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ABSTRACT 

CONTACT MECHANICS OF GRADED MATERIALS WITH TWO-

DIMENSIONAL MATERIAL PROPERTY VARIATIONS 

Gökay, Kemal 

M.S., Department of Mechanical Engineering 

Supervisor: Asst. Prof. Dr. Serkan Dağ 

 

September 2005, 62 pages 

 
 

Ceramic layers used as protective coatings in tribological applications are known to 

be prone to cracking and debonding due to their brittle nature. Recent experiments 

with functionally graded ceramics however show that these material systems are 

particularly useful in enhancing the resistance of a surface to tribological damage. 

This improved behavior is attributed to the influence of the material property 

gradation on the stress distribution that develops at the contacting surfaces. The main 

interest in the present study is in the contact mechanics of a functionally graded 

surface with a two – dimensional spatial variation in the modulus of elasticity. 

Poisson’s ratio is assumed to be constant due to its insignificant effect on the contact 

stress distribution [30]. In the formulation of the problem it is assumed that the 

functionally graded surface is in frictional sliding contact with a rigid flat stamp. 

Using elasticity theory and semi-infinite plane approximation for the graded medium, 

the problem is reduced to a singular integral equation of the second kind. Integral 

equation is solved numerically by expanding the unknown contact stress distribution 

into a series of Jacobi polynomials and using suitable collocation points. The 

developed method is validated by providing comparisons to a closed form solution 

derived for homogeneous materials. Main numerical results consist of the effects of 

the material nonhomogeneity parameters, coefficient of friction and stamp size and 

location on the contact stress distribution.  
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ÖZ 

İKİ BOYUTLU MALZEME ÖZELLİĞİ DEĞİŞİMİ OLAN 

DERECELENDİRİLMİŞ MALZEMELERİN TEMAS MEKANİĞİ 

Gökay, Kemal 

Yüksek Lisans, Makina Mühendisliği Bölümü 

                                Tez Yöneticisi: Y. Doç. Dr. Serkan Dağ 

 

Eylül 2005, 62 sayfa 

 

Tribolojik uygulamalarda koruma kaplaması olarak kullanılan seramik tabakalar 

doğal kırılganlıklarından dolayı çatlamaya ve ayrılmaya eğilimlidir. Fonksiyonel 

derecelendirilmiş seramikler ile ilgili son deneyler bu malzeme sistemlerinin 

özellikle yüzeyin tribolojik hasarlara olan direncini kuvvetlendirmede yararlı 

olduğunu göstermektedir. Bu geliştirilmiş davranış temas yüzeylerinde gelişen 

gerilme dağılımındaki malzeme özelliği değişiminin etkisine bağlanmıştır. Bu 

çalışmanın ana ilgi alanı elastisite modülündeki iki boyutlu düzlemsel değişimli 

fonksiyonel derecelendirilmiş yüzeyin temas mekaniğidir. Temas gerilme 

dağılımındaki önemsiz etkileri sebebiyle Poisson oranın sabit olduğu varsayılmıştır. 

Problemin formülasyonunda fonksiyonel derecelendirilmiş yüzeyin rijit düz zımba 

ile kayma temasında olduğu varsayılmıştır. Problem ikinci tür tekil integral 

denklemine elastisite  teorisi ve derecelendirilmiş ortam için yarı sonsuz düzlem 

yaklaşımı kullanarak indirgenmiştir. İntegral denklemi sayısal olarak temas gerilme 

dağılım bilinmeyenlerini Jacobi polinomları serilerine açılarak ve uygun sıralama 

noktaları kullanarak çözülmüştür. Geliştirmiş metodun doğruluğu  homojen malzeme 

için türetilmiş kapalı biçim çözümüyle karşılaştırılarak sınanmıştır. Ana sayısal 

sonuçlar derecelendirme parametreleri, sürtünme katsayısı ve temas gerilme dağılımı 

üzerindeki zımba boyutu ve konumu etkilerini içermektedir.  
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Anahtar kelimeler: Temas Mekaniği, Fonksiyonel Olarak Derecelendirilmiş 

Malzemeler, Kaymalı Temas, Tekil İntegral Denklemleri 
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CHAPTER 1 

INTRODUCTION 

 

1.1 Functionally Graded Materials (FGMs) 

The needs on materials increase as the technology improves. Materials have to 

withstand more severe conditions. In order to overcome this problem scientists firstly 

developed traditional composite materials. But this homogeneous materials’ 

specification seems to be restricted. The internal stresses caused by the elastic and 

thermal properties mismatch at an interface between two different materials can 

mitigate the successful implementation of such traditional composites. To solve this 

problem, scientists secondly developed functionally graded materials (FGMs) to 

satisfy the needs for properties that are unavailable in any single material and for 

graded properties to offset the adverse effects of discontinuities [1]. 

FGMs offer great promise in applications where the operating conditions are severe. 

For example, wear-resistant linings for handling large heavy abrasive ore particles, 

rocket heat shields, heat exchanger tubes, thermoelectric generators, heat-engine 

components, plasma facings for fusion reactors, and electrically insulating 

metal/ceramic joints ([2]-[5]). They are also ideal for minimizing thermo mechanical 

mismatch in metal-ceramic bonding. The bonded structure develops very high 

residual and thermal stresses because of the relatively high mismatch in thermal 

expansion coefficients, so the composite medium becomes very susceptible to 

cracking, debonding and spallation [6].   

In order to minimize these incompatibilities and so in order to decrease thermal 

stresses FGMs are used. In these materials the graded structure protect the metal 

against to corrosion, oxidation or wear resistance, beside this the graded structure 

minimize brittleness of homogeneous ceramic coatings and also surface cracks. An 
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excellent review of FGM subject can be scrutinized in [7]. FGMs have given for 

example, the possibility to combine the best properties of metals and ceramics- the 

toughness, electrical conductivity and machinability of metals, and the low density, 

high strength, high stiffness and temperature resistance of ceramics, taking away the 

brittleness of ceramics and making strong metals lighter and stiffer.     

FGMs were first proposed in around 1984-85 while a researcher was studying 

aerospace and advanced materials. The body of space plane has to be exposed to very 

high temperature environment (about 1700 °C), therefore, is required to resist a 

severe condition generated from a temperature difference (about 1000 °C difference) 

between inside and outside of the space plane. There was no uniform material 

capable of enduring to such condition before. Therefore, the researchers devised a 

concept of FGM that was to fabricate a material by gradually changing (grading) the 

composition and to improve both thermal resistance and mechanical properties. They 

considered that fabricating FGM with ceramic would be able to expose to high 

temperature environment at the surface. 

In 1987, FGM research was selected for a big project supported by the Ministry of 

Education and Science in Japan. From 1987 to 1991, a research project called the 

"Research on the Generic Technology of FGM Development for Thermal Stress 

Relaxation" was conducted, and many researchers from universities, national 

research institutes and corporations took a part of it. In the project, they intensively 

discussed on material development methods, and established a collaboration system 

consisting of material design, production and evaluation. The research resulted in 

generation of the thermal stress relaxing material [8].  There are a lot of fields that 

FGMs are used such as the thermal barrier coatings (TBCs). TBCs are used as 

thermal insulators in high temperature chambers, furnace liners, gas turbines, micro-

electronics, combustors and vane and blade platforms of aircraft engines [9]. FGMs 

also proved to be highly effective when utilized as protective coatings against  

tribological damage (e.g., wear and brittle fracture due to sliding contact) ([10]-[11]). 

Many fields of applications are underway such as abradable seals used in stationary 

gas turbines and load transfer components which are typically gears, cams and 

bearings. 
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1.2 Previous Work on Contact Mechanics of Nonhomogenous 

Materials 

Scientists have been working on contact mechanics over a century.  The main field in 

contact mechanics is the analysis of the stress and displacement fields due to contact 

loadings. The highest stress takes place generally in the contact region that may 

cause failures through any of the mechanisms of fatigue, spallation, wear and cracks. 

The first study in contact mechanics was conducted by Hertz [12]. His study has 

paved way for the solution of the frictionless contact problem of two elastic bodies of 

ellipsoidal profile. The review of this study can be found in the article of Barber and 

Ciavarella [13]. 

