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ABSTRACT

ENERGY BOUNDS FOR SOME NONSTANDARD
PROBLEMS IN PARTIAL DIFFERENTIAL
EQUATIONS

OZER Ozge
M. Sc., Department of Mathematics
Supervisor: Prof. Dr. Okay CELEBI

June 2005, 62 pages

This thesis is a survey of the studies of Ames, Payne and Schaefer about the
partial differential equations with nonstandard auxiliary conditions; this is where
the values of the solution are prescribed as a combination of initial time ¢ = 0
and at a later time ¢t =T.

The first chapter is introductory and contains some historical background of
the problem, basic definitions and theorems. In Chapter 2 energy bounds and
pointwise bounds for the solutions of the nonstandard hyperbolic problems have
been investigated and by means of energy bound the uniqueness of solutions is
examined. Similar discussions for the nonstandard parabolic problems have been
presented in Chapter 3. Lastly in Chapter 4 a new continuous dependence result

has been derived for the nonstandard problem.

Keywords: Nonstandard problem, energy bound, pointwise bound, continuous

dependence, structural stability.
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KISMI TUREVLI DENKLEMLERDE BAZI STANDART
OLMAYAN PROBLEMLER ICIN ENERJI SINIRLARI

OZER Ozge
Yiiksek Lisans, Matematik Boliimi

Tez Yoneticisi: Prof. Dr. Okay CELEBI

Haziran 2005, 62 sayfa

Bu tez, Ames, Payne ve Schaefer’'in standart olmayan kogullar igeren kismi
tiirevli denklemlerle ilgili caligmalarinin bir derlemesini icermektedir. Burada
kosullar, ¢ = 0 baglangi¢ zaman1 ve daha sonraki bir £ = T" zamaninin bir kombi-
nasyonu olarak verilmigtir.

Tk boliim problemin tarihgesini, baz1 tanim ve teoremleri icermektedir. Ikinci
boltimde standart olmayan hiperbolik problemlerin ¢oziimleri igin enerji sinirlar:
ve noktasal sinirlar incelenmis ve enerji sinirindan yararlanarak problemin
¢Ozlimiiniin tekligi aragtirilmigtir. Standart olmayan parabolik problemler igin
benzer incelemeler ticlincii boliimde sunulmustur. Son olarak dordiinci boliimde

standart olmayan problemle ilgili yeni bir siirekli bagimlilik sonucu elde edilmistir.

Anahtar Kelimeler: Standart olmayan problem, enerji sinir1, noktasal sinir,

siirekli bagimhilik, yapisal kararlilik.



To my family

vi



ACKNOWLEDGMENTS

I would like to express my sincere gratitude to my supervisor, Prof. Dr. Okay
CELEBI for his precious guidance, motivation and encouragement throughout
the preparation of this thesis.

Deepest regards and love to my family, for their precious love, patience and
support during the long period of the study.

I offer special thanks to Rezan Sevinik and Zeynep Alparslan for their moral
support and I am grateful to Mete Dalmanoglu, Elif Demirci and Ayse Dogrul

for being with me all the way.

vil



TABLE OF CONTENTS

PLAGIARISM .ottt ettt e e e e e e e 111
ABSTRACT ottt v
[0 Y/ \%
DEDICATION .ottt e e e e i Vi
ACKNOWLEDGMENTS .ottt ittt e e e e e e vil
TABLE OF CONTENTS ittt e e e e e e Viil
CHAPTER

1 INTRODUCTION .. s 1

1.1 Introduction . . . . . . . . . . .

1.2 Preliminaries . . . . . . . . . 4
2 NONSTANDARD HYPERBOLIC PROBLEMS ...... 8
2.1 Introduction . . . . . . . . . ..

2.2 Inhomogeneous Equation . . . . . . . .. ... ... ... ...

2.2.1 Inhomogeneous Equation with time-dependent

2.2.2  Inhomogeneous Equation with time-independent

source term: . . . . ... ... 18
2.3 Uniqueness . . . . . . . . . e 24
2.4 Pointwise bounds for the wave equation . . . . . . . ... ... .. 29
2.5 Some extensions . . . . . . ... 32

viil



3 NONSTANDARD PARABOLIC PROBLEMS ........ 40

3.1 Imtroduction . . . . . . . . .. 40
3.2 Emergy Bound . . . . . ... ..o 41
3.3 Pointwise Bounds . . . . . . ... 48
4 STRUCTURAL STABILITY ... 5%
4.1 Introduction . . . . . . . . . 55
4.2 Continuous Dependence on the Parameter . . . . . . .. ... .. 55
REFERENCES ..ttt ittt e e e e e i 60

1X



CHAPTER 1

INTRODUCTION

1.1 Introduction

In this study we shall be concerned with the nonstandard problems in partial
differential equations.

Recently, Ames, Payne and Schaefer [1, 16] considered a class of
initial-boundary value problems in which the initial data are not given at time
t = 0, but instead as a linear combination of data at time ¢t = 0 and at a later time
t = T. We call this type of initial data as the nonstandard auziliary conditions.
As stated in [22], such problems are introduced, for example, to give estimates
of solution behaviour in an improperly posed problem when the data is given at
time ¢ = T and one wishes to compute the solution backward in time.

Payne and Schaefer [16] primarily study a nonstandard problem for differential
operators that involve a second order time-derivative term and have application
to hyperbolic partial differential equations. The nonstandard auxiliary conditions

they employed are

au(x,0) + u(z,T) = g(x),

(1.1)
Bui(z,0) + u(z, T) = h(x),

where o and (3 are nonzero constants. These conditions have been also considered
by Quintanilla and Straughan [22] to establish a priori solution bounds for a class
of problem in thermoelasticity.

In [1], Ames, Payne and Schaefer investigate similar type of problems for
differential operators that involve a first order time-derivative term and have

application to parabolic equations. The non—standard condition they have con-



sidered,
au(z,0) +u(z,T) = g(x), (1.2)

for a non—zero constant, has been also discussed in several papers (see [2], [5],
[15]). Clark and Oppenheimer [5] studied to find a solution w : [0,7] — H for
the problem

(1.3)

for some prescribed final value f in a Hilbert space H where A is a self-adjoint
operator on H such that —A generates a compact contraction semi—group on H.
Such final value problems (1.3) are not well posed. One of the methods for con-
structing solutions to such problems is the quasireversibility method introduced
by Lattes and Lions [11]. The idea in this method is to perturb the ill-posed prob-
lem into a well-posed one and then use the solution of this well-posed problem to
construct an approximate solution for the ill-posed one. Clark and Oppenheimer
approximate the final value problem by perturbing the final value condition. This

yields the nonstandard problem,

(1.4)

They showed that the approximate problem (1.4) is well posed for each o > 0 and
that the solutions wu, convergence on [0, T iff the original problem has a classical
solution.

Ames and Payne [2| determined a continuous dependence result for the back-
ward heat equation under the nonstandard condition. They showed that the

solution of
w(z,t) + Au(z,t) =0 inQ x (0,7),

u=0, ondQx][0,T], (1.5)
uw(z,0) + eu(x,T) = f(x), x€Q



depends continuously on the perturbation parameter e. Showalter [23] calls this
problem a ”quasi-boundary-value” approximation to the initial value problem for
the backward heat equation.

In recent years, Payne, Schaefer and Song [15] derived energy bounds for
Dirichlet type boundary value problems for the Navier-Stokes and Stokes equa-
tions when data are given as a combination of the initial time ¢ = 0 and a later
time t = T'. They considered the following problem for the velocity components

w;i(z,t),i=1,2,3, of an incompressible fluid,

Wi ¢+ uju; ; — Au; = —p,; inQx(0,T)
uj; =0 inQx(0,7)
ui(z,t) =0 onQ x[0,7]
a;ui(x,0) + ui(z, T) = g;(x) inQ

where ) is a bounded domain in R? with sufficiently smooth boundary 9. Here,
the «; are nonzero constants, p is an unknown pressure term and g; are the
prescribed data. They determined the range of values for the parameters «; for

which a bound for the energy expression

E(t) :/Quj(:v,t)uj(x,t) dx

can be established.

In this thesis we will examine works of Ames, Payne and Schaefer [1, 16] in
detail. In Chapter 2, we will study the hyperbolic partial differential equations
with the prescribed nonstandard auxiliary conditions. Assuming a solution exists,
we will derive energy bounds by means of differential inequalities and determine
ranges of values of the parameters in nonstandard conditions for which it is possi-
ble to obtain such a bound. Afterwards, we will discuss the uniqueness of solution
and formal representation of the unique solution.

In chapter 3, we will investigate the energy bounds and pointwise bounds
for the nonstandard parabolic problems. We will derive a bound for the energy

expression and study the consequences of such a bound. We also examine the



pointwise bounds for the solution and its gradient with the help of the theorems
established by Payne and Philippin. [20]

The last chapter is devoted to the structural stability. In 1999, Payne and
Straughan [17] examined some continuous dependence results for the linearized

equations for the flow of a Maxwell viscoelastic fluid. They studied how solutions

to
Ou; ~ Ou; dp
w = fi(z), € (L.7)
ﬁui

behaves under changes in the relaxation parameter A on a bounded domain (2.
In the last chapter we make use of the work of Payne and Straughan and try to

show a new continuous dependence result for the nonstandard problem.

