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ABSTRACT

AN INTEGRATED INVENTORY CONTROL AND VEHICLE ROUTING
PROBLEM

Solyal1, Oguz
M.Sc., Department of Industrial Engineering
Supervisor: Asst. Prof. Dr. Haldun Siral

August 2005, 98 pages

In this study, we consider a logistics system, in which a single supplier delivers a
product to multiple retailers over a finite time horizon. Supplier decides on the
amount to order in each period and services retailers facing deterministic dynamic
demand via a fleet of vehicles having limited capacity. Each retailer has specific
minimum and maximum levels of inventory in an order-up-to level inventory policy
setting. The problem is to simultaneously determine the quantity of product to order
to the supplier, retailers to be visited, the quantity of product to be delivered to
retailers and routes of vehicles in each period so as to minimize system-wide costs.
We present a mathematical formulation for the problem, for which we develop
several Lagrangian relaxation based solution procedures providing both upper and
lower bounds to the problem. We implement these solution procedures on test
instances and present the results. Computational study shows that our solution

procedures generate good feasible solutions in reasonable time.

Keywords: Inventory Routing Problem, Order-up-to Level Inventory Policy,

Lagrangian Relaxation



oz

BUTUNLESIK BIR ENVANTER KONTROL VE ARAC ROTALAMA
PROBLEMI

Solyal1, Oguz
Y Uksek Lisans, Endistri Mihendidligi Bolumu
Tez Yoneticisi: Y. Dog. Dr. Haldun Siira

Agustos 2005, 98 sayfa

Bu c¢alismada bir tedarikcinin tek Grtini perakendecilere bir planlama ufku boyunca
dagittig: bir lojistik sistem ele ainmigtir. Tedarikci her donem ne kadar mal siparis
edecegine karar vermekte ve deterministik dinamik taleple karsilasan
perakendecileri belirli bir kapasiteye sahip bir arag filosu ile ziyaret etmektedir. Her
perakendeci belirli bir seviyeye kadar i1smarlamali envanter politikast ile
caligsmaktadir ve bu baglamda herbir perakendecinin dnceden belirlenmis bir taban
ve tavan envanter seviyes vardir. Problem, tedarikcinin hangi zamanda ne kadar
mal siparis verecegine ve hangi perakendecilerin, hangi zamanda ve hangi sirayla
ziyaret edilecegine sistemdeki maliyetleri enazlayarak es zamanli olarak karar
verilmesidir. Bu problem icin matematiksel bir formilasyon Onerilmis ve bu
formulasyon icin Lagrange gevsetme yaklasimina dayali, problem igin hem Ust simir
hem de alt simir saglayan ¢6zim yordamlar: gelistirilmistir. C6zim yordamlar:
literatirden alinan problemlerle test edilmis, elde edilen sonuclar calismada
verilmistir. Sayisal deneyler ¢oziim yordamlarimizin makul sirelerde iyi ¢ozimler

verdigini gostermistir.

Anahtar Kelimeler: Envanter-Rotalama Problemi, Belirli Bir Seviyeye Kadar
Ismarlamali Envanter Politikasi, Lagrange Gevsetimi
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CHAPTER 1

INTRODUCTION

This study is concerned with the integrated inventory management and vehicle
routing problem, commonly referred to as the Inventory Routing Problem (IRP) in
the literature. There exist a single supplier and multiple retailers. Retailers are
supplied by the supplier via a fleet of vehicles departing from the supplier and
visiting retailers on the route to make the deliveries. This problem, which arises
frequently in distribution of industrial gases, soft drinks, replenishment of vending
machines, etc., is to make inventory control and distribution routing decisions
smultaneously so as to exploit benefits of coordination such as reduced costs.
Diginguishing features of this study are the deterministic order-up-to level
inventory policy employed at the retailers and the consideration of the supplier’s
order policy. Thus, the problem addressed in this study, referred to as the Inventory
Routing Problem with Order-up-to level policy (IRO), isto decide on replenishment
amounts both at the supplier and retailers and routes of vehicles over a multi-period
time horizon subject to deterministic dynamic demand as well as order-up-to level
policy at theretailers.

Our a@m in this study is to address the IRO and develop a solution method, which

yields good quality solutions in reasonable time.

1.1 Motivation

Over the past few years, vendor managed inventory (VMI) systems have become a
popular trend in logistics management (Campbell et al., 1998). In VMI systems,
customers (e.g., retailers) do not place orders to the vendor (e.g., supplier), instead

the vendor decides on when to replenish customers, thus, manages inventories of its



customers. This provides some gains to both customers and the vendor in that
customers do not have to deal with inventory management, while the vendor is able

to better plan deliveries which enables it to efficiently use its resources.

VMI systems entail coordination among different companies as well as coordination
among different echelons of the same company. Coordination is the key issue to
achieve reduced operational costs. Severa studies report that substantial savings
have been redized by companies that coordinated their operations (e.g., King and
Love (1980), Blumenfeld et al. (1987), Martin et a. (1993)). Besides, several
researchers constructed mathematical models on which they have empirically
shown the savings that can be obtained by a coordinated approach over a decoupled
(sequential) approach (e.g., Chandra (1993), Chandra and Fisher (1994), Fumero
and Vercellis (1999)).

In order to implement a VMI system, one has to establish an integrated optimization
model in which the related coordination decisions are considered simultaneoudy. In
that respect, IRP is at the core of VMI systems and should be addressed effectively.
In this study, we consider IRP with deterministic order-up-to level inventory policy
employed a the retailers, i.e., IRO. A variant of IRO is firg introduced by Bertazzi
et a. (2002). Employing deterministic order-up-to level policy at the retailers is a
reasonable strategy in several industries. Congder, for instance, the replenishment
of vending machines or the replenishment of tanks of industrial gas companies,
where vending machines or tanks are filled up to their capacity whenever
replenished. On the other hand, assuming deterministic demand may not be correct
snce in real-life demand is mostly stochastic. However, minimum inventory level
that must be maintained a each retailer due to the deterministic order-up-to level
policy provides a hedging against the variability of demand. In addition to this,
accurate demand forecasts justify usage of such apolicy.

Another aspect of our study is the supplier’s order policy. Instead of assuming a

limitless inventory available at the supplier or a given amount made available in



each period as in Bertazzi et al. (2002), we consider a more realistic approach, in
which the supplier determines when to order and how much to order.

Our main motivation in this study is to develop a mathematical programming based
approach to the IRO. Bertazzi et a. (2002) develop a heuristic solution procedure
for a variant of the IRO, but no lower bounding procedure has been proposed. We
am at constructing a general model that can handle several cost structures and

proposing efficient upper and lower bounding procedures for the general model.

1.2 Problem definition

The IRO entails joint consideration of inventory management of both supplier and
the retailers and distribution planning among them. In this study, we consider the

following specific IRO.

We are given alogistics system, in which a single supplier delivers a single product
to multiple retailers over a finite time horizon. Retailers facing deterministic
dynamic demand are serviced via a homogeneous fleet of vehicles having limited
capacity and located at the supplier. Each retailer has specific minimum and
maximum levels of inventory, and it has to be replenished before its inventory level
drops below the minimum level and in each replenishment its inventory is brought
up to the maximum level. This is called deterministic order-up-to level inventory
policy in Bertazzi et al. (2002). In addition, the supplier has to order from a higher

echelon (or manufacture) in order to be able to service retailers.

The problem is to simultaneoudy determine (i) retailers to be visited, (ii) the
quantity of product to be delivered to retailers, (iii) routes of vehicles, (iv) the
quantity of product to order to the supplier, in each time period so that the sum of
fixed order cost and inventory holding cost at the supplier, and fixed vehicle



dispatching cost, vehicle routing cost and inventory holding costs &t the retailers are

minimized.

Note that even if the decisions concerning (i), (ii) and (iv) are given a priori,
determining only routes of vehiclesis sill adifficult problem. Thus, the problem we

consider involves integrated complex decisions and is extremely difficult to solve.

1.3 Outline of the study

The following are the brief outline of the thesis.

In chapter 2, we present a brief review of the literature concerning the integration of
different functions such as production planning, inventory management and
distribution planning into a single optimization model. We confine our review on
studies explicitly considering vehicle routing issues and also those with
deterministic settings. The review is given with respect to the planning horizon used

and decisions to be taken at different echelons.

In chapter 3, we make the connection between our problem and closely related
studies by making a comparison and contrast among them, followed by the
assumptions made and then the mathematical formulation. The mathematical
formulation presented is adapted from the literature for our problem. It is a general
model which can accommodate several cost structures with only slight changes. In
this chapter, we also present a Lagrangian relaxation (LR) based solution approach
proposed for the model and explain it in detail.

Chapter 4 addresses a special case of our problem, which is a single supplier-single
retailer problem. In this chapter, we propose an efficient method for solving the
special case of the problem. Moreover, we aso propose an efficient method for the

single retailer problem (ignoring the supplier), rapid solution of which is important



since our LR based solution approach involves many single retailer subproblems
that must be solved repeatedly.

Chapter 5 is devoted to the computational study on test instances. In this chapter, we
test several LR based solution procedures on small instances to determine
parameters of these procedures for the best implementation. We implement some of
these solution procedures under their best settings on large instances and discuss the

results.

In chapter 6, we conclude the study, briefly mention about our contributions and

give future research directions.



CHAPTER 2

LITERATURE REVIEW

Over the past years, several researchers have investigated integration of different
functions (e.g. inventory management, production planning, distribution planning,
etc.) either within the echelons of the same company or among different companies
on a single optimization model. A review of such models can be found in Thomas
and Griffin (1996), Sarmiento and Nagi (1999) and Baita et a. (1998). Unlike
Thomas and Griffin (1996), Sarmiento and Nagi (1999) and Baita et a. (1998)
explicitly consider trangportation system but the latter with routing aspects. Both of
the first two papers review the work done at the strategical level and tactical level.
In this study, however, we consider the research on the integrated tactical and
operational level decisions such as production and distribution planning, inventory
and distribution planning, and production, inventory and distribution planning,
assuming that the characteristics of the underlying distribution system are provided.
Moreover, we also consider research that explicitly addresses routing issues and
deterministic demand at retailers (or customers). In the literature, there exist studies
with stochastic demand case, for a brief review on which, one can refer to Baita et
a. (1998) and Kleywegt et a. (2004).

We next present a review of the research done with respect to planning horizon
(finite or infinite horizon) and decisons to be taken at different echelons
(production, inventory and distribution). We consider warehouse / depot / supplier /

plant as the first echelon and retailer / customer as the second echelon.



2.1 Distribution-Inventory

This part addresses distribution systems, in which a depot (warehouse) replenishes
several customers (retailers) by allocating product(s) available at the depot. The
decisons of interest are delivery shipment sizes to each customer and routes of

vehicles.

One important point is that the distribution-inventory problem is often confused by
reseachers with the so called inventory/routing problem. According to Sarmiento
and Nagi (1999), an important difference exist between two problems in that while
inventory-routing problem looks for optimization of depot’s operation but not those
of customers, the distribution-inventory problem considers optimization of all the
echelons and shares the benefit among parties involved. On the other hand, several
studies such as Bertazzi et al. (2002), Kleywegt et a. (2002) and Federgruen et al.
(1995) do not distinguish such a difference and consider work classified as
distribution-inventory problem (e.g., Federgruen and Zipkin (1994), Anily and
Federgruen (1990), etc.) in Sarmiento and Nagi (1999) as inventory/routing
problems. Obvioudly, in the literature, there are no consensus among researchers
regarding how to make the classification. Therefore, we name the problems with
regard to decisions to be taken at the echelons and thus, we use the terms

“distribution-inventory” and “inventory/routing” interchangeable in this section.

2.1.1 Finite horizon models

Federgruen and Zipkin (1984) appears to be the first to consider the integrated
inventory allocation and vehicle routing problem, in which a limited amount of
single product available at a central depot is delivered to several customers facing
stochastic demand by a set of vehicles with limited capacity. Inventory allocation
among customers (al customers may not receive delivery) and vehicle schedules

are determined simultaneously so as to minimize expected inventory holding and



shortage costs at the customers as well as vehicle routing costs proportional to the
distance travelled. A single period, “myopic”, mathematical programming model
(nonlinear mixed integer) is constructed for the integrated problem, for the solution
of which both a heuristic method (a modified interchange heuristic) and an exact
method (generalized Benders' decomposition) are proposed. Computational results,
which are given only for the heuristic method, suggest that the method is fast
enough for practical use. Moreover, a comparison of integrated versus sequential
approach is made and it is shown that significant cost savings (6-7%) can be
achieved with the integrated approach over the sequential approach. Note that this
work considers stochastic demand at customers, but we include it into the review.
This is because, it is one of the seminal studies in the area of integrated inventory

management and vehicle routing.

Bell et al. (1983) developed a decision support system for Air Products and
Chemicals, Inc., which significantly improves decisions regarding integrated
inventory management of industrial gases at customers and vehicle scheduling. The
problem handled by researchers was a quite complex problem. Inventory of
products (two products; liquid oxygen and liquid nitrogen) must be kept aove a
specied safety-stock level for each customer. Also, customers have delivey time
windows, outside of which delivery is not allowed. Moreover, company has a
heterogenous fleet in terms of capacity and operating costs (limited size). Lastly,
every truck is not eigible for serving every customer. Costs considered include
driver pay (may be based on time spent on the trip or distance traveled), tolls and
vehicle related costs including fuel, maintenance and depreciation. Besides costs
directly related to distance traveled, there are costs that depend on the time spent by
driversfor loading, unloading and performing severa setup functions. The decisions
of interest are to select best routes among a set of possible routes generated in
advance and to allocate limited amount of products to customers such that profit
(value of products delivered less costs incurred) is maximized. A large-scale mixed
integer programming formulation is constructed for the problem and solved using a
Lagrangian relaxation algorithm close to optimality.



Chien et al. (1989) address the integrated problem of inventory allocation and
vehicle routing problem, where a limited amount of product available at the central
depot is allocated among customers and distributed via a fleet of vehicles with
limited capacity in order to maximize profit (revenues less ddlivery costs). Different
than the work of Federgruen and Zipkin (1984), each customer experiences
deterministic demand, which equals to the customer specific storage capacity less
beginning inventory level (maximum demand of a customer). However, amount of
inventory available at the depot is not sufficient to meet all cusomers maximum
demand. A customer specific unit revenue is gained for each unit delivered to the
customer, whereas for each unit of unmet demand a customer specific unit penalty
cost is charged. A single period, multi-commodity flow based mixed integer
programming model is formulated for the problem, which has a maximization
objective composed of total revenues less total cost consisting of pendty costs,
fixed and variable routing costs. A Lagrangian relaxation approach is developed,
which generates good quality solutions with small gaps between lower and upper

bounds for several problem instances with a variety of parameter settings.

Bertazzi et al. (2002) combined a deterministic order-up-to level inventory policy
with inventory routing problem, in which multiple products are shipped from a
supplier to retailers via a vehicle with limited capacity over a finite time horizon.
Shipments are to be performed before each retailer’s inventory reaches its specific
minimum level of inventory of each product. Every time aretailer is visited, level of
each product delivered is brought up to its specific maximum level. The quantity of
each product shipped to the supplier in each period is known. Also, each retailer
experiences deterministic dynamic demand. The objective isto determine amount of
each product to be delivered to each retailer and vehicle route in each period such
that total of inventory costs both at the supplier and at the retailers as well as
distance based vehicle routing costs is minimized. One aim of the paper is to solve
the above defined problem. Another aim is to study the effect of various objective
functions (cost structures) corresponding to different decision policies. They present

a heuristic to solve the origina problem and three variants obtained by considering



various objective functions. To compare the quality of solutions obtained using the
proposed heuristic, two intuitive policies are proposed. According to the
computationd results, the proposed heuristic outperforms both of the two intuitive

policiesin all of the randomly generated problem instances.

2.1.2 Infinitehorizon models

Blumenfeld et al. (1985) and Burns et a. (1985) are the first to consider explicitly
the integrated problem of inventory and vehicle routing in an infinite horizon
model. Their model, however, exploits spatial density of customers rather than their
exact locations. In addition, they do not consider vehicle routes as decisions

variables.

Anily and Federgruen (1990) address distribution systems consisting of a depot and
several geographically scattered retailers, each facing constant (retailer-specific)
deterministic demand rate over infinite time horizon. Unlike Blumenfeld et al.
(1995) and Burns et al.(1985), Anily and Federgruen use exact locations of retailers.
The depot acts as a transshipment point, i.e. no inventory is held at the depot.
Retailers can keep inventory and a variable inventory carrying cost, which is
identical for all retailers, is incurred at a constant rate per unit time per unit stored.
The objective is to determine routing patterns as well as retailer replenishment
strategies such that long-run average vehicle routing costs and inventory carrying
costs at the retailers are minimized. Routing-related costs include fixed costs per
route driven and variable costs proportional to distance traveled. A class of
replenishment strategies is considered in which retailers are partitioned into regions
and each time aretailer in a given region is served by a vehicle, that vehicle visits
al the retailers in the given region as well. A retailer may belong to several regions.
They propose a heuristic procedure for the problem defined, which is asymptotically
optimal within the given the class of replenishment strategies considered.
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Anily (1994) extends the work of Anily and Federgruen (1990) by allowing
nonidentical inventory holding cost rates and provides a heuristic procedure, which

is again asymptotically optimal within the class of strategies considered.