Nonhomogeneity can be found in the nature, hence there are a lot of studies for the 

contact mechanics problems for nonhomogenous materials. Gibson [14] and 

Calladine and Greenwood [15] considered the problem of point and line loading 

acting on the bounding surface of an elastic incompressible half plane with a linear 

variation in elastic modulus. Brown and Gibson [16] made the assumption of 

incompressibility and constant Poisson’s ratio between zero and one-half, Awojobi 

and Gibson [17] showed the results for axisymmetric half-space, and Gibson and 

Sills [18] continued to work on nonhomogeneous materials for orthotropic elastic 

semi-infinite medium. Kassir [19] studied the indentation of an elastic half space by 

stamps with arbitrary profile. In his study Kassir considered a frictionless contact 

problem. The shear modulus is assumed to have a power low type of variation in the 

depth direction. Bakırtaş [20] examined frictionless planar stamp problems. The 

elastic modulus was assumed to vary exponentially in the depth direction. Kassir and 

Bakırtaş assumed constant Poisson’s ratios in their studies. Fabrikant and Sankar 

[21] examined axisymmetric contact problems for nonhomogeneous half-space  

whose elastic modulus is a power function of the depth coordinate. Selvadurai and 

coworkers ([22]-[24]) also have some studies on axisymmetric contact problems for 

nonhomogeneous half-space with elastic non-homogeneity.  

Due to the promising properties of FGMs many scientists have tried to characterize 

the behavior of FGMs and discover their usage areas. Suresh and coworkers [25] 
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worked on polycrystalline alumina infiltrated with aluminosilicate glass to prove that 

gradients in elastic modulus at a surface may enhance the resistance against cracking 

due to the sliding contact. In this study they used a functionally graded alumina-

aluminosilicate glass FGM using infiltration method. At high temperatures 

aluminosilicate glass penetrates into grain boundaries of alumina. The elastic 

modulus is increased continuously by 50% from the contact surface to a depth 

beneath the surface. The principal tensile stresses introduced by sliding contact are 

reduced by the gradation in elastic modulus and finally they presented experimental 

and computational results that show the glass-infiltrated alumina is more resistant to 

a contact damage than either monolithic alumina or glass or alumina glass composite. 

In this study it was seen that the resistance of a surface to frictional sliding contact 

was increased. Hence FGM can be used as a protective coating against wear 

resistance and cracking. Giannakopoulos and Suresh [26] worked on the indentation 

of a half-space by a point force. The same scientists [27] studied the results of 

analytical and computational stress and displacement field in a graded elastic half 

space due to indentation by a rigid axisymmetric indentor. Giannakopoulos reviewed 

the analytical, computational and experimental results on the spherical indentation of 

a graded elastic half space. Giannakopoulos and Pallot [28] considered a two 

dimensional sliding contact problem for an elastic graded half plane assuming a 

power law type of variation for the elastic modulus. The disadvantage of this study is 

that the elastic modulus becomes zero at the contact surface which is unrealistic. 

Güler [29] studied the sliding contact problem for FGM coatings loaded by a stamp 

with an arbitrary profile. He considered an exponential variation for the elastic 

modulus. The sliding contact problem for rigid stamps and for two contacting FGM 

coatings were reduced to singular integral equations which was solved by using 

collocation method.   

Failure in tribological applications results from high stresses in the contact surfaces 

and occurs in the form of cracking in brittle materials and plastic deformation in 

ductile materials. This failure is generally the initiation and propagation of surface 

cracks due to oscillatory contact loading at the contact surfaces. Dağ [30] solved this 

problem by examining the coupled fracture and contact mechanics problem. In his 

study, he considered an elastic half plane FGM medium with an exponential type of 
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variation of the elastic modulus loaded by a stamp with arbitrary profile. Dağ and 

Erdoğan [32] examined the initiation and subcritical growth of surface cracks in 

FGMs. The coupled crack/contact problem for a nonhomogeneous half-plane is 

considered in this study. The reader may refer to Dağ and Erdoğan [31] and [32] for 

more details about the results found. 

Özatağ [33] examined the effects of material nonhomogeneity and friction on contact 

stresses and singularities at end of the contact region for materials with lateral 

nonhomogeneity. He developed a technique to study the effect of the lateral 

nonhomogenities on the contact stress distribution for a graded surface.  As a result 

he found that the contact stress distribution is distorted to take the shape of the shear 

modulus variation.  These studies and theoretical analysis show that FGMs is 

perfectly suitable for applications that require wear or cracking resistance. 

1.3 Motivation and Scope of the Study 

The studies that are mentioned above are about the effects of depth direction 

nonhomogenities or lateral direction nonhomogenities. In this study a method is 

developed to examine the contact mechanics problem for a nonhomogeneous elastic 

medium by assuming that there is a material nonhomogeneity both in lateral 

direction and thickness directions. The graded surface is assumed to be isotropic, so 

shear modulus variation can be expressed as µ(x,y)=µoe
βx+γy . In this equation µo is the 

shear modulus at x=0 and y=0, β and γ are the nonhomogeneity constants which have 

a unit of 1/length and can be used for curve-fit purposes. Poisson’s ratio is also 

assumed to have a constant value. The main unknown is the contact stress 

distribution at the contact surface.  

The problem considered is a mixed boundary value problem. In such studies the 

governing equations is reduced to a singular integral equation (SIE). The SIE can be 

solved numerically by using orthogonal polynomials. The technique of the solution 

of the SIE applied to the mixed boundary value problems in mechanics can be found 

in Erdoğan’s [34] study.  



 

 6 

In Chapter 2, we formulated the problem using Fourier Transformations and reduce 

the problem to a SIE. In Chapter 3 the problem is solved numerically using a 

collocation method. A computer program is developed by using Visual Fortran 

language to develop numerical solution. In Chapter 4 numerical results and 

discussions are presented.     
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CHAPTER 2 

FORMULATION 

 

2.1 Derivation of the Singular Integral Equation for the Contact 

Mechanics Problem  

The general description of the sliding contact problem is shown in Figure 1. 

 

Figure 1: The general description of the contact problem in FGM 

Top surface of the half plane is in sliding contact with a rigid stamp of arbitrary 

profile. The forces are transmitted across the contact surface to the medium with the 
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normal force P and tangential force ηP where  η is the coefficient of friction and 

contact area extends from a to b.                                                                                                        

In this section of the study the problem will be formulated and reduced to a singular 

integral equation. The effects of material non-homogeneity, friction on contact 

stresses and singularities at the ends of the contact region will be examined by 

solving the problem. The shear modulus is defined by; 

µ(x,y)=µoe
βx+γy,  κ=constant              (1a,b) 

In equation (1) the symbols β and γ define the non-homogeneity parameters. Here  

• κ=3-4ν for plain strain, 

• κ= (3-ν) / (1+ ν) for plane stress. 

ν is the Poisson’s ratio. Dağ [30] found that the contact stresses in FGM are not 

affected by ν. So, it assumed that ν will be constant. 

By neglecting the body forces, the equations of equilibrium can be obtained as:  

0=
∂

∂
+

∂

∂

xy

xyyy σσ
 (2a) 

0=
∂

∂
+

∂

∂

yx

xyxx
σσ

 (2b) 

Assuming small deformations and plane stress or plain strain for the isotropic linear 

elastic medium considered, Hooke’s Law is written as follows:    

( ) ( ) ( ) ( ) 








∂

∂
−+

∂

∂
+

−
=

y

v

x

uyx
yxxx κκ

κ

µ
σ 31

1

,
,  (3a) 

( ) ( ) ( ) ( ) 








∂

∂
−+

∂

∂
+

−
=

x

u

y

vyx
yxyy κκ

κ

µ
σ 31

1

,
,  (3b) 
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( ) ( ) 








∂

∂
+

∂

∂
=

x

v

y

u
yxyxxy ,, µσ  (3c) 

Substituting equations (3) in (2); the governing equations for the displacements can 

be written as, 

( ) ( ) ( ) ( ) ( ) 0311211
2

2

2

2

2

=
∂

∂
−+









∂

∂
+

∂

∂
−+

∂

∂
++

∂∂

∂
+

∂

∂
−+

∂

∂
+

y

v

x

v

y

u

x

u

yx

v

y

u

x

u
κβκγκβκκ  (4a) 

( ) ( ) ( ) ( ) ( ) 0113211
2

2

2

2

2

=
∂

∂
++









∂

∂
+

∂

∂
−+

∂

∂
−+

∂∂

∂
+

∂

∂
++

∂

∂
−

y

v

x

v

y

u

x

u

yx

u

y

v

x

v
κγκβκγκκ  (4b) 