1.2 Preliminaries

Elementary Inequalities:
Following is a collection of elementary, but fundamental inequalities that will
be used in this study. [7]

1. Cauchy’s Inequality with e:

2

b
a.b§ea2+4— (a,b> 0;e>0)
€

In particular, for € = 1/2 we have Cauchy’s Inequality.

2. Cauchy—Schwarz Inequality:
Let X be an inner product space and let z,y € X. Then

(=, < [ Iyl

with equality holding iff = and y are linearly dependent, where ||.|| is the



norm defined on X.

Basic Definitions and Theorems

Definition 1.2.1. Let A : D(A) — H be a linear operator which is densely
defined in a Hilbert space H. Then,

e A is called symmetric if

(Az,y) = (z, Ay)

for all x,y € D(A).

o A is called positive if
(Az,z) >0

for all x;y € D(A). If (Ax,z) > 0 for all x # 0, then A is called positive—
definite.

Definition 1.2.2.

o An orthonormal system {¢r} in a Hilbert space H is complete if there is
no nonzero element x € H which is orthogonal to every element of {¢y}.
(In other words, a complete orthonormal system cannot be extended to a

larger orthonormal system by adding new elements. [12])

o A complete orthonormal system is called an orthonormal basis for a Hilbert

space.

Theorem 1.2.1. Let {¢r} be a complete orthonormal set in a Hilbert space H.

Then every element x of H can be written as,

Z xZ, Cbk
k=1

where (x, ¢r) are the Fourier coefficients of x.



Theorem 1.2.2. (Divergence Theorem) Let @ C RY be a bounded domain with
C! boundary surface 0. Let n be the unit outward normal vector on OQ and F

be a C" wvector field on Q. Then ,

/V-FdV:/ F-ndS
Q o9

If we define F' as the gradient of scalar field ¢ , we can substitute V¢ for F' in

the above formula to give

/QV2¢dV=/mV¢-ndS

Theorem 1.2.3. (Green’s first Identity) [10] The Laplace operator acting on a

function u(x) = u(zy, - ,xn) of class C* in a region Q is defined by
N
A=) "D}
k=1

For u,v € C*(Q) , we have

du
UAu:—/ vmiurida:—k/ v—dS
/Q Q; oo dn

u
where n indicates differentiation in the direction of the exterior normal to 0.
n

Theorem 1.2.4. Let Q be a bounded domain in RN with smooth boundary OX).

The integral representation of the solution of initial-boundary value problem

u = Au+ Q(x,t), x€,t>0,
u(z,0) = f(z), z€qQ, (1.8)
u(z,t) =0, x €N

can be written in the form,

t
u(m,t):/Qf(xg)G(x,t;xo,O)dxo—f—/Q/o Q (g, to)G(z, t; 0, to) dt, dxg



where G(z,t; xo, tg) is the Green’s function for the heat operator.

The Green’s function at ¢ = 0, G(z,t;x¢,0), expresses the influence of the
initial temperature at xy on the temperature at position x and time ¢. Moreover,
G(z,t; 2, tg) shows the influence on the temperature at the position z and time

t of the forcing term Q(xo, o) at position zy and time ty. [9]

Theorem 1.2.5. [26] Let A be a positive operator on a Hilbert space H. There
exists a unique positive square root AY? of A; that is, there exists a unique positive
operator B on H such that B?> = A.



CHAPTER 2

NONSTANDARD HYPERBOLIC
PROBLEMS

2.1 Introduction

In this chapter we will consider problems of the form

e d d
U Au=F, au(0)+u(T) =g, ﬁd—?(()) n d—?

A2 (T) =h

fort € (0,T), where A is a time independent, positive definite symmetric operator
from a dense linear subspace D of a real Hilbert space H into H; F, g and h are
sufficiently regular prescribed functions and « and [ are nonzero constants.
Throughout this chapter, we assume A is a differential operator acting on func-
tions which satisfy appropriate homogeneous Dirichlet boundary conditions. In
Section 2.2, by means of differential inequalities, we will establish energy bounds
for inhomogeneous differential equation where the inhomogeneous term is time
dependent and time independent, respectively. We restrict our attention for some
special values of o and (3, and in Section 2.4 we will show that the unique repre-
sentation of the solution for homogeneous equation can be found in this restricted
interval when A has a complete eigenspace. In Section 2.5 we will obtain point-
wise bounds for the special case of the wave equation in N < 3 space dimensions.
In the last section we use the technique developed in previous sections for finding

energy bounds for the damped equation and for the non linear Kirchoff string.



2.2 Inhomogeneous Equation

2.2.1 Inhomogeneous Equation with time—dependent

source term:

Assume that Q is a bounded domain in RY with smooth boundary 99 and

let x=(x1, -+ ,xy). We consider the nonstandard problem
wy + Au = F(z,t), in Qx(0,7), (2.1)
au(z,0) +u(z,T) = g(x), in £, (2.2)
Buy(x,0) + ug(z,T) = h(x), in Q, (2.3)

where A is a linear, time independent, symmetric, positive-definite differential
operator acting on sufficiently differentiable functions that satisfy homogeneous
Dirichlet boundary conditions. F', g, h are sufficiently regular prescribed func-
tions, a and 3 are nonzero constants and the subscript denotes the partial differ-
entiation with respect to t. We will use Lo inner product and norm notation in

the form

(g,h}z/gg(a:)h(x)dm, (u(t),v(t)) :/Qu(:v,t)v(x,t)dx,
lu()1* = (u(t), u(t)) .
Theorem 2.2.1. Let u be a solution of (2.1)-(2.3) and o and (3 are nonzero

constants satisfying either || > 1, |3| > 1 or |a| < 1, |3] < 1. Then the energy

function given by,

E(t) = [lun()]]* + (Au(t), u(t)) (2.4)
satisfies an a priori bound of the form,
T T T
O <C [ NF@I dn+Co [ [TIF@I de dn+Cytag.g) + Gl
0 0 n

(2.5)

for computable constants C, Cs, C3 and Cy depending on T and a constant .



Proof: We shall discuss the cases |a] > 1, [f] > 1 and |a < 1, |f] < 1

seperately. (The reason for not considering the other choices of a and 3 will be

explained in Section 3)
Case 1: |a| > 1, 8| > 1

We begin with the homogeneous equation
U + Au = 0,
multiply (2.6) by 2u; and integrate over Q x (0,¢), 0 < ¢ < T, to have
t
/ /(2unu7m + 2u, Au) dx dn = 0.
0 Jo
Since A is a symmetric operator, we can write
/ 2u,Au dn = /(unAu + uAu,) dn.
Q Q
Thus from (2.7) we get,
t
/ /(u?7 + uAu), dzdn = 0.
0o Jo
Using the energy function given by (2.4) we can rewrite (2.8) as
¢
| Bwmar=o
0
from which we deduce the conservation of energy principle

E(t)=E(0), 0<t<T.

(2.7)

(2.9)

Let us consider the inhomogeneous equation (2.1). Again multiplying (2.1)

by 2u, and integrating over Q x (0,t), we get

t t
/ /(Zunum7 + 2u,Au) dx dn = 2/ / u,F(x,n) dz dn.
0 Jo 0 Ja

10



From the above discussion the left hand side of the above equation is E(t) — E(0).

Thus, we have
t
E(t) — E(0) = 2 / (Fuy) dn
0
ie.,

E(t) = Q/t (F,u,) dn+ E(0), 0<t<T. (2.10)

Now using Cauchy-Schwarz Inequality and Cauchy’s Inequality with €, respec-

tively, we get
t
B(0) <2 [ 1F) )l dn+ E©)
0
t
1
< 2/0 (IFEMI + - llun()*) dn + E(0)
L[ 2 ' 2
=2 IEI™ dn+~ [ Nug()” dn + E(0) (2.11)
0 0
1 .
where v = % > 0. From (2.4) we can write
€
lue(D)]” < E(2). (2.12)
Thus, substitution of (2.12) into (2.11) yields,

E(t) < % / VFGIE dn+ / E(n) dn + E(0). (2.13)

Now setting

and rewriting (2.13) in terms of P(t) gives us
1 t
P'(t) < 552@) +7P(t) + E(0), S(t) = / 1E () dn. (2.14)
0

We now solve (2.14) for P(t). Indeed, this is a linear ordinary differential inequal-

ity with integrating factor e~7*. Solving this inequality over the interval [0, t] we

11



obtain

P(t) < %/0 "= 52(n) dn + @(e“’t - 1), (2.15)

and hence inserting (2.15) into (2.14) we get

Bt) < %52@) + /O ) S (1) dy + E(0)e™, (2.16)

Now we have to find a bound for E(0) in terms of the data. To this end, we
evaluate (2.16) at ¢ = T and then use the auxiliary conditions (2.2)—(2.3) to
write the terms of E(T") in terms of u(0) and wu,(0).

That is, we substitute

E(T) = |Ju(T)||* + (Au(T), u(T))
= [lh = Bus (0)||* + (A (9 — au(0)) , g — au(0))

so that we have

1h = Bur(0)[* + (A (g — au(0)) , g — au(0))

T
< %s?m + / =1 S2(n) dny + E(0)e.
0

Writing the terms explicitly and arranging them, we get
IR[* + 8% [[ue(O)[I* + (Ag, g) + a® (Au(0), u(0))
1 T
< 26 (h.w(0) + 20 (Ag,u(0) + ~SHD) + [ ST ) dy
0
+ (a0 + ((Au(0), u(0))) ™

SﬂﬁW%w®m+QMHM%M®H+%§Uﬁ

+ /0 T8 () dy + ([|uc(0)2 + (Au(0), u(0)))e™.

