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ABSTRACT

FRACTURE OF A THREE LAYER ELASTIC PANEL

Atay, Mehmet Tarik
Ph.D., Department of Engineering Sciences

Supervisor : Prof. Dr. M. Rusen Gegit

July 2005, 179 pages

The panel is symmetrical about both x- and y- axes. The central strip (stripl) of
width 2h; contains a central transverse crack of width 2a on x-axis. The two
strips (strip2) contain transverse cracks of width c-b also on x-axis. The panel is
subjected to axial loads with uniform intensities p; and p; in stripl and strip2 ,

respectively at 'y =+oo . Materials of all strips are assumed to be linearly elastic

and isotropic. Due to double symmetry, only one quarter of the problem

(0<x<o and 0<y< o) will be considered.

The solutions are obtained by using Fourier transforms both in x and y-
directions. Summing several solutions is due to the necessity for sufficient
number of unknowns in general expressions in order to be able to satisfy all
boundary conditions of the problem. The conditions at the edges of the strips
and at the interfaces are satisfied and the general expressions for a three layer
panel become expressions for the panel with free edges. Use of remaining
boundary conditions leads the formulation to a system of two singular integral
equations. These equations are converted to a system of linear algebraic

equations which is solved numerically

Keywords :Crack, Fracture , Stress Intensity Factor, Singular Integral Equations
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UC KATMANLI ELASTIiK PANELIN CATLAMASI

Atay, Mehmet Tarik

Doktora, Miithendislik Bilimleri Boliimii
Tez yoneticisi : Prof. Dr. M. Rusen Gegit

Temmuz 2005, 179 Sayfa

Uc katmanli , x ve y eksenlerine gore simetrik olan bir panelin ortasinda
bulunan seritl adli seritte x ekseni lizerinde ara yiize dik olan bir catlak ve
yanlardaki serit2 olarak adlandirilan iki yandaki seritlerde de yine x ekseni
izerinde bulunan ve arayiize dik olan 2 catlak daha bulunmaktadir. Seritler y +
oo da p; ve p, degerinde {iniform yiiklere maruz kalmaktadir. Serit malzemeleri
lineer elastik ve izotrop kabul edilmektedir.

Cozlimler hem x hem de y ekseni yoniinde Fourier Doniisiimii kullanilarak
bulunmaktadir. Yeterli sayida bilinmeyi saglamak amaciyla ¢ok sayida farkl
¢oziimler toplanmaktadir. Once seritlerin kenarlarindaki ve ara yiizlerindeki
sinir kosullar1 saglanmaktadir. Kalan sinir kosullariin kullanimi da iki tekil
integral denklemden olusan bir sistem vermektedir. Bu denklem sistemi sayisal
olarak ¢oziilecek olan lineer cebrik denklem sistemine doniistiiriilmektedir.

Anahtar Kelimeler : Catlak, Kirilma, Gerilme Siddeti Katsayis1, Tekil Integral
Denklemler
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NOMENCLATURE

2a Width of the crack in stripl

(c-b) Width of the crack in strip2

2h; Width of stripl

h, Width of strip2

pi Uniform intensity of the axial load in strip1

P2 Uniform intensity of the axial load in strip2

X,Y,Z Rectangular coordinates

u,v Displacement components in x- and y-directions

G,T Normal and shearing stresses

K ( 3-4v) for plane strain and (3-v)/(1+ v) for plane stress
E Young ‘s Modulus

1) Modulus of rigidity

\% Poisson’s ratio

o, B Fourier transform variables

m(t) Crack surface displacement derivative

o, ',y Powers of singularity at the edges of the cracks

&, MNE P Non-dimensional coordinates on the crack in stripl

m’ (t) Holder-continuous function on the crack

K Mode I stress intensity factor at the edge of the crack

k Normilized Mode I stress intensity factor at the edge of the crack

xviii



CHAPTER 1

INTRODUCTION

Despite the early works on roots of cause of fracture, quantitative relation
between fracture stress and flaw size was made obvious by the work of Griffith,
which was published in 1920. With his work on the brittle fracture of glass, he
applied a stress analysis on an elliptical hole to the unstable propagation of a

crack.

Because of their singularity nature and their related problems, strip based
problems constitute a significant portion of the field of fracture mechanics. In
general, these types of problems can be simplified and represented by boundary

value problems, which are solved by both analytical and numerical methods.

In this manner, although problems concerning the single crack and collinear
cracks in a material have been studied before, three layers of infinite panel with
collinear cracks on the x-axis symmetric with respect to the y- axis have not
been solved yet. This problem will be investigated by studying partial
differential equations of the linear plane elasticity theory and by using singular

integral equations.

1.1 Literature Review

Sneddon (1945) considered the distribution of stress produced in the interior of
an elastic solid by the opening of an internal crack under the action of pressure
applied to its surface. The analysis is given for the “Griffith’s cracks” and for

circular cracks.



In his work, G.R. Irwin(1957) has pointed out that for somewhat brittle tensile
fractures in situations such that a generalized plane-stress and a plane-strain
analysis is appropriate , the influence of the test configuration, loads, and crack
length upon the stresses near an end of the crack may be expressed in terms of
two parameters. One of these is an adjustable uniform stress parallel to the
direction of a crack extension. Also in his work, it is shown that the other
parameter, called stress-intensity factor, proportional to the square root of the

crack length and the intensity of force tending to cause crack extension.

G.C. Sih, P.C. Paris and F. Erdogan ( 1962) studied a complex variable method
for evaluating the strength of stress singularities at crack tips in plane problems
and plate bending problems. The results suggest the possibility of extension of
the Griffith-Irwin fracture theory to arbitrary plane extensional and/or bending

problems in plates.

F. Erdogan and G.C. Sih (1963) examined the crack extension in a large plate
subjected to general plane loading theoretically and experimentally. In this
work, it is found that under skew-symmetric plane loading of brittle materials
the “sliding” or the crack extension in its own plane does not take place, instead
crack grows in the direction approximately 70 degrees from the plane of the
crack. In their work, it is also shown that, in general plane loading, the fracture

criterion in terms of stress intensity factor is an ellipse.

F. Erdogan (1965) considered the problem of two bonded dissimilar semi-
infinite planes containing cracks along the bond. The external loads considered
include the tractions on the crack surfaces, in-plane moments, residual stresses
due to temperature changes, concentrated load and couple acting at an arbitrary

location in the plane, and one sided wedge loading of crack.

M.P. Stallybrass (1970) found an exact solution for an elastic half plane

containing a crack perpendicular to the free surface, when the faces of the crack



are subjected to a particular, but rather general, distribution of pressure. The
solution is based on an application of the Weiener-Hopf technique to the
governing integral equation. This integral equation can also be used as a basis
for computing the stress and displacement fields for an arbitrary distribution of

crack pressure.

P.D. Hilton and G.C. Sih (1971) studied the redistribution of stresses in a
laminate composite due to the presence of a crack or flaw situated normal to the
bond lines. The many-layered composite is idealized to the case of a single layer
of dissimilar material containing a crack, which is sandwiched between two
other layers of infinite height. Using the integral transform technique, the
problem is formulated in terms of integral equations and solved for the singular
stress field near the crack tip. The effects of crack size, layer height and the
material properties of the composite on the stress intensity factor are illustrated

graphically

ILN. Sneddon and R.P. Srivastav (1971) studied the problem of determining the
stress field in an elastic strip of finite width when pressure is applied to the faces
of a Griffith crack situated symmetrically within it. Stress intensity factor is
computed by obtaining the numerical solution of the Fredholm integral

equation.

ILN. Sneddon and S.C. Das (1971) solved the problem of determining the stress
and displacement fields in an elastic half—plane containing an edge crack normal
to the free surface when the crack faces are subjected to normal pressure by
using the idea of reducing it to a mixed boundary value problem for the quarter
plane. The theory of dual integral equations is used to reduce the boundary
value problem to that of solving a pair of simultaneous integral equations of

Fredholm type.



F. Erdogan and G.D. Gupta (1971) studied the plane strain problem for a
bonded medium composed of three different materials. It is assumed that the
medium contains a flaw on one of the interfaces, which may be idealized as a
crack. The integral equations for the general problem are obtained, which turn
out to be a system of singular integral equations of the second kind. The
singularity of the system is removed and the equations are solved by taking
advantage of the fact that the fundamental function of the integral equation is

the weight function of Jacobi polynomials.

G. D. Gupta (1973) considered the problem of a laminate composite in presence
of a crack located normal to the bond lines. Stress analysis of the limiting case
when the crack extends to the bond lines is carried out. Integral transforms
technique is used to formulate the problem in terms of a singular integral
equation from which the power of stress singularity around the crack tip

terminating at the interface is obtained.

D.B. Bogy (1973) considered the plane elastostatic problem for a crack in a strip
composite loaded with normal or shearing traction is reduced to a single integral
equation. The integral equation is solved numerically and the dependence of the

stress intensity factors on the material parameters is displayed graphically.

G.D. Gupta and F. Erdogan (1974) studied the problem of edge cracks in an
infinite strip. The elastostatic plane problem of an infinite strip containing two
symmetrically located internal cracks perpendicular to the boundary is
formulated in terms of a singular integral equation with the derivative of the
crack surface displacement as the density function. The limiting case of the edge

cracks is then considered in some detail.

S. Krenk (1975) studied a method to deal with an inclined crack in an elastic

strip. No assumptions of symmetry are made. The method involves the solution



for a cracked plane and uncracked strip and results in two coupled singular

integral equations with finite interval of integration.

M.R. Gegit (1979a) studied the plane problem of a cracked elastic surface layer
bonded to an elastic half space. The surface layer is assumed to contain a
transverse crack whose surface is subjected to uniform compression. The
problem is formulated in terms of a singular integral equation, the derivative of
the crack surface displacement being the density function. By using appropriate
quadrature formulas, the integral equation reduces to a system of linear

algebraic equations.

M.R. Gegit (1979b) considered the elastostatic plane problem of an infinite strip
containing two non-symmetrically located collinear cracks perpendicular to the
sides. The strip is assumed to be isotropic and subjected to uniaxial tension.
General expressions for field quantities are obtained by using the Fourier
transform technique: these expressions, together with relevant boundary
conditions, give singular integral equations in terms of the derivative of the

crack surface displacements.

M.B. Civelek and F. Erdogan (1982) solved the problem of the general plane
problem for an infinite strip containing multiple cracks perpendicular to its

boundaries. The problem is reduced to a system of singular integral equations

A.F.H. Blaibel and M.R. Gecit (1989) studied the elastostatic plane problem of
a semi-infinite strip bonded to an infinite strip along its short end and subjected
to a bending moment at its far end. The infinite strip is bonded to a rigid
substrate along its entire lower side. Formulation of the problem is reduced to a
system of three singular integral equations of the second kind. These integral
equations are solved numerically and the interface stress distributions and the
stress intensity factors at the corners are calculated for various geometries and

material combinations.