If we examine the Figure 1, the boundary conditions given below have to be satisfied 

for the solution of the problem; 

• Since no load is applied on the outer surface of the contact area,   

( ) 0,0 =yxxσ   , ( ) 0,0 =yxyσ   , ay <<∞− , ∞<< yb  (5a,b) 

• By using the Coulomb’s law for frictional contact problems, the shear 

stresses in the contact area are; 

( ) ( )yfyxy ησ =,0   , ( ) ( )yfyxx =,0σ   , bya <<  (6a,b) 

• The equilibrium equation is given by  

( )∫ −=
b

a

xx Py,0σ  (7) 

Considering the Fourier transform in the y-direction, the solutions ( )yxu ,  and ( )yxv ,  

can be expressed as 
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( ) ( ) ( ) ρρρ
π

dyixUyxu ∫
+∞

∞−

= exp,
2

1
,  (8a) 

( ) ( ) ( ) ρρρ
π

dyixVyxv ∫
+∞

∞−

= exp,
2

1
,  (8b) 

where 1−=i  and ( )ρ,xU  and ( )ρ,xV  are the Fourier transform of respectively 

( )yxu ,  and ( )yxv , . The aim of using the Fourier transform is to convert the partial 

differential equations into ordinary differential equations. Substituting (8a, 8b) into 

(4a, 4b),  

( ) ( )( ) ( ) ( )( )

( ) ( ) ( ) 031

11121 2

2

2

=−+
∂

∂
−+

−+++−−+++

Vi
x

V

Ui
xd

dU
U

xd

dV
i

xd

Ud

κβρκγ

ρκγκβρκρκ

 (9a) 

( ) ( )( ) ( ) ( )

( )( ) ( )( ) 011

13121 2

2

2

=++−+

∂

∂
−+−+−+++−

ViUi

x

V

xd

dU
V

xd

dU
i

xd

Vd

ρκγρκβ

κβγκρκρκ
 (9b) 

Above equations are a set of second order ordinary differential equations which can 

be written in a matrix form; 









=

















0

0

V

U

dc

ba
 (10) 

where a , b , c  and d  are operators and are given as follows 

( ) ( ) ( )( )ργρκκβκ issa +−−++++= 22 111  (11a) 

( )[ ] ( )κρβκγρ −+−+= 312 iisb  (11b) 

( )[ ] ( )132 −+−+= κρβκγρ iisc  (11c) 

( ) ( ) ( )( )ργρκκβκ issd +−++−+−= 22 111  (11d) 
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where s and s2 denote the the differential operators 
dx

d
 and

2

2

dx

d
. 

Assuming a solution of the form exp(sx), the characteristic equation can be written 

as; 

( )

0
1

3
2

1

8
2

1

3
22

2222

22234

=








+

−
+−−+










+
+−+






+

−
+++−++

κ

κ
βγργρρ

κ
γρρβ

κ

κ
γβγρρβ

i

sisiss

 (12) 

The roots of the characteristic equation are; 










+

−
+









+

+

−
++−











+

−
+−=

1

3

1

3
44

2

1

1

3

2

1 222
1

κ

κ
γγ

κ

κ
βρρβ

κ

κ
γβ is

 

( ) 01 <ℜ se  (13a) 










+

−
+









−

+

−
−+−











+

−
−−=

1

3

1

3
44

2

1

1

3

2

1 222
2

κ

κ
γγ

κ

κ
βρρβ

κ

κ
γβ is

 

( ) 02 <ℜ se  (13b) 










+

−
+









+

+

−
+++











+

−
+−=

1

3

1

3
44

2

1

1

3

2

1 222
3

κ

κ
γγ

κ

κ
βρρβ

κ

κ
γβ is

 

( ) 03 >ℜ se  (13c) 










+

−
+









+

+

−
−++











+

−
−−=

1

3

1

3
44

2

1

1

3

2

1 222
4

κ

κ
γγ

κ

κ
βρρβ

κ

κ
γβ is

 

( ) 04 >ℜ se  (13d) 

After solving the equations (9a, b), ( )yxu ,  and ( )yxv ,  are written as 
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( ) ( ) ( ) ρρρ
π

dyixsMyxu j

j

j∫∑
+∞

∞− =

+= exp
2

1
,

2

1

 (14a) 

( ) ( ) ( ) ρρρ
π

dyixsNMyxv j

j

jj∫∑
+∞

∞− =

+= exp
2

1
,

2

1

 (14b) 

Above Mj are unknown functions of ρ and   

( )
( ) ( ) ( ) ( )

( ) ( )κρβκγρ

ρκγκβκρκ
ρ

−+−+

−−+−+−−
=

312

1111 22

issi

iss
N

jj

jj

j  (15) 

j=1, 2. Note that in order to ensure the regularity condition for ( )yxu ,  and ( )yxv , , 

only the roots with negative real part are used. 

The stresses can be obtained by substituting equations (14a), (14b) into (3a), (3b), 

and (3c) as follows; 

( ) ( ) ( ) ( )[ ] ( )∫∑
∞

∞− =

+−++
−

= ρρρκκ
πκ

µ
σ dyixsMNis

yx
yx

j

jjjjxx

2

1

exp31
2

1

1

,
,  (16a) 

( ) ( ) ( ) ( )[ ] ( )∫∑
∞

∞− =

+++−
−

= ρρρκκ
πκ

µ
σ dyixsMNis

yx
yx

j

jjjjyy

2

1

exp13
2

1

1

,
,  (16b) 

( ) ( ) ( ) ( )∫∑
∞

∞− =

++=
2

1

exp,,
j

jjjjxy dyixsMsNiyxyx ρρρµσ  (16c) 

The normal displacement derivative in the contact area can be written as 

( ) ( )∫∑
+∞

∞− =

+=
∂

∂ 2

1

exp
2

1
,

j

jj dyixsMiyx
y

u
ρρρ

π
 (17) 
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In the above equations Mj is the unknown. Mj can be found by using the boundary 

conditions; 

( ) ( ) ( )[ ] ( )

( )





+∞<<<<∞−

<<
=

=−++
− ∫∑

+∞

∞− =

ybay

byayf

dyiMNis
y

j

jjj

,0

exp31
2

1

1

,0 2

1

ρρρκκ
πκ

µ

 (18a) 

( ) ( ) ( )

( )





+∞<<<<∞−

<<
=

=+∫∑
+∞

∞− =

ybay

byayf

dyiMsNiy
j

jjj

,0

exp
2

1
,0

2

1

η

ρρρ
π

µ

 (18b) 

After taking inverse Fourier Transforms of both sides, we obtain 

( ) ( )[ ]
( )

( ) ( )∫∑ −
−

=−++
=

b

aj

jjj dttitf
t

MNis ρ
µ

κ
κρκ exp

,0

1
31

2

1

 (19a) 

( )
( )

( ) ( )∫∑ −=+
=

b

aj

jjj dttitf
t

MsNi ρη
µ

ρ exp
,0

12

1

 (19b) 

Thus Mj(ρ), j=1,2 are given by  

( ) ( ) ( )[ ] ( ) ( ) ( )[ ] 







+−++−= ∫∫

b

a

j

b

a

jj dtittfdtittfM γρηρψγρρφ
µ

expexp
1

0

 (20) 

In equation (20) φj(ρ) and  ψ(ρ) can be determined by using a symbolic manipulator. 