12



Since A is symmetric positive definite operator, from Theorem 1.2.5 we can write
(Ag,u(0)) = (A'?g, A2u(0)).

Substituting this property into the above inequality and then using Cauchy—

Schwarz Inequality we obtain,

1R ]1* + 52 lue(0)1” + (Ag. g) + o® (Au(0), u(0))

1
< 281 121} Nur (O] +2 fa | 4™2g][ | 4" *u(0)]| + Z5*(T)

i /0 T 5% () dny + (|ue(O)° + (Au(0), u(0)))e™™.

We now apply Cauchy’s Inequality with € to have,

B+ 5 e (O] + (Ag, g) + 02 (Au(0), u(0))
<2181 (eIl + 1 I ()IP) + 2ol (]| 472" + 1 [ 42u(0) )

+%§@U+A‘ﬂpm§WMW+WM®W+MM®m@mW?

Since

|A2u(0)||* = (AY2u(0), AY2u(0)) = (Au(0), u(0))

and
|AY2g)” = (AV2g, 42g) = (Ag, g),

rewriting the above inequality and arranging terms we get
(62— " — 18] 02) [uO)IF + (0% = 7 — |a] 02) {Au(0), u(0)) <

(Ehﬁ)M%m+<£Lﬁ)MW+%§UU+AiﬂPm§WMm(ZW)

02

13



1 1
Wherem:Q—>0and02:2—_>0.Thusif|Oz\>1,|5|>1,for
€ é

21 21
0<o < Fot , 0<oy< i
I& o]
we can choose 7,
1
0<y< Tln [min {a* — || oy , 5% —|B]0o1}] (2.18)
so that
=T —|Bloy >0 , =T —laloy >0
and
(Lon)so (D)o
02 01
Letting

min {3* — " — |0y , o® =" —|alor} = p (constant),

from (2.17) we can write

eI + (au0),u) < (2= 1) g+ (21 1) e
+ %S%T) + /0 =) 52(n) dn

from which we deduce
T
E(0) < K (Ag, g) + Ko |2 + KaS*(T) + Ko / ST 2 dy  (2.19)
0

for computable constants K, Ko, K3 and K. Hence a bound for £(0) is obtained

in terms of data.

14



Finally, substituting (2.19) into (2.16) we obtain the energy bound
1
E(t) < Kae™ (Ag.g) + K™ |[B]* + (? " K) SHT)
T
+ (1 + Kye'") / T S2(nydy, 0<t<T (2.20)
0

when |a| > 1,|5] > 1.

Case 2: |a| < 1, |B8| <1

In the present case we again begin by multiplying (2.1) by 2u; and then
integrating over Q0 x (¢,7"). As done in the previous case, one can easily obtain

that this calculation yields,
T
E(t) = B(T) — 2/ (Fouy) dy, 0<t<T. (2.21)
t

Now using Cauchy—-Schwarz Inequality and Cauchy’s Inequality with ¢, respec-

tively, we have
T
B0 < BT +2 [ IF] Jugldy
t
1 r 2 ~ g 2
< E@)+z | IEIT dn+5 |l dn,
t t

for 4 > 0. Substituting (2.12) into the above inequality we obtain,

E(t) < E(T) +% / VP dn+ 7 / E(n) dy. (2.22)

We set

and rewrite (2.22) as,

—P'(t) < B(T) + £ S*(t) + 7P(t), S°(t) :/t IE)* dn. (2.23)

15



Now solving (2.23) for P(t) over the interval (t,7T)), we get

P(t) < E%T) [e&(T_t) —1] + %/t D G2() dn. (2.24)

Substituting (2.24) into (2.23) and writing —P'(t) = E(t) yields,
~ ~ T ~ ~
S2(t) + E(T)eV T 4 / DS () dy, 0<t<T. (2.25)

t

2| =

B(t) <

In this case we have to find a bound for £(T) in terms of data. Similar to the first

case, we evaluate (2.25) at t = 0 and then use the auxiliary conditions (2.2)—(2.3)

to write the terms of £(0) in terms of u(7") and u,(7"). That is, we substitute

B(0) = [ (O + {Au(0), u(0)
= 5 Il =l + 5 (Alg = u(T)).g — (D)

1
:)/
+ 25 (hon(D) + = (Ag, ()

After applying Cauchy—Schwarz Inequality and Cauchy’s Inequality with €, re-

16



spectively, and then arranging terms, we obtain

(g5 =& = 2 (DI + (o — 7 — Z8) {Au(T), u(T)

3 32
1~ r_ . 1 1 1 1
< =S%(0 MS2m)ydn+ — (— - 1) |aP+— (——1)(A
<150+ [ a5 (= 1) P+ 5 (5 -1) (ag.)
(2.26)
for 03,04 > 0. Thus if |a] < 1,|8| < 1 for,
o3<1—p% | os<1—a?
we choose ¥
- 1 . 1-— 03 1— (o)
O<7<?ln [mm{ 7 }} : (2.27)
so that,
E e’ E >0 , ? v o2 0
and
L 1)>0 L1 1)>0
B2 \ o3 Toa? 04 '
Hence, proceeding as in the first case, from (2.26) we can write,
~ T ~ ~
B(T) < KsS(0) + Ko | P5(0) dn+ Ko bl + K (Agyg)  (229)
0

for computable constants K5, Kg, K7 and Kg. Substituting this inequality into
(2.25), it follows that,

1 2\ = . T
E(t) < <§ + K5e‘YT) S2(0) + (14 Kee'(T)) / e7S%(n) dn
0
+ K767 ||h|)* 4+ Kge'T (Ag,g), 0<t<T, (2.29)

when |a| < 1,|3| < 1. Finally, writing S(t) explicitly gives the bound (2.5), as
desired.
Thus we see that the constants Cy, Cy, C3 and Cy in (2.5) depend on T and
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v that satisfies either (2.18) or (2.27) for |o| > 1,|5| > 1 and |o| < 1,|6| < 1,
respectively.

We remark that, in fact, sharper estimates than (2.5) are possible in each case.
For instance, in the first case |a| > 1,|3] > 1 we could use (2.19) to bound E(0)
in (2.16) and not extend ¢ to T" in the other terms of (2.16). A similar procedure
applies in the second case |a] < 1, || < 1 to (2.25) and (2.28) where we extended
the integrals in (2.25) to the interval [0, 7] to obtain the common estimate (2.5).

2.2.2 Inhomogeneous Equation with time—independent

source term:

In this section we will consider the nonstandard problem (2.1) where the

inhomogeneous term is time independent. That is we have,
uy + Au= f(z), in Qx (0,7). (2.30)

In this case we have the following theorem:

Theorem 2.2.2. Ifu is a solution of the problem (2.50), (2.2), (2.3), with a and
B satisfying either |o| > 1, |B] > 1 or |a| < 1, |B| < 1, then the energy function
given by (2.4) satisfies an a priori inequality of the form,

E(t) < i [l]* + e2(Ag, 9) + s || fII° + e lgll”, 0<t<T, (2.31)

for computable constants ¢y, ¢z, c3 and cy.

Proof: We make some modifications in the previous argument and we will
obtain an energy bound which is independent of 7. We again examine two cases
seperately.

Case 1: |a| > 1, (8| > 1
As done previously, we begin with multiplying (2.30) by 2u,; and integrating over

18



2 x (0,t) . This calculation yields

B0~ E0) =2 [ () do
=2 [ (4,
that is,
B(t) = 2[{/, u(t)) — {f, u(0))] + E(). 2.32)

Writing this equation for ¢ = T" and using the auxiliary conditions, we get

1h = Bu(0)[|* + (A(g — au(0)), g — au(0))
= 2[{f,9 = au(0)) = (f,u(0))] + [[u(0)|* + (Au(0),u(0)) .
So we have,
A"+ (5% = 1) we(0)]* + (Ag, 9) + (a® — 1) (Au(0), u(0))

= 20 (us(0), h) + 200 (Ag, u(0)) + 2(f, 9) — 2(er + 1) (f, u(0))
< 2B [{ue(0), h)| + 2|l [{(Ag, u(0))| + 2 (f, 9)| + 2 |a + 1] [{f, u(0))]

<18 ( @ + ||h||2) T ol ( (Au0), u(0)) + = <Ag,g>)
I+ gl = o+ 1 (i T ||u<o>||2) |

where we have used Cauchy—Schwarz Inequality and Cauchy’s Inequality with e,

respectively; and €y, €, €3 are positive constants. Hence, on collecting terms we
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obtain,

(5 —1 - 18] e1) O + (0% — 1~ Ja e2) {Au(0), u(0))
< (@ - 1) 1l + (@ - 1) (Ag,q) + ('ajg i 1) Tk

+ o+ e [u(O)* + lgl*. (2.33)

Now we have to find a bound for ||u(0)|*. Since A is assumed to be positive

definite we can write,
(Au(t),u(t)) > Au@®]*,  0<t<T

for some positive constant A. In particular

1

lu(O)]* < 5 (Au(0), u(0)).