Ryvkin (1998) studied fracture behavior of an infinite periodically layered
composite body, with a Mode 3 crack parallel to the layering. Upon deriving the
Green function for a dislocation in a layered space, the problem is reduced to a

singular integral equation of the first kind.

Shen, Kuang and Hu (1999) considered the interface crack problems of a
multilayered anisotropic medium under a state of generalized plane
deformation. The problem is reduced to the solution of a system of singular

integral equations by means of Fourier transform method.

Khraishi and Demir (2002) made comments on some of the different numerical
techniques commonly employed in evaluating Cauchy singular integrals of the
first kind; e.g. as pertaining to 2D through cracks in a brittle material

undergoing Mode I loading.

1.2 A Short Introduction and Methods of Solution of the Problem

The panel is symmetrical about both x- and y- axes. The central strip (Strip 1) of
width 2h; contains a central transverse crack of width 2a on x-axis. The two
strips (Strip 2) contain transverse cracks of width c-b also on x-axis. The panel
is subjected to axial loads with uniform intensities p; and p, in Strip 1 and Strip
2, respectively aty =+too. Materials of all strips are assumed to be linearly
elastic and isotropic. Due to double symmetry, only one quarter of the problem

(0< x< o and 0 < y<o0) will be considered.

Solution for the infinite panel loaded at infinity having cracks with traction-free
surfaces is obtained by superposition of the following two problems: (i) an
infinite panel loaded at infinity with no cracks (uniform solution), (ii) an infinite

panel with cracks whose surfaces are subjected to the negative of the stresses at



the location of these cracks obtained from problem (i) (perturbation problem).
These solutions are obtained by using Fourier transforms both in x- and y-
directions. Summing several solutions is due to the necessity for sufficient
number of unknowns in general expressions in order to be able to satisfy all
boundary conditions of the problem. The conditions at the edges of the strips
and at the interfaces are satisfied and the general expressions for the panel
become expressions for the three-layer panel with free edges. Use of remaining
boundary conditions leads the formulation to a system of two singular integral
equations. These equations are converted to a system of linear algebraic

equations, which is solved numerically.



CHAPTER II

FORMULATION OF THE PROBLEM
2.1 Introduction

In this work, a three-layer panel problem containing a symmetrical central strip

and two other strips on each side will be solved.
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Figure 2.1 Three Layer Panel



Solution for the infinite panel loaded at infinity having cracks with traction free
surfaces is obtained by superposition of the following two problems: (i) an
infinite panel loaded at infinity with no cracks (uniform solution), (ii) an infinite
panel with cracks whose surfaces are subjected to the negative of the stresses at
the location of these cracks obtained from problem (i) (perturbation problem) as

shown in Figure 2.2.

5 R U A

m N m
(i) (i1}

Figure 2.2 Superposition

General expressions for the perturbation problem (i1) can be obtained by adding
the general solutions for (a) an infinite medium subjected to arbitrary symmetric

loads, and (b) an infinite medium having cracks as shown in Figure 2.3.
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Figure 2.3 Schematic Representation of General Formulation

For linearly elastic, isotropic and two dimensional problems, the field equations
can be listed as follows:

Navier Equations:

o’u o’u . d’v
(;(Jrl)ax2 +(K—1)(3y2 +28x8y =0 (2.1.a-b)
o’u o’v o°v
28X5‘y+(K_1)8X2 +(K+1)8y2 =0
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where u and v are the x- and y- components of the displacement vector;

k =3—4v for plane strain and x =(3—v)/(1+ V) for plane stress, v being the

Poisson’s ratio .

Stress-Displacement Relations:

1 Kx+1 ou

3—-«x @

207 " 2e—1)ox " 2k —1) oy

1 3—x oOu

v (2.2.a-¢)

217 T 21 ox 20 —1) oy

1 1{ou ov
2u ® 2\oy ox

where o and © denote normal and shearing stresses, p is the shear modulus.

These equations must be solved with boundary conditions given below:

ox2 (h2, y)=0

Txy2 (h2,y) =0

up (h, y)=uw2(0,y)
vi (hl, y) =v2(0,y)
ox (h1,y) =0x(0,y)
Txyt (h1, Y) = 720, y)
Cy1 (X1, ) = pi

Gy2 (X2’ OO) =p2

Gyi1 (x1,0)=0
Gy2(X2,0)=0
vi(x1,0)=0
v2(x2,0)=0

(0<y<o)
(0<y<o)

(0<y<w)

(0<y<wx)

(0<y<w)

(0<y<w)

(0<x;<hy) (2.3.a-1)
(0<x,<hy)

(0<x;<2a)

(b<x;<c)

(a<x;<hy)

(0<x,<b and ¢ <x;<hy)

in which the subscripts 1 and 2 indicate the central strip (Strip 1) and the strips

on the sides (Strip 2), respectively.

11



2.2 Perturbation Solution
2.2.1 An Infinite Medium Having Crack

Solution for Strip 1 will be obtained first. Navier Equations, written again in the

form

o’'u  o’u ( 2 ) o’u  o*v
+—+ + =0
ox> oy’ \k—-1)ox*  oyox
( 2 ] o’u +62v +62v+82v_0
K — 1 ayax ayZ aXZ 8y2 (24a-b)

will be solved by using Fourier transforms in x-direction. In order to realize the

crack at y = 0, one can consider two half planes 0 <y <0 and -o0 <y <0, solved
Navier equations for these regions separately, and then match the solutions at

y = 0 such that

Figure 2.4.: Schematic Representation of Infinite Medium Having a Crack

12



oy (x0") =0,(x07), 7,,(x0)=0, u'(x0") =u'(x07) (0<x<0w0)
o, (X,0) = known (0<x<a)

VI(x,0" )=V (x,07) (a<x<oo). (2.5 a-e)

In these conditions superscripts u and [ refer to the upper and lower half planes,

respectively. One may introduce
m, (X) = aiv1 (x,0) such that (2.6 a,b)
X

mi(x)=0 (a<x<w)

Hence the condition (2.5¢e) is satisfied. Then, by taking Fourier sine transform of
(2.4a) and the cosine transform of (2.4b) in x-direction, solving the resulting
ordinary differential equations, and making use of conditions (2.5a-c), (2.6a,b)

one can obtain the following expressions for the upper half plane

ui(x,y) = %Té M, (oz)[1 Ky ayje“y sin(aX)da (2.7 a,b)

Vi (X, Y) = %Ié M, (0{)(’(1 1 + ozy}e"’y cos(ax)da

in which the subscript 1 denotes the symmetric middle strip (Strip 1),
superscript 1 indicates that this is the solution for the cracked medium, p; is the

shear modulus for the middle strip and

2

M (@) =-—— j m, (X) sin(ax)dx (2.8)

13



Substitution of (2.7) in (2.2) gives

1,06 ) = =2 [ M, (@1 - ay)e  cos(eda

ol (X% Y) = —%T M, (a)(1+ ay)e™ cos(ax)da (2.9a-c)
4u, ¢ .

f(6Y) = ==L [ M, (@)(ay)e @ sin(@x)da

2.2.2  An Infinite Medium Subjected to Arbitrary Symmetric Loads

Now, consider infinite medium exhibiting double symmetry with respect to x-
and y-axis. Imagine that this medium is subjected to arbitrary but symmetric
loads applied not at y = «. Taking the Fourier cosine transform of (2.4a), sine
transform of (2.4b), solving the resulting ordinary differential equations and
then taking the inverse Fourier sine/cosine transforms, one can obtain the

following expressions;

b (X y) = —%T%{(A —@ B, jsinh(ﬁx) B Xcosh(W)}COS(ﬁy)dﬂ

(2.10a)

V(%) = ET%KA Lorl) Bljcoshwx) + ﬂ&xsinh(ﬁx)}in(ﬂy)dﬂ

(2.10b)

for the displacement. Here, superscript 2 indicates that this is the solution for the
medium with no crack; A; and B, are yet unknowns. Substitution of (2.10) in

(2.2) gives

14



o (xy) = £ j [A, cosh( /i) + B, Axsinh( ) Jcos( Ay)d

|cos(py)dp (2.11a-c)

4u
ol (X Y) = ﬂ‘

w2, (xy) = 4 I [(A, + B, )sinh( )+ ¥, cosh( /A Jsin( fy)d3

for the stresses.

223 General Expressions of Perturbation Problem for Strip 1

When the expressions obtained in the last two sections are collected, the general
expressions for Strip 1 are obtained in such a manner that these expressions

contain sufficient number of unknown quantities to be determined from the

boundary conditions.

They can be written explicitly as follows,

U, (X% Y) = Uj (X, Y) + U7 (X, Y)
=‘2flMl(a)(’(‘_1
Tya 2

- 3T ;K A - (’(12_1) B, j sinh( f3x) + 3B, x cosh( ﬁx)} cos( Ay)dps
7 0

oeyje"’y sin(axX)da

V(X Y) =V (X Y) + V] (X, Y)
:gflMl(a)(’“
7[005

ET%K (xc, +1) Blj cosh(/X) + B X smh(ﬂ)()} sin(py)dg
T

+ Otyje_”‘y cos(axX)da

15



O-lx(Xa y) = O-llx(xa y) + O-lzx(xa y)

__ 4 IM 1(05)(1 - Oty)e_”‘y cos( ax)da
T 0

_ A T[A1 cosh(  Bx) + B,Bxsinh( Bx)]cos( By)dp
r

0

O-ly(xa y) = Glly(xa y) + O-lzy(xa y)

_ A IM (@)1 + ay)e™ cos( ax)da
4 0

+4ﬂ1

V/

[(A, + 2B, )cosh( Bx) + BxB, sinh( Bx)]cos( Sy)dS

S —y 8

Z-Ixy(x’ y) = Z—llyx(x’ y) + Tzzyx(xa y)

- _4nm T M, (a)(ay)e ™ sin( ax)da

T

nL“LT[(A1 + B, )sinh( BX) + BXB, cosh( px)]sin( By)dp

4 0
(2.12a-¢)

2.2.4  General Expression of Perturbation Problem for Strip 2

General expressions for strips (or layers) on the sides (Strip 2) can be obtained
by following a procedure similar to that described in the previous sections for
Strip 1. The only difference is that Strip 2 has single symmetry about x-axis.