Substituting (20) into (17) normal displacement derivative can be written as: 



 

 14 

( )

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( ) 























−









−+

−









−

=
∂

∂

∫ ∫ ∑

∫ ∑∫
∞

∞− =

∞

∞− =

b

a j

jj

j

jj

b

a

dtyixsidttft

dtyixsidttft

yx
y

u

ρρψρ
π

ηγ

ρρφρ
π

γ

µ
expexp

2

1
exp

expexp
2

1
exp

1
,

2

1

2

1

0

 (21) 

The above equation can be simplified by introducing the following terms 

( ) ( ) ( )∑
=

=
2

1
11 exp,

j

jj xsixH ρφρρ  (22a) 

( ) ( ) ( )∑
=

=
2

1
12 exp,

j

jj xsixH ρψρρ  (22b) 

Thus, du/dy becomes  

( )
( ) ( ) ( )( )

( ) ( ) ( )( ) 























−−+

−−

=
∂

∂

∫ ∫

∫∫
∞

∞−

∞

∞−

b

a

b

a

dtyiHdttft

dtyiHdttft

yx
y

u

ρρ
π

ηγ

ρρ
π

γ

µ
exp

2

1
exp

exp
2

1
exp

1
,

12

11

0

 (23) 

As for the numerical solution, it is easier to deal with (0, ∞) instead of dealing with  

(-∞, ∞). So we convert the integrals from (-∞, ∞) to (0, ∞) as below; 

( ) ( )( ) ( ) ( )[ ] ( )( )

( ) ( )[ ] ( )( ) ρρρρ

ρρρρρρρ

dtyxHxHi

dtyxHxHdtyixH

−−−+

−−+=−

∫

∫∫
∞

∞∞

∞−

sin,,

cos,,exp,

0

1111

0

111111

 (24a) 

( ) ( )( ) ( ) ( )[ ] ( )( )

( ) ( )[ ] ( )( ) ρρρρ

ρρρρρρρ

dtyxHxHi

dtyxHxHdtyixH

−−−+

−−+=−

∫

∫∫
∞

∞∞

∞−

sin,,

cos,,exp,

0

1212

0

121212

 (24b) 
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Some of the new terms can be introduced as; 

( ) ( ) ( )xHxHxK ,,, 111111 ρρρ −+=  (25a) 

( ) ( ) ( )[ ]xHxHixK ,,, 111112 ρρρ −+=  (25b) 

( ) ( ) ( )xHxHxK ,,, 121213 ρρρ −+=  (25c) 

( ) ( ) ( )[ ]xHxHixK ,,, 121214 ρρρ −−=  (25d) 

Then equation (23) will take the following form; 

( )

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( ) 



































−−+

−−+

−−+

−−

=
∂

∂

∫∫

∫ ∫

∫ ∫

∫∫

∞

∞

∞

∞

0

14

0

13

0

12

0

11

0

sin,
2

1
exp

cos,
2

1
exp

sin,
2

1
exp

cos,
2

1
exp

1
,

ρρρ
π

ηγ

ρρρ
π

ηγ

ρρρ
π

γ

ρρρ
π

γ

µ

dtyxKdttft

dtyxKdttft

dtyxKdttft

dtyxKdttft

yx
y

u

a

b

b

a

b

a

b

a

 (26) 

In the derivation of above equation, an important step is to find the asymptotic values 

of the infinite integrals in (26). There are two reasons why we asymptotically expand 

the infinite integrals as ∞→ρ . The first reason, the singular behavior of the integral 

equation and that of its solution comes from the leading term in the large ρ  

expansion of the kernel of the integrands (26). The second reason is to facilitate 

computational efficiency when we numerically solve the singular integral equation. 

In MAPLE it can be shown that, 

s1, s2 = -ρ  as  ρ→ ∞                                                                                                              (27a) 
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By using the result above, asymptotic expressions for the mentioned functions can be 

written as, 

( ) ( ) ( ) ( ) ( )( ) ( )xixK ρρφρφρφρφρρ −−−−−+=∞ exp, 212111  (27b) 

( ) ( ) ( ) ( ) ( )( ) ( )xxK ρρφρφρφρφρρ −−+−++−=∞ exp, 212112  (27c) 

( ) ( ) ( ) ( ) ( )( ) ( )xixK ρρψρψρψρψρρ −−−−−+=∞ exp, 212113  (27d) 

( ) ( ) ( ) ( ) ( )( ) ( )xxK ρρψρψρψρψρρ −−+−++−=∞ exp, 212114     

(27e) 

Using MAPLE we have to complete the asymptotic analyses of ∞∞∞
131211 ,, KKK and 

∞
14K by expanding them into Taylor series as ∞→ρ . The following results are 

obtained,                                                                                    

where; 

0651 === aaa  (29a) 

( )( )
4

521
2

γκκ −+
−=a  

  

(29b) 

( )
8

3177 23

3

γβκκκ ++−−
=a  

    

(29c) 

( )

( )
32

2

32

93913125220364

2423

222222322242

4

γβκβκ

γκββκβκγγκγκγκγ

−−
+

−++−−−+
=a

     
(29d) 

( )x
aaa

aK ρ
ρρρ

−








++++=∞ exp...
7
6

2
32

111  
     (28) 
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( )x
bbb

bK ρ
ρρρ

−








++++=∞ exp...
7
6

2
32

112  (30) 

where; 

065 == bb  (31a) 

2

1
1

+
=

κ
b    (31b) 

( )
4

5
2

βκ+
−=b    (31c) 

3222222
3

4

1

2

3

2

1

4

5
κγγκγκγβ −−−+=b    (31d) 

( )
32

273256716 422322222

4

βκγκγκγκγγβ +−+−+−
=b  (31e) 

 

( )x
ccc

cK ρ
ρρρ

−








++++=∞ exp...
7
6

2
32

113        (32) 

where; 

065 == cc  (33a) 

2

1
1

+−
=

κ
c    (33b) 

( )
4

1
2

βκ +
=c    (33c) 
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222322
3

2

1

2

1

4

1

4

1
βκγκγγ −−+−=c    (33d) 

( )
32

43213237 224222232

4

ββγκγκγκγκγ −++−−
−=c  (33e) 

( )x
ddd

dK ρ
ρρρ

−








++++=∞ exp...
7
6

2
32

114  
       

(34) 

where; 

0651 === ddd  (35a) 

( )
4

132 2

2

−−
−=

κκγ
d  (35b) 

( )
8

51 32

3

βκκκγ +−−
=d  (35c) 

( )

( )
32

97

32

72312412128

222

2423222422322

4

γββκ

γκβκβκβκγκγκγκγγ

−
+

−−+++−−−
=d

 (35d) 

After using the above results, equation (26) will take the below form by subtracting 

and adding the first terms       



 

 19 

( )

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )[ ] ( )( )

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( ) ( )( )

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )




















































−−+

−−−+









−−−−+

−−−+

−−−−+

−−

=
∂

∂

∫∫

∫∫

∫ ∫

∫∫

∫∫

∫∫

∞

∞

∞

∞

∞

∞

0

14

0

1

0

113

0

1

0

112

0

11

0

sin,
2

1
exp

cosexp
2

1
exp

cosexp,
2

1
exp

sinexp
2

1
exp

sinexp,
2

1
exp

cos,
2

1
exp

1
,

ρρρ
π

γη

ρρρ
π

γη

ρρρρ
π

γη

ρρρ
π

γ

ρρρρ
π

γ

ρρρ
π

γ

µ

dtyxKdtttf

dtyxcdtttf

dtyxcxKdtttf

dtyxbdttft

dtyxbxKdttft

dtyxKdttft

yx
y

u

a

b

a

b

a

b

b

a

b

a

b

a

 

(36) 

We can use the following formulas to evaluate the second and third terms in closed-

form          

( ) ( )( )
( )22

0

cosexp
tyx

x
dtyx

−+
=−−∫

∞

ρρρ  (37a) 

( ) ( )( )
( )22

0

sinexp
tyx

ty
dtyx

−+

−
=−−∫

∞

ρρρ  (37b) 

 

We can  now make the following definitions 

( ) ( ) ( )( )ttftP βγ +−= exp1  (38) 

( ) ( ) ( )( )ttftQ βγη +−= exp1  (39) 

 

Substituting in (36), and taking the limit as x→0, we get; 
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( )

( )
( ) ( ) ( )( )

( ) ( )( ) ( )( )

( ) ( ) ( ) ( )( )

( ) ( ) ( )( )
























































−+

−







−+

−
−









−−+









−+

−

+

=
∂

∂

∫ ∫

∫ ∫

∫∫

∫ ∫ ∫

∞

∞

∞

∞

b

a

b

a

b

a

b

a

b

a

o

dtyKdttQ

dtycKdttQyQ

dtybKdttP

dtyKdttPdt
ty

tP

y

yu

0

141

0

11311

0

1121

0

111
1

sin0,

cos0,
2

1

sin0,

cos0,
2

1

2

1,0

ρρρ

ρρρπ
κ

ρρρ

ρρρ
κ

πµ
 

 

 

 

(40) 

 

After multiplying both sides of (40) by (4µ0/κ +1), the below form of the equation 

for the displacement derivative can be obtained; 

 

( ) ( )
( )

( )

( )
( )

( ) ( )( ) ( )( ) ( )( )

( )
( )