> |

Substitution of this inequality into (2.33) yields

(= 1=181) IO+ (2 = fal o = 1 = 25 ea) (ufo), o)

< (Z-a)ime+ (2-1) g+ (B2 )+ ot

€1

We consider the case |a] > 1,|3] > 1. Since €, €, €3 are arbitrary positive
constants we can choose them sufficiently small so that the coefficients of the
above inequality become positive. Thus, using similar discussions in the previous

section, it follows that,
E(0) < Q% =k [l* + k2 (Ag.g) + ks | I + R lgl*, (23)
for computable constants &y, ks, k3, k4. Inserting (2.35) into (2.32) gives the bound

B(t) < Q* +2[(f.u(t)) — (f,u(0))]
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from which we deduce
2 1 2 2 2
B0 <@+ (142 ) 1P + el + (o)
using Cauchy—Schwarz Inequalities, for €4 > 0. Now writing E(t) explicitly and

using the positive definiteness of A, we have

1

o1+ (), ) < @+ (141 ) 1P+ 5 (A, ) + 5 (4u0), u(0)

or,

() P+ (1 = 5) (Au(t), u(t)) < Q*+ (1 + 1) 71+ (Au(0), u(0)) (2.36)

for A > 0.
Now we are looking for a bound for the last term in (2.36). From (2.4) we

can write

{(Au(0), u(0)) < E(0),
so that taking (2.35) into account, we have

1 1,
3, (Au(0),u(0)) < 3 Q. (2.37)

Substituting (2.37) into (2.36) gives the bound,
) €4 1 2 1 2
lu ()17 + (1= ) (Au(),u(®) < (145 ) @+ (1+=) IA1P
€4
Finally choosing ¢, appropriately we derive the energy bound
E(t) < ks ||hl|* + ke (Ag, g) + k7 | FII* + ks llgll*, 0<t<T (2.38)

for computable constants ks, kg, k7, ks when |a| > 1, |3| > 1, as desired.

Case 2: |a| < 1,|8]| < 1
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We begin by evaluating (2.32) for ¢t = T'. That is,
E(T) = 2[{f, u(T)) = (f,u(0))] + E(0). (2.39)
Substituting

Emw:%wh—mawﬁ+iwA@—u@»g—uaw

a2

we obtain,

e T + (Au(T), w(T)) = % [ = (D) + = (Alg — u(T)), (g — u(T)))

+2Bﬁ:T»—<ﬁ§m—u@»ﬂ.

On collecting terms we get

1 . (1 1, 1
(5= 1) I+ (5= 1) CAuCT) ) + 5 10+ 2 Age)
2

= 5 (b ud(T) + % (Ag, u(T)) -2 [<f>“(T)> - <f’ é(g - u(T))H '

Since we assumed |a| < 1,|3| < 1, the left hand side of the above inequality
becomes positive. Taking absolute value of both sides and applying Cauchy—

Schwarz Inequality and Cauchy’s Inequality with e, we obtain
1 ) 1 1., 1
7! le(D+{ = =1 (AU(T),U(T)H@IIhII +—5(49.9)

<

% (é 1B]* + €5 ||ut(T)||2) + é (i (Ag, 9) + € <Au(T),u<T)>)

v2|[oum) = (£.2 -um))| | @10
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Since

2| [t = (5.2 - wrn)| | =2 (14 ) owrn - 1.0
<2 || 2| ran+ 1]

1 1
sb+{(—wW+@mww)
« €7

+§wwW+mm,

we finally have

2 [(oul) = (1. 2g —u(r) )
1

<[t 2] (S 1+ aumyamy) + o P+ 1al) @)

from the positive definiteness of A, for e; > 0.

Thus, on combining (2.40) and (2.41) we derive

1 1 1
(- 1= %) b+ (- 1= % =i+ 2 ) aun,um)
1 /1 1 /1 111 1 1
< g (2o (2 - 1) g1 2 2 ] e ol

| 1ol

(2.42)

For sufficiently small €5, €5 and €7, it follows that,
E(T) < P := ko | h||* + k10 (Ag, g) + kuy | FII* + ka2 19| (2.43)

for computable constants kg, k19, k11, k12. We now use the equation

EarzEav—zl (f ) di

(which is obtained by multiplying (2.30) by 2u; and integrating over  x (t,77))
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and (2.43) to write

lue()]* + (Au(t), u(t)) < P* = 2[(f,u(T)) — (f,u(t))]. (2.44)
Since

L 2(f,u(T)) < 1P+ (DI < IF1° + % {(Au(T), w(T)) ,

2. 2{f,u(t) < = | + 5 {Ault), ule).

for eg > 0, we have

o)+ tute) ) < P (1 ) 1P+ 5 (u,ue) (245

+ 1 (Au(T), u(T))

> =

<P (14 D) IR + 5 Cuto).ulo) + 1P

that is,
2 €8 1 2 1 2
() + (1= ) (Au(),u(e) < (145 ) P+ (1= ) 1P (246)
A A €s
Choosing e and A\ appropriately, we finally obtain,

E(t) < kis |[B]* + ki (Ag, g) + kus | FI* + g [lgl*, 0<t<T  (247)
for computable constants ki3, ki4, k15, k16 when |a| < 1,|8| < 1, which is of the
form (2.31).

2.3 Uniqueness

In the previous two sections we obtained energy bounds for the nonstandard
problem when the nonzero constants « and [ satisfy either |a] > 1,|8] > 1 or

la| < 1,]8] < 1. Thus we have the following theorem.
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Theorem 2.3.1. If a solution exists to problem (2.1)-(2.3) with either F(z,t) or
f(z) in (2.1), then it is unique, provided |a] > 1,|6] > 1 or |a] < 1,|6| < 1.

Proof: We will show the uniqueness for F(z,t¢). Similar development is
possible when the inhomogeneous term is time independent.
Let u and v be two different solutions of the problem (2.1)—(2.3) and let

u — v = w. Then w solves

wtt—I—Aw:O, in Q x (O,T),
aw(0) +w(T) =0, inQ, (2.48)
Pwi(0) + w(T) =0, in Q.

We will use the energy function to show the uniqueness. In Section 2.1, we have

shown that the energy function F(t) satisfies a bound of the form

T T T
B®)<C [ IF0)I* do+Co [ e [ IFQIP de dn+ Catag.g) + C )P
0 0 n

when |o| > 1,[|6] > 1 or |a] < 1,|8] < 1. Since the problem (2.48) involves

homogeneous differential equation and homogeneous auxiliary conditions, we get

E(t) <0.

But the definition of the energy function implies,
E(t) = [lw (0)|I* + {(Aw(t), w(t)) = 0.

So we have
E(t) = w(t)||* + (Aw(t), w(t)) =0,

from which we get w = 0 implying the uniqueness of the solution.

We now assume that A is such that there is a complete eigenspace and con-
sider problem (2.1)—(2.3) with F(z,t) = 0. Then we can determine the formal
representation of the unique solution and a condition for the existence of such.

Let A, and ¢,, denote the eigenvalues and eigenfunctions, respectively, of the
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eigenvalue problem

Ap—Ap =0 inQ,

2.49
¢ =0 on . (249)

(We assume that the eigenfunctions have been made orthonormal by the Gram-
Schmidt process.) Since there is a complete eigenspace, the set of eigenfunctions

{¢,} forms a complete orthonormal set. This leads to an expansion
u(@,t) = eu(t)pn(x) (2.50)
n=1

for the solution u(x,t) of the problem (2.1)—(2.3) with F(z,t) = 0. Substituting
(2.50) into the equation (2.1) with F(x,t) = 0, one finds that the ¢,(t) are

solutions of the ordinary differential equation
an(t) + Ancn(t) = 0.

Hence, the series representation of the solution of (2.1)—(2.3) with F(z,t) = 0

can be written as

u(z,t) = Z (an sin \/Ant + by cos \/)\_nt) on(z), (2.51)

n=1

where the coefficients a,, and b,, are determined by the auxiliary conditions. Now

using (2.51) in the first auxiliary condition (2.2) we get,

i [an <a + cos \/)\_HT) + b, sin \/)\_nT} on(z) = g(z).

n=1

Using orthonormality of eigenfunctions, we have

A <oz + cos \/ET> + by sin /AT = (g(x), pm(x)) .
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Similarly, from the second auxiliary condition (2.3) we get,

NS [am sin /AT + b <ﬁ + cos \/ET)] — (h(x), dm()) .

Therefore, the constants a,, and b, satisfy the system of equations

an (a + cos \/)\_nT> + b, sin \/A_nT = On,
—asin /AT + by (B4 005 VAT = b/

(2.52)

where (g(z), ¢n(2)) = g, and (h(z), ¢, (z)) = h, are the Fourier coefficients of ¢
and h, respectively. Writing (2.52) in the matrix form, we get,

a + cos \//\_nT sin v, T an\ Gn
—sinyNT  B+cosVAT) \bi ) \h/V

We denote the coefficient determinant of this system by D, i.e.,
D, =af + (a+ F)cos v\, T + 1. (2.53)

Thus if D,, # 0 for each n, then the system (2.52) has a unique solution for each
n and we obtain a unique series representation of (2.1)—(2.3) with F(z,t) = 0
from (2.51). Let us examine the condition D,, # 0. That is,

1+ap
VAT # — : 2.54
cos =+ ot ( )
Indeed this is possible if
14+ ap
> 1. 2.55
a+ (2.55)

We now show that (2.55) is satisfied either |o| > 1,8 > 1 or |a] < 1,|5] < 1.
(That is why we only discussed two cases in the previous sections.)