Hence, one can obtain the following expressions for Strip 2:

16



U, (X, Y) = —%I é M Aa)("z - ayje“y sin(ax)da
0

é\|t\)

IK ﬂ C, XBstinh( BX)

+ [Dz + %Bz - xC 2Jcosh( ,BX)]cos( py)dag ,

! + ozyJe'”‘y cos( axX)da

v2<x,y>=§j$M2<a>["2

+ %T [(A, + B,x)cosh (Bx)+ (- D, + C,x)sinh (Sx)]sin (By)d 3 ,

0

= — 4u, IM 2(05)(1 —ay)e‘”y cos( ax)da
4 0

O-Zx
LE w[(— Ap st Do o Bzﬁxjcosh( 5%)
T 2
4 [DZ,B 4 (’(22—”)82 - Czﬂxjsinh( px)]cos( By)dp s
O,y = 4:2 IM (@)1 + ay)e™ cos( ax)da
0
+ ﬂj[(Azﬁ PECIL D VoS Bz,Bchosh( %)
T 2
B B-x,) .
+|-D,p+ : B, + C, A |sinh( Ax)]cos( py)dz3,
4 I oy -
Thy =~ :2 IM ,(a)(ay)e™ sin( ax)da
0

+4ﬂm_ D,p+4 _ZKZ) B, +C2jcosh(,6’x)

T 0
+(A2ﬂ (- )C +B ﬂx]smh( px)Jsin( By)dp

(2.13a-e)
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In which the subscript 2 denotes Strip 2, A,, B,, C,, D, are yet unknowns to be

determined from the boundary and continuity conditions at the interface,

M, () = — 2 [m, (9sin(exydx
Ky +1y
) =-2v, (x0) (2.14a-c)
MO0 =5 2% '
m,(X) =0 (0<x<b,c<x<hy)

2.2.5. Boundary and Continuity Conditions

General expressions for Strip 1 and Strip 2 contain a total number of eight
unknowns; A, By, Ay, By, Cy, Dy, My, M, Six of these, namely, A, By, Ay, Ba,
C, and D, can be related to the remaining two, M; and M,, by the use of the
conditions on the free side of Strip 2 and on the interface between Strip 1 and
Strip 2, Eq.(2.3a-f). The resulting system of six equations can be written in the

form:

(Kz +1)

2

(-8 cosh (8h,))A, + (— B h, cosh (ph, )+ sinh (gh, )sz

+ (K22+1 cosh (:th )_ ﬁhz sinh (:th )jcz + ,B Sinh( 'BhZ)DZ -

4ﬂ27 g > M, (@) cos(ah, Jda
P O(az_l_ﬂz)

(2.152)
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(B sinh (Bh,))A, + (,Bh sinh (gh, )+ (- )cosh (ph, )j
[ smh ,Bh + ph, cosh (ﬂh2 )jC2 + (— [ cosh( ,th))D2 =

"
g e

2

(a)sin(ah, )da

(2.15b)
(ésinh(ﬂn1 )jA1 + ((1;—;‘)sinh(,6h1 )+ h, cosh(gh, )j B,
+ Bl | Bl 2( 2_'82) a)sin a
(ﬂjB D, = j[(a ) +ﬁ2)2]M1( Jsin(ah, )d
(2.15¢)
(écosh(ﬂh1 )jA, +{Ké;1cosh(ﬁhl)+ h, sinh(ﬂh1 )]B1 ~A =
Bl (e, +1) 42 (m+1) 4
el et
(2.15d)
(2:“1 COSh(ﬁhl ))A, + (Zlulﬂhl Sinh(ﬂhl ))Bl _(Zﬂzﬂ)Az + (:Uz (Kz + 1))C2 =
8'32 T(ﬂzMz(a)—ﬂlMl(a)COS(ahl ))(a2 fﬁz)z da
(2.15¢)
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(241, sinh(/phy ))A, + (244 (sinh(sph, )+ fiy cosh(h, )))B,

+((K2 —1),u2 )82 +(2,u2,B)D2 = 8ﬂ1ﬂIM sm ah )ﬁda
a” +

(2.156)

These equations are solved simultaneously and Al, B;, A, B, C,, D, are

determined in terms of M; and M,

Ly
=—)> a,Int; (o)
AGT
lib
= (Int; (a)
AT
93
=— ) a,Int(a)
AG

1 6
=Ziz=1:b2ilnti(a)

(2.16.a-f)
ii ¢, Int ()
iid Int, (cr)

where aij, by, ax, bai, 25, doi, A, Int; () (1=1, 6) are given in Appendix A.

Substituting Eq.(2.16) in Egs.(2.3.g) and (2.3.h) and rearranging the resulting

expressions, one can write the following expressions for the perturbation
problem in 0 <y < oo:
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1%~ 16~ )
o, 00 y) =— [0y, om@dt+—[ o oy.omdt (=1,2)
Ta b

(2.17a, b)

where, f~ij (X y,t) (i, = 1,2 ) are given in Appendix B. Note here that the

integrals from 0 to a are converted into integrals from —a to a by considering the

fact that m; is an odd function.

2.3.  Integral Equations

Now if one substitutes Eq.(2.17) in the boundary conditions on the crack
surfaces, Eqs.(2.3g-h), the following singular integral equation are obtained

from Eq.(2.3g) ;

4/11 (1) 1 f A, (t) _
L(Kl ) {(t— )+k11(x t)}dt+ I( D l[klz(x,t)]dt_ p,

(ra<x<a) (2.18a)

uzrn(t)[k2 (opldt+ L [£amO { LA +k22(x,t)}dt=—p2

< + b(zc2+1)p2 t—Xx t+x
(b<x<c) (2.18b)
where
kij (Xat) = T Kij (X’ta ﬂ)dﬁ )(iajzlaz) (219)

and Kj(x, t, B ); (1, j =1, 2) are given in Appendix C. These singular integral
equations, Eqs.(2.18a-b), must be solved in such a way that the single-

valuedness conditions for the cracks
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Tm(t)dtzo

(2.20a, b)
jmz(t)dt =0
b

are also satisfied.

When the cracks are embedded, kernels k;(x, t), (i, j=1,2) are all bounded and
there is the simple Cauchy Kernel alone. However, when either (or both) crack
touches the interface, kj(x, t), (i, j=1, 2) contain unbounded parts due to
behavior of Kj(x, t, B) (i, j=1, 2) as B —oo. These unbounded parts together with

the simple Cauchy Kernel (t-x)"' constitute a set of generalized Cauchy Kernels.

Non-vanishing portions of K; (x,t,5) as§ — 0}

K‘J'oc = lim s> o Kij (X,t, ﬁ) (i’jzl’ 2) (2213)

Kip(%t, 8) = Ky (X1, 8) - Ky, (x1,5)  (1,)=1,2) (2.21b)

ijjo 9

are given in Appendix D. Integrating K

ko = [K,dB  (,5=1,2)

(2.22)

are obtained. These are also given in Appendix D. with the definition given in
Egs.(2.21a-b) and Eq.(2.22), the singular integral equation (2.18) can be written

in the form

22



+ Ko (x,1) +

K“b(xl,t,ﬂ)dﬂ}ml ()t

i

K +11 r K +1
+— |: 12s +J.K12b Xl’t’ﬁ j| (t)dt:_ l Pl
0

S ey 8

K2+17Z' y7
(-a<x;<a) (2.23.2)
SRR xt+TK (x,,t, £)dz |m (t)ct
K1+17Z' A 213 22 : 21b\"*2>
° Ky +1
_.[L_ X, t+X, +k22$ Xt +£K22b Xzatﬂdﬂ:| () - ) P,
(b<xx<c¢) (2.23.b)

The unknown function my(t) is singular at X, =Fa and m,(t)is singular at
X, =b and X, = C. Their singular behavior can be examined and determined by

the complex function technique given in Muskhelishvili (1953). Their singular

behavior can be investigated by first writing;

m (x,) = (aml(z))a , —a<x <a, 0<Re(a)<l
— X
(2.24a,b)
m,(x,) = — e (%) , b<x, <c, 0<Re(y,¥)<lI

(C_ X, )7 (Xz - b)'//

where M (t) and m;(t) are Holder-continuous functions in the respective

intervals [-a,a]and [b,c]and a, V¥ andy are unknown constants.
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2.3.1. The Case of Embedded Cracks (a<h;,0<b,c<h,)

Calculating the integrals containing simple Cauchy kernels by the formulas

given in Muskhelisvili (1953),

T (t)dt mf(—a)cot(m) _ m/(a)cot(ra) YE(X)
t-%x) Qa)*@+x)* a“@-x)*

—a

sz(t)dt m,(b)cot(zy) _m(Q)cot(zy) )
x,) (c-by(x,-b” (c-b¥(c-x,) 7

(2.25a,b)

are obtained.

F,(X,) and F,(X,) are all bounded everywhere except at the end points *a,
b and c. If Eq.(2.23a) is multiplied by (a—X,)“ and then the limiting case

X, — a 1is considered with the help of Eqs.(2.24a) and (2.25a), Eq.(2.23a) can
be reduced to

cot(zar) = 0 (2.26)
Similarly, if Eq.(2.23b) is multiplied by (X, —b)” then considering the limiting
case X, > b, by the use of Egs. (2.24b) and (2.25b) , Egs. (2.23b) can be
reduced to

cot(m//) =0 (2.27)
Finally, if Eq.(2.23b) is multiplied by (c—X, )", then considering the limiting
case X, — C, by the use of Eqs.(2.24b) and (2.25b), Eq.(2.23b) can be reduced

to

cot(zy)=0 (2.28)
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Eqs.(2.26-2.28) are in exact agreement with those given in previous works, e.g.,
Bogy (1973), Cook and Erdogan (1972), Erdogan (1965), Gecit (1979a), Gecit
(1979b), Gupta and Erdogan (1974), Isida (1966) and Krenk (1975). From Eqgs.

(2.26-28), a=w =y =1/2 is obtained as the acceptable power of stress

singularity at the edges of cracks embedded in homogenous media.
2.3.2. The Case of Broken Middle Strip ( a=h;, 0<b, c<h, )

When the edges of the crack in Strip 1 approach the interfaces atX, = th, , the

middle Strip will break completely.

The integrals containing generalized Cauchy Kernels are calculated again using

the formulas given in Muskhelishvili (1953):

1 +h

md _ -mh) 1 »
;J;] t— (2h1 + Xl) - (2h1 )a Sil’l(ﬂ'a) (h1 £, )a +F (— 1) (2.29)

where F; is bounded everywhere except at the end points X, = £h,. Now, noting
that a=hl and employing Eqgs.(2.24a), (2.25a) and (2.29) in Eq.(2.23a),
multiplying Eq.(2.23a) by (h1 — X, )a, and then considering the limiting case
X, = h, in the resulting equation, following characteristic equation is obtained

for determination of the power of singularity, a:

2cos(za)+ K1_+ ~laa(a-2)+3]- 111’;"’:22 =0 (2.30)
in which
A=) u, (2.31)
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Eq.(2.31) is in perfect agreement with the previous results, e.g., Cook and
Erdogan (1972), Erdogan (1965), Erdogan and Biricikoglu (1973), Gecit
(1979a), Gecit (1979b). Note that the cracks in the other strips are still

embedded cracks. Therefore, y =1/2 in this case too.