( )( ) ( )( ) ( ) ( )( )∫ ∫∫

∫∫∫

∫











−+−−









+
+











−−+−









+
+










+

−
−

−
=

∂

∂









+

∞∞

∞∞

b

a

b

a

b

a

dtyKdtycKdttQ

dtybKdtyKdttP

yQdt
ty

tP

y

yu

0

14

0

1131

0

112

0

111

1
10

sin0,cos0,
1

2

sin0,cos0,
1

2

1

11,0

1

4

ρρρρρρ
κπ

ρρρρρρ
κπ

κ

κ

πκ

µ

 

 

 

(41) 

 

In equation (41) we have Cauchy singularities and free terms. We can make the 

following definitions 

( ) ( )( ) ( )∫
∞

=−
0

1111 ,cos0, tyhdtyK ρρρ  (42a) 
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( )( ) ( )( ) ( )∫
∞

=−−
0

12112 ,sin0, tyhdtybK ρρρ  (42b) 

( )( ) ( )( ) ( )∫
∞

=−−
0

13113 ,cos0, tyhdtycK ρρρ  (42c) 

( ) ( )( ) ( )∫
∞

=−
0

1414 ,sin0, tyhdtyK ρρρ  (42d) 

 

In numerical computation of h11(y,t), h12(y,t), h13(y,t) and h41(y,t) integration cut-off 

points are used. These expressions are simplified as; 

( ) ( ) ( )( ) ( ) ( )( )

( )( )∫

∫ ∫
∞

∞

−







+++

−







−−−+−=

11

11

11

cos...

cos...0,cos0,,

5
62

0
5
62

111111

A

A

A

dty
aa

dty
aa

KdtyKtyh

ρρ
ρρ

ρρ
ρρ

ρρρρ

 

 

(43a) 

( ) ( )( ) ( )( )

( ) ( )( ) ( )( )∫∫

∫
∞∞
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−−=

1212

12
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5
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5
6
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dty
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bK

dtybKtyh

ρρ
ρρ

ρρ
ρ

ρ

ρρρ

 

 

(43b) 

( ) ( )( ) ( )( )

( ) ( )( ) ( )( )∫∫

∫
∞∞

−







+++−








−−−+

−−=

1313

13

sin...cos...0,

cos0,,

5
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5
6
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0

11313
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A
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dty
c

cK

dtycKtyh

ρρ
ρρ

ρρ
ρ

ρ

ρρρ

 

 

(43c) 
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( ) ( ) ( )( ) ( ) ( )( )

( )( )∫

∫ ∫
∞

∞

−







+++

−







−−−+−=

14

14

14

sin...

sin...0,sin0,,

5
62

0
5
62

141414

A

A

A

dty
dd

dty
dd

KdtyKtyh

ρρ
ρρ

ρ
ρρ

ρρρρ

 

 

(43d) 

In equations (43), 14131211 ,,, AAAA are the integration cut-off points. Gauss quadrature 

numerical integration method is used to compute the integrals from 0…A. Big values 

of A will increase the numerical efforts for the computation of the second terms on 

the right hand sides of the equations (43a-d). So for the great values of A, these terms 

go to zero and we have less numerical computations. However the second terms on 

the right hand sides of the equations can be combined with the higher order of the 

asymptotic development, then we can choose lower values of A. But the second 

choice will pave way for the complexity of the asymptotic analysis, therefore we will 

neglect the second terms on the right hand sides of the equations (43a-d). The third 

terms can be evaluated in closed form. The evaluation of the third term can be found 

in Appendix. At last the final form of the normal displacement derivative takes the 

form as below 

( ) ( )
( )

( )

( )
( ) ( ) ( )[ ] ( ) ( ) ( )[ ]









+++








+
+










+

−
−

−
=

∂

∂









+

∫∫

∫

dttyhtyhtQdttyhtyhtP

yQdt
ty

tP

y

yu

b

a

b

a

b

a

,,,,
1

2

1

11,0

1

4

1413112111

1
10

κπ

κ

κ

πκ

µ

 

 

(44) 

 

2.2 Normalization 

In order to evaluate the parameters more easily, the equation (44) can be normalized 

by changing the variables as below 



 

 23 

( ) ( )
22

ab
s

ab
y

+
+

−
=  (45a) 

( ) ( )
22

ab
r

ab
t

+
+

−
=  (45b) 

 

Normalized P1(t) and Q1(y)can be defined as 

( ) ( )rP
ab

r
ab

PtP 111
22

)
=







 +
+

−
=  (46a) 

( ) ( )rQ
ab

s
ab

QtQ 111
22

)
=







 +
+

−
=  (46b) 

( ) ( )sQ
ab

s
ab

QyQ 111
22

)
=







 +
+

−
=  (46c) 

 

The normalized non-homogeneity parameter ( )*βγ +  is related to the size of the 

contact area and can be defined as; 

( ) ( )( )ab −+=+ βγβγ *  (47) 

Substituting equations (45) and (46) into equation (44), the normalized form of the 

equation (44) takes form as below  

( ) ( )
( )

( )

( )
( ) ( ) ( ) ( )[ ] ( ) ( ) ( )[ ]









+++
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+
+










+

−
−

−
=

∂

∂









+

∫∫

∫
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−

drrshrshrQdrrshrshrP

sQdr
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y
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1

1

14
*

13
*

1

1

1

12
*

11
*

1

*

1

1

1
10

,,,,
21

2

1

11,0

1

4

))))))

)
)

βγ

κπ

κ

κ

πκ

µ

 

 

(48) 
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( ) ( ) ( )rshrshrsh ,,,,, *
13

*
12

*
11

)))
and ( )rsh ,*

14

)
 are the normalized form of 

( ) ( ) ( )tyhtyhtyh ,,,,, 131211  and ( )tyh ,14 . When ( ) 0*
=+ βγ , the third term in equation 

(48) will disappear, then the expression for homogeneous half-plane will be formed.   

( )αβγρ +=  (49) 

 

By using the above transformation, ( ) ( ) ( )rshrshrsh ,,,,, *
13

*
12

*
11

)))
 and ( )rsh ,*

14

)
can be 

normalized differently depending on the sign of ( )βγ + . 

For ( ) 0>+ βγ , 

( ) ( )[ ]
( )

( )

( )
( ) α

βγ
α

αα

α
βγ

ααβγ

drs
aa

drsKrsh

A

A
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∫

∞
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*
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*
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*

5

*
6

*
2
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*
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*
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(50a) 

( ) ( )( )[ ] ( ) ( )

( ) ( ) α
βγ

α
αα

α
βγ

ααβγ

drs
bb

drsbKrsh

A

A

∫

∫
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+
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*
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*
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2
sin...

2
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*
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*
2
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(50b) 

( ) ( )( )[ ] ( ) ( )

( ) ( ) α
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α
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α
βγ
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A

A

∫

∫
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*
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2
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*
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(50c) 

( ) ( )[ ] ( ) ( )

( ) ( ) α
βγ

α
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α
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drsKrsh

A

A

∫
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2
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(50d) 
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For ( ) 0<+ βγ , the integration cut-off points become negative. So the normalized 

terms ( ) ( ) ( )rshrshrsh ,,,,, *
13

*
12

*
11

)))
 and ( )rsh ,*

14

)
 can be written as; 

( ) ( )[ ] ( ) ( )

( ) ( ) α
βγ

α
αα

α
βγ

ααβγ

drs
aa

drsKrsh

A

A

∫

∫
∞









−

+
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−

+
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*
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*
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2
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*

5

*
6

*
2
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(50e) 
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βγ
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A

∫
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+
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*
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*
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2
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*
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*
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0

*

112
*

12
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(50f) 
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( ) ( ) α
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α
βγ
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drscKrsh
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A

∫
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*
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2
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*
2
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(50g) 

( ) ( )[ ] ( ) ( )

( ) ( ) α
βγ

α
αα

α
βγ

ααβγ

drs
dd

drsKrsh

A

A

∫

∫
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−
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++−









−

+
+−=

*
14

*
14

2
sin...