Let us consider the case |a| > 1, |3] > 1. Similar development is possible
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for |a| < 1,|08| < 1. |a| > 1,|3] > 1 implies @* > 1, 3% > 1. So we can write,

Q2B —-1)> -1

ie.,

B2 +1 >+ 32
Adding 2a3 on both sides of the above inequality gives us

o?3 +2aB +1> (a+ B)?

which implies
(aB)® + 208 +1

1
@+p)?
ie. )
(B+1°
(a+ pB)?
from which it follows that,
14+ ap o1
a+ ’

as desired.
Thus, (2.54) holds for |a| > 1,|5| > 1. Therefore, the solution is unique and the
series representation of the unique solution can be obtained.

Now if D,, = 0 for some n = k, from the Cramer’s rule, either the solution of
(2.52) does not exist or it may not be unique depending upon whether Gy, and/or

Hj, do not vanish or do vanish, where

a + cos VAT Tk
—sinyVMNT i/ VAT

Gk sin /AT
hi/ Ak B4 cos VAT

Gy

Y

As a simple example for the nonexistence of the solution when 0 < a < 1, § > 1,
we take g(x) = h(z) and suppose D,, = 0, for some n.

This implies,

1
cos /A, T = — +af for some n.
a+ 0
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Then we have

G, = gn(ﬁ—1+a5)— I (\/(@—1)(1—@2))

a+ VA a+ [
‘/7{\/627— m}

a+ 0

and it is easily seen that G,, doesn’t vanish when
1 1/2
B> [1 + A—(1 - 042)}

(that is, 8 > 1), which yields the nonexistence of the solution.

2.4 Pointwise bounds for the wave equation

In this section we again consider problem (2.1)—(2.3) with F'(z,t) = 0 and
show how pointwise bounds may be obtained at some time t;, 0 < t; < T,
assuming a solution exists. We proceed generally at first, then we shall fix the
operator A as the negative of Laplacian and we shall restrict the dimension. In
this way, we derive pointwise bounds for the special case of the wave equation in
N < 3 dimensions.

We assume u € C3 and start with
Uttt ‘l— Aut = 0

As done before, multiplying the above equation by 2uy; and integrating over

Q x (0,1) yields,
¢
/ / [ufm + unAun} dz dn = 0.
0o Jo K

e (D17 + (Aug(8), (1)) = Jua(0)]* + (Aug(0), u,(0)) (2.56)

Thus it follows
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Now, from the homogeneous form of (2.1) we have
uy(x,t) = —Au(z,t).

In particular
u(0) = —Au(0) and uu(T) = —Au(T),

where we suppress the spatial argument. Hence, from (2.2) we can write,
atty(0) + u(T) = —A(au(0) + u(T)) = —Ag. (2.57)
Evaluating (2.56) at ¢t = T then using (2.57) and (2.3), we get
14g + aus (0)|* + (A(h — Bus(0), h — Bus(0))) = uw(0)]I” + (Aus(0),us(0))

On combining terms,

(@ = 1) [lun(0)[* + [[Agll* + (8° — 1) (Auy(0), us(0)) + (Ah, h)
= —2a (Ag,u,(0)) + 20 (h, Au(0)) .

Since we assumed solution exists, particularly we can take |a| > 1 and |3| > 1.
Taking absolute value of both sides and using Cauchy—Schwarz Inequality and

Cauchy’s Inequality with e, it follows that,

(@®=1) us(O)]I* + | Agll* + (8% = 1) (Aus(0), ur(0)) + (Ah, h)
< 2|al [(Ag, uu(0))| + 28] [(h, Aur(0))]

< lal (G 1401+ 0 o)) +181 (- (A1) + 02 (A 0)(0)) )

That is,

(@® = || 6 — 1) lug(0)[|* + (8% — |8] 62 — 1) (Auy(0), ue(0))

< (G- naalt+ (1) cany
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for positive constants 6; and 6, > 0. Choosing 6; and 6, sufficiently small, we
have
e (0)1” + (Aug(0), us(0)) < rix || Agll® + K2 (A, h) (2.58)

for computable constants k1 and ky. Note that, from (2.56) and (2.58) we get
(D1 < 51 || Agll” + #2 (Ah, h)

We now consider the homogeneous form of (2.1) and choose the operator A as the
negative of Laplacian with homogeneous Dirichlet boundary conditions. Thus,
taking the above inequality into account and using Green’s first identity we can

write
lug(t)]” = [ Au(t)I* < k[l Ag)* — ffz/ h.Ah dx
Q
N
= K1 HAg||2 —|—/€2/ Zhil dx
€ =1
= f | Agl® + k2 [ VR (2.59)

where V denotes the gradient operator, 0 < ¢; < T. Hence we obtain a bound
for ||Au(ty)]].

By Green’s formula we can write,

u(w,ty) = _/QG(xatl;fvtl)Au(fatl) dg ,

where GG denotes the Green’s function for the operator —A under Dirichlet bound-

ary conditions. Applying Schwarz Inequality we have,

el (/Q ¢ dg) N ( /Q [Au(ty)]? df) -

uz, t)] < |G| Au(t)]]- (2.60)

or,

Weinberger [25] determined a bound for ||G||,, in a bounded N-dimensional do-
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main. He showed
G, < XTIV,

where p is any number greater than %, (1/p+1/p’ = 1), Ais alower bound for the

eigenvalues of the symmetric matrix a;;(z) for the self adjoint elliptic operator

#2255

t,j=1

and V is the volume of €2. The best possible constant K, y is given explicitly
in [25].

Since we use Lo norm we have p = 2 here, and so we are restricted to N = 3
since p > N/2. Thus using (2.59) to bound ||Au(¢;)|| and Weinberger bound on
IIG||, we can obtain pointwise bounds for u at the point (z,¢;) when N < 3, by
means of (2.60).

2.5 Some extensions

In this section we will extend the technique developed in previous sections to
a damped equation and to a nonlinear Kirchoff string, respectively.
Firstly, we investigate the derivation of energy bound when a damping term

is present in (2.1). That is, we consider the problem

Uy + aug + Au=0, inQ x (0,7)
au(0) +u(T) = f(z), inQ (2.61)
Bu(0) + u(T) = g(z), inQ

where a is a positive constant. (A similar development is also possible when
a is negative.) We start with || > 1, |5] > 1. Multiplying (2.61) by 2u; and
integrating over 2 x (0,t) yields,

e ()] +2a/0 gl dn+ (Au(t), u(t)) = [lu (O)[|* + (Au(0),u(0)) ~ (2.62)
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for 0 < t < T. We evaluate (2.62) at t = T, drop the integral term and use

auxiliary conditions to have
1h = Bur(0)[|* + (A(g — au(0)), g — au(0)) < [lu(0)[|* + (Au(0),u(0)).
Proceeding as in Section 2.3, one can easily determine,
E(0) = [[us(0)[|* + (Au(0),u(0)) < Dy [|hl|* + D2 (Ag, g)
for computable constants D; and Ds. Consequently, from (2.62) we get,
E(t) < Dy ||hl|* + Ds (Ag, 9) (2.63)

where E(t) denotes the left hand side of (2.62).
In the case of |a| < 1, || < 1 we again multiply (2.61) by 2u, and integrate
over 2 x (t,T) to have

()" + (Au(t), u(t)) = 2@/ g | dip+ [|ue(T)|* + (Au(T), u(T)) . (2.64)

t

Using (2.4) we obtain from (2.64) that
T
Blt) < Qa/ E(n) dn+ E(T), 0<t<T. (2.65)
¢

Letting
T
S(t) = / E(n) di
t

we can rewrite (2.65) as
—S'(t) <2a S(t) + E(T). (2.66)
Solving (2.66) for S(t), over the interval (¢,7"), we obtain,

S(t) < [e*T=0 —1]. (2.67)
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Now substituting (2.67) into (2.66) yields,
E(t) = S'(t) < B(T)e* ™Y 0<t<T. (2.68)

In particular we have
E(0) < B(T)e*?.

o 1 1 ]
Writing E(0) = 7 |h — u (T + o2 (A(g —u(T)),g —u(T)) and applying
Cauchy—-Schwarz Inequality and Cauchy’s Inequality with e, it follows that

(i _ 2T _ ﬁ) l[ue(T)||” + (é — e — %) (Au(T),w(T))

1 /1 s 1 /1
< —|==1)1h —(==1)(A
<5 (5 1) e+ 5 (5 -1) g
for positive constants d; and d,. If we have the further restriction
aTl

o, 18] < e”

we can make the coefficients of the above inequality positive for sufficiently small
01 and d5. Thus we obtain the bound

E(T) < Dy ||hl|* + D1 (Ag. g)
for computable constants D3 and D,. Consequently it follows from (2.68) that
E(t) < [Ds||hl* + Ds(Ag,g)] €, 0<t<T, (2.69)

provided |al,|3] < e7T.
We now try to find an energy bound for the generalized Kirchhoff string.
In [27], generalized Kirchhoff string is defined as the differential equation,

Uy — M (||Vu||2) Au+ |ug| 2wy = f(x,t) in[0,00) x Q

where  is a bounded domain in R with smooth boundary 9, m is a non-
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negative function, |us|? > u, is damping and f(x, ) is an external force.

For simplicity, we will discuss the homogeneous generalized Kirchoff string
with no damping term and we will take m = p’, for some nonnegative differen-
tiable function p. The prime here denotes the ordinary differentiation. Thus, we

consider the differential equation
Uy — p (/Q \Vu(t)|* do > Au=0, inQx(0,T), (2.70)
and determine a bound for the energy identity
E(t) = [us®” +p (IVu®)]) - (2.71)
Multiplying (2.70) by 2u; and integrating over §2 x (0,t), we get
)P = [ (0)]F = 2/ / (IVul?) uyu] ey, (272)

We now examine the right hand side of the above equation. Since, V (u, Vu) =

uy Au + Vu,Vu , we have

/ / ||VuH Uy Au] dx dn

2 [ /Q[p’(uqu?) (V (uy V) = Vay V)| d .