Gallego and Simchi-Levi (1990) consider the same distribution system as in Anily
and Federgruen (1990), but they analyze direct shipping strategy rather than a
routing strategy. They show that direct shipping is at least 94% effective when the
minimal economic lot size over all retailersis at least 71% of the vehicle capacity.
Effectiveness is the ratio of the infimum of long-run average cost over all strategies
to long-run average cost of strategy considered. The effectiveness deteriorates as the

economic lot size (percentage of vehicle capacity) decreases.

Viswanathan and Mathur (1997) extend the work of Anily and Federgruen (1990)
by generalizing it to multiple products. Authors develop a heuristic which generates
a stationary nested joint replenishment policy (SNJRP) for the problem. Although
the heuristic is able to handle problems with multiple products, computational
results are derived for the case of single product so as to compare results with that
of Anily and Federgruen (1990). Results show that SNJRP policy outperforms the
replenishment strategy of Anily and Federgruen (1990) in terms of cost in most of

the cases.

Chan et al. (1998) address the same model defined by Anily and Federgruen (1990),
but consider different class of strategies for the solution of inventory/routing
problem. They consider Fixed Partition Policies, in which retailers are partitioned
into a set of regions such that each region is served separately (by a vehicle). A
retailer cannot belong to multiple regions and each time a retailer in a region is
visited by a vehicle, all the retailers in that region are also visited by the same
vehicle. Moreover, authors consider Zero Inventory Ordering Policies, in which
retailers are replenished only when their inventory levels become zero. An
algorithm based on formulating inventory/routing problem as a Capacitated
Concentrator Location Problem (CCLP) is presented. Application of algorithm
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provides solutionsthat are asymptotically optimal within the fixed partition policies
and computational results suggest that the algorithm is very effective on several

randomly generated problem instances.

2.2 Inventory-Distribution-Inventory

2.2.1 Finitehorizon models

Chandra (1993) addresses the problem of integrating inventory management both at
a single warehouse and at customers as well as vehicle routing over finite time
horizon. Multiple products are delivered from the warehouse to customers facing
deterministic dynamic demand via homogeneous vehicles (assuming enough
vehicles) located at the warehouse. The decisions to be taken include replenishment
quantities for each product in each period at the warehouse, quantities of each
product delivered to each customer in each period and vehicle routes for the
delivery of products. Costs related with inventory are fixed ordering costs and
variable inventory holding costs both at the warehouse and at customers.
Transportation related costs include fixed vehicle dispatching costs as well as
variable routing costs proportional to distance traveled. A heuristic solution scheme
is proposed by the author, which is used to assess the impact of coordinating
inventory management and vehicle routing on total cost. Heuristic first solves
warehouse ordering problem and then the resulting distribution routing problem
sequentially. Subsequently, solution scheme attempts to change distribution routing
problem solution by consolidating deliveries of different periods (i.e. delivering
some items earlier) such that total of inventory holding and vehicle routing costs
decreases. Computational results show that as the number of products and
customers as well as the length of planning horizon increases, benefits of

coordination in terms of reduced costs increases as well.
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2.2.2 Infinitehorizon models

Anily and Federgruen (1993) extend their previous work (Anily and Federgruen,
1990) to alow for the depot to hold inventory. The problem considered is to jointly
determine replenishment of the depot as well as the replenishment of several
retailers along with the delivery routes. Authors provide alower bound on the total
cost as well as a heuristic procedure to give good upper bounds. They show that
their heuristic procedure generates solutions almost within 6% of optimality within

the class of strategies considered.

2.3 Production-Inventory-Distribution-Inventory

2.3.1 Finite horizon models

Chandra and Fisher (1994) consider a problem similar to that of Chandra (1993).
However, instead of ordering from a higher echelon to the warehouse, here
production planning decisions are considered at a single plant. Multiple products are
produced in the plant over time and distributed with a fleet of vehicles (unlimited
Sze) to various geographically dispersed retailers with deterministic dynamic
demand for each product. The aim is to simultaneously determine production
quantities of each product in each period, delivery shipment sizes of each product in
each period to each retailer and a set of routes such that total of fixed production
Setup costs, inventory holding costs both at the plant and the retailers, fixed vehicle
dispatching cost as well as routing costs proportional to distance traveled is
minimized. An integrated optimization model, a mixed integer programming model,
is constructed and a heuristic procedure is proposed for the solution of the
integrated optimization model. First, a capacitated lot Szing problem at the plant is
solved, after which the distribution routing model is solved. Once these problems
are solved separately, the heuristic procedure tries to consolidate deliveries to given

customer in separate periods. Consolidation is performed if it reduces cost. A
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sequential approach, in which capacitated lot sizing and distribution routing
problems are solved sequentially, is also proposed to evauate the effect of
coordination on total cost. Computational results show that cost reductions due to
coordination increase as the number of products and retailers as well as the length of
planning horizon increases, as the production and vehicle capacity get larger and as

the distribution cogs increase relative to production costs.

Fumero and Vercellis (1999) address the same problem considered by Chandra and
Fisher (1994), but they formulated the model as a multi-commodity flow model
different than Chandra and Fisher (1994). They proposed a Lagrangian relaxation
based solution procedure, which decomposes production and distribution decisions,
but sill maintains a globa optimization perspective via Lagrangian dual problem.
There are some other differences between work of Fumero and Vercellis (1999) and
Chandra and Fisher (1994). A limited fleet size is considered in the former, while
the latter assumes unlimited fleet size. Also, instead of variable routing cost
proportional only to distance traveled, routing cost proportional to both unit carried
and distance traveled is considered in the former. In addition, solution obtained
from an alternative decoupled approach, in which production lot sizing is solved
first and the resulting distribution routing problem is then solved, is compared with
the feasible solution obtained using Lagrangian relaxation based solution procedure
(integrated approach). Computational results show that significant savings can be
realized by integrated approach over decoupled approach.
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CHAPTER 3

MATHEMATICAL FORMULATION AND THE SOLUTION APPROACH

In this chapter, we first make a comparison and contrast of IRO with respect to the
closely related literature and then provide the assumptions made. Subsequently, we
present the mathematical formulation of IRO, followed by a Lagrangian relaxation
based solution approach, in which we describe how to compute feasible solution

(upper bound) and lower bound to the problem.

The IRO integrates inventory management of both supplier and retailers and
distribution planning in a single model, in which these decisions are simultaneously
made so as to minimize the system-wide costs consisting of inventory holding costs
both at the supplier and retailers, distance based transportation cost as well as fixed
order cost of supplier and fixed vehicle dispatching costs of serving retailers.

With respect to the cost structure, our study is the same as that of Chandra (1993)
and Chandra and Fisher (1994). On the other hand, cost structure of our problem is
dightly different than Fumero and Vercellis (1999) and Bertazzi et al. (2002). The
difference between the former and our study is that the former studies situations in
which transportation costs are proportional to amount shipped while our setting is
based on purely distance based transportation costs. On the other hand, the latter

involves no fixed order or vehicle dispatching cost unlike ours.

Considering decisions made in IRO, it is obvious that our problem is an Inventory-
Digribution-Inventory problem according to our classification scheme, as discussed
in Chapter 2. In this respect, our work is very similar to that of Chandra (1993).
However, it subgtantially differs from Chandra (1993) in that in our work, a
deterministic order-up-to-level inventory policy is employed at retailers, which is

the case in Bertazzi et a. (2002) as well. Thus, we can state that our study is an
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extension of the work of Bertazzi et al. (2002), since we extend their original

problem to include order policy of the supplier.

Before presenting the mathematical model of the IRO, we state the following

assumptions that we made for our formulation.

8 In agiven period, the amount of product shipped to aretailer which brings its
inventory level up to maximum level can be transported by more than one
vehicle (partial servicing is alowed).

§ Each vehicle can perform at most one trip in a period.

8 Aggregate capacity of vehicle fleet is sufficient to replenish retailers if all of
them require replenishment in the same period.

§ Thereisno limit on the amount of product that can be ordered to the supplier.

§ Thereisno lead time for deliveriesto both supplier” and retailers.

§ Stockout at the supplier and an inventory level lower than minimum inventory

level at the retailers are not alowed.

3.1 Mathematical modd of the IRO

In this section, we present the mathematical model of the IRO and describe its

properties.

Indeed, one can propose several different formulations with different structures for
the IRO. In particular, for this problem, it is possible to develop either a standard
subtour elimination model or a multi-commodity flow model for routing decisions.
A model with standard subtour elimination constraints (Miller, Tucker and Zemlin
congtraints) is firstly developed by Pinar and Siral (2004) for the deterministic
order-up-to level inventory routing problem as defined by Bertazzi et al. (2002).
We, on the other hand, resort to a multi-commodity flow model, which lends itself

" In Bertazzi et al. (2002), thereis aone period lead time for deliveries to the supplier.
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to several decompositions and relaxations. Our model is mainly adopted from
Fumero and Vercdlis (1999), but with slight differences. First, they consider
production policy of the supplier (or plant), while we have order policy at the
supplier. Thus, we excluded production capacity constraints from the model.
Besides, we have incorporated constraints ensuring deterministic order-up-to level
policy at retailers into the model. Last but not least, distance based transportation
cost is concerned in our model whereas transportation cost proportional to amount
shipped in theirs.

The following are the indices, parameters and decision variables along with the
mathematical model of the IRO. Note that last element of indices defined aso
denotes the set.

Indices:
t: Timeperiods, 1, ..., T
ij: Multipleretailers, 1, ..., N, (Note that i = O denotes supplier) where N

denotes the set of retailers, while N = N U{0}

V! Multiple vehicles, 1,..., V
Parameters:
d,: Demand at retailer i in period t.

K: Capacity of avehicle.

S: Minimum level of inventory at retailer i at the end of period t.

St Maximum level of inventory at retailer i at the end of period t.

C;: Cost of transportation from retailer i to j.

h, : Holding cost t retailer i incurred for each unit kept at the end of period t.
f, : Fixed vehicle dispatching cost in period t.

for - Fixed order cost incurred at the supplier in period t.

M,,M, :Big numbers.
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l 0,16 : Beginning inventory levels at the supplier and retailers, respectively.

Variables:

[P Inventory level of supplier at the end of period t.

[ Inventory level of retailer i at the end of period t.

R: Amount of product ordered to the supplier from a higher echelon in period
t.

Xiw - Amount of product transported from retailer i to j by vehicle vin period t.

Q. : Amount of product delivered to retailer i by vehicle vin period t.

i lif retailer j isvisited immediately after retailer i by vehiclevin
W, : % period t.
1o otherwise.
i 1if adelivery ismade to retailer i in period t, which brings
z,: % inventory level to the maximum level.
1o otherwise.
i 1if an order for the supplier is given in period t.
Yetl _
t i  Ootherwise.
I
IRO:

T T T v T
Min é fo Vi +é Po. o +é é h 1 ¢+ é é é f Woin
t=1 t=1

TN t=1 TN v=1 t=1
o o 8 8
+taaaa Wy (1)
@TIN JIN V=L t=1
Subject to
o &
Imzlo,t-1+R'aain "t (2)
i N v=1
y -
Iig:zliq%-l-'_aint_dit "iENt (3)
v=1
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R £Myy, "t (4)

s E£1§ "il N,"t (5)
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é ijvt - é ijvt = é int "t (7)
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aw,, £1 "Vt )
TN
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g R
ain+|iq%-1£S|¢ "Il N,"t (11)
v=1
g R
a Q. £ Mz, "INt (12)
v=1

3 n
(St 16.)- A Qu EM,(1- 7, il Nt (13)

v=l

153 0,13 Qu % 0" i1 N,"v,t; X, 2 0"1,jT N, vt; B30, t;

W

ol iT Nt v T {od s 2,0 {od il Nt (14)
The objective function (1) of the modd consists of fixed order and inventory
holding codts at the supplier, and inventory holding, fixed vehicle dispatching and
transportation costs at the retailer. Constraints (2) and (3) are the inventory balance
equations for the supplier and retailers, respectively. Constraint (4) ensures that a
fixed order cost is incurred if supplier places an order in a period. Constraint (5)
guarantees that inventory level of retailer never falls below the minimum level.
Condraints (6) and (7) are the flow conservation equations at the retailers and
supplier, respectively. Condraint (8) states that each vehicle can perform at most
one trip in a period. Constraint (9) and (10) together with (6) and (7) assure the
integrity and feasibility of tours. Constraint (11) stipulates that the total amount
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delivered to retailer plus inventory carried from previous period cannot exceed the
maximum level. Constraint (13) together with (11) and (12) are the order-up-to
level condraints. They ensure that the inventory level at the retailer is brought up to
the maximum level if a delivery is made and no amount is shipped unless a delivery

is made. Constraints (14) are for nonnegativity and integrality of variables.

The model provided above can be simplified as follows.

Let M, =S(-5,§=8-5,1{-5=1;30
Then constraint (5) drops and objective function (1) as well as constraints (3), (11),
(13) and (14) transform into equationsin termsof | variables.

Modified IRO:
g o o o o & 9
Ming fayita hilataah(li+s)+*aaa fWou
t=1 t=1 TN t=1 TN v=1 t=1
o 0 8 g
+taaaa Wy 1)
TN jTNv=1 t=1
it
Subject to
o o "
Im:|0,1-1+R'aain t )
TN v=1
g .
|n:|i,t.1+an' dit 1Nt (31)
v=1
R £ Moy "t (4)
é)lixjivt - é)lixijvt =Qiut "iT Nt (6)
iTN iTN
ji i
é Xoju = é Qi A (7a)
TN iTN
& X =0 "t (7b)
TN
a Woju £1 A (8)
N
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éiwijvt = éﬁwjivt "il N," vt (9)
TN jiiN
it jri

X £ KW, "iT N, T N vt (10)
¥ R
aQut+tli£S "Il N,"t aar)
v=1
a Q. £3z il Nt (12)
v=l
3 -
(5-1..)-&QuESh- 2z, "iENt (13)
v=l
1,3 0,"iT N,"t5;Q,20"iT N,"v,t; X, 20", jT N,"vt; B30t
Wi T {0 1,1 N vt v 1 {0 t5 2,1 {08, iT Nt 14)

Note that we have also deduced the minimum inventory level of each retailer (s)
from its beginning inventory level, i.e, 1§ - s =1,,. Asof now, we do not alow

stockout (falling below zero) at the retailers instead of faling below minimum

inventory level (s ), since we have already allocated the minimum inventory level

of each retailer. Also, we separated congraint (7) into two pieces: congraints (7a)
and (7b), since we know that total amount of product sent from the supplier should
be equal to the total amount to be l&ft to the retalers (to be visited) and no amount
of product should be transported back to the supplier (7b). In the rest of the paper,

when we refer to IRO we mean the above smplified mode.

As we mentioned in chapter 1, one of our goals is to develop a general model that
can accommodate several cost structures. The model has this flexibility in that for
example, we can easily modify our objective function to model a problem with
transportation cost proportiona to the amount shipped like in Fumero and Vercellis
(1999) by inserting a cost term composed of X variables insead of W's into the
objective function without any need for changing constraints or defining new
variables. In addition, if we removed fixed order and fixed vehicle dispatching costs
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from the objective function, let the P, be a parameter and added a congtraint

accounting for the one period lead time for deliveries to the supplier, we would

come up with amodel for the original problem of Bertazzi et d. (2002).

It is obvious that IRO is a large-scale mixed integer programming mode (MIP)
involving 2N?/T +3NVT +2NT + 3T many variables N?/T + NVT + NT +T of
which are binary variables and the rest being continuous variables. Besides huge
number of variables, the formulation has N2VT + 2NVT +4NT +4/T + 2T many
congtraints. In order to see how large the formulation is, for instance consider a
problem with 50 retailers, time horizon of 30 periods and a single vehicle, which is
the largest problem size we will experiment with. Such a problem has over 150,000
variables made up of about 75,000 binary as well as continuous variables, in
addition to gpproximately 84,000 constraints. As a result, it is very difficult to solve
such alarge scale MIP model to optimality.

3.2 Lagrangian relaxation based solution approach

As emphasized in the preceding section, we have a very large scale optimization
model at hand to solve. Because solving such a large model to optimality by using
even powerful commercial solvers such as CPLEX is hopeless, we decided to resort
to a Lagrangian relaxation based approach, which provides not only good feasible

solutions but also lower bounds on the problem (for a minimization problem).

In this section, we first present our Lagrangian relaxation approach. In particular,
we show how to compute lower bounds and good feasible solutions (upper bound)
for the problem. Finally we describe our multiplier updating method which is a

standard subgradient optimization algorithm.

Lagrangian relaxation, a powerful technique for solving integer programming

problems, is to relax hard constraints of an integer program and to insert them into
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the objective function with associated multipliers punishing violations regarding
those constraints (Fisher, 1985). The method provides not only upper bounds but
aso lower bounds for the problem. It iteratively updates multipliers so that the gap
between upper bound and lower bound vanishes and hopefully a good feasible
solution (perhaps optimal solution) as well as atight lower bound is obtained. There
are many successful applications of Lagrangian relaxation to several difficult
problemsin the literature (see e.g., Fisher 1981, 1985).

There are three important questions that must be addressed for a successful
application of Lagrangian relaxation (Fisher, 1985): (i) which congtraint(s) to relax,
(if) how to find a good feasible solution (iii) how to obtain good multipliers. We

shall answer al these questions in the sequel.

Lagrangian relaxation used in this study aimsto relax afew constraints such that the
replenishment problems and the distribution planning problem are separated from
each other. We thus disaggregate the problem of multiple retailers into many single
retailer problems by relaxation. In order to achieve these goals, we relax constraints
(2), (6) and (78) in the model. Multipliers m,a,, and b,, are defined for constraints

(2), (6) and (78) respectively and incorporated into the objective function. The
resulting relaxed problem caled PR is asfollows.