2.3.3 The Case of Crack in Strip2 Touching the Interface (a<h;, 0=b, c<h,)

In this case the edges of the crack in Stripl and the edge at the x,=c of the crack
in Strip 2 are embedded in homogeneous media while the edge at x,=b of the
crack in Strip 2 is touching the interface at x,=0. The generalized Cauchy
Kernels of this case are also calculated by using the formulas given in

Muskhelishvili (1953):

Lim(t)dt _ my(0) 1
7Z"(|). t  c”sin(z8)x,” +FRle), (&9

where F, is bounded everywhere except at the end point x,=0. Now, employing
Eqgs.(2.24b), (2.25b) and (2.32) in Eq.(2.23b), multiplying Eq.(2.23b) by x,”,
and then considering the limiting case X, =0 in the resulting equation,

following characteristic equation is obtained for 3:

. -
2coslzy )+ ——==0 2.33
( l//) 1+ Ak, A+kK, (233)

this equation is similar to Eq.(2.30) and one can be converted to the other by

simply interchanging the subscripts.
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2.4, Stress Intensity Factors

Stresses become infinite at the edges of the cracks (X, =+a,x, =b,c;y=0).

Consequently, the stress state near the crack edges is conveniently expressed by
means of the so called stress intensity factors, Erdogan (1985) here, Mode-I
(opening mode) stress intensity factors will be evaluated only. For this purpose,
Egs.(2.17) will be evaluated at y =07 first. Then, the integrals containing
singular terms will be calculated in front of the crack edges. This requires close
examination of those integrals again using the relevant integral formulas giving

Muskhelishvili(1953) outside the cuts —-a<x <a, b<x <c. This

consideration requires revision in the definitions given in Eqgs.(2.24a,b):

Embedded Crack in Strip1 (a<h,);

* * ,%
m(x)= M) MR (2.34)
a’—x’ (@-x)

Broken Stripl (a=h;)

ml*(xl)a _ rn1*(xl)(h1 +i<1)_a ,(x, >h), (2.35)
h’ - X12) (h —x)

rnl(xl):(

Embedded Cracks in Strip2 (0<b, c<h;)

-1/2

M) _mlole—x)" oy (2.36a,b)

mZ(Xz)szz—ch—x2 ) (x, —b)"

_ my(x, )%, ~b)™"”
(c-x,)"

, (%, —>¢)

Crack in Strip2 is touching the interface (0=b);
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'“2*()(2) "'2*(X2)(C_X2)71/2
m = = , (X, >0
(Xz) X;’ /—C—Xz X,z,, ( 2 )

(%, )%,
_ %E;));z (% —¢), (2.37a, b)
2

The Mode-I stress intensity factors are defined in the form

Ka= lim\lz(xl - a)aly(xl ’0)9 (a<hy)

X —a

=im V2% o,,(%,.0), (a=hy), (2.38a, b)

X, =0

Ky = llm\/ 2(b =X )O-Zy(xz ,0), (0<b)

X, —b
=1im2(h - x)" o,,(x.0), (0=b), (2.39a, b)
X —h
Ko =1im+/2(%, —¢)o,,(%,.,0), (c<hy) (2.40)

Expressions for the necessary stress components at y=0 can conveniently be

expressed as

4py 1 aml(t) 2p, 1
,0)= — at 3—x, —(1-3x, )4
(Xl ) I+x 7 lt=X +(/1+K1)(1+/1K2)7z'k[{[ K ( K2) ]

X, —h m, (t)dt
+2[1_K1 _(1_’(2)2“],[_1)(1 +lhl }t—Xl h +Ulyb(xl’0)9

(2.41a, b)
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e T LR R D

ol 1 (] ey M A Tem(d
: Pt-h =%, t-h-x, l+x, 7] t-x, 7

where o, and o, contain all bounded terms.

The singular integrals in these expressions are calculated by using the formulas
given in Muskhelishvili (1953).

When a < hy, near the edge at x; = a:

j d __\/2(_:)\/_ 4(x), (2.42)

when 0<b, c<h,, near the edges at x,=b, c:

fm(t) _imib) 1 m(c) 1
! S di == N R +6, (%), (2.43)

1
v

when a=h;, 0<b, near the edge at x,=h;:

thom® g omh) 1
d ‘-'[l t=h-x s (2h, ) sin(za ) X5 %), (2.44)

when a<h;, 0=b, c<h,, near the edge at x,=0:

1m0 moe
'([t —x +h L= \/Esin(m//) (Xl “h ),,, + ¢4(X1), (2.45)

when a<h;, 0=b, c<h,, near the edge at x,=c:

U - mte

K 1
l " ot

where ¢, (i=1-5), are bounded functions.

(%,), (2.46)

N[
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Using the appropriate formulas from Egs.(2.42)-(2.45) and also Egs.(2.41) in
Eqs.(2.38)-(2.40), the expressions for the stress intensity factors are obtained in

the form:

K - 4 m (a), (a<h)),

* 14k 4a
_1-3x, +2(x, — D +(1—K?)l(a —1)4ﬂ1 rnl*(hl)’ (a=h), (2.47a, b)
(/”t + K, )(1 + Ak, )21/ e sm(ﬂa ) h?

<, = M0) och cany)
l+x, |c-Db

2

3k, = 2(1-x)  —(1-3x,)2+2(1- &, Ay 4 ™ (0) . (a<hy, 0=b, c<hy).

(A +x, N1+ Ak, )\/Esin(m//) Je
(2.48a, b)
KC = _im , (0<b, c<hy)
I+x, |c-b
2
-2 %@ (0=b, c<hy), (2.49a, b)
K, C
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CHAPTER III

NUMERICAL SOLUTION

First, dimensionless variables will be introduced on the cracks.

Xlzaé: H t=a77:(‘3<(X1,t)<a)a (31a>b)
c-b c+b c-b c+b
X2 :TS'F 5 t— 5 p+T (b<(X2, t)<C) (3.23, b)

so that the singular integral equations, Eqs.(2.23a, b), and the single valuedness

conditions, Egs.(2.20a, b), can be rewritten in the form:

L

+ % [[kss(&.0)+ K (&, )M (p)dp = -1, (1<), (3.3a, b)

)+ Ko 77)} ()i

%j [E21s(5”7)+ Ko (g’n)h (U)dﬂ

1 K L J—
+— I b + ko (£, 0)+ Ky (£, 0) M, (0)dp = -1

(-1<e<l), (3.4a, b)

where

E113(5: 77) = aklls(aé’ an):

[ee]

Kiio é 77 _[ 11b[a§ arn, jda) (0=Bhy),

0
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b

= K, +lc-b- c-b c+b
- STy Py )

kus(f,p)—’{ +1T 125
2

— K, +l1c—b? c-b c+b o
kl2b(é:’p)= K_l +18T'[ Kle(a‘g’Tp—l_T)h_jda): (OJZth):
2 b 0 /)

- K, +la c-b c+b
k (5,77): 2Tk (—g+—,a77),
218 kK +14 7 2 2

— K, +1 a % c-b c+b 0]
k,.le,n)=—"2—— ——c&+——,an,— [dw, (0=phy),
21b( 77) K +1 4h1'([ 21b[ 5 5 n hlj (0=Bhy)
= c-b c-b c+b c-b c+b

kzzs(gop): g 25, &+ 2 5 P+ k

— c-b7 c-b c+b c-b c+b o
2b I 2b +
8h,

s + 5_d::h
2 T P hzjw(m[”)

0

and

— _ 4/Jlml(a77)
n)= (<, +1)p,

4ﬂ2m2(c;bp+c+bJ

_ 2
mz(p): (Kz +1)p2

Note that the relation (Kl * l)pl = (K2 + 1)p2

Hy Hy

(3.5a-h)

(3.6a, b)

(3.7)

As a result of the requirement that the strips should not separate at y =40 has

been used. The integrals in Egs.(3.3) and (3.4) will be evaluated by means of

Gauss quadrature formulas. The infinite integral will be calculated by using the

Laguerre Integration formula, Abramowitz and Stegun (1965).
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3.1. Embedded Cracks (a<h;,0<b,c<h;)

In this case, for all integrals in both n and p, Gauss-Lobatto quadrature formula
(Krenk (1975), will be used. Then, the following linear algebraic equations are

obtained:

i=1 n =<

ks (&0 )+ Ko &0 )M (0)) F= =1, (j=1,.oneD), (3.8)

” Ci{|: 1 +Rlls(é:ja77i)+ Rnb(‘fjaﬂi) m1**(77i)

gci {[Ele(gj o1 )+ lz21b(5j 1 )]ml** (77i )

1 1 — = "
+ + c+b +k225(€j,pi)+ kzzb(gjapi) m, (pi) }=_1
Pi — & _ 2L
pl + ] +
c-b
(j=1,.....n-1)
chrnl**(ni)zoﬂ ZCIm;*(pI):O
1=1 1=1
where
i—1
n = p =cos[—7r}, (=1,...... ,n),
n-1
-1 )
§J =&, :cos( _27zj,(]=l, ........ ,n-1),
1 ) 1
C = ,(1=2,....,n-1); C, =C, = (3.9a-c)
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m”(77) and m; (p) are defined by

m7) = ).
J1-7°

m,(p)= ™ (o) : (3.10a, b)
1-p?

3.2. Broken Stripl (a=h;, 0<b, c<h,)

In this case, the integrals on p will again be evaluated by Gauss-Lobatto
quadrature formula, while the integrals in n will be evaluated by Gauss-Jacobi

integration formula. The resulting linear algebraic equations will be in the form:

i{\/\/{#"'gls(éwni) 11b(§]777|) ***(Ui)

=1 n-¢;

+Ci[lzl2s(§j’pi) 1zb(§,:/?|)] (A)} -1, Gg=1,...... ,n-1)

{Wl[zls( 1’771) 21b( 1977|)m 77|

1 o ok
C+b+k225( ]’pl) kzzb( jopi) m, (pi) }:_1’
[ t2——
C_
Gg=1,...... n-1),
> Wm (r)=0, >.Cm;(p)=0 (3.11)
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where p,,C;(i=l,.....,n), and &;, (=L......,n-1), are still given by Egs.(3.9a-c).
However, &, G=1, ... ,n-1), and 7;, W;, (i=1, ... ,n), are the roots and the

weights of the Jacobi polynomials.

Pl (£, )=0, (=1......n-1),

Py, )=0, (i=1,.....n), (3.12a, b)
and
m” () =mm)\-7*)", (3.13)

3.3. Crack in Strip 2 Touching the Interface( a<h;, 0=b, c<h,)

In this case, in contrary to the case in Section 3.2, the integrals on n will be
evaluated by Gauss-Lobatto quadrature formula, while the integrals on p will be
evaluated by Gauss-Jacobi integration formula. The system of linear algebraic

equations will look like

Zn‘,{ci{ 1 +Rlls(é:ja77i)+ Rnb(‘fjaﬂi) m1**(77i)

i=1 M =G

+Vvi|:|2125(§j>pi)+ Rlzb(é:j’pi)rnz***(pi) }:—1, =1, ...,n-1),

n

{Ci [Ezls(gj 17 )+ lz21b(5j 517 )]ml** (77i )

1 1 ' skokok
+W, + C+b+k225(gj’pi)+k22b(gj’pi)m2 (Pi) }:_19
P +¢, +2—C b

Gg=1, ... ,n-1),
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2.Cm () =0, 2Wm"(p,)=0 (3.14)

where 7., C; , (i=1,...,n), and ¢, » (=1,....n-1) are given by Egs.(3.9a-c). on
the other hand, ¢, (=1, ... , n-1), and p;, W;, (i=l, ... , n), are the roots and

the weights of Jacobi polynomials.