1
Using the fact that, Vu, Vu = 3 8

rewrite the right hand side of the above equation as,

\Vu\ and applying divergence theorem we

/ / (IVul*) (V (uy, V) — VunVu)} dx dn

= /0 (||VUH2) {2/89 (u, Vu) .1idS, — /Q 3277 IVl dx} dn

where 77 denotes the exterior unit normal vector to the boundary. Since we con-

sider problems whose solutions satisfy Dirichlet boundary conditions, the integral
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taken on the boundary vanishes and we finally have

t
/ d
/ / HVUH Uy Au] dx dn = —/ p (HVUHZ) . HVuH2 dn.
0 n

Hence (2.72) becomes,

t
: d
e ()17 +/O P (IVul) an IVul® dip = [lu, (0)]* (2.73)

Now letting | Vu|® = 2 we rewrite (2.73) as

[ Vu(t)|?
e + /” 5 (2) dz = Ju(0))

Vu(0)|>

and finally obtain,
lus@)1* + p (IVu@)?) = [lu:O)* + o (IVu(O)[*), 0<t<T.  (274)

Now we have to bound the right hand side of (2.74). To this end, we evaluate
(2.74) at t =T and use (2.2), (2.3) so that,

1 = Bus ()" + p (IIV (g = au(O)]*) = Nu(O)]” + p (IVu(O)]]*) -

On collecting terms, we have

IRl + (52 = 1) [[ue(O)1* + p (Vg = aVu(0)[I*) = 26 (h, u(0)) + p ([[Vu(0)]]*) -
(2.75)

We now assume that p satisfies an inequality of the form,

p (IVg = aVu(O)|*) = ki(a, 8)p (IIVu(0)*) — kel 6)p (IVgl*)  (2.76)

where 0 is a positive constant, ki(a,0) > 1 and ky(a,0) > 0. This is possible,
for example, p is of the form p(s) = sP. Let us check that (2.76) is satisfied, for
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instance, when we choose p(s) = s? with p = 2 and |a| > 1.

p(IIVg = aVu(0)|*) = (IIVg - aVu(0)[*)”
= (| Vgl — 20 (Vg, Vu(0)) + o? [Vu(0)|*)°
= |[Vgl* + 40* (Vg, Va(0))* + o [Vu(0)]*
— 40 |[Vg|* (Vg, Va(0) + 20? [ Vg* [Vu(0)]?
— 403 HVu(O)H2 (Vg, Vu(0)) . (2.77)

We will examine the terms with negative coefficients in (2.77). Since for positive
a and b,
al/Ppl/e < E_i_é’ 1_,_}:17
p g p g

we can write

4o ||Vg[I* (Vg, Vu(0)) < 4ol [Val* [(Vg, Vu(0))]
< 4la |Vg|* [[Vu(0)]

3/4
2R y
= (V) 3 g va(o)))

01
<4 I\V9H4+0i”!a!4\|Vu(0)H4
B 014/3 4

3
=— IVall* + ot [al* [Vu(0)]".
1
Similarly,

40 | Vu(0)|? (Vg, Vu(0)) < 4 (| Vg| )”4( Hvu()) )™

_ (nwn ) ot [T

( Vol ) Ll Vu©]*
4/3

= ; IVgl* + 3oa [[Vu(0)|*
2

| /\
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for positive constants o and 0,. Substituting these inequalities into (2.77) we

get,
P (IVg = aVu(0)[*) = [ Vgl|* +4a® (Vg, Vu(0))* + a* | Vu(0)]
3
+20° || Vg | [ Vu(0)* — o IVal* = ot laf* || Vu(0)]*
1
— = [Vg]l" = 3oa* [Vu(0)]*.
02
Consequently we have,
p IV — aVu(O)[?) > a* (1 — o} — 302) p (IVu(O)])
3 1 9
(245 -1)evan

which is of the form (2.76).

We now return back to equation (2.75) and use the assumption (2.76) to write,

121* + (8% = 1) [lue(O))* + K1 p (IVu(0) %) = k2 p (IV9]*)
< 28/ (h, u(0)) + p (IVu(0)]*) . (2.78)

Using Cauchy—Schwarz Inequality and Cauchy’s Inequality with €, we can write,

1R ” + (8% = 1) [l () + (k1 = 1) p (IIVu(0)]*)

< kap (IV91%) + 1817 )2 + 2 g2 (270)

T

for 7 > 0. That is, we obtain

(52 = 1817 — 1) [ua(O)]12 + (s (, 6) — 1) p (| Tu(O)])
< (ﬂ - 1) 1R + K, 8)p (IVg1)

Thus, for |3] > 1 we can choose 7 sufficiently small so that the coefficients of the

above inequality become positive. Hence, as done in the previous sections we can
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write

lue(O)I* + p (IVu(0)%) < & lI2]* + 2 (IV4l) (2.80)

for computable constants ¢; and ¢s.

Consequently, from (2.74), we find the energy bound as,
lue()I* + p (IVu(®)]*) < & 1Al* + ép (IVa]) (2.81)

for0 <t <T.
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CHAPTER 3

NONSTANDARD PARABOLIC
PROBLEMS

3.1 Introduction

In this chapter we study similar type of problems for differential operators that

involve a first order time—derivative term. We consider problems of the form,

d
d—?%—Au: f, au(0)4+u(T)=g

for t € (0,7), where A is densely defined, linear, time independent positive
definite symmetric operator and « is a nonzero constant. We note that A is a
differential operator acting on functions that satisfy appropriate homogeneous
boundary conditions.

In Section 3.2 we will obtain energy bounds for the given nonstandard problem
and we will discuss the uniqueness of the solution. In Section 3.3 we will consider
the special case of the nonstandard problem when A is the negative of the Laplace
operator and determine pointwise bounds for the solution and its gradient by

means of maximum principle.
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3.2 Energy Bound

Let Q be a bounded domain in RY with smooth boundary 09 and let x =

(1, ,xn). We consider the nonstandard problem
u + Au = f(x,t), in Qx(0,7), (3.1)
au(z,0) + u(z,T) = g(x), in Q, (3.2)

where A is a linear, time independent, symmetric positive definite differential
operator acting on sufficiently differentiable functions that satisfy appropriate
homogeneous boundary conditions. We also assume that g satisfies an appropriate
compatibility condition on 92 and that a solution to (3.1)—(3.2) exists. As in
Chapter 2, we will use the Ly inner product. We shall determine a bound for the

energy expression given by,

B(O) = [u(®I* = [ o(a,t)ds 33)
Q
from which the uniqueness of the solution and continuous dependence on the data

can be deduced. We begin with differentiating (3.3). This yields,

dE

%:2/ﬂuutdx:2<u,f—j4u).

Since A is positive definite, we can write
(Au,u) > Afull*,

for A > 0. Thus, we have

dE )
— <2 -2
<2, f) — 2\ ]

= 2(u, f) — 2\E. (3.4)
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Applying Cauchy—Schwarz Inequality and Cauchy’s Inequality with €, we obtain,

dE 9 1 2
— +2\E <2 —
e <2 (el 4 IR,

dF 1
— < 2M—¢) F+ — .
— <20 -9 E+ o] (35)

where € is an arbitrarily chosen constant satisfying 0 < ¢ < A. Solving this

differential inequality over the interval [t,t], we get
1 [ 9
Blt) < 2000 + o [ )P et gy
€y,
that is,
o) (1 I o) (t—
mngwm%ﬂ“Wm+z/www“WmM (3.6)
t1

where 0 < ¢; <t <7T. We note that if

@@ﬂMm:uymwﬂm,

then
de Jo uuy do ~ (u, f) = (u, Au)
dt [f u?(x,t) dm]l/2 P
2
TN
- d )
Thus we have . (. f)
U
— 2P <
a TS Tg

and hence we obtain

P 1/2
e + AP < { f? d:p]
Q
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by using Cauchy—Schwarz Inequality. The solution here is,

t
B(t) < e M(0) + / N £ dy
0

or

lu(@)ll < e [lu(0)] +/ e f] dny (3.7)
0

for 0 <t <T. We now set

v(n) =u(2t —n), 0<t<T/2 (3.8)
where we suppress the spatial variable. Using this in (3.1) we get,

v, — Av = —f(2t — n).
Now consider the integral,
t
[ g+ Aud + Gy = )
0

Using (3.8) we can write,

t t
[ T+ A0+ G = A0)] dn = [ a2t =), ) — (o). 20— )]
0 0
(3.9)
One can easily see that the integral on the left hand side of (3.9) is (v, u) |}.