PR:

T % s
Min(]-,)"' a mg?m - Io,t-l' Pt taa intg
t=1 €

TN v=l 2
e 0 .
o (\J/ g Q o] o] - (\J/ g x o o] 9
+ aaamg- ijiw+a7xijw+in++aa bvtg C ijVt +ain;
TN v=1 t=1 8 iiN TN B v=l t=1 N N g
jti i

Subject to (3'), (4), (7b), (8), (9), (10), (11'), (12'), (13'), and (14').
Arranging the terms of the above objective function with respect to variables gives
the following model:
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PR:

Min
g g g g o 9 o g
af01y1+a(h01+m)|01'miloo'amlo,t-l'a mR+aahit|it+aahitSi
t=1 t=1 t=2 t=1 TN t=1 TN t=1
o & g o & & o o § o
raaam+a,+b, Q. +aaad W, +a adaa W
TN v=1 t=1 fIN vl t=1 i N TN V=L t=1
it
o 0o 8 g ( ) o & & ( )
+aaaaaiw'xj|w+xijvt aaabw'xom
TNITN v=1 t=1 N vl t=1

-z

1

Subject to (3'), (4), (7b), (8), (9), (10), (11'), (12), (13'), and (14'). Note that the

third and seventh terms are constant.

The problem PR decomposes into four subproblems, which are as follows:

Supplier’s Order Problem
Supplier’s Inventory Problem
Distribution Problem

w W W W

Retailers Replenishment Problem

and the corresponding Lagrangian dual problem, referred to as LDP, is Max PR.

ma,b

The solution of those four subproblems yields a lower bound to the problem,

denoted by LB. Also, using the information obtained from solving these

subproblems, we can easily congruct feasible solutions (upper bounds) for the

problem. The solution of the Lagrangian dua problem is obtained using standard

subgradient optimization algorithm. These are dl discussed in the following

sections.
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3.2.1 Computation of lower bound
Supplier’s Order Problem (ORDER)

It involves lot-szing and setup variables of the supplier. The subproblem is as

follows:

]
ORDER: Min § (f.Y, - mP)

t=1

st.
P E£M,y, "t 4)
yT{ogr30 "t

The ORDER problem decomposes with respect to time periods, each of which can

be easily solved using simple decision rules. If for any period t, f,,y, - mP, isless
than zero, thenwelet B, = M, and y, =1, otherwise we let both P, and y, be zero.

However, to make ORDER tighter, we propose two valid inequalities given below.

T

T-1
§ é.Pt£é.(Sl_li0+é.dir)_|00 (15)
=1

t=1 N r

t t
§ épr3°§eodit'lio
iiN@r=1

Ot (j mn
ad, > Iioi' oo t (16)
9

r=1

ﬂ
=

The first inequality ensures that total amount of product that can be ordered to the
supplier cannot exceed total of maximum requirements of customers over the
horizon less the beginning inventory level at the supplier. It is easy to show that this

T-1
inequdlity is valid. Note that S - 1, +é d,, is the maximum amount of product
r=1

that can be delivered to retailer i over the horizon. S - 1,, is the replenishment

amount to retailer i in the first period while d; _; is replenishment amount to retailer
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iinperiodt (2Et£T) if adelivery occurs to retailer i in that period. Thus, right
hand side of the first inequality is obtained assuming that the replenishment of all

the retailers occurs in every period.

Second inequality stipulates that total amount of product to be ordered to supplier
up to period t should be at least the total of minimal requirements of retailers less
initial amount at the supplier. Here, minimal requirements of retailers up to period t
is the amount demanded from retailer i up to period t less initial inventory available
at retailer i. If the total of minimal requirements over all retailers up to period t
exceeds the initia inventory level of the supplier, then an amount at least equal to

this difference must be ordered to the supplier up to period t.

Unfortunately, these inequdlities make problem tighter but at the expense of
disrupting the decomposition feature with respect to time periods and converting it
into a mixed integer programming problem. Nevertheless, we are able to solve the
new ORDER problem with commercial solver CPLEX to optimality in a very short

time.

Supplier’s Inventory Problem (SINV)

It consists of only inventory level variables of supplier and there are no constraints
other than nonnegativity congraints. In other words, this is an unconstrained linear

minimization problem, solution of which istrivial. The subproblem is as follows:

T-1

SINV: Min é (hOt +m- m+1)|0t +(hor +m )l - mly,

t=1

I, 20 "t
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This problem further decomposes with respect to time. Solution is trivial and as

follows, giventhat m 3 0.

Fromt=1t0T-1:  If (hy, +m - m.y)3 O, then I, =0 else I, = ¥

Fort=T: I, =0 and the last term is constant

Therefore, welet hy, +m 3 m,, where I, =0 " t inthe optimal solution.

Didribution Problem (DIST)

It involves variables regarding vehicle routes. The following is the distribution
subproblem.

il N v=1 t=1 il N jI N v=1t=1
it

st.
aw,, £1 "t ©)
TN

o o] TN
a Wi = a Wiin 1N, vt ©
N iTN
it jri
X £ KW, "iT N, TN, wt (10)
Xigw =0 "il N,"wt (7b)
X ® 0 “ITNLGT NG vt
\/Vlj\lti {O’]} "i’jA N’il j’" V’t

27



The DIST subproblem is a mixed integer program, which decomposes with respect
to each vehicle and time period. However, decomposed subproblems are ill not
easy to solve, especialy for large instances. In order to make the model tighter, we

add the following valid inequalities.

§ aw,£l "iT Nt (17)
N

§ AW, £aW, "iT N, wt (18)
N N

§ ijVt £ KWOth " Ji N’" V’t (19)

§ Xy E(K- S +1)W,, "i,jT N,"v fort=1 (20)

§ Xy £(K- di )W, "1, i1 N tl {2...,T} (21)

§ Xiu-S £a X "iT N, jT Nt (22)

KI N

kti
ktj

Inequality (17) ensures that only one retailer j (or supplier) can be visited from
retailer i via vehicle v in period t. Constraint (18) states that a visit from retailer i to
aretailer j (or supplier) can only be done if the vehicle v departs from the supplier in
period t. Constraints (19), (20) and (21) are used in place of (10). Congraint (19)
guarantees that if a visit from the supplier to retailer j occurs, distance based
transportation is incurred. Constraints (20) and (21) have the same purpose as (19),
but they are tighter since we deduce the minimum amount that can be delivered to

retailer i in period t, which is S - I, for t=1 and d,,, for t1 {2,..,T}. We

deduce these minimum amounts since we know that if vehicle v visits retailer i
before j, from retailer i to j, it should carry an amount a most capacity of the
vehicle less minimum amount delivered to retailer i. Last inequality (22) is the most
effective among them, which ensures that for each vehicle-period pair (v, t), amount
transported from retailer j to k is at least the amount transported from retailer i to j

less maximum amount that can be delivered to retaler j (S;).
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After adding the valid inequalities, the problem needs more effort to find out the
optimal solution. For instance, our preliminary experiments showed that a problem
with size N=8 and T=5 takes 55 seconds per iteration to solve DIST to optimality,
on average. Given that the problem will be solved in each iteration of the algorithm,
we develop different approaches to solve DIST problem on the basis of time versus
solution quality trade-off. We propose two approaches. First one is to solve the
entire model to optimality, while the second one is to solve LP relaxation of the

model to obtain alower bound to the subproblem.

Retailers' Replenishment Problem (RETAILER)

It comprises variables concerning replenishment amounts to retailers as well as

inventory levels of retailers and is given below.

vV T T
RETAILER Min § § & (m +a;, +by, )Qu + & & !,

il Nv=1t=1 TN t=1
st
3 R
|n:|i,t.1+an' dit "l N," t (31)
v=1
g R
aQut+tli £ "Il N,"t aar)
v=l
g R
4Q.£S7 I (12)
v=l
g R
(S-1,.)-AQuESE-2z) il Nt (13)

v=l
1,301 N,"t;Q,20"i1 N,"wt; 2,1 {04," il N,"t
RETAILER subproblem may seem hard to solve to optimality at first sight because it
is a mixed integer programming problem. However, it decomposes with respect to

retailers (one of our goas at the beginning of relaxation). For each retailer, we
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transform the problem into a shortest path problem for which an exact polynomial
algorithm based on standard dynamic programming (DP) is developed. The
algorithm is described in detail in section 4.2.1.

3.2.2 Computation of upper bound

To construct a feasible solution to the problem IRO, we use the solution obtained
from the RETAILER subproblem. Note that the solution of RETAILER gives the set
of retailers to be visited as well as amounts to be shipped for each vehicle-period

pair (Q,,). The importance of Q,, values is that we are able to construct feasible

tours for each vehicle-period pair and determine amounts ordered to supplier in each

period using these Q,, values. Note that the latter issue is resolved by defining a

Wagner-Whitin type inventory problem for the supplier. Next, we describe the

procedure used to obtain afeasible solution to IRO using Q,, valuesin detail.

Total of the Q., values over i may be infeasible due to the capacity of vehicles. To
cope with such an infeasibility and obtain feasible Q.,, values, alinear programming
mode! (LP) is developed, which reallocates Q, values aready computed (ignoring

vehicle to which the amount assigned) to vehicles taking into account capacities of

Vv
vehicles. Given Q, = é Q.. valuesfor eachi, v, t, the proposed LP is as follows:

v=1
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B 2 0 "il N,vt,
where B, isthe fraction of replenishment size shipped to retailer i viavehicle vin

period t.

The above LP model can also be cast into a transportation model as follows:

vV T
Ming a a (m+a, +b,)U,

TN v=1 t=1
st.
Qu., EK "t
il N
g .
aU, =Q, "11 N,t
v=1
U,30 "il N,vt,

where U, isthe amount shipped to retailer i viavehiclevin period t.

Another way to handle infeasibility with respect to vehicle capacities and obtain
feasible set of retailers to be visited for each vehicle-period pair is to apply
Generalized Assignment Heuristic (GAH) of Fisher and Jaikumar (1981).

Since the set of retailers to be visited for each vehicle-period pair are known (U,

values) and feasible with respect to vehicle' s capacities now, the problem of finding
feasible tours transforms into solving V*T many Traveling Salesman Problems'
(TSPs). We solve a TSP for each vehicle and period pair using the CONCORDE to
find feasible tours. Last action to reach a feasible solution is related to the order
policy of the supplier in that inventory balance at the supplier may not hold dueto a

possible imbalance between ordered amounts and distributed amounts. Given that

" TSPis awell-studied combinatorial optimization problem (see e.q., Lawler et al., 1985), which can
be stated as. Given n nodes and costs of traveling between these nodes, it seeks the least cost tour
subject to visiting al of nodes and returning to the starting base. Despite TSP is known to be an NP-
hard problem, there exists an incredibly efficient solver called CONCORDE
(http://www.tsp.gatech.edu/concorde) that solves moderate size problems very quickly.
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V
é é Q.. , for each t is a demand from supplier, a Wagner-Whitin type inventory
TN v=1

problem (uncapacitated lot-sizing) is defined and solved to decide on how much to
order to the supplier in each period. This problem is solved optimally by using the
Wagner-Whitin algorithm. After performing these steps, we obtain a feasible
solution that is an upper bound to the problem IRO.

3.2.3 Solution of the Lagrangian dual problem

In this section, we describe the subgradient optimization algorithm used to solve
LDP. The following is the step length computation, which together with the gradient

and current values of multipliers determines the new values of multipliers.

« _ a“(UB" - LBY)
denom + denom, + denom,

r

where, r ¥ = Step length in k™ iteration
a* = Scalar in K" iterationwhere 0 £ a* £ 2
UB" = Best known upper bound obtained

LB* = Lagrangian lower bound obtained in k™ iteration

T v
denoml = é (IOtk - IO,t-lk - Ptk +é é inlk)z
t=1

iTN v=1

v T

denom, = é é é (- éﬁxjivtk + éﬁxijvtk +intk)2
iTN v=1 t=1 TN N
1j |1J

]
]

3 3, o k.2 ky2
denO”B:aa('axom +an)

vl t=1  jiIN TN

The new values of multiplies are computed as follows:
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Note that we check if the condition h,, + m 2 m,; holds for newly computed m
values. If that condition does not hold for any m, we modify that m to satisfy the

condition.

3.2.4 An overview of the Lagrangian relaxation based solution approach

In this section, we present the generic LR based solution approach and mention
about variants of LR based solution approach that will be used in computational
study.

The generic LR based solution approach is depicted in the Figure 3.1.

Variants of LR based approach result from different solution procedures applied to
DIST. We propose two ways to solve DIST. First oneisto solve DIST to optimality
using CPLEX, what we refer to as LR1 algorithm. The second one is to solve LP
relaxation of DIST to get alower bound for the DIST using CPLEX and we call this
as LR2 algorithm. Thus, LR1 and LR2 only differ from each other on the solution of
DIST, on the other hand, all other subproblems are solved to optimality as discussed
in this chapter.

In addition, we propose another LR based solution approach, which isto use LR1 or

LR2 within an enumeration tree constructed by forcing each vehicle either to depart
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or stay at the supplier in each period, referred to as the enhanced Lagrangian
relaxation (ELR). This procedure will be discussed in detail in section 5.2.3.

Initialize the LR agorithm:
- Initialize Lagrange mulipliers
-Letk=1

new multipliers

v Y v

ORDER: DISTX: RETAILERK:

Solve by CPLEX Solve by CPLEX Solve by DP

A

Reallocate to
k .
Compute new LB vehidles NO Check if
transportation vehicle capacity,
v model
Is
termination P ¥
criterion
satisfied? Compute new UBK:
YES STOP Solve V*T TSPs
NO by CONCORDE
Update Lagrange multipliers Solve Lot sizing problem
with Subgradient optimization by Wagner-Whitin
k=k+1

Figure 3.1 Flowchart of the generic LR based solution approach
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CHAPTER 4

SINGLE SUPPLIER-SINGLE RETAILER PROBLEM

In this chapter, we address a special case of the problem IRO. A single supplier-
single retailer problem is considered instead of general case of multiple retailers.
Thus, the special problem is to smultaneously determine when to visit the retailer
and the quantity of shipment besides the quantity of product to be ordered to the
supplier in each time period so that sum of fixed order (setup) and inventory holding

costs at the supplier and retailer as well as the transportation cost are minimized.

This problem is important for its own sake and its general (multiple retailer problem
with order-up-to level policy) case. One reason is that vendor managed resupply is
an emerging trend in logistics, as stated in Campbell et al. (1998) and the other is
that a relaxation based solution approach to the multiple retailer problem resultsin
subproblems composed of independent single retailer problems that need to be
solved many times. Therefore, the scope of this chapter is twofold. One is to study
the integrated problem with single supplier and single retailer and the other is to
develop an efficient method for solving the single retailer problem.

In this chapter, we first give a mathematical programming formulation of the
problem and then describe the solution approach proposed. Finally, we conclude the
chapter.

4.1 Formulation of the model

We consider a logistic system in which a single product is delivered from supplier,
denoted by 0, to retailer, denoted by 1, over aset t ={1, 2, ..., T} of discrete time
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periods. Retailer faces deterministic demand d, in each time period t1 t and has a

minimum (maximum) inventory level s (S() of the product. In each time period t,

supplier may place an order of size P, of the product. A fixed cost f, (f,) is

incurred every time t, supplier (retailer) places an order. An inventory holding cost

h, is charged for each unit of product kept at the end of period t at location i

(i=0,1). Shipments from supplier to retailer are made by a vehicle with the capacity
K3 S(- s. There are transportation costs from supplier (retailer) to retailer

(supplier) cy,(cy)- The problem is to find the optimal replenishment policy that

minimizes the total of fixed, inventory holding and transportation costs. It integrates
lot-sizing decisions for supplier and order up-to level replenishment decisions for
retailer and is called integrated lot szing and order-up-to level problem (ILSOP).

Let y, =1 if an order for supplier isgiven in period t1 t and O otherwise. Let I§
and |, be the inventory levels of retailer and supplier a the end of time t,
respectively. The retailer has to be replenished before its inventory level 1§ drops
below the minimum level s. If retailer receives a shipment Q, from supplier in a
period t, its inventory level 1§ is brought up to maximum level S( i.e,
Q =S(- If.,. Let z, =1 if addivery is made to retailer in period tI t and O
otherwise. The beginning inventory levels both at the supplier |,, and at the retailer
I & are known. Below, we present a mixed integer linear programming formulation

adapted from the model of the general case in section 3.1. The model is given in its

smplified form asin section 3.1 and is as fol lows.

ILSOP

Minimize é(fmyt +hylo +hyly, +(f, +Cy +Cp)z +h,9) 1)
Subject to

loe = lori tR - Q "t 2
ly =l +Q, - d, "t 3)
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REM,y, "t 4)

Q-+l . £S "t (11')
Q£ "t (12)
(S- 1es)- Q £5- 2) "t (13)
loo 14 ,P.Q 2 0; v,z 1 {01 "t (14)

Note that we simplified the model as in section 3.1 by making the transformations:

I, =1§-s ad S=S(- s. Again note that we have also deduced the minimum
inventory level of the retailler (s) from its beginning inventory level, i.e,

& - s=1,. Thus, asof now, we do not allow stockout (falling below zero) at the

retailer instead of falling below minimum inventory level (s), since we have

aready allocated the minimum inventory level of the retailer.