P9z, )= 0, G=1....oaneD),

n-1
P9 (p,)=0, (i=1,....n), (3.15a, b)
and
m”"(p)=m (p)t-n)"1+7)", (3.16)

3.4. Calculation of Stress Intensity Factors

Once the system of linear algebraic equations is solved and the unknown
functions are calculated at discrete collocation points, every relevant quantity

can be calculated. For example, the stress intensity factors

K, =—-m"(1)p,v/a, (a<h)) (3.17a, b)

_1-3m +2(x, —Da + (1 -5, )M -1)
(A +x, N1+ Ax, 2" sin(za)

K, = mf(—l)pz,/%b , (0<b, c<hy) (3.18a, b)

3k 20—k = (-3, )A+ 20— Ay Al +x,) e ()
- (/1+/(1)(1+/1K2)sin(m//) V2 ( l)p2[2j

(14 )m” (1)p,hy, (a=hy, 0<b),

(a<h1 , 0=b, C<h2),
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K == (s, [S52. (0b, c<ho),

= 2w (1)p, \E , (a<hy, 0=b, c<h,) (3.19a, b)

It would obviously be advantageous to present the stress intensity factors in

normalized form:

ka — a - _ *% 1 , (a<h )’
plﬁ m, () 1
K. 1-3x +2(x, - Da+(1-x,)i(a-1) "
- = 1 1 3.20a, b
p1h[a (1+K1 )(l+ﬂl('2)21/2+a Sil’l(ﬂ'a) ( +K1)rnl ()7 ( a, )
(a=h,, 0<b)
k, = S m"(-1), (0<b, c<h,)
c-b
pz T

Ko  3-x, —2(1-xw—01-3x,)1+2(-x,)Ay /1(1+K2)m;**(_1)’

0 (Cj"’ (ﬂ, + K, )(1 + AK, )sin(m//) V2
2
2
(a<h17 Ozb: C<h2)7
(3.21a, b)
K Aok
k, = c ==, (1), (0<b, c<hy)
P
_ Ke _ v, (ashy, 0=b, c<hy), (3.22a, b)
C
P, 5
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CHAPTER IV

RESULTS AND CONCLUSIONS

4.1. Results
a’/h b/h ky ks ke ke
Gupta(1974) | Gupta(1974) | Gupta(1974) |Present | Gupta(1974) |Present
Study Study

0.1 0.5 1.1746 1.1755 |1.1169 1.1144
0.2 0.6 1.1102 1.1086 |1.0961 1.0936
0.4 0.8 1.0984 1.0963 |1.1250 1.1217
0.5 0.9 1.1290 1.1272 |1.2278 1.2210
0.6 1.0 1.6080 1.6020 | 2 2> ®

Table 4.1 : Comparison of the Results of This Study With
the Results of G.D. Gupta and F. Erdogan (1974)

In this study, 6 examples are considered and five of these examples are obtained
for plane stress conditions only with fixed ratio of h;/h, =1. The last example is
considered with different geometric ratios such as h;/h, = 0.5, 1, 2 for different

widths of the both Strip 1 and Strip 2 with plane stress case.

The values given in Table4.1 and Figs. (4.1 —4.5) show the results of this study
are in good agreement with those given in G.D.Gupta and F.Erdogan(1974),
Gecit(1979-a) and I.N.Sneddon and R.P.Srivastav(1971).

Figs. 4.6-4.14 show the variations of the normalized stress intensity factors ki,
ky, and k. for various crack length combinations in Strip 1 and Strip 2 with the

softer material at the middle. (A = p/ n,=1/23.077)
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Figure 4.6 shows when ¢ = 0.9h; is fixed as constant, k, decreases when
the crack in Strip 1 approaches to the interface, whereas Figs 4.7 and 4.8 show

that ki, and k, are increasing slightly.

Figures 4.9-4.11 show that k,, k, and k. have decreasing tendencies all together
with different rates as b/h, ratio approaches to the value 0.9, when ¢ = 0.9h, is
kept as constant. For a = 0.98h,, k, and ks, has the strongest decreasing tendency,

as compared to that of k.

Figures 4.12-4.13 show that k,, k, and k. increase with growing size of the
crack in Strip2 when b = 0.1h, is kept as constant. It is noted that k. has the
strongest variation rate when compared to k, and ki, depending on the length of

the central crack.

Figures 4.15-4.23 show the variations of k,, ky, and k. for various crack length
combinations in Strip 1 and Strip 2 with softer material at the middle (A = 1/3).

Figure 4.15 shows that when ¢ = 0.9h, is fixed; k, has a decreasing behavior
when the cracks in the outer materials are not closer than b = 0.3 h, to the
interface. If b/h, ratio gets closer to zero, k, increases up to a/h; = 0.9 then
decreases to zero. However, in Figures 4.16 and 4.17, ky, and k, are increasing as

a/h; ratio goes to 1 in Strip 1.

Figures 4.18—4.20 show the same characteristics as seen in Figures 4.9—4.11 but

in the latter case, k,, ky and k have lower values when compared to the former.

Figures 4.21-4.23 exhibit the same increasing behavior as Figures 4.12—4.14.
After c = 0.7 hy; k. increases dramatically.
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Figures 4.24 — 4.32 show the variations of k,, ky, and k. for various crack length
combinations of cracks in Strip 1 and Strip 2 with the same material constants
(A =1). In this case the problem reduces to the case of a strip made of one type

of material containing three cracks on x-axis with different lengths.

Figures 4.24 — 4.26 show that when ¢ = 0.9 h; is fixed as constant, k,, ky, and k.
are increasing, unlike the behavior seen in Figures 4.6 — 4.11. It is noted that the

values of k, has the strongest rate of increase as a/ h; approaches to 1.

Figures 4.27—4.29 show that k,, k, and k. decrease as b gets closer to c. Also, k
has the biggest and k, has the smallest decreasing rate for a = 0.98 h; and
c=0.9 hz.

Figures 4.30-4.32 show that k, values start from the interval of [1, 1.2] and
constantly increase as ¢ gets away from the interface when b=0.1 h;, is kept as
constant. However, for a/h; = 0.7, k, and especially k. values start decreasing,
and after around ¢ = 0.7 h, , they start to increase again and pass the initial

values and stop at some relatively higher values.

Figures 4.33—4.41 show the variations of k,, ky, and k. for various crack length
combinations in Stripl and Strip 2 with stiffer material at the middle (A = 3),

unlikely the previous cases.
Figures 4.33—4.35 show k,, ki, and k, are increasing as a/h; approaches to 1 when
c = 0.9 h, is kept as constant, and the values of k;, for the b = 0.3 h, have the

strongest increasing rate because of the interaction with the crack in Strip 1

Figures 4.36—4.38 show that k,, k, and k. increase as a/h; increases. The largest

values occur as b/h, goes to zero, it is also noted that k;, is the largest of the three
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stress intensity factors. This is due to greater degree of interaction between the
cracks in Strip 1 and Strip 2 when a/h; is greater. For smaller values of a/h;, ki
starts with relatively smaller values when b/h; is very close to zero in Strip 2, for
which inner edge of the crack is in close vicinity of the central crack so that it is
in a highly disturb stress field. As b/h; increases, ky, also increases since this
effect decreases as the inner edge of the crack gets away from the interface.
With further increase in b/hy, k, decreases due to the fact that the crack length

decreases.

Figures 4.39-4.41 show that k, values start from the interval of [1.2 ; 2] and
increase slightly with increasing values of a/h; as c¢/h, approaches to 1.
However, for the high values of a/h;, k, and especially k. values first decrease

and after passing ¢ = 0.7 h,, they start to increase again.

Figures 4.42-4.50 show the variations of k,, ky, and k. for various crack length
combinations in Stripl and Strip2 with relatively stiffer panel at the middle of

two softer panels. (A =23.077)

Figures 4.42—4.44 show that as k, increases rapidly and is not affected too much
by the length of the cracks in the strips at the two sides since the material of
Strip 1 is considerably stiffer. However, k, and k. both increase as a’h;

approaches to 1.

Figures 4.45-4.47 show that the values of k, are not affected regardless of the
size of the crack in Strip 1, the only dominant variable, which determines the
value of k,, is the size of the crack in Strip 1. However, as b approaches to c, ky,
and k. are both affected by the size of the crack in Stripl and by the size of the
crack in Strip 2. But in general, both ki, and k. decrease when b/h, gets closer to

the value of 0.9.

41



Figures 4.48-4.50 show that as c/h, approaches to 1, k, is not affected by the
increasing size of the crack in Strip 2. However, with increasing crack length in
Strip 2, the values of k;, decrease continuously. On the other hand, the values of
k. show a decreasing behavior until c¢/h, ~ 0.75. Then k. values start to increase

again because of being in close proximity to the outer edge of the strip.

Figures 4.51-4.68 show the variations of k,, k, and k. for various widths of
Strip 1 with  various crack length combinations in Strip 1 and Strip 2 with
stronger material at the middle and relatively softer (weaker) materials at the

sides (A =69.231).

Figures 4.51-4.53 show the variations of k, , k, and k. as function of b/h, for
different a/ h, ratios when the width of the Strip 2 is decreased from h; = 0.5 h;
and to h; = h, then to h; = 2 h,. Strip 2 is a considerably softer material then
Strip 1 at the middle; hence decreasing the width of the cracks in Strip 2 (softer

material) has no important effect on the values of'k, .

Figures 4.54—4.56 show an interesting behavior of ky, when ¢ = 0.9 h; is kept as
constant (close to the edge of Strip 2). As b/h; ratio increases, the values of k
increases up to some level then after some critical distance from the interface,
the values start to decrease. Also the values of ky, are at the highest level when

h; =2 h, (namely when width of the softer material is considerably smaller) and

a=0.95 h, for all 3 different types of geometries.

Figures 4.57-4.59 show a general behavior of k., when ¢ = 0.9 h; is kept as
constant, as the b/h, ratio increases from zero to 0.9. It is observed that k. values
decrease slowly as with decreasing crack length in Strip 2. tendency. Also, as

the width of the Strip 2 gets smaller, k, attains higher values.
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Figures 4.60—4.62 show that k, values are at the highest level when the width of
Strip 2 is at the smallest value h; =0.5 h, compared with other two cases, namely
h; = 2 h, and h; = h,. Furthermore, for all the cases, the effect of ¢/ h, ratio on k,

1s not discernible at all.

Figures 4.63—4.65 show that k;, values are at the highest level when the width of
the Strip 2 is smallest, namely when h; = 2 hy, ky, is around 7.4 for a = 0.95 hy;
which occurs when c/h; is very close to 0.1. The values of ki, show a decreasing

behavior when the crack in Strip 2 approaches to the outer edge of the Strip 2.