2
sin0,,

*

5

*
6

*
2

0

*

14
*

14

)

 

 

(50h) 

 

where 

( ) ( )5
6*

6
2*

2 ,...,
βγβγ +

=
+

=
a

a
a

a  (51a) 

( ) ( )5
6*

6
2*

2 ,,...,
βγβγ +

=
+

=
b

b
b

b  (51b) 
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( ) ( )5
6*

6
2*

2 ,...,
βγβγ +

=
+

=
c

c
c

c  (51c) 

( ) ( )5
6*

6
2*

2 ,...,
βγβγ +

=
+

=
a

d
a

d  (51d) 

( )βγ +
=

j

j

A
A

1*
1         4,..,1=j    (note that *

1 jA  are positive) (51e) 

 

Using the same procedure of normalization as followed above, the equilibrium 

equation given in equation (7) can be normalized by equation (38) as; 

( ) ( )[ ] PdyyyP

b

a

−=+∫ βγexp1  (52) 

Here we can define another non-homogeneity parameter related to the location of the 

stamp as 

( ) ( )( )ab ++=+ βγβγ **  (53) 

 

By using definitions in equations (45a) and (46a), non-homogeneity parameters 

defined in equations (47) and (53), the normalized form of the equilibrium equation 

can be obtained as; 

( ) ( ) ( )[ ]
ab

P
dsssP

−
−=+++∫

−

2
***

2

1
exp

1

1

1 βγβγ
)

 (54) 

 
In this section we derived the singular integral equation and extract all the 

singularities that it contains. We will give a numerical solution for the problem, 

assuming that our density function is an infinite expansion of the Jacobi polynomials.  

We obtained equation (48) and (54) to solve the any types of stamp profile. By using 
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a collocation technique, the problem will be reduced to an infinite system of linear 

algebraic equations of the unknown coefficients nA  for the flat stamp profile. 
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CHAPTER 3 

NUMERICAL SOLUTION  

 

3.1 Flat Stamp Problem 

In this chapter the stress distribution in the loaded region will be calculated.  

 

Figure 2: The general description of the contact problem for flat stamp problem 

For the flat stamp problem, the displacement derivative in the contact area is 

constant, so we can state that 

( )
,0

,0
=

∂

∂

y

yu
                                 a<y<b (55) 
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( )sP1

)
 is normalized by ( )abP −/ . Below ( )sP1

)
 is defined as ( )sP1 ; 

( ) ( )
( )abP

sP
sP

−
=

/
1

1

)

 (56) 

 

By substituting equation (56) in (48) we can obtain the new version of singular 

integral equation as given below, note that ( ) ( )sPsQ 11 η=  

( )
( )

( )

( )
( )

( ) ( ) ( )[ ] ( ) ( ) ( )[ ] 0,,,,
1

1

11

1

1

14
*

13
*

1

1

1

12
*

11
*

1

*

1

1

1
1

=








+++










+

+
+










+

−
−

−

∫∫

∫

−−

−

drrshrshrPdrrshrshrP

sPdr
rs

rP

))))
η

κπ

βγ

η
κ

κ

π

 

                                                                                                               -1<s<1 

 

 

(57) 

 

Also we can substitute equation (56) in (54), the normalized form of the equilibrium 

equation becomes  

( ) ( ) ( )[ ] 2***
2

1
exp

1

1

1 −=+++∫
−

dsssP βγβγ  (58) 

 

The normalized stress can now be written in the following form; 

( ) ( ) ( )( )







= ∑

∞

=0

,
11

21

n

nn rPArWrP
ββ  (59) 

where W1(r) is the weight function and defined as 
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( ) ( ) ( ) 21 111

ββ
rrrW +−=  (60) 

 

An is the unknown constant, ( )21 ,ββ
nP  is the Jacobi polynomials, 1β and 2β are the 

strength of singularities at the ends of the contact region for the flat stamp. Here  

( )
1

1
cot 1

+

−
−=

κ

κ
ηπβ  (61a) 

( )
1

1
cot 2

+

−
=

κ

κ
ηπβ  (61b) 

121 −=+ ββ ,         -1< 1β <0,       -1< 2β <0 (62) 

 

Above, the bounded part of the unknown function is expanded into an infinite 

expansion of the Jacobi polynomials. The equations (61a-b) can be derived by 

equation by using complex function theory.  For more details on the derivation these 

equations, the reader may refer to Dağ [30]. By substituting equation (60) in equation 

(57), 

( ) ( ) ( ) ( ) ( ) ( )

( )
( )

( ) ( ) ( )[ ] ( ) ( )[ ]
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( )
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*
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+
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∫

∫ ∑∑

−

−

−
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=

∞

=

drrshrshrPArW

drrshrshrPArW

sPAsWdrrPA
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n
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n
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κ
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or 

 

 

(63) 
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( ) ( ) ( )
( ) ( ) ( )
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−
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−

∞

=
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n

n

n
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n

n
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βγ

κ

κ
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(64) 

 

where -1<s<1 

In equation (63) the first term can be evaluated from the properties of the Jacobi 

polynomials as below; 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )

( )
( ) ( )sP

sPss
rs

dr
rPrr

n

nn

21

21212121

,

1

,
1

1

1
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sin

2
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1
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χ

χ

ββββββββ

πβ

πβ
π

−−
−

−

−

+

+−−=
−

+−∫
 (65) 

 

where ( ) 121 =+−= ββχ , we previously know that 121 −=+ ββ . From the equation 

(61a) ( )
1

1
cot 1

+

−
−=

κ

κ
ηπβ . By substituting these values the first term becomes as 

below; 
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,

1

1

1 0

,
1
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1

1

sin2

1
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1

1

1

11
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ββββββ
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κ
η
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κ
η

κ

κ
η
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n

nn

n

n

n
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n

nn

Pss

PPss

A

sPAsWdrrPA
rs

rW

 

 

 

(66) 

We rearrange equation (64) for simple calculation as 
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( )
( )

( )
( )

( ) ( ) ( )[ ] ( ) ( )[ ]

( )
( )

( ) ( ) ( )[ ] ( ) ( )[ ] 0,,
1

,,
1

sin2
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*
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*
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*
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,
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1
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+

+
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+

+
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∫∑
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∑

−

∞

=

−

∞

=

∞

=
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−
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n

n

n

n

n

n

n
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))

ββ
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η
κπ

βγ

κπ

βγ
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(67) 

where -1<s<1 

( ) ( ) ( )( ) ( ) ( )[ ]rshrshrPrWrsZ nn ,,, *
12

*
11

,
11

21
))

+= ββ  (68a) 

( ) ( ) ( )( ) ( ) ( )[ ]rshrshrPrWrsZ nn ,,, *
14

*
13

,
12

21
))

+= ββη  (68b) 

Now equation (67) can be written as 

( )
( )

( )
( )

( ) ( )
( )

( ) 0,
1

,
1

sin2

1

1

1

2

*

0

1

1

1

*

0

1

,
1

1
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+

+
+

















+

+
+










∫∑∫∑

∑

−

∞

=−

∞

=

∞

=

−−
−

drrsZAdrrsZA

PA

n

n

nn

n

n

n

nn

κπ

βγ

κπ

βγ

πβ
ββ

 

 

(69) 

 

where -1<s<1 

( )
( )

( )( )sPsm nn
21 ,

1

1

1
sin2

1 ββ

πβ
−−

−=  (70a) 

( ) ( )
( )

( ) ( ) 







+









+

+
= ∫∫

−−

1

1

2

1

1

1

*

2 ,,
1

drrsZdrrsZsm nnn
κπ

βγ
 (70b) 

 

As for the normalized form of the equilibrium equation, substitute equation (59) in 

(58) 
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( ) ( )( ) ( ) ( )[ ]∑∫
∞

= −

−=








+++
0

1

1

***,
1 2

2

1
exp21

n

nn dsssPAsW βγβγββ  (71) 

 

We rename the above term as 

( ) ( )( ) ( ) ( )[ ] dsssPsWm nn ∫
− 








+++=
1

1

***,
13

2

1
exp21 βγβγββ  (72) 

 

Finally we can write equation (69) as 

( ) ( ) 0
0

2
1

1 =+∑∑
∞

=

∞

= n

nn

n

nn smAsmA  (73a) 

and equation (71) can also be written as   

2
0

3 −=∑
∞

=n

nnmA  (73b) 

 

Note that the expansion of the solution as an infinite series of Jacobi polynomials 

may converge to the exact solution within a few terms of the expansion. In order to 

deal with a finite number of unknowns, Equations (73a) and (73b) are truncated at an 

order Nn = . So, we can write 

( ) ( ) 0
0

2
1

1 =+∑∑
==

N

n

nn

N

n

nn smAsmA  (74a) 

2
0

3 −=∑
=

N

n

nnmA  (74b) 

 

Equations (74a, b) are a set of two linear equations with 1+N  unknowns which 

are nA , ( )Nn K0= . In order to be able to determine these functional equations 

equation (74a) is collocated at N  points. These points are chosen as the roots of the 

Chebyshev polynomials and defined as follows 
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( )
Ni

N

i
si K1;

2

12
cos =







 −
=

π
 (75) 

 

Thus, we have 1+N equations for 1+N  unknowns with collocation equation (74a) at 

N points using (75) and equation (74b). First of all the NnAn K0, =  are obtained, 

then the final expression of the normalized stress field is obtained by equation (59), 

so in order to calculate the normalized contact stress distribution ( )sP1  for -1<s<1, a 

computer program is written by using Visual Fortran language. Results are in the 

next chapter.  