We do not explain the objective function and constraints, since they correspond to
the same expressions of general model and have already been explained in section
3.1

The model may seem hard to solve to optimality at first sight. However, in the next
section, we develop a polynomial time algorithm for the exact solution of the
model.

4.2 Solution approach

While working on the general case of the problem (multiple retailers), Bertazzi et al.
(2002) propose an improvement type heuristic in which, they solve single retailer
problems repeatedly. They construct an acyclic network for asingle retailer problem
and solve it to obtain delivery times as well as quantities. We aso transform single
retailer problem into a network problem but our network (presented in section 4.2.1)
is different than that of Bertazzi et al. (2002). In addition to this, we extend the
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single retailer problem to include supplier as well. Below is the solution approach

We propose.

The method proposed for solving ILSOP consists of two stages for a network
representation of the problem. In the first stage, a network representing only the
replenishment of retailer is constructed. In this network, nodes denote inventory
level of retailer at the end of a period and arcs denote amount of product delivered
to the retailer at the beginning of a period. In the second stage, the network is
extended to account for the coordinated replenishment of both supplier and retailer.
In the extended network, nodes denote inventory levels of both supplier and retailer
and arcs denote amounts of product ordered to both supplier and retailer. Thus,
finding shortest path over the extended network yields the optimal solution to
ILSOP.

4.2.1 Replenishment of retailer

As already mentioned, in the first stage only the retailer’s replenishment problem
with order up-to-level inventory policy is considered, ignoring the presence of
supplier. Inother words, the amount of product ordered to (is made available at) the
supplier is taken as a priori assuming that there is sufficient amount of inventory at
the supplier whenever needed. Since it is known that in every period retailer either
places an order that brings its inventory level to S due to the order up-to level
policy or not, it is easy to construct a network to represent the decisions to be made
by the retailer. Werefer to this network as the initial network.

Intheinitial network, we disseminate two arcs from each node where nodes denote
the inventory level of retailer a the end of a period and arcs denote the amount of
product supplied to retailer a the beginning of a period. We let the very first node
represent the initial inventory level of retailer and generate two arcs from that origin

node. The first arc emanating from the origin node indicates that an order
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corresponding to the order up-to amount less the value of origin node is placed and
is connected to the node representing the inventory level at the end of the first
period, which is equa to the order up-to amount less the amount of demand in the
first period. The second arc indicates that no order is placed and enters the other
node where the inventory level equals the initial inventory level less the amount of
demand in the first period. Having two nodes for the first period, we again generate
two arcs from each and connect them to the nodes denoting possible inventory
levels of retailer at the end of second period. This procedure is repeated until

examining all periods of time horizon, so that all possible nodes are generated.

One might expect to have 2" many nodes in the initial network since always two
decisions, to place an order or not, are given at each node. However, this is not the
case because the network constructed has a special feature. First, nodes having
negative inventory levels are not generated since backlogging is not alowed. Next,
arcs, which are disseminated from different origins (nodes) at the same period and
corresponding to order placement, arrive at the same destination (node) at the next
period leading to a network in which the number of nodes of a period is at most one
more than that of previous period. We assume that total demand (d; +d, +...+d7)
is greater than the initial inventory level of retaler to eliminate the trivial case
(placing no order for the retailer is the optimal policy). Due to that assumption the
network, in the worst case in terms of size, will have al the possible nodes
generated by the above described procedure except the node resulting from

deducing the last period’s demand d; from 1,4 - (d; +d, +...+dy_1), @ashownin

dashed linesin Figure 4.1.

In the sequel, we define nodes and arcsformally. Let N, bethe set of nodesand A

be the set of arcs in period t. Then, the set of nodes and arcs can be defined as

follows.

A | 1£ x£T§ and
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N, = [S- 8 dip | LEXEY U fl- 8 dy"t=1,2.,T-1 (23)
T m=1 g T m=1
A ={{OU{S- 1, 3| 1T N frt=22,3,..,T (24)

Note that by above set of nodes N, , we mean only nonnegative nodes but we do not

specify this situation for the sake of easiness of notation. In other words, despite
some of nodes defined by N, may take negative values, they are not valid nodes

and are not included in the set N,. Also, A defines arcs emanating from nodes of

period t-1 in period t, but it does not designate to which nodes these arcs are linked.

Taking the difference between nodes of N, and N,_, and adding the demand at that

period, one can find out to which nodes the arcs are linked.

The number of nodesequals (1 + 2 + 3 + ... + T+1) — 1 = (T+1)(T+2)/2 — 1 and the
number of arcsequals (2+4 + 6 + ... + 2T) — 1 = T(T+1) — 1. Asaresult, the initial
network has O(T?) nodes and arcs. An example network for a four-period time

horizon problem using (23) and (24) is presented in Figure 4.1.

All feasible nodes and arcs are enumerated in the initia network. There is no other

possible node or arc other than those defined by N, and A, because such a case

would violate the order-up-to level policy. Thus, it suffices to consider only the

inventory levels of retailer defined by N, for an optimal solution to the single

retailer problem (initial network).

Finding the minimum cost path on the initial network using standard dynamic

programming approach solves the single retailer problem with order up-to-level

inventory policy in O(T?) time as follows. Let F (1) be the minimum cost of

having an inventory | at the end of periodt, wherel T N, for t=1,2,...,T, and let
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0,(Q,) be the cost of placing an order of size Q,. Note that g,(Q,)
=(f, +c,, tcp) if Q >0 and O otherwise. Let F,(l,,)=0, and for each

t=12..T, wehave
F()=ht +minfF (N +0,(Q) | 1T Ny QT AL "1T N, (25)

Then, the optimal solution is computed from min{ F (1) | 1T N, }

4.2.2 Coordinated supplier and retailer replenishments

In the second stage, we consider the replenishments of supplier and retailer together,
and thus incorporate decisions given at the supplier into the initial network. The
resulting network is called the extended network. In the extended network, anode is
defined by two attributes. The first attribute denotes the ending inventory level of
retailer in the initial network. The second one represents the inventory level of
supplier a the end of a period. It is easy to see that the characteristic of optimal
replenishment policy at the supplier is the same as the well-known Wagner-Whitin
property (Wagner and Whitin, 1958) regardless how the retailer is replenished
because the supplier replenishment problem is equivalent to the uncapacitated lot
szing problem in Wagner and Whitin (1958). In the Wagner-Whitin property, the
amount of product ordered in a period is the sum of demands at a set of future
periods. Similarly, given the demand pattern of retailer over the planning horizon,
which is designated by the arcs of the initial network, the supplier in a period orders
the total amount of retailer’s demands in a set of next periods. Thus, the second
attributes of nodes in the extended network can be constructed using the Wagner-
Whitin property. However, in our case, there is no single realizable demand in a
period, but a set of demands owing to the order up-to level policy employed by the
retailer. Nevertheless, by following paths of the initial network, we can construct

the second attribute of the extended network. We assume | ,, =0 for simplicity, and
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I, =0 without loss of generality. The procedure regarding the extension of the

initial network is as follows. In the first period, we generate T nodes for each node
of initial network, thus having 2T many nodes in total. The first T nodes (the next
T nodes) are constructed by considering an order (no order) is placed by retailer in
period 1. We have T nodes for each node of initial network, because supplier may
place an order size of only first period’s demand, summation of first and second
period’s demand, ..., and summation of al period’s demand of retailer, as stated by
Wagner-Whitin. To illustrate, the amount ordered by the supplier in period 1 can be
S-1,, S(l-d),....,or S(l,- d; - ...- d_,) if an order is placed by retailer in
period 1 and O, S-(l,, - d,), ..., or S-(l,,- d, - ...- d;_;) if no order is placed by
retailer in period 1. In the second period, we generate T - 1 nodes for each node of
initial network, since supplier may place an order size considering the second
period’s demand and the remaining periods demands of retailer using Wagner-

Whitin property. This leads to 3(T - 1) many nodes in the second period of

extended network. This procedure is repeated for all the remaining periods of time
horizon and the nodes of the extended network are constructed accordingly. On the
other hand, al nodes of the extended network are not connected to each other (i.e.,
it is not a complete network). The nodesin period t with second attribute equal to O

are connected to 2(T - t+1) nodes of period t+1, since it is possible for the

supplier to order the sum of demands of a set of future periods (multiple 2 is due to
retailer’s policy of placing order or not). The nodes with second attribute
corresponding to the inventory carried only for the next period’s demand of retailer
are connected to only one node. Finally, the nodes with second attribute
corresponding to the inventory carried for more than the next period’s demand of
retailer are connected to two nodes, because of the retailer’s policy of placing an

order or not in a given period. In the sequel, we define states and arcs formally. Let
NS =(l,,l,) betheset of al nodes of the extended network in period t and A° be

the set of al arcs of the extended network in period t. Then, the set of states and arcs

can be defined as follows.
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Again note that by the above set of nodes N/, we mean only nonnegative nodes.

Here, A° defines just the set of all arcs in period t. Backtracking between nodes of

NS and N¢,, one can find out to which nodes the arcs are linked.

.
For the extended network, the number of nodes equals 1+ é_ [(t +1)(T - t+1)]— 1
t=1

_T3 2 5|— 1
_€+T +F and the number of acs is equa to 2T



T 3 2
+Qt2T-t+D)+2T-t)+1]-1= ZT? +3T7 - % . Hence, the extended network
t=2

has O(T3) nodesand arcsin total. Using (26) and (27), an example network for the

four-period time horizon problem is given in Figure 4.2.

S(1,,d)
l19-dy-d,, S-d,-d.-d,,
1o~ 0 0
S(1,,d,-d,) l,0-d;,-d,-d,,
I10'd1'd2Y o~
lody, S(l,-di-dy) o gt dydyd,
S(lyyd-dyd l190;-0y-dy, T 0. .
-d,-d,, S(1,,-d,-d,-d

llO 1
S(1,,-d,-d,-d

Figure 4.2 Extended network for T=4

Theorem. For an optimum solution to the integrated ot sizing and order up-to-level

problem for a single supplier-single retailer, it suffices to consider only the

inventory levels of both supplier and retailer specified by N/ .

Proof. It will be shown that a state not belonging to N,° cannot be in the optimal

solution. We have already shown that inventory levels specified by N, constitute all
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possible states for the retailer. Thus, considering only inventory levels of supplier
given that of retailer is adequate to make the proof.

Let X, =(S-d,,d, +1) be astate in period 1, which is constructed by ordering an
amount only one unit greater than the sum of demands of retailer in periods 1 and 2.
That is, X, does not satisfy Wagner-Whitin property. Then there are two cases to

consider:

Casel: Suppose that an order for supplier is placed in period 2. Assuming that each
gate in N5 has a known minimum cost path over the network defined by N
(2£t£T), apath from X, to any state T NS is more costly than a path from at
least one state T NS to the same statein NS asfrom X,. Toillugtrate, Cost (NS ®
X, ® (S-d,,d,)) is higher thanCost (N; ® (S-d,,0) ® (S-d,,d,)). If we

generalize, ordering just the amount demanded in a period is always less costly than

ordering more than the sum of a set of future demandsin this case.

Case 2: Suppose that no order for supplier is placed in period 2. Let X, =(S- d,.])

beadatel N; and assume that each state in N5 has a known minimum cost path
over the network defined by NF (2£t £T). Then, it will be sufficient to show that
apath from X, to X, is more costly than a path from at least one state T N7 to a
gael N3, assuming minimum cost path from X, to the end of network is known.
For instance, Cost (N; ® X, ® X,) is higher than Cost (N, ® (S- d,,d,) ®

(S- d,,0)), because it is shown above in case 1 that there is always a path from a
gatel NS cheaper than the path from a state (like X, ) not conforming to Wagner-

Whitin property.

The sameideais aso valid for other periods. Hence, this completes our proof.
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It follows that the minimum cost path on the extended network can be found using

standard dynamic programming approach in O(T®) time as follows. Let

F,(l,,,0)=0.Foreacht=12,..T,wehave (I, 1,)T Nfand

F.(l,,1,) =h,l, +hyl,

+minfF, (1,70 + 6, QR | (o)1 NEs QAT A (29)
where F,(1,.1,) isthe minimum cost of having an inventory |, &t the retailer and
I, a the supplier at the end of period t, and g, (Q,,F,) isthe cost of placing an order
of sze Q, for retailler and P, for supplier. If Q, >0, g, involves a cost term
(f, +¢cy +Cy), O otherwise. If B >0, g, aso involves a cost teem f,, O

otherwise.

Then the optimal solution value to ILSOP is min{ Fr (11,10) | (11,10)1 Ny }

4.3 Conclusion

In this chapter, we considered a logistics system, consisting of a supplier and a
retailer employing order up-to level inventory policy over multiple periods. We
developed a mixed integer linear programming model and proposed a polynomial
time solution method both for the single-retailer problem and for the single supplier-

single retailer problem.

The initial network represents not only a first step towards constructing the full
network to solve ILSOP, but also the problem arises as a subproblem in arelaxation

based solution of the multiple retailer problem. Thus, solving initial network in
O(T?) isimportant since it will be encountered in every iteration of the relaxation

algorithm. Furthermore, as stated by Campbell et d. (1998), single retailer analysis

is also valid for the case of multiple retailers provided that a vehicle serves only one
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retailer on atrip (direct delivery) and there is enough number of vehiclesto serve all
the retailersin a given period.
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CHAPTER 5

COMPUTATIONAL RESULTS

In this chapter, we present our computational study performed by the Lagrangian
relaxation (LR) based solution approach on test instances taken from literature. We
first describe our computational framework. Then, we provide some preliminary
results on small instances in three phases. Lastly, we present further experiments on

large instances and discuss the results.

5.1 Computational framework

There are four phases of our experimentation, first three of which are based on
different implementations of LR based solution approach and the last one being the

benchmarking phase on large instances.

These phases are as follows:

1. Solving all the subproblems to optimality in the LR based solution approach.
Thisimplementation is called LR1.

2. Instead of solving the DIST subproblem to optimality, generating a lower
bound by using the LP relaxation solution of the DIST. Other subproblems are
solved to optimality. Thisimplementationis called LR2.

3. Implementing an enhanced LR algorithm under the best settings as obtained
from phases one and two (ELR).

4. Benchmarking on large instances using all the LR based approaches in their
best settings.
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In phase 1, we conduct some preliminary experiments in order to examine the
behavior and determine the parameters of the LR based approach. For this purpose,
we run the algorithm LR1 for 100 iterations and implement three settings for the
scalar of the subgradient optimization algorithm, which are to divide scaar a (i) by
1.005 per iteration, (ii) by 2 per 30 consecutive non-improving iterations and (iii) by
2 per 10 consecutive non-improving iterations. Thus, we determine the best setting

for scalar a as well as convergence point (no. of iterations) of LR1 in phasel.

Phase 2 is very similar to phase 1 in that we perform the experiments under the
same settings with the same purposes as in phase 1 except that we do not solve
DIST subproblem to optimality but generate a lower bound on it. Solving the DIST
subproblem to optimality would be very time consuming in large instances, and thus
impractical. For this reason, we implement a variant of LR1, in which we solve LP
relaxation of DIST subproblem to generate a lower bound in a short time. We refer
to thisLR variant as LR2.

In the third phase, we implement enhanced versions of LR1 and LR2 under best
settings obtained in the first two phases, what we refer to as ELR1 and ELR2,
respectively. Our aim in applying ELR1 and ELR2 isto get both better upper bounds
and tighter lower bounds. The enhanced LR approach will be described in detail in

section 5.2.3. In this phase, we conduct the same experiments as in phase 1 and 2.

In the last phase, for benchmarking, we compare our LR based agorithms with the
exact solution of IRO using CPLEX and two intuitive heuristics on large instances.
These two intuitive heuristics, called Every and Latest, are proposed by Bertazzi et
a. (2002). Asthe names imply, Every heuristic replenishes retailersin every period,
while Latest heuristic replenishes each retailer at the last possible period, thet is one
period after which retailer stock outs. In addition, for Every, one TSP is solved
(using CONCORDE) to find the optimal sequence of retailers, which is the same for
each period, whereas T many TSPs are solved (using CONCORDE) to find optimal

sequence of retailers to be visited in each period in Latest. However, since our
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decision context includes order policy of the supplier as well, we modified these
heuristics such that for both of them an uncapacitated lot-sizing problem is solved
by means of Wagner-Whitin algorithm considering replenishment amounts to
retailers as demands of supplier, in addition to their original form. We use modified
ones when conducting experiments on our problem. These two heuristics are used in
comparison, because even finding a feasible solution is very difficult for large
instances let alone finding the optimal solution despite using a powerful solver,

CPLEX. Thus, we aim at constructing a comparison base by using these heuristics.

For the easiness of presentation, we use the notation ‘Name(a/b, n)’ to represent the
agorithms. Here, ‘Name' denotes the name of the algorithm used. The expressions
in brackets denote the setting used for subgradient optimization. For instance,
LR1(a/2, 30) means we use LR1 implementation of the LR based approach, in

which scalar ais halved every 30 consecutive non-improving iterations.

The initial value of subgradient optimization scalar (a) is taken as two in all of the
experiments. Also, we let all the Lagrange multipliers be nonnegative although they

are originally unrestricted in sign due to corresponding equality expressions.

All the algorithms are coded in C. However, for the solution of LP problems (or LP
relaxations) as well as MIP problems, Callable Library of CPLEX 8.1 is embedded
into the C code. Furthermore, CONCORDE is called from the C code for solving
TSPs. All the experiments are conducted on Pentium IV 1.6 GHz CPU PCs with
256 MB RAM.