Figures 4.66 — 4.68 show k. values are at the highest level when the width of
Strip 2 is smallest, namely h; = 2h,, where b = 0.1 h; is kept as constant. In all
the three different geometries the k. values decrease up to ¢ = 0.8 h, and then

increase for higher values of c/hs.

Figures 4.69-4.71 show that k, values have an interesting behavior depending on
different values of A. In the cases of A values smaller than one; for which

Strip 1 is weaker than Strip 2, k, has a decreasing behavior as the ratio a/h;
approaches to 1, namely, the crack in the Strip 1 approaches to the interface. On
the other hand, for the cases of A = 1; where Strip 1 is stronger than Strip 2, k,
values are increasing dramatically proportional to the increasing values of A. On
the other hand, ky, and k. show similar behaviors to each other. When A < 1, ky
and k. are not effected too much, on the contrary for A > 1, both values increase

dramatically.

In figures 4.72-4.74 the variation of k,, ky, k. are given as functions of b/h;, for
different values of A. In these figures h; = h,, a=0.1 h,

c= 0.9 h;, are fixed. As can be seen from Fig. 4.72 k, takes its maximum value
for smallest A, when b/h, goes to zero. For all A values, k, decreases to unity

with increasing b/h, ratio. As b/h, goes to zero, only for A < 1 values, k;
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increases but for A = 1 values, k, decreases. The same behavior can be seen for

k.. In these situations, ks, is always greater than k. values.

Figures 4.75—4.77 indicate that when A < 1, k,, k, and k. values are increasing
dramatically, and for A = 1 values, k,, k, and k; values are not increasing as

much as the previous cases.

Figures 4.78-4.80 show that k, values are increasing when A > 1 as a/h; goes

tol. Note that, (c-b) is very small and away from the interface. On the other
hand, for A < 1, k, values decrease as a/h; goes to 1. However, ky, and k. values
increase as a/h; gets larger for all values of A except for A = 1/3 and 1/23.077.
Moreover, k, and k. values are considerably close to each other for

corresponding A values, since the length of the crack in Strip 2 is very small.

Figures 4.81-4.83 show that k, values increase dramatically as b/h, ratio
approaches to zero. The increasing behavior is getting stronger as the values of
A decrease. The same decreasing tendency proportional to A, except for A =
23.077, can be seen also in ky, and k. values. For A = 23.077, k, and k. increase at

the close vicinity of zero.

Figures 4.84-4.86 indicate that there is a different behavior in k, and k.
compared to k, depending on A values such that k, values are increasing
independent from the values of A. On the other hand, ky, values are increasing
when c/h; ratio approaches tol with A < 1. However, for the values of A > 1, the
values of k;, first decrease and then starts to increase. For the k. values, the most
interesting thing is, when c¢=0.8h;, the values show increasing tendency
independent of the previous behavior.

Figures 4.87 and 4.90 show that both k, and k. values are increasing as a/h;
approaches to 1 and they increase to very high values when the Strip 1 breaks

completely.
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4.2. Suggestions for Further Studies

In this thesis, solutions for the cases 1-3 given below are obtained and the

remaining cases from 4 to 7 are yet to be found.

In addition to these cases, some more possible problem suggestions are

numbered from 8 to 12.

. a<h;, 0<b, c<h

2. a=h;, 0<b, c<hy

3. a<h;, b=0, c<hy

4. a<h;, b=0,c=h

5. a=h;, 0<b, c=h,

6. a=h;, 0=b, c<h

7. a=h;, 0=b, c=h

8. Two symmetrical inclusions can be inserted into Stripl
9. Two symmetrical inclusions can be inserted into Strip2
10. Case 8 and case 9 can be applied at the same time

11. The materials of the panel can be assumed as anisotropic
12. Some package programs like ANSYS or MARC can be used to verify

the results found in this study.
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APPENDIX A

Expressions for quantities appearing in Egs.(2.16) are given in the form

ay, — zﬁzae frot,( Foput + fogp,) (A1)
1
a, =-8fau, (Z flo faorty + f4oluzj
1
a; = ﬂﬂz(_ E fomy + fssﬂz)

a, = ﬂzﬂz( =200 + fou,)

Q5 = _IBZ flo(— T+ fus + Fissy)

1 f
A = _4ﬂﬂ1(b1 fouty + Zas fostt, — 3ZU2 )

b, = 48%, fiout,(— gty + fousty)
by, =458, fiopt,( Fogrty + footty)
by = B, (forpn + £ F000)

by = B2 1, fospty + foetty)

b = 482, ( , fopt + fopty )

b =480 ( F, foour — fo00)

1
ay =231, [_E fret +2b,(6,—€,) feaﬂzj

f
Ay, = Zasluz[ 792,% + fsoluzj

1
Ay = Z( —Af+ T ),
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1 f
Ay = _Eﬂ!ﬁ[ fseﬂl + ng'uz j
1
Ay = 213(_5 fauty + f83/u2j

f
Ay _2/11( 71ﬂl_a3f72/u2j

b, = _2132( fio1 =285 fioatsy )

b, ==28( 05 — 28, f 10511, )

1
b,, = _Eﬁﬂl( for foo fostty + Tor8,)
1
b,, :EIB (oo, — fouu05)

b, =48 ( 10;/11 + f; fseluzj
B, = =281, ( fipott, + f42 fos footsz )
l
C,=4p [ae fl0 + 2 130#1 +2 f131/12 )
Cy =2(85 fipy + f1351u12 +2 fsoﬂz2 )

1
Cyp = _Eﬂﬂl( —fiosty + Tioetty)

1
Cu = _Eﬂzﬂl( froatty — fiptt)

Cy = 2132( flaott + fipoity)
=4u [Lﬂl_ f72/12]

dy, =28(2fgx, + flngéZ/ﬁ + fisgtty)
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d22

d,

=2( fippi, + f167K22:u1 + figeity)

1 f
3= __/11( flaotty _'_Lﬂzj

2 2

f
= __ﬂﬂl( 147K, + 1431% j

213( 1734 + f174/12j

Ooe = s, ( Fisstty + Figeas,)

INT, = [

aCOS[ahZ]M [a]
(e®+p")

INT, = [ o*Snlah, M,laly

INT, = [

INT=["—

INT, = |

(a®+p°)

Snfah [( -3¢ + B2 +(a® + B )i, )M, [“]

(a*+p°)

~Cogoh (5’ + 4 +(o” + 5 Jx Mila] +(52 + ° +(o” + ), Whad] |

(A.2)

oA+

(a*+p°)

T [ SR e

(a”+p°)

© o — COS[OCh]ﬂl 1[a]+ﬂ2M [a])d|
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(A.3)

(A.4)

(A.5)

(A.6)



e, =e”

g =e"

g =e™

€o = e’

€1 = e

€, = e

€s = e’

€4 = e’

€5 = e

e, = o 24,0+

g, = @ oh+d+ds

&, = @ 4b-2b; 40, s

e, = @ 2D-dby+d—dy

e, = —6by—4b,-+dy—d

e, = @ o0y

e, = @ O0-4by ity

e, = 6y —2b, -+ —d

e, = @ 6020,y
_ o-2b-2by+dy+d,

:: _ o 2b-2b,+di—ds

e, = o 4020y

e, = @by

e, = o 40t ds

e, = 40404010y
_ -Ab—4b,+dy+d;

:: _ aSh-db-d;

e, = e

e, = —5by—4b,—dy—d

ey = @ 30-4b,-di-d;

e, = o h-d-ds

e, = bt

e, = 5020y

e, = —5b,-4b,+d;
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_ ~-5b+4b,+d;

e40 -

_ ~5b+d
e41 - ’
e42 — —5b—2b,+d;
e43 — e—5b1—4b2—d1+d3
e44 — e—3b1—4b2—d1+d3
e45 — e—5b1—d1+d3
e46 — e_bl_4b2_d1+d3
e47 — e—5b1—2bz—d1+d3
e4g — e—Q—4b2+d1+d3
e49 — e—bl—4b2+d1—d3

_ ~-3b-2b,+d;+d,
0=

&
651 — e—3Q—4b2+d1+d3

&, = e

e, = @ 30-4by+d; s
e, = o h-4d: -t
e, = o h-4d;+ds
e, = o h-20,ds
e, = o b2ty
e, = 3ty ~2b, +d—d
€ = CRERS

&, = ~3b—d;—d,
e, = -3+,

e, = o 30-di+dy
e, = o h-20+d,-d;
e, = o h-2bdiedy
e, = o 3040, +ds
g, = et
e, = g D-2b-di-ds
e, = o h-2-dirdy
g, =gt
e, = ~3b,-2b,+d;

e, = @ 30-2b,-dy+ds

e, = o302, ~d; s
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e, = 5ty —4b,-+dy—d
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e, = @ 5h-20; iy

__-5b+d,—d,

e, = -3b,+0,~d;
e, = o 4b-2b; -0y
e, = —2by—2b,—d—d
e, = @400y

e, = —4by—4b,—dy+d,

&, = o400+
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& = e
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egs — e—4k§—6bz+d1+d3
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S

e, = ~2b—d;—~d;
Gy = CR
ego — e—4Q—4b2+d3
€y = e

_ . —4b-2by+d
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e93 — e74q72b27d3
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&, = o400
&, = 24,0 s
g =€

&, = —2by—4b,+d;
€00 = s
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€o1 = P
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e108 =€

g6, = g /(2
e = e thh)
ee, =g /2
e, = e/
ge, =/
ee, =/
g6, = &/h)
e, = e/
g6, = e 2/h)
e,6, = e /Chh)
ee, = @2f(h+2hy)
e,e, = e /)
g6 = g2
e, = /M)
a6, = /@
g6, = /2
e, = /)
&6, = g2/ (h+2hy)

f,=1+e
f,=-1+e
f,=1+¢,
f,=-1+¢
fy=e+e
fs=e-¢
f, =eg
fo =1+ 1,
fo=—1+f,

_ ~4b —2b,—d, +d,
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flO = b1 fl

fu="1,+ 1,
f,=-a,f,+2f,
f,=eg
fu=eeg

fis =ee

fie =e8
f,=eeg
fe=ee

fo =68

fp, =26 +2e +4b7 f, — f, — f, — f. — f;
f21 = _4bzze7 + 1:42

fp,=6f,

foe =, fis

f,y =-1-4b,e; +ey

foo = 1,15

fro =6+ + fox,

fr =0, 1,

fe =2, f,

1:4 fzs =aq, 1:42

foo =b,

foo = fe(szz +%ea fy f28j+%b1(4b2262 fi+2a;b,f,, + f5(e5 - + fox,))
1

f31 = bl fzo +Eaz f21 f25
f32 =8 f24 f25 + 2b1 (_Zasbzez f1 + 4b22 f22 f23 f26K2)

f
f33 = %_bl f21 f25

fy = fo(L+40] + (e + &)k, +&7)

fos = fio fis fau

fio =(a,f, +2b ) f16(8b§e7 + f,f5)

fo = f(a3f; +21,) —2b (-e +2b, (& — &) — €& — fyx,)
foo =af,f, +2b,(2b, (6 — &)+ f,f,) +2b, (e + & + fyx))
fao = (f, (5 +2f) +2b (65—, +2b,(e5 — &) + fyx,))