3.2 Closed Form Solution of the Contact Mechanics Problem for the 

Homogeneous Half-Plane  

In this study, a numerical solution is developed to examine the contact mechanics 

problem for the nonhomogeneous elastic medium. However we need to check the 

results of the numerical solution for contact mechanics problem for the homogeneous 

elastic medium. So we will calculate the contact stress distribution on the surface 

using the closed form solution for a homogeneous half plane in order to compare to 

the results of the nonhomogeneous elastic half plane. On the contrary of the 

nonhomogeneous elastic half plane solution, in homogeneous half plane case we take 

( ) ( ) ( ) 0*** =+=+=+ βγβγβγ  (76) 

When we apply the condition in equation (76), equation (57) and (58) take the form: 

( )
( )

( )∫
−

=








+

−
−

−

1

1

1
1 0

1

11
sPdr

rs

rP
η

κ

κ

π
                          , -1<s<1 (77) 

( ) 2
1

1

1 −=∫
−

dssP  (78) 
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( )
( )abP

ab
s

ab

sP
xx

−








 +
+

−

=
/

22
,0

1

σ

 
(79) 

 

The normalized stress takes the form as  

( ) ( ) ( ) ( )( )







+−= ∑

∞

=0

,
1

2121 11
n

nn sPAsssP
ββββ  (80) 

 

where 1β and 2β are given by equation (61). By substituting equation (80) in (77) and 

integrating it in closed form using equation (65), we obtain  

( )
( ) ( ) 0

sin2

1
21 ,

1

11

=






 −−
−

∞

=

∑ sPA n

n

n

ββ

πβ
 (81) 

The above equation is valid when  

0...21 ==== nAAA  (82) 

The nonzero constant in equation (80) is 0A , so the normalized stress takes the form 

as  

( ) ( ) ( ) 21 1101

ββ
ssAsP +−=  (83) 

If the equation (83) is applied to equation (78), normalized form of the equilibrium 

equation takes the form as 

( ) ( ) 211
1

1

0
21 −=+−∫

−

dsssA
ββ  (84) 
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So, 

( )
π

πβ 2
0

sin2
=A  (85) 

At last the normalized stress distribution for the closed form of homogeneous half 

plane is obtained as, 

( ) ( ) ( ) ( ) 21 11
sin2 2

1

ββ

π

πβ
sssP +−=                           , -1<s<1 

(86) 

 

From the equation (62) 2β  is negative. If we calculate the equation (86), we can find 

that the normalized stress ( )sP1  is negative at every point in the contact region, thus 

we can easily see that the contact stresses in the contact region are compressive. 
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CHAPTER 4  

RESULTS & CONCLUSIONS 

 

In this chapter the numerical results and conclusions are presented. First of all the 

accuracy of results is checked by comparing the results for the graded medium with 

small nonhomogenity constant ( ) 002.0* =+ βγ  to the closed-form solution for a 

homogenous medium. Afterwards a detailed parametric study is done to examine 

effect of the nonhomogeneity parameter and the friction coefficient. As mentioned 

before, because the main the interest of the study is the effect of the nonhomogenity 

constant on the contact stress distribution, κ is fixed to a constant a value 2.  

4.1 Comparisons of the Results to the Closed Form Solution 

-2

-1

0

s

(γ+β)∗=0,η=0

(γ+β)∗=0.002,η=0

(γ+β)∗=0,η=0.4

(γ+β)∗=0.002,η=0.4

(γ+β)∗=0,η=0.8

(γ+β)∗=0.002,η=0.8

( )abP

xx

−/

σ

 

Figure 3: Comparison of the contact stress distribution to closed-form solution for various 

values of the friction coefficient 
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4.1.1 Comments on Comparisons of the Results to the Closed Form 

Solution 

As can be seen in figure 3, the accuracy of results was checked by comparing the 

results obtained form the computer program when setting ( ) 002.0* =+ βγ  and the 

results obtained from the closed-form solution by using the expressions in 3.2 for 

various values of the friction coefficient. The graphs show that the results obtained 

by computer program are very close to the results obtained by using the closed form 

solutions.  

Also the effects of the of the friction coefficient on the stress distribution in the 

loaded region can be observed. The stress distribution is symmetric about 0=s for 

zero values of η  which means that no shear stress is applied, however stress 

distribution in the contact area is not symmetric for the positive values of the friction 

coefficient (η >0). This non- symmetric form shows that the normal stress is 

increased in the front half of the punch and decreased in the rear part of the punch. In 

other words the stress distribution is increased near 1−=s  and decreased near 1=s . 

4.2 Parametric Studies 

In the parametric analyses conducted in the present study following nonhomogeneity 

constants are used: 

*γ   = ( )ab −γ  

**γ = ( )ab +γ  

*β   = ( )ab −β  

**β = ( )ab +β  

The results are given in figures between 4 and 38. 
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Figure 4: Normalized stress distribution for various values of the nonhomogeneity constant 

γ (b-a) = *γ  [η = 0, β (b-a) = *β = γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 5: Normalized stress distribution for various values of the nonhomogeneity constant 

γ (b-a) = *γ  [η = 0.2, β (b-a) = *β = γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 6: Normalized stress distribution for various values of the nonhomogeneity constant 

γ (b-a) = *γ  [η = -0.2, β (b-a) = *β = γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 7: Normalized stress distribution for various values of the nonhomogeneity constant 

γ (b-a) = *γ  [η = 0.4, β (b-a) = *β = γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 8: Normalized stress distribution for various values of the nonhomogeneity constant 

γ (b-a) = *γ  [η = -0.4, β (b-a) = *β = γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 9: Normalized stress distribution for various values of the nonhomogeneity constant 

γ (b-a) = *γ  [η = 0.6, β (b-a) = *β = γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 10: Normalized stress distribution for various values of the nonhomogeneity constant 

γ (b-a) = *γ  [η = -0.6, β (b-a) = *β = γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 11: Normalized stress distribution for various values of the nonhomogeneity constant 

γ (b-a) = *γ  [η = 0, β (b-a) = *β = 1 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 12: Normalized stress distribution for various values of the nonhomogeneity constant 

γ (b-a) = *γ  [η = 0.2, β (b-a) = *β = 1 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 13: Normalized stress distribution for various values of the nonhomogeneity constant 

γ (b-a) = *γ  [η = -0.2, β (b-a) = *β = 1 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 14: Normalized stress distribution for various values of the nonhomogeneity constant 

γ (b-a) = *γ  [η = 0.4, β (b-a) = *β = 1 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 15: Normalized stress distribution for various values of the nonhomogeneity constant 

γ (b-a) = *γ  [η = -0.4, β (b-a) = *β = 1 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 16: Normalized stress distribution for various values of the nonhomogeneity constant 

γ (b-a) = *γ  [η = 0.6, β (b-a) = *β = 1 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 17: Normalized stress distribution for various values of the nonhomogeneity constant 

γ (b-a) = *γ  [η = -0.6, β (b-a) = *β = 1 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 18: Normalized stress distribution for various values of the nonhomogeneity constant 

β (b-a) = *β  [η = 0, γ (b-a) = *γ = -0.5 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 19: Normalized stress distribution for various values of the nonhomogeneity constant 

β (b-a) = *β  [η = 0.2, γ (b-a) = *γ = -0.5 and γ (b+a) = **γ = β (b+a) = **β =0] 



 

 47 

-2,0

-1,5

-1,0

-0,5

0,0

10-1

s

β∗=1

β∗=0

β∗=−1

( )abP

xx

−/

σ

 

Figure 20: Normalized stress distribution for various values of the nonhomogeneity constant 

β (b-a) = *β  [η = -0.2, γ (b-a) = *γ = -0.5 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 21: Normalized stress distribution for various values of the nonhomogeneity constant 