Basic Test Instances

All test instances used in this study are taken from the literature, which are
developed by Bertazzi et al. (2002).
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The test instances generated by Bertazzi et a. (2002) have the following

characteristics.

w wu W w

Number of retailers (N) : 50
Time horizon (T): 30
Number of vehicles: single

Amount of product demanded from retailer i at timet (d,,): Constant over time
(i.,e, d, =d;," t). Randomly generated as an integer from theinterval [10, 100].

Amount of product shipped to supplier a timet (r,,): r,, = é d,

il N
Minimum inventory level at retailer i (s): Randomly generated as an integer
from the interval [50, 150] :

Maximum inventory level at retailer i (S():s +d,g;. g, israndomly selected
from the set {2,3,5,6,10,15,30}, which represents the number of time units

required to use up the amount S¢- s,.

Beginning inventory level at the supplier (1,,): é d,

TN
Beginning inventory level at retailer (1,,): S(- d,
Inventory holding cost at the supplier (h,): 0.3, 0.8
Inventory holding cost at retailer i (h,): Randomly generated from the intervals

[0.1,0.5] and [0.6,1].

Transportation cost (c; ): 'EI\/(xi - %)+ (Y - yj)zf,where coordinates xi, X;, Vi
and y; are randomly generated as an integer from the interval [0,500] and from

the interval [O, 1000] :

Note that although there are several vehicle capacity levels in the original instances

of Bertazzi et a. (2002), we removed them since we take the vehicle capacity
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aufficiently large (K = é S ), i.e., uncapacitated, in our setting. As Bertazzi et al.

iTN

(2002), we assume single vehicle.

Bertazzi et al. (2002) have randomly generated 10 test instances for each

combination of the three parameters hy,h and c; (which makes eight combinations

in total). Thus, there are totally 80 instances. These instances are numbered

according to their characteristics as follows.

Characteristics of the basic test instances:

Gj h; ho I nstance No.
[0.6, 1] 0.3 1-10
[0, 500] 0.8 11-20
[0.1, 0.5] 0.3 21-30
0.8 31-40
[0.6, 1] 0.3 41-50
[0, 1000] 0.8 51-60
[0.1, 0.5] 0.3 61-70
0.8 71-80

Instances generated by Bertazzi et al. (2002) are taken almost as they are. We
eliminated the vehicle capacity data, but added fixed order as well as fixed vehicle
dispatching cost data to the instances to make them appropriate for use in our
context. In rest of the chapter, we will explain modifications we perform to the
instances generated by Bertazzi et al. (2002) whenever necessary.

5.2 Preliminary experiments

This section includes first three phases of computational experiments, respectively.

Next, test instances used in these phases are described.
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Test instances for thefirst three phases

From the basic test instances described in section 5.1, we have derived 18 test
problems with eight retailers and five periods for experimentation. Eight retailers
selected among others (50 retailers) are the first eight retailers that require at least
one replenishment during the 5-period time horizon. The other modifications are as

follows.

For the 18 instances, the following data are added.
§ Fixed order cost ( f,,): g hyd,

N

§ Fixed vehicle dispatching cost ( f,):

0 é hd; (for thefirgt six instances)

N

o 08* é hd; (for the second six instances)
TN

o 0.2* é hd; (for the last six instances)

N

First six instances are derived from basic test instances 1, 2, 19, 28, 31 and 32,
while the second six instances are derived from basic test instances 3, 8, 15, 24, 36
and 37, but with less dispatching cost compared to first six instances. On the other
hand, the last six instances are the same as the second six instances but with
substantially less dispatching cost relative to the second six instances. By
convention, we name the first 12 instances using a prefix “pre” and the last six
instances using “npre’ to distinguish between the second six instances and the last

9X instances.

In the following, we give the set of measures that we use for determining the

behavior and performance of algorithms in three phases of our computations.
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Performance Measures

8 9% UL: The percentage gap between the best feasible solution (UB) and the best
lower bound (LB), i.e. %(UB-LB)/LB.

8 %UO: The percentage gap between the best feasible solution (UB) and the
optimal solution value (Opt), i.e. %(UB-Opt)/Opt.

8 %LO: The percentage gap between the best lower bound (LB) and the optimal
solution value (Opt), i.e. %(Opt-LB)/Opt.

8 % IGAP: The percentage gap between the optimal solution value (Opt) and the
solution value of the LP relaxation of the IRO (LPR), i.e. %(Opt-LPR)/Opt.

8 %lLatest: The percentage gap between the solution value found by Latest
heuristic (Latest) and the best feasible solution (UB), i.e. %(Latest-UB)/UB.

8 %Every: The percentage gap between the solution value found by Every
heuristic (Every) and the best feasible solution (UB), i.e. %(Every-UB)/UB.

§ CPU x: CPU time in seconds to solve x, where x may be LR1, LR2, ELR1,
ELR2, LPR (LPrelaxation of IRO) aswell as Opt (Optimal solution of IRO).

5.2.1Phasel

Inthis phase, LR1 algorithm is run for 100 iterations. For terminating the algorithm,
we selected only one criterion (i.e., 100 iterations) but not any other criterion. This
is because we just wanted to see when the algorithm converges. As already
discussed three settings are tried for subgradient optimization scalar a: a/1.005; a/2,
30; a/2, 10.

The results for these settings as well as per iteration CPU times in seconds are
provided in Table 5.1. According to the results, halving scalar after 30 consecutive
non-improving iterations yields the best results in all of the measures considered.
The gap between the best upper bound and best lower bound (%UL) is not
satisfactory but as the %UO column indicates our LR1(a/2, 30) algorithm was able
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to find very good upper bounds. On average, percent deviation between best upper
bound and the optimal solution vaue is %0.84 and the algorithm could find the
optimal solution in 10 instances out of 16, which are indeed very good results. It is
aso observed from Table 5.1 that lower bounds found by the algorithm are not tight
enough and lead to high %ULs. Nevertheless, lower bounds obtained are far better
than LP relaxation values of the integrated original model as indicated by %L O and
%IGAP columns. Moreover, results indicate that total CPU times are intolerably
high for this algorithm to run. Although we could let the algorithm run for a less
number of iterations (so less CPU time) since it converges long before reaching 100
iterations, CPU times are till very high even for such small instances. See Figure
5.1 for atypical convergence graph using LR1(a/2, 30) for pre3 and Figure 5.2 for a
typical graph depicting relationship between CPU time and number of iterations.
For LR1(a/2, 30) (best implementation of LR1), the figures regarding convergence

for al instances are given in Appendix B.

Table5.1 Resultsfor LR1 under different settings

LRI (a/1.005) LRI1(a/2, 30) LRL(a/2, 10)

%IGAP] CPU| %L0O] %UO[%UL] cPU| %LO] %U0] %UL] CcPU| %LO] %UO]%UL] CcPU

prel 4657 1263] 22.95] 2.11] 32.53] 41.28] 18.91] 2.11] 25.92] 63.84] 21.86] 2.11] 30.67] 86.18
pre2 47.36] 78] 21.77] 6.08] 35.59] 59.08 17.78] 2.82] 25.06] _ 67] 21.76] 6.08] 35.58] 5L.14
prel9 75.33]  973| 22.57] 0.00] 29.14] 74.86] 19.79] 0.00| 24.67] 8152] 21.31] 0.00] 27.08] 834
pre2s 60.01] 1833 29.25] 0.03] 41.38] 64.63] 27.13] 0.03] 37.28] 58.81] 33.20] 0.03] 49.75| 46.66
presl 57.64] 1084] 35.95] 3.06] 60.91] 22.15| 30.50] 0.79] 45.02] 28.05] 32.01] 3.06] 51.57] 41.94
pres2 63.16] 63| 30.03] 0.00] 42.93] 169.72] 25.19] 0.00] 33.68| 175.84] 32.59] 1.39] 50.41] 129.99
Average| 5349 883| 27.00] 188| 4041 72.10| 23.22] 0.06| 31.94] 79.18| 27.12] 2.11| 40.84] 73.22
pre3 70.86] 23] 14.36] 0.00] 16.76] 103.53| 14.08] 0.00] 16.38] 112.7] 16.32] 0.00] 1951 73.62
pres 28,71 468| 21.44] 0.00] 27.29] 77.23| 18.77] 0.00] 23.10] 72.29] 21.37] 0.00] 27.18] 72.03
prels 26.41] 1421] 27.21] 0.67] 38.30] 29.21] 25.67] 0.67] 35.43] 35.89] 26.42] 0.67] 36.81] 30.05
preza 54.80] 159 35.61] 0.00] 55.31] 21.46| 28.36] 0.00] 39.58] 29.6] 29.53] 0.00] 41.90] 22.37
press 60.39| 74550 37.17] 1.19] 61.04] 32.27] 35.16] 0.00] 54.22] 38.48] 34.30] 0.00] 52.22] 28.41
pres7 5351 357| 33.11] 4.05| 55.71] 22.49| 32.42] 3.89| 53.73| 20.19| 32.14] 3.80| 53.08| 22.46
Average| 50.78| 12830] 28.15] 1.00| 42.40| 47.70| 25.74] 0.76] 37.07] 5L52] 26.68] 0.76| 38.45] 4149
npre3 38.40] 13| 10.87] 0.00] 12.20] 64.65| 10.89] 0.00] 12.22] 66.54] 12.50] 0.00] 14.28] 36.65
hpres 47.54]  680] 18.99] 0.00] 23.44] 66.59] 17.22] 0.00] 20.80] 58.40] 19.41] 0.00] 24.09] 49.56
nprels | 43.84] 22889 27.52] 0.72] 38.96] 24.36] 23.26] 0.72] 31.25| 29.14] 24.87] 0.72] 34.06] 30.19
nprez4 | 55.00]  625] 32.98] 0.00] 49.22] 22.22] 27.99] 0.00] 38.88] 21.33] 29.16] 0.00] 41.16] 23.07
npre36 |  59.70] 14753 38.14] 0.00] 61.66] 29.72] 37.10] 0.00] 58.98] 34.84] 33.73] 0.00] 50.89| 28.28
npre37 | 5L07| 342 30.33] 4.35| 49.78| 20.11] 30.15| 4.08| 49.00| 2157] 31.15| 4.35| 51.56] 21.80
Average| 4941 6550 26.47] 0.84] 30.21| 37.04] 24.44] 0.80] 35.19] 38.64| 25.14] 0.84] 36.01] 3159
Overall | 51.23| 6754] 27.24] 1.24] 40.68| 52.58| 24.47| 0.84] 34.73| 56.45] 26.31] 1.24| 38.43| 48.77
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From Figure 5.2, it can be said that one iteration of LR1 takes approximately 110
seconds and for these test instances, the algorithm can halt after 40 iterations.

As aresult, we decided to apply LR2 algorithm in which we solve LP relaxation of
DIST subproblem to obtain a lower bound on that subproblem and all the other

subproblems to optimality. In the following section, we present LR2 algorithm.

pre3
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Figure 5.1 Bounds versus number of iterations graph for LR1(a/2, 30)
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Figure 5.2 CPU time versus number of iterations graph for LR1(a/2, 30)

57



5.2.2 Phase?2

LR2 agorithm is also run for 100 iterations for the same reasons stated above. The
same settings are tried for subgradient optimization constant a: a/1.005; a/2, 30; a/2,
10.

The results for these settings and total CPU times in seconds are provided in Table
5.2. Based on the results, we can easily say that halving scalar after 10 consecutive
non-improving iterations gives the best results in al of the measures, which is a
different result than LR1 algorithm. In addition, this time CPU times are reasonably
small. On the other hand, results in al of the measures deteriorated compared to
LR1 as expected. For some ingtances, like pre24 and npre24 percent deviations of
the upper bound from optimum are relatively high, %17.28 and %16.5, respectively,
for the case (a/2, 10). Nonetheless, upper bounds obtained by LR2(a/2, 10) are ill
good; about %4 deviation from optimum on the average. We plot upper and lower
bounds obtained in each iteration versus number of iterations for our instances to
investigate convergence of LR2. Here, we only provide one typical figure (Figure
5.3) obtained on an instance (pre3). The figures for other instances can be seen in
Appendix C. Figure 5.3 indicates that much less than 100 iterations are sufficient

for the algorithm to converge.

These experiments indicate that there is a strong tradeoff between better bounds
(upper or lower) and the effort to find out them. Keeping in mind this result, we
consider how to improve both LR1 and LR2 to obtain better bounds in the next

section.

58



Table 5.2 Results for LR2 under different settings

LR2 (a/1.005) LR2(a/2, 30) LR2 (a/2, 10)
%IGAP] cPU[ %LO] %Uo] %uL]cPuU] %LO] %UO] %wuL]cPu] %LO] %UO] %uL]cPU
prel 46.57] 1263 42.37] 2.11] 77.18] 76| 38.66] 2.11] 66.48] 81] 37.11] 2.11] 62.35] 72
pre2 47.36) 78| 44.07] 7.80] 92.72] 68| 40.62] 7.80] 8154] 67| 3849 7.80] 75.24] 72
prel9 4533 973 42.57] 0.00] 74.12] 76| 4059 0.00] 68.32] 80| 37.33] 0.00] 59.57] 80
pre2s8 60.91] 1838] 64.84] 1.43] 18848 74| 61.72] 0.03] 161.34] 76] 56.99] 0.03] 132.55] 74
pre3l 57.64] 1084] 58.86] 7.60] 161.51] 71| 54.64] 3.65] 128.51] 78] 52.45] 3.65] 117.97] 69
pre32 63.16 63| 68.02] 12.04] 250.37] 70| 61.65| 12.01] 192.10] 67| 58.97] 12.01] 172.99] 77
Average] 53.49] 883[ 53.45] 5.16] 140.73] 73| 49.65] 4.27] 116.38] 75| 46.89] 4.27] 103.45] 74
pre3 40.86 23] 35.00] 0.00] 53.84] 36| 33.04] 0.00] 49.35] 30] 30.17] 0.00] 4321 39
pres 4871 468| 46.46] 0.00] 86.78] 74| 42.09] 0.00] 72.68] 64] 4054 0.00] 68.17] 70
prels 4641 1421] 43.99] 0.67] 79.75] 53| 40.72] 0.67] 69.82] 47| 39.11] 0.67] 6533 52
pre24 54.80] 159] 65.52] 19.78] 247.40] 72| 56.99] 19.06] 176.80] 76| 50.38] 17.28] 136.34] 75
pre36 60.39] 74550 57.96] 1.19] 140.70] 69| 56.40] 1.19] 132.08] 65 54.14] 1.19] 120.66] 74
pre37 5351 357| 50.82] 4.81] 11311 53| 48.23] 4.81] 102.46] 48] 46.95] 4.81] 9759 53
Average] 50.78] 12830 49.96] 4.41] 120.26] 60| 46.24] 4.29] 10053] 55| 43.55] 3.99] 8855 61
npre3 38.40) 13[ 31.01] 0.00] 44.95] 63 27.30] 0.00] 37.54] 53] 26.82] 0.00] 36.64] 47
npres 4754 680] 42.89] 0.99] 76.83] 125] 40.17] 0.00] 67.14] 121] 38.82] 153 65.94] 102
nprels 43.84] 22889 40.00] 0.72] 67.87] 103] 37.95] 0.72] 62.32] 86] 36.02] 0.72] 57.43] 73
npre24 55.00] 625 64.70] 17.58] 233.06] 145| 50.47] 16.50] 135.22] 123] 50.47] 16.50] 135.22] 119
npre36 59.70] 14753 60.04] 1.24] 153.36] 126] 55.47] 1.24] 127.34] 125] 53.20] 1.24] 116.32] 104
npre37 5197 342| 49.77] 456] 108.16] 97| 46.26] 4.57] 9458 95| 4500 457 90.46] 81
Average] 49.41] 6550 48.07] 4.18] 114.04] 110] 42.94] 3.84] 87.36] 101] 41.74] 4.09] 8367 88
Overall 5123 6754 50.49] 458 125.01] 81| 46.28] 4.13] 101.42] 77] 44.06] 4.12] 91.89] 74
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Figure 5.3 Bounds versus number of iterations graph for LR2(a/2, 10)
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5.2.3 Phase3

In this section, we shall first describe our enhanced LR based solution approach in
detail. Our enhancement is based on the fact that there is no enforcement for the
vehicle to depart from the supplier in the DIST subproblem. Consequently, we
construct an enumeration tree, at which we force the vehicle either to depart or stay
at the supplier in each period to obtain stronger results. In other words, we
disseminate two arcs from each node of the tree corresponding to departure and stay
of the vehicle in a given period, respectively. Disseminating two arcs from each
node leads to an enumeration tree with at most 2™ - 1many nodes. To force the
vehicle either to depart or stay at the supplier in each period, we make the congtraint
related to vehicle departure in that period in DIST subproblem equal to either one or
zero, respectively. If we let the vehicle to stay at the supplier in a given period, we
do not alow replenishment of any retailer in the RETAILER subproblem in that
period, which may cause stockout a some of the retailers and thus, pruning of some
of the nodes in the tree due to infeasibility. Moreover, by running the LR agorithm
on a given node of the tree, one obtains both an upper bound and a lower bound,
which can then be used to fathom other nodes if the lower bounds on the nodes are
higher than the best known upper bound like in the well-known Branch-and Bound
technique, which is widely used for discrete optimization problems. This approach,
however, does not work very well here since the LR hardly generates tight lower
bounds. For this reason, we let the algorithm only work on each of the feasible
nodes of the last level of the tree and take the smallest upper and lower bounds

generated on these nodes.

