

Remark 4.4.3. Note that we start with the Gorenstein monomial curves in affine
4-space but we give up the Goreinsteinness property of the new curves in dimension

5.

To prove the above proposition, we need the following lemma:
Lemma 4.4.4. [30, Lemma 3.2] Let C' be a curve having parametrization
Ty = 1(t), o ey = e (t), wp = 1%

Let 3 be a positive integer such that ged(a,3) = 1, and let C be a curve having

parametrization
1= 1(t7), .., 11 = o1 (t0), 1y = 1.

For any f(x1,...,x¢) € klz1,...,2¢], we denote by f the element f(xl,...,:cg,l,xf).
Then if fi,..., fs is a set of generators for I(C'), then fl, ey fs 1S a set of generators

for I(C).

Proof of Proposition 4.4.2. The proof is a direct consequence of the above lemma

with the generators of I(C') as in Theorem 4.1.1.

We can now prove the Theorem 4.4.1.
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Proof of Theorem 4.4.1. The standard basis of the set S in Proposition 4.4.2 with
respect to the negative degree reverse lexicographical ordering with z5 < x7 < x5 <
x3 < w4 is itself. Thus, the tangent cone is generated by the set S, consisting
of just the homogeneous summands of least degree of the elements in S. If we
compute the Grobner basis with respect to the reverse lexicographic order with
r1 > x5 > T4 > X9 > w3, and take the leading monomials of the elements in the

Grobner basis with respect to this order, we obtain the set

! 13,014 a2 a3 (7] 32 ,.014 D
Sy = {wgP el wy®, 15®, aft, pyP M vt}

for ay < o1 + gy and

o 13,014,002 Q21,024 .03 .04 032,014 ,.P
S*_{:B?) Ty 5 Ty" — X7 Ty T3™, Ty s Ty Ty ,1‘5}

for ay = @91 + agy. Since ;7 does not divide any element in S/, the coordi-
nate ring of tangent cone of the monomial curve C' | k[, xo, x3, 24, 5] /I(C"),, is
Cohen-Macaulay from Theorem 3.4.2. Since R = gr,, (k[[tP™, tP"2, tP"3 P4 ¢5]]) =
klxy, xo, x5, x4, 5]/ 1(C"). is Cohen-Macaulay, the Hilbert function of the local ring

k[[tPm, 1P gPms P14 {75]] is non-decreasing.

The same method can be used in the same manner to obtain monomial curves in

higher dimensions.
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CHAPTER 5

CONCLUSION

In this thesis, we studied the Sally’s famous conjecture for Gorenstein monomial
curves and showed that this conjecture holds for such curves in embedding dimension
four. We used the ring k[t™, "2, ... t"]/I(C)., since we tried to utilize standard
basis theory to find the generators of 1(C),.. This computational approach allowed us
to have a greater look over the problem. The results drawn in this thesis would not
have been obtained by solely considering the semigroup ring. Because it does not give
the generators of 1(C'),. On the other hand, our approach determines the generators
of tangent cone which enables us to investigate its Cohen-Macaulayness. Then, we
have the ability to study the behavior of the Hilbert function of the corresponding
ring.

We also determined families of Gorenstein monomial curves, whose tangent cone
is not Cohen-Macaulay, but all the examples of this type of monomial curves showed

that their associated graded ring has still non-decreasing Hilbert function.

Thus, we solved part of the Sally’s restated conjecture for the Gorenstein mono-
mial curves in embedding dimension 4 case, and for the remaining part we found

many examples to support the conjecture.

We realized that the procedure which we used in embedding dimension four can
be applied to higher dimensions. We obtained examples and saw that our claim is

still true for some of these examples which obey certain restrictions.
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Starting with Gorenstein monomial curves in embedding dimension four we achieved
to extend the same problem to fifth and higher dimensions by giving up being Goren-
stein, and in this manner we obtained large families of local rings with non-decreasing
Hilbert function.

Finally, we can say the computations done in this thesis show that computational

methods can be applied to geometric problems to obtain a broader point of view.
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