1 1 1
f40 =_Zaz fz f4 f19 +§b1(_2b2(f17 + le) + fl f4 f19) +§b2 flg(_es +€ + f9’(1)
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4= _a3(_1+4bze7610)(a1 f, +2b, fz)

2= (as fo—2f,)(fu(as fy +21, )ﬂl =t fu,)
i =—Tu(f +2fy)
w=T0-e +2fy)

s = (=Fog +285)(Fpre + Tugusy)
6w =& TE

0 =& ~-§

w

N

f

f

f

f

f

f

f

fig =b, Ty

fio = asb,

f, =€ +4ble, + (1+e,)x, + &K,

f51 = _4b22e7 fz + 267 1:1 f49 + 1:4(]:8 + f46K2)
f52 = 4bzze7 f1 + 267 fz 1:49 - f4(1:9 + f47K2)
foo =—€& +€ +2b,fs + 1, - f1x,

fo, = f,f,+2b,f;

foo =4bZ2f, + f f,  +26,f f,

foo =26 +2€, + iy — iy + fi5 — fig —4b; T,
f
f
f
f
f
f

[=2]

o =4bje, f, =21, f,0 + fu(fr + foicy)
53 = fo + 214
so = T, T, =21,
0 =—1+6
o =—1+ 1,
62 =1+ f7
1
fee = 2D, _566 foos
foo =—6 +€ — fux,
fos = T2 fsg
fes = &8 fso(4b1e5 + feo )
for = fo + fiic, + 10, (T, + foix,)
fos = 4a2b22e7 f,—2ae fo + f,fe
foo = —4bi&; (Bbre; + f, fp) + &6 f, fig
fo= 4a1b22e7 f,—2a,e f; — f,(fq + o, + f01,)
f =aeeg f12 fso
f72 :(_4b2 +€ -6 )f63
frs =abef,,
fr =&&

151



f75 = fo +2b, (fg + fiony) + 6k, 1, + i, (-6 + & + 1, — T1i)
fre =6 (4be(as fy+ 21, )+ f, )

f, =1t +(-&+e&)x

fre = s —2b, T, + e, + e, + 5, (f5 + fooic,)

fro =—4be, (f,s +2f,) +e,6f fop

foo =€,65(1—€ + f,g )(4be — foox; )

for = &6 f5o(—8bes +a, fey )

fg, = 8bzzee +6;6 f, Ty

1 1
f,, =80, (207 2% f, f28)+E feo feoicy

f84 =6 +€
f85 =6 -6
f86 :4b2+e7_eg

—1fg =—4b, —&, + 5
f87 = 4b1e5 + fao
fog = —4bes + foox;

f89 = azbz
fgo =68
f91 = aibz

fe =(4bl+e5_e6)f86

foe =26 f, foo + f, (-6 — & + fxy)

foy =40y fog — o foo fog

fe =1+6€, + 26K,

foo =26, fo + F, (46 + fox)

fe =—4be, f42 + f g foe

foo =-1+ee,+26f fy —ex, + fix, + (-6 + €, —€ fx,)
fo =€ +6 + 2k,

fio0 = f1foo fog +4b; o

fior =88 (= o + 2,0 )( Forsn + foert,)
fioo =40 f, + f,(fy + i)

1 1
f103 = 56496 flOZILll + f85 (_Zbl +§ee f60K1)/u2
fos =4be, fy+e,6f,(fy + fiuxy)

f105 = M_ fesf

flos = €6 (—ay fys + 21, )( foruy + fogpsy)

salls
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fiop =1-ee, +26f, fy +ex, — 1, + (-6 +, — € fyx,)
fiog =—4b; foe + f, foo f1r

fioo = €48

fio=—4b, +€& —¢

fi =15

fo=6+e,+efx,

fs =&k, + f1x,)

f=1+ee,

fiis = i + i

fe=—6+¢

fii; =4b fiyo + fifo (28, f, fg + fiys + fipoiy)
f118 = _267 f111 + 1:115 - f112’(1

fig =4b; fog + f, foo 1

fio0 = f42 fes foo

fior = f,fo0(2€ f1yy + £, (f1y6 — for))
fi, =4be f42 + fi

fros =26 f, f — £, (16 + fory)

fras = o7 foo fos

fi =(4b, T& -6 )f110

fioe =4b frig + f foo fipg

fi, =—-2b€ (3, +4f,)

fios =85 fioo( fir — foxy )

f
128
f129 = a2 f27 f60 f109 + f127 B

fiao =(83fy + 21, ) Ty fig

fiar = b, foq fg

floo =41, + f,(-3+x,)

fs=2-6-¢€ +2f,+2a,f,f,, +tex, +ex, +x,(-1+2e +2¢e, — f, + fyx,)
fiae =—4be, fip +€,(8 +6)8; iy

flas =(fs 25 ) fg; Figo

floe =6 +6&
flo =6 -6
fls =6 —6&
floo =6 +6
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flo =4be — foi,
141 =( f + f29 )f109 140
f142 = _8bzze7 +a, f42
bz fsg = azbzz
f143 f87 f109
fls =—1-6 +21,
s =, +21,
flas = 4a1b e f,—2ef fg + f,(fs — fiei))

foat
fir = (-1+4b,e, + &) fg foo 4 -2

frag =4b; Tog + T, To Tiug

fig =(4b + fioy )(1+4b22_K22)

figo =1 f; + fioc, +ic, (-6 — & + fox,)

fiso =4be iy, — 1, fo (—4bse, f, gy + 28,6 f, Ty + f, figp)

fis, = =8N (B +40; — fic;)

fies =€ f, +(-1+€,) fix, —€ f,x;

fia =€ —f, +40,6 T, fo + fisy K, —B, +E,5, +880, +46, T, Tor, €5 + T

15

N

fiss = fiso + 1 foo fisg
fiss = fag foo fraz
fior =4, Tl + F, Fiog(fg + fonc + 20, (fy — fiei)))

fior it
fiss = 15; - fLatt,

1
fiso = — T4 fraatsy +E(4ble4 fo—f,fi00 (fa + forcy)) s,
fleo=—6+€ —€86 — 29465 +2e,6 + fioo + £,(2+2F, + ) fipery
b, f
fes =—6b, (f,f 9)+ a, f, fe fipo + 2=

1 1
162 =g flGl +—- 5 f143 f145:“12 + E f141/”22

fm =1, + fohy, + 20, (f, + fpok,)
164 4ble f144 + f f109 f163

fles =D, fss(_ 2b, + Eea fSOKlj

fieatty

fie6 = +2f 6510,
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1
f167 == f84 (4b1 + f137 )/11 +§(4ble4 fs + fz f109 ( f4e - f8Kl))/U2
fls =26, +2€ + fg+(2-21, + f,;)x,
1

f169 = _§a1 fzz f4 f109 - bz (12ble4 f4 + fz f109 f168)
firo = @5 f1e0 + Tigs f144ﬂ12 +2 1:131#22
fn=-2+ 4a1b22e6 f22 + fips + . fop fisaiy + (656, + 6,6k,

1
fi, = fi — 8 (-1+€))x, _8b2(4b1 _Eazes feoj’{z
firs = fip = (F; + foo)xc, + 2’f22 - f139K22
f174 =8, fea f86
f175 = (8b22e7 + f4 f28)hl —a,a8,6; h2
fire =K, + 1, +€ 1+ KK,)
fi, =4b,e fo foe + f,(L+6 fps + €K, + €K, +K,K,)
fie =K, + €k, +e7(1+4b22 +K22)
f179 =g f177 + f87 f178/‘12 - f21 f140:“22
f180 = _41336 f7 f175 - € f179

1
A= E =S P f180
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APPENDIX B

Expressions for quantities appearing in Eqs.(2.17) are given in the form

(B.1)
I o ) —sin(at )cos(ah, )da 87,ZB (- (h, —t)e ™% 1 (h, + t)e94)
Iaa +ﬂ —sin(at)cooh )dar “3 {(2+ﬂ(hl t)e”™ —(2+ Alh +1)e —ﬂmt)}
I a +,B —sin(at)sin(ah, )da :é{(l_ﬂ(hl_t)) ) (- Bl +t)e mt)}

[ ppemeemigte
K 1 7T p
!a(a2+ﬂ2) Sm(at)da_4,34 (2-(2+m)e)

o =1+ €% (B.2)

f
flo =2+ X8

flos =2-XB+ e figo
f

fres = fop Frgaty + 253 Fgaps, + ( fo frgy — 215, flgs)ﬂz
fros = =440 figntty + Tig (= Fag Figra +2F55 (Fogpey + foo105))
frer = —Ta figuany + 2( for Figarey + ( fagfig + fi g Ty flsa)ﬂz)
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fiog = =2 F50 Figutt + fog Frgaty + (F5 iy + fog figa) 1t
figo == T4 fiay + fu fia + 81, Tty

Fioo = 86" f, Tappty — 4x/K, Tt

flo = 4ezxﬂxﬁf2 soth T Tautty

fior = e fut, +8510,

fios = 8e”” forat, — 4XBFs 10,

fioq = 4> xpf 518y

fios = Tiao + Troo + fior + Figp + Figg + Fig
fioe =40 Ty iy + 41, fi foo fiaatny
fror =85 Tos Figy — fa6 Fray + 416 ey Figs
fios =888y fig fia Tres sttt

flog =885 figy figs i1t
faoo =2 104 Trer a1t
faor = 45 1as Frea ity
Faor = 48816 Tias Fros st
f

03 =4 f184,u1 ((fios — Frortty)
1

ﬂeBe.I.Z f180

fzos = f198 f204

f204 =

f206 199 204
f207

204

floo f
Fa00 T204
fa0s = foor f
fae = Tooo f

202 7204

f210 = fzos f204

f,,, =3+2x06
f,, =—3+2Xx0
fr, =-1+e*"
foa = 3 ZXﬂ
f215

f216 = f211 f215
f217 = f212 + f216 f213K2

f218 - f214 + f216 flSlKZ

& = Wl
for0 = aSaG
a; = /U
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=11, =-2xpa, {5

fros =85 f1y

fa0s = fos Fa

f226 =" f101 f217 + Zae f129 les - f76 1:219 - f76 f215 f219 + f222

Fror = Fo1s orp = Toog + Fois Fpg +12 1,5, —8XfH 5,

fros =120 150 +8XB 515 Ty +4Dy6 T —4boe, £

frog =406 fp1 fr0s —4D,6 fr15 T

Faz0 = fro0 — 87 fiaok,

fosr = 4 fi600, — 8y fia0 Trusi, =416, Frisi, =4 500, — 41,05 Fr0k,
Fasp = 2 Figgics 1ty — 2 fy5q Toueis 1, — 68 fyoq 0, + AxP85 o010,

fass = 2 Fisgtty + 685 105 Fis s, + AXB8G T3 Trrst, — 2 F16g Fris 5
Fos = 284 Tioaic, 11, — 285 f05 Toi5i, 10,