The enumeration tree for an instance with time horizon of three periods is given in
Figure 5.4. In this figure, two nodes are designated as infeasible. For instance, the
node designated as infeasible in the second level as well as nodes originated from
that node are fathomed because at least one retailer stocks out if no replenishment

occurs in the first two periods in the instance concerned. As a result, our LR based
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approach is only implemented on five feasible nodes (leaves) of the last level of the

example tree.

As already mentioned, we implement LR1 and LR2 agorithms on the enumeration
tree, what we refer to as ELR1 and ELR2, respectively. We let the ELR agorithms
to perform five iterations on each feasible node of the last level of the tree. We
make five iterations because more would cause excessively high computation times,
particularly in large instances. Also, we do not change the value of subgradient

optimization constant.

t=1 0 1
t=2 0 1 0 1
infeasible
infeasible

Figure 5.4 An example enumeration tree for an instance with T = 3

The results as well as CPU times in seconds for ELR1 and ELR2 agorithms are
given in Table 5.3. Results indicate that our enhanced versions, ELR1 and ELR2,
generates better upper bounds (shown by %UO column) than their standard
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versions, LR1 and LR2, on average. It seems that enhanced versions improved upper
bounds more than they did for the lower bounds. In other words, LR1 is till better
than ELR1 with regard to %L O and %UL measures while ELR2 does better than
LR2 in all of measures considered. One reason for ELR agorithms to improve more
upper bounds than lower bounds could be related with the few iterations performed
in each node. Table 5.3 aso shows that performance measures are amost the same
for ELR1 and ELRZ2; i.e., ELR1 and ELR2 are aimost indifferent for these 18 test
instances. Therefore, we are going to use only ELR2 in large test instances, which is

the faster one.

Table 5.3 Results for ELR algorithms under different settings

ELR1 ELR2

%IGAP| CPU| %LO| %UO| %UL|CPU| %LO| %UO] % UL||CPU
prel 46.57] 1263] 25.31] 0.95] 35.15] 550 27.71] 0.95] 39.65] 65
pre2 47.36 78] 30.83] 0.00] 44.57] 737] 30.83] 0.00] 44.57] 64
prel9 45.33] 973] 28.96] 0.00] 40.77{1158] 29.66] 0.00{ 42.17] 67
pre28 60.91] 1838] 50.26] 0.03]101.12] 666] 50.34] 0.03]101.41] 65
pre3l 57.64] 1084| 46.48] 0.79] 88.31] 668| 47.34] 0.79] 91.40] 66
pre32 63.16 63| 54.55| 0.00]120.03] 1694| 59.23] 0.00]145.31] 66
Average 53.49] 883| 39.40| 0.29] 71.66| 912| 40.85| 0.29] 77.42] 66
pre3 40.86 23] 15.47] 0.00] 18.31] 624] 21.53] 0.00] 27.44] 45
pres 48.71] 468 31.94] 0.00] 46.94] 689 33.94f 0.00{ 51.37] 63
prel5 46.41] 1421) 23.04] 0.32] 30.36] 899 23.04f 0.32] 30.36] 55
pre24 54.80] 159| 55.82| 0.00]126.34] 827] 55.82] 0.00]126.34] 68
pre36 60.39] 74550f 42.82| 0.47] 75.69] 604] 42.82] 0.47] 75.69] 65
pre37 5351] 357 33.51| 4.35] 56.94| 480| 33.51| 4.81| 57.64] 54
Average 50.78| 12830f 33.77] 0.86] 59.10] 687| 35.11| 0.93] 61.47] 58
npre3 38.40 13] 16.77f 0.00] 20.15] 655] 23.34] 0.00{ 30.44] 47
npres 4754 680] 34.09] 0.00] 51.73] 708] 36.22] 0.00] 56.80] 64
nprels 43.84| 22889] 24.69] 0.72] 33.73] 924] 24.69] 0.72] 33.73] 55
nprez4 55.00] 625 58.35| 0.00]140.08] 836] 58.35] 0.00)140.08] 67
npre36 59.70] 14753| 43.22] 1.24] 78.29] 611] 43.22] 1.24] 7829] 63
npre37 51.97| 342| 35.14| 4.56] 61.22| 482| 35.14] 4.57] 61.24] 53
Average 49.41| 6550] 35.38] 1.09] 64.20] 703| 36.83] 1.09| 66.76] 58
Overall 51.23] 6754] 36.18] 0.75] 64.99] 767| 37.60] 0.77] 68.55] 61

Lastly, in this section, we present results regarding Every and Latest heuristics with
respect to LR1, LR2, ELR1 and ELR2 under their best settings in Table 5.4. We do
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not need these heuristics' results in that stage since we know the optimal solutions
of the instances for benchmarking of our LR based approaches. However, we will
need these heuristics when experimenting with large instances and it will be more
clear why we implemented these heuristics to the preliminary instances when we
come to experiments with large instances. Table 5.4 shows that Every heuristic
performs very poorly compared to al LR based gpproaches, being over %100
distant from the best upper bound obtained by LR based gpproaches, on average.
Latest heuristic, on the other hand, generates results far better than Every. However,
again our LR based procedures perform significantly better than Latest, on average.
We did not report CPU times for Every and Latest since CPU times for both

heuristics are well under one second for all the instances considered.

Table 5.4 Results for Every and Latest heuristics with respect to our LR algorithms

Y% Every %YoL atest

LR1(a/2,30)| LR2(a/2,10) | ELR1 | ELR2 | LR1(a/2,30) | LR2(a/2, 10) |ELR1|ELR2
prel 59.75 59.75] 61.60] 61.60 9.59 9.59] 10.85] 10.85
pre2 60.42) 53.02] 64.95| 64.95 5.24) 0.39] 8.22] 8.22
prel9 61.95) 61.95] 61.95| 61.95 11.90, 11.90] 11.90] 11.90
pre28 189.46] 189.46] 189.46] 189.46 12.83 12.83] 12.83] 12.83
pre3l 129.36] 123.04] 129.36] 129.36 20.94 17.61] 20.94| 20.94
pre32 138.94] 113.33] 138.94| 138.94 19.14] 6.37| 19.14| 19.14
Average 106.65 100.09| 107.71| 107.71 13.27 9.78| 13.98| 13.98
pre3 102.50] 102.50] 102.50] 102.50 7.36 7.36] 7.36] 7.36
pred 85.50 85.50] 85.50] 85.50 7.30) 7.30] 7.30] 7.30
prel5 69.49 69.49] 70.09] 69.49 12.69 12.69| 13.09] 13.09
pre24 147.49 111.02] 147.49] 147.49 30.99 11.69| 30.99] 30.99
pre36 171.88, 168.68| 170.61] 170.61 22.14) 20.70] 21.57| 21.57
pre37 172.29 169.89| 171.09| 169.89 15.31 14.29| 14.80| 14.29
Average 124.86 117.85| 124.55| 124.25 15.96 12.34] 15.85| 15.77
npre3 119.50] 119.50] 119.50] 119.50 5.18] 5.18] 5.18] 5.18
npres 97.99 95.00] 97.99| 97.99 5.54] 395 554 554
nprel5 81.49 8149] 8149 8149 11.23 11.23] 11.23] 11.23
npre24 153.40, 117.52] 153.40] 153.40 29.34 11.02] 29.34] 29.34
npre36 183.34] 179.87] 179.87] 179.87 21.67| 20.18] 20.18| 20.18
npre37 185.04] 183.68| 183.72| 183.68 14.47| 13.92| 13.94] 13.92
Average 136.79 129.51| 135.99| 135.99 14.57 10.91| 14.23| 14.23
Overall 122.77| 115.82| 122.75| 122.65 14.60 11.01| 14.69| 14.66
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5.3 Further experiments

This section involves the last phase of our experimentation described at the
beginning of the chapter. In this section, we present the results obtained by solving
large test instances with N=50 and T=30. We first give the experimental settings
used, and then the computational results.

5.3.1 Experimental settings

In this part, we use 80 test instances as described in section 5.1. However, for the
instances at hand, the following data are added.

§ Fixed order cost ( f,): g hyd,

N

8 Fixed vehicle dispatching cost ( f,)
o 08§ hd,

i N

o 02*§ hd,

N

The instances with high fixed vehicle dispatching cost ( f,) are named with a prefix
“H” (e.g. H1, H2, etc.) while those with low fixed vehicle dispatching cost ( f,) are
named with aprefix “L” (e.g. L1, L2, etc.).

Since we know that LR1 algorithm is not a viable option in terms of computation
time for such large instances (50 retailers and 30 periods), we only use LR2
algorithm besides ELR2 algorithm. Remember that, in the preliminary experiments
section, we have fixed total number of iterations to 100 and halve subgradient
optimization constant after 10 consecutive non-improving iterations for LR2
algorithm. Now, we select 50 iterations as a termination criterion for LR2 because

we have seen that the convergence of the algorithm to alocal solution does not take
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much iterations in our preliminary experiments. Furthermore, since the enumeration
tree gets intractably larger as the number of periods increases, we enumerate only
the first six periods of the planning horizon for the enhanced version of LR2
(ELR2). We let the ELR2 to perform five iterations on each feasible node of the last
level of the tree. We aso tried another version of ELR2 agorithm, in which all
possible combinations of five periods selected with almost equally distant from each
other (i.e., periods 1, 8, 15, 22 and 30) are enumerated. However, we did not report
them since the results (CPU times) are considerably worse than (longer than) those

of ELR2 agorithm with enumerating only the first six periods.

5.3.1 Experimental results

In this section, we present the run results as to the above described algorithms and
sttings. In the following, we give the set of extra measures that we use for

determining the performance of agorithms.

The measures defined in section 5.2 are used in this part, as well. However, we
consider the following measure in addition to those defined in section 5.2.

8 %LLPR: The percentage gap between the best lower bound (LB) found by the
LR based agorithm and the LP relaxation value (LPR) of IRO, i.e. %(LB-
LPR)/LB.

Computational results for instances with high f, and low f, are averaged over 10
instances with respect to each combination of parameters (c;, h, h,) and presented

in Tables 5.5 and 5.6, respectively. We did not report any result regarding the
feasible solution of IRO with CPLEX in the tables because CPLEX could not
achieve to find even a feasible solution for any of the instances at hand within the
two hour time limit. This also shows the difficulty of the problem we are dealing
with.
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When we look at the gap between the best upper and lower bounds in Table 5.5, we
see that on the average, gap is %42.06 for the LR2 algorithm, while it is slightly
improved to %40.5 by the ELR2 agorithm. These are not tight bounds and does not
give much idea on the quality of the best feasible solution (upper bound) generated
by the algorithms. Nevertheless, lower bounds generated by the LR2 and ELR2 are
gill far better than the LP relaxation of the IRO (approximately %28), as stated by
%LLPR columns. Almost all the results with low f, (Table 5.6) are dightly better

than those with high f, (Table 5.5) but similar comments are still valid.

Our main inference from the preliminary experiments is that our LR based
algorithms are successful in finding good upper bounds (feasible solutions),
whereas lower bounds generated are not tight enough. To justify this inference on

large instances, we will use the heuristics Latest and Every.

Table 5.5 and 5.6 show that LR2 algorithm is far superior to the Every heuristic,
ranging from %106 to %333 for instances with high f, and from %111 to %350 for

instances with low f,. ELR2 algorithm achieves better results than LR2 as expected.

On the other hand, the results generated by the Latest heuristic are very close to
those obtained by using LR2 and ELR2 agorithms. ELR2 algorithm produces better
results than Latest in almost all the data combinations except one in instances with

low f, (%-0.12) yet the results are again very close to those obtained by the Latest
(On average, %0.68 for instances with high f, and %0.55 for instances with low
f,). These results contradict with the results of small instances, where LR2 and

ELR2 significantly surpass Latest. To shed light on this contradiction, we should
investigate the features of the Latest heuristic and instances at hand.

Latest tends to minimize inventory holding cost at retailers by replenishing them at
the last possible moment. As stated by Bertazzi et a. (2002), an optimal policy in
Latest tends to replenish each retailer just before the inventory level becomes

negative (stockout occurs). The only reason to replenish a retailer earlier than last
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possible moment may be the vehicle capacity or the limited amount of product
available at the supplier. In our problem settings, we treat vehicle capacity as
uncapacitated and have the opportunity to determine order amounts as well as their
timings at the supplier. Furthermore, we solve routing of retailers to be replenished
in each period (T many TSPs) as well as order decisions a supplier (an
uncapacitated lot-sizing problem) to optimality. Hence, we expect Latest to perform
well in our problem. However, we know that our algorithms are far superior to the
Latest on smaller test instances in preliminary experiments while performances are
amost equivalent in the instances we considered in this section. We explain this
Stuation by investigating the weights of the cost components on the total cost of the

problem instances.

To find percentages of the cost components on total cost, we consider the results of
the 12 small instances used in preliminary experiments and their corresponding
larger instances, from which they are derived. The results are shown in Table 5.7. In
this table, %Supp, %Trans and %Ret denote average percentages of fixed order and
inventory holding costs at the supplier, transportation cost, and inventory holding
cost at the retailers on total cost of the best (upper bound) feasible solution found,
respectively.

Table 5.7 shows that inventory holding cost at retailers predominates other cost
terms in large instances, while transportation cost has the largest weight and is
dightly higher than the inventory holding cost at retailers in small instances. In both
small and large instances, supplier’s cost is the lowest cost term, thus insignificant
with respect to other costs. For the large instances, percentage of retailers cost on
total cost is about %75 on average, which means that minimizing that cost
agpproximately minimizes the total cost. Thus, considering that Latest tends to
minimize inventory holding cost at retailers, we can claim that Latest finds good
quality solutions in large instances. In this respect, figures of the Table 5.7 account
for the high %L ate values for small test instances and low %L ate values for large

test instances. Our algorithms surpass Latest on small instances where %Trans is
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comparable to %Ret, whereas they and Latest perform smilarly on large instances
in which %Ret far outweighs other cost terms. For instances with high %Trans (at
least greater than %Ret), our algorithm finds more opportunities to consolidate
replenishments to retailers through cost efficient routes that compensate the higher
holding cost at retailers compared to latest replenishment policy. This leads to far
better performance for our agorithm with respect to Latest. Note that almost

whenever %Ret increases, %L ate decreases in a given instance.

Considering that Latest might find optimal solution under specia conditions
(uncapacitated vehicle and unlimited inventory at the supplier as well as high
percentage of retailers cost on total cost), we can deduct that Latest performs very
good in the selected large instances. Consequently, our agorithms LR2 and ELR2
have also good performance since they find dightly better results than Latest does,

on average.

Table 5.7 Percentages of different cost components on total cost

Small | nstances Large I nstances

% Supp| %Trans %Ret| %Latest % Supp| %Trans| %Ret| % Latest
pre3-H3 4.58 35.83 59.59 7.36) 2.69 15.50 81.81 0.24
preg-H8 3.36 45.52 51.12 7.30 2.78 15.12 82.10 0.21]
prel5-H15 6.45 41.02 52.53 12.69 7.01 17.35 75.64 0.32
pre24-H24 4.40 67.81 27.80 11.69 7.02 24.12 68.86 -0.17
pre36-H36 11.41 56.61 31.97 20.70, 15.40 21.24 63.36 0.68
pre37-H37 10.26 49.89 39.85 14.29 12.29 21.65 66.06 -0.40
Aver age 6.74 49.45 43.81] 12.34 7.86 19.16 72.97| 0.15
npre3-L. 3 4.96 30.45 64.59 5.18 2.86 9.93 87.20 0.13
npres8-L 8 5.04 41.22 53.74 3.95 2.95 10.09 86.96 0.05)
nprel5-L15 6.91 36.85 56.25 11.23 7.56 11.26 81.18 0.00
npre24-L24 4.53 66.82 28.65 11.02 7.15 20.13 72.71 0.32
npre36-L 36 11.89 54.81 33.30 20.18 16.00 17.73 66.28 0.82
npre37-L 37 11.15 47.09 41.77, 13.92 13.11 17.22 69.67| -0.91
Aver age 7.41 46.20 46.38 10.91 8.27 14.40 77.33 0.07|
Overall 7.08 47.83 45.10 11.63 8.07 16.78 75.15 0.11

Tables 5.5 and 5.6 also show the sensitivity of solutions generated by LR2 and
ELR2 with respect to different parameters (unit inventory holding costs at supplier
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(hy) and retailers (h;), distance based transportation cost (c;)). For instance, we

can easily state that both LR2 and ELR2 are more successful than Latest in
instances, where unit holding cost at supplier is greater than unit holding cost at
retailers. This conclusion is valid for instances with both high and low dispatching

cost.

To examine the impact of different cost parameters on LR algorithms, we compare
the percent gap between best UB and UL (%UL columns) in Tables 5.5-5.6. For the
LR2 algorithm on instances with high dispatching cost, increasing one of the cost
parameters (except h) and keeping the rest constant lead to increase in the %UL

values. The best %UL has been achieved when h, and c; are a their lowest value
and h at its highest value. In contrast, the worst %UL has been obtained when h,
and c; area their highest value and h, at itslowest value. The same interpretations
are valid for ELR2. Furthermore, when dispatching cost decreases (low f, value),

%UL values improve and al the comments regarding sensitivity of solutions to unit
holding cost at supplier and retailers as well as distance based transportation cost

are the same.