Letting 2t — n = o, we can rewrite (3.9) as,

(v, u) |5 = / (w(0). f2t — o)) do— / (uln), F(2t — ) di

or
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From (3.8) we have v(t) = u(t) and v(0) = u(2t). Substituting these into above

equation and using Cauchy—Schwarz Inequalities, we find
, 2 t
[u(®)]]” < (u(2t), u(0)) +/ [l ILFI] dn +/0 [ull ILFI} dn
t
and
, 2t
I < (), 0+ [l 171 d (3.10)
for 0 <t <T/2. Evaluating (3.10) at t = T'/2 yields
, T
[u(T/2)[]” < <U(T)7U(0)>+/O [l L £1] dn. (3.11)
We now apply (3.6) on the interval [T/2,T], so that
lu(D)* < (T/2)[1* =T + Fi(|L£1), (3.12)

where

1
(7P = 5 / 7P 20T gy (3.13)

Now substitute (3.11) into (3.12) so that

lu(T)|I* < ((MT),U(O)) +/0 [l 11 dn) O B (1)

Using (3.7) in the above inequality, we get

[w(T)|1* < ((u(T), u(0))) e~ -7
|u(0)] e” o+/0”€_A(a—n) Kl dn} dae_(’\_e)T—|-F1(||f||2)
)))e

v ||f||{
< ((u(T), u(0))) e~ O
()] / LFlle™ doe= 09T & B (LIP) + Ba(lf1P) (3.14)
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where
T o
BIAIP) = / 1£@)] / 1F ()| e dy dor e O, (3.15)

In order to complete our bound for ||u(t)||*, we seek a bound for ||u(0)|| in (3.6)
when #; = 0. To establish this, we use the auxiliary condition (3.2) in (3.14).
That is, we replace u(7T) in (3.14) by g — au(0) to have
T
lg — au(0)||* < (g — au(0), u(0)) eI + u(0)]| / Il doe= =T
0

+F (1) + B (L1

On collecting terms we get

lgl* + (o + ae”=IT) [[u(0)|* < (2 + e~ *797T) (g, u(0))

T
+IIU(0)II/0 1Fle77 doe==9T + B (| £117) + F(IF1).

and finally using Cauchy—Schwarz Inequality we obtain,

—(h—e 2 2
{a? + a9} u(O)]* + lg]
T
< {»m £ gl + [ e dae<“>T} o

+ F (1) + B

Hence we get a quadratic inequality. We can solve this quadratic inequality to

find a bound for ||u(0)|| in terms of data. In fact, we can write,

B+ +vB?+4DC
2D

lu(0)]] <
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where

T
B=[2a+ ¢ g+ [ 17 doe O,
0
D =ao®+ ae” 9T,

C = B (A1) + B — gl

Consequently from (3.6) we have the energy bound as,

B+ +B?+4DC

B(t) = [[u(t)]* < —

2
1 t

] 62()\6)t+2_/ HfH2672()\76)(t77]) d77
€Jo

(3.16)
for 0 <t < T. We note that the energy inequality we obtain is valid for all a > 0

and for a < 0 provided |a| > e~ =97,

The interval —e=*? < a < 0 is not considered in the above analysis since
(3.1) may not have a solution or the solution may not be unique in this restricted
interval. To investigate this, we consider the homegeneous form of problem (3.1),
i.e. f(x,t) =0, and assume A is such that there is a complete eigenspace. Let 7,
and w,, denote the eigenvalues and eigenfunctions, respectively, of the eigenvalue

problem

Aw —yw =0 in{,
w=0 onodf.

We can easily obtain that the series solution of (3.1) with f(z,t) =0, is

u(z,t) = che%twn(x).

n=1

Putting ¢t = 0 and ¢ = T in this series, we find that the auxiliary condition

becomes

@ cqwn(@) + Y ene " wy () = g(x)
n=1 n=1

46



or

Z cn(a 4 e, (z) = g(x).

Using orthonormality of the eigenfunctions and letting (g(x),w,(x)) = ¢y, the

Fourier coefficient of g(z), we determine the constants ¢, from the equation,
co(a+e ) = g,.

Thus, a unique solution exists if o +e~7T #£ 0 for each n, but there is no solution
if g, # 0 and a + e~ 7T = 0 for some n, and a non—unique solution if g, = 0 and

a+ e T =0 for some n.

In the case of the homogeneous form of (3.1), the computation of the energy

bound is much more simpler. In this case, in place of (3.4) we have

ar
— < =2)\F
dt — ’

so that the solution is of the form,
E(t) < E(ty)e” 271,

Thus, in place of (3.6), (3.7), (3.11), (3.12) we have,

[ < lu(t) 2262 o<t <t<T (3.17)
lu(®)ll < e lu(0)] 0<t<T (3.18)
[(T/2I < {u(T),u(0) (3.19)
u(T)? < |fu(z )| e (3.20)

respectively. Thus, (3.19) and (3.20) implies

u(T)]]* < (w(T), u(0)) e 7,
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Writing u(T) = g — au(0) in the above equation, we get

lgll* = 2 (g, u(0)) + o [u(0)[|* < ((g — au(0)) , u(0)) e
= (g,u(0)) e — ae T [[u(0)||"

Consequently, on combining terms and using Cauchy—Schwarz Inequality we have
(0® + ae™) [lu(0)|* + [|glI* < [2a+ e [|g]| [[u(0)]. (3.21)

Hence, we again have a quadratic inequality. Solving this inequality for ||« (0)]],

we obtain
o < | B
and finally from (3.17) we get the energy bound as
2
200 + e T | 4 AT
2 2 _
o1 < | Ba e g ey (3.22)

for 0 <t < T when o 4+ ae T > 0.
When a > 0, the term in brackets in (3.22) becomes %, and we get a simpler
bound:
[u@I < 5 llglf e, 0<t<T. (3:23)

Similarly, if & < —e T, from (3.22) we obtain,

1 _
Ju(t)]? < = lgllPe®", 0<t<T. (3.24)

3.3 Pointwise Bounds

In this section we will consider the nonstandard problem (3.1)—(3.2) when the

operator A is taken as the negative of the Laplace operator A.
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That is, we have

u—Au=0 in Qx(0,7),
u=0 on 00 x (0,7), (3.25)
au(z,0) +u(x,T) = g(z) in Q,

where (2 is a convex domain in RY with C**# boundary and g(x) # 0. Assuming
a solution exists, we will derive pointwise bounds for the solution and its gradient

by using maximum principle argument. To this end, we set,
U(x,t) = UVU’Q + au’] e** (3.26)

where a is a positive constant and Vu denotes the gradient of u. In [20] Payne and
Philippin derived a maximum principle for W(x,t). We shall give theorems that
are discussed in [20] and needed for the determination of the pointwise bound for

the solution and its gradient.

Theorem 3.3.1. Let u(x,t) be a classical solution of
u—Au=0 z€Q,t>0

in a bounded region Q C RY for some interval (0,T). Then ¥(x,t) defined in
(8.26) takes its maximum value either at a boundary point (&,t) with & € 08,
0 <t<T, orat an interior critical point (Z,t) of u with z € Q, 0 <t < T or
initially, at a point (Z,0) with & € Q.

1.e., we have

U(a,t), €09 0<t<T,
U(z,t) < max < U(Z,t), with Vu(z,t) =0, (3.27)
2 2
rileaéi{|Vh| +ah®},

with u(x,0) = h(x).

To establish (3.27) they showed that W satisfies the parabolic differential in-
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equality
AT+ |Vu| Wi ¥ , — T, >0, inQx(0,T)

where W, is the k' component of a vector field which is regular throughout
Q2% (0,7). U denotes the spatial differentiation with respect to zy, (k # t), and
the repeated index denotes summation from 1 to N. It follows then from the

standard maximum principle for parabolic equations that (3.27) holds.

Theorem 3.3.2. Let u(x,t) be a classical solution of
u—Au=0 z€Qt>0

and let U defined by (3.26). If 0 is a conver domain with C**P boundary 05,
and if u(x,t) satisfies either

u(z,t) =0, xe€dt>0, (3.28)
or
0 t
Unl) o peontso, (3.29)
on

where g—z 18 the normal deriwvative directed outward from €2, then ¥ cannot take

its mazimum value at a point of I, unless u(x,0) = h = 0.

For the proof of the above theorem they assumed in contradiction to the
conclusion of the theorem that W takes its maximum value at a point (z*,t*),
with 2* € 00, and 0 < t* < T. Then they showed by the use of the maximum
principle on the boundary [18] that this is impossible.

Theorem 3.3.3. Let u(x,t) be a classical solution of

u—Au=0 z€Qt>0

20



with

u(z,0) = h(z), x€Q
u(z,t) =0, x€dt>0

defined on a bounded domain Q C RN. Then the function U defined in (3.26)

cannot take its maximum value at a critical point of u provided that,

2
T
0<a< —
==
where d is the radius of the largest ball contained in Q). Furthermore if ) is convex
with C*8 boundary, we then have
2 2
\Vaul? + 47T—Cl2u2 < Gre
with

G? := max{ |VA|]> + W—th
Q Ad?

Now making use of the above theorems we will examine the function ¥ defined
in (3.26).

From Theorem 3.3.1, ¥ takes its maximum value either,
1. at a point P on 022 when t =¢* for 0 <t* <T.
2. at an interior point ) where Vu =0 , or
3. in Q when t = 0.

By Theorem 3.3.2, ¥ cannot take its maximum value at a point of 0f2, since
g(x) # 0. (In fact, g(x) # 0 implies u(z,0) # 0. On the contrary, if we assume
u(z,0) = 0, then the nonstandard problem will be converted into the standard
final value problem, which we don’t deal with.)