Fass = 4800 ( o6 + Toor + frpg + Togo + Fogy + Ty + T+ F150 )ty
fo36 = 685 foy —4Xag Ty, +38; T35 —2Xfa; f135 + 68, oy T4

fasr = A%y oo To15 + 38, T35 15 + 2X080 Ti5 Tr05 — Figs Ty

Fass = 8 fiaa Targ + T70 Fosg + Tog Fo1s Fo1g + 2 F5 Fpg + 255 Tr1s T
Fase = =285 fooic, — @y Tiggic, + 2T 190, =285 Top Tou5ic, — 8y Fias Trishy = 217 T,
Foso = 2 Figris 1ty — 2 Figy Tonshs 1y — 684 Fiog pt, + AXP0, i pt, + 2 Fige sy

Faas =685 fio5 Torsty +4XB8, f105 Torstt, = 2165 Torstty

fonr = 285 Tiosi, 10, — 284 F15 T, 14

Fass =4 T30 ( Fag + Foap + fage + Fong + fosg + Fous + Fo00 )ity

Foss =2 F 100t = 28109 Torstts + To7 foo o5 Toz sty — i Friatt

fous = A F000, + T14, = 3F g0, + 2XBg 11, + 3K 551, — 2XPF 10614,

fose = fisitto + 4153 Toispt, — T1u Toispt, +3 %7 sty

faar = 2XBq; Toustty +3 1o Torstty + 2XPK 56 Toisty — Ti60 Tors s

fas = Taricott, = fiasiotty = To7 Toisicotty — fio6 Tousicotty

Fase = =85 Too1( Foaa + Toss + Fous + Four + fog)

Faso = 2 f147 Toraic, =3 oot + 2%y 11y =3 K150 141

fass = 2% o0ty — 2 Feq figupn + 315, Tristty

Faso = 2XBg Torstts =3 T 10 Foisty = 2XPF 0 Fistty + fopioity
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f
f

255 = 3 F10p Tors ity + 2XP5 10, Fo15 14

as6 = Trag Forstty = Tourcoty — Fpprcouty + fo, famco 10, — £ Frisico 10,
a57 = B3 Ty ( Fosp + Tosy + Togp + Tosg + Fony + Fogg + Fie)
asg = 3 Fryotty = 2%, g0ty — Fipapty — T Figian + 3150 Frs

as0 = X110 Torsaty + f10a Forsity

260 = T1os Torrtty = Fraoicouty — f1yg Fooicoun + 2 F500, — 6 fo5 fog s,
a61 = IXPes Toe ity + 38ty — 2XBE 00ty — 21, + 2855 F 510,
a6o = 0 Foq fog Toistt, +AXBEe Tog Tri00t, +3F 50 Foc 1,

2a = 2 Feg Fasicott, = Frooiotty = 2855 fos Forsictt, = Fio Frnsiotty

265 = 48001 ( Fasg + Tosg + Fogo + Fogs + Fogp + Fogs + T )ity

26 = —3 Frarsty + 2XB 71 — Fiss it — o1 Figran =3 %17 Forsn — 2%08,1, Fris00
261 = Tiss Faustty + fio0 oz pty + frigicont + 107 Frrsico

26 = 6 Frotty = AXP o 11, + 285 % 11, = 3K 2 g Foopt, + 2XP38 7 Fog Foopt, — fiso ity
269 = 6 Fp Fous ity + 4B, Fisnt, + 28512, fr5 0,

210 =3 f42 fos foo fasstr + ZXﬁff fos foo fFass ity + Fisg aistty = 2f 100,11

o = £ fag fookntty =285, Foighiptty — £ o foo Forsicotty

212 = —485 01 ( Fo56 + To67 + Tage + Togo + T + T271)

f
f
f
f
f
f
f
f
Fass = 2% 150 Tarstty + 2 1174 T1stty
f
f
f
f
f
f
f
f
f
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253 = Traakotty — Top Torercopy + Ty Topsicotyy — Tty
o = 3Toutly = 2% Foupt, +3F 5006 = 2XfK o1ty — T iett, — T Frrstty —3Fo, Tyt — 2%, T, 10

(B.3)



et
oot
7 = T
5 = Tog
Py = fog

P = Toss
99, = fous
9Ps = Taug
91 = foag
95 = fosr

71(/(1 + 5)

4% (i, +1)

|
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-
PPs = fos Zﬂzj

_ _”(K2+5)
PP, = fu; 28(x, +1)]

. - 7T
¢¢8 = f257 2ﬁ2]

_ TTH,
PPy = foes 4,32(1(1 +1))

_ — T,
Poy, = fzes(zﬁ,(’(2 +1)j

-7
¢¢1l - f272(4ﬂ(’(1 +1)j

Sy =—fs + 6~ + b5 — by — b (B.5)
So = s + b + 2 +

Sy = it + gt — (2 +15)

S, = (=~ )8, —t)+ 4,

So = (~di—4,)B(h, +1)+ 4,

SS, = ~¢d; + Bby — Bb5 + O — Py — P, (B.6)
S5, = ¢¢3 + ¢¢4 + 2¢¢6 + ¢¢11
SS, = gt + dhiot — $6(2 +1B)
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ss,, = (~ ¢¢, — 08,)8(h, —t)+ ¢4,
ss,; = (— ¢¢, — ¢6,)(h, +1)+ ¢4,

(B.7)

Tu (6 y,t) = A0 s, e feos(y)ds

1+1t X) g{

(6 Y. = 24, + 5,6 +5,6770 ) — s, 07 Vicos(py)ds
0

(8.8)
Fa00y.0 = [ {55l ~ e 0 0+ 55,00 cos(y)ap

f (6 yit) = " +1)(t 4x+tjxj 4 (24 +55,6% +55,67 —ss &M cod )
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APPENDIX C

Expressions for quantities appearing in Eqs.(2.18) are given in the form when

y—0,

K, (Xt)=

1

(K‘2 +1

_ (K1 +1)

—~—

f](x,o,n—t—

~

f,,(x,0,1)

1
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APPENDIX D

f,s=(2+d,+d;) (D.1)
f,=(2+d,—d;)

fs =(-3+2d,)

f,e =(3+2d;)

f,, =(3—-441+28,d, +28,d, f,c )

f,g =(—3+44+28,d; + 2a,d, T, )

fe =(1+2d,)

Fago =( 85 for5 fr7 + 801K, + K + Ak, )

Faor = (8 Fore Forg + A8y K, — &7 + Af 5, )

for =(-2+2ay,)

f,5s =—33, —4a,b} +6d, —64d, + 45°d, + 2d, — 24d,
foge = —4d,d, +da,by T, + fog + 80 + &

fres = To0 + 34K, — 4%k, + 6Ad,x, —6°d,x,

free = Toes + 240,16, — 24°d x, + 4d,d,x, —44d,d,x,
f,., =—3a, —4a,b’ +6d, —61d, —45°d, — 2d, + 24d,
fee =4d,d, +4a,b f,, + f,p, +a,x + &7 +31k, — 4k,
f,e =64d,x, —64°d,x, — 2Ad,k, + 24°d,x, — 4d,d,x, + 41d,d,x,
fag0 = fags + frg

fo = =88 .7, —8a5aD f7, —2by .0 + 855051

fag =~ 840 forg — 885N frrg + 2D T, +8 70861

fogs = 739 Forg + 838 agbl Fora +284b, frg0 — 8ﬁ3a82a9h3

f294 7 ag f273 - 838 agbl f273 + ZaSbl f281 + Sﬁsaezaghf

f = A +4a’b? +6d,

fo0s = B+ PAK,

foy =(A+a, +Ax5)

Faog = 48,8500 + Af g, + Frpoicy

f,o =—3+31+4a,b’ —6d, +61d, —44°d, - 2d, + 2d,

foo = 4d,d, —4a,b f,, + o + da,x, — &7 — 3K,

fo, = 42°k, —6d,x, +6°d,x, — 2Ad,x, + 217,k

fa2 = fao + F30r —4d,d,x, +44d,d,x,
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fos = 34 K7 +6°dx7 — 24°d Kl — 42d,d, x7
foos = 45,0 + 21K, + k7 + 61K, +122d,x, — 41d,x, —8d,d,x,
faos = Taos + Taos + fon

fsoe =3- 4ﬂ2d2 - 2d3 - 4a7agb2 f274 - 4agb1( _23-7b2 + 8 f274 )"' f305
f,, =8d,d,x, + 3% +62°d,x7 +2A°d k7 +44d,d,«7
fops = oy +4 T2 + 24K, + k7 + 61K, +12Ad,x, + 41d,x,
f309 = 4ﬂ2d2 o 4a7agb2 f273 - 4a9b1( _23-7b2 + & f273 )+ f27e + f295 + fsos
foo =(-3+21—-axK, + Ax7)

foy =(2-22+ 22+ 22k, + Pk}

fo, = (2 fagr + Afgiok, + f282K12 )

fas =( 4a§b22 + fa1)

foa = 72312bz2

fys = (_/131 fao + 4aszb22 fora + fora + fon )

foe = (44880, f1g fry + 4af32b22 fago + fago + fars)
fa7 = 8312b12 fas +2b; a6 — 8ﬂ3a12 f313hlS

fae =248, f49 Tog0 + 89 f10 fop + 4 F57 Fa1g + fyyy
fy0 =(3-44-2a,d; - 23,d, 5 )

fapo = (=48, T + 48505 T, + o + fayy)

for = (4488, f15 T, + 4a§bé2 fogr + For + faur)
f322 = f273 f312 -4 f273 f314 - 8a12b12 f320 + 2b1 f321
faps = (@5(—1-2d, ) fr + 845 + &7 + A0, )
foon =(fa — 248, T s + 8ﬂ3a12 f313hl3 )

fas = 27885 fyq

fi6 = 285840 frq6
fy7 = 248,85 T 9
fig = 28785 T
f10 = 2858y, T
fa0 = 4@y, o5
fo =4y, foop
fis = =485 Ty
fi3s =489 T,
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faae =250 frgg
fys = —28,85 Ty,
fass = =2 Fo05 fare
f337 —2/16183 f306
fie = —24885 fyoq
fa30 = =4 F3

fao =4F5,

fo = 72a§2 + 4a7asa§blee — ;858,68 + 8;8,8,6,
f342 = 4a7asa§blese12 - a$a§Q1Q2 + 88,8 fzgs — 8,86, fzgs
fae = fanr + fop + 488,85 Too( 50y + Aaia3h, )

aan = A+ Ty + 2,60 —x; — 31K, +21d,x,

f

fos =—A+24d, + s + 2,50 + (—1+2d,)x;, — 31k, + 21d,x,

fae =8, + T —2F 50 + 34K, + 24d,x,

for = A-2Ad, + 0 —2F 0 +(1—2d,)x; + 31k, + 21d,x,

fae =—1+2d,
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