As far as the CPU times are concerned, one can observe from Tables 5.5-5.6 that
CPU time needed to solve LP relaxation of the IRO is over ten minutes, which
shows the difficulty of solving the IRO to optimality. As expected, CPU times
needed by Latest and Every are very low. Since Latest finds good quality solutions
in short time on those instances, it can be a good dternative to solve IRO whenever
holding cost at retailersis a predominating component of the total cost. On the other
hand, our LR agorithms finds good quality solutions in reasonable times
considering the length of horizon. In addition, LR agorithms aso produce lower
bounds in that time. ELR2 runs about two times LR2 does. Furthermore, in ELR2,
one can obtain better results by enumerating more periods or increasing the iteration

number on each node, which require compromises from CPU time.
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CHAPTER 6

CONCLUSION AND FURTHER STUDIES

In this study, we addressed the integrated inventory management and vehicle
routing problem with deterministic order-up-to level policy (IRO). We have
proposed a flexible mathematical formulation for the IRO, which can handle

different kinds of cost structures.

For the efficient solution of the mathematical formulation proposed, we have
developed a Lagrangean relaxation (LR) based solution approach, which
disaggregates the problem into N single retailer replenishment problems, VT
distribution planning problems and simple supplier’s order and inventory problems.
At the core of the solution approach is the single retailer replenishment problem. A
polynomial time algorithm with worst case complexity O(T?) has been developed
for the single retailer replenishment problem. Another challenging problem that
arises after relaxation is the distribution problem (DIST). Since DIST is a complex
problem, its solution to optimality is not possible in a reasonable time for large
instances by using general purpose solvers. Therefore, we have developed valid
inequalities to that problem to make its LP relaxation solution tighter and obtain a

good approximation.

Furthermore, we have investigated a special case of the general problem consisting
of multiple retailers. As a special case, single supplier-single retaler problem has

been analyzed and a polynomial time algorithm with worst case complexity O(T ®)

has been developed for the special case problem.

We have implemented several variants of the LR based solution approach on small

and large test instances. On the small instances, we have determined the proper
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settings for LR variants to achieve the best implementation. In addition, we have
proposed enhanced versions of the LR based approach that improves solutions
generated.

Results on relatively small instances revealed that our LR based solution procedures
produce high quality feasible solutions (upper bounds) whereas lower bounds

generated are not tight enough.

As for large instances, we could not even find a feasible solution to the instances
using CPLEX within hours. From the literature, we have adapted two heuristics,
Every and Latest, to our context and compared our approach with them. According
to our computation results, our LR based solution procedures are significantly
superior to Every, whereas Latest generates solutions very close to ours in some
instances but not in all instances. We have shown that solution quality of Latest
depends on the relative weight of inventory holding cost at retailers on total cost.
That is, whenever the weight is high, it is expected from Latest to produce high
quality solutions. In a set of instances, we have shown that if the weight of holding
cost at retailers on total cost is not high, our agorithms generate considerably better
solutions than Latest.

Our computational study was limited to instances with a single vehicle although our
problem as well as model formulation are genera and involve multiple vehicles.
Although testing our LR based procedures on cases with a fleet of vehicles could be
nice, multiple vehicles might create difficulties for enhanced LR procedure as the

enumeration tree will get enormously large.

Mathematical formulation proposed is flexible in handling severd cost structures. It
may be interesting to generate test instances for different cost structures such as
transportation cost proportional to amount shipped rather than distance based
transportation cost and test our solution procedures on these instances in a future
study.
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In this study, we have considered that the supplier can decide on its order policy. It
is more realigtic to have production planning issues with capacity limitations on
production at the lower echelon. Another research issue may be to study our
problem with plant(s) instead of a supplier. In other words, production planning
decisions at the plant(s) should be incorporated into the model.

Another possible research issue is to extend our work to involve multiple items.
Indeed, our model can easily be extended to account for multiple items if

replenishment of each item can be made independent of other items.

With regard to mathematical formulation, one can find many different ways to
formulate the problem leading to different solution approaches. For instance, there
are aternative ways for ensuring route integrity (eliminating subtours), which have
been widely studied in vehicle routing problem (VRP) and traveling salesman
problem (TSP) literature. Adaptation of such formulations appeared in VRP and
TSP literature may bring about interesting formulations and necessitate

development of specific solution approaches.
In the past few years, polyhedra approaches have been successfully implemented

for several hard optimization problems. Thus, a possible research direction may be
to study the polyhedra of the problem.
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APPENDIX A
PRELIMINARY EXPERIMENTSFOR LR BASED SOLUTION

PROCEDURES

In this appendix, we present numerical values obtained on small instancesusing LR
based solution procedures, Every and Latest heuristics, besides optimal solution
values and LP relaxation values computed by CPLEX.

Table A.1 Detailed results on preliminary experiments

Instance Opt LPR Every Latest
prel 9038.51| 4828.98| 14744.15|] 10114.21
pre2 9935.69] 5230.47| 16388.80] 10751.98
prel9 9872.02] 5397.11] 15987.90] 11047.22
pre28 4796.73] 1875.06] 13888.60] 5413.72
pre31 5922.54] 2509.08] 13691.85] 7219.71
pre32 5939.10] 2188.22| 14191.00] 7075.78
pre3 7515.75| 4445.13| 15219.50] 8069.00
pres 8419.13] 4318.10] 15617.50] 9033.32
prel5 11635.83] 6236.21) 19854.35| 13200.47
pre24 4714.14] 2130.77] 11666.95] 6174.95
pr e36 5341.38] 2115.95| 14522.15] 6524.07
pre37 5490.51] 2552.33] 15531.25] 6577.19
npre3 6933.75| 4271.42| 15219.50] 7293.00
npres 7888.13] 4137.93] 15617.50] 8325.32
nprel5 10861.83] 6100.13] 19854.35| 12168.47
npre24 4604.14] 2072.07] 11666.95] 5954.95
npre36 5125.38] 2065.53] 14522.15] 6236.07
npre37 5235.51| 2514.82| 15531.25] 6237.19
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Table A.2 Detailed results on preliminary experiments for LR1 algorithms

LR1 (a/1.005) LR1(a/2, 30) LR1 (a/ 2, 10)
Instance UB LB UB LB UB LB
prel 922920 6964.12] 922929 7320.43] 922920 7062.87
pre2 10539.40| 7772.97] 10216.21| 8168.73] 10539.40| 7773.60
prelo 9872.02| 7644.23] 9872.02] 7918.69] 9872.02] 7768.29
pre2s 4798.13] 3393.67| 479813 349515 4798.13] 3204.19
pre3l 610349 3793.18] 506954 4116.34] 610349 4026.75
pres2 5030.10] 4155.36] 5039.10] 444284] 6021.62] 4003.42
pre3 7515.75| 6436.78] 7515.75| 6457.89] 7515.75| 6289.06
pre8 8410.13] 6614.00] 8419.13| 6830.13] 8410.13] 6620.11
prel5 | 11713.87] 8460.77] 11713.87] 8649.24] 1171387 8562.14
pre24 4714.14] 303523 4714.14| 337729 4714.14] 3322.09
pre3s 5404.98] 3356.22] 5341.38| 346352| 5341.38] 3500.05
pres7 5718.26] 3672.49] 5703.86] 3710.31] 5703.86] 3725.95
npre3 6933.75| 6179.72] 6933.75| 6178.60] 6933.75| 6067.27
npres 7883.13] 6390.41] 7888.13| 6520.66] 7888.13] 6356.79
nprel5 | 10939.87] 7872.57] 10939.87| 833511 10939.87| 8160.17
npre2d | 4604.14] 3085.53| 4604.14] 3315.24| 4604.14| 326158
npre3é | 512533 3170.46] 512538| 3223.82] 5125.38] 3396.73
npre37 |  5463.26] 3647.44] 5448.86] 3657.01| 5463.26] 3604.61
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Table A.3 Detailed results on preliminary experiments for LR2 agorithms

LR2 (a/1.005) LR2(a/2, 30) LR2 (a/ 2, 10)
Instance UB LB UB LB UB LB
prel 922920 5200.04] 922929 5543.79] 922920 5684.72
pre2 10710.28] 5557.47] 10710.28] 5899.83] 10710.28] 6111.72
prelo 9872.02| 5669.77| 9872.02] 5864.87] 9872.02] 6186.59
pre2s 4865.33] 1686.52] 479813 183596] 4798.13] 2063.29
pre3l 6372.30] 2436.79] 6138.79] 2686.40] 6138.79] 2816.41
pres2 6654.18] 1899.18| 6652.22| 2277.38] 6652.22| 2436.76
pre3 7515.75| 4885.38] 7515.75| 5032.19] 7515.75| 5248.10
pres 8410.13| 4507.53| 8410.13| 487552| 8419.13] 5006.42
prel5 | 11713.87] 6516.87] 11713.87| 6897.99| 11713.87| 7085.22
pre24 5646.47| 162535 5612.61] 2027.66] 5528.73] 2339.36
press 5404.98] 224554] 5404.98 2328906] 5404.98] 2449.45
pres7 5754.74] 2700.39] 5754.74] 2842.35| 5754.74] 2912.45
npre3 6933.75| 4866.54] 6933.75| 5041.10| 6933.75| 5074.38
npres 8008.83| 4582.98] 7888.13| 4710.60] 8008.83| 4826.27
nprel5 | 10939.87] 6516.87] 10939.87| 6739.58] 10939.87| 6949.12
npre2d | 5450.13| 162535 5363.73| 2280.30] 5363.73|  2280.30
npre3é | 5289.27| 2048.07] 5188.98] 228250] 5188.98] 2398.78
npre37 | 5499.74]  2629.79] 5474.99] 2813.80| 5474.99| 2874.61
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Table A.4 Detailed results on preliminary experiments for ELR agorithms

ELR1 ELR2
Instance UB LB UB LB
prel 9124.04] 6751.22] 9124.04f 6533.49
pre2 9935.69] 6872.35] 9935.69| 6872.35
prel9 9872.02] 7013.06] 9872.02] 6943.62
pre28 4798.13] 2385.73] 4798.13] 2382.26
pre3l 5969.54] 3170.00] 5969.54] 3118.94
pre32 5939.10f 2699.18] 5930.10f 2421.10
pre3 7515.75] 6352.79] 7515.75| 5897.65
pres 8410.13] 5729.80] 8419.13] 5561.83
prel5 11673.05| 8954.47] 11673.05] 8954.47
pre24 4714.14) 2082.73] 4714.14] 2082.73
pre36 5366.42] 3054.42] 5366.42| 3054.42
pre37 5729.24] 3650.54] 5754.74] 3650.54
npre3 6933.75] 5770.79] 6933.75| 5315.65
npre8 7888.13] 5198.80] 7888.13] 5030.83
nprels 10939.87| 8180.47] 10939.87| 8180.47
npre24 4604.14] 1917.73] 4604.14] 1917.73
npre36 5188.98] 2910.42] 5188.98] 2910.42
npre37 5474.24] 3395.54] 5474.99] 3395.54
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APPENDIX B

CONVERGENCE GRAPHSFOR LR1

Here, figures regarding convergence of LR1 algorithm on small instances are
presented.
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APPENDIX C

CONVERGENCE GRAPHSFOR LR2

In this appendix, figures regarding convergence of LR2 algorithm on small instances
are presented.

prel

15000
EJT 10000 _Mﬂ/”\r\.nh S
o —— LB
2 5000 oy
g N —
c
3 0 ¥ ‘ ‘ ‘ ‘ ‘
@ 20 40 60 80 100 120

-5000

# of iterations

Figure C.1 Bounds versus no. of iterations graph for prel

pre2
15000
?:? 10000
o . —— LB
2 5000 Aenn g
@ V"\-ﬂ . uB
c
é o ; ; ; ; ;
20 40 60 80 100 120
-5000
# of iterations

Figure C.2 Bounds versus no. of iterations graph for pre2

88



Bounds (UB,LB)

prel9

15000
10000
5000

—— LB
——UB

-5000
-10000

# of iterations

Figure C.3 Bounds versus no. of iterations graph for prel9

Bounds (UB,LB)
o

pre28

10000

5000

——LB
——UB

-5000

-10000

# of iterations

Figure C.4 Bounds versus no. of iterations graph for pre28

Bounds (UB,LB)

pre3l
10000
5000
——LB
0
——UB

-5000

-10000

# of iterations

Figure C.5 Bounds versus no. of iterations graph for pre31

89




Bounds (UB,LB)

pre32

10000
5000
—— LB
——UB
0

-5000

# of iterations

Figure C.6 Bounds versus no. of iterations graph for pre32

pre8

15000
@' 10000
o —— LB
2 5000
“ ——UB
S
3 0
m

-5000

# of iterations

Figure C.7 Bounds versus no. of iterations graph for pre8

Bounds (UB,LB)

prel5
20000
10000
— LB
0
—— UB

-10000

-20000

# of iterations

Figure C.8 Bounds versus no. of iterations graph for prel5

90




pre24

10000

-10000

-20000

Bounds (UB,LB)

-30000

# of iterations

—— LB
——UB

Figure C.9 Bounds versus no. of iterations graph for pre24

pre36

10000
m 5000
-
o
2 0
0
ke]
c
3 -5000
s}

-10000

# of iterations

——LB
—— UB

Figure C.10 Bounds versus no. of iterations graph for pre36

pre37
10000
n_nl 5000
o
2 0
[}
©
5
3 -5000
)

-10000

# of iterations

——LB
——UB

Figure C.11 Bounds versus no. of iterations graph for pre37

91




npre3

10000
m A
— 8000 AR
£ 6000 —1LB
ﬁ 4000 ‘V-w*.-d" —UB
S 2000
[e]
@ 0 ‘ ‘ ‘ ‘ ‘
0 20 40 60 80 100 120

# of iterations

Figure C.12 Bounds versus no. of iterations graph for npre3

npre8
12000

& 10000
2 go00 WA e
o —1LB
2 6000
T 4000 '\ Mﬂ.mv' uB
3 2000
@ f

0

0 20 40 60 80 100 120

# of iterations

Figure C.13 Bounds versus no. of iterations graph for npre8

nprelbs
15000
AR A —

~ 10000 -
m
n_nl" 5000 ‘ W— .
2 0 ; ; ; ; ;
%) ——UB
e -5000 20 40 60 80 100 120
>
& -10000 -

-15000

# of iterations

Figure C.14 Bounds versus no. of iterations graph for nprel5

92




npre24

10000

g 5000

Eg 0 —— LB
2 -5000 . uB
c

>

[}

m

-10000

-15000

# of iterations

Figure C.15 Bounds versus no. of iterations graph for npre24

npre36

10000
ﬂ_ll 5000
o —
&) 0 LB
° ——UB
c
3 -5000
)

-10000

# of iterations

Figure C.16 Bounds versus no. of iterations graph for npre36

npre37
10000

g

1 5000
3 —1B
0 ——UB
2 0
>
o
)

-5000

# of iterations

Figure C.17 Bounds versus no. of iterations graph for npre37

93




APPENDIX D

EXPERIMENTS ON LARGE INSTANCESWITH LR2 AND ELR2

In this appendix, we present numerical values obtained on large instances using
LR2, ELR2, Every and Latest heurigtics, besides LP relaxation values computed by

CPLEX.