By Theorem 3.3.3, ¥ cannot take its maximum value at an interior point () where

Vu =0 when 0 <a < %. Consequently U takes its maximum initially when a
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is so chosen, i.e.,
\Vu(z, t)|” + au?(z,t) < [[Vu(z, 0)° + au®(z, 0)],, e (3.30)

where [.],, denotes the maximum over (. We now evaluate (3.30) at t = T so
that
[|Vu(T)|2 + auQ(T)]M < [|Vu(0)|2 + auQ(O)]M e 2T, (3.31)

From the auxiliary condition in (3.32) we can write

law(0)]” < (Ju(T)| +1g])*
<2 (Ju(D) +[g])

by means of Cauchy Schwarz Inequality. Similarly, we have
[aVu(0)]* <2 (IVu(T)]* + |Vg[) .
Now, combining these inequalities

laf? [[Vu(0)]* + au(0)?] < 2[(IVuD)] + au*(T)) + (IVg]* + ag?)],,

M —_—
and taking the square root of both sides, we obtain

ol [[Vu(O) +au(©)2] " < V2 [(IVa(T)P + (D), + (199l + ag®)]

(3.32)
From (3.31) and (3.32) we get

o] [Vu(0) + au?(0)] 2 = V3 |Vl + ag?] 2
< V2 [|Vu(0)|* + au?(0)] V2 gmal

M

which leads to the bound

2(|IVgl* +ag?],,

Vu(0)]* + au®(0)] < 5
| B o
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provided |a| > v/2e7?T. Finally from (3.30), we have

at
)

2[IVgl + a5,

[la| = v2e=e1]"

\Vu(z, t)° + au?(z,t) <

and letting a — 72 /4d?, we obtain the pointwise bound

2
2[|Vgl” + (7T2/4d2)g2]M€—(7r2/2d2)t

\Vu(z, t)|* + (72 /4d*)u?(z,t) < :
(o] — v/2e—wT/1a]

(3.33)

The above result can be summarized in the following theorem.

Theorem 3.3.4. If u is a solution of (3.25), where Q is a convexr domain with
C**P boundary, g(z) # 0 and |a| > v/2exp(—n>T/4d?), with d the radius of the
largest ball contained in Q, then u and its gradient Vu satisfy the bound (3.33).

We can also obtain a pointwise bound for the solution u(x,t) of (3.25) using
the Green’s function. Let G be the Green’s function for the heat operator under
Dirichlet boundary conditions. From the integral representation (Theorem 1.2.4),

we have

u(z,t) :/QG(x,t;f,O)u(f,O) d¢ (3.34)

from which we can write

u(x,t):/g){u(i’)o)} WGz, t; €, 0) dE, (3.35)

where w is the first eigenfunction of the fixed membrane problem

Aw+ A w =0 1inQ,
w=0 ond, (3.36)

w>0 in Q.

From (3.35) we may write,

u(w,t) < S%p{u(x,m}/ﬂ wG(z,t;€,0) dE.



We observe that the last integral in the above inequality is the solution of (3.25)

with u(z,0) = w, i.e.,

/ wG (z,t;€,0)dé = we .
Q

Thus we have,

fu(e, )] < sup { [u(c,0) } e

and it follows for ¢ = T that,

o @]
p = Sup
Q w Q w

ju(z, 0)]

|af sup
Q

Substituting (3.38) into (3.39), we get

(.0 _ Ol o)
Q

w 0 w

|| sup
0 w

which yields the bound

[u(,0) 1 9(@)
<
W w (el ) w

(3.37)

(3.38)

(3.39)

provided |a| > e=*T. Consequently, from (3.37) we obtain the pointwise bound

» S (/T W
e < o=y e e

for 0 <t < T when |a] > e 7.

o4

(3.40)



CHAPTER 4

STRUCTURAL STABILITY

4.1 Introduction

Given a problem, the concept of structural stability is the continuous depen-
dence of solutions on changes in the model itself rather than on the initial data.
In other words, small perturbations in the equation itself or in the coefficients of
partial differential equation causes a small change in the solution. For example,
Payne and Straughan [17] have shown how a solution for the linearized equations
for the flow of a Maxwell viscoelastic fluid behaves under changes in the relax-
ation parameter (see also [18] and [19]). Similar to their work, we investigate

the structural stability for a nonstandard problem.

4.2 Continuous Dependence on the Parameter

In this section we shall again consider the damped equation
U + Aup + Au =0 in Q x (0,1) (4.1)

and we will try to derive the continuous dependence result on A when the non-

standard auxiliary conditions

au(0) +u(T) = gin Q (4.2)
But(0) + u(T) = h in Q (4.3)

are given.

Now let u and v be solutions to (4.1)-(4.3) for different values A; and Ao,
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respectively. Thus v and v satisfy the problems

Uy + Mug+ Au=0 1in Q x (0,1),
au(0) +uw(T) =g inQ, (4.4)
Bui(0) + u(T) =h in Q.

and

vy + Aovy + Av =0 1in Q x (0,1),
av(0)+v(T) =g in{, (4.5)
ﬂ'l}t(()) + Ut(T> =h in Q.

for prescribed data functions g and h.
To study continuous dependence on A, we define w = u — v. Then w satisfies

the problem

Wyt + Alwt + ()\1 — )\Q)Ut + Aw = O,
aw(0) +w(T) =0, (4.6)
ﬁwt(O) + wt(T) = 0,

or equivalently it maybe convenient to rewrite (4.6) in the form,

Wy + (A1 — Ag)uy + Aowy + Aw =0,
aw(0) +w(T) =0, (4.7)
Bw(0) +wy(T) = 0.

To derive the continuous dependence estimate, we multiply the differential equa-

tion in (4.6) by 2w; and integrate over 2 x (0, ).

leoeOI + 20, / gl i + (Aw(t), wit)) =

1w (0)[12 + (Aw(0), w(0)) — 20\, — AQ)/Q/O Wy dn da.
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Writing
E(t) = w0 + (Aw(t), w(?))

and taking the absolute value of both side we get

E(t) + 2\, / legll? < E(0) +2 / [y, (M — Aa)oy)] dn.

Now using Cauchy Schwarz Inequality and Cauchy’s Inequality with e, respec-

tively, we have

t t
B0+ 20 [ ol dn < B©)+2 [ a0 = Ao d

0 0

t A= Mo)? [t

< B0)+0, [ ol + 2220 [P an
0 0 0
from which we finally obtain
t 5 ()\1 _ )\2)2 t 5
B0+ @0 = 00) [ Nl dy < 50+ S22E [y @)
0 0

for positive constant ¢;. To estimate the integral on the right hand side of (4.8),
we multiply (4.5) by 2v; and integrate over Q x (0,t). So we have,

o ()11 + 2A2/0 [og|I* dn + (Av(t), v(t)) = [[0:(0)]1* + (Av(0),v(0))
from which we can write
2&/0 log|l* dn < [0 (0)]]* + (Av(0), v(0)) . (4.9)

Now we have to bound the right hand side of (4.9). But in Section 2.5 we have
already deduced

o (0)[1* + (Av(0), 0(0)) < Dy [|h||* + D2 (Ag, g)
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for computable constants D; and D,. Hence, using this bound in (4.9) we get

t
1
[ el o < 5 (DA + D2 (4g.) (1.10)
0 2

Substituting (4.10) into (4.8) we obtain,

(A — Ao)?

2y (D3||h||2+D4 (Ag,g)) (4.11)

t
B(O)+20=01) [ wl* dn < E©)+
0
for D3 = g—ll, Dy = ?—12 > 0. This time, we seek a bound for £(0). To accomplish
this, we evaluate (4.11) at ¢ = 7" and by means of the auxiliary condition in (4.6)

we substitute
E(T) = 8 |w:(0)[|* + o (Aw(0), w(0))

so that

(5= 1) B + (221 = 63) [l -+ (02 = 1) (Aw(0). w(0))

(A — Ao)?

<
- 29

(Ds [|P]I* + Da (Ag. g)) -
Choosing 6, sufficiently small, dropping the integral term and letting
min{62—1,a2—1} =7, v>0

we can write

1 (A — )\2)2
Y 27
(A — Ag)?

= = (D5 ||Ih|* + Ds (Ag, g)) , (4.12)
2N

E(0) = [[w, (0)]|* + (Aw(0), w(0)) < (D3 [IR])* + Di (Ag, 9))

for D5 = % > 0 and Dg = % > (. Finally substituting (4.12) into (4.11) we

obtain

o8



t
() + (2\ — 6)) / g |I? dy <
0

A — Ag)?
a2 (D P + Da (Ag, )+ Ds 17 + Dy g, )
ie.,
! 2 ()\1_)\2)2 2
B0+ @0 =) [l dy < 222 (Dl + Dy (ag.0)] (013
0

for positive constants D; and Dg. A similar argument commencing with (4.7)
leads to (4.13) with A\; and Ay are interchanged. That is,

(A = A9)?

t
B+ (20— 00) [l dy <
0 1

(Do |[B]1* + D1 (Ag, g)]  (4.14)

Thus adding (4.13) and (4.14), we may easily see that

2[[w (O + [2(0 + A2) — 0] /O lwy|I* dip+ 2 {Aw(t), w(t))

< (A1 — Xp)?

< (Du1 |h])* + D12 (Ag,g)), (4.15)
)\1 >\2

for computable constants Di; and Dqo and 0 = 6; + 6,. Consequently, estimate
(4.15) establishes continuous dependence on A provided 6 is chosen so that 2(A; +

We can summarize the above results in the following theorem:

Theorem 4.2.1. The solution of the problem (4.1)-(4.3) depends continuously
on the coefficient \.

29
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