β (b-a) = *β  [η = 0.4, γ (b-a) = *γ = -0.5 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 22: Normalized stress distribution for various values of the nonhomogeneity constant 

β (b-a) = *β  [η = -0.4, γ (b-a) = *γ = -0.5 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 23: Normalized stress distribution for various values of the nonhomogeneity constant 

β (b-a) = *β  [η = 0.6, γ (b-a) = *γ = -0.5 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 24: Normalized stress distribution for various values of the nonhomogeneity constant 

β (b-a) = *β  [η = -0.6, γ (b-a) = *γ = -0.5 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 25: Normalized stress distribution for various values of the nonhomogeneity constant 

β (b-a) = *β  [η = 0, γ (b-a) = *γ = 0.5 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 26: Normalized stress distribution for various values of the nonhomogeneity constant 

β (b-a) = *β  [η = 0.2, γ (b-a) = *γ = 0.5 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 27: Normalized stress distribution for various values of the nonhomogeneity constant 

β (b-a) = *β  [η = -0.2, γ (b-a) = *γ = 0.5 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 28: Normalized stress distribution for various values of the nonhomogeneity constant 

β (b-a) = *β  [η = 0.4, γ (b-a) = *γ = 0.5 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 29: Normalized stress distribution for various values of the nonhomogeneity constant 

β (b-a) = *β  [η = -0.4, γ (b-a) = *γ = 0.5 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 30: Normalized stress distribution for various values of the nonhomogeneity constant 

β (b-a) = *β  [η = 0.6, γ (b-a) = *γ = 0.5 and γ (b+a) = **γ = β (b+a) = **β =0] 
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Figure 31: Normalized stress distribution for various values of the nonhomogeneity constant 

β (b-a) = *β  [η = -0.6, γ (b-a) = *γ = 0.5 and γ (b+a) = **γ = β (b+a) = **β =0] 
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4.2.1 Comments on the Results Obtained for the Flat Stamp  

 

The results is given in this section can be categorized into four groups according to 

the different values of nonhomogenity parameters. In each group the stress 

distribution is stated for the different values of the friction coefficient, namely, 0=η , 

2.0=η ,  2.0−=η , 4.0=η , 4.0−=η , 6.0=η and 6.0−=η . The negative value of 

friction coefficient indicates the reverse direction of the applied tangential force. As 

shown in the figure 2, the positive friction coefficient indicates the tangential force 

acting in the positive direction of y axis on the stamp. The zero friction coefficients 

are for the frictionless contact surface.  

 

The graphs given in figures 4 - 10 are drawn when *β = **γ = **β =0, 1,0,1* −=γ   

for the different values of the friction coefficient. The figure 4 shows the normalized 

stress distribution versus the normalized position parameter s for 0=η . As easily 

seen from the figure, for 0* =γ  the stress distribution is symmetric.  This symmetric                    

distribution can also be observed in other graphs for 0* =γ  for the different values 

of the friction coefficients. The curves are asymmetric about s=0 for the 1* −=γ  and 

1* =γ . The shear modulus variation is the most important factor that effects the 

contact stress distribution. As can be seen from figures the contact stress distribution 

takes the behavior of the shear modulus variation at x=0. In all cases the contact 

stress distribution takes the shape of the exponential function with a positive 

exponent that can be seen in 1* =γ  curves. In 1* −=γ  curves the contact stress 

distribution takes the shape of the exponential function with a negative exponent. As 

for the positive valued friction coefficient and the negative valued friction 

coefficient, reversing the direction of the applied force does not significantly affect 

the stress distribution for 2.0=η and for the other values of friction of coefficients. 

The stress distribution is increasing in the middle region of the contact area and the 

stress distribution is decreasing near the end points of the stamp. 

 

The graphs between the figure 11 and figure 17 are drawn when *β = 1,           

**γ = **β =0 and 1,0,1* −=γ  for the different values of the friction coefficient. It is 
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seen that for 0* =γ the stress distribution is symmetric which is an expected result. 

Same behavior can also be seen in other curves for 0* =γ  for the different values of 

friction coefficients. The curves are asymmetric about s=0 for the 1* −=γ  

and 1* =γ .  Again as can be seen from figures the contact stress distribution takes the 

behavior of the shear modulus variation at x=0. In all cases the contact stress 

distribution takes the shape of the exponential function with a positive exponent that 

can be seen in 1* =γ  curves, the contact stress distribution takes the shape of the 

exponential function with a negative exponent in 1* −=γ  curves as mentioned above. 

As easily seen from the figures, while the stress distribution is decreasing near the 

end points of the stamp, the stress distribution increases in the middle region of the 

contact area. Reversing the direction of the applied force does not affect the stress 

distribution for small values of friction coefficient. The contact problem has no 

solution for *β <0 [30]. Hence, no results were provided for this case.   

 

The graphs between the figure 18 and figure 24 are drawn when *γ =-0.5 and    

**γ = **β =0, 1,0,1* −=β  and the graphs between the figure 25 and figure 31 are 

drawn when *γ = 0.5 and **γ = **β =0, 1,0,1* −=β  for the different values of the 

friction coefficient. The similar trends can also be observed in these figures and cases 

as compared with the graphs between the figure 4 and the figure 10. 

 

As mentioned in chapter 1, while Özatağ [33] examined the effects of material 

nonhomogeneity and friction on contact stresses and singularities at end of the 

contact region for materials with lateral nonhomogeneity, Dağ and Erdoğan [32] 

examined the initiation and subcritical growth of surface cracks in FGMs. The 

behavior of graphs obtained by this study has to be compared with these studies one 

by one. The results obtained by this study are in very good agreement with these 

studies.     
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4.3 Concluding Remarks 

1. The results obtained by computer program are very close to the results obtained 

by using the closed form solutions. 

2. The shear modulus variation is the most important factor that affects the contact 

stress distribution. As can be seen from graphs the contact stress distribution 

takes the behavior of the shear modulus variation at x=0.  

3. Generally while the stress distributions are decreasing near the end points of the 

contact area, the stress distributions increase in the middle region of the contact 

area. 

4. Generally reversing the direction of the applied force does not significantly affect 

the stress distribution. 

5. The contact problem has no solution for *β <0 [30]. Hence, no results were 

provided for this case.   

6.  In this problem normalized contact stress depends on the effects of the material 

nonhomogeneity parameters γ&β, coefficient of friction η, stamp size and stamp 

location on the contact area and constant Poisson’s ratio ν. 

7.  To use the elastically graded materials with a material nonhomogeneity both in 

lateral direction and thickness direction could be very suitable especially for 

tribological applications.       

4.4 Future Work 

The contact mechanics problem in this study is developed for elastically graded 

materials both in lateral direction and thickness direction in order to examine the 

effects of nonhomogenity parameters, friction of coefficient, stamp size and location 

on the contact area for flat stamp medium only.  For more detailed results and in 

order to see the resistance of the graded materials in both lateral and thickness 

direction, the contact problem can be solved for triangular and circular stamp. At the 

same time an experimental study can be done to examine the physical behavior of 

FGM for designers.  
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The contact mechanics problem in this study is solved for isotropic medium. 

However this problem can be solved also for orthotropic medium. Because in certain 

applications, FGMs can have orthotropic behavior.  

The model used in this study can also be studied for subsurface stresses in the semi-

infinite medium. When this is done, asymptotic analyses have to be made for all 

stress components. In this study it is seen that while the stress distributions are 

decreasing near the end points of the contact area, the stress distributions increase in 

the middle region of the contact area. This problem can also be solved for cracking 

due to sliding contact for nonhomogeneous materials graded in both lateral and 

thickness direction.  

 

Since nonhomogeneous materials are vital for the future in order to improve the 

material qualities for severe conditions, the future work mentioned above is required 

to understand the contact mechanics problems for nonhomogeneous materials. 
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APPENDIX 

SOME USEFUL INTEGRALS 

In this part of study the integrals involving the asymptotic expansions of the 

integrands of kernels that are in used computer program are given. The integrals are 

in the following form; 

( )∫
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nn duC ρρ
ρ
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For n=1, following results are obtained using MAPLE, 
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where Ci( )and Si( ) are cosine and sine integrals, they are defined as  
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0γ is the Euler constant which is equal to 0.5772156649. For n>1, integrating the 

equations (A1) and (A2) by parts, the following general recursive relations can be 

obtained, 
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