Table D.1 Results on instances with high fixed vehicle dispatching cost

LR2 ELR2
I nstances L PR Every Latest UB LB UB LB
H1 351891.74] 1135236.30] 546802.95| 545820.35| 465131.04] 542917.55| 468231.28
H2 355804.75] 1263766.00] 580413.35] 578967.35] 494383.73] 577023.35] 497941.20
H3 254625.51] 978588.10| 461774.75)] 460673.05| 381094.44| 458501.15] 383660.18
H4 326336.38] 1095045.60| 523338.15| 526625.19] 433969.73] 519776.05| 436680.61
HS5 206435.68] 791109.00f 402211.25] 401092.15] 324564.69] 400308.19] 325624.89
H6 321747.35] 1138607.70] 534250.45| 532975.15] 446669.57] 530246.65| 448795.76
H7 288223.13] 1009728.30] 491652.35] 488483.05] 413196.92] 487579.05] 415940.56
H8 329863.56] 1052818.10] 511730.90| 510675.50f 422992.25] 510239.40] 425621.82
H9 282722.11] 999965.10] 506973.85] 506125.35] 423941.99] 503805.25] 426187.41
H10 314283.33] 1048189.50] 515315.90| 511978.70f 431636.28] 511522.90] 434072.13
H11 356368.69] 1173691.70| 568743.95| 567231.35| 466191.64] 564457.31) 469557.28
H12 360542.21] 1307666.40] 605514.35] 603766.35] 495480.22] 600755.95] 499455.20
H13 259089.34] 1018863.50] 484533.25] 481401.45] 382381.28] 479065.51] 385049.18
H14 330346.01] 1136780.80] 549338.65| 551079.81| 434731.16] 544957.41] 438119.61
H15 211213.15] 827914.20| 423166.25)] 421801.25| 325581.84] 419460.05] 326893.89
H16 326663.68] 1182138.10] 559783.45| 556116.65| 447713.36] 553381.97] 450296.76
H17 293117.72] 1046968.50] 512408.85] 511086.85] 414241.15| 507600.45] 417224.56
H18 333403.51] 1092896.10] 537368.90] 534359.50] 424151.85] 533487.30] 427003.82
H19 287531.25] 1041555.30f 530277.35] 527586.35] 425082.22] 525252.17| 427621.41
H20 318263.44] 1087484.50| 539128.40| 533562.40| 432798.27] 534700.72) 435427.13
H21 134658.40] 1026246.30] 235528.45] 236107.03] 175913.22] 233618.63| 176934.78
H22 122787.58] 1152181.00] 233611.35] 234697.55] 172697.51] 233243.39] 174004.20
H23 88136.72] 873498.10] 189839.75] 190149.42] 131767.16] 189520.58] 132526.18
H24 116367.00] 983160.60] 219698.65] 220067.15] 153532.16] 219386.71] 154747.11
H25 79242.24] 689724.00] 177576.75] 178859.25| 120122.84] 175456.79] 120172.89
H?26 115521.19] 1030592.70] 221215.95] 220186.05] 157532.39] 220637.19] 158459.76
H27 112099.27] 911793.30] 217321.35] 219818.02] 159959.31] 217511.40] 160955.06
H28 120537.21] 945538.10] 219258.40] 218790.03] 153188.38] 218799.91| 153972.32
H29 114382.99] 887360.10] 228375.35] 228965.75] 168571.87] 226468.55] 169152.41
H30 122875.71] 945424.50] 226770.40] 229978.62] 164811.32] 226560.29] 165905.13
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Table D.1 (Continued)

LR2 ELR2
I nstances LPR Every Latest UB LB UB LB
H31 136454.47] 1064701.70| 257469.45| 256026.65] 176952.13| 252828.98] 178260.78
H32 124979.69| 1196081.40| 258712.35| 255915.55] 174314.39| 255696.59] 175518.20
H33 90085.52] 913773.50| 212598.25| 211951.18] 133129.88] 209398.24] 133915.18
H34 118546.07] 1024895.80| 245699.15| 243395.46] 154948.63| 243395.46] 156186.11
H35 80971.40] 726529.20| 198531.75| 196957.35] 121354.40| 195170.74] 121441.89
H36 117602.85] 1074123.10| 246748.95| 245064.95] 157668.35| 243664.84] 159960.76
H37 113959.99] 949033.50| 238077.85| 239022.45] 161487.97| 238577.45] 162239.06
H38 122266.72| 985616.10| 244896.40| 243855.11] 154399.58| 244025.96] 155354.32
H39 116642.58] 928950.30| 251678.85| 245624.23] 169995.49| 247235.43] 170586.41
H40 124776.89] 984719.50| 250582.90| 251909.61] 166256.78| 249931.19] 167260.13
H41 352775.85] 1229916.30] 581568.95| 578678.95| 465179.75| 577988.31| 468531.28
H42 356502.56] 1346956.00] 613666.35] 614370.75| 494526.75| 611442.25] 498247.20
H43 255754.95] 1068438.10| 495200.75| 494392.45| 381428.45| 491410.15| 383966.18
H44 327500.44] 1184775.60] 561281.15] 560661.21| 434833.36] 559339.00] 436896.61
H45 208427.67] 874629.00| 437366.25|] 441711.95| 325523.42| 435379.19] 326374.89
H46 322733.02] 1224227.70] 570187.45| 568563.15| 446984.86] 565704.15| 448981.76
H47 289335.97] 1099158.30| 524363.35] 524484.86] 413486.64] 523622.73] 416138.56
H48 330687.74] 1140208.10] 550896.90] 549966.50] 423472.25| 549271.40] 425711.82
H49 283836.98] 1089215.10| 539319.85| 541424.75| 424564.23| 535876.05| 426307.41
H50 315593.31] 1130599.50] 551272.90] 547329.70| 431767.23| 546865.32| 434396.13
H51 357252.80] 1268371.70] 603509.95] 599165.98| 467013.93] 598397.21| 469857.28
H52 361240.01] 1390856.40] 638767.35] 633348.15| 496375.01] 631058.20] 499761.20
H53 260218.78] 1108713.50| 517959.25] 516991.05] 382885.39] 512441.65] 385355.18
H54 331510.07] 1226510.80] 587281.65| 585007.21| 436047.57] 584905.50] 438335.61
H55 213205.14] 911434.20| 458321.25| 462733.69] 327160.45] 451987.64] 327643.89
H56 327649.35| 1267758.10] 595720.45| 594736.25| 448203.85| 588674.97| 450482.76
H57 294230.55] 1136398.50| 545119.85] 543570.86] 414635.35| 538638.26] 417422.56
H58 334227.69| 1180286.10] 576534.90] 573650.50] 424761.46] 573650.50] 427093.82
H59 288646.12] 1130805.30| 562623.35] 562453.75] 425852.95| 557343.17| 427741.41
H60 319573.42] 1169894.50] 575085.40] 569435.20] 432965.56] 567616.32| 435751.13
H61 135542.50] 1120926.30| 270294.45| 267434.48| 176277.55| 265427.94] 177234.78
H62 123485.38] 1235371.00| 266864.35| 269441.51] 173218.99] 266446.87] 174310.20
H63 89266.15] 963348.10| 223265.75| 225875.78] 132041.06] 223505.54] 132832.18
H64 117531.05] 1072890.60| 257641.65| 257771.25] 154210.21| 257077.71] 154963.11
H65 81234.22| 773244.00| 212731.75| 214045.86) 121131.42] 212374.35] 120922.89
H66 116506.85] 1116212.70| 257152.95| 258384.35] 158152.34] 256622.29] 158645.76
H67 113212.11] 1001223.30| 250032.35| 253623.49] 160605.54] 251984.19] 161153.06
H68 121361.39] 1032928.10| 258424.40] 261689.72] 152977.16] 258365.72] 154062.32
H69 115497.86] 976610.10| 260721.35| 261354.55] 168744.59| 259618.83] 169272.41
H70 124185.69] 1027834.50| 262727.40] 261653.00] 165065.53] 262295.63] 166229.13
H71 137338.57| 1159381.70| 292235.45| 293460.48] 177668.51| 287218.51] 178560.78
H72 125677.50] 1279271.40| 291965.35| 294094.21] 174653.08] 289087.98] 175824.20
H73 91214.95] 1003623.50| 246024.25| 243732.08] 133561.13] 242699.12] 134221.18
H74 119710.13] 1114625.80| 283642.15| 284099.06] 155776.09] 282789.66] 156402.11
H75 82963.39] 810049.20| 233686.75| 231520.44] 122268.05| 230800.74] 122191.89
H76 118588.51| 1159743.10| 282685.95| 281650.55] 159266.74| 282685.53] 160146.76
H77 115072.83] 1038463.50| 270788.85| 271900.05] 161974.33| 272086.54] 162437.06
H78 123090.90] 1073006.10] 284062.40] 284847.95] 154688.33| 282283.20] 155444.32
H79 117757.45] 1018200.30] 284024.85| 282633.63] 170417.64] 280949.83] 170706.41
H80 126086.87| 1067129.50| 286539.90] 286811.70] 166804.99| 287868.13] 167584.13
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Table D.2 Results on instances with low fixed vehicle dispatching cost

LR2 ELR2
I nstances L PR Every Latest UB LB UB LB
L1 349762.36] 1097076.30] 518818.95| 517427.35| 463557.82] 516481.75| 464415.28
L2 353504.98] 1221436.00] 549371.35] 547925.35] 492718.36] 547392.35] 493708.20
L3 251668.87] 939768.10] 433306.75] 432205.05] 378871.78] 430938.45] 379778.18
L4 323587.91] 1053975.60| 493220.15| 491900.45| 431881.38] 490756.45| 432573.61
L5 202897.08] 754809.00| 375591.25]| 374472.15| 321912.84| 373374.25| 321994.89
L6 319010.04] 1096367.70] 503274.45| 501999.15] 443719.17] 500678.65| 444571.76
L7 285788.08] 971868.30] 463888.35] 464413.75] 411370.59] 461077.05] 412154.56
L8 327279.57] 1013908.10] 483196.90] 482141.50] 421136.51] 481665.00] 421730.82
L9 279326.53] 957365.10] 475733.85] 474697.35] 421029.54] 473985.25] 421927.41
L10 311792.83] 1009549.50] 486979.90| 487002.00f 429246.40] 484439.00] 430208.13
L11 354239.30] 1135531.70] 540759.95| 536716.35| 464831.35] 536716.35] 465741.28
L12 358242.44] 1265336.40] 574472.35] 570626.35| 493523.54] 570093.35] 495222.20
L13 256132.70] 980043.50] 456065.25] 452829.05] 380334.27] 452358.65] 381167.18
L14 327597.54] 1095710.80] 519220.65| 515556.45| 433297.20] 515473.65] 434012.61
L15 207674.56] 791614.20] 396546.25] 393028.65| 323184.23| 392193.25] 323263.89
L16 323926.36] 1139898.10] 528807.45] 525341.65| 445315.61] 523958.65| 446072.76
L17 290682.66] 1009108.50| 484644.85] 480845.05| 412616.17| 478859.05] 413438.56
L18 330819.52] 1053986.10] 508834.90| 505825.50f 422249.78] 505825.50| 423112.82
L19 284135.67] 998955.30] 499037.35] 496615.75] 422799.23] 495507.75] 423361.41
L 20 315772.94] 1048844.50] 510792.40| 507610.20f 430748.80] 506119.72) 431563.13
L21 133861.55| 1011966.30] 225056.45] 225504.25] 175261.19] 223545.50] 175506.78
L22 121969.38] 1137121.00] 222567.35] 224675.51] 172205.43] 221994.59] 172498.20
L23 87081.10] 859638.10] 179675.75] 179323.85] 130918.05] 179692.30] 131140.18
L24 115351.12] 967980.60] 208566.65] 208395.55] 153107.45] 208760.71| 153229.11
L 25 77932.08] 676284.00] 167720.75] 167342.15] 118707.97] 166343.55] 118828.89
L 26 114535.52] 1015382.70] 210061.95] 209965.25] 156808.49] 209483.19] 156938.76
L27 111151.87] 897063.30] 206519.35] 206352.25] 159298.74] 205682.11] 159482.06
L28 119604.82] 931498.10] 208962.40] 208460.43] 152352.62] 208460.43| 152568.32
L29 113046.28] 870590.10] 216077.35] 215557.55] 167473.02] 215131.69] 167475.41
L 30 121957.24] 931174.50] 216320.40] 217811.10] 164331.09] 216500.83] 164480.13
L31 135657.62] 1050421.70] 246997.45] 244710.98] 176293.64]| 244284.98] 176832.78
L32 124161.49] 1181021.40| 247668.35] 248189.03] 173110.15] 244652.59] 174012.20
L33 89029.90] 899913.50| 202434.25] 202021.18] 132362.28] 200502.38] 132529.18
L34 117530.20] 1009715.80] 234567.15] 232826.56] 154604.70] 232826.56] 154668.11
L35 79661.24] 713089.20] 188675.75] 185705.75] 120159.93] 184983.28] 120097.89
L 36 116617.18] 1058913.10] 235594.95] 234296.85] 158353.76] 232844.30] 158439.76
L37 113012.60] 934303.50] 227275.85] 226624.25] 159950.25] 227284.45] 160766.06
L 38 121334.33] 971576.10] 234600.40] 232241.27] 153311.40] 232241.27] 153950.32
L 39 115305.87] 912180.30] 239380.85] 235688.05] 168882.15] 236566.83] 168909.41
L 40 123858.42] 970469.50] 240132.90] 240812.37] 165769.49] 237201.96] 165835.13
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Table D.2 (Continued)

LR2 ELR2
I nstances LPR Every L atest UB LB UB LB
L41 350646.46] 1191756.30| 553584.95| 554270.00] 463895.06] 551229.35| 464715.28
L42 354202.79] 1304626.00| 582624.35| 581177.35 493129.59] 580582.35| 494014.20
L43 252798.31] 1029618.10| 466732.75] 465811.05] 379358.13| 464553.05] 380084.18
L44 324751.97| 1143705.60| 531163.15| 532982.85| 432395.34] 530165.70| 432789.61
L 45 204889.07] 838329.00| 410746.25] 410146.35| 322976.87|] 408011.25] 322744.89
L 46 319995.70] 1181987.70| 539211.45| 537982.15| 444421.21| 535977.15| 444757.76
L47 286900.92] 1061298.30| 496599.35] 498128.55| 411967.42| 493671.45| 412352.56
L 48 328103.75] 1101298.10| 522362.90| 521432.50| 421138.16] 520978.80| 421820.82
L 49 280441.40] 1046615.10] 508079.85] 507826.25| 421746.71| 507471.35] 422047.41
L 50 313102.81] 1091959.50| 522936.90| 524618.50] 429760.31] 519348.90| 430532.13
L51 355123.41] 1230211.70| 575525.95| 573778.68] 465271.90] 571734.31] 466041.28
L 52 358940.24] 1348526.40| 607725.35| 605919.14| 494648.12] 603509.95| 495528.20
L 53 257262.13] 1069893.50| 489491.25] 488719.65| 380858.17| 486031.65 381473.18
L54 328761.59] 1185440.80| 557163.65| 555061.45| 433978.08] 553601.65| 434228.61
L 55 209666.54] 875134.20] 431701.25] 431813.65| 324229.86| 428652.25| 324013.89
L 56 324912.03| 1225518.10| 564744.45| 561324.65| 445764.36] 559371.45| 446258.76
L57 291795.50] 1098538.50] 517355.85] 516937.65| 413111.98] 514179.03] 413636.56
L 58 331643.70] 1141376.10| 548000.90| 545116.50] 422768.73] 545116.50| 423202.82
L 59 285250.54] 1088205.30| 531383.35] 529368.75| 423359.51| 528660.69] 423481.41
L 60 317082.92| 1131254.50| 546749.40| 547852.20] 430957.61] 542451.60| 431887.13
L 61 134745.66] 1106646.30] 259822.45] 259096.38] 175799.37| 256767.98] 175806.78
L 62 122667.18] 1220311.00| 255820.35| 258564.07| 172257.62| 257950.32| 172804.20
L 63 88210.54] 949488.10| 213101.75] 212911.25| 131420.38| 214131.98| 131446.18
L 64 116515.18] 1057710.60| 246509.65| 246775.96] 153579.61]| 246451.71| 153445.11
L 65 79924.07] 759804.00| 202875.75| 201887.85| 120148.18| 203481.20| 119578.89
L 66 115521.18] 1101002.70| 245998.95] 248422.05| 157366.67| 244998.49| 157124.76
L67 112264.71] 986493.30| 239230.35| 243092.71| 159724.46] 241398.92| 159680.06
L 68 120429.00] 1018888.10| 248128.40] 250442.47| 152538.87| 247988.02| 152658.32
L 69 114161.15| 959840.10| 248423.35| 248635.45| 167656.15] 249229.25| 167595.41
L70 123267.22| 1013584.50| 252277.40] 254723.80] 164465.86] 252320.63| 164804.13
L71 136541.73| 1145101.70| 281763.45] 280117.25| 175957.45| 276825.71| 177132.78
L72 124859.30] 1264211.40| 280921.35] 282919.05| 173483.48| 280945.56| 174318.20
L73 90159.34] 989763.50] 235860.25| 234051.45| 132793.48| 231687.60| 132835.18
L74 118694.26| 1099445.80| 272510.15] 271864.06] 155130.60] 271657.66] 154884.11
L75 81653.23] 796609.20| 223830.75| 220808.34] 121478.06] 219280.38| 120847.89
L76 117602.84| 1144533.10| 271531.95] 268942.95| 158585.17| 271904.43| 158625.76
L77 114125.43] 1023733.50] 259986.85] 265133.85| 161362.24| 261399.45| 160964.06
L78 122158.51] 1058966.10| 273766.40] 274094.95| 153486.29] 272728.64| 154040.32
L79 116420.74] 1001430.30| 271726.85] 268332.23| 169270.35] 266597.03| 169029.41
L 80 125168.40] 1052879.50| 276089.90] 275011.90] 164927.90| 277812.80| 166159.13

97




APPENDIX E

EXPERIMENTS ON DETERMINING WEIGHTS OF COST COMPONENTS

This appendix involves cost digribution of inventory holding cost at supplier,
transportation cost and inventory holding cost at retailers on total cost for a set of

small and corresponding large instances.

Table E.1 Values of cost components on total cost (UB)

Small Instances L arge I nstances
Instances Supp Trans| Ret UB Supp Trans Ret UB
pre3-H3 344.10] 2693.00] 4478.65| 7515.75]|12370.00| 71406.00|376897.05( 460673.05
pre8-H8 283.30] 3832.00] 4303.83] 8419.13]14207.60| 77205.00|419262.90[ 510675.50
prel5-H15 75540 4805.00] 615347 11713.87] 29550.00] 73181.00|319070.25( 421801.25
pre24-H24 243.00] 3749.00] 1536.73] 5528.73]15446.40| 53090.00|151530.75( 220067.15

pre36-H36 616.80] 3060.00] 1728.18] 5404.98] 37743.60] 52055.00]155266.35| 245064.95
pre37-H37 590.20] 2871.00] 2293.54) 5754.74]29387.20] 51740.00]157895.25| 239022.45
npre3-L3 344.10] 2111.00] 4478.65 6933.75] 12370.00] 42938.00|376897.05| 432205.05
npre8-L 8 404.00] 3301.00] 4303.83] 8008.83| 14207.60] 48671.00/419262.90] 482141.5
nprel5-L 15 755.40] 4031.00] 6153.47] 10939.87] 29696.40] 44262.00|319070.25| 393028.65
npre24-L 24 243.00] 3584.00] 1536.73] 5363.73] 14908.80] 41956.00]151530.75| 208395.55
npre36-L 36 616.80] 2844.00] 1728.18] 5188.98] 37480.80] 41535.00]155281.05| 234296.85
npre37-L 37 610.20] 2578.00] 2286.79) 5474.99]29700.00] 39029.00|157895.25| 226624